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Al)st,rac:l of the.̂ is entitled: - , 

• . » 

Studies oil Decentralized Supply Chain: Incentives and Co-
oixlination 
Siibmilled by LU, Mcng 
for t h(�d(�gr()e of Doctor of Philosopliy 
at '1110 Chinese University of Hong Kong in July 2011 

Supply chain coordination and associated contracts have been 
an active lesearch area for supply chain management research. 
Yet, little has been done in addressing robustness matters of 

、 

design, evaluation, and implementation for these- coordination 
contracts. In chapter 2 and 3, we develop a consistency frame-
work for supply chain contracts and classify a number of well-
studied contracts into groups. Wo demonstrate with examples 
that coordination contracts can be evaluated by their consis-
tency properties. Based on precise mathematical definitions and 

、 

subsequently developed structural properties and management 
insights, we are not only able to measure the goodness of sup-
ply contracts but also to reveal the nature of their coordination. 

I Our findings open an avenue for design, evaluation and irnplc-

i . 
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/ . • mentation of supply chain coordination contracts. 
I “ . 

In Chapter 4,. we consider a supply chain which consists of a � % 
manufacturer, a logistics service provider (LSP) and a reta i ler , -

‘• • - ‘ ‘ . • 
The LSP provides the emergericy rcpleniaJiment, financing and 

• • • -

‘ l og ist ics services. ‘ The advent of the LSP changes tlie structure 
* • 

and incentive in the traditional one-siipplier-one-rotailcr chan-
nel. We develop a framework of 3-player game to investigate the 
• » 

» 

dynaniics and competitive behaviors with multiple decision so-
quenccs. Wo provide the explicit equilibria for diirerenl decision 
sequences and demonstrate the possibility thai t,hc LSP and the 

• t 

manufacturer collude to create price increment, which squeezes ‘ 
' / out the retailer. Whereas, the triple marginalizatiori effect is • • 

alleviated. 
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摘 要 . 、 : ‘ . * . 

I 

供应链整合与相关合同的设t|•是供应链管理领域中的一个活跃 

的研究方向。然而，对T•促进供应链整合的合同，.它们从设计，评 

“ 估，应用方面对外界条件的适应性议题却是一•个研究上的空丨'-1。在 

“祐〔和二草里，我们建立/一个有关各种一致性的研究框架，并将 

• •些领域上熟识的合同进行了探i寸和分类。我们发现这舞合同在适 • 

应性上的表现各异。我们以严格的数学形式的定义对迈应性和一致 

性的概念进行了界定，从而可以对各种合同的优劣进行考量，更加 

深刻的揭示了这些合同能促成供应链整合的本质因索。我们对一致• 

性要素的发现幵辟了一个供应链合同从设计，评价到应用的一个薪 

新的思路和硏究空间。 . 

在第四章中，我们考虑了 -个包含生产商，零售商和第三方物 

流公司的供应链模型。其中，这个第三方物流公司对前两者提供了 

库存，运输，紧急库存调配和融资的服务。在这种情况下，生产商 

和零售商的决策受到了影响。我们建立了一个模型来研究在不同决 

策次序下，这三个独立决策者的务种动机和变化。在达到各种均衡 

丨i�t，我们对供应链的效率进行了比较，并指出当第三方物流公司和 ’ 

生产商4�通Wi后，Gij"以获得强大的议价能力。这时，a然对零傻商 

的获利造成很大的负面影响，但整体供应链的效率却得到了提升。 
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Chapter 1 , 

Introduction and Literature 
\ Review 

1.1. Introduction 
-

1.1.1 Contractual Coordination and its Robustness 
« 

• n 
* 

Contracts are fundamental business instniments that suppliers 
and retailers engage in. The presence of double rnarginalization 
in vertical supply chains and inventory competition in Horizontal 

\ I supply chains has inspired a considerable interest in design and ^ 
analysis of coordination contracts that optimize the performance ‘ 

* -> 

of supply chains. However, most of the existing studies focus on 
the design of these contracts for specific supply chains, whereas 
investigations on their robustness ai-e rare. It would also be 
important to explore properties that facilitate their adoption 

•i * 
ami implementation. 

1 ^ 
t 



CHAPTER 1. INTRODUCTION AND LITERATVllE nEVIFAV '2 

Businesses execute some contracts repeatedly and others as ‘ 
one-time agreements. In the former, the supplier-retailer rela-
tionship can change over time, and therefore the competitive 
structure may change as well. In the latter, the oulcroincs are. 
usually random, and therefore the profit division is sample-path 
dependent. These observations raise questions regarding the 
applicability of contracts and their desired outcome for supply 
chain coorclinalion, and underscore the importance of the ro-
bustness of contracts. Yet, the supply chain iiiaiiagenient re-
search has focused mainly on designing coordination contracts 

* 

for various supply chains. The robustness of contracts is yet t o 
be systematically studied. 

In this paper, we set out an agenda to study the robustness 
of coordination contracts: 1) the robustness of profit allocation 
with respect to its expected value and along a sample path, 2) 
the robustness of coordination with rcspect to different decision 
sequences^ and 3) the robustness of contracting agents with rc-
spect to compliance regimes. Specifically, we would like first 
to understand the interplay between channel coordination and 
coordination flexibility. Second, we investigate the relationship 
between contract terms and the notion of channel profit alloca-
tion. Third, we study the dependency of coordination contracts 
on the competitive decision-making process. Last, we scrutinize 

- the forccd and voluntary compliance regimes. 
\ • 
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For ihcsv. purposes, we evaluate the robustness of coordina-
tion with respect to the flexibility of distributing channel profit 
and sani])lo path dependency. With a clarification of the allo-
cation function, a measurement used in the coordination liter-
at lire, and llic sharing function, reflecting the contract terms, 
w(�consider three Ccises of supply chain coordination with re-
spect to the robustness in channel profit allocation: (i) the total ‘ • 
distributed channel profit equals the centralized profit, denoted 
as coordination; (ii) the distributed supply chain yields a flex-
ible allocation of the expected optimal channel profit, denoted 
as flexible coordination in expectation] and (iii) the distributed 
supply chain yields a flexible allocation of the random channel 
profit, denoted as flexible coordination in sample-path or simply 
sample-path flexible, which maintains a consistent channel profit 
distribution in each random outcome. The flexible sample-path 
coordination possesses a number of desired properties. For ex-
ample, it gives the same probability for agents to achieve a spec-
ified profit. 

We continue to evaluate the robustness of coordination with 
respect to the structure of the game that agents play in deter-
iriining their individual decisions and in leading to the division of 
channel profit. For the game structure，we consider two scenar-
ios that lead to coordination: (i) the game leads to a centralized 

solution, denoted as coordination', (ii) the game achieves coor-
• ^ 



CHAPTPm 1. INTRODUCTION AND LITERATURE IlKVIEW 4 

dination that is independent of the game structure, denoted as 
scquence-mdependent coordination. The sequence iiidcpendcncy 
iiiaiiitaiiis a consistent outcome regardless of whether the game 
is simultaneous or Stackelberg. 

s 

The last consistency issue is whether a coiitraca and its re-
sulting competitive game lead to an action which is in the best 
interest of the agents. We say that such a contract leads to a vol-

untary compliance coordination. Furthermore, we develop suffi-
cient conditions for sequence-independent and voluntary compli-
ance coordinations. Wc demonstrate that a sequence-independent 
coordination contract requires that the equilibrium solutions 
of the two Stackelberg games led by agents 1 and 2, respec-
tively, coincide. Likewise, a voluntary compliancc coordination 
contract requires that the solutions of the agent's optimization 
problems over their corresponding reaction functions coincide. 

With the concepts defined above, we exaniine a number of co-
ordination contracts in the literature. With one dimension rnea-

-suring coordination flexibility in the sense of coordination, flex-
ible coordination, and sample path coordination and the other 
dimension measuring coordination contracts in the sense of path 
dependency, sequence independency, and voluntary compliance, 
we classify coordination contracts reported in the literature into 
a 3 X 3 matrix. Finally, we redesign a coordination contract into 

one with high levels of consistency. 

‘ - * 
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希 

1.1.2 The Supply Chain with a Logistics Service Provider 

Most, if not all, companies encounter the capacity problem and 
problems of complying with delivery service owing to large fluc-
tuations in demand. Many of them choose to outsource iso-
lated logistics activities such as transportation and warehous-
ing to third party service providers to alleviate the problems. 

, An increasing number of logistics scrvicc providers (LSPs) per-
. forni some or all of those outsourced functions. Starting from 

1980s, some successful multinational LSPs are noticeable, such 
as DHL/Exel.Kuehne + Nagel，Schenker, Ups, Paiialpina, C.H. 
Robinson, TNT Logistics, Schncider and NYK Logistics. 

The acaclcmic literature has also recognized the critical im-
pact of the advent of the LSP age. In the logistics management 
area, there.“emerges the theoretical background ,for the devel-
oprneiit of third party arrangements, including both the trans-
action cost theory and the network theory. The transaction 
cost analysis explains the conditions under which third party ar-
rangements become preferable to the firms. The network theory 

、， explains the dynamics in third party companies. The develop-
ment of industrial facilities and theoretical frameworks suggest 

* 

‘ that the analysis for the LSPs deserve significant attention. 

� A l l hough the .prevalence of the LSPs is becoming widespread, 

there has been little research studying the impact of the LSP on 
、 4 

‘ 4 



CHAPTPm 1. INTRODUCTION AND LITERATURE IlKVIEW 6 

the inventory management. Beside the traditional logistics func-
tions, the LSP takes positions of inner supply chains, in the sense 
of organizing the distribution of warehouses and making the in-
ventory decisions lor repleiiislirrient of retailers. The LSP can 
provide new options for the retailer to replenish the inventory 
in the middle of the selling season. In this research, wc would 

1 

like to develop a model to study the incentives in a supply chain 
consisting of a supplier, a retailer, arid a LSP. We begin with t he 
newsvendor setting, and proceed to incorporates the LSP with 
the corresponding backup inventory into the model. Second, we 
consider two different game outcomes resulted from two different 

• decision sequences. The difference of these outcomes needs to 
be understood. Third, we consider the situation of coalition by 
two of the players. The research question is whether a coalition 
of two players would hurt the profit of the other. 

The starting point for the inventory model is the newsvendor 
model. A supplier as a brand owner produces products upon 
the request of a retailer, who is facing a random demand and 
exogenous retailing pricc. By introducing the LSI)，the shipping, 
warehousing and financial supporting functions are performed. 
Within the single selling season, the retailer first makes an order 
from the supplier, receives the delivered products from the LSP, 
and then sells to the market. Due to the double marginalizalion 
effect, there is a trend of understocking by the retailer. With 
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the LSP, more units are stocked as a backup inventory. More-
()v(，r, from the view of the supply chain members, this backup 
inventory has impact on their profit and their optimal decisions. 
C'onsoquontly, they adjust the strategies. With the analysis of 
t he gaming model； we would like to characterize the new equi-
librium of the supply chain, as a decentralized entity. 

The LSP signs a contract with the supplier or the retailer to 
provide an emergent replenishment in the middle of the selling 
season, which we call the backup agreement. The backup in-
ventory by the third parly is of plenty practical evidences, for 
examples Toyota Motor Corporation, IBM, and HP. In general, 
tlie volume of the backup inventory can either be decided by 
the supplier or the LSP toward his own interest. For the servicc 
price charged by the LSP, we consider two scenarios, namely, 

charging the supplier or the retailer. In the first scenario, the 
1 

supplier requires the immediate payment to deliver the prod-

ucts. But the retailer does not have enough cash before the 

demand is realized. The LSP could lend the retailer money and 

charge a financing rate at the end of the selling season. We call 

lending money to the downstream retailer is forward financing. 

This scenario often happens in famous brand owners like HP, 

who supplies laptops to the retailer all over the world. In the 

second scenario, the retailer requires to make payment to the 

supplier after the selling season. However，the supplier would 

« 
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not like to wait because it cannot start new production until it 
gets the money back. The LSP could pay the supplier when do-

« 

‘ livery and charge the supplier for a financing rate. Wo call this 
backward financing. This is the case in many OFM factories, 
especially e-compoiient suppliers. As in most industrial compa-
nies, let the chargc of the LSP be a proportion of the ordering 
quantity. Therefore, there is a triple rnarginalization, since one 
more layer is incorporated into the supply chain. We also as-
surne the information is symmetric to all firms, including the 
demand distribution information, and cost functions. It is not 
a restrictive assumption when the LSP establishes a long term 
cooperative relationship with the members of the supply chain. 

, And the IT capability allows to do so. In the survey by the 14th 
annual study of third party logistics, 74% shippers (suppliers or 
retailers) and 77% the LSPs identify that transparency and good 
communication are the key factors as contributing to successful 
shipper experiences with the LSPs. The IT integration with the 

r 

LSPs has been widely used to share the data and c o m m i t m e n t . . 

There are three main findings in this paper. First, as facing 

a random demand, by adopting the backup agreement, the LSP 

‘ and the retailer combine their inventory as the newsvendor solii-

tion. Unsurprisingly，the supply chain incurs a tripe rnarginal-

ization. Second, we analyze the different behaviors when the 

supplier and the LSP are integrated, as well as the retailer arid 



CHAPTER 1. INTRODUCTION AND LITERATVllE nEVIFAV '9 

the LSP. For the former case, there exists an incentive for the 
svipplici-LSP coalition to raise wholesale price to the retailer. 
Whci.cas the double rriarginalization cffect vanishes, and the to-
tal ordering quantity increases; and the profit also increases. For 
the latter case, the supply chain incurs double-marginalization 
effect. Third, we characterize the decentralized system, when 
tlic supplier offers a different wholesale price wi ami Wr for the 
LSP and the retailer. It demonstrates that the supplier offers a 
lower price to the LSP, and a higher price to the retailer. 

1.2. Literature Reviews 

There is a vast body of literature on supply chain coordination 
with contracts, such as buy-back contracts (Pasterriack, 1985)， 

revenue sharing contracts (Cachon and Lariviere, 2005), tar-
get rebate contracts (Taylor, 2002), quantity-discount contracts 
(Jeularid and Slmgan, 1983)，and price-discount sharing con-
tracts (Bernstein and Federgruen, 2005). Tsay et al. (1998) and 
Cachon (2003) provide an extensive review and classify coor-
dinations based on contract forms. Cachon (2003) defines two 
key research questions: Which contracts coordinate what-supply 

• chains and how good arc the coordination contracts? The for-
mer issue is concerned with checking if the supply chain decisions 

i 

constitute a coordinating Nash equilibrium. The latter judges 

« 
r 
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the goodness of a supply contract according to its flexibility in 
dividing the channel profit. In this paper, wc are intercst.cd in 
the goodness of a coordination contract in terms of its robust-
ness against changes in the business setting, decision making 
sequence, and desires of fulfilling the agreement. 

Jculand and Shugan (1983) demonstrate that a quantity-
discount contract not only coordinates the channel, but also 
divides the expected channel profit among the members. Ca~ 
chori and Lariviere (2005) study revenue sharing contracts and 
articulate their strength of being able to arbitrarily allocate the 
oxpected profit. They argue that a particular profit split de-
pends on the respective bargaining powers of the supply chain 
agents. Cachori (2003) shows that every possible expected profit 
allocation is feasible with the buy-back contract. Other flexi-
ble contracts include channel rebate contracts (Taylor, 2002), 
wholesale sponsored contracts (Netessinc and R.udi, 20(34) and 
quantity-flexibility contracts (Tsay, 1999). The contract en-
forcement matter is widely studied in economics. For exam-
ple, Krasa and Villamil (2000) study optimal contracts with 
contract enforcement as a decision. The enforcemenl matter is 
also introduced to the supply chain coordination studies. With-
out a formal treatment of the enforcement matter, Jeuland and 
Shugan (1983) argue that quantity-discount contracts are free 
of enforcement considerations. 
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Cachori and Lariviere (2001) introduce notions of forced and 
voluntary compliancc to address enforcement. According to 
them, a forced compliance requires the supplier to be liable for 
the orders of the retailer and a voluntary compliance represents 
the opposite. Cachon (2003) shows that buy-back contracts en-
sure voluntary compliance for the supplier whereas sales rebate 
contracts do not. A related topic is the robustness of a coor-
dination contract. Cachon (2003) articulates how a voluntary 
compliance contract improves the robustness of a supply chain 
against irrational agents. Chen (1999), Porteus (2000) and Wat-
son (2002) study how a coordination contract improves a supply 
chain's performance against irrational orders of the retailer(s). 
Other robustness issues studied include coordination concerns 
regardless of the form of the demand distribution (Bernstein and 
Fedegruen, 2005 and Netessine and Rudi, 2004). Another line of 
research involves the decision sequence issues of contracts and 
games. It is widely assumed in the literature that coordination is 
achieved with natural and exogenously determined sequences of 
decisions. To our best knowledge, the study of e-commence re-
tailers who use drop-shipping is the only work that demonstrates 

4 

that decision sequences matter (Netessine and Rudi 2004). 
The sequence issue is important in game theory. Gal-Or(1985) 

and Dowrick(1986) evaluate first-mover and second-mover ad-
vantages in duopoly models，where both agents set quantities or 

、 
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priccs. They show that the monotonicity of the best-response 
functions determines which mover does better. If one's reaction 
function is an increasing function of the other's decision, then 
the second mover does better; the price game with a difFcron-
tiated substitutable product is an example. If one's reaction 
function is a decreasing function with respect to the other's de-
cision, then the first mover does better; the quantity game with 
a substitutable product is an example. Hamilton and Slutsky 
(1990) examine the novel issue of endogenous timing by adding 
an initial stage at which players simultaneously decide when 
they choose their actions. Then the basic game is played simul-
taneously or sequentially. They formally analyze the equilibria 
of two different games: the extended game with an observable 
delay and the extended game of action commitment. Robson 
(1990), Anderson and Engers (1994), Amir and Grilo (1999) and 
Amir et al (1999) show that an endogenous-timing game yields 
a simultaneous-move equilibrium in quantity competition and 
a sequential-move equilibrium in price competition. Amir and 
Stepanova (2006) show that an agent with a sufficiently large 
cost advantage over its rival has a first-mover advantage. Their 
Bertrand duopoly with an endogenous-timing scheme (with risk-

,dominance equilibrium selection) yields a unique equilibrium 
outcome: a sequential play with the low-cost agent aus the leader. 

He et al. (2007) survey recent applications of Stackelberg differ-

» 

T 
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eiitial game models in supply chain management and marketing 
channels. 

For the analysis of the decentralized system, there is a raising 
t rend in the literature of the supply chain management applying 
the results of game theory to predict the outcomes of the decen-
tralized decision process. Leng and Parlar (2005) present a com-
prehensive review of game theoretic applications in supply chain 
management area for the last decades. The non-cooperative and 
cooperative game structures with simultaneous and sequential 
decision sequences under complete and incomplete information 
are considered. The static game approach for the inventory 
problem has been studied by a number of researchers. Parlar 
(1988) first studies inventory problem for a single-period contcxt 
supply chain model with two substitutable products. The paper 
derives a Nash equilibrium and demonstrates that cooperation 
between two retailers can increase their profit. Lippman and 
McCardlc (1997) consider a competitive newsboy model. They 
propose four rules of demand allocation for an initial allocation 
and show the existence of Nash equilibrium for the general set-
ting. Netessirie and Rudi (2003) extend the stage game model 
to multiple players. They compare the differences between cen-
tralized and decentralized supply chain. The dynamic game 
approach is also applied in some literature. For the wholesale 
price competition, Lariviere and Porteiis (2001) provide a Stack-
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elbcrg equilibrium for a onc-supplicr-one-retailer supply chain. 
As a monopolist, the supplier determines the wholesale price, 
the retailer makes order accordingly. The outcome of the game 
reviews that as the variability of demand decreases, the retailer's 
price sensitivity decreases, the wholesale pricc increases, the de-
centralized system becomcs more efficient and the monopoly 
supplier squeezes the retailer's profit. Dong and Riidi (2004) 
further extend the problem to accommodate multiple retailers. 
With a sequential game structure, the manufacturer as a whole-
sale price setter is better with transshipment between the groups 
of retailers, bccause the pooling effect makes the retailers less, 
price sensitive. 

In practice, the LSP owns the products temporarily during 
the products are handed over. Common views are that the 
change of product ownership reduces the default risk if the LSP 
provides a financial aid to the money constraint retailer. The 
LSP charges a service rate which includes the interest and han-
dling rate. There is a research area studying inventory/capacity 
decisions with financial concerns. As Dada and Hu (2008) point 
out that the capital-constrained newsvendor borrows funds to 
procure an amount that is less than ideal. Buzacott and Zhang 
(2004)，s paper emphasizes on the industrial trend of assets-based 
financing. They use a newsvendor model to exam the motiva-
tions between banks and retailers. It appears that the banks are 
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better oil using asset-based financing while the retailer's cash 
return is able to be enhanced. Xu and Birge (2004) study a 
model that production and financing decisions are jointly made. 
They show that the production decision is affected by the fi-
nancial constraint, and find that optimal production decisions 
are negatively correlated with the optimal debt-to-market value 
leverage ratio. Li, Shubik and Sobel (2005) consider that the fi-
nancial and inventory decisions are correlated flows of materials 
and cash. They develop a dynamic model that inventory and 
financial decisions are made at the same time and are interacted 
directly with each other. In particular, they demonstrate that -
inventory stocking levels are different for dividend-maximization 
and profit-maximization firms. 

The concept of backup inventory appears in early date;s. ‘ Ep-
peii and Iyer (1997) and Tsay (1999),s supply chain first models 
incorporates the backup inventory. Eppen and Iyer (1997) pro-
vide a practical instance, in which the principle company and its 

manufacturer implement the backup agreement in a two-period 
< * 

selling season. The manufacturer holds back,a constant frac-
tion of the comn^ment and delivers the remaining units. After 
observing early demand, the principle company can order up 
to the backup quantity and receive quick delivery. They derive, 
the optimal solution for such supply chain with supportive em-
pirical data. It shows that the backup agreement can benefit 
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both firms. In our model, we consider the backup agreement 
provided by the LSP who is self-interested. The back叩 inven-
tory is also related to the quantity flexible contract, in which 
purchase quantities could be within a prespecified quantity win-

» ^ ^ • 

dow. Tsay (1999) studies the quantity flexible contract (QF) in 
a decentralized supply chain. It is shown that the QF contract. 
can allocate the costs of market demand uncertainty so as to 

、 
lead to the systemwide optimal outcome. 

# 

• ‘ * 

i 

* 

* 

f 

• End of chapter. 

t 
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Chapter 2 

Concepts in the Robustness of 
Contract 

2.1. Definitions and Classification 

It helps to begin with an example where the coordination con-
广 i 

tracts are not robust with respect to profit allocation，game 

structure, and compliance regime. 

2.1.1 A Motivating Example 

Example 2.1.1. ( T R A N S S H I P M E N T P R I C E C O N T R A C T )： 

A horizontal supply chain consists of two independently owned 
retailers in a newsveiidor setting. The product cost and the 
sales price are c and p, respectively. The demand Di for re-
tailer i has the probability distribution function Fj(-), i = 1,2， 

‘ known to all. The demand is fulfilled first by each retailer from 
> 

， � 17 
« - • 

.. ‘ 

- • - I • 
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its inventory. In the case when one of the retailers has excess 
inventory and the other is stocked out, a transshipment from 
the former to the latter takes place with a unit cost Q. For the 
centralized solution, retailers jointly choose the order quantities 
q-i and 仍 to maximize the expected aggregate profit 7r{qi, qo) 二 

pE min{Di, gi} +pE min{D2, <72} + {p—Ct)E iniii{(L^i — ĝ i) +, ((/2 — 
D2)+} + {p — Ct)Emm{{D2 - (72)卜，{Qi — A ) " } — c{cn + cjoJ. Tlic� 

solution denoted by (g*, q^) is unique. 
For a decentralized supply chain, a transshipment price con- , 

tract (TPC) is denoted as 2 : = { � i , 艺 2 }， where ti is the unit pay-
ment from retailer i as the receiver of the transshipped product 
to retailer 3 — 2 as the provider, z = 1, 2. When a retailer in-
creases its order quantity, it rcdiices the potential opportunity 
of transshipment from its competitor. In general, the sum of 
the equilibrium order quantities can be larger or smaller than 
the total ordered quantity in the centralized optimal solution 
(Eppen 1979). The payoff function for retailer i is 

= 丑 { p m i n { £ ) i ， g f i } + (p - 力 i ) m i n { ( / : ) i - (7,) +， 

{q3-i - Ds^i)"-} + ( ( 3 - i — ct) m i n { ( D 3 - z (2 .1 ) 
1 

一仍—i)+，{Qi - I^iV}} 一 CQi. 
» « 

The reaction functions of the retailers, as illustrated in Figure 
、 

k 

• • 
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••-J 

？ ? ( a ) , a re 

f 

= a r g m a x g i 7ri((7i，仍，2；)， 
< (2.2) 

V 

The reaction function of retailer z is a decreasing function of 
<73—i and has a ^-intercept 7^(0,之),which is the maximum order 
quantity for retailer i to fulfill two streams of demands. The ‘ 

reaction function of retailer i has an asymptote characterized « 
by qi = Hence, the strategy space is [0, ri(0, z)] x 
0,厂2(0, z)]. The outcome of the simultaneous inventory game is 

the Nash equilibrium N(z)，for which Rudi et al. (2001) obtain 
a coordination contract z* = {亡：，î } satisfying the system 

qI == argmaxgj r2(q2,z*), 
\ • J 

(?2 = a r g m a x g ^ ri(q^,z*). 
V 

The coordination contract z* determines the distribution of the 

channel profit in the simultaneous game. With this z*，the 

Stackelberg equilibrium 81(2:*) represents the best outcome for 

retailer 1 on the reaction curve of retailer 2，as illustrated in 

Figure ？?(a). The equilibrium Si(z*) can be deviated from 

the channel optimum. However, one can revise the TPC to 

z, ~ {"1, ^2} for S\{z') to achieve the channel coordination, where 
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qJ 

— 侧 K — \ 

_ _ _ s . 
0 q： ri(0，z” 71 

⑷ 

厂2(0’2：') 

0 c/： r i (0,?) q� 

Figure 2.1: Reaction curves for transshipment price contracts 
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z' satisfies the system 

(ii = arg maxgi tti (q;，Vq (qi，2:'), ， 
< (2.4) 

的 二 ’厂2 (<71,2'). 
V 

Equations (?? ) suggests that the Stackelberg equilibrium co-

incides with the optimal order quantities (q̂ *, g*), as shown in 

Figure ？?(b). Note that contract z* and z' have different trans-

shipment priccs, i.e., there may not exist a single contract that 

coordinates the supply chain for the simultaneous and Stackel-

berg games, simultaneously. 

Consider a numerical example, where p = 10, c = 4, Q = 0.1, 

Di aod 1)2 are i.i.d. normal with fi = 1000 and a — 300. Ta-

ble ？? lists computational results in three cases. Case 1 rep-

resents a simultaneous game with coordinating transhipment 

prices i\ ~ tl^ — 7,\1 resulting in an even split of the chan-

nel profit. Case 2 represents the Stackelberg game with retailer 

1 as the leader and we see that with the transshipment prices 

= — 7.11, the Stackelberg equilibrium deviates from the 

channel optimum. Case 3 represents the same Stackelberg game, 

where the transshipment prices = 7.01 and t'̂  = 6.85 are de-

termined from (?? ) in order to obtain the channel optimal order 

quantities, and thus yielding the channel optimal profit. 

Let us recapitulate a number of observations. First, the TPC 

coordinates the supply chain for each game structure. However, 
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Transshipment Game Equilibrium Profit 

Prices Type (2/?，2/!) (？̂，兀之，兀) / 

1 = tj = 7.11 Simultaneous (1054,1054) (5181, 5181, 10362) 0.50 

2 = = 7.11 Stackelberg (1107,945) (r):U7, 4624, 9941) 0.52 

3 t\ 二 7.01, t； = 6.85 Stackelberg (1077,1030) (5245, 5117, 10362) 0.51 
I 1 —I ^ L 

Table 2.1: Computational results for TPC with different decision sequences 

due to the existence of the first-mover advantage, the distribu-
tion of the channel profit depends on the decision sequence of 
the game played. Second, the TPC provides one specific allo-
cation of the channel profit for each game, and thus, it is not 
flexible in allocating the channel profit. Third, the TPC is in 
the execution of a forced compliance regime. Retailer i，s profit 
is increasing in qi and decreasing in qs—i. Therefore, the leading 
retailer has an incentive to deviate from the channel optimum 
in seeking a better profit. This example demonstrates that the 
TPC coordinates the supply chain under strict conditions. It 
motivates us to evaluate other contract types in terms of their 
robustness in distributing the channel-profit, the game settings, 
and the compliance regimes. 

2.1.2 Sharing and Allocation Functions 

In view of the motivating Example ?? , we define performance 
measures for coordination contracts. We use the concepts devel-
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oped in the group decision theory that deals with situations in 
which a group faces intertwined external and internal problems. 
The external problem involves the choice of an action taken by 
the group and the internal problem involves the distribution of 
the group payoff among the members. Raiffa (1970) and LaValle 
(1978) illustrate these ideas lucidly with a series of examples. 
Gari et al. (2004) use the group decision theory in the context 
of supply chain coordination with risk-averse agents. The prob-
lem of contract design for a supply chain and its execution is 
obviously a group decision problem. The external problem is 
concerned with decisions regarding the order/production quan-
tities and item prices. The internal problem is to decide the 
share of the channel profit by setting the wholesale price, the 
side payment, and the refund price on the returned units. 

Let (n,«F，P) denote the probability space along with E de-
noting the expectation operator. Let S； be the external action 
space of agent i, i = 1,2. For any given external joint action 
xji G Si, i = 1,2, and a contract z e C, where C is the set of 
all contracts of the type under consideration, retailer i's profit 
is denoted by Hi{yi,y2, = 1,2，and the channel profit 

Y\{yuy2,z,uj) = SiEUCyi，y2, w), u; € Q. The fractional shares 
of the channel profit, determined by the contract z, are denoted 
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by the sharing functions 

0i{yi,y2,z,uj) ：二 — r , i 二 1,2, (2.o) 

which clearly depend on the external decision the con-

tract 2，and the sample path uj (LaValle, 1978). 

It is important to point out the difference between the sharing 

functions and the allocation functions used widely in the supply 

chain literature. The allocation functions deterniine the division 

of the expected channel profit n(yi，2/2，二 1]�11‘(:(/1，y2，z), where 

T^i{yuy2,z) == EUi{yuy2,z,uj),i = 1,2 (Tsay et al. 1998 and 

Cachon 2003). Let 0 � 入 i S 1 denote the distribution of the 

expected channel profit, given the external decisions {y 1,1)2) in 

contract z. Then, 
口 \ „ ^iiyuyi.z) — E[ei{yi,y2, Z, uj)n{yi，y2, z, u) 
入(歸，力：二 nW,y2,z) 二 mvi,y2,z) • 

(2.6) 

Let us use the buy-back and quantity discount contracts to 

highlight the similarities and differences between the sharing 

and the allocation functions. A buy-back contract z = {？i；, b] 

specifies the trans-payment from the retailer to the supplier as 

wq — b{q — JD)+ for any demand realization cu = D. Wc obtain 

the sharing functions for the retailer and the supplier as 
f 0 — b) mm{D, g} - {w - b)q p-b 

Or{q, z, D) = r-rF：^ 二 二 A, 
puim{D,q} -cq p 

n � — — c)q - b{q — nr h 网 
OsiQi Z, D) = r^-r—~~r = - = 1 — A. 

» 

» 



CHAPTER 2. CONCEPTS IN THE ROBUSTNESS OF CONTRACT 25 

The second equality above is due to the fact that the buy-back 
contract z is designed to be a coordination contract, implying 
E^ 二 二 入.Similarly, the allocation functions for the re-
tailer and the supplier can be expressed as 

. . � - h � [ ( P 一 b) min{D, q}} - {w - b)q 二 p-b 二 

拟 E{pnun{D,q}}-cq — 丁 ― ， ( ？ g) 
1 “ � ( � — c ) q - bE{q — Py b 例 

Asig', z) 二 —=77 TTT；~n = 一二 1 — A. 
I E{pmm{D,q}} - cq p 

With expressions ( ?? ) and (?? ) , it is clear that 0i and = r, s, 

are constant functions with respect to the decision q and the 

sample path D. Therefore, for the buy-back contract z, the 

sharing functions and the allocation functions are identical. 
/ 

For the all-unit quantity-discount contract (Moorthy, 1987)， 

the trans-payment from the retailer to the supplier can be ex-

pressed as w(q)q, where the unit wholesale price u){q) is a de-

creasing function of the expected sales S{q) = Emm{q^ D}, 

Provided that w{q) = (1 - + Ac, where 0 < A < 1, the 

sharing functions for the retailer and the supplier are 

f " , n、 pminjq.D} -w{q)q 
z, D) 二 —r 

pmini^, D} — cq 
< 二 D } - ( 1 - A)pS(q) - Acq (2 9) 

pinin{^, D} — cq ’ 
e人q�D) 二 / ) 二 = ( 1 - m - c , ) 

� prnmlo', D} — cq pmin{(7, D\ — cq 

Prom (??)，the sharing function 6r{q, z, D) depends on the de-

mand realization D. The larger the demand is, the larger the 

% # 

t 
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retailers' share of the channel profit is, and the smaller the sup-

plier's share is. On the other hand, the allocation functions are 

( \ , � pEmin{q,D} — (1 — A)pS(g) + Acq — 
Ariq, Z) = ： 7 ^ — 入 

) pEra\n{q,D) - cq (2 10) 

� 场 ， 二 p E m i n { g , D } - c - 卜 兄 

Here, the allocation functions for the retailer and the supplier 

arc constants, and different from the sharing functions (??) . 

We are now ready to present our first result in defining the 

degree of coordination and subsequent coordination consistency 

for coordination, contracts. 
2.1.3 Consistency in Profit Allocation 乂 

Before proceeding to the consistency of the supply chain coor-

dination, we denote (yjf, yl) = argmax仍，,力兀(y!，vl) ^ a central-
i 

ized optimal decision for the supply chain. If it is not unique, 
then let Y* = {(2/5!，2/挑 be the set of all optimal decisions. 
Note that some supply chains have a single decision, such as 
the buy-back contract and the revenue sharing contract. When 
the supply chain involves multiple agents, much of the literature 
uses a non-cooperative gaming approach. 

We introduce the following notation. In the simultaneous 
game, we obtain a Nash equilibrium N{z) == (2/?̂ (2)，2/‘？0))，by « 
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solving � ’ 

= (力，^， 

\ 

where the reaction functions r] and r2 are defined in (??) . In 

the Stackelbcrg game with agent 1 as the leader, an equilibrium 

Si(z) 二 solves the system 

yfi(z) 二 argmax^7ri(2/i，r‘2(yi,2:),2), 一 
< (左丄々 

The Stackelberg game S2 � can be similarly defined. 

In general, Let (yf⑷，y办)）denote the outcome of a game 

following the contract z. We can now state our first definition 

toward characterizing the consistency of the coordination con-

tracts. 

Definition 2.1.1. ( C O O R D I N A T I O N W I T H F L E X I B I L I T Y ) 

i) For any contract z, if the decentralized outcome equals to 

one of the centralized optimal solutions, that is (2/f (2O, yf (之))二 

then the contract z coordinates the supply chain. 

ii) Denote C as the set of coordination contracts with same 

type. For any given A € [0,1], if there exists a coordi-

nation contract z G C such that the allocation function 

入(之),"《之)，之)=入，仇en the contract type z coordinates 

the supply chain with flexibility in expectation. 

•« 
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iii) For any coordination contract z, if the sharing function is 

independent of the sample path u，i.e., (2;)’ y ‘! (;r), z.u) 二 

\\{yi{z),y2{z),z) for each uj, then the contract z coordi-

nates the supply chain with flexibility in sarnple-paih. 

For the buy-back contract, C is the feasible parameter set 
{{w,b)\c < w < p, b = w - c{p ~ w)/{p — c)}. A contract 
z G C specifies a buy-back contract with the wholesale price 
w and the buy-back pricc b. It is easily seen that the quantity 
discount contract coordinates the supply chain with expectation 
flexibility (see (??)) , and the buy-back contract coordinates the 
supply chain with sample-path flexibility (see (??)) . On the 
other hand, the TPC achieves coordination without flexibility. 

2.1.4 Consistency in Decision Sequences and Compli-

ance Regimes 

In this subsection, we introduce the concepts of consistency for 

the decision sequences and compliance regimes. For the former, 

we look at the Stackelberg and simultaneous games, and see 
i 

whether a type under consideration contract leads to the same 
equilibrium for each game. For the latter, we see whether the 
outcome is desirable for each participant. We confine our study 
to three decision making sequences in two-agent supply chains. 
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Definition 2.1.2. ( S E Q U E N C E C O N S I S T E N C Y ) Given a coordi-

nation contract z E C and the Stackelberg equilibrium Si{z)= 

⑷，y fn : ) ) , ^ = 1,2, the contract z is sequence consistent if 

Si{z) 二 & ( z ) . 

In a Stackelberg game, the leader chooses the best possi-

ble payoff for himself on the reaction function of the follower. 

Therefore, we can choose the Nash equilibrium N( i ) ’ when the 
contract is sequence consistent, 

f 

Compliance regimes discuss the consequences of fulfilling a 

given contract. Since contracts should be enforceable, the forced 

compliance is the default option in the sense that the non-

complying agent gets penalized. However, a compliance regime 

can also be voluntary when the agents adhere to the contract 

voluntarily. 

Definition 2.1.3. ( C O M P L I A N C E C O N S I S T E N C Y ) For a coor-

dination contract z e C, if the system optimal (y!，yD satisfies 

the equations ‘ 
� f 

-^livl.yh^) 二 maxj;�,j;2 7ri(yi，y2,z)’ n 、 

� 兀2("I, y h ^ ) = max歸2 兀2("1,奶,z), � 

’ - then the coordination contract z is compliance consistent 
• f t 

、 

Thus，when a contract is compliance consistent, then there 

exists a decision pair {y\,yl) which simultaneously maximizes 
“ -f 
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the profit of both agents. It is clear that the decision pair also 
maximizes the channel profit. Moreover, when the contract is 
compliance consistent, any deviation from the decision {yl, y^) 
makes both agents worse off simultaneously. 

Example 2.1.2. Consider the target rebate contract (TRC) 
with z 二 {w, u, T}, where the supplier charges the retailer the 

wholesale price w and rebates the retailer v for each unit of sales 
exceeding the target T. Taylor (2002) demonstrates that there 
exists a critical value such that the supply chain can be 
coordinated if the sales target T is less than ro(i/), and w and u 

satisfy 飞 

F{q ) 二 ； = , 

where q* is the optimal order quantity. With the TRC, the 
expected payoffs for the supplier and the retailer are 

pE{mm{q, D)} — wq 

兀r(q,z) 二 +"E{(niin07，D)-7Ti }, q ~ > ‘ (2.14) 

pE{mm{q, D)} — wq, otherwise; 

{w — c)q 一 uE{{mm{q, D ) - � ) + }, q > T, 

(it; 一 c)q, otherwise, 
、 

respectively. Taking derivative with respect to ordering quantity 

q and (??) into consideration, we have ‘ � ’ 
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“ � / i 

W I紅 
r>> T q* q o g* q 

Figure 2.2: The expected profit of the agent,s in target rebate contract 
• 

一 - d n s { q , z) — J + uF{q) = u{F{q) — F(f/*))，q > T ‘ 
y 二 ‘ (2.l0) 

‘ q w — c, otherwise. 

Expression (?? ) shows that the profit of the supplier 7rs(q, z) is 

increasing in g as long as the order quantity is less than T. When 

the order quantity q is between T and q*, the profit z) is a 

decreasing function of q. Therefore, the retailer's order quantity 

q* is not desirable from the view point of the supplier. Based 

on Uie coordinating contract z, the retailer orders q* unit from 

the supplier. But the supplier has an incentive to deliver only T 

unit. Therefore, the coordination is not voluntary. The supplier 

has to be forccd to deliver the full amount that required by the 

retailer. 

• End of chapter. 



Chapter 3 

Structural Results and 
Examples 

With definitions and examples above, we are now ready to dif-
ferentiate coordination contracts in terms of their consistency 
with respect to the profit allocation, decision making sequence 
and compliance regime variations. In what follows，we develop 
the structural results with more examples that demonstrate the 
properties for different classcs of contracts and sufficient condi-
tions that substantiate one class to another. 

3.1. Properties of the Sample-path Flexibil-

ity 

Proposition 3.1.1. For a sample-path flexible coordination con-

tract z e C, if a realization is favored by one agent, then it 

is also favored by the other. That is，for any u and u)' E 12, 

32 
« 
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if \\i{y\,y2,z,u) > ni{yl,y2,z,uj') for some i G {1 ,2 } , then 

P R O O F . Contract set C coordinates the supply chain with 
the sample path flexibility. For any z G C, the sharing rule 

. = A“yjV";,z)，i = 1,2. T h e r e f o r e ， = 

仏("T, Vh zWyl u) > Oiiyl vh 二 ni(yi*’ y � . 
‘ • 

A significant advantage of being sample-path flexible is that 

the random factor affects the profit of the agents in the same 

manner. Spe钟cally, when the channel profit is large (small), 

then profits of the agents are large (small). 

Proposition 3.1.2. Assume that a contract set C coordinates 

the supply chain with sample path flexibility. For any given 

rcservaium profit target ttq and any allocation factor pair a\ € 

0，1] and (22 € [0,1] such that ai + a? 二 1，there exists a coor-

dination contract z E C, such that the probabilities of reaching 

the reservation target TTQ are equal for agents 1 and 2. That is， 

> aiTTo) = Pr{U2{yl,yl, z,u) > asTTo). 

P R O O F . For the coordinating contract C with sample-path 

flexibility, for given ai，tt2, there exists a contract z G C and its 

associated sharing rule 0�such that the probabilities of reaching 
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the reservation target zq are equal for agent 1 and 2. That is, 

y3,2;，u;) > AITTO) 二 PriXiYl{yl y^, z .u ) > Aittq) 

二 P r ( I I ( … > TTo) - Pr{Yl2{yly2.z,u;) > Asttq). 

• 

This proposition is equivalently stated as follows. For any 

given reservation profits ttqi and 7ro2 for agents 1 and 2, respec-

tively, there exists a coordination contract 2： G C, such that the 

probabilities of reaching the reservation profit of each agent arc 

equal. That is 

Pr(ni(2/;;,yS,z，a;) > ttqi) = Prilhivl^y^. z.u) > 兀02). 

The proposition demonstrates that a coordination contract with 

sample-path flexibility is not only able to allocate the expected 

profit among the agents, but also leaves the same probability for 

each agent to achieve the reservation payoffs. 

3.2. Sufficient Conditions for Sequence Con-

sistency 

We first present a lemma which characterizes a relation between 

the equilibria of the simultaneous and the Stackelberg games. 

Lemma 3.2.1. For a contract 2 € C，consider the equilibrium 

Si{z) for the Stackelberg game led by agent i and the Nash equi-
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2/2" 

n(2/2，z\ 

o Vi 

Figure 3.1: Equilibria and reaction functions 

librium N{z) for the simultaneous game. If Si (z) and S2�z) coin-

cide, then each of them also coincides with the Nash equilibrium 

T V ⑷ . 

P R O O F . The Nash equilibrium N ( Z ) is at the intersection of 
reaction functions of agent 1 and 2. The Stackelberg equilibrium 

is on the reaction curve of agent j. Therefore, when Si(z) 

and 82(2) coincide, it is on both reaction curves. Hence, it is 
oil the intersection of the two reaction curves, that is Si{z)= 

S 2 ⑷ 二 N ⑷ . • 

The equality Si{z) = N{z) indicates that agent i does not 
have the first-mover advantage. Then, agent 1 cannot improve 
the performance when given the opportunity to decide before 
agent 2 does, and vice versa. Note that there exist games in 

« 
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which Si{z) 二 N(;2：) but S2O) + NO). Therefore, the equalities 
Si(z) 二 S2(>20 and Si{z) = S2{z) = N(z) are equivalent. 

Example 3.2.1. Consider the game in the strategic form: 

L R 

U 11,7 12 ,2 

D 2,2 10 ,10 

Agent 1 chooses L or R, and agent 2 chooses U or D. The payoffs 

are shown in the table, e.g., 7ri(L, U, z) = 11, n2{L, C/, z) 7. 

Here contract z is dummy. Then the reaction functions are 

ri{U,z) == R, r“D,z) = 10, r2(L，2) = U and r2(R, z) 二 I). 

The Nash equilibrium N{z) = { ( /? , JD)}, which coincides with 

the system optimal Y* = {{R, D)} where 7r{R, D) - 20. For the 

Stackelberg game equilibria, we have 

S2{z) = N{z) = {(i?，D)}，N(z) + = {(L，[/)}. 

Next, let us consider models with smooth profit functions. 

We provide the sufficient conditions for sequence consistency. 

Rubio (2006) argues that if a game has orthogonal reaction 

functions, then the first-mover advantage disappears. Then the 

Stackelberg equilibrium remains unchanged when the leadership 

is changed. 
« -
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Proposition 3.2.1. (SUFFICIENT C O N D I T I O N I ( R U B I O 2 0 0 6 ) ) 

For a coordination contract z, if the payoff functions of the 

agents are twice differentiable with respect to their decisions and . 

3 兀 “ " 1 ， " 2 , 力 = 0 , 2 — 1, 2, J i, then the contract is sequence 
dyidy^-i 

consistent. 

Rubio (2006) also develops a condition under which the reac-

tion function of an agent is invariant to the decision of the other. 

In the discrete-time models, the condition is that the reaction 

lurictions are constants and thus the reaction curves are parallel 

to the axes. Particularly, if the profit functions are separable in 

y\ and "2，i.e., if 

< ( 3 . 1 ) 
T^2�yi,y2,z�二 <?3(yi) + G4(y2)， 

V 

. then the condition is satisfied. 

Proposition 3.2.2. (SUFFICIENT C O N D I T I O N II FOR SEQUENCE 

C O N S I S T E N C Y ) For a coordination contract z，if the payoff func-

tions of both agents are differentiable and one of them is inde-

pendent of the other's decision, then the contract is sequence 

consistent That is,义彻3-ifai，2/2,之)二 q f �“ 二 i or then 
ovi 

P R O O F . Without loss of generality, we assume that 加 “ � ’ 2/2’ z) _ 
oyi 

0. That is, the payoff function of agent 2 is independent of yi. 
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Therefore, 72(2/1,2) is a constant. Then, r2( ' i / i)三以fO), for all 
奶，where the Nash equilibrium N is denoted by ( " f^0) ’ 0 ) ) . 
Next, let us consider the Stackelberg game where agent 1 is the 
leader. The objective of agent 1 is max双！ 7 r i ( " i , 厂 之 之 ) 二 

max,, TTi , y ^ ⑷ ， 和 TTI ( n ⑷ ， 2 : ) , 之)’ z) = TT! « ( z ) ， , 2 
The first equality in the above expression relies on the fact 
that V'zivi.z) is a constant, the second equality is based on 
the definition of the reaction function, and the last equality 
is the definition of the Nash Equilibrium. Therefore, agent 

. 1 chooses axgmax^i7ri(2/i，r2 0/i，2:)，20 二 y � \ , thus S\{z) 二 

N{z). Next, let us consider the equilibrium, where agent 2 
is the leader, clearly that its best strategy is still y2 二 y f 0 ) 
which is irrelevant of the choice of yi. As the follower, agent 

1 chooses rx{y^{z),z) = thus S2{z) = N{z). It proves 
that the contract is sequence consistent. Similarly, the case for 
加 i ( 歸 ， 之 ) 二 0 can be proved. • 

办2 

As a special case of ( ?? ) , let Gs{yi) 二 0，then clearly 飞'二 ‘ - = 

0. With the form TV2�m,y2,z�二 G4O/2)，agent I's decision hâ s 

no impact on agent 2. We know that the best decision of agent 

2 is always in any decision sequence setting. The deci-

sion of agent 1 is determined by its reaction function, which 
** H 

is yi{z) = arg maXĵ j t t i , (2:), 2), and therefore the decision 
sequence does not change the outcome of the decentralized de-
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cisioii process. � ‘ 
We now illustrate Proposition ？? by a supply chain selling 

complementary products with a subsidy contract. Fang and 
Wang (2010) consider such a supply chain with N complemen-
tary products in terms of the package sale. The following ex-
ample is a special case of their model with two complementary 
products sold by two agents. 

Example 3.2.2. ( C O M P L E T E C O M P L E M E N T A R Y P R O D U C T S 

C O O R D I N A T I O N ) 

Consider a supply chain consisting of two retailers selling two 

products. The products 1 and 2 are acquired with unit costs Ci 

and C2, respectively. The demand D for the packaged product 

(1+2)，consists of a unit each of products 1 and 2. The retail 

price for the packaged product isp = P1+P2，from which retailers 

1 and 2 receive pi and p2, respectively. The leftovers of products 

1 and 2 are then sold with individual demands Di and D2 at 

prices p\ and satisfying p[ < pi and P2 < P2, respectively. The 

decisions are the ordering quantities (仍，仍).Hence, the channel 

profit is 

7r{qi,q2) = pi? min{Z)，gi’ <72} + pi五niin{(7i - min{i:>，gi，gr?}，Di} 

-CiQi + P2^min{g2 — min{D, gi, (72}, ^ 2 } — C2仍， 

which can be verified as a jointly concave function of 

For the decentralized channel, the payoff function for retailer 
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i is 

=piEmm{D,quq2} -h p-B min{qi - min{D, r̂ i, <72}, A } — CiQi f 
PiErmn{D,qi} + mi r i { (7 i - mm{D,qi}, A } — 

PiEmin{D,q3-i} — min{D, qs^i}, A} _ Ci(li, 

Qi > 仍—i， 

where zq denotes the null contract or no contract. Clearly, 

7ri{qi,q2, zo) is piecewise concave in qi for qi G [0, <73-2] and qi € 

93—i,+oc),i = 1,2. On the line qi = 92, it is possible to check 

that the left derivative of 7ri{qi,q2, zq) is greater than the right 

derivative. Therefore, (仍，<72，卻）is concave in qi € [0, 00). 

Prom (?? ) , we can obtain the optimal order quantity of retailer 

i as 7i(2:o) when q^-i is infinitely large and as CiiQs-i^ 卻），other-

wise, as follows: 

7i(卻)=arg max{piJ? min{jD, qi} + p\Emm{qi 
、 

-mm{D, Qi}, Di} 一 CiQi}, 
< 

CiOls-i, 20) = arg min{(7i — rnin{/；, 
Qi 

93—i}，Di] 一 Ciqi). 
V 

Following this notion and expression (??)，the reaction function 
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o f r e t a i l e r i is 

[7i0o)， Qs-i > 

Without loss of generality, we may assume that 71 (zq) < 72(^0)-

The following considerations help us to draw the reaction curves 

arid delineate the strategy space for contract zq in Figure ？?(a). 

If retailer 2 orders nothing, retailer 1 would like to order the 

optimal quantity to satisfy the individual demand Di , that is 

gi = F f denoted as Ai{zo) in the figure. As <72 increases 

f r o m 0 t o 7 i ( z o ) , t h e r e a c t i o n f u n c t i o n 勿）=Cife’^：。)， 

and it increases from Ai{zo) to 71(之0). When q2 is larger than 

7 i ( z o ) , ',.1(仍，：0) = 7 i ( ^ o ) a n d i t is a c o n s t a n t . S i m i l a r l y , we 

can depict the reaction function r2((7i，zo) as the curve originat-

ing from >12(2:0) 二仍=厂2一1(^^)，as an increasing function 

C2(仍’ zo) from A2{zo) to 72(之0), and as the constant 72(^0) af-

terwards. Hehce, Vi^qs-i, Zo) is an increasing function for q̂ i—i G 

0, MJ, i — 1,2，where M is an arbitrarily large number. Conse-

quently, the strategy space [71(2:0), M] x [71(2:0), M] is depicted 

. a s the shadowed area in Figure ？?(a). The Nash equilibrium 

N(2o) = (̂ /̂ (̂勿)，必(卻)）is the intersection point of the agents； 

reaction curves. 

We now consider the channel efficiency. From 71(20) < 72(^0) 

follows gi < q .̂ Furthermore, we next show that the channel 
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仍 I � “ g ^ ^ ^ g ^ J ^ ^ ^ ^ 

……… 

0 aj{2O) ^r 
(a) 

1 
/.…… 

a2{z/ \ n 

Aijzo)! y^i^^jz*) ^ 
0 Ai{z)Ai{z*) qx 

(b) 

Figure 3.2: The reaction functions of Zo, z and 
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optimal y* 二（仏必 is on the reaction function of retailer 2. 
I 

The channel optimal order quantity for retailer 2 is 

(12 二 argmax7r((^T,^) (3.4) 
Q2>qi z产— 

= a r g 丑 min{^2 — min{D, ql} , D2} - C2q2} 

二 C2�,2：0). ‘ 

Recall that the terms on the right side of ( ? ? ) for z = 1 are 

independent of q) as long as < qi- Thus the optimization of 

(?? ) with respect to q̂  reduces to optimizing the second equality 

in (?? ) ’ i.e., is as given in (??) . Therefore, we can conclude 

that the channel optimal {ql, q^) is on the reaction function of 

retailer 2 shown as y* illustrated in Figures ？?(a) and ？?(b). 

For the decentralized supply chain, retailer 1 ignores the po-

tential of increasing package sales for retailer 2，whose reac-

tion function is increasing in 'gi. Therefore, the equilibrium 

N{zo) is on the lower left of y* as shown in Figure ？?(a), where 

Qiizo) < ql and g办 0 ) < Clearly, N(zo) is inefficient. 

We now demonstrate that an incentive contract can be de-

signed to entice retailer 1 to increase his order quantity ,by 

subsidizing him for his unsold inventories. Such a contract 

二 {b}，fc S Ci, provides a trans-payment T{qi,z) 二 b(qi — 

mm{D,qi} — between the retailers, where b is the unit 

subsidy for the unsold inventories, and it is similar to the buy-

back scheme. Under the contract, we denote the optimal order 
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quantity of retailer i as 

Jiiz) 二 arg mHjc{piE inin{D, qi} -h p[E mini qi — iiiin{/>>, q,}, Di] 
Qi 

< (丄「)） 

= arg max{p-£^ min{(73_, — inin{/), q̂  /入} 

一 仏• + ( —l”.n"i’ 补 
、 ， 

The reaction funclion of retailer i is . 
• 

> lii-)' 
\ 

We again assume that 71(2) < 7 2 � draw the reaction curves 

and depict the strategy space for contract 2 in Figure ？?(h). 

If retailer 2 orders nothing, retailer 1 makes decision in re-

sponse to demand Di by taking the subsidy into considora-

， tion, that is qi = as denoted by Ai{z) in the fig-

ure. Clearly, r\{q2, z) is an increasing function of b. By (?? ) , 
the reaction function r] ((72, z) equals to Ci (仍,z), which increases 

t % 

from A\{z) to 7 i ( : ) when q2 increases from 0 to 71(2). The reac-
tion function ri{q2, z) becomes a constant when q2 is larger than 
7i (z) . With the incentive contract z, the payoff function of re-
tailer 2 is n2(qi,q2,z) 二 兀2 0/1，（/2，之o) - T {quz) . Consequently, 
argmax^2 兀2(仍，<72，二 arg max,,�兀2(<71，<72，之o). Therefore, the 
reaction function of retailer 2 remains unchanged, and is as in 
Figure ？?(a). The Nash equilibrium N(^) = for 

* 
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A 

any cunslaiit 二 can be easily obtained as in Figure ？?(b). More-
over, thcr(^ exists a coordination contract = {6*}, satisfying 
7i (z*) 二 , where the equilibrium N{z*) = y* is as illustrated in 
Figure ？?(b). Also, the strategy space is [71(2*), M] x [71(2*), M. 

as shown shadowed in Figure ？?(b). 
Ill the strategy space defined by the contract z*, the pay-

off function TTI is independent of r/2- That is, TTI(gi，92,之= 
冗1(?1,:*). Thus, by Proposition ？?，we conclude that the coor-
dination contract z* is sequence consistent. 

Wc can now stale a Iciiirna and the third sufficient condition, 

which it, loads to, for sequence consistency. 

Lemma 3.2.2. For a coordination contract z ^ C in a simulta-

neous or a Stackelberg game, if the payoff functions are dijfer-

entiable, then 加、§二)丨(?/1’"2)—"?(:)，?/化))二（)，《二 1，2. 

P R O O F . First, lot us consider the sirriultarieous game set-

t ing. The decentralized supply chain leads to Nash oqiiilib-

riiim {Vi {z),y2 {z)). The supply chain coordination ensures 

that (c/f (力，yf (之)）二 

By the definition of the equilibrium and coordination, we 

have 

«̂ 7ri(yi,y'2，：) _ Q 
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a n d i 如'】（.v,’"。)—"；^⑴，⑷） (3.6) 

Ry simple transformation, it is straight forward to show that 

the equality 加'(『‘，，’(關)=(,f(:)，的(州=()，�J 二 口 holds. 

Second, let us consider the dynamic game setting. Without . 

loss of generality, we assume that agent i is the Stackclbcrg 

game leader. Again the supply chain is coordinated, hence we 

know the Stackclbcrg equilibrium is the supply chain opliiimin, 

i.e., 二 By the definition of Stackclberg 

equilibrium, we have 

々 办1 决.2 办1 1/丨二⑷ (3.7) 

d7r2(yi，y2’之) _ Q 

, 办2 二(.vfi ⑷，?⑷）—‘ 

Since we know 7.2(?/fi(2：)) 二 y尝equation (？？) can be rewrit-

ten as follows. 
dn^jyu yPCapyg) , / diriiy^Hz), yz.z) \ . 二（） 

< 办 1 ⑷ 办 2 y2=y^'{zr 办 1 "丨巧 fi � ，(3.8) 
<̂ 7̂ 2(1/1, y2,z) __ Q 

、 如 （2/i，2/2)=(2/fi ⑷ ’ 2/2 U^)) ‘ 

By simple transformation of equation (?? ) and (??) , we can 
derive the equality ，,,』)=(州咖《⑷）二（)， i , j 二 1,2. 
This completes the proof. 口 

With Lemma ？?, we have the third sufficient coiidilion for 
contracts with smooth payoff functions. 
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Proposition 3.2.3. ( S U F F I C I E N T C O N D I T I O N III FOR S E -

QUENCE: C O N S I S T E N C Y ) For a coordination contract z E C, in a 

Nash or a Stackelberg setting, if tti(t/i, r2(yi, z), z) and 7r2(r*i(y2, z)，y2, 2) 

arc differentiable and concave with respect to y\ and y》，respec-

tively， then z is sequence consistent. 

P R O O F . Assume contract z achieves coordination for a given 

game structure and its associated decision sequence, the equi-

librium in the decentralized supply achieves the supply chain 

optimum, i.e., (yf (2), = We next show that 

5i(2) - (yf ' (z ) .y iH^)) = holds for the given de-

cision sequence. 

By the assumption that 7ri('yi, r2('^i, 2), z) is concavc in yi, 

we need to prove that if agent 1 is the leader, (yj, ^2) satisfies 

the first order condition, as follows. 

7̂ri(t/i, yl{z),z) / 加i(y?(2：)，y2�z� \ _ Q 

彻2(yi，1/2，：) _ Q ：‘ 

By Lemma ？?, we know that 
dni(yi, yi(z),z) 二 y2,z) 

二 " q = 〇 • 

.There fore , the above first order condition holds at the decision 

That ( y l y*?) 二 幽)is the Stackelberg 

equilibrium. 
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Similarly, it can be shown that S2{z) = (y f ' ( - ) , 二 

j[/|(z)). Hence, 二 S2{z). The coordination is se-
quence consistent. 口 

The incentive alignment problem between a marketing man-
ager and an operation manager, studied by Jcrath et al. (2007), 
is a good example to illustrate this sufficient condition. 

Example 3.2.3. ( M A R K E T I N G AND P R O D U C T I O N C O O R D I -

NATION) 

In a company, the marketing manager decides the sales effort 
X in promoting the product, whereas the production manager 
decides the production quantity q in targeting to lower the pro-
duction cost and attempting to match the demand with the sup-
ply. The demand D{x) is assumed to be an additive function 
of the sales effort x and a random factor e, thus D{x) — x £. 

It is further assumed that the random factor e is uniformly dis-
tributed in [0,a]. The inventory acquisition cost is q, and the 
penalty and holding costs are Cp and c", respectively. Moreover, 
the marketing manager and the production manager incur the 
cost of the sales effort, CmX ,̂ and the cost of production, Cpc/', 
respectively. The objective for the company is to maximize the 
expectcd profit, which can be written as 

-CbQ — Cjnx'^ — Cpq^. 
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ll can be proved that 7r(x', q) is jointly concave in x and q. Hence, 
the centralized optimal decision (x*, q*) is unique. 

The company provides a-ii incentive contract z == (q^ttj, Qp，/3p) 
to the two managers, by rewarding each manager an amount 
proportional to the sales revenue and penalizing the production 
manager for the inventory cost. Under such a contract, the two 
managers make their distinctive decisions x and q to maximize 

their individual payoffs, which are written as 
f 

7r„,(x, q, 2) = OLj,{pE min{x - Cm'x'̂ , 

< 7rp(x, q, z) 二 otjyj)E min{x- + e, g} — C-pq^ (3.9) 

、 “ -l3p�CfiE(q 一：r — £)+ — CpE{x + £ — “+ + Cbq) 

for the marketing and production managers, respectively. The 

partial derivatives with respect to the individual profit functions 

(??) are 

‘ 加 “ ” = a m p F ( q - x ) - 2 C m X . 

-ppCh — 2Cpq. 
< 

The second-order partial derivatives with respect to the individ-
ual decisions can be shown to be negative，as the payoff functions 
are concave with respect to their individual decisions. We also 
require the parameters of the contract z to satisfy the inequality 
aj/f) I ftpCp — f3pCb > 0. This condition ensures that the produc-
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X 

45° , 

/j / 

« i ； 

Figure 3.3: The reaction curves for the managers 

tion manager has enough incentive to build a positive inventory. 

Otherwise, the partial derivative of 71>(工，q, z) with respect to q 

is always negative, and the production manager would set g = 0. 

Because the demand is uniformly distributed over [x, x + a 

for any given effort x > 0, the production manager would limit 

his production q in this interval. Thus, the strategy spacing is 

the area defined hy x <q<x-]-a and x > 0, shown as the area 

between the two dashed lines and the 2-axis in Figure ？?.Within 

this restricted space, f{x) 二 去 and F{x) 二 尝，and the reaction 

functions can be derived as follows: 
‘ f 、 OLynV 

rmijl, z) 二 仏 , \ 
OLjnP + ĉrGm IQ) 

� , . ^ (app - /3pCb + apP + PpCk + PpCy ^ • 
� � I T ’ = a讲 + ppch + /3pCp + 2Cpa + + + ‘ 

The reaction curves are linear 'as shown in Figure ？?, and 
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‘ their slopes satisfy | 怎，| < 1 and l̂ ^^ f̂̂ l < 1. The reac-
tion curve of the marketing manager passes through the origin. 
When the production manager produces nothing, the market-
ing manager would exert zero sales effort. On the other hand, 
the reaction curve of the production manager passes through 
point ^ > 0. -When the marketing manager spends no effort, 
there is still a positive demand uniformly distributed over [0，a . 
Hence, the production manager would order a positive quantity. 
Hence in the simultaneous decision making situation, the Nash 
equilibrium N{z) is unique in the strategy space. 

Jeralh et ai (2007) derive a coordinating contract 2* = 
{a^, a*, P*). We show now, that the contract z* is sequence con-
sistent. We substitute the managers' respective reaction func-
tions for their decisions into their payoff functions. We show that 
the derived payoff functions 兀 饥 ( 工 ， z * ) , z*) and 7rp(j\n(jh 之*)，<7， 

arc concave in x and q, respectively, by showing that their 
second-order derivatives are negative. First, let us verify the 
concavity for the payoff function of the production manager. 
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The first and the second order derivatives are 

dMq,rm�z”,z” = — + (3;CtH�P 考U + 

- K P + - " � t ' ” ) - 2C补 

(1 - 办 — 2 C p . (3.11) 

Because aH^ - + P;Cp > 0，the second-order derivative is 

negative. For the payoff function of the marketing manager, the 

first and second derivatives are 

叔咖之 * )，工，么” 二 a:Ml - - - 1) 
dx 似 

+ cO? — 2C，nOC, 

崎 “ 二 f ) ， 工 = — a > / ( r 办 z*) — 
—2Cm < 0, (3.12) 

• and the second-order derivative is clearly negative. 

Now, by Proposition ？?，we know that the payoff of the mar-

keting (production) manager first increases and then decreases 

along the respective reaction curve, and reachcs its maximal 

value at the Nash equilibrium N(z*)，which is also the channel 

optimal. Therefore, the equilibria of the Stackelberg games co-

incide with the Nash equilibrium, and the coordination contract 

z* is sequence consistent. 
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Note that the concavities of 7rp((7, rjn(q, z*), z*) in q and 71".爪(工，rp(x, 2*)，z*) 

ill X are independent of the density function f (see (??) and 
(??)) . Il is the cost structure and the linear profit split that 
make the contract 2:* sequence consistent. Also, we would like 
to point out that the coordination of the supply chain does re-
quire the demand distribution to be uniform. 

3.2.1 Sufficient Conditions for Compliance Consistency 

In order to develop sufficient conditions for compliance consis-
tency, we introduce the notions of the preference set and the 
voluntary compliance set. For a given contract z, provided that 
agent i makes all decisions, we define the preference set Vi{z) for 
agent i as the collection of his optimal decisions: 

Vi{z) 二 {(yJS^/D I (yh/S) = argmax7ri("i，^z)}，i = 1,2. 
m�y2 

( 3 . 1 3 ) 

We denote the voluntary compliance set V{z) for the contract 
z as the intersection of the preference sets Vi{z) and V^^z), i.e., 
V{z) := Vi(^) n � . F r o m Definition ？? of voluntary compli-
ance, it is clear that the contract z coordinates the supply chain 
with compliance consistency if V{z) i- 0. Alternatively, the the 
preference sets defined in (??) can also be written as 

‘Vi{z) = {{ri{y;,z),y；) | = argmax7ri(ri(y2,之)，2/2，2)}， 
yi 

< 
V2iz) = {("i*，r*2(2/i*’>20) I yl = arg max tts(yi, rs(yi, z), } . 
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Comparing with the Stackelberg equilibrium Si which lies on 

the reaction function of agent 3 - 2 , the preference set Vi{z) is 

included in the reaction curve of agent i, i = 1, 2. 

As a special case, when there is only one decision maker, 

say agent 2, the expected payoff functions for agents 1 and 2 

are tt八y2, z) and 71"2(%2’ 力,respectively. A compliance corisis-

tent contract requires that the optimal decision of agent 2 is 

also in the best interest of agent 1, that is, arg niaxy^ 7r i (y2，= 

arg maxy2 ^2(2/2, >2：). For example, with the buy-back contract, 

the preferred inventory levels of the supplier arid the retailer are 

the same as the channel order quantity q*. Hence, the voluntary 

compliance set is {g*}. In contrast, as discussed immediately 

after Definition ？?，the preference sets for the retailer and the 

supplier in Example ？? are {q*} and { T } , respectively. There-

fore, the voluntary compliance set is empty for the target rebate 

contract. 

For contracts with smooth payoff functions, we show that the 

joint concavity ensures the compliance consistency. To illustrate 

this, we present Example ？? below, which is a simplified version 

of Cachon (2003) obtained by omitting the internal market and 

the uncertainty in the production* process. 

Example 3 .2 . 4 . ( W H O L E S A L E PRICE C O N T R A C T IN AN EN, 

OOGENOUS C A P A C I T Y N E W S V E N D O R M O D E L ) 

A vertical supply chain consists of a manufacturer and a re-
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tailer. A single product is produced by the manufacturer and 
sold through the retailer to the market with a stochastic de-
mand D. The manufacturer makes the capacity decision Qm 
and the retailer decides the inventory level Qr. The unit cost 
of the production capacity is increasing in Qm- The order gv is 
either fully or partially fulfilled depending on the capacity Qm. 
It is assumed that the unsold products are simply disposed. The 
manufacturer incurs an increasing convex cost c(Qm) for the pro-

e-
duction capacity Qm- The manufacturer charges the retailer a 
wholesale price w. With the wholesale price contract z = {w}, 

the expected payoff functions for the manufacturer and the re-

tailer are, respectively, 

TTmCQrn, Qr, z) = W min{Q爪，Qr} — c{Qm), 

TTriQnuqr^z) = pE min{Qm, J^} -wminiQm^qr}. 
< 

For the centralized supply chain, let Q denote the capac-
ity and q denote the inventory level. It is clear that Q = 

q. Therefore, for the centralized -supply chain, wc optimize 
the payoff function tt{Q) 二 p£;min{D，Q} - c(Q). Note that 
pE m\n{D,Q} is concave and c{Q) is convex in Q. Therefore, 
the payoff function 7r{Q) is concave in Q. The optimal capacity 
Q* is the solution of the first-order-condition 

p(l — - 響 = 0 . ( 3 . 1 5 ) 

For the decentralized supply chain with the contract z = {iv}, 
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by (??) , the payoff functions and the decisions of the manufac-

turer and the retailer are intertwined. To facilitate our analysis, 

we define the quantities 
‘ A 

Qm{z) 二 — (3 工。) 

y qr{z) 二 - wqr}-

as the solution of the first-order conditions 

柳 爪 ) - w = 0 and p{i - F{qr)) 一 w - 0. (3.17) 
dQm 

However, these quantities would be the optimal decision only 

when feasible, which they are not. In order to obtain the optimal 

decision, we observe that Qni{z) is an increasing function of 

w and qr{z) is a decreasing function of w. Therefore，there 

exists a contract z' that leads to 二 各(之‘)，and a^ shown 

subsequently, coordinates the channel. 
In the decentralized supply chain, the reaction functions of 

the manufacturer and the retailer are 
f 

A 

q” Qr < Qm(^), , 
rmiQr.z) = A . arid 

Om⑷，> Qrn{z)\ 
V 

• 

� Qm， Qrn < 
r r { Q m . z ) = (3.18) 

Qm > Qr{z). 
V 

Without loss of generality, for zi = {ti^i} and 22 二 such 
that Wi < W2, we use (??) and (?? ) to obtain the reaction 
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curves of the manufacturer and the retailer as shown in Figure ？? 

(a). With the contract zu if the retailer orders nothing,' the 

manufacturer sets the capacity to zero. As the retailer increases 

his order, the manufacture increases his capacity until it reaches 

C}„,(2i), and then remains there. Therefore, the reaction curve 

is 0 - Bi - Di ill Figure ？? (a). With the contract Z2, since 

Qrn(^i) < Qm(^2), the reaction curve for the manufacturer is 

0 — B2 — D2. Similarly, the reaction curves of the contracts z\ 

and Z2 for the retailer arc 0 - A i - C i and 0-—Q2，respectively. 

Since Qm{z') and 认z丨、solve (?? ) for w 二 z,, we have p ( l — 

F(Q) ) 二赞 at Q == 二 糾).Thus, Qm{z') = = 

With the identification of Q*, the reaction functions ( ?? ) 

rcduce to 
( ^ 

Qr, Qr < Q*^ Qm, Qm < Q* ̂  
r,n{qr,z) 二 and rv(Q饥，z) 二 < 

Q\ Qr > Q*； Q*’ Qm > 
< 

and these are depicted in Figure ？? (b). 

The preference sets for the manufacturer and the retailer 

are Kn(z') 二 {{qr.Qm) I Qm = qr > Q*} and Vr{z')= 
* 

{{qr.Qm)丨 Qr = Q\ Qm > Q*}, respectively, these are y* - D 

and y* - C in Figure ？? (b)，respectively. The intersection of 

these two preference sets y* — D and y* — C is the voluntary com-

pliaiice set V{z') 二 V^nO') A 二 Y\ We conclude that the 
contract coordinates the supply chain with compliance con-
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Figure 3.4: Reaction curves of endogenous rapadty Newsveii(l(M 
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sisteiK'V. Moreover, Y* is known as the Pare to-dominant Nash 
(Kluilibriinii (Fiidenberg and Tirole, 1991), defined as the Paroto 
optimal (incision in the sot of Nash equilibria. FAulenberg and 
Tirole�(1991) lurther argue that the agents ai c more likely to co-
ordinate on a P ai(i l,o- clou i i ii an I Nash equilibrium if there exist 
inultiple equilibria. Therefore, in the context of this paper, the 
voluntary compliance set is the subset of the Parcto-doininaiit 
Nash oquilihiia. ； 

卜、imUly, we c.-ousidor the consistency in allocation of the chan-
nel profit. Denote all tlie coordinating wholesale price contracts 
JUS the set C. Note that a contract z E C coordinates the supply 
chain, if and only \f z = z,. Hence, the sot C consists of the 
coordination contract z' only. As a result, the profit allocation 
is fixed, and therefore not Hexible. 

Proposition 3.2.4. (SUFFICIENT C O N D I T I O N I FOR C O M P L I -

ANCE C O N S I S T E N C Y ) For a contract z E C which achieves coor-

dination by either the sirnultarieous gar at or a Stackelbery (jame， 

if 7T[{y\, 7/2, (ind n2(jj��y2, z), the payoJJ Junctions of agents 1 

and 2�are twice differentiable and jointly concave with respect 

to {y\, ij')) and have a local minimum in [0，仏]x [0,^2]，then the 

coordination is compliance consisieni. 

P R O O F . First, we a ŝsunie that the Stackelberg game led by 
ag(nit 2 achieves the supply chain coordination. To prove the 

• - V 

f 
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compliance consistency, for each agent i, we need to verify that 
the Stackelbcrg equilibrium (yf^'iz), is in its preference 
set. By the joint concavity of the payoff function, wc only need 
to show that the equilibrium is the local minimal, which satisfies 
the first order condition. That is "1；^，:) 二 州『 )二（） a t . 

The Stackolherg game equilibrium satisfies the first (Hcier con-

ditions: 
* , 

r dir^jyuyo^z) drAy), z) + diriivwih, z) 1 二（) 
I 彻 ’ ‘ . ” ^ ~ ‘ 办 2 J ("f、)，"，⑷） ， 

- d'Ki{yi,y2,z) = ( ) 

The definition of coordination yields the following first order 

conditions: 

例兀1("1,"2，力 + 兀2("1，"2，之)) 二 Q 

办1 (,/，⑷，州 

(̂tTi (：(/!,-j/2,̂ ) + K2�yi, y2,zy) 二（） 

彻 （"F2 ⑴，YF":)) 

From the above equalities, wc know 

加2(:(/1，'"2，：) 二 加2('"l,y2，之) 二 Q 
办 1 (“，�’ "‘f-⑷） 8y2 (,，⑷，"2、)）. 

Since 兀2 is jointly concave in y\ and y2, we know that {yf'{z), yf-'iz)) 

is the global maximum decision for agent 2，which also means the 

equilibrium is in the preference set of agent 2, namely�y f^�z��y ' o ' i^ ) ) ^ 
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� . M o a n w h i l o , for agent 1，we have 

Otv八yi, y'2,z� = d7ri{yi, y2y z) 二 • 

which indicates that (yf^z) , yf^(z)) G Vi(z). Therefore, we have 
shown that the voluntary compliance set V{z) = i/^'^iz))} ^ 

0. The Stackelberg game led by agent 2 is compliance consistent. 
Similarly, when coordination is achieved in the Stackelberg 

game setting where agent 1 is the leader, we can prove that set 
V{z) is non-empty too. Finally, we prove that set V{z) ^ 0 
under the static game setting. The Nash equilibrium leads to 
the following first order conditions 

彻i(yi,,y2’：) 二 加2(yi，y2，之) 二 (） 

办1 (？/广⑷’？乂̂̂⑶ 8奶 0/1"⑷，.vs〜⑷） 

� And，the definition of coordination yields the following first 
order conditions: 

<9(7ri("i，?y2，：）+ 二 0 

“ 丨 (y!^⑷泰)) 

讽兀l(yi,"2’：）+ 兀2("1，:(/2，幼 二（） 

办 2 ⑷） 

'rticrcrorc, wc have 

dnx�yi,y2,z") = 加 1("1,^2,之) 二 (） 

⑷，！⑷） 决力 （!/「⑷，⑷） 

3兀2(�1,.的，z) — 7̂r2(：(/!, 2/2, z) — 
— — •— — u. 
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It indicates that the equilibrium {y i { z ) ,y^ {z ) ) maximizes the 
payoffs of agent 1 and 2 individually. Hcnce, it is in the volun-
tary compliance set V(z), which has been proved non-empty. 

Therefore, we have proved that the joint concavity of the pay-
off functions ensures the coordinating contract to be compliance; 
consistent in either Stackelberg or static game settings. • 

Next, we illustrate the sufficient condition for the conipli-
ance consistency by the internet drop-shipping model. Netcssinc 
and Rudi (2004) conduct discussion on the cost sharing contract 
which coordinates the dropping shipping model. We limit our 
discuss for a single period setting. 

Example 3.2.5. ( C O S T S H A R I N G C O N T R A C T FOR THE D R O P -

SHIPPING M O D E L ) 

In the drop-shipping model, the retailer sells the product to 
the customers, who in turn receives the shipment directly from 
the wholesaler. The decisions of interest are the retail price p, 
wholesale price w, and the wholesaler's inventory level q ob-
tained /produced at-the unit cost c. 

Netessine and Rudi (2004) assume that the demand D{x)= 

c;{x) + e, where <;:(.T) is an increasing concave function of the 
customer acquisition cost (or sales effort) x and s is a random 
variable. They show that the supply chain can be coordinated, 
by the sharing of costs x and c by the wholesaler and the re-
tailer. Specifically, a contract z 二 器 where the 
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wholesaler sponsors a proportion of .T and the retailer com-
pensates the wholesaler by the fraction of the production 
cost c for eacli unsold product. 

The cxpected payoff functions for the retailer and wholesaler 

arc 

(yj — c) 
TTrix, r/, z) = E[{p — w) mm{D{x),q) — x ^ _ ^ x 

— D ( x _ ) } + ) ] 
p — c 

二 R———Efpmin(D(x), q) — x — cq]=-———7r(x, q), 
p — c p ~ c 

fyj — 

7ru;(x, g, z) = E[wmin{D{x),q) - cq ^―^x 

p - c 
� 一 c p� . / r^H � 1 W - C 

= E pinin(D[x), q) — x — cq 二- 7r(x, q). p — c p — c 

Clearly, the expected payoffs are fractions of the channcl payoff. 
We sliow that the expected payoff of the supply chain 7r(g, x) is 
jointly concave in x and q. The diagonal elements of the Hessian 
matrix of x) are negative and its determinant is positive 
(see Appendix). This proves that 7r(x', q) is jointly concave in x 

and q. Moreover, 7r,.(x', (7, z). and ^^{x.q.z) are jointly concave 
ill X and q. Therefore, the coordination contract z is compliance 
consistent. 

Alternately, the compliance consistency can be shown by the 
1 

notion of the preference sets. Since 7r(x, q) is jointly concave, 
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there is a unique optimal decision OV广）and therefore Va,(z)= 
V^(z) 二 The voluntary compliance set 二 门 

V R ⑷二 { ( : r W ) } . 
� F u r t h e r m o r e , the preference set of each agent is equal to the 

supply chain optimal decision set 
tary compliance set is equal to y*. Thus, the decision in the > 
voluntary compliance set coordinates the supply chain. 

Finally, let the contract set C be the set of all the coordinat-

ing. cost sharing contracts. That is, C 二 {{w, ai, a2)\c < w < 

p , a i { x ) = 鲜 � 二 ̂ ^ ^工 } . It is clear that the sharing 

function 0(z) is constant for cach contract z G C. By varying 

‘ ' z e C, it is therefore possible to achieve any between 0 

and 1. Hence, the cost sharing contract type C is also profit 

distribution consistent. ‘ � 

For the problem with twice difFerentiable payoff functions, we 

can use the second order condition to verify the consistency. We 

have our last sufficient condition as follows. 

Proposition 3.2.5. (SUFFICIENT C O N D I T I O N II FOR C O M -

PLIANCE C O N S I S T E N C Y ) For a coordination contract z e C 

which achieves coordination in either a simultaneous game or a 

Stackelberg game, if the paijoff functions tt] (ri(?/2，力，"2,之)and 

7r2iyi,r2{yi,z),z) are twice differentiahle and concave with re-

spect to y2 and yi, respectively^ then z is compliance consistent. 
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P R O O F . TO show that the coordinating contract is compli-

ance consistent, we need to verify whether equilibrium is in the 

voluntary set, i.e., (yfiz), y^i^)) G Vi{z), i == 1,2. 

Note that {yi{z),yl{z)) G Vi{z) is equivalent to the fact 

,that yl{z) 二 aTgmaXy2 7ri(ri(2/2，z)，2/2，z). Consider agent 1’ 

T\\{T\{y2,z),y2,z) is concave in 2/2，then y认z) is the iriiriimum 

if it satisfies the first order condition. By Lemma ？?, we have 

dn 介八 y2,z),y2,z� 

二 f dr“y2, z)丨 d7ri(yf(z),y2,z)\ 
— I 加 1 办 2 Oy2 J 仍 = 的 ⑷ 

二 f d7ri(yuyl(z),z) \ dri(tj2,z) 
V y,=yt{z)J 办 2 尸 ⑷ 

Oyi ？/2=?/沿） 

二 ().咖“y2,之) + 0 = 0. 
如 2 y2=yUz) 

This completes the proof. 口 

‘ This proposition can be illustrated by the example of mar-

keting and operation coordination. Back to Example ？?，for the 

coordination problem of the marketing and operation managers, 

we have shown that the coordinating incentive payment contract 

is sequentially consistent. We now consider the special case of 

the incentive payment coordinating contract, where /Sp = 0. It 

- IS named the sales incentive contract, and ẑ  — {o4i，a|J. The 
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� payoff functions can be expressed as follows, 
f 

TTynO, <7, = (^nPE inin{x -^r e,q] - C.m工‘•^ 
< 

np(x, q�z') 二 a'^pE min{.T -i- e,q} - Cpc/^. 
< 

Again we restrict the strategy space to x<q<x-{-a and x > 0， 

the reaction functions are . 
( , � ^mP n 

< r 加 ) 二 

Provided z' is a coordinating contract, we want to show that 

z, is compliance consistent. We plug in the reaction function 

YpOx, z') and Vmiq, ？) into the payoff 7Tm{q, x, z') and n�人q, a:, 

We have tt爪(仏 r j j h and 7rp(rp(x, z � , x, The first and 

second order derivatives for the marketing manager are 
彻 ( ⑶ = - 卜 (； 

Tq r 一 a'p + 2CrnCr {a'^P + , 

碌 + 2Cm<jy . 

The first and second order derivatives for the production man-

ager are 

^ � P “ + 2C>)2 ’ 

^ (a;,p + 2 C » 2 . 

Hence, the payoff functions satisfy the sufficient condition II 

(Proposition ??) . The contract is coinpltarice consistent. 
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/ / Our last result demonstrates the connection of the compliance 

consistency and the sequence consistency. 

Proposition 3.2.6. ( E Q U I V A L E N T C O N D I T I O N ) Assume that 

a coordination contract z e C is compliance consistent. If both 

agents have decisions to make, the Stackelberg equilibria Si and 

So uniquely exist, and the optimal decision of the centralized 

channel is unique, then the coordination is sequence consistent. 

P R O O F . Since contract z coordinates the supply chain with 

K ^ compliancc consistency, and the centralized optimal decision is 

unique, the voluntary compliance set is V(z) 二 { (yt, Next, 

we need to show = S2{z) = {{Vi, 2/2)}-

Since V{z) = � n V " ? � ’ the optimal decision Q/T⑷，y拟)）G 

thus, 7r2{yt{z), y:^{z)) 二 max"i’y2 兀2("1, "2，之).Therefore, 

二 argmax^y�'K2{yl{z), 1/2, z), which means that -

r2(y*Az),z) = y 认z). 
‘ A 

Oil the other hand,.,the optimal decision (Z/JfO)，:(/�0)) € 

Vi{z), hence, {yl{z), y:^{z)) = arg max", ’ “�兀 1 ，"2，2：) ’ Then，we 

have the inequalities hold as follows. 

> maxy�TTi(yu 7-2(yuz), z) > 7ri(y^(z),r2(p^(z), z), z) (3.19) 

‘ =7r“"i*(z)’'"^，z). 
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The first inequality holds because the maximum payoff of agent 1 
limited on the reaction curve of agent 2 is loss than and at most 
equal to the maximum payoff achieved globally. The second 
inequality holds because z)) is one decision on 
the reaction curve of agent 2, the corresponding payoff is not 
greater than the optimal payoff on that reaction curve. Also, by 
first and last term of inequality (??) , we know all the inequalities 
hold as equalities, especially, 

max7ri(yi,r2(t/i, z), z) 二 7ri(y;X^’ 之）• 
‘ yi 

Therefore, we have shown that f 

yl{z) = ai.gmaxyi 7ri(yi，r2(yi，z)，2) 

yliz) = 制 ’ 4 

This proves that { (yi(z) , y^i^)))=而（之）.With similar agrc-. 
ment, we can also show that {(l/i(z), = S'jiz). This com-
pletes the proof. 口 

To complete the comparison of the two concepts, we demon-
strate that the compliance consistency is more strict property 
than the sequence consistency by thejollowing example. 

Example 3.2.6. Consider the following game with the random 

profit functions 

ni(2/i,y2,z,cj) == Acj —22/? + ?』， 

二（ l - A ) a ; — + 
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UJ is a realization of the random factor with expectation fi. X G 

0, 1] is the contract parameter. The strategy space is (奶’ 2/2) € 
0, 3] X [0,3]. it is clear that the payoff functions satisfy the 

sufficient condition II for sequence consistency. Hence, N{z)= 

补）二 和 { ( o ， o ) } . 
Since the expected profit of the supply chain is 7r(yi,y2) 二 

^ ~ y\ — yl, we know that (0,0) is the optimal decision for the 
supply chain. Therefore, wc demonstrate that the contract is 
coordinating and sequence consistent. 

'Meanwhile，we can see Vi{z) = { (0 ,3) } and V2(^) = { (3,0)} . 
Hence, the voluntary compliance set V{z) = 0. Therefore the 
coordination is not compliance consistent. 

Before concluding this section, we would like to revisit the 
transshipment price contract (TPC) that we discussed in Ex-
ample ？?. As wc have pointed earlier, the TPC coordinates the 
supply chain but lacks of consistency properties. Now, with a 
newly designed transshipment profit sharing contract (TPSC), 
we would like to show that the TPSC yields the desired consis-
tency properties. 

Example 3.2.7. ( T R A N S S H I P M E N T P R O F I T SHARING C O N -

T R A C T ) 

We concludcd in Example ？? that the TPC is sequence inconsis-
tent and inflexible in profit allocation. To fix these iiiconsisten-

« 
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cies, we design a transshipment profit sharing contract (TPSC), 
where the transshipment revenue (generated from entering into ’ 
the contract) is allocated by the transshipment prices and the 
cost of entering into the TPSC is shared by trans-payment. 
With zo denoting the null contract, retailer i obtains his payoff 
from his baseline demand A by maximizing his profit function 

Qi, Zo) = pmin{qi, Di} — cqi, and thereby finding his opti-
mal order quantity q .̂ On the other hand, ordering a quantity 
qi under the TPSC, retailer i incurs the opportunity cost 

, L i { q u Di) A } - cq^ -pmm{qu Di} + CQi, ？：二 1，2. 

With the TPSC z" 二 { “ ’ 力2，A} where U and A are the trans-

shipment price and the fraction of the trans-payment, respec-

tively, retailers i and (3 — i) pay (1 - J^s-i) and 

XLi{qi, Di) to retailer ( 3 - i ) and i, respectively. Thus, the profit 

'of retailer i is 

rii(仍，仍，Di, D2, z") 二 pmm{qu A } 一 cqt + (p — U) m i n { ( A —仍)十， 

- A3— 

- Ct) min{(Aw —�!—i)十，(Qi — 
> 

+ (1 - A)Li(gi, Di) — A L 3 — i , 

If we specialize the transshipment price and the fraction of 



CHAPTER 3. STRUCTURAL RESULTS AND EXAMFIJCS (>() 
\ 

the trans-payment as -

二 + (3.20) 
t2 二 Ap-h (1 - A)Q, 

V 

then the payoff function of retailer i can be written as a linear 

transformation of the channel profit，that is, 

TTi(仍乂'）= E{X[U{quq2. Du D2) -pmin{ql A} -f cq^ 

-pmin{^—i，D^-i} + cq^.i] + A } _ c《） 

二 A[7r07i，(72) — TTi(仏卻)-兀3—iOzLi，勿)]+7ri(&o，^). 

Hence, the reaction function of retailer i is 

= arg max TTi(礼仍-“2") = arg ma:?c ttO î, (/2). ‘ 
Qx . 

Since the supply chain optimal (gfj, q^) is the only solution of the 

equations 
* 

f 

q\ = arg max TT(<71,̂ 2), 

q2 == arg max TT((71，92)， 

I 奶 

it is clear that (射、（；^"),釣N(之"））=(qlq*). Thus, z" is a coordi-

nation contract where retailers make their inventory decisions 

simultaneously. 

: Next, let us consider the Stackelberg game with retailer 1 

as the leader. His problem is to maximize 7ri(<7i, 2："), 2:"). 

. . *, 、-
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Siiico 兀(^/1"/2) is concave, 

7r(r/T, ryo) 二 iiiax ’ r/2) 二 imix[iiiax 7r((/i, (/2) 
… ， ( / I (1•之 

• 

=i i i c i x 7r(//i, arg max n((/i, (j-z)) 

二 -max TTi ((/1,7.2 ("1，Z")， . 

Thus, = = {qh(l2)' Similarly, 82(2") 二 W ) . 
Just as wc sketched the retailers' reaction curves for the TPC' 
in in Figure ？? (a), we dcpict the reaction ciirvcs for the TPSC 
in Figure ？? (b). Each curve has a finite (a int.ercept ,� ( ( ) , ：^")� 

i =r 1,2. Hencc, the strategy space is [0,/.i (0, j x [(),厂2((), 
The siiniiltaneous and the Stackelberg equilibria coiiicidc lor I ho 
TSPC as seen in Figure ？? (b). 

Wo now show that the contract z" is also consistent in the 

profit allocation; the decision sequence, and the compliance regime. * 

First, by collcctiiig terms, we rewrite the profit function with- tlio 
、 

demand realization as ⑷，而）as 
參 

—11:}一(f/3—“ (h—i,:())], 

where the left-side is the contractual profit for retailer i and the 
right-side is the percent of the coiitract.ual channcl profit. Noto 
that the trans-pay merit only applies to the profit generated by 

• ^ entering into the TPSC. Therefore, by Definition ？?, the con-
tractual profit with the TPSC is shared between the rolailers 

• •• 
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ill Uic proportions A and 1 — A, regardless of tlie demaiul real-
ization. Th(�allocation arid sharing functions A((yi, qo, z) and 
"((/I, (/2’ ( '1，二）arc constants. Furlhcnnore, since S i ( : r " ) = 

t lu�coordination is sequence consistent. Moreover, pay-
ofl' liiiict ion ()r rot.ailer i , 兀 “ … 二 1/2，is jointly coiicavc 
with res])(»(!t U) r/j and 仍，and therefore by Proposition ？?, the 
contract is consistent in coiiipliancc regime as well. 

Filially, let us revisit the numerical example: p 二 10，（： = 4, 
a 

Ct 二（). I, I)Y ami 1)2 are i.i.d. normal with “ = 1000 and a — 300. 

1l'ie profit from t he local sales for each retailer is ^ o ) = 

‘ 1 1 2 0 , and llie expected contractual profit ql) 二 1322. By 

diaiigiiig the contract parainolcrs (/i，^2,A) in a way so as to 

. satisfy i\ + U == 10 and t\ = 1()A，the outcome channel prof-

its of the games remain channel optimal. Table ？? lists three 
« « 

ciuses: Case 1 represents the situation in which the trarisship-

iiieiit prices t\ 二 ,2 ; 5 lead to a coarclinated supply chain, with 

(ho channel profit split evenly between the agents and,'Cases 2 

and 3 rep^rosciit outcomes with different splits of the channel 

profit. 

• End of chapter. ‘ 

4 



* 

CHAI'TER STIWCTVRAL RESULTS AND EXAMPLES 7\ 

r/ot 'ite，？） ， 

巧((),2’ v 

() (I； /.i(()，2” ~/r 
‘ ⑷ 

(12 

�2(0’："）父 V 

Q i 

_____丨乂 i _ 

0 q\ n (()’？） r/, 

Figure 3.5: Retution curves in T P C (.2” and TPSC {z") 



« ^ 

cm APT Ell 3. STlWCTUliAL RESULTS AND EXAMPLES 75 : 

Contract 2 Gaino Profit Split of Fiactioii 1 for 

(̂ iisos (/]，力2’入) Type (TTI, 7T2, n) ir� TT̂' 
1 (5.0, ,5.0,0.50) Simultaneous (5181,5181,10362) (G61, 661) 0.50 

Cnse 2 (5.2,4.8,0.52) Stackelberg (5107,5055,10302) (G87, 035) 0.52 

Ca.se 3 (5.1,4.9,0.51) Stac>kelberg (5094,5068,10302) (074, 648) 0.51 

Table 3.1: Computational results for TPSC with difTcrent parameters 



Chapter 4 

Decentralized Supply Chain 
with LSP 

4.1. A Completely Decentralized Model 

As a building block of tho inventory theory, the standard iicwsveii-
dor model deals with the perishable product, and only allows one 
ordering opportunity. The retailer makes the order decision and 
tho supplier just produces to this order quantity. We consider 
the supply chain with a supplier, a retailer and a logistics ser-
vice provider (LSP). By holding a backup hivcmt'ory, the LSP 
provides another ordering opportunity for the retailer up to a 
pre-purchased quantity qi. When the retailer runs out oi inven-
tory, then tho LSP is able to tranship tho backup inventory to 
satisfy those surplus customers. The LSP charges a. replenish-
irienl price pi to compensate for the stocking risk. The event,s 
are as follows. First, the supplier decides the wholesale prices 

‘ 76 
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Wr loi the retailer and wi for the LSP. Then the retailer makes 
•r(l(�i, (jr I roil I the supplier, and the LSP order qi. The supplier 
produces the amount, and delivers to the retailer and the LSP. 
After that, the demand realizes, and the inventory is consumed. 
Finally, the leftovers are salvaged. 

For the backup inventory, wc assume that the LSP has to 
bear the risk of stocking. It can neither forcc the retailer to 
buy out those inventory nor find other retailing channel to sell 
those inventory to the market. Hence, the backup inventory can 
only be set up if it is profitable to the LSP. Moreover, the LSP 
charges the retailer the service rate a. The random demand D 

follows distribution function F with density f. Without loss of 
generality, we assume that F is a strictly increasing function 
and F{x) 二 0, if x < 0. The production cost c and the retailer 
price p are exogenous. The salvage value is normalized to zero. 

In our model, the three firms are independent decision mak-
ers. Their objectives are to maximize the expectcd profit. Next, 
the linns，cxpectcd profit are written as follows. The retailer's 
payoir is 

nr{qi,qr,Wr) =pEmm{D,qr} + {p - pi)E xnm{{D — Qry ^Qi} 

—(1 + a)wrqv 

(4.1) 
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The LSP's payoff is 

TV人q“ qr, wi, w,) = VIE min{(D — r/r)丨，qi] — wiQi + 
(4.2) 

The supplier's payoff is 

7Ts{qh qr, Wi, Wr) = {wi 一 C)(Jl + {Wr — C)如. (丄3) 

In next section, wc characterize the outcomc of the decision 

game assuming that the supplier offers a uniform wholesale price, 

namely wi = Wr 二 w. 

4.1.1 The Ordering Game Between the Retailer and 

the LSP 

Applying the backward induction, we start; from stage two. Given 
the wholesale price w, the LSP and the retailer make their indi-
vidual orders. The replenishment price pi and the chargc rate a 
is given. The decision to make is the ordering quantities {qi, Qr) 
with the payoffs (??) and.(??). For the given retailer's decision 
q" the LSP's best response is denoted by ri{qr,w). 

Proposition 4.1.1. the LSP's best response r/ to the retailer's 

order quantity Qr is 
� 2 ) t — ^uu 

n((7r, W) = max{0, 一 仏,}. (4.4) 
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P R O O F . The LSP ' s expected profit function is transformed in 

the Id lowing way. 

TTiiqi, Qr, w) 二 p/i?min{(I) — gr)卜，切} — mi + OiWQr 
Jrqv fQr+Ql 

‘ r r i i r i {0 , qi } f (Od^ + / nnn{^ - (ir, qi } f {Od^ 
0 Jqr 

.广+00 

-}• / — qr, 幻 — 卿 + OLWQr 
Mr \ qi 厂+ 00 

二 / - qr)f{Od^ + / QifiOd^] 
J Qr J (ir + (Jl 

一 wqi + awqr 
二 — — / n m + 仍 丨广 

J Qr 
—wqi + awQr 

nqr\qi ^ 
=PllgiF(qr + qi) - / + qi — qiFijjr + (]l). 

J Qr “ 
—wqi + OLwqr ‘ 

fqr+qi 
=pi[qi - / 妖]—啊 I + awqr. 

./ Qr 
We take the derivative with respect to qi, 

Ondqi, QryW) 「 , 
… 1 — F{qr + qi)] — w. 

dqi 

And the second order derivative is 

^ . 炉-，”、二一秦+ qi�<0. ‘ 

The profit function is concave in qi within [0,+oo). Hence, 
the best response decision ri{qr, w) satisfies the first order con-
dition, or equals 0 when the maximum is attained at negative 

4 
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quantity. That proves r/(gv’？"）= m a x { 0 , 厂 - 、 ) — Qr} • 
/ ‘ 

• 

Noted that the above first order condition can also be written 
as 

� pi — w / 厂、 
F{qr -I- qi) 二 L——. （4..力 

Pi • 
This expression has a better indication on the “backup” 's mean-
ing. As we see, the LSP's best strategy is to order up to the level 
that makes the aggregate inventory Qr + qi reach the scrvice level 
{pi — xu) jpi. The service charge rate ex also has no impact on the 
LSP's decision strategy. However as we will sec the retailer's 
order qr decreases when cy. increases. 

Next we develop the retailer's response function w) with 
respcct to the quantity qi. 

Proposition 4.1.2. The reaction function 7�[qiyw�satisfies 

(1 - ^)F{Tr{qu û ) + qi) + j / { r r { q u w ) ) = P ' ^̂  ^ ( 4 . 6 ) 

P R O O F . The retailer's expcctcd profit function is 

7Tr{QhQr,yj) = pEmm{D, ^r} + (P - Pi}^ min{(D 

—(1 + a)wqr 
• ‘ rqr j'Ur-^m 

-二 v[qr — / + CP — Pi)[qi — / / " O戏 1 
./{) �‘ (h 

- ( 1 4 - (4.7) 
, < 

I 
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We lake the derivative with respect to gv and have 

dn八q�rM 二 p - pF⑷ 一（p — pi)[F{qr + qi) _ F ( 如 ） ] — ( 1 + a )肌 . 

OQr 
And the second order derivative are 

二 -pf{qr)-{p-pmQr + qi)-f{cir)] 
Ocir 

二 —Pz/(r/r) —（P — Pl)J\qr + CJl) < 0. -

Hence n” is concave in gv’ and the first order condition 加“仍)，""")二 

0 gives rise to 

P V P 

• As wc assume that p / � ( 1 + a)Wy the derivative is positive at 
^ qr 二 0 for any given qi G [0, -foo). Hence the optimality of the 

concave function is achieved at a positive value. Thus, ?> > 0 
and it satisfies-the first order condition. • 

4.1.2 Simultaneous Game outcomes 

After the wholesale pri'cc w is given, wc assume that the LSP 
and retailer place orders simultaneously to the supplier. There is 
a static game of ordering between the retailer and the LSP. The 
solution is the Nash equilibrium, which both agents can not be 
better off by unilaterally deviating from. The Nash equilibrium 
is the intersection of the reaction curves. To this end, we have 
the following theory. 



CHAPTER 4. DECENTRALIZED SUPPLY CHAIN WITH LSP 82 
Wholesale price w is decided Demand D realized 

” ,， Decision f" and c/i is made ” 
I——I 1 -1 

Contract (pi, a) is agreed 

Figure 4.1: The time line of simultaneous inventory decision game 

Theorem 4.1.1. There exists a unique and globally stable Nash 
、 

equilibrium for the static ordering game for the retailer and LSP. 

If 
Pz > + (4.8) 

holds, the LSF builds up a positive backup inventory, that is 

q^ > 0 and the Nash equilibrium is 

彻 二 广 i (灼— ( 1 + 咖 
'“乂 ‘ Pi. Pi 
N�、 r^-ijn — ' ⑴ 、 厂 一 — ( 上 + + , HP- Pi). 

④ 〜 … 二 F ( p, 卜 Pi ). 
( 4 . 9 ) 

Otherwise，the Nash equilibrium is degenerated to 

. 广/r M = F ( ) 
‘ < P 

‘ * ‘ 二（). 
^ 4 

P R O O F . 

First wc assume pi > p / ( l 4- a). Consider the slope of the 

reaction curves. Curve ac is the reaction function n(<77.，'�),arid 
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Qr\ 
‘‘ ri{qr,w) 

• „ / 

\ 
^ ~ r八w) 

\ 、 
r: 

Figure 4.2: Tho equilibriiini in the simultaneous game 

curve bd is the reaction function rr[(]i,w). The intercepts a arid 

c are of value b is of value " H i 广 ) 切 ) . T h e slope 

of curve hd is less than 1, since 

dr八(]i, ？ 二 — {P-Pi)f{qr-^QI) < 1 
~~~%— “ {p - pi)f{Qr -f- qi) + Vif{qr) ‘ 

f 

I'lierefore the two response curves always have intersection 

and intersected both on positive values if and only if the inter-

ccpt a is of higher value than b is, namely 
. p - (1 + a)w < pi - w 

P “ Pi 

Oreqiiivalentlyp/ > On the other h a n d , 广忠叫 = 1 . 
‘ ‘ Therefore, | | . 丨 加 < 1. From Fudenberg and Tirolc 

(1991), we know that there exists a unique and globally stable 
Nash equilibrium, which can be derived by solving the equations 
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of the reaction functions jointly. 

Mqi, — 二 (h. 
< 

— = Ql-
V 

That is 
J), Vi p — (\ + 

(1 — + qi).+ ^F{qr) 二 \ ' 

I PI 
Collecting terms, the equilibrium is in (he form of expression 
(??). 

When Pi < p / ( l +qO, the reaction of the LSP is 'n�qr, — 二 

Then retailer faces a convention news vendor problem and lia.s 
the optimal ordering quantity equal to 

Nr、 p 一 + 咖 、 QrM 二 F ( ), 

where q厂(w) = 0. 口 

It can be seen that (p — (1 + a)w)/j) is the service rate that 
the retailer prefers for given wholesale price w, and (pi - w)'/pi is 
the best service rate which the LSP prefers. The inequality (??) 
is the condition under which the LSP prefers a Vjotter scrvice 
rate than the retailer does. Only then the LSP builds up a 
positive backup inventory to pursuit the service rate. Wo denote 
k 二 By the assumption p < (1.+ it is clear thai 

0 < k < ( 1 + + 一 二 a. Then the Nash equilibrium can be 
— ‘ — Pi 
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Wholesale pricc w is decided Demand D realized 

c 

�� Decision Qr is made ” 
I——^ 1——I 1 

Conlract (pi, a) is agreed Decision g/ is made 

Figure 4.3: The time line of the sequential inventory decision game 

written as 

"r M 二 F ( ) 、 
< PI , , 1 , , (4.10 
1 Nf � — 厂 — (i + a — A: — 

(—= F i—^) - F ( ). 
Sequential Inventory Decision 

Next, wc consider the sequential decision sequence, in which the 
LSP places order qi after the observation of Qr. The order game 
is also regarded as Stackelberg game between the LSP and the 
retailer. The sequential setting makes more sense in the practical 
operations. Because the LSP ships the retailer's order, hence it 
can observe the quantity q” But the retailer may not know the 
volume of the backup inventory cji. We assume that the retailer 
also recognizcs that the LSP makes decision afterward. Then 
the retailer is the leader of the Stackelberg game. Compared 
with equation (??)，the retailer's payoff is changcd to 

» 
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7rr(j'l(cjr,y))，(Jr.…) 

二 pE \n\u{D,q,} -\-{p- pi)Ein\n{{D - ( /厂广， w ) } - (1 + c^)wqr 
rqr 广/r —'•/(("’",） 

=p\(lr — j � + {p — Pl)[ri{qr. w) — I f'iOd^] 

—(1 + a)wqr-

Plug in the reaction function of the LSP, equation (??)，wc have 

the first order derivative: 
‘ Vl 一 议 ' 

机(•，⑴)，如，?“) ^ 灼 （ 1 —厂⑷）—（1十+，'丨. < 广（"TT) 
• , 8qr I 一 F{qr)) — (1 + (如(Ir > 厂-

(4.11) 

The sccond order derivative: 

d^Mri{cirM,<lrM 一 . , • ^ ⑷ 办 〈 厂 （ i ) 

^ —Pf � 
Pi 

The profit function 7iV('n(<7r)，仏•，is concave in (jr on interval 

• ’F—1(2^ ) ] and ( F - i ( Y )， + o o ) respectively. However, on 

q , , =厂 - - i ( H ^ ) , the left derivative is not less than the right 

derivative, licnce the function is not concavc on [0, +oo) . 

Theorem 4.1.2. The unique Stackelberg equilibrium q^'') 

exists. There exists rj < p / ( l + a), such that if pi > p / { l -f- a ) , 

then ‘ 
麵 二 广 i ( P 广 ( l + o O , 

< 灼。 丄 、 (‘1.12) 

1 Srf、 厂 ⑴ 、 r . - i ( V i - (1 + 咖 、 

們 ― 二 F ( )， 
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(ir\ 
. M(/r�川) -

• / • • -

\ s ; = (<7严、gf’.） 

N；；̂  W) 

\ 1 
0 L— ^ > (li 

f 

Figure 1/1: The equilibrium in the Stackelberg game 

and if pi < //, then 

f Sr(� … ( � + 咖 、 Qr M = F ( ) , ^ 

< P (4.13) 
� q f r ( w ) = 0. 

P R O O F . Sincc, the profit function 7rr{ri{qr,w),qr,iu) is con-

cave in interval and (i^-i(〒），+oo) separately. 
j^l Jrl 

The maximal profit can be achieved in either [0，F~"i(^^^)] or 

There arc different eases. 

Case 1, /卜(1广)…< ？ 7 r , . ( r / ( ( / r , w), (jr, w) is decreasing in 

( F - 1 ( 7 ) ,十 o o )， a n d the local minimum in [ 0 ， F — i s 

F~~�(̂ Pi -iU'Cx)w^ which is also the global minimum. Hcnce the 
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Stackclberg equilibrium is in [0, F—1(〒）], namely, 

<�ctiw) 二 F二 1( Y ) - 厂 

Ca.se 2, ^ < 口一“广.The profit nr{ri{qr,w),qr.w) is first 

increasing then decreasing in (F—i (^^)，+oc ) ’ herico it, has a 

local maximum F-i(广(！广””.But il is not necessary to have 
、‘ 

the global optimal Wc need to compare the two local optimal 

quantity. In the interval [0, 

max TTririiQr, u，')，qr, w) 
(h 

‘ p- I / Pi - (i I ")tx；� 

二 + ' + ) 」 / • V • 幻 
Pi Jo ‘ 

” � r � r ^ - l /风—川、卜 i f Pi — (1 + 咖 、 + (P — P / ) [ 厂 F ( )— 

/ ‘ 尸 ( 0 妖 ] — ( 1 + ) ) . 

The profit is a function of pi, where pi > w. When pi is reduced 

to w, Qr - qi = 0，and TT̂  二 0. In ( i ^ — U + o o ) , 

— ( 1 + + F � - ( 1 • 二 
Pi 

The profit is not a function of pi. Hence, there exists a value 
< 

w < rj < p/{\ + a) of p/，for all pi < r;, the local minimum in 
t 
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( F — i ( z ^ ) ’ + o c ) is the global optimal, where the LSP docs not 
hold backup inventory. Therefore,when pi > the LSP holds 
positive inventory. When pi < ?/, the LSP does not hold backup 
inventory. ‘ 口 

Comparing the outcomes of the two different sequences of 
decision making, from the expression (??) and (??), wc know 
that {or Pi > p/{\ + a),, it always holds that q? > <7产 and 

< q f r And the profit i^riq^,qr ^w) < i v 八 a n d 
TTiiqĵ , (Jr'̂  w) > 7Vi{qf'\ qf''.'^)- In other words, the retailer has 
first mover advantage, if pi > p/{l + a). The retailer has moti-
vation to announce its ordering quantity Qr to the LSP, before 
the supplier starting the production. 
‘ For given wholesale price, we denote the outcome of the de-

cision game as ((/f (t^), 丄0). ̂  stands for Nash or Stackelberg. 
From either of these equilibrium outcome, we do not see any 

benefit for the supply chain to incorporating the LSP. The ser-
k 

vice level is lowered to As the LSP demands a portion 
of profit, there is a curse of triple marginalization, which results 
in an under stdckirig problem. 

4.1.3 The Stackelberg Gaitie on Stage One 
i 

In stage one, the supplier offers a wholesale price w: Then the 
LSP and the retailer make orders {Qri'^v), qf{w)) from the sup-
plier based 011 the wholesale price w. By equation (??)，the 

» 

I 
I ‘ 

4 
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‘ * 

profit of the supplier only relies on the sum 

By Theorem ？? and ?? , we know that if (1 + a)pi > P, 
the LSP holds a non-negative backup inventory. And the total 
production quantity as tlie solution of the ordering game satisfies 

J)} — w 
Fm•�)+ _、二 

If pi < the LSP docs not hold backup inventory. The total 

production quantity is gv, which is the solution of the newsvcn-

dor problem，namely, 
‘ , � r; — (1 -h a )w 

+ qf{w)) = F{qr) = ‘ 4 — 
P • 

Then we substitute into the expression ( ?? ) and have coinplelcd 

the proof. Therefore, the supplier's profit is 

{ w - PI > p / ( l + a) 
兀 ⑴ = ^ . 、 厂 

rj. 
(4.14) 

» 

Since the production quantity depends on the higher coverage 

preferred either by the retailer or by the LSP. The supplier sets 

wholesale price w to maximize 7Ts{w)- Unfortunately, the profit 

function is not concavc in general. We denote the generalized 

failure rate by g(x) 二 xf(x)/(l — F{x)) which gives the percent-

age decreasing in the probability of a stock put from increasing 

the stocking quantity by 1%. A distribution has an increasing 

generalized failure rate (IGFR) if g{x) is weakly increasing for 

A 
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all X. The IGFR assumption is not restrictive because it cap-

lures most coiniiion distributions, e.g.，the normal, the uniform, 

ami the gamma. . 
^ -

As Larivicrc arid Porteus (2001), a parallel argument shows 

the unirnodal property of the profit function. We omit the proof. 
‘ < 

Theorem 4.1.3. If the demand distribution F is IGFR, the 

profit fimction is unirnodal on [(),+.oo) for both cases in 

expression〈？？入 . 

One could apply the first order analysis to find the optimal 

value of w under the IGFR distribution. IGFR is not restrictive. 

All functions with an increasing failure rate (IFR) arc IGFR. But 

the inverse is not true. 

If the LSP sets the transfer pricc pi greater than p / ( l + a) , 

it has the ihcentive to hold a positive backup inventory which 

raised the sales revenue of the supplier. As we discussed, the pos-

itive quantity of backup inventory provides the retailer a chance 

lo roducc the probability of stock out and bring in extra revenue 

as well. ‘ 

4.2. A Coalition Model 

In this section, we investigate the behavior of the channcl mem-

bers when the coalition is formed between the supplier and the 
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LSP, and the retailer and the LSP in the sense that two of the 
agents maximize their aggregate profit. . 

4.2.1 The Integrated Supplier and the LSP v.s. the 

Retailer 

Wc consider the situation when the supplier and the LSP form 
a coalition. Sincc we are only interested in the non-degenerated 
ordering game, we assume that the inequality pi > p / ( l -f cv) 

• holds throughout this discussion. The players in the decision 
‘ game now become the supplier-LSP coalition and the retailer. 

We denote the payoff of the coalition as TT.�/. The backup inven-
tory decision qi is now made by the supplier-LSP coalition with 
the payoff function as 

TTsiiQr^qhw) = jO/£;min{(D — gr) I，gz} — r邓 + ((1 + 一 c)仏• 
/'Qr^Ql 

==Pllqi 一 / 一 cqi + ((1 + a)w — 
'I Qr 

( 4 . 1 5 ) 

Next, we consider two different decision sequences. 

Stackelberg Ordering Subgame 

The time sequence is as follows. The supplier-LSP coalition first 
announces the wholesale price w to the retailer. Then the re-
tailer makes an order q” The supplier-LSP coalition adjusts the 

r 
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i 4 
I, 

quantity .to f/；. + qi and starts production. Then the products are 

shipped to the LSP's warehouse.and the selling season begins. 
dip 

With the backup inventory decision, the problem for the 
‘ V . * -

supplicr-LSP coalition is to maximize expression (??) . The re-

action function can be written as 

• TM = - Qr. 
. Pi 

Compared with (?? ) , the coalition's optimal backup inventory 

level has a wider coverage, due to the elimination of double 

iiiargiiializatioii between the supplier and the LSP. For given 

w, the problem for the retailer is to maximize the following 

objective, 
• « 

冗r(<7r, rsi((]r),w) = pE miii{D, qr} + (P — pi)Emm{{D — gv)+，rs/O,’）} 

. —(1 }- a)wqr. ‘ , . 

A parallel result is derived as in the three-agent setting. Plug 

in the reaction function Vsi, we have the first order derivative: 

無Un— = I 风（1 - • - (1 + + 仏. < 广、〒) 

Pi 
( 4 . 1 6 ) 

The second order derivative 

…)=I 仏’ < 广 、 〒 ) 

树 — — P f � 
Pi 
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The profit function 7rr{rf{qr), Qr, c) is concave in (“. on iiiler-
val [0, F - i ( Y ) ] and ( F — r e s p e c t i v e l y . Since pi > 
p/{l -f a), the Stackelberg equilibrium is 

5 r / � Pi — (1 + op" )� 

< (''>、二 " " " " ) (4 17) 
⑴）二 二 F -1 广 ( 1 + + ) . • ,̂  Pi pi 

The supplier-LSP coalition determines the wholesale price w to 
maximize their payoff. 

二 piEmin{{D — q^"^{w))\qf^(w)} — c q f » + ((1 i a)w — 

=Pl[qf''{w) — / FiOd^] — c q f » + ((1 + -

Theorem 4.2.1. The joint profit of the supplier-LSP coalition 

is an increasing function of the wholesale price to the retailer. 

In fact, the collusion of the supplier and the LSP provide them 

incentives to squeeze out the profit share of the retailer. 

P R O O F . 

dw 
dqf'-iw) p , srf、、妨W dqf'\w) 

+ ( 1 + a ) 知 〜 ) + ((1 + + -

And from expression (??), we know (i/;)) - and 

f 

‘ # “ 
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广 ( 1 : 严 ) )二 , 灼 二 0. Therefore, we have 

- dqfi(w) , ,1 � d q f ' \ w ) - P i V + (灼—(1 + y — C ^ aw aw aw 

. I (1 I- + ( ( 1 + a)w - c 产 二 ( 广 ) 

. = c ) ( 響 + 響 ) + ( i 二 M 

- ( 1 + > 0. 

Therefore, the payoff function is an increasing function of w. 

• 

Note that when the supplier and the LSP form a coalition, 

the double margins of the backup inventory vanishes. The cov-

erage of the total production quantity qi + gy is maximal. When 

Pi is close to the retailing price, the coverage is close to the 

centralized optimal coverage Secondly，assume pi is close 

enough to the retailing price p in the sense that the margin 

p ~ Pi could be ignored. Then by setting the wholesale price w 

equal to p/{l'-\- a), the supplier-LSP coalition can obtain all the 

channel profit, leaving nothing to the retailer. In that case, the 

retailer dose not hold inventory, Qr 二 0. Due to the elimina-

tion of the double marginalization effect, the channel efficiency 

« 
is guaranteed, or say the system is coordinated. Holding other 

r 
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pararnetrcr unchanged by varying w from c lo p/(l + a), there 
is a continuum of profit allocation between the retailer and the 
supplier-LSP coalition while remaining the tot 

Static Ordering Subgame 

In this model, we assume that the supplier-LSP coalition an-
nounces the wholesale price w at the beginning. Then the coali-
tion makes the backup inventory decision and the retailer makes 
tlie order at, the same time. After that, the production and de-
livery take place, and the selling season begins. This situation 
happens when the retailer does not know that the supplier and 
the LSP are united. Therefore, the retailer may model its couii- � 

tcrpart as the LSP with the payoff function TT/. Sincc the re-
tailer's payoff does not changc, its strategy is not changing. For 
the decision process, there are two stages. Again we apply the 
backward induction to analyze the outcome of t he game. 

In stage 2, the wholesale price w is taken as given. The 
supplier-LSP coalition arid the retailer optimize the following 

payoffs jointly: 
f 

-Ksiisir, qu 以0 = PiE miii{(D - Qr^, qi} — cqi + ((1 + (y)w — c)qr . 

7]>(gr,g7’⑷）二 ；?J5min{i:)，gv} + (p — P/)£^miii{(/) — (/7,PV//} 

—(1 + a)wqr. ‘ 
V , 

« 

Proposition 4.2.1. Given that the wholesale price w and in-
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equality pi > p/{i -f a), there exists a unique Nash equilibrium 

for the sticond stage static game, that is’ 

N(、 r^-uPl —(】+ — f^)'�� 
O ) ：二 F ( ) 

Pi 

Pi Pi 

P R O O F . Given that pi > the siipplier-LSP coalition's 
reaction function is 

rslXqr) = F~\-""""-) 一 qr. 
Pi 

And the retailer's reaction function is the same as in the decision 
subgame versus the LSP. The reaction is implicitly expressed as 
equation (??). Wo jointly solve the equation system and obtain 
the above solution. • 

111 stage 1，the supplier-LSP coalition incurs a different ob-
jective against the situation in sequence No.l. The objcctivc is 
written as 

二 / � / ? m i n { ( D — — cqf"(w) + ((1 + a)./; — c ) q � ) 

二 PiIQI'M — / — o z / V ) + ((] + • -
人"(1/，） 、 

Theorem 4.2.2. If the demand distiibution F is IGFR, the 

profit function q^{w),w) is a unimodal function of 

• w. 

« 



1 
« 
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P R O O F . Since q^{w) = F - � (灼 - ( i 卞咖 ) i s the strictly de-

ceasing function of the wholesale price w，wc consider an equiv-

alent problem with decision qĵ  ： We change llic expression (;o 

‘ — r ) 二 … ― . 

�rhercfore the oKjectivc becomes 

二 M(!r�q!") - / — c(鬆)+ ( (14 — 

二 ) - / ，" — c F - ( ^ ) 
Pi j<ip Pi 

1 -h a： — A: 
We take the derivative 

1 a — K 

= - M l - F ( � + — 

• kpi CV N�\ (1 4- a)pi ffN^N 
二 TT^k^^ — 彻 ) ) — T T ^ ‘ , ( " r k . 

It is easy to see that 咖 ^和“ ’ � � " ) ’ " ( • > (<)0 if and only if the 

generalized failure rate = < F is IGFR, 
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‘ • » . 
s • 

so that g is an increasing function. Therefore, the profit function ‘ 
兀 .s ’ / ( / /广， '^^Kq!^)) is unimodal in q^. As a, result, the profit 
furictioir7r.5/((7^(ii；), 7/^(1/;), iv) is unimodal in w. • 

The numerical results in the later section indicate that the 
supplier is biased on raising the wholesale price and seizes on a 
majority of the channel profit. 

4.2.2 The Integrated Retailer and the LSP v.s. the 

Supplier 

We "consider the retailer and the LSP collude in this section. 
They jointly make decisions Qr and qi to maximize the joint 
profit TVri which is equal to ?]> + TT/. The decision game now . 
has two stages. The suppler acts as a Stackelberg leader, who 
determines the wholesale price. The retailer-the LSP coalition 
makes orders from the supplier. 

TTriiqr.Qhw) = pEn\m{D,qr} pE mm{{D - QrY^^gi} - w{qr -f qi)� 
4 

=pE miri{D, qr + r//} — w{qr + qi). 

It straight forward that the problem is equivalent to a converi-
、 

tion newsvendor problem for the retailer-the LSP coalition. The 
external decision that affects the coalition's payoff, is the total 
inventory q” + qi. Therefore the optimal decision for given w 

is qr + qi — The double margins of the backup in-
ventory between the retailer and the LSP are eliminated, hence 
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the overall production quantity Qr + qi has a greater coverage 
than that in the three firms competition, which is Con-
sider the situation at which the supplier and the LSP form a 

‘ coalition, the coverage is It is not so straight forward to 
see which situation has more coverage, thus, achieves better sys-
tem efficiency, we will compare the outcomes of. the two cases 
in numerical examples in later section. ‘ 

4.3. Model with Strategically Wholesale Price 
Discrimination 

In this section, we assume that the supplier, the retailer and the 
LSP make decision separately. The supplier offers differentiated 

� wholesale price wi and Wr simultaneously to the LSP and the 
retailer. Then the LSP decides the replenishment price pi. And 
then the retailer plax̂ es an order Qr and the LSP places an order qi 
before (after) observing q” Then, the supplier starts production. 
Finally, the goods qi+qr are shipped by the LSP to its warehouse, 
and the selling season begins. � 

We first consider the second stage ordering subgarne. Assume 
that the LSP sets the replenishment price pi satisfying pi > 
p / ( l + a ) . And the retailer accepts the replenishment, \f p — pi > 

0. We also ^siime wi < Wr, since the LSP is not going to accept 
a wholesale price that is even higher than the market wholesale 
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pricc. With these assumption, wc know that the supplier creates 
a source ol income from the wholesale price discrimination. For 
any given a;；., we have the follow results. 

Theorem 4.3.1. The Stackelberg equilibrium is as follows: 

97 V 、 厂—1/P/ — (1 + ri)'UV� 

J Pi 
qf [WI, Wr) = F ( ) - F ( )• 

L Pi Pi 
、 （4.18) 

The Nash equilibrium can he explicitly expressed as follows. 

,q!:Hw“Wr) 二 F - l ( P , - ( l + ; ” > r ) 
' ' ( 4 . 1 9 ) 

. = ' - 广 厂 咖 r ) 

In the first stage, the supplier makes decision. The supplier 
needs first to decide whether it should offer the products to the 
LSP for the purpose of backup inventory, to choose proper Wr 
and wi to maximize its profit TIV , 
Proposition 4.3.1. If the supplier increases the value of w” the 

retailer' 'will decrease the aider quantity and the LSP will increase 

the backup inventory. The total ordering quantity remains. If 

the supplier increases the value of wi，the retailer will keep the 

order quantity and the LSP will decrease the backup inventor-y. 

Therefore the total ordering quantity is cut down. 
t 
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Wr 八 VJl 4 \，qfr 7，^Sr + ^^Sr 

Wr - > , Wi qf''(斤、\，qSr + (斤’r \ 

The supplier's profit function is 

/ 5r Sr \ ( � 厂 — - (1 + Q)?iV�I ( �厂…i,/�-U�l� 

Pi Pi 
Let wi 二 w, Wr > w. Wc can see that the second term is 
the profit gained in the uniform wholesale price setting. The 
first part is the increment of profit. Therefore, the wholesale of 
the backup inventory becomes another source of the supplier's 
income. 

Next result shows the relationship between the optimal whole-
sale prices in the uniform and differentiated settings. 

Theorem 4.3.2. Given the transfer price pi，the service charge 

rate a, and the Stackelberg sub-ordering-game. We have w; > 

w*/(l-\-a) and wf < w*, where w* is the opt/imal wholesale price 

with the uniform wholesale price setting, w*, w* are the optimal 

wholesale prices with the differentiated wholesale prices^setting. 

P R O O F . We plug in the expression of the equilibrium into the 
supplier's profit function, then the latter is the function of the 
wholesale price (wr, wi) only. 

= {w -
Pi 

/ 、 / 、 ！ — (1 + a ) 肌 r � , , 、厂—— 1"/� 

Pi Pi 

* 
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Wc (Icnotc w* — arg max川If；), (li；*, w*) — arg max>̂ r̂，u’, ^si^r^ '^i) 
and Wr -- (1 -f- a：)?/;；, for the convince of argument. 

( - � / ^r N r.~l/P/ - ^rx , I 、！T-l 斤I — ' � I � 
7Ts(Wr,Wi) = (T-； 'Wi)F ) + {wi - c) F ) 

1 + a Pi Pi 

('^V C c -

+ ( " � - c ) 广 

Pi 
1 ( - 、厂—仍—？、、i ( 、 / 灼 — w 、 

=——(uv - c)F ( ) + [wi - c)F 1( ) 
1 + a Pi Pi 

( C \ 1 Pl — Wr� 

=T^-^siWr) + nA 购)—灼—r^)广 

1 + a 1 + a pi 

Now, assume that w* < w*, we want to show that this assump-

tion leads to a contradiction. Therefore, w* > w*/{I + a) gets 

proved. Consider the partial derivative: 
d7T,,{Wr,Wi) 二 1 . C - Wr)/pi) 

,dWr 1 + a； dWr 1 + a dWr 
Because w* is the maximal point of the unimodal function 兀“!/力， 

TTsiw) is increaisirig vvhen w G [0, w'']. As assumed that w* G 

0，w*], we know the term “二^) > 0 when Wr = w^. For the sec-

ond term, since ^^ 叫灼 ) < 0, it is strictly positive. There-

fore, ()〜&，叫)0 when w^ —企;. I t is a contradiction to the 

optimality of w*. 

Similarly, we assume that w* > w*. Consider the partial 

i 
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derivative: 

dTTsjWry VH) 一 d/Ksjwi) 厂―1(P/ — ？、) 

dvui dwi Pi 
Bccause w* is the maximal point of the unimodal function TTS (肌)， 

TTJZ/;) is decreasing when w € [iv*,p]. As assumed that wj G 

we know the term 丄了。< 0 when wi = w [ Therefore, 
加 党 叫 < 0 when wi = w^. This contradicts to optimality of 
w*. That proves w* < w*. • 

4.4. Numerical Analysis 

In this section, we present numerical analysis to corroborate and 

supplement the previous results. Throughout the analysis, we 

consider the demand D which is normal with mean 500 and 

variance 300. The retailing price p 二 100 and the production 

co3t c = 30. The centralized optimal production quantity is 657 

and the associated profit is 25164.0. 

In Table 1，we demonstrate the supply chain performance in 

,decentralized supply chain with 3 independent firms. We denote 

s-l-r(SN) as the sequence where supplier makes decision first,' 

then the LSP and retailer make their decision simultaneously. 

And s-l-r(SS) as the sequence where supplier makes decision 

first, the LSP makes decision second and the retailer makes dc-

a 

1 



CI I AFTER 4. DECENTRALIZED SUPPLY CHAIN WITH LSP 105 

Table 4.1: Supply chain performance (Three independent firms) 

Typo A Pi w* q!^ qf TT.̂j/TT tti/tt TIV/TT efficiency _ 

s-l-r(SN) 0.05 99.0 69.3 318 25 0.71 0.06 0.23 75% 

s-l-r(SN) 0.05 96.0 67.6 334 5 0.68 0.06 0.26 74% 

s-l-r(SN) 0.05 90.0 67.1 339 0 0.67 0.06 0.27 74% 

s-l-r(SN) 0.10 99.0 69.3 285 57 0.71 0.11 0.17 75% 

s-l-r(SN) 0.10 92.0 65.2 326 8 0.63 0.12 0.25 74% 

s-I-r(SN) 0.10 90.0 64.6 3.34 0 0.62 0.12 0.26 74% 

s-l-r(SN) 0.20 99.0 69.3 210 132 0.71 0.20 0.08 75% 

s-l-r(SN) 0.20 82.0 59.4 334 13 0.53 0.22 0.25 71% 

s-l-r(SN) 0.20 75.0 60.2 323 0 0.54 0.22 0.24 72% 

s-l-r(SS) 0.05 99.0 69.3 312 31 0.71 0.06 0.23 75% 

s-l-r(SS) 0.05 96.0 67.6 308 31 0.68 0.06 0.26 74% 

s-l-r(SS) 0.05 90.0 67.1 339 0 0.67 0.06 0.27 7 4 % ” 

s-l-r(SS) 0.10 99.0 69.3 278 64 0.71 0.11 0.17 75% 

s-l-r(SS) 0.10 92.0 65.2 269 66 0.64 0.11 0.26 74% 

s-l-r(SS) 0.10 90.0 64.6 334 0 0.62 0.12 0.26 74% 

s-l-r(SS) 0.20 99.0 69.3 202 141 0.71 0.20 0.08 75% 

s-l-r(SS) 0.20 82.0 59.4 ’ 163 158 0.53 0.16 0.31 71% 

s-l-r(SS) 0.20 75.0 60.2 323 0 0.54 0.22 0.24 72% 

• ^ 
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Table 4.2: Supply chain performance (The supplier-LSP coalition v.s. the 
rotailer) • 

Type tt pi w or w* q^ qf tt^i/tt tiv/tt efficiency 

sl-r(SS) 0.05 99 40 557 97 0.28 0.71 99% 

sl-r(SS) 0.05 99 60 395 259 0.69 0.31 99% 

sl-r(SS) 0.05 99 70 . 305 350 0.83 0.17 90% 

sl-r(SS) 0.05 96 40 547 99 0.28 0.72 98% 

sl-r(SS) 0.05 96 60 379 267 0.67 0.32 98% 

sl-r(SS) 0.05 96 70 283 364 0.81 0.19 98% 

sl-r(SS) 0.10 96 40 531 115 0.33 0.67 98% 

sl-r(SS) 0.10 96 60 353 293 0.72 . 0.28 98% 

sl-r(SS) 0.10 96 70 245 401 0.85 0.15 98% 

sl-r(SS) 0.10 92 40 516 119 0.32 0.68 97% 
4 

sl-r(SS) 0.10 92 60 327 308 0.69 0.31 97% 

sl-r(SS) 0.10 92 70 205 430 0.81 0.19 97% 

sl-r(SS) 0.20 90 40 475 154 0.39 0.61 96% 

sl-r(SS) 0.20 90 � 6 0 248 382 0.75 0.25 9G% 

sl-r(SS) 0.20 90 . 70 50 580 0.82 0.18 96% 

sl-r(SS) 0.20 82 40 435 168 0.37 0.63 93% 

sl-r(SS) 0.20 82 • 60 150 452 , 0.67 0.33 93% 

sl-r(SS) 0.20 82 65 3 600 0.69 0.31 93% 

sl-r(SN) 0.05 99 89 25 629 0.98 0.02 99% 

sl-r(SN) 0.10 92 82 120 515 0.87 0.13 97% 

sl-r(SN) 0.20 82 71 195 408 0.77 0.23 93% 
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Table 4.3: Supply chain performance (The supplier v.s. the LSP-retailcr 

coalition) ‘ 

Type a pi iv* (7r + Qt tt^/tt nir/n efficiency 

s-ir(S) - - 60.2 422 0.59 0.41 86% 

Table 4.4: Supply chain performance (Differentiated wholesale price) 

A PI w； wl q% qf TTs/TT tti/tt TIV/TT efliciency 
t 

0.05 99.0 69 37 315 282 0.79 0.05 0.16 99% 

0.05 97.5 68 35 314 294 0.78 0.05 0.17 99% 

0.05 96.0 68 35 314 294 0.77 0.05 0.18 98% 

0.10 99.0 69 37 281 314 0.78 0.11 0.11 99% 

0.10 95.0 67 34 273 337 0.71 0.11 0.18 98% 

0.10 92.0 64 31 283 343 0.70 0.12 0.18 95% 

0.20 99.0 69 37 206 189 0.81 0.15 0.05 99% 

0.20 90.0 64 35 184 399 0.73 0.19 0.08 95% 

0.20 82.0 61 31 174 429 0.67 0.20 0.13 93% 
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cision third, w* is the Stackelbcrg equilibrium tor the supplier, 
that is the optimal wholesale pricc, given the outcomc (qf, qf) of 
the ordering subgarne. w* depends on pi when pi > p / ( l 十 o：), 

and OL when pi < p/{l + a). The decentralized supply chain 
efficiency depends on the overall production quantity. There-
fore, the efficiency depends on pi when p/ > p/{l 十 a), and 
ô  when pi < p / ( l + a). In Table 2, we consider the colluded 
supplier and the LSP. We only consider one decision sequence: 
the supplier-LSP coalition presents the wholesale price w, then 

. the retailer makes orders, and the coalition adjusts the final 
production quantity. In Table 3，we calculate the result of the 
decision process as a single Stackelberg game. The supplier is 
the leader, presenting the wholesale price. Then the retailer-the 
LSP coalition makes the inventory decisions, including the or-
dering quantity qr and the backup quantity qi jointly. In Table 
4，we consider the three independent decision makers provided 
that the supplier offers differentiated wholesale prices wi and 
iVr. The supplier adjusts the two prices to optimize its profit. 
For the sequence of decisions, we only consider the Stackelberg 
subgarne, where the supplier chooses the wholesale price, then 
the retailer makes order, finally the LSP decides the quantity of 
backup inventory. 

Figure 1 compares the channel performance and the profit 

allocation for various settings. We fix the transfer price pi : 
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92 and the service rate a = 0.1. In the second column, we 
assume the wholesale pricc w = 70, instead of p，which leaves 
the retailer a reservation profit. In all the other columns, we 
apply the equilibrium decisions as in the Table 1-4. The supply 
chain efficiency in those settings, from the best to the worst, is 
si — r{SS), s — l — r{SS){wr, uh), s — It{SS) and 5 - / - r{SS). 

The inefficiency of the supply chain comes from the double 
mar«:inalization effect between the LSP and the supplier, and 

O * 

between the supplier and the retailer. One of the remedies is 
to combine the parties into one. Prom the numerical results, 
we can see that by combining the retailer and the LSP, the sys-
tem profit increases by approximately 11%, while by combining 
the supplier and the LSP, the system profit increases by ap-
proximately 25% arid approaches the centralized optimal profit. 
The benefit is doubled in supplier-LSP coalition. Therefore, the 
supplier-retailer double marginalization effect is the main source 
of the low channel efficiency. Compared with the complete de-
centralized system s — I - r{SS), the coalition of the supplier 
and the LSP makes the retailer less power. Hence less profit 
is allocated to the retailer. However, when the LSP and'the 
retailer form a coalition, the two parties get a better profit in 
total while the supplier's profit does not shrink. 

Interestingly, when the supplier is allowed to present different 

» 
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The Expectfd Profit 

：遍垂__ 
s-1-r (SS) sl-r (SS) s-lr (SS) s-l-r (SS) (Different w) 

m Supply chain's profit ^^ Supplier's pruni [ĵ  l̂ P s prafil 
踊 Retailer's profit • SuppUcr + LSP's profit |]||| LSP + Retailer's profil 

Figure 4.5: Performance with different settings 
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wholesale prices to t he procurement of the traditional retailing 
inventory and the backup inventory, the supplier has incentive 
to settle the two priccs with a huge gap in between. Compared 
with the uniform wholesale price model, price Wr is raised, while 

參 

pricc wi is cut in our numerical results. The efficiency is higher 
than both collusion situations in Table 2 and 3. The under 
stocking problem, recognized as the double marginalization ef-
fect, is solved by allowing the entrance of backup inventory with 
very low acquisition price. The channel efficiency is increased 
by 20% to the complete decentralized channel, arid by 8% to 
the retailer-the LSP coalition situation. The supplier enjoys the 
increment of the over all profit while taking a greater part of the 
channel profit. 

4.5. Concluding Remarks 
V 

The rapid cmergcncc of third-party LSPs results in significant 
change in the supply chain management. Many emerging ques-
tions are not solved, and concerns are not fully understood. This 
paper attempts to tackle one aspect of the inventory manage-
ment issue for a supply chain model. Our basic standpoint is 
that the supply chain could be a benefit for the incorporation 
of LSPs, even though the LSP is self-interested behaved. First, 
as facing a random demand, by adopting the backup agreement, 



Chapter 5 

Conclusion 

The presence of the vast supply chain coordination literature 
motivates us to study the robustness of the coordination con-
tracts. Wc believe that the robustness of a contract can be 
characterized in terms of how consistent it is in distributing 
the channel profit distribution, in the agents' desires to fulfill 
the contract, and in the face of changing game structures. In 
this paper, we have attempted to establish a framework of the 
consistency of supply chain coordination contracts. We focus 
on three aspects: consistency in the channel profit distribution, 
consistency with respect to the decision making sequences, and 
consistency with respcct to the compliance regimes. 
I 

In the supply chain coordination literature, the ability of a 
contact to flexibly distribute the channel profit has been consid-
ered a desirable property. A flexible contract permits the alio-

‘ cation of the expected channel profit to the supply chain agents 

• 113 



CHA PTER 5. CONCL USION 114 

in any predetermined proportion. We find thai a number of 
contracts exhibit a stronger flexibility in the sense that they are 
able to arbitrarily allocate the channel profit in any realization 
of the random demand. Thus, we define two notions of flexibil-
ity: the expectation flexibility and the sample-path flexibility. 
Consequently, we distinguish between an allocation function arid 
a sharing function. As a performance indicator, the former is 
widely used in the literature a.s terms of payment and the latter 
is usually included as a part of a supply contract. We denote 
the ability of being able to maintain the same predefined ratio 
in the distribution of the channel profit along any sample path 
as the consistency in the channel profit distribution. We show 
that this consistency leads to equal probabilities for reaching a. : 
reservation payoff target and equal preferences on the parts o( 
the supply chain agents to the outcome of random factors. 

In the supply chain coordination literature, the bargaining • 
power of an agent is not explicitly evaluated. For supply chains ,� 

with agents possessing equal powers, the competition is resolved 
by a simultaneous game. On the other hand, if there is a strong 

/ 

agent, thĉ n the competition is resolved by a Stackclbcrg game 
lead by the strong agent. In reality, the relative strength of . 
the agents may change over the time. Therefore, we introduce 

. t h e notion of the consistency of coordination contracts in the 
decision-making sequence. For contracts that are sequence con-
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the LSP and retailer combinc their inventory as the iiewsveri-
’ dor solution. Unsurprisingly, the supply chain incurs a tripe 

marginalization. Second, we analyze the different behaviors 
when the supplier and the LSP are integrated as well as the 
retailer and the LSP. For the former case, there exists an in-
centive for the supplier-LSP coalition to raise wholesale price to 
the retailer. Whereas the double marginalization effect vanishes, 
and the total ordering quantity is raised, and the profit is also 
enhanced. For the latter cause, the supply chain incurs double-
in argiiialization effect. Third, we characterize the decentralized 
system when the supplier offers a different wholesale price wi 
and v)r for the LSP and the retailer. It demonstrates that the 
supplier offers a lower price to the LSP, and a higher price to 

the retailer, to compare with the same wholesale price situation. 

� 

• End of chapter.‘ 
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sisterit, the supply chain is coordinated regardless of the com-
petitive game structure. 

Our third and last concept is that of the compliance consis-
tency of a contract, which ensures that it is in the interest of 
each agent to fulfill the contract. We explain that the sequence 
consistency obtains when the outcome of optimizing the payoff 
of QUO agent over the reaction curvc of the other coincidcs with 
the Nash equilibrium. Furthermore, we show that the compli-
ance consistency also occurs when the outcome of optimizing 
by any agent on its own reaction curve coincides with the Nash 
equilibrium. It is also revealed that the compliance consistency 
implies the sequence consistency. Finally, we develop a number 
of sufficient conditions for .obtaining sequence and compliance 
consistencies. These turn out to be natural conditions; e.g., the ‘ 
concavity of the payoff functions with respect to each decision 
ensures the sequence consistency whereas their joint concavity 

« 

in all decisions ensures the compliance consistency. 
We provide examples to illustrate the concepts and the results 

developed in the paper. For this, we have revisited a number of 
well-known coordination contracts and classified them in a 3x3 
matrix providing a taxonomy of the coordination contracts (See 
Table ？?). 

We would like to point out that some coordination contracts 
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exhibit consistency properties in other dimensions too. Take the 
buy-back contract again for an example, in addition to the con-
sistency in distribution of channel profit at the system optimal 
point, the distribution of channel profit is consistent with the 
channel efficiency as well. We have shown that 2/2, u j ) = 
E6i{y\, y2, z, u), i = 1,2. The consistency in channel efficiency 
can be expressed as 0i{yi,y2, z,uS) = 0i(z), i = 1,2. In other 
words, the sharing rule of the buy-back contract is independent 
of decisions. Expressions (?? ) and (?? ) reveal that Xi(g, z)— 

= A and ； 么 ) = 9 2 { q , z , D ) = I - X. Therefore, 
the buy-back contract is consistent for distribution of channel 
profit regardless of the channel efficicncy. We would like also 
to point out that it is possible to develop other sufficient condi-
tions for consistency matters of supply contracts. For example, 
if reaction curves of contract z are all slope down or slope up, 
it can been shown that contract ^ is compliance consistency as 

« 

well. The reaction curve exhibits slope down or slope up when 
the competitive strategy is a substitute or complimentary one. 
For the substitute strategy, the reaction decreases with respect 
to the decision of the counterpart. Such a strategy occurs in 
the inventory-quantity competition with substitutable products. 
For the complimentary strategy, the reaction increases with re-
spect to the decision of the counterpart. Such a strategy occurs 
in the price competition. 
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t 

In this paper, we have limited our analysis in a two-agent 
supply chain. However, concepts developed in this paper, such 
as the allocation and sharing rules, consistency in channel profit 
distribution, decision sequences and compliance regimes, can be 
extended to n agents. ‘Moreover, we have focused for single-
period contracts with the inventory quantity or capacity deci-
sions for a fixed sale price or cost parameters. The price is 
definitely an important factor in decision making for contracts. 
In addition, we have also assumed that the contracts are with • -
invariant demand distributions. There are robustness issues for 
supply chains with pricing and demand information. It has been 
shown that coordination contracts some times are contingent to 
the distribution of r ^ d o m factors. These are the potential areas 
for further investigation of consistency issues over coordination 
contracts. 

• End of chapter. 



Appendix A 
Equation Derivation 

Example ？? 

For the static game settings, 

\Vi{t,quDi) = pmiii{ A , Qi) {p - t) m i n { ( A - Qi)"", {Qj - D j ^ } 

+ t min{(i：)̂ - 一 qjy, (qi 一 A)"^} 一 CQi. 

rii (t, qi, Di) + Il2{t, q2, D2) == pmm{Di + D 2 � + 92} — c{qi + 

(72). So the system optimal ordering quantity is the solution of 

this newsvendor problem. qi-{-q2 = when p = $10，c = 

$4, A � A / X 1 0 0 0， 3 0 0 )，+ D2 �7V(2000，424)，optimal qi + 

q2 = 2107, channel profit is p /。仍切2 p(^x)dx 一 cq = $10362. Next 

we calculate the value of t which leads the Nash equilibrium to 

the system optimal. The Nash equilibrium is the intersaction of 

the two response functions, r2(<7i) and ri(g2), that is (gi, ^2)— 
{qi^r2{qi)) = (nO?2)，g2). 

加1⑷，⑷ 一 n ^ dqi _ u 
加2(92,91) — n 

、 dq2 一 

119 

、 
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By pliiging in the optimal ordering quantity (1054,1054) to one 
of the equation above. We can calculate 

二 pFijqi) - c + p[E mm{{Di - � + , ( 巧 - ‘ 
- [五 m i n { ( A - gi)+，(gj — 场 — [ 忍 m i n { ( D j —�+，（仏—A)-^}]；, 

which is the coordinating transshipment price. When the re-

tailer 1 announces the ordering quantity qi before the retailer 

2 places order, the game is dynamic. Keeping the coordinat-

ing transshipment price unchanged, we calculate the best or-

der quantity by induction: ' qi — argmaxg, 7r(t，仍，7̂ 2(gi))，or 

argmaxgi ri(r2(qi)). 

Example ？? 

Prom the formulation of the model, we have the payoff functions 

as follows, 

< noM,z” = w: — •tMq — D(^州 + — C j M D � - q ” — ci)q� 

� -}-P*pEmm{D{cf>),q}-B(q), 
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We reorganize the terms, 

^•(/>,z” = -f a:,pEmm{D{cf>), q} - C(0) 

= + ^mP^ mm{(f> + /i + gr} — C{(f>) 

= K i + KiPE min{£：, q - • - fj} + + /丄）一 

z^ = w: — cCXcfMq - D � + CjMD�-qy^ + Cbq) 

^f^:pEmm{D{cf>),q} - B{q) 

= < + (/?> + c^lch + mm{q, D{(/>)} 

-o^lich + Cb)q 一 a*Cp(// + 0) - B{q) 

= w ^ - h (P*p + alch + Oilcp)E m.in{£, q — • — fj} 

-ocl{cH + ci)q + (/3> + + (/>)- B{q). 

The first derivatives are 

dTVm{qA. * ,1 cv 人 、、/ 1、， * dC{(f)) 
——^ = - F{q-(t>- + a,,J)——^ 

* = 倘 - 勿 - 響 ’ 

+ C6) -

= ( / ? > — + Oilcp) 一 ( / ? > + alch + a * C p ) 

The derivative of the response function with respect to the 

other retailer's decision can be written as follows (Fudenberg 
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and Tirolc (1991)). 

arrnig, Z ) — d<j>dq 二 dq — 
d^ — — d^'JT„,{q4>,z) 一 — a { � F ( ( / + A O —譬 } 

抛 ^ 

The last equality is due to the uniformly distributed demand. It 
can be seen that "�(J，》is a constant between 0 and 1. There-
fore, ^ ^ ^ ^ 二 0. Next, we verify that � f ， 外 之 ) < 0. The 
first and second derivatives are 

d7ro{q,rm{q,z*),z*) 
， dq 

=(/?> - Cilcb + a^Cp) - {PIp + alcH + cxlcp)F{q — 7\n(q, z*) — /i). 
z*)� X drmjq^z*) dB{q) 

(1 - (PoP + -

- - - - - - 、 

dq^ 、 -

= - G S > — a^c, + a:c,)f(q - r“g，z*) 一 M)(1 - ‘ 、 : : 〜 

d'Bjq) 
一 “ W 

Since B{q) is quadratic increasing function, ^ 款 ) > 0. There-

‘ fore, it is clear the above second order derivative is non-positive, 

thus, TToiq^rmiQ, z*)) is concave in q. 
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We also show that 兀 爪 ( � z * ) is concave in (j). 

d,r(人z ) — d(f>dq 
dd) — 沪 Mg’0，之•) 

二 d^ 

dq 
二 (/?> - otlCb + a*oCp)f{q — 0 -
— (忠 p - asc, + a*oCp)f[q — </>) + 

It can be seen that 咖。泛之)is a constant between 0 and 1. There-

fore, 二 0. Next, we verify that � 冗 ’ 广 ， 么 < 0. The 

first and second derivatives are 

= — n r � �巾 , 之 ) - ^ — 1) 

^ * 们 dC(<P) 

— -a^nrM, Z ) 一 1) 

d化⑷Z n 

This completes the proof. 

Example ？? 

The profit function for the wholesaler is 

7r^(A,q,z) .二 [秘min(D01)，g)-eg — a i (> l )+a2( {g— / ) ( � } + ) ] . 

= E [ { w — 0̂ 2) min(D(^) , q) — {c — (12)q — aiA . 
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When ai{A) = a2(Q) = c(l - ai)Q. Therefore, 

� nrP(秘一c) .…，“ � c(v} — c) W — C 
TT叫04，rz，z) 二 / min(D(yl), q) - \ /q -p — c p — c p — c. 

UU — Q 

== Elp min(D(A), q) - cq - A . p — c 

Take the first derivatives: 

加 - ( ， , ' ) 二 P / M D � >q) — c 
oq 

The second derivatives are: 

淨广、=-pfo^AM < 0 

. ‘ �� < < Q 
dEDjA)‘ 

dqdA 二 � � � 0 . 

The determinant of the Hessian is 

^ ^ V d q d A ) 

=-p'fDiA){Q)PriD{A) < > • . 

This is true, because ^ 二 2 � < 0. 
» 

Example ？? second part 
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The payoff functions arc 

TTm (仏 0, z) = W,爪 + o^'inPE min{D(0) , q} - C(0) 

二 + OL丨爪pE min{£, q - •—…+ A'rjK於 + M) — 

TTo(仏 0，？）二 w: + 此pEmin{D(<f>),q} - B � . 

二 w,o + 礼pE mm{e, q - (j)-…+ + /x) — B{q). 

As in Example ? ? , the derivatives of the reaction functions 

" '•()�")and 出 � � ” are constant between 0 and 1. We first show 

： 碌 SO. ‘ 

The first and second derivatives are 

^ = — F(q — ro(q, z ))) + o^p . — ^ ~ 

dC(ro(q,z^)) dro(q,z') 
dvo dq , 

〜 ( 二 ” ， 义 ) = 力 / ( " o ^ l -

. —^ ^ (""^T"). 
‘ dC{ro{q,z')) cPvoiq, z') 

dro dq2 

Second, by calculating the derivatives, we show 

^ -
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The first and second derivatives are 

d4r，J：•：〜M = — F…饥沙,- 0)) + 改()P 
acp 

dBjrM clrMz') 
dr,n dcj) ， 

秘 卞 〜 M 二 一 办 / ( 1 _ 乂 ) ) ( 1 — 

d^Bjv.M.z ' ) ) dr,n{ct>. ？ ) � 2 

dB{r^,{ct>, z ' ) ) � ( 0 , z') 
• d4 ^ 

‘ • “ ( /��,i dr爪z,) 
= - I 3 j ) f � q — ro{q, 2： ))(1 — ) 

— 两 — 

This completes the proof. 

Example ？? 

We directly show that the TPSC is sequence consistent. We 
start with a static game setting. The response function for re-
tailer i is to maximize the expected payoff with respect to deci-
sion of retailer j, that is 
ri{qj,z) = argmax7ri(�gfj,20 = argmax£;{ri^((7i9,A) 

Qi. Qi 

+ A ( n � ( ' g ” qj, Di, Dj) + nj{qu Qj, A , Dj) — Li{qu A ) 

= a r g max E{nJ{qu qj, A , Dj) + Qj, A . 1)7) 
Qi 

-Li{quDi)-Lj{qj,Dj)). (A.l ) 
» 

„ » 
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The last equality holds, due t;6 the fact that Di) and A 
are constant. Similarly, the response function of retail j can be 
written as 

rjiqi) 二 arg max E{U[{qi, qj, Di, Dj) -h Uj(qi, qj, Di, Dj) 

-LiiQiJJi) - Lj {qj ,Dj) ) . (A.2) 

The Nash equilibrium can be either derived by jointly solving 

(?? ) ^;^d�-(??), or found by definition which gives rise to the 

rriaximizer (仍，<72) of E{IlJ{qi.Qj, Di, Dj) + D^ Dj)-

Li{qi, Di) — Lj{qj, Dj)). Now we proceed with a Stackelberg 

game by assuming retailer i is the leader of the game. Obviously, 

retailer j still plays its l^^t response to decision of retailer i, that 

is Qj 二 Tj{qi). The optimization problem for retailer i is 

max ETliiX, q^ A , Dj) (A.3) " 
Qi 

二 max Di) + X{Uf{qi, r八qi), A•，Dj) 

+nj((7z, rj(qi), Di, Dj) - Li(队 A ) 一 [八响“,Dj))} 

二 EUf ' i q l A ) -f A，Dj) 
Qi 

~\-nJ{qu rjiQi), A , Dj) 一 Liiqu Di) - Lj{rj{qi), Dj)}, 

> Since Di) and A are constant, therefore, the last equal-

ity holds. Note that 

EUjiX, qi,rj{qi), Du D2) = max ETlj{X, Qi, qj, Di, D2), 
therefore, by the payoff function, the above equality can be re-
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V 

written as 

,� EUfiql Dj) + (1 — A , Dj) 

+ UT(q“rj(qi�,Di, Dj) — Li{qi,Di) 一 Lj{rj{qi), Dj)] 

= D J ) + (1 — A) ma^ E{nf{cu. qj. A , D,) . 
qj 

+n;厂(礼 q” Du Dj) - Li{cu, A) - L八([” /)))}, 

thus, we have 

E{nf{qu TjiQi), A , DJ) + r 办 + A , Dj) 

Di) — Lj(rj((/i),Dj)} 

� =rn^ax qj, A , D4) + (Ij, A , Dj ) 

-Li{qi, Di) - Lj{qj, Dj)}. 

Substitute the right hand side equation to (??)，we have 

‘ m a x E n i ( \ qi, rj(qi), Di, Dj ) (A.4) 
(li * 

= ( 仏 0 ， D i ) + A max{iriax E{llJ{qi,(小 D“ Dj) 
(li Qj 

t ‘ 

qj, Di, Dj) - Li{qu A ) — L八q” Dj)}} 

= E U f i q l Di) + A max E{Uf(qi ,力，A, Dj) 

+nj((7i, qj, Di, Dj) — Li((ii, Di) — Lj{qj, Dj)}. 

By (??)，the solution of the Stackelberg game is the maxiniizer of 

£ ; (n f (伪，Qj, Du Dj) + nj，(访，qj, Di;Dj�- Liiqu A ) — L八(“,Dj)) 

. I t means that the outcomes arc the same for both static and 

dynamic game. 

9 

ft 
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n End of chapter. 

4 



Appendix B 
Backward Financing Model for 
LSP 

In this section, we consider the backward financing scenario. 
The retailer has comparatively strong power and requires to pay 
the purchasing cost after the selling season. The supplier need 
financial support from the LSP, and the LSP charges the supplier 
for an interest rate /?. We write the individual profit function 
as follows. 

The retailer's expected profit is 

TTrOli, Qr, = p E min{D, Qr} + Qy — pi)En\\i\{{D — cj，.)、qi} - wq” 

(B.l) 

The expected profit for the LSP is 

TTliqi, Qr, uo) = piEmm{{D — qr) + , Qr} 一 wqi + P—r + qi)' 

(R2) 

And the supplier's expected profit changes to 

T^siQhqr.w) = [(1 - /3�w 一 c]{qr + Qi). (B.3) 

130 
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Wc assume that pi < p, P are fixed, the supplier's wholesale 
price must be vset less than pi. Now we consider the response 
function of the LSP. 
Proposition B.0.1. the LSP's best response 77 to the retailer's 
order quantity q^ is 

Tiicir.w) 二 m a x { ( ) ， F - ) - qr). (B.4) 
Pi 

P R O O F . the LSP's expected profit function is transformed in 
the following way. 

7r/(<7z， 7̂r,?") 二 piEmin{{D — (]r) \ qi) - (1 - /3)wqi + (3iuqr 

=ptlS^^ min{0, qi}f{Od^ + J广 min{^ 一 q” qi�f 魏 

+ f二 - q” — (1 一 + —r 

- + —Qr)f{Od^ + J二 <nm<m 
一（1 _ p)wqi + pwqr 

二 — � n o i r 仍 - f广 no妖 + ̂ //̂ (OLtTJ 
一（1 - 0)wqi + pWiir 

=Pl[qiF{qr + qi) — f广 F � d ‘ + — qiF{qr + Qt)] 

一（1 一 /3)wqi + PwQr 

=PllQl — J 广 - ( 1 — P)wqt + PwQr. 

Wc take the derivative with respect to qi, 

d'Ki{qi,qr,w) 
^ — F{qr + qi)\ - (1 - I3)w. 

\ 

, » • 
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And the second order derivative is 

炉 = — m f � ( l r + r , ) < 0. 

oqi 

The profit function is concavc in qi within [0, -hoo). Mathe-
matically, the optimal value of qi maximizes TT/ or say, the best 
response decision r i�qr,w) satisfies the first order condition or 
equals 0 when the maximum is attained at negative quantity. 
That proves 

/ � rn TP-uPl — (1 -灼⑴、 1 ri{qr,w) = max{0， F ( ) — (/；•}-
Pi 

• 

The above first order condition can also be written as 

+ ⑷ 二 仍 — （ 1 — 卢 ( B . 5 ) 
Pi 

The LSP，s best strategy is to order up to the level that makes the 
total inventory qr + qi attain the service level (j)i — (1 — I3)w)/pi. 

The financial service charge rate (3 in this setting has impact 
on the LSP's decision. Next 'we develop the retailer's response 
function. 
Proposition B.0.2. rr{qi, w) is the response function of the 
^Tfdailer if and only if it satisfies 

^ ^ F ( r v ( r 7 “ — + 仍) + ( l — ( 切 ， t i ； ) ) = (B.6) 
P P P 

P R O O F . 
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The retailer's expected profit function 

nr(qi,qr,w�二pE min{i：), gv} + {p - Pi)E nim{{D 一 qr) — WQr 
fQr fQr+m 

二P k — / 厂⑷划 + (P — Pl)[Ql — / - wqr. 
Jo J Qr 

We lake the derivative with respect to gy， 

di^Ml;q”u)�二p — p F � — {p — p,)[F{qr + 仍）—F{qr)] — w. 
OQr 

And the second order derivative is 

8 〜(》广—二 一 P八Qr) - {p-~ Pi)[f{qT + Qi) — fiqr)'. 

=—PlfiQr) — (P - Pl)f{Qr + qi) < 0. 

So the profit function is concave in gv，and the first order con-

dition is written as , 

八qi, w) + qi) + (1 — 八qi, w)) = 
P P P 

As we assume that pi > w, the derivative is positive at Qr = 0 

for any given qi € [0, -f-oo). So the optimality of the concave 

function is achieved at positive value. Thus, r八q i , w � > 0 and it 

satisfies the first order condition. • 

Again, the Nash equilibrium is the intersection of the two 

response curves. 
Theorem B.0.1. There exists a unique and globally stable Nash 
equilibrium. If 

{1-P)p<pi (B.7) 
holds，the LSP builds up a positive backup inventory. 

0 
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P R O O F . 

Curve oc is the response function rz(gv，u；), and curve bd is 
the response function rv((37,u;). The intercepts a and c are of 
value F-i(巩-(ip7"�切)，b is of value 广 1 ( � ) . T h e slope of curve 
bd is less than 1 since 

drrjqhw) = 0 - Pi)f{qr + Qi) < 工 

dqi (P — Pi)f(gr + gi) + PifiQr) ‘ , 

So the two response curves always have intersection and in-

tersected both on positive values if and only if the intercept a is 

. o f higher value than b, namely 

‘ p — u) Pi — {I — /3)w 
~‘ _ ！ • 

P Pi 
% 

We then rewrite the expression to (1 — < pi. On the other 

hand, = 1. So . < 1. By Pudenberg . 

and Tirole (1991), we know that there exists a unique and glob-

ally stable Nash equilibrium. Also it can be explicitly expressed 

as follows. 

‘ 如 》 = - ^ .巩—（1 一 咖 ) 勾 -

P P Pi Pi 
=F-1(巩—(1 - 約 , — -

^ Pi P P 
Pi - (1 

. Pi Pi ‘ 
(B.8) 

• 

• 、 、 、 

4 
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(p — w)/p is the cycle service rate that the retailer wants to 
achieve. ( / � — ( 1 — P)w)/pi is the cycle service rate which the 
LSP prefers to bring the industry inventory to. The inequality 
(?? ) is the cx)ndition under which the LSP wants to achieve a 
higher cycle service rate. Only then the LSP builds up a positive 
backup inventory. 

Similarly, we consider the dynamic decision sequence with 
the Stackelberg equilibrium 

In stage one, the supplier offers a wholesale price w, then 
tlie LSP and the retailer make orders qf{w)) from the 

supplier based on the wholesale price w. By equation (??)，the 
profit of the supplier only relies on the sum q^{w)-\-qi{w), not on 
the individual value. To consider the expression (??) , we have 
the following, 
Proposition B.0.3. The supplier's profit is 

[ ( ( 1 — 用 仏 — 1 ( 仍 — （ 1 一 灼 ⑶ ) p . > ( l - / ? ) p 

� ( ( 1 - p)w - P, < (1 — 

P ( B . 9 ) 

P R O O F . By Theorem ？?，we know that if > {I — 
the LSP holds a non-negative backup inventory. And the total 
inventory as the outcome of the ordering game satisfies 

Pi 
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Otherwise, the LSP does not hold backup inventory. The total 

inventory is Qr, satisfying 

+ qf{w)) = F{qr) 二 

Then we substitute into the expression (?? ) and have completed 

the proof. • 

In this section, we do not consider the other decision se-

quences, which are elaborated in the forward financing section, 

because all the structures and results are mathematically equiv-

alent. 

Now, we remark on the key differences between the backward 

and forward financing models. First, assume that qf^w) — 0, 

namely the LSP does not hold backup inventory, then the choice 

of inventory qr(ui)— ”""(丄广―in the forward financing model, 

and qr{u}) = ^ ^ in the backward financing model. Hence, 

the forward financing setting aggravates the double marginal-

ization effect, given the same wholesale price. Second, assume 

qf(w) > 0，the LSP holds positive inventory, then q^iw) + 

= in the forward financing model and I 

= the backward financing model. 

The system service rate dose not change .with different deci-
sion sequences. However, it dose change with the LSP's financial 
service charge, when the LSP holds zero inventory in the forward 
financing model and positive inventory in the backward financ-
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ing model. However, neither case demonstrates a positive effect 
of the incorporation of the LSP from the supply chain point of 
view. 

• End of chapter. 
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