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Lower-order asymptotics for Szegd and Toeplitz
kernels under Hamiltonian circle actions

R. Paoletti
Universita degli Studi di Milano Bicocca

Abstract

We consider a natural variant of Berezin—Toeplitz quantization of compact
Kihler manifolds, in the presence of a Hamiltonian circle action lifting to the
quantizing line bundle. Assuming that the moment map is positive, we study
the diagonal asymptotics of the associated Szego and Toeplitz operators, and
specifically their relation to the moment map and to the geometry of a cer-
tain symplectic quotient. When the underlying action is trivial and the moment
map is taken to be identically equal to one, this scheme coincides with the
usual Berezin—Toeplitz quantization. This continues previous work on near-
diagonal scaling asymptotics of equivariant Szegd kernels in the presence of
Hamiltonian torus actions.

Dedicated to Rob Lazarsfeld on the occasion of his 60th birthday

1 Introduction

The object of this paper are the asymptotics of Szegd and Toeplitz operators
in a non-standard version of the Berezin—Toeplitz quantization of a complex
projective Kihler manifold (M, J, w).

In Berezin—Toeplitz quantization, one typically adopts as “quantum spaces”
the Hermitian spaces H° (M, A®k) of global holomorphic sections of higher
powers of the polarizing line bundle (A, h); here (A, h) is a positive, hence
ample, Hermitian holomorphic line bundle on M. Quantum observables,
on the contrary, correspond to Toeplitz operators associated with real C*
functions on M.

From Recent Advances in Algebraic Geometry, edited by Christopher Hacon, Mircea Mustata and
Mihnea Popa (©) 2014 Cambridge University Press.
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322 R. Paoletti

Here we assume given a Hamiltonian action u of the circle group U(1) =
T' on M, with positive moment map ®, and admitting a metric-preserving
linearization to A. It is then natural to replace the spaces H° (M, A®k) with
certain new “quantum spaces” which arise by decomposing the Hardy space
associated with A into isotypes for the action; these are generally not spaces
of sections of powers of A. One is thus led to consider analogues of the
usual constructs of Berezin—Toeplitz quantization. In particular, it is inter-
esting to investigate how the symplectic geometry of the underlying action,
encapsulated in @, influences the semiclassical asymptotics in this quantization
scheme.

This picture generalizes the usual Berezin—Toeplitz quantization of
(M, J, w), for one falls back on the standard case by considering the trivial
action of T' on M with moment map ® = 1. Then the lifted action is essen-
tially fiberwise scalar multiplication, and the corresponding equivariant spaces
are the usual spaces of global holomorphic sections.

This theme was considered in [28] for general Hamiltonian torus actions; the
focus there was on near-diagonal scaling asymptotics of the associated equiv-
ariant Szegd kernels. Here we shall restrict our analysis to circle actions, and
investigate the lower-order terms of these asymptotic expansions, as well as
their analogues for Toeplitz operators.

In the usual standard setting of Berezin—Toeplitz quantization, a huge
amount of work has been devoted to these themes, involving a variety of
approaches and techniques; see for example (obviously with no pretense of
being exhaustive) [1, 2, 4, 5, 7, 8, 10-12, 14, 22, 25, 26, 29-31, 34, 35] and
references cited therein.

In the present paper, we follow the general approach to quantization based
on the microlocal analysis of the Szegd kernel on the circle bundle X of A; this
train of thought was first introduced in the grounding work [5], and afterwards
explored by many authors. We shall also specifically build on ideas and results
from [13, 17, 19]; in fact, the present paper was inspired considerably by the
concise approach in [19] to the derivation of the lower-order terms in the TYZ
expansion for real-analytic metrics.

Now let us make our discussion more precise. Let (M,J) be a con-
nected complex d-dimensional projective manifold, and let A be an ample
holomorphic line bundle on M, with dual line bundle AY and projection
7T AY > M.

There is an Hermitian metric {4 on A such that the unique covariant deriva-
tive V4 on A compatible with £4 and the holomorphic structure has curvature
0, = —2i w, where w is a Kihler form on M. Then dVy; =: w"¢/d! is a volume
form on M.
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Szego Kernel asymptotics and Hamiltonian circle actions 323

Let X C AY be the unit circle bundle, with projection 7 = 711 X - M
Then V corresponds to a connection contact form a € Q'(X), such that da =
2 1*(w) and dVx =: (1/21) @ A 7*(dV)y) is a volume form on X. Let L*(X) =:
L*(X,dVy), and identify functions with densities and half-densities on X. Also,
let H(X) =: ker (8,) N L*(X) be the Hardy space of X, where 8, is the Cauchy—
Riemann operator on X.

Suppose that the action g : T' x M — M is holomorphic with respect to J
and Hamiltonian with respect to 2 w, with moment map ®: M — R; suppose
furthermore that (u¥, ®) can be linearized to a holomorphic action y* on A
leaving ¢4 invariant. Then T! acts on X as a group of contactomorphisms under
the naturally induced action p*: T! x X — X lifting u.

Infinitesimally, the relation between u™ and u¥X is as follows. Let 6/96 €
X(X) be the infinitesimal generator of the action of T! on X given by fiber-
wise scalar multiplication, mult: (¢?,x) +— ¢ - x; also, let &, € X(M)
be the infinitesimal generator of u™, with horizontal lift ffu to X. Then the
infinitesimal generator &x € ¥(X) of ¥ is given by

0

§x=§§4—<1>6—9, 1)

where we write ® for ® o 7. Thus u* depends crucially on the choice of ®;
for example, when ,uM is trivial, choosing @ = 0 yields the trivial action on X,
while if ® = 1 we obtain the action

VaT x X - X, (e’p, X) e x, 2)

Since u*X preserves « and is a lifting of the holomorphic action p, it leaves
H(X) invariant; therefore, it determines a unitary action of T' on H(X). Thus
H(X) equivariantly and unitarily decomposes into the Hilbert direct sum of its
isotypes,

H{X) = {f € HXO) : f i) (0) = ¢ f0) V(@0 e T x X}, )

where k € Z. If u™ is trivial and ® = 1, (3) is the standard kth equivariant
Szegd kernel Hy(X), which is unitarily isomorphic to H° (M, A®k) in a natural
manner. However, in general H;: (X) is not a space of sections of powers of A,
and may even be infinite-dimensional. For example, if " is trivial and ® = 0
then Hy(X) = H(X), while H} (X) is the null space for k # 0.

Nonetheless, if ® > 0 then Hg (X) is finite-dimensional for any k € Z,
and is the null space if £ < 0 [28]; in particular, the orthogonal projector
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Hﬁ: C LX) — Hf (X) is a smoothing operator, with Schwartz kernel H‘Ij G, €
C™(X x X) given by

My =) 5’0 -sP@)  (nyeXx) )
J
for any choice of an orthonormal basis (s&k)) of Hf (X). The diagonal restriction
X H’;(x, x) descends to a well-defined C* function on M.

Also, if ® > 0 then &x(x) # O for every x € X by (1); hence uX is locally
free, and every x € X has finite stabilizer T, C T'. As y* commutes with scalar
multiplication, 7', only depends on m = m(x) € M; we shall emphasize this by
denoting T, by T,,. For instance, T,, = {1} for every m € M if uM is trivial
and @ = 1. While T}, is generally not constant on M, it equals a fixed finite
subgroup Tgen € T! on a dense open subset M’ C M. Then T ey stabilizes every
x € X; after passing to the quotient, we may reduce to the case Ty, = {1}. By
Corollary 1.1 of [28], at a point x € X where T, is trivial, Hﬁj (x, x) satisfies an
asymptotic expansion as k — +oo of the form

d
TF (x, x) ~ (;) DSk m), 5)
720
where S (m) = ®(m)~“*1. Here we shall focus on the lower-order terms § ‘j‘ )
More generally, given a real f € C*(M), one can consider the associated
Toeplitz operators T} [f] =: II o My o II}, viewed as self-adjoint endo-
morphisms of Hi‘ (X); here M;: L*(X) —» LX(X) is multiplication by f o m.
Assuming ® > 0, this is also a smoothing operator, whose distributional kernel
may be expressed as

TULf 1 ) = f I (x ) f) TGy, ) AV ()
X

= Y THACH® - P@) hyeX), (©6)
J

where we write f(y) for f(n(y)). The diagonal restriction x — T,’: [f1(x, x)
also descends to M. We shall see that T,’: [f1(x, x") has near diagonal scaling
asymptotics (that is, for x — x”) analogous to those of H’li in Theorem 1 of
[28], and investigate the lower-order terms in the asymptotics of the diagonal
restriction T,‘: [f1(x, x). We shall then derive from this an asymptotic expan-
sion for an “equivariant Berezin transform,” and consider the relation between
commutators of Toeplitz operators and Poisson brackets of the corresponding
Hamiltonians. Before describing our results in detail, we need to specify the
geometric setting somewhat.
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We shall assume without loss that T'ge, is trivial; then /,lX is free on a dense
vX X pX-invariant open subset X’ C X (since vX — given by (2) — and p* com-
mute, we may consider the product action). Thus M’ =: n(X’) € M is also
open and dense.

The quotient N = X/T! is an orbifold, and the dense open subset N’ =:
X’/T! € N is a manifold; the restricted projection k: X’ — N’ is a circle
bundle, and passing from 7 to « the roles of u* and v¥ get interchanged.

More precisely, 8 =: a/® is a connection 1-form for «, defining the same
horizontal distribution as @, and there is on N’ a naturally induced Kéhler
structure (N, I,7n7) with dB = 2«*(1), and if w is real-analytic then so is 7.
Furthermore, v* descends to an action vV: T! x N’ — N’, which turns out
to be holomorphic with respect to I and Hamiltonian with respect to 2. If as
generating Hamiltonian for yN we choose @~ !, descended to a function on N’,
vX is the corresponding contact lift of " to (X', 8) in the sense of (1).

Every uM-invariant C* function f = f(m) on M lifts to a v¥ x uX-invariant
function f = f(x) on X, and then descends to a v"-invariant C* function
f = f(n) on N’. In the reverse direction, a C* v"-invariant function f = f(n)
on N’ yields a yM-invariant C* function f = f(m) on M’. We thus have a
natural algebraic isomorphism between spaces of invariant smooth functions:

C(M'Y' =C*(N')".

If w is real-analytic, this restricts to an isomorphism between the corresponding
subspaces of invariant real-analytic functions:

Co(M') = C"(N').

With this understanding, we shall think of ® as being defined on M, X, or N
according to the context, and drop the symbols of pull-back or push-forward.
Similarly, let o be the scalar curvature of the Kéhler structure (N’, I, 2 n7); then
on is vV-invariant, and may be viewed as a y™-invariant function on M’. By
the same principle, the Laplace—Beltrami operator Ay of (N’,1,2n) acts on
uM-invariant functions on M’ (see Section 2.1 for precise definitions).

An important ingredient of the present analysis is the study by Engli$ of the
asymptotics of Laplace integrals on a real-analytic Kidhler manifold. Namely,
let (g,;) be a real-analytic Kéhler metric on an open subset U C C¢, and sup-
pose that = is a Kéhler potential for (g,;) on U. Let Zbea sesquiholomorphic
extension of = to some open neighborhood U C UxU of the diagonal. Calabi’s
diastasis function is given by

bl

D(z,w) =: BR) + Ew) - Ezw) - Ew,z)  (zw) e V) 9
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it is an intrinsic attribute of (g,7) that is, it does not depend on the choice of 5,
and it satisfies D(z,z) = 0 and D(z, w) > 0if z # w [9] (see also the discussions
in [8] and [20]).

In [13], Englis considers the asymptotics as 4 — +oo of integrals of the form

1(A,y) =: fU e 1P f(x) g(x) dx, ®)

where g =: det[g,;] and dx denotes the Lebesgue measure on C“. By Theorem
3 of [13], there is an asymptotic expansion of the form

I, ) ~ (g)d ,Z; xRV, ©

where the R;JS are covariant differential operators, that may be expressed in a
universal manner in terms of the metric, the curvature tensor, and their covari-
ant derivatives; in particular, Ry = id and R; = Ay — on/2 (the opposite
sign convention is used in [13] for the curvature tensor and for oy). Engli§
also provided an explicit description of Rﬁ.] for j < 3; the higher R;js and
their differential geometric significance were investigated further in [20], and
a graph-theoretic formula for them was given in [33]. Because D and the RlUs
are intrinsically defined, the expansion (9) holds globally on any real-analytic
Kihler manifold (S, g), in which case we shall denote the covariant operators
by Ri.

Theorem 1 With the notation above, suppose that w is real-analytic, ® >
0, and Ty is trivial. Then the invariant functions S /]‘ : M — Rin (5) are
determined as follows. First, S g = O~@D Next, for some j > 0 suppose
inductively that

Sh.....Sh eCT(M'Y = C(N')

have been constructed, and let S ’6 v, S ‘; be their respective sesquiholomor-
phic extensions as elements of C°(N")". Define

Zj(no.m) = @™ Y S0, ) S} m.mo). (10)
a+b=j

Then, thinking of the RY s as acting on the variable n and of ny as a parameter,

J
§*, 1 (n0) = ~0)™! > ¥ () 8%, (o)
=1
Jj+1
= > R (Zj1-+(10,)) by (11)

r=1
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Szego Kernel asymptotics and Hamiltonian circle actions 327

Since the RYs are universal intrinsic attributes of the Kihler manifold
(N, K,n), (11) expresses the S ‘;s as a universal intrinsic attribute of the Hamil-
tonian action, through the geometry of its quotient. As mentioned, the RYs
were computed in Section 4 of [13], in [20] and [33]; thus, in principle, (11)
determines S ’; explicitly in terms of the geometry of the quotient N’. Let us
consider S

Corollary 2  Under the assumptions of Theorem 1, we have

Sh = L oy @D
2

1
+(d + 1) D(ng) @2 T ||gradN(c1>)||2 — Ay(D)].

Here gy, the gradient grady,® of @ as a function on N’, and the Laplacian
An(®) are taken with respect to the Kahler structure (N, I,2n), and || - ||y is the
norm in the same metric. Their relation to the corresponding objects on M is
explained in Sections 2.2 and 2.8 (see (34) and (71)). If ® = 1, we recover Lu’s
subprincipal term [22].

Remark 3 A notational remark is in order. If, working in a system of local
holomorphic coordinates, y,; is a Kéhler form, the corresponding Kéhler met-
ric here is p ; = —i7y (see the discussion in Section 2.1 and (17)). In the
literature, often a factor 1/2 (or 1/(2n)) is included on the LHS of the previous
relation; with this convention, the previous invariants would be associated with
(N, 1,7) [22, 32].

Next let us dwell on the local asymptotics of the Toeplitz kernels T]‘: Lf1C, ).
Firstly, by Theorem 1 of [28] we have HZ(x’,x”) = O (k™) uniformly for
disty (T' -x’,x”) > Ck /2, for any given € > 0. In view of (6), the same
holds of T,’: [f]. We can then focus on the local asymptotics of T,’: LF1x', x7)
for x” — T' - x’. In view of (3) and (4), for any e’ € T' we have

TR (0 (), x7) = € TN x7) = TR (X i (8) . (12)

Therefore, we need only consider the asymptotics of T,’: L1, x") for x” — X'.
Predictably, these exhibit the same kind of scaling behavior as the asymptotics
of H’l: (x', x”) for X — x’” (Theorem 2 of [28]).

This is best expressed in terms of Heisenberg local coordinates (in the fol-
lowing: HLC for short) x + (6, v) centered at a given x € X; here (6,v) €
(=1, ) X B24(0,6), where Byy(0,5) C C¢ is the open ball centered at the origin
and of radius § > 0. It is in these coordinates that the near-diagonal scaling
asymptotics of the standard equivariant Szeg6 kernels I1; exhibit their univer-
sal nature [3, 30], and by [28] the same holds of the H‘Ij s. While we refer to [30]
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328 R. Paoletti

for a precise definition, let us recall that Heisenberg local coordinates enjoy the
following properties.

Firstly, the parameterized submanifold y,: v — x + (0, v) is horizontal, that
is, tangent to ker(a@) C TX, at v = 0. In view of (1), and given that ® > 0, y, is
transverse to the uX-orbit T! . x; hence for v ~ 0 we have

D |Vl| 2 disty (T' - x,x +v) = Dy [Ivl, (13)

for some fixed D, D, > 0.

Since HLC centered at x € X come with a built-in unitary isomorphism
T,.M = C? where m = n(x) € X, we may use the expression x + (6, v) when
v € T,,M has sufficiently small norm.

Finally, scalar multiplication by ¢ € T!' is expressed in HLC by a
translation in the angular coordinate: where both terms are defined, we have

i

eiﬂ.(x+(9,v)) =x+(0+0,v). (14)

We shall set x + v =: x + (0, v).

Given (12) and the previous transversality argument, we need only consider
the asymptotics of T,‘:[f](x + v,x + w) for v, w — 0. Following [30], let us
define, forv,w € T,,M,

. 1
YoV, W) =: —i (v, W) = IV = wil, (15)
where || - ||,,, is the Euclidean norm on the unitary vector space (T,,M, W, Jin)-
Theorem 4 Assume as above that ® > 0. Then for any f € C®(M)}* we have

(1) T,‘:[f] =0foranyk <0.

(2) Forany C,e > 0, we have T [f1(x',x"") = O (k™) as k — +co, uniformly
for disty (T1 -x, x”) > Cke1/2,

(3) Suppose x € X and fix a system of HLC on X centered at x. Set m =: n(x).
Then uniformly for v, w € T,,M with ||v||, ||w|| < CK'” ask - +co we
have an asymptotic expansion of the form

T”[f](x+ 7 X+ \/_)

( ) Z ko (it ,(v)w)/cb(m) Ay, W,

teT,,

with

Am, v, w, ) ~ > K2R (m, dupe, (v), W, £),

720
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Szego Kernel asymptotics and Hamiltonian circle actions 329

where the R;(-,-,-,-)’s are polynomial in v and w and differential operators
in f. In particular,

R (m, s, (), W, ) = Dm)™ ) f(m).

(4) The previous asymptotic expansion goes down by integer steps when v =
w = 0 (that is, only powers of k™' appear in the diagonal asymptotics).

Theorem 4 might be proven by a microlocal argument along the lines of that
used for Theorem 1 of [28]; to avoid introducing too much machinery, we shall
instead deduce it as a consequence of Theorem 1 of [28], by inserting in (6)
the near-diagonal scaling asymptotics for H‘kL .

Corollary 5 In the situation of Theorem 4, suppose in addition that Teey is
trivial. If x € X', then as k — +co there is an asymptotic expansion

k\! :
TIf1 (%) ~ (—) PRGN

] =0
where m = n(x) and every S’;[f] € C®(M" Y. In particular, we have
S 1= . 7.

When @ = 1, corresponding results were obtained in Lemma 4.6 of [24]
and Lemma 7.2.4 of [23], covering the case of symplectic manifolds in the
presence of a twisting vector bundle.

Let us consider the lower-order S ’j [fs.

Theorem 6 Under the assumptions of Corollary 5, assume also that w is
real-analytic. Then for every j = 0,1,2,... we have S’j[f] = P’;.(f), where

each P’; is a differential operator of degree < 2j. More precisely, viewed as a

vN-invariant function on N, S ’; [f1is given by

SULf1no) = Py = D RY(FO) Zo(no, )|, -
r+s=j
Remark 7 Clearly, S* = S"[1] for every j > 0.
Corollary 8 In the situation of Theorem 6,
S{f1=0" VAN + 87 f.

For ® = 1, the corresponding result to Corollary 8 was obtained in (0.13)
of [26].

For a general discussion of the Berezin transform in the Kihler context, we
refer, say, to [1, 7, 13, 21, 29]. Here we adopt the following natural adjustment:
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Definition 9 If f € C*(M) and k = 0,1,2,..., let the kth u-equivariant
Berezin transform of f be given by

T{Lf1(x, %)

Ber, [ f1(m) =: P (r )

(meM)

for any choice of x € 77! (m).

Corollary 10 Assume that w is real-analytic, ® > 0, and Teen = {1}. If
f € C¥(M)*, then as k — +o0 on M’, uniformly on compact subsets of M,
there is an asymptotic expansion of the form

Ber/[f]~ >k BX(f),
720
where every B;l is a differential operator of degree 2j. In particular, Bg =id
and B} = Ay.

A corresponding result for ® = 1 was given in [13].

The following analogue of the Heisenberg correspondence relates the com-
mutator of two equivariant Toeplitz operators to the Poisson brackets of the
corresponding Hamiltonians. Let {-, -}, and {-, -} denote, respectively, Poisson
brackets on (M, 2 w) and (N’,2 ). By restriction, they yield maps

s bt CO(MH X CT (M — CP (MM

Theorem 11 Assume that w is real-analytic, ® > 0, and Tyen = {1}. Let
f. g € C¥(MY be real-valued, and denote by E;:[f, gl(-,)) € C(X X X) the
Schwartz kernel of the composition T: [flo T,‘: [g]. Then uniformly on compact
subsets of M’ as k — +o0 we have

EZ[f’ g](x’ X) - Eg[f’ g](x’ x)

K\
(;) |- @0 D (£, g)yom + 0 (k)]

k

kY’ ‘o “4{f.9) 0 (k)
2 [ oo i ghyom + 0 (k2)].
for any x € 77 '(m).

In the course of the proof, one actually establishes an asymptotic expansion
for E{/[f,g](x, x) (see (118)):

k\? :
E{1f.g)x.2) ~ (;) D KA, 910, (16)
J
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where Ag[f, g] = @@V . fgand

Ailf g1 = @ £ Ang + g Anf + (grady (f)V, grady(9)"0)]
+SY-fg
(we leave the explicit computation to the reader). When @ = 1, the formula for
A1lf, g] was obtained in (0.16) of [26].
As explained in the references above for the standard case, this expansion

can be used to define in a natural manner a *-product on C*°(M’)* (depending
on @), but we won’t discuss this here.

2 Preliminaries

2.1 Some notation and recalls from Kihler geometry

Let (P, K) be a d-dimensional complex manifold and let (P, K, y) be a Kih-
ler structure on it, with associated covariant metric tensor p(-,-) =: (-, K(-));
also, let £ =: p — iy be the associated Hermitian metric. Given holomor-
phic local coordinates (z,) on P, we shall let 8, =: 0/9z, and 0; =: 9/0z,,
05 = P04, 0p), ¥, =: Y04, 0). € =: €(04, 07). Then locally

i
Y= D VA Ay =i ) pgdia Ay =5 ) Lgdia ATy (IT)
a,b a,b a,b

Consider the real local frame 8 = (9/dx1,...,0/9x4,0/dy1,...,0/dyq),
where z; = x; + iy; is the decomposition in real and imaginary parts, and
denote by Mg(p) the matrix representing p in this frame. Then

det Mg(p) = 4¢ det ([p,;])°.

Therefore, the Riemannian volume form of (P, p) is

1
dVp = Wi Y = \fdet (Mg(p)) - dxi A -+ -dxg Adyy -+ Adyg
=29 det ([py]) - dxi A+ -dxqg Ady -+ Adya
=det([2py]) -dxi A---dxg ANdy; -+ A dyg. (18)

Let R be the covariant curvature tensor of the Riemannian manifold (P, p),
with components R ; 5 = R(0q, 35, 0., 07) [32].
We shall set (leaving the metric understood and adopting Einstein notation)

op=:p"p“R s (19)

this is 1/2 of the ordinary Riemannian scalar curvature scalp.
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332 R. Paoletti

Similarly, for f € C*, we shall let

Ap(f) =: " Bub f, (20)

which is 1/2 times the ordinary Riemannian Laplace—Beltrami operator.
The gradient of f is locally given by

gradp(f) = " (051) B + P (B f) 85, @1)

and its square norm is given by

lerad, (N” = 2™ @af) @3- (22)

Since Ap here is 1/2 times the ordinary Laplace—Beltrami operator, we have
for any fi, f» € C*(P):

Ap(fi - ) = fi Ap(f2) + p(gradp(f1), gradp(f2)) + fo Ap(fi).

It follows inductively that for any f € C*(P) and [ > 0, we have

-1
8o (1) = 177 anry + CEL 2 e, 23)

Let us now consider the Poisson brackets {f,g}p = y(Hy, H,) of two real
functions f, g € C*(P) in the symplectic structure (P, y); here H is the Hamil-
tonian vector field of f with respect to y. We have Hy = —K(grad,(f)), hence
given (21)

(£, 9tr = Y(K(grad, (), K(gradp())) = ¥(grad,(f), gradp(g))
= p(K(grad,(f)). grad,(9))
= ip(p" (05/) 00 — p7 Buf) 850" (079) Bc + p* (0.9) 05)

1 4
= =0 [0cf) @39 - 0.9) 031)] (24)

Lemma 12 Let (P, K,y) be a Kdhler manifold, with vy real-analytic. Let
@: P — R be a real C*(M) function whose Hamiltonian flow with respect
to vy is holomorphic with respect to K. Then @ is real-analytic.

Proof Let T°P = TP ® C be the complexified tangent bundle of P, and
T°P =T'P&T"P its decomposition into +i-eigenbundles of K. Let vg € X(P)
be the Hamiltonian vector field of @ with respect to y. If vg = v, ® vy, with
vy, € T'"Pand vy, = @ € T" P, then v, is holomorphic, whence real-analytic.
Then clearly vg is real-analytic as well, and therefore so is its differential
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Szego Kernel asymptotics and Hamiltonian circle actions 333

dvgp = (vg)y. This forces @ itself to be real-analytic (say by Proposition
2.2.10 of [18]). O

The Laplacian and sesquiholomorphic extensions
We give here a couple of technical lemmas that will be handy in the proof of
Corollary 2.

Lemma 13 Let (P K,vy) be a Kdihler manifold, and consider f € C”(P)
with f > 0. Let f( -) be the sestholomorphlc extension of f to an open
neighborhood PCPxP of the diagonal (thus f( -) is holomorphic in the
first entry and antiholomorphic in the second, and f (p,p) = f(p) forall p €
P). Given py € P, let P C P be an open neighborhood of py so small that
P’ X P C Pand f(po,p) # 0 forall p € P'. Define fi, fo, Fy € C7(P') by
setting for p € P’:

f(p)
fip) L(p)

Thus fi is antiholomorphic, f> is holomorphic, and Fy > 0. Then

AP =t f(po. ), () =: f(p,po) = fi(p), Fp(p)=

Ap(F7)(po) = Ap(f)(po) - lerad,(DPo|[*], 25

1
f( f(po? 2 f(po)

where the terms involved are given by (20) and (22).

Remark 14 To be precise, we should really write F's,, for Fy, since the latter
also depends on the reference point.

Proof As above, let p be the metric tensor. In a local holomorphic chart (z,)
for P centered at py, given that 8,05 f; = 0 we have

AR(F) = ”“aaét( f )

fih
waliizor- e
=pba(_f1f2 duf ,,f+ffa 0 O5f — f2f2 duf O3S
i afz&fl) @)

At po, 84/2(po) = 0af(Po), 511(po) = 95f(po), and fi(po) = fo(po) = f(po).

Downloaded from http:/www.cambridge.org/core. National Library of the Philippines, on 06 Oct 2016 at 09:41:56, subject to the Cambridge Core
terms of use, available at http:/www.cambridge.org/core/terms. http://dx.doi.org/10.1017/CB0O9781107416000.018


http:/www.cambridge.org/core/terms
http://dx.doi.org/10.1017/CBO9781107416000.018
http:/www.cambridge.org/core
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Thus, (26) yields

Ap(F)(po) = p"(po) (— 0af(po) 05f(po) + ——— 8. 05f(po)

1
f(po)?
0af(po) 95f(po) + ——

f( 0)?

0af(po) O3 f (Po))

1
~ f(poy f( o)

- 1
[Pba(Po) B0 05 (p0) = —— P (p0) Buf (Po) abf(po>]

1
~ f(po)? F(po)

[Ap(f)(po) - llgradp<f><po>|li] :

B 1 1
~ f(po)? 2 f(po)

Lemma 15  With the hypothesis and notation of Lemma 13, we have

gradp(Fr)(po) = 0

Proof Let again (z,) be a local holomorphic coordinate chart for P centered
at po. Then for every a we have

1
OF P = ( J{; ) (o)

_ fa(po) 0af(po) — f(po) 8afa(po) _ f(po) 0af(po) — f(Po) 8af(po)
fi(po) fo(po)? f(po)

Similarly, 6zF ¢(po) = 0O for every a. O]

=0.

2.2 The Kihler structure on N’

We are assuming ®@ > 0 and T'g, trivial. Then the two projections
M Ex LN

are circle bundle structures; the fibers of 7 are the orbits in X’ of v¥ and those
of k are the orbits in X of u*.

Let H = ker(e) € TX be the horizontal distribution for 7. Since « is
puX-invariant, so is . In addition, by (1) H is transverse to every X -orbit.
Therefore, it may be viewed as an invariant horizontal distribution for « as
well.

Let Jg be the complex structure that H inherits from J by the isomorphism
dnlg : H = n*(T M). Since u™ is holomorphic, Jg is u*-invariant. Therefore,
given the isomorphism dkle, : H = «*(T'N’), it descends to an almost complex
structure / on N’.
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Szego Kernel asymptotics and Hamiltonian circle actions 335

Proposition 16 1 is a complex structure.
Proof Let J be the complex distribution on M associated with J. Thus
J={v-iJv) : veTM}=ker(J—iid) CTMQC.
As J is integrable, 7 is involutive.
Similarly, let
I ={h-iJyMh) : he H}=ker(Jyy —iid) CH®C.
Evidently, 4 is the horizontal lift of 7.

Lemma 17 94, is involutive.

Proof If V € X(M) is a real vector field on M, then U =: V- iJ(V)is a
complex vector field on X tangent to Jgy, and its horizontal lift
UF = Vi J(V)F = V=i gy (VF)

is a complex vector field on X tangent to J¢. It is clear that ¢ is locally
spanned by vector fields of this form, so it suffices to show that [U ? Ug]
is tangent to J¢, for any pair of complex vector fields U;, U, on M
tangent to .

Since J, is involutive, [U, U,] is tangent to Jj,. Given that [U?, Ug] is

n-correlated to [Uy, U, ], to show that [U 'li, Ug] is tangent to J4, it suffices to
show that it is horizontal.

On the one hand, by compatibility of w and J and because by construction
J(U)) = iU, we have

w(Uy, Un) = o(J(U)), J(U2) = & w(U), Un),
so that w(Uy, U,) = 0. On the other hand, since Uln is horizontal we have
@ (U?) = 0; therefore, given that da = 2 7*(w), we get
0=2w(Uy, Uy) = 27" (w) (U}, U}) = da (U}, Uf)
= Ul a(UR) - Uk - a(UF) - o ([UE. UE))

= —a([U}. U5)).

Finally, let us set
IT={s—il(s): se TN’} =ker(I—iid) C TN’ ® C.

We need to prove that 7 is an involutive complex distribution. Let S, S, €
X(N") ® C be complex vector fields on N’ tangent to 7, and let S|, S, be their
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horizontal lifts to X. By definition of /, it follows that the restriction of J¢¢
to X’ is the horizontal lift of 7 under . Therefore, S, is tangent to J¢; and

pX-invariant. Then the same holds of their commutator [?152] because S

is involutive and pX-invariant. Since [§1,§2] is k-correlated to [S,S,], we
conclude that [S, S ] is tangent to 7. O]

Let us define
1

= —a. 27
p=ga @7)
Lemma 18 S is a connection form for k: X’ — N’, with respect to which the
horizontal tangent bundle is H (the horizontal tangent bundle of n).

Proof Since u* preserves a and lifts 4™, which is a Hamiltonian action with
moment map ®, 8 is u¥-invariant. Furthermore, we see from (1) and (27) that

Blex) = -1. 0

Thus H C TX’ is the horizontal tangent space for both 7 and . If V is a
vector field on M, we shall denote by V# its horizontal lift to X under mitisa
yX_invariant section of H on X. Similarly, if U is a vector field on N’, we shall
denote by U its horizontal lift to X’ under «; it is a wX-invariant section of H
on X’. Clearly, vector fields on M are the same as v*-invariant sections of H
on X, and vector fields on N’ are the same as pX-invariant sections of H on X.

Lemma 19 There exists a unique Kdhler formn on N’ such that dB = 2 *(n7).

Proof We have

dﬁ=%da—éd@/\a=én*(w)—éd®/\a, (28)
and direct inspection using (1) shows that L(§§()d,8 = 0. Since df is uX-invariant,
it follows that there exists a necessarily unique 2-form 7 on N’ such that dB =
K'(2n).

Thus, 7 is a closed 2-form on N’. To see that it is in fact a Kihler form,
we need to check that it is compatible with the complex structure and non-
degenerate. To this end, we fix an arbitrary n € M’, choose an arbitrary x €
k~'(n), and set m = n(x). Our construction then yields natural complex-linear
isomorphisms (T,,M, J,,) = (H,,Jg,) = (T,N',1,). To see that 7, is non-
degenerate on T,N’ and compatible with I,, it then suffices to see that the
restriction of df is non-degenerate on H,, and compatible with Jyy .

By (28), under the complex-linear isomorphism (7, M, J,,,) = (Hy, J31,), the
restriction of dB on H, may be identified with 2w,,/®(m) on T,,M. Since w is
Kihler on (M, J), it is non-degenerate on T,,M and compatible with J,,, and
this completes the proof. O
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Szego Kernel asymptotics and Hamiltonian circle actions 337

Suppose f € C*(M’} = C*(N’)", and let H; be its Hamiltonian vector field
on (M’,2 w). Since f is uM-invariant, so is H r. Let Hﬁ be the horizontal lift of

Hf to X’'. Then Htt is a u¥ x vX-invariant horlzontal vector field on X’, and

therefore it descends to a v"-invariant vector field H £, Tespectively.

Lemma 20 Let Ky be the Hamiltonian vector field of f € CT(M'Y =
C*(N') on (N,2n). Then Ky = d)ﬁf.

Proof We need to show that for any n € N" and u € T,,N” we have
20(n) - 9u(H (), ) = dy f(w), (29)

where dV f is the differential of f when f is viewed as a function on N.

Choose as before x € «'(n) and let m =: n(x) € M’. Letu € H, be
the horizontal lift of u under «, and set v = d,(u). Thus u = v*. Since f is
invariant, on X we have f o = f o k; thus,

A fov) = alf (v}) = d¥f @ = d) f(w). (30)

On the contrary, since H - H r» we have

20(n) -, (Hy(n), u) 31)
= ®(m) - d,B (Hy(m), v¥) = D(m) - ( S der(Hym), vF)
= 2wn(Hy(m),v) = d)} f(v).

(29) follows from (30) and (31). O

Suppose f,g € C®(M)*. Since C*(M'}* = C®(N’)", we have Poisson
brackets {f, g}y € C*(M'Y and {f, g}y € C*°(N’)" on (M’,2 w) and (N',27),
respectively. The relation between them under the previous isomorphism is as
follows:

Corollary 21 For any f,g € C®(M'Y* = C*(N')’, we have {f,g}ln =

Proof We have, omitting symbols of pull-back,
{f.glv = 2n(Ky, K,) = ©* dp (ch.Hg)
1
=0’ o da (H:.H)) = © - 2w(Hy, Hy)
=0 -{f,glu. (32)
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We can similarly relate the gradients grad,,(f) and grady(f) of an invariant
fon (M’,2g) and (N’,2 h), where g(-,-) = w(-,J(-)) and h = n(-, I(-)) are the
Riemannian metrics on M and N, respectively. We have

grady (f) = I(Ky) = @1 (Hy) = © J(Hy) = ® grad,, (f). (33)

Passing to square norms, we get

|lgrady (NI = 2 h(grady(f). grady() = 2n(grady(f). I(grady(f)))
= 2@ p(grad,, (), J(grad,, (1))
= 20 dB(grad,, ()", J(grad,,(f)F)
= 2@ da(grad,, ()}, J(grad, (1))
= @ - 2 w(grady,(f), J(grad,, (/)
= ® ||grad, (HIl};- (34)

2.3 The descended action on N

Let us dwell on the Hamiltonian nature of the descended action vV. Recall
that the action v* given by (2), that is, scalar multiplication composed with
inversion, commutes with ,uX , hence it descends to an action vV: T! x N — N.

N

Lemma 22 v" is an holomorphic action on (N', I).

Proof Choose n € N’ and x € k™ !(n), and let m =: n(x). Fix t = ¢ € T'. By
construction, we have complex-linear isomorphisms 7,N’ = H, = T,,M that
inter-twine d,v)' : T,N’ — T,y N’ with dv}': Hy — Hyxy = Heioy, hence
with the identity map of 7,,M. The statement follows. O

Lemma 23 V" is a symplectic action on (N', ).

Proof This follows as for Lemma 22, since in view of (28) under the previous
isomorphism 7, corresponds to w,,/®(m). O]

Thus vﬁ\’ is an automorphism of the Ké&hler manifold (N’,1,7n), for each
treTl.

Lemma 24 vV

(viewed as a function on N).

is a Hamiltonian action on (N’,2n), with moment map 1/®

Proof The vector field —4/06 on X is yX-invariant, hence it descends to a
vector field v on N, which is the infinitesimal generator of vX. We need to
show that 2 «(v) 1 = d¥(1/®), that is, for any n € N’ and any u € T,,N’ we have

21.(v, ) = —O(n) 2 dY d(u). (35)
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As before, let U be the horizontal lift of u with respect to «, and set v =:
d,m (W), so thatw = v*. Thus

— O(n) 2 d¥ D) = —~d(x) > d¥ D (u) (36)
= —0(x) 7 d¥® (V) = —~0(m) d) D (v).

On the contrary, since «*(2 1) = df, we have
xﬁ(—— \4 ) xﬁ(— ) =21m.(v,0). (37)

Then (35) is equivalent to the equality

0 1
dxﬁ(a—e,V) o) dy @ (v), (38)

forany m € M, v € T,M, and x € n~'(x). The latter is an immediate
consequence of (28). ]

Now g is a connection 1-form for the circle bundle «: X’ — N’ and is
preserved by v¥; therefore, for an appropriate constant ¢, v¥ is a contact lift to
(X', 8) of vV, with respect to the Hamiltonian ¢ + 1/®.

Lemma 25 The correct choice is ¢ = 0. Furthermore, the horizontal lift of v
with respect to k is

- 1
v = —an.

Proof We want to give a decomposition of —d/d6 analogous to (1), but
referred to the circle bundle structure x: X’ — N’. To this end, let 8 be a
locally defined angular coordinate on X’ referred to «, so that éxy = —0d/0p.
Since the horizontal component of —9/d6 with respect to « is U, the analogue

of (1)1is
_E_A_(+l)ﬁ
a0~ "7 \¢ 0B
_ 0
-+ [erg) (-0
= '17+(c+6) fﬁl}—(1+c®)a%, (39)

where the latter is a decomposition into horizontal and vertical components
with respect to &r. The latter equality is equivalent to the claimed statement. [
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2.4 The complexified action on A}

The action u™ : T' x M — M complexifies to a holomorphic action z™ : T! x
M — M, where T' = GL(1,C) = C* (see, for instance, the discussion in
Section 4 of [16]). Let (p, ) be polar coordinates on C*, and let & =: /99,
n =: —pd/dp; then n = Jo(&) (Jy being the complex structure on C*). By
holomorphicity, if &), and 7, are the induced vector fields on M, then ny =
Ju(En)-

On the contrary, the contact lift u*: T!xX — X of u™ extends to a linearized
action u4": T' x AY — AY. There is a natural diffeomorphism X x R, = AY,
given by (x,r) — r- x; as a function on AY, r is simply the norm for the
given Hermitian structure. If 6 is a locally defined angular coordinate on X,
depending on the choice of a local unitary frame of AY, then (r, 6) restrict to
polar coordinates along the fibers of A(\)’ . Thus, if J4v is the complex structure
of AY, then the globally defined vertical vector fields 9/06 and 9/dr on A are
related by J4v(0/06) = —r d/0r. By (1), the infinitesimal generator of pAV is

0

30’ (40)

fv =& —@

where the horizontal lift is now taken in the tangent bundle of A", with respect
to the extended connection.

The action p*': T' x AY — AY again extends to a holomorphic action
7T x AY — AY, which is of course a linearization of 7™ (see the dis-
cussion in Section 5 of [16]). By holomorphicity, the induced vector fields &4v
and n4v, with &€4v given by (40), satisfy

0
nav = Jav (Exv) :n§w+cbra—r. A1)

Let Ny Ag — R be the square norm function; thus N4 = r? under the
previous diffeomorphism Ay = X x R,. Then

fAV(NA) = O, T]AV(NA) = Z(DNA > 0. (42)
Lemma 26 Leta =: min|®|, A =: max |®|. Then, for every A € AY, we have
' Na() < Na (2 (D) < €4 Na(d)

ift >0, and
HNA(D) < Na (2 (D) < € Na()

ift <O.
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Proof The invariant vector field = —pd/dp on C* is associated with the
1-parameter subgroup ¢ > e~'. Therefore, if given A € Ay we define

N@) =2 Na (i7" (7, 2)) (teR)
then by (42)
ENGO = ) (@ (7, 2)) = 20 (3 ) N,
which can be rewritten

d
- In(N?)

=20 (i, () (43)

1=ty e
for any 7y € R. We deduce from (43) that
2a< d%ln(Nj) <24, (44)
which easily implies the claim. O
Let us set, for (z,4) € C* x A:
zed=p" (7 A) =15 (. (45)
Corollary 27 If|z| = 1, then
122 Na(d) < Ny (z 0 2) < 2 Na().
If0 < |z] < 1, then
124 Na(d) < Na (z @ 2) < 12 Na().

Proof If z = €5, with t, s € R and |z] = €', then because the action of
e’ € T' is metric-preserving we have

Na(zod)=Na(e' o) = Nu (2 (D).
Thus the corollary is just a restatement of Lemma 26. [

Corollary 28 The C* map 1: Ry x X' — Ay’ given by (t,x) — te xisa
bijection.

Proof By Corollary 27, Na(r @ 1) — +oo ast — +oo, and Na(re 1) — 0F
as t — 0%; thus for any A € Ag’ there exists t; € R, such that t;l eleX.
Corollary 27 also implies that N4 (e x) > Ny (x) forany t > 1 and x € X'.
Therefore, t — Ny (t @ ) is a strictly increasing function, since if #; < 7, then
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Nty o) = Ny ((;—? 1‘1) (] /l)

= N, ((%) o () o /l)) > Na(t o). (46)

Hence ¢, is in fact unique. O

Remark 29 More is true. Since X’ C Ay is a real-analytic submanifold (see
Corollary 33), R, X X’ is a real-analytic submanifold of C* x Ag. Being the
restriction of the holomorphic map (45), T is then a real-analytic bijection
of real-analytic manifolds. It is in fact also a local diffeomorphism, for its
differential has everywhere maximal rank; by the real-analytic inverse function
theorem (Theorem 2.5.1 of [18]), 7" is a real-analytic equivalence between R, X
X and AJ’

Recall that a Lie group action on a manifold P is called proper if the asso-
ciated action map G X P — P X P, (g, p) = (g - p, p), is proper (Definition B2
of [15]).

Let Ag ' C Ag be the inverse image of M’; in other words, in terms of the
diffeomorphism Aj = X X R, we have A "= X' xR,.

Corollary 30 The complexified action 7" : T' x Ay — Ay is proper. In
addition, its restriction to Ag " is free.

Proof LetY: T'xAj — AyxA, be the action map of " ,andletR AgxAy
be a compact subset. If 7;: Ay X Ay — A is the projection onto the jth factor,
let R; =: m;(R). Then R; is compact and R C R; X R,. Therefore, to prove that
T is proper, it suffices to show that Y~!(R; X R,) is compact, for any pair of
compact subsets Ry, R, C Aj. Clearly, T~'(R; X R;) € T' X R,. For j = 1,2
let £; =: ming; N4 and L; =: maxg; Na.

Suppose (w, ) € Y1 (R; X R,), and set z = w™', so that 74" (w, 1) = z e A.

If lw| < 1, then |z| > 1 and so by Corollary 27

|2 Na(A) < Na(z o D) < [z Na(Q).
Since A € Ry, we have [, < N4(A1), and since ze A € Ry, we have Ny(zed) < L.

Therefore, if |z| > 1 then

| 1/2a
LI <L = Izls(l—) .
2

In other words, if [w| < 1 then (£,/Ly)"?>* < |w|. Similarly, one sees that if
|w| > 1 then |w| < (Lz/f])]/za.
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Therefore, if p: T! x Ag — Ag is the projection onto the first factor, then
S (T’I(Rl X Rz)) is compact. Hence, TR X Ry) C S X R, is also compact,
and this completes the proof that the action is proper.

The statement about the freeness of the action follows immediately from
(44) and the definition of X’. O]

2.5 The circle bundle structures

Let us view x: X’ — N’ as a circle bundle over N, with the action of T! on
X’ given by (eia, x) — ¢ e x; the latter is defined in (45). On N’, associated
with the Kihler structure we have the volume form dVy = nAd /d!; thus on
X', viewed as a circle bundle over N’, we have the natural choice of a volume
form dWyx = (1/21) B A k*(dVy). Algebraically, L*(X,dVy) = L*(X’,dVy) =
XX, dWy), although the metrics are different. Explicitly,

1
dWx = — BA K (dVy)
2n

— @7(d+1) |:i a A ﬂ,*(w)/\d:|
2m
= @D gyy. 47

Furthermore, the two circle bundles 7 and « have different CR structures,
because they do not have the same vertical tangent bundle. However, by con-
struction they share the same horizontal distribution, and the same horizontal
complex structure Jy. Let H®D € H ® C be the —i-eigenbundle of J4; then
the boundary CR operator of either X or X’ is defined by setting d),f = df g0,
for any C™ function f on X or X’, respectively. Therefore, the boundary CR
operator of X,

dp: C(X) - C™ (X, HOVY),

restricts to the corresponding operator of X’. It follows that there is a natural
algebraic (non-isometric) inclusion of corresponding Hardy spaces, H(X) —
H(X’). The latter is an algebraic isomorphism if codimc(M \ M’, M) > 2.

The action uX plays the role of the structure circle action of T! with respect
to k. Let ﬁk(X’) be the kth isotype for the latter action. Condition (3) for s €
L*(X) to belong to Hj(X) may be rewritten s (e’y . x) = ¢ 5(x), for any € €
T' and x € X. Therefore, the previous inclusion of Hardy spaces yields for
every k =0, 1,2, ... an algebraic inclusion Hf(X) — ﬁk(X’).
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2.6 The line bundle on N’

Let B be the complex line bundle on N’ associated with x and the tautolog-
ical action of T' = U(1) on C, and let BY be its dual; thus, B (resp. BY)

is the quotient of X’ x C by the equivalence relation (x,w) ~ (eie o x e w)

(resp. (x,w) ~ (em o x,e w)). We can embed j: X’ — BY by x — [x,1].
Then B and BY inherit natural Hermitian structures, that we shall denote by
{p, uniquely determined by imposing j: X’ < BY to embed as the unit circle
bundle. We shall denote by’k: BY — N’ the projection, so that k =k o J.

The connection form 8 on X determines a unique metric covariant derivative
Vg on B, with curvature ® = -2i«*(n7). Since 5 is a Kéhler form on N’,
there is a uniquely determined holomorphic structure on B, such that Vg is the
only covariant derivative on B compatible with both the metric and the latter
holomorphic structure. A local section o of B is holomorphic for this structure
if and only if the connection matrix with respect to o is of type (1, 0).
Lemma 31 There is a natural biholomorphism T By = A’ of bundles over
N’; when we view X’ as a submanifold of Ag " and B(\)’ in the natural manner, T’
restricts to the identity X' — X’ (that is, T'(j(x)) = x for any x € X’). Further-
more, T preserves the horizontal distributions, and maps biholomorphically
the fibers of the bundle projection k: B¥ — N’ onto the orbits of the action
7T X AY - AL

Proof We have By = X’ x C*/ ~, where (x,w) ~ (eie o x,e 0 w), for any
e’ e TLIf ¥: X’ x C* — By is the quotient map, ¥(x,w) = [x,w], for any
(x,w) € X’ x C* the differential diy,, ¥ induces a C-linear isomorphism

7‘{)5 eCc T(x,w) (X/ X C*) = TW(X,ZU)BE)/5

which maps H, @ (0) and (0) ® C, respectively, onto the horizontal and vertical
tangent spaces of BY at ¥(x, w).
Let us consider the map

[ X'xC' > Ay, (xwHwex.

Holomorphicity of the complexified action iz implies that the differential d, ,) I’
induces a C-linear isomorphism

ﬂx e Cc T(x,w) (X’ X C*) = Tl"(x,w)A(\)/s (48)

under which H, & C maps onto the horizontal tangent space of AY and (0) ® C
onto the tangent space to the complex orbit 74" at I'(x, w).
On the other hand, for any (x,w) € X’ X C* and ¢” € T!, we have

IFrx,w)y=wex= (w e_’y) ° (eie x) =TI (eig x, e w) . (49)
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Therefore, I" passes to the quotient under 7, that is, there exists a C* map
I': By - Ay suchthatl' =T o ¥:

T([x, w]) = T(x, w) ((x,w) € X' xC*);

the previous discussion implies that Iis holomorphic.

Corollary 28 evidently implies that I is surjective, and therefore so is T.
To see that T is also injective, suppose that Aj = Y(xjwy), j = 1,2, satisfy
I_“(/ll) = I_“(/lz). Thus w; e x; = I'(x1,wy) = (x,wy) = wy e x,, whence
(w;l wl) e x; = xp. This evidently implies Ny ((wg1 wl) ° xl) = Nalx)) =
Na(xy) = 1. Since by Corollary 27 the map 7 — N, (tex)) is strictly increasing,

this forces wi| = [ws. If wy' wy = €, we then have wy = e wy, x, = € o x;

hence (xa,ws) = (ei(’ ex,ee wl) ~ (x1, wy). Therefore, 1; = A,.

Finally, any x € X’ C A(\)” corresponds to [x,1] € BY, and I'([x,1]) =
1 ¢ x = x. Therefore, with the previous identification I" induces the identity
map on X'. O

Remark 32 T interwines fiberwise scalar multiplication -5 on B, and the map
(45). In fact, if b = [x,w] € B(\)’ and z € C*, then z -3 b = [x, zw]. Therefore,

T(z-gb)=T([x,zw]) = w)ex=ze(wex)=zel(x)

Let Np: Ag — R be the norm function associated with the Hermitian struc-
ture of BY, viewed as a function on Aj by means of the biholomorphism of
Lemma 31. Then N3(z o ) = |z]? ||4]1%.

Corollary 33 X' C A} is a real-analytic submanifold, and the projection
k: X' — N’ is real-analytic.

Proof Since the Hermitian metric 4 on A" is real-analytic by assumption, the
norm function Na: Ay — R is a positive real-analytic function. Therefore,
X = N;'(1) n Ay is a real-analytic submanifold of A)” (see Section 2.7 of
[18]). On the contrary, we have

— =1
k=koj=kol

Thus « is the restriction of a holomorphic map to a real-analytic submanifold,
hence it is real-analytic. O

Proposition 34  The Kdihler form n on N’ is real-analytic.

Proof 1t suffices to prove that for any n € N’ there is a real-analytic chart
for N’, defined on an open neighborhood V C N’ of n, such that the local
expression of 77 in that chart is real-analytic. To this end, choose x € k~!(n) and
let m =: m(x) € M’. On some open neighborhood U € M of m, we can find
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a local holomorphic frame ¢ on A" such that ¢(m) = x. We can also suppose,
without loss of generality, that ¢ is horizontal at m, that it, its differential at m
maps isomorphically T}, M to the horizontal tangent space H,. If we assume,
as we may, that U is the domain of a holomorphic local coordinate chart (z;)
centered at m, this means that Ny o ¢ = h(p, ) = 1+ O (||z||2).

Let us write ||¢|| =: A(p, @), so that  =: ¢/|l¢||: U — X’ is a local unitary
frame. Since 4 is real-analytic, £ is real-analytic. The previous remark shows,
in addition, that

Al = dpp: TuM — T X C T,AY;

therefore ¢ is also horizontal at m, whence it is transverse at m to the uX-orbit
through x, in view of (1) and the positivity of ®@. Since the latter orbit is the
fiber through x of the projection x: X’ — N’, this implies that the compo-
sition k o {: U — N’ is a real-analytic local diffeomorphism at m; we have
k o {(m) = k(x) = n. Therefore, perhaps after replacing U with a smaller open
neighborhood of m, we may assume that « o £ induces a real-analytic equiva-
lence U = V, where V =: k o {(U) is an open neighborhood of n (see Theorem
2.5.1 of [18]). Given the holomorphic chart on U, we may then interpret « o {
as a real-analytic chart for N’ in the neighborhood of 7.

Let 6 = i{"(e) be the connection form of A" in the local frame {. Then
under our assumptions, OZ is a real-analytic imaginary 1-form. The local
expression of 2 77 in this chart, by (28), is

(ko)) =" (W (2m)
=§*(én*(w)— éd(b/\a

2 i v
In view of Lemma 12, we conclude that (50) is real-analytic, and this completes
the proof. O

This also follows from
Lemma 35 The Hermitian metric h on BY is real-analytic.

Proof It suffices to show that the norm function Np: Bg - R, is
real-analytic. To this end, it is equivalent to show that the composition
Npg o l_"_1 : Ay — R, is real-analytic. Again, let us simplify our discussion
by biholomorphically identifying A with By, and leaving ' implicit. Then
fiberwise scalar multiplication on B corresponds to the map (45). Thus if
(t,x) € R, X X, then Ng(t o x) = 1*.
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Let T: R, x X' — Aj " be as in Corollary 28; then T is a real-analytic
equivalence by Remark 29, and the previous remark implies that

Ngo?T: R, xX — R,
is real-analytic. Therefore, so is Nz = (Ngo T) o T L. O

We can consider the equivariant distortion function K,‘: : M — R defined by
setting

Kiom) = T (x,x) = ). 'sg’o(x)‘z, (51)
J

for m € M and any choice of x € n7'(m) C X, where the s;k)s are an orthonor-
mal basis of H} (X) (see (4)). That K}’ is well-defined follows from the fact that
X and v¥ commute (Lemma 2.1 of [28]). For any m € M and ¢ € T', given
x € 77 '(m) by (3) we have

K (i om) = T (s 02, ) = S [ (e o)
J
- Z |s§">(x)|2 = IT(x, x) = K¥(m).
J

Therefore, K;: € C*(M)H; it may thus be regarded as a function on N’ in a
natural manner. We have in fact:

Lemma 36 Ki‘ € CP(M)*. As a function on N’, Kf e C"(N')".

Proof By its very definition, Hﬁ: € C*(XxX) restricts to a sesquiholomorphic
complex function on Ay x Ay, which is then a fortiori real-analytic. Since
X X X is a real-analytic submanifold of Aj x Aj by Corollary 33, we have
H’,: € C”(X x X). If now ¢ is a local holomorphic frame on an open subset
U c M, the unitarization ¢, = ¢/||¢||4: U — X is real-analytic, where ||¢||4 =:
(N4 o ¢)'/?. Therefore,

Kt(m) = IE (g (m), @u(m))  (meU)

is real-analytic on U. The second statement is proved similarly (Lemma 35).
O

2.7 Asymptotics of sesquiholomorphic extensions

Every s € Hfj (X) extends uniquely to a holomorphic function 5: Ay — C.
Holomorphicity of the extended action ﬁAv implies, in view of (3) and (45),
that for every (z, 1) € C* x Aj we have
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Sz e ) = 3. (52)

Given this and (4), we see that H’lj: X x X — C extends uniquely to a
sesquiholomorphic function P} : Ay x Ay — C, given by

P =Y W TP (L eay), (53)
J

and satisfying, by (52),
Pl(zedweld) =kak7)’,:(/l,/l'), (54)

for every z, w € C*.
Let o be a local holomorphic frame of BY on an open subset V C N’. Then

Plo(@xo): VXV —-C, (nn)- Plon),o))

is sesquiholomorphic. The unitarization o, =: (1/|lol|lp) e 0: V — X’ (see
Remark 32) is a real-analytic section. Given (54), we have

H N 1 . 1 . ,
o0 = (o + 00 i« o)
1 1
= Pﬂ R /
ol Tty + 77
= o EOE) Pl (), ), (55)
where we have set, forn € V,
E(n) = In(lomll}) = In (€s(c(n), o (m))). (56)

Then = is real-analytic by Lemma 35, and furthermore BNENE = ®p, where
@p = —2in € Q*(N’) is the curvature form of B. In any given local coordinate
chart (z;) for N’ this means that

)
8z 0z;

Opyy = —2in; =2 hy,

where / is the Riemannian metric of (N’, I,n). In other words, £ is a Kéhler
potential for 2 h.

Being real-analytic, = has a unique sesquiholomorphic extension Z to an
open neighborhood of the diagonal VCVxV. Similarly, by Lemma 36, Kf

also has a unique sesquiholomorphic extension Ki’ to an open neighborhood of
the diagonal in N’ X N'.
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Lemma 37 Let V C VXV be an appropriate open neighborhood of the
diagonal. Then for every (n,n’) € V, we have

P (o (n), o(n)) = 507 Kl (n, ). (57)

Proof Both sides being sesquiholomorphic, it suffices to show that they have
equal restrictions on the diagonal. If n = n’, by (55) we have

P (o(n), o(n) = P T (07, (n), 07 (n)) (58)

= ekg(”’”) Ki‘(n) = ek‘E(”’") KI’:(n,n).

Inserting (57) in (55), we obtain for (n,n") € V:
I (0, (n), 07y (n')) = k1Emm=3 2003 200] e ) (59)

As discussed in the Introduction, by [28] if m € M’ and x € n~'(m)
there is an asymptotic expansion (5), smoothly varying on M’ and uniform on
compact subsets of M’, with leading coefficient Sf = @@+ Since IT,(x, x)
is uM-invariant, so is every §';. Therefore, viewing K;’ as defined on N,
the expansion may naturally be interpreted as holding on N’ (see (51) and
Lemma 36)):

d
K (n) ~ (;) >k sHm), (60)

J=0

where S ‘6 = ®~@*D_ This suggest, heuristically, that K]f (n,n’) should satisfy
a similar expansion, with coefficients the sesquiholomorphic extensions of the
S%s. This is indeed the case.

To see this, let us consider first the asymptotics of H‘,ﬁ(o-,,(n), o,(n")) for
(n,n’) e V. Let

+00
I(x,y) = f MY g(x, y, 1) dt (61)
0

be the usual Fourier integral representation of the Szego kernel of X determined
in [6]; here we think of X as the unit circle bundle of AV, with volume form
dVy. In particular, () > 0, and s is a semiclassical symbol admitting an
asymptotic expansion of the form

sy, ~ Y 1 s y) (62)

=0

(see also the discussion in [30] and [35]). For some € > 0, let o1 € C(—2¢, 2¢)
be a bump function identically equal to 1 on (—¢,€). For some C > 0, let
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02 € Cy'(1/(2C),2C) be a bump function identically equal to 1 on (1/C,C).
Let us write u* o for uf, - Lhen, arguing as in the proof of Theorem 1 of [28],

1 T
I (o (m), () = 5~ f M (X (ulm), o)) 9 (63)

1 co f‘ﬂ g_ikﬂﬂ'tw(ﬂfﬂ(ﬂﬂ(n)),m(n’)) s (,u}_(ﬂ(a—u(n))’ O'u(n'), l‘) o1() dt d?
0 -

T on

k —+00 T X ,
~ = f f RN (1% (). (). kt) 01 () 02(1) d Y,
2n 0 -

where
Y(n,n',t,9) =: tl//(u)_(ﬁ((ru n)), o-,,(n’)) - 0.

The last line of (63) is an oscillatory integral with phase W(n,n’,t,¥), and
JI) = 0 implies IJ(¥) > 0.

Suppose first n = n’. Then one can see by (a slight adaptation of) the argu-
ment in the proof of Theorem 1 of [28] that the phase W¥(n, n, ¢, ) has a unique
stationary point P(n, n) = (ty, 99) = (1/®(n), 0), where as usual we think of the
invariant function @ as descended on N. Since ¥(x, x) = 0 identically, we have
Y(n,n, ty, 99) = 0. Furthermore, the Hessian matrix at Py is

0 D(n) )

Hr,(¥) = (cb(n) 32, ¥(Py)

Therefore, Py is a non-degenerate critical point, and by applying the stationary
phase lemma to it we obtain the asymptotic expansion (60).

By the theory of [27], the stationary point and the asymptotic expansion will
deform smoothly with (n,n") € v, although the stationary point may cease to
be real when n # n’ (and should then be regarded as the stationary point of
an almost analytic extension of W¥). More precisely, if ‘Y’(’ﬁ,’ﬁ’,?,ﬁ) denotes
an almost analytic extension of ¥ (n, n’, t,19), then the condition that P(,7") =
(TGI, ), 97, ﬁ’)) be a stationary point of ¥ (77, 7, -, ) defines an almost analytic
manifold (7, 9) = (. 7). 0. 7)).

Applying to (63) the stationary phase lemma for complex phase functions
from Section 2 of [27] for (n,n’) € V we obtain a smoothly varying asymptotic
expansion

d —~
H’;(cru<n>,au(n’>)~(§) M H ) IS '), (64)
720

for appropriate smooth functions S ;(-, ) on VCVxV.
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Given (55) and (64), we get
P (a(n), o(n)) (65)
1 (= [ons PN} ’ ’ d
N eklz (.:,(n)+:(n ))+1‘I‘(n,n JP(n,n ))J (g) Z k_j Sj(}’l, }’l/).
720

Since the expansion holds in C/-norm for every j and the LHS is sesqui-
holomorphic, so is every term on the RHS. Therefore, each term

ek[% (Emy+2))+i ¥(n’ Pty

S j(n,n")

is the sesquiholomorphic extension of its diagonal restriction.
On the contrary, on the diagonal (65) restricts to the uniquely determined
asymptotic expansion for (58), and so we need to have § ;(n,n) = S?(n),

whence S j(n,n’) = S ’;.(n, n’). Furthermore, we see that

% (Em) + E@)) +i¥Y(n,n', Pn,n')) = E(n,n').

Inserting this in (64), we obtain

a4 Enn)-L (Em)+Ew
I (0 (), () ~ (S) H[Fe-s o)

SN E’;f(n, ). (66)
=0
Now (59) and (55) imply
— k d —_
K'(n,n') ~ (7—1) Zok*f S (n,n') (67)
J=!

(see [17] and [35] for analogues in the standard case ® = 1).
Analogous considerations hold for Toeplitz operators; see Section 9.

2.8 The Laplacian on invariant functions

Let us now dwell on the relation between the Laplacian operators Ay and Ay,
of (M, J,w) and (N’, I, n) acting on invariant functions. Thus let f € C*(M)",
so that f determines in a natural manner functions on X and N’, respectively.
It is convenient in the present argument to explicitly distinguish the domain
of definition of the function in point, so we shall write f = fy, and fx
and fy to denote the induced functions on X and N’, respectively. It is also
notationally convenient to leave I' implicit, and to identify Bj with Ay " (see
Lemma 31). Thus we have holomorphic line bundle structures 7: AY — M

Downloaded from http:/www.cambridge.org/core. National Library of the Philippines, on 06 Oct 2016 at 09:41:56, subject to the Cambridge Core
terms of use, available at http:/www.cambridge.org/core/terms. http://dx.doi.org/10.1017/CB0O9781107416000.018


http:/www.cambridge.org/core/terms
http://dx.doi.org/10.1017/CBO9781107416000.018
http:/www.cambridge.org/core

352 R. Paoletti

and k: AY — N’, where we write k for k o l_"_l. The fibers of the latter are the
orbits of the complexified action 74"

Suppose m € M’, x € n~'(m) € X c AY, and set n =: x(x). Choose a local
holomorphic frame ¢ for A" on an open neighborhood U ¢ M’ of m, such that
¢(m) = x and which is horizontal at m, in the sense of the proof of Proposition
34. Then, as remarked in the same proof, ¢: U — A" is transverse at m to
the orbit of uX through x. In fact, in view of (41), ¢: U — AV is transverse
at m to the full orbit of 7*" through x. Thus, the compositionk o ¢: U — N’
is holomorphic, has maximal rank at m, and satisfies ¥ o ¢(m) = n. Therefore,
there exists an open neighborhood U € M’ of m such that V =: k o ¢(U) is
open, and the induced mapk o ¢: U — N’ is a biholomorphism.

Let us set Z =: p(U) C Aj. Then Z is a complex submanifold of Ay, and
the restrictions of 77 and k to Z determine biholomorphic maps 7z: Z — U and
kz: Z — V. The invariance hypothesis on f implies that fj; o 17 = fiy o kz; let
us write f7 for this function.

Furthermore, if K is the complex structure on Z then by holomorphicity we
can pull back the Kéhler structures (M, J,w) and (N, 1,n) under 7 and «z,
respectively, to Kéhler structures (Z, K, w’) and (Z, K, 1"). Clearly

Au(fu) oz = Ai(fz),  An(fw) o kz = Ao (ff2),

where A| and A; are the Laplacian operators in the Kéhler structures (Z, K, 2w")
and (Z, K, 2n"), respectively. Therefore,

Au(fu)m) = Ai(f)(x),  Av(fw)(n) = Aa(f2)(x). (68)

Recall that g(-,-) = w(-, J(-)) and h = n(-, I(-)) are the Riemannian metrics
on (M, J,w) and (N, I,7), and by pull-back we view them as the Riemannian
metrics of (Z, K, «’) and (Z, K, 1), respectively. Perhaps after restricting U to
a smaller open neighborhood of m in M’, we may assume without loss that
on Z there is a global holomorphic coordinate chart (z;). Let g ; = g(0a, d%)
and h ; = (s 05) be the respective covariant metric tensors, with associated
contravariant tensors (¢?) and (k).

In particular, (7.Z, K, ') = (Hy, Jox, wy), Where w, is w,, pulled back
to H, under d,z. Similarly, with the same abuse of language, (T.Z, K, 17,) =
(H, J#x,m). By horizontality, expression (28) for «*(2n) implies that 7, =
w,/P(m). Hence h ;(x) = g ;(x)/®P(m), and so hb(x) = d(m) g"*(x). Thus we
conclude that

1 —
Aof)(0) = 5 W) Ba Dy ()
1 —
= 5 ©m) g™ (V) 00 5 f7(x) = DM M (f)x). (69)
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Given (68) and (69), we conclude that

An(fn)(n) = ©(m) Ay (fur)(m). (70)

Interpreting Ay, and Ay as endomorphisms of C*(M’ ), we can restate (70)
by writing

Ay =D - Ay. (71)

2.9 u-Adapted Heisenberg local coordinates

As mentioned in the Introduction, HLC for X centered at some x € X were
defined in [30]; it is in these local coordinates that near-diagonal Szegd kernel
scaling asymptotics exhibit their universal nature. While we refer to [30] for a
detailed discussion, let us recall that they consist of the choice of an adapted
local coordinate chart for M centered at m = m(x), intertwining the unitary
structure on 7,,M with the standard one on C%, and a preferred local frame of
A" on a neighborhood of m, having a prescribed second-order jet at m.

Letr: (—m, ) X Byy(0,€) = X, 1(6,v) = x + (0, V), be a system of HLC cen-
tered at x. Then 1*(dVx)(8,0) = (2m)~" |d6) dL(v), where dL(V) is the Lebesgue
measure on R??. For v € By4(0, €), let us set x + v =: 1(0, ).

It is natural here to modify the previous prescription so as to incorporate u*
into an “equivariant” HLC system. Namely, let us define v’ : T'xB,4(0, €) — X
by letting

vy’ (e“?, w) =: ¢ o (x + W). (72)

Working in coordinates on T', this yields a map v: (=7, ) X By(0, €) — X by
setting

n(d, w) = e o (x + w). (73)
If H(m) € R* is the local coordinate expression of &y (m) € T,,M (viewed as

a column vector) then the local HLC expression of &x(x) is (H(m), —®(m)) €
R x R. If (6, v) ~ (0, 0), then by (1)

0@, w) = x + (W + 9 H(m), =9 ®(m)) + O (lI(w, I (74)
The Jacobian matrix at the origin of t™! o 1 is then

12(1 Hm )

Jaco) (17 o) = (0’ ~d(m) )

Since ® > 0, v’ is a local diffeomorphism at (1,0) € T' X B4(0, €). There-
fore, if Ts =: {eiﬂ: —5<¥9< 6} C T' then for all sufficiently small 6, € > 0,
the restriction of 1y’ to Ts X B4(0, €) is a diffeomorphism onto its image.
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Lemma 38 Suppose x € X'. Then, for all sufficiently small € > 0, the restric-
tion v': T' X B2y(0,€) — X is injective. Its image is a u*-invariant tubular
neighborhood of the u*X-orbit of x.

Proof 1f not, there exists €; — 0* and for every j a choice of distinct pairs
€, w)), (€7, W) € T" x Byy(0,€)),
and such that, if A; =: 19;. -1,

evie (x + w)) = e o (x + W}) = X+W;= e (x + w}). (76)

If ¢4 € Ty, the previous considerations imply that ¢/ = 1, whence ¢ = ¢,
and w; = w;., against the assumptions. Therefore, it follows from (76) that
e € T'\ Ts, a compact subset of T!. Perhaps after passing to a subsequence,
we may therefore assume without loss that et — e~ € T! \ T5as j — +o0.
Since obviously x+w;, x+ w;. — xas j — +oo, passing to the limit in (76) we
obtain ¢t~ e x = x. But this is absurd by definition of X’, given that ¢t~ # 1

and x € X’. O]

It follows easily that if x € X’ then p’: T! x By;(0,€) — X is a diffeo-
morphism onto its image for all sufficiently small € > 0, and therefore that
y: (=, ) X Byy(0,€) — X is a local coordinate chart. We shall say that 77 is a
system of u-adapted HLC.

In general, v’ : T! x Byy(0,€) — X is an [ : 1-covering, where [ = |T,,|. To
see this, let us consider the following generalization of Lemma 38:

Lemma 39 Suppose l = |T,,|, where m = n(x). Then, for all sufficiently small
€ > 0, the restriction v : T! X By4(0,€) — X is an | : 1-covering. Its image is
a pX-invariant tubular neighborhood of the u*-orbit of x.

Proof Suppose X’ = ¢/’ o x € T! - x. Then, for any g € T,,, we have that
p((e™ g,0)) = x'. Therefore, the inverse image 1y~ !(x’) contains / distinct
elements (¢ g, 0) (g € T,,), and at each of these 1’ is a local diffeomorphism.
It follows that any x”’ sufficiently close to the orbit T' - x has at least / inverse
images under 1’, and that at each of these the latter is a local diffeomorphism.

I claim that in fact any x” sufficiently close to the orbit T! - x has exactly
! inverse images under v’. If not, there exist €; — 0% and for every j distinct
pairs

(gg.”),vg.”)) €T xBy(0,6), 1<as<l+]l,

such that g(j") OVE.a) = g(jb) ovi.h), forevery 1 < a,b < I+1. Arguing as in the proof
of Lemma 38, we conclude that gE.“) gﬁb)_] ¢ Tsforany 1l <b<a<l+1and
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j > 0. In particular, perhaps after passing to a subsequence, fora = 2,...,/+1
-1
we have gj”) gﬁl) - A9 €T, \Ts.

-1
Suppose A9 = 2% for2 < a < b <1+ 1. Then g;”) g(jh) - 1eTs
as j — +oo, absurd. Therefore, T,, contains the [ + 1 distinct elements
{1, /153,), el /l(of:rl)}, a contradiction. O]

Lemma 40 For any 9 € (—n, ), we have

1
p"(dVx)(@,0) = 2 D) 1dB| dLW).

where d L(w) is the Lebesgue measure on R%,

Proof Let us write t*(dVy) = V(6,v)|d6|dL(v), so that V(6,0) = (2m)~".
Then

p'(@Vy) = (xor o) (aVx) = (' ov) ("(aVx))
= (r"" o) (V@O v)dod L)
=(Vo(rov))- ‘det (Jac(x" o n))' 9] dL(w).

At (0,0), in view of (75) and since © > 0, we get
; 1
»"(dVx)(0,0) = o O(m) [dI| dL(w). (77)
This proves the claim at (0,0). To prove it at (J¢,0), we replace I ~ ¥y by
9 + 9y with © ~ 0 and note that /@) e (x + v) = ¢/’ @ (¢!’ @ (x + v)). Since
1,(6,v) = € - ("0 o (x + v)) is a system of HLC centered at ¢’  x, one can
argue as in the previous case. O

Corollary 41 Under the assumptions of Lemma 39, if € > 0 is sufficiently
small let V, = /(T X Byy(0, €)). Then for any continuous function on X, we
have

1 T
f FdVy= — f f o (Om) + A(W)) d9] dLW),
Ve 27T|Tm| -t J Byy(0,€)
where A(w) = O(||w|)).

3 Proof of Theorem 1

Proof  As the orthogonal projector I} : L*(X,dVx) — H{(X), I} is idem-
potent, then for every x € X the Schwartz kernel Hﬁ{' € C°X x X)
satisfies
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I (x, x) = fX IE (x, y) I (y, x) dVx (1). (73)
Let us fix xp € X’ and set my =: n(xg) € M’, ngp =: «k(xg) € N’, and

apply (78) with x = xy. Let o be a local holomorphic frame of BY on an open
neighborhood V C N’ of ng; as usual we implicitly identify Bj with Aj by
means of I” (Lemma 31). We may assume without loss that o(n9) = x¢. Let
llolls =: (Ng o 0)'/2. Then ||| is a positive real-analytic function on V by
Lemma 35. Therefore, the unitarization o, =: (1/|lo]lgp) e 0: V — X’ (see
Remark 32) is a real-analytic section and o,(ng) = Xo.

There exists € > 0 such that disty(xo, T' - y) > & for every y € X \ k” (V).
Therefore, by Theorem 1 of [28] we have Hﬁ: (x0,+) = O (k™) uniformly on
X\ (V). If ~ stands for “has the same asymptotics as,” we see from this and
(78) for x = x that

IT (x0, x0) ~ f} IT (x0, y) T, (y, x0) dVx (y). (79)
(V)
We can parameterize the invariant open neighborhood x~'(V) € X’ by
setting
o:T'xV =« I(V), (ei’?,n) - ¢ o o (n). (80)
Then
1
0 (dWyx) = — d9 ANdVy (81)
2r

where dVy = (1/d!)1"\? (see Section 2.5). Now (3) means that s(¢’’ e x) =
e* s(x), for every e” € T! and x € X. Therefore, given (4), we have

IT (xo, e’ e o-u(n)) I (e"l9 o0, (n), x)

= [ T (x0, u(m))| [ T, (), x0)

= I} (x0, o7(n)) TE (0 (n), Xo) .
Inserting this and (47) into (79), we obtain
T (x0, X0)
<o [ 1t oo 1 300 @ avavin
= fv IT (0u(no), ou(m) T ((n), u(no)) @)™ dViy(n). (82)
If we use (59) in (82) we get
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IT; (xo, Xo)
~ f kD00 Kl (o, ) KE(n, 1) D(n)™" dViy (), (83)
4
where D is Calabi’s diastasis function of (N’, I, 217), defined in (7).
Let us set, for simplicity, ° = 2 7. Also, suppose without loss that V is the

domain of a holomorphic local coordinate chart (z,) for N’. If z, + i y,, with
X4, Yo real-valued, then by (18) we have

dVy =det([2n;]) - dx; A---dxg ANdy; --- A dyqy

= det([n;d]) ~dxy A--odxg Adyy -+ A dyg. (84)
In view of (67), we can thus rewrite (83) as follows:
T} (x0, X0) (85)
o\ .
~ (—) Z kK fe_kDN("O'”) Zi(no, n) det ([17-1) dx dy,
pm -~ 5 K
Jj=

where now B C C¢ is some open ball centered at the origin, and for every j > 0
we have

Zjn,n') = oYY SE, ) SE'n) () e VX V).  (86)

a+b=j

In particular, since S g = ®~U*D for j = 0 we get from (86):

Zo(n,n') = D)™ D(n, 1) D D',y D (87)
( D) )‘“‘ s
== = Fq;(l’l ) .
O(n,n’) O(’, n)

with the notation of Lemma 13, taking py = n, and where @ is the sesqui-
holomorphic extension of @ (as a function on N’) to some open neighborhood
N of the diagonal (and we assume V X V C ZV). On the diagonal, Zy(n,n) =
(D(n)‘(d”).

On the contrary, for j > 1 we get

Zy(n, ) = O [0,y D ST ) + 5,1 By

nd+1 oH NPT
+ @) " Shn, ) SH (' m). (88)
O<a<j
On the diagonal,
Zj(n,n) = 28%(n) + O(n)*! Z S Sk_ (). (89)
O<a<j
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Let us now consider the asymptotics of the jth summand in (85). Because
Dy is the diastasis function of 77/, we can apply Theorem 3 of [13], and obtain
an asymptotic expansion of the form

f e KON 7. (no, ) det () dxdy
B

~ (%)d 2k RYZimo. ), - (90)

>0

where the R;V s are Engli§ operators for the Kéhler manifold (N, 1,7).
Using (90) within (85), we get

k)’ :
HI;(XO, XO) ~ (7__{) Z k_]_l R;V(Zj(l’l(), .))|l‘l:l‘lo

JI=0
k\! <
=(;) PSRN HCACHD) ©1)
720 a+b=j

It follows from (5) and (91) that

500 = ) R,

a+b=j
Jj
= Z;(no,n0) + ) RN (Zj-a(n0, ), _,. - (92)
a=1
Given (89), the latter relation may be rewritten
$#(no) = 28%(ng) + D)™ > Sh(n0) S (no) (93)

O<a<j
J

+ Z Riv(zj—a(nOa '))|n:no .
a=1

It follows that

$H(ng) = ~0(mp)™" > Sh(n0) S (mo)

O<a<j
J
= R Zjaln0, )], - (94)
a=1

which determines S ’; for any j > 1 in terms of the S%'s with 0 < k < j and their
sesquiholomorphic extensions. The proof is complete, for (94) is (11), with j
in place of j+ 1. O

Downloaded from http:/www.cambridge.org/core. National Library of the Philippines, on 06 Oct 2016 at 09:41:56, subject to the Cambridge Core
terms of use, available at http:/www.cambridge.org/core/terms. http://dx.doi.org/10.1017/CB0O9781107416000.018


http:/www.cambridge.org/core/terms
http://dx.doi.org/10.1017/CBO9781107416000.018
http:/www.cambridge.org/core

Szego Kernel asymptotics and Hamiltonian circle actions 359

4 Proof of Corollary 2

Proof Let us apply (94) with j = 1. We get
Shno) = = RY(Zo(no, )|, _,,

, 95)

n=ngmy

1
= — (AN - E QN) (ZO(nO, ))

where Z, is defined by (87), and Ay and gy are defined by (20) and (19),
respectively, with reference to the Kihler manifold (P, K, y) = (N, I,7’), where

7 =2n.
We have, by (87),

O(n)

d+1
f) = Fo(n)™!, (96)
D(ng, n) O(n, ng)

Zo(nog,n) = (

where F is defined as in Lemma 13, with f = ® and ny = po. Applying (23)
withl=d + 1 and f = Fg, we get

AN (Zo(no, )|, o, = D (F™) (n0)
= (d + 1) Fo(np)* - An(Fo)(no) + Fo(no)*™" ||grady(Fo)no)|

= (d + 1) ®(ng)™ - Ay(Fo)(np), o7

dd+1)
2

where the gradient and the norm are taken with respect to the Riemannian
metric A’ = 2 h, and in the last equation we have made use of Lemma 15.

Let us apply Lemma 13 with (P, K,y) = (N’,1,7/), f = ®**! € C®(N’), and
Do = Ny, so that in the statement we have F = Zy(ng, ). We obtain

An(Zo(no, )|, _,. (98)
1

= (d + 1) D(ng) @2 [AP(‘D)(”O) " 20(ng)

IIgradN@)(no)Hz} .
Inserting (98) into (95),

1 _
§'1(n0) = 5 o) ®(ng)™ Y

1
2 q)(l’l())

+(d + 1) D(ng)~“@*? [ [leradyy (@)(no)|* ~ Ap@)(no)] :

O
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5 Proof of Theorem 4

Proof Statements (1) and (2) follow quite straightforwardly by using the
corresponding properties of Hﬁ: in Theorem 1 of [28] in the first line of (6).
To prove (3), we start from the relation

T;j(f)( + 7 X+ 7) 99)

f;{H" (x+ \/I?y) fy It (y,x + WC) dVx(y).

If integration in dVx(y) in (99) is restricted to a given invariant tubular neigh-
borhood V of the orbit T' - x, only a negligible contribution to the asymptotics
is lost. On the contrary, on V we can introduce p-adapted HLC as in Sec-
tion 2.9, so as to write y = ¢ e (x + u). Applying Corollary 41 (with V = V),
we get

T”(f)(x+ A , X+ 7) (100)

! f f (®(m) + Aw))
2r | Tl J-r B14(0,€)

~

I (x+ %{,ei‘g o (x+u)) f(m+w)II (e’y o(x+u),x+ %
|| d L(w),

where we used the fact that f € C*(M)*.
Let Dy, D, > 0 be as in (13). Since ||v||, [|[w]] < C k', we have

disty (T1 x X+ l) <D, Ck, (101)
vk
If disty (T' - x,y) = 2D, Ck™"/'%, then by (101) we have

A\
disty (T1 Yo x+ —| =D, CkT8,
vk

and similarly for w. It follows from this and statement (2). (with € = 1/9)
that the contribution to (99) and (100) coming from the locus where distx(T" -
x,y) = 2D, C k™7/'8 is rapidly decreasing. By (13), this means that in (100) the
contribution of the locus where ||| > (2D,/D;) C k=" is rapidly decreas-
ing. Therefore, only a negligible contribution is lost in (100) if the integrand
is multiplied by o(k”/!® w), where o is an appropriate radial bump function,
identically equal to 1 near the origin.
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Furthermore, using (3) and (45), for any x,x,x” € X and €Y € T!
we have

H,Z (x/,ezé' ° x//) — e—tké‘ H/Z (X’,X") — Hl/: (eiH ° X",)C').

Inserting this in (100), and applying the rescaling u — u/ Vk, we obtain

T/ (f) (x+ il \/_) (102)
-d

1 Ju lom e ()

o gl gl e )

Ve VR
o (k") d.Low;

integration in du is really over an expanding ball of radius O(k'/°) in C¢

Now by (3) of Theorem 1 of [28] (and the remark immediately following
the statement of that theorem) with v; = (0,v) and v, = (0, w), the sought
expansion holds for IT] (that is, for f = 1). Thus

u

d M
O I DA (103)

€Ty
. ((D(m)(d“) + Z ki2 R i (m, dmpi‘f1 v), u)],
Jz1

where ¥, is as in (15), and R;(m, v,u) is a polynomial function of v and u

Cleaﬂy,
I ‘/’2("“) 1102( v, u) lJ’Z( ,’u)’

where for any p € C? we set p’ = p/ V®(m).

Using this and the Taylor expansion for f(m +u/ Vk) at m, we get for (102)

an asymptotic expansion in descending powers of k!, whose leading term is
given by

k™ ~2d-1 K\
T D(m) Sf(m) (7—1_)

Z (st)kf t//z dype” 1(V)u)+z//z(u dut (W) dL(u).

t,s€T), C

(104)
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Applying the change of variable u = v®(m)s, (104) becomes

! —(d+1) k4
T ®(m) f(m) g (105)
Z (s [)k f l//z dupt” M )s)+¢fz(s A (W')) 4L6)

t,s€T),

_ m O(m)~ (d+1)f(m) oy 71- Z]; (s Z)k ll/z( it M) dp (w’))
1,5€T),
(d+1) k wz(dm/‘nf,,l(v'),w’)

|Tm| (D( ) f( ) ( ) t; (S t) e (s1)

= ®(m)” (d+1)f(m) ( ) Z Fe Al’z dppt I(V)W>

teT),

k v "
= q)(m)—(d+l) f(m) (_) Z £ et//z(dmﬂffl( ),w)/cp( )‘
/g

teT,,

We have used the fact that if A: C¢ — C?is unitary, then
Ya(u, AD) = g (A", )
foranyu, t e C?, and the relation

f (VWi (uw) dL(u) = 74 P2 (VW)
cd

Finally, when v = w = 0 the appearance of descending powers of k in the
asymptotic expansion for (102) originates from Taylor expanding the integrand
in u/ Vk; half-integer powers of k are thus associated with odd homogeneous
polynomials in u, and therefore the corresponding contributions to the integral
vanish by parity considerations. O

6 Proof of Theorem 6

Proof The proof of Theorem 6 is an adaptation of the proof of Theorem 1,
so we’ll be very sketchy. Adopting the same setup, rather than (78), (79), and
(83) we now have

THL] (3o, 30) = f I (xo, 1) £) T, x0) Vi) (106)
X
- f 0.9 S T, )42
KNV

= f kO KR (o ) KP(n, o) £(n) D)™ dViy(n).
\%4
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Therefore, we get in place of (85) and (91):

T}/ [f1(x0, o)
( ) Dk f D Z (g, m) f () det () dx dy
Jj20
kK RN Zb(no, )fC) , 107)
(4 5 3 e
which proves the claim (and reproves Corollary 5). O

7 Proof of Corollary 8

Proof Let us simplify notation in the following arguments by setting f/“ =
S’;[f]. To begin with, we have from (88) that Z,(ng) = 2.5%(ng). We see from
(107) that
flio) = RY(Zi0,) £O)| _ + RY(Zo(o,) £0)|
n=ngp n=ngpy

1
= Z(ng, no) f(no) + (AN ) QN) (Zo(no, ) f('))

28400 3 x0) @00 | fn0
+ Av(Zo(no. ) f(-))|n:n0 . (108)
Now in view of Lemma 15 we have
Bw(Zo(mo, ) £O)|
= Av(Zotmo.))| o) + @Gmo) 0 AN(£O)]

Inserting this in (108), and recalling (95), we obtain
Fm0) = ©o) 0 Ay(£0)]_ + 28" 0) flmo)
(=5 vt 04+ A, ) s
= O 0 Ay(f0)],_, + S'n0) flmo. (109)

O
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8 Proof of Corollary 10

Proof Notation being as in Definition 9 and the proof of Corollary 8§, by
Corollaries 2 and 8 we have on M":

f”+k freok?) o 1+k S+ 0 (k)

Beﬁ‘[f] k‘15”+0(k‘2) B Sg 1+k! (S’f/SS)+0(k‘2)
=f+k'f- (f# ST] 0(k?)
=f+ + .
fi So
Thus Bg( f) = f; furthermore, by Corollary 8 we have
M Sll
Bll(f) f (% _ S_’u) q)d-H fﬂ f(Dd+l SIIJ

= An(f) + T SH - — f @S = An(f).

9 Proof of Theorem 11

Before tackling the proof, let us remark that considerations similar to those
in Section 2.7 hold for Toeplitz operators. Namely, if f € C*(M)" let
T{[f]: H{(X) — H(X) and T}[f] € C®(X x X) denote both the induced
operator and its Schwartz kernel, given by (6). The latter extends uniquely to
a sesquiholomorphic function 7/[f]: Ay x Ay — C, which is the Toeplitz
analogue of (53); explicitly, it is given by

T = Y A ) SPw) (A eay), o)
J

and satisfies the equivariance law (54). Corresponding to (55) we now have

TE AN oan, o)) = e CO=ZOV TH ) (o), ') (111)
Let us define Kf [f]: X — R, the Toeplitz analogue of (51), by setting
KA = T = > THA(Y) 0P @eX):  (112)
J
since f is real, T} [f]: H(X) — H}(X) is self-adjoint, and so

T'[f1(x, x) € R.

Then K,’: [f1 descends to a v-invariant C® function on N, by an obvious ana-
logue of Lemma 36, and so we can consider its unique sesquiholomorphic
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extension IE,’:\[};] to a neighborhood of the diagonal in N X N. In place of (57)
we now have that

T (o), o)) = &0 KETfln, ). (113)

Finally, a Toeplitz operator T'[f] = Il o My o Il is a zeroth-order FIO asso-
ciated with the same almost complex Lagrangian relation as II, and therefore
also has a microlocal structure of the form (61), with an amplitude having
an asymptotic expansion as in (62). Repeating the arguments following (63),
therefore, leads to the Toeplitz generalization of the asymptotic expansion (66)
and (67):

kd Eman)-% (Emy+E@
T fNou(n), ou(n)) ~ (;) ek[ (na)~4 (2my+2( ))]

KT ST, (114)
720
— k\¢ o
KE1£10n,m) ~ (;) >k SE ). (115)
720

Let us prove Theorem 11.

Proof We adopt the notation and setting of the proof of Theorem 1. Given
(114), arguing as in the derivation of (85) we now obtain

ELLf,9)(x0, x0) = (T Lf1 0 T} [g1)(x0, X0) (116)
k 2d )
~ (_) Z ko f KON 7.1 ¢ g1(ng, n) det ([r7;]) dxdy,
) %0 B
where
Zlf,gln,n) (117)
= 00" Y SAF L) TGl m) () € VX V).
a+b=j

Corresponding to (91), we have

d
E{1f. g)(x0. x0) ~ (f) > RNz gm0 (118)
=
d
=(§) PN HCATAIICHD) I
Jj=0 a+b=j

d
= (S) {ZoLf.g1(n0, no) + K" ALL£, gl(no) + O (k) },
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where
Arlf.glm) =: RY(Zlf.0)m0.)| _ +Zilf.glmo.mo). (119)
By (117), we have
Zol . g)no. no) = ®(no)™*" SGL1(0) S 11 (o)

= ®(ng)"“"*Y f(no) g(no)
= Zolg, f1(no, no); (120)

therefore,

E'Z[f’ g](X(), XO) - E/kl[g’ f]()C(), X())
k d
= (—) [ (A11£. 91(n0) — Aulg, £1(no)) + O (K72)]. (121)
T
Furthermore, by (117) we have

Z\Lf, g, o) = D(n)**" [SHLF1(n0) S'{ g1 (o) + SHLf1(n0) Shlg1(no) |

= Z4g. f1(n0.m0). (122)
We see from (119) and (122) that
A1l£.9)(n0) = Ailg. f1(0) (123)
= RY(zolf.g1m. )| _, = RY(Zolg. f1mo0)|
= Mw(zlf.glm. )| = Av(@olg. Flm. )|

in the latter equality, we have used the fact that RIIV = Ay —on/2 and (120).
To compute the latter commutator, let us remark that
Zolf. gl(no, n) = ©(m)™' ST f1(no, n) S§[gl(n, no)
= Zo(no. n) f(no, ) Gn. no), (124)

where Zy(ng, n) is as in (87).
It follows from (124) and Lemma 15 that

(2ol f.g)mo.)| = Ax(Zotmo.)| - Fm0) glm) (125)

om0, n0) A(Flno, )G mo))|

n=ngp

Let (h’“) be the contravariant metric tensor of (N’,1,n’), where ' = 2n
(thus #™* = K/2). Since the former summand on the RHS of (125) is
symmetric in f and g, we have
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A1lf, gl(no) — Ailg, f1(no)
= 010 | A(Flr0, 050 = Ax{no, ) Femo)]_ |

n=ngp n=ngpy

= ©(no) D 1" (85.£(n0) B,9(no) — Brg(n0) 8 £ (o))

= ~i Do)V {f. gl (126)
where in the latter step we have used (24). The last equality in the statement
now follows from (126) and Corollary 21. O]
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