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ABSTRACT

Graph patterns are able to represent the complex structural relations among
objects in many applications in various domains. Managing and mining graph
data, on which we study in this thesis, are no doubt among the most important
tasks. We focus on two challenging problems, namely, graph summarization and
graph change detection.

The objective of graph summarization is to obtain a concise representation of
a single large graph or,a collection of graphs, which is interpretable and suitable
for analysis. A good summary can reveal the hidden relationships between nodes
in a graph. The key issue of summarizing a single graph is how to construct a
high-quality and representative summary, which is in the form of a super-graph.
We propose an entropy-based unified model for measuring the homogeneity of
the super-graph. The best summary in terms of homogeneity could be too large
to explore. By using the unified model, we relax three summarization criteria to
obtain an approximate homogeneous summary of appropriate size. We propose
both agglomerative and divisive algorithms for approximate summarization, as
well as pruning techniques and heuristics for both algorithms to save computation
cost. Experimental results confirm that our approaches can efficiently generate
high-quality summaries.

In the area of summarizing a collection of graphs, we study the problem of
summarizing frequent subgraphs, since it is not much necessary to summarize a
collection of random graphs. The bottleneck for exploring and understanding fre-

quent subgraphs is that they are numerous. A summary can be a solution to this
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issue, so the goal of frequent subgraph summarization is to minimize the restora-
tion errors of the structure and the frequency information. The unique challenge
in frequent subgraph summarization comes from the fact that a subgraph can
have multiple embeddings in a summarization template graph. We handle this
issue by introducing a partial order between edges to allow accurate structure
and frequency estimation based on an independence probabilistic model. The
proposed algorithm discovers k summarization templates in a top-down fashion
to control the restoration error of frequencies within a. There is no restoration
error of structures. Experiments on both real and synthetic graph datasets show
that our framework can control the frequency restoration error within 10% by a
compact summarization model.

The objective of graph change detection is to discover the changing areas on
graphs when they evolves at a high speed. The most changing areas are those
areas having the highest number of evolutions (additions/deletions) of nodes
and edges, which is called burst areas. We study on finding the most burst areas
in a stream of fast graph evolutions. We propose to use Haar wavelet tree to
monitor the upper bound of the number of evolutions. Our approach monitors
all potential changing areas of different sizes and computes incrementally the
number of evolutions in those areas. The top-fc burst ar” are returned as soon
as they are detected. Our solution is capable of handling a large amount of
evolutions in a short time, which is consistent to the experimental results.

Besides finding changing areas based on the number of node and edge evolu-
tions, a more interesting problem is to analyze the impact of these evolutions to
graphs and find the regions that exhibit significant changes when these evolutions
happen. The more different the relationship between nodes in a certain region is,
the more significant this region is. This problem is challenging since it is hard to
define the range of changing regions that is closely related to actual evolutions.
We formalize the problem by using a similarity measure based on neighborhood

random walks, and design an efficient algorithm which is able to identify the



significant changing regions without recomputing all similarities. Meaningful

examples in experiments demonstrate the effectiveness of our algorithms.
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CHAPTER

INTRODUCTION

Graph patterns have the expressive ability to represent the complex struc-
tural relationship among objects in many applications in various domains, where
graphs are the fundamental representation of data. In social networks, million of
users are conducting numerous interactive activities (e.g., following, messaging,
tagging, etc.) everyday. By modeling users as nodes and activities as edges, we
can construct a huge social graph representing multiple relationships between
uses. Photos users uploaded, music users listened, movies users watched, plus
users themselves can also be modeled as a very large multipartite graph, where
edges may indicate users' preferences. In World Wide Web, numerous web pages
are hosted in different web sites. These web pages are connected by hyperlinks
which allow users to go from one page to another page by clicking them. By
viewing web pages as nodes and hyperlinks as edges, the whole web is a very
large graph. In most search engines nowadays, search results are returned in
an order which is partially determined by the structure of the graph. Machines
hosting web sites can also be considered as nodes in graphs. In global computer
networks, routers and hosts, plus the data links between them form a large graph.
The particular characteristic of this graph is its location attribute, i.e., routers
and hosts could be anywhere on the earth. In sensor networks, the communica-
tion range of a senor is usually limited. A sensor could interchange data with a

certain number of nearby sensors. If we consider sensors as nodes, and add edges
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between a sensor and all its neighbors within its communication range, this forms
a graph. In areas other than engineering, graphs also exist. In biology, proteins,
together with interactions between them, are viewed as graphs. Such protein-
protein interaction networks are useful in revealing the relationships between the
functions and the structures of proteins. In chemistry, chemical compounds are
represented by graphs. A basic task in drug design is to find the active chemical
compounds to a certain disease.

Due to the wide existences and the modeling abilities of graphs, researchers
are attracted recently to put a lot of efforts in managing and mining graph
data. The research in graph data management includes managing and indexing
large amount of graph data for querying and searching. For example, given a
query graph, (sub)graph matching is to find the matched (sub)graphs in a graph
database. Given a graph and a node pair, reachability query is to determine
whether there is at least a path between the node pair. The research in graph
pattern mining includes discovering patterns, classes or clusters of graphs. For
example, frequent subgraph mining is to find all subgraphs, whose number of
embeddings is larger than a pre-defined threshold, in a collection of graphs.
Clustering graph nodes is to discover the dense areas on graphs, in terms of the
number of edges. These clusters can reveal the hidden relationships between
nodes, because nodes in the same dense area are usually considered as similar
to each other. Clustering graphs is to find the clusters of similar graphs or

subgraphs, based on the underlying sttuctures. Graph classification is to learn
"-V)

a classifier from labeled graphs, and class other graphs into different classes
accurately.

Under the context of managing and mining graph data, we focus on two
challenging problems in this thesis, namely, graph summarization and graph
change detection. The difficulties of managing and exploring graph data lie in
the large size of graphs themselves, and the huge number of graphs in a collection.

The objective of graph summarization is to obtain an concise representation of a
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single large graph or a collection of graphs for easy management and exploration.

In summarizing a single graph, a good summary can reveal the hidden rela-
tionships between nodes in a graph. The key task of summarizing a single graph is"
to construct a high-quality and representative summary, while keeping the sum-
mary size small. The summary is in form of a super-graph, where each node/edge
in the super-graph represents a number of nodes/edges in the input graph. We
propose the criteria of homogenous partition for summarization. The best sum-
mary is the one where all nodes and edges in the super-graph are homogenous.
Unfortunately, it is almost as large as the input graph and still difficult for ex-
ploration. Then we propose an entropy-based unified model for measuring the
homogeneity of the super-graph. Based on the unified model, we relax all the cri-
teria of homogeneity in order to obtain an approximate homogeneous summary
in appropriate size. We introduce both agglomerative and divisive algorithms for
approximate summarization. In both algorithms, we present pruning techniques
and heuristics for fast computation. Experimental results confirm that our ap-
proaches can efficiently generate high-quality summaries. This work is published
in [39] and invited for publication in [38.

It is not much necessary to summarize a collection of random graphs, so we
study the problem of summarizing frequent subgraphs in the task of summarizing
a collection of graphs. The huge number of generated frequent subgraphs is the
main bottleneck for users to explore and understand them. A compact summary
which can represent both the structure and the frequency information of these
subgraphs could be a possible solution to this issue. The objective of frequent
subgraph summarization is to minimize the restoration error of the structure and
the frequency information restored from summaries, that is, we can restore any
frequent subgraph based on only compact summaries. We propose to use maxi-
mal frequent subgraph as summarization template graphs. To further reduce the
size of summaries, we also use union of maximal frequent subgraphs as template

graphs. The unique challenge here is that a subgraph can have multiple embed-
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dings in a template graph, which can deteriorate the restoration accuracy. We
solve this issue by introducing a partial order between edges. The restoration
of structures and frequencies is based on an independence probabilistic model.
We propose a top-down algorithm, which can discover k summarization tem-
plate graphs by controlling restoration error of frequencies within a. There is no
restoration error of structures. Experiments on both real and synthetic graph
datasets show that our framework can control the frequency restoration error
within 10% by a compact summarization model. This work is the most recent
work and submitted for publication.

In many applications related to graphs, graphs are not static but evolve all
the time. New nodes or edges can join graphs, while old nodes or edges can leave
graphs. These addtions/deletions of nodes/edges are called evolutions on graphs.
A natural resultant problem is to determine the changing areas on graphs. There
are two meanings of changes. One is based on raw evolutions, i.e., whether a
region changes dramatically is measured by the number of evolutions happened
inside it. The other is based on the relationship change. When evolutions happen,
relationships between nodes also change, so the degree of change in an area could
be measured by the variation of relationships between nodes in the area. Graph
change detection is to discover these changing areas on graphs when they evolve
fast.

Measured by the number of raw evolutions, the most changing areas, which
are called burst areas, could be the regions with the most evolutions. We study
on monitoring top k burst areas in a stream of graph evolutions coming in at a
high speed. Here the potential burst areas could be hop areas of different sizes
of all nodes. Our proposed approach monitors all these potential changing areas
by using a structure based on Haar wavelet, by which the upper bound of the
number of evolutions could be computed fast. Due to the number of changing
areas are large, we propose an algorithm to compute the number of evolutions

in large hop areas from the ones in small hop areas incrementally. In this way,
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the computation is fast enough to cooperate with the stream environment. Once
the top k burst areas are detected, they are returned as soon as possible. Our
solution is capable of handling a large amount of evolutions in short time, which
is consistent to the experimental results. Examples of burst areas in social net-
works are presented to show that they are meaningful burst areas. This work is
published in [37.

One more interesting task is to analyze the impact of raw evolutions to
the relationships between nodes on graphs. The significant changing areas are
defined as the changing regions in which the relationships between nodes vary
dramatically. The difficulties of this task are: (1) how to measure the relation-
ships between nodes; (2) how to identify the appropriate region range that is
closely related to the actual evolutions. We propose the neighborhood random,
walks to measure the similarity between nodes based on an analysis of differ-
ent possible candidates. Under the context of evolving graphs, we design an
efficient algorithm that is able to update the similarities without recomputing
all of them. Once we identify the top nodes whose relationships to other nodes
change dramatically, we expand from them to obtain subgraphs as the significant
changing areas. Experiments demonstrate the effectiveness of our algorithms by
presenting real meaningful examples. This work is published in [40 .

The key contributions of the thesis is summarized below. The more detailed

contributions in each specific applications are presented in later chapters.

1. In the problem of summarizing graphs, we introduce the new criteria for
controlling the quality. In the problem of graph change detection, we for-

malized the problems from abstract concepts into detailed definitions.

2. We propose efficient and effective algorithms for summarizing graphs. The
generated summaries are of high quality. We propose fast algorithm to
monitor burst areas in graph evolution streams. We propose incremen-
tal algorithms to save computation cost in solving the problems of graph

change detection.
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.3. We conduct extensive experiments on many real and synthetic datasets to

verify the efficiency and effectiveness of our proposed algorithms.

The reminder of this thesis is organized in two parts. We present our work
on graph summarization in Part I. Part | starts with an introduction to graph
summarization in Chapter 2, followed by the related works in Chapter 3. We
explain the details of approximate homogenous graph summarization in Chapter
4, and the details of frequent subgraph summarization in Chapter 5. We address
our work on graph change detection in Part 11. Part Il starts with an introduction
to this problem in Chapter 6, followed by the related works in Chapter 7. We
explain the details of detecting burst areas in fast evolving graphs is presented in
Chapter 8, and the details of spotting significant changing subgraphs in evolving
graphs are described in Chapter 9. Finally, we conclude the thesis in Chapter

10.



Part

Summarizing Static Graphs



CHAPTER 2

INTRODUCTION TO GRAPH
SUMMARIZATIONT]

It is not an easy task for users to manage and explore graph data, due to
the complex structures, and the increasing sizes of graphs themselves, as well as
the huge number of graphs in a collection. Graph summarization is a potential
solution to this problem. In this part, we study the graph summarization prob-
lem in two different contexts: a single large graph, and a collection of frequent
subgraphs. The objective of graph summarization is easy management and ex-
ploration, so the generated summary must be a concise representation of input

graph(s), which is interpretable and suitable for analysis.

2.1. Summarizing a Single Large Graph

The goal of summarizing a large graph G is to obtain a concise graph rep-
resentation Gs[ which is smaller than G in size, for visualization or analysis.
Although specific*ummarization representations can be various in different ap-
proadies, the main idea behind them is to construct a super-graph Gs with
super-nodes and super-edges. The nodes in G are partitioned into several node
sets and each node set is represented by a single super-node in Gs. Two super-
nodes are connected by a super-edge in Gs if there exist edges in G between

nodes from two corresponding node sets. The basic assumption is that nodes in
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the same node set are similar to each other under the criteria of homogeneity,
otherwise, using a single node to represent them will not be reasonable.

In the literature, there are two major approaches for super-graph construc-
tion, where the main difference lies in how to create super-edges between two
super-nodes. A strict approach [42] requires that a super-edge exists between two
super-nodes in Gs only if every pair of nodes residing in the two corresponding
super-nodes is connected by an edge in G. A relaxed approach [50, 63] allows
two super-nodes to be connected with a super-edge in Gs if there is at least one
connected node pair in G among all the node pairs summarized by the two super-
nodes. Here, each super-edge is associated with a participation ratio to indicate
the percentage of connected nodes among all the nodes in the two super-nodes.

Unfortunately, both approaches have their disadvantages. In the strict ap-
proach, since only cliques or bipartite cliques can be represented by super-nodes
according to the very rigorous requirement, the size of the summarized graph
cannot be small in most cases, even when super-nodes are near-cliques, which
makes the summarized super-graph still difficult to explore and access. In the
relaxed approach, the issue lies in the quality of the summarization, which we
will discuss soon in the later chapter. For example, if the participation ratio be-
tween two super-nodes is close to 1, it means almost all nodes in one super-node
have neighbors in the other super-node. If the participation ratio is close to 0’
it means almost no nodes have neighbors in the other super-node. So we can
infer whether nodes in one corresponding node set may have edges connected to
certain nodes in the other node set with high confidence. However, if the partic-
ipation ratio is somewhat around 0.5 > then the summarized super-nodes cannot
provide much connection information of the neighborhood in the original graph.
Because it implies that only partial nodes in one super-node have neighbors in
the other super-node, and the chance of a node having neighbors almost equals
the one of a random guess.

We focus on the information-preserving graph summarization for attribute
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Node Topics
M Text Classincaflon, Te)d Summarization....
2 Pattern Mining, Association Rules,...

«3 Spectral Clustering. Helerogeneous Graphs....

AV} Service Scheduling, Optimization....

(a) DBLP Co-Author Network

Topics

T = Oonnecilonr]a'B Conneclion Strength

(b) Our Proposed Graph Summary

Figure 2.1: An Example of Graph Summarization

graphs, which means the summarized representation must satisfy the quality
criteria as much as possible. The summary for a graph in our solution con-
sists of two parts: a super-graph and- a list of probability distributions for each
super-node and super-edge. Figure 2.1 shows a conceptual example. A DBLP co-
author graph to be summarized is presented in Figure 2.1(a). Inside the dotted
area is the structure information of the co-author graph, where nodes represent
authors and edges represent collaborations between these authors. There is at-
tribute information associated with authors possibly, for example, the table in
Figure 2.1(a) associated with nodes shows the main research topics of each au-
thor. Figure 2.1(b) shows our proposed summarized representation, where the
summarized super-graph is within the dotted area. Each super-node represents
a number of authors, and is affiliated with a topic distribution indicating the
research topics of the authors in the super-node, as well as the homogeneity
of these research topics. Each super-edge has two connection-strength distribu-

tions indicating the homogeneity of the neighbor relationship between the nodes
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in the two connected super-nodes in two different directions. We will have a
careful analysis of the meaning of homogeneity in Chapter 4.

The major contributions of this research are summarized below. ° o

» We focus on how to obtain an optimized approximate homogeneous parti-
tion on which a graph summarization can be constructed by relaxing both
attribute requirement and structure requirements. Inspired by information
theory, we propose a unified entropy model which unifies both attribute

information and structural information.

* We propose a new lazy algorithm to compute the exact homogeneous par-
tition by delaying the reconstruction of matrix, as well as two new approx-
imate homogeneous algorithms aiming to find the optimized approximate

partition.

* We conduct experiments on various real datasets and the results confirm
that our proposed approaches can efficiently summarize a graph to achieve

low average entropy.

2.2. Summarizing Numerous Frequent
Subgraphs

Frequent subgraph mining has been an important research problem in the lit-
.erature, with many efficient algorithms proposed [24, 29> 55’ 59, 7> 22" 43]. Given
a collection V of graphs, frequent subgraph mining is to discover all subgraphs
whose frequencifes are no less than a user-specified threshold fmin- Frequent
subgraphs are useful in many applications, for example, as the active chemi-

cal structures in HIV-screening datasets, the spatial motifs in protein structural
families, the discriminative features in chemical compound classification [15], and

the index attributes [61j in grabh databases to support graph queries.
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One major issue of frequent subgraph mining is the difficulty of exploring
and analyzing numerous patterns generated due to the exponential number ¢ of
combinations. Given a graph with n edges, the total number of possible sub-
graphs could be 2”. Tens of thousands of frequent subgraphs may be generated
under a moderate minimum frequency threshold. This issue is inherited from
frequent itemset mining, while on graph data, it is magnified much more due
to the complex graph structure. A resulting solution for this issue is mining
only closed or maximal frequent subgraphs [60 - 23 > 49], which generates fewer
subgraph patterns. However, due to the structure complication and the rigid
definition of maximal and closed subgraphs, maximal and closed graph patterns
are still quite numerous. The difficulty to explore a large number of patterns
still exists.

Frequent subgraphs may be utilized by machines or by users. For exam-
ple, when frequent subgraphs "serve as discriminative index features in graph
databases; they are utilized by machines, where machines inspect individual fre-

qguent subgraph to find whether it is discriminative. In this case, the huge number

of frequent subgraphs might not be the main issue. When frequent subgraphs
serve as active chemical structures in HIV-screening datasets, they are mainly
explored by users, where inspecting them one by one is almost an impossible

task. Users focusl] oexploring frequent subgraphs as a whole set to obtain the
comprehensive understanding of them. Then a concise representation of all fre-

quent subgraphs is necessary for users in order to explore frequent subgraphs
easily, and what is more, to make frequent subgraphs interpretable. It seems
that sampling is a potential solution to this problem. The sampling approach is
to select some frequent subgraphs as the representatives of all frequent subgraphs
13, 36, 64,1 205]. The representative subgraphs are similar to ‘some frequent
subgraphs, where the similarity measures may be maximum common subgraph,
graph edit distance, etc. These representative subgraphs are dissimilar to each

other based on a pre-defined threshold. While choosing a small number of rep-
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Figure 2.2: Summarization by Sam- Figure 2.3: Summarization by Tem-

pling plate Subgraphs

resentative subgraphs reduces significantly the number of output subgraphs, a
problem is that it loses too much information about other unselected subgraphs,
such as their structures and frequencies. A concept example is shown in Figure
2.2. Let the shaded areas denote a set of frequent subgraphs. The sampling
approach uses rounded circles to cover all frequent subgraphs and only reports
the centers of these circles as the representative subgraphs.

In frequent itemset mining, there have been several methods which use prob-
abilistic models to summarize frequent itemsets [57, 56 > 27]. These probabilistic
models, as a concise summarization, are effective to restore the itemsets and their
frequencies. In this paper, we aim to summarize frequent subgraphs by preserv-
ing the structure and frequency information of frequent subgraphs as much as
possible. A concept example is shown in Figure 2.3. Let the shaded areas denote
a set of frequent subgraphs. We are aiming to partition the whole set of frequent
subgraphs into some subsets(] wherehe root of each subset, which is the black
dots in Figure 2.3, is called template subgraph or union template subgraph. And
all the frequent subgraphs in a subset are subgraphs of the (union) template
subgraph of this subset. The black dot outside the shaded area means that it is
a union template subgraph. This problem is more challenging than itemset sum-
marization, due to two difficulties in subgraph mining: "multiple embeddings"

(i.e., a subgraph can have multiple embeddings in a large graph.) and "topolog-
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ical constraint” (i.e., the topological structure specifies the connectivity among
nodes and edges.). To solve the problem, we make an independence assump-
tion between edges in a frequent subgraph. We take a regression approach to
estimate the parameters in the independence probabilistic model by least square
estimation. To ensure a good summarization quality, we allow users to specify
an error tolerance a and our algorithms take a top-down approach to discover
k template subgraphs. Multiple regression models will be built based on the k
template subgraphs to control the frequency restoration error within a.

The main contributions of this research are

* We introduce to summarize frequent subgraphs with an independence prob-
abilistic model. Specifically, we propose to restore frequent subgraphs and
their frequencies from template subgraphs by a regression approach to ob-

tain a concise representation of all frequent subgraphs.

» We propose an efficient algorithm in a top-down fashion to discover a set of
template subgraphs, together with the probabilistic models, as the summa-
rization. Multiple regression models are built on these template subgraphs

and the restoration errors are below a maximum error tolerance.

* We have evaluated our subgraph summarization approach on both real and
synthetic, graph datasets. Experimental results show that our method can
achieve a concise summarization with high accuracy in terms of subgraph

frequency restoration error.



CHAPTER 3

RELATED WORKS

In this chapter, we present an overview the related works to graph sttaima-

rization, which are categorized into four parts.

3.1. Large Graph Summarization

There axe a few existing works which are focusing on large graph summa-
rization. Navlakha et al. [42] propose to substitute super-nodes for cliques in
graphs without attribute information to generate summaries. Given a graph,
each clique on the graph is represented by a super-node. The summary is a com-
bination of the super-nodes and the original nodes that cannot be represented.
If there is an edge between two super-nodes, or a super-node and a original node,
then all the possible pairs of nodes must be connected by edges in the original
graph. It is obvious that usually a graph cannot have many cliques, so they
also use super-nodes to represent near-cliques or dense areas, with an extra table
to record the edges that do not exist or need to be removed. The quality of a
summary is measured by the size of the summary, which is based by Minimum
Description Length (MDL) principle. MDL can find the best hypothesis leading
to the best compression of data. Even with the help of the additional table, the
compression ratio of a summary generated by the above method is still too large,

which is almost one half of the size of the original graph. To further reduce the
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summary size, an error bound e is introduced for edges, that is, for an original
node, if it or its super-node connects another super-node in a summary, then
the number of missing edges is at most (1 — e) times of the number of nodes in
the other super-node. They propose both a greedy algorithm and a randomized
algorithm to calculate the exact summary and the error-bounded summary. The
greedy algorithm iteratively merges two nodes which introduce small extra space
cost. The randomized algorithm randomly selects a node u, and finds a node v
of small extra space cost in it's 2-hop neighborhood to merge with u.

Tian et al. [50] propose to summarize large attribute graphs by aggregating
nodes into groups and use super-nodes to represent groups of nodes. The at-
tributes are categorical. Two super-nodes are connected by a super-edge if there
Is at least one pair of nodes, one from each group, connected in the original graph.
They require the nodes in each group having the same attribution information,
so the total number of possible attribute values cannot be too many. Otherwise,
the size of summaries will be too large for users to explore. On the super-graph,
there is a participation ratio associated with each super-edge, which is the per-
centage of pairs of nodes that are connected among all potential possible pairs.
They prove NP-completeness of this problem and present two heuristic aggre-
gating algorithms in a bottom-up fashion and a top-down fashion, respectively.
They design a merging distance mainly based on the similarity between partic-
ipation ratio vectors. Two super-nodes have a small merging distance if their
participation ratio vectors are similar. Given a graph, the bottom-up algorithm
iteratively merges two super-nodes with the minimum merging distance until
the number of super-nodes left is k. In the top-down algorithm, nodes in the
graph are initially grouped i**"i~ters and nodes in each cluster have the same
attribute information. A super-node Si is first selected to be split based on the
number of the connection errors to its neighbors. Suppose Sj is a neighbor of Si(]
and the number of the connection errors between Si and Sj is the largest among

all the neighbors of Si. Then Si is split into two super-nodes whose participation
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ratios to Sj is 0 and 1. This procedure is repeatedly performed till there are k
super-nodes. Th”ir approach does not work well when the number of attribute
values is not small and their criteria are not strict enough to obtain high-quality
summaries.

Zhang et al. [63] extend Tian's approach [50] to summarize graph with
two contributions. First, they propose to deal with numerical attribute values,
not just categorical. Second, they recommend possible values of k, which is the
number of super-nodes in summaries. Their algorithm for categorizing numerical
values agglomerative, which iteratively merges two value-adjacent super-nodes
until no two super-nodes are value-adjacent. Then super-nodes of continuous
values are cut into ¢ groups of categories, where c is given by users. Next, they
apply algorithms in [50] to generate summaries. During the splitting or merging
process, their algorithm keeps tracking the interestingness measure of the current
summary, and recommends the value of k. The interestingness measure is based

on three characteristics: diversity, coverage and conciseness.

3.2. Graph Generation Models

Graph generating models can be considered as a summarization since they
are able to partially reveal the hidden relationships between nodes in graphs.
Chakrabarti et al. [12] study the problem from various points of views in physics,
mathematics, sociology, and computer sciences. Based on the analysis of real so-
cial networks, the main characteristics they found for social graphs are power
laws, small diameters and community effects. The characteristic of power laws
indicates that most nodes in social graphs have few neighbors, while only a very
small portion of nodes are of high degree. The characteristic of small diameters
indicates that the distance between reachable pair of nodes is small, the effective
diameter of the studied social graph is only 6. The characteristic of community
effects indicates that nodes on graph can be grouped into clusters, whose clus-

tering coefficients measure their dumpiness. Based on the above characteristics
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of social graphs, they survey a lot of graph generators and suggest the possible
solutions for each unique requirements.

Leskovec et al. [32] focus on the problem of generating a synthetic graph
that has the same properties to a given one. The difficulty lies in that the param-
eters of the generating model must be consistent to the given graph. The authors

te

utilize Kronecker product of matrix to achieve fast synthetic graph generation.
They estimate the parameters of Kronecker model using maximum likelihood es-
timation. The estimation process is speeded up by the permutation distribution
of the parameters. The same authors study the problem of evolving graph gen-
erator in [33]. Similar to [12], they first find the evolving rules from the sample
graph data, including densification laws and shrinking diameters. Densification
laws show that the average degree of nodes increases as time goes by, resulting
in the smaller diameters of graphs. With these two observations, the forest fire
model is introduced which simulates a burning fire of nodes and each node has

a certain probability to link a new node which is found during the spread of the

fire.

3.3. Frequent Subgraph Summarization

There are quite a number of works related to frequent subgraph summa-
rization, but unfortunately, none of them could restore all frequent subgraphs
within a certain restoration error. The main issue in frequent subgraph milling is
the huge number of frequent subgraphs. Recently, researchers [13" 36’ 64’ 20’ 5
.have focused on selecting a small number of representative graph patterns to
represent many similar subgraphs.

Chen et al. [13] select structural representatives from all frequent subgraphs
based on clustering. Their proposed algorithm consists of two steps: smoothing
and clustering. In the'first step of smoothing, frequent subgraphs are grouped
together if they have the same number of nodes, and the number of different edges

is less than a threshold. After grouping, the support transactions of each frequent
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graph are changed to the aggregation of transactions of frequent subgraphs in the
same group. The support now is the number of the aggregated transactions. Jn
the second step of clustering, these groups of subgraphs are further be partitioned
into clusters based on the graph edit distance. The centroids of each clusters are
selected as representative subgraphs.

Liu et al. [36] propose to select representative subgraphs based on two con-
ditions. First, a selected frequent subgraph can cover a number of graphs. One
graph can be covered by another graph if their support transactions are similar,
measured by Jaccard distance. Second, the support transactions of the selected
subgraphs must not be similar by the same measure. Three algorithms are in-
troduced to find representative subgraphs. The first algorithm starts from the
closed frequent subgraphs and find all subgraphs satisfied the second condition
by subgraph matching. Then, for subgraphs cannot be represented by the cur-
rent set of representative subgraphs, they are added to the set. This procedure is
repeated until all the subgraphs are inspected. At last, the candidate represen-
tative set is further shrank to find the minimum representative set by removing
subgraphs whose covered frequent subgraphs are subset of the covered frequent
subgraphs of another representative subgraph. The other two algorithms search
representative subgraphs directly from a graph collection. Both of them employ
the framework of gSpan [59] to find frequent subgraphs. During the depth first
search of all potential subgraphs, subgraphs which are covered by other mined
frequent subgraphs are pruned directly.

Hasan et al. [20 - 5] propose to discover representative frequent subgraphs
by using random walks. The approach in [20] starts with finding all frequent
edges. Then it chooses an edge randomly and repeats extending this edge by
randomly selecting more edges from frequent edge set, as long as these edges are
connected. In each step of extension, if it is a maximal frequent subgraph, a
random walk is performed to exclude the nearby frequent subgraphs with simi-

lar structures. This procedure is performed iteratively until enough number of
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frequent subgraphs are outputted. In [5], the authors select a small number of
maximal frequent subgraphs through sampling without computing all the maxi-
mal frequent subgraphs. Once a frequent subgraph is identified, a subset of all its
super and sub patterns are sampled to see if they are frequent subgraphs. Three
sampling techniques are compared, which are uniform sampling, support-biased

sampling and discriminatory sampling.

3.4. Frequent Subgraph Mining

The task before summarizing frequent subgraphs is to find all frequent sub-
graphs. Any summarization framework without pre-computing all frequent sub-
graphs could not restore all of them. Many algorithms have been proposed for
finding frequent subgraphs in graph databases, where the frequency of a subgraph
is the total number of graphs containing the subgraph in the database. Similar
to the Apriori-based approaches in frequent itemset mining, Apriori-based algo-
rithms for frequent subgraph mining are proposed in [24, 29, 55], where the search
strategy follows a breadth-first manner in terms of number of edges. Subgraphs of
small sizes are searched first. Once identified, a new larger candidate subgraphs
are generated by joining two highly overlapping frequent subgraphs, which dif-
fer by one edge. So, in each iteration, the size of these candidate subgraphs
is increased by one. Other algorithms [59, 7, 22, 43] employ a pattern-growth
style. New candidate subgraphs are generated by adding a new edge to the cur-
rent ones. It is possible that a candidate subgraph is extended from multiple
frequent subgraphs. The gSpan algorithm in [59] constructs a depth-first search
(DFS) tree for searching frequent subgraphs. Depending on the order of edges'
addition, a DFS code is generated for each search tree. By using DFS codes,
gSpan can prune the search space by duplicate removal without graph matching,
which speeds up the computation. There are also research efforts on finding the
frequent subgraphs in a single large graph [8’ 34’ 18, 31], where an important

problem is how to define the frequency. A solution [31] considers the
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number of non-overlapping embeddings as the frequency.
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CHAPTER 4

APPROXIMATE HOMOGENEOUS
GRAPH SUMMARIZATION

In this chapter, we present the details of our research work on approximate
homogeneous graph summarization. This chapter is organized as follows. Section
4.1 analyzes the graph summarization problem carefully and Section 4.2 presents
our concept of approximate homogenous partition based on information theory.
We propose the summarization framework in Section 4.3 and report experimental

results in Section 4.4.

4.1. Problem Statement

An attribute graph G is a triple (V,E,/7') » where V and E are the node set
and the edge set of the graph, respectively. P is a finite set of attributes, and each
node VeV or edge (w,v) E E is mapped to one or more attributes in | > denoted
as r{v) or r{uyv). Given r{v) = {Ai,A2, eee AN, let Mv) = @i &2’ .- -’ aj)
denote the attribute value vector of v, where ai is the value of attribute Ai. In
this work, we concentrate on categorical attributes. For a categorical attribute
Ai with | distinct values, we can represent an attribute value using a Z-bitmap,
where all bits are zero except for the bit which corresponds to the attribute
value. To simplify the presentation in this paper, we assume that the edges of

the graph to be summarized are of the same attribute value, but our framework
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can be extended to handle graphs which have multiple attributes associated with
both nodes and edges.

Given an attribute graph, we aim to find a concise and interpretable sum-
mary which is friendly for users to explore and analyze. This can be done by
partitioning all nodes V in a graph G into k homogeneous non-overlapping node
sets {Vi, V2, « « | Vit}, where the criterion of homogeneity is discussed later. Here,
each Vi represents a non-empty subset of node set V. Let V denote the node
partition {Vi, V2>« ¢+ VK" and let V{v) denote the unique node set Vi that a
node V belongs. Furthermore, because a node i; in a node set Vi has edges to
link other nodes in another node set V}, we use N{v) = {"CN"aOK™ a:) E
to denote the set of Vj. In addition, for Vj G N{v), we use \Vj\y to denote the
number of edges from v to any nodes in Vj.

Based on the homogeneous partition V [a graph summarization Gs can be
constructed as follows. A super-node Si represents a node set V" for all node
sets in Vand all nodes of G summarized by a super-node in Gs have the same
attribute values. The super-edges among super-nodes in Gs imply that every
node of G summarized by a super-node has the same pattern of connecting nodes
to other nodes summarized by other super-nodes. For example, suppose that Si
has super-edges to Sjl1 Ski1andSi. It shows that every node of G summarized by
Si has edges to some nodes of G summarized by Sj] SkiJ andSi. In the following

of this chapter, we use VJ and Si interchangeably.

Now the question is what is a homogeneous partition. In a homogeneous
partition Vevery node set V*in P is considered to be homogeneous, which
consists of the following three criteria: First, nodes are homogenous according
to the attribute information, i.e., nodes in the same node set must have the
same attribute value vectors. Second, nodes are homogenous according to the
neighbor information, i.e., if a node v Vi connects to V", then all the nodes in

Vi must connect to Vj. Third, nodes are homogenous according to the connection

strength, which is measured in terms of edges. If Vi and Vj are connected, all
. <‘1f)r
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nodes in VJ have the same number of edges to liodes in Vj. With these three

criteria, we present the definition of exact homogeneous partition below.

Definition 4.1. Exact Homogeneous Partition. An exact homogeneous
partition V. = {Vi, V2, <+ VK} of a graph G = (V,E, P) satisfies the following
three criteria for every node v E V: (1) = 7V:); (2) N{v) ~ N{Vi)\ and (3)
Vj\y = \Vj\ii for every Vj G N{v). Here, 7(Vi) denotes the common attribute
values of nodes in V; under the assumption that all nodes in Vi have the same
attribute values. N{Vi) denotes the common node sets for every node in the
node set Vi, and \Vj\vi denotes the common number of edges from every node in

Vi linking to nodes in node set Vj.

The above definition of exact homogeneous partition extends the definition
of exact grouping in [50]. The difference is that the exact grouping in [50] only
considers the first two criteria but not the third one. Without the third one,
nodes in a certain node set having more edges connecting to another node set,
are considered to be the same as the one having less edges, which is obviously
not reasonable. For example, in a DBLP co-author work, authors with more col-
laborations to a certain research group are more important than authors having
few collaborations. It is not reasonable to place them together into the same
node set apparently. -

A summary G5 of a graph G constructed by an exact homogeneous partition
can be considered as the best summarization with respect to the homogeneity
criterion, since nodes in the same node .sets are exactly the same in terms of
attribute and structure information. Unfortunately, due to the high complexity
of graph attributes and structures, as well as the increasing size of graph itself,
such exact homogeneous partition cannot achieve a high compression ratio. The
size of Gs based on the exact homogeneous partition is too large to serve as
a graph summarization, which makes it beyond possible for users to handle.
As we will see later in the experimental results, the size of Gs based on exact

homogeneous partition can be almost as large as G. To solve this issue, we need
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to relax partial or all the criteria in Definition 4.1. The approach in [50] loosens
only the second criterion, by allowing nodes in Vi"connect to similar node sets
of Vj but not necessarily to be the same. But it still requires that all attribute

values of nodes in the same node set VJ must be exactly the same vector.

>

It is questionable if it is sufficient to relax only the second criterion in Def-
inition 4.1 due to the following issues: (1) Keeping the same attribute vector in
each node set makes it very difficult to handle a graph with multiple attributes,
in particular, when the number of attributes is not small. Suppose a node has m
attributes and each attribute has d possible values, there are total dJ" possible
combinations of these values. Though the real existing combinations may not
be so many, it is still impossible to find a partition of a relative small size, say
k, such that all nodes in the same node set Vi have the same attributes, when
k is less than the number of existing combinations. (2) In the third criterion
in Definition 4.1, it requests that all nodes in the same node set \J should have

the same number of edgfes connecting to nodes in any other node set. Due to
the wagious possibility of neighborhood structures, this can also lead to a graph

summary which is not much smaller than the original graph G.

To achieve compact summarization Gs, we propose to relax all the criteria
.in Definition 4.1. In order to relax these criteria, a quality function for each
criterion is needed to control the quality of relaxation. Let us first give a high

level definition for approximate homogeneous partition, and explain it later.
: J

Definition 4.2, -Approximate Homogeneous Partition. Given a graph

G = (V,JE,JT), a nimber k, a graph node partition V is called approximate

homogeneous partition, if it satisfies the following three criteria for every Vi G V.

(1) Q*m < ei; (2) QNi*'v{Vi) < &; and (3) < e, VM4 G(QV... YU
N{vj)). Here, let \k E Vu Q-rO), ...I0()" QIVj\WJ-) are three quality measure

functions, and Ci, €2 > arid €3 are three thresholds to control the quality of the

partition ;

In an approximate homogeneous partition, nodes in the same node set are
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considered to be homogeneous as long as their attributes and neighborhood rela-
tionship, patterns to other node sets are similar to each other. Besides, a overall
ranking function is necessary to rank the partitions based on the overall sum-
marization quality to obtain the best one. Suppose R(-) is the function that
reflects the three criteria in Definition 4.2 to measure the quality of approximate
homogeneous partition, we study how to compute an approximate homogeneous
partition V of size k for a graph G = {V,E, F) by minimizing the ranking func-
tion R{V). The key issues are as follows. What quality measure and the function
R(V) should we use? Can we make it threshold free (without ei, €2, and 63)?

We address these issues in the following sections.

t

4.2. An Approximate Homogeneous Partition

Based on Information Theory

In this paper, we propose an information-preserving criterion, based on in-
formation theory. We first review some background knowledge, followed by de-
tailed discussions about how to utilize a unified entropy model to measure the
quality of the three relaxations in Definition 4.2.

Let Xi be a boolean random binary variable and p{xi) be its Bernoulli dis-
tribution function, p(x) = [p(T.1) > ... > P([Jiy] a Bernoulli distribution vector
58] over d independent Boolean random variables Xi, s » «, X¢-Let bj denote a
binary d-element vector. Given a set of binary vectors D = {b] * - * bn}’ under
the assumption of independence, the probability by which they are generated by

a distribution vector 6'is estimated as
piD\e) — N HP(fj= (4.1)
biGD t=I
where b] is the zth element of the binary vector bj. The best 6 Which fits the
tilodel, is

§ = argma.x\og{P{D\e)). 4.2)
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The well-known solution based on the maximum likelihood estimation is
Shj i
p 0 = 1) =2RIF0P 4.3)

We use information theory to measure the quality of these distribution vec-
tors. Recall that in information theory, entropy [14] is a measure of the un-
certainty (randomness) associated with a random variable X, which is defined

as ¢

H{X) = -J2p{x)\og,p{"). (4.9
Xex

Consider a random variable Xi whose value domain is {0,1}, the probability of
Xiequals 0 or 1is p{xi = 0) or p{xi = 1). The entropy of an unknown sample of
the random variable Xi is maximized when p(xi = 0) = p(xi = 1) = 1/2, which
is the most difficult situation to predict the value of an unknown sample. When
p(xi = 0) — p(xi = 1), we know that the value of the unknown sample is more
likely to be either 0 or 1 accordingly, which is quantified in a lower entropy. The
entropy is zero when p(xi = 0) = 1orp(xi = 1) = 1. For a Bernoulli distribution
vector p(x), assuming the contained random variables are independent of each
other, the total entropy of a Bernoulli distribution vector is

if(p(x)) = (4.5)

i=l Xi=0

If binary vectors within the set D are similar to each other, or homogeneous,
then for each random variable Xj, most of its values should be similar, resulting

in a low i7(p(x)).

4.2.1. Entropy-Based Relaxations of Criteria

In the following part, we discuss the three relaxations in Definition 4.2.
Based on these observations, we can measure the quality of the three relaxations

in a unified model inspired by information theory.

Observation for Q*: For each node ViGYV, 7(1") = (ai,...” ad) is the attribute

vector of Vi, where Oi is the value of attribute Ai. As mentioned, we repre-
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N‘\’,‘fe o 312 x4 ai 32 33 84
Si 2 1 1 1 1

3 0 1 1 1

V4 1 1 0 0
S2 \5 1 (0] 0 1

ve (0] (0] 1 1

Entropy P(ai=1) P@2=1)p(a3=1) P@ad=1)
Si 1.85 0.66 -1 1 0.66
s2 3.70 0.66 0.33 0.33 0.66

Figure 4.1:  Entropy-Based At- Figure 4.2: The Conversion from At-

tribute Homogeneity tributes to Nodes

sent categorical attribute values as bitmaps, so we also use & to indicate the
bitmap when there is no confusion. For a certain node set, Vj, in an .approx-
imate homogeneous partition, the attribute information of each node Vi e Vj
is in form of a binary vector by concatenating these bitmaps together, denoted
asa= (ai,a”). The attribute information of a node set is homogeneous if
the corresponding binary vectors are similar to each other. A binary Bernoulli
distribution vector can be estimated from these vectors by Eq. (4.2). When the
majority of nodes in a node sets share a same attribute value, the corresponding
bit in the Bernoulli distribution vectors approaches to 1. When the majority of
nodes do not have a certain attribute value, the corresponding bit approaches to
0. In this case, we can infer from the Bernoulli distribution where a node has or
has not a certain attribute value by the expected value of the corresponding bit.
Then it is better if each column in the Bernoulli distribution vector approaches
to 1 or 0. When the value is 0.5, it is the worst case that we are uncertain to

infer any useful attribute information, since the confidence of the expected value
igtlike the one of a random guess. Entropy is an excellent quality measure in this

case, and low entropy means high confidence based on Eq. (4.5).
As shown in Figure 4.1, each row in the top table represents a node in the

graph. For each node, there are four attributes: (ai, a2, as, 04). The first three
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Entropy 1.37
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Figure 4.3: Entropy-Based Homogeneity of Connection Strength

rows belong to the super-node Si (or node set Vi), while the remaining belong
to the super-node S2 (or node set V2). It is easy to see that nodes in Si are more
similar to each other than nodes in S2. The corresponding Bernoulli distribution
vectors for 51 and S2 (] areepresented in the lower table, as well as their entropy
values. As we can see, the entropy value of S\ is much lower than that of S2[]

which is consistent to that nodes in S\ are more similar to each other.

Observation for QN{vk)' Nodes in the same homogeneous node set \VJ should
have similar neighborhood relationship in the super-graph. Note that if a node
set has good quality according to the third criterion, it must be also good by the
second one, since the second criterion is in fact a special case of the third one.
If there is only one neighbor for nodes in a node set, then the second criterion

and the third one are the same. Obviously, IS a stronger condition than

QN(VK)i because QWjWk measures the quality based on not only whether there are
connections between nodes in Vi and Vj, but also the number of connections for
\k G Vi. Therefore, we can ignore Qnm” and concentrate on which we

will discuss next.

Observation for Consider a super-graph Gs[! and we use Vj (node set)

and Si (super-node) in Gs interchangeably. If there is a super-edge between
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super-nodes Si and Sj[l themodes in Si should have similar total number of
edges to nodes in Sj. As discussed, it is not appropriate to put two nodes
together, whose connection strengths to a certain node set differ a lot, because
their importance to the node set is not in the same level. We can keep two
histograms for each super-edge [S" Sj), namely, Si-to-Sj and Sj-to-Si, to record
the distributions of neighbors in Sj {Si) of nodes in Si {Sj). We explain it by
using an example as shown in Figure 4.3. There are three node sets (super-nodes)
in the partition: Si, S2, and Sz. At the upper left corner in Figure 4.3, it shows
how these super-nodes are connected by super-edges. For example, it indicates
that every node in S2 has 10 neighbors in Si on average. The histogram of S2-
to-jSi is drawn on upper right corner, where the x-axis indicates the number of
neighbors in Si for a node in 82- The y-axis indicates the number of nodes in
S2 corresponding to each value on x-axis. The histogram shows that there are
2 nodes within S2 which have 9 edges connected to nodes in Si - 2 nodes which
have 10 edges and 1 node which has 12 edges. Intuitively, a homogeneous node
set should have a tight spread range on x-axis in the histogram. Again, entropy
is a good measure to show how homogeneous inside each node set. To do so,
we present the histogram in another way as shown in the bottom right corner.
The x-axis still indicates the number of neighbors in for a node in S201 while
the thickness of each bar indicates the number of nodes in 5i corresponding
to each value on x-axis. Based on this intuition, we transform each bar in the
bottom histogram to a binary vector of all I's. For example, for bar indicating
the number of neighbors(1i9, a binary vector of length 9 is constructed. We
first concatenate O's at the end of each binary vector to make them of the same
length. Then we remove the common I's in the suffix of these vectors, because
the entropy on these columns are all zero and we focus on only the difference
in these binary vectors. The remaining binary vectors are shown in the bottom
left table in Figure 4.3. Similar to Q”, a Bernoulli distribution vector is learned

from these binary vectors. The more similar these vectors are, the lower entropy
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of the distribution vector is, as shown in the table.

In summary, the homogeneity of a node set can be measured by the con-
cept of entropy of these Bernoulli Vectors. Let e = (Si, Sj) denote a super-edge
between two super-nodes Si and Sj[] andet Vi denote a node in super-node Si.
The entropy of super-node Si consists of two parts: the attribute part and the
neighborhood connection strength part. We propose to convert the attribute ho-
mogeneity into neighbor relationship homogeneity to unify the two parts. Figure
4.2 shows our conversion. For each attribute value, we add an additional node
in the original graph G. Here we have four attribute values {ai, a2, <3 4} so we
add four corresponding nodes in G. For each node, we add edges between it and
those nodes corresponding to its attribute values. For example, in Figure 42 -
node vi has attribute values {01,02,"3}, so we add edges between vi and nodes
representing ai, 02, and 3. In this way, we convert the attribute homogeneity
into neighbor relationship homogeneity. Then, we apply the same approach as we
have discussed in Observation for to calculate the attribute homogeneity.
The entropy for Si is

k+l
EntropyiSi) =~ if{p(bf — 1))> (D

where Ais a user-given parameter for controlling the number of node subsets
in the partition V and 1 is total number of distinct attribute values, b"Ms the
mth element in b, and p(bj" = 1) is the Bernoulli distribution vector estimated
by Eq. (4.3) for Si to Sj or dj[] dependingn whether the connections are to a
super-node or attribute value node. As we can see from the above analysis, the
total entropy for every super-node in exact homogeneous partition is zero.
Users might prefer attribute homogeneity over connection strength homo-
geneity or vice versa. To achieve this, we allow users to assign weights during

the entropy calculation as follows in Eq. (4.7).

: I K
WeightedEntropyiSi) = = 1))H-(1-A) i:f(p(bf = 1)). (4.7)
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Now, p(aj™ = 1) is the Bernoulli distribution vector estimated by Eq. (4.3) for
Si to node aj, and p(bj" = 1) is the Bernoulli distribution vector estimated by
Eq. (4.3) for Si to super-node Sj. When Aequals 1/2, the entropy score is one
half of the entropy computed by Eqg. (4.6). And the weighted entropy for every
super-node in the exact homogeneous partition is still zero.

The optimized approximate homogeneous partition is the partition that min-
imizes the ranking score of the super-graph, which is the total weighted entropy

of all nodes:

R{V) = ISN X WeightedEntropy{Si), (4.8)

where \Si\ is the number of nodes contained in Si. What we study next is how
to find the optimized approximate homogeneous partition V for a given graph

G. Based on V, the graph summarization Gs can be constructed.

4.3. Homogeneous Graph Summarization

In this section, we present the algorithms for exact homogeneous partition

and approximate homogeneous partition.

4.3.1. A Lazy Algorithm for Exact Homogeneous

Partition
Exact homogeneous partition is the best summary in terms of homogeneity,

and we extend the algorithm in [50] to compute exact homogeneous partition
using a simple but effective approach.

Algorithm 4.1 outlines the procedures to compute the exact homogeneous
partition based on Definition 4.1. Recall that a is the concatenated attribute
vector for nodes. Suppose there are m distinct attribute vectors, the nodes in
graph G are partitioned into m groups first according to the distinct vectors.
Then, the algorithm constructs an n X m node-to-group matrix M, where M({i,))

is the number of i/j's neighbors in Sj. One thing worth noting is that nodes
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Algorithm 4.1 A Lazy Algorithm for Exact Homogeneous Partition
Input: A graph G = {V,E, 1)
Output: The exact homogeneous partition V.
Partition V into m node sets based on distinct attribute value vectors a;
: Construct an n X m node-to-group matrix M;

while True do

1

2

3

4: Sort rows within each group;
5: Let split flag be an all-zero binary vector of length n;
6: for each cell M{i,j) in M do

7 if M{iJ) + M(i + 1'j) then

8 split f lag[i] = True;

end if

©

end for

if split flag is all False then
break;

end if

X:  Split each node sets according to split flag to form m' new node subsets;

® 8 E B

15: Reconstruct the n x m' node-to-group matrix M;
6: end while

17: Output the exact homogeneous grouping V.

belonging to the same group are stored adjacently in M and the order of groups
in rows is the same as the order of groups in columns. At line 5, Algorithm 4.1
marks the split positions using a binary vector of length n. After inspecting all
the groups, Algorithm 4.1 reconstructs the node-to-group matrix M based on
the marked split positions.

Because the matrix reconstruction is costly, we do not reconstruct M imme-
diately after a split position is found. There are many unnecessary reconstruc-
tions during the split operations. An example is shown in Figure 4.4. Suppose

the left matrix is the initial node-to-group matrix after sorting, and we find Si
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Figure 4.4: Data Structure for Lazy Exact Homogeneous Partition

should be split into two subsets. If we reconstruct the matrix in each loop, the
matrix will be like the one on the right. As we can see that the next node set to
be split is Sn+i, the last reconstruction of matrix is not necessary. Instead, we
mark these split positions using a binary array and reconstruct only once after
we check all the possible positions. We call it lazy exact homogeneous partition.

Next we will present two algorithms for approximate homogeneous partition:

an agglomerative merging algorithm and a divisive /c-means algorithm.

4.3.2. An Agglomerative Algorithm for Approximate

Homogeneous Partition

As discussed, though exact homogeneous partition is of the highest quality
based on homogeneity, its size is almost as large as the original graph. To further
reduce the size of a summary of exact partition, we propose an agglomerative
algorithm which is presented in Algorithm 4.2, which takes the exact homoge-
neous partition V as the input. The main idea of the agglomerative algorithm is
to maintain a matrix to record the change in total weighted entropy for each pair
of node sets if they are merged, and merges the pair with the minimum value
repeatedly. Each merging will decrease the total number of node sets by one.

In the loop from line 3 to line 6 - Algorithm 4.2 calculates the initial value
of total weighted entropy of the exact partition after merging each possible node

pair (Vi,Vj). Recall that the input is the exact partition, whose total weighted
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Algorithm 4.2 The Agglomerative Algorithm for Approximate Partition
Input: The exact homogeneous partition V = {Vi, ¢+, Vm} a number k.

Output: The approximate homogeneous partition Va.

s Va - Vv,

Let A be an m X771 empty matrix;

1
2
3: for each subset pair Viand Vj inV do
4:  Vii = {ViyjVjI\{VuVj}
5 A,- = RCPij) /* Eq. (4.8) */
end for
while |Va\ > k do
Let (Vi, V?) be the pair of node sets with the minimum /U ;
VA-AVAU{ViUVmMIN{VM\

Update A based on Vi and Kn;

(2]

end while

SR B e e

Output the approximate homogeneous partition Va\

entropy is zero. At the end of line 6, Matrix A(z,]) stores - the change of total
weighted entropy if we merge node set Vi and Vj, Note that we only use the
upper half of A(i,j) since A(i,j) = A{j, 1). In each iteration from line 7 to line
11, the algorithm merges the pair of node sets with the minimum change in total
weighted entropy to generate new partition, and update matrix A.

Now, the problem is how to update matrix A. A naive way is to recompute
the whole A based on the current partition Ta, which is slow and not necessary,
since merging one pair of nodes only affects partial values in A. Suppose (Vi, Vj)
Is the pair to merge, and i <j. The merging is done by adding all nodes in Vj to
Vi and deleting Vj. This operation only affects the values in two types of cells in
A. The first type is the cells for pairs involving K, which is easy to understand,
since Vi is now changed to ViU Vj. Thus, we have to recompute the change in
total weighted entropy for these pairs of node sets.

The other type is the pairs of node sets involving the neighbors of (K, Vj)-
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Figure 4.5: An Example of Updating Matrix A

An example is shown in Figure 4.5. Suppose 14 and V; are neighbors of (VA Vj).
It does not matter whether V*and Vi are both neighbors of (K, V) > a just one of
them is. Before the merging of (K, Vj), A{k, 1) stores the change in total weighted
entropy if we merge V* and Vi, while Vi and Vj are still separated. Once MV and

Vj are merged, the change of I) consists of three parts:

1. \WWkU Ml X WeightedEntropy( ! v*“Vj}(Vk U Vi)
—\VK\ X WeightedEntropy*ViyjyiVk)  — |V/| x  WeightedEntropyy.y.}(V ; );

2. |Vi| X WeightedEntropy\"yf*uVi){yi) + \Vj\ x  WeightedEntropy{Vk( Vi}(Vj)
_ VIl X WeightedEntropy{Vf~, Vill (yi)~|¥4 x  WeightedEntropy{v y"]{Vj)\

3. The change of neighbors of (V/, VK) except Vi and Vj.

The subscript of WeightedEntropy =~ means the portion of the total weighted
entropy related to node sets in the subscript. As we can see, after the merging of

(Vi, Vj), the third part does not change, so we only need to recompute the first

part and the second part.
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4.3.3. A Divisive /c-Means Algorithm for Approximate
Homogeneous Partition

In this section, we present a divisive k-means based approximate algorithm

to find the optimized approximate homogeneous partition using the Kullback-

Leibler (KL) divergence. The Kullback-Leibler divergence [58] is a measure of the

difference between two distribution vectors p and g, which is defined as follows,

mp lg=EEm)log % . (4.9)
t=i 1<=0 q [

In the view of information theory, KL divergence measures the expected number
of extra bits required to encode samples from p when using a code based on q,
rather than using a code based on p. We assume the Bernoulli distribution vector
for a certain node group Si is p. For each node in group Sill led be the Bernoulli
distribution vector for a node Vi E Both p and q are the concatenated vector

of aj and bj in Eq. (4.7). Then we have

KL(p(x) W a(x))

Vi’Si
ViPri=1) )/ n1 p{xi
VIESiHL
d
= D(logp(xi = 1) - \ogg{xi = 1))
VieSi t=i

+ p{xi = O)(logp(xi = 0) - loga{xi = 0)))

'P{xi = 1) log(7(xt =1) —p{xi = 0)logq{xi = 0) — H{p))

VIESI I=
vl !;v e SiPi-~i=n1 . _ 11)‘_ YWinSi PiNi, = 001,
d
=n(si) = 1) loggOci = 1) - ofxi = 0) logg'(@;i = 0))

t=i
=n{si) * i/(p(x)).
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>
-

Thus, the optimized approximate homogeneous partition that minimizes R{Va)
Is the partition that minimizes the sum of KL{p{x.) || q(x)), which leads to the
following divisive fc-means approximate algorithm presented in Algorithm 4.3.
Algorithm 4.3 starts from one node set by putting all the nodes in G to-
gether. In each loop from line 2 to 20, Algorithm 4.3 first splits the node set
with the maximum total weighted entropy, and then applies /c-means cluster-

ing method based on KL-divergence. The split '‘procedure is from line 3 to line
V [

14. First, a random perturbation of nodes in the node sets with the maximum
weighted entropy is performed. Then we inspect these nodes one by one accord-
ing to the order in the perturbation. If moving the node from the old node set
to a new node set decreases the total weighted entropy, we move it, otherwise,
it stays in the old node set. Once the split is finished, Algorithm 4.3 performs
/c-means clustering from line 16 to line 20, to minimize the sum of KL-divergence.

When the number of node sets equals k, the approximate homogeneous partition

Va is returned.

4.4. Experimental Evaluation

In this section, we report the experimental results of our proposed summa-
rization framework on various real datasets from DBLP Bibliography [1]. The
algorithms are implemented by using matlab and C++. All the experiments
were run on a PC with Intel Core-2 Quad processor and 3GB RAM, running
Windows XP. One thing worthy noting is that we did not optimize our sources

for multiple core environment.
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Algorithm 4.3 The Divisive A:-Means Algorithm for Approximate Partition
Input: A graph G = (V,E, F), a number k\

Output: The approximate homogeneous partition Va'

1: Va = {VH
2: while IPal< Ado
3 Let Vm be the node set with the maximum X WeightedEntropy{Vm)\
4.  Generate a random perturbation L of nodes in Kn,
5: Vi= Kn;
6 Vj=0;
7: forVe L do
8: we = X WeightedEntropy{Vi)  + X WeightedEntropy{Vj)\
9: we' = (iVil - 1) X WeightedEntropy{Vi \ {t;[])
+ (1M + 1) X WeightedEntropyiY]j U
0: if we' <we then
1: >i = Wi
2. Vj = VjU{v}- -
3: end if
4:  end for
5: VA= VAU{VuVj}HVm
6: repeat
7: Evaluate the Bernoulli distribution vectors aj's and bj's for \k G V\
8: Concatenate aj's and bj's together for VA G Va\
9: Assign each node v 6 V(G) to a new cluster Vk according to the
Kullback-Leibler divergence in Eq. (4.9);
AD: until the change of R{Va) is small or no more changes of the cluster
assignment
21: end while
2: Output the approximate homogeneous partition Va.
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Table 4.1: The DBLP Bibliography Datasets

Datasets # of Nodes # of Edges Average Degree

D1 DM 1695 2282 1.35
D2 DB 3328 11379 3.42
D3 DB+DM , 5023 15262 3.03
D4 DB+DM+IR 6184 18710 3.02

Table 4.2: The Keywords of Topics

Topics # Keywords
32 text, classification, vector, categorization
66 mining, patterns, frequent, sequential...
76 service, scheduling, extending, media
80 clustering, matrix, density, spectral

-.4.1. Datasets

We construct a co-author graph with top authors and their co-author rela-
tionships, where the authors are from three research areas: database (DB), data
mining (DM) and information retrieval (IR). Based on the publication titles of
the selected authors, we use a topic modeling approach [2162] to extract 100
research topics. Each extracted topic consists of a probability distribution of
keywords which are most representative for the topic.

By using authors from partial or all areas, we construct four real datasets in
our experiments. The basic statistics of the four datasets are presented in Table
4.1, including the number of nodes, the number of edges and the average degree of
nodes. There are total 100 topics in the original datasets and in the experiments,
we remove the topics from authors, whose probabilities are extremely small.
Each author is related to several topics whose probabilities are larger than 5%.

Example of the topics are shown in T”le 4.2, as well as the top keywofSs in
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Figure 4.6: Topic Frequency in Dataset D1 and Dataset D2
Table 4.3: The Exact Partition of The DBLP Bibliography Datasets

D1 D2 D3 D4

# of Nodes 1695 3328 5023 6184
# of Distinct Attribute Vectors 1492 2931 4401 5409
# of Exact Partitions 1604 3219 4829 5912

each topic.

All these topics are not of equal importance. We present the frequency dis-
tribution of topics in datasets D1 (DM) and D2 (DB) in Figure 4.6 in descending
order. The x-axis is the topic order and the y-axis the frequency of a topic which
is defined as the number authors doing research on the topic. For dataset D1 in
Figure 4.6(a), the majority of topics appear less than 100 times, while only less
than ten topics are very hot among authors. For dataset D2, the frequencies of

most topics are below 200.

4.4.2. Exact Homogeneous Partition

Table 4.3 presents a comparison between the number of groups and the
nodes in the original graphs. The number of distinct attribute vectors and the
number of exactfZroups are quite close to the number of nodes. Therefore, the

exact homogeneous partition cannot obtain a graph summary of a reasonable
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size. Figure 4.7 shows the graph structure of the main connected component
generated by exact partition algorithm on dataset DM, which is very large and
not possible for users to explore. In Figure 4.8, we compare the running time of
our lazy exact homogeneous partition algorithm with the exact partition algo-
rithm, denoted as exact partition. Unlike the lazy partition algorithm, the exact
partition algorithm reconstructs the matrix M in Algorithm 4.1 immediately
after discovering a split position. The lazy exact partition algorithm is more
than 10 times faster than the exact partition algorithm due to the saved time of

matrix construction.

4.4.3. Approximate Homogeneous Partition

We perfumed our approximate homogeneous algorithms using three values
of A: 0.25, 0.5 and 0.75. Due to the high time complexity, we only apply our ag-
glomerative algorithm on datasets DI, D2 and D3. Figure 4.9 shows the running
time of the agglomerative algorithm performed on these three datasets. Both
the x-axis and the y-axis are in log scale. We performed our divisive /c-means
algorithm on all the four datasets and report the results for datasets D2, D3

and D4 in Figure 4.10. fc-means algorithm is almost 10x times faster than the
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Figure 4.9: The Running Time of The Agglomerative Algorithm
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Figure 4.10: The Running Time of The Divisive /c-Means Algorithm

agglomerative algorithm when k is small, which common in real applications.
An interesting phenomenon is that the running time of small A in\ihe agglomer-
ative algorithm is less, while the running time of large A in the divide /c-means
algorithm is less. The reason is that the agglomerative algorithm starts frorh®
the exact partition, and a large A cannot boost the affect of attribute too much.
In the divisive fc-means algorithm, a large Ausually means less iterations in the
A:-means clustering algorithm, as we observed during the experiments.

Figure 4.11(a) shows the average entropy of the approximate homogeneous
partition by the agglomerative algorithm on dataset DI, where we present the
average entropy for different values of group number and A As the group num-
ber shrinks, the average entropy increases. Since the input of the bottom-up
approximate algorithm is the exact homogeneous partition, the average entropy

is 0 at the beginning. Figure 4.11(b) shows the average entropy of the approx-
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Figure 4.11: R(Pa)/"

imate homogeneous partition by the divisive /c-means algorithm on dataset DI.
As we can see, when Kk is in the range from 10 to 80 > the summary generated
by the divisive /c-means algorithm is much better that one generated by the
agglomerative algorithm, in terms of the average entropy. Figure 4.11(c) re-
ports the results on dataset D2 by these two algorithms when A'is 0.5, which
once again shows that the divisive /c-means algorithm performs better than the
agglomerative algorithm, when k is small.

We present some interesting examples from summary of dataset D2 (DB),
generated by the agglomerative algorithm when the group number is 60. For
ease of presentation, we remove the distribution on edges, while the values of the
entropy for these distributions are small. Each node in Figure 4.12 represents
a group of researchers. The tables in Figure 4.12 present the topic number
and the main keywords of each topic. Figure 4.12(a) shows that a group of
researchers in time series domain tend to cooperate with themselves, where the
size of node Sg is 25. Figure 4.12(b) shows that researchers working on three
different topics cooperate a lot, where the size of node S5 is 28. We can infer
from these keywords that these researchers are working on the core database
technology. Figure 4.12(c) shows three groups of researchers cooperate a lot,
where two of them mainly work on knowledge representation, while the third

group mainly works on decision tree. The size of node Sg, Sie and 720 are 26 > 12
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Topic Keywords:
12 time, series, real, subsequence

(a) Example
Topic Keywords
54 implementation, db2, advanced, universal
90 database, object, oriented, serve, sql

75 control, concurrency, transaction, recovery

Topic Keywords: Topic Keywords;
knowledge, base, knowledge, base,
66 representation, 66 representation,
acquisition, bases acquisition, bases
Topic Keywords:
18 decision, trees, tree, induction

(c) Example 3

Figure 4.12: Real Examples from Summaries
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Figure 4.13: Outliers Found by The Divisive /c-Means Algorithm

and 35, respectively.
Figure 4.13 plots the average entropy of all columns in all the Bernoulli
distribution vectors from datasets D1 and D2. The x-axis is the average entropy

of attributes and the y-axis is the average entropy of connection strength. Figure
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4.13(a) shows results from dataset D1 (DM) when k = 40. As we can see, most
points are close to (0.3, 0.4) indicating a good confidence, while a few points are
closed to (1, 1), which are considered as outliers in the summary. There are also
outliers at (0, 1), which means these outliers have the same attribute information
but not the neighborhood relationships.

Figure 4.13(b) shows results from dataset D2 (DB) when k = 60. Most

points are close to (0.35, 0.4), while a few outliers are far away from the main

cluster.



CHAPTER 5

FREQUENT SUBGRAPH
SUMMARIZATION WITH ERROR
CONTROL

In this chapter, we address our research work on frequent subgraph summa-
rization. This chapter is organized as follows. We formally define the problem of
frequent subgraph summarization in Section 5.1 and propose the summarization
algorithms in Section 5.2. Section 5.3 describes how to query the summarization
to restore a subgraph and its frequency. We report the experimental results in

Section 5.4.

5.1. Problem Statement

A graph G is a triple {VAE,] ) > where V and E are the node set and the
edge set, respectively.]  is a finite set of labels, and each node v 4 V oxedge
{urv) £ E is mapped to one or more labels in JT, denoted as r(v) or r(u, v). A
graph p is a subgraph of a graph G if there exists a subgraph isomorphism from

gto G, denoted bsg C G. G is called a supergraph of g.

Definition 5.1. Subgraph Isomorphism ; For two graphs gand G, G contains
a subgraph that is isomorphic to g, if there is an injective function h : Vg

Vg, such that 6 Vg*Pgiy) = rb("C?))” and V(n,") G Eg,{h(u).h{v)) e Eq
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and rg(u,v) = rG{h{u)* where Pg and Pq are the label set of g and GIJ
respectively.

Definition 5.2. Frequent Subgraph. Given a collection V of graphs, a graph
g is frequent if f{g) > AL&ST , where f[g) is the number of graphs in V containing

gl and fmin is a user-specified minimum frequency threshold.

A frequent subgraph p is a maximal one if and only if there does not exist
another frequent subgraph g' and g C g'. A frequent subgraph ” is a closed
one if and only if there does not exist another frequent subgraph g\ g C ¢
and f{g") = fig)- Anti-monotonicity holds for frequent subgraphs in a graph

database, which means the subgraphs of a frequent subgraph are also frequent.

5.1.1. Subgraph Summarization and Restoration Error

Given a set T of frequent subgraphs, we aim to find a concise and in-
terpretable summarization of frequent subgraphs which is friendly for users to
explore and analyze. We decompose the meaning of friendly into two aspects:
descriptive and informative. By descriptive, we can identify that a particular
subgraph is a member from the summarization. By informative, the concise rep-
resentation should maintain as much information of the frequent subgraphs as
possible, to be specific, structures and frequencies. That is, users can restore the
structure and the frequency of a certain subgraph accurately, based on only the
concise summarization itself. If there is no error between the restored subgraphs
and the original subgraphs, this summarization is lossless. While due to the
high complexity of graph structures, the lossless summarization may not achieve
a high compression ratio. In our proposed framework, there is no information
loss in structures, while frequencies are summarized by probabilistic models. We

define the relative restoration error as follows.

Definition 5.3. Average Relative Restoration Error. Let T denote the set

of frequent subgraphs. For each subgraph g »~ T, f{g) and r{g) are the true
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Figure 5.1: Partial Order Graph of Frequent Subgraphs Based on Containment

Relationship

frequency and the restored frequency of gl respectively. The relative frequency
restoration error of g is - I(p)|//(p), denoted as 5{g). The average relative
restoration error of the frequent subgraph set T is

1 rlo)  fig)

T f9) (5.1

Given the average relative restoration error as the summarization quality
measure, the optimal frequent subgraph summarization can be defined in two
ways. One is given a fixed integer as the number of partitioned subsets in sum-
marization S[! the total restoration error should be minimal. The other is given
a maximum tolerance a of the average relative restoration error, the number of
partitioned subsets in summarization should be minimal. We adopt the latter
one, because we aim to summarize frequent subgraphs with preserved frequen-

cies.
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5:1.2. Regression for Subgraph Summarization

Before we formally define the problem, let us first review the concept of
regression models and how it adapts well in the context of frequent subgraph
summarization. As mentioned, a frequent subgraph indicates all its subgraphs
are frequent, which is called anti-monotonicity. Based on the subgraph contain-
ment relationship, a partial order graph (POG) is composed with all frequent
subgraphs. Figure 5.1 shows an example. Each node in the POG is a frequent
subgraph and subgraphs in the same level are of the same size, measured by the
number of edges. In the POG, two subgraphs are connected by a directed edge
from the larger one to the smaller one, if one is a subgraph of the other and differs
by one edge. Suppose p is a subgraph in the POG, we use connected children to
represent its connected neighbors smaller than g, and g is called connected par-
ent. We use reachable children to represent all the nodes that can be explored by
traveling along with the edges in the POG, starting from g. A maximal subgraph
does not have a connected parent in POG. If there is more than one maximal
frequent subgraph, we add a union of all maximal frequent subgraphs as the root
of the POG. If there is more than one connected component in a POG, we handle
each component one by one.

Suppose g and g' are two connected subgraphs in the POG, where g and g’
differ by only one edge e, that is, pU {e} = ¢'. Let p{g'\g) denote the conditional
probability that a graph G from V containing g also contains g'. Since pU{e}=
g\ we denote as p(e\g)* the conditional probability that a graph G from
a graph database V containing g also contains edge e. Let f{g) denote the

frequency of a frequent subgraph g[] then

PP)=P(eb) — f# . (5.2)

Given any two frequent subgraphs gi and gi that differ by / — 1 edges
{ei> €2 . ,e/-i}, then

foi) =f{9) xp (ei’e2 » .. (5.3)
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Let Qidenote the graph piU{ei, * » » > Si-i}. Following the chain rule of conditional
probabilities, we have

f{9i) = /(Pi) X Y[p{ei\9i)- (5.4)

i=I
In order to model the joint probability distribution, we apply the following in-
dependence assumption: whether a frequent subgraph g contains an edge e is
independent of the structure of ~\ {e}. Without loss of generality, we use p{e)
to denote p(e|*), where * denotes an arbitrary subgraph g that g U {e} is fre-
quent. Under this assumption, we can rewrite Eq. (5.4) for subgraph gi and gi
as follows: N

i-i

f9i) — /("i) X ! ! M4), (5-5)

1=1
Given a frequent subgraph gliletQ — {#1- "2 ...Qn] be the frequent sub-
graphs reachable from g in the POG. Suppose we know the frequency f{g) of gl
as well as all the probabilities p(ej) of edges in g, with the independent assump-
tion, we can estimate the frequency of each graph gt E- Q according to Eq. (5.5).
By ar}plying the logarithmic transformation on both sides of the equation, we

have :
t-1

log/lkog/ (i) + X™ogp(ej). (5.6)

Similar to the regression approach in [27], we can build a regression model Y =

Xp + E for Q,where E is the matrix of error terms,

log/ O e logp(ei)
Y = and P =

N

logp{ei)
(5.7)

Here, laegj is an indicator that edge " belongs to graph gj. laegj — 1if G G Qj,

log/(p) -log/(pn) leiGSn e -1

and lei*Qj = 0, otherwise. The least square estimation [46] of the above regression

model is to minimize the sum of squares of the errors (residues), which is

5= min/ly-  xp{Y - xp)* (5.8)
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Then the solution is
P=argrmn|(y- XP){Y - = [X'Xy"X'Y. (5.9)

Union of Maximal Frequent Subgraphs: By applying the above regres-
sion approach, we are able to summarize any frequent subgraph g in the POG,
together with all its reachable children, as a regression model. We call g a tem-
plate subgraph, or a template for brief. Recall that in the POG of frequent
subgraphs, each node represents a frequent subgraph, which is either itself a
maximal frequent subgraph or a subgraph of a maximal frequent subgraph. In
order to maintain the information of all frequent subgraphs, each maximal fre-
quent subgraph needs to be represented by a regression model. Therefore, the
total number of such models can be as large as the number of maximal frequent
subgraphs, which is too many. To solve this issue, we introduce a union of maxi-
mal frequent subgraphs as a template, called union template. For example, given
two maximal frequent subgraphs gi and 92if there are common sub-structures
between them, we consider to merge them into a compact union by eliminat-
ing the duplicated sub-structures as much as possible. It is worth noting that
two maximal frequent subgraphs without any common sub-structure can not be
merged into a union template, because if they are merged, the union template
is not a connected graph. A single regression model built on a union template
that is not a connected graph is of no difference from a set of regression mod-
els built on each connected component (maximal frequent subgraph) separately.
Because first, the number of parameters in the single regression model and the
total number of parameters in the set of regression models are the same. Sec-
ond, the average relative restoration error of the single regression model and the
average relative restoration error of the set of regression models are the same.

Details of how to construct a union template is discussed in Section 5.2.2.
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5.1.3. Problem Definition

It is obvious that the accuracy of the estimated regression models depends
on whether the independence assumption is valid among the reachable children
of a template subgraph, which is not common in mostly graph databases. So, we
divide all frequent subgraphs into groups and apply the independence assumption
locally on each group to make sure that the restoration error can be controlled.
We present the formal definition of the frequent subgraph summarization with

error tolerance below.

Problem 5.1. Frequency-Preserved Subgraph Summarization with Er-
ror Tolerance a. Given a set of frequent subgraphs T l@nd a maximum average
relative error tolerance a for the restored frequency, the problem of frequent sub-
graph summarization is to partition T into as few groups as possible, and each
group Q satisfy the following: (1) Q can be summarized as a single regression

model, and (2) 5avg{Q) < cf, where 5avg is defined in Definition 5.3.

The meaning of requirement (1) is that the template subgraph of each group
should be either a frequent subgraph in J" or a connected union template sub-
graph, which is a union graph of maximal frequent subgraphs. Without this
requirement, we can easily merge any number of template subgraphs into a large
unconnected one and create a single regression model to reduce the number of

groups.*

5.2. Summarization Algorithms

Before explaining our framework in details, let us discuss some unique chal-

lenges in summarizing subgraphs.
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5.2.1. Challenges

The problem of summarizing frequent subgraphs is an extension of concisely
summarizing a large collection of frequent itemsets, which have been studied >
57, 56, 27]. The key criteria to evaluate the quality of a summarization lie in two
aspects: coverage and frequency. First, the concise representation is capable of
representing all frequent itemsets in the collection, which is usually based on the
set containment relationship. Second, the frequency of any frequent itemsets can
be estimated from the concise summarization accurately. The existing researches
have made significant contributions for summarizing frequent itemsets.

However, it is much more challenging to summarize a set of frequent sub-
graphs which can meet these two key criteria. The challenge comes from two
fundamental difficulties in subgraph mining: "multiple embeddings” and "topo-
logical constraint”. The multiple embedding problem refers to the issue that
given a template subgraph pattern gl for a targeted frequent subgraph A we
may find several isomorphic embeddings of Qi in g, as shown in Figure 5.2. The
right subgraph has two embeddings in the left one. Thus, even though we can
determine the subgraph is covered by a template subgraph, it becomes a prob-
lem if we try to apply the template subgraph to the frequency estimation (which
is typically done in the frequent itemset summarization). When we consider
multiple embeddings as observations, this will increase the residue in the regres-
sion model, as well as the frequency restoration error and the estimation cost of
regression models.

In addition, the multiple embedding problem can further complicate the
frequent subgraph partition problem. Generally, in frequent itemset mining, we
can easily split the collection of patterns into two sets, one including an item and
the other not. Considering we have a template itemset pattern, we can easily
represent its two sub-collection of patterns. However, considering a template
subgraph, we consider splitting its covered frequent subgraphs into two groups,

one including an edge and the other not. Even though the similar strategy
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Figure 5.2: An Example of Multiple Embeddings

can be applied to template subgraphs by simply fixing one edge in the template
subgraph (for one group) and dropping the edge (for the other group), the related
issue is the topological constraint. We need to perform subgraph matching to
determine whether one subgraph is covered or not. In the typical frequent itemset
summarization, the probabilistic method is either based on item independence
or conditional independence model. Can such models be applied to subgraphs?
How does the topological constraint affect the models? These problems need to
be addressed in frequent subgraph summarization.

To handle this issue, if a subgraph has multiple embeddings in its corre-
sponding template, we only select one embedding in the construction of the
regression model, because, as discussed, selecting all embeddings increases the
residue of regression models, and results in a larger restoration error. A selection
strategy is good if there is no need for extra storage cost to record selections. And
apparently, we should follow the same strategy in a single regression model to
further save the storage space. We set up a lexicographical order among the edge
sets of frequent subgraphs in the following manner. Each edge in the template
subgraph is assigned to a global id, siich that all the frequent subgraphs covered
by the template subgraph can be represented by a set of edge id's. By introduc-
ing a partial order between these id's, we can select the embedding whose id set

is the smallest or largest according to the lexicographical order of edge id sets.

Theorem 5.1. The average relative restoration error of a regression model by
selecting the embedding with the smallest id set is the same as one of the regression

model by selecting the embedding with the largest id set.
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The proof of Theorem 5.1 is obvious by reversing the partial order of edge
id's and the one with the largest id set before reversing now become the smallest
one after reversing. In our framework, we always select the smallest embedding
of a subgraph. For example, in Figure 5.2, if ei ] 6 2 then the right graph is
obtained by removing 62 from the left one.

The second challenge comes from multiple regression models. When there
is more than one template subgraphs, a frequent subgraph could belong to more
than one template subgraphs, as we can see from the POG in Figure 5.1. For
example, if the template subgraphs are the maximal frequent subgraphs, then the
frequent subgraphs in the lower levels belong to all these template subgraphs.
In this situation, a simple solution is to manipulate each template subgraph
separately and consider the intersection part as observations to all template
subgraphs containing them. Again, this will increase the residue in the regression,
thus large restoration error, as well as overhead regression model estimation cost.
One may argue that we can assign the intersection part to the template subgraph
which achieves smallest total restoration error. Suppose we have k template
subgraphs, this solution is not feasible, due to the maximum possible number of
intersection part is  or at least k*— k if only considering intersections between
two templates. What's more, even if the optimal assignment is obtained, and
the total restoration error is minimized, a subgraph cannot be easily identified
from generated models except we store the invert index of all the assignments,

which, in the worst case, might be as large as the frequent subgraph set.

Our solution is to restrict the intersection part between template subgraphs
f

to belong to only one template subgraph. The assignments are recorded in the
POG by removing the unnecessary edges to make sure that each node (subgraph)
can only be traced back to one template subgraph. As discussed, it is not fea-
sible to compute the optimal assignment with the minimum total restoration
error. We choose a good way by assigning the intersection part of two template

reachable children to one that has smaller size in term of the number of edges.



Chapter 5. Frequent Subgraph Summarization with Error Control -57

Algorithm 5.1 The Summarization Framework
Input: POG Q"Error tolerance a

Output: Template Subgraphs with Regression Models
T = {the root of POG Q}

while true do

9' = argmaxg{5avg(5)[p * TH

4 if Savgig) > o then

5 T = Tudivide("') :
6 else

Y break

8 end if

9 end while

10 Return T.

The approach has several advantages: (1) In general, by assigning interactions
to smaller templates, we can balance the number of frequent subgraphs in each
regression model. (2) The independence assumption is dangerous in practice.
By assigning interaction parts to one template subgraph, we in fact split the fre-
quent subgraph set consisting of all the reachable children of these two template
subgraph into two conditional set, and transform the independence assumption
into a conditional independence assumption. (3) The frequent subgraphs in in-
tersection parts can be easily maintained for queriable summarization. Details

are discussed in Section 5.3.

5.2.2. Template Subgraph Division

Algorithm 5.2 presents procedures of how to divide a template subgraph.
The input template subgraph g can be either a real maximal frequent subgraph
or a union of several maximal frequent subgraphs in the POG. We discuss them

below.
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Summarization Framework

As mentioned, we call the root graphs of regression models as template sub-
graphs. Our summarization framework is presented in Algorithm 5.1, which is
done in a top-down fashion. The algorithm starts from a single template sub-
graph, the root of the POG, which is a union template subgraph for all maximal
frequent subgraphs. Let * be a template subgraph, we use Savgig) to denote the
average restoration error of the regression model build on g with its reachable
children. In each repeated loop from line 2 to line 9, the algorithm repeatedly
divides the template subgraph whose average restoration error is larger than
the one of any other template subgraph, and the threshold a, into two template

subgraphs, until all the template subgraphs have a average restoration error < a.

Template subgraph is a frequent subgraph

We discuss how to handle a real frequent subgraph. The corresponding part
in Algorithm 5.2 is from Line 2 to 12. When the template subgraph g to be
divided is a single frequent subgraph, the potential new template subgraphs are
the connected children of g. Take Figure 5.3 as an example. Assume g is the
template subgraph to be divided, and Ci, C, and C3are g's connected children
in the POG. Suppose Cjis selected (1 < z < 3). Then we have two template
subgraphs: Ci and g. There exist frequent subgraphs that are the descendants of
both Ci and g. We restrict them to belong to only one template subgraph, either
Gor g, in order to obtain better regression models. The rule is to let the sharing
part belong to the smaller template subgraph c

We discuss how to build regression models for this case. Let e be the edge
that appears in g but does not appear in ¢ All the descendants of ¢; in the
POG do not contain e. In other words, the descendants of g are divided into two
parts: frequent subgraphs containing e and frequent subgraphs not containing
e. By selecting Cj, the POG rooted at g is divided into two subgraphs. One
POG subgraph Gi is rooted at G and contains all descendants of . The other

POG subgraph Gg contains g and all its descendants excluding those in Gi. As
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Algorithm 5.2 divide (Template g)
if p is a non-union template subgraph then

C = the directed children of g in POG Q\
Cand = 0O;
for Each q GC do
let Gi be the POG subgraph of g rooted at c"
let Gg he g\ Gi /*g corresponds to G"*/;

Build regression models Ri and Rj for Gi and Gg (or equivalently Cjand

G = total residue of Ri\
@ = total residue of Rg\
Cand = Cand U{(c" g, + eM}
end for
{Cmin, omin)y = argmiiicje | cige) e Cand};
Update the regression models for g and g in the POG G based on Cmin
and gmin\
Return {gmin, C'Ym}
else
let C be the children of g, g92,...,gk), in order;
Cand = 0;
8 for2= 1to k do

9 Build a regression model Ru for ({y e, gi)]
20 Build a regression model Rik for (piti, *e. , 9K)]
21 € = total residue of Ru ;
22 = total residue of Rk -

Cand <-Cand U{(z,el + eN};
23  end for

24 p= axgmini{e | (i,e) € Cand};
25 Return {(pi,°°°’5.b)’ (1'_1){110,1)/)}

26 end if
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Figure 5.3: Division of Non-Union Template g

indicated in Figure 5.3, the dotted lines indicate some descendant of Gg may be
a supergraph of some graph in Gi because of the existence of the edge e, and
must be deleted. We build regression models for Gi and Gg, respectively. When
building a regression model for a template subgraph (either Gi or Gg), we need
to handle a descendant of the template subgraph that has multiple embeddings.
Because multiple embeddings lead to different regression equations, we order the
edge id set of the template subgraph, and take the embedding with the smallest
edge id set as valid.

To compute the edge id set of a template subgraph, logically, we need to
determine the edge IDs for the template subgraph, and assign edge IDs for the
descendants of the template subgraph repeatedly. The process requires to com-
pute subgraph matching and identify the multiple embeddings level by level in
the corresponding POG. The edge id set computed in this way for a subgraph g’
in the POG is the minimum among the embeddings of g' to all its ancestors in
the POG. We cache the matching information, so the total number of subgraph
matching computation is at most m, which is the number of edges of the POG.
Upon the edge id set computed for a template subgraph, the regression equations
can be formalized, and therefore a regression model can be built according to
Eg. (5.6). Among all the possible children of g1 weselect the child node g of g in
the POG which results in the minimum sum of residues of the regression models
for both G/ and GG.
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F'Ag10 ¢ ~g2nr93
Figure 5.4: Division of Union Template g

Template subgraph is a union of maximal subgraphs

In order to reduce the number of regression models to be built, we intro-
duce union template subgraphs. Conceptually, a union template subgraph is
a supergraph containing a set of maximal frequent subgraphs that share some
common edges. We use the notion of the union template subgraph to discuss om,
approach, but we actually do not need to compute the supergraph for a set of
template subgraphs.

We first explain how to build a regression model for a union template sub-
graph Suppose g contains k maximal frequent subgraphs {"i, ¢ ¢, gk}- The
corresponding POG is rooted at g™ and has {"i,  « », g"} as the children of g\
Figure 5.4 shows an example. Suppose the dotted circle indicates a union tem-
plate subgraph, and gi,;¢2’ and gz are the maximal frequent subgraphs. Take g"
as a template supergraph, we can build a regression model using the same way as
we discussed above. There are two issues. First, we do not know the frequency
of the conceptual supergraph g™ whose frequency can be zero. Here, we take the
frequency of the maximal frequent subgraphs from {"i’.. «, Qk}- For a subgraph
g, suppose its embeddings in gi is the smallest one, then the regression equation
in Eq. (5.6) is

log/({5) =log/+ 0t (5.10)

where ei > ... , e- are the edges that appear in gi but does not in the embedding
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of g. Second, we need to order edge IDs for g and therefore for all {{/5 - ...,gk}
and their descendants, in order to reduce the number of regression equations.
We order the edge IDs as follows. We arrange all {"i,* <, gk} in a certain
order, which we will discuss below. Based on the order of all maximal frequent
subgraphs, we order edge IDs in a pairwise fashion, (BA Here, we determine
the largest subgraph shared by Qiand X (the highest common descendant of
gi and 43iH in the POG), and assign the same IDs used in {/ for the shared
largest subgraph for those in "i+i. We repeat this procedure one-by-one for all
the maximal frequent subgraphs under g”. This is important to note that there
may exist several different largest subgraphs shared by both QG and iH But,
there exist new multiple embedding problems if we use all of them to order edge
IDs. Consider Figure 5.5. Let gi be the top-left graph, and pt+i be the top-right
graph. Q and "i+i have two shared subgraphs. Both shared subgraphs contain
an edge (6,c) with the same id 62- If we use all possible shared subgraphs to
order IDs, we may end up new multiple embedding problems. When we use only
one shared subgraph, since all multiple embeddings have been handled already,
we do not have any new multiple embedding problems.

There are several ways to arrange all {1, 92,.. <, gk} under in an order.
In addition to a random order; we consider arranging all {51, e« e+, 6 QKk}in an
ascending order based on their sizes measured by the number of edges, in the
following way. First, We add the smallest subgraph to the selected set. Next, we
select next subgraph as the smallest one that has repeated sub-structure with one
subgraph in the selected set. The reason is that the restoration error for a small
template subgraph can be small. Given two template subgraphs g*and {/+1 > for
Qil < |5i+i|” we will remove some repeated sub-structure part that appear in iH
from Qi+i. Hence, the new pi+i becomes smaller, and it may help to reduce the

errors when using {/5+i.

As shown in our algorithms, initially, we have one union template sub-

graph representing all the maximal frequent subgraphs ("i, P2,.. ,QK) in an
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Figure 5.5: An Example of ID Assignment Conflict

order. Then, we select Qi which will minimize the sum of the residue of the
left regression model (for (pi, « * ¢, Qi)) and one of the right regression models (for
(pi+i, = » = > QK)). Then, we can repeat the same procedure for both - -+, Qi) and
(Pi+i,“ » », QKk), respectively, until all regression models are built for all required

frequent subgraphs whose restoration errors are < cr, as shown in Algorithm 5.1.

Algorithm Correctness

One thing worth noting is that when transforming the nonlinear regression
model to a linear one in Section 5.1 - the criterion of optimality is changed. The
transformed linear regression model is estimated based on least square estima-
tion, while the optimality is to minimize the average relative restoration error.
The consequent question is that whether our summarization framework is cor-
rect.

Let f[g) and r{g) be the true and the restored frequency of subgraph g,

respectively. The least square error for the linear regression model in Eq. (5.7)
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EE = {Y - Xpy{Y — X/3)

= — I
7=1
: - (5.11)
; (logf{/9 —Ilog fig
;
i= v
Following the proof in [27], we have
) — H9j)
log — 14 HE) - 0. (5.12)
H{9))

As we can see from Eq. (5.12) > when the sum of least square errors of a regression
model approaches to 0, the relative restoration error approaches 0. We now prove
that after each division, the sum of the least square errors of new regression
models is less than or equal to the sum of least square errors of the regression
model before division.

Let Y — Xp denote the regression model of the template graph to be
divided, where Y eW, X e JR"m,”nd e with n [m . Now we divide
the frequent subgraphs, which are reachable from the template graph in the

POG, into two sets with rii and n2 subgraphs in each set (n = ni + 712), then we

have
x = £x ¢ (v A (5.13)
y2 J
where Xi G Xi 6 IFTaxm, y* N fifm and Y» GR"” Then the least square

errors of these three regression models are

rmn {/(/?) * {Y - XP){Y - XM}, (5.14)

rmn {/i(/5)4{Y, - — Xil5)}, (5.15)

Omin {/2(M)% (n - X2My(V2 - X2J0)}, (5.16)
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and the corresponding optimal solutions are

P=argmm {{Y - Xpy(Y — XP)], (5.17)
01 = argmm {Y, - Xpy{Y, - XP)]. (5.18)
02 = argmjp [{Y2 — — XAP)] (5.19)

The following theorem is true.

Theorem 5.2. Si + 82< 5.

Proof. Since P2 are the minimizer of problem in Eqg. (5.15) and (5.16), re-

spectively, we have
= /i(A) < fi0), and Z0=hiPi) < /2(/3). (5.20)
Then we only have to show that 6 = fi{P) + /2(f5).Solving Eq. (5.14) yields

P = {X'Xy'*XY, and

6=YY - Y'X{X'X)-"XY.

Then substituting in /i(/3) and /2(F5) gives

fiCP) = YIYi + Y XX X)-\X[Xi){X"X)-"XY
-2YIXi{X'X)-"XY, i= 2
Note that
=YY, + ¥\¥2
XX = X[Xi + x"™
Y'X =Y[X +
We have J\(JA3) + f2{F;) = G which completes the proof *

At Line 6 in Algorithm 5.2, each time we obtair a new template subgraph,

always assign the interaction part to one template with fewer edges. Based
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on Theorem 5.2, the sum of the residue of the regression models decrease after
division, which means the average least square error decreases. So at least one
of the average least square errors of the two regression models is less than or
equal to the average error before division. Similar case happens in the division
of union template subgraphs. As the division continues, the residues and the
average relative restoration errors will decrease. Eventually, algorithm will stop
when the average restoration error < a. Our experimental results demonstrate

that restoration errors are decreasing as the number of templates increases.

5.3. Queriable Summarization

Given om, frequent subgraph summarization with restoration error control,
we can provide an answer when a user wants to know the frequency of a frequent
subgraph. Since every frequent subgraph in the POG belongs to one and only
one template subgraph, in order to tell the frequency of a frequent subgraph q, we
only need to know which template subgraph it belongs to and which embedding
in a single template subgraph it needs to use.

In our summarization framework, there is a partial order among edges to
avoid the problems caused by multiple embeddings in a template graph. Upon
all the template subgraphs obtained, we can identify which template subgraph a
query graph g belongs by utilizing the global edge IDs. Once the global edge IDs
are all fixed, a frequent subgraph g belongs to the template subgraph in which
the edge ID set of the embedding is smallest.

It is worth noting that we discuss the global edge id set when handling the
union template subgraph for maximal frequent graphs. The main issue then is
how to reduce the number of regression equations. Another aspect of the global
edge id set is to determine which template subgraph a given query graph needs
to use. Recall that we use the embedding of a subgraph with the small IDs.
Based on the order of regression models computed for the template subgraphs,

we need to reorder the global edge IDs to determine the right template subgraph
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or the right regression model to use. In doing so, suppose that the regression
models are built in the following order for ¢-%2- -.. 9%) : we simply reorder edge

IDs in a way that the edge IDs used in 4 1 must be greater than those edge IDs

used in gi.

5.4. Experimental Evaluation

In this section, we demonstrate the performance of our proposed summa-
rization framework. The algorithms are implemented using matlab and C+ +.
All the experiments were run on a server with 4 CPU and 24GB memory running
GNU/Linux. One thing worthy noting is that we did not optimize our sources
for multiple CPU environment, while matlab sometime utilizes more than one

CPU to do matrix computation.

5.4.1. Datasets

We use three datasets: two real datasets and a synthetic one. The real
datasets are the AIDS antiviral screen compound dataset® from Developmental
Theroapeutics Program in NCI/NIH. In the current released version, there are
total 43850 chemical compounds, which are classified into three categories: Con-
firmed Active (CA); Confirmed Moderately active (CM); and Confirmed Inactive
(CI). We use CA and CM in our experiments. CA contains 463 compounds and
CM contains 1093 compounds. We use the approach in [30], which is a popular
frequent subgraph generator in the frequent subgraph mining area, to generate
the synthetic data. There are six parameters that the generator takes as input:
number of graphs (D), average size of graphs (T), number of frequent patterns
as possible frequent graphs (L), average size of frequent patterns (I), distinct
edge labels (E) and distinct node labels (V). We generated 5,000 graphs with

average size of 20. Other parameters are as follows. The size of seed frequent

~http://dtpenci.nih.gov/docs/aids/aids_data.html
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Table 5.1: The Number of Frequent Subgraphs in Datasets

CA
support 11% 12%  13% 14%
The number of frequent subgraphs 15231 14318 8094 7612

CM
support 6% 7% 8%  10%
The number of frequent subgraphs 5997 4265 3415 2627

D5000T20L200110E1V10
minimum frequency fmin 270 280 290 300
The number of frequent subgraphs 12903 8093 2404 1592

subgraph is 10. There are 10 distinct node labels and only 1 edge label. Let
D5000T20L200110E1V10 denote the synthetic dataset.

We present the number of frequent subgraphs of each real and synthetic
dataset in Table 5.1 for various settings which we use in the following experi-
ments. For CA and DM, we report their number of frequent subgraphs in terms
of different values of support and for D5000T20L200110E1V10, we report the
number of frequent subgraphs in terms of different values of minimum frequency.
We observed the following situation during generating the synthetic data. Some-
times, only decreasing a frequency by 1, we found that the number of frequent
subgraph outputted by gSpan is more than a hundred times than the original

one.

5.4.2. Experiment Setting

We adopt the gSpan [59] algorithm for mining frequent subgraphs. In our
summarization framework, the input is a POG of all frequent subgraphs. This
can be done by slightly modifying the gSpan algorithm, because the gSpan algo-

rithm generates frequent subgraphs based on their minimum DFS code. Other-
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wise, if we are given only a set of frequent subgraphs, we need to call a subgraph
matching algorithm to build a POG first, and then apply our approach on it. We
measured the performances of four algorithms on these datasets, namely, asc,
ran, asc-int, and ran-int. All of these algorithms follow the same summarization
framework in Algorithm 5.1 in Section 5.2. As discussed, in a union template
subgraph, we could arrange the order of maximal frequent subgraphs in different
ways to avoid the issues caused by multiple embeddings and common reachable
children, ran denotes that we arrange the order randomly in division, while
asc denotes that maximal frequent subgraphs are always sorted in the ascending
order of their sizes, measured by number of edges, during the union template
creation. As discussed in Section 5.2.1, a frequent subgraph could belong to
more than one template subgraph, resulting in it belonging to multiple regres-
sion models. In the algorithm ran and asc, we restrict the intersection part
between template subgraphs belong to only one template subgraph. We will
relax this restriction to develop two baseline algorithms, i.e., Algorithm ran-int
and asc-int[1 which are corresponding algorithms to ran and asc, but allowing
a frequent subgraph could belong to more than one template subgraph. That
is, every regression model contains its intersection part with other regression

models.

5.4.3. Experimental Results

Figure 5.6 and Figure 5.7 reports our results on real dataset CM. We ex-
ecuted our algorithms thoroughly with different combinations of the average
restoration error tolerance a and the minimum support used for mining frequent
graphs. We present partial of these results here. Figure 5.6(a) and 5.6(b) show
the results when the minimum support of frequent subgraphs is 7%. We tried
different values of tolerance, and reported the number of template subgraphs gen-
erated. In general, the limitation of no sharing children between template graphs

increases both the quality and speed. As we can see, the performances of asc-int



Chapter 5. Frequent Subgraph Summarization with Error Control -70

= -X-asc
—|—ran
1 -O-asc-int
eArsn—int

$300N0-TS
4
0
o

o= ©Oma—0co

:

10% 26% 34% 42% 50% 58% 66%

Error Tolerance a

fa) Number of template subgraphs vs. error tolerance a

25

=70

-X-asc
§200-j—ran
B2 _ -Masc--int XK.
S ,°0+0Oran--int
2
;100
u
'
i 50
?
y o0
n 50
0 k=K K

10% 26% 34% 42% 50% 58% 66%

Error Tolerance ct

(b) Running time vs. error tolerance a

Figure 5.6: Experimental Results on Real Dataset"M {support = 7%)

and ran-int algorithms, which allow sharing children, are far by worse than ones
of acs and ran. In the executions of our algorithms, we set a global maximum
number of template subgraphs generated, that is the reason the curves of asc-int
and ran-int are only shown at the right most part of in the figures. They can-
not generate any useful template graph within reasonable time. The number of
template graphs generated by asc is smaller than ones of ran in dataset CM for
the same error tolerance. We ran asc-int and ran-int on all three datasets. Their
performances on other datasets are similar to one in Figure 5.6(a) and 5.6(b), so
we ignore these two in the following experimental reports.

Figure 5.7(a) and 5.7(b) report the quality and timing results with different
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Figure 5.7: Experimental Results on Real Dataset CM (a = 10%)

values of support when the tolerance of average restoration error is 10%. Gen-
erally, a smaller value of support means a large size of frequent subgraphs. For
dataset CM, asc works better and when the support becomes smaller, the speed
of acs is faster than ran. While as the number of frequent subgraphs decreases,
both the quality and the speed of acs are quite close to ones of ran.

Figure 5.8 and Figure 5.9 reports our results on real dataset CA. We ob-
served similar results here. Within a set of frequent subgraphs, acs can achieve
smaller number of template subgraphs with the same bound of tolerance, as in-
dicated in Figure 5.8(a). While for the running time of these two algorithms, acs
does not always outperform ran. In Figure 5.8(b), when the tolerance is 10%,
ran finished earlier but with a worse quality. With the tolerance set to 15%,
in Figure 5.9(a) and 5.9(b), asc and ran have similar trends to ones in Figure
5.7(a) and 5.7(b). acs always generates less template than ran. Compared with
the number of frequent subgraphs in CM and CA shown in Table 51> we can
find that the generated template subgraphs are up to 100 times fewer than the
frequent subgraphs in both datasets.

In the results of the synthetic dataset, as shown in Figure 5.10 and Figure
5.11, we substitute support by minimum frequency fmin- For frequent subgraph

with minimum frequency 280, shown in Figure 5.10(a) and 5.10(b), asc outper-



Chapter 5. Frequent Subgraph Summarization with Error Control -72

256 00
o -K-asc asc
-hran
£.° g0 ran
g, o B b
% s 0=
o g,zoo
3 © ] oo
? 1
. ¥
u
7 i
L n
4 Y 00
% 10% 14% o - 6% 10% 14% 18%
Error Tolerance a Error Tolerance a
(a) Number of template subgraphs vs. error tol (b) Running time vs. error tolerance o
erance a

Figure 5.8: Experimental Results on Real Dataset CA (support — 13%)

O 2o
o -Nasc = oo -X-asc
g e + I'ran == +ran
TN f 120
e U
L7 g 2o
2 = =
I b
E X X o
: ¥ 000
u
p n
2 Y 500
11% 12% 13% 14% Y119 12% 13% 14%
Support Support
Number of template subgraphs vs. support (b) Running time vs. support

Fig' Te 5.9: Experimental Results on Real Dataset CA {a = 15%)

forms ran in various settings of error tolerance and minimum frequency. When
we set the error tolerance 10%, asc still outperforms ran in Figure 5.11(a) and
5.11(b).

In IMigure 5.12, the average restoration errors of asc-ini and ran-int are
several times larger than ones of asc and ran. As we can see, the decreasing
rate of average restoration error is quite slow and it seems there is not much
difference between a small number of template graph and a large number of

template graphs. Let us go back to Figure 5.6(a). When the number of template



Chapter 5. Frequent Subgraph Summarization with Error Control -73

10 110
o -K-asc 1o Aasc
o .
80 ran 1%}20 ran
G g 5o
do ? 70
?2} 1 o5
‘? 6
: 3
u
0 g
#
8% 10% 14% 18% ¥ @ 10% 14% 18%
Error Tolerance a Emor Tolerance a
(@) Number of template subgraphs vs. error tol (b) Running time vs. error tolerance a
erance a
Figure 5.10: Experimental Results on Synthetic Dataset
D5000T20L200110E1V10 (fmin = 280)
6o
S5ao 4rasc
W 15 ~ -|-ran
d o £l
L 8 i 3o
I % iz g
s
3 4, 3 ©
? oo
g 20 6
] Y
5 u
0 n
e v
270 280 290 270 280 300

Minimum Frequency Minimum Frequency
(a) Number of template subgraphs vs. minimum  (b) Running time vs. minimum frequency
frequency
Figure 5.11: Experimental Results on Synthetic Dataset
D5000T20L200110E1V10 {a = 10%)

graphs equals 10 roughly, the maximum of average restoration error for template
graphs is roughly 18%. While in Figure 5.12(a), the average error of all frequent
subgraphs is less than 10%. Things are getting worse for ran. Based on this
argument, we can make sure that the summarization proposed framework can

achieve better quality.
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Figure 5.12: Average Relative Restoration Error of All Frequent Subgraphs

We present the trend of average restoration error of all frequent subgraphs
as the number of template graph increases in Figure 5.12. In frequent itemset
summarization, there are research works for minimizing the total restoration er-
ror given a fixed number of patterns [57, 27]. Similarly, since our summarization
framework is in a top-down fashion, we could set a maximum number k of tem-
plate graphs in our summarization framework, build k regression models and use
these k regression models to restore the frequencies of all frequent subgraphs. We
report the average value of the relative restoration error of all frequent subgraphs,

which is considered as a quality measure of our framework.
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CHAPTER 6

INTRODUCTION TO GRAPH CHANGE
DETECTION

Graphs are not always static, and many applications show that graphs evolve
over time. In social science, large social networks evolve, which is caused by the
node proximity changes [52]. In bioinformatics, finding the co-evolution relation-
ships of structures and functions in structural genomics is an important task to
understand evolution progresses [47]. In computer network, traffic jam occurring
at a link may affect the traffic routing in a large range. Monitoring the dynamic
topology changes and their influences provides network administrators with the
insights on network configuration [9]. Also, in wireless sensor networks, query
processing is done by exchanging information between sensors whose communi-
cation ranges are limited. The fact that a sensor runs out of power, has impacts
on the other sensors in terms of network routing, and hence, query processing
time. It is important to note, even beforehand, which subgraphs will be affected

significantly when such a change occurs.

Generally speaking, graph changes when new nodes/edges join graphs, or
old nodes/edges leave graphs. The meaning of changes on graphs could fall into
two categories. One is based on raw node/edge evolutions, the other is based on
the impact of evolutions to node relationship. Graph change detection aims to

find changing areas on graphs when they evolve fast. In this part, we study the
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Figure 6.1: An Evolving User-Story Graph

problems in the two categories one by one. We start with the introduction to the

problems of changing area detection in this chapter, followed by an overview of
related works in Chapter 7. The research work on monitoring top k burst areas
is presented in Chapter 8 and the research work on spotting significant changing

areas is addressed in Chapter 9.

6.1. Monitoring Top k Burst Areas

In most social networks such as Digg [2], one of the common activities among
users is making comments on stories. Then a bipartite graph can be constructed
by considering users and stories as nodes. There is an edge between a user and a
story if the user submits a comment on the story. Let us assume Figure 6.1(a) is
a user-story graph at some time t. As time goes by, users submit more comments
on stories and the graph evolves. Suppose at time t -}  the user-story graph
looks like the one shown in Figure 6.1(b). Since both the involvement of users
and the popularity of stories are various, the degree of change may be different
at each region in the graph. For example, as shown in the dotted line area, this
region is much different from the one at time t, while the remaining part looks
similar, which means that the users in this region are more active and the stories
in it are more attractive.

Inspired by the motivation from Figure 6.1, we study a new problem of

discovering the burst areas, which exhibit dramatic changes for a limited period,
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in fast graph evolutions. Intuitively, dramatic changes mean the total evolutions
happened inside burst areas are much more than the ones in other areas. There
are several difficulties of this problem. First, evolving graphs in social networks
are huge, which contain a large amount of nodes and edges. Second, the sizes of
burst areas could be various. And last, the durations of burst periods are difficult
to predict, since a burst could last for minutes, hours, days or even weeks. All
these difficulties make this problem challenging and interesting. A candidate
solution must be efficient enough to deal with a great number of computations.

We focus on bipartite evolving graphs, since fast evolving graphs in social
networks are mostly heterogeneous bipartite graphs. Similar to commenting
stories, other possible activities of users could be writing blogs, tagging photos,
watching videos, or playing games. Each one of these activities, plus the users
and the entities, can form a fast evolving bipartite graph. In an evolving graph,
there is a weight associated with each node or edge. The evolutions are in form
of the changes of the weights of nodes/edges. The weight of a non-existing
node/edge is zero, so it does not matter whether the coming nodes/edges are

new to the graph.

The main contributions of this research are summarized below.

* We formalize the problem of discovering burst areas in rapidly evolving

graphs. The burst areas are ranked by the total evolutions happened inside

and the top k results are returned.

» Instead of calculating the total evolutions of every possible period, we pro-
pose to use Haar wavelet trees to maintain the upper bounds of total evolu-
tions for burst areas. We also develop an incremental algorithm to compute

the burst areas of different sizes in order to minimize the memory usage.

* We present an evaluation of our proposed approach by using large real data

sets and demonstrate that our method is able to find burst areas efficiently.
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6.2. Spotting Significant Changing Regions

Let Q be an evolving graph. In this work, we take an edge-centric view
regarding changes. We focus on edge changes (deletions/additions) which will
cause structural changes. On the other hand, node changes also have impacts
on structural changes. But adding isolated nodes before they are connected to
any other nodes seems less important, while deleting nodes can be considered as
removing edges connected to the deleted nodes.

Given two graphs Gi and Gy from Q at time ti and time U-i, there are
many small subgraphs that change while the majority of the graph remains un-
changed. A small changing subgraph can be a connected subgraph where every
edge is changed (deleted from Gi— or added into Gi), and such a small changing
subgraph can be easily identified. However, the influence of a single edge change
(deletion/addition) on the other parts of the large graph is more important than
the physical change itself. For example, when a researcher A works with another
researcher B for a new research issue, A”s collaborators and B's collaborators
may have new opportunities to work together. Consider the two researchers as
two nodes. The newly added edge between them may change the closeness of the
nodes that are directly/indirectly connected to the two nodes. Suppose that the
closeness of two nodes can be measured. A changing subgraph is an induced sub-
graph in which the closeness between nodes changes. We focus on the problem

of spotting significant changing induced subgraphs in an evolving graph.

A simple large evolving graph Q is illustrated in Figure 6.2, in which only
several edges change at a time spot. The upper left subgraph shows a connected
subgraph where every edge is changed. The lower left subgraph shows a con-
nected subgraph which involves two changing edges, {vi,vj) and {vk vi), and
other none-changing edges such as [vj.vk) if its two nodes are involved in some
changing edges. On the right, it shows a larger connected induced subgraph,

as indicated by the dotted area. It includes the changes as well as other parts
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Figure 6.2: An Example of An Evolving Graph

that ade significantly influenced by such changes. The issues that we concentrate
on in this research include how to measure the closeness changes between two
nodes that are caused by some edge changes, how to identify the boundary of
the influences of a change, and how to determine a changing subgraph in which
changing parts have influences on each other.

Let Gi and be two graphs in an evolving graph at time U and tt-\.
In order to find changing subgraphs at time U, a possible solution is based on
graph distance measures [9]. It to enumerate all the possible subsets of the
node sets of Gi (Gi_i), and compute all possible connected induced subgraphs
in Gi {Gi-i). If the graph distance between two induced subgraphs that include
the same nodes is large, then it is considered as a significant changing subgraph.
However, this solution is infeasible, since the total number of subsets of the node
set is up to 2", where n is the number of nodes in the evolving graph. In addition,
it may result in many changing subgraphs that are overlapped, which may cause

confusion.

The main contributions of this research are summarized below.

» We formalize the problem of spotting significant changing subgraphs in an
evolving graph and propose to measure the node closeness with structure

information using neighborhood random walks.
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* We develop an incremental algorithm to speed up the node closeness com-
putation, as well as a novel strategy about expanding the important node

to acquire the connected induced subgraph which can reflect the closeness
change between nodes.

We present an evaluation of our proposed approach by using various large
real data sets demonstrating that our method is able to find the suitable
subgraph effectively and efficiently.



CHAPTER

RELATED WORKS

In this chapter, we present an overview the related works to graph change
detection, which fall into three categories.

7.1. Community Detection in Static Graphs

The problem of identifying communities in large and sparse graphs has at-
tracted considerable research efforts in literature. Most of the existing studies
11, 19, 17] only handle static graph data. Chakrabarti [11] proposes an approach
for parameter-free graph partitioning. The key idea is to measure the encoding
cost of a graph. A partition is better if it has smaller encoding cost, which is
based on the minimum description length principle. Their algorithm has two
steps. In the inner loop, their algorithm minimizes the total encoding cost by
reassigning nodes to groups with smaller cost. In the outer loop, the algorithm
selects the group which has the largest cost and splits the group into two new
groups. These new groups have the minimum total encoding cost among all
possibilities.

Gibson et al. [19] study the problem of finding dense subgraph in massive
graphs, where graphs are too large to apply traditional clustering techniques.
They propose a shingling algorithm to hash all nodes into shingles. Two nodes

containing similar sets of shingles are considered to be similar. The procedure of
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shingling is conducted more than once to reduce the size of data dramatically.
Then, a clustering algorithm is employed to group nodes based on these shingles.
Their algorithm is scalable and can handle graphs of billions of edges by using
modest amounts of memory space.

Dourisboure et al. [17] also focus on the problem of community discov-
ery in large graphs. The distinct advantage is that their approach can capture
partially overlapping communities. The nodes which have small out-degrees are
filtered. Then, they propose to mark nodes as centers of communities or fans to
communities based on the density of their neighborhoods. At the final step, all

communities found are clustering into groups and each group is represented by
a set of keywords.

7.2. Community Detection in Evolving Graphs

There are only a few studies [28, 6, 48] that aim to find communities in
time-evolving graphs. Such communities are usually dense areas which have
many edges and last for a period of time. Kumar et al. [28] propose an ap-
proach to discover the bursty communities in a time-evolving graph, which is
constructed from web blogs. Their approach consists of two steps. First, all pos-
sible communities are extracted, and then, bursty events are detected in a stream
of events of each communities. The blog data is collected from seven popular
blog sites. Then all people writing these blogs, called bloggers, are considered
as nodes. There are links between bloggers if a blogger posts a story which has
links to stories posted by the other blogger. Each edge is tagged with a time
stamp which is the time when the post is submitted. During the extraction of
potential communities, they prune nodes of small degrees. With the extracted
communities at different time interval, they identify the relevant events which

are represented by keywords and perform burst analysis on these events.

Bansal et al. [6] focus on seeking stable keyword clusters in a keyword graph,

which is extracted from a large collection of blog posts and evolves with additions
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of blog posts over time. Nodes in a keyword graph are keywords and there is
an edge between two keywords if they frequently appear together in documents.
Small clusters in the keyword graph, are extracted for each snapshot by removing
nodes and edges that are not statistically significant. Clusters are sets of nodes
in maximum bi-connected subgraphs. A graph of clusters is further generated by
using the generated clusters as nodes. Two clusters are connected by an edges
if their time stamps are adjacent. The weight of each edge is how much the
keyword sets of these two clusters overlap. Finally, paths with high total weight
in the cluster graph are discovered and presented as the sets of persistent keyword
clusters. They propose two algorithms to search paths with high total weight
in breadth first style and depth first style, respectively. They also extend their
approach to a streaming environment for discovering stable keyword clusters
online.

Sun et al. [48] propose GraphScope that is able to discover communities
in large and dynamic graphs without user-defined parameters. Their approach,
which detects communities in each time stamp, is similar to the one in [11.
By using the minimum description length principle, at each time stamp, their
algorithm searches the partition of nodes with the minimum lossless encoding
cost by repeatedly splitting partition of high cost and merging pair of partitions
of low costs. When the encoding cost converges, all partitions at current time
stamp are added to a segment. The segment is split if the encoding costs of

partitions at two adjacent time stamps differ a lot.

7.3. Node Similarity Based on Random Walks

In terms of distance and similarity measures, the concept of random walk
has been widely used to develop various measures that are suitable for different
tasks. Jeh and Widom [25] design a measure called SimRank, which defines the
similarity between two nodes in a graph based on their neighborhood structures.

SimRank between two nodes u and v is essentially the expected meeting distance
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of two random walks that start from u and v respectively, and randomly surfer
in the graph. They propose an algorithm to compute SimRank values iteratively,
until the values of all node pair converge.

Palmer and Faloutsos [44] define a similarity function, named REP, to mea-
sure the similarity between categorical attributes. They first convert a categorical
dataset into an attribute-attribute graph. Then, REP between two attributes x
and y is defined to be the refined escape probability that a random walk starting
from X will return to x before reaching y.

There are several studies that utilize random walk with restart [53] in differ-
ent applications, including automatic captioning for multimedia data [45], and
center-piece subgraph discovery [51]. Pan et al. [45] propose to tag photos based
on the similarity between photos and keywords. Random walk with restart is
introduced for the first time in this work. They construct a hybrid graph where
both photos and keywords are viewed as nodes. Two photos are connected if they
share some common features, such as color and texture. A photo and,a keyword
are connected if the photo already has the keyword as a tag. Then those photos
that are not tagged are assigned with the keywords of similar photos based on
random walk with restart.

Tong et al. [53] present a fast algorithm to calculate the similarity between
nodes based on random walk with restart. In order to obtain the converging
values of random walk with restart, computation of large inverse matrix is nec-
essary, which is time consuming. Their key idea is to avoid this computation,
and use a low rank approximation instead. Tong et al. [51] study the problem
of find a subgraph which connects a given set of query nodes. The goodness
score between nodes is based on random walk with restart. Individual nodes are

connected by key paths, which prefer nodes of high goodness scores.
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DISCOVERING BURST AREAS IN
FAST EVOLVING GRAPHS

In this chapter, we present our research work on burst area detection in fast
evolving graphs. This chapter is organized as follows. Section 8.1 introduces
the preliminary background knowledge and formalizes the problem of burst area
discovery in evolving graphs. Section 8.2 presents our incremental computation
approach, which includes how to maintain the upper bounds of the number of
evolutions using Haar wavelet tree, and how to compute burst areas of different

sizes incrementally. Section 8.3 reports the experimental results.

8.1. Problem Statement

An evolving graph can be represented as a sequence of graphs, Q =
(Gi, G2, ...)» Each graph Gi in the sequence is a snapshot of the evolving graph
Q at time U. The advantage of this way is that it is convenient for users to study
the characteristics of an evolving graph at a particular time stamp, as well as the
differences between graphs of adjacent time stamps. One issue of this approach
is the large storage cost in proportion to both the size of the evolving graph
and the time intervals between snapshots. Another approach models an evolving
graph as an initial graph, which is optional, and a stream of graph evolutions.

This approach is more appropriate in domains where graphs are evolving fast.
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For example, the interactive activities in social networks can be considered as
an evolution stream. In this chapter, we model evolving graphs using the second
approach since we are more interested in the burst areas in fast graph evolutions.

An evolving graph Q — (G, A) consists of two parts, an initial graph G and
a sequence of evolutions A. The initial graph G is a snapshot of the evolving
graph at time to with a set of nodes V{G) and a set of edges E[G). Let Wi denote
the weight of node Vi£ V and Wij denote the weight of edge eij = {Vi,Vj). Each
item 6t in the evolution stream A is a set of quantities indicating the weight

changes of nodes or edges at the time t. There might be a number of evolutions
I

at the same time. Let 61 and denote the weight change of node Vi and edge
Bij at time [ respectively. Without loss of generality, we assume the evolutions
come periodically.

Given a large evolving graph Q = (G, A), we study the problem of finding
burst areas. Since a burst area is actually a connected subgraph of the evolving
graph, any connected subgraph might be a possible burst area. Apparently, it is
more likely that the total evolution in a subgraph with many nodes/edges is more
than the one in a subgraph with fewer nodes/edges. Thus, it is insignificant to
compare total evolutions among subgraphs that have large differences in terms
of node/edge quantity. Consequently, we introduce the r-radius subgraph, which
is more meaningful and challenging.

For a given node M in a graph, the eccentricity EC of M is the maximum

length of the shortest paths between M and all other nodes in the graph. Based
on the definition of eccentricity, the r-radius subgraph is defined as below.

Definition 8.1. r-Radius Subgraph. A subgraph g — (7X50, E[g)) in a graph

G is an r-radius subgraph, if

min EC{vi) = r. (8.1)

Vievig)
The r-radius subgraphs in a large graph may be overlapping, which leads
to redundancy. To avoid this, we introduce the concept of maximal r-radius

subgraph.
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(a) An r-Hadius Subgraph (b) A Maximal r-Radius Subgraph

Figure 8.1: An Example of r-Radius Subgraph

i O
Definition 8.2. Maximal r-Radius Subgraph. An r-radius subgraph g" is

a maximal r-radius subgraph if there, exists no other r-radius subgraph |~ C G,

which contains g™

Figure 8.1 shows an example of r-radius subgraph and maximal r-radius
subgraph. Suppose Figure 8.1(a) and Figure 8.1(b) demonstrate the same graph
G, The subgraph in the dotted line area in Figure 8.1(a) is.a 2-radius subgraph.
It is contained by the subgraph in the dotted line area in Figure 8.1(b), which

iIs a maximal r-radius subgraph. It is a difficult task to identify all maximal r-
° . @

radius subgraphs in a large evolving graph. We observe that a maximal r-radius
subgraph is in fact a maximal r-hop neighborhood subgraph, which we define
below. Let A/J. denote the set of nodes (except Vi) whose shortest path distances
to Vi are less than or equal to r.

Definition 8.3. r-Hop Neighborhood Subgraph. An r-hop neighborhood
subgraph gl. in a graph G is defined as the induced subgraph of G containing all

the nodes in N:. M is called the center of

In the following of this chapter, we use r-hop subgraph for short. We char-

acterize the relationship between maximal r-radius subgraphs and r-hop neigh-
borhood subgraphs in Theorem 8.1.
Theorem 8.1. For each maximal r-radius subgraph g* C G, there is a corre-

sponding r-hop neighborhood subgraph gH”. C G, and g" = g"..
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Proof Sketch: We will prove that (1) 3vi G gh C g:lland (2) /Bvj ep;,
Vii gl

Let gT be a maximal r-radius subgraph belonging to G. Recall that the
eccentricity EC{vi) is the maximum length of the shortest paths between M and
all other nodes in g*. Then based on Definition 8.1 - there exists a node Vi G V{g")
and EC[vi) =r. Let d(vi, Vj) denote the length of the shortest path between
Vi and V). Because EC{vi) = r, so \fvj e we have d{vi,Vj) < r. Let
gl. be an r-hop neighborhood subgraph based on Definition 8.3. Since Vu) e
V{g),d{vuvj) < r, so \Wj 6 Vj~ "o where AT; = V(g'J. Therefore,
3 G gIC 4.

Suppose G g\,. and Vk 0 ¢g”, we have d(vi, VK) < r. Let g' denote the
subgraph that V{g') = V{g") U{l/c}, then g' is also an r-radius subgraph, which

Is contradict to the condition that ¢" is a maximal r-radius subgraph. Therefore,

Theorem 8.1 indicates that a maximal r-radius subgraph must be an r-hop
neighborhood subgraph. This is only a necessary condition, not sufficient. It
Is worth, noting that an r-hop neighborhood subgraph might not be an r-radius
subgraph. Take node M4 in Figure 8.1(a) as an example. Let us construct a
2-hop neighborhood subgraph g™, which contains node *3 V4 and vg. gl* is not
a maximal 2-radius subgraph, but a maximal 1-radius subgraph pZ. ° because

= = 1. We consider r-hop neighborhood subgraphs as the
candidates of burst areas. ‘

Recall 5\ and SY denote the weight changes of node Vi and edge Cij at
time t, respectively. Obviously, if Vi G N”., which means Vi is in the r-hop
neighborhood subgraph g”., then  should be counted in gX. belongs to an
r-hop neighborhood subgraph when both M and Vj are in the subgraph. We

define the burst score of an r-hop neighborhood subgraph as follows.

Definition 8.4. Burst Score. The node burst score of an r-hop neighborhood
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subgraph g”. at time t is the total weight of the node evolutions happened inside.

BurstScore® . iEF. (8.2)

The edge burst score of an r-hop neighborhood subgraph g*. at time t is the total

5
weight of the edge evolutions happened inside.

BurstScore® = SI™ (8.3)
Vj™Vkeql.
So, the burst score of an r-hop neighborhood subgraph g is the sum of the node

burst score and the edge burst score.

Now, we formally define the problem of discovering top k burst areas in fast

evolving graphs.

Problem 8.1. Discovering Top k Burst Areas. For an evolving graph Q —
{G, A), given a maximum hop size TVia’ a burst window range (/mm, "max), the
top k burst area discovery problem is that for each burst window size between
Imin and Imax and each hop size between 1 and ER;, finding the top k r-hop
neighborhood subgraphs with the highest burst scores in Q at each time stamp

continuously.

For conciseness, in the following, we focus on edge evolutions in hetero-
geneous bipartite evolving graphs. Our proposed solution can deal with node

evolutions as well.

8.2. Discovering Burst Areas

A direct solution to discover top k burst areas would be maintaining total
{Imax — Imin + 1) x r buTst scores of each window size and each hop size over
sliding windows. At each time stamp t, these burst scores are updated based on
the evolutions happened inside the corresponding r-hop neighborhood subgraphs.

Then, for each window size and e*ch hop size, a list of top k r-hop subgraphs
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Figure 8.2: Haar Wavelet Decomposition

based on the burst scores is returned as the answer. Before we explain our
proposed solution in details, which is much more efficient in both time complexity

and memory consumption, we introduce some background knowledge first.

8.2.1. Haar Wavelet Decomposition

The wavelet decomposition is widely used in various domains, especially in
signal processing. One of the conceptually simplest wavelet, Haar wavelet, is
applied to compress time series and speed up the similarity search in time series
database. The Haar wavelet decomposition of a time series is done by averaging
two adjacent values on the time series repeatedly in multiple resolutions in a
hierarchical structure, called Haar wavelet tree. The hierarchical structure can
be constructed in O(n) time. Figure 8.2 illustrates how to construct the Haar
wavelet tree” of an eight-value time series, which is shown at Level 0. Then at
Level 1 > thereare four average values of adjacent values in Level 0. The averaging

process is performed repeatedly until there is only one average value left.

The Haar,wavelet decomposition consists of both averages and differences. For conciseness,

ignore the difference coefficients which are not used in our solution.
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Figure 8.3: Upper Bounds of Burst Scores Using Haar Wavelet Decomposition

8.2.2. Bounding Burst Scores of r-Hop Neighborhood
Subgraphs

As defined in Definition 8.4, the burst score of an r-hop neighborhood sub-
graph is the total weight change happened inside during a period of time. Given
an evolving graph Q = (G, A) and a window size range {Imin, “max), we introduce
first how to bound the burst scores for an r-hop subgraph.

Figure 8.3 shows an example. Wt is the sum of all the weight change hap-
pened in an r-hop neighborhood subgraph at time stamp t, Based on the Haar
wavelet decomposition, we can construct a Haar wavelet tree as shown at the
bottom in Figure 8.3. Suppose Imin = 3 and 1 # 7.=5, the three corresponding
burst windows are shown at the top. As we can see that, the burst windows of
size 3 and 4 are contained by window A at Level 2 > while the burst window of

size 5 is contained by windows B at Level 3. This leads to the following lemma.

Lemma 8.2. A burst window of length I at time t is contained in the window at

Level(] logj /] in the hierarchical Haar wavelet tree at time t.

Proof Sketch: Let W = itit-f+i, it"tz+2... , y’¥ denote the burst window of length
I. Based on the definition of the Haar wavelet decomposition, the length of

window at time t at Level n is 2". Let W = Wt Wt-i* ...,"";_2(J ii])g-1' Because
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2(nl) g2> Iwe have W C W. .

Instead of average coefficients, we maintain the sums of windows in the Haar
wavelet tree. Since the weight changes are all positive, the sum of the values in
a window in the Haar wavelet tree is the upper bound of the burst scores of all

burst windows it contains, which leads to the following theorem.

Theorem 8.3. The burst score of a length I burst window at time t is bounded by
the sum coefficient of the window at Level []/ogf] at time t in the Haar wavelet

tree.

We can use Theorem 8.3 to prune candidate burst areas. If the burst score
bound of an r-hop neighborhood subgraph is larger than the minimum score
in the current top k burst areas, then we perform a detailed search to check
whether it is a true top k burst area. Otherwise, the r-hop subgraph is ignored.
It is not necessary to build the whole Haar wavelet tree of all levels to compute
burst score bounds of r-hop subgraphs. As we can see from Theorem 8.3, only
the levels from(]log'2"*]—1 tol[! logt"="4re needed to compute the burst score
bounds. Levell log"t 1is directly computed from Level 0.

Now, the problem is how to maintain the wavelet tree at each time stamp

t[] sincgraph evolutions come in as a stream. There are mainly two approaches.

1. Continuous Updating: The entire Haar wavelet tree is updated at each
time stamp t continuously. The approach ensures there is no delay in

response time to return top k answers.

2. Lazy Updating: Only windows at the lowest level are updated at each
time stamp t. The sums maintained in the upper levels in the Haar wavelet
tree are not computed until all data in the corresponding windows is avail-

able. For a burst window of size I the response time delays at most M,

In our solution, we propose to maintain the Haar wavelet trees in a dynamic

manner, which can achieve both low computation cost and no delay in response
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Figure 8.4: Updating Haar Wavelet Tree
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time. Figure 8.4 presents a running example, which illustrates how the Haar

wavelet tree changes as time goes by. Function

in the window from time t to t\

t') denotes the sum of weights

As shown in Figure 8.4, suppose at time t, a Haar wavelet tree is built

according to the weight changes at Level 0. Then at time t 4- 1, instead of

updating the entire Haar wavelet tree, we only shift each level left for one window
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Figure 8.5: Evolutions in 1-hop and 2-hop Subgraphs

and add the newly weight change Wt+i to the last window at each level. Since

weight change are all positive, the sums of the last windows are still the upper

bounds of burst scores of corresponding burst windows. At time t + 2, since all
weights at Level 0 used to compute the sum of the last window at Level 1 are
available, we compute the actual sum of the last window at Level 1 based on
Level 0. Then based on the weights at Level 1, the sum of the last window at
Level 2 is recomputed. While the last window at Level 3 is not recomputed since
the last two windows at Level 2 are overlapping. Instead, we add Wt+i to it.

Time t+ 3is similar to time t+ 1. At time i + 4 > the last windows at all levels are

%

recomputed, because the last two windows of lower levels are not overlapping. In
general, last window at the lowest level (Levelll loghy—1) is computed every
2[11°g2""”4ime stamps, while last windows at upper levels are recomputed once

the last two windows at lower levels are not overlapping.

8.2.3. Incremental Computation of Multiple Hop Sizes

Suppose we need to monitor r-hop neighborhood subgraphs of different hop
sizes, an easy solution is to maintain a Haax wavelet tree for each hop size. The
total memory usage would be 0, Tn, ,where N isthecal number of nodes. Ob-
viously, it is not efficient due to the high computation cost, as well as the large
memory assumption. In this section, we introduce our algorithm to maintain

burst score bounds of multiple hop sizes using at most O{N) memory consump-
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tion. Our solution is to maintain Haar wavelet trees for 1-hop neighborhood
subgraphs only. The burst score bounds of an r-hop subgraph is calculated from
subgraphs of smaller hop size in an incremental manner.

We first examine how edge evolutions affect the burst scores of nearby r-
hop neighborhood subgraphs using exar®ples in Figure 8.5. Figure 8.5(a) shows
an example for 1-hop neighborhood subgraph g™. The dotted line is the edge
evolution happened. It is apparent that if the edge evolution belongs to [,Vi
must be one of the nodes of the edge evolution. Figure 8.5(b) shows an example
for 2-hop neighborhood subgraph g™. As we can see that if the edge evolution
belongs to gl eitheit is within g [1 or N* \ {wi}. An edge evolution belongs
N\ {i"i} means both nodes of the edge evolution belong to N\ {I51. We are
focusing on heterogenous bipartite graph. Suppose »I'>4™5 and V2, vs belong to
the two sides of a bipartite graph, respectively. Then there are no such evolutions
as shown by the dotted edges in Figure 8.5(c) and 8.5(d).

Now we explain how to compute the burst scores of r-hop neighborhood
subgraphs incrementally from the burst scores of 1-hop subgraphs. Prom the
above obversion, we know that the burst score of an r-hop subgraph is the sum
of the two parts. One is the burst score of (r — 2)-hop subgraph, the other is
the total evolutions within N \ JST/™ Edge evolutions in TV;, \ TV; A must be
connected to one of the nodes in A*;"™ \ N:IO\* Let Vje NMM\ N: [0 then we

have the following lemma.

Lemma 8.4. The total number of edge evolutions in iVJ.\ N::: equals

BurstScoreVJ. (8.4)

Based on Lemma 8.4, the burst scores of r-hop neighborhood subgraphs are

calculated incrementally by using the following equation.

BurstScorel. = BurstScorel"™ + n BurstSocrel. (8.5)
vjeK-"N - ;- "'
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where Burst Scored, denotes the burst score of r-hop neighborhood subgraph g*.,
and BurstScore®. = {). It is obvious that Eq. 8.5 is also correct if we substitute

the upper bounds of the burst areas for them.

8.2.4. Top k Burst Area Discovery

The whole algorithm is presented in Algorithm 8.1. At line 3, the algorithm
maintains Haar wavelet trees of all 1-hop neighborhood subgraphs at each time
t. If a node is seen for the first time, a new Haar wavelet tree is constructed.
Otherwise, based on Section 8.2.2, Algorithm 8.1 updates all the Haar wavelet
trees which have evolutions happened inside. In each loop from line 4 to line
12, the algorithm discovers incrementally the top k results from small hop size
to large hop size. At line 6 » Algorithm 8.1 computes the upper bounds of burst
scores according to Eq. 8.5. If the burst score bound of an r-hop neighborhood
subgraph is larger than the minimum burst score mink in the corresponding top
k list, Algorithm 8.1 performs a detailed search at line 10 to verify whether it
is a real top k result. If the true burst score is larger than mink, it is added to
the corresponding top k list substituting the /c-th item. To save memory space,

instead of storing r-hop subgraphs, we only store centers of the r-hop subgraphs
in the top k list.

8.3. Experimental Evaluation N

In this section, we report our experimental results on two real datasets to

show both the effectiveness and the efficiency of our proposed algorithm.
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Algorithm 8.1 The Top k Burst Area Discovery Algorithm
Input: An evolving graph Q = (G, A), a maximal hop size Vmax, a window range

(Imin, Imax), the value of k

Output: The top k burst areas at each time t

while time t < tmax do

for Vi € V{G) do
Update the Haar wavelet tree for 1-hop subgraph gt ;
end for
for Z 1to Tmax do
for Vi€ V{G) do
Compute burst score bound B”. of r-hop subgraphs g* using Eg. 8.5;
for I = Imin to Imax do
mink = the minimum burst score of the top k list of hop size r and
window length I\
if Bl,. > mink then
Obtain BurstScorel. by detailed search;
if Burst Scored,. > mink then
remove the k-th. node Vj in the corresponding top k list;
add Vito the corresponding top k list.
end if
end if
end for
end for
end for

end while
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Figure 8.6: Total Evolutions of The Evolving User-Story Graphs from Digg

8.3.1. Diastases

The two real diastases are extracted from Digg [2], where users can make
their comments on stories. The nodes of the heterogenous bipartite evolving
graph are users and stories. Graph evolutions are the comments submitted by
users.

The corpus of users' comments collected contains comments for around four
month [35]. For better utilization, we split it into two two-month datasets, Digg
A and Digg B. Comments in the datasets are categorized day by day and there
are a large number of comments in each day. So, we further divide a day into
four time stamps and randomly assigned the comments in the same day into one
of the four time stamps. There are total 9583 users and 44005 articles. The
total time stamps of both datasets is 232. The evolution characteristics of these
two datasets are summarized in Figure 8.6, which shows the total number of
evolutions happened at each time stamp. There are periodic troughs in both

figures, indicating that users submit fewer comments during weekend.
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Figure 8.7: Top 1 Burst Areas in Digg A {I =Y9S)

8.3.2. Effectiveness

We demonstrate two examples discovered by our proposed algorithm in
dataset Digg A in Figure 8.7. We monitor top 10 burst areas for each time
stamp, where the length of burst window is 8. Among all these burst areas, the
burst area with the highest burst score is reported in Figure 8.7. The 1-hop burst
area with the highest score happened at time 35. We present the 1-hop neigh-
borhood subgraph at time 35 in Figure 8.7(b). For reference, the corresponding
1-hop subgraph at time 27 is presented in Figure 8.7(a), which is the subgraph

when all the evolutions have not happened. The round nodes and the square
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nodes represent users and stories, respectively. The center round nodes in both
graphs are the center of the 1-hop burst area. As we can see that the subgraph
in Figure 8.7(b) has more nodes and edges than the one in Figure 8.7(a), which
indicates that the center node is an active user during the burst period. Similar
results could be observed in Figure 8.7(c) and Figure 8.7(d), which show the
2-hop burst area with the highest burst score among all the top 10 burst areas
of each time stamp. The burst area happened at time 64 and we also present
the same burst area at time 48 for reference. The centers of these two subgraphs
are shown as the central white nodes in the figures. These figures show that
the stories, which were commented by the user of the center node, also received
many comments from other users during the burst period.

Figure 8.8(a) and Figure 8.8(b) present the center node ID of the top 1
1-hop and 2-hop burst areas from time 90 to time 140, respectively. At each
time stamp, we plot the center node ID of top 1 burst area whose burst window
length is 8, as well as the one of top 1 burst area whose burst window length
is 16. The figures show that the top 1 burst area of large window length is not
always the same as one of small window size, which explains why it is necessary

to find burst areas of various burst window lengths.

8.3.3.0J Efficiency

We perform our efficiency experiments on dataset Digg A and Digg B. Figure
8.9(a) and Figure 8.9(b) show the overall running time of the direct algorithm,
which is discussed -at the beginning in Section 8.1 > as well as the one of our
proposed algorithm. The value of k in Figure 8.9(a) and 8.9(b) is 10 and 20,
respectively. As we can see, our proposed algorithm is much faster than the
direct algorithm. The lower part of each bar of the direct algorithm is the
running time of updating all burst scores, and the lower part of each bar of our
proposed.algorithm is the running time of maintaining Haar wavelet trees. One

advantage of our proposed algorithm is that the maintaining cost is less than



Chapter 8. Disccrverihg Burst Areas in Fast- Evolving Graphs 102

9006
8000
7000

6000

Q 5000
O 4000
3000
1000
0
20 110 120 130 140
Time
-hop
7000
Q 5000
S
O 40C
90 110 120 130 140
Time
(b) 2-hop

Figure 8.8: Center Node ID of Top 1 Burst Areas

1/10 of the one of the direct algorithm. This will be useful when we do not
monitor evolution streams continuously, but submit ad-hoc queries to find top k
burst areas at some interesting time stamps.

Figure 8.9(c) and 8.9(d) show the overall running time for the direct algo-
rithm and our proposed algorithm, when the value of k changes. The length |
of burst window in Figure 8.9(c) and 8.9(d) is 16 and 32 > respectively. We can
observe similar experimental results that our proposed algorithm uses much less
time. Figure 8.10 presents the corresponding results for dataset Digg B, which

prove again the efficiency of our proposed algorithm.
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Figure 8.9: Performance Study on Digg A

fe report the pruning ability in dataset Digg A and Digg B in Figure 8.11.
Figure 8.11(a) and 8.11(b) show the pruning ability of our proposed algorithm in
Digg A and Digg B when the length of burst window varies. We report two sets of
results where k is 10 and 20. Figure 8.11(c) and 8.11(d) show the pruning ability
of our proposed algorithm in Digg A and Digg B as the value of k changes. We
report two sets of results where 1is 16 and 32.The results show that our proposed
algorithm is able to prune most of the detailed searches. As we can see, as the

increase of the value of | or k, the pruning ability decreases slightly.



Chapter 8. Disccrverihg Burst Areas in Fast- Evolving Graphs 104

Direct Algorithm Proposed Algorithm
H Updating Burst Scores Updating Wavelet Trees
Finding Top-k Burst Areas Finding Top-k Burst Areas
g 830
s 8§24
(E) w
: P
4
24 56
(a) k=10 (b) k=20
g =o 5200
,g, o g 10
3 01
s g5
‘% 0 g ©
t P o
1?7_1 o ?, o
4 4 °
43 v
35
LoI=16 (d) 1=32

Figure 8.10: Performance Study on Digg B
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Figure 8.11: Pruning Ability of The Proposed Algorithm



CHAPTER 9

SPOTTING SIGNIFICANT CHANGING
SUBGRAPHS IN EVOLVING GRAPHS

In this chapter, we explain in detail how to spot significant changing sub-
graphs in evolving graphs. The chapter is organized as follows. Section 9.1
introduces the preliminary background and formalizes the problem of spotting
significant subgraphs. We present our incremental computation approach and
the expanding algorithm in Section 9.2 and Section 9.3 - respectively. Section 9.4
reports the experimental results and Section 9.5 discusses some alternate node

closeness measures.

9.1. Changing Subgraph Discovery

We model an evolving graph as a sequence of undirected graphs, denoted
as ™ = (Gi, Gy« ¢+ >where nodes/edges can be added and/or deleted into/from
Gi-i which results in another large graph Gi. Gi{Vi, Ei) is a snapshot of graph Q
at time U with a set of nodes VJ and a set of edges E [ For simplicity, given two
graphs GiiYi, Ei) and Gi_i(V5_i, the two sets of nodes, Vi and Vi_i, are
identical, while the two sets of edges, Ei and are possibly different. The
notations used in this chapter are summarized in Table 9.1.

Consider an evolving graph. An edge change may make some nodes become

closer and at the same time may make some other nodes become looser. As
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Table 9.1: Notations in Chapter 9

Symbol" Definition

An evolving graph

The snapshot of evolving graph G at timeU

The adjacency matrix of graph Gi

The transition matrix of graph Gi

A node on a graph

The set of neighbors of node Vj

The sum of edge weights between node Vjand N{vj)
The diagonal matrix where djj = d{vj) at timeU
The node closeness matrix at time ti

The node importance score at time U

ERESRRIT

J\

Figure 9.1: Relationship Changes as Edge Changes

shown in Figure 9.1, there are two graphs Gi and G2 in an evolving graph at
time ti and <2 - respectively. At time i, there is an edge between Vi and Vj,
and there is a path between Vjand Vk At time "2, there are more paths from
Vj to g where the edge between M and Vj remains unchanged. In comparison
with Gi at time /i, the closeness between Vjand \k becomes closer, because the
newly added edges make it easier for Vjto traverse to VK On the other hand, the
closeness between Vj and Vi becomes looser, because Vj has more opportunities

to traverse to other nodes. This fact motivates us to consider an accumulative
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score that measures the overall impacts of all changes on a node when a graph
evolves. Reconsidering Vj in Figure 9.1, we need to consider the relationships
between Vj and Vi, between Vjand Vk and between Vj and any other node, in
order to judge the change influence on Vj. Given such an accumulative score, it
becomes possible to find significant changing subgraphs when a graph evolves.
We explore this issue using neighborhood random walks on graphs to help
spotting significant changing subgraphs. We first review some basic concepts
of random walks on graphs. Let Ai denote the adjacency matrix of a weighted
graph Giy where Ai(j, k) maintains the weight for the edge (vj,vfc)- A random
walk on Gi is performed in the following way. A particle starts at a certain node
10 of the graph Gi. Suppose it walks to a node Vs in the s-th step and it is about
to move to one of the neighbors of Vg, denoted as ft € N{vs), with probability
Pst, where Pst is ~{(s, LNV, ) Als, 40) , ad N{vs) contains all neighbors of
node Vs. The node sequence of the random walk is a Markov chain. Let Di be
the diagonal matrix with the diagonal value d{s) = JPeAr—a)=k(s , then the

transition probability matrix Pi of the Markov chain for graph Gi is
Pi = D-MAi. . (9.1)

The probability of going from Vjto WK through a random walk of length I can be

obtained by multiplying the transition probability matrix | times and is given as
pRj k).

An infinite step approach ¢ 00): One possible distance measure from
node Vj to node VK is defined as the steady-state probability P/(j, k), | 00,
which is the probability that the particle starting from Vj will be on node \Kk
after an infinite number of steps. While it might be working some field such as
biology [10], it has a big drawback. When Gi is not a bipartite graph, with the
memoryless property of Markov chains, the steady-state probability distribution
follows the equation below [41]:

Vj, lim i~,(j > fe)=FF) 9.2)
e v i)
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Here, VJ is the set of nodes of graph Gi. Recall that d{s) = X* y&.eN(v, )K).
Eq. (9.2) states that the probability of random walk to a certain node \k from
any initial node vj shares the same limit value. In other words, random talk to
a certain node is independent from the initial node. Therefore, such a measure

cannot be effectively used to measure the closeness of two nodes.

An infinite step approach with restart ->> o00and 0 < ¢ < 1) Itis
important to note that the change of closeness between two nodes should follow
the principle that such a change is caused by a nearby edge change rather than
an edge change that is far away. Here the issue is the locality of edge changes.
In other words, the closeness measure needs to easily capture the nearby local
structural information. Note that a random walk with an infinite number of steps
{l —o0) can possibly visit the entire graph and might go to as far as possible from
where it starts. One possible approach is to use a restart probability ¢ (c < 1).
Here c(l — cY implies the probability of jumping back to the initial starting
node at the I-th step. Since ¢ < 1, when I is small (close to the initial starting
node), the probability of jumping back is high; and when I is large (away from
the initial starting node), the probability of jumping back becomes small [45]. It
requires to compute the transition probability matrix Pi until it converges, which
is a time consuming process. In the literature, a small ¢ [1 0. 5s usually used.
However, in our problem setting, with a small ¢ <C 0.5, there are possibilities
that random walks will visit nodes that are far away from the initial node, and
make it uncertain how the local structural information is captured. The problem
cannot be solved by simply using a large c value, because the meaning of random

walk with a larger c value becomes less obvious.

A fixed step approach with restart (fixed 1 and 0 < ¢ < 1): With a fixed /,
we focus on the local structural information using neighbors of a node,Th,from
which the random walk starts. The node, Vj, to start random walks is the node
that is involved in an edge change. The neighbors of Vjare the nodes that Vj can

reach in | steps. Random walks are only conducted" in the /-step neighborhood of
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the node Vjwith a restart probability c. It is important to note that our algorithm
is designed in a way that a user can enlarge the I value if needed at run time. We
adopt the similar expected /-distance in [26, 25]. In the expected /-distance, a
parameter c is used to let the expected /-distance prefer the shorter path. The
proof in the Appendix shows such a parameter c is the restart probability used in
45] with minor difference which can be ignored. In short, neighborhood random
walk distance, which is also called the node closeness(]isthe expected /-distance

defined on random walks whose length is smaller or equal to 1

Definition 9.1. Neighborhood Random Walk Distance (Node Close-
ness).Let Pi be the n x n transition probability matrix of a graph Gi. Given |
as the length that a random walk can go, the neighborhood random walk distance

k) from Vj to \K is defined as follows:

P(T)c(l-c)—HjT), (9.3)
rivi —VkWlength{r) <l

where 0 < ¢ < 1, and r is a path from Vj to Vk whose length is length(T) with
t

transition probability p{r).

The matrix form of the neighborhood random walk distance is as follows.

n B ; — 9 : 4 )

7=1
Here, Pi is the transition probability matrix for graph Gi, and Hi is the neighbor-
hood random walk distance matrix for graph Gi. Wethen define the importance
score of a node as the accumulative change of its closeness to other nodes in

Eqg. (9.5).

Vhivj) = Y~ inLik k) — K)\. (9.5)
Here, VIi{vj) is the importance score of a node Vj when a graph evolves from
graph Gi-i to Gi,

The problem of spotting significant changing subgraphs in an evolving graph

becomes a clustering problem based on the change importance score VIi{vj)
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Algorithm 9.1 The Framework

Input: Two graphs Gi and Gi_i of an evolving graph Q at time U and an

integer range Iand a restart probability ¢

Output: The significant changing subgraphs from Gi-i to Gi

1: Compute the importance scores for nodes in Gi\
2. Find significant changing subgraphs from nodes with high importance scores;

using neighborhood random walk distances. We propose a two-step framework
as illustrated in Algorithm 9.1. First, we compute the importance score Vli[vj)
for any node Vj in graph Gi that is involved in edge changes. Second, based on

the importance scores, we find significant changing subgraphs.

9.2. Node Importance Score Computation

In this section, we discuss in detail how to calculate the difference of node

closeness in two graphs Gi-i and Gi and the node importance scores.

9.2.1. The Straightforward Algorithm

We can develop a straightforward algorithm, which is presented in Algorithm
9.2, to compute the difference of node closeness and the node importance score
based on the definitions. The straightforward algorithm iteratively calculates the
respective closeness matrices Hi—i and Hi at time U-i and U based on Eq. (9.4)
by the power method (Lines 1-12). The closeness difference matrix is simply
computed as Ci = Hi — !!"—1i > based on which the importance scores of nodes can
be easily computed by Eqg. (9.5). In each loop from lines 8 to 11 » Algorithm 9.2
needs to multiply two matrices Qi and P[] [1 whictakes O(n") time, where n is
the number of nodes in the evolving graph G. Since the total number of loops is
/-1, the time complexity of Algorithm 9.2 is 0{In"). One can use the fast sparse
matrix multiplication instead of the normal matrix multiplication to improve the

speed, but usually that is not enough to lower the running time especially when
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Algorithm 9.2 The Straightforward Algorithm

Input: The adjacency matrices Ai™i and Ai for two graphs Gi-i and Gi at time

U-i and it, an integer range Z and a restart probability c

Output: The closeness difference matrix Ci and the node importance vector Vli
Pi= D-'Au

Pi-i =
Qi = Pi\
Qi-i = -Pi-l;
Hi = ¢(l - ¢)Oi;
ni i = c(i-c)Qi_i ;
for 7= 2to / do

8: Qi = Qi* Pi]

9: Qi-1 = Qi-1 *Pi-i
0: n*= Hi+c(l - c)7Q“

11: ni—i = i +
12: end for
Cir"Ui- rii-i;

4: for each Vjin V do

15: =
16: end for

G is large and there are a lot of edge changes.

Due to the high computational complexity of Algorithm 9.2, we seek for a
mpre efficient way to compute the node importance scores. Since we care more
for the node pair whose closeness may be different in and Gill ifs not
necessary to compute the whole closeness matrices Ui-i and Hi. One possible
way to improve the efficiency of Algorithm 9.2 is to calculate the closeness of
those node pairs that may change, rather than computing all node pairs.

Let AA = Ai— Ai-i be the difference adjacency matrix. All non-zero entries
in AA represent the edge difference between G/and GIli. Let V{AA) be a node
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set, where each node Vj € V{AA) has at least one non-zero entry on the ; -th row
of Ai4 (i.e., at least one changing edge connected to vj). Suppose that ;ar;/}
is a pair of nodes whose closeness 11(j, k) needs to be computed. Then, there
must exist nodes v Wh E *(AA), where (vmv-n) is a changing edge, such that
the neighborhood random walks starting from ivh or Vh can reach Vjand VW . In
other words, M or Vh or both must lie in some tour path that connects Vjand k-

Such node pair {j/j"vk} forms the influence set of Mmand Vn(] sincthe closeness

of {vj.Vk} is influenced and changed by the edge change of Therefore,
by pruning the nodes in V that are not in the influence set of any node in

we can improve the speed of Algorithm 9.2. The solution is to construct induced
subgraphs G\ and G;], which consist of only the nodes in the influence sets of
V{AA), and use the corresponding adjacency matrix  and in Algorithm
9.2. The closeness difference related to all other nodes are all zero. The time
complexity of this approach is 0{l{an)"), where a is the fraction of nodes that
are in influence sets.

Unfortunately, the above approach does not always work very well. For
example, in social networks, the average graph diameter is usually small due to
the small world property [16]. As a result, the size of the induced subgraphs
Gi and for such networks is close to that of the original graphs G[J and
Gi-\. In other words, the corresponding a is close to 1 and the complexity of

this approach is almost the same as that of Algorithm 9.2.

9.2.2. A Novel Incremental Algorithm

As mentioned above, in order to compute the node importance score, we only
need to consider the node pairs whose closenesses change and it is not necessary
to calculate the closeness for all node pairs. In this section, we introduce a novel
incremental algorithm that computes the closeness difference directly for those

node pairs with changing closeness.

Let us start from a simple case. Suppose that there is only one edge e
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that is different between two graphs Gi and Gi_i. It can be either the addition
of e to Gi or the deletion of e from Gi_i. The question is to identify those
node pairs whose closenesses change due to the difference of e, as well as the
guantities changed. Recall our closeness measure in Eq. 9.3. The answer to
the above question is that if a node pair has at least one tour path passing
through the edge e or one of the two nodes incident to edge e, the closeness of
the node pair changes. By identifying those paths, we can find the node pairs
with changing closenesses. Furthermore, the summation of the differences of
these path probabilities is exactly the quantity changed in the closeness of each

node pair.

By Eqg. (9.4) > the iterative form of the node closeness is

7=1
(9.6)
7=1
Therefore, the closeness difference matrix is
= (c(i - Cypl+ - (c(1 - CYpU + 10 :))
(9.7)

By Eq. (9.7), we can see that the key step in computing ATL[is to compute
{P- — jFaLi), which is easy when I = 1. When | > 1, obviously we cannot compute
it in a naive way by the power method sipce”” computational expensive. Recall
that Pi{jy k) is the probability of going from Vj to \Kk through random walks of
length | on graph Gi. We now show how to calculate AP} = P A in an
efficient way. Apparently,

PI{j.k)= M) (98)
r:Vj—Vfc
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where r is a tour path from node Vjto Vk and Pt(r) is the probability of path
r in Gi, Suppose r = (fi,t'2, e-e.vi), where Vi = V] and Vi—Vk theRi{r)=
n 1 SCYm, The Slim of the probability of all these distinct tour
paths is P}(j, k).

In order to compute AP/, we only need to consider the different paths on
Gi and as well as the difference in the probability of the same paths. For
simplicity, we only discuss the case when there are only additions of edges or
increase of edge Tights. We will show later that our algorithm can handle
deletions of edges and decrease of edge weights as well.

Let (I'm,”n) be one of the added edges or one of the edges whose weights
increase. For any node pair {vj,vk}y if there is a tour path r of the maximum
length I starting from V) passintirough the edge Vn) and ending at VK then
the node closeness lli{j, k) will increase by Pi¢7 )" since this path does not exist
in On the other hand, if there is a tour path r of the maximum length I
starting from Vj, passing imor Vh or both, and ending at Vn[] buwithout passing
through {vm\Vn}* then the node closeness !'“()’ A) will decrease by (pi_i(r)-
Pi(r)), since the path r exists in both Gi and Gi?i, and with the increase of
d{m) and d{n) in Gi, the probability of the path 7 decreases. We formalize the

above analysis in Theorem 9.1.

Theorem 9.1. Given two graphs Gi and Gi-i of an evolving graph G, let {vm, Vn)
denote the changing edge, then 4P}(JT1 k) can be computed as follows:

T:Vj->"VK](Vjn,Vn)ET

-Pi-i(r)).
T:VJ-*VKI{vTn,Vn)*r\Vm OT Vrx T

Theorem 9.1 suggests an effective way to calculate the change quantity of the
closeness between node pairs. The key is to find all the related paths distinctly

and completely so that the change quantity is computed correctly. To enumerate
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(a)

no edgee edge e may exist

(b) o _
no nodevpnm no edgee
node Vm may exist

Figure 9.2: Path Enumeration for Correct Closeness Difference Computation

Z711 the possible positions of the edge (vm, Vn) in a path r is obviously not a good
solution due to the exponential number of combinations with respect to the
number of changing edges and the range I.

We first discuss the case of the path r \'Vj K when ¢m,Wn ~ J. We
can calculate the closeness difference in the following way. For the changing edge
e = {vmyn)* we first calculate the probability of a path ti from Vj to Mn with
length Zi, where li <1—1. We then calculate the probability of a path T2 from Vn

to Wk with length 2= 1—h —|. In this way, we ensure that the computed paths
from Vj to \K passing the edge (vm”vn) is of length I. The closeness difference
that is accounted for such paths can be computed as
p(Ti)Pi(m,n)p(T2), (9.10)
Ti-.Vj-*VmWi-.Vn-"Vt,
where 7ri(j, k) denotes the first term of k) in Eq. (9.9).

In order to compute p{ri :Vj Vm) and p{r2 : Vn ...\VK) correctly without
missing and double-computing any path, we perform the random walks as shown
in Figure 9.2(a). We do not allow a path ti from Vjto Mnto pass e > while we
do not have this restriction on path T2

As for the other case of the path t : Vj — Vk when v* or Vn G r but
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{vmyVn)& T, the closeness difference can be computed in a similar way:

J220=__  _ KIIPT4), 9.11)
e VT K

where n2(j, k) denotes the second term of AP/(j, k) in Eq. (9.9). For the cor-
rectness of computation, we do not allow T3 to contain the node Vim (or Vh when
T3 is from Vj to Vn) and we do not allow T4 to contain the edge e, as shown in
Figure 9.2(b).

The whole incremental algorithm to compute the closeness difference matrix
Is presented in Algorithm 9.3. 1 and 3 at line 5 and 6 denote the index of all
changed nodes and all unchanged nodes, respectively. A changed node is the
node that at least one added edge connects to it. Let P denote a matrix.
denotes the submatrix of all rows and all z-th columns, where i e 1. P[X,:
denotes the submatrix of all z-th rows and all columns. P[J,]] denotes the
submatrix of all j-th rows and all z-th columns, where j EJ and i e X.

When we explain the strategy of our incremental algorithm, for simplicity,
we assume only one edge is added to the graph during the evolving, but in reality,
there may be many edge changes at one time. Apparently, it is not a good way
to handle them one by one. In Algorithm 9.3, We handle all the changed edges
together in matrix form instead of one by one. The key idea is similar, we use
two arrays of Pp and to store the corresponding probabilities of the ti and T2
types of paths. Four other arrays of PAIA, and PJ" are used to store the
probabilities of the T3and 74 types of paths on graph Gi-i and Gill respectively.

The algorithm computer the difference distances matrix Ci incrementally In
each loop starting at line 14, the algorithm first computer the probabilities of
four types paths. For a certain length k < I, there are k possible positions for
the changed edge {vm, Vn) or node Vin or Vh on the tour path. During the loop
from line 22 to line 33, the algorithm enumerate all the k possibilities and sum
up all the paths to obtain the matrix R, which equals to the item {Pi — P/ i)

in Eg. (9.7). One may argue that in order to store the six arrays of matrices, a
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Algorithm 9.3 The Incremental Algorithm
Input: The adjacency matrices Ai-i and Ai for two graphs and Gi at time
ti-i and ti, respectively a integer of range I

Output: The difference distances matrix Ci and the node change importance
vector VI.

Pi-1
Pi = d-"Ay,
Pci = Pi - Pm\

X = Index of all changed nodes;
J = Index of all unchanged nodes;

pr\] = puil.,'r\\
ppI\] = pi%:);

for A=2:/do

PUI[J,\P?[k-I\

R =n X n zero matrix;
form=r: Ic do
if m== 1 then

1 =R[X, ;1 +Pci[X,t[Pp ¢t — mk

1 =H[T, :1 + Pi*(fc - m]Pui - - m]Pi-X;
else if m == k then
RM =RM + PP [m — ilPciP.i);
R=R+ Pp[m- 1]Pui[X, :]- - Pi-i[l, 1 );
R =R+ PP[m-I]Pci[T,\Pr" B - mk
:1 =R[J, :]+PP[m- - m]Pui - P[I,\m - 1ji*dl3fc - m\Pi.
end if
end for
Ci=c(l -c*=fi+ C*
end for

for each Vj in V do

end for
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large amount of memory is needed. But the fact is that in worst case, each sparse
matrix contains nlX| entries. So the total number of entries are Qn/\Xl. Since /
is a small number and |X| is usually much smaller than n, the total number of
entries is then smaller than n”.

We have discussed how to handle the additions of edges and the increase of
edge weights. In fact, our algorithm can also handle the situation when there
are deletions of edges and decrease of edge weights. Let us first suppose that
there are only deletions of edges and decrease of edge weights from Gi-i to Gi.
It is easy to see that this is exactly the same as the evolvement from Gi to Gi_i,
where only additions of edges and increase of edge weights happen. The only
difference is that the closeness difference matrix should be multiplied by -1. In
general, we can first handle all the additions of edges, together with the increase
of edge weights, and then handle the deletions of edges and decrease of edge
weights. In order to do this, we can add a ghost graph, GJ, such that {G[ — Gi_i)
contains all the edges added or with increased weights and (Gi — G[) contains
all the edges deleted or with decreased weights. The sum of these two closeness

difference matrices gives the same closeness difference matrix from to Gi.

9.3. Spotting Significant Subgraphs

With the closeness difference matrix Il- at time U and the node importance
score vector VV/, we now explain how to expand those nodes of high importance
scores to obtain significant changing subgraphs. As mentioned, a changing sub-
graph is significant if the node closeness in the subgraph changes a lot. In our
experiments, we find that the node importance scores follow the power law distri-
bution. Therefore, instead of defining an absolute threshold for the score, we use
the value ” as the threshold such that more than 85% of the scores are smaller
than it. Apparently, significant changing subgraphs should contain all the im-
portant nodes (i.e., those with high importance scores beyond the threshold i)

and most of the nodes whose closenesses with the important nodes change a lot.
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We develop an expanding strategy which is similar to the density clustering. The
basic idea is to include the nodes whose closeness differences with the important
nodes are high.

We present the expanding algorithm in Algorithm 9.4. A max heap is used
to store all the neighbors of current subgraph g. At line 2 > the union graph of
Gi-i and Gi only keeps the information of connectivity. The algorithm starts
from an important node Vj with the maximum importance score in each loop
at line 4 to generate a significant changing subgraph. At line 9 > the algorithm
fetches the first node \Kkin heap H. {V{g)) in line 11 is the index of all the nodes
in subgraph g. From line 11 to 15, the algorithm checks whether the max node
closeness difference from the important nodes in the current significant subgraph
g to WK is smaller than the threshold e. If so, the algorithm clears the heap H
and outputs the significant changing subgraph g. At line 17 - threshold e is set
to be 1/5 of the maximum transition probability of the important node lastly
included into the subgraph. Next, all the unvisited neighbors of the node lastly
included into the subgraph are inserted into the heap H at line 20 to 25. This
procedure is repeated until all the important nodes are visited. In the final result
set of the significant changing subgraphs, two subgraphs are merged if they are

directly connected.

9.4. Experimental Evaluation

In this section, we present the experimental results on four real datasets to

show both the effectiveness and the efficiency of our proposed algorithms.
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Algorithm 9.4 The Expanding Algorithm

Input: The adjacency matrices and Ai for two graphs Gi_\ and Gi at time
ti_i and tt; the closeness difference matrix Ili at time U

Output: The significant changing subgraphs

1: Let if be a max heap;

2. Let G' be the union graph of Gi_i and Gi ;

3: while not all the important nodes visited do

4. Vj = the unvisited important node with the highest importance score;
5. Let Vm be the node that Ili{j, m) is maximum among all unvisited nodes;
6: Insert <Yj., ni(j>, m)C] the max heap
7 e=0

8. while H is not empty do
9. \k = the first node in H;
0

1
2

3
4

if > ( then
if inax(ni(1(V(g)), Kk)) < e then
Empty /£,
Output the current subgraph g;
end if
5 end if
6 if Vkis an importance node then
7. €= max(ni(/c, :))/5;
8 end if
9 Mark Vk as visited and add Vkto the current subgraph g\
20: for each neighbor VN of VK on the union graph G'do
21: if Vhis unvisited and not in H then 0
2: Let Vin be the node that 11,(71, m) is maximum among all unvisited nodes;
23 Insert (un,ni(n, m)) into the heap H]
4: end if
26: end for

%: end while
27: end while
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Table 9.2: Dataset Characteristics

Datasets Nodes Average Edges Added Time Steps

DB 5492 1734 10
DM 5574 1079 10
Enron2001 16639 320 184
Enron2002 16639 203 164
9.4. Datasets

The four real datasets are extracted from the DBLP [1] co-authorship
dataset and the Enron email dataset [3]. In the DBLP co-authorship dataset,
each author is represented by a node and there is an edge between two authors
if they co-authored some paper™ In the Enron email dataset, each email sender
or receiver is considered as a node and there are edges between senders and re-
ceivers. The first two datasets DB and DM are from the DBLP co-authorship
dataset. DB contains the co-authorship information of six major database confer-
ences from 1998 to 2007, including SIGMOD, PODS, VLDB » ICDE, EDBT and
ICDT. DM contains the co-authorship information of five major data mining con-
ferences from 1998 to 2007, including KDD, ICDM, PKDD, SDM and PAKDD.
DB has 5492 nodes and DM has 5574 nodes. The other two datasets Enron2001
and Enron2002 are extracted from the Enron email dataset. Enron2001 contains
the email communication information of each day from 2001-07-01 to 2001-12-
31, while Enron2002 contains the email communication information of each day
from 2002-01-01 to 2002-7-31. The number of nodes of both Enron2001 and En-
ron2002 is 16639. The characteristics of these datasets are summarized in Table
9.2.

The authors in [54] introduced three aggregation methods: global aggrega-
tion, exponential aggregation and sliding window. It is worth noting that our

proposed approaches can cooperate with all these tliree aggregation methods. In
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Figure 9.3: The Goodness of Significant Subgraphs in Dataset DB

our experiments, we choose global aggregation to perform our experiments, which
aggregates the new edges or edge weights to the adjacency matrix of previous
time. Let AAi be the adjacency matrix of the graph at time step ti, then
i
Al = iz. Mt (9.12)
=i

The average number of added edges per time step is presented in Table 9.2.

9.4.2. Effectiveness

Let us first introduce our criterion of the significant subgraphs. Let Qi denote

a significant subgraph found at time U. We evaluate the goodness of significant

subgraphs as q
Goodness = oy e ME (9.13)
where Ani(j, k) = lilt{j,k) =1 11i — i s the closeness difference for Vjand \k

between Gi-i and Gi, The goodness is essentially the fraction of the closeness

differences between Gi-i and Gi that are captured by significant subgraphs.
We use ¢ = 0.15 in all experiments. Figures 9.3 and 9.4 present the average

goodness for different values of f, which is a parameter in Algorithm 9.4, when

varying the length of neighborhood random walks | from 2 to 10. For dataset
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Figure 9.4: The Goodness of Significant Subgraphs in Dataset DM

(a) Dataset DB (b) Dataset DM

Figure 9.5: Two Significant Subgraphs

DB, our algorithm captures 92% changes in node closeness, while for dataset
DM, our algorithm captures more than 96%. For a higher value of ~ and longer
length of I, the goodness scores increase.

Two significant subgraphs found are presented as examples in Figures 9.5(a)
and 9.5(b), which is from the experiments with | = 4 and ~ = 0.8. For privacy,
we replace author names by abbreviations. The newly added edges are dotted

in both subgraphs. Figure 9.5(a) shows the subgraph from dataset DB. There
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Figure 9.6: Overall Running Time on Dataset Enron2001 and Enron2002

are originally three communities (dense areas) and the newly added edges make
three communities connected, which usually indicates that there is a joint re-
search work involving multiple research groups. Apparently, only the subgraph
consisting of the added edges cannot provide this information. There are other
nodes connecting to some of the nodes in three communities, and these nodes
are not included in the significant subgraph because the difference of the node
closeness between them and the node importance scores are small. In Figure
9.5(b), the researcher BR co-authored papers with researchers in a very dense
community. Researchers in the same research group tend to co-author a lot and
formvery dense community. Therefore, it is obvious that BR should be a new

member to some research group.

9.4.3. Efficiency

We perform our efficiency testing on datasets Enron2001 and Enron2002.
Figures 9.6(a) and 9.6(b) show the overall running time for the three algorithms:
the straightforward algorithm in Algorithm 9.2, the incremental algorithm in
Algorithm 9.3 to compute the node importance scores, as well as the expanding

algorithm in Algorithm 9.4 to generate the significant subgraphs. Each figure
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Figure 9.7: Average Running Time on Dataset Enron2001 and Eiiron2002

shows two groups of running time for / —4 and | = 6. On the Enron2001
Dataset, the incremental algorithm is almost twice faster than the straightfor-
ward algorithm, while on the Enron2002 Dataset, the incremental algorithm is
about four times faster. The running time of the expanding algorithm increases
slightly when | becomes larger.

Figure 9.7(a) presents the average running time of the straightforward al-
gorithm versus the average number of edges in the graphs at each time spot for
both dataset Enron2001 and Enron2002. As we can see that the running time
of the straightforward algorithm is proportional to the total number of edges in
the graph at current time spot. The average rimning time of the incremental
algorithm versus the average number of the newly added edges in the graphs for
both datasets is shown in Figure 9.7(b). The running time of the incremental
algorithm is proportional to the total number of edges added. This explains
why the incremental algorithm is faster. The running time of the incremental
algorithm is more related to the number of changing edges while the running
time of the straightforward one is more related to the total number of edges in
the current graph. When the number of changing edges is much smaller than

th6 total number of edges in the current graph, which is true in most evolving
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graphs, the incremental algorithm is much faster than the straightforward one.

9.5. Discussion of Alternate Node Closeness

Measures

9.5.1. Relationship between Expected /-Distance and
Random Walk with Restart

The node closeness matrix using the expected /-distance is not much dif-
ferent from one using random walk with restart. The proof is presented below.
Based on the iterative form of the definition of random walk with restart, the

node closeness matrix IT; of graph Gi can be expressed as following.

N o= (1- +cl, (9.14)

where c is the restart probability, Pi is the transition matrix of Gi and | is

identity matrix. Then we have

=(1- C)((I- + cl)Pi + ClI
. = (2 —c)((I — ) - + cl)Pi + c)Pi + cl
= + (9.15)
7=1
1-1
=c(i — cypi -cpy + (1-cy+'pi + d

I
= Y.c{i- cypr + (1- ¢/ Pi+ cl
=1

=n; + (1- cY+ip; + ci.
The last line of Eq. (9.15) contains three items. The first item is the node

closeness matrix Il- using the expected /-distance. The third item cl affects
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only the diagonal entries of the node closeness matrix, which is ignored since we
do not consider the node self-closeness. Then, the difference using random walk
with restart and the expected /-distance lies in the second item (1 — cY'™P-.
When | goes to infinity, the node closeness matrices using expected /-Distance
and random walk with restart are the same expect the diagonal entries. Even
when | is small, the corresponding entries of two matrices do not differ so much

since (1 — cY™P- is very small comparing with II- = c(l — crPA.

9.5.2. Using Random Walk with Restart

It is worth noting that our framework can be adapted to cooperate with the
definition of random walk with restart. The node closeness matrix using random

walk with restart is presented in Eq. (9.14). And based on the proof in Eq. 9.15 >

the closeness difference matrix is

Airl =0 -cYiPi-PU)+ ofPt- . . (9.16)
k=1

Then we can incrementally calculate the AIl'l in the following way.

B1= Airj;
An'f = (1— — pf_i) + c{i —c)(p, -
=(1-
= (i-c)(An'f + (i-c)$i),
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An'f = (1 Pl . L
7=1
— 1 - + Cb2;
$3 = (i-c)(An\' + (i-c)$2) ;

An, = (1-M-pU)+ cr(P7 -PI,)

As we can see from the last line, the key teisk is still to calculate {P- — P/—i),
which is the same as using the expected /-distance. The only difference is that

the algorithm needs to store an intermediate matrix 4#l at each step.



CHAPTER 10

CONCLUSIONS

We focus on two challenging topics in this thesis under the context of man-
aging and mining graph data, namely, graph summarization and graph change

detection. In graph summarization, we study the following challenging problems.
t

 Approximate Homogeneous Graph Summarization. We studied the
problem of graph summarization using a new information-preserving ap-
proach based on information theory. A graph is summarized by parti-
tioning node set into subsets and constructing a super-graph based on the
partition. We analyzed the exact and approximate homogeneous partition
criteria and proposed a unified entropy framework to relax all three criteria
for homogeneity. Our proposed summarization framework can obtain the
graph summary of small size and high quality, whose quality is measured
by the total weighted entropy of each node subset in the partition. We pro-
posed a lazy exact partition algorithm, as well as two other approximate
partition algorithms to compute the exact homogeneous partition and the

approximate homogeneous partition, respectively.

* Frequent Subgraph Summarization with Error Control. We pro-
posed a frequent subgraph summarization framework with an independence
probabilistic model. We formally defined the problem and applied a re-

gression approach to estimate the parameters in the summarization model.
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Our summarization framework takes a top-down approach to recursively
partition a summarization graph template, until the user-specified error
tolerance is met. Our summarization model can effectively control the

frequency restoration error within 10% with a compact size.

In graph change detection, we study two different meanings of graph change,

and focus on finding meaningful changing areas, which are summarized as follows.

* Discovering Burst Areas in Fast Evolving Graphs. We studied the
problem of finding top-A: burst areas under the context of fast graph evolu-
tions. We proposed to update the Haar wavelet tree in a dynamic manner
to avoid high computation complexity while keeping its high pruning abil-
ity. The top-fc burst areas are computed incrementally from small hop size

to large hop size in order to minimize memory consumption.

» Spotting Significant Changing Subgraphs in Evolving Graphs. We
studied the challenging problem of spotting significant changing subgraphs
in evolving graphs. We proposed to use the neighborhood random walk to
measure the node closeness, as well as a novel incremental algorithm for
fast computation. The significant subgraphs are generated based on the

node importance scores.

In the near future, we are planning to extend our recent work of frequent
subgraph summarization in three directions. The first direction is to integrate
our summarization algorithm into the pattern mining process to avoid the com-
putation cost of finding all frequent subgraphs. Frequent subgraph mining is a
time-consuming task even for graph collections of moderate sizes. An integrated
framework could provide users the estimated structures and frequencies for bet-
ter understanding before running the mining algorithm. The second direction is
summarizing frequent subgraphs mined from a single large graph where the anti-

monotonicity property does not always hold due to the different definitions of
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frequency. Therefore, new challenge of avoiding false-positive frequent subgraphs
arises. The last direction is to construct a summary which supports subgraph
query. Query optimization depends on accurate estimation of the number of
query results. Subgraph query estimator is difficult due to the complex struc-
tures of graphs, which could have numerous correlations between edges. More-
over, such subgraph query estimator can answer aggregate queries on graphs
approximately.

In the middle future, we will focus on OLAP of huge graph collections.
OLAP on traditional traction data works well and serves as an important role
in business intelligence, while OLAP on graph data is difficult for the following
issues. First, the multidimensional model for OLAP on graph data is not clear.
Second, answering aggregation queries of graphs is slow, which makes it impos-
sible to handle large graph collections. Third, whether the concept of cube in
traditional OLAP can be applied on graph data to utilize material view for saving
computation cost is not clear yet. We would like to develop a hybrid multidi-
mensional model consists of both explicit and implicit dimensions for attribute
graphs. The explicit dimensions are the dimensions from traditional OLAP for
attribute information on graphs. The implicit dimensions are for structure in-
formation. Based on this combined approach, we will study on how to answer

aggregation queries on graph data efficiently.
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