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Preface

Molecular biology represents one of the greatest intellectual syntheses in the twentieth century. It has fused
the traditional disciplines of genetics and biochemistry into an agent for understanding virtually any problem in
biology or medicine. Moreover, it has produced a set of powerful techniques—called recombinant DNA
technology—applicable to fundamental research and to biological engineering.

Even as molecular biology establishes itself as the dominant paradigm throughout biology, the field itself is
undergoing a new and profound transformation. With the availability of ever more powerful tools, molecular
biologists have begun to assemble massive databases of information about the structure and function of genes and
proteins. It is becoming clear that it will soon be possible to catalogue virtually all genes and to identify virtually
all basic protein structures. What began as an enterprise akin to butterfly collecting has become an effort to
construct biology's equivalent of the Periodic Table: a complete delineation of the molecular building blocks of
life on this planet. The new thrust is most obvious in the Human Genome Project,1 but it is paralleled by similarly
oriented efforts in structural and functional biology as well.

As molecular biology works toward characterizing the genetic basis of biological processes, mathematical
and computational sciences are beginning to play an increasingly important role: they will be essential for
organization, interpretation, and prediction of the burgeoning experimental information. The role of mathematical
theory in biology is, to be sure, different from its role in physics (which is more amenable to description by a set
of simple equations), but it is no less crucial.

The National Research Council organized the Committee on the Mathematical Sciences in Genome and
Protein Structure Research to evaluate whether there was a need for increased interaction between mathematics
and molecular biology. In its initial meeting, the committee

1 Dausset, J., and H. Cann, 1994, "Our Genetic Patrimony," Science 264 (September 30), 1991; National Research Council,
1988, Mapping and Sequencing the Human Genome, Washington, D.C.: National Academy Press.
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unanimously agreed that a need was evident. Focusing on the impediments to progress in the area, the committee
concluded that the greatest obstacle to progress at the interface of these fields was not a lack of talented
mathematicians, talented biologists, or grant funding. Rather, the major barrier was communication:
mathematicians interested in working on problems in molecular biology faced an uphill battle in learning about a
completely new and fast-moving field. In most cases, researchers working successfully at the interface of
mathematics and molecular biology had solved this problem by finding a colleague willing to invest considerable
time to teach them enough to be able to identify important problems and to begin productive work.

The committee decided that it could make its greatest contribution not by writing a report confirming the need
for interactions between mathematics and molecular biology, but rather by (to put it in biological terms) lowering
the activation energy barrier for those interested in working at the interface. Specifically, the committee members
agreed to produce a book that could serve as an introduction to the interface between mathematics and molecular
biology.

This book of signed chapters is the result of some three years of effort to create a product that would be
interesting and accessible to both mathematicians and biologists. The book is not intended as a textbook, but
rather as an introduction and an invitation to learn more. Each chapter aims to describe an important biological
problem to which mathematical methods have made a significant contribution. As the examples make clear,
mathematical and statistical issues have contributed key insights and advances to molecular biology, and,
conversely, molecular biology has posed new challenges in the mathematical sciences. The book highlights those
areas of the mathematical, statistical, and computational sciences that are important in cutting-edge research in
molecular biology. It also tries to illustrate to the molecular biology community the role of mathematical
methodologies in solving biomolecular problems.

Although there is a growing community of researchers working at the interface of molecular biology and the
mathematical sciences, the need still far outstrips the supply. The Board on Mathematical Sciences hopes this book
will inspire more individuals to become involved.

This book would not have been possible without sustained efforts by a number of people, to whom the
committee and the Board on
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Chapter 1—

The Secrets of Life: A Mathematician's Introduction to
Molecular Biology

Eric S. Lander
Whitehead Institute for Biomedical Research and Massachusetts Institute of Technology
Michael S. Waterman
University of Southern California

Molecular biology has emerged from the synthesis of two complementary approaches to the study of
life—biochemistry and genetics—to become one of the most exciting and vibrant scientific fields at the end
of the twentieth century. This introductory chapter provides a brief history of the intellectual foundations of
modern molecular biology and defines key terms and concepts that recur throughout the subsequent
chapters.

The concepts of molecular biology have become household words. DNA, RNA, and enzymes are routinely
discussed in newspaper stories, prime-time television shows, and business weeklies. The passage into popular
culture is complete only 40 years after the discovery of the structure of deoxyribonucleic acid (DNA) by James
Watson and Francis Crick and only 20 years after the first steps toward genetic engineering. With breathtaking
speed, these basic scientific discoveries have led to astonishing scientific and practical implications: the
fundamental biochemical processes of life have been laid bare. The evolutionary record of life can be read from
DNA sequences. Genes for proteins such as human insulin can be inserted into bacteria, which then can
inexpensively produce large and pure amounts of the protein. Farm animals and crops can be engineered to
produce healthier and more
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desirable products. Sensitive and reliable diagnostics can be developed for viral diseases such as AIDS, and
treatments can be developed for some hereditary diseases, such as cystic fibrosis.

Molecular biology is certain to continue its exciting growth well into the next century. As its frontiers
expand, the character of the field is changing. With ever growing databases of DNA and protein sequences and
increasingly powerful techniques for investigating structure and function, molecular biology is becoming not just
an experimental science, but a theoretical science as well. The role of theory in molecular biology is not likely to
resemble the role of theory in physics, in which mathematicians can offer grand unifying theories. In biology, key
insights emerge less often from first principles than from interpreting the crazy quilt of solutions that evolution has
devised. Interpretation depends on having theoretical tools and frameworks. Sometimes, these constructs are
nonmathematical. Increasingly, however, the mathematical sciences—mathematics, statistics, and computational
science—are playing an important role.

This book emerged from the recognition of the need to cultivate the interface between molecular biology and
the mathematical sciences. In the following chapters, various mathematicians working in molecular biology
provide glimpses of that interface. The essays are not intended to be comprehensive up-to-date reviews, but rather
vignettes that describe just enough to tempt the reader to learn more about fertile areas for research in molecular
biology.

This introductory chapter briefly outlines the intellectual foundations of molecular biology, introduces some
key terms and concepts that recur throughout the book, and previews the chapters to follow.

BIOCHEMISTRY

Historically, molecular biology grew out of two complementary experimental approaches to studying
biological function: biochemistry and genetics (Figure 1.1). Biochemistry involves fractionating (breaking up) the
molecules in a living organism, with the goal of purifying and characterizing the chemical components responsible
for carrying out a particular function. To do this, a biochemist devises an assay for
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measuring an ''activity" and then tries successive fractionation procedures to isolate a pure fraction having the
activity. For example, a biochemist might study an organism's ability to metabolize sugar by purifying a
component that could break down sugar in a test tube.

Figure 1.1
Genetics and biochemistry began as independent ways to study biological function.

In vitro (literally, in glass) assays were accomplished back in the days when biologists were still grappling
with the notion of vitalism. Originally, it was thought that life and biochemical reactions did not obey the known
laws of chemistry and physics. Such vitalism held sway until about 1900, when it was shown that material from
dead yeast cells could ferment sugar into ethanol, proving that important processes of living organisms were "just
chemistry." The catalysts promoting these transformations were called enzymes.

Living organisms are composed principally of carbon, hydrogen, oxygen, and nitrogen; they also contain
small amounts of other key elements (such as sodium, potassium, magnesium, sulfur, manganese, and selenium).
These elements are combined in a vast array of complex macromolecules that can be classified into a number of
major types: proteins, nucleic acids, lipids (fats), and carbohydrates (starches and sugars). Of all the
macromolecules, the proteins have the most diverse range of functions. The human body makes about 100,000
distinct proteins, including:

•   enzymes, which catalyze chemical reactions, such as digestion of food;
•   structural molecules, which make up hair, skin, and cell walls;
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•   transporters of substances, such as hemoglobin, which carries oxygen in blood; and
•   transporters of information, such as receptors in the surface of cells and insulin and other hormones.

In short, proteins do the work of the cell. From a structural standpoint, a protein is an ordered linear chain
made of building blocks known as amino acids (Figures 1.2 and 1.3). There are 20 distinct amino acids, each with
its own chemical properties (including size, charge, polarity, and hydrophobicity, or the tendency to avoid packing
with water). Each protein is defined by its unique sequence of amino acids; there are typically 50 to 500 amino
acids in a protein.

Figure 1.2
Proteins are a linear polymer, assembled from 20 building blocks called amino acids that differ in their side chains.
The diagram shows a highly stylized view of this linear structure.

Figure 1.3
Examples of different representations of protein structures focusing on (left) chemical bonds and (right) secondary
structural features such as helices and sheet-like elements. Reprinted, by permission, from Richardson and
Richardson (1989). Copyright 1989 by the Plenum Publishing Corporation.
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The amino acid sequence of a protein causes it to fold into the particular three-dimensional shape having the
lowest energy. This gives the protein its specific biochemical properties, that is, its function. Typically, the shape
of a protein is quite robust. If the protein is heated, it will be denatured (that is, lose its three-dimensional
structure), but it will often reassume that structure (refold) when cooled. Predicting the folded structure of a protein
from the amino acid sequence remains an extremely challenging problem in mathematical optimization. The
challenge is created by the combinatorial explosion of plausible shapes, each of which represents a local minimum
of a complicated nonconvex function of which the global minimum is sought.

CLASSICAL GENETICS

The second major approach to studying biological function has been genetics. Whereas biochemists try to
study one single component purified away from the organism, geneticists study mutant organisms that are intact
except for a single component. Thus a biochemist might study an organism's ability to metabolize sugar by finding
mutants that have lost the ability to grow using sugar as a food source.

Genetics can be traced back to the pioneering experiments of Gregor Mendel in 1865. These key experiments
elegantly illustrate the role of theory and abstraction in biology. For his experiments, Mendel started with pure
breeding strains of peas—that is, ones for which all offspring, generation after generation, consistently show a
trait of interest. This choice was key to interpreting the data.

One of the traits that he studied was whether the pea made round or wrinkled seeds. Starting with pure
breeding round and wrinkled strains, Mendel made a controlled cross to produce an F1, generation. (The ith 

generation of the cross is denoted Fi.) Mendel noted that all of the F1 generation consisted of round peas; the
wrinkled trait had completely vanished. However, when Mendel crossed these F1 peas back to the pure breeding
wrinkled parent, the wrinkled trait reappeared: of the second generation, approximately half were round and half
were wrinkled. Moreover, when Mendel crossed the F1 peas to themselves, he found that
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the second generation showed 75 percent round and 25 percent wrinkled (Figure 1.4).

Figure 1.4
Mendel's crosses between pure breeding peas with round and wrinkled seeds revealed the telltale binomial ratio 1:2:1
in the second generation that led Mendel to infer the existence of discrete particles of inheritance.

On the basis of these and other experiments, Mendel hypothesized that traits such as roundness are affected
by discrete factors—which today we call genes. In particular, Mendel suggested the following:

•   Each organism inherits two copies of a gene, one from each parent. Each parent passes on one of the two
copies, chosen at random, to each offspring. (These important postulates are called Mendel's First Law of
Inheritance.)

•   Genes can occur in alternative forms, called alleles. For example, the gene affecting seed shape occurs in
one form (allele A) causing roundness and one form (allele a) causing wrinkledness.

•   The pure breeding round and wrinkled plants carried two copies of the same allele, AA and aa,
respectively. Individuals carrying two copies of the same gene are called homozygotes. The F1 generation
consists of individuals with genotype Aa, with the round trait dominant over the wrinkled trait. Such
individuals are called heterozygotes.
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•   In the cross of the F1 generation (Aa) to the pure breeding wrinkled strain (aa), the offspring were a 1:1
mixture of Aa:aa according to which allele was inherited from the F1 parent. In the cross between two
F1 parents (Aa), the offspring were a 1:2:1 mixture of AA:Aa:aa  according to the binomial selection of
alleles from the two parents.

It is striking to realize that the existence of genes was deduced in this abstract mathematical way. Probability
and statistics were an intrinsic part of early genetics, and they have remained so. Of course, Mendel did not have
formal statistical analysis at his disposal, but he managed to grasp the key concepts intuitively. Incidentally, the
famous geneticist and statistician R.A. Fisher analyzed Mendel's data many years later and concluded that they fit
statistical expectation a bit too well. Mendel probably discarded some outliers as likely experimental errors.

It was almost 35 years before biologists had an inkling of where these hypothetical genes resided in the cell
(in the chromosomes) and almost 100 years before they understood their biochemical nature.

MOLECULAR BIOLOGY

As suggested in Figure 1.1, the biochemical and the genetic approaches were virtually disjoint: the
biochemist primarily studied proteins, whereas the geneticist primarily studied genes. Much like the great
unifications in mathematics, molecular biology emerged from the recognition that the two apparently unrelated
fields were, in fact, complementary perspectives on the same subject.

The first clues emerged from the study of mutant microorganisms in which gene defects rendered them
unable to synthesize certain key macromolecules. Biochemical study of these genetic mutants showed that each
lacked a specific enzyme. From these experiments the hypothesis became clear that genes somehow must
"encode" enzymes. This (Nobel-Prize-winning) notion was dubbed the "one gene-one enzyme" hypothesis,
although today it has been modified to "one
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gene-one protein." Of course, the mystery remained: How do genes encode proteins?
The answer depended on finding the biochemical nature of the gene itself, thereby uniting the fields. To

purify the gene as a biochemical entity, one needed a test tube assay for heredity—something that might seem
impossible. Fortunately, scientific serendipity provided a solution. In a famous series of bacteriological studies,
Griffith showed 50 years ago that certain properties (such as pathogenicity) could be transferred from dead
bacteria to live bacteria. Avery et al. (1944) were able to successively fractionate the dead bacteria so as to purify
the elusive "transforming principle," the material that could confer new heredity on bacteria. The surprising
conclusion was that the gene appeared to be made of DNA.

The notion of DNA as the material of heredity came as a surprise to most biochemists. DNA was known to be a
linear polymer of four building blocks called nucleotides (referred to as adenine, thymine, cytosine, and guanine,
and abbreviated as A,T,C, and G) joined by a sugar-phosphate backbone. However, most knowledgeable scientists
reckoned that the polymer was a boring, repetitive structural molecule that functioned as some sort of scaffold for
more important components. In the days before computers, it was not apparent how a linear polymer might encode
information. If DNA contained the genes, the structure of DNA became a key issue.

In their legendary work in 1953, Watson and Crick correctly inferred the structure of most DNA and, in so
doing, explained the main secret of heredity. While some viruses have single-stranded DNA, the DNA of humans
and of most other forms of life consists of two antiparallel chains (strands) in the form of a double helix in which
the bases (nucleotides) pair up to form base pairs in a certain way (Figure 1.5) so that the sequence of one chain
completely specifies the sequence of the other: an A on one chain always corresponds to a T on the other, and a G
to a C. The sequences are complementary. The fact that the information is redundant explains the basis for the
replication of living organisms: the two strands of the double helix unwind, and each serves as a template for the
synthesis of a complete double helix that is passed on to a daughter cell. This process of replication is carried out
by enzymes called DNA polymerases. Mutations are changes in the nucleotide sequence in DNA. Mutations can
be induced by external
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forces such as sunlight and chemical agents or can occur as random copying errors during replication.

Figure 1.5
The DNA double helix consists of anti-parallel helical strands, with complementary bases (G-C and A-T).

There remained the question of how the 4-letter alphabet of DNA could "encode" the instructions for the 20-
letter alphabet of protein sequences. Biochemical studies over the next decade showed that genes correspond to
specific stretches of DNA along a chromosome (much like individual files on a hard disk). These stretches of DNA
can be expressed at particular times or under particular circumstances. Typically, gene expression begins with
transcription of the DNA sequence into a messenger molecule made of ribonucleic acid (RNA) (Figure 1.6A).
This transcription process is carried out by enzymes called RNA polymerases. RNA is structurally similar to DNA
and consists of four building blocks, the nucleotides denoted A, U, C, and G, with U (uracil) playing the role of T.
The messenger RNA (mRNA) is copied from the DNA of a gene according to the usual base pairing rules (a U in
RNA corresponds to an A in DNA, an A corresponds to a T, a G to a C, and a C to a G). The messenger RNA
copied from a gene is single-stranded and is just an unstable intermediate used for transmitting information from
the cell nucleus (where the DNA resides) to the cytoplasm (where protein synthesis occurs). The mRNA is then
translated into a protein by a remarkable molecular machine called the ribosome.
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Figure 1.6 After messenger RNA is transcribed from the DNA sequence of a gene, it is translated into protein by a
remarkable molecular device called the ribosome. (A) Ribosomes read the RNA bases and write a corresponding
amino acid sequence. The correct amino acid is brought into juxtaposition with the correct nucleotide triplet through
the mediation of an adapter molecule known as transfer RNA. (B) The table showing the correspondence between
triplets of bases and amino acids is called the genetic code. Reprinted from Recombinant DNA: A Short Course by
Watson, Tooze, and Kurtz (1994). Copyright 1994 James D. Watson, John Tooze, and David T. Kurtz. Used with
permission of W.H. Freeman and Company.
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B

FIRST POSITION SECOND POSITION THIRD POSITION

(5' END) U C A G (3' END)

Phe Ser Tyr Cys U

U Phe Ser Tyr Cys C

Leu Ser Stop Stop A

Leu Ser Stop Trp G

Leu Pro His Arg U

C Leu Pro His Arg C

Leu Pro Gln Arg A

Leu Pro Gln Arg G

Ile Thr Asn Ser U

A Ile Thr Asn Ser C

Ile Thr Lys Arg A

Met Thr Lys Arg G

Val Ala Asp Gly U

G Val Ala Asp Gly C

Val Ala Glu Gly A

Val Ala Glu Gly G

Note: Given the position of the bases in a codon, it is possible to find the corresponding amino acid. For example, the codon
(5') AUG (3') on mRNA specifies methionine, whereas CAU specifies histidine. UAA, UAG, and UGA are termination
signals. AUG is part of the initiation signal, and it codes for internal methionines as well.
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The ribosome "reads" the linear sequence of the mRNA and "writes" (i.e., creates) a corresponding linear
sequence of amino acids of the encoded protein. Translation is carried out according to a three-letter code: a group
of three letters is a codon that specifies a particular amino acid according to a look-up table called the genetic code
(Figure 1.6B). There are 43 different codons. The codons are read in contiguous, nonoverlapping fashion from a
defined starting point, called the translational start site. Finally, the newly synthesized amino acid chain
spontaneously folds into its three-dimensional structure. (For a recent discussion of protein folding, see Sali et al.,
1994.)

The details of the genetic code were solved by elegant biochemical tricks, which were necessary because
chemists had only the ability to synthesize random collections of RNA having defined proportions of different
bases. With some combinatorial reasoning, this proved to be sufficient. For example, if the ribosome is given an
mRNA with the sequence UUUUU . . ., then it makes a protein chain consisting of only the amino acid
phenylalanine (Phe). Thus UUU must encode phenylalanine. By examining more complex mixtures, researchers
soon worked out the entire genetic code.

Molecular biology provides the third leg of the triangle, relating genetics and biochemistry (Figure 1.7).

Figure 1.7
Molecular biology connected the disciplines of genetics and biochemistry by showing how genes encoded proteins.
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THE RECOMBINANT DNA REVOLUTION

By 1965, molecular biology had laid bare the basic secrets of life. Without the ability to manipulate genes,
however, the understanding was more theoretical than operational. In the 1970s, this situation was transformed by
the recombinant DNA revolution.

Biochemists discovered a variety of enzymes made by bacteria that allowed one to manipulate DNA at will.
Bacteria made restriction enzymes, which cut DNA at specific sequences and served as a defense against
invading viruses, and ligases, which join DNA fragments. With these and other tools (which are now all readily
available from commercial suppliers), it became possible to cut and paste DNA fragments at will and to introduce
them into living cells (Figure 1.8). Such cloning experiments allow scientists to reproduce unlimited quantities of
specific DNA molecules and have led to detailed understanding of individual genes. Moreover, producing
recombinant DNA molecules that contain bacterial DNA instructions for making a particular human protein (such
as insulin) gave birth to the biotechnology industry.

A key development was the invention of DNA sequencing, the process of determining the precise nucleotide
sequence of a cloned DNA molecule. With DNA sequencing, it became possible to read the sequence of any gene
in stretches of 300 to 500 nucleotides at a time. DNA sequencing has revealed striking similarities among living
creatures as diverse as humans and yeast, with far-reaching consequences for our understanding of molecular
structure and evolution. DNA sequencing has also led to an information explosion in biology, with public
databases still expanding at a rapid exponential rate. In early 1993, there were over 100 million bases of DNA in
the public databases. For reference, the entire genome of the intestinal bacteria Escherichia coli (E. coli) consists
of about 4.6 million bases, and the human genome sequence has roughly 3 billion bases.

In recent years a powerful new technique called the polymerase chain reaction (PCR) has been added to the
molecular biologist's tool kit (Figure 1.9). PCR allows one to directly amplify a specific DNA sequence without
resort to cloning. To perform PCR, one uses short DNA molecules called primers (typically about 20 bases long)
that are complementary to the sequences flanking the region of interest. Each
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Figure 1.8
By cloning a foreign DNA molecule in a plasmid vector, it is possible to propagate the DNA in a bacterial or other
host cell.
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Figure 1.9
The polymerase chain reaction (PCR) allows exponential amplification of DNA. The method involves successive
rounds of copying (using the enzyme DNA polymerase) between two synthetic primers corresponding to nearby DNA
sequences. Each round doubles the number of copies. Courtesy of the Perkin-Elmer Corporation. Reprinted from the
National Research Council (1992).

THE SECRETS OF LIFE: A MATHEMATICIAN'S INTRODUCTION TO MOLECULAR BIOLOGY 15

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


primer is allowed to pair with a base in the complementary region and is then extended to contain the full
sequence from the region by using the enzyme DNA polymerase. In this fashion a single copy of the region gives
rise to two copies. By iterating this step n times, one might make 2'' copies of the region. In practice, one can start
with a small drop of blood or saliva and obtain a millionfold amplification of a region. Not surprisingly, PCR has
found myriad applications, especially in genetic diagnostics.

MOLECULAR GENETICS IN THE 1990S

With the tools of recombinant DNA, the triangle of knowledge (see Figure 1.7) has been transformed, to use a
mathematical metaphor, into a commutative diagram (Figure 1.10). It is possible to traverse the diagram in any
direction—for example, to find the genes and proteins underlying a biological function or to find the protein and
function associated with a given gene.

A good illustration of the power of the techniques is provided by recent studies of the inherited disease cystic
fibrosis (CF). CF is a recessive disease, the genetics of which is formally identical to wrinkledness in peas as
studied by Mendel: if two non-affected carriers of the recessive CF gene a (that is, heterozygotes with genotype Aa)
marry, one fourth of their offspring will be affected (that is, will have genotype aa). The frequency of the disease-
causing allele is about 1/42 in the Caucasian population, and so about 1/21 of all Caucasians are carriers. Since a
marriage between two carriers produces 1/4 affected children, the disease frequency in the population is about
1/2000 ( 1/4 × 1/21 × 1/21).

Although CF was recognized relatively early in the century, the molecular basis for the disease remained a
mystery until 1989. The first breakthrough was the genetic mapping of CF to human chromosome 7 in 1985
(Figure 1.11). Genetic mapping involved showing that the inheritance pattern of the disease in families is closely
correlated with the inheritance pattern of a particular DNA polymorphism (that is, a common spelling variation in
the DNA), in this case on chromosome 7.
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Figure 1.10
Recombinant DNA provided the ability to move freely in any direction among gene, protein, and function, thereby
converting the triangle of Figure 1.7 into a commutative diagram.

The correlation does not imply that the polymorphism causes the disease, but rather that the polymorphism
must be located near the site of the disease gene. Of course, "near" is a relative term. In this case, "near" meant
that the CF gene must be within 1 million to 2 million bases of DNA along the chromosome. The next step was the
physical mapping and the DNA sequencing of the CF gene itself, which took four more years to accomplish. This
involved starting from the nearby polymorphism and sequentially isolating adjacent fragments in a tedious process
called chromosomal walking until the disease gene was reached. Once the disease gene was found, its complete
DNA sequence was determined. (A description of how one knows that one has found the disease gene is beyond
the scope of this introduction.)

From the DNA sequence, it became clear that the CF gene encoded a protein of 1,480 amino acids and that
the most common misspelling in the population (accounting for about 70 percent of all CF alleles) was a three-
letter deletion that removed a single codon specifying an amino acid, a phenylalanine at position 508 of the
protein. On the basis of this finding, it became possible to perform DNA diagnostics on individuals to see if they
carried the common CF mutation.

Even more intriguingly, the sequence gave immediate clues to the structure and function of the gene product.
When the protein sequence was compared with the public databases of previous sequences, it was found to show
strong similarities to a class of proteins that were membrane-bound transporters-molecules that reside in the cell
membrane, bind adenosinetriphosphate (ATP), and transport substances
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into and out of the cell (Figure 1.12A). By analogy, it was even possible to infer a likely three-dimensional shape
for the CF protein (Figure 1.12B). In this way, computer-based sequence analysis shed substantial light on the
structure and function of this important disease gene.

Figure 1.11
Chromosomal walking from flanking genetic markers to the gene responsible for cystic fibrosis. The distance
covered totaled more than 1 million DNA bases.

With the recent advent of gene therapy—the ability to use a virus as a shuttle to deliver a working copy of a
gene into cells carrying a defective version—clinical trials have been started to try to cure the disease in the lung
cells of CF patients. The path from the initial discovery of the gene to potential therapies has been stunningly
short in this case.

THE HUMAN GENOME PROJECT

With the identification of the CF gene as well as a number of other successes, it has become clear that
molecular genetics has developed a powerful general paradigm that can be applied to many inherited diseases and
will have a profound impact on our understanding of human health. Unfortunately, the paradigm involves many
tedious laboratory steps: genetic mapping (finding a polymorphism closely linked to the
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disease gene), physical mapping (isolating the consecutive fragments of DNA along the chromosome), and DNA
sequencing (typically performed in pieces of only 300 to 500 letters at a time). It would be inefficient to repeat
these steps for each of the more than 4,000 genetic traits and diseases already known. To accelerate progress,
molecular geneticists have seen the value of building infrastructure—a common set of maps, tools, and
information—that can be applied to all genetic problems. This recognition led to the creation of the Human
Genome Project (National Research Council, 1988), an international effort to analyze the structure of the human
genome (as well as the genomes of certain key experimental model systems, such as E. coli, yeast, nematodes,
fruit flies, and mice).

Because most molecular biological methods are applicable only to small fragments of DNA, it is not practical
to sequence the human genome by simply starting at one end and proceeding sequentially. Moreover, because the
current cost of sequencing is about $1 per base, it would be expensive to sequence the 3 × 109 bases of the human
chromosomes by conventional methods. Instead, it is more sensible to construct maps of increasing resolution and
to develop more efficient sequencing technology. The current goals of the Human Genome Project include
development of the following tools:

•   Genetic maps. The goal is to produce a genetic map showing the location of 5,000 polymorphisms that
can be used to trace inheritance of diseases in families. As of this writing, the goal is nearly complete.

•   Physical maps. The goal is to produce a collection of overlapping pieces of DNA that cover all the human
chromosomes. This goal is not completed yet but should be by 1996.

•   DNA sequence. The ultimate goal is to sequence the entire genome, but the intermediate steps include
sequencing particular regions, generating more efficient and automated technology, and developing better
analytical methods for handling DNA information.

With the vast quantities of information being generated, the Human Genome Project is one of the driving
forces behind the expanding role
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Figure 1.12
(A) The protein sequence of the cystic fibrosis gene showed striking similarities to a variety of proteins known to
transport molecules across cell membranes. (B) Based on these similarities, it was possible to construct a basic
molecular model of the architecture of the CF protein. Reprinted, by permission, from Riordan et al. (1989).
Copyright 1989 by the American Association for the Advancement of Science.

THE SECRETS OF LIFE: A MATHEMATICIAN'S INTRODUCTION TO MOLECULAR BIOLOGY 21

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


for mathematics, statistics, and computer science in modern molecular biology.

COMING ATTRACTIONS

The chapters of this book describe important applications of mathematical, statistical, and computational
methods to molecular biology. These methods are developing rapidly, and, mainly because of this situation, the
presentations in this book are intended to be introductory sketches rather than scholarly reviews. Without claiming
to be a complete survey, this book should convey to readers some of the exciting uses of mathematics, statistics,
and computing in molecular biology. Other introductions to various aspects of molecular biology can be found in
Watson et al. (1994), Streyer (1988), U.S. Department of Energy (1992), Watson et al. (1987), Lewin (1990), and
Alberts et al. (1989).

Chapter 2 ("Mapping Heredity") describes how statistical models can be used to map the approximate
location of genes on chromosomes. Gene mapping was mentioned above for the case of the cystic fibrosis gene.
The problem becomes especially challenging—and mathematics plays a bigger role—when the disease does not
follow simple Mendelian inheritance patterns—for example, when it is caused by multiple genes or when the trait
is quantitative rather than qualitative in nature. This is an important subject for the Human Genome Project and its
applications in modern medical genetics.

The next three chapters focus on the analysis of DNA and protein sequences. As new genes are sequenced,
they are routinely compared with public databases to look for similarities that might indicate common evolutionary
origin, structure, or function. As databases expand at ever-increasing rates, the computational efficiency of such
comparisons is crucial. Chapter 3 ("Seeing Conserved Signals") describes combinatorial algorithms for this
problem. Because coincidences abound in such comparisons, careful statistical analysis is needed. Chapter 4
("Hearing Distant Echoes") discusses the application of extremal statistics to sequence similarity. For closely
related sequences, sequence comparison also sheds light on the process of evolution. Chapter 5 ("Calibrating the
Clock") discusses the applications
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of stochastic processes to such evolutionary analysis. The discovery and reading of genetic sequences have
breathed new life into the study of the stochastic processes of evolution. The chapter focuses on one of the most
exciting new tools, the use of the coalescent to estimate times to the most recent common ancestor.

Geometric methods applied to DNA structure and function are the focus of the next three chapters. Watson
and Crick's famous DNA double helix can be thought of as local geometrical structure. There is also much
interesting geometry in the more global structure of DNA molecules. Chapter 6 ("Winding the Double Helix")
uses methods from geometry to describe the coiling and packing of chromosomes. The chapter describes the
supercoiling of the double helix, in terms of key geometric quantities—link, twist, and writhe—that are related by a
fundamental theorem. Chapter 7 ("Unwinding the Double Helix") employs differential mechanics to study how
stresses on a DNA molecule cause it to unwind in certain areas, thereby allowing access by key enzymes needed
for gene expression. Chapter 8 ("Lifting the Curtain") uses topology to infer the mechanism of enzymes that
recombine DNA strands, providing a glimpse of details that cannot be seen via experiment.

Finally, Chapter 9 ("Folding the Sheets") discusses one of the hardest open questions in computational
biology: the protein-folding problem, which concerns predicting the three-dimensional structure of a protein on the
basis of the sequence of its amino acids. Probably no simple solution will ever be given for this central problem,
but many useful and interesting approximate approaches have been developed. The concluding chapter surveys
various computational approaches for structure prediction.

Together, these chapters provide glimpses of the roles of mathematics, statistics, and computing in some of
the most exciting and dynamic areas of molecular biology. If this book tempts some mathematicians, statisticians,
and computational scientists to learn more about and to contribute to molecular biology, it will have accomplished
one of its goals. Its two other goals are to encourage molecular biologists to be more cognizant of the importance
of the mathematical and computational sciences in molecular biology and to encourage scientifically literate
people to be aware of the increasing impact of both molecular biology and mathematical and computational
sciences on their
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lives. If this book makes progress toward these three goals, it shall have been well worth the effort.
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Chapter 2—

Mapping Heredity: Using Probabilistic Models and Algorithms
to Map Genes and Genomes

Eric S. Lander
Whitehead Institute for Biomedical Research and Massachusetts Institute of Technology

For scientists hunting for the genetic basis of inherited diseases, the human genome is a vast place to
search. Genetic diseases can involve such subtle alterations as a one-letter misspelling in 3 billion letters of
genetic information. To make the task feasible, geneticists narrow down genes in a hierarchical fashion by
using various types of maps. Two of the most important maps—genetic maps and physical maps—depend
intimately on mathematical and statistical analysis. This chapter describes how the search for disease genes
touches on such diverse topics as the extreme behavior of Gaussian diffusion processes and the use of
combinatorial algorithms for characterizing graphs.

The human genome is a vast jungle in which to hunt for genes causing inherited diseases. Even a one-letter
error in the 3×09 base pairs of deoxyribonucleic acid (DNA) inherited from either parent may be sufficient to cause a
disease. Thus, to detect inherited diseases, one must be able to detect mistakes present at just over 1 part in 1010.
The task is sometimes likened to finding a needle in a haystack, but this analogy actually understates the problem:
the typical 2-gram needle in a 6,000-kilogram haystack represents a 1,000-fold larger target. In certain respects,
the gene hunter's task is harder still, because it may be difficult to recognize the target even if one stumbles upon
it.
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The human genome is divided into 23 chromosome pairs, consisting of 1 pair of sex chromosomes (XX or
XY) and 22 pairs of autosomes. The number of genes in the 3 × 109 nucleotides of the human DNA sequence is
uncertain, although a reasonable guess is 50,000 to 100,000, based on the estimate that a typical gene is about
30,000 nucleotides long. This estimate is only rough, because genes can vary from 200 base pairs to 2 × 106 base
pairs in length, and because it is hard to draw a truly random sample.

Although molecular biologists refer to the human genome as if it were well defined in mathematicians' terms,
it is recognized that, except for identical twins, no two humans have identical DNA sequences. Two genomes
chosen from the human population are about 99.9 percent identical, affirming our common heritage as a species.
But the 0.1 percent variation translates into some 3 million sequence differences, pointing to each individual's
uniqueness. Common sites of sequence variations are called DNA polymorphisms. Most polymorphisms are
thought to be functionally unimportant variations—arising by mutation, having no deleterious consequences, and
increasing (and decreasing) in frequency by stochastic drift. The presence of considerable DNA polymorphism in
the population has sobering consequences for disease hunting. Even if it were straightforward to determine the
entire DNA sequence of individuals (in fact, determining a single human sequence is the focus of the entire Human
Genome Project), one could not find the gene for cystic fibrosis (CF) simply by comparing the sequences of a CF
patient and an unaffected person: there would be too many polymorphisms.

How then does a geneticist find the genes responsible for cystic fibrosis, diabetes, or heart disease? The
answer is to proceed hierarchically. The first step is to use a technique called genetic mapping to narrow down the
location of the gene to about 1/1,000 of the human genome. The second step is to use a technique called physical
mapping to clone the DNA from this region and to use molecular biological tools to identify all the genes. The
third step is to identify candidate genes (based on the pattern of gene expression in different tissues and at
different times) and look for functional sequence differences in the DNA (for example, mutations that introduce
stop codons or that change crucial amino acids in a protein sequence) of affected patients. This chapter focuses on
genetic mapping and physical mapping, because it turns out that each intimately involves mathematical analysis.
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GENETIC MAPPING

The Concept of Genetic Maps

Genetic mapping is based on the perhaps counterintuitive notion that it is possible to find where a gene is
without knowing what it is. Specifically, it is possible to identify the location of an unknown disease-causing gene
by correlating the inheritance pattern of the disease in families with the inheritance pattern of known genetic
markers. To understand the foundation of genetic mapping, it is useful to return to the work of Gregor Mendel.

Based on his experiments with peas (see Chapter 1), Mendel concluded that individuals possess two copies,
called alleles, of each gene. Mendel's Laws of Inheritance are as follows:

•  First Law. For any gene, each parent transmits one allele chosen at random to its offspring.
•  Second Law. For any two genes, the alleles transmitted by a parent are independent (that is, there is no

correlation in the alleles transmitted).

Although Mendel's First Law has held up well over the past 130 years, the Second Law turned out to be false
in general. Two genes on different chromosomes show no correlation in their inheritance pattern, but genes on the
same chromosome typically show correlation.

Consider the backcross in Figure 2.1, showing the inheritance of two genes A and B on the same
chromosome. The F1 individual carries one chromosome with alleles a1 and b1 at the two genes and another
chromosome with alleles a2 and b2. Often, one or the other chromosome is transmitted completely intact to the
offspring. If this always happened, the inheritance pattern at the two genes would be completely dependent: a1
would always be co-inherited with b1. But the situation is more interesting. Crossing over can occur at random
points along the chromosomes, involving an even swap of DNA material. If a crossover occurs between genes A
and B, it results in recombination between the genes, producing a chromosome carrying a new combination of
alleles: a1b2 or a2b1. In fact, multiple crossovers can occur along a chromosome;
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recombination between two loci will result whenever an odd number of crossovers occur.

Figure 2.1
Schematic drawing of genetic recombination in an F1 heterozygote with distinct alleles at two loci (marked as A and
B) on a chromosome. When no recombination occurs between A and B in meiosis, chromosomes carrying the
original pair of alleles result. When recombination occurs, the resulting chromosomes carry a new combination of
alleles.

Genetic mapping is based on the recognition that the recombination frequency q between two genes (or loci)
provides a measure of the distance between them. If two genes are close together, θ will be small. If they lie
farther apart, q will be larger. If the recombination frequency is significantly less than 0.50, the genes are said to
be linked. The first genetic linkage map (Figure 2.2), showing the location of six genes in the fruit fly Drosophila
melanogaster, was constructed in 1911 by Alfred Sturtevant, when he was still a sophomore at Columbia
University en route to a career as a great geneticist. Genetic maps were a triumph of abstract mathematical
reasoning: Sturtevant was able to chart the location of mutations affecting fly development—even though he
understood neither the biochemical basis of the defects nor even that genes were made of DNA!

The genetic distance dA,B between two genes A and B (measured in units called morgans, after the fly
geneticist Thomas Hunt Morgan) is defined as the expected number of crossovers between the genes. If one
assumes that crossovers are distributed independently with respect to one
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another, genetic distance can easily be converted into recombination frequency. (This assumption of independence
is not quite right but is adequate for many purposes.) For the number of crossovers between genes A and B will
then be Poisson distributed with mean d = dA,B, and so the probability of an odd number of crossovers can be
shown (by summing alternate terms of the Poisson distribution) to be

Figure 2.2
The first genetic map, showing six loci on the Drosophila X chromosome, was constructed by Alfred Sturtevant in
1911.

This equation, relating recombination frequency to genetic distance, is known as Haldane's mapping
function. For small distances, the formula reduces to θ ≈ d, which reflects the fact that the possibility of more than
one crossover can be neglected. For large distances d, the recombination frequency θ approaches 0.50—that is,
independent assortment. Mammalian chromosomes are typically 1 to 3 morgans in length. Geneticists typically
report distances between genes in centimorgans.

Incidentally, genetic distance between two genes is not necessarily proportional to the physical distance
measured in nucleotides. Since crossing over is a biological process carried out by enzymes acting on the
chromosome, the distribution of crossovers need not be (and typically is not) uniform with respect to the DNA
sequence. Accordingly, molecular geneticists work with two different kinds of maps: genetic maps based on
crossover frequency and physical maps based on nucleotide distances. There can be considerable inhomogeneity
between the maps, although human geneticists often employ the rough rule of thumb of 1 centimorgan ≈1
megabase. (The relationship between genetic and physical length varies among organisms: 1 centimorgan is about 2
megabases in the mouse, about 200 kilobases in the nematode worm Caenorhabditis elegans, and about 3
kilobases in yeast.)
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Genetic mapping is an essential first step in characterizing a new mutation causing an interesting phenotype
(that is, trait). Consider first the situation of (1) a laboratory organism in which experimental matings can be set up
at will and (2) traits that are monogenic and fully penetrant (that is, the phenotype is completely determined by the
genotype at a single gene). For example, a Drosophila geneticist might find a dominantly acting mutation at a
locus A causing flies to have an extra set of wings (in fact, such mutations exist). He would set up crosses with
strains carrying different genetic markers (that is, variants in other genes of known location) in order to find the
regions showing correlated inheritance. Figure 2.3A shows a backcross of this type. The gene A is clearly not
linked to locus B but is tightly linked to locus C. The proportion of recombinant chromosomes provides a
straightforward statistical estimator of the recombination frequency. In this case, the recombination frequency
between A and C is about 20/200 = 10 percent. The gene A can be positioned more precisely by using the three-
point cross shown in Figure 2.3B, in which two nearby genetic markers are segregating. Here, it is clear that A
maps about midway between genes C and D (see figure caption).

For experimental organisms and simple traits, genetic mapping provides a straightforward way to locate the
trait-causing gene to a small interval—typically about I centimorgan or less. In essence, one need only ''count
recombinants." Because the analysis is so easy, Drosophila  geneticists rarely need to appeal to statistical or
mathematical concepts. For geneticists studying human families or complex traits, however, the situation is quite
different.

Challenges of Genetic Mapping: Human Families and Complex Traits

Medical geneticists studying diseases face two major problems: (1) for human diseases, one cannot arrange
matings at will but rather must retrospectively interpret existing families; and (2) for both human diseases and
animal models of these diseases, the trait may not be simply related to the genotype at a single gene. Owing to
these complications, genetic mapping of disease genes often requires sophisticated mathematical analysis.
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The first problem is the inability to arrange matings. To offset this limitation, human geneticists need to have a
huge collection of frequent, naturally occurring genetic markers so that the inheritance pattern of each
chromosomal region can be followed just as if one had deliberately set up a cross incorporating specific genetic
markers. Throughout most of the century, only a small number of such naturally occurring genetic markers were
known (an example is the ABO blood types), and thus human genetic mapping remained a dormant field. In 1980,
David Botstein set off a revolution by recognizing that naturally occurring DNA polymorphisms in the human
population filled the need (Botstein et al., 1980). By 1994, over 4,000 DNA polymorphisms had been identified
and mapped relative to one another.

Even with a dense genetic map of DNA polymorphisms, human genetic mapping confronts several special
problems of incomplete information:

•   For individuals homozygous (a1 / a1) at a gene, one cannot distinguish at this location between the two
homologous chromosomes (that is, the maternally and paternally inherited copies of the chromosome).

•   For individuals heterozygous (a1 / a2) at a gene, one cannot tell which allele is on the paternal
chromosome and which is on the maternal chromosome unless one can study the individual's parents.

•   Information for deceased individuals (or for those who choose not to participate in a genetic study) is
completely missing from the pedigree. Because of these uncertainties, one often cannot simply count
recombinants to estimate recombination frequencies.

Another problem is that many traits and diseases do not follow simple Mendelian rules of inheritance. This
problem has several aspects:

•   Incomplete penetrance. For some "disease genes," the probability that an individual inheriting the disease
gene will have the disease phenotype may be less than 1. This probability is called the penetrance of the
disease genotype. Penetrance may depend
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Figure 2.3
Examples of three-point crosses. (A) Locus A is unlinked to locus B but is linked to locus C at a
recombination fraction of 10 percent.
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Figure 2.3
(B) Locus A is located between loci C and D, at about 10 percent recombination fraction from
each. The first two types of progeny involve chromosomes with no recombination; the next four
involve a single recombination, and the last two involve double recombination (between C-A and
A-D). The double recombinant class is always least frequent, a property that allows one to
determine the order of three linked loci from a cross in which they are all segregating.

on other unknown genes, age, environmental exposure, or random chance. For example, a gene called
BRCA1 on chromosome 17 predisposes to early onset of breast cancer in some women, but the
penetrance is estimated to be about 60 percent by age 50 and 85 percent by age 80. As a result, one
cannot conclude that an unaffected person has inherited a normal copy of the gene.
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•   Phenocopy. Some diseases can be due to nongenetic causes. For example, colon cancer can be caused by
mutations in the APC gene on human chromosome 5, but most cases of colon cancer are thought to be
nongenetic in origin (and are often attributed to diet). As a result, one cannot conclude that an affected
person has necessarily inherited the disease genotype.

•   Genetic heterogeneity. Some diseases may be caused by mutations in any one of several different genes.
Thus, a disease may show linkage to a genetic marker in some families but not in others.

•   Polygenic inheritance. Some diseases may involve the interaction of mutations at several different genes
simultaneously.

Due to the incomplete information on natural families and the uncertainties of complex genetic traits, a
human geneticist often cannot reliably infer an individual's genotype based on his or her phenotype; inferences are
probabilistic at best. As a result, genetic mapping requires more sophisticated analytical methods than simply
counting recombinants between a disease gene and nearby markers.

Animal models of human diseases are slightly simpler, inasmuch as experimental crosses can be arranged.
Still, interesting diseases typically show complex inheritance even in inbred animal strains. For example, mouse
and rat models of diabetes involve incomplete penetrance, phenocopies, and polygenic inheritance. Sophisticated
analytical tools are thus needed for such genetic mapping as well.

MAXIMUM LIKELIHOOD ESTIMATION

To handle the problem of incomplete information, geneticists have adopted the statistical approach of
maximum likelihood estimation. Briefly sketched below is the basic formulation (see, e.g., Ott, 1991).

In most cases, a geneticist needs to estimate a parameter θ—for example, the recombination frequency
between a disease gene and a genetic marker or the mean increase in blood pressure attributable to a putative gene
at a specific location along the chromosome. The geneticist would ideally like to have complete genotypic data X
—for example, the
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genotype for every family member, including the precise parental chromosome from which each allele was
inherited. Given complete information, it is usually easy to estimate the required parameters—for example, the
recombination frequency can be estimated by counting recombinant chromosomes, and the penetrance can be
estimated by finding the proportion of individuals with a disease-predisposing genotype that manifests the disease.
Unfortunately, one typically has only incomplete data Y from which it is difficult to estimate θ directly.

The maximum likelihood estimate  is the value that makes the observed data Y most likely to have
occurred, that is, the value that maximizes the likelihood function, L(θ): = P(Y|θ). Using Bayes Theorem, one can
calculate L(θ) by the equation:

where the summation is taken over all possible values for the complete data X. The sum is easy to calculate in
theory: it decomposes into various terms (corresponding to each individual and each genetic interval) that are
conditionally independent, given complete data X.

One can then calculate  by numerical maximization methods. To determine whether  is significantly
different from a null value θ0 (for example, to see whether an estimated recombination frequency is significantly
less than 50 percent), one examines the likelihood ratio Z = L( ) / L(θ0). If Z exceeds some appropriate threshold T, a
statistically significant effect has been found.

In principle, virtually any genetic problem can be treated by this approach. In practice, however, two
important issues arise: (1) efficient algorithms and (2) statistical significance.

Efficient Algorithms

The number of terms in the sum L(θ) scales as roughly O(ecmn) where m is the number of people in the
family, n is the number of genetic markers studied, and c is a constant. Except in the case of the smallest
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problems, it is infeasible to enumerate all the terms in the sum. Thus, it is a challenge even to calculate the
likelihood L(θ) at a single point, let alone to find the value  that maximizes the function. Considerable
mathematical attention has been devoted to finding efficient ways to calculate L(θ).

The first breakthrough was due to Elston and Stewart (1971), who devised an algorithm for computing the
sum in a nested fashion from the youngest generations of a family to the oldest. The algorithm used the fact that
the youngest generation is dependent only on its parents. The running time scales as O(mec'n), being exponential
only in the number of genetic markers. This algorithm has been a mainstay of genetic calculations but becomes
cumbersome when geneticists wish to employ ever-denser maps involving more genetic markers.

Subsequently, Lander and Green (1987) developed an alternative algorithm based on hidden Markov models
for nesting the sum according to the genetic markers used, starting with markers at one end of the map and
working across to the other end. These authors also exploited the expectation-maximization algorithm from
statistics (a well-known maximum likelihood approach) to aid in the multidimensional search for . The algorithm
scales as O(nec"m), being linear in the number of markers although exponential in the number of family members.
This algorithm has proven very useful for constructing dense genetic linkage maps, which involves studying many
markers in families of limited size. But it is not practical for studying large disease pedigrees.

Recently, mathematical geneticists have explored ways to approximate L(θ) by sampling from the sum.
Modern techniques such as Gibbs sampling and importance sampling have been introduced in the past few years
(Kong, 1991; Kong et al., 1992 a,b; Kong et al., 1993; Thompson and Wijsman, 1990). These methods exploit the
fact that each piece of missing data depends only on local information in the pedigree: the probability distribution
of the genotype of genetic marker i in individual j depends only on the genotypes of nearby markers in nearby
individuals. Finding better ways to compute the likelihood function remains a problem from the standpoint of
genetics and an excellent test bed for new statistical estimation techniques.
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Statistical Significance

In many genetic situations, one may search for a disease gene by estimating  at many locations along the
genome. When multiple comparisons are done, the threshold for statistical significance must be higher than the
threshold for a single comparison. But how high should the threshold be? In principle, looking for the presence of a
gene at every position along a continuous line involves infinitely many tests—although nearby points are clearly
correlated. Surprisingly, the answer to this threshold question turns out to depend on relatively recent results from
the theory of large deviations of diffusion processes. This idea is elaborated on in the next section, based on an
example from recent work in our laboratory on susceptibility to colon cancer.

Excursion: Susceptibility to Colon Cancer in Mice and the Large Deviation Theory of
Diffusion Processes

Colon cancer is one of the most prevalent malignancies in Western societies, with an estimated 145,000 new
cases and 60,000 deaths per year in the United States alone. Although environmental factors such as diet can
markedly influence the incidence of the disease, genetic factors are known to play a key role. Some families show
striking clusters of colon cancer, with aggregations far beyond what could be explained by chance alone. Among
such colon cancer families, there is a distinctive subtype called familial adenomatous polyposis (FAP), which is
characterized by the fact that affected individuals develop a large number of intestinal growths called polyps that
can become tumors. Genetic mapping studies (Bodmer et al., 1987; Leppert et al., 1987) showed that FAP was
genetically linked to a region on the long arm of human chromosome 5; subsequently, physical mapping studies
led to the isolation of the responsible gene, named APC (Groden et al., 1991; Kinzler et al., 1991; Nishisho et al.,
1991).

One way to study the role of APC in tumorigenesis is to turn to biochemistry, in an effort to understand the
cellular components with which the protein product interacts. Another way is to turn back to genetics for further
insight. One observation about FAP families is that individuals inheriting precisely the same APC mutation may
be affected to
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different degrees. What is the reason for the variability in the manifestation of the disease? Is it due to
environment or to the effects of other genes? If the latter, then finding such modifying genes could shed light on
the process by which colon cancer develops.

By the usual scientific serendipity, animal studies turned out to hold an important clue. In 1990, William
Dove's laboratory at the University of Wisconsin was performing mutagenesis experiments and identified a mouse
that spontaneously developed colon tumors (Moser et al., 1990). The dominantly acting mutation responsible for
the trait was named Min (for multiple intestinal neoplasia). After considerable genetic mapping and cloning, Dove
and his colleagues showed that Min was in fact a mutation in the mouse version of the APC gene (Su et al., 1992).

The Min mouse thus provided a model of human colon cancer and, in particular, a way to look for other
genes that might suppress the development of colon tumors. The Min mutation is usually maintained in a
heterozygous state on a mouse strain called B6, and such B6 Min/+ mice typically develop about 30 intestinal
tumors and die by 3 to 4 months of age. When Dove and his colleagues crossed this mouse to another mouse strain
called AKR, they got a surprising result: the F1 Min/+ progeny developed many fewer colon tumors. On average,
the F1 mice developed about six tumors and most did not die from them. Somehow, the AKR strain must have
contributed alleles at one or more genes that substantially modified the effects of Min. Dove's laboratory and our
laboratory decided to collaborate to try to map the modifying genes (Dietrich et al., 1993).

A backcross was arranged in which the F1 progeny were mated back to the more susceptible B6 strain
(Figure 2.4). For any modifier locus, 50 percent of the progeny should inherit one copy of the suppressing allele
from the AKR strain (that is, have genotype AB) and 50 percent should be homozygous for the nonsuppressing
allele from B6 (that is, have genotype BB). Each animal inheriting the Min mutation was scored for its phenotype
by dissecting the intestine and counting the number of tumors and for its genotype by typing the mice for a dense
map of DNA polymorphisms that had been constructed in our laboratory (Dietrich et al., 1992).

The complete data for animal i consists of two parts: phenotype �i  and a continuous function gi(x) indicating
the genotype—which is either AB or AB—at each position along the chromosome (Figure 2.5). Actually,
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Figure 2.4
Distribution of colon tumors caused by the Min mutation. Mice from the B6 strain carrying the genotype Min/+
develop about 30 tumors on average. When these mice are crossed to the AKR strain, the resulting F, progeny
develop only about 6 tumors. When the F, progeny are crossed back to the B6 strain, the resulting backcross progeny
show a wide distribution in tumor number. (A) Design of cross. (B) Scatterplot of tumor numbers from different
generations in the cross.
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the problem is slightly more complicated because one can only observe the genotype at the location of the
DNA polymorphisms studied. However, for this discussion, the map can be assumed to be so dense that the data
are essentially continuous. It can also be assumed that the number n of progeny is very large.

Figure 2.5
Schematic representation of data for genetic analysis of quantitative traits in a backcross. Every offspring (i = 
1,2,. . ., n) has a phenotype that is a continuous variable f and a genotype at every position in the genome. The
genotype gi (x) at position x has two possible states in a backcross (homozygous or heterozygous, encoded as 0 or 1
and represented by black or white in the figure). The figure illustrates the case where the phenotype might depend on
two quantitative trait loci (QTL1 and QTL2), according to a linear model � = a1 g1 + a2g2+ ε, where g1 is the
genotype at QTLp, the a1 are constants, and e is a normal random variable.

At every position x along the chromosome, the animals can be divided into two sets according to their
genotype:

AB(x) = {animal i | gi (x) = AA}
and BB(x) = {animal i | gi (x) = BA}.

If a major modifier gene occurs at location x*, then the animals in AB(x*) should have many fewer tumors
than the animals in BB(x). One could thus perform a t-test (the usual two sample t statistic based on the number of
tumors per animal in the two groups) at every position along the
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chromosome to find a region where the t-statistic Z exceeds some critical threshold T.
How high a threshold is needed to ensure statistical significance, if one scans the entire genome? If for a

single chromosome there is no modifying gene along the chromosome, the t-statistic Z(x) at any given point x 
should be normally distributed with mean 0. It is thus easy to determine the appropriate significance level for the
single test at x. But we need to know about the distribution of max Z(x), where the maximum is taken over the
entire chromosome.

This question belongs to the field of Gaussian processes. A family of variables {Y(x), a ≤ x ≤ b} is called a
Gaussian process if for each n = 1,2,. . . and each x1 < x2 <. . .<xn, the random variables Z(x1),Z(x2),. . .,Z(xn) are
jointly normally distributed. A Gaussian process is specified by its mean µ(t) = E(Z(t)) and its covariance C(s,t) =
cov(Z(s),Z( t)). An important example is the ''Ornstein-Uhlenbeck process," in which µ(t) = 0 and C(s,t) = e−ß|s−t|.
The Ornstein-Uhlenbeck process arises naturally in physics, because it describes the behavior of a particle
undergoing Brownian motion trapped in a potential well. In recent years, Gaussian processes have been a subject
of considerable mathematical interest, and the large deviation theory has been worked out for many cases,
including the Ornstein-Uhlenbeck process.

Interestingly, it is not hard to show that the statistic Z(x) in our genetic example also follows an Ornstein-
Uhlenbeck process with ß = 2. (The mean is 0, and the covariance follows essentially from the Haldane mapping
function mentioned above.) Using recent mathematical results (Feingold et al., 1993; Lander and Botstein, 1989),
one can thus show that, for large t,

P{max 0≤x≤G Z(x) ≥ t} ~ (C + 2Gt2)(1 − Φ(t)),

where Φ (t) is the standard normal cumulative distribution function, C is the number of chromosomes, and
G is the length of the genome in morgans. In short, the probability of exceeding threshold t somewhere along a
genome of length G is larger by a factor of about 2Gt2 than the probability of exceeding it at a single point.
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Returning to the problem of colon cancer, we applied this analysis to the mouse genome, which has C ≈ 20
chromosomes and genetic length G ≈ 16. By genetic mapping, we found a striking region on mouse chromosome 4
for which Zmax = 4.3. The nominal significance level of the statistic is p = 1.7 × 10−5. After correcting for searching
over an entire genome (by multiplying by 2G(Zmax)2, the significance level is p ≈ 0.01. This suggests that there is
indeed a modifying gene in this region of chromosome 4.

On the strength of this analysis, several additional crosses were arranged to confirm this result. With more
than 300 animals analyzed, the results are now unambiguous: the corrected significance level is now < 10−10, and
it appears that a single copy of the suppressing form of the gene can decrease tumor number at least twofold.
Experiments are now under way to clone the gene, in order to learn its role in reducing colon cancer in genetically
predisposed mice. With luck, it may suggest ways to do the same in humans.

PHYSICAL MAPPING

Assembling Physical Maps by "Fingerprinting" Random Clones

Genetic mapping is only the first step toward positional cloning of a gene. Once a gene has been determined
to lie between two genetic markers, the geneticist must produce a physical map—consisting of overlapping clones
spanning the chromosomal region between the two flanking markers. Traditionally, physical maps have been
produced by the process of chromosomal walking: one starts with clone C1 containing one of the genetic markers,
uses C1 as a probe to find an overlapping clone C2, uses C2 as a probe to find C3, and so on until the region has
been spanned (Figure 2.6). Chromosomal walking is an inherently serial procedure, and each step may take
several weeks (due to the laboratory procedures involved in making and using a probe).

This tedious process could be eliminated if one simply constructed a complete physical map of overlapping
clones spanning the entire genome. The idea is more practical than it may seem at first glance. Whereas
chromosomal walking proceeds serially, a physical map of an entire
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genome can be constructed in parallel. The idea is to describe each clone C by an easily determined fingerprint F
(C)—which can be thought of as a set of "attributes" of C. If two clones have substantial overlap, their fingerprints
should be similar. Conversely, if two clones have very similar fingerprints, they are likely to overlap. In principle,
one should be able to construct a physical map by fingerprinting a large collection of clones and using computer
analysis to compare the fingerprints and recognize the overlaps.

Figure 2.6
Schematic diagram illustrating chromosome walking. One starts by isolating a clone C1 containing the initial starting
point. C1 is then used as a probe to isolate overlapping clones, such as C2. The process is iterated to obtain successive
steps in the walk. Although at each step one isolates clones extending in either direction, only those clones extending
the walk to the right are shown in the diagram.

The choice of a fingerprinting method depends principally on laboratory considerations; certain types of
clones are more amenable to certain types of analysis. Given a large collection of random subclones taken from a
genome G, possible fingerprints include the following:

•   Complete DNA sequence. For very small genomes such as those of viruses, it is practical to reassemble
the genome from very short subclones of length ~300 to 500 base pairs. For such short subclones, the
best fingerprint is the complete DNA sequence of the subclone. It turns out to be relatively easy to
sequence such short subclones in one laboratory step, and the resulting sequence provides the most
complete possible fingerprint of the clone. Using this information, one can attempt to find the overlaps
and piece together the sequence. In fact, this is a widely used technique, referred to as "shotgun"
sequencing (Figure 2.7). However, the method is effective only for genomes of length < 100,000 base
pairs. For larger genomes (such as the genome of even the simplest bacterium), it is difficult to analyze
enough subclones to ensure that the entire genome is covered
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Figure 2.7
Schematic diagram illustrating "shotgun" DNA sequencing assembly. To obtain the sequence of a
larger piece of DNA, one determines the sequence of random subclones and pieces together the
complete pieces based on the overlaps. In practice, the subclones are considerably larger than
those shown (typically 300 to 500 base pairs) and the overlaps used in assembling the sequence
are much larger.

(see the discussion of the coverage problem below). Moreover, the ability to reassemble the sequence is
stymied by the frequent occurrence of repeat sequences, which hamper the recognition of overlaps.
Nonetheless, shotgun sequencing of small subclones is the method of choice for sequencing moderate-
sized DNA fragments.

•   Restriction map. Larger genomes must be analyzed by studying larger subclones. Such subclones are
typically too large to be conveniently sequenced. Instead, restriction maps can provide a useful
fingerprint. Restriction maps show the positions of recognition sites at which particular restriction
enzymes cut. For example, the restriction enzyme EcoRI cleaves at the sequence GAATTC. In effect, a
restriction map is an ordered list of the restriction fragments in a clone. To make a restriction map, one
can use the method of partial digestion: one radioactively labels one end of a clone, adds a restriction
enzyme briefly so that only a random selection of the sites are cut, and measures the lengths of the
resulting fragments (Figure 2.8). Restriction maps can be efficiently constructed for clones of moderate
size (up to about 50,000 base pairs), although the procedure can be tedious and exacting. If two clones
have restriction maps that share several
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consecutive fragments, it is a good bet that they overlap. With this strategy, Kohara and colleagues
(1987) constructed a complete physical map of the bacterium Escherichia coli with a genome of 4.6
million base pairs using phage clones containing fragments of about 15,000 base pairs.

Restriction fragment sizes. Rather than constructing an ordered list of the restriction fragments, one
can construct an unordered list. This turns out to be technically simpler, because one need not carefully
control the rate of cutting as in partial digestion. Clones can instead be digested to completion and the
fragment lengths measured. Although the unordered list contains less information, it can still provide an
adequate fingerprint. For

Figure 2.8
Schematic diagram illustrating restriction mapping of a DNA fragment by partial digestion. The
DNA fragment at the top has several sites (denoted by E) that can be cleaved by the restriction
enzyme EcoRI. A large collection of molecules of this DNA fragment is radioactively labeled at
one end (denoted by a star) and then exposed briefly to the restriction enzyme. The period of
exposure is sufficiently brief that the enzyme can cleave only about one site per molecule,
resulting in a collection of radioactively labeled fragments terminating at the various E sites. The
length of these fragments (and thus the positions of the E sites) can be determined by gel
electrophoresis of the fragments and subsequent exposure of the gel to x-ray film.
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example, Olson and colleagues (1986) used this approach to construct a physical map of the yeast
Saccharomyces cerevisiae with a genome of 13 million base pairs.

•   Content of sequence tagged sites. For very large genomes such as the human genome with 3 × 109 base
pairs, it is necessary to work with large subclones of length > 100,000 base pairs. For such large
subclones, a different fingerprinting strategy has gained favor in recent years. The method is based on
sequence tagged sites (STSs), which are very short unique sequences taken from the genome which can
be easily assayed by the polymerase chain reaction (PCR). The fingerprint of a clone is the list of STSs
contained within it; the data form an incidence matrix of clones by STSs (Figure 2.9). Clones containing
even a single unique STS in common should overlap. As an aside, the determination of which clones
contain a given STS is typically made using a combinatorial pool scheme that avoids having to test each
STS against each clone (Green and Olson, 1990). Using this approach, Foote et al. (1992) and Chumakov
et al. (1992) constructed the first complete maps of human chromosomes (Y and 21, respectively).

Regardless of the experimental details of the fingerprinting scheme, there are two key mathematical issues
pertinent to the construction of a physical map:

1.  Algorithms for map assembly. Given the fingerprinting data, what algorithm should be used for
constructing a physical map? This question is closely related to graph theory: given information about
adjacency among clones inferred from their fingerprints, one must reconstruct the underlying
geometry of the physical map.

2.  Statistics of coverage. How many clones must be studied to yield a map covering virtually the entire
genome? This question belongs to probability theory: assuming that subclones are distributed
randomly across the genome, one needs to know the distribution of gaps—uncovered regions or
undetected overlaps—in the map.
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Figure 2.9
Schematic diagram illustrating the principle of STS content mapping. Various unique points in the genome, called
STSs, are tested against a collection of random large-insert clones, such as YACs, to determine which STSs are
contained in which YACs. Based on the resulting adjacency matrix, one attempts to reconstruct the order of the STSs
in the genome. "Contigs," consisting of groups of STSs connected by YACs, are assembled based on the adjacency
data. In the figure, the STSs can be grouped into two contigs.

Mathematical analysis is thus essential to the design and execution of physical mapping projects (Arratia et
al., 1991; Lander and Waterman, 1988). This is illustrated in a discussion below of the considerations involved in
making a physical map of the entire human genome.

Excursion: Designing a Strategy to Map the Human Genome

Under the auspices of the Human Genome Project, our laboratory is engaged in constructing complete
physical maps of the mouse and human genomes, each about 3 × 109 base pairs in length. The task is daunting,
requiring analysis of tens of thousands of clones, each carrying extremely large DNA fragments. Before
undertaking such a project, it was crucial to perform careful analysis to identify the best strategy.

Currently, the best clones for making a human physical map are yeast artificial chromosomes (YACs). A
good YAC library might contain inserts of about 1 million base pairs in length. Even with such large inserts, it
would take 3,000 YACs to cover the human genome if they were laid end-to-end. Of course, clones taken from an
actual library will be arrayed randomly, and so considerably more clones are required to ensure coverage.

As noted above, the best fingerprint for studying YACs is STS content mapping. Each STS is screened
simultaneously against the entire YAC library to identify the clones that contain it. Because STSs are screened in
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parallel, it is most efficient to work with a fixed YAC library and to test STSs sequentially.
For mathematical analysis of physical mapping, the YACs and STSs can be abstracted to a set I of intervals

(which may vary in size) and a set P of points distributed randomly along a line segment. An interval is said to be
anchored if it contains at least one point p ∈ P. Two anchored intervals I1 and I2 are said to be connected if there is a
point p ∈ P contained in their intersection. Note that two intervals may overlap but fail to be connected. If we take
the transitive closure of the connectivity relation, the resulting equivalence classes of anchored intervals are called
anchored "contigs." (For the purpose of the exposition, a definition is used that differs slightly from that in Arratia
et al. (1991), in which contigs refer only to equivalence classes containing at least two intervals.)

The key question is: How many intervals and how many points should be analyzed to construct a reasonably
complete physical map—that is, one in which the vast majority of the genome is contained in a modest number of
large contigs? We define the following notation:

G, the length of the genome in base pairs;
L, the length of a random clone in base pairs, a random variable;
L, the expected length of a random clone, L = E(L);
N, the number of clones to be used;
M, the number of STSs to be used;
a = LN/G, the expected number of clones covering a random STS; and
b = LM/G, the expected number of STSs contained in a random clone.
Clone lengths L will be assumed to be independent, identically distributed random variables, with the

probability density function of the normalized length l = L/L denoted by f(l) and the inverse cumulative
distribution function (also called the survival function) denoted F(I) = P(l/L > x). It is also useful to define the
auxiliary function
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which can be interpreted as the probability that two points separated by distance x are not covered by a common
clone.

The problem belongs to the area of coverage problems, which treat processes of covering a space with random
sets of a given sort. Often, mathematical authors focus on the goal of attaining complete coverage. Such results are
not really appropriate from a biological standpoint—because they depend sensitively on the distribution of
covering sets being absolutely random, an assumption that is biologically implausible. Instead, it is more sensible
to focus on central behavior—that is, the goal of covering most of the space.

STS content mapping poses a slightly unusual coverage problem, because the definition of coverage involves
joining together random intervals with random points. It is nonetheless possible to analyze many features of the
stochastic process in order to derive many prescriptive results. Arratia and colleagues (1991) proved the following
result, which describes the basic coverage properties:

Proposition: With the notation as above,

(1)  the expected number of anchored contigs is Np1, where
(2)  the expected length of an anchored contig is λ E(L), where
(3)  the expected proportion r0 of the genome not covered by anchored contigs is
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Figure 2.10, taken from Arratia et al. (1991), plots these functions for the case of clones of constant size. From
these graphs, experimentalists can plan their experimental approach. For our own physical mapping project in the
human genome, the typical clone size is about 1 × 106 base pairs. Based on the trade-offs between screening more
YACs and using more STSs, we selected a = 6 and b = 3—corresponding to about 18,000 YACs and about 9,000
STSs. This selection should ensure that about r0 ≈ 99 percent of the genome is covered, with about 850 anchored
contigs having average length of about 3.5 megabases.

Having explored the question of experimental design, it is worth briefly discussing the issues involved in data
analysis. The process of STS content mapping may consume several person-years of laboratory work, but the final
result will simply consist of a large (18,000 × 9,000) adjacency matrix A = (aij), with aij = 1 or 0 in position i,,j 
according to whether YACi contains STSj Based on this information, how do we determine the correct order of the
STSs in the genome?

In principle, a proposed order of the STSs is consistent with the observed data if and only if permuting the
columns of the adjacency matrix A according to this order causes A to have the consecutive ones property-that is,
in each row, the ones occur in a single consecutive block. This property follows from the fact that each YAC
should consist of a single connected interval taken from the genome (see Figure 2.9). The consecutive ones
property has been extensively studied in computer science. Booth and Leuker (1975) devised an elegant linear-
time algorithm for solving the problem in a very strong sense: Given a (0,1)-matrix A with n rows and m nonzero
entries, the algorithm needs a running time of only O(m + n) to determine whether there is any column permutation
causing the matrix to have the consecutive ones property and, if so, to produce a simple representation of all such
column permutations.

In practice, there is a serious problem with this approach: it assumes that the data are absolutely error-free.
However, laboratory work is never flawless and certainly not when the task involves filling in 162 million entries
in an adjacency matrix. If even a few errors are present, the Booth-Leuker algorithm is almost certain to report
that there is no consistent order! In fact, there are likely to be many errors, including
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•   False negatives: one may fail to identify some proportion of the YACs containing an STS;
•   False positives: some proportion of the YACs detected as containing an STS may not actually do so; and
•   Chimeric YACs: some proportion of the YACs may not represent a single contiguous region, but two

unrelated regions that have been joined together in a single clone.

Moreover, the occurrence of false negatives and positives may not be random but systematic (owing to
deletions of clones or contamination of samples). In short, algorithms must be robust to errors in the data.
Producing such algorithms is an interesting challenge that draws on methods from graph theory, operations
research, and statistics. As of this writing, the best approach has not yet been determined.

CONCLUSION

Genetic and physical mapping are key tools for describing the function and structure of chromosomes. Only
in the simplest cases is such mapping completely devoid of mathematical issues. In the case of human genetics,
mathematics plays a crucial role.

In essence, mapping problems—like many problems in computational biology—involve indirect inference of
the structure of a biological entity, such as a chromosome, based on whatever data can be effectively gathered in
the laboratory. It is not surprising that mapping problems draw on statistics, probability, and combinatorics.
Although the field of mapping dates nearly to the beginning of the 20th century, the area remains rich with new
challenges—because new laboratory methods constantly push back the frontiers of the maps and features that can
be mapped in DNA.
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Figure 2.10
Expected coverage properties for STS content mapping, as a function of the coverage a in YACs and b in STSs.
Calculations assume YACs of constant length L and a genome of length G. The graphs show (A) the expected
proportion of the genome covered by anchored ''contigs"; (C) the expected number of anchored contigs, and (D) the
expected length of an anchored contig. Graphs show the situation for a = 1,2,. . .,10 (only the cases a = 1,5,10 are
explicitly marked). Results are expressed in units of G/L. Table B lists the value of G/L for certain representative
genomes and cloning vectors, including two different sizes of YACs. Reprinted, by permission, from Arratia et al.
(1991). Copyright 1991 by Genomics.
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Chapter 3—

Seeing Conserved Signals: Using Algorithms to Detect
Similarities between Biosequences

Eugene W. Myers
University of Arizona

The sequence of amino acids in a protein determines its three-dimensional shape, which in turn confers
its function. Segments of the protein that are critical to its function resist evolutionary pressures because
mutations of such segments are often lethal to the organism. These critical "active sites" tend to be
conserved over time and so can be found in many organisms and proteins that have similar function.
Analogously, functionally important segments of an organism's DNA tend to be conserved and to recur as
common motifs. In this chapter, the author introduces algorithms for comparing DNA and protein sequences
to reveal similar regions. Particular attention is given to the problem of searching a large database of
catalogued sequences for regions similar to a newly determined sequence of unknown function.

Since the advent of deoxyribonucleic acid (DNA) sequencing technologies in the late 1970s, the amount of
data about the protein and DNA sequence of humans and other organisms has been growing at an exponential
rate. It is estimated that by the turn of the century there will be terabytes of such biosequence information,
including DNA sequences of entire human chromosomes. Databases of these sequences will contain a wealth of
information about the nature of life at the molecular level if we can decipher their meaning.
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Proteins and DNA sequences are polymers consisting of a chain of monomers with a common backbone
substructure that links them together. In the case of DNA, there are 4 types of monomers, the nucleotides, each
having a different side chain. For proteins, there are 20 types of monomers, the amino acids. With just a few
exceptions, the sequence of monomers, that is, the primary structure, of a given protein or DNA strand completely
determines the three-dimensional shape of the biopolymer. Because the function of a molecule is determined by
the position of its atoms in space, this almost perfect correlation between sequence and structure implies that to
know the function of a biopolymer, it in principle suffices to know its primary sequence.

The primary sequence of a DNA segment is denoted by a string consisting of the four letters A,C,G, and T.
Analogously, the primary sequence of a protein is denoted by a string consisting of 20 letters of the alphabet, one
for each type of amino acid. In principle, these strings of symbols encode everything one needs to know about the
protein or DNA strand in question. If the primary sequences of two proteins are similar, then it is reasonable to
conjecture that they perform the same function. Because DNA's principal role is one of encoding information
(including all of an organism's proteins), the similarity of two segments of DNA suggests that they code similar
things.

Mutation in a DNA or protein sequence is a natural evolutionary process. Errors in the replication of DNA
can cause a change in the nucleotide at a given position. Less often, a nucleotide is deleted or inserted. If the
mutation occurs in a region of DNA that codes for protein, these changes cause related changes in the primary
sequence and, hence, the shape and activity of the protein. The impact of a particular mutation depends on the
degree to which the original and new amino acid sequences differ in their physical and chemical properties.
Mutations that result in proteins that are so altered that they function improperly or not at all tend to be lethal to
the organism. Nature is biased against mutations in those critical regions central to a protein's function and is more
lenient toward changes in other regions.

Similarity of DNA sequences is a clue to common evolutionary origin. If two proteins in two organisms
evolved from a common precursor, one will generally find highly similar segments, reflecting strongly conserved
critical regions. If the proteins are very recent derivatives, one might expect to see similarity over the entire length
of the sequences. While
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proteins can be similar because of evolution from a common precursor, similarity of protein sequences can also be a
clue to common function independent of evolutionary considerations. It appears that nature not only conserves the
critical parts of a protein's conformation and function, but also reuses such motifs as modular units in fashioning
the spectrum of known proteins. One finds strong similarities between segments of proteins that have similar
functions. A strong similarity between the v-sis oncogene and a growth-stimulating hormone was the key to
discovering that the v-sis oncogene causes cancer by deregulating cell growth. In that case, the similarity involved
the entirety of the sequence. In other cases, functionally related proteins are similar only in segments
corresponding to active sites or other functionally critical stretches.

FINDING GLOBAL SIMILARITIES

To illustrate the underlying techniques of sequence comparison, we begin with a simple, core problem of
finding the best alignment between the entirety of two sequences. Such an alignment is called a global alignment 
because it aligns the entire sequences, as opposed to a local alignment, which aligns portions of the sequences.

As an example, consider finding the best global alignment of A = ATTACG and B = ATATCG under the
following scoring scheme. A letter aligned with the same letter has a score of 1. A letter aligned with any different
letter or a gap has a score of 0. The total score is the sum of the scores for the alignment. A matrix depicting this
"unit-cost" scoring scheme is shown in Figure 3.1. Under this unit-cost scheme, the score of an alignment is equal
to the number of identical aligned characters. The obvious alignment  has a score of 4. However,
because gaps are allowed, a higher score can be achieved, namely, 5, which can be shown to be the highest score
possible. An optimal alignment, that is, an alignment that achieves this highest score by aligning five symbols, is

. In some cases, there is only one, unique optimal alignment, but in general there can be many. For
example,  also has a score of  5.
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The unit-cost scoring scheme of Figure 3.1 is not the only possible scheme. Later in this chapter, we will see a
much more complex scoring scheme used in the comparison of proteins (20-letter alphabet). In that scheme and
other scoring schemes, the scores in the table are real numbers assigned on the basis of various interpretations of
empirical evidence. Let us introduce here a formal framework to assist our thinking.

Figure 3.1
Unit-cost scoring scheme.

Consider comparing sequence A = α1α2···αM and sequence B = b1b2··· bN, whose symbols range over some
alphabet ψ, for example, ψ = {A,C,G,T} for DNA sequences. Let δ (a,b) be the score for aligning a with b, let δ
(a,−) be the score of leaving symbol a unaligned in sequence A, and let δ(−,b) be the score of leaving b unaligned
in B. Here a and b range over the symbols in ψ and the gap symbol "−". The score of an alignment is simply the
sum of the scores d assigns to each pair of aligned symbols, for example, the score of  is

δ(A,A) + δ (T,−) + δ (T,T) + δ (A,A) + δ (−,T) + δ (C,C) + δ (G,G), which for the scoring scheme of
Figure 3.1 equals 5. An optimal alignment under a given scoring scheme is an alignment that yields the highest
sum.

Visualizing Alignments: Edit Graphs

Many investigators have found it illuminating to convert the problem of finding similarities into one of
finding certain paths in an edit graph.
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Proceeding formally, the edit graph GA,B for comparing sequences A and B is an edge-labeled directed graph,
as illustrated in Figure 3.2 for the example mentioned above. The vertices of the graph are arranged in an M + 1 by
N +1 rectangular grid or matrix, so that (i, j) designates the vertex in column i and row j (where the numbering
starts at 0). The following edges, and only these edges, are in GA,B:

The edit graph has the property that paths and alignments between segments of A and B are in isomorphic
correspondence. That is, any path from vertex (g,h) to vertex (i,j) for g ≤ i and h ≤ j models an alignment between
the substrings ag+1ag+2··· ai and bh+1bh+2 ··· bj, and vice versa. The alignment modeled by a path is the sequence of
aligned pairs given by labels on its edges. For example, in Figure 3.2 the two highlighted paths, both from vertex
(0,0) to (6,6) correspond to the two optimal global alignments and  .

The Basic Dynamic Programming Algorithm

We now turn to devising an algorithm, or computational procedure, for finding the score of an optimal global
alignment between sequences A and B. We focus on computing just the score for the moment, and return to the
goal of delivering an alignment achieving that score at the end of this
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subsection. First, observe that, in terms of the edit graph formulation, we seek the score of a maximal-score path
from the vertex � at the upper left-hand corner of the graph GA,B to the vertex Φ at the lower right-hand corner.

Figure 3.2
GA,B for A = ATTACG and B = ATATCG.

Consider computing S(i, j), the score of a maximal-score path from � to some given vertex (i, j) in the graph.
Because there are only three edges directed into vertex (i, j) it follows that any optimal path P to (i, j) must fit one
of the following three cases: (1) P is an optimal path to (i − 1, j) followed by the A-gap edge into (i, j); (2) P is an
optimal path to (i, j − 1) followed by the B-gap edge into (i, j); or (3) P is an optimal path to
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(i − 1, j − 1) followed by the alignment edge into (i, j). It is critical to note that the subpath preceding the last edge
of P must also be optimal, for, if it is not, then it is easy to show that P cannot be optimal, a contradiction. This
observation immediately leads to the fundamental recurrence:

S(i, j) = max {S(i − 1, j − 1) + d (ai,bj),
S(i − 1, j) + δ (ai,−),
S(i, j − 1) + δ (−,bj)},

which states that the maximal score of a path to (i, j) is the larger of (1) the maximal score of a path to
(i −1, j) plus the score of the A-gap edge to (i, j), (2) the maximal score of a path to (i, j − 1) plus the score of

the B-gap edge to (i, j), or (3) the maximal score of a path to (i − 1, j − 1) plus the score of the alignment edge to (i,
j).

All that is needed to have an effective computational procedure based on this recurrence is to determine an
order in which to compute S-values. There are many possible orders. Three simple alternatives are (1) column by
column from left to right, top to bottom in each column, (2) row by row from top to bottom, left to right in each
row, and (3) antidiagonal by antidiagonal from the upper left to the lower right, in any order within an
antidiagonal (antidiagonal k consists of the vertices (i, j) such that (i + j = k ). Using the first sample ordering leads
to the algorithm of Figure 3.3. In this algorithm, M denotes the length of A and N denotes the length of B.

The algorithm of Figure 3.3 computes S(i, j) for every vertex (i, j) in an (M + 1) × (N + 1) matrix in the
indicated order of i and j. Along the left and upper boundaries of the edit graph (that is, vertices with i = 0 or j = 0,
respectively), the algorithm utilizes the recurrence, except that terms referencing nonexistent vertices are omitted
(that is, in lines 3 and 5, respectively). The algorithm of Figure 3.3 takes O(MN) time; that is, when M and N are
sufficiently large, the time taken by the algorithm does not grow faster than the quantity MN. If one stores the
whole
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(M + 1) × (N + 1) matrix S, then the algorithm also requires O(MN) space.

Figure 3.3
The classical dynamic programming algorithm.

The algorithm of Figure 3.3 is a dynamic programming algorithm that utilizes the fundamental recurrence.
Dynamic programming is a general computational paradigm of wide applicability (see, for example, Horowitz and
Sahni, 1978). A problem can be solved by dynamic programming if the final answer can be efficiently determined
by computing a tableau of optimal answers to progressively larger and larger subproblems. The principle of
optimality requires that the optimal answer to a given subproblem be expressible in terms of optimal answers to
smaller subproblems. Our basic sequence comparison problem does yield to this principle: the optimal answer S(i,
j) for the problem of comparing prefix Ai = a1a2…a i and prefix Bj = b1b2. . .bj can be found by computing optimal
answers for smaller prefixes of A and B. The recurrence formula describes the relationship of each subproblem to a
larger subproblem.

The algorithm of Figure 3.3 computes only the score of a maximum-scoring global alignment between A and
B. One or all of these optimal alignments can be recovered by tracing the paths backwards from
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Φ to � with the aid of the now complete matrix S. Specifically, an edge from vertex v1 to Φ is on an optimal path
if S(v1) plus the score of its edge equals S(Φ). If v1 is on an optimal path, then, in turn, an edge from v2 to v1 is on
an optimal path if S(v2) plus the score of the edge equals S(v1). In this way, one can follow an optimal path back to
the start vertex �. In essence, this traceback procedure moves backwards from a vertex to the preceding vertex
whose term in the three-way maximum of the recurrence yielded the maximum. The possibility of ties creates the
possibility of more than a single optimal path. Unfortunately, this traceback technique for identifying one or more
optimal paths requires that the entire matrix S be retained, giving an algorithm that takes O(MN) space as well as
time.

A more space-efficient approach to delivering an optimal alignment begins with the observation that if only
the score of an optimal alignment is desired then only the value of S(M, N) is needed, and so S-values can be
discarded once they have been used in computing the values that depend on them. Observing that one need only
know the previous column in order to compute the next one, it follows that only two columns need be retained at
any instance, and so only O(N) space is required. Such a score-only algorithm can be used as a subprocedure in a
divide-and-conquer algorithm that determines an optimal alignment using only O(M + N) space. The divide step
consists of finding the midpoint of an optimal source-to-sink path by running the score-only algorithm on the first
half of B and the reverse of the second half of B. The conquer step consists of determining the two halves of this
path by recursively reapplying the divide step to the two halves. Myers and Miller (1988) have shown this strategy
to apply to most comparison algorithms that have linear-space score-only algorithms. This refinement is very
important, since space, not time, is often the limiting factor in computing optimal alignments between large
sequences. For example, two sequences of length 100,000 can be compared in several hours of CPU time, but
would require 10 billion units of memory if optimal alignments were delivered using the simple O(MN) space
traceback approach. This is well beyond the memory capacity of any conventional machine.
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FINDING LOCAL SIMILARITIES

We now turn to the problem of finding local alignments, that is, subsegments of A and B that align with
maximal score. Local alignments can be visualized as paths in the edit graph, GA,B. Unlike the global alignment
problem, the path may start and end at any vertices, not just from � and Φ. Intrinsic to determining local
similarities is the requirement that the scoring scheme δ be designed with a negative bias. That is, for alignment of
unrelated sequences (under some suitable stochastic model of the sequences) the score of a path must on the
average be negative. If this were not the case, then longer paths would tend to have higher scores, and one would
generally end up reporting a global alignment between two sequences as the optimal local alignment. For
example, the simple scoring scheme of Figure 3.1 is not negatively biased, whereas the scheme of Figure 3.4 is.
Note that under this new scheme, the alignment  is now optimal with score 3.34, whereas 
now has lesser score 3. In this case, the optimal alignment happened to be global, but for longer sequences this is
generally not the case. For example, the best local alignment between GAGGTTGCTGAGAA and
ACTCTTCTTCCTTA is the alignment  score 4.34 between the underlined substrings. of score 4.34
between the underlined substrings.

Figure 3.4
A local-alignments scoring scheme.

The design of scoring schemes that properly weigh alignments to expose biologically meaningful local
similarities is the subject of much investigation. The score of alignments between protein sequences is the sum of
scores assigned to individual pairs of aligned symbols, just as for
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DNA. However, since proteins are represented by combinations of 20 letters and the gap symbol, the table of
scores is now 21 × 21. These scores may be chosen by users to fit the notion of similarity they have in mind for the
comparison. For example, Dayhoff et al. (1983) compiled statistics on the frequency with which one amino acid
would mutate into another over a fixed period of time and from these built a table of aligned symbol scores
consisting of the logarithm of the normalized frequencies. Under Dayhoff's scoring scheme, the score of an
alignment is a coarse estimate of the likelihood that one segment has mutated into the other. Figure 3.5 is a scaled
integer approximation of Dayhoffs matrix that is much used in practice today.

The basic issue in local alignment, just as in the case of global alignment, is to find a path of maximal score.
However, there are more degrees of freedom in the local alignment problem: where the paths begin and where they
end is not given a priori but is part of the problem. Note that if we knew the vertex (g,h) at which the best path
began, we could find its score and end-vertex by setting S(g,h) to 0 and then applying the fundamental recurrence
to all vertices (i, j) for which i ≥ g and j ≥ h. We can capture all potential start vertices simultaneously by
modifying the central recurrence so that 0 is a term in the computation of the maximum; that is,

S(i, j) = {0,S(i − 1,j − 1) + δ (ai,bj),
S(i −1,j) + δ (ai,−),
S(i,− 1) + δ (−,bj)}.

Indeed, with this simple modification, S(i, j) is now the score of the highest-scoring path to (i, j) that begins
at some vertex (g, h) for which g ≤ i and h ≤ j . The best score of a path in the edit graph is then the maximum over
all vertices in the graph of their S-values. A vertex achieving this maximum is the end of an optimal path. This
basic result is often referred to as the Smith-Waterman algorithm after its inventors (Smith and Waterman, 1981).
The beginning of the path, the segments it aligns, and the alignment between these segments can all be delivered in
linear space by further extensions of the treatment given above for global alignments. If one uses such a
comparison algorithm with the scoring
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Figure 3.5
A protein local-alignment scoring scheme.
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scheme of Figure 3.5, one sees the three regions of similarity shown in Figure 3.6 between the sequence of
the monkey somatotropin protein and the somatotropin precursor protein of a rainbow trout. Note that while in
many cases the aligned symbols are identical, they do not have to be.

Thus far we have presented the local similarity problem as one of finding two subsegments of the sequences
that align with maximal score. But as illustrated in Figure 3.6, the ultimate goal is to expose not a single such
alignment, but all the significantly conserved segments, ideally nonoverlapping as in the somatotropin example of
Figure 3.5. To this end, Waterman and Eggert (1987) proposed the following simple algorithm. Find a highest-
scoring local alignment by the method indicated in the previous paragraph. Eliminate every edge in the edit graph
that is adjacent to a vertex on the path of this local alignment. Now find a highest-scoring path over the remaining
graph. Eliminate the edges adjacent to this second-best path, and proceed to find a third-best path, and so on. In
this way, one produces a series of local alignments of decreasing score whose underlying paths do not intersect.
Note that this procedure may generate local alignments whose substrings overlap. Nonetheless, this procedure is
very effective in identifying the biologically relevant local homologies between two sequences. As originally
presented, the algorithm requires O(MN) space, but recent refinements by Chao and Miller (1994) have reduced
both storage and computing time and have permitted the comparison of two sequences of length 100,000 on a
conventional workstation in several hours.

The output of such a problem could be displayed as a sequence of alignments, as in Figure 3.6. It is also
convenient and illuminating to depict all the alignments as paths in an edit graph, as in Figure 3.2. However, as the
sequences become larger and larger, one must ''step back" from the details of the edit graph. Figure 3.7 is a
depiction of the edit graph of the monkey and rainbow trout somatotropin sequences of Figure 3.6 where only the
paths corresponding to the three aligned segment pairs are drawn. At this level of resolution, the small gaps in the
alignments of the second and third segment pairs appear as small discontinuities in paths that otherwise follow the
direction of the diagonal of the edit graph grid or matrix. When the sequences become very large, say on the order
of 100,000 nucleotides, then small local alignments are not seen, and neither are gaps in large alignments unless
they are very large. Nonetheless, such
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Figure 3.6
Conserved regions of two somatotropin proteins.
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dot plots give a meaningful visualization of all the similarities between segments in a single snapshot and are
ubiquitous.

VARIATIONS ON SEQUENCE COMPARISON

In this section a number of the most important variations on sequence comparison are examined. The survey
is by no means exhaustive.

Variations in Gap Cost Penalties

How to assign scores to alignment gaps has always been more problematic than scoring aligned symbols,
because the statistical effect of gaps is not well understood (see Chapter 4). Nature frequently deletes or inserts
entire substrings as a unit, as opposed to individual polymer

Figure 3.7
Dot plot of somatotropin alignments.
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elements. It is thus natural to think of cost models in which the score of a gap is not just the sum of scores assigned
to the individual symbols in the gap, as was used in the previous two sections, but rather a more general function,
gap(x), of its length x. For example, it is common to score a gap according to the affine function gap(x) = r + sx,
where r > 0 is the penalty for the introduction of the gap and s > 0 is the penalty for each symbol in the gap. Such
affine gap costs are particularly important when comparing proteins. For example, a gap penalty of 8 + 4x works
well in conjunction with the aligned symbol scores of Figure 3.5. Because a gap is viewed as detracting from
similarity, its score is a penalty that is subtracted from the total.

Accommodating affine gap scores involves the following variation on the central recurrence (Gotoh, 1982).
For each subproblem, Ai versus Bj, one develops recurrences for (1) the best alignment that ends with an A-gap,
Ag(i, j), (2) the best alignment that ends with a B-gap, Bg(i, j), and (3) the best overall alignment,

S(i ,j). This leads to the following system of recurrence equations:

Ag(i,j) = max{Ag(i− 1,j)− s,S(i− 1,j)− (r + s)}
Bg(i,j) = max{Bg(i, j − 1)− s,S(i, j − l)−(r + s)}
S(i,j) = max{S(i − 1, j 1)+(ai, b),Ag(i,j),Bg(i,j)} .

S terms contributing to an Ag or Bg value are penalized r + s because a gap is being initiated from that term.
Ag terms contributing to Ag values and Bg terms contributing to Bg values are penalized only s because the gap is
just being extended. An algorithm that applies these recurrences at each (i,j) leads to an O(MN) time algorithm for
global alignments with affine gap costs. Simply adding a 0 term to the S-recurrence gives an algorithm for local
alignments with affine gap costs.

Summation and affine functions are not the only options available for scoring gaps. The gap cost function gap(x)
can be taken to be a concave (flat or cupped downward) function of length, that is, a function such that gap(x + 1)−
gap(x)≤ gap(x)− gap(x −1) for all x > 0. The class of concave gap cost functions includes affine functions but is
much wider than just affine functions. For example, for positive a and b, the function gap(x) = a logx + b is a
concave function that finds occasional use in
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sequence comparison. It has been postulated that such a model is natural for biological sequences where gap costs
would be expected to have a decreasing marginal penalty as a function of length. For this model, investigators
have been able to design algorithms that take O(MN(log N + log M)) time or less (Miller and Myers, 1988;
Eppstein et al., 1989).

It is also possible to design an algorithm for completely arbitrary gap cost functions. However, such
generality comes at a price: the best available algorithm takes O(MN(M + N)) time (Waterman et al., 1976). For
this reason and because the more restricted affine and concave models appear adequate to most needs, the general
algorithm is rarely used.

The Duality Between Similarity and Difference Measures

Thus far we have considered the comparison problem to be one of exposing the similarity between two
sequences and thus have naturally thought in terms of maximizing the score of alignments. Another natural
perspective is to think about how a sequence A may have evolved into sequence B over time. In this context, one
seeks alignments that reveal the minimum number of mutational events that might have effected the
transformation. In this view, an aligned symbol of B is substituted  for its counterpart in A, an unaligned symbol in
A is deleted, and an unaligned symbol in B is inserted. For example, in the alignment ,  the first T in
ATTACG is deleted, and the second T in ATATCG is inserted. In the alignment , T  is mutated into A,
and A is mutated into T. As before, the scoring scheme δ assigns a score to each evolutionary event modeled by a
column, but now the interpretation is that δ represents the differences rather than the similarities between symbols.
Note that for formal purposes it is assumed that an A mutates into an A in the alignments above at no cost; that is,
one chooses δ(A,A) to be 0.

Given a scoring scheme δ reflecting an evolutionary or difference-based model, the goal is to find an
alignment of minimal score, that is, one that indicates the minimum-scoring set of changes needed to go from one
sequence to a related sequence. Let D(A,B) be the score of a minimal
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cost alignment between sequences A and B. In honor of its inventor, this score is formally known as the
generalized Levenshtein measure  or distance between sequences A and B. Indeed the measure, D, between
sequences forms a metric space over sequences if the underlying scoring function δ forms a metric space over the
underlying alphabet. Thus calling this measure a distance is formally correct for a wide class of scoring schemes δ.

Immediately note that the distance and similarity perspectives are complementary. To solve a difference
problem, we need only revise our previous discussions by replacing maximum with minimum in every sentence and
formula. Also, one could simply take a δ for a difference problem and multiply every score by −1. Applying the
similarity algorithm with the modified scores would produce optimal alignments for the original difference
problem, and multiplying the resultant similarity score by −1 would give the distance between the two sequences.

Aligning More Than Two Sequences at a Time

Molecular biologists are frequently interested in comparing more than two sequences simultaneously. For
instance, given a number of sequences of the same functionality, it is much more likely that the similarity that
gives this common function will be more evident among the group than among two sequences from the group. A
closely related problem is to discover the evolutionary relationships between a set of sequences by constructing an
evolutionary tree, orphylogeny , that minimizes the evolutionary changes that must have taken place along each
branch of the tree. A third application for aligning a collection of sequences is to correct errors in the "raw"
experimental data obtained in DNA sequencing experiments. Typically, 1 to 10 percent of the symbols in a
sequenced fragment are incorrect, missing, or spurious. These errors are detected and corrected by sequencing a
given stretch several times and then forming a consensus by aligning the sequences. Figure 3.8 illustrates a multi-
alignment of such sequence data.
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Figure 3.8
A multi-alignment of five DNA sequences.

Suppose we wish to align K sequences A1, A2,. . ., AK, where  is of length Ni. As for the
basic problem, we wish to arrange the sequences into a tableau using dashes to force the alignment of certain
characters in given columns. For example, in Figure 3.8 the dashes are placed so as to arrange columns consisting
of primarily one symbol. For each column, the consensus of the column is the symbol that occurs the greatest
number of times in that column. Concatenating these consensus characters together, ignoring dashes, gives the
consensus sequence for the five experimental trials. As for pairwise alignments, each column of K symbols of the
multi-alignment is scored according to a user-supplied function δ. For example, if δ is the number of symbols in
the column not equal to the majority symbol of the column (which can be a dash), then the multi-alignment of
Figure 3.8 has score 13, and this is the minimum possible score over all possible multi-alignments of the five
sequences.

The problem of finding a maximum (minimum)-scoring alignment among K sequences can be solved by
extending the dynamic programming recurrence for the basic problem from a recurrence over a two-dimensional
matrix to a recurrence over a K-dimensional matrix.Let i = (i1, i2,. . .,iK ) be a vector in K-dimensional Cartesian
space. Now we compute a K-dimensional array S, where S(i) is the score of the best alignment among the prefix
sequences . The central recurrence now becomes
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In terms of an edit graph model, imagine a grid of vertices in K-dimensional space where each vertex i has
2K − 1 edges directed into it, each corresponding to a column that when appended to the alignment for the edge's
tail gives rise to the alignment for the prefix sequences represented by i. Computing the S values in some
topological ordering requires a total of O(NK) time, where N = maxj Nl. While multiple sequence comparison
algorithms of this genre are conceptually straightforward, they take an exponential amount of time in K and are
thus generally impractical for K > 3.

Multiple sequence comparison has been shown to be NP-complete (Garey and Johnson, 1979), which means
that it is almost surely the case that any algorithm for this problem must exhibit time behavior that is exponential
in K. Thus many authors have sought heuristic approximations, the most popular of which is to take O(K N2) time
to compute all pairwise optimal alignments between the K sequences, and then produce a multiple sequence
alignment by merging these pairwise alignments. Note that any multiple sequence alignment induces an alignment
between a given pair of sequences (take the two rows of the tableau and remove any columns consisting of just
dashes). However, given all of the possible K(K − 1)/2 pairwise alignments between K sequences, it is almost
always impossible to arrange a multi-alignment consistent with them all. Try, for example, merging the best
pairwise alignments among ACG, CGA, and GAC. But, given any K − 1 alignments relating all the sequences
(that is, a spanning tree of the complete graph of sequence pairs), it is always possible to do so. Feng and Doolittle
(1987) compare a number of methods based on this approach. The most recent algorithms utilize the natural choice
of the K − 1 alignments whose scores sum to the minimal possible amount (that is, a minimum spanning tree of the
complete graph of sequence pairs). However, such merges do not always lead to optimal alignments, as is
illustrated by the following example:
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While the choice of δ for a multi-alignment scoring scheme is conceptually a function of K arguments, it is
often the case that δ is effectively defined in terms of an underlying pairwise scoring function δ'. For example, the
sum-of-pairs score is defined as , where one must let δ(-,-) = 0. In essence, the
sum-of-pairs multi-alignment score is the sum of the scores of the K(K − 1)/2 pairwise alignments it induces.
Another common scheme is the consensus score, which defines δ(a1, a2,. . ., aK ) as max/min{Σ jδ'(c,ai):∈ψ�
{−}}. The symbol c that gives the best score is said to be the consensus symbol for the column, and the
concatenation of these symbols is the consensus sequence. In effect, the consensus multi-alignment score is the sum
of the scores of the K pairwise alignments of the sequences versus the consensus. The example of Figure 3.8 is
such a scoring scheme where d' is the scoring scheme of Figure 3.1. While we do not show it here, the problem of
determining minimal phylogenies mentioned at the start of this subsection can also be modeled as an instance of a
multiple sequence alignment problem by choosing a δ for columns that suitably encodes the tree relating the
sequences (Sankoff, 1975). However, the more general phylogeny problem requires that one also determine the
tree that produces the minimal score. This daunting task essentially requires the exploration of the space of all
possible trees with K vertices. So in practice, evolutionary biologists have put a great deal of effort into designing
heuristic algorithms for the phylogeny problem, and there is much debate about which of these is best.

K-Best Alignments

The alignment algorithm in the section "The Basic Dynamic Programming Algorithm" above reports an
optimal alignment that is clearly a function of the choice of scoring scheme. Unfortunately, biologists have not yet
ascertained which scoring schemes are "correct" for a given comparison domain. This uncertainty has suggested
the problem of listing all alignments near the optimum in the hope of generating the biologically correct
alignment.
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From the point of view of the edit graph formulation, the K-best problem is to deliver the K-best shortest
source-to-sink paths, a problem much studied in the operations research literature. Indeed, there is an O(MN + KN)
time and space algorithm, immediately available from this literature (Fox, 1973), that delivers the K-best paths
over an edit graph. The algorithm delivers these paths/alignments in order of score, and K does not need to be
known a priori: the next best alignment is available in O(N) time. The essential idea of the algorithm is to keep, at
each vertex v, an ordered list of the score of the next best path to the sink through each edge out of v. The next
best path is traceable using these ordered lists and is extracted, and the lists are appropriately updated.

If all one desires is an enumeration, not necessarily in order of score, of all alignments that are within ε of the
optimal difference D(A, B), then a simpler method is available that requires only the matrix S of the dynamic
programming computation. While not any faster in time, the simpler alternative below does require only O(MN)
space. One can imagine tracing back all paths from the sink to the source in a recursive fashion. The essential idea
of the algorithm is to limit the traceback to only those paths of score not greater than D(A, B) + ε. Suppose one
reaches vertex (i, j) and the score of the path thus far traversed from the sink to this vertex is T(i, j). Then one
traces back to predecessor vertices (i − 1, j), (i − 1, j − 1), and (i, j − 1) if and only if:

S(i − 1, j) + δ(ai, −) + T(i, j) ≤ D(A, B) + ε,
S(i − l, j − 1) + δ (ai, bj) + T(i, j) ≤ D(A, B) + ε,
S(i, j − 1) + δ (−, bj) + T(i, j) ≤ D(A, B) + ε,

respectively. This procedure is very simple, space economical, and quite fast.
A classic example of the need for affine gap costs was presented in a paper by Smith and Fitch (1983)

comparing the α and β chicken hemoglobin chains. For a setting of the gap costs that gave the biologically correct
alignment, there were 17 optimal alignments, 1,317 alignments within 5 percent of the optimum, and 20,137,655
within 20 percent of the optimum. This kind of exponential growth suggests that perhaps rather than list
alignments, one should report the best possible
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scores in order or give a color-coded visualization of the edit graph that colors edges according to the score of the
best path utilizing the edge. Another interesting variation is to explore the range of solutions not by enumerating
near-optimal answers, but by studying the range of optimal answers produced by parametrically varying aspects of
the underlying scoring scheme (Waterman et al., 1992).

Approximate Pattern Matching

A variation on the local alignments problem discussed above is the approximate match problem. For this
problem, imagine that A is a very long sequence and B a comparatively short query sequence. The problem is to
find substrings of A, called match sites, that align with the entirety of B with a score greater than some user-
specified threshold. An example might be to find all locations in a chromosome's DNA sequence (A) where a
particular DNA sequence element (B) or some sequence like it occurs. It is not hard to see that this problem is
equivalent to finding sufficiently high scoring paths that begin at a vertex in row 0 and end at row N of the edit
graph for A and B. By simply permitting 0 to be a term in the computation of S-values in row 0 and checking
values in row N, one obtains the desired modification of the basic dynamic programming algorithm.

The problem is taken to another level by generalizing B, the query, from a sequence to a pattern (that
describes a set of sequences). This variation is called approximate pattern matching. Computer scientists working
on text-searching applications have long studied the problem of finding exact matches to a pattern in a long text.
That is, given a pattern as a query, and a text as a database, one seeks substrings of the database text that match the
pattern (exactly). Pattern types that have been much studied include the cases of a simple sequence, a regular
expression, and a context-free language. Such patterns are notations that denote a possibly infinite set of
sequences, each of which is said to (exactly) match the pattern. For example, the regular expression A(T|C)G*
denotes the set of sequences that start with an A followed by a T or a C and then zero or more G's, that is, the set
{AT, AC, ATG, ACG, ATGG, ACGG, ATGGG,. . .}. Assuming the pattern takes P symbols to specify and the
text is of length
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N, there are algorithms that solve the text searching problem in O(P+N), O(PN), and O(PN3) time, depending on
whether the pattern is a simple sequence, a regular expression, or context-free language, respectively. Fusing the
concept of exact pattern matching and sequence comparison gives rise to the class of approximate pattern
matching problems. Given a pattern, a database, a scoring scheme, and a threshold, one seeks all substrings of the
database that align to some sequence denoted by the pattern with score better than the threshold. In essence, one is
looking for substrings that are within a given similarity neighborhood of an exact match to the pattern. Within this
framework, the similarity search problem is an approximate pattern matching problem where the pattern is a
simple sequence. We showed earlier that this problem can be solved in O(PN) time. For the case of regular
expressions, the approximate match problem can also be solved in O(PN) time (Myers and Miller, 1989), and, for
context-free languages, an O(PN3) algorithm is known (Myers, 1994a). While the cost of searching for
approximate matches to context-free languages is prohibitive, searching for approximate matches to regular
expressions is well within reason and finds applications in searching for matches to structural patterns that occur in
proteins.

Parallel Computing

The basic problem of comparing sequences has resisted better than quadratic, O(MN) time algorithms. This
has led several investigators to study the use of parallel computers to achieve greater efficiency. As stated above,
the S-matrix can be computed in any order consistent with the data dependencies of the fundamental recurrence.
One naturally thinks of a row-by-row or column-by-column evaluation, but we pointed out as a third alternative
that one could proceed in order of antidiagonals. Let antidiagonal k be the set of entries {(i j): i + j = k}. Note that
to compute antidiagonal k, one only needs antidiagonals k − 1 and k − 2. The critical observation for parallel
processing is that each entry in this antidiagonal can be computed independently of the other entries in the
antidiagonal, a fact not true of the row-by-row and column-by-column
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evaluation procedures. For large SIMD (single-instruction, multiple-data) machines, a processor can be assigned to
each entry in a fixed antidiagonal and compute its result independently of the others. With O(M) processors, each
antidiagonal can be computed in constant time, for a total of O(N) total elapsed time. Note that total work, which
is the product of processors and time per processor, is still O(MN). The improvement in time stems from the use of
more processors, not from an intrinsically more efficient algorithm.

This observation about antidiagonals has been used to design custom VLSI (very large scale integration)
chips configured in what is called a systolic array. The ''array" consists of a vector of processors, each of which is
identical, performs a dedicated computation, and communicates only with its left and right neighbors, making it
easy to lay out physically on a silicon wafer. For sequence comparisons, processor i computes the entries for row
i and contains three registers that we will call L(i), V(i), and U(i). At the completion of the kth step, the processors
contain antidiagonals k and k − 1 in their L and V registers, respectively, and the characters of B flow through their
U registers. That is, L(i)k = S(i, k − i − 1), V(i)k  = S(i, k − i), and U(i)k = bk−i , where X(i)k denotes the value of
register X at the end of the kth step. It follows from the basic recurrence for S-values that the following recurrences
correctly express the values of the registers at the end of step k + 1 in terms of their values at the end of step k:

These recurrences reveal that to accomplish step k + 1, processor i − 1 must pass its register values to
processor i and each processor must have just enough hardware to perform three additions and a three-term
maximum. Moreover, each processor must have a (2|ψ|+1)-element
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memory that can be loaded with the scores for δ(ai, ?), δ (−, ?), and δ (ai, −) where ? is any symbol in the
underlying alphabet ψ. The beauty of the systolic array is that it can perform comparisons of A against a stream of
B sequences, processing each symbol of the target sequences in constant time per symbol. With current
technology, chips of this kind operate at rates of 3 million to 4 million symbols per second. A systolic array of
1,000 of these simple processors computes an aggregate of 3 billion to 4 billion dynamic programming entries per
second.

COMPARING ONE SEQUENCE AGAINST A DATABASE

The current GENBANK database (Benson et al., 1993) of DNA sequences contains approximately 191
million nucleotides of sequence in about 183,000 sequence entries, and the PIR database (Barker et al., 1993) of
protein sequences contains about 21 million amino acids of data in about 71,000 protein entries. Whenever a new
DNA or protein sequence is produced in a laboratory, it is now routine practice to search these databases to see if
the new sequence shares any similarities with existing entries. In the event that the new sequence is of unknown
function, an interesting global or local similarity to an already-studied sequence may suggest possible functions.
Thousands of such searches are performed every day.

In the case of protein databases, each entry is for a protein between 100 and 1,500 amino acids long, the
average length being about 300. The entries in DNA databases have tended to be for segments of an organism's
DNA that are of interest, such as stretches that code for proteins. These segments vary in length from 100 to
10,000 nucleotides. The limited length here is not intrinsic to the object as in the case of proteins, but because of
limitations in the technology and the cost of obtaining long DNA sequences. In the early 1980s the longest
consecutive stretches being sequenced were up to 5,000 nucleotides long. Today the sequences of some viruses of
length 50,000 to 100,000 have been determined. Ultimately, what we will have is the entire sequence of DNA in a
chromosome (100 million to 10 billion nucleotides), and entries in the database will simply be annotations
describing interesting parts of these massive sequences.
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A similarity search of a database takes a relatively short query sequence of a protein or DNA fragment and
searches every entry in the database for evidence of similarity with the query. In protein databases, the query
sequence and the entries in the database are typically of similar sizes. In DNA databases, the entries are typically
much longer than the query sequence, and one is looking for subsegments of the entry that match the query.

Heuristic Algorithms

The problem of searching for protein similarities efficiently has led many investigators to abandon dynamic
programming algorithms (for which the size of the problem has become too large) and instead consider designing
very fast heuristic procedures: simple, often ad hoc, computational procedures that produce answers that are
"nearly" correct with respect to a formally stated optimization criterion. One of the most popular database
searching tools of this genre is FASTA (Lipman and Pearson, 1985). FASTA looks for entries that share a
significant number of short identical subsequences of symbols with the query sequence. Any entry meeting this
criterion is then compared via dynamic programming with the query sequence. In this way, the vast majority of
entries are eliminated from consideration quickly. FASTA reports most of the alignments that would be identified
by an equivalent dynamic programming calculation, but it misses some matches and also reports some spurious
matches. On the other hand, FASTA is very fast.

A more recently developed heuristic algorithm is BLASTA (Altschul et al., 1990). BLASTA is faster than
FASTA but is capable of detecting biologically meaningful similarities with accuracy comparable to that of
FASTA. Given a query A and an entry B, BLASTA searches for segment pairs of high score. A segment pair is a
substring from A and a substring from B of equal length, and the score of the pair is that of the no-gap alignment
between them. One can argue that the presence of a high-scoring segment pair or pairs is evidence of functional
similarity between proteins, because insertion and deletion events tend to significantly change the shape of a
protein and hence its function. Note that segment pairs embody a local similarity concept. What is particularly
useful is that there is a formula for the probability that two sequences have
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a segment pair above a certain score. Thus BLASTA can give an assessment of the statistical significance of any
match that it reports. For a given threshold, T, BLASTA returns to the user all database entries that have a
segment pair with the query of score greater than T ranked according to probability. BLASTA may miss some such
matches, although in practice it misses very few.

The central idea used in BLASTA is the notion of a neighborhood. The t-neighborhood of a sequence S is the
set of all sequences that align with S with score better than t. In the case of BLASTA, the t -neighborhood of S is
exactly those sequences of equal length that form a segment pair of score higher than t under the Dayhoff scoring
scheme (see Figure 3.5). This concept suggests a simple strategy for finding all entries that have segment pairs of
length k and score greater than t with the query: generate the set of all sequences that are in the t -neighborhood of
some k-substring of the query and see if an entry contains one of these strings. Scanning for an exact match to one
of the strings in the neighborhood can be performed very efficiently: on the order of 0.5 million characters per
second on a 20 SPECint computer. Unfortunately, for the general problem, the length of the segment pair is not
known in advance, and even more devastating is the fact that the number of sequences in a neighborhood grows
exponentially in both k and t, rendering it impractical for reasonable values of t. To circumvent this difficulty,
BLASTA uses the fast scanning strategy above to find short segment pairs of length k above a score t, and then
checks each of these to see if they are a portion of a segment pair of score T or greater. This approach is heuristic
(that is, may miss some segment pairs) because it is possible for every length k subsegment pair of a segment pair
of score T to have score less than t. Nonetheless, with k = 4 and t = 17 such misses are very rare, and BLASTA
takes about 3 seconds for every 1 million characters of data searched.

To get an idea of the relative efficiency of various similarity searching approaches, consider the following
rough timing estimates for a typical 20 SPECint workstation and a search against a typical protein query. The
dynamic programming algorithm for local similarities presented above (also known as the Smith-Waterman
algorithm) takes roughly 1000.0N microseconds to search a database with a total of N characters in it. On the other
hand, FASTA takes 20.0N microseconds, and BLASTA only about 2.0N microseconds. At the other end of the
spectrum, the systolic array
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chip described above takes only 0.3N microseconds to perform the Smith-Waterman algorithm with its special-
purpose (and expensive) hardware.

Sublinear Similarity Searches

The total number N of characters of sequence in biosequence databases is growing exponentially. On the
other hand, the size of the query sequences is basically fixed; for example, a protein sequence's length is bounded
by 1,500 and averages 300. So designers of efficient computational methods should be principally concerned with
how the time to perform such a search grows as a function of N. Yet all currently used methods take an amount of
time that grows linearly in N; that is, they are O(N) algorithms. This includes not only rigorous methods such as
the dynamic programming algorithms mentioned above but also the popular heuristics FASTA and BLASTA.
Even the systolic array chips described above do not change this. When a database increases in size by a factor of
1,000, all of these O(N) methods take 1,000 times longer to search that database. Using the timing estimates given
above, it follows that while a custom chip may take about 3 seconds to search 10 million amino acids or
nucleotides, it will take 3,000 seconds, or about 50 minutes, to search 10 billion symbols. And this is the fastest of
the linear methods: BLASTA will take hours, and the Smith-Waterman algorithm will take months. One could
resort to massive parallelism, but such machinery is beyond the budget of most investigators, and it is unlikely
that speedups due to improvements in hardware technology will keep up with sequencing rates in the next decade.

What would be very desirable, if not essential, is to have search methods with computing time sublinear in N,
that is, O(Nα) for some α < 1. For example, suppose there is an algorithm that takes O(N0.5 ) time, which is to say
that as N grows, the time taken grows as the square root of N. For example, if the algorithm takes about 10
seconds on a 10 million symbol database, then on 10 billion symbols, it will take about 1,0000.5 ≈ 31 times longer,
or about 5 minutes. Note that while an O(N0.5) algorithm may be slower than an O(N) algorithm on 10 million
symbols, it may be faster on 10 billion. Figure 3.9 illustrates this
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"crossover": in this figure, the size of N at which the O(N0.5) algorithm overtakes the O(N) algorithm is
approximately l × 108. Similarly, an O(N 00.2) algorithm that takes, say, 15 seconds on 10 million symbols, will
take about 1 minute, or only 4 times longer, on 10 billion. To forcefully illustrate the point, we chose to let our
examples be slower at N = 10 million than the competing O(N) algorithm. As will be seen in a moment, a
sublinear algorithm does exist that is actually already much faster on databases of size 10 million. The other
important thing to note is that we are not considering heuristic algorithms here. What we desire is nothing less than
algorithms that accomplish exactly the same computational task of complete comparison as the dynamic
programming algorithms, but are much faster because the computation is performed in a clever way.

A recent result on the approximate string matching problem under the simple unit-cost scheme of Figure 3.1
portends the possibility of truly sublinear algorithms for the general problem. For relatively stringent matches, this
new algorithm is 3 to 4 orders of magnitude more efficient

Figure 3.9
Sublinear versus linear algorithms.
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than the equivalent dynamic programming computation on a database of 1 million characters. On the other hand,
the approximate string matching problem is a special case of the more biologically relevant computation that
involves more general scoring schemes such as the ones in Figures 3.4 and 3.5, and a sublinear algorithm for the
general problem has yet to be achieved.

We conclude with a few more details on this sublinear algorithm (Myers, 1994b). For a search of matches to a
query of length P with D or fewer differences, the quantity ε = D/P is the maximum fraction of differences
permitted per unit length of the query and is called the mismatch ratio. Searching for such an approximate string
match over a database of length N can be accomplished in O(DNpow(ε) log N) expected time with the new
algorithm. The exponent is an increasing and concave function of ε that is 0 when ε = 0 and depends on the size |ψ|
of the underlying alphabet. The algorithm is superior to the O(N) algorithms and truly sublinear in N when ε is
small enough to guarantee that pow(ε) < 1. For example, pow(ε) is less than 1 when ε < 33 percent for |ψ| = 4 (DNA
alphabet) and when ε < 56 percent for |ψ| = 20 (protein alphabet). More specifically, pow(ε) ≤ 0.22 + 2.3 ε when |ψ| = 4
and pow(ε) ≤ 0.17 + 1.4ε when |ψ| = 20. So, for DNA, the algorithm takes a maximum of O(N0.5) time when ε is 12
percent, and for proteins, a maximum of O(N0.5) time when ε is 26 percent. The logic used to prove these bounds
is coarse, and, in practice, the performance of these methods is much better than the bounds indicate. If these
results can be extended to handle the more general problem of arbitrary scoring tables, the impact on the field
could be great.

OPEN PROBLEMS

While progress is continually being made on existing problems in sequence comparison, new problems
continue to arise. A fundamental issue is the definition of similarity. We have focused here only on the insertion-
deletion-substitution model of comparison and some small variations. Some authors (e.g., Altshul and Erikson,
1986) have looked at
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nonadditive scoring schemes that are intended to reflect the probability of finding a given alignment by chance. A
fundamental change in the optimization criterion for alignment creates a new set of algorithmic problems.

What about fundamentally speeding up sequence comparisons? The best lower bounds placed on algorithms
for comparing two sequences of length N is O(N log N), yet the fastest algorithm takes O(N2 / log2 N) time (Masek
and Paterson, 1980). Can this gap be narrowed, either from above (finding faster algorithms) or below (finding
lower bounds that are higher)? Can we perform faster database searches for the case of generalized Levenshtein
scores, as is suggested by the results given above for the approximate string matching problem? Speeding up
database searches is very important. Are there other effective ways to parallelize such searches or to exploit
preprocessing of the databases, such as an index?

Biologists are interested in searching databases for patterns other than given strings or regular expressions.
Recently, fast algorithms have been developed (Kannan and Myers, 1993; Landau and Schmidt, 1993) for finding
approximate repeats, for example, finding a pattern that matches some string X and then 5 to 10 symbols to the
right matches the same string modulo 5 percent differences. Many DNA structures are induced by forming base
pairs that can be viewed as finding approximate palindromes separated by a given range of spacing. More intricate
patterns for protein motifs and secondary structure are suggested by the systems QUEST (Arbarbanel et al., 1984),
ARIADNE (Lathrop et al., 1987), and ANREP (Mehldau and Myers, 1993), all of which pose problems that could
use algorithmic refinement.

Finally, biologists compare objects other than sequences. For example, the partial sequence information of a
restriction map can be viewed as a string on which one has placed a large number of beads of, say, eight colors, at
various positions along the string. Given two such maps, are they similar? This problem has been examined by
several authors (e.g., Miller et al., 1990). There are still fundamental questions as to what the measure of similarity
should be and how to design efficient algorithms for each. There has also been work on comparing phylogenetic
trees and chromosome staining patterns (e.g., Zhang and Shasha, 1989). Indubitably the list will continue to grow.
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Chapter 4—

Hearing Distant Echoes: Using Extremal Statistics to Probe
Evolutionary Origins

Michael S. Waterman
University of Southern California

The comparison of DNA and protein sequences provides a powerful tool for discerning the function,
structure, and evolutionary origin of important macromolecules. Sequence comparison sometimes reveals
striking matches between molecules that were hitherto not known to be related-immediately suggesting
hypotheses that can be tested in the laboratory. In other cases, sequence comparison reveals only weak
similarities. In such instances, statistical theory is essential for interpreting the significance of such matches.
The author discusses large deviation theory for sequence matching and applies it to evaluate a tantalizing
report concerning distant echoes from the earliest period in the origin of life.

As soon as new deoxyribonucleic acid (DNA) or protein sequences are determined, molecular biologists
immediately examine them for clues about their biological significance. A number of important questions about
the function of a newly determined protein are often asked, including the following. What can be inferred about
the function of a new protein on the basis of its amino acid sequence? Can one discern the reactions it catalyzes or
the molecules it binds? What three-dimensional shape will the linear amino acid sequence of a protein assume
when it folds up according to the laws of thermodynamics? Another class of questions concerns the evolutionary
relationships between known sequences. For example, some questions concerning
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hemoglobin are the following. What is the evolutionary relationship between three related a, ß, and γ hemoglobin
genes? What is the evolutionary relationship between the hemoglobin molecules from various organisms? What do
these sequences tell us about the evolutionary history of humans, chimpanzees, and gorillas? Each of these
questions can be approached, if not always entirely solved, by sequence comparison.

Sequence comparison is of tremendous interest to molecular biologists because it is becoming easy to
determine DNA and protein sequences, whereas it remains difficult to determine molecular structure or function
by experimental means. Thus, functional and structural clues from sequence analysis can save years of work at the
laboratory bench. An important early example illustrates the point. Some years ago, molecular biologists compared
the protein sequence encoded by a cancer-causing gene (or oncogene) called v-sis to the available database of
protein sequences. Remarkably, a computer search revealed that the sequence showed more than 90 percent
identity to the sequence of a previously discovered gene encoding a growth-stimulating molecule, called platelet-
derived growth factor (PDGF). Instantly, cancer researchers had a precise hypothesis about how this oncogene
causes unregulated cell growth. Subsequent experiments confirmed the guess.

Nowadays, molecular biologists routinely carry out such computer searches against the current databases
(which now contain both protein and DNA sequences) and are rewarded with striking and suggestive matches at a
high frequency (perhaps 20 to 30 percent for a new gene). In some cases, the matches extend across the entire
length of the protein. In other cases, there is a strong match across a restricted domain—examples include
particular sequences at the catalytic site of enzymes that hydrolyze adenosinetriphosphate (ATP) or at the
DNAbinding site of proteins that regulate the activity of genes. The frequency with which such strong matches are
found is a tribute to the tremendously conservative nature of evolution: many of the basic building blocks of
proteins and DNA have been reused in hundreds of different ways.

For the majority of new sequences, however, there is no striking match in the database. Although this may
change with time (some molecular biologists believe that there are only a few thousand or a few tens of thousands
of basic architectural motifs for proteins and that it is
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just a matter of time before we collect them all), computer searches will turn up only weak similarities. Before
attempting to read biological significance into such weak similarities, one must evaluate their statistical
significance. Not surprisingly, this is an area in which mathematics has much to offer molecular biology. To
motivate the study of the statistical significance of sequence similarities, we consider a single data set that
provoked a great deal of excitement a few years ago when a team of researchers thought that they saw
extraordinary clues about early evolution in the sequences of genes encoding certain ribonucleic acid (RNA)
molecules.

The origin of the universe and the origin of life are topics of wide interest to both biologists and
nonbiologists. One approach to studying the origin of the universe is to listen to faint echoes from the Big Bang.
Similar approaches are used in studying the origin of life. Are there any molecular echoes remaining from the
origin of life? Each of the three key molecules in molecular biology—DNA, RNA, and protein—has been
championed by some theorists as the earliest self-replicating molecule. Proteins have seemed attractive to some
because of their ability to catalyze chemical reactions. DNA has seemed attractive to others because it is a stable
store of information. Lately, however, RNA has taken the lead based on the well-known ability of RNA to encode
information in the same manner as DNA and the recently discovered ability of RNA to act as nonprotein enzymes
that are able to catalyze some chemical reactions. These properties suggest that some RNA sequence might have
been able to achieve the key feat of self-replication—serving as both self-template and replication enzyme. Thus,
life may have started out as an RNA world.

As indicated in Chapter 1, modern RNAs come in three varieties: messenger RNAs (mRNAs), ribosomal
RNAs (rRNAs), and transfer RNAs (tRNAs). mRNAs are the messages copied from genes. rRNAs are
components of the macromolecular structure, called the ribosome, used for translating RNA sequences into protein
sequences. tRNAs are the ''adapter molecules" that read the genetic code, with an anticodon loop recognizing a
particular codon at one end and an attachment site for the amino acid corresponding to this codon at the other.
rRNAs and tRNAs are clearly ancient inventions, necessary for the progression from life based only on RNA to
organisms employing proteins for efficient catalysis of biochemical reactions.
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In the early 1980s David Bloch and colleagues reported that they had found that these two types of RNA—
tRNA and rRNA—had significant sequence similarities implying a common evolutionary ancestry (Bloch et al.,
1983). In his paper, Bloch reported:

Many tRNAs of E. coli and yeast contain stretches whose base sequences are similar to those found in their
respective rRNAs. The matches are too frequent and extensive to be attributed to coincidence. They are distributed
without discernible pattern along and among the RNAs and between the two species. They occur in loops as well as
in stems, among both conserved and non-conserved regions. Their distributions suggest that they reflect common
ancestral origins rather than common functions, and that they represent true homologies.

Such tantalizing arguments should be grounded in statistics—since we cannot test the origin of life by direct
experiment (as we could test a proposed function for a protein based on sequence similarity). In this chapter, we
develop some tools for evaluating statistical significance and apply them to Bloch's data.

The biological hypothesis that relationships between the RNAs are true homologies is necessarily imprecise.
The evidence given is frequent and extensive matchings of stretches of sequences between the molecules, just the
sort of matchings that the local algorithm presented below is designed to find. To "test" the biological hypothesis,
we form a statistical hypothesis that the sequences are generated with independent and identically distributed
letters. Then we test this hypothesis by computing scores using the local algorithm. Since letters in real sequences
are not independent, it is possible to change the hypothesis to a Markov hypothesis, for example. This does not
change the score distribution very much for the distributions obtained from real sequences. If the score.
distribution is consistent with that from comparison of random sequences, we would fail to reject the statistical
hypothesis and thus have evidence against the biological hypothesis. If, on the other hand, the scores are frequently
too large, showing strongly matching stretches or intervals of sequence, we have evidence for the biological
hypothesis and against the statistical hypothesis.

Statistical questions are increasingly important in molecular biology. While statistical significance is not
directly related to biological
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importance, it is a good indicator and can lead to the formulation of important biological hypotheses, as noted
above. Conversely, lack of statistical significance is an important clue in considering whether to reject a
relationship that may seem interesting to the human eye. With over 70,000 sequences in modern databases,
molecular biologists require an automatic way to reject all but the most interesting results from a database search.
Comparing one sequence to the database involves 70,000 comparisons. Comparing all pairs of sequences involves

, or  about 2.4 ×10 9, comparisons. As we will see with the tRNA and rRNA comparison, even a small
number of comparisons can raise subtle questions.

GLOBAL SEQUENCE COMPARISONS

We will now discuss a number of situations for sequence comparisons and some probability and statistics
that can be applied to these problems. Some powerful and elegant mathematics has been developed to treat this
class of problems. Our discussion will naturally break into two parts, global comparisons and local comparisons.

Sequence Alignment

In this section we study the comparison of two sequences. For simplicity the two sequences A1A2. . .An and
B1B2. . .Bm will consist of letters drawn independently with identical distribution from a common alphabet.

Sequences evolve at the molecular level by several mechanisms. One letter, A for example, can be substituted
for another, G for example. These events are called substitutions. Letters can be removed from or added to a
sequence, and these events are called deletions or insertions. Given two sequences such as ATTGCC and
ACGGC, it is usually not clear how they should be related. The possible relationships are often written as
alignments such as:
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or

where in the first case there are three identities, two substitutions, and one insertion/deletion (indel) and in the
second case there are two identities, three substitutions, and one indel.

An alignment can be obtained by inserting gaps ("−") into the sequences so that

and

Here the subsequence of all  is identical to A1A2. . . An. Then, since the *-sequences have equal
length,  is aligned with . In Chapter 3, algorithms to achieve optimal alignments are discussed. Here we are
interested in the statistical distribution of these scores, not in how they are obtained. Global alignments refer to the
situation where all the letters of each sequence must be accounted for in the alignments. There are two types of
global alignments, alignments where the pairing is given and alignments where the pairing is not given.

Alignment Given

In this section, we assume the alignment is given with the sequences:

A1A2. . . An
B1B2. . . Bn

(Gaps "—" have been added so that these sequences both have the same length—L in the previous section,
n here—and the stars have been omitted to simplify the notation.) In this case the alignment is given and
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therefore cannot be optimized. We give the statistical distribution of the alignment score for completeness,
however. Let s(A,B) be a real valued random variable. Define the score S by

and let E(S) denote the expectation of S and Var(S) denote the variance. Clearly, E(S) = nE(s(A,B)) and Var(S) =
nVar(s(A, B)).

Since S is the sum of independent, identically distributed random variables s(A,B), the central limit theorem
implies that for large n

S ≈ Normal(nE(s(A, B)), nVar(s(A, B))).

If s(A, B) ∈ {0, 1}, then S is binomial (n, p), where p = P{s(A, B) = 1}. Even when the letters are not
identically distributed, the limiting distribution is normal under mild assumptions (Chung, 1974).

Alignment Unknown

The assumptions of the last section are carried over: AlA2. . . An  and B1B2. . . Bm are composed of
independent and identically distributed letters and s(A, B) is a real valued random variable on pairs of letters. We
extend s(·,·) to s(A,−) and s(−,B) so that deletions are included. We assume that the value of s for all deletion
scores is smaller than maxs(A,B). An alignment score S is the maximum over all possible alignments
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The optimization destroys the classical normal distribution of alignment score, but an easy application of a
beautiful theorem known as Kingman's subadditive ergodic theorem gives an interesting result:

Theorem 4.1 (Kingman, 1973) For s,t nonnegative integers with 0 ≤ s ≤ t, let Xs,t be a collection of random
variables that satisfy

(i)  Whenever s t u, Xs,u ≤ Xs,t + Xt,u,
(ii)  The joint distribution of Xs,t} is the same as that of {Xs+l, t+1},

(iii)  The expectation gt = EX0,t exists and satisfies gt ≥ − Kt for some constant

Then the finite limt→∞ X0,t / t = λ exists with probability 1 and in the mean.
The essential assumption is (ii), the subadditivity condition. To motivate and illustrate this theorem, recall the

strong law of large numbers (SLLN), which treats independent, identically distributed (iid) random variables
W1,W2,. . . with µ = E(Wj). The SLLN asserts that with probability 1.

It is easy to see that additivity holds. Set

Of course (i) is satisfied:

HEARING DISTANT ECHOES: USING EXTREMAL STATISTICS TO PROBE EVOLUTIONARY ORIGINS 97

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


Since the Wi are iid, (ii) is evidently true. Finally, g(t) = E(U0,t) = tµ, so that (iii) holds with µ = -K. Therefore
the limit exists and is constant with probability 1. Notice that this setup does not allow us to conclude that the
limit is µ. This is a price of relaxing the assumption of additivity.

Returning to the statistical distribution of alignment score, recall that an alignment score S is the maximum
over all possible alignments

Define X,, by

Then evidently,

−Xs,u ≥ (−Xs,t) + (−Xt,u)
and
Xs,u ≤ Xs,t + Xt,u.

We have that gt = E(X0,t) exists since the expectation of a single alignment exists and −X0,t is the maximum of a
finite number of alignment scores. The final hypothesis to check is gt ≥ −Kt for some constant K and all t > 1.
Clearly,

E(−X0,t) ≤ t maxs(A, B)
so that
gt ≥ −(maxs(A, B))t = −Kt.
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Our conclusion is that exists with probability 1 and in the mean. Therefore optimal alignment score grows
linearly with sequence length. Obviously, λ ≥ E(s(A, B)).

In the simplest case of interest, the alphabet has two uniformly distributed letters and s(A, B) = O if A ≠ B and
s(A, A) = s(B, B) = 1. The alignment score is known as the longest common subsequence, and Chvátal and Sankoff
(1975) wrote a seminal paper on this problem in the 1970s. In spite of much effort since then, λ remains
undetermined. Deken (1979) gives bounds for λ: 0.7615 ≤ λ ≤ 0.8602. Without alignment the fraction of matching
letters is 0.5 by the strong law of large numbers. Not too much is known about the variance either, although Steele
(1986) proves it is O(n).

LOCAL SEQUENCE COMPARISONS

Alignment Given

Consider many independent throws of a coin with probability p of heads, where 0 < p < 1. For any p, there
will be stretches where the coin comes up heads every time. What is the distribution of the length of the longest of
these head runs? This maximum length is known as a "local" score; while it is a global maximum, it is a function
only of the nearby tosses. A related problem is to consider sequence A1A2. . . An of letters chosen independently
and from a common alphabet, {A,C,G,T} for DNA for example. The letters A and G are known as purines (R),
and C and T are known as pyrimidines (Y). A two-letter alphabet is natural when grouping nucleotides by
chemical similarity. In fact, there is a hypothesis that the first nucleic acid sequences were made up of just two
elements, R and Y. It is natural to ask how random the distribution of R and Y is for a given sequence. We will
study how large is Rn, the length of the longest run of purines R in a sequence of length n. Here an occurrence of R
is a "head" for the coin tossing analogy.
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The coin tossing question was considered by Erdös and Rényi (1970), who found the strong law

(4.1)

Of course, one may desire more detailed information about Rn. For an example, we look at "16S" rRNA from
E. coli, which is 1,541 letters in length and is known by its sedimentation rate S of 16. (The sedimentation rate is
an indication of mass: the greater the mass, the higher the rate of sedimentation and the larger the value of S.)
Equation (4.1) tells us that we would typically see about log1/p 1,541 = 10.6 R's in a row where p = 1/2. What if we
have a head run of length 14 in our 16S sequence? Is this score extreme enough to be of note? For the statistical
question of significance, we need to have a way to compute such probabilities. This is supplied by Poisson
approximation.

For an appropriately chosen test length t, we see an R run of length t begins at a given position with a small
probability. Since the number of positions where such a run could occur is large, the number of long head runs
should be approximately Poisson. Our discussion about the mathematics behind this intuition follows Goldstein
(1990).

This intuition is almost correct. One must first, however, adjust for the fact that runs of heads occur in
"clumps"; that is, if there is a run of heads of length t beginning at position a, then with probability p there will also
be a run of heads of length t beginning at position α + 1, with probability p2 a run of heads of length t beginning at
position α + 2, and so forth. Hence, the total number of runs of length t or more is seen to have a compound
Poisson distribution. By counting only the first such run in every clump, the occurrences now counted are no
longer clumped and their number is approximately Poisson. This is an example, with average clump size 1 + p +
p2 . . . = 1 / (1− p), of the "Poisson clumping heuristic," as described by Aldous (1989). Using the fact that having
no runs of length t is equivalent to having the longest head run shorter than t, we can approximate the distribution
of the length of the longest run of heads. In the remainder of this section we explore the approximation of this
distribution by the Poisson distribution.
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Let I be an index set, and for each a α ∈ I, let Xα be an indicator random variable, that is, Xα = 1 if an event
occurs and Xα = 0 if the event does not occur. The total number of occurrences of events can be expressed as

It seems intuitive that if pα = P(Xα = 1) is small, and |I|, the size of the index set, is large, then W should be
approximately Poisson distributed. Certainly this is true when all the Xα, α ∈ I , are independent. In the case of
dependence, it seems plausible that the same approximation should hold when dependence is somewhat confined.
For each α, we let Bα be the set of dependence for α; that is, for each α ∈ I , assume we are given a set Bα ⊂ I such
that

Xα is independent of Xβ, β � Bα. (4.2)

Define

Let Z denote a Poisson random variable with mean λ so that for k = 0, 1, 2,. . .,

Classically, the Poisson distribution is the probability law of rare events. It is remarkable that a few
probability distributions arise with great frequency. The three principal distributions are the binomial, the normal,
and the Poisson. (See Feller (1968) for an extensive discussion of these matters.)
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Let h:Z+ → R, where Z+ = {0,1,2,. . .}, and ||h|| ≡ supk≥0|h(k)|. We denote the total variation distance between
the distributions of W and Z by

More general versions of the following theorem appear in Arratia et al. (1989, 1990). They refer to this
approach as the Chen-Stein method.

Theorem 4.2 Let W be the number of occurrences of dependent events, and let Z be a Poisson random
variable with E(Z) = E(W) = λ. Then  and in particular

We first apply Poisson approximation to the distribution of the length of long success runs in Bernoulli trials.
This has application to molecular sequences and provides a good illustration of the methods needed for sequence
comparisons in the case when the alignment is unknown. Let C1,C2,. . . be independent Bernoulli random variables
with success probability p, and let Rn be the length of the longest run of heads contained in the first n tosses. Fix a
test level t and let the index set be I = {1,2,. . .,n − t + 1}; the elements of the index set will denote locations where
head runs of length t or greater may begin. A head run of length t or more begins at position 1 if and only if the
indicator random variable
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takes on the value 1. Now, to unclump the remaining runs define

Xα = (1 − Cα−1)CαCα+1. . .Ca+τ−1 for α =2,3,. . .,n − t + l

For α = 2,3,. . .,n − t + 1, Xα will be 1 if and only if a run of t or more heads begins at position α, preceded by a
tail. Below we calculate b1, show that b2 = 0, and find a bound for the approximation.

Write now the total number of clumps of runs of length t or more as the sum of dependent indicator random
variables

The Poisson approximation heuristic says we should be able to approximate the distribution of W by a
Poisson random variable with mean

λn(t) = E(W) = pt((n − t)(l − p)+l). (4.3)

In particular then, since we have as events

{Rn < t} = {W=0},

the distribution function of Rn can be approximated as

P(Rn < t) = P(W = 0) @ e−ln(t).

The test length t is dictated by requiring λ to be bounded away from 0 and ∞; this is equivalent to the
condition that t − log1/pn is bounded. In fact, for integer t, with c defined by

t = log1/p((n − t)(l − p)+l)+c,

the above approximation predicts that
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P(Rn < t) @ e−λn(t) = exp(−pc),

that is, that Rn − log1/p((n− t)(l− p) + ) has an asymptotic extreme value distribution. This is almost so; the
limiting distribution is complicated by the fact that Rn can assume only integer values. However, this fact does not
complicate the approximation itself.

For an example we return to our problem with the 16S rRNA sequence. We model an R run of length 14 by
n = 1,541 independent tosses of a fair coin. Using formula (4.3), we calculate that λn = 0.0700. Using the Poisson
distribution, P(R1541 ≥ 14) is approximately 1 − exp(−λn) = 0.0676 .

Even so, without a bound on the error we have no way of knowing if the event is likely or not. To assess the
accuracy of the above approximation, we apply Theorem 4.2. We define Bα = {β ∈ I: |α − β| ≤ t} for all α. Since
Xα is independent of {Xβ :β � Bα}, condition 1 is satisfied. Furthermore, if 1 ≤ |α − ß| ≤ t, we cannot have both Xα 
and Xβ equal to 1 since we require that a run begin with a tail. Therefore pαβ = 0 for β ∈ Bα, β ≠ α, and hence b2 =
0.

In order to calculate b1 = ∑α ∑β�Bα pα pβ, we break up the sum over β ∈ Bα into two parts, depending on
whether or not p1 appears. This yields the bound

b1 < λ2(2t + 1)/(n − t + 1) + 2λpt. (4.4)

Theorem 4.2 now shows us that the Poisson approximation is quite accurate for the example considered
above; the probability computed is correct to within b1 < 10−4, that is,

0.0699 ≤ P(Rn ≥ 13) ≤ 0.0701.
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Alignment Unknown

The situation for matching between two sequences is closely related, although the dependence structure
becomes more complex. Suppose that the two sequences A1A2. . .An and B1B2. . .Bm are made up of letters
independently and uniformly chosen from a d-letter alphabet. It must be emphasized that whenever the letters are
not uniformly chosen, Theorem 4.2 holds but is not straightforward to apply. In matching DNA, d = 4; for protein
sequences, d = 20. Let

I = {(i, j): l ≤ i ≤ n − t + l, l ≤ j ≤ m − t + l}.

Define indicator random variables

Ei,j =1 if Ai = Bj.
Let p =P(Eα =1)=1/d.

As in the case of head runs, we need to unclump matches and consider ''boundary effects." Let

Xi,j = Ei,j Ei+lj+l
… Ei+t-1 j+t-1 if i =1 or j = 1

and otherwise

Xi,j = (1 − Ei−1 j−1) Ei,jE i+1 j+l… Ei+t−1 j+t−1.

With W = ∑α∈I Xα, calculating λ = E(W) yields

λ = pt[(n + m - 2t + 1) + (n − t)(m − t)(1 − p)]. (4.5)

In matching two tRNA sequences, one of length 76, the other of length 77, would a match of length 9 be
unusual? For the given parameters, λ = 0.0136 and under the model above, the event has a probability of
approximately
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l−exp(−λ) = 0.135.

A bound on the error may be calculated in a way similar to that for coin tossing. We note that again b2 = 0,
and by breaking the sum for b1 into two sums, one of which is made up of all terms that involve the boundary, we
find

b1 < λ2 (2t + 1) / ((n − t + l)(m − t + 1)) + 2λpt.

Hence, the probability above is correct to within 8.5 × 10−7.

APPLICATION TO RNA EVOLUTION

Now we bring these ideas to bear on our RNA evolution problem. We have a set of 33 tRNA molecules and
one 16S rRNA molecule from E. coli. In Bloch et al. (1983), matchings between 16S and each of the tRNAs were
intensely studied. tRNA evolution is a complex topic and tRNA/tRNA comparisons were not made in this study.
Table 4.1 shows the length of the longest exact match Hn between these sequences, along with estimates of
significance or p-values (1−e−λn) from our ChenStein method. There are no exceptionally good matchings in this
list, and so this analysis discounts any deep relationship between the sequences. In fact the p-values seem
unusually large. In the 33 comparisons the minimum p-value is 0.26. Still we should not give up the search. One
estimate puts the origin of these sequences at 3 billion years ago. We should not expect large segments of
sequence to be preserved in every position over such vast amounts of time. Instead, mutations such as
substitutions, insertions, and deletions will accumulate, greatly complicating our task. It is possible that the
hypothesis of common origin is correct and that so much evolutionary change has taken place that no significant
similarity remains. The next section, "Two Behaviors Suffice," examines the results of this search for unusual
similarity using more subtle sequence comparison algorithms.
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Table 4.1 Exact Match P-Values

tRNA GenBank Locus Length (n) Hn 1 − e−λn b1

ala-la ECOTRA1A 76 9 0.26 1.87 × 10−5

ala-lb ECOTRA1B 76 9 0.26 1.87 × 10−5

cys ECOTRC 74 8 0.69 2.67 × 10−4

asp-l ECOTRD1 77 8 0.71 2.79 × 10−4

glu-1 ECOTRE1 76 10 0.71 1.25 × 10−6

glu-2 ECOTRE2 76 10 0.71 1.25 × 10−6

phe ECOTRF 76 9 0.26 1.87 × 10−5

gly-l ECOTRG1 74 7 0.99 3.90 × 10−3

gly-2 ECOTRG2 75 6 1.00 5.70 × 10−2

gly-3 ECOTRG3 76 9 0.26 1.87 × 10−5

his-1 ECOTRH1 77 9 0.26 1.89 × 10−5

ile-1 ECOTRI1 77 9 0.26 1.89 × 10−5

ile-2 ECOTRI2 76 10 0.71 1.25 × 10−6

lys ECOTRK 76 6 1.00 5.78 × 10−2

leu-1 ECOTRL1 87 8 0.76 3.19 × 10−4

leu-2 ECOTRL2 87 8 0.76 3.19 × 10−4

leu-5 ECOTRL5 87 9 0.29 2.16 × 10−5

met-f ECOTRMF 77 9 0.26 1.89 × 10−5

met-m ECOTRMM 77 8 0.71 2.79 × 10−4

asn ECOTRN 76 7 0.99 4.01 × 10−3

gln-1 ECOTRQ1 75 8 0.70 2.71 × 10−4

gln-2 ECOTRQ2 75 8 0.70 2.71 × 10−4

arg-1 ECOTRR1 76 7 0.99 4.01 × 10−3

arg-2 ECOTRR2 77 7 0.99 4.07 × 10−3

ser-1 ECOTRS1 88 8 0.76 3.23 × 10−4

ser-3 ECOTRS3 93 9 0.31 2.33 × 10−5

thr-ggt ECOTRTACU 76 7 0.99 4.01 × 10−3

val-1 ECOTRV1 76 8 0.70 2.75 × 10−4

val-2a ECOTRV2A 77 8 0.71 2.79 × 10−4

val-2b ECOTRV2B 77 9 0.26 1.89 × 10−5

trp ECOTRW 76 7 0.99 4.01 × 10−3

tyr-1 ECOTRYI 85 8 0.75 3.11 × 10−4

tyr-2 ECOTRY2 85 8 0.75 3.11 × 10−4

Hn, the length of the longest exact match between the listed tRNA molecule and a 16S rRNA molecule; 1 − e−λn, the p-value
(estimate of significance) for nth tRNA molecule; b1, column entry is the calculated bound on b1.
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TWO BEHAVIORS SUFFICE

In this section we describe a statistic that provides a link between the sections "Global Sequence
Comparison" and "Local Sequence Comparison" of this chapter. This statistic is the score of the best matching
intervals between two sequences, where nonidentities in the alignments receive penalties. In the section ''Global
Sequence Comparisons," we showed that the growth of score of global alignments of random sequences is linear
with sequence length. In the section "Local Sequence Comparisons," we showed that the number of long runs of
exact matches between random sequences has an approximate Poisson distribution. Below we show that the
Poisson distribution implies that, for exact matching, the growth of longest run length is proportional to the
logarithm of the product of sequence length. Then we state the result that all optimal alignments of a broad class
have a score that has either logarithmic or linear growth, depending on the penalties for nonidentities. We will
consider two sequences A = A1A2. . .An and B = B1B2. . .Bn of equal length n.

Recall that p: = P(two random letters are identical) = P(Cα = 1). In the case of unknown alignments, λ = E(W)
is given from equation (4.5) by

λ = pt((n + n − 2t + 1) + (n − t)(n − t)(l − p)).

For λ ≈ 1 , we expect one run of length t. Then

1 = pt ((n + n − 2t + 1)+(n − t)(n − t)(1 − p)) ≈ pt(nn(l − p)).

Solving for t yields

t = log1/p(nn(l − p)).

Therefore the length of the longest run of identities grows like log1/p(n2) = 2 log1/p(n).
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To relax our stringent requirement of identities, we recall scoring for the alignments as introduced in the
section "Global Sequence Comparisons." Extend the sequence A1A2. . .An to  by inserting gaps "—"
and similarly extend B1B2. . .Bn to 

Define where and µ ≥ 0, δ ≥ 0. The maximum is extended over all ways of inserting gaps and all L.

In Smith and Waterman (1981) and Waterman and Eggert (1987), dynamic programming algorithms are
presented to compute

H(A, B) = H(A, B; µ, δ) = max{S(I, J): I ⊂ A, J ⊂ B}

in time O(n2). By I ⊂ A, for example, we mean all I = AiAi+1. . .Aj, where 1 ≤ i ≤ j ≤ n. This algorithm was
designed to study situations like our 16S rRNA/tRNA relationships. We are searching for segmental alignments
that are not necessarily perfect matchings but are unusually good matches. After some discussion of the statistical
properties of H(A ,B; µ, δ), we will apply the algorithm to our data.

The statistic H(A ,B; µ, δ) is for one of the so-called local alignment algorithms. However, when the penalties
µ and δ are set to 0, the algorithm computes a global alignment. The results in the section "Global Sequence
Comparisons" imply that

H(A, B; 0,0) ~ a n;

but when the parameters are set to ∞, the results in the section "Local Sequence Comparisons" imply that
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H(A, B; ∞, ∞) ~ b log n.

It is natural to ask if there are other growth rates. The answer is presented in Waterman et al. (1987) and
Arratia and Waterman (1994), where the following result is proved: Assume both sequences have equal lengths n.
There is a continuous curve in the nonnegative (µ,δ) plane such that when (µ,δ) belongs to F0, the same
component as (0,0), the growth of H is linear with sequence length. When (µ,δ) belongs to F∞, the same
component as (∞,∞), the growth is logarithmic with sequence length. In any curve crossing from F0 to F∞ there is a
phase transition in growth of the score H(µ,δ). This behavior is quite general, and in Arratia and Waterman (1994)
it is shown to hold with very general penalties for scoring matches, mismatches, and indels. The behavior of H(A,
B; µ,δ) when (µ,δ) lies on the line between F0 and F∞ remains an open question.

RNA EVOLUTION REVISITED

How do the results in the previous section apply to our comparisons of 16S rRNA with tRNAs? As we have
seen, the matchings of Bloch et al. (1983) were the result of applying a local algorithm, and so we will apply the
local algorithm H to the data and study the distribution of scores. The first task is to compare the sequences using
the statistic H(A, B; µ,δ) with µ = 0.9 and δ = 2.1. These values have been used in several database searches, and
the growth of scores from aligning random sequences lies in the logarithmic region. The results of the algorithm
applied to our data can be found in Table 4.2. No closed-form Chen-Stein method has been arrived at for
alignments with indels, so the results are presented in number of standard deviations (#σ) above the mean value
for comparing two random sequences of similar lengths. (See Waterman and Vingron (1994) for recent work on
estimating statistical significance.) The estimated mean as a function of the tRNA length is

H(A, B; µ = 0.9, δ = 2.1) = 5.04 logn −30.95,
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Table 4.2 Scores and Alignment Statistics

tRNA Score # σ Matches mms. Indels

ala-la 12.2 −.02 14 2 0

ala-lb 12.2 −0.1 14 2 0

cys 21.0 6.2 40 10 5

asp-l 10.8 −1.1 22 8 2

glu-l 10.9 −0.8 21 9 1

glu-2 12.8 0.6 22 8 1

phe 13.0 0.6 32 10 5

gly-1 9.4 −1.4 15 4 1

gly-2 9.5 −1.2 35 15 6

gly-3 14.4 1.5 41 14 7

his-1 13.2 1.1 28 12 2

ile-1 13.6 0.9 41 26 2

ile-2 14.0 1.3 35 10 6

lys 10.7 −0.5 23 7 3

leu-1 13.8 0.7 49 28 5

leu-2 11.7 −0.7 33 17 3

leu-5 13.4 0.4 36 14 5

met-f 12.0 −.03 44 20 7

met-m 11.4 −0.2 21 4 3

asn 15.3 2.4 33 13 3

g1n-1 11.8 0.1 23 8 2

gln-2 12.1 0.2 26 11 2

arg-1 13.3 0.7 48 23 7

arg-2 12.8 0.3 26 8 3

ser- 11.1 −1.3 29 11 4

ser-3 13.8 0.3 42 18 6

thr-ggt 10.1 −1.3 15 1 2

val-1 11.9 −0.2 22 9 1

val-2a 11.3 −0.7 14 3 0

val-2b 11.3 −0.4 14 3 0

trp 11.0 −0.7 22 10 1

tyr-1 11.7 −0.4 31 17 2

tyr-2 10.9 −0.9 42 19 7

# σ, the number of standard deviations above the mean value (for comparing the two random sequences of similar lengths);
mms., mismatches; indels, insertions/deletions.
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while the standard deviation is estimated to be = 1.49. In contrast to Table 4.1, there is one tRNA, that for
cystine, that scores exceptionally high. The tails of the extremal distributions in the logarithmic region probably
behave like exp(−λt), where t is the test value as in the section "Local Sequence Comparisons" and λ is a constant,
but this has not yet been proven rigorously. The usual intuition informed by the tail of a normal distribution has
the probabilities behaving like exp(−t2)/2, which converges to 0 much more rapidly than the Poisson or
exponential tails. Thus except for the cystine score, the remaining scores look very much like scores from random
sequences. Simulations were performed, and the score 21.0 has an approximate p-value of 10−3, so that it is not
possible to dismiss this matching for statistical reasons alone. As far as we know, no one has offered a biological
explanation of this interesting match. As to the hypothesis of Bloch et al. (1983), while their work concluded that
"matches are too frequent and extensive to be attributed to coincidence," it is not supported by the data but is
instead the result of incorrect estimation of p-values. This data set received their most extensive analysis, and they
concluded that over 30 percent of the matchings between E. coli 16S rRNA and tRNAs were significant at the
level α = 0.10. Correct estimates show about 10 percent of the matching at the level α = 0.10. While the origin of
life may be hiding in tRNA and 16S rRNA, it remains elusive.
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Chapter 5—

Calibrating the Clock: Using Stochastic Processes to Measure
the Rate of Evolution

Simon Tavaré
University of Southern California

Deoxyribonucleic acid (DNA) sequences record the history of life. Although DNA replication is
remarkably accurate, mutations do occur at a small but nonnegligible rate, with the result that an individual's
descendants begin to diverge in DNA sequence over time. By examining DNA sequences among different
species or among different individuals within a single species, it is possible to reconstruct aspects of their
evolutionary history. Such studies have been pursued with special interest in the human, where an unusual
DNA sequence called the mitochondrial genome has been used to trace human migrations and human
evolution. The author shows how mathematical tools from the theory of stochastic processes assist in
calibrating the molecular clock inherent in DNA sequences.

While DNA sequences are transmitted from parent to child with remarkable fidelity, mutations do occur at a
small but nonnegligible rate, with the result that an individual's descendants begin to diverge in DNA sequence
over time. Some mutations are deleterious and are eliminated by natural selection, but many are thought to be
selectively neutral and thus accumulate at a roughly steady rate—providing a molecular clock for measuring the
time since two species or two individuals within a species shared a common ancestor. In this manner, it is possible
to reconstruct an evolutionary tree and even estimate the times of key separation events.
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Different biological sequences within an organism may obey different clocks. The amino acid sequence of a
protein encoded by a gene changes more slowly than the DNA sequence of the underlying gene because many
amino acid changes may be selectively disadvantageous (because they disrupt function). On the other hand, a
significant proportion of DNA changes may be selectively neutral because they create a synonymous codon (that
is, one that specifies the same amino acid). Similarly, DNA regions within genes change at a slower rate than the
DNA sequences located between genes. Accordingly, evolutionary studies of distant species are often carried out
by examining amino acid sequences of proteins, while evolutionary comparisons among more closely related
species are better done by examining DNA sequences within or between genes.

To study evolution within a single species such as the human, it is often useful to study DNA sequences that
change at especially rapid rates. The mitochondrial genome provides an ideal substrate for such studies. The
mitochondrion is an organelle found in the cytoplasm of eukaryotic cells, whose primary role is to generate high-
energy compounds that the cell uses to drive chemical reactions. Although the mitochondria use many proteins
that are encoded by genes in the cell nucleus, each mitochondrion has its own small circular chromosome that
encodes a few dozen genes essential for its function.

In the human, the mitochondrial genome consists of 16,569 base pairs whose DNA sequence has been
completely determined (Anderson et al., 1981). Human mitochondria are inherited only from the mother, and so
their genealogy is considerably simpler to follow than for genes encoded in the nucleus (which are inherited from
both parents and are subject to recombination between the two homologous copies in the cell). Conveniently for
evolutionary studies, mitochondrial DNA (mtDNA) has an increased rate of nucleotide substitution compared to
nuclear genes, owing to the presumed absence of certain DNA repair mechanisms. Moreover, the mitochondrial
genome contains certain regions that are particularly tolerant of mutation, that is, appear to be subject to little
selective pressure (Avise, 1986) and thus show a great deal of variation. In all, the mitochondrial genome may be
evolving 10 times faster than the nuclear genome.

For these reasons, molecular population geneticists have carried out many studies of the DNA sequences of
mitochondrial variable regions in many human populations (Di Rienzo and Wilson, 1991; Horai and
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Hayasaka, 1990; Vigilant et al., 1989, 1991; Ward et al., 1991). Studies of mitochondrial sequences of different
Native American tribes strongly suggest that there were multiple waves of colonization of North America by
migrant groups from Asia, and even allow one to estimate the dates of these events (Schurr et al., 1990; Ward et
al., 1991). Assuming a constant evolutionary rate, the pattern of mutations between diverse human groups has been
used to argue (Cann et al., 1987) that the mitochondria of all living humans descended from a mother that lived in
Africa some 200,000 years ago—the so-called Eve hypothesis. Although the precise details of the hypothesis are
disputed (Maddison, 1991; Nei, 1992; Templeton, 1992), the general power of the methodology is well accepted.
(As an aside, the reader should note that the existence of a common ancestor—Eve, so to speak—is a
mathematical necessity in any branching process that satisfies very weak conditions. The biological controversies
pertain to when and where Eve lived.)

Each of these applications requires a knowledge of the rate at which mutations occur in an mtDNA sequence.
Estimates of this rate have been obtained by comparing a single DNA sequence from each of several species
whose times of divergence are presumed known. Divergence is calculated from the number of nucleotide
differences between species (using methods that correct for the possibility of multiple mutations at a site), and rate
estimates are obtained by dividing the amount of sequence divergence by the divergence time. For data taken from
multiple individuals in a single population, one requires a model that takes account of the population genetic
aspect of the sampling: individuals in the sample are correlated by their common ancestry. In this chapter, we
describe the underlying stochastic structure of this ancestry and use the results to estimate substitution rates.

We have chosen to focus on rate estimation to give the chapter a single theme. We are not interested per se in
statistical aspects of tests for selective neutrality of DNA differences; rather, we assume neutrality for the data sets
discussed as examples. The techniques described here should be regarded as illustrative of the theoretical and
practical problems that arise in sequence analysis of samples from closely related individuals. The emphasis is on
exploratory methods that might be used to summarize the structure of such samples.
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OVERVIEW

To illustrate the methods, we use a set of North American Indian mitochondrial sequences described in Ward
et al. (1991). These authors sequenced the first 360 base pairs of the mitochondrial control region for a sample of
63 Nuu-Chah-Nulth (Nootka) Indians from Vancouver Island. The sample comprises individuals who were
maternally unrelated for four generations, chosen from 13 of the 14 tribal bands. As a consequence the sample
deviates from a truly random sample, although it will be treated as such for the purposes of this chapter. An
important parameter in the analysis is the effective population size of the group. This is approximated by the
number of reproducing females, giving a value of about 600 for the long-term effective population size N.

The most common DNA changes seen in mitochondria are transitions (changes from one pyrimidine base to
the other or one purine base to the other, that is, C ↔ T or A ↔ G) rather than transversions (changes from a
pyrimidine to a purine or vice versa). Indeed, the sequenced region shows no transversions, so that each site in the
sequences has one of just two possible nucleotides. We focus on the pyrimidine (C or T) sites in the region. There
are 201 such sites, in which 21 variable (or segregating) sites define 24 distinct sequences (called alleles or
lineages). The details of the data, including the allele frequencies, are given in Table 5.1.

The parameter of particular interest here is θ, the population geneticist's stock in trade. The variable θ is a
measure of the mutation rate in the region, and it figures in many important theoretical formulas in population
genetics. For mitochondrial data, it is defined by

θ = 2Nu,

where N is the effective population size referred to earlier, and u is the mutation rate per gene per generation.
Once θ is estimated, we can estimate u if N is known or N if u is known. In what follows, we estimate the
compound parameter θ rather than its components.

In the section immediately following, we begin by outlining the structure of the coalescent, a robust
description of the genealogy of samples taken from large populations. The effects of mutation are superimposed on
this genealogy in several ways. The classical case, which
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records the allelic partition of the sample, leads to the sampling theory of the infinitely-many-alleles model
initiated by Ewens (1972). The Ewens sampling formula is then described, followed by a brief digression into the
simulation structure of mutations in the coalescent, both in top-down and bottom-up form. Next, the infinitely-
many-sites model is introduced as a simple description of the detailed structure of the segregating sites in the
sample. Finally, we return to classical population genetics theory, albeit from a coalescent point of view, to discuss
the structure of K-allele models. This in turn develops into the study of the finitely-many-sites models, which play a
crucial role in the study of sequence variability when back substitutions are prevalent.

In the next section we digress to present a mathematical vignette in the area of random combinatorial
structures. The Ewens sampling formula was derived as a means to analyze allozyme frequency data that became
prevalent in the late 1960s. Current population genetic data is more sequence oriented and requires more detailed
models for its analysis. Nonetheless, the combinatorial structure of the Ewens sampling formula has recently
emerged as a useful approximation to the component counting process of a wide range of combinatorial objects,
among them random permutations, random mapping functions, and factorization of polynomials over a finite
field. We show how a result of central importance in the development of statistical inference for molecular data
has a new lease on life in an area of discrete mathematics.

The final section briefly discusses some of the outstanding problems in the area, with particular emphasis on
likelihood methods for coalescent processes. Some aspects of the mathematical theory, for example, measure-
valued diffusions, are also mentioned, together with applications to other, more complicated, genetic mechanisms.

THE COALESCENT AND MUTATION

The genealogy of a sample of n genes (that is, stretches of DNA sequence) drawn at random from a large
population of approximately constant size may be described in terms of independent exponential random variables
Tn,Tn−1,. . .,T2 as follows. The time Tn during which the sample has n distinct ancestors has an exponential
distribution with parameter n(n − 1)/2, at which time two of the lines are chosen at random to coalesce,
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giving the sample n − 1 distinct ancestors. The time Tn−1 during which the sample has n − 1 such ancestors is
exponentially distributed with parameter (n − l)(n − 2) / 2, at which point two more ancestors are chosen at random
to coalesce. This process of coalescing continues until the sample has two distinct ancestors. From that point, it
takes an exponential amount of time T2 with parameter 1, to trace back to the sample's common ancestor. For our
purposes, the time scale is measured in units of N generations, where N is the (effective) size of the population from
which the sample was drawn. This structure, made explicit by Kingman (1982a,b), arises as an approximation for
large N to many models of reproduction, among them the Wright-Fisher and Moran models. A sample path of a
coalescent with n = 5 is shown in Figure 5.1.

Figure 5.1
Sample path of the coalescent for n = 5. Tj denotes the time during which the sample has j distinct ancestors. Tj has an
exponential distribution with mean 2/j(j − 1).

From the description of the genealogy, it is clear that the time τn back to the common ancestor has mean
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or approximately 2N generations for large sample sizes. Further aspects of the structure of the ancestral process
may be found in Tavaré (1984). Rather than focus further on such issues, we describe how the genealogy may be
used to study the genetic composition of the sample.

To this end, assume that in the population from which the sample was drawn there is a probability u that any
gene mutates in a given generation, mutation acting independently for different individuals. In looking back r 
generations through the ancestry of a randomly chosen gene, the number of mutations along that line is a binomial
random variable with parameters r and u. If we measure time in units of N generations, so that r = [Nt] (that is, r is
Nt rounded down to the next lower integer), and assume that 2Nu→ θασ N → ∞, then the Poisson approximation
to the binomial distribution shows that the number of mutations in time t has in the limit a Poisson distribution
with mean θ t / 2. This argument can be extended to show that the mutations that arise on different branches of the
coalescent tree follow independent Poisson processes, each of rate θ / 2. For example, the total number of
mutations µn that occur in the history of our sample back to its common ancestor has a mixed Poisson distribution
—given Tn, Tn−1,. . .,T2, µn has a Poisson distribution with mean . The mean and variance of the
number of mutations are given by Watterson (1975):

(5.1)

and

(5.2)

We are now in a position to describe the effect that mutation has on the individuals in the sample.
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The Ewens Sampling Formula

Motivated by the realization that mutations in DNA sequences could lead to an essentially infinite number of
alleles at the given locus, Kimura and Crow (1964) advocated modeling the effects of mutation as an infinitely-
many-alleles model. In this process, a gene inherits the type of its ancestor if no mutation occurs and inherits a
type not currently (or previously) existing in the population if a mutation does occur. In such a process the genes in
the sample are thought of as unlabeled, so that the experimenter knows whether two genes are different, but
records nothing further about the identity of alleles. In this case the natural statistic to record about the sample is
its configuration Cn ≡ (C1, C2,. . ., Cn), where

Cj = number of alleles represented j times.
Of course, C1 + 2C2+ . . . + nCn = n, and the number of alleles in the sample is

Kn ≡ C1 + C2 + . . . +Cn. (5.3)

The sampling distribution of Cn was found by Ewens (1972):

(5.4)

for a = (a1,a2,. . .,an) satisfying aj ≥ 0 for j = 1,2,. . .,n and  and where

θ (n)≡ θ (θ + 1)…(θ+ v− 1).

From (5.4) it follows that
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(5.5)

and

(5.6)

 being the Stirling number of the first kind. From (5.5) and (5.4) it follows that Kn is sufficient for θ, so
that the information in the sample relevant for estimating θ is contained just in Kn. This allows us (Ewens, 1972,
1979) to calculate the maximum likelihood (and moment) estimator of θ as the solution  of the equation

(5.7)

where k is the number of alleles observed in the sample. In large samples, the estimator  has variance given
approximately by

(5.8)

For the pyrimidine sequence data described above in the ''Overview" section, there are k = 24 alleles. Solving
equation (5.7) for  gives  = 10.62, with a variance of 9.89. An approximate 95 percent confidence interval for
θ is therefore 10.62 ± 6.29. This example serves to underline the variability inherent in estimating θ from this
model. The pyrimidine region comprises 201 sites, so that the per site substitution rate is estimated to be 0.053 ±
0.031.

The goodness of fit of the model to the data may be assessed by using the sufficiency of Kn for θ: given Kn,
the conditional distribution of the allele frequencies is independent of θ. Ewens (1972, 1979) gives further details
on this point. To describe alternative goodness-of-fit methods, we return briefly to the probabilistic structure of
mutation in the coalescent.
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Forwards and Backwards in the Tree

Hudson (1991) describes many situations in which simulation of genealogical trees is useful. In its simplest
form, the idea is to construct (a simulation of) a coalescent tree, with times and branching order, and then
superimpose the effects of mutation on this tree using the Poisson nature of the mutation process. In this section
we make use of two equivalent descriptions of the effects of mutation in the coalescent tree in which the mutation
and coalescence events evolve simultaneously.

Top-down

The first of these methods is a very useful "top-down" scheme exploited by Ethier and Griffiths (1987) in the
context of the infinitely-many-sites model. We start at the common ancestor of the sample and think of the genetic
process running down to the sample. Just after the first split, we have a sample of two individuals, each of
identical genetic type. Attach to each individual a pair of independent exponential alarm clocks—one of rate θ / 2,
the second of rate 1/2—and suppose the clocks are independent for different individuals. The θ clocks will
determine mutations, the other clocks split times. Now watch the clocks until the first one rings: if a θ clock rings, a
mutation occurs in that gene, whereas if one of the other clocks rings, a split occurs in which that gene is copied,
now making a sample of three individuals. Using the standard "competing exponentials" argument, the probability
that a mutation occurs first is whereas a split occurs first with probability 1/ (θ + 1). Furthermore, given that a
mutation occurs first, the gene in which it occurs is chosen uniformly and at random, and given that a split occurs
first, the gene that is copied is chosen uniformly and at random.

Once an event occurs, the process repeats itself in a similar way. Suppose, then, that there are currently m 
genes in the sample. Attach independent mutation clocks of rate θ / 2 and independent split clocks of
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rate (m − 1) / 2 to each of the m genes and wait for one to ring. The probability that a mutation clock rings first is
θ / (θ + m − 1), and, given that a mutation occurs first, the gene that mutates is chosen uniformly and at random.
Similarly, the probability that a split occurs first is (m − 1) / (θ + m − 1), with the splitting gene being chosen at
random from the m possibilities.

The only wrinkle left is to describe the rule that tells us when to stop generating splits or mutations. In order
to have the right distribution for the numbers of mutations when the sample has n ancestors, we must run until the
first split after n, discard the last observation, and then stop.

This simple scheme can be used effectively to simulate observations from extremely complex mutation
mechanisms using only Bernoulli random variables, and provides a way of generating and storing the effects of
each of the mutations. Some examples are given in the following sections.

Bottom-up

The second scheme, which proves very useful for deriving recurrence relations for the distribution of allele
configurations, is the "bottom-up" method. In this case, the idea is to use the exponential alarm clocks from the
bottom of the tree (that is, beginning at the sample) and run up to the common ancestor at the top. If we look up
from the sample of size n toward the root, the probability that we will encounter a mutation before a coalescence is
θ / (θ + n − 1), and the probability that a coalescence will occur first is (n − 1) (θ + n − 1). The probability
distribution of the configuration at the tips may then be related to the distribution of the configuration at the
mutation or coalescence time.

To illustrate how this works, consider the infinitely-many-alleles mutation structure. Suppose that the current
configuration consists of counts a = (a1,a2,. . .,an) with an = 0, and let Pn(a) denote the probability of this
configuration. If the first event in the past is a coalescence, then the configuration of n − 1 genes must have been

(al,. . .,aj−1,aj + 1, aj+1 − 1,aj+2,. . .,an−l)
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for some j = 1, 2,. . ., n − 2, and a gene in class j must be chosen to have an offspring. Since this last event has
probability jaj + 1) / n − 1), the contribution to Pn a from such terms is

(5.9)

If, on the other hand, the first event in the past was a mutation, then the configuration must have been either

(a1− 1,a2,. . .,aj−2, aj−1 − 1,aj + 1,aj+l,. . .,an−1,0)

and the mutation occurred to a gene in a j class, j = 3,4,. . .,n-1 (probability j(aj + 1) / n ), or

(a1− 2,a2 + 1,a3,. . .,an−1,0)

and the mutation occurred to a gene in the 2 class (probability 2(a2 + 1) / n),or

(a1,. . .,an−1,0)

and the mutation occurred to a singleton gene (probability a1 / n). Finally, the configuration could have been
(a − 1,a2,. . .,an−2,an −1−1,1)
and the mutation occurred in the n class (probability 1). Combining all these possibilities and adding the term

in (5.9) gives
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(5.10)

The only case not covered by equation (5.10) is the one in which a = (0,. . .,0,1). In this case the previous
event had to be a coalescence, and so

(5.11)

The persistent reader will be able to verify that Pn(a) given by the Ewens sampling formula (5.4) does indeed
satisfy equations (5.10) and (5.11).

The Infinitely-Many-Sites Model

The infinitely-many-sites model of Kimura (1969) and Watterson (1975) is the simplest description of the
evolution of a population of DNA sequences. The sites in the sequences are completely linked, and each mutation
that occurs in the ancestral tree of the sample introduces a new segregating site into the sample. In this process,
each new mutation occurs at a site not previously segregating—new mutations arise just once. It follows that at
each segregating site, the sample may be classified as type 0 (ancestral) or type 1 (mutant). Of course, in practice
we do not know which is which. The sequences in the sample may now be described by strings of 0s
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and 1s. If distinct sequences are treated as alleles, then the sampling theory is reduced to that covered by the
Ewens sampling formula.

The number Sn of segregating sites is an important summary statistic for the sample. Since each new mutation
produces a segregating site, it follows that Sn = µn, the number of mutations in the ancestral tree. The mean and
variance of Sn are therefore given by (5.1) and (5.2), respectively.

The number of segregating sites has been studied extensively for many variants of the infinitely-many-sites
process, including the effects of selection and recombination, for example. Hudson (1991) gives an accessible
summary of this work. When there is no recombination, the fundamental results have been established by
Watterson (1975), Ethier and Griffiths (1987), and Griffiths (1989).

Watterson (1975) parlayed the moments of Sn into an unbiased estimator  of θ, namely,

(5.12)

with variance where . Note that  does not depend on knowing which type at a site is ancestral and
does not make full use of the data. For the pyrimidine data, there are 21 segregating sites, giving an approximate
95 percent confidence interval for θ of 4.46 ± 3.10. This should be compared to the estimate of 10.62 ± 6.29
obtained from the Ewens sampling formula.

Now think of the data as an n × s matrix of 0s and 1s, s being the number of segregating sites in the sample.
When 0 is known to be ancestral in each site, Griffiths (1987) established that the data are consistent with the
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infinitely-many-sites model as long as in any set of three rows of the matrix, at most one of the patterns occurs.
This is equivalent to the pairwise compatibility condition for binary characters established by Estabrook et al.
(1976) and McMorris (1977): two sites are compatible if two or fewer of the patterns 01, 10, 11 occur. When the
ancestral state is unknown, an analogous result holds: two sites are compatible if at most three of the patterns 00,
01, 10, 11 occur.

This translates into a simple test of whether a given set of binary site data is consistent with the infinitely-
many-sites model. If in all pairs of columns at most three of the patterns 00, 01, 10, 11 occur, then there is at least
one labeling of the sites that is consistent. McMorris (1977) proved that consistent data remain consistent when the
most frequent type is taken as ancestral.

In practice, back mutations and recombination make most molecular data inconsistent with this model.
However, it is worthwhile to look for maximal subsets of sites that are consistent, as this provides a way to identify
regions of the sequence with simple structure. For the pyrimidine data described in Table 5.1, the maximal
consistent set has 14 sites, those in positions 2-8, 11-12, 14-16, and 20-21. The remaining 7 sites have some
inconsistencies, attributable to back substitutions, for example.

Of the 214 = 16,384 possible relabelings of the consistent set, just 16 are consistent. Each of these labelings is
associated with a genealogical tree that describes the relationships between the mutations in the coalescent. The
precise definition of the (equivalence class of) trees is given in Ethier and Griffiths (1987) and Griffiths (1989).
The tree is equivalent to those built using compatibility methods for binary characters; see Felsenstein (1982, pp.
389-393) for a detailed discussion and references. The nodes in the tree represent the mutations that have
generated the segregating sites, and the tips represent the sequences. A convenient algorithm for finding these
trees is provided by Griffiths (1987), who also shows (Griffiths, 1989) how the probability of a tree with a given
ancestral labeling can be computed under the infinitely-many-sites model. Griffiths' program PTREE can then be
used
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to construct true maximum likelihood estimators of the parameter θ. It can also be used to compare "likelihoods"
of the different ancestral labelings. The corresponding theory of the unrooted genealogical trees that arise when the
ancestral labeling is unknown has recently been developed by Griffiths and Tavaré (1994c), and this leads to a
practical computational method for estimating θ by maximum likelihood.

Our analysis of the mitochondrial data set has shown that while parts of the region are consistent with a
simple evolutionary model, there are sites which are behaving in a more complicated way. In the next section, we
describe a finitely-many-sites model that is useful for modeling regions in which back mutations have occurred.

K-Allele Models

We turn first to the K-allele model. In this process, we assume that there are K possible alleles at the locus in
question. When a mutation occurs to an allele of type i, there is a probability mij that the resulting allele is of type j.
To allow for different rates of substitution for different alleles, we can have mii > 0, and we write M = (mij). The
effects of mutation along a given line are now modeled by a continuous time Markov chain whose transition
matrix P(t) ≡ (pij(t)) gives the probabilities that a gene of type i has been replaced by a descendant gene of type j a
time t later. Indeed, where I is the K × K identity matrix, so that the generator of the mutation process is

(5.13)
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It is worth pointing out that a given Q matrix can be represented in more than one way in the form (5.13), so
that θ, for example, is not identifiable without further assumptions. However, the rates qij, j ≠ i are identifiable. If
Q has a stationary distribution π = (π1, π2,. . ., πK) satisfying π Q = 0, , and if the common ancestor of
the sample has distribution π, then the distribution of a gene at any point in the tree is also π, and the process is
stationary.

From the data analyst's perspective, the sample of n genes can be sorted into a vector N ≡ (N1, N2,. . .,NK) of
counts, there being Nj alleles of type j in the sample. Surprisingly, the stationary distribution of N is known
explicitly only for the special case

This is equivalent to the independent mutations case in which θ = ε1 + ε2 +. . .+ εK,πi = εi / θ, and mij = πj for
all i and j. In this case, Wright's Formula (Wright, 1968) can be used to show that

(5.14)

for

n = (n1,n2,. . .,nK), nj ≥ 0 for j = 1,2,. . .,K, and n = n1 + n2 +. . .+nK.

In the next section, we use this result for the case K = 2 . If

(5.15)

then equation (5.14) specializes to

(5.16)
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Because the sampling formula for general Q is not known explicitly, it is useful to have a way to compute it.
Perhaps the simplest is an application of the bottom-up method described above. Define q(n) = P(N = n), and set
ej = (0,. . .,0,1,0,. . .,0), the 1 occurring in position j. Look up the tree to the first event that occurred. This is either a
mutation (with probability θ / (θ + n − 1) ) or a coalescence (with probability (n − 1) / (θ + n − 1)). By considering
the configuration of the sample at this event, we see that q(n) satisfies the recursion

(5.17)

where q(n) = 0 if any ni < 0, and q(ei) = . The process is stationary if  = πi for all i. We exploit this
recursion more fully in the section below on likelihood methods.

The Finitely-Many-Sites Models

We now have the machinery necessary to describe the finitely-many-sites model for molecular sequence data
involvingn sequences, each of s sites. The sites are thought of as completely linked, and each site is typically one
of either 2 or 4 possibilities. At its grossest level, the finitely-many-sites model is "just" a K-allele model in which
K = 2s or 4s. From an inference point of view, however, there are far too many parameters in such a model, and
some simplification is required. The simplest null model of sequence evolution is the case in which mutations
occur at a rate of θ / 2 per gene, but when a mutation occurs, a site is chosen at random to mutate and the base at
that site changes according to a mutation matrix M. A slightly more general model might allow site j to mutate
with probability pj, once more according to M. For a two-type classification of each site, the first model has two
parameters to be estimated, and the second has s + 1. These schemes can be modified to allow for other correlation
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structures between the sites at the expense of more complicated methods of analysis.
Motivated by our sequence data, we concentrate on the two-state case and discuss methods for estimating the

parameters of the simplest null model. At a single site, the model behaves exactly like a 2-allele process with
because the per site substitution rate is θ / s. This has the structure of (5.15), with α = m12θ / s and β = m21θ / s. The
distribution of sites is exchangeable (since, conditional on the coalescent tree, mutations are laid down
independently at each site; this is a simple example of a marked Poisson process argument), and in particular the
sites have identical distributions. They are not of course independent because of correlations induced by the
common ancestry in the coalescent. However, some simple properties of the sequences are easy to calculate. In
particular, the number Sn of segregating sites has mean

E[Sn] = sP(site is segregating) = s(l − g(0) − g(n)), (5.18)
where g(·) is given by (5.16).

The equation (5.18) provides a simple heuristic method for estimating the parameters of the process. First, the
equilibrium base frequencies π1 = β / (α + β) and π2 = α / (α + β) are estimated from the sequence data. This done,
the expected fraction of sites that are not segregating is, from (5.16) and (5.18),

(5.19)

where θs = 0 / s is the per-site substitution rate. For the pyrimidine mtDNA data, the observed fraction of
nonsegregating sites is 180/201 = 0.896 and the observed fractions of C (labeled 1) and T (labeled 2) bases are π1 =
0.604 and π2= 0.396, respectively. Substituting these into (5.19)
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and solving for θs give the moment estimator s = 0.050. This translates into an estimate of α = 2q12 = 0.050 ×
0.40 = 0.02, and an estimate of β = 2q21 = 0.03. The variance of the moment estimator is hard to compute
explicitly, although the top-down simulation method for the coalescent could be used to simulate the process and
therefore to construct empirical estimates of the variance.

A more detailed approach to rate estimation in the finite sites model is described by Lundstrom et al. (1992a).
The method is based once more on the exchangeability of the distribution of base frequencies between sites with
the same mutation structure. Returning to the case in which there are K possible labelings at each site, define

 to be the fraction of sites in which xj individuals in the sample have nucleotide j at that site,
for 1 ≤ j ≤ K. The mean of  is given by

(5.20)

the right-hand side being given by (5.14) for the independent mutation model, or by the solution of the
recursion (5.17) in the general case. A least squares method obtains estimates by minimizing the squared error
function

This moment estimator makes fuller use of the data than the estimate based on the number of segregating
sites. An alternative estimator, also described in Lundstrom et al. (1992a), is based on the assumption that the sites
are evolving independently. This approximation, which is reasonable for large substitution rates (where the
between sites correlations are effectively washed out), produces a likelihood function proportional to that can then
be maximized to obtain parameter estimates.
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For the mtDNA pyrimidine data, the moment method and the (independent sites) maximum likelihood
method gave estimates of the C to T rate as α = 2q12 = 0.02 , and the T to C rate as β = 2q21 = 0.03. These are in
close agreement with the segregating sites estimator described above. To assess the variability in the estimates of
α and ß, we used the top-down simulation described above, arriving at empirical bootstrap confidence intervals of
(0.01,0.04) for a and (0.02,0.06) for β. These rates correspond to substitution probabilities of between 17 × 10−6 

and 33 × 10−6 per site per generation for transitions from C to T, and between 25 × 10−6 and 50 × 10−6 per site per
generation for transitions from T to C.

The adequacy of these estimates depends, of course, on how well the model fits the data. To assess this, we
investigated how well key features of the data are reflected in simulations of the coalescent process with the given
estimated rates. As might be expected, the overall base frequencies and the number of segregating sites observed in
the data are accurately reflected in the simulations. One poor aspect of the fit concerned the number of distinct
sequences observed in the simulations (9 to 17 per sample) compared with the 24 observed in the data. There are
several reasons why such a poor fit might be observed, among them (a) site-specific variability in mutation rates,
(b) admixture between genetically distinct tribes, and (c) fluctuations in population size that are not captured in the
model. Further discussion of these points can be found in Lundstrom et al. (1992a) and in the final section of the
present chapter.

At this point, we have come to our mathematical vignette, where population genetics theory intersects with an
interesting area in combinatorics. The mathematical level of the vignette is somewhat higher than our discussion
of the coalescent; readers primarily interested in aspects of the coalescent might feel justified in skipping to the
final section.
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MATHEMATICAL VIGNETTE: APPROXIMATING COMBINATORIAL STRUCTURES

Our mathematical vignette takes us from the world of population genetics to that of probabilistic
combinatorics. We show how the Ewens sampling formula (ESF), whose origins in population genetics were
described above, plays a central role in approximating the probabilistic structure of a class of combinatorial
models. This brief account follows Arratia and Tavaré (1994), to which the interested reader is referred for further
results. Our first task is to describe the combinatorial content of the ESF itself.

Approximations for the Ewens Sampling Formula

First, we recall Cauchy's formula for the number N(a) ≡ N(a1,a2,. . .,an) of permutations of n objects that have
a1 cycles of length 1, a2 cycles of length 2, . . ., an cycles of length n.

(5.21)

1(A) denoting the indicator of the event A. If each of the n! permutations is assumed to be equally likely, then a
random permutation has cycle index a with probability

(5.22)

where Cj ≡ Ci(n) is the number of cycles of size j in the permutation. Comparison with (5.4) shows that
(C1,C2,. . .,Cn) has the ESF with
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parameter θ = 1. To give the permutation representation of the ESF for arbitrary θ, we need only suppose that for
some θ > 0,

P(π) = cθ |n|, π∈ Sn, (5.23)

where |π| denotes the number of cycles in the permutation π∈ Sn, the set of permutations of n objects. The
parameter c is a normalizing constant, which may be evaluated as follows. The number of permutations in Sn with

k cycles is , the absolute value of the Stirling number of the first kind. Hence so that c−1 = θ(n). It follows that
under this model,

(5.24)

In summary, we have shown that θ-biasing a random permutation gives the ESF.
The next ingredient in our story is the observation that the law in (5.24) can be represented as the joint law of

independent Poisson random variables Z1,Z2,. . .,Zn, having E[Zj] = θ / j, conditional on 

(5.25)

where  denotes the law. This follows because
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which agrees with (5.24) apart from a norming constant that does not vary with a1,a2,. . .,an; since both formulas
are probabilities, the norming constants must be equal.

Equation (5.25) suggests that we might usefully approximate the dependent random variables C1,C2,. . .,Cn,
by the independent random variables Z1, Z2,. . .,Zn,. This turns out to be too ambitious, but we can get away with
just a little less. For any b ∈ [n] ≡ {1,2,. . .,n}, we can approximate the joint laws of Cb ≡ Cb(n) ≡ (Cl,C2,. . .,Cn) by
those of Zb ≡ (Z1,Z2,. . .,Zb), with an error that tends to 0 as n → ∞ as long as b= ο (n), that is, b/n, → 0.

As our measure of how well such an approximation might be expected to work, we use total variation
distance dTV as a metric on the space of (discrete) probability measures. Three equivalent definitions of the total
variation distance db(n) between (the law of) Cb and (the law of) Zb are given below:

(5.26)

In (5.26), the infimum is taken over all couplings of Cb and Zb on a common probability space, and No ≡
{0,1,2,. . .}. Arratia et al. (1992) use a particular coupling to show that there is a universal constant c = cθ with c
(1) = 2 such that
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(5.27)

so that indeed Cb and Zb can be coupled closely if (and, it turns out, only if) b = o(n).

Combinatorial Assemblies

The spirit of the approximations in the preceding subsection—replacing a dependent process with an
independent one—carries over to other combinatorial structures. The first of these is the class of assemblies.
Assemblies are labeled structures built as follows. The set {1,2,. . .,n} is partitioned into ak subsets of size k, for
k = 1,2,. . .,n, and each subset of size k is marked as one of mk indecomposable components of size k. For
example, in the case of permutations, mk  = (k − 1)!, and the components of size k are the cycles on k elements.
The number of structures N(a) of weight n having ai components of size i, i = 1,2,. . .,n, is therefore given by

(5.28)

and the total numberp(n) of structures of weight n is given by

(5.29)

A random structure of weight n is obtained by choosing one of the p(n) possibilities with equal probability. If
Cj − Cj(n) denotes the number of components of size j, then

(5.30)
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In the case of permutations, this reduces to (5.22), because then mj / j! = 1 / j. Note that for any x > 0, the
probability above is proportional to so that by comparison with (5.22) we see that (C1, C2,. . ., Cn) =  (Zl,Z2,. . .,Zn|
T = n), where the Zi are independent Poisson random variables with means

In particular this implies that where Rb = ∑1≤i≤b iZi. This observation reduces the calculation of a total
variation distance between two processes to the calculation of a total variation distance between two random
variables. We focus our attention on the class of assemblies that satisfies the logarithmic condition

(5.31)

for some κ,y > 0. Among these are random permutations (for which (5.31) holds identically in i with κ = y =
1), and random mappings of [n] to itself, for which . The study of
random mappings has a long and venerable history in the combinatorics literature and is reviewed in Mutafciev
(1984), Kolchin (1986), and Flajolet and Odlyzko (1990), for example.
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For the logarithmic class we may choose x = y−1, and then it is known (under an additional mild rate of
convergence assumption in (5.31)) that

(5.32)

just as for the ESF. But more detailed information is available. For example, Arratia et al. (1994b) show that
for fixed b,

(5.33)

The term |κ − 1| reflects the similarity of the structure to an ESF with parameter κ, whereas the term E[|Rb − E
[Rb]|] reflects the local behavior of the structure.

The θ-biased structures, those with probability proportional to q to the number of components, can also be
studied in this way. In particular (5.30) holds, the Poisson-distributed Z, now having mean

The accuracy of the approximation of Cb by Zb for the logarithmic class is still measured by (5.32) and
(5.33), with κ replaced by θκ.

A rather weak consequence of the bounds typified by (5.32) and (5.33) is the fact that for each fixed b, (C1
(n),C2(n),. . .,Cb(n)) � (Z1 ,Z2,. . .,Zb), meaning that the component counting process C converges in distribution (in
R∞ ) to the independent process Z. For each n, we are comparing the combinatorial process to a single limiting
process. This recovers the classical result of Goncharov (1944) showing that the cycle counts of a random
permutation are asymptotically independent Poisson random variables with means 1/i. The analog for random
mappings is due to Kolchin (1976).
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There are many uses to which such total variation estimates can be put. In essence, functionals of the
dependent process that depend mainly on the small component counts (that is, on components of size o(n)) are
well approximated by the corresponding functionals of the independent process, which are often much easier to
analyze. A typical example shows that the total number of components in such a structure asymptotically has a
normal distribution, with mean and variance θκ log n . A corresponding functional central limit theorem follows by
precisely the same methods. In addition, these estimates lead to bounds on the distances between the laws of such
functionals. Some examples that illustrate the power of this approach can be found in Arratia and Tavaré (1992)
and Arratia et al. (1993).

Other Combinatorial Structures

The strategy employed for assemblies also works for other combinatorial structures, including multisets and
selections. We focus just on the multiset case. To build such structures, which are now unlabeled, imagine a supply
of mj types of irreducible component of weight j, and build an object of total weight n by choosing components
with replacement. The number N(a) of structures of weight n having aj components of size j = 1,2,. . .,n is

(5.34)

and the total number of structures of weight n is p(n) = ∑aN(a). A random multiset of size n has aj 
components of size j with probability

(5.35)

The ingredient common to assemblies and multisets is the fact that

CALIBRATING THE CLOCK: USING STOCHASTIC PROCESSES TO MEASURE THE RATE OF EVOLUTION 142

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


but the approximating independent random variables {Zi} are no longer Poisson, but rather negative binomial with
parameters mi and xi:

(5.36)

valid for 0 < x < 1. In the θ-biased case, the Zi are negative binomial with parameters mi and θxi, for any θ <
x-1.

The most studied example in this setting concerns the factorization of a random monic polynomial over the
finite field GF(q) with q elements. The components of size i are precisely the irreducible factors of degree i, there
being of them. The function µ(·) is the Möbius function: µ(k) = −l or 1 according to whether k is the product of an
odd or even number of distinct prime factors, and µ(k) = 0 if k is divisible by the square of a prime. The
logarithmic condition

(5.37)

is satisfied by random polynomials with κ = 1 and y = q. For this logarithmic class the total variation
estimates (5.32) and (5.33) apply once more (with appropriate modification for the θ-biased case), and the
techniques described at the end of the previous section can then be used to study the behavior of many interesting
functionals. In particular, examples describing the functional central limit theorem, with error estimates, for the
random polynomial case, can be found in Arratia et al. (1993).
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The Large Components

Thus far we have described how we might approximate a complicated dependent process (the counts of small
components) by a simpler, independent process, with an estimate of the error involved. It is natural to ask what can
be said about the large component counts. To describe this, we return once more to the ESF.

Let L1 ≡ L1 (n) ≥ L2 ≥···≥ LK denote the sizes of the largest cycle, the second largest cycle, . . . , the smallest of
the random number of cycles in a q-biased random permutation. We define Lj = Lj(n) = 0, j > K. It is known from
the work of Kingman (1974, 1977) that the random vector n−1 (L1,L2,. . .,LK,0,0,. . .) converges in distribution to a
random vector (X1, X2,. . .). The vector X has the Poisson-Dirichlet distribution with parameter θ, which we denote
by PD(θ). There are a number of characterizations of PD(θ), among them Kingman's original definition: Let σ1 ≥
σ2 ≥ ···≥ 0 denote the points of a Poisson process on (0,∞) having mean measure with density 0 e−x / x, x > 0, and
set σ = ∑i≥1 σi . Then

We know that the large components, those that are of a size about n, of a θ-biased random permutation are
described asymptotically by the PD(θ) law. What can be said about the large components of the other
combinatorial structures we have seen? We focus once more on the logarithmic structures that satisfy either
condition (5.31) or (5.37), where population genetics has a crucial role to play once more.

In approximating the behavior of counts of large components Cr = (Cr+l, Cr+2,. . .,Cn) we should not expect to
be able to compare to an independent process because, for example, there can be at most  components of size
j or greater, and this condition forces very strong correlations on the counts of large components. However, we
should be able to compare the component counting process Cr of the combinatorial
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structure to the ESF process , say. The approximating process is still discrete and, although not independent, it has a
simpler structure than the original process. For random polynomials, it is shown in Arratia et al. (1993) that

(5.38)

so that the counts of factors of large degree can indeed be compared successfully to the corresponding counts
for the ESF. The estimate in (5.38) has as a consequence the fact that the (renormalized) factors of largest degree
have asymptotically the PD(1) law, a result that also follows from work of Hansen (1994). In addition, a rate of
convergence is also available. In fact, (5.38) essentially holds for any of the logarithmic class (cf. Arratia et al.,
1994a).

In conclusion, we have seen that a variety of interesting functionals of the component structure of certain
combinatorial processes can be approximated in total variation norm by either those functionals of an independent
process or those functionals of the ESF itself. The important aspect of this is the focus on discrete approximating
processes, rather than those found by renormalizing to obtain a continuous limit. In a very real sense, our
knowledge of ''the biology of random permutations," as described by the ESF, has provided a crucial ingredient in
one area of probabilistic combinatorics.

WHERE TO NEXT?

In the preceding sections, we have illustrated how coalescent techniques can be used to model the evolution
of samples of selectively neutral DNA sequence data. Simple techniques for estimating substitution rates, some
based on likelihood methods and some on more ad hoc moment methods, were reviewed. We also illustrated how
the probabilistic structure of the coalescent might be used to simulate observations in order to assess the variability
of such estimators.
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Likelihood Methods

Notwithstanding the lack of recombination and selection, inference about substitution rates poses some
difficult statistical and computational problems. Most of these are due to the apparently heterogeneous nature of
the substitution process in different regions of the sequence. One of the outstanding open problems in this area is
the development of practical likelihood methods for sequence data. Inference techniques for sequence data from a
fixed (but typically unknown) tree are reviewed in Felsenstein (1988). The added ingredient in the population
genetics setting is the random nature of the coalescent itself—in principle, we have to average likelihoods on trees
over the underlying coalescent sample paths. The computational problems involved in this are enormous. The
likelihood can be thought of as a sum (over tree topologies) of terms, in each of which the probability of the
configuration of alleles, given the branching order and coalescence times Tn,Tn−1,. . .,T2, is averaged over the law
of Tn,Tn−1,. . .,T2. Monte Carlo techniques might be employed in its evaluation. One approach, using a bootstrap
technique, is described by Felsenstein (1992).

An alternative approach is to compute likelihoods numerically using the recursion in equation (5.17). The
probabilistic structure of the coalescent takes care of the integration, and the problem is, in principle at least,
simpler. For small sample sizes and simple mutation schemes this is possible (see Lundstrom (1990), for
example), but it is computationally prohibitive even for samples of the size discussed earlier. An alternative is the
Markov chain Monte Carlo approach in Griffiths and Tavaré (1994a), in which equation (5.17) is used to construct
an absorbing Markov process in such a way that the probability q(n) in (5.17) is the expected value of a functional
of the process up to the absorption time. That is, represent q(n) as

(5.39)

where {N(j), = 0,1,. . .} is a stochastic process determined by (5.17), and τ is the time it takes this process to
reach a particular set of states. Classical simulation methodology can now be used to simulate independent
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observations with mean q(n). The scheme in (5.39) can be modified to estimate the entire likelihood surface from a
single run, providing a computationally feasible method for approximating likelihood surfaces.

As an illustration, we return to the mitochondrial data described in the subsection on the infinitely-many-sites
model above. We saw that of the 21 segregating sites in the sample, 14 were consistent with an infinitely-many-
sites model. The remaining 7 sites are described in Table 5.2. These data comprise a sample of 63 individuals from a
K = 27 = 128 allele model. The allele frequencies are given in Table 5.2.

Table 5.2 Incompatible Sites and Frequencies

Sequence Site
0

1
T

9
T

10
C

13
C

17
T

18
T

19
C

Frequency

1 0 0 0 1 0 0 0 8

2 0 0 0 0 0 0 0 12

3 1 0 0 0 0 0 0 3

4 0 1 0 0 0 0 0 12

5 0 0 0 1 1 0 0 2

6 0 0 1 0 0 0 1 1

7 0 0 0 0 1 1 0 1

8 0 0 0 0 0 1 0 9

9 1 0 0 0 0 1 0 3

10 0 0 1 0 0 1 0 1

11 0 0 0 0 0 1 1 7

12 0 0 1 0 0 1 1 3

13 0 1 1 0 0 1 1 1

NOTE: Data are from Table 5.1. The row labeled 0 gives the nucleotide corresponding to 0 at that site. The last column gives
the frequencies of the alleles in the sample.

The observed fraction of T nucleotides is πT = 207 / 441 = 0.469, and so π C= 0.531. We use these to
determine the per-site mutation rate matrix Q in (5.15):
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where s = 7. Assuming that πC and πT are given by their observed frequencies, there is just the single parameter θ 
to be estimated. Preliminary simulation results give the maximum likelihood estimate of θ at about  = 17 . This
corresponds to a per site C → T rate of α = 1.14, and a per site T → C rate of β = 1.28. These rates are about 50
times higher than those based on the analysis in the section on the K-allele models above using all 201 sites. Of
course, this set of sites was chosen essentially because of the high mutation rates in the region and so should
represent an extreme estimate of the rates in the whole molecule. Nonetheless, the results do point to the lack of
homogeneity in substitution rates in this molecule. For other approaches to the modeling of hypervariable sites, see
Lundstrom et al. (1992b).

Discussion

The emphasis in this chapter has been the discussion of inference techniques for the coalescent, a natural
model for the analysis of samples taken from large populations.

An interesting development in the mathematical theory has been the study of measure-valued diffusions
initiated by Fleming and Viot (1979). This is a generalization of the "usual" diffusions so prevalent in the classical
theory of population genetics, described for example in Ewens (1979, 1990) and Tavaré (1984). A comprehensive
discussion of the Fleming-Viot process appears in Ethier and Kurtz (1993), where the probabilistic structure of a
broad range of examples, such as multiple loci with recombination, infinitely many alleles with selection,
multigene families, and migration models, are discussed in some detail.

Perhaps the most important aspect of the theory that has seen rather little theoretical treatment thus far is the
area that might loosely be called variable population size processes, and their inference. These issues are becoming
more important in the analysis and interpretation of human mitochondrial sequence data. Two recent articles in
this area are Slatkin
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and Hudson (1991) and Rogers and Harpending (1992). Lundstrom et al. (1992b) note that the effects of variable
population size on gene frequency distributions can readily be confounded with the effects of hypervariable
regions in the sequences. A careful assessment of the interaction of these two effects seems important, as does a
detailed treatment of the effects of spatial structure and population subdivision on the analysis of sequence
diversity. The Monte Carlo likelihood methods developed for sequence data in Griffiths and Tavaré (1994a) adapt
readily to situations like this. See, for example, Griffiths and Tavaré (1994b.) They offer a practical approach to
inference from very complicated stochastic processes. These techniques are based on genealogical arguments that
provide the cornerstone of a firm quantitative basis for the analysis of DNA sequence data and our understanding
of genomic diversity.
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Chapter 6—

Winding the Double Helix: Using Geometry, Topology, and
Mechanics of DNA

James H. White
University of California, Los Angeles

Crick and Watson's double helix model describes the local structure of DNA, but the global structure is
more complex. The DNA double helix follows an axis that is typically curved—creating a phenomenon called
supercoiling, which is crucial for a wide variety of biological processes. Understanding supercoiling requires
ideas from geometry and topology. In this chapter, the author discusses three key descriptors of the
geometry of supercoiled DNA molecules: linking, twisting, and writhing. These quantities are related by a
fundamental theorem with important consequences for experimental biology, because it allows biologists to
infer any one of the quantities from measurements of the other two.

Deoxyribonucleic acid (DNA) is usually envisioned as a pair of helices, the sugar-phosphate backbones,
winding around a common linear axis. In the famous model of Crick and Watson, one turn of the double helix
occurs approximately every 10.5 base pairs. However, the actual structure of DNA in a cell is typically more
complex: the axis of the double helix may itself be a helix or may, in general, assume almost any configuration in
space. In the late 1960s it was discovered that many DNA molecules are also closed; that is, the axis as well as the
two backbone strands are closed curves. (A closed curve is a curve of finite length, the "starting point" and
"endpoint" of which coincide.) In this case the DNA is called closed circular or simply closed. This chapter is
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concerned with the geometry, topology, and energetics of closed supercoiled DNA.
Supercoiling of closed DNA is ubiquitous in biological systems. It can arise in two ways. First, it can result

when DNA winds around proteins. Second, supercoiling can also result from topological constraints known as
under- or overwinding, in which case the axis of the DNA usually assumes an interwound, or plectonemic, form.

Supercoiling is important for a wide variety of biological processes. For example, supercoiling is a way of
storing free energy—which can be used to assist the vital processes of replication and transcription, processes that
require untwisting or separation of DNA duplex strands. Thus, supercoiling helps enzymes called helicases,
polymerases, and other proteins to force apart the two strands of the DNA double helix, allowing access to the
genetic information stored in the base sequence. It also promotes a variety of structural alterations that lead to DNA
unwinding, such as z-DNA (left-handed double helical DNA) and cruciforms (cross-shapes). In higher organisms,
supercoiling helps in cellular packaging of DNA in structures called nucleosomes, in which DNA is wound around
proteins called histones. It is crucial in bringing together and aligning DNA sequences in site-specific
recombination. It also changes the helical periodicity (number of base pairs per turn) of the DNA double helix;
such changes can alter the binding of proteins to the DNA or the phasing of recombinant sequences.

Understanding supercoiled DNA is thus essential for the understanding of these diverse processes. Numerous
biological experiments—including those based on sedimentation, gel electrophoresis, electron microscopy, X-ray
diffraction, nuclease digestion, and footprinting—can give information about these matters. However,
mathematical methods for describing and understanding closed circular DNA are needed to explain and classify
the data obtained from these experiments.

This chapter defines and elucidates the major geometric descriptors of supercoiled DNA: linking, twisting,
and writhing. It applies these concepts to classify the action of the major types of cutting enzymes, topoisomerases
of Type I and Type II. It then develops the differential topological invariants necessary to describe the structural
changes that occur in the DNA that is bound to proteins. Other chapters in this book explore applications of
topology and geometry to DNA coiling. Chapter 7
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introduces the concepts necessary to describe the mechanical equilibria of closed circular DNA and gives an
analysis of transitions of superhelical transitions, dealing specifically with strand separation. Chapter 8 applies the
topology of knot theory to explain the action of enzymes in carrying out the fundamental process of site-specific
recombination.

DNA GEOMETRY AND TOPOLOGY: LINKING, TWISTING, AND WRITHING

To understand supercoiling in DNA, we model DNA (Bauer et al., 1980; White and Bauer, 1986) in the
simplest possible way that will be useful for both ''open" linear DNA and closed circular supercoiled DNA
wrapped around a series of proteins. Linear DNA is best modeled by a pair of cylindrical helices, C and W, 
representing the backbones winding right-handedly around a finite cylinder whose central axis, A, is a straight line
(Figure 6.1a). Such DNA has a "starting point" and an endpoint. Relaxed closed circular DNA is modeled by
bending the cylinder to form a closed toroidal surface in such a way that the axis, A, is a closed planar curve and
the ends of the curves C and W are also joined (Figure 6.1b). Finally, closed supercoiled DNA can be modeled by
supercoiling the toroidal surface itself (Figure 6.1c). (Closed DNA can be used to model "open" linear DNA
because the reference frame is fixed at the starting point and the endpoint of open DNA even during biological
changes.)

We first wish to describe the fundamental geometric and topological quantities that can be used to
characterize supercoiling, namely, the three quantities linking, writhing, and twisting (White, 1989). These are
quantities that can be used to measure the interwinding of the backbone strands and the compacting of the DNA
into a relatively small volume.

The linking number is a mathematical quantity associated with two closed oriented curves. This important
property is unchanged even if the two curves are distorted, as long as there is no break in either curve. For closed
DNA the linking number is that of the two curves C and W. This number can therefore be changed only by
single-or double-stranded breaks in the DNA. We assume that the two strands are oriented in a parallel fashion.
This assumption is not consistent with the bond polarity
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Figure 6. 1
(a) The linear form of the double helical model of DNA. (b) The relaxed closed circular form of DNA. (c) The
plectonemically interwound form of supercoiled closed DNA.
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but greatly facilitates the mathematics necessary for the description of supercoiling. Because either backbone
curve can be deformed into the axis curve A without passing through the other, the linking number of a closed
DNA is also the linking number of either backbone curve C or W with the central axis curve A. Therefore, we
describe the linking number of a DNA in terms of the linking number of C with A.

To define the linking number, the simplest technique is to use the so-called modified projection method. The
pair of curves, A and C, when viewed from a given point distant from the two curves appear to be projected into a
plane perpendicular to the line of sight except that the relative overlay of crossing segments is clearly observable.
Such a view gives a modified projection of the pair of curves. In any such projection, there may be a number of
apparent crossings. To each such crossing is attached a signed number ±1 according to the sign convention
described in Figure 6.2. If one adds all of the signed numbers associated with this projection and divides by 2, one
obtains the linking number of the curves A and C, Lk(A,C), which we denote for simplicity by Lk. In Figure 6.3 a
number of simple cases are illustrated. An important fact about the linking number of a pair of curves is that it
does not depend on the projection or view of the pair; that is, the total of the signed numbers for crossings
corresponding to any projection is always the same. For socalled relaxed closed DNA the average number of base
pairs per turn of C around W or C around A is 10.5. Thus Lk can be quite large for closed DNA. For a relaxed
circular DNA molecule of the monkey virus SV40, which has approximately 5,250 base pairs, Lk is about 500, and
for bacteriophage λ of about 48,510 base pairs, Lk is about 4,620.

The linking number of a DNA, though a topological quantity, can be decomposed into two geometric
quantities: writhe Wr and twist Tw, which can be used to describe supercoiling (White, 1969). The linking number
is a measure of the crossings seen in any view. These crossings can be divided into two categories, distant
crossings, which occur because the DNA axis is seen to cross itself, and local crossings, which occur because of
the helical winding of the backbone curve around the axis. In the former, the backbone curve of one crossing
segment is seen to cross the axis of the other segment. Distant crossings are measured by writhe, and local
crossings by twist. We now give precise definitions of these two quantities.
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Figure 6.2
Sign convention for the crossing of two curves in a modified projection. The arrows indicate the orientation of the
two crossing curves. To determine the sign of the crossing, the arrow on top is rotated by an angle less than 180° onto
the arrow on the bottom. If the rotation required is clockwise as in (a), the crossing is given a (−) sign. If the rotation
required is counterclockwise as in (b), the crossing is given a (+) sign.

Figure 6.3
Examples of pairs of curves with various linking numbers, using the convention described in Figure 6.2 and the
method described in the text.
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Writhe can be defined in a manner analogous to the linking number. It is a property of a single curve, in this
case the central axis A. In any modified projection of the single curve A, there will be a number of apparent
crossings. To each such crossing is attached a sign as in the case of the linking number. If one adds all these signed
numbers, one obtains the projected writhing number. Unlike the linking number, projected writhe may change
depending on the view that one takes. This is demonstrated by the different views of the same curve in Figure 6.4.
The writhing number is defined as the average over all possible views of the projected writhing number. If two
distant segments of a DNA axis are brought very close together, then this proximity will contribute approximately
±1 to the writhing number because in almost all views this proximity will be seen as a crossing. If the DNA axis
lies in a plane and has no self-crossings, then Wr must be equal to zero, because in all views (except along the
plane itself) there will be no apparent crossings. If the DNA lies in a plane except for a few places where the curve
crosses itself, then the writhe is the total of the signed numbers attached to the self-crossings. Figure 6.5 gives the
approximate writhe of some examples of tightly coiled DNA axes. Note that for consistently coiled curves of
uniform handedness the larger the absolute value of the writhe the more compact the curve is.

An important fact about the writhe of a space curve is that if the curve is passed through itself, at the moment
of self-passage the writhe changes by ±2. This is because, at the moment of self-passage, no change takes place
except at the point of passage, and the interchange of the under- and oversegments at the point of passage changes
the writhe by precisely ±2. This is illustrated in Figure 6.6. The orientation of the axis curve is not important
because the writhe does not change if the orientation is reversed. This fact enables one to choose the orientation of
the axis curve, A, to be consistent with that of the backbone strand orientation.

We next define the twist of the DNA. For closed DNA the twist will usually refer to the twist of one of the
backbone curves, say C around the axis A, which is denoted Tw(C,A) or simply Tw. To define the twist, we need
the use of vectors (White and Bauer, 1986). Any local cross section of the DNA perpendicular to the DNA axis
contains a unique point a of the axis A and a unique point c of the backbone C
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Figure 6.4
Illustration of the dependence of projected writhing number on projection. The axis of the same nonplanar closed
DNA is shown in two different projections obtained by rotating the molecule around the dashed line. The points Q
and R on the axis help illustrate the rotation. The segment QR crosses in front in (a) but is in the upper rear in (b).
The projected writhing number in (a) is −1 and 0 in (b).

Figure 6.5
Examples of closed curves with different writhing numbers.

(Figure 6.7). We designate by vac a unit vector along the line joining the point a to the point c. Then as one
proceeds along the DNA, since the backbone curve C turns around the axis A, the vector vac turns around the axis,
or more precisely around T, the unit vector tangent to the curve A. The twist is a certain measure of this turning.
As the point a moves along the axis A, the vector vac may change. The infinitesimal change in vac, denoted dvac,
will have a component tangent to the axis and a component perpendicular to the axis. The twist is the measure of
the total perpendicular component of the change of the vector vac, as the point a traverses the entire length of the
DNA. It is therefore given by the line
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Figure 6.6
The writhing number of curves with one coil. The curve on the left has writhing number approximately −1 and on the
right approximately +1. One curve can be obtained from the other by a self-passage at the crossing, which changes
the writhing number by +2 or −2.

Figure 6.7
Cross-section of DNA. The plane perpendicular to the DNA axis A intersects the axis at the point a and intersects the
backbone curve C at the point c. The unit vector along the line joining a to c is denoted vac. Note that as the
intersection plane moves along the DNA, this vector turns about the axis.
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integral expression:

When A is a straight line segment or planar curve, dvac always is perpendicular to the curve A, so that in
these cases, Tw reduces to the number of times that vac turns around the axis. Examples are shown in Figure 6.8a.
Furthermore, if the DNA axis is planar and is also closed, Tw must necessarily be an integer, because the initial
vector vac and the final vector vac are the same. Tw is not always the number of times that C winds around A.
Indeed, Tw is usually not the number of times that C winds around A if the axis is supercoiled; Figure 6.8b gives
an example in which A itself is a helix and C a superhelix winding around A. In this case, the twist is the number
of times that C winds around A plus a term, nsinγ, which depends on the geometry of the helix A. In addition, in
most cases where the DNA is closed and supercoiled, the twist is not integral (White and Bauer, 1986).

The linking number, writhe, and twist of a closed DNA are related by the well-known equation (White,
1969):

Lk = Tw + Wr.

Thus for a closed strand of DNA of constant linking number, any change in Wr must be compensated by an
equal in magnitude but opposite in sign change in Tw. This interchange is most easily seen by taking a rubber band
or some simple elastic ribbon-like material that has two edges and while holding it fixed with one hand, twisting it
with the other. After some time, much of the twisting will be seen to introduce writhing of the axis of the elastic
material. The linking number of the two edges will stay the same because no breaks occur in the twisting. Because
the model is held fixed by one hand, the twisting must be compensated by writhing. Though more complicated to
explain, it is the same phenomenon that accounts for the supercoiling of most heavily used telephone cords. The
constant twisting of the cord is eventually compensated by writhing.
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Figure 6.8a
Examples of pairs of curves C and A with different values of twist. (a) Simple examples in which the axis A is a
straight line and the twist is the number of times that C winds around A, being positive for right-handed twist and
negative for left-handed twist. (b) An example in which the axis A is a helix winding around a linear axis and the
curve C is a superhelix winding around A. In this case the twist of C around A is the number of times that C winds
around A (in this case approximately 3.5) plus nsinγ where n is the number of times that A winds around the linear
axis and γ is the pitch angle of the helix A. Here n is approximately 1.5 and γ is approximately 40°. Thus, Tw ≈ 4.46.

APPLICATIONS TO DNA TOPOISOMERASE REACTIONS

For a relaxed closed DNA that lies in a plane and has no self-crossings, we have seen that the writhing
number is equal to 0. Therefore, by the fundamental formula, Tw = Lk. Thus both Tw and Lk are equal to the
number of times that the backbone strands wind around the axis, or more precisely the number of times the
backbone curve rises above and falls below the plane in which the axis lies. For such a DNA in the B-form, there
are about 10.5 base pairs per turn of the backbone. This linking number is usually denoted Lk0. As we noted
above, a relaxed DNA molecule of monkey virus SV40 with about 5,250 base pairs has Lk0 = Tw = 500. However,
the linking number of most closed circular DNA is not that of the relaxed state. The actual linking number
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Lk in most cases is less than Lk0. In the electron microscope, these DNA are supercoiled and appear to be contorted
or coiled-up rings with many self-crossings. The quantity Lk − Lk0 = ∆Lk is called the linking number difference
and is a measure of this supercoiling. By the fundamental theorem, a change in linking must consist of a change in
twist and a change in writhe: ∆Lk = ∆Tw + ∆Wr. Because the writhe of a planar curve is 0, ∆Wr becomes simply
Wr. Recent work (Boles et al., 1990) shows the ratio of the change in writhe to the change in twist is
approximately 2.6:1; that is, ∆Wr = 0.72 ∆Lk and ∆Tw = 0.28 ∆Lk. Thus, for each change of 1 in the linking
difference, there is a change of 0.72 in the writhe. Large changes in linking will therefore result in large changes in
Wr. Because of this, there are negative crossovers introduced in many views of the DNA. In fact, it has been
shown that the interwound coils shown in Figure 6.1c model negatively supercoiled DNA well. Such DNA are
also called underwound because the twist is also reduced.

Some time after the discovery of closed supercoiled DNA (Bauer, 1978), enzymes were found that can
actually change the linking number difference and in fact change a highly supercoiled DNA into a relaxed open
circular DNA (Wang, 1985). These enzymes, called topoisomerases, because they change the topology of the
DNA, are divided into two classes according to their operational function: Type I topoisomerases, which introduce
single-stranded breaks, and Type II topoisomerases, which introduce double-stranded breaks.

An intuitive description of the action of a Type I topoisomerase can be given as follows. The first step in a
Type 1 topoisomerase reaction is to break the backbone curve C of an underwound DNA at a point c. Then the
backbone curve is allowed to rotate in a clockwise fashion to increase the twist in the direction to that preferred by
B-form DNA. (This rotation is a natural process for DNA with smaller ∆Lk in absolute value and is energetically
more favorable.) Finally, the break is again sealed at the point c. The twist increases by an integral amount
depending on the number of rotations. Because the axis is virtually unchanged in the immediate process, the writhe
remains unchanged. Therefore the linking number increases by the number of times the C strand is rotated around
the axis A. Energetically, following the completion of the sealing, each change in linking of +1 will be
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distributed to change the average twist by +0.28 and the average writhe by +0.72 in accordance with the results
mentioned above (Boles et al., 1990). Eventually, in the presence of topoisomerases of Type I, the linking number
difference of a supercoiled DNA can be reduced to 0. In reality, an entire population of supercoiled DNA with a
specific linking number difference can be treated with a topoisomerase of Type 1. The result will be a mixture of
the same DNA with linking number differences that vary all the way from the original number to 0. By way of
example, the native state of the monkey virus SV40 is not a relaxed circle, but rather a supercoiled DNA with
linking number difference of −25. After treatment with Type I topoisomerase, the same population exists with
linking number differences −25, −24, −23, . . ., −1, 0, depending on the amount of change introduced by the
enzyme. Interestingly enough, the same DNA with different linking number differences can be separated by means
of gel electrophoresis (Wang and Bauer, 1979). Separation occurs due to the fact that such DNA travel through the
tangled molecular matrix of a gel at different speeds because one has more Wr and is more compact than the
other. This is one way in which the topology of a DNA can be used to characterize DNA's physical properties.

Topoisomerases of Type II also have the function of reducing the amount of linking difference. In the
reaction of Type I topoisomerases described above, the twist was increased to increase the linking number. In the
case of Type II topoisomerases, the increase in linking is due to an increase in writhing, which is obtained by a
self-passage of the entire DNA molecule. The first step is to bring distant segments of the DNA into close
proximity. Because DNA is found mostly in the interwound form, it already has distant segments reasonably
close, as shown in Figure 6.1 c. The node so created contributes a −1 to the writhing number at this point. Next a
complete break of the DNA at the cross section of one of the neighboring segments takes place. This is essentially
accomplished by breaks of both backbone chains in the cross section. The other segment is now passed through the
double-stranded break. Finally, the original break is resealed. In this process of self-passage, the writhing number
has been increased by +2. This is due to the fact that a negative crossing has been replaced by a positive crossing.
Because the twist is virtually unaltered in the process, the linking number also increases by +2. After the process is
over, the change in linking of +2
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will be distributed to give a change of +1.44 in average writhe and a change of +0.56 in average twist. Continuing
with the same example of SV40 DNA introduced in the paragraph above, if a topoisomerase of Type II were
introduced into a population of SV40 with linking number difference −25, the result would be a collection of such
DNA with linking number differences −25, −23, −21, . . ., −3, −1. Such enzymes in fact were discovered because
of this striking difference from topoisomerase of Type I in which DNA with all negative differences, not just the
odd ones, were found.

Other functions of topoisomerases are to pass single-stranded DNA through itself or to pass nicked DNA-that
is, DNA in which one of the backbone strands has been cut by an enzyme-through itself. This aspect of
topoisomerases is dealt with in more detail in Chapter 8.

DNA ON PROTEIN COMPLEXES

We now turn our attention to the geometric and topological analysis of DNA whose axes are constrained to
lie on surfaces (White et al., 1988). The most well-characterized example of a protein surface is the nucleosome
core (Finch et al., 1977), a cylinder of height 5.04 nanometers (nm) and radius 4.3 nm. In this case the axis A of
the DNA wraps nearly twice around the core as a left-handed helix of pitch 2.8 nm. The surface on which the DNA
molecule lies is the so-called solvent-accessible surface (Richards, 1977). This is the surface generated by moving a
water-sized spherical probe around the atomic surface of the protein at the van der Waals distance of all external
atoms and is the continuous sheet defined by the locus of the center of the probe. (In general, the surface of a
protein is defined in this manner.) It is this surface that comes into contact with the DNA backbone chain. Because
the DNA is approximately 1 nm in radius, the DNA axis lies on a surface that is 1 nm outside of the solvent-
accessible surface to account for the separation of the backbone from the axis. This latter surface is the one to
which we shall refer in the rest of this section as the surface on which the DNA, meaning the DNA axis A, lies or
wraps.

For DNA that lies on a surface, the geometric and topological analyses are best served by dividing the linking
number not into twist and writhe, which relate only to spatial properties of the DNA, but into
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components that relate directly to the surface and surface-related experiments. The linking number of a closed
DNA constrained to lie on the surface divides into two integral quantities, the surface linking number, which
measures the wrapping of the DNA around the surface, and the winding number, which is a measure of the
number of times that the backbone contacts or rises away from the surface (White et al., 1988). Experimentally,
the first quantity can be measured by X-ray diffraction, and the second can be measured by digestion or
footprinting methods. In particular for the nucleosome, the partial contribution to the surface linking number due
to the left-handed wrapping around the cylindrical core is −1.85 (Finch et al., 1981; Richmond et al., 1984).
Furthermore, the winding number has been measured to be the number of base pairs of the DNA on the
nucleosome divided by approximately 10.17 (Drew and Travers, 1985).

THE SURFACE LINKING NUMBER

We now give a formal definition of the two quantities, surface linking number SLk and winding number, for a
closed DNA on a protein surface. We assume that the surface involved has the property that at each point near the
axis of the DNA, there is a well-defined surface normal vector. The unit vector along this vector will be denoted
by v. (We assume that the surfaces are orientable. In this case, there are two possible choices for the vector field
v depending on the side of the surface to which the vector field points.) If the DNA axis A is displaced a small
distance ε ≠ 0 along this vector field at each point, a new curve Aε is created. ε should be chosen small enough so
that during the displacement of A to Aε no crossings of one curve with the other take place. The curve Aε is also
closed and can be oriented in a manner consistent with the orientation of A. The surface linking number is defined
to be the linking number of the original curve A with the curve Aε (White and Bauer, 1988). Simple examples of
the surface linking number occur for DNA whose axes lie on planar surfaces or spheroidal surfaces. First, for a
DNA whose axis lies in a plane, SLk = 0. This is easy to see, for in this case the vector field v is a constant field
perpendicular to the plane. Hence the curve Aε lies entirely to one side of
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the plane and cannot link A, a curve lying entirely in the plane. Second, if the DNA axis lies on a round sphere,
SLk = 0. To see this, we can assume without loss of generality that the vector field v points into the sphere. In this
case the displaced curve Aε lies entirely inside the sphere and hence cannot link A. These and additional examples
are illustrated in Figure 6.9.

SLk is what is technically called a differential topological invariant. As such, SLk has three important
properties. First, if the DNA axis-surface combined structure is deformed in such a way that no discontinuities in
the vector field v occur in the neighborhood of the DNA axis A, and A itself is not broken, then SLk remains
invariant. For example, if the DNA lies in a plane and that plane is deformed, SLk remains equal to 0; if it lies on a
sphere that is deformed, SLk remains equal to 0. Thus, if a DNA axis lies on the surface of any type of spheroid,
SLk =0. Examples of spheroids are shown in Figure 6.10a. An important example of SLk being equal to 0 is shown
in Figure 6.9d, in which the DNA axis lies on the surface of a capped cylinder. A second important property of
SLk is that it depends only on the surface near the axis. Hence, if the surface on which the axis lies is broken or
torn apart at places not near the axis, SLk remains invariant. For example, if a DNA lies on a protein, and a portion
of the protein not near the axis is broken or decomposes, SLk remains invariant. The third important property is
that if a DNA lies on a surface and slides along the surface, then as long as the vector field v varies smoothly from
point to point on the surface and as long as in the process of sliding the axis does not break, SLk remains invariant.
Thus, if the capped cylinder in Figure 6.9d were allowed to expand and the axis curve required to remain the same
length, it would have to unwind as it slid along the surface of the enlarged cylinder. However, SLk would remain
equal to 0.

Another class of biologically important surfaces exists for which it is possible that a DNA can have an SLk ≠
0. These are so-called toroidal surfaces. They consist of the round circular torus and their deformations. Suppose
an axis curve A traverses the entire length of a round circular torus handle once as it wraps around it a number of
times, n. Suppose further that the inner radius of the torus is equal to r. For the vector field v, we choose the
inward pointing surface normal. In this case, if one chooses ε = r, Aε would be the central axis of the torus. Thus
SLk is the linking number of the curve A with the central axis of
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Figure 6.9
Examples of displacement curves and SLk. For any curve A lying on a surface, the displacement curve Aε is formed
by moving a small distance ε along the surface normal at each point on the curve. For planar curves as in (a), all of
the normal vectors can be chosen to point upward, and then Aε is above A. The curves are unlinked, and hence SLk 
= 0. For curves on a spherical surface as in (b), the surface vectors can be chosen to point inward, and hence Aε is
entirely inside and therefore does not link A. SLk is again equal to 0. In (c) and (d) the surface normal vectors have
been chosen to point inward, and ε has been set equal to the inner radii of the surfaces on which the DNA is wound.
In (c), Aε becomes the central axis of the torus, and SLk = +4. In (d) the DNA is wrapped plectonemically around a
capped cylinder. The displacement curve Aε lies entirely inside, and thus SLk = 0.
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the torus. This implies that if the wrapping is right-handed, SLk = +n, and if the wrapping is left-handed,
SLk = −n. By the invariant properties mentioned above, SLk remains invariant even if the round torus is deformed.
Examples are shown in Figure 6.10b.

Figure 6.10
(a) Deformations of the round sphere into spheroids. (b) Deformation of the round circular torus into toroids.

The concept of SLk can also be applied to DNA that are not attached to real protein surfaces but are free in
space. For example, the most common kind of free DNA, that is, DNA free of any protein attachment, is
plectonemically wound DNA. Here the DNA can be considered to lie on the surface of a spheroid such as the one
shown in Figure 6.9b (or a deformation of it), the exact shape of which is determined by the energyminimum DNA
conformation. Then the surface may be allowed to vanish and reappear without changing the shape of the DNA
superhelix. The DNA is said to be wrapped on a virtual surface (White et al., 1988). Thus, the SLk of the DNA in
Figure 6.9d is equal to 0 regardless of whether the surface is virtual or is that of a real protein. More generally,
these concepts can be applied to DNA wrapped on a series of proteins
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with virtual surfaces joining them. An example of this is presented below in our discussion of the
minichromosome.

THE WINDING NUMBER AND HELICAL REPEAT

We next give a formal definition of the winding number of a DNA wrapping on a surface. Because the vector
v is perpendicular to the surface, it is also perpendicular to the DNA axis A and thus lies in the perpendicular
planar cross section at each point of the DNA. Therefore, at each point this vector v and the strand-axis vector
vac, defined above lie in this same planar cross section. In this plane, the vector vac makes an angle � with the
vector v (Figure 6. 1). As one proceeds along the DNA segment, vac spins around v, as the backbone curve C 
alternately rises away from and falls near to the surface, while the angle � turns through 2π radians (that is, 360°).
The total change in the angle �, divided by the normalizing factor 2π (or 360°), during this passage is called the
winding number of the DNA and is denoted Φ (White et al., 1988). This number may also be thought of as the
number of times that vac rotates past v as the DNA is traversed. A related quantity called the helical repeat, denoted
h, is the number of base pairs necessary for one complete 360° revolution. For closed DNA, because the beginning
and ending point are the same for one complete passage of the DNA, the vectors v and vac are the same at the
beginning and at the end. In this case, therefore, Φ must necessarily be an integer.

There are equivalent formulations for the winding number of a closed DNA wrapping on a protein surface.
During each 360° rotation of the vector vac in the perpendicular plane, � assumes the values of 0 (or 0°) and π (or
180°) exactly once. When � = 0, vac = v, and when � = π, vac = −v. In the latter case, the backbone strand is at
maximal distance from the protein surface, and in the former it comes into contact with the protein. Thus the
winding number of a closed DNA on a protein surface is the number of times one of the backbone strands contacts
the protein surface, or it is the number of times the strand is at maximal distance from it. In this case, it also
follows from its definition that the helical repeat is the number of base pairs between successive contact points of
one of the backbones or the number of base pairs between successive
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points of maximal distance from the protein surface. This latter number can be measured directly by digestion or
footprinting methods, which involve probes that search for points of the backbones to cut, the easiest being those
points at maximal distance from the surface.

Figure 6.11
Definition of the surface vectors necessary to define the winding number. The duplex DNA axis A lies on the
surface. The backbone curve C will pass above and below the surface as it winds around A. To describe surface
winding, two vectors need to be defined originating at a point a on A, namely, the unit surface normal vector v and
the strand-axis vector vac along the line connecting a to the corresponding point c on the backbone C. � is defined to
be the angle between these two vectors. The winding number Φ measures the number of times that � turns through
360°, or how many times vac rotates past v.

The winding number Φ is also a differential topological invariant and therefore has the same three properties
mentioned above for SLk. In particular, it remains invariant if the DNA surface structure is deformed without any
breaks in the DNA or any introduction of discontinuities in the vector field v. Under the same conditions, it also
remains unchanged if the DNA is allowed to slide along the surface.

WINDING THE DOUBLE HELIX: USING GEOMETRY, TOPOLOGY, AND MECHANICS OF DNA 172

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


RELATIONSHIP BETWEEN LINKING, SURFACE LINKING, AND WINDING

It is remarkable that the three quantities Lk, SLk, and Φ, although very different in definition, are related by a
theorem from differential topology. In fact, for a closed DNA on a surface, the linking number is the sum of the
surface linking number and the winding number (White et al., 1988); that is,

Lk = SLk + Φ.

Before we outline the proof of this result, we first give some simple examples. We then give the proof and
conclude with the example of the minichromosome.

For DNA that lies in a plane or on a spheroid, SLk =0. Therefore, Lk = Φ, and if there are N base pairs in the
DNA, the helical repeat is given by h = N / Lk. These two cases include relaxed circular DNA, for which Lk Lk0,
and plectonemically interwound DNA, the most common form of supercoiled DNA. For DNA that traverses the
handle of a round circular torus while wrapping n times around the handle, Lk = n + Φ if the wrapping is right-
handed, and Lk = −n + Φ if the wrapping is left-handed. In both cases, Lk is unchanged if the torus is smoothly
deformed.

We now outline the proof of the main result. To do this, we first define the surface twist, STw, of the vector
field v along the axis curve A (White and Bauer, 1988; White et al., 1988). This is basically defined the same as
the twist of the DNA except that the vector field v is used and not the vector field vac, Hence, STw is given by the
equation

Thus, STw measures the perpendicular component of the change of the vector v as one proceeds along the
axis A, and thus is a measure of the spinning of the vector field v around the curve A. It can also be considered to
be the twist of Aε around A. We recall that Tw measures
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the spinning of the vector field vac around the curve A. Thus, the difference Tw−STw measures the spinning of
vac around v. But this is exactly the winding number Φ. Hence Tw − STw = Φ.

We recall the fundamental formula

Wr(A) + Tw(C,A) = Lk(C,A) or
Wr + Tw = Lk.

A similar formula relating STw, Wr, and SLk holds:

WrA + STw = LkA,Aε or
Wr + STw = SLk

because STw is the twist of Aε around A and SLk is the linking number of Aε and A. Combining the two
formulas and using the result that Tw − STw = Φ, we obtain

Lk = SLk + Φ.

The biological importance of this relationship is that all three of these quantities are experimentally
measurable. Thus, having determined any two of them, one can calculate the other and then compare with the
experimental value. In the next section, we show by a classical example from molecular biology, the
minichromosome, the power of this theorem.

APPLICATION TO THE STUDY OF THE MINICHROMOSOME

A minichromosome is a structure that consists of a closed DNA bound to a series of core nucleosomes. Such a
structure allows the compaction of a very long DNA into a small volume, in the same way that a long piece of
thread is compacted by wrapping it on a spool. Understanding such structures is essential to a knowledge of how
DNA
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is packaged in the cell. In this section, we study the geometry and topology of DNA in such a structure. Each
nucleosome may best be described as a cylinder, the histone octamer, around which the DNA wraps approximately
1.8 times in a left-handed manner. The DNA segments between successive nucleosomes are called linker regions.
Thus, the DNA divides between linker DNA and core-associated DNA. An example of such a structure is shown
in Figure 6.12. Such a compound structure consists of a toroidal surface, part of which is the real surface of the
nucleosome cores and part of which is virtual linker surfaces joining successive cylinders. These virtual pieces are
deformed cylindrical sections, all of the same radius, on which the linker DNA are constrained to lie. The
specification of each of these surfaces is arbitrary as long as it takes into account the coiling of the linker. The
linker DNA can thus be thought of as a generating curve for the cylindrical section. An important condition to be
imposed is that the linker DNA does not wind around the piece on which it lies. This condition will ensure that all
contributions to SLk due to winding around the torus handle will come only from the intranucleosome winding.
Any additional contribution to SLk must therefore come from the coiling of the linker DNA.

To simplify our example, we will assume that the minichromosome is relaxed. This means that the linker
regions are planar and that all contributions to SLk come from the winding of the DNA around the histone
octamers. Such a relaxed state can be achieved by the introduction into the minichromosome of topoisomerases,
which relax the linker DNA but leave unaffected the DNA on the nucleosome cores. In this case, SLk can be
directly measured by X-ray diffraction and found to be −1.8 m, where m is the number of nucleosomes. An
example with 5 nucleosomes is shown in Figure 6.13, for which SLk = −9. For SV40 DNA, there are about 25
nucleosomes (Sogo et al., 1986). Therefore, SLk = −45.

The linking number of the DNA on the relaxed SV40 minichromosome is measured in an indirect way. First,
the DNA is stripped of the nucleosome particles, becoming in the process a plectonemically interwound free
DNA. By means of gel electrophoresis, its linking number can be experimentally measured. In actuality, what is
measured is the difference of its linking number and the linking number of the same DNA totally relaxed, ∆Lk, as
defined above. ∆Lk is found to be about −1 per nucleosome core; that is, ∆Lk =−25 (Shure and
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Figure 6.12
Cartoon of a minichromosome. Three cylinders representing histone octamers are wound by DNA so as to form three
nucleosomes. The nucleosomes are connected by linker DNA segments. Successive real nucleosomes are connected
by virtual deformed cylindrical pieces, the deformations of which are determined by the coiling of the linker.
Reprinted, by permission, from White et al. (1988). Copyright 1988 by American Association for the Advancement
of Science.

Figure 6.13
Diagram of a relaxed minichromosome with five cylindrical nucleosomes. The DNA wraps left-handedly 1.8 times
around each nucleosome. The contribution to SLk is −1.8 for each nucleosome and 0 for each linker region. For the
entire structure, SLk = − 9. Reprinted, by permission, from White et al. (1989). Copyright 1989 by Academic Press
Limited.
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Vinograd, 1976). As we stated above, relaxed SV40 has a linking number, Lk0, of approximately 500.
Therefore minichromosomal SV40 has Lk = 475.

We can now answer an important question: Is the number of base pairs per turn, the helical repeat, unchanged
from the 10.5 of relaxed DNA, when DNA is wrapped on the nucleosome? The answer must be negative because
of the relationship Lk = SLk + Φ. Thus, we can theoretically determine that because Lk = 475 and SLk = −45, Φ
must be 520. However, we have seen above that Φ for relaxed SV40 is equal to Lk0 = 500. Because F = 520, the
average helical repeat for minichromosomal SV40 equals 5,250/520 = 10.10. In this analysis, we have made a
great many simplifications, but it is noteworthy that this number is in remarkably good agreement with the number
10.17 that is obtained by nuclease digestion experiments. The answer to the question is thus negative.

To summarize, we have found a fundamental relationship Lk = SLk + Φ�ορ τηρεε θυαντιτιεσ τηατ αρε διρεχτλψ
αχχεσσιβλε το εξπεριµεντ, Λκβψ ελεχτροπηορεσισ, ∑Λκβψ Ξ−ραψ δι��ραχτιον, ανδ Φ by digestion. If two of the
three are known, one can use the relationship to predict and therefore verify the experimental evidence for finding
the third. This gives a powerful use of differential topology in the field of molecular biology.
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Chapter 7—

Unwinding the Double Helix: Using Differential Mechanics to
Probe Conformational Changes in DNA

Craig J. Benham
Mount Sinai School of Medicine

The two strands of DNA are usually bound together in a double helix. However, many key biological
processes including DNA replication and gene expression-require unwinding of the double helix. Such
unwinding requires the input of energy, a large part of which is stored in the form of supercoiling of a
chromosome or chromosomal region. Given a supercoiled DNA molecule, where along its sequence will
unwinding occur? In this chapter, the author shows how basic principles of statistical mechanics—together
with some delicate numerical estimate—scan be applied to predict the sites of supercoil-induced unwinding.
The mathematical predictions are abundantly confirmed by experimental data and, when applied to new
situations, they suggest novel insights about gene regulation.

Deoxyribonucleic acid (DNA) usually occurs in the familiar Watson-Crick B-form double helix, in which the
two strands of the DNA duplex are held together by hydrogen bonds between their complementary bases. Many
important biological processes, however, involve separating the strands of the DNA duplex in order to gain access
to the information encoded in the sequence of bases within individual strands. In transcription, the first step in
gene expression, the DNA base pairing within the gene must be temporarily disrupted to allow an RNA molecule
with a sequence complementary to one of the strands of the gene to be constructed. In DNA replication, the two
original strands of a parent DNA molecule replicate to form two complete molecules, with each strand serving as a
template for the synthesis of its complement. To
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accomplish this, the strands of the parent molecule must separate to provide access to these templates.
The regulation of important physiological processes is extremely precise and complex. In addition to many

other layers of control, the strand separations required for specific functions must be carefully regulated to occur
at the precise positions needed for each activity, and only at times when that activity is to be initiated. Because
DNA prefers to remain in the B-form under normal conditions, strand separation requires the expenditure of (free)
energy. The energy required for strand separation depends upon the sequence of base pairs being separated.
Because A·T base pairs are held by only two hydrogen bonds whereas G·C pairs are held by three, it is
energetically less costly to separate the former pairs than the latter. For this reason, strand separations tend to be
concentrated in A+T−rich regions of the DNA. As we will see in this chapter, this provides the sequence
dependence necessary to control the sites of separation.

Controlling the occurrence of separations can be accomplished by modulating the amount of energy stored in
the DNA molecule itself. This is done by changing the topological constraints on the molecule. DNA in living
organisms is topologically constrained into domains within which the linking number is fixed. Enzymes can
change this linking number, placing the DNA in a higher energy state in which pure B-form DNA is less favored
and partial strand separation is thermodynamically more achievable. (The topology and geometry of superhelicity,
which is the jargon name for this process, have been described by White in Chapter 6.)

In order to illuminate the role of strand separation in DNA functions, one needs accurate theoretical methods
for predicting how a particular DNA sequence will behave as its linking number is varied. This chapter describes
methods that have been developed to make such predictions. The results of sample calculations are shown, and the
insights that they provide regarding specific DNA activities are sketched. The global and topological nature of the
constraints imposed on DNA causes behavior that exhibits many unusual and surprising features.
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DNA SUPERHELICITY—MATHEMATICS AND BIOLOGY

DNA in living cells is held in topological domains whose linking numbers can be individually regulated. In
practice there are two types of domains. Small DNA molecules can occur as closed circles, whereas larger DNA
molecules are formed into a series of loops by periodic attachments to a protein scaffold in a way that precludes
local rotations at the attachment site. This arrangement constrains the portion of DNA between adjacent
attachment sites to be a topological domain analogous to a closed circle.

For simplicity we consider a closed circular duplex DNA molecule as the paradigm of the topological
domain. (Closed circles are also the molecules of choice for experiments in this field.) The two strands that make
up the DNA duplex each have a chemical orientation induced by the directionality of the bonds that join neighbor
bases. This is called the 5'-3' orientation because each phosphate group in a strand joins the 5' carbon of one sugar
to the 3' carbon of the next. This orientation must be the same for every phosphate group within a strand, which
imparts a directionality to the strand as a whole. The two strands of the B-form duplex are oriented so their 5'-3'
directions are antiparallel. In consequence, a duplex DNA molecule can be closed into a circle only by joining
together the ends of each individual strand. Circularization by joining the ends of one strand to those of the other to
form a Möbius strip is forbidden because the bonds required would violate the conservation of 5'-3' directionality.
Hence a closed circular DNA molecule is composed of two interlinked, circular (antiparallel) strands.

Circularization fixes the linking number of the resulting molecule; the linking number is the number of times
that either strand links through the closed circle formed by the other strand. (Topological domains formed by
periodic attachments have a functionally equivalent constraint.) The fixing of the linking number Lk within a
topological domain provides a global constraint that topologically couples its secondary and tertiary structures
according to White's (1988) formula

Lk = Tw+ Wr. (7.1)
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Although Lk is fixed in a topological domain, both Tw and Wr may still vary, provided they do so in a
complementary manner.

Cutting one DNA strand in a domain releases the topological constraint of constant Lk, allowing it to find its
most relaxed state. The two resulting ends may rotate freely, relaxing any torsional deformation imposed on the
molecule. Writhing deformations can be converted to twist and then removed by this rotational relaxation. The sum
of the twist and writhe in this relaxed state determines a relaxed linking number Lk0. Note that, while the linking
number Lk of a circular DNA molecule must be an integer, the relaxed linking number Lk0 need not be integral.

Stresses are imposed on a topological domain whenever its linking number Lk differs from the relaxed value.
The resulting linking difference α = Lk − Lk0 must be accommodated by twisting and/or writhing deformations:

α = ∆ Tw + ∆ Wr. (7.2)

Topological domains in living systems are commonly found in a negatively superhelical state, in which the
imposed linking number is smaller than its relaxed value, so α < 0. Negative superhelicity provides a mechanism
for driving strand separation. Because the separated strands are less twisted than the B-form, they localize some of
the linking deficiency as a decrease of twist at the transition site, thereby allowing the rest of the domain to relax a
corresponding amount. Since strand separations require energy, they are disfavored in unconstrained or relaxed
molecules. However, in a negatively superhelical domain, local strand separations are energetically favored to
occur at equilibrium whenever the topological strain energy that is thus relieved exceeds the energetic cost of
locally disrupting the base pairing between strands.

The linking differences imposed on topological domains in vivo are carefully regulated. Virtually all
organisms produce enzymes that alter Lk through the introduction of transient strand breaks (Gellert, 1981). The
action of these molecules maintains topological domains in negatively superhelical, underlinked states (i.e., α <0).
On average, bacteria and other primitive organisms maintain approximately half their domains in a superhelical
state. Moreover, the amount of superhelicity imposed on DNA in vivo is known to vary with the cell division
cycle in
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a carefully regulated manner (Dorman et al., 1988). The extent of superhelicity also varies in response to
environmental changes (Bhriain et al., 1989; Malkhosyan et al., 1991). In multicelled organisms, superhelicity
occurs primarily within domains containing actively expressing genes. The DNA within malignant cancer cells is
maintained at more extreme negative linking differences than that characterizing the corresponding DNA in
normal cells (Hartwig et al., 1981).

Many important regulatory events are sensitive to the degree of superhelical stress imposed on the DNA.
These include the initiation of gene expression (Smith, 1981; Pruss and Drlica, 1989; Weintraub et al., 1986) and
of DNA replication (Kowalski and Eddy, 1989; Mattern and Painter, 1979). Substantial evidence suggests that
superhelically driven strand separations may be involved in these processes. One wellcharacterized case occurs at
the origin of DNA replication of the bacterium E. coli (Kowalski and Eddy, 1989). The DNA sequence at this
origin site contains a triple repeat of an A+T−rich run of 13 base pairs that is required for the initiation of DNA
replication. Deletion and substitution experiments have shown that the key functional attribute of this sequence is
its susceptibility to superhelical strand separation. DNA sequence changes at this site that retain this attribute
preserve its ability to initiate replication in vivo; DNA sequence changes that degrade this susceptibility destroy in
vivo origin function. No other sequence specificity is observed. Such sequences are called duplex unwinding
elements (DUEs) and are present at origins of DNA replication in many organisms (Umek et al., 1989).

Superhelicity also is known to modulate the expression of some genes. In bacteria, superhelicity regulates the
expression of the so-called SOS system, a suite of genes that are activated in response to environmental stresses or
DNA damage. The bacterial response to deleterious environmental changes is to increase the superhelicity of its
DNA, which activates expression of the SOS genes (Bhriain et al., 1989; Malkhosyan et al., 1991). Experimental
(Kowalski et al., 1988) and theoretical (Benham, 1990) results indicate that the susceptibility of some DNA
molecules to superhelical strand separation is confined to sites that bracket specific genes. This suggests that there
may be at least two classes of genes, distinguishable by their sensitivities to superhelical separation, whose
mechanisms of operation may be different.
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Strand separation in living organisms frequently arises through interactive processes, in which local
superhelical destabilization of the B-form acts in concert with other factors. Biological systems may exploit
marginal decreases in the stability of the B-form that occur at discrete sites in superhelical molecules. For
example, consider an enzyme that functions by recognizing a particular sequence and inducing separation there. It
might be energetically able to induce the transition only if the B-form already is marginally destabilized at that
site. This suggests that superhelical helix destabilization also can regulate biological processes through
mechanisms that need not involve preexisting separations. For this reason it is important also to develop methods
to predict sites where superhelicity marginally destabilizes the duplex.

STATEMENT OF THE PROBLEM

This chapter develops methods to predict the strand separation and helix destabilization experienced by a
specified DNA sequence when superhelically stressed. We will focus specifically on predictions regarding several
plasmids (that is, circular DNA molecules) that have been engineered to include the E. coli replication origin or
variants thereof. This is done because experimental information is available regarding superhelical strand
separation in these molecules.

In principle, the analysis of conformational equilibria is quite direct. Because every base pair can separate,
there are many possible states of strand separation available to a topologically constrained DNA molecule. By
basic statistical mechanics, a population of identical molecules at equilibrium will be distributed among its
accessible states according to Boltzmann's law. If these states are indexed by i, and if the free energy of state i is Gi,
then the equilibrium probability pi of a molecule being in state i, which is the fractional occupancy of that state in a
population at equilibrium, equals

(7.3)

Here Z is the so-called partition function, given by
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(7.4)

where R is the gas constant and T is the absolute temperature. Thus the fractional occupancies of individual
states at equilibrium decrease exponentially as their free energies increase. If a parameter ζ has value ζi in state i,
then its population average, that is, its expected value  at equilibrium, is

(7.5)

This expression can be used to evaluate any equilibrium property of interest, once the governing partition
function is known.

The application of this approach to the rigorous analysis of conformational equilibria of superhelical DNA
molecules is complicated by three factors. First, the number of the states involved is extremely large. Every base
pair can be separated or unseparated, so specification of a state of a molecule containing N base pairs involves
making N binary decisions. This yields a total of 2N distinct states of strand separation. This precludes the use of
exact methods, in which all states are enumerated, to analyze molecules of biological interest, as these commonly
have lengths exceeding 1,000 base pairs. Most DNAs have sites whose local sequences permit transitions to other
conformations in addition to separation, further increasing the number of conformational states. Second, because
the free energy needed to transform a base pair to an alternative conformation depends on the identity of the base
pair involved, the analysis of equilibria must examine the specific sequence of bases in the molecule. This
precludes several possible strategies for performing approximate analyses, including combinatorial methods that
assume transition energetics to be the same for all base pairs, or that average the base composition of blocks.
Third, and most importantly, the global and topological character of the superhelical constraint means that the
conformations of all base pairs in the molecule are coupled together. Separation of a particular base pair alters its
helicity, which changes the distribution of Tw, and hence of α, throughout the domain. This in turn affects the
probability of transition of every other base pair. Whether transition occurs at a particular site depends not just on
its local sequence, but also on how effectively this transition competes with all other
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alternatives. Thus, separations at particular sites can be analyzed only in the context of the entire molecule.
Divide-and-conquer strategies, in which the sequence is partitioned into blocks that are individually analyzed, are
thus not feasible. Superhelical transitions must be analyzed as global events, including simultaneous competitions
among all possible transitions. This renders the accurate analysis of superhelical transitions extremely difficult.

It is not feasible to perform exact analyses of all states for the kilobase-length, topologically constrained
molecules of biological importance, because the number of states grows exponentially. On the other hand, it is not
enough to look only at the lowest energy states. Confining attention to the minimum-energy state provides a very
poor depiction of transition behavior. Although any individual high-energy state is exponentially less populated,
there are so many high-energy states that cumulatively they can dominate the minimum-energy state. The
development of accurate methods to treat superhelical strand separation requires an intermediate approach
(Benham, 1990). First, enough low-energy states must be treated exactly to provide an accurate depiction of the
transition. Then the cumulative influence of the neglected, high-energy states must be estimated. Wherever
possible, computed parameter values must be refined by the insertion of correction terms that account for the
approximate influence of the neglected states. This is the strategy we adopt below.

THE ENERGETICS OF A STATE

A superhelical linking difference α imposed on a DNA molecule can be accommodated by three types of
deformation, each of which requires free energy. First, strand separations can occur. Second, the single strands in
the separated regions can twist around each other, thereby absorbing some of the linking difference. Third, the
portion of α not accommodated by these alterations imposes superhelical deformations on the balance of the
molecule.

Each of these deformations requires free energy that can be described by some simple formulas. Opening
each new region of strand separation requires a free energy a, while separating each individual base pair within a
region takes free energy bATor bGC, depending on the
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identity of the base pair. In practice, a >> bGC> bAT.Because the initiation free energy a is large, low-energy states
tend to have only a small number of runs of strand separation. Because bGC is larger than bAT, these runs tend to be
in A+T−rich regions. The free energy of interstrand twisting within separated regions is quadratic in the local
helicity of the deformation, with coefficient denoted by C. The free energy of residual superhelicity has been
measured experimentally to be quadratic in that deformation, with coefficient K. Combining these contributions
(and allowing the interstrand twisting to equilibrate with the residual superhelicity), the free energy G of a state is
found to depend on three parameters: the number n of separated base pairs, the number nAT of these that are A·Ts,
and the number r of runs of separation:

(7.6)

The energy parameters in this expression, a, bAT, bGC, C, and K, all depend on environmental conditions such
as salt concentration and temperature. The values of the b's are known experimentally under a wide variety of
conditions (Marmur and Doty, 1962; Schildkraut and Lifson, 1968). However, values for the other parameters are
not so well understood. These parameters must be evaluated before the methods can yield quantitatively accurate
results. We will do this by fitting these parameters to actual experimental data.

ANALYSIS OF SUPERHELICAL EQUILIBRIA

To calculate the equilibrium strand separation behavior of superhelical DNA molecules, we proceed as
follows. First, the DNA sequence is analyzed and key information needed for later stages is stored. This step need
be done only once per sequence. Next, the linking difference a and environmental conditions are specified, which
sets the energy parameters and determines the free energy associated with each state. The state having minimum
free energy under the given conditions
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is found from the free energy expression and the sequence data. Then an energy threshold θ is specified, and all
states i are found that have free energy exceeding the minimum Gmin by no more than this threshold amount. Three
inequalities occur, one each for n, nAT, and r. Together the satisfaction of all three inequalities provides necessary
and sufficient conditions that a state satisfy the energy threshold condition. For every set of values n, nAT, and r 
satisfying these inequalities, all states with these values are found from the sequence information. This is a very
complex computational task. The number of states involved grows approximately exponentially with the threshold
q. In cases where r > 1, care must be taken to verify that a collection of r runs having the requisite total length and
A+T−richness neither overlap nor abut, but rather are distinct. An approximate partition function Zcal is computed
from this collection of low-energy states to be

(7.7)

By focusing only on the low-energy states, approximate ensemble average (that is, equilibrium) values are
computed for all parameters of interest. These may include the expected torsional deformation of the strand-
separated regions, expected numbers of separated base pairs, of separated A·T pairs, and of runs of separation, the
ensemble average free energy , and the residual superhelicity.

The most informative quantities regarding the behavior of the molecule are its destabilization and transition
profiles. The transition profile displays the probability of separation of each base pair in the molecule. The
separation probability p(x) of the base pair at position x is calculated from equation (7.5) using parameter ζx, where
ζx = 1 in states where base pair x is separated and zx = 0 in all other states. This calculation is performed for every
base pair in the sequence. The transition profile displays p(x) as a function of x.

The destabilization profile is the incremental free energy needed to induce separation at each base pair. To
calculate this quantity, let i(x) index the states in which the base pair at position x is separated. Then the average
free energy of all such states is
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(7.8)

To determine the destabilization free energy G(x), we normalize by subtracting the calculated equilibrium
free energy:

(7.9)

Base pairs that require incremental free energy to separate at equilibrium have G(x) > 0, while base pairs that
are energetically favored to separate at equilibrium have G(x) ≤ 0. This calculation is performed for each base pair
in the molecule, and the destabilization profile plots G(x) versus x. Examples of these profiles are given in
Figure 7.1.

Although individual high-energy states are exponentially less populated than low-energy states at
equilibrium, they are so numerous that their cumulative contribution to the equilibrium still may be significant.
The next step in this calculation requires estimating the aggregate influence of the states that were excluded from
the above analysis because their free energies exceeded the threshold. This involves estimating the contribution Z
(n,nAT,r) to the partition function from all states whose values n,nAT, and r do not satisfy the threshold condition.
Here

(7.10)

where M(n,r) is the number of states with n separated base pairs in r runs, which for a circular domain is

(7.11)

The only part of Z(n,nAT,r) not amenable to exact determination is Pn,r(nAT), the fraction of (n,r)-states that
have exactly nATseparated A·T base pairs.

UNWINDING THE DOUBLE HELIX: USING DIFFERENTIAL MECHANICS TO PROBE CONFORMATIONAL CHANGES IN
DNA

189

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


Figure 7.1
The transition (top) and the helix destabilization (bottom) profiles are shown for the circular pBR322 DNA molecule
at α = −26 turns. The promoter (P) and terminator (T) (the sites that control the start and end, respectively, of gene
expression) of the beta-lactamase gene are indicated. These results were calculated using the energetics found by the
method described in the text. Reprinted (bottom panel), by permission, from Benham (1993). Copyright 1993 by the
National Academy of Sciences.

The estimation of the influence of the high-energy states is done in two steps. First, growth conditions are
found for Z(n,r), the contribution to the partition function from all states having n total separated base pairs in r 
runs. Assuming that the distribution of A+T−richness among (n,r)-states is approximately the same as that for
(n,r + 1)-states, then the ratio

(7.12)
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is monotonically decreasing with r. One can find an such that T =p<1. Then for all r ≥  we have Tr ≤ρ, so
that

(7.13)

By a similar line of reasoning one also can find a value , above which the aggregate contribution to the
partition function again is bounded above by a convergent geometric series:

(7.14)

In practice, low values ( ≈ 0.1) for the series ratios ρ and σ occur at reasonably small cutoffs (  ≈ 8,  ≈ 150
for a molecule of N = 5,000 base pairs under reasonable environmental conditions).

The contribution of the intermediate states having n ≤  and r  ≤ but not satisfying the threshold requires
estimating pn,rnAT, the fraction of n,r−states that have exactly nAT separated A·T base pairs. Although in principle
one can compute this quantity from the base sequence, for molecules of kilobase lengths it is feasible to compute
only the exact distribution of A+T−richness in r=I run states having n ≤ nmax ≈ 200. Experience has shown that
high accuracy is obtained by calculating pn,2nAT exactly, and using pn,2nAT as an estimate of pn,rnAT for r> 2. Once
the sequence information needed in this step has been found (a calculation that need be performed only once per
molecule), the performance of the rest of this refinement is computationally very fast.

These results are used to estimate the contribution neg to the partition function from the neglected, high-
energy states:

(7.15)

(Here the carat marks denote approximate values.) Any parameter ζ that depends only on n, nAT, or r also can
have its previously calculated
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approximate equilibrium value corrected for the estimated effects of all neglected, high-energy states:

(7.16)

Examples of correctable parameters include the population-averaged values of the total numbers of separated
base pairs, runs of transition, and separated A·T pairs. The only important quantities that cannot be refined in this
way are the transition and destabilization profiles, because their calculation involves positional information.
However, their accuracy can be estimated by comparing the corrected ensemble average number of separated base
pairs with its (uncorrected) value that is computed as the sum of the probabilities of separation for all base pairs in
the sequence. In this way the accuracy of the profiles calculated with any specified threshold can be assessed. This
allows the threshold to be chosen to give any required degree of accuracy. In practice accuracies exceeding 99
percent are feasible at physiological temperatures, even for highly supercoiled molecules.

Evaluation of Free-Energy Parameters

Before these techniques can yield quantitatively precise calculations, accurate values must be known for the
energy parameters. Only the separation energetics bAT and bGC have been accurately measured under a wide range
of environmental conditions (Marmur and Doty, 1962; Schildkraut and Lifson, 1968). The other parameters (the
quadratic coefficient K governing residual linking, the cooperativity free energy a, and the coefficient C governing
interstrand twisting of strand-separated DNA) are known only for a restricted range of molecules and
environmental conditions.

The theoretical methods described above can be used to determine the best fitting values of the unknown
parameters based on the analysis of experimental data on superhelical strand separation. Allowing the parameters
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to vary within reasonable ranges, the analyses are repeated, and the set of values is found for which the computed
transition properties best fit the experimental data (Benham, 1992). Application of this method to data on strand
separation in pBR322 DNA at [Na+] = 0.01 M, T = 310 K finds a unique optimum fit when K = 2350 ± 80 RT/N,
a = 10.84 ± 0.2 kcal, and C= 2.5 ± 0.3 × 10−13erg-nt/rad2.

Extensive sample calculations of strand separations in superhelical DNA have been performed using these
energy parameters (Benham, 1992). As described above, substantial amounts of free energy are required to drive
strand separation. In consequence, this transition is favored only when the DNA is significantly supercoiled. This
is shown in Figure 7.2, where the solid line depicts the probability of strand separation in pBR322 DNA (N =
4,363 base pairs) as a function of imposed negative superhelicity under low-salt conditions. The dashed line gives
the ensemble average number of strand-separated base pairs as a function of −α. Separation occurs only when the
linking difference satisfies α ≤ −18 turns and is confined to the terminator (3,200 to 3,300) and promoter (4,100 to
4,200) regions of one particular gene, as shown in Figure 7.1 above. These results are in precise agreement with
experiment (Kowalski et al., 1988).

Figure 7.2
The onset of strand separation in pBR322 DNA.
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Accuracy of the Calculated Results

Once the energetics governing transition under specific environmental conditions have been fit based on the
transition behavior of one sequence, the accuracy of the analytical methods can be assessed by comparing their
predictions with experimental results on other molecules (Benham, 1992). We did this for six DNA molecules
synthesized by David Kowalski, a biochemist studying the role of strand separation in initiating replication
(Kowalski and Eddy, 1989). Starting from a parent DNA molecule pORIC, Kowalski made various modifications.
pDEL16 has a 16-base pair deletion from the replication origin site of pORIC. pAT105 and pGC91 were made by
inserting an A+T−rich 105-base pair segment and a G+C−rich 91-base pair segment, respectively, into the deletion
site of pDEL16. pAT1051 and pGC911 have the same insertions, but placed in reverse orientation. The complete
DNA sequences of these plasmids were provided to the author by Dr. Kowalski (private communication).

The transition profiles of these molecules were calculated using the energetics appropriate to the
experimental conditions, which were the same as in the pBR322 experiments from which the energy parameters
were derived. Figure 7.3 shows the computed transition profiles around the duplex unwinding element (DUE) of
the origin site for the four plasmids of greatest interest. The region where strand separation was detected
experimentally is shown by a double line in each case. Less separation was detected experimentally at this location
in the pORIC plasmid than in the other two transforming molecules, and none was detected in pDEL16 or in the
other two molecules whose profiles are not shown in the figure. These experimental results are in close agreement
with the present predictions. In fact, the agreement may be even better than the figure indicates. Because the
experimental method detects separation only in the interiors of open regions, the actual separated sites are slightly
larger than what the experiment detects.

These results show that the present methods for analyzing superhelical strand separation are highly accurate.
The extensive variations in the locations of separated regions that result from minor sequence alterations are
precisely depicted. The relative amounts of transition at each site also agree closely with experiment. The
superhelicity required to drive a specific amount of separation is within 7 percent of the observed value, which
reflects the limit of accuracy with which extents of transition are
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measured in these experiments. This demonstrates that these analytical methods provide highly precise predictions
of the details of strand separation in superhelical molecules.

Figure 7.3
The transition profiles at DUE sequences. Reprinted, by permission, from Benham (1992). Copyright 1992 by
Academic Press Limited.

APPLYING THE METHOD TO STUDY INTERESTING GENES

Having developed a method and confirmed its accuracy on test molecules, we can now apply it to study any
DNA sequence of interest. It turns out to be particularly illuminating to examine the association between sites of
superhelical destabilization and sites of gene regulation
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(Benham, 1993). Our calculations show some striking correlations involving sites for initiation of transcription,
termination of transcription, initiation of DNA replication, and binding of repressor proteins.

We find that some bacterial genes show superhelical destabilization at the sites where gene expression starts
and the sites where it ends. One gene on the pBR322 DNA molecule (from which the data in Figure 7.1 came) and
one on the ColE1 plasmid (from which the data in Figure 7.4a came) are bracketed by such sites, suggesting that
their expression is regulated by the state of DNA supercoiling. And, indeed, experiments show that these bracketed
genes are expressed at higher rates when their DNA is superhelical than when it is relaxed. The other genes on
these molecules show no such destabilized regions. This result suggests that genes in bacterial DNA can be
partitioned into two categories, depending on whether or not they are bracketed by superhelically destabilized
regulatory regions.

In a similar vein, we have analyzed the DNA sequences of two mammalian viruses, the polyoma and
papilloma viruses, each of which can cause cancer. The most destabilized locations on these molecules occur
precisely at the places where gene expression terminates, the so-called poly-adenylation sites. The two most
destabilized sites in the polyoma genome occur at the major (M) and minor (m) poly-adenylation sites, as shown in
Figure 7.4b. Of the three most destabilized sites in the papilloma virus genome, two occur at known poly-
adenylation sites for transcription from the direct strand. The other occurs at a location having the sequence
attributes of a poly-adenylation site for transcription from the complementary strand. (This observation raises the
intriguing possibility that the complementary strand of this molecule could transcribe, an event that has not been
observed to date.)

The strong association found between destabilized sites and the beginnings and ends of genes suggests that
destabilization may play roles in their functioning. Many possible scenarios can be suggested for how this could
occur. Clearly, destabilization at a gene promoter could facilitate the start of transcription by assisting the
formation of a complex between the single strand to be transcribed and the enzyme complex that constructs the
RNA transcript. What about destabilization at the sites where gene expression is completed (terminators in
bacteria and poly-adenylation sites in higher organisms)? In this case, a likely but subtler role can be suggested.
The moving transcription apparatus is thought to
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Figure 7.4
The helix destabilization profiles of the circular molecules (top) ColEI plasmid DNA and (bottom) polyoma virus
DNA. The locations of the promoter (P) and terminators (T1 and T2) of the bracketed transcription unit of ColEI are
indicated. In polyoma the control region (denoted by a bar), replication origin (OR), and the major (M) and minor
(m) poly-adenylation sites are shown. Reprinted, by permission, from Benham (1993). Copyright 1993 by the
National Academy of Sciences.

push a wave of positive supercoils ahead and leave a wake of negative supercoils behind (Wu et al., 1988). A
region of strand separation constitutes a localized concentration of negative superhelicity, due to the large decrease
in twist that occurs. This could provide a sink for the positive supercoils generated by an approaching complex,
preventing the accumulation of twisting and bending deformations that otherwise could impede its progress. This
would facilitate efficient transcription of the gene involved. The wake of negative supercoils left behind could
destabilize the promoter region in preparation for the next round of expression. This model could explain why
terminal regions are the most
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destabilized sites found, and why some genes are bracketed by destabilized sites.
DNA replication is another process for which it is interesting to study the correlation with superhelical

destabilization. In the plasmids pBR322 and ColEI, replication is started by an RNA primer, which displaces one
strand of the DNA at the replication origin by base pairing to the strand having a complementary sequence. The
origin sites on these molecules are not destabilized by superhelicity, suggesting that the displacement event does
not require a destabilized or separated site. By contrast, replication of the DNA of phage fl (a virus that attacks
bacteria) involves enzymatic cutting of one strand that is known to require DNA superhelicity. If one role of DNA
superhelicity is to promote strand separation, one would expect to find highly destabilized sites abutting the origin
of replication. In fact, the calculations show precisely this, providing strong support for the assumption.

Interesting results also emerge from the study of genes involved in the SOS response system in the bacterium
E. coli. The SOS response system, as its name suggests, is a collection of genes that are turned on when the
organism experiences any of a variety of serious problems, ranging from environmental stresses to DNA damage.
These genes are usually turned off by the binding to their promoters of a repressor protein called LexA, which
blocks transcription. Another protein, called RecA, plays a key role in initiating the SOS response by causing the
removal of the LexA repressor, thereby allowing transcription.

As it happens, the ColEI-encoded gene discussed above that was bracketed by superhelical destabilization
sites is a member of the SOS response system. What about other SOS response genes? Do they also show
superhelically destabilized regions? To address this question, we examined every known SOS response gene
whose DNA sequence was available. In every case, the LexA binding site was contained in a strongly destabilized
region. We note that this binding site is 16 base pairs long. Although it is reasonably A+T−rich, this is not long
enough for its presence alone to assure destabilization.

It is not hard to speculate on the function of these superhelical destabilization regions in the SOS response.
The RecA protein is known to bind single-stranded DNA. If the SOS response is marshaled against DNA damage,
the damaged region provides single-stranded DNA for RecA binding. The environmental stresses that activate the
SOS
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response system cause an increase in DNA superhelicity (Bhriain et al., 1989), which can provide strand-separated
regions near the LexA binding sites that allow RecA to bind.

In addition to those sketched here, many other possible roles for superhelically destabilized regions can be
suggested. For example, destabilization of one site in a molecule could protect other sites from separating that
must remain in the duplex form to function.

DISCUSSION AND OPEN PROBLEMS

This chapter has described how DNA sequences can be analyzed to determine one biologically important
attribute—the relative susceptibility of regions in the molecule to superhelical destabilization. The last section
indicated how correlations between destabilized sites and DNA regulatory regions illuminate the mechanisms of
activity of such regions. This work has many other possible uses, one of which is sketched here. Correlations of
the type noted above between superhelically destabilized sites and regulatory regions can be used in searching
DNA sequences for those regions.

Most commonly available strategies search DNA sequences for short subsequences (that is, strings) whose
presence correlates with a particular activity. So-called TATA boxes are present at promoters, for example, while
poly-adenylation occurs near AATAAA sites. Sequence signatures are known for terminators and for several other
types of regulatory sites. This string-search approach is possible because the enzymes involved with particular
functions usually have either specific or consensus sequence requirements for activity. In most cases these string-
search methods find large numbers of candidate sites having the sequence characteristics necessary for function.
Among these, commonly only a small number of sites actually are active.

The strong associations documented here between destabilized sites and particular types of regulatory regions
suggest that this attribute also could be used to search genomic sequences for those regions. This would
supplement existing string methods, providing more accurate predictions. For example, the bovine papilloma virus
DNA sequence contains 9 sites having the AATAAA sequence needed for poly-adenylation, of which only 2 are
known to be active. The most destabilized sites on the molecule contain 6 of these
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signal sequences, several of which are very close together, including both known poly-adenylation sites. As a
second example, a search of all known E. coli sequences finds more than 100 locations having the sequence
associated with LexA binding. Analysis of which of these sites are destabilized could suggest whether some might
be promoters for previously unrecognized SOSregulated genes.

The transition behavior of stressed DNA molecules can be complicated by several additional factors. First,
there are other types of transitions possible for specific sequences within a DNA molecule. For example,
sequences in which a purine (A or G) alternates with a pyrimidine (C or T) along each strand can adopt a left-
handed helical structure. Transitions to this and to other alternative conformations also can be driven by imposed
superhelicity. So the equilibrium experienced by a stressed molecule actually involves competition among several
types of transitions, not just strand separation. Because these other conformations usually are possible only at a
small number of short sites having the correct sequence, their analysis is combinatorially simpler than the
treatment of strand separation. The theoretical methods described here are currently being extended to include the
possible occurrence of other types of transitions.

The second complication arises from the structural restraints on DNA in cells. There the DNA is not free to
twist and writhe to minimize its energy, but instead is wound around basic proteins to form a chromatin fiber. This
drastically alters the types of deformations the molecule can undergo. While it is not clear precisely how this
constraint interacts with superhelicity, conformational transitions are expected to be driven by less extreme
deformations in restrained molecules than in unrestrained ones (Benham, 1987).

The approach outlined here has great promise for finding biologically important correlates of regulation and
for illuminating specific mechanisms of function.
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Chapter 8—

Lifting the Curtain: Using Topology to Probe the Hidden Action
of Enzymes

De Witt Sumners
Florida State University

A central problem in molecular biology is understanding the mechanism by which enzymes carry out
chemical transformations. The problem is challenging because most experimental techniques provide only a
static snapshot, not a moving picture, of the sequence of molecular events that take place inside the catalytic
core of the enzyme. For one class of enzymes, however, mathematics provides a powerful tool to the
molecular biologist. These enzymes are the ones that perform topological reactions necessary for the
winding, unwinding, recombination, and transposition of DNA. Using topological results about knots and
tangles, one can peer into the reaction center and infer the mechanisms of action.

One of the important issues in molecular biology is the three-dimensional structure (shape) of proteins and
deoxyribonucleic acid (DNA) in solution in the cell, and the relationship between structure and function.
Ordinarily, protein and DNA structure is determined by X-ray crystallography or electron microscopy. Because of
the close packing needed for crystallization and the manipulation required to prepare a specimen for electron
microscopy, these methods provide little direct evidence for molecular shape in solution. The three-dimensional
shape in solution is of great biological significance but is very difficult to determine (Wang, 1982).
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Experimental techniques such as X-ray crystallography and nuclear magnetic resonance provide ways to infer
precise distances between atoms. However, these methods are not well suited to studying the dynamic mechanism
by which enzymes act. Interestingly, topology can shed light on this key issue. The topological approach to
enzymology is an experimental protocol in which the descriptive and analytical powers of topology and geometry
are employed in an indirect effort to determine the enzyme mechanism and the structure of active enzyme-DNA
complexes in vitro (in a test tube) (Wasserman and Cozzarelli, 1986; Sumners, 1987a). Once the enzyme structure
and mechanism are understood in a controlled laboratory situation, this knowledge can be extrapolated to enzyme
mechanism in vivo, that is, in a living cell.

Topology is a branch of mathematics related to geometry. It is often characterized as "rubber-sheet
geometry," because topological equivalence of spaces allows stretching, shrinking, and twisting of an object in
order to make it congruent to another object. Topology is the study of properties of objects (spaces) that are
unchanged by allowable elastic deformations. When a given topological property differs for a pair of spaces, then
one can be sure that one space cannot be transformed into the other by elastic deformation. Changes that can
produce nonequivalent spaces include cutting the space apart and reassembling the parts to produce another space.
It is precisely this topological breakage and reassembly of DNA that characterizes the mechanism of some life-
sustaining cellular enzymes, enzymes that facilitate replication, transcription, and transposition. Chapter 6
describes aspects of the geometry and topology of DNA and points out various topological transformations that
must be performed on DNA by enzymes in order to carry out the life cycle of the cell. In the present chapter, we
describe how recent results in three-dimensional topology (Culler et al., 1987; Ernst and Sumners, 1990; Sumners,
1990, 1992) have proven to be of use in the description and quantization of the action of these life-sustaining
enzymes on DNA.

THE TOPOLOGY OF DNA

The DNA of all organisms has a complex and fascinating topology. It can be viewed as two very long curves
that are intertwined millions of
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times, linked to other curves, and subjected to four or five successive orders of coiling to convert it into a compact
form for information storage. If one scales the cell nucleus up to the size of a basketball, the DNA inside scales up
to the size of thin fishing line, and 200 km of that fishing line are inside the nuclear basketball. Most cellular DNA
is double-stranded (duplex), consisting of two linear backbones of alternating sugar and phosphorus. Attached to
each sugar molecule is one of the four bases (nucleotides): A = adenine, T = thymine, C = cytosine, G = guanine. A
ladder whose sides are the backbones and whose rungs are hydrogen bonds is formed by hydrogen bonding
between base pairs, with A bonding only with T, and C bonding only with G. The base pair sequence for a linear
segment of duplex DNA is obtained by reading along one of the two backbones, and is a word in the letters
{A,T,C,G}. Due to the uniqueness of the bonding partner for each nucleotide, knowledge of the sequence along
one backbone implies knowledge of the sequence along the other backbone. In the classical Crick-Watson double
helix model for DNA, the ladder is twisted in a right-hand helical fashion, with an average and nearly constant
pitch of approximately 10.5 base pairs per full helical twist. The local helical pitch of duplex DNA is a function of
both the local base pair sequence and the cellular environment in which the DNA lives; if a DNA molecule is
under stress, or constrained to live on the surface of a protein, or is being acted upon by an enzyme, the helical
pitch can change. Duplex DNA can exist in nature in closed circular form, where the rungs of the ladder lie on a
twisted cylinder. Circular duplex DNA exists in the mitochondria of human cells, for example. Duplex DNA in the
cell nucleus is a linear molecule, one that is topologically constrained by periodic attachment to a protein scaffold
in order to achieve efficient packing.

The packing, twisting, and topological constraints all taken together mean that topological entanglement
poses serious functional problems for DNA. This entanglement would interfere with, and be exacerbated by, the
vital life processes of replication, transcription, and recombination (Cozzarelli, 1992). For information retrieval
and cell viability, some geometric and topological features must be introduced into the DNA, and others quickly
removed (Wang, 1982, 1985). For example, the Crick-Watson helical twist of duplex DNA may require local
unwinding in order to make room for a protein involved in
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transcription to attach to the DNA. The DNA sequence in the vicinity of a gene may need to be altered to include a
promoter or repressor. During replication, the daughter duplex DNA molecules become entangled and must be
disentangled in order for replication to proceed to completion. After introduction of these life-sustaining changes
in DNA geometry and topology, and after the process that these changes make possible is finished, the original
DNA conformation must be restored. Some enzymes maintain the proper geometry and topology by passing one
strand of DNA through another by means of a transient enzyme-bridged break in one of the DNA strands, a move
performed by topoisomerases. Other enzymes break the DNA apart and recombine the ends by exchanging them, a
move performed by recombinases. The description and quantization of the three-dimensional structure of DNA
and the changes in DNA structure due to the action of these enzymes have required the serious use of geometry
and topology in molecular biology. Geometry and topology provide ways of inferring the dynamic process of
topological transformation carried out by an enzyme. This use of mathematics as an analytic tool for the indirect
determination of enzyme mechanism is especially important because there is no experimental way to observe the
dynamics of enzymatic action directly.

In the experimental study of DNA structure and enzyme mechanism, biologists developed the topological
approach to enzymology (Wasserman and Cozzarelli, 1986; Sumners, 1987b). In this approach, one performs
experiments on circular substrate DNA molecules. These circular substrate molecules are genetically engineered
by cloning techniques to contain regions that a certain enzyme will recognize and act upon. The circular form of
the substrate molecule traps an enzymatic topological signature in the form of DNA knots and links (catenanes).
Trapping such a topological signature is impossible if one uses linear DNA substrate. These DNA knots and links
are observed by gel electrophoresis and electron microscopy of the reaction product DNA molecules. By observing
the changes in geometry (supercoiling) and topology (knotting and linking) in DNA caused by an enzyme, the
enzyme mechanism can be described and quantized. Figure 8.1 a gives the schematics of the topological
enzymology protocol; the black box represents the dynamic reaction in which the enzyme attaches to the DNA
substrate, breaks it apart and reconnects as necessary, and then releases the DNA products. Typical results of this
experimental protocol
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are the reaction products displayed in Figures 8.1b and 8.1c. Figure 8. 1b shows the electron micrograph of a DNA
(+) figure eight catenane (Krasnow et al., 1983), and Figure 8.1c shows a micrograph of the DNA knot 
(Wasserman et al., 1985). Both are products of processive Tn3 recombination and are explained in detail below.

Figure 8.1
(a) Topological approach to enzymology. (b) DNA (+) figure eight catenane, (c) DNA knot. Figure 8.1b reprinted,
with permission, from Krasnow et al. (1983). Copyright 1983 by Macmillian Magazines Limited. Figure 8.c
reprinted, by permission, from Wasserman et al. (1985). Copyright 1985 by the American Association for the
Advancement of Science.
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The topological approach to enzymology poses an interesting challenge for mathematics: from the observed
changes in DNA geometry and topology, how can one mathematically deduce enzyme mechanisms? This requires
the construction of mathematical models for enzyme action and the use of these models to analyze the results of
topological enzymology experiments. The entangled form of the product DNA knots and links contains
information about the enzymes that made them. Mathematics is required to extract mechanism information from
the topological structure of the reaction products. In addition to utility in the analysis of experimental results, the
use of mathematical models forces all of the background assumptions about the biology to be carefully laid out. At
this point they can be examined and dissected and their influence on the biological conclusions drawn from
experimental results can be determined.

SITE-SPECIFIC RECOMBINATION

Site-specific recombination is one of the ways in which nature alters the genetic code of an organism, either
by moving a block of DNA to another position on the molecule (a move performed by transposase) (Sherratt et
al., 1984) or by integrating a block of alien DNA into a host genome (a move performed by integrase). One of the
biological purposes of recombination is the regulation of gene expression in the cell, because it can alter the
relative position of the gene and its repressor and promoter sites on the genome. Site-specific recombination also
plays a vital role in the life cycle of certain viruses, which utilize this process to insert viral DNA into the DNA of a
host organism. An enzyme that mediates site-specific recombination on DNA is called a recombinase. A
recombination site is a short segment of duplex DNA whose sequence is recognized by the recombinase. Site-
specific recombination can occur when a pair of sites (on the same or on different DNA molecules) become
juxtaposed in the presence of the recombinase. The pair of sites is aligned through enzyme manipulation or random
thermal motion (or both), and both sites (and perhaps some contiguous DNA) are then bound by the enzyme. This
stage of the reaction is called synapsis, and we will call this intermediate protein-DNA complex formed by the
part of the substrate that is bound to the enzyme together with the enzyme

LIFTING THE CURTAIN: USING TOPOLOGY TO PROBE THE HIDDEN ACTION OF ENZYMES 207

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


itself the synaptosome (Benjamin and Cozzarelli, 1990; Heichman and Johnson, 1990; Pollock and Nash, 1983;
Griffith and Nash, 1985; Kim and Landy, 1992). We will call the entire DNA molecule(s) involved in synapsis
(including the parts of the DNA molecule(s) not bound to the enzyme), together with the enzyme itself, the
synaptic complex. The electron micrograph in Figure 8.2 shows a synaptic complex formed by the recombination
enzyme Tn3 resolvase when reacted with unknotted circular duplex DNA. In the micrograph of Figure 8.2, the
synaptosome is the black mass attached to the DNA circle, with the unbound DNA in the synaptic complex
forming twisted loops in the exterior of the synaptosome. It is our intent to deduce mathematically the path of the
DNA in the black mass of the synaptosome, both before and after recombination. We want to answer the question:
How is the DNA wound around the enzyme, and what happens during recombination?

Figure 8.2
Tn3 synaptic complex. (Courtesy of N.R. Cozzarelli.)
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After forming the synaptosome, a single recombination event occurs: the enzyme then performs two double-
stranded breaks at the sites and recombines the ends by exchanging them in an enzyme-specific manner. The
synaptosome then dissociates, and the DNA is released by the enzyme. We call the pre-recombination unbound
DNA molecule(s) the substrate and the post-recombination unbound DNA molecule(s) the product. During a
single binding encounter between enzyme and DNA, the enzyme may mediate more than one recombination
event; this is called processive recombination. On the other hand, the enzyme may perform recombination in
multiple binding encounters with the DNA, which is called distributive recombination. Some site-specific
recombination enzymes mediate both distributive and processive recombination.

Site-specific recombination involves topological changes in the substrate. In order to identify these
topological changes, one chooses to perform experiments on circular DNA substrate. One must perform an
experiment on a large number of circular molecules in order to obtain an observable amount of product. Using
cloning techniques, one can synthesize circular duplex DNA molecules, which contain two copies of a
recombination site. At each recombination site, the base pair sequence is in general not palindromic (the base pair
sequence for the site read left-to-right is different from the base pair sequence read right-to-left), and hence
induces a local orientation (arrow) on the substrate DNA circle. If these induced orientations from a pair of sites on a
single circular molecule agree, this site configuration is called direct repeats (or head-to-tail), and if the induced
orientations disagree, this site configuration is called inverted repeats (or head-to-head). If the substrate is a single
DNA circle with a single pair of directly repeated sites, the recombination product is a pair of DNA circles and can
form a DNA link (or catenane) (Figure 8.3). If the substrate is a pair of DNA circles with one site each, the
product is a single DNA circle (Figure 8.3 read in reverse) and can form a DNA knot (usually with direct repeats).
In processive recombination on a circular substrate with direct repeats, the products of an odd number of rounds of
processive recombination are DNA links, and the products of an even number of rounds of processive
recombination are DNA knots. If the substrate is a single DNA circle with inverted repeats, the product is a single
DNA circle and can form a DNA knot. In all figures where DNA is represented by a line drawing
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(such as Figure 8.3), duplex DNA is represented by a single line, and supercoiling is omitted.
The experimental strategy in the topological approach to enzymology is to observe the enzyme-caused

changes in the geometry and topology of the DNA and to deduce the enzyme mechanism from these changes, as in
Figure 8.1a. The geometry and topology of the circular DNA substrate are experimental control variables. The
geometry and topology of the recombination reaction products are observables. In vitro experiments usually
proceed as follows: Circular substrate is prepared, with all of the substrate molecules representing the same knot
type (usually the unknot, that is, a curve without knots). The amount of supercoiling of the substrate molecules
(the supercoiling density) is also a control variable. The substrate molecules are reacted with a high concentration
of purified enzyme, and the reaction products are fractionated by gel electrophoresis. DNA molecules are naturally

Figure 8.3
A single recombination event: direct repeats.
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negatively charged, with the amount of negative charge proportional to the molecular weight. A gel is a resistive
medium through which the DNA molecules can be forced to migrate under the influence of an electric field. The
DNA sample is placed at the top of a gel column, and similar molecules migrate through the gel with similar
velocities, forming discrete DNA bands in the gel when the electric field is turned off. Normally, gel
electrophoresis discriminates among DNA molecules on the basis of molecular weight; given that all molecules
are the same molecular weight (as is the case in these topological enzymology experiments), electrophoresis
discriminates on the basis of subtle differences in the geometry (supercoiling) and topology (knot and link type) of
the DNA molecules. For example, in unknotted DNA, gel electrophoresis discriminates on the basis of number of
supercoils and can detect a difference of one in the number of supercoils. In gel electrophoresis of knotted and
linked DNA, one must nick (break one of the two backbone strands of) the reaction products prior to
electrophoresis in order to relax the supercoils in the DNA knots and links, because supercoiling confounds the
gel migration of knotted and linked DNA. For nicked DNA knots and links, under the proper conditions gel
velocity is (surprisingly) determined by the crossing number of the knot or link; knots and links of the same
crossing number migrate with the same gel velocities (Dean et al., 1985); the higher the crossing number, the
greater the gel mobility. After the gel is run, the gel bands are excised, and the DNA molecules are removed from
the gel and coated with RecA protein. It is this new observation technique (RecAenhanced electron microscopy)
(Krasnow et al., 1983) that makes possible the detailed knot-theoretic analysis of reaction products. RecA is an E.
coli protein that binds to DNA and mediates general recombination in E. coli. Naked (uncoated) duplex DNA is
approximately 20 angstroms in diameter, and RecA-coated DNA is approximately 100 angstroms in diameter. The
process of RecA coating fattens, stiffens, and stretches (untwists) the DNA. This fattening and stiffening facilitates
the unambiguous determination of crossings (nodes) in an electron micrograph of a DNA knot or link and reduces
the number of extraneous crossings. After RecA coating, the DNA is shadowed with platinum for viewing under
the electron microscope. Electron micrographs of the reaction products (Figure 8. 1b and c) are made, and
frequency distributions of knot types of the products are prepared. This
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new precision in the determination of the topology of the reaction product spectrum opens the door for the building
of detailed topological models for enzyme action.

TOPOLOGICAL TOOLS FOR DNA ANALYSIS

In this section, we will describe the parts of knot theory and tangle calculus of biological relevance. We give
intuitive definitions that appeal to geometric imagination. For a rigorous mathematical treatment we refer the
reader to Burde and Zieschang (1985), Kauffman (1987), and Rolfsen (1990) for knot theory and Ernst and
Sumners (1990) for tangle calculus.

Knot theory is the study of the entanglement of flexible circles in 3-space. The equivalence relation between
topological spaces is that of homeomorphism. A homeomorphism h: X → Y between topological spaces is a
function that is one-to-one and onto, and both h and h−1 are continuous. An embedding of X in Y is a function f: X →
Y such that f is a homeomorphism from X onto f(X) ⊂ Y. An embedding of X in Y is the placement of a copy of X 
into the ambient space Y. We will usually take Euclidean 3-space R3 (xyz-space) as our ambient space. A knot K is
an embedding of a single circle in R3; a link L is an embedding of two or more circles in R3. For a link, each of the
circles of L is called a component of L. In chemistry and biology a nontrivial link is called a catenane, from the
Latin cataena  for ''chain," since the components of a catenane are topologically entangled with each other like the
links in a chain. In this excursion, we will restrict attention to dimers, that is, links of two components, because
dimers are the only links that turn up in topological enzymology experiments. We regard two knots (links) to be
equivalent if it is possible to continuously and elastically deform one embedding (without breaking strands or
passing strands one through another) until it can be superimposed upon the other. More precisely, if K1 and K2 
denote two knots (links) in R3, they are equivalent (written K1 = K2 ) if and only if there is a homeomorphism of
pairs h: (R3, K1) → (R3,K2) that preserves orientation on the ambient space R3. We take our ambient space R3 to
have a fixed (right-handed)
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orientation, where the right-hand thumb corresponds to the X-axis, the right-hand index finger corresponds to the
Y-axis, and the right-hand middle finger corresponds to the Z-axis. R3 comes locally equipped with this right-
handed orientation at all points. A homeomorphism from R3 to R3 is orientation-preserving if the local right-
handed frame at each point of the domain maps to a local right-handed frame in the range. Reflection in a
hyperplane (such as reflection in the xy-plane by f: (x,y,z) → (x,y,z)) reverses the orientation of R3. We might also
require that the circular subspace K come equipped with an orientation (usually indicated by an arrow). If so, we
say that our knot or link K is oriented; if not, we say that it is unoriented. Unless otherwise specified, all of our
knots will be unoriented. The homeomorphism of pairs h superimposes K1 on K2; in this case the knots (links) can
be made congruent by a flexible motion or flow (ambient isotopy) of space. An ambient isotopy is a 1-parameter
family of homeomorphisms  of R3 that begins with the identity and ends with the homeomorphism under
consideration: H0 = identity and H1 = h. An equivalence class of embeddings is called a knot (link) type.

A knot (link) is usually represented by drawing a diagram (projection) in a plane. This diagram is a shadow
of the knot (link) cast on a plane in 3-space. By a small rigid rotation of the knot (link) in 3-space, it can be
arranged that no more than two strings cross at any point in the diagram. For short, crossing points in a diagram
are called crossings. In the figures in this chapter, at each crossing in a diagram, the undercrossing string is
depicted with a break in it, so that the three-dimensional knot (link) type can be uniquely re-created from a two-
dimensional diagram. Figure 8.4a-e shows standard diagrams (Rolfsen, 1990) for the knots and links that turn up
in Tn3 recombination experiments. In the definition of knot type, we insisted that the transformation that
superimposes one knot on another must be orientation-preserving on the ambient space. This restriction allows us
to detect a property of great biological significance: chirality. The mirror image of a knot (link) is the configuration
obtained by reflecting the configuration in a plane in R3. Starting with a diagram for a knot (link), one can obtain a
diagram for the mirror image by reversing each crossing; the underpass becomes the overpass and vice versa
(compare
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Figures 8.4d and 8.4e). If K denotes a knot (link), let K* denote the mirror image. If K ≠ K*, then we say that K is
achiral; if K¹ K*, then we say that K is chiral. For example, the Hopf link (Figure 8.4a) and the figure eight knot
(Figure 8.4b) are achiral, and the (+) Whitehead

Figure 8.4
(a) Hopf link, (b) figure eight knot, (c) (+) Whitehead link, (d) , and (e) 62 (mirror image of ).
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link (Figure 8.4c) and the knot  (Figure 8.4d) and its mirror image 62 (Figure 8.4e) are chiral. Moreover, all the
knots and links in Figure 8.4 are prime, that is, they cannot be formed by the process of tying first one knot in a
string and then another.

By moving the knot around in space and then projecting it, it is clear that every given knot (link) type admits
infinitely many "different" diagrams, and so the task of recognizing that two completely different diagrams
represent the same knot type can be exceedingly difficult. In order to make this job a bit easier, one usually seeks
diagrams for the knot type with a minimal number of crossings. This minimal number is called the crossing
number of the knot (link) type. The projections in Figures 8.4 are minimal. Crossing number is a topological
invariant of knot type. A topological invariant is a number, algebraic group, polynomial, and so on that can be
unambiguously attached to a knot (link) type. Most invariants can be algorithmically computed from diagrams
(Burde and Zieschang, 1985; Crowell and Fox, 1977; Lickorish, 1988; Kauffman, 1987). If any invariant differs
for two knots (links), then the two knots (links) are of different types. If all known invariants are identical, the only
conclusion that can be reached is that all known invariants fail to distinguish the candidates. One must then either
devise a new invariant that distinguishes the two or prove that they are of the same type by construction of the
homeomorphism that transforms one to the other (often by direct geometric manipulation of the diagram or by
manipulation of string models). Nevertheless, it is possible to devise invariants (algebraic classification schemes)
that uniquely classify certain homologous subfamilies of knots and links, for example, torus knots, two-bridge
knots (4-plats), and so on. The algebraic classification schemes for these homologous subfamilies can be used to
describe and compute enzyme mechanisms in the topological enzymology protocol.

Fortunately for biological applications, most (if not all) of the circular DNA products produced by in vitro
enzymology experiments fall into the mathematically well-understood family of 4-plats. This family consists of
knot and link configurations produced by patterns of plectonemic supercoiling of pairs of strands about each
other. All "small" knots and links are members of this family—more precisely, all prime knots with crossing
number less than 8 and all prime (twocomponent) links with crossing number less than 7 are 4-plats. A 4-plat
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is a knot or two-component link that can be formed by platting (or braiding) four strings. All of the knots and links
of Figure 8.4 are 4-plats; their standard 4-plat diagrams are shown in Figure 8.5. Each standard 4-plat diagram
consists of four horizontal strings, numbered 1 through 4 from top to bottom. The standard pattern of plectonemic
interwinding for a 4-plat is encoded by an odd-length classifying vector with positive integer entries <
c1,c2,. . .,c2k+1  >, as shown in Figure 8.5. Beginning from the left, strings in positions 2 and 3 undergo c1 left-
handed plectonemic interwinds (half-twists), then strings in positions 1 and 2 undergo c2 right-handed plectonemic
interwinds, then strings in positions 2 and 3 undergo c3 left-handed plectonemic interwinds, and this process
continues until at the right the strings in positions 2 and 3 undergo c2k+1 left-handed plectonemic interwinds. In the
standard diagram for a 4-plat, the string in position 4 is not involved in any crossing. The vector representation for
the standard diagram of a 4-plat is unique up to reversal of the symbol. That is, the vector < c2k+1 c2k,. . .,c1 >
represents the same type as the vector < c1,c2,. . .,c2k+1 >, because turning the 4-plat 180° about the vertical axis
reverses the pattern of supercoiling. The standard 4-plat diagram is alternating; that is, as one traverses any strand
in the diagram, one alternately encounters over- and undercrossings. Also, standard 4-plat diagrams (with the
exception of the unknot < 1 >) are minimal (Ernst and Sumners, 1987).

For in vitro topological enzymology, we can regard the enzyme mechanism as a machine that transforms 4-
plats into other 4-plats. We need a mathematical language for describing and computing these enzyme-mediated
changes. In many enzyme-DNA reactions, a pair of sites that are distant on the substrate circle are juxtaposed in
space and bound to the enzyme. The enzyme then performs its topological moves, and the DNA is then released.
We need a mathematical language to describe configurations of linear strings in a spatially confined region. This is
accomplished by means of the mathematical concept of tangles. Tangles were introduced into knot theory by J.H.
Conway (1970) in a seminal paper involving construction of enumeration schemes for knots and links. The unit
3-ball B3 in R3 is the set of all vectors of length ≤ 1. The boundary 2-sphere S2 = ∂ B3 is the set of all vectors of
length 1. The equator of this 3-ball is the intersection of the boundary S2 with
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Figure 8.5
Standard 4-plats. (a) < 2 > Hopf link, (b) < 2,1,1 > figure eight knot, (c) < 1,1,1,1,1 > (+) figure eight catenane, (d) <
1,2,1,1,1 > 62

*, and (e) < 3,1,2 > 62.

the xy-plane; the equatorial disk is the intersection of B3 with the xy-plane. On the unit 3-ball, select four
points on the equator (called NW, SW, SE, NE). A 2-string tangle in the unit 3-ball is a configuration of two
disjoint strings in the unit 3-ball whose endpoints are the four special points {NW,SW,SE,NE}. Two tangles in the
unit 3-ball are equivalent if it is possible to elastically transform the strings of one tangle into the strings of the
other without moving the endpoints {NW,SW, SE,NE} and without breaking a string or passing one string

LIFTING THE CURTAIN: USING TOPOLOGY TO PROBE THE HIDDEN ACTION OF ENZYMES 217

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


through another. A class of equivalent tangles is called a tangle type. Tangle theory is knot theory done inside a
3-ball with the ends of the strings firmly glued down. Tangles are usually represented by their projections, called
tangle diagrams, onto the equatorial disk in the unit 3ball, as shown in Figure 8.6. In all figures containing tangles,
we assume that the four boundary points {NW,SW,SE,NE} are as in Figure 8.6a, and we suppress these labels.

All four of the tangles in Figure 8.6 are pairwise inequivalent. However, if we relax the restriction that the
endpoints of the strings remain fixed and allow the endpoints of the strings to move about on the surface (S2) of
the 3-ball, then the tangle of Figure 8.6a can be trans

Figure 8.6
Tangles. (a) Rational, (b) locally knotted, (c) prime, and (d) trivial.
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formed into the trivial tangle of Figure 8.6d. This can be accomplished by rotating (on S2) the {NE,SE} endpoints
one left half-turn (180°) about each other, then rotating the {SW,SE} endpoints three right halfturns about each
other, and finally rotating the {NE,SE} endpoints two left half-turns about each other. The tangles in Figures 8.6b
and 8.6c cannot be transformed to the trivial tangle by any sequence of such turning motions of the endpoints on S2.
The family of tangles that can be converted to the trivial tangle by moving the endpoints of the strings on S2 is the
family of rational tangles. Equivalently, a rational tangle is one in which the strings can be continuously deformed
(leaving the endpoints fixed) entirely into the boundary 2-sphere of the 3-ball, with no string passing through itself
or through another string.

Rational tangles form a homologous family of 2-string configurations in B3 and are formed by a pattern of
plectonemic supercoiling of pairs of strings. Like 4-plats, rational tangles look like DNA configurations, being
built up out of plectonemic supercoiling of pairs of strings. More specifically, enzymes are often globular in shape
and are topologically equivalent to our unit defining ball B3. Thus, in an enzymatic reaction between a pair of DNA
duplexes, the pair {enzyme, bound DNA} forms a 2-string tangle. Since the amount of bound DNA is small, the
enzyme-DNA tangle so formed will admit projections with few nodes and therefore is very likely rational. For
example, all locally unknotted 2-string tangles having less than five crossings are rational. There is a second, more
natural argument for rationality of the enzymeDNA tangle. In all cases studied intensively, DNA is bound to the
surface of the protein. This means that the resulting protein-DNA tangle is rational, since any tangle whose strings
can be continuously deformed into the boundary of the defining ball is automatically rational.

A classification scheme for rational tangles is based on a standard form that is a minimal alternating diagram.
The classifying vector for a rational tangle is an integer-entry vector (a1,a2,. . .,an) of odd or even length, with all
entries (except possibly the last) nonzero and having the same sign, and with |a1| > 1. The integers in the
classifying vector represent the left-to-right (west-to-east) alternation of vertical and horizontal windings in the
standard tangle diagram, always ending with horizontal windings on the east side of the diagram. Horizontal
winding
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is the winding between strings in the top and bottom (north and south) positions; vertical winding is the winding
between strings in the left and right (west and east) positions. By convention, positive integers correspond to
horizontal plectonemic right-handed supercoils and vertical left-handed plectonemic supercoils; negative integers
correspond to horizontal left-handed plectonemic supercoils and vertical righthanded plectonemic supercoils.
Figure 8.7 shows some standard tangle diagrams. Two rational tangles are of the same type if and only if they have
identical classifying vectors. Due to the requirement that |al| > 1 in the classifying vector convention for rational
tangles, the corresponding tangle projection must have at least two nodes. There are four rational tangles {(0),
(0,0),(1),(−1)} that are exceptions to this convention (|a1| = 0 or 1) and are displayed in Figure 8.7c-f. The
classifying vector (a1,a2,. . .,an) can be converted to an (extended) rational number b/a ∈ Q � ∞ by means of the
following continued fraction calculation:

b/a = an + l / (an−1 + (1 / (an −2 +. . .)))

Two rational tangles are of the same type if and only if these (extended) rational numbers are equal (Conway,
1970), which is the reason for calling them "rational" tangles.

In order to use tangles as building blocks for knots and links, and mathematically to mimic enzyme action on
DNA, we now introduce the geometric operations of tangle addition and tangle closure. Given tangles A and B,
one can form the tangle A + B as shown in Figure 8.8a. The sum of two rational tangles need not be rational. Given
any tangle C, one can form the closure N(C) as in Figure 8.8b. In the closure operation on a 2-string tangle, ends
NW and NE are connected, ends SW and SE are connected, and the defining ball is deleted, leaving a knot or a
link of two components. Deletion of the defining B3 is analogous to deproteinization of the DNA when the
synaptosome dissociates. One can combine the operations of tangle addition and tangle closure to create a tangle
equation of the form N(A + B) = knot (link). In such a tangle equation, the tangles A and B are said to be
summands of the resulting knot (link). An example of this phenomenon is the tangle equation N((−3,0) + (1)) = <2
>, shown in Figure 8.8c. In general, if A and B are any two rational tangles, then
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Figure 8.7
Tangle diagrams. (a) (2,3,1), (b) (−3,0), (c) (0), (d) (0,0), (e) (1), and (f) (−1).

N(A + B) is a 4-plat. Given these constructions, rational tangles are summands for 4-plats.
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Figure 8.8.
Tangle operations. (a) Tangle addition, (b) tangle closure, and (c) N((−3,0) + (1)) =< 2 >

THE TANGLE MODEL FOR SITE-SPECIFIC RECOMBINATION

The fundamental observations underlying this model are that a pair of sites bound by an enzyme forms a
tangle and that most of the products of recombination experiments performed on unknotted substrate are 4-
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plats. We will use tangles to build a model that will compute the topology of the pre- and post-recombination
synaptic complex in a single recombination event, given knowledge of the topology of the substrate and product
(Ernst and Sumners, 1990; Sumners, 1990, 1992; Sumners et al., 1994). In site-specific recombination on circular
DNA substrate, two kinds of geometric manipulation of the DNA occur. The first is a global ambient isotopy, in
which a pair of distant recombination sites are juxtaposed in space, and the enzyme binds to the molecule(s),
forming the synaptic complex. Once synapsis is achieved, the next move is local and due entirely to enzyme
action. Within the region occupied by the enzyme, the substrate is broken at each site, and the ends are
recombined. We will model this local move.

The aim of our mathematical model is, given the observed changes in geometry and topology of the DNA, to
compute the topology of the entire synaptic complex, both before and after enzyme action. Within the region
controlled by the enzyme, the enzyme breaks the DNA at each site and recombines the ends by exchanging them.
We model the enzyme itself as a 3-ball. The synaptosome consisting of the enzyme and bound DNA forms a 2-
string tangle.

What follows is a list of biological and mathematical assumptions made in the tangle model (Ernst and
Sumners, 1990; Sumners, 1992; Sumners et al., 1994). Most of these assumptions are implicit in the existing
analyses of the results of enzyme experiments on circular DNA (Cozzarelli et al., 1984; Stark et al., 1989;
Spengler et al., 1985; Wasserman and Cozzarelli, 1986; Wasserman et al., 1985; Kanaar et al., 1990; White et al.,
1987; Kanaar et al., 1988; Abremski et al., 1986; Droge and Cozzarelli, 1986; Spengler et al., 1984).

We make the following biological assumption:
Assumption 1 The enzyme mechanism in a single recombination event is constant, independent of the

geometry (supercoiling) and topology  (knotting and catenation) of the substrate population. Moreover,
recombination takes place entirely within the domain of the enzyme ball, and the substrate configuration outside
the enzyme ball remains fixed while the strands are being broken and recombined inside and on the boundary of
the enzyme.

That is, we assume that any two pre-recombination copies of the synaptosome are identical, meaning that we
can by rotation and
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translation superimpose one copy on the other, with the congruence so achieved respecting the structure of both
the protein and the DNA. We likewise assume that all of the copies of the post-recombination synaptosome are
identical.

In a recombination event, we can mathematically divide the DNA involved into three types: (1) the DNA at
and very near the sites where the DNA breakage and reunion are taking place; (2) other DNA bound to the
enzyme, which is unchanged during a recombination event; and (3) the DNA in the synaptic complex that is not
bound to the enzyme and that does not change during recombination. We make the following mathematical
assumption about DNA types (1) and (2):

Assumption 2 The synaptosome is a 2-string tangle and can be mathematically subdivided into the sum Ob +
P of two tangles.

One tangle, the parental tangle P, contains the recombination sites where strand breakage and reunion take
place. The other tangle, the outside bound tangle Ob, is the remaining DNA in the synaptosome outside the P 
tangle; this is the DNA that is bound to the enzyme but that remains unchanged during recombination. The enzyme
mechanism is modeled as tangle replacement (surgery) in which the parental tangle P is removed from the
synaptosome and replaced by the recombinant tangle R. Therefore, our model assumes the following:

pre-recombination synaptosome = Ob + P
post-recombination synaptosome = Ob +R.

In order to accommodate nontrivial topology in the DNA of type (3), we let the outside free tangle Of  denote
the synaptic complex DNA that is free (not bound to the enzyme) and that is unchanged during a single
recombination event. We make the following mathematical assumption:

Assumption 3 The entire synaptic complex is obtained from the tangle sum (Of + synaptosome) by the tangle
closure construction.
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If one deproteinizes the pre-recombination synaptic complex, one obtains the substrate; deproteinization of
the post-recombination synaptic complex yields the product. The topological structure (knot and catenane types)
of the substrate and product yields equations in the recombination variables {Of, Ob, P, R}. Specifically, a single
recombination event on a single circular substrate molecule produces two recombination equations in four
unknowns:

substrate equation: N(Of +Ob + P) = substrate
product equation: N(Of +Ob + R ) = product.

The geometric meaning of these recombination equations is illustrated in Figure 8.3. In Figure 8.3, Of = (0),
Ob = (−3,0), P = (0), and R = (1). With these values for the variables, our recombination equations become:

substrate equation: N((0) + (−3, 0) + (0)) =< 1 >
product equation: N((0) + (−3,0) + (1)) = < 2 >.

THE TOPOLOGY OF TN3 RESOLVASE

Tn3 resolvase is a site-specific recombinase that reacts with certain circular duplex DNA substrate with
directly repeated recombination sites (Wasserman et al., 1985). One begins with supercoiled unknotted DNA
substrate and treats it with resolvase. The principal product of this reaction is known to be the DNA 4-plat < 2 >
(the Hopf link, Figures 8.4a and 8.5a) (Wasserman and Cozzarelli, 1985). Resolvase is known to act dispersively
in this situation—to bind to the circular DNA, to mediate a single recombination event, and then to release the
linked product. It is also known that resolvase and free (unbound) DNA links do not react. However, once in 20
encounters, resolvase acts processively—additional recombinant strand exchanges are promoted prior to the
release of the product, with yield decreasing exponentially with increasing number of strand exchanges at a single
binding encounter with the enzyme. Two successive rounds of processive recombination produce the DNA 4-plat
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< 2,1,1 > (the figure eight knot, Figures 8.4b and 8.5b); three successive rounds of processive recombination
produce the DNA 4-plat <1,1,1,1,1> (the Whitehead link, Figures 8.4c and 8.5c), whose electron micrograph
appears in Figure 8.1b; four successive rounds of recombination produce the DNA 4-plat < 1,2,1,1,1 > (the knot

, Figures 8.4d and 8.5d), whose electron micrograph appears in Figure 8.1c. The discovery of the DNA knot <
1,2,1,1,1> substantiated a model for Tn3 resolvase mechanism (Wasserman et al., 1985).

In processive recombination, it is the synaptosome itself that repeatedly changes structure. We make the
following biologically reasonable mathematical assumption in our model:

Assumption 4 In processive recombination, each additional round of recombination adds a copy of the
recombinant tangle R to the synaptosome.

More precisely, n rounds of processive recombination at a single binding encounter generate the following
system of (n + 1) tangle equations in the unknowns {Of, Ob, P, R}:

substrate: N(Of + Ob +P) = substrate
rth round: N(O + 0b + rR )= rth round product, 1 £ r £ n.

For resolvase, the electron micrograph of the synaptic complex in Figure 8.2 reveals that Of = (0), since the
DNA loops on the exterior of the synaptosome can be untwisted and are not entangled. This observation from the
micrograph reduces the number of variables in the tangle model by one, leaving us with three variables {Ob, P, R} .
One can prove (Sumners, 1990, 1992; Ernst and Sumners, 1990) that there are four possible tangle pairs {Ob, R},
which can produce the experimental results of the first two rounds of processive Tn3 recombination. The third
round of processive recombination is then used to discard three of these four pairs as extraneous solutions. The
following theorems can be viewed as a mathematical proof of resolvase synaptic complex structure: the model
proposed in (Wasserman et al., 1985) is the unique
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explanation for the first three observed products of processive Tn3 recombination, assuming that processive
recombination acts by adding on copies of the recombinant tangle R.

The process of obtaining electron micrographs of RecA-enhanced DNA knots and catenanes is technically
difficult and requires a relatively large amount of product due to the extensive work-up required for RecA coating
and microscopy. Gel electrophoresis is not only technically much easier to do, but it detects vanishingly small
amounts of DNA product. For these reasons, biologists prefer to use gel electrophoresis as the assay from which
experimental conclusions are to be drawn. For relaxed DNA knots and links, the gel determines the crossing
number of the (relaxed) products, and comparison to gel ladders for known knot and catenane structures can be
used to obtain more information than crossing number alone. As an aid to the analysis of topological enzymology
experiments, a table of possible (and biologically reasonable!) tangle mechanisms has been prepared (Sumners et
al., 1994) for each possible sequence of crossing numbers of reaction products that can be read from the gel. This
tangle table should make the mathematical analysis of topological enzymology experiments easier to do.

We now come to the rigorous mathematical proof of Tn3 mechanism. The proofs of the following two
theorems can be skipped without detriment to the continuity of the exposition.

Theorem 8.1 Suppose that tangles Ob,P, and R satisify the following equations:

(i) N(Ob + P) = < 1 the unknot
(ii) N(Ob + R) = < 2 > the Hopf link
(iii) N(Ob + R + R) = < 2,1,1 > the figure 8 knot.
Then {Ob ,R} = {(−3,0),(1)}, {(3,0),(−l)}, {(−2,− 3,− ),(1)}, or {(2,3,1),(−1)}.

Proof: In this proof we use the following notation: Rn denotes Euclidean n-space, Bn denotes the unit ball in
Rn (the set of all vectors in Rn of length < 1), and Sn−1 denotes the boundary of Bn (the set of all vectors in Rn of
length 1). The first (and mathematically most

LIFTING THE CURTAIN: USING TOPOLOGY TO PROBE THE HIDDEN ACTION OF ENZYMES 227

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


interesting) step in the proof of this theorem is to argue that solutions {Ob, R} must be rational tangles. Now Ob, R,
and (Ob + R) are locally unknotted, because N(Ob + R) is the Hopf link, which has two unknotted components. Any
local knot in a tangle summand would persist in the Hopf link. Likewise, P is locally unknotted, because N(Ob + P)
is the unknot. Let A' denote the 2-fold branched cyclic cover of the tangle A; then ∂A' = S1 × S1. If A is a prime
tangle, then the inclusion homeomorphism injects π1(∂A') =Z � Z into π1(A') (Lickorish, 1981). If both A and B 
are prime tangles, and N(A + B)' denotes the 2-fold branched cyclic cover, then π1,(N(A + B)') contains a subgroup
isomorphic to Z � Z. If K is any 4-plat, then π1(K') is a cyclic group, since K' is a lens space (Burde and
Zieschang, 1985). Since no cyclic group contains Z � Z, no 4-plat has two prime tangle summands. This means
that if A and B are locally unknotted tangles, and N(A + B) is a 4-plat, then at least one of A and B must be a
rational tangle. From equation (ii) above, we conclude that at least one of {Ob, R} is rational. Suppose that Ob is
rational and that R is prime. Given that N((Ob + R)+ R) is a knot, one can argue (Lickorish, 1981) that Ob + R is
also a prime tangle. From equation (iii), we then have that the 4-plat < 2,1,1 > admits two prime tangle summands,
which is impossible. We therefore conclude that R must be a rational tangle.

The next step is to argue that Ob, is a rational tangle. Suppose that Ob is a prime tangle. Then P must be a
rational tangle, because N(Ob + P) is the unknot (equation (i)). Passing to 2-fold branched cyclic covers, we have
that N(Ob + P)' = S3, and P' is homeomorphic to S1 × B2 (since P is rational), so  is a bounded knot complement
in S3. We know that R is a rational tangle and can argue that equation (iii) implies that (R + R) is likewise rational.
Again passing to the 2-fold branched cyclic covers of equations (ii) and (iii), we obtain the equations N(Ob + R)' =
the lens space L(2,1) and N(Ob+(R+R))'= the lens space L(5,3). Since R' and (R + R)' are each homeomorphic to a
solid torus S1 × B2 , this means that there are two attachments of a solid torus to  along ∂  =S1 × S1, yielding
the lens spaces L(2,1) and L(5,3). The process of adding on a
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solid torus along its boundary is called Dehn surgery, and the Cyclic Surgery Theorem (Culler et al., 1987) now
applies to this situation to imply that, since the orders of the cyclic fundamental groups of the lens spaces differ by
more than one, the only way this can happen is for  to be a Seifert fiber space and hence a torus knot
complement. Fortunately, the results of Dehn surgery on torus knot complements are well understood, and one can
argue that in fact must be a complement of the unknot (a solid torus) (Ernst and Sumners, 1990), which means
that Ob is a rational tangle.

The proof now amounts to computing the rational solutions to equations (ii) and (iii), exploiting the
classifying schemes for rational tangles and 4-plats. In Ernst and Sumners (1990), a ''calculus for rational tangles"
was developed to perform such calculations. One can use this calculus of classifying vectors to solve equations (ii)
and (iii), obtaining the four solution pairs {Ob,R} = {(−3,0),(1)}, {(3,0),(−1)}, {(−2, −3, −1),(1)} , and {(2,3,1),
(−1)}. Because each of the unoriented 4-plat products in equations (ii) and (iii) is achiral, given any solution set {Ob,
R} to equations (ii) and (iii), its mirror image {−Ob, −R} must also be a solution. So the mathematical situation,
given equations (i) through (iii), is that we have two pairs of mirror image solution sets for {Ob, R}.

In order to decide which is the biologically correct solution, we must utilize more experimental evidence. The
third round of processive resolvase recombination determines which of these four solutions is the correct one.

Theorem 8.2 Suppose that tangles Ob, P, and R satisfy the following equations:

(i) N(Ob + P) = < 1 > (the unknot)
(ii) N(Ob + R) = < 2 > (the Hopf link)
(iii) N(Ob + R + R) = < 2,1,1 > (the figure 8 knot).
(iv) N(Ob + R + R + R) = < 1,1,1,1,1 > (the (+) Whitehead link).
Then
Ob = −3,0, R = (1), and N(Ob + R + R + R + R)=< 1,2,1,1,1 >.
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Proof: The unoriented (+) Whitehead link is chiral and {ObR}= {(−3,0),(1)} is the unique solution to
equations (i) and (iv).

The correct global topology of the first round of processive Tn3 recombination on the unknot is shown in
Figure 8.3. Moreover, the first three rounds of processive Tn3 recombination uniquely determine N(Ob + R + R +
R + R), the result of four rounds of recombination. It is the 4-plat knot <1,2,1,1,1>, and this DNA knot has been
observed (Figure 8.1c). We note that there is no information in either Theorem 8.1 or Theorem 8.2 about the
parental tangle P. Since P appears in only one tangle equation (equation (i)), for each fixed rational tangle solution
for Ob, there are infinitely many rational tangle solutions to equation (i) for P (Ernst and Sumners, 1990). Most
biologists believe that P= (0), and a biomathematical argument exists for this claim (Sumners et al., 1994).

SOME UNSOLVED PROBLEMS

1. How does TOPO II recognize knots? E. coli contains circular duplex DNA molecules. In wild-type E. coli,
no knotting has been observed for these molecules. However, in a mutant strain of E. coli where the production of
Topoisomerase II (the enzyme that performs strand passage via an enzyme-bridged transient double-stranded break
in the DNA) can be blocked by heat shock, a small fraction (about 7 percent) of knotted DNA has been observed
(Shishido et al., 1987). All observed knots have the gel mobility of trefoil knots. The observed knots are
presumably the by-products of other cellular processes (such as recombination). This experiment shows that TOPO
II is able to detect DNA knots and kill them in wild-type E. coli. How does the enzyme (which can act only
locally) detect the global topology of a DNA knot and then make just the right combination of passages to kill the
knot? It must be the energy minimization of the DNA itself that detects the knotting. The enzyme has only to
detect when two DNA strands are being pushed together in space by the DNA itself in an effort to attain a lower
energy state, whence the enzyme can operate, allowing one DNA strand to pass through another to reach a lower-
energy configuration. If one ties a knot in a short stiff rubber tube (an elastic tube) and seals up the ends to form a
knotted circle, the tube will touch itself, trying to pass through itself to
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relieve strain and minimize energy. For circular elastica in R3, minimization of the bending energy functional
occurs when the elasticum is the round planar unknot (Langer and Singer, 1984, 1985). This means that a knotted
elasticum has at least one point of self-contact and that the elasticum is pushing at that point of self-contact to get
through to a lower energy state. Does this elasticum model adequately explain the ability of Topoisomerase II to
detect and selectively kill DNA knots in vivo?

2. What is the topology of the kDNA network? The kinetoplast DNA (kDNA) of the parasite trypanosome 
forms a link of some 5,000 to 10,000 unknotted DNA circles—the DNA equivalent of chain mail (Marini et al.,
1980; Englund et al., 1982; Rauch et al., 1994). Work is ongoing (Rauch et al., 1994) in which the topological
structure of kDNA is being studied by means of partial digest of the network, electrophoresis, and electron
microscopy of the characteristic fragments, in which the large kDNA link is being randomly broken up into small
sublinks, and the frequency of occurrence of these sublink units is being used (statistically) to reconstruct the large
link itself. The kDNA network consists of small minicircles and a few large maxicircles. The minicircles are
known to be unknotted, and it is known that neighbors link in the fashion of the Hopf link (Figure 8.4a) (like the
links in a chain). Moreover, it is believed that the kDNA network has a fundamental region that is repeated in
space to generate the entire structure. This gives rise to a knot theory problem: classify the links that allow a
diagram in which each component has no self-crossings (and hence is unknotted) and in which each component
links another component simply (like the links in a chain) or not at all, and in which the linking structure is
periodic in space. The spatial periodicity amounts to drawing the link diagram on a torus (or some other compact,
orientable 2-manifold), from whence the entire diagram is reproduced by taking the universal cover. The algebraic
classification of such "chain mail links" should be interesting and obtainable with off-the-shelf topological
invariants. Another topological problem has arisen in this biological system. A trefoil knotted minicircle has been
observed as an intermediate to the replication process on the kDNA network (Ryan et al., 1988). What is the
mechanism that produces this knotted minicircle? Does the topology of the network naturally generate knots as
replication intermediates?

3. Why is the figure eight knot faster than the trefoil knot? The phenomenon of gel mobility of relaxed
knotted duplex DNA circles (Dean et al., 1985) has no adequate theoretical explanation. The gel velocity of
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relaxed DNA knots is determined by crossing number; the larger the crossing number, the faster the migration.
Perhaps this is because among knots of the same length with small crossing numbers, the average value of the
radius of gyration (a measure of the average size) correlates strongly with crossing number. It is very curious that
the crossing number, clearly an artifact of planar diagrammatic representation of knots, would have anything at all
to do with the three-dimensional average knot conformation. What is the relationship (if any) between radius of
gyration of DNA circles of fixed molecular weight and fixed knot type, crossing number, and the gel mobility of
these knotted DNA circles?
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Sumners, D.W. (ed.), 1994, New Scientific Applications of Geometry and Topology, Proceedings of Symposia in Applied Mathematics, Vol.

45, Providence, R.I.: American Mathematical Society.
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This volume contains six expository papers outlining new applications of geometry and topology in
molecular biology, chemistry, polymers, and physics. Three of the papers concern DNA applications.
Walba, D.M., 1985, "Topological stereochemistry," Tetrahedron 41, 3161-3212.

This paper is written by a chemist and describes topological ideas in synthetic chemistry and molecular
biology. It is a good place to witness the translation of technical terms of science to mathematical concepts, and
vice versa.
Wang, J.C., 1982, "DNA topoisomerases," Scientific American 247, 94-109.

This paper describes how topoisomerases act to control DNA geometry and topology in various life processes
in the cell.
Wasserman, S.A., and N.R. Cozzarelli, 1986, "Biochemical topology: Applications to DNA recombination and replication," Science 232,

951-960.
This paper describes the topological approach to enzymology protocol and reviews the results of various

experiments on topoisomerases and recombinases.
White, J.H., 1989, "An introduction to the geometry and topology of DNA structure," pp. 225-253 in Mathematical Methods for DNA

Sequences, M.S. Waterman (ed.), Boca Raton, Fla.: CRC Press.
This is a very nice introductory mathematical treatment of linking number, twist, and writhe, with DNA

applications.
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Chapter 9—

Folding the Sheets: Using Computational Methods to Predict
the Structure of Proteins

Fred E. Cohen
University of California, San Francisco

In principle, the laws of physics completely determine how the linear sequence of amino acids in a
protein will fold into a complex three-dimensional structure with useful biochemical properties. In practice,
however, predicting structure from sequence remains a major unsolved problem. In this chapter the author
outlines current approaches to structure prediction. The most fruitful approaches are not based on physical
simulations of the folding process, but rather exploit the conservative nature of evolution. Using statistical
methods, pattern matching techniques, and combinatorial problem solving, protein structure prediction is
becoming steadily more tractable.

At the crossroads of physics, chemistry, biology, and computational mathematics lies the protein folding
problem: How does a linear polymer of amino acids assemble into a three-dimensional object capable of executing a
precise chemical function? Implicit within this question are both kinetic and thermodynamic issues: Given a
particular protein sequence, what is the conformation of the folded state? What path does the unfolded chain follow
to reach this folded state? This chapter outlines the history of the protein folding problem, current research efforts,
the obstacles to accurate prediction of protein structure, and the areas for future inquiries.
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A PRIMER ON PROTEIN STRUCTURE

Proteins are constructed by the head-to-tail joining of amino acids, chosen from a 20-letter alphabet. The 20
natural amino acids have a common backbone, but a variable side chain or R-group. The R-groups may be large or
small, charged or neutral, hydrophobic or hydrophilic, and conformationally restricted or flexible (see Figure 9.1).
It is the physical properties of these R-groups that determine the diverse structures into which a given amino acid
chain will fold. Broadly speaking, proteins can adopt fibrous or globular shapes. Repetitive amino acid sequences
adopt elongated periodic fibrous structures, with common examples including elastin (skin), collagen (cartilage),
keratin (hair), and β-fibroin (silk). This chapter focuses on globular proteins.

Figure 9.1
Twenty amino acids: R-groups are shown clustered by functional types: aliphatic hydrophobic, aromatic
hydrophobic, hydrophilic, negatively charged, positively charged, and conformationally special.
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The enzyme ribonuclease, which catalyzes the breakdown of ribonucleic acid (RNA), provides a useful
example. The sequence contains 124 amino acids. Under appropriate conditions, the amino acid chain is covalently
cross-linked in four locations through disulfide bridges between cysteines in the protein chain. (The amino acid
cysteine has a reactive sulfur atom that forms such bridges, which provide the only covalent bonds joining
nonneighboring amino acids in the chain.) In a classic series of experiments, Anfinsen et al. (1961) demonstrated
that the amino acid sequence of ribonuclease contained enough information to code for the folded structure.
Specifically, he showed that ribonuclease lost its enzymatic activity in the presence of a chemical denaturant
(which disrupted the protein's structure) but spontaneously regained its activity when the denaturant was removed.
Even when the disulfide pairings were scrambled after denaturation, renaturation could occur. Thus, without any
outside assistance, the protein could refold. Independent of the starting conformation, the amino acid sequence
contains sufficient information to direct the chain to the correct folded structure. Similar experiments have been
repeated with many other proteins. This work would suggest that proteins follow an energy gradient from the
denatured state to the native state. The free energy difference between these two states favors the folded state, and
the height of the activation barrier along the folding pathway governs the rate of chain assembly (see Figure 9.2).

Recently, molecular biologists have discovered that some proteins can assist the folding process. These
proteins, dubbed foldases, include the chaperonins (Kumamoto, 1991) that prevent proteins from assembling
inside an undesirable cellular compartment, prolyl isomerases that increase the rate of the cis-trans isomerization
of the amino acid proline (Fischer and Schmid, 1991), and protein disulfide isomerases (Freedman, 1989), which
shuffle disulfide bridges. While it is conceivable that these foldases might take a protein to a kinetically trapped
final state different from the state of lowest free energy, this seems unlikely. Instead, I imagine that these foldases
simply lower the activation barrier to folding into the lowest energy state. In the absence of an appropriate foldase,
the height of the activation barrier might be such that in some cases, protein folding will not occur on a
biologically sensible time scale.
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Figure 9.2
Thermodynamics of protein folding: the folding chain must surmount a free energy barrier  to move from the
denatured to the native state. The native state is more stable than the denatured state by free energy ∆G.

One reason for the tremendous interest in the protein folding problem is that it has become simple to
determine the amino acid sequence of large numbers of proteins while it remains difficult to determine the
structure of even a single protein. The first protein sequences were laboriously determined by classical
biochemical methods (Konigsberg and Steinman, 1977). The proteins in question were isolated, purified to
homogeneity, and enzymatically digested into smaller fragments. Amino acids in each such fragment were
chemically cleaved, one residue at a time, from one end and from each successive amino acid. Automated
methodologies and improved chemistry accelerated this process, but protein sequencing remained a tedious task
until molecular biology supplied a different approach (Maxam and Gilbert, 1980). By determining the
deoxyribonucleic acid (DNA) sequence of the gene encoding the protein (using methods that were quite rapid),
one could infer the amino acid sequence of the protein by simply translating the DNA codons according to the
genetic code. The approach is much faster and more reliable than direct protein sequencing. With the advent of
this technology has come a flood consisting of tens of thousands of protein sequences.
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By comparison, the rate at which new protein structures are determined remains a trickle because the
structure determination remains a formidable experimental task. X-ray crystallography was the first technique used
to determine the structure of proteins (Kendrew, 1963). One must first coax a protein to crystallize with sufficient
regularity to diffract X-rays. Then the crystal must be bombarded with X-rays and the X-ray diffraction pattern
collected, either on film or with an electronic detector system. In principle, the X-ray diffraction pattern
corresponds to a Fourier transform  of the electron density D of the crystal—with the amplitude and phase of the
signal at each point corresponding to the amplitude and phase of the corresponding complex Fourier coefficient.
Unfortunately, detectors can record only the amplitude, not the phase. Solving for an X-ray crystal thus involves
determining the density D from | |, which can be a formidable task. In general, the problem is underdetermined. A
mathematical approach is to add constraints (for example, D must be everywhere positive, since it represents a
density). An experimental approach is to use additional information from the X-ray diffraction pattern obtained
when the protein is crystallized in the presence of a heavy atom (for example, mercury, uranium, or platinum) or
anomalous scatterers (for example, selenium) bound to the protein in a covalent or non-covalent fashion. The
difference between the original and modified patterns or the patterns as a function of X-ray wavelength provides
the missing phase information. Although the approach is very powerful, it requires that the protein architecture not
be significantly changed by this molecular perturbation, and it is more successful when several derivatives are
available for study (Blundell and Johnson, 1976). Finally, one can start with a good guess at the protein structure.
The Fourier transform of this structure yields a set of intensities and phases. The hypothetical structure is rotated
and translated until the intensities match the experimental data. If the correlation between the hypothetical and
actual structure is strong, then the structure determination can succeed without the need for heavy atom
derivatives.

More recently, nuclear magnetic resonance (NMR) spectroscopy has been used to determine protein structure
(Wuthrich, 1986). Pairs of hydrogen atoms (protons) produce resonances when they lie in neighboring positions in
the protein chain or when they lie very close together in space. By determining the correspondence of resonances
with
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individual amino acids in the protein, one can determine which amino acids lie near each other. Based on these
constraints, one can use the mathematical technique of distance geometry (Crippen and Havel, 1988) or restrained
molecular dynamics with simulated annealing to build a partially constrained structure. (The isotopes 13C and 15N
can also provide additional information.) Currently, this approach requires a noncrystalline but highly concentrated
protein solution and works only for relatively small proteins (the resonances broaden as the molecule size
increases and its tumbling time decreases).

BASIC INSIGHTS ABOUT PROTEIN STRUCTURE

If a protein sequence contains sufficient information to code for a folded structure, it should be possible to
construct a potential energy function that reflects the energetics of an assembling polypeptide chain. In principle,
one would ''only" need to find the minimum of this potential function to know the protein's folded state. In
practice, this goal has proved elusive.

Some early workers defined molecular force fields compatible with the experimentally measured
conformational preferences of small molecules (Lifson and Warshel, 1969). Unfortunately, attempts to fold a
denatured chain using this approach were unsuccessful (Levitt, 1976; Hagler and Honig, 1978) because multiple
local minima along the potential energy surface trapped the folding chain in unproductive conformations (see
Figure 9.3). Even with improved search strategies including molecular dynamics and Monte Carlo methods, it has
not been possible to find the native structure from a random starting point (Howard and Kollman, 1988; Wilson
and Doniach, 1989). This has been called the "multiple minima problem." It remains a critical problem for the
conformational analysis of complex molecules. Despite the inability to fold proteins de novo, this approach has
proved valuable for studying the behavior of proteins by studying small perturbations around the known structure.

Because direct computation is difficult, one approach would be to look for patterns and regularities in protein
structures that might simplify the task of prediction. In fact, considerable insight can be gained by simply looking
at experimentally determined protein structures. First of all, one
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Figure 9.3
The multiple minima problem: a two-dimensional schematic of the energy surface of a folding protein. Different
starting points lead to different metastable states. Only S2 finds the global minimum.

observes that proteins tend to employ certain stereotypical local conformations called secondary structures.
The most important are called α-helices and β-sheet structures and were suggested by Pauling (Pauling et al.,
1951) based on first principles. In an a-helix, the chain follows a right-handed spiral with hydrogen bonds between
the amino group (NH) of one amino acid and the carbonyl group (C=O) of an amino acid a few steps further along
the chain. The result is a stable structure with a sequentially local network of hydrogen bonds (see Figure 9.4A).
β-sheets offer a different solution to the hydrogen bonding problem. These sheets involve segments of the chain
that are sequentially distant but conformationally similar, forming an alternating pattern of hydrogen bonds (see
Figure 9.4B). The β-strands may lie parallel or antiparallel to one another. In fibrous proteins, repeated amino acid
sequences yield elongated α-helices like α-keratin (or hair) and β-sheets like β-fibroin (or silk). Globular proteins
must contain amino acid sequences that break α-helix and β-sheet
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Figure 9.4
(A) An alpha helix. (B) A β-sheet: four parallel β-strands are shown. Hydrogen bonds exist between oxygen atoms on
one strand and nitrogen atoms on the neighboring strand.

FOLDING THE SHEETS: USING COMPUTATIONAL METHODS TO PREDICT THE STRUCTURE OF PROTEINS 243

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


structure and cause the chain to turn back toward the center of the molecule.
Secondary structure provides a useful building block for constructing more complex protein structure (Crick,

1953; Levitt and Chothia, 1976). Proteins are usefully classified by their use of secondary structures: α/α proteins
are structures dominated by α-helices (for example, myoglobin); β/β proteins are predominantly β-sheet structures
(for example, plastocyanin); α/β proteins are characterized by the regular alternation of α-helices and β-strands
(for example, flavodoxin); and α + β proteins are characterized by the irregular alternation of α-helices and β-
strands (for example, lysozyme) (see Figure 9.5). Although the building blocks are common, the connectivity of
the chain varies within these folding classes. Molecular biologists have borrowed the term
"topology" (inappropriately) to describe the path that the chain takes in joining consecutive secondary structure
elements. For example, many proteins contain four a-helices packed one against another to form a square four-
helix bundle. With one helix taken as the reference point, the other three helices can be visited in six distinct
orders. Moreover, each of these three helices can lie parallel or antiparallel to the reference helix. Thus, 48 motifs
are possible. Is there any preference in the arrangements found in nature? By their general structure, a-helices have a
dipole moment with partial positive charges near their N-terminus (start) and partial negative charges near their
C-terminus (end). If electrostatic considerations are significant, one might expect to see antiparallel arrangements
predominate (since opposite charges attract). In fact, a review of available protein structures reveals that 17 of 18
four-helix bundle structures conform to this expectation (Presnell and Cohen, 1989). Of the six possible motifs
involving antiparallel arrangements, five have been observed in nature so far, and the sixth is expected to crop up
as the database of protein structures grows (see Table 9.1 and Figure 9.6). An important corollary of the study of
four-helix bundles is that quite distinct sequences can adopt similar structures: the code for folding is degenerate.

Further insight into protein structure is gained by considering the physicochemical properties of the different
amino-acid side chains. Some side chains (those called hydrophilic) interact favorably with water, while others
(called hydrophobic) do not. For globular proteins, one would expect (Kauzmann, 1959) that the hydrophilic side
chains would tend to
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Figure 9.5
Tertiary structure classes.
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dominate the exterior of the protein (where it interacts with the aqueous environment) while hydrophobic side
chains would occupy the molecule's interior. Richards devised a simple method for defining the "solvent-
accessible" portion of a protein by rolling a sphere with a radius comparable to that of a water molecule along the
molecular surface (Lee and Richards, 1971). When amino acid residues are categorized in this way, it is indeed
found that hydrophobic residues tend to occur on the inside and hydrophilic residues tend to occur on the outside,
although the correlation is far from perfect. Solvent-accessible surface area calculations have shed light on the
importance of the "hydrophobic effect" in driving protein folding and have proved valuable in dissecting the
stabilization of protein—protein and secondary structure—secondary structure inter-actions.

Table 9.1 Topologies of Currently Known Four-α-Helix Bundles

Number of Overhand All Antiparallel Others

Connections(s) Left-handed Right-handed (right-handed)

0 Complement C3a Cytochrome b-562

Complement C5a Cytochrome c'

Cytochrome b5 Methemerythrin

Interleukin 2 TMV coat protein

T4 lysozyme

1 Ferritin Phospholipase C (b) Cytochrome P-450cam

2 Human growth hormone

NOTE: There are no left-handed topologies for "other" four-a-helix bundles. TMV is the tobacco mosaic virus.

In summary, the analysis of protein structures has produced some unassailable conclusions: packing is an
important element of protein stability; secondary structure is a common component of protein structure;
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Figure 9.6
(Top) Two left-handed bundles (side view). Three specific attributes fully describe the topology of a four-α-helix
bundle. These are the(1) polypeptide backbone connectivity between helices, (2) unit direction vectors of the
individual helices, and (3) bundle handedness. In the first bundle there are no overhand connections, and in the
second bundle there is one overhand connection. The handedness of a particular bundle is determined using the
"right-hand rule" of physics. To determine if a helix bundle is of a particular handedness, orient the thumb of one
hand parallel to the first helix or helix A where the positive unit vector stems from N-terminus to C-terminus (and
helices A, B, C, and D are the first, second, third, and fourth helices on the path from the N terminus to the C
terminus). Helix B should be oriented to the left if it is a left-handed bundle and to the right if it is a right-handed
bundle. In the case where helix B is diagonally opposed to helix A, the handedness is based on the position of helix C
relative to helices A and B. (Bottom) Schematic representation of the possible antiparallel four-α-helix bundles (top
view). Bold lines represent connections n front of the page; thin lines represent connections behind the page. Left-
handed and right-handed forms of four-α-helix bundles have an equal probability of occurrence. Reprinted, by
permission, from Presnell and Cohen (1989). Copyright 1989 by S.R. Presnell and F.E. Cohen.
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globular proteins partition most hydrophobic groups away from the proteinsolvent interface; and similar
sequences yield similar structures, but quite distinct sequences can produce remarkably similar structures.
Molecular biologists have suggested that nature can borrow pieces of several structures to construct new structures
or simply extract a whole structure and co-opt it for a new use (Dorit et al., 1990).

This chapter focuses on two of the major computational approaches that biologists have taken to the protein
folding problem: (1) Threading methods, which rely on aligning a "new" protein with sufficiently similar proteins
for which structures are already known. Of course, these methods require that sufficiently similar proteins exist in
the available databases. (2) Hierarchical condensation methods, which involve identification of the building blocks
of protein structure and an understanding of the rules that govern the assembly of these building blocks into
higher-order structure. Unlike the template methods, these methods can be applied even to proteins that do not
closely resemble previously studied ones.

The rest of this chapter outlines current work, underscores the limitations of each strategy, and highlights the
computational challenges we face.

THREADING METHODS

If two proteins have evolved from a common ancestor, their structures tend to remain similar (because
structure underlies function) even though their sequences may diverge considerably. The converse of this
statement offers a recipe for protein structure prediction: if a "new" protein sequence is recognizably similar to the
sequence of a protein of known structure, then it should be possible to approximate the "new" structure by
threading the sequence of the "new" protein through the ''old" structure guided by the sequence alignment. The key
step is to accurately align the new sequence with the known structure. While this is straightforward when the
number of exact residue-for-residue matches between the two sequences exceeds 70 percent, as the degree of
identity declines, this task becomes much harder (Smith and Smith, 1990). Without an accurate alignment,
model-building efforts are doomed to failure.

Proteins are the translated products of information encoded in DNA stored in the chromosomes of the
nucleus. As has been discussed in
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previous chapters, a group of three consecutive nucleotides specifies, by the genetic code, an amino acid for
addition to a growing protein chain. From time to time, spontaneous mutations occur in the DNA sequence; these
mutations produce changes in the amino acid sequence. While some mutations are deleterious and are eliminated
by evolutionary selection, other mutations are essentially neutral in their effect and thus suffer no negative
selection. As a result, the exact blueprint for a protein will drift over time as mutations accumulate. Genetic
recombination can introduce additional variation to a gene. New sections of sequence can be inserted or existing
sections deleted. Distinct genes or gene parts can be duplicated or concatenated. To trace the putative evolutionary
relationship of two proteins, we must be able to assess the likelihood that a series of mutations, insertions, and
deletions could relate the two sequences. The likelihood that any residue will be mutated into another residue
could depend on the mechanisms for somatic mutation as well as on the implications of the substitution for the
stability or catalytic efficiency of a protein—that is, it could depend both on mutation and selection.

We need to determine the likelihood of all possible interchanges between the 20 natural amino acids, that is,
create a 20 × 20 transition matrix for a Markov process (although sequence evolution is not strictly Markovian). A
number of approaches can be taken:

1. Focusing on mutation, we have to know the frequency of transitions (A ↔ G, C ↔ T) and transversions
(AG ↔ CT) as well as the number of base changes required to change the triplet code for one amino acid into
another. A minimum base change matrix has been constructed and used to align protein sequences. This
mechanistic approach is most successful with very closely related protein sequences. Over long periods of time,
however, there is ample opportunity for most mutations to occur, and so the observed spectrum of changes tends to
depend more on the selective advantage or disadvantage of the amino acid substitutions than on the probabilistic
nature of the mutation process itself.

2. An alternative approach to constructing the 20 × 20 transition matrix depends on the chemical similarity of
the residues. Smith and Smith (1990) have employed this strategy to categorize and align all of the known
sequences.

3. Finally, an unabashedly empirical approach can be taken. Dayhoff et al. (1972) manually aligned protein
sequences from a functional family (for
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example, cytochromes) and then tabulated the observed interchange frequency between all pairs of amino acids.
Clearly, the success of the manual alignment and the evolutionary distance between family members have an
impact on the interchange matrix. (In particular, Dayhoffs matrix corresponds to the transition matrix for the
results of the Markov process over, for example, 250 million years. From this, one can infer the transition matrix
for other periods.) In spite of its shortcoming, the Dayhoff matrix has proved extremely useful.

It is simplistic to expect that any one matrix can be appropriate for all positions along the chain. In fact,
mutational tolerance varies widely at different positions along a protein chain (Overington et al., 1990). Regions
of the protein interior and secondary structure are less tolerant of mutation. Conformational restrictions dictate the
residue type in tight turns. Some cysteine side chains are covalently cross-linked to another cysteine along the
chain in a disulfide bridge (and thus are under strict selective pressure to remain constant), while others exist as
free sulfhydryls (and are presumably less constrained). Moreover, two cysteines in a disulfide bridge have
correlated fates: if the bridge is broken by the mutation of one residue (and the protein is not sufficiently
compromised that evolution selects against it), the remaining cysteine is under much less selective pressure.
Proteins are highly cooperative structures, and so coupled behavior of sequentially distant residues is common.
For particular proteins with well-understood structures, specific sequence "profiles" have been developed that
incorporate the coupled behavior of specific amino acids along the chain. This approach performs extremely well
(Bowie et al., 1991), but no general scheme exists for discerning the cooperative aspects of the sequence of a
folded protein.

The existence of insertions and deletions of sequences during evolution creates a second problem in the
development of an alignment metric. What is the correct penalty for creating a gap in one sequence, and how
should the penalty grow as the gap becomes longer? With a sufficiently weak penalty for gaps, any two sequences
can be aligned even if they are unrelated. To make matters worse, experiments have shown that the energetic
penalty for inserting a sequence along the chain varies with the location of the insertion (Sondek and Shortle,
1990). Turn regions are accommodating, but the middles of secondary structure elements are more problematic.
Smith has asserted that the gap penalty should be equal to
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G1 + n G2, where G1 is a penalty for creating a gap, G2 is the penalty for extending the gap by one additional
residue and n is the length of the insertion. No obvious formalism exists for determining G1 and G2, so they are
parameters to be chosen to fit the problem at hand. Sternberg has further complicated this issue by suggesting a
strategy to bias the definition of G1 based on the position along a sequence of known structure that relies on the
presence or absence of secondary structure (Barton and Sternberg, 1987). From a structural viewpoint, this is
extremely sensible. From the computational point of view, the additional difficulties are considerable. More recent
work by Gonnet et al. (1992) based on actual insertions and deletions suggests that gap penalties should take the
form G1n −1.7.

Once the mutation and gap metric have been chosen, one wishes to find the best alignment of two or more
sequences. For two sequences, dynamic programming algorithms offer a rapid method for creating the optimal
pairwise alignment (Smith and Waterman, 1981). For the alignment of multiple sequences, the problem becomes
computationally intractable (alignment of k sequences of length N takes time O(Nk) ), and so iterative pairwise
strategies are used. The significance of a final alignment is often evaluated by comparison with a family of
"random" sequences. Unfortunately, protein sequences are far from random, and so this approach usually
overestimates the significance of an alignment. New methods are being developed to improve the scoring metrics
and to produce "random" sequences with the Markov dependences commonly observed in proteins (Karlin and
Altschul, 1990).

When an accurate alignment is available for a new protein sequence and a protein of known structure, it is
possible to construct a useful model of the "new" three-dimensional structure based on the "old" structure. For
closely related structures, the residue-by-residue positional error is small. However, the error grows as the
divergence between the sequences of the model and known structures increases (Chothia and Lesk, 1986). Because
"reasoning by homology'' plays such an important role in the prediction of protein structure, various recipes have
been developed for model building (Greer, 1990; Chothia et al., 1989; Jones and Thirup, 1986; Bruccoleri and
Karplus, 1987; Ponder and Richards, 1987; Wilson et al., 1993). One method is based on using secondary structure
segments to create a molecular scaffold, thereby decomposing the problem. Onto this scaffold,
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particular loops can be added, and the side chain conformation of the individual residue can be specified. The
loops can be selected from a "loop thesaurus" (although this suffers from the drawback that it cannot predict novel
loops) or by computational search (although this becomes prohibitive for loops of more than 10 residues). The
conformation of the side chains cannot be determined by direct conformational search because too many local
minima exist, but the problem can be made more tractable by focusing the computation on "rotamer libraries"
containing the most commonly found conformations and by performing comparisons with the conformations
found in collections of related sequences (Wendoloski and Salemme, 1992).

While model construction is straightforward, model validation is much more difficult. Is a homology-built
model correct? If not, where is it wrong, and how can it be improved? The problem turns out to be surprisingly
hard. Indeed, Novotny et al. (1988) showed that it is possible to construct "incorrect" models that nonetheless
satisfy a variety of energetic constraints. They took hemerythrin and an immunoglobulin domain, two proteins
with entirely different secondary and tertiary structure. The hemerythrin sequence was forced into the
immunoglobulin structure and vice versa. The difficulty in distinguishing the correct and misfolded structures
based on energy calculations was both remarkable and profound. This suggests that the errors inherent in existing
potential functions may dominate the energy differences between correctly and incorrectly folded proteins. In
practice, homology modeling has had varied success (Pearl and Taylor, 1987; Wierenga and Hol, 1993), ranging
from important triumphs to ambiguous or erroneous results.

Clearly, better methods are needed to evaluate the quality of model-built structures. One such test stems from
the observation that a hallmark of folded proteins is the close packing of atoms (Richards, 1977). Using various
computational methods, various workers (Richards, 1977; Frauenfelder et al., 1987) have shown that the packing
density within a protein turns out to be comparable to that seen in the crystalline arrangement of small organic
molecules, with cavities being rare (and those that are observed can be functionally relevant). Gregoret and Cohen
(1990) have exploited tests for packing defects as a strategy for sorting correct structures from their incorrectly
modeled counterparts. While this approach provides a useful filter for rejecting some structures, well-packed but
incorrect structures are found.
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A second approach to distinguishing correct from incorrect structures is based on the concept of solvent-
accessible surface area, a notion that has found broad utility in the analysis of the energetics of protein folding and
molecular recognition (Lee and Richards, 1971). The solvent-accessible surface area is defined as the area of the
locus traced by the center of a sphere of radius 1.4 angstroms (Å) (the radius of a water molecule) when it is rolled
along the surface of the protein. The solvent-accessible contact area is defined as the region of the molecule that
contacts the probe sphere. These two measures tend to be roughly proportional and can be calculated using
numerical integration (Lee and Richards, 1971) or analytical methods from differential geometry (Richmond,
1984). Solvent accessibility calculations turn out to be quite relevant to the energetics of protein folding (Chothia,
1974). While side chains on the exterior of a protein are in contact with water, the interior side chain environment
resembles the organic solvent octanol (an eight-carbon alcohol). It is this difference that makes it favorable for
hydrophilic side chains to lie on the surface and hydrophobic residues to cluster in the interior. The free energy
required to transfer particular amino acid side chains from octanol to water has been measured (Lesser and Rose,
1990). The experimental values correlate closely with the accessible surface area of the side chain (1−Å2 surface
area = 47 calories per mole), and the data provide a basis for distinguishing correct from incorrect protein
structures. Indeed, Novotny et al. (1988) found that it was possible to sort the correct hemerythrin and
immunoglobulin structures from their incorrect models by taking into account the accessible surface area. For this
and other reasons, fourth-generation potential functions are being developed that include a solvent accessibility
term as a method for implicitly incorporating proteinsolvent interactions.

Another issue in evaluating proposed protein structures is the treatment of electrostatic interactions (Gilson
and Honig, 1986). Proteins contain many charged side chains, and the peptide backbone forms a dipole. The
dielectric behavior of the protein interior is significantly different from the behavior at or near the protein-solvent
interface. This creates difficulties in computational efforts to evaluate properties of proteins. For example, a simple
coulombic formulation of electrostatic interactions does a poor job of replicating experimental data on the intrinsic
affinity of an ionizable group for a proton (pKa). Since the groups in the active site of a protein often have unusual
pKa's, advances
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are necessary to improve our understanding of catalysis. Honig and coworkers have used the Poisson-Boltzmann
equation to obtain a better understanding of protein electrostatics (Gilson and Honig, 1986). Distinct dielectric
environments can be accommodated, and while closed-form solutions are not possible for any complex systems,
finite difference methods can be used to calculate the field strength. These studies have proved useful in
replicating pKa data, and efforts are under way to incorporate the Poisson-Boltzmann formalism into existing
potential functions. Unfortunately, these calculations are computationally intensive. Little has been tried to exploit
electrostatic interactions as a guide to the merits of a protein structural model.

Finally, experimental information can be used to sort correct from incorrect structures. The relative
proportion of α-helix and β-sheet in a protein can be measured by circular dichroism spectroscopy. Discrepancies
between the observed and the predicted data can argue against a model structure. The precise cross-linking of the
polypeptide chain through disulfide bridges or other chemical reagents provides distance constraints that connect
sequentially distant regions of the chain. To a lesser extent, site directed mutagenesis, which detects the impact of
changes to the amino acid sequence on protein stability and function, and limited proteolysis experiments, which
detect the relative accessibility of regions of the chain, can provide useful constraints to sort between alternative
model structures. The combination of theoretical methods and low-resolution experimental tools holds great
promise for directing the construction of useful protein structure models.

PREDICTING HIV PROTEASE STRUCTURE:AN EXCURSION

Several types of proteases, enzymes that catalyze the breakdown of proteins, have been characterized by
biochemists. Frequently, they are named after a key component of their catalytic machinery: serine, cysteine,
aspartyl, or metallo proteases. With the discovery of the AIDS virus (HIV) and the determination of its genomic
sequence, it appeared that the virus produced a great deal of its enzymatic and regulatory machinery as one long
incapacitated polyprotein that required a specific protease to split it into active components. Sequence analysis
suggested
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a region of the genome that could code for a protein with some resemblance to the aspartyl proteases known from
prokaryotic and eukaryotic sources. The problems were that the sequence was too short (~ 100 residues) when
compared to the known aspartyl proteases (~ 240 amino acids) and that it contained only one of the two key
aspartyl groups that form the active site. Moreover, the degree of sequence similarity between the viral sequence
and the known aspartyl proteases was sufficiently low that researchers were unsure of exactly what went where.
This was of more than passing interest as genetic studies of HIV demonstrated that mutation to the putative
aspartyl protease blocked viral replication, and hence this was a promising target for pharmaceutical intervention.

Pearl and Taylor (1987) studied the structures of several aspartyl proteases and constructed a template that
encoded the essential features of this class of enzymes. A sequence template was found that could be used to scan
the database of known sequences and efficiently sort aspartyl proteases from all other proteins. The HIV sequence
fit half of the template and exhibited very economical tendencies with regard to the loop regions that joined the β-
strands in the molecular framework. The prokaryotic and eukaryotic aspartyl proteases contain two domains that
are structurally similar and can be related by a dyad axis. Moreover, one of the two aspartate residues in the active
site is contributed by each domain. Pearl and Taylor reasoned that HIV, in an attempt to achieve additional
genomic economy, elaborated a protease that had to pair or dimerize to form the active enzyme. A three-
dimensional model of the HIV protease was constructed by following the template-directed homology to the
aspartyl proteases of known structure that facilitated subsequent chemical and biochemical efforts. Their structural
model proved to be extremely insightful when compared with the structural data provided by X-ray
crystallographers several years later.

HIERARCHICAL APPROACHES

If protein folding is so hard, how do proteins manage to get it right? Does the folding process obey simple,
logical rules that could guide computational efforts to reproduce it? Biochemists tend to describe protein structure
in a hierarchical fashion, and many believe that the folding
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process tends to proceed up the hierarchy (Linderstrom-Lang and Schellman, 1959). According to this view, the
amino acid sequence or primary structure would first collapse from a disordered chain to form ordered elements of
secondary structure, α-helices and β-strands. These secondary structure elements would coalesce to form a stable
tertiary structure, consisting of the packing of the secondary structure elements against one another in the complete
protein molecule. Finally, individual protein monomers with stable tertiary structures can sometimes aggregate to
form multimers with the interaction defining the quaternary structure, often having complex functional and
regulatory roles. This suggests a computational strategy to relate protein sequence and structure. First, predict the
location of α-helices and β-strands, and then pack secondary structure units together to form an approximate
tertiary structure that can be refined to the folded protein structure (see Figure 9.7).

Is secondary structure prediction possible? Stated more precisely, is secondary structure determined
predominantly by local interactions along the chain, or is it dependent on numerous nonlocal (tertiary)
interactions? Various small peptides have been synthesized and spectroscopically characterized in an effort to
understand the origins of the stability of an α-helix (Padmanabhan et al., 1990). Experiments show that several
short sequences (< 20 residues in length) can form stable α-helices and the individual amino acid conformational
preferences correlate with those observed in globular proteins. Studying β-structure in this fashion, however, has
proved more difficult.

Studies of whole proteins shed further light on the degree to which secondary structure arises from local
interactions. Experiments have suggested that one can identify a "molten globule" state that can be stabilized
under acidic conditions (Kuwajima, 1989). This intermediate state appears to contain native-like secondary
structure as inferred from circular dichroism studies, but the tertiary structure appears not to be present. In short,
secondary structure appears to be stable in the absence of tertiary or nonlocal interactions. On the other hand, the
local information producing secondary structure cannot be too local. For it is known that identical pentapeptide
sequences chosen from distinct proteins can adopt entirely different structures (Kabsch and Sander, 1984). For
example, the same pentapeptide may form part of an a-helix in one protein and a β-strand in another. Thus, the
necessary information must extend beyond
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five residues. Presumably, the solution is that the conformation of some sequences is specified in large part by
local interactions, while others are stable only in the context of the neighboring sequences. The most difficult
challenge for secondary structure prediction methods is to determine the structure of these context-dependent
regions.

Figure 9.7
A hierarchical condensation model for protein folding. Sequence determines secondary structure, and secondary
structure elements assemble to form an approximate tertiary structure. Energy refinement yields a detailed three-
dimensional structure.

Two general strategies have been applied to the secondary structure prediction problem: statistical approaches
and rule-based approaches.

The statistical approaches assert that proteins of known tertiary structure provide a useful data set describing
secondary structure preferences of individual amino acids. Two presumptions are made: tertiary structure will
exert no consistent effects on secondary structure, and the existing database is of sufficient size to provide
important information. The first assertion recalls our discussion of the local versus global determinants of protein
organization believe that local nteractions play a significant role in protein folding, but, in the literature,

FOLDING THE SHEETS: USING COMPUTATIONAL METHODS TO PREDICT THE STRUCTURE OF PROTEINS 257

Ab
ou

t t
hi

s 
PD

F 
fil

e:
 T

hi
s 

ne
w

 d
ig

ita
l r

ep
re

se
nt

at
io

n 
of

 th
e 

or
ig

in
al

 w
or

k 
ha

s 
be

en
 re

co
m

po
se

d 
fro

m
 X

M
L 

fil
es

 c
re

at
ed

 fr
om

 th
e 

or
ig

in
al

 p
ap

er
 b

oo
k,

 n
ot

 fr
om

 th
e 

or
ig

in
al

 ty
pe

se
tti

ng
 fi

le
s.

 P
ag

e 
br

ea
ks

 a
re

 tr
ue

 to
th

e 
or

ig
in

al
; l

in
e 

le
ng

th
s,

 w
or

d 
br

ea
ks

, h
ea

di
ng

 s
ty

le
s,

 a
nd

 o
th

er
 ty

pe
se

tti
ng

-s
pe

ci
fic

 fo
rm

at
tin

g,
 h

ow
ev

er
, c

an
no

t b
e 

re
ta

in
ed

, a
nd

 s
om

e 
ty

po
gr

ap
hi

c 
er

ro
rs

 m
ay

 h
av

e 
be

en
 a

cc
id

en
ta

lly
 in

se
rte

d.
 P

le
as

e 
us

e 
th

e
pr

in
t v

er
si

on
 o

f t
hi

s 
pu

bl
ic

at
io

n 
as

 th
e 

au
th

or
ita

tiv
e 

ve
rs

io
n 

fo
r a

ttr
ib

ut
io

n.

Copyright © National Academy of Sciences. All rights reserved.

Calculating the Secrets of Life: Contributions of the Mathematical Sciences to Molecular Biology
http://www.nap.edu/catalog/2121.html

http://www.nap.edu/catalog/2121.html


this remains an open question. The adequacy of our current database can be approached in a more straightforward
way. The conformations of over 40,000 amino acids in approximately 200 distinct protein structures are known.
These distribute between α-structure (~ 30 percent), β-structure (~ 30 percent), and turns or coils (~ 40 percent).
The likelihood that alanine will appear in an α-helix ( Lα (Ala) ) can be calculated easily from this data set.

Even the 400 amino acid doublet propensities, which reflect the conditional probability that an alanine will
occur in an a-helix contingent on the amino acid type of the neighboring residue, can be usefully approximated.
However, the current data set is not adequate to provide information about the 8,000 triplet amino acid
preferences. Moreover, it is not clear that the triplet interaction preferences will be the sum of three doublet
interactions or that complete triplet preferences adequately define the conformational preferences of amino acids.
Additional protein crystal structures and studies on model peptide systems will help in overcoming these
limitations.

In 1974, a landmark paper on protein secondary structure prediction was published by Chou and Fasman
(1974). Working with a much smaller protein database, the authors calculated the secondary structure propensities
of each amino acid, for example,

From this information, residues were classified as helix formers (Pα  ≥ 1.05), intermediate (0.70 ≤ Pα < 1.05),
and helix breakers ( Pα < 0.70 ). Local clusters of helix formers defined helical nucleation sites. These nuclei were
extended toward the N- and C-termini following rules based on the aggregate Pα 's. Although no computer
algorithm accompanied the initial work, the method was sufficiently simple that it could be applied by hand. The
accuracy of this algorithm (that is, the
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percentage of correct predictions on a residue-by-residue basis) approached 60 percent.
Subsequent work has developed more sophisticated variations on the theme. In 1979, Robson and co-workers

introduced an information-theoretic formalism to supplement conformational preferences of the isolated residues
with preferences based on pairwise interactions (Garnier et al., 1978). The method was easy to implement in a
computer algorithm and achieved ~ 64 percent accuracy. More recently, various authors (Qian and Sejnowski,
1988; Holley and Karplus, 1989) have employed neural networks, which belong to a general class of machine
learning algorithms that can efficiently "learn" an optimal translation of one data string (for example, a protein
sequence) into another (for example, the sequential secondary structure assignments). The network is a group of
input nodes connected to a group of output nodes with an optional hidden layer or layers of nodes (see Figure 9.8). A
matrix of weights is developed to map the input information into the nodes on a path to the output layer. Like
neurons in the nervous system, a cooperative nonlinear "firing" potential is used to decide if adequate information
has accumulated to switch on an output node (see Figure 9.9). For secondary structure prediction, this "all or
none" output node predicts an α-helix when the accumulated helical propensity of the residue of interest and its
neighbors crosses the threshold. The weights for the connections that relate input nodes to output nodes are learned
by example. A window specifies the number of neighboring residues that can contribute to the conformational
state of the residue of interest. Case after case of input amino acid sequence and output secondary structure is
presented to the network. A least squares algorithm defines an optimal set of weights for the encoding of the data
set using a back propagation strategy. A more complete description of neural networks can be found in a chapter
of the book Parallel Distributed Processing: Explorations in the Microstructure of Cognition, Vol. 1 (Rumelhart
et al., 1986).

Neural networks easily achieve an accuracy of 64 percent, a figure comparable to that for other methods. It is
useful to explore the connection weights derived by the network that relate amino acids to their secondary
structure preferences. Figure 9.10 is a Hinton diagram of these weights (the magnitude of the weight is
proportional to the area of the square; positive weights are in white, and negative weights are in black). Alanine
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Figure 9.8
The secondary structure neural network. The input pattern is a sequence of amino acids centered around a central
amino acid. Each amino acid is mapped to one input group, which is a collection of 21 units. Each amino acid causes
an input of 1.0 to one of the units of its group and an input of 0.0 to the other units. We typically use the six amino
acid residues on each side of the central amino acid, for a total of 13 × 21 = 273 input units. There are three output
units: helix, strand, and coil. Each input unit is connected to each output unit, and the output unit with the greatest
output is taken to be the secondary structure prediction for the central amino acid. Additional input units can be
accommodated. Reprinted, by permission, from Kneller et al. (1990). Copyright 1990 by Academic Press Limited.
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and leucine are seen to strongly favor α-helices, while proline and glycine disrupt the a-helix structure and
prefer turn conformations. This is consistent with the structural information derived from previous studies and
reinforces the sensibility of this approach.

Figure 9.9
The basic neural network. Circles represent the units, and squares the weights between the units. The larger the
square, the greater its absolute value. Solid squares represent negative values, and open squares represent positive
values. The bars represent the outputs of the units, with values ranging from 0.0 to 1.0. The symbols are defined as
follows: Ok is the output of unit k; wik is the weight to unit i from unit k; and bi is the bias of unit i. The activation of
unit i is ai = ∑wik ok + bi, and its output is . Reprinted, by permission, from Kneller et al. (1990).
Copy-right 1990 by Academic Press Limited.

Why do neural networks not perform more accurately? We have begun to address this question. If a network
is trained on proteins restricted to one structural class, especially all helical proteins, the accuracy improves
significantly (Kneller et al., 1990). For example, nodes can be added that capture the alternating distributions of
hydrophobic and
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Figure 9.10
Hinton diagram of the weight matrix. The weights connecting each input unit to each output unit are shown. The size
of each box correlates with the magnitude of the weight. Solid boxes have negative values, and open boxes have
positive values. The three output units are shown as separate blocks. The 273 input units connected to each output
unit are divided into 13 groups of 21 units each. Along the abscissa, the groups are located at positions in the range
−6, −5, . . ., 0, . . ., 5, 6 relative to the central residue. Along the ordinate, the 21 units are labeled by residue type.
Reprinted, by permission, from Kneller et al. (1990). Copyright 1990 by Academic Press Limited.
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hydrophilic residues in a phase-insensitive way. Together, these methods improve secondary structure
prediction accuracy for all helical proteins to 79 percent and for all β proteins to at least 70 percent. α/β proteins
remain problematic. Presumably, this relates to the fact that the fundamental structural unit in α/β proteins
involves an α-helix and the preceding and/or following β-strands. This super-secondary structure involves at least
30 residues, far more than are included in the windows currently used. By exploiting a family of aligned protein
sequences, improvements in secondary structure prediction are anticipated. Other aspects of this problem continue
to make this a fertile area for study.

The second general approach to secondary structure prediction is rule-based methods, which try to capture
biochemical regularities in protein structure. In an important early paper, Lim (1974) described ''rules" that specify
residue combinations along the chain that stabilize or destabilize α-helices and β-sheets. The rules attempted to
capture the notion that secondary structure elements need to be compatible with the overall tertiary structure
consisting of a hydrophobic core and hydrophilic exterior. Among other constraints, isolated β-strands are stable
only in the context of larger β-sheets, and the edge strands in these β-sheets have significantly different properties
than the interior strands. Technical difficulties in the formulation of the rules hampered efforts to implement these
ideas in a computer program, but this does not detract from the insightfulness of the approach.

Our group has followed up on the rule-based approach pioneered by Lim. We have constructed PLANS, a
Pattern Language for Amino and Nucleic Acids Sequences, and implemented this language in LISP and C (Cohen
et al., 1983, 1986). Accurate patterns can be written to identify various structural features. For example, rule-based
patterns can be used to identify "turns" in protein chains. Turns contain hydrophilic stretches without periodic
structure; they tend to be evenly distributed throughout the protein chain. Extremely hydrophilic clusters of amino
acids are nearly always turns. Weaker turns can be identified as relatively hydrophilic clusters of residues
appropriately separated from the more obvious turns. The spacing between turns depends on the secondary
structure content of the protein. For example, an α-helical segment bounded by turns contains approximately twice
as many residues as a similar β-strand segment. The class of a protein (α/α α/β, β/β) offers a simple way of
specifying the expected link length
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between turns. Using a hierarchical set of turn patterns embodying these ideas, one can identify turns with ~ 90
percent accuracy.

Other work on rule-based methods has focused on finding the exact location of α-helices on α/α proteins
(Presnell et al., 1992). Even though helices are heterogeneous objects, patterns have been developed to recognize
their beginnings (N-caps or N-termini), cores, and ends (C-caps or C-termini). While the core patterns are very
accurate (> 90 percent of helices can be located), the termini, especially the C-termini, remain poorly defined.
Because of these deficiencies, amalgamation of the three groups of patterns produces a secondary structure
prediction that is only 71 to 78 percent correct. Developing sequence patterns to represent protein substructures is
labor intensive. Recently, there have been attempts to automate this process by means of heuristic, iterative
algorithms for pattern construction (King and Sternberg, 1990).

The hierarchical approach to protein structure prediction is premised on the notion that secondary structure
will be a useful computational intermediate for the prediction of overall tertiary structure. How exactly can one use
secondary structure information to bootstrap the process? Conceptually, the most straightforward approach to this
problem would be to construct all possible three-dimensional arrangements of the secondary structure segments
and then eliminate those with structural flaws (high potential energy).

Combinatorial approaches can be used to search over the many possible arrangements and evaluate their
plausibility (Cohen et al., 1979; Ptitsyn and Rashin, 1975). The approach is particularly well developed for the
case of α-helices, owing to the fact that the periodicity of α-helices tends to favor distinct packing geometries for
pairs of α-helices (Crick, 1953; Chothia et al., 1977; Richmond and Richards, 1978; Murzin and Finkelstein,
1988). Hydrophobic residues tend to dominate the interfacial region between paired α-helices. Moreover, there is a
correlation between the extent of the hydrophobic interface on the α-helices and the preferred packing geometry.
In the next section, we describe an application of this approach to the oxygen-bearing protein myoglobin. Similar
work has been done on β/β (Cohen et al., 1980, 1982; Finkelstein and Reva, 1991). For α/β proteins, the
combinatorial complexity of these proteins is much greater than for β/β and α/α proteins, but it is still possible to
use
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secondary structure as a guide to approximate tertiary structure. A complete description of these combinatorial
algorithms can be found in a recent review (Cohen and Kuntz, 1989).

If the hierarchical approach to protein structure prediction is to succeed, secondary structure prediction must
improve (to at least the 80 percent accuracy level), the combinatorial methods must be further refined, and the
radius of convergence of existing potential functions must be extended to allow optimization of the final structure
(Wilson and Doniach, 1989; Sippl, 1990; Troyer and Cohen, 1991).

PREDICTING MYOGLOBIN STRUCTURE:AN EXCURSION

Myoglobin, a 153-residue oxygen-carrying protein, was the first protein structure to be determined by X-ray
crystallography. It is composed of six long α-helices and two other smaller helices that do not contribute to the
protein's hydrophobic core. In the 1970s we showed that it is possible to construct three-dimensional models of
myoglobin by the successive addition of helices to an initial helix using the putative hydrophobic interfaces, while
respecting the geometric preferences of helix-helix interactions. From the work of Pauling (1967), we know the
conformation and hence the atomic coordinates of the backbone of an α-helix. To begin, we are free to place helix A
(residues 3 through 18) so that its axis is coincident with the x-axis with its centroid at the origin. Residue 10 is the
center of a potential helix-helix interaction site and creates a sticky patch on the surface of helix A. One possible
pairing of helices would join A and B (20 through 35) through sticky patches centered at residues 10 and 28. A
line segment perpendicular to the axis of helix A that passes through the Cα of residue 10 with a length of 8.5 Å
can be used to place helix B such that the segment passes through the Cα of residue 28, is normal to the axis of
helix B, and terminates at this axis. Helix E could be placed via its interaction with helix B, and so on. While the
packing of helices B and E will be sensible, nothing in this procedure prevents helices A and E from colliding. For
the six helices of myoglobin, there are 14 likely helix-helix interaction sites and 3.4 × 108 possible structures.
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To complete this calculation, a PDP 11/70 filling an entire machine room used to work for 48 hours. Today, a
laptop computer can complete this same calculation in much less than one hour. An algorithm with a tree
architecture can be used to generate these structures. Fortunately, many of the possible structures violate steric
constraints (that is, parts of the molecule collide) or disrupt the connectivity of the chain (that is, the interhelix
portion of the protein chain cannot stretch from the end of one helix to the start of the next helix), and so large
branches of the "tree" can be removed from further consideration. Remarkably, only 20 plausible structures are
obtained. Using the additional information that myoglobin contains an iron-bearing heme group, the list can be
winnowed: only 2 of the 20 structures could use two histidines to chelate an iron atom surrounded by a heme ring
in a sterically reasonable way. As it happens, these 2 structures are extremely similar (rootmean-square
displacement (rmsd) between Cα atoms = 0.7 Å) and resemble the crystal structure of myoglobin (rmsd = 4.4 Å).
Presumably, detailed energy calculations could be used to refine these structures. To date, the radius of
convergence of existing molecular dynamics algorithms is too small to close the 4- Å gap between these
approximate structures and the X-ray structure.

CONCLUSION

The protein folding problem is enormously important to biologists. Sequences for exciting new proteins are
relatively easy to determine. Structural data for these molecules are much more difficult to obtain. Yet proteins
contain a structural blueprint within their sequence. The computational challenge to unravel this blueprint is great.
This chapter has highlighted the important problems in this field and identified fertile territory for new
investigations.
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Genome Research, and professor of biology at the Massachusetts Institute of Technology. His background
includes both pure mathematics and laboratory molecular genetics. He also taught managerial economics at the
Harvard Business School from 1981 to 1989. Early in this period, he became interested in biology and acquired
laboratory training in fruit fly, nematode, and human genetics.

Dr. Lander's theoretical work includes the development of mathematical methods for the genetic dissection of
complex inherited traits; algorithms for genetic mapping; analytical approaches to physical map construction; and
population genetic methods for finding human disease genes. His laboratory work includes the construction of
genetic linkage maps of the mouse and rat genomes; construction of physical maps of the human genome; genetic
dissection of traits, including colon cancer susceptibility in the mouse and diabetes susceptibility in the rat;
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and cloning of human disease genes. He receive a MacArthur Fellowship in 1987 for his work at the interface of
molecular biology and mathematics. He received a Ph.D. in pure mathematics from Oxford University in 1981,
where he studied algebraic combinatorics.

Eugene W. Myers
Professor, Department of Computer Science University of Arizona Tucson, Arizona
Dr. Myers specializes in algorithm designs, an area of computer science focusing on the creation of computer

methods to solve problems efficiently and accurately. He first entered the area of computational molecular biology
in 1986 when he began to focus on algorithms for searching biosequence databases, discovering DNA sequence
patterns, comparing sequences, sequencing DNA, and displaying molecular images. He is an editor for Computer
Applications in the Biosciences and the Journal of Computational Biology. His algorithm designs are at the heart
of the software tools BLAST, Inheret, ANREP, and MacMolecule.

Dr. Myers received a bachelors degree in mathematics from the California Institute of Technology in 1975
and a Ph.D. in computer science from the University of Colorado in 1981. Immediately thereafter he joined the
faculty of the Department of Computer Science at the University of Arizona, where he became a full professor in
1991 and where he works today.

De Witt Sumners
Distinguished Research Professor Florida State University Tallahassee, Florida
Dr. Sumner's professional interests are knot theory and scientific applications of topology, and his research

activity includes knotting in random chains and topological models in molecular biology. Dr. Sumners initiated the
development of the tangle model to analyze the
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binding and mechanism of enzymes which alter the goemetry and topology of DNA. He has been a visiting
professor at Kwansei Gakuin University in Japan and at the University of Geneva in Switzerland. He is a member
of the Program in Mathematics and Molecular Biology at the University of California at Berkeley and has been a
member of the Mathematical Sciences Research Institute, Berkeley and the Institute for Advanced Study,
Princeton. Dr. Sumners received the B.Sc. degree in physics from Louisiana State University, Baton Rouge, in
1963 and the Ph.D. in mathematics (specializing in topology) from the University of Cambridge in 1967, where he
was a Marshall Scholar. Dr. Sumners is a member of the editorial boards of the Journal of Knot Theory and Its
Ramifications, Nonlinear World, and the Journal of Computational Biology.

Simon Tavaré
Professor of Mathematics and Biological Sciences University of Southern California Los Angeles,

California
Dr. Tavaré's scientific interests are in the application of probability and statistics to problems in population

genetics, human genetics, and molecular evolution. He has held positions at the University of Utah and Colorado
State University. Dr. Tavaré is a Fellow of the Institute of Mathematical Statistics. He received a Ph.D. in
probability and statistics in 1979 from the University of Sheffield in England.

Michael S. Waterman
Professor of Mathematics and Biological Sciences University of Southern California Los Angeles,

California
Dr. Waterman's main scientific interests are in the application of mathematics, statistics, and computer

science to molecular sequence data. He holds a USC Associates Endowed Chair and is a Fellow of the Institute of
Mathematical Statistics and a Fellow of the American Association for the Advancement of Science. Dr. Waterman
has held
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positions at Idaho State University and Los Alamos National Laboratory. He received a Ph.D. in probability and
statistics from Michigan State University in 1969.

James H. White
Professor, Department of Mathematics University of California Los Angeles, California
Professor White's work involves the study of the geometric properties of curves and surfaces in three-space.

It was in his thesis that he gave the first complete mathematical proof (outlined in the first part of Chapter 6 in this
volume) that the linking number of the backbone strands of a closed circular DNA is equal to the twist of one of
the backbone strands about the axis plus the writhing number of the axis. Because of this work, he was contacted
in 1977 by Francis Crick at the Salk Institute to explain how the supercoiling of the axis of a DNA affected its
topology. The answer to Crick's question is included in the second part of Chapter 6, having evolved over the
years not only to applications to DNA but also to DNA-protein interactions.

Professor White has been involved with mathematical applications to DNA for almost 18 years, assisting
molecular biologists in many laboratories throughout the United States and Europe, including William Bauer at
SUNY, Stony Brook and Nicholas Cozzarelli at the University of California, Berkeley. These collaborations have
led to the development of the surface linking theory outlined in Chapter 6 and the applications of knot polynomial
theory to recombination.

Professor White is a founding member of the Program in Mathematics and Molecular Biology, a National
Science Foundation project that has been established to further the advancement of the mathematical sciences in
the field of molecular biology. As a member of this group, he has written many articles and has organized several
conferences on the applications of geometry and topology to DNA and protein work. He is at the forefront of those
encouraging young researchers to work in this new interdisciplinary field. He received a Ph.D. from the University
of Minnesota in 1968 in the field of differential geometry.
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Index

A

α-helix, 242-248, 254
Adenine (A), 8, 9, 99
Algorithms, 35-36, 84-86, 87

approximate pattern matching, 78-79
difference measures, 72-73
dynamic programming, 60-64, 78, 82, 84, 85, 86, 109
in evolutionary analysis, 106, 110-112
gap cost penalties, 70-72
in genetic mapping, 35-36
global alignment, 58-64, 94-99
heuristic, 82-84
K-best alignments, 76-78
local alignment, 65-70, 99-106
multiple alignments, 73-76
in physical mapping, 46-51

Alleles, 6
Amino acids, 4, 57

see also DNA;
Protein folding;
Sequence similarity and comparison

Amplification, see Polymerase chain reaction
Ancestry, see Evolutionary analysis
ANREP systems, 87
Antidiagonals, 62, 79-80
APC gene, 34, 37-38
Approximate pattern matching, 78-79, 86
Approximate repeats, 87

ARIADNE systems, 87
Assay techniques, 2-3
Autosomes, 26

B

Base pairs, 8, 26, 48, 153, 154, 163, 179, 185, 188, 189, 191,
194, 204, 249

see also Adenine, Thymine, Cystosine, Guanine, Uracil
Bayesian statistics, 35
β-sheet, 242-248, 254
Bernoulli random variables, 102, 125
Biochemistry, 2-5
Biosequences, see Databases of DNA sequences;

Sequence similarity and comparison;
Sequencing methods and technology

BLASTA algorithm, 82-84
Booth-Leuker algorithm, 50-51
BRCA1 (breast cancer) gene, 33

C

Cancer, 33, 34, 37-42, 58, 91, 183, 196
Catenanes, 205, 212
Cauchy's formula, 136
Cellular structures, 9
Chaperonins, 238-239
Chen-Stein method, 102, 106, 110
Chimeras, 51
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Chirality, 213-215
Chromosomal walking, 17, 18, 42, 43
Clones and cloning, 13, 14, 26, 42-43, 209
Closed circular DNA, 153-154, 155, 156, 157, 181, 204
Coalescent, 117, 119-121

combinatorial structures, 119, 136-148
Ewens sampling formula, 119, 122-124, 136-139
K-allele model, 130-132
likelihood methods, 146-148
tree construction and movement, 124-127
see also, Finitely-many-sites model;
Infinitely-many-sites model

Codons, 12, 115, 239
Colon cancer, 34, 37-42
Combinatorics, 119, 136-148, 185
Computing time and memory capacity

algorithmic efficiencies, 35-36, 84-86, 87
approximate pattern matching, 79, 87
dynamic programming algorithms, 62-63, 64, 68, 83, 84
gap cost functions, 72
heuristic algorithms, 83-84
K-best paths, 77
multiple alignments, 75
parallel processing, 79-81, 84
sublinear similarity searches, 84-85

Consecutive ones property, 50

Consensus scores, 76
Contigs, 47-50
Crick and Watson model, 153, 204-205
Crossovers, 27-29
Cruciforms, 154
Crystallography, 202, 203, 240
Cystic fibrosis (CF), 16-18, 20-21, 26
Cytosine (C), 8, 9, 99

D

Databases of DNA sequences, 13, 17, 56, 81, 87
similarity searches in, 78-79, 82-86, 87, 91-92, 94
see also FASTA, BLASTA

Dayhoff matrix, 66, 67, 83
Diagnostics, see Genetic diagnostics
Difference measures, 72-73
Diffusion processes, 37-42, 148
Dimers, 212
DNA (deoxyribonucleic acid), 8-9, 92

primers, 13, 15, 16
protein binding, 166-167, 168, 170-171, 181
transcription, 9-12, 154, 179, 196-198, 204-205
see also DNA polymorphisms and mutations;
Protein folding;
Sequence similarity and comparison;
Sequencing methods and technology;
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Strand separation and unwinding;
Supercoiling

DNA polymerases, 8, 16, 154
DNA polymorphisms and mutations, 8-9, 16-17, 26, 30, 34,

57, 106
in evolutionary analysis, 114-135
as markers, 31, 34
minimal cost alignments, 72-73
in mitochondria, 115-116, 117, 118, 148-149
rates of, 66, 67, 116, 117, 124-125
see also Genetic maps and mapping

Dot plots, 68, 70
Duplex unwinding elements (DUEs), 183, 194, 195
Dynamic programming algorithm, 60-64, 78, 82, 84, 85, 86,

109, 251

E

Edit graphs, 59-61, 68-70, 75
Effective population size, 117
Efficient algorithms, 35-36, 84-86, 87
Electron microscopy, 202, 211, 227
Electrostatic interactions, 251
Energetics, 154, 180, 182, 186-195
Enzymes, 3, 7, 180, 238.

see also under names of specific types

Eve hypothesis, 116
Evolutionary analysis, 57-58, 90-94

coalescent structures, 117, 119-135, 148-149
common origins, 57, 248
extremal statistical methods, 106-112
minimal cost alignments, 72-73
multiple alignments, 73, 76
random combinatorial structures, 136-148
use of mitochondrial DNA, 57-58, 90-94, 115-116, 117,

148-149
trees, 73, 76, 87, 124, 129, 132, 266
see also Eve hypothesis

Ewens sampling formula (ESF), 119, 122-124, 136-139
Extremal statistical methods, 106-112

global sequence comparisons, 94-99
local sequence comparisons, 99-106

F

False negatives and positives, 51
Familial adenomatous polyopsis (FAP), 37-38
FASTA algorithm, 82, 83, 84
Fingerprinting methods, 42-47
Finitely-many-sites model, 132-135
Fleming-Viot process, 148
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Foldases, 237-238
Fourier transforms, coefficient, 240
4-plat knots, 215-216, 220, 222
Fractionation, 2-3
Free energy, 154, 180, 182, 186-195

G

Gap costs, 70-72, 77-78
Gaussian processes, 41
Gel electrophoresis, 210-211, 227
GENBANK database, 81
Generalized Levenshtein measure, 73, 87
Gene splicing, see Recombinant DNA technology
Gene therapy, 18
Genetic code, 12, 239
Genetic diagnostics, 16, 17
Genetic distance, 28-29
Genetic heterogeneity, 34
Genetic maps and mapping, 16, 18-19, 26, 27-30, 51

and incomplete pedigree information, 30, 31, 34-35
markers in, 31
and maximum likelihood estimation, 34-42
and non-Mendelian genetics, 30, 31, 33-34

Genetic markers, 31, 34, 42
Genetics, 5-7
Genotype, 38, 40
Geometry, 166, 203, 210, 211, 220, 223

descriptors and methods, 155-163
see also Topology

Global alignment, 5, 58-64, 94-99
maximum-scoring, 63

Graph theory, 46, 51
Guanine (G), 8, 9, 99

H

Haldane mapping function, 29, 41
Hierarchical condensation methods, 248-251
Helix, 8, 9, 153

destabilization, 184, 188, 196
Helical periodicity, 154
Heterozygotes, 6, 16, 31
Heuristic algorithms, 82-84
Histones, 154, 175
HIV protease structure, 254-255
Homeomorphisms, 212-213
Homology modeling, 252
Homozygotes, 6, 31
Human Genome Project, 18-22, 26
Hydrophilic side chains, 244, 253, 263
Hydrophobic side chains, 244, 245, 253
Hydrophobicity, 4

I

Incomplete penetrance, 31, 33, 34
Independent assortment, 29
Indexing, of databases, 87
Infinitely-many-sites/alleles
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model, 122, 124, 125, 127-130
In vitro assays, 3
Isomerases, 238

K

K-allele model, 130-132
K-best alignments, 76-78
kDNA (kinetoplast DNA), 231
Kingman's subadditive ergodic theorem, 97
Knot theory, 212

see also Tangles and knots

L

Large Deviation Theory of Diffusion Processes, 37-42
Levenshtein measure, 73, 87
LexA binding sites, 198-199
Ligases, 13
Likelihood methods, 34-42, 146-148
Linear DNA, 155, 156
Linking number (Lk), 155, 157-158, 163-164, 173-174, 181

minichromosomes, 175, 177
surface, 167-171, 173-174
topoisomerase reactions, 164-166

Local alignment, 5, 65-70, 99-106
Longest common subsequence, 99

M

Macromolecules, 3

Mapping, see Genetic maps and mapping;
Physical maps and mapping;
Restriction maps;
Sequencing methods and technology

Markers, see Genetic markers
Markov models, processes, 36, 146-147, 249
Maximum likelihood estimation, 34-35

and efficient algorithms, 35-36
and statistical significance, 37-42

Measure-valued diffusions, 148
Membrane-bound transporters, 17-18, 20
Mendelian genetics, 5-7, 27, 31
Minichromosomes, 174-177
Min (multiple intestinal neoplasia) trait, 38-39
Mirror images, 213-215
Mismatch ratio, 86
Mitochondrial DNA (mtDNA), 115-116, 117, 118, 135,

148-149, 204
Molecular biology, overview, 7-12
Möbius, 143, 181
Monte Carlo methods, 146-147, 149, 241
Morgans, 28
mRNA (messenger RNA), 9, 12, 92
Multiple alignments, 73-76
Multiple minima problem, 241
Mutation, see DNA polymorphisms and mutations
Myoglobin, 265-266
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N

Native American population studies, 116, 117
Neighborhood concept, 83
Neural networks, 259-263
Nonadditive scoring schemes, 87
Nuclear magnetic resonance (NMR), 203, 240
Nucleic acids, 3
Nucleosomes, 154, 166, 174-177
Nucleotides, 8, 57, 118, 204

distances, 29, 81

O

Oncogenes, 58, 91, 196
Ornstein-Uhlenbeck process, 41
Overwinding, 154

P

Packing density, 252
Palindromes, 87
Papilloma virus, 196, 199-200
Parallel computing, 79-81, 84, 87
Penetrance, 31, 33, 35
Phenocopy, 34
Phenotype, 38, 40
Phylogeny, 73, 76, 87

see also evolutionary trees
Physical maps and mapping, 17, 19, 26, 29

fingerprinting methods, 42-47
PIR database, 81

PLANS (Pattern Language for Amino and Nucleic Acids
Sequences), 263-264

Platelet-derived growth factor (PDGF), 91
Plectonemic forms, 154, 156, 169, 170, 215-216
Poisson distributions, 144

see also Boltzmann equation, 254;
Dirichlet distribution, 144
in coalescent trees, 121, 124-127
in sequence comparisons, 29, 100-104, 108-110

Poly-adenylation, 196
Polygenic inheritance, 34
Polymerase chain reaction (PCR), 13, 15, 16, 46
Polymorphism, see DNA polymorphisms and mutations
Polyoma virus, 196
Primers, 13, 15, 16
Principle of optimality, 63
Probabilistic combinatorics, 136
Processing time, see Computing time and memory capacity
Protein folding, 5, 12, 236-248

hierarchical condensation methods, 248-251, 256-265
prediction of, 5, 254-255, 265-266
threading methods, 248-254

Proteins, 3-5, 7-8, 57, 92
see also Amino acids;
 Protein folding;
 Sequence similarity and comparison

Public databases, see Databases of DNA sequences
Pure breeding, 5
Purines (R), 99, 117, 200
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Pyrimidines (Y), 99, 117, 118, 123, 128, 200

Q

QUEST systems, 87

R

Rational tangles, 218-221, 228-229
RecA binding, 198-199, 211, 227
Recessive traits, 16
Recombinant DNA technology, 13-16, 17
Recombination, 27-28, 205, 213, 225-230

frequency, 28-30, 31, 35
site-specific, 207-212, 222-225

Replication processes, 92, 154, 179-180, 183, 204
Resolvase, 213, 225-230
Restriction enzymes, 13
Restriction fragment lists, 45-46
Restriction maps, 44-45, 87
R-group, 237
Ribosomes, 9, 10, 12, 92
RNA (ribonucleic acid), 9, 179, 196, 237

evolutionary analysis, 92-93, 106-107, 110-112
polymerase, 9
rRNA, 92, 93, 106, 107, 110, 112
see also mRNA, tRNA, 11

Rule-based methods, 263-264

S

Scoring schemes
gap cost penalties, 70-72
global alignments, 59-64
K-best alignments, 76-78
local alignments, 65-68
minimal cost alignments, 72-73
multiple alignments, 74-76
nonadditive, 87
unit-cost, 58-59, 86

Sedimentation rate, 100
Self-replication, 92
Sequence similarity and comparison, 56-58, 86-87, 91, 199

approximate pattern matching, 78-79, 86
database searches, 78-79, 82-86, 87, 91-92, 94
difference measures, 72-73
in evolutionary analysis, 57-58, 72-73, 76, 90-94, 106-112,

115
gap cost penalties, 70-72
global alignment, 5, 58-64, 94-99
heuristic algorithms, 82-84
K-best alignments, 76-78
local alignment, 5, 65-70, 99-106
multiple alignments, 73-76
parallel computing, 79-81, 84, 87
sublinear, 84-86

Sequence tagged sites (STSs), 46, 47-53
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Sequencing methods and technology, 13, 17, 19, 26, 81
error detection and correction, 73
shotgun method, 43-44

Sex chromosomes, 26
Shotgun method, 43-44
SIMD (single-instruction, multiple-data) computers, 80
Site-specific recombination, 207-212, 222-225
Smith-Waterman algorithm, 66, 68, 83, 84, 109
Solvent-accessible contact areas, 252-253
SOS genes, response, 183, 198-199, 200
Statistics of coverage, 46-51
Stochastic processes, 26, 48

coalescent structures, 119-135, 148-149
combinatorial structures, 119, 136-148
likelihood methods, 146-148

Storage capacities, see Computing time and memory capacity
Strand separation and unwinding, 8, 179-180, 181-184,

219-220
energy states, 154, 180, 182, 186-195
site prediction, 184-186, 196-200

Stress responses, 183, 198-199, 200, 204
Strong law of large numbers (SLLN), 97, 98, 100
Sublinear similarity searches, 84-86

Sum-of-pairs scores, 76
Supercoiling processes, 153-163

closed curves, 153-154, 155, 156, 157, 181, 204
nucleosomes, 154, 174-177
topoisomerase reactions, 163-166
see also Strand separation and unwinding;
Superhelicity

Superhelicity, 162, 181-183, 193
Surface linking number (Slk), 167-171, 173-174
Synapsis, 207-209, 223-225, 226-227
Systolic arrays, 80-81, 83-84

T

Tangles and knots, 204-207, 211, 212-222
gel mobility, 231-232
recognition, 230-231
site-specific recombination models, 222-225

Threading methods, 248-254
Thymine (T), 8, 99
Topology, 155, 166-167, 168, 170-171, 203-204, 205, 207,

244, 247
of strand separation, 180, 181-184, 219-220
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surface linking number, 167-171, 173-174
tangles and knots, 204-207, 211, 212-225, 230-231
see also Geometry

Topoisomerase, 164-166, 175
Toroidal surfaces, 155, 168, 170, 182, 228-229, 231
Traceback procedures, 64
Transcription processes, 9-12, 154, 179, 196-198, 204-205
Transitions, 117, 185-186, 188, 190, 194-195
Trivial tangles, 218-219
tRNA (transfer RNA), 92, 93, 106, 107, 110-112
t-test, 40-41
Twist (Tw), 157, 159-160, 162, 164, 173-174

topoisomerase reactions, 164-166

U

Underwinding, 154, 164
Unit-cost scoring scheme, 58-59, 86
Unwinding, see Strand separation and unwinding
Uracil (U), 9, 12

V

Variable population size processes, 148-149
Virtual surfaces, 17-171
Vitalism, 3
VLSI (very large scale integration) chips, 80-81
v-sis oncogene, 58, 91

W

Winding number, 167, 171-172, 173-174
Writhe (Wr), 157, 159, 160, 161, 162, 164

topoisomerase reactions, 164-166

X

X-ray crystallography, 203, 240

Y

YAC (yeast artificial chromosomes) libraries, 46-47, 53

Z

z-DNA, 154
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