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ω0   resonant frequency 

𝜔𝑟𝑒𝑠  angular resonant frequency 
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SUMMARY 

 Gyroscopes are inertial sensors that measure the rate or angle of rotation.  The 

emergence of MEMS gyroscopes has produced sensors that are smaller, lower cost, 

lighter weight, and consume less power than previous solutions.  However, traditional 

macro-scale solutions are capable of reaching higher performance levels than current 

MEMS solutions, with lower noise and higher dynamic ranges.  MEMS gyroscopes have 

already come to dominate the low- to mid-performance consumer, automotive, and 

industrial markets and become one of the fastest growing segments of the microsensor 

market.  The development of a high performance MEMS gyroscope that retains the 

operational benefits of existing MEMS solutions would not only make MEMS 

competitive with macro-scale solutions in high-performance applications, but also open 

entirely new applications to inertial sensing. 

 One of the most promising technologies for reaching a high-performance MEMS 

gyroscope has been development of the micro-hemispherical shell resonator. (µHSR)  

The µHSR has shown the potential to become the sensing element of a high performance 

gyroscope.  Theoretical calculations and simulations have shown that the µHSR is 

capable of very high quality factors (Q) of over a million. It has a small stiffness that 

causes low frequency resonant modes.  It also has an axisymmetric structure that is very 

isotropic and results in small frequency splits between the degenerate m=2 modes and 

low quadrature levels that allow the modes to be matched electrostatically.   

 All these advantages enable a gyroscope capable of operating in whole angle or 

rate integrating mode, where the angle of rotation is measured directly, eliminating errors 

that accumulate in the integration of the rotation rate.  This mode also increases the 

dynamic range which, unlike the AM rate mode, isn’t limited by the narrow bandwidth of 

the high Q resonator.  At the same time it keeps the operational advantages inherent to 

MEMS gyroscopes. It uses low-cost batch fabrication techniques that enable wafer-level 
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mass fabrication. It is also small and light weight with a diameter of only 1.2mm and 

utilizes capacitive transduction and readout which enables a low-power interface.  

 However, the development of a high quality resonator alone does not make a high 

performance gyroscope.  The interface and control systems must be carefully designed to 

take full advantage of the resonator’s capabilities and compensate for its non-idealities.  

The design and implementation of the electronic control and read-out interface is just as 

important as that of the resonator for defining the final performance of the gyroscope. 

This thesis presents the electronic control and read-out interface that has been 

developed to turn the micro-hemispherical shell resonator (µHSR) into a fully functional 

micro-hemispherical resonating gyroscope (µHRG) capable of measuring the rotation 

rate.  First, the characterization of the µHSR, which both enabled the design of the 

interface and led to new insights into the linearity and feed-through characteristics of the 

µHSR, is presented.  Then a detailed analysis of the design of each subsystem, including 

calculations and simulations, is presented.  

Next, the performance characterization of the gyroscope is presented.  The 

characterization starts with a verification of the drive loop to ensure the drive oscillator is 

locked to the resonant frequency of the µHSR and the drive loop amplitude is regulated 

to a level that avoids non-linear duffing.  Then the transient response and scale factor of 

the AM rate response were characterized, showing the expected linear response with a 

scale factor of 8.57 mV/o/s.  Then the noise performance of the rate response was 

characterized by measuring the Allan variance, which showed a bias instability of 330 

o/hr, and an angle random walk (ARW) of 34𝑜/√ℎ𝑟.  It is believed that the performance 

of the current device is limited by the interconnect parasitics and test set up non-

idealities.  The overall accuracy of the µHRG can be improved to sub o/hr by optimizing 

the µHSR design, interface circuits, and test setup. 

The characterization of the µHSR and the rate interface developed are major 

milestones in the development of the µHRG into a high performance gyroscope.  It also 
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provides a good platform for the development of a high performance micro-

hemispherical rate integrating gyroscope.  (µHRIG)   
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Chapter 1 

Introduction to MEMS Gyroscopes and the 

micro-Hemispherical Shell Gyroscope 

 

 While inertial sensing at the micro-scale has made great progress in many 

applications by reducing the cost and size of the sensing element, the noise performance, 

dynamic range, and accuracy levels required for some high performance applications has 

remained elusive. [1]  However, many new device and interface designs have been 

developed that have the potential to solve this eminent problem.  One of these new 

devices is the micro-hemispherical shell resonator. (µHSR)[2-6]  The characterization 

and electronic interface and control systems that have developed the µHSR into a micro-

hemispherical resonating gyroscope (µHRG) [7, 8] will be presented.  

 The µHRG is a chip scale type I [9] Coriolis vibratory gyroscope (CVG) with a 

µHSR that is 1.2mm in diameter, 1µm in thickness and operates at low frequencies from 

6kHz to 7kHz.  The µHSR is batch fabricated using a three-dimensional high aspect ratio 

poly- and single crystalline silicon (3D-HARPSS) process. It was inspired by the macro-

scale HRG, a robust inertial grade gyroscope with a diameter of 35mm [10] which has 

been used extensively for demanding inertial navigation applications. [10, 11]  The 

original device design achieves a quality factor of over 11,000 with improved designs 

showing a quality factor up to 40,000. 
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Figure 1: Cross-sectional View of a micro-hemispherical shell resonator (µHSR) 

 The rate interface of the µHRG consists of a closed loop drive channel to actuate 

the device and a synchronous read-out sense channel that reads the rotation rate of the 

device from the amplitude modulated (AM) sense mode output current.  An electrostatic 

tuning system provides the DC biasing that enables electrostatic actuation and capacitive 

readout.  It also provides the tuning voltages for aligning and tuning the frequency of the 

modes.  Feed-through cancellation and filtering compensate for the capacitive feed-

through of the device. The interface also incorporates an on-board vacuum chamber that 

allows the device to operate in sub-mTorr vacuum pressure. 

 The µHRG is operated under mode-matched conditions with polarization (VP), 

tuning (VT), and quadrature balancing (VQ) voltages that are 14 volts or less.  These 

relatively low tuning voltages are enabled by the low stiffness of the µHSR and are 

suitable for generation on-chip in some processes.  Higher polarization voltages can 

cause the drive mode to become non-linear and duff for the same drive amplitude.   

 The gyroscope rate response has been characterized.  It has a scale factor of 

8.57mV/o/s, measured over the range of ±40o/s.  The Allan Variance of the gyroscope 

was measured and showed a bias instability of 330 °/hr and angle random walk (ARW) 

of 34 °/√ℎ𝑟. 
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 This rate interface is the first step toward turning the µHSR from a resonator into 

a micro-hemispherical rate integrating gyroscope.  (µHRIG)  Further development of the 

electronic interface would allow whole angle operation and improve the dynamic range 

and bandwidth of the gyroscope while eliminating rate integration errors.  The 

development of automatic open and closed loop mode matching, the amplitude control 

loop, and a revised sense channel will be required for rate integrating operation. 

1.1  Applications of Gyroscopes 

 Micro-scale gyroscopes are used in a wide variety of consumer and industrial 

markets.  The consumer market includes image stabilization, automotive ride stabilization 

and rollover detection, navigation[12], amateur drone guidance, context awareness, 

location based services, human-computer interaction (HCI) devices and a variety of 

applications in motion sensing such as gaming and gesture recognition.  [13]  The 

industrial and military markets include applications in precision robotics, platform 

stabilization, projectile guidance, remote monitoring, down-hole electronics in the 

petroleum industry, precision agriculture[14], dead-reckoning, GPS augmentation, and 

other high performance applications.  Many of these applications have become 

commercially successful, with many commercial products available, but also many open 

market opportunities.   

 These opportunities will only grow as the performance of microgyroscopes 

improves.  Gyroscopes can be categorized according to performance into three 

application groups as shown in Table 1. [15]  Many opportunities exist in the tactical and 

inertial grade performance levels, including the replacement of existing macro-scale 

gyroscopes in traditional navigation markets in the aerospace and defense industries and 

the creation of entirely new markets that were previously limited by size, weight, power 

consumption, or cost (SWaP+C) of traditional solutions.  Many applications that were 

previously limited to military and industrial markets due to size and cost have the 
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potential to be opened up to the consumer market.  This has already started as new multi-

DOF IMUs enter the consumer market as can be seen in new consumer products such as 

the iPhone 6 which incorporates an Invensense MP67B 6-axis gyroscope and 

accelerometer Combo. [16] 

 

Table 1: Gyroscope Performance Categories [14] 

 

 Today the performance of multi-degree of freedom (multi-DOF) inertial 

measurement units (IMUs) is limited by the performance of the Gyroscope.  However as 

the performance of gyroscopes has improved, the development of MEMS multi-DOF 

IMUs has been advanced by companies such as Analog Devices, Invensense, 

STMicroelectronics, and others.  However there is potential for substantial growth as the 

performance of micro-gyroscopes continues to improve. [17]  Some more recent products 

not-only integrate multi-DOF sensing elements but also the sensor fusion processing or 

microcontroller into a system-in-package IMU solution.  Further integration of not only 

the sensing elements but also the compensation, sensor fusion, and strap down navigation 

algorithms will continue to improve performance and overall SWaP+C of MEMS sensor 

based inertial systems. 

Parameter

Rate 

Grade

Tactical 

Grade

Inertial 

Grade

Angle Random Walk (o/√hz) > 0.5 0.5 - 0.05 < 0.001

Bias Drift o/hr 10 - 1000 0.1 - 10 <0.01

Scale Factor Accuracy (%) 0.1 - 1 0.01 - 0.1 <0.001

Full Scale Range (o/sec) 50 - 1000 > 500 >400

Mac. Shock in 1ms  (g's) 0.1 - 1 103 - 104 103

Bandwidth (Hz) > 70 ≈100 ≈100
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1.2 Micro-hemispherical Shell Resonator Background 

1.2.1 Gyroscope History 

 The very first Coriolis vibratory gyroscopes were not made by man, but were 

rather natural adaptations developed by insects for navigation and flight stabilization. 

[18] These vibratory gyroscopes consist of a pair of appendages known as halteres.  They 

are driven by flapping them similar to a wing.  The Coriolis force can then be directly 

measured by the neural system [19, 20] and the rotational information can be processed 

for flight control.  

 Early man-made gyroscopes consisted of gyroscopes with moving parts and used 

the Coriolis force, such as Foucault’s pendulum, or large inertial masses in what are now 

known as mechanical gyroscopes.  Mechanical gyroscopes are based on the inertia of a 

spinning rotor.  They initially gained popularity as gyrocompasses in the early 1800s. 

[21]  They regained popularity in the aerospace industry of the 1960’s.  The Dynamically 

Tuned Gyroscope (DTG), for example, was used as part of the IMU used on the space 

shuttle and the Control Moment Gyroscope (CMG) has been used for platform 

stabilization on satellites. [22]  However reliability issues with the bearings required to 

sustain their motion, along with the poor SWaP+C of the mechanical gyroscope lead to 

their obsolescence. 

 Modern high performance macro-scale gyroscopes include ring laser gyroscopes 

(RLG), fiber optic gyroscopes (FOG), nuclear magnetic resonance (NMR) [23] 

gyroscopes and macro-scale Coriolis vibratory gyroscopes (CVG) [24]such as the 

hemispherical resonating gyroscope. (HRG)  The RLG and FOG both utilize the Sagnac 

effect [25] on electromagnetic waves and CVGs utilize the Coriolis effect on stress waves 

to measure rotation.  The drift and stability performance of these solutions continues to 

outperform MEMS gyroscopes with bias stability and ARW values as shown in Table 2 
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and Allan variance shown in Figure 2.  However these solutions have been eclipsed in 

terms of SWaP+C by MEMS technologies. 

 

Table 2: Bias Stability Performance of Macro-scale Gyroscopes [23, 26] 

 

 

 

Figure 2: Allen Variance of macro-scale high performance gyroscopes.  Astrix 120 and Astrix 200 are 

two different models of FOG. [26] 

RLG FOG NMR HRG

Min. Bias Stability (o/hr) 0.002 - 0.01 0.0015

ARW (o/√hz) 0.004 0.0002 0.001 -

Bias Stability Performance of                                

Macro-scale Gyroscopes
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1.2.2 Coriolis Vibratory Gyroscope Operating Principles 

 The Coriolis force is a non-inertial force that is generated in rotating frames.   It is 

demonstrated in Figure 3.  The top of each figure shows the dynamics as seen from an 

inertial reference frame and the bottom shows the dynamics as seen from the non-inertial 

rotating frame on the table.  Notice the location of the dot fixed on the surface of the 

table.  When the table rotates counterclockwise (CC) between Figure 3(a) and Figure 3 

(b) you can see that in the non-inertial rotating frame the ball takes a curved trajectory.  

The force that causes this curvature is known as the Coriolis force. 

                         

                                     (a)                                                           (b) 

Figure 3: Illustration of the Coriolis Force  The top shows a view from an inertial reference frame 

and the bottom shows a view in the non-inertial rotating reference frame (a) Positions before 

movement of the ball and CC table  rotation (b) Position after the ball movement and CC table 

rotation [27] 

 A Coriolis vibratory gyroscope (CVG) operates by utilizing this “imaginary” 

force in the rotating frame to measure the rotation of the disk.  First a force is applied to a 

mass to get it to vibrate at a constant velocity.  If this mass is turned, then the Coriolis 

force, as shown in Equation 1, causes a force orthogonal to the velocity of the vibration 

and the axis of rotation (out of the page in Figure 3).  This force then causes a vibratory 
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motion orthogonal to the first.  This second vibratory motion can then be measured and 

related to the angular rotation rate or rotation whole angle. 

𝐹𝐶 = −2𝑀𝛺 × 𝑉 

Equation 1: Coriolis force 

1.2.3 Existing MEMS Technologies 

 The vast majority of modern MEMS gyroscopes in production are type II and 

most of these are tuning fork gyroscopes. (TFG)  Type II gyroscopes measure the angular 

rate of rotation and have two distinct drive and sense modes. [9]  They can be operated 

with the drive mode frequency much lower than the sense mode frequency (mode-split), 

providing large bandwidths and robust insensitivity to environmental effects [28] or they 

can be operated with the modal frequencies matched which substantially enhances (by a 

factor of the sense Q) the sensitivity and resolution of the device. [29]  These two 

operating methods are illustrated in Figure 4.  An example of split-mode and mode-

matched gyroscopes are the Analog Devices (ADI) ADXRS [30] and The Georgia Tech 

M2-TFG gyroscopes [31], respectively. 

 

                                                       (a)                                                             (b) 
Figure 4: gyroscope operation of the drive mode, x, and sense mode, y, in (a) Mode-split gyro 

operation (b) mode-matched gyro operation 

 While type II gyroscopes measure angular rotation rate, type I gyroscopes are 

capable of measuring both the rate of rotation and the angle of rotation directly in what is 

known as rate-integrating or whole angle operation.  This type of gyro has great potential 
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to increase the dynamic range and bandwidth of rotation sensing.  Type I gyroscopes are 

most commonly axisymmetric in structure with some common structures shown in figure 

5.  Examples structures include rings [32], disks [33-37], cylinders [38-40], bird-baths 

[41-44], glass-blown wine-glass shells [45-47], and, of course, µHRG wine-glass shells. 

[2, 3, 7, 8, 48, 49]  Resonator designs currently under research are illustrated in Figure 6.  

They are often operated in the m=2 or m=3 modes with two degenerate modes and 4 or 6 

sets, respectively, of nodes and antinodes.   

 

Figure 5: Common Type I gyroscope structures [9] 

 

  (a)              (b)        (c) 
Figure 6: (a) Bird-bath resonator developed at the University of Michigan [44] , (b) glass-blown 

hemispherical resonator developed at the University of California [46] , and (c) ball-bearing mold 

hemispherical shell resonator from the university of Utah [6] 

1.2.4 Micro-hemispherical Shell Resonator (µHSR) 

 The µHSR, shown in Figure 1, Figure 7 and Figure 8, is a three dimensional 

wine-glass shaped MEMS resonator.  The resonator is made up of a poly-silicon shell 

surrounded by 16 tall electrodes integrated on the same silicon substrate but isolated by a 
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nitride layer as shown in Figure 8 (b).  The device is fabricated using a low-cost batch 

fabrication 3D-HARPSS process in the Georgia Tech clean room.  The device has a shell 

diameter of 1200 µm, a shell thickness of 700nm, a resonance frequency of 6.6 kHz, and 

a mode-matched quality factor of 11,000. [7, 50]  A summary of the properties of the 

µHSR is given in Table 3. 

 

(a) 

 

(b) 

Figure 7: µHSR structure with an (a) exploded and (b) cross-sectional schematic View  
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        (a)                                         (b) 

Figure 8: (a) Bird’s eye view of the µHSR.  (b) Close-up of integrated electrodes for capacitive 

actuation, control, and readout of the µHRG 

 

Table 3: µHSR Properties 

 

 The device structure presents a number of advantages over previous state of the 

art structures.  The device has the potential to reach very high quality factors, low 

frequencies, and a small frequency splits between the two degenerate m=2 modes.  The 

axial symmetric structure and low frequency of the device make it an excellent candidate 

for a rate-integrating gyroscope (RIG) capable of operating in whole-angle mode in order 

to measure the angle of rotation directly while increasing the dynamic range and 

bandwidth of the device when compared to the rate mode.  Characterization of the device 

will be covered in section 2.1. 

Shell Material Polysilicon

Shell Diameter 1240 µm

Shell Thickness 0.7 µm

Gap Size 20 µm

Frequency (m=2) 6.7 kHz

Quality Factor 11,000

Frequency Split 105 Hz

µHSR Properties
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 The resonator has the potential to reach very high quality factors.  Thermal elastic 

dampening (TED) is caused by internal material friction creating heat gradients in the 

material. [51, 52]  The low TED of poly-silicon enables a QTED of 10.3 million. [4]  FEM 

simulations of QTED for the m=2 mode, indicate a strong interaction between QTED and 

the presence of the support post when operating in the m=2 mode, but little interaction for 

the m=3 and m=4 modes. [8]  This indicates that for the m=2 wineglass modes, support 

loss could be a major contributor to energy loss in the µHSR, but not QTED. 

1.3  µHRG Gyroscope Performance Characterization 

1.3.1 Scale Factor and Sensitivity 

 The scale factor is the coefficient of the linear relation between the input rotation 

rate and output voltage.  It is calculated by applying a least squares regression to the 

measured input rate to output voltage characteristics of the gyroscope.  The magnitude 

and stability of the scale factor are both important performance metrics of a gyroscope 

 The sensitivity divides the scale factor into two separate components, the 

sensitivity of the resonator to rotation changes and the sensitivity of the analog front-end 

to capacitance changes.  The sensitivity of the resonator is the ratio of the capacitance 

change of the sense electrodes to the input rotation rate.  The sensitivity of the capacitive 

analog front end is the ratio of the output voltage to the capacitance change.   

 While the sensitivity is traditionally separated at the transducer, sometimes it is 

more convenient to include the transducer in the sensitivity of the resonator.  The 

resonator current sensitivity is defined as the ratio of the output current to the input 

rotation rate and the analog front-end current sensitivity is the ratio of the output voltage 

to the motional current.  This definition allows the current sensitivity of the analog front-

end to be independent of the device characteristics.  However it makes the device current 

sensitivity dependent on the biasing of the transducer which is set by the interface.   
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1.3.2 Resolution 

 The resolution of a gyroscope is the minimum detectable angular rate.  The noise 

floor of the gyroscope sets the resolution and includes both mechanical and electrical 

noise components that are expressed in terms of their equivalent rotation rate, mechanical 

noise equivalent rotation (MNEΩ) and electrical noise equivalent rotation (ENEΩ).  The 

Resolution is then equal to the total noise equivalent rotation (TNEΩ) and is given by 

Equation 2.   

𝑅𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = 𝑇𝑁𝐸Ω = √𝑀𝑁𝐸Ω2 + 𝐸𝑁𝐸Ω2 

Equation 2: Resolution (TNEΩ) 

 The mechanical noise is caused by the Brownian noise of the resonator.  It can be 

shown that by equating the displacement caused by Brownian motion to the displacement 

caused by the Coriolis force [32] the MNEΩ can be calculated as shown in Equation 3. 

𝑀𝑁𝐸Ω ∝
1

𝑥𝑑𝑟𝑖𝑣𝑒
√
4𝐾𝐵𝑇

𝜔𝑀𝑄𝑒𝑓𝑓
√𝐵𝑊 

Equation 3: Mechanical Noise [53] 

 The electrical noise comes from the interface electronics’ sense pickoff channel.  

The pick-off analog front end of the sense channel has the most significant effect on the 

ENEΩ since noise from later amplification stages of the sense channel are divided by the 

gain of the pick-off front-end.  Hence the ENEΩ can be calculated by dividing the current 

noise seen at the input by the resonator current sensitivity as shown in Equation 12. 

1.3.3 Allan Variance 

 The Allan Variance [54]of a gyroscope is a way to characterize the gyroscope’s 

random error processes over different averaging time scales.  The Allan variance is 

specified as a plot of the variance at different averaging periods.  The Allan variance is 

measured by sampling the rate output of the gyroscope with no rotation rate applied at a 
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high sampling frequency.  The samples are then binned and each of the bins are averaged.  

This is done with a number of different binning periods to form the Allan variance plot. 

The Allan variance, 𝜎2(𝜏), is a time domain measure of the noise performance of a 

gyroscope.  It is directly related to the more traditional frequency-domain two-sided PSD, 

𝑆Ω(𝑓), by Equation 4.  The Allan variance plot allows the origin of a noise term to be 

identified.  Different noise terms dominate in different regions of the Allan variance plot.   

𝜎2(𝜏) = 4∫ 𝑆Ω(𝑓)
sin4(𝜋𝑓𝜏)

(𝜋𝑓𝜏)2
𝑑𝑓

∞

0

 

Equation 4: Allen Variance relationship to the noise PSD [55] 

 These different regions of the averaging period in the Allan variance plot will 

have different slopes.  The variance in each region is generated by a different type of 

random process in the gyroscope and is associated with a different metric of the 

gyroscope performance.  These different regions and the associated slopes and noise 

performance metrics are shown in Figure 9.  The total Allan variance is given by 

Equation 5. 

 

Figure 9: Example Allan Variance plot highlighting the gyroscope noise performance metrics [55] 
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𝜎𝑇𝑜𝑡𝑎𝑙
2 (𝜏) = 𝜎𝐴𝑅𝑊

2 (𝜏) + 𝜎𝐵𝑖𝑎𝑠
2 (𝜏) + 𝜎𝑅𝑅𝑊

2 (𝜏) + ⋯ 

Equation 5: Total Allan variance 

 Angle random walk (ARW) has a slope of -1/2 in the Allan variance plot with an 

Allan variance contribution given by Equation 6.  The ARW is caused by white noise in 

the gyroscope.  It is a measure of the buildup of error in the angular rate.  In particular it 

is a measure of the short term stability of the rate output that can be improved by filtering 

with longer time constants, but can have an important effect on the stability at startup. 

[56] The ARW can also be specified in terms of the TNEΩ with the relationship given by 

Equation 7, which can be derived using simple dimensional analysis. 

𝜎𝐴𝑅𝑊
2 (𝜏) =

𝑁2

𝜏
 

Equation 6: ARW Allan Variance Contribution 

𝐴𝑅𝑊(
°

√ℎ𝑟
) =

1

60
 𝑇𝑁𝐸Ω(

°/ℎ𝑟

√ℎ𝑧
) 

Equation 7: Angle Random Walk (ARW) and TNEΩ 

 The bias instability is the random drift of the output bias or zero rate output. 

(ZRO)  It represents the minimum bias drift possible with an ideal bias averaging period.  

The bias instability is used to characterize the drift of a gyroscope and is the value 

reported for bias drift in gyroscope data sheets.   A contributing factor to this noise source 

is the 1/f noise in the pick-off analog front-end electronics and this shows in its 1/f PSD. 

 The rate random walk has an Allan variance that changes linearly with τ as given 

by Equation 8.  The processes causing the rate random walk have very long time 

constants, and are related to environmental effects.  

𝜎𝑅𝑅𝑊
2 (𝜏) =

𝐾2

3
𝜏 

Equation 8: Rate random walk Allan variance contribution 
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1.3.4 Bandwidth 

 The bandwidth of a mode-matched gyroscope, which determines its settling time, 

is limited by the bandwidth of the matched response.  This bandwidth is given by 

Equation 9.  Increasing the quality factor of the resonator and decreasing the resonant 

frequency reduces the bandwidth.  Hence type I gyroscopes that require long ring-down 

times also have narrow bandwidths.  However there are a number of methods to 

compensate the bandwidth of resonators with large quality factors.  These include 

operating the sense channel in force-to-rebalance mode, intentionally loading the quality 

factor, operating the modes at a controlled frequency split, and operating in whole angle 

mode.  Also, high precision applications that type I gyroscopes are focused on, such as 

inertial navigation, can tolerate low bandwidths since long term stability is more 

important than response time. 

𝐵𝑊 =
𝑓0
2𝑄

 

Equation 9: Gyroscope Bandwidth 

1.3.5 Dynamic Range 

 The dynamic range of a gyroscope is the range of rotation rates that can be 

measured.  The dynamic range can be found by taking the difference between the largest 

linear rate response and the noise floor.  The dynamic range is extended substantially in 

whole angle mode.  Often WAGs are operated in rate mode until the rotation rate reaches 

the limits of the force feedback, after which it is operated in whole angle mode where the 

vibration pattern is allowed to freely rotate with a large dynamic range. 

1.4  Gyroscope Interface Methods Background 

 A rotation rate interface was developed to make the micro-hemispherical shell 

resonator (µHSR) into a micro-hemispherical resonating gyroscope (µHRG).  An 

overview of different system architectures will be given.  The design of the analog front-
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end, which sets the noise performance of the system is considered.  Then techniques to 

tune and compensate for non-idealities such as the frequency split between the two 

modes, the quadrature errors, the anisotropy of the resonator, and instability of the device 

are considered. 

1.4.1 System Architectures 

 There are several different architectures for the readout of the rotation rate of a 

CVG.  The first and most common is amplitude modulation (AM).  However there are 

several other methods, including frequency modulation (FM) and phase modulation (PM) 

architectures. 

 AM gyroscope interfaces are the most commonly used interface architecture and 

are widely used in commercial MEMS gyroscopes.  A single mode, the drive mode, is 

excited at a constant velocity.  The sense loop is then operated in either an open-loop 

configuration or a force-to rebalance configuration.  Under rotation, the drive mode 

couples to the sense mode through the Coriolis force, directly modulating the amplitude 

of the sense mode readout signal.  The rate output can be read by demodulating the sense 

mode pickoff current with respect to the drive input signal and taking the DC component 

by low-pass filtering.  The rate output can also be read using a force-to-rebalance method 

where the sense mode is nulled using a control loop.  The control voltage of this loop is 

then directly proportional to the force required to null the Coriolis force and hence is 

proportional to the rotation rate. 

 FM or quadrature FM (QFM) interfaces drive both the drive and sense modes at 

an equal amplitude and a frequency close to the natural frequency of the two degenerate 

modes. [57]  This causes the trajectory of the equivalent pendulum model of the device to 

rotate in a circular pattern.  If the device is then rotated, the frequency of this rotation will 

remain exactly the same in the inertial frame of the pendulum, however it will appear to 
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shift in frequency in the rotating reference frame.  Hence the rotation rate can be sensed 

in the rotating frame by measuring this perceived frequency shift.   

 The FM interface has several advantages when compared to an AM interface.  

The scale factor is independent of Q, the electromechanical coupling factor, and angular 

acceleration.  It has a larger bandwidth and Mode matching is also trivial since you are 

driving both modes and hence have greater controllability and observability of the sense 

mode in comparison to open loop sense architectures common in AM interfaces.  This 

easy mode matching leads to advantages in the noise performance and reduces the errors 

caused by small mismatches in mode-matched AM interfaces.  However the FM interface 

has a worse rate offset and the scale factor is still sensitive to anisotropic damping.  It 

also requires a very accurate frequency reference or the use of dual resonators to measure 

the change in frequency differentially, cancelling out the common mode zero rate 

frequency as done in [57].  This differential design also has the potential to cancel out 

many common mode environmental effects if a linear orbital trajectory is used instead of 

a circular one. [58, 59] 

 Phase modulated interfaces read the angular rotation rate by reading the phase 

difference caused by the Coriolis force. [60] Similar to the FM interface, the PM readout 

requires that both modes, now termed I and Q, are excited with equal amplitudes.  The 

current sense outputs of each of the two modes are equal in amplitude but the phase shift 

between the sense output of each mode and its drive input is directly proportional to the 

rotation rate.  This method of read-out also enables self-calibration and self-test methods 

without physical rotation of the device.  [61, 62] 

 The three main components of the interface are the drive channel, sense channel, 

and biasing and compensation channel.  The drive channel actuates the device, driving it 

into resonance.  The sense channel reads out the rotational signal being sensed.  The 

biasing and compensation channel provides the DC biasing to enable the capacitive 

interface and electrostatically compensate for fabrication imperfections. 
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1.4.2 Whole-angle mode 

 One of the great advantages of the axial-symmetric structure of the µHRG is that 

the device can be operated in whole-angle or rate integrating mode.  This mode of 

operation allows the angle of rotation to be directly measured.  Direct measurement of the 

rotation angle avoids the integration of the rotation rate that normally introduces further 

drift into measurements of the rotation angle. 

 In whole angle mode the vibration pattern is allowed to precess freely and ideally 

without a preferential orientation.  Since whole-angle mode does not rely on force 

feedback like force to rebalance operation, it has a larger, ideally infinite, dynamic range. 

However, since the vibration pattern is no longer fixed along the drive electrodes’ axis, 

the drive and sense electronics are more complex and the performance is more 

susceptible to anisotropy and is dependent on the ring-down time of the resonator.  For 

example the angle estimate, 𝜙, requires the tracking of both the position and velocity of 

both components, x and y, of the 2-dimensional precessing vibration pattern as shown in 

Equation 10. 

tan 2𝜙 =
2(𝜔0

2𝑥𝑦 + �̇��̇�)

𝜔02(𝑥2 − 𝑦2) + (�̇�2 − �̇�2)
 

Equation 10: Whole angle mode angular readout 

 The ring-down time of the resonator is the product of the period of the resonator 

at the resonant frequency and the quality factor. In order to operate in whole-angle mode 

the quality factor of the device must be large, and the frequency must be low in order to 

have a long ring-down time.  The ring-down time is directly related to the performance of 

the device and needs to be optimized in the design of the resonator.   

1.4.3 Analog Front-end Designs 

 The analog front-end provides a transimpedance stage and post-amplifiers for the 

sensing of the drive and sense mode currents along with input voltage buffering for the 



 20 

drive signal and feed-through cancellation.  The design of the transimpedance stage is 

critical for the electrical noise performance of the interface.  There are several methods 

that can be used to implement this stage.  These include a simple voltage follower, a 

switched capacitor integrator, a continuous time charge integrator, or a continuous time 

transimpedance amplifier (TIA) as shown in Figure 10. 

 

Figure 10: Analog Front-end Designs [63] 

 

 The voltage follower was used in [32] however its transimpedance gain relies on 

parasitic capacitances at the input node that are not well controlled.  Also, the DC biasing 

diode contributes shot noise to the output.  A switched capacitor integrator or switched 

capacitor TIA are common designs in digital systems that already include a clock and are 

already inherently discrete time systems.  Adding a clock to the analog front-end would 

not only introduce additional complexity but also adds clock feed-through and power 

consumption concerns. 
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 The continuous time TIA or trans-resistance amplifier (TRA) was used for both 

the drive and sense channel pick-off amplifiers.  This front end design is low-noise and is 

capable of sensing sub-attofarad level capacitances in the sense channel.  [53, 64]  The 

noise performance of the basic TIA, as given in Equation 11 and Equation 12, is 

dominated by the feedback resistor and voltage noise of the op-amp.  The design also 

lends itself well to AC coupling used to control the DC bias at the electrode in order to 

tune the frequency of each mode. 

𝐼𝑁−𝑡𝑜𝑡̅̅ ̅̅ ̅̅ ̅̅ 2 = 𝑖𝑜𝑝−𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 2 +
4𝑘𝐵𝑇

𝑅𝑓
+ 𝑣𝑜𝑝𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅2(

1

𝑅𝑓
+

1

𝑅𝑖𝑛−𝑜𝑝𝑎𝑚𝑝
+ 𝜔𝐶𝑇𝑂𝑇)

2 

Equation 11: Total noise of the TIA pick-off front-end 

𝐸𝑁𝐸Ω =
𝐼𝑁−𝑡𝑜𝑡̅̅ ̅̅ ̅̅ ̅̅ √𝐵𝑊

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦
=

𝑔0
4𝑉𝑃𝑠𝐶0𝑄𝑠𝑋𝑑

𝐼𝑁−𝑡𝑜𝑡̅̅ ̅̅ ̅̅ ̅̅ √𝐵𝑊 

Equation 12: Electrical noise equivalent acceleration (ENEΩ) of the TIA pick-off front-end 

 A continuous time charge integrator or trans-capacitance amplifier would make a 

suitable alternative. They are able to generate large AC impedances with reasonably sized 

capacitive feedback with the potential to be integrated into an ASIC.  However they also 

require a very large feedback resistor to DC bias the input which contributes noise. 

1.4.4 Mode Matching 

 In practice the two degenerate modes of the resonator are fabricated with a 

frequency split between them.  This frequency split is caused by fabrication 

imperfections of the device such as the anisotropy at the ring of the shell.  This 

fundamental (as-fabricated) frequency split can be shown by using the Raleigh-Ritz 

solution for the resonant frequencies of the two modes to depend only on the fourth 

harmonic of the thickness variation. [47]  It can also be shown that the fundamental 

frequency split is proportional to the thickness of the shell. This leads to the scaling laws 

for the fundamental Δf as shown in Equation 13 where h0 is the average thickness, M0 the 
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average mass per unit angle, h4 the coefficient of the fourth harmonic of the Fourier series 

representation of the thickness around the z-axis, and M4 the fourth harmonic of the mass 

distribution.  

Δ𝑓

𝑓
∝
𝑀4
𝑀0
∝
ℎ4
ℎ0

 

Equation 13: Fundamental frequency split scaling law [47] 

 The frequency split can be compensated using electrostatic spring softening that 

electrostatically alters the spring constant of each mode to match the frequency of the two 

modes.  By controlling the DC bias voltage on the electrodes of the µHRG, the frequency 

of each mode can be tuned.  This can be seen as an extra spring constant, kelec, being 

added to the modal dynamics by the parallel plate capacitive interface as shown by 

Equation 14. 

𝑊 =
1

2
𝐶𝑣2    𝑎𝑛𝑑       𝐹𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑠𝑡𝑎𝑡𝑖𝑐 =

𝑑𝑊

𝑑𝑥
=
1

2
 
𝑑𝐶

𝑑𝑥
𝑉2 =

1

2
 
𝑑𝐶

𝑑𝑥
(𝑉𝑃 + 𝑉𝑎𝑐)

2 

𝑀
𝑑2𝑥

𝑑2𝑡
+ 𝐷

𝑑𝑥

𝑑𝑡
+ 𝑘𝑥 = 𝐹𝑒𝑙𝑒𝑐 =

1

2
 
𝑑𝐶

𝑑𝑥
(𝑉𝑃 + 𝑉𝑎𝑐)

2 

𝐶 =
𝜀0𝐴

(𝑔 − 𝑥)
=

𝐶0
(1 − 𝑥

𝑔
)
 

For linear operation of the capacitive transducer the amplitude must be small (x < 0.1g) 

𝑑𝐶

𝑑𝑥
=

𝐶0
𝑔(1 − 𝑥

𝑔
)2
=
𝐶0
𝑑
(1 +

2

𝑔
𝑥 +

3

𝑔2
𝑥2 +⋯)

⏟              
𝑇𝑎𝑦𝑙𝑜𝑟 𝑆𝑒𝑟𝑖𝑒𝑠 𝐸𝑥𝑝.

≈
𝐶0
𝑑
(1 +

2

𝑔
𝑥) 

𝐹𝑒𝑙𝑒𝑐 =
1

2
(𝑣𝑎𝑐

2 + 𝑣𝑎𝑐𝑉𝑃 + 𝑉𝑃
2)
𝐶0
𝑑
(1 +

2

𝑔
𝑥) 

=
1

2
𝑉𝑃
2 𝐶0
𝑔
+ 𝑉𝑃

2 𝐶0
𝑔2
𝑥 + 2𝑣𝑎𝑐𝑉𝑃

𝐶0
𝑔2
𝑥 + 𝑣𝑎𝑐

2
𝐶0
𝑔2
𝑥

⏟              
𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 ℎ.𝑜.𝑡.

+ 𝑣𝑎𝑐𝑉𝑃
𝐶0
𝑔
+

1

2
𝑣𝑎𝑐

2
𝐶0
𝑔⏟      

𝑠𝑚𝑎𝑙𝑙 𝑓𝑜𝑟𝑐𝑒 ℎ.𝑜.𝑡.

 

For a small excitation (vac) the higher order terms (h.o.t.) will be minimized, hence: 

𝐹𝑒𝑙𝑒𝑐 ≈
1

2
𝑉𝑃
2 𝐶0
𝑔
+ 𝑉𝑃

2 𝐶0
𝑔2
𝑥 + 𝑣𝑎𝑐𝑉𝑃

𝐶0
𝑔
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𝑀
𝑑2𝑥

𝑑2𝑡
+ 𝐷

𝑑𝑥

𝑑𝑡
+ (𝑘 − 𝑉𝑃

2 𝐶0
𝑔2
)𝑥

⏟        
(𝑘𝑚𝑒𝑐ℎ−𝑘𝑒𝑙𝑒𝑐)𝑥

=
1

2
𝑉𝑃
2 𝐶0
𝑔⏟    

𝐷𝐶 𝐹𝑜𝑟𝑐𝑒

+ 𝑣𝑎𝑐𝑉𝑃
𝐶0
𝑔⏟    

𝐴𝐶 𝑓𝑜𝑟𝑐𝑒

 

𝑘𝑒𝑙𝑒𝑐 = −𝑉𝑃
2 𝐶0
𝑔2

 

Equation 14: Derivation of the electrostatic spring softening constant in a parallel plate transducer 

1.4.5 Quadrature Compensation  

 In order to fully match the modes with no frequency split the modes must not only 

have the same spring constant along their own axes but the cross-axis terms must be 

cancelled.  The quadrature compensation aligns the modes along the axes of the 

electrodes by eliminating the cross-axis spring constants. 

 Similar to frequency tuning, the quadrature compensation can be accomplished 

using electrostatic spring softening.  Since the off-diagonal terms of the spring constant 

matrix to be cancelled are related to anisotropy of the resonator, off-axis electrodes are 

used to compensate them.  Equation 15 gives the spring constant matrix with the 

electrostatic quadrature and frequency tuning included. 

𝒌 = [
𝑘𝑑 𝑘𝑑𝑠
𝑘𝑠𝑑 𝑘𝑠

] −
1

2

𝐶0
𝑔
[
(𝑉𝑃 − 𝑉𝑇1)

2 (𝑉𝑃 − 𝑉𝑄𝑑𝑠)
2

(𝑉𝑃 − 𝑉𝑄𝑠𝑑)
2

(𝑉𝑃 − 𝑉𝑇2)
2
] = [

𝑘 0
0 𝑘

] 

𝑤ℎ𝑒𝑟𝑒 𝑉𝑄𝑑𝑠 𝑎𝑛𝑑 𝑉𝑄𝑠𝑑 𝑎𝑟𝑒 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑡𝑜 𝑉𝑄1 𝑎𝑛𝑑 𝑉𝑄2 

Equation 15: Spring constant matrix with electrostatic quadrature and frequency compensation 

1.4.6 Automatic Gain Control 

 In order to ensure a linear Coriolis force response, as given by Equation 1, the 

velocity of the drive mode must be held constant.  Since the drive pickoff current is 

proportional to the drive velocity, this signal can be used as the input to a control loop to 

keep the amplitude of the velocity constant. Hence a second (outer) loop is needed to 

control the amplitude of the inner oscillator loop. 



 24 

 The automatic gain or level control (AGC or ALC) is a non-linear system.  The 

system can still be analyzed by applying the method of averaging.  [65, 66]  Since the 

amplitude and phase of the drive amplitude are slowly varying, we can average their 

derivatives over one period to find the equilibrium point of the ALC control system.  A 

block diagram of the ALC system is shown in Figure 11.  An analysis of the ALC loop 

dynamics using the method of averaging is given in Equation 16.  This analysis shows 

that in order for the drive loop to be stable, the PID constants and the LPF time constant 

must satisfy  𝜆𝑘𝑃 > 𝑘𝐼  where kP is the proportional gain, kI the integral gain and λ is 

related to the LPF time constant, τLPF by  𝜆 =
1

𝜏𝐿𝑃𝐹
. 

 

Figure 11: Automatic level control system 
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𝑥�̈� +
𝜔𝑛𝑑
𝑄
𝑥�̇� + 𝜔𝑛𝑑

2𝑥𝑑 =
𝐹𝑒𝑙𝑒𝑐
𝑚

=
𝑘𝑃𝐼𝑉𝑘𝐵𝐹𝐺�̇�

𝑚
 

Where 𝑘𝐵𝐹 = 𝑘𝐺𝑘𝐵(−2𝑉𝑃𝑑
𝐶0

𝑔0⏟      
𝐹𝑜𝑟𝑐𝑒𝑟
𝐸𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒

) is the Buffer side gain and 𝑘𝑃𝐼𝑉 = 2𝑉𝑃𝑑
𝐶0

𝑔0⏟    
𝑃𝑖𝑐𝑘𝑜𝑓𝑓
𝐸𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒

𝑘𝐼𝑉𝑘𝑃𝐴 

Now we would like to eliminate the dampening hence: 

𝒙�̈� + (
𝝎𝒏𝒅
𝑸
−
𝒌𝑷𝑰𝑽𝑮𝒌𝑩𝑭

𝒎
)

⏟            
𝑫𝒂𝒎𝒑𝒆𝒏𝒊𝒏𝒈 = 𝟎

𝒙�̇� +𝝎𝒏𝒅
𝟐𝒙𝒅 = 𝟎     →      𝒙�̈� +𝝎𝒏𝒅

𝟐𝒙𝒅 = 𝟎 

                                                                                       
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛
→     𝑥𝑑 = 𝑎(𝑡) cos(𝜔𝑛𝑑𝑡 + 𝜙(𝑡)) 

𝑥�̇� = −𝑎𝜔𝑛𝑑 sin(𝜔𝑛𝑑𝑡 + 𝜙) + �̇� cos(𝜔𝑛𝑑𝑡 + 𝜙) − 𝑎�̇� sin(𝜔𝑛𝑑𝑡 + 𝜙)⏟                        
≡ 0

 

�̇� cos(𝜔𝑛𝑑𝑡 + 𝜙) − 𝑎�̇� sin(𝜔𝑛𝑑𝑡 + 𝜙) ≡ 0 

𝑥�̇� = −𝑎𝜔𝑛𝑑 sin(𝜔𝑛𝑑𝑡 + 𝜙) 

𝑥�̈� = −�̇�𝜔𝑛𝑑 sin(𝜔𝑛𝑑𝑡 + 𝜙) − 𝑎𝜔𝑛𝑑(𝜔𝑛𝑑 + �̇�) cos(𝜔𝑛𝑑𝑡 + 𝜙) 

Let   𝑤 = 𝜔𝑛𝑑𝑡 + 𝜙  hence by substituting back into the original dynamics we have: 

[
−�̇�𝜔𝑛𝑑 − 𝑎𝜔𝑛𝑑 (

𝜔𝑛𝑑
𝑄
−
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
) sin(𝑤) − 𝑎𝜔𝑛𝑑�̇� cos𝑤

�̇� cos(𝑤) − 𝑎�̇� sin(𝑤)

] = [
0
0
] 

[
sin(𝑤) 𝑎 cos(𝑤)

cos(𝑤) −𝑎 sin(𝑤)
] [
�̇�
�̇�
] = [𝑎 (

𝜔𝑛𝑑
𝑄
−
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
) sin𝑤

0

] 

Now we left multiply by a non-singular matrix: 

[
cos𝑤 −sin𝑤
1

𝜔𝑛𝑑
sin𝑤

1

𝜔𝑛𝑑
cos𝑤] [

sin(𝑤) 𝑎 cos(𝑤)

cos(𝑤) −𝑎 sin(𝑤)
] [
�̇�
�̇�
]

= [
cos𝑤 −sin𝑤
1

𝜔𝑛𝑑
sin𝑤

1

𝜔𝑛𝑑
cos𝑤] [

𝑎 (
𝜔𝑛𝑑
𝑄
−
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
) sin𝑤

0

] 

[
0 𝑎
1

𝜔𝑛𝑑
0] [
�̇�
�̇�
] =

[
 
 
 𝑎 (

𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹
𝑚

−
𝜔𝑛𝑑
𝑄
) sin𝑤 cos𝑤

𝑎

𝜔𝑛𝑑
(
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
−
𝜔𝑛𝑑
𝑄
) sin2𝑤

]
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This gives the following set of differential equations: 

[

�̇�
�̇�

�̇�
�̇�

] =

[
 
 
 
 
 
 𝑎 (

𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹
𝑚

−
𝜔𝑛𝑑
𝑄
) sin2𝑤

(
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
−
𝜔𝑛𝑑
𝑄
) sin𝑤 cos𝑤

𝜆(|𝑘𝑃𝐼𝑉𝒂𝜔𝑛𝑑 sin𝑤| − 𝐴)

−𝑘𝑃�̇� + 𝑘𝐼(𝑹 − 𝑨) ]
 
 
 
 
 
 

 

Now in order to apply the method of averaging we need: 

𝑘𝑃
𝜔𝑑
∝
𝑘𝐼
𝜔𝑑
∝
𝜆

𝜔𝑑
∝
1

𝑄
≪ 1 

Hence since 𝑘𝑃, 𝑘𝐼 , 𝑎𝑛𝑑 𝜆 are controlled by the designer and the device is assumed to 

have a high Q, we have: 

�̇̅� =
1

𝑇
∫ �̇�
𝑇

0

𝑑𝑡       𝑇 =
2𝜋

𝜔𝑛𝑑
 

                                                          =
𝜔𝑛𝑑
2𝜋

∫ �̅� (
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
−
𝜔𝑛𝑑
𝑄
) sin2(𝜔𝑛𝑑𝑡 + 𝜙)

2𝜋
𝜔𝑛𝑑

0

𝑑𝑡 

=
�̅�

2
(
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
−
𝜔𝑛𝑑
𝑄
) 

�̇̅� =
𝜔𝑛𝑑
2𝜋

∫ (
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
−
𝜔𝑛𝑑
𝑄
) sin(𝜔𝑛𝑑𝑡 + 𝜙) cos(𝜔𝑛𝑑𝑡 + 𝜙)

2𝜋
𝜔𝑛𝑑

0

𝑑𝑡 

= 0                                                                                                                 

𝑁𝑜𝑡𝑒 𝜙 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑡ℎ𝑎𝑡 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑒𝑡 𝑡𝑜 0 

�̇̅� =
𝜔𝑛𝑑
2𝜋

∫ 𝜆(|𝑘𝑃𝐼𝑉𝒂𝜔𝑛𝑑 sin𝑤| − 𝐴)

2𝜋
𝜔𝑛𝑑

0

𝑑𝑡    

= 𝜆 (
2

𝜋
𝜔𝑛𝑑𝑘𝑃𝐼𝑉�̅� − �̅�)                                 

Hence we have the following averaged system of equations: 
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[
 
 
 
 
�̇̅�

�̇̅�

�̇̅�

�̇̅�]
 
 
 
 

=

[
 
 
 
 
 
 
�̅�

2
(
𝑘𝑃𝐼𝑉𝐺𝑘𝐵𝐹

𝑚
−
𝜔𝑛𝑑
𝑄
)

0

𝜆 (
2

𝜋
𝜔𝑛𝑑𝑘𝑃𝐼𝑉�̅� − �̅�)

−𝑘𝑃�̇̅� + 𝑘𝐼(𝑹 − �̅�) ]
 
 
 
 
 
 

   

  

 

At equilibrium we have   �̇̅� = �̇̅� = �̇̅� = �̇̅� = 0 and hence: 

[
 
 
 
 
𝑎𝑒𝑞̅̅ ̅̅

𝜙𝑒𝑞̅̅ ̅̅ ̅

𝐴𝑒𝑞̅̅ ̅̅ ̅

𝐺𝑒𝑞̅̅ ̅̅̅]
 
 
 
 

=

[
 
 
 
 
 
𝜋

2

𝑅

𝜔𝑛𝑑𝑘𝑃𝐼𝑉
0
𝑅

𝑚𝜔𝑛𝑑
𝑄𝑘𝑃𝐼𝑉𝑘𝐵 ]

 
 
 
 
 

 

Now we take the Jacobian of the dynamic system at the equilibrium point: 

𝐽(𝑎𝑒𝑞̅̅ ̅̅ , 𝐴𝑒𝑞̅̅ ̅̅ ̅, 𝐺𝑒𝑞̅̅ ̅̅̅) =

[
 
 
 
 
 0 0

𝜋

4

𝑘𝐵𝐹𝑹

𝜔𝑛𝑑𝒎
2

𝜋
𝜆𝜔𝑛𝑑𝑘𝑃𝐼𝑉 −𝜆 0

−
2

𝜋
𝜆𝜔𝑛𝑑𝑘𝑃𝐼𝑉𝑘𝑃 𝜆𝑘𝑃 − 𝑘𝐼 0 ]

 
 
 
 
 

 

Now we calculate the stability criteria by first calculating the characteristic equation and 

then applying the Routh-Hurwitz criteria for stability: 

|𝐽(𝑎𝑒𝑞̅̅ ̅̅ , 𝐴𝑒𝑞̅̅ ̅̅ ̅, 𝐺𝑒𝑞̅̅ ̅̅̅) − 𝑠𝐼| = 0 

𝑠3 + 𝜆𝑠2 +
1

2

𝑘𝐵𝐹𝑘𝑃𝐼𝑉𝑹

𝑚
𝜆𝑘𝑃𝒔 +

1

2

𝑘𝐵𝐹𝑘𝑃𝐼𝑉𝑹

𝑚
𝜆𝑘𝐼 = 𝟎 

𝑆𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛:    𝜆𝑘𝑃 > 𝑘𝐼 

Equation 16: Derivation of the ALC dynamics, equilibrium point, and stability criteria [65, 66] 

1.4.7 Bias Drift Compensation 

 Mode-reversal is a method of cancelling out part of the bias drift caused by low 

frequency noise by reversing the drive and sense axes.  This can be done in several 

different ways.  It can be done by switching between two discrete drive and sense axes. 
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[67]  This method is able to cancel the noise since the Coriolis signal changes sign but 

not the noise.  This is similar to correlated double sampling in an amplifier.   

 The mode-reversal method can also be applied using a method similar to 

chopping in an amplifier where the vibration pattern is continuously rotated from the 

drive to the sense axis. [68]  This method avoids aliasing of noise into the rate output and 

demonstrated a reduction in the bias drift by a factor of about 5. 
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Chapter 2 

µHRG Rate Interface Design and Analysis 

2.1  Device Characterization 

 Before the µHSR could be interfaced, the resonator needed to be characterized to 

develop an understanding of its performance and limitations.  While both the m=2 and 

m=3 modes can be used for gyroscope operation, the focus will be on the m=2 modes 

with the lowest frequency.  The frequency response, ring down time and linearity of the 

device were measured.  The device characterized is a poly-silicon shell with the 

characteristics described in Table 3. 

2.1.1 Frequency Response and Frequency Split 

 The frequency response and frequency split between the 2 degenerate modes was 

measured under a vacuum pressure of less than 5 µTorr using an Agilent E5061B 

network analyzer with a low frequency gain-phase measurement port.  The frequency 

response of the interfaced device is presented in Figure 12.  The m=2 modes both exhibit 

a Q of 8,500 and are centered at 6.6 kHz. The m=3 mode with a Q of 7000 is located at 

19.1 kHz and the m=4 mode with a Q of 10,400 is located at 40.4 kHz.   

 

Figure 12: Frequency response of the interfaced µHSR 
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 The frequency split of the m=2 modes is shown in Figure 13.  The m = 2 modes 

have an as-fabricated (Vp = 0v) frequency mismatch of 105 Hz.  This small frequency 

split allows the two modes to be matched using electrostatic tuning. 

 

Figure 13: Frequency split between the m=2 modes 

2.1.2 Matched Frequency Response and Modelling 

 The two degenerate m=2 modes can be matched using a set of electrostatic 

quadrature and frequency tuning electrodes.  As discussed in section 1.4.4, these 

electrodes enable one to electrostatically soften the spring constant of each mode and 

compensate the quadrature.  Figure 14 shows the reduction in the frequency split from 27 

Hz down to 5 Hz as the two m=2 modes are matched.  Figure 15 shows the final resonant 

peak after mode matching. 
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Figure 14: TWO M=2 MODES AS THE FREQUENCY SPLIT BETWEEN THE MODES IS 

REDUCED FROM 27HZ TO 5 HZ. 

 

Figure 15: Mode-matched m=2 peak 

2.1.3 Ring-down Measurements 

 As a low frequency axisymmetric device, the µHRG is an excellent candidate for 

operating in whole angle mode.  In whole angle mode the vibration pattern of the device 

is allowed to freely rotate.  In the absence of an amplitude control loop the amplitude of 

the vibration pattern will decay exponentially.  This decay is caused by a variety of 

energy dissipation mechanisms including air dampening, support loss, thermo-elastic 

dampening, and surface roughness.  The ring down time is the time constant, τ, of the 

decay’s amplitude envelope.  The ring down time is related to the quality factor and 

frequency of the device by Equation 17 where Q and  𝜔𝑟𝑒𝑠 are the quality factor and 
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angular frequency of the mode.  The ring down time can be used as a time domain 

measure of the energy dissipation of the resonator to complement the frequency domain 

characterization captured by the quality factor. 

𝜏 =
2𝑄

𝜔𝑟𝑒𝑠
 

Equation 17: Ring down time relationship with quality factor 

 The ring down times and quality factors were measured for a µHRG with 

assembled electrodes and then a µHRG with integrated electrodes.  The ring down time 

was measured using the configuration shown in Figure 16.  The device is driven at the 

resonant frequency using a network analyzer. A pickoff channel implemented with a gain 

of 233MΩ was used to monitor the motional current of two different electrodes 45o apart.  

Ring-down times of 270ms and 292ms were observed for the 0o and 45o electrodes 

respectively as shown in Figure 17. 

 

 

Figure 16: Ringdown measurement configuration 
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Figure 17: Ring Down Time Measurements 

 Next a polysilicon device with integrated electrodes was tested using a 

configuration similar to the one in Figure 16.  The ring down time, shown in Figure 18, 

was measured to be 600ms, giving an effective quality factor of 22k.  However the 

frequency response of the device showed a Q of 30k.  The frequency response 

measurement was conducted at a drive amplitude of around 5mV, whereas a drive 

amplitude of 3v was needed for the ring down measurements in order for the signal levels 

to be large enough to measure the ring down time.  This large drive amplitude drives the 

device into non-linearity, decreasing the measured ring-down time of the device.  This 

non-linearity can also be seen directly in the ring down measurement plot as a step when 

the drive signal is removed and the device starts to ring down. 
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Figure 18: Ring down time measurement of a polysilicon device with a Q of 30k 

2.1.4 Linearity 

 The linearity of the m=2 modes is important for the gyroscope performance of the 

device including the linearity and magnitude of the scale factor.  The device has 20µm 

capacitive gaps between the shell and the integrated electrodes.  In order to get an idea of 

the amplitude of the shell displacement the shell was simulated using finite element 

method (FEM) software with a DC bias of 40v and an AC drive voltage of 30mV.  The 

drive displacement amplitude as a function of the device quality factor is given in Figure 

19.  The simulation predicts that with a Q of 11,000, the drive displacement amplitude is 

2.25µm.  A displacement amplitude of 11% of the gap size for a non-linear sensing 

element such as a parallel plate electrode can induce non-linearity in the peak shape of 

the resonance mode.   
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Figure 19: Device Drive Displacement Amplitude with a DC bias of 40v, 20 µm gap size and an AC 

drive voltage of 30 mV 

 This non-linearity was measured as the AC drive amplitude was swept from 

4.75mV to 115mV with a mode-matched µHRG at a DC bias voltage of 14v as shown in 

Figure 19.  The device begins to enter non-linearity at drive amplitudes of 12mV and 

above.  This limits the amplitude of the drive mode to less than 10mV. 

 

 

Figure 20: Frequency response as Vac is swept from 4.75mV to 115mV showing the 

onset of non-linearity as Vac increases 
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2.1.5 Substrate Feed-through Effects 

 The capacitive feed-through of the device from the drive forcer where the device 

is actuated to both the drive and sense electrodes is mainly caused by capacitive coupling 

between the substrate and the device electrodes.  While in more traditional MEMS 

structures the feedthrough might be caused by direct coupling between electrodes or the 

resonant device, the large gap size of the µHRG helps minimize this source of feed-

through.  The capacitive coupling between the electrodes and the substrate is caused by 

the large bonding pad area of the electrodes.  The resistivity of the device wafers is 

nominally 10-50 ohm-cm with some of the newer devices with a front-side hole having a 

resistivity of 5-50 mohm-cm.   The device feed-through levels can be effectively reduced 

by placing multiple bonds connecting the top-side of the device substrate at discrete 

openings in the passivation layer to VP.  The reduction of the feed-through level of the 

µHRG with different quantities of top side substrate bonds is shown in Figure 22.   

 

 

Figure 21: Feedthrough Model 
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Figure 22: Top-side substrate bond effect on feed-through 

2.2  µHSR Model 

 The µHSR device model for a single mode is analogous to a one dimensional 

harmonic oscillator as depicted in Figure 23.  The spring constant, k, is proportional to 

the stiffness of the device.   The dampening constant is proportional to the dampening 

mechanisms of the device including air dampening, support loss, surface losses, etc.  The 

mass, M, is the equivalent mass of the shell structure.  

 

Figure 23: First Order Harmonic Oscillator System 
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2.2.1 Drive Mode Analysis: First Order Model 

 The analysis of the µHSR drive mode transfer function is best performed by 

breaking the system down into several series subsystems as shown in Figure 24 for a 

system in resonance.  The first subsystem consists of the drive forcer electrodes that 

actuate the device to apply an electrostatic force, Fd, to the shell proportional to the AC 

drive voltage, Vac.  The second is the transfer function of the device resonance mode that 

generates a displacement, xdf, from the applied force. The third subsystem captures the 

phase difference between the drive forcer displacement, xdf, and the drive pickoff 

displacement, xdp, caused by the mode shape.  The final subsystem is the drive pickoff 

electrode that generates the motional current, Imot-d, electrostatically from the 

displacement of the shell along the electrode’s axis.  The Magnitude and phase of the 

drive signal at resonance is given by Equation 18. 

 

 

Figure 24: Drive Mode Model 

 

‖
𝐼𝑚𝑜𝑡−𝑑(𝑗𝜔𝑟𝑒𝑠)

𝑉𝑎𝑐(𝑗𝜔𝑟𝑒𝑠)
‖ =

4𝑉𝑃𝑑
2𝐶0

2

𝑀𝑔02𝜔𝑟𝑒𝑠
      𝑎𝑛𝑑      ∠

𝐼𝑚𝑜𝑡−𝑑(𝑗𝜔𝑟𝑒𝑠)

𝑉𝑎𝑐(𝑗𝜔𝑟𝑒𝑠)
= 0𝑜 

Equation 18: Drive Mode Magnitude and Phase 
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2.2.2 Device Electrostatic Interface 

 The basic interface diagram for the µHSR is shown in Figure 25.  Each color 

coded electrode is shorted to the same potential.  Each electrode has a DC bias for either 

tuning the frequency in the case of VT1 and VT2 or realigning the modes with VQ1 and VQ2 

(quadrature electrodes) to eliminate the misalignment depicted by θQ in Figure 25.   

 The pickoff and forcer electrodes are also AC coupled to their respective interface 

circuits.  The drive forcing voltage is connected to two electrodes 180o apart and the drive 

pickoff electrodes are aligned 90o from the drive forcing electrodes.  The sense mode is 

spatially separated by 45o from the sense mode so that it is orthogonal to the sense mode 

with the antinodes of the sense mode aligned with the nodes of the drive mode and vice 

versa.  The sense mode forcer and pickoff are laid out in a configuration equivalent to the 

drive mode configuration but rotated 45o.  This aligns the drive and sense electrodes with 

the antinodes of their respective modes. 

 

Figure 25: Device Electrostatic Interface 
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Figure 26: µHSR with all 16 electrodes wire-bonded to the AFE. 

2.2.3 Drive Forcer Electrodes 

The device is actuated using integrated electrodes that operate as parallel plate 

capacitors driven by an AC voltage, Vac, to apply an electrostatic force, Fd, to the shell.  

The transfer function with the gain and phase of this subsystem are derived in Equation 

19. 

 

𝑊 =
1

2
𝐶𝑣2 

𝐹 =
𝑑𝑊

𝑑𝑥
=
1

2

𝑑𝐶

𝑑𝑥
𝑉2 

𝐹𝑑 = 2(𝐹𝑑𝑓 − 𝐹𝑑𝑝) = (𝑣𝑎𝑐 − (𝑉𝑑𝑓 − 𝑉𝑠ℎ𝑒𝑙𝑙))
2 𝑑𝐶𝑑𝑓0

𝑑𝑥𝑑𝑓
− (𝑉𝑑𝑓 − 𝑉𝑠ℎ𝑒𝑙𝑙)

2 𝑑𝐶𝑑𝑝0

𝑑𝑥𝑑𝑝
 

Assumptions: 

𝑥𝑑 = 𝑥𝑑𝑝 = −𝑥𝑑𝑓 ≪ 𝑔0 

𝐶𝑑𝑓0 = 𝐶𝑑𝑝0 = 𝐶0 

𝑉𝑑𝑓 = 𝑉𝑑𝑝 = 𝑉𝑇1       𝑏𝑦 𝑑𝑒𝑠𝑖𝑔𝑛 
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→ 𝑉𝑃𝑑 = 𝐷𝑟𝑖𝑣𝑒 𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 𝑉𝑜𝑙𝑡𝑎𝑔𝑒 

         = 𝑉𝑑𝑓 − 𝑉𝑠ℎ𝑒𝑙𝑙 = 𝑉𝑑𝑝 − 𝑉𝑠ℎ𝑒𝑙𝑙 = 𝑉𝑇1 − 𝑉𝑠ℎ𝑒𝑙𝑙 

𝐹𝑑 = ((𝑉𝑎𝑐 − 𝑉𝑃𝑑)
2 − 𝑉𝑃𝑑

2)
𝑑𝐶0
𝑑𝑥𝑑

 

Taking the first term of the series approximation for 
𝑑𝐶0

𝑑𝑥𝑑
 we have: 

𝑑𝐶0
𝑑𝑥𝑑

≈
𝐶0
𝑔0

 

𝐹𝑑 = (𝑣𝑎𝑐
2 − 2𝑣𝑎𝑐𝑉𝑃𝑑)

𝐶0
𝑔0

 

Since 𝑣𝑎𝑐 < 15𝑚𝑉 𝑓𝑜𝑟 𝑙𝑖𝑛𝑒𝑎𝑟 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 

𝐹𝑑 ≈ −2
𝑉𝑎𝑐𝑉𝑃𝑑𝐶0

𝑔0
 

‖
𝐹𝑑
𝑉𝑎𝑐
‖ ≈ 2

𝑉𝑃𝑑𝐶0
𝑔0
            𝑎𝑛𝑑            ∠

𝐹𝑑
𝑉𝑎𝑐
= 180𝑜 

Equation 19: Derivation of the Drive Forcer Electrodes’ Transfer Function 

2.2.4 Modal Dynamics 

 The dynamics of the drive mode can be modelled as a one-dimensional harmonic 

oscillator as shown in Figure 23.  Starting with the free body diagram for the one-

dimensional harmonic oscillator we can derive the transfer function for the drive mode 

and the gain and phase at resonance as given in Equation 20. 

𝑀
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‖
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‖ =

1

𝑀𝜔𝑟𝑒𝑠2
1

√(1 − 𝜔2
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+ (1
𝑄
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∠
𝑋𝑑(𝑗𝜔)
𝐹𝑑(𝑗𝜔)

= arctan (
−𝜔/𝜔𝑟𝑒𝑠

𝑄(1− ( 𝜔𝜔𝑟𝑒𝑠
)
2
)
) 

𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑎𝑡 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒     𝜔 = 𝜔𝑟𝑒𝑠 

‖
𝑋𝑑(𝑗𝜔)

𝐹𝑑(𝑗𝜔)
‖ =

𝑄

𝑀𝜔𝑟𝑒𝑠2
       𝑎𝑛𝑑        ∠

𝑋𝑑(𝑗𝜔)

𝐹𝑑(𝑗𝜔)
= −90𝑜 

Equation 20: Derivation of the drive modal dynamics 

2.2.5 Drive Pickoff Electrodes 

 The drive pickoff electrode is located 90o from the drive forcer electrode.   Given 

this position and the mode shape of the m=2 mode as shown in Figure 25, the drive 

pickoff electrode is 180o out of phase with the drive forcer electrode as given in Equation 

21. 

𝑥𝑑𝑓(𝑡) = −𝑥𝑑𝑝(𝑡) 

‖
𝑋𝑑𝑝(𝑗𝜔)

𝑋𝑑𝑓(𝑗𝜔)
‖ = 1   𝑎𝑛𝑑    ∠

𝑋𝑑𝑝(𝑗𝜔)

𝑋𝑑𝑓(𝑗𝜔)
= 180𝑜 

Equation 21: Derivation of the drive forcer displacement to drive pickoff displacement 

 The drive pickoff electrode converts the displacement of the shell into the 

motional current output.  The analysis of the drive pickoff electrode is similar to that of 

the drive forcer as shown in Equation 22. 

𝑄 = 𝐶𝑉 

𝐼(𝑡) =
𝑑𝑄

𝑑𝑡
= 𝐶

𝑑𝑉

𝑑𝑡

⏞
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+ 𝑉
𝑑𝐶

𝑑𝑡
= 𝑉

𝑑𝐶

𝑑𝑡
= 𝑉

𝑑𝐶

𝑑𝑥

𝑑𝑥

𝑑𝑡
 

Applying the Taylor Series Approximation for both sense electrodes: 

𝑑𝐶0
𝑑𝑥𝑑

≈
2𝐶0
𝑔0

 

𝐼(𝑡) = 2𝑉𝑃𝑑
𝐶0
𝑔0

𝑑𝑥

𝑑𝑡
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𝐼(𝑗𝜔) = ℒ {2𝑉𝑃𝑑
𝐶0
𝑔0

𝑑𝑥

𝑑𝑡
}|
𝑠=𝑗𝜔

= 2𝑉𝑃𝑑
𝐶0
𝑔0
𝑗𝜔𝑋(𝑗𝜔) 

𝐼(𝑗𝜔)

𝑋(𝑗𝜔)
= 𝑗2

𝑉𝑃𝑑𝐶0
𝑔0

𝜔 

𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑎𝑡 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒     𝜔 = 𝜔𝑟𝑒𝑠 

‖
𝐼(𝑗𝜔)

𝑋(𝑗𝜔)
‖ =

2𝑉𝑃𝑑𝐶0𝜔𝑟𝑒𝑠
𝑔0

    𝑎𝑛𝑑    ∠
𝐼(𝑗𝜔)

𝑋(𝑗𝜔)
= 90𝑜 

Equation 22: Derivation of the Drive Pickoff Electrodes’ Transfer Function 

 Note from Equation 22 that the drive pickoff current is proportional to the 

velocity of the drive mode.  This shows that if the amplitude of the drive pickoff current 

is regulated a constant drive velocity is set, insuring a linear rotation rate response. 

2.2.6 Electrical Model 

 In order to simulate the response of the device along with the circuit design of the 

interface, an electrical model of the device must be derived.  The electrical model is 

formed by either a series or parallel RLC circuit.  We will consider the series circuit.  

Each electrical component in the model has a direct mechanical analog as shown in 

Figure 27 and Table 4.  The equations for deriving the electrical model from a given 

frequency response are given in Equation 23. 

 

Figure 27: Mechanical to electrical modelling analogy 

Table 4: Mechanical to electrical modelling analogy equalivant components 
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𝑅𝑚𝑜𝑡 = 𝑅𝑇𝐼𝐴10
−
𝐼𝐿(𝑑𝐵)−𝐴𝑝𝑜𝑠𝑡−𝑎𝑚𝑝(𝑑𝐵)

20             𝐿𝑚 =
𝑅𝑚 ∗ 𝑄

2𝜋𝑓𝑜
         𝐶𝑚 =

1

(2𝜋𝑓𝑜)2𝐿𝑚
 

Equation 23: Electrical domain equivalent model of the µHSR 

 The analogous electrical model of the mode-matched frequency response shown 

in Figure 28 will be derived.  The insertion loss of the device will give us the motional 

resistance.  At resonance the motional resistance along with the TIA forms a non-

inverting amplifier which is equal to the insertion loss with the post-amplifier and buffer 

gains removed.  Equation 23 was then applied using the frequency response parameters to 

derive the equivalent series circuit parameters as shown in Equation 24. 

 

𝑭𝒓𝒐𝒎 𝒇𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒚 𝒓𝒆𝒔𝒑𝒐𝒏𝒔𝒆:  𝑰𝑳 = −7.0586 𝒅𝑩    𝑸 = 10,979   𝒇𝒓𝒆𝒔 = 6.70889kHz 

Figure 28: Measured Resonator Frequency Response 
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𝑅𝑚𝑜𝑡 = (500𝑘Ω)10
−
−7.0586dB−20𝑑𝐵

20𝑑𝐵 = 11.268601 𝑀Ω 

 𝐿𝑚 =
11.268601𝑀Ω ∗ 10,979

2𝜋(6.70889kHz)
= 2,934,960.4 𝐻 

𝐶𝑚 =
1

(2𝜋 ∗ 6.70889kHz)2(2,934,960.4𝐻)
= 191.75058 𝑎𝐹 

Equation 24: Resonator drive mode equivalent RLC model parameters 

2.2.7 Sense Mode Analysis: Second Order Model  

 In order to understand the relationship between the drive mode and the sense 

mode a second order model of the resonator is necessary.  The model is an extension of 

the first order model that also models the dynamics of the sense mode.  The second order 

model start with a two dimensional harmonic oscillator.   

  

Figure 29: Device Model of both the drive and sense modes 
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 The sense mode dynamics are modelled using the same harmonic oscillator model 

used for the drive mode.  However now rather than using electrodes to drive the sense 

mode, the sense mode is coupled to the drive mode through the Coriolis force. We start 

by assuming an idealized model where the off diagonal terms of the dampening and 

spring matrices are all zero and the two modes are uncoupled.  Then assuming the modes 

are matched we end up with the analysis in Equation 25. 

  

𝑀
𝑑2𝑥𝑠
𝑑2𝑡

+ 𝐷
𝑑𝑥𝑠
𝑑𝑡
+ 𝑘𝑥𝑠 = 𝐹𝑐 = −2𝑀Ω𝑧

𝑑𝑥𝑑
𝑑𝑡

 

𝜔𝑠,𝑟𝑒𝑠 = √
𝑘𝑠
𝑀
          𝑎𝑛𝑑          𝑄𝑠 =

1

𝐷𝑠
√𝑘𝑠𝑀 

ℒ {
𝑥𝑠(𝑡)

𝑥𝑑(𝑡)
}|
𝑠=𝑗𝜔

=
𝑋𝑠(𝑗𝜔𝑠)

𝑋𝑑(𝑗𝜔𝑠)
=

1

𝜔𝑠,𝑟𝑒𝑠2

−2𝑗𝜔𝑑Ω𝑧

(1 − 𝜔𝑠2

𝜔𝑠,𝑟𝑒𝑠
2) + 𝑗

1
𝑄𝑠
(
𝜔𝑠
𝜔𝑠,𝑟𝑒𝑠

)
 

‖
𝑋𝑠(𝑗𝜔𝑠)

𝑋𝑑(𝑗𝜔𝑑)
‖ =

1

𝑀𝜔𝑠,𝑟𝑒𝑠2
2𝜔𝑑Ω𝑧

√(1 − 𝜔𝑠2

𝜔𝑠,𝑟𝑒𝑠2
)
2

+ ( 1
𝑄𝑠
(
𝜔𝑠
𝜔𝑠,𝑟𝑒𝑠

))2

 

∠
𝑋𝑠(𝑗𝜔𝑠)
𝑋𝑑(𝑗𝜔𝑑)

= arctan (
𝑄𝑠𝜔𝑠,𝑟𝑒𝑠
𝜔𝑠

(1 − (
𝜔𝑠
𝜔𝑠,𝑟𝑒𝑠

)

2

)) 

𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑎𝑡 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑑𝑟𝑖𝑣𝑒 𝑎𝑛𝑑 𝑠𝑒𝑛𝑠𝑒 𝑚𝑜𝑑𝑒𝑠 𝑚𝑎𝑡𝑐ℎ𝑒𝑑:    𝜔 = 𝜔𝑠−𝑟𝑒𝑠

= 𝜔𝑑−𝑟𝑒𝑠 

‖
𝑋𝑠(𝑗𝜔𝑠)

𝑋𝑑(𝑗𝜔𝑑)
‖ =

2𝑄𝑠Ω𝑧
𝜔𝑠,𝑟𝑒𝑠

       𝑎𝑛𝑑        ∠
𝑋𝑠(𝑗𝜔𝑠)

𝑋𝑑(𝑗𝜔𝑑)
= 0𝑜 

Equation 25: Derivation of the sense modal dynamics 

 The sense mode is then read using a pair of parallel plate electrodes which 

generate a current from the displacement of the sense mode according to the transfer 

function given in Equation 22.  This in combination with the sense modal dynamics gives 

the sense current as shown in Equation 26. 
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𝐼𝑠(𝑗𝜔) =
𝐼𝑠(𝑗𝜔)

𝑋𝑠(𝑗𝜔)

𝑋𝑠(𝑗𝜔𝑠)

𝑋𝑑(𝑗𝜔𝑑)
𝑋𝑑(𝑗𝜔𝑑) =

4𝑉𝑃𝑠𝐶0Ω𝑧

𝑔0[(1 −
𝜔𝑠2

𝜔𝑠,𝑟𝑒𝑠2
) + 𝑗

𝜔𝑠
𝑄𝑠𝜔𝑠,𝑟𝑒𝑠

]
𝑋𝑑(𝑗𝜔𝑑) 

‖𝐼𝑠(𝑗𝜔)‖ =
4𝑉𝑃𝑠𝐶0𝑋𝑑(𝑗𝜔𝑑)

𝑔0√(1 −
𝜔𝑠2

𝜔𝑠,𝑟𝑒𝑠2
)
2

+
𝜔𝑠2

𝑄𝑠
2𝜔𝑠,𝑟𝑒𝑠2

Ω𝑧 

𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑎𝑡 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑑𝑟𝑖𝑣𝑒 𝑎𝑛𝑑 𝑠𝑒𝑛𝑠𝑒 𝑚𝑜𝑑𝑒𝑠 𝑚𝑎𝑡𝑐ℎ𝑒𝑑:  

𝜔 = 𝜔𝑠−𝑟𝑒𝑠  = 𝜔𝑑−𝑟𝑒𝑠 

‖𝐼𝑠(𝑗𝜔)‖ =
4𝑉𝑃𝑠𝐶0𝑋𝑑(𝑗𝜔𝑑)

𝑔0
𝑄𝑠Ω𝑧       𝑎𝑛𝑑        ∠

𝐼𝑠(𝑗𝜔)

𝑋𝑑(𝑗𝜔𝑑)
= −90𝑜 

Equation 26: Sense mode displacement to motional current transfer function 

 Then we can show the rate output is in phase with the drive forcer voltage that is 

used to demodulate the sense current: 

∠
𝐼𝑠(𝑗𝜔)
𝑉𝑎𝑐(𝑗𝜔)

= ∠
𝐹𝑑(𝑗𝜔)
𝑉𝑎𝑐(𝑗𝜔)

+
𝑋𝑑(𝑗𝜔)
𝐹𝑑(𝑗𝜔)

+ ∠
𝐼𝑠(𝑗𝜔)
𝑋𝑑(𝑗𝜔𝑑)

= 180𝑜−90𝑜 −90𝑜 = 0𝑜 

Equation 27: Phase relationship between drive voltage and sense current 

2.3  Analog Front-End 

 The analog front-end provides analog signal conditioning and feed-through 

cancellation.  It also handles amplification of the quadrature and tuning voltages.  It has 

four main subsystems: 2 forcer channels, 2 pickoff channels, 4 feed-through cancellation 

channels, and Voltage amplification for the 4 quadrature and tuning voltages.  These 

main subsystems are shown in Figure 30.  The analog front-end also includes provisions 

to accommodate an on-board vacuum chamber and has a custom chassis to provide 

mechanical support for the interface and on-board vacuum chamber. 
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Figure 30: Analog Front-end Subsystem Configuration 

2.3.1 Pick-off Channels 

 The pick-off channels for the sense (nodal) and drive (antinodal) modes consist of 

a trans-impedance amplifier (TIA) followed by a voltage post-amplifier.  The input of the 

TIA is AC coupled to both of the pickoff electrodes through a 1µF capacitor.  The pickoff 

channel design is shown in Figure 31. 

 

Figure 31: Pickoff Channel Design 
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 The OPA2140 operational amplifier was selected for its low input bias current, 

low noise, and large bandwidth.  The Specifications of the OPA2140 (2 channel) and 

OPA140 (1 channel) are given in  

Table 5.  Both the TIA and Post-amp feedback capacitors were selected to limit the 

bandwidth of the device without introducing too much phase shift into the drive loop.  

Designing the TIA and post amp as low pass filters also prevents the TIA from exhibiting 

Gain (Qamp) peaking around the corner frequency.  The corner frequencies were selected 

as: 

𝑇𝐼𝐴: 𝑓𝐶 = 64𝑘𝐻𝑧     𝑎𝑛𝑑     𝑃𝑜𝑠𝑡 𝐴𝑚𝑝: 𝑓𝐶 = 59𝑘𝐻𝑧  

 

Table 5: OPA2140/OPA140 Specifications 

 

 The circuit was then simulated to verify the stability of the selected configuration 

and the expected frequency response.  The AC simulation results are shown in Figure 32.  

The frequency response at the resonant frequency of 6.7 kHz shows a phase shift of -

12.5o.  The DC blocking Cap and the DC bias resistor form a high-pass filter at the input 

of the pickoff channel, but the corner frequency is low enough to prevent any attenuation 

at the resonant frequency. 

GBW 11 MHz

Input Bias Current 0.5 pA

Voltage Noise 5.1 nV/√Hz

Current Noise 0.8 fA/√Hz

Quiscent Current 2.0 mA/ch

OPA2140  

Specifications
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Figure 32: Pickoff Channel Frequency Response (gain in dBΩ) 

 

‖
𝑉𝑃2𝐻(𝑗𝜔𝑟𝑒𝑠)

𝐼𝑚𝑜𝑡(𝑗𝜔𝑟𝑒𝑠)
‖ = 133.9𝑑𝐵Ω    𝑎𝑛𝑑    ∠

𝑉𝑃2𝐻(𝑗𝜔𝑟𝑒𝑠)

𝐼𝑚𝑜𝑡(𝑗𝜔𝑟𝑒𝑠)
= −13.08𝑜 

Equation 28: Pickoff Channel Gain and Phase at ωres 

 The pick-off channel also determines the electrical noise performance of the 

interface.  The TIA noise can be calculated as shown in Equation 29.  The calculations 

predict an ENEΩ  of 2.2617 o/hr and an ARW of 𝟐𝟕. 𝟑𝟒 ∗ 𝟏𝟎−𝟑 °/√𝐡𝐫.  The electrical 

noise can be  compared to the Brownian mechanical noise of the µHSR, which is shown 

to be 13.14 o/hr in Equation 30.  Hence it is clear that the resolution (TNEΩ) of 13.2 o/hr 

will be limited by the mechanical noise of the µHSR as shown in Equation 31 and the 

pickoff front-end contributes negligible noise to the rate output. 
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𝐼𝑁−𝑡𝑜𝑡̅̅ ̅̅ ̅̅ ̅̅ 2 = 𝑖𝑛−𝑜𝑝 𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 2 + 𝑣𝑛−𝑜𝑝𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 2 (
1

𝑅𝑓
+
1

𝑅𝑖𝑛
+ 𝜔𝐶𝑇𝑂𝑇)

2

⏟                    
𝑖𝑁𝑣−𝑜𝑝 𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 2

+
4𝑘𝐵𝑇

𝑅𝑓⏟  

𝐼𝑁−𝑅𝐹
̅̅ ̅̅ ̅̅ ̅̅ ̅2

+
4𝑘𝐵𝑇

𝑅𝑏𝑖𝑎𝑠⏟  

𝐼𝑁−𝑅𝑏𝑖𝑎𝑠
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅2

 

    = 𝑖𝑛−𝑜𝑝 𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 2 + 𝑖𝑁𝑣−𝑜𝑝 𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅2 + 𝐼𝑁−𝑅𝐹
̅̅ ̅̅ ̅̅ ̅2 + 𝐼𝑁−𝑅𝑏𝑖𝑎𝑠

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 2                           

𝐼𝑁𝑣−𝑜𝑝𝑎𝑚𝑝̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅2 = (5.1
𝑛𝑉

√𝐻𝑧
)
2

[
1

500𝑘Ω
+

1

1013Ω
+ 2𝜋(6.711𝑘𝐻𝑧)(8𝑝𝐹)]

2

= 1.421 ∗ 10−28
𝐴

√𝐻𝑧
 

𝐼𝑁−𝑅𝐹
̅̅ ̅̅ ̅̅ ̅2 =

4(1.3806 ∗ 10−23
𝑚2𝑘𝑔
𝑠2𝑘

)(298.15𝑘)

500𝑘Ω
= 1.2931 ∗ 10−26

𝐴

√𝐻𝑧
 

𝐼𝑁−𝑅𝑏𝑖𝑎𝑠
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 2 =

4(1.3806 ∗ 10−23
𝑚2𝑘𝑔
𝑠2𝑘

)(298.15𝑘)

100𝑀Ω
= 1.6466 ∗ 10−28

𝐴

√𝐻𝑧
 

 

𝐼𝑁−𝑡𝑜𝑡̅̅ ̅̅ ̅̅ ̅̅ = [(0.8
f𝐴

√𝐻𝑧
)
2

⏟      
6.4∗10−31

+ 1.421 ∗ 10−28
𝐴

√𝐻𝑧
+ 1.2931 ∗ 10−26

𝐴

√𝐻𝑧
                   

+ 1.6466 ∗ 10−28
𝐴

√𝐻𝑧
]

1
2

= 0.18231
𝑝𝐴

√𝐻𝑧
 

𝐸𝑁𝐸Ω =
𝐼𝑁−𝑡𝑜𝑡̅̅ ̅̅ ̅̅ ̅̅ √𝐵𝑊

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦
=

(0.18231
𝑝𝐴

√𝐻𝑧
)√0.6𝐻𝑧

400
𝑝𝐴
°/𝑠

(3600
𝑠

ℎ𝑟
) = 1.271 °/ℎ𝑟 

𝐴𝑅𝑊 =
𝐼𝑁−𝑡𝑜𝑡̅̅ ̅̅ ̅̅ ̅̅

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦
∗ 60 =

(0.18231
𝑝𝐴

√𝐻𝑧
)

400
𝑝𝐴
°/𝑠

60 = 27.34 ∗ 10−3 °/√ℎ𝑟 

 

Equation 29: AFE pickoff channel noise calculation showing a predicted ENEΩ =1.27 o/hr and ARW 

of 𝟐𝟕. 𝟑𝟒 ∗ 𝟏𝟎−𝟑 °/√𝐡𝐫 
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𝑀𝑁𝐸Ω =
1

2𝑚𝐴𝑔𝑥
√
4𝑘𝐵𝑇0
𝜔0𝑀𝑒𝑓𝑓𝑄

(3600
𝑠

ℎ𝑟
) (
180𝑜

𝜋
)                                                             

=
1

2 ∗ 2(0.3)(2𝜇𝑚)
√

4(1.381 ∗ 10−23𝑚
2𝑘𝑔
𝑠2𝑘

)(300𝑘)

(2𝜋(6500𝐻𝑧))(1.5775 ∗ 10−9𝑘𝑔)(11000)
(3600

𝑠

ℎ𝑟
) (
180𝑜

𝜋
)

= 13.14 deg/hr 

Equation 30: MNEΩ calculation showing MNEΩ = 13.14 o/hr 

𝑇𝑁𝐸Ω = √𝑀𝑁𝐸Ω2 + 𝐸𝑁𝐸Ω2 = √(13.14 °/ℎ𝑟)2 + (2.26 °/ℎ𝑟)2 = 13.2 °/ℎ𝑟 

Equation 31: Resolution calculation showing TNEΩ = 13.2 o/hr 

 

2.3.2 Forcer Channels 

 The forcer channel consists of a buffer amplifier with a variable gain and optional 

passive low-pass filter at the input as shown in Figure 33.  The gain is controlled using a 

potentiometer and is set to 0dB.   The output of the buffer amplifier is then AC coupled 

into the forcer electrode.  The design of the forcer channel was simulated and the 

frequency response of the design is shown in Figure 34.  The gain is 0dB and the phase is 

0o at the resonant frequency of 6.7 kHz 
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Figure 33: Forcer Channel Buffer Design 

 

Figure 34: Forcer channel frequency response simulation 

2.3.3 Feed-through Cancellation Channels 

 Feed-through is caused, as discussed in section 2.1.5, by capacitive coupling 

between the electrode bonding pads and the substrate.  It can cause a large feed-forward 
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path across the resonator if not properly compensated.  The feed-through not only causes 

the noise floor to rise but also induces an anti-resonance peak in the frequency response 

as shown in the simulation of Figure 35(a).     

 

  (a)                                                                             (b)  
Figure 35: Simulation of (a) frequency response with the feed-through cancellation mismatched by 

10%   (b) frequency response with feedthrough cancellation Perfectly Matched 

 In order to compensate for the feed-through capacitance of the μHSR the feed-

through cancellation circuit shown in Figure 36 was implemented.  The circuit consists of 

an inverting voltage amplifier in series with a capacitor with a capacitance on the order of 

the feed-through capacitor.  The gain of the amplifier is then tuned until the current 

through the feed-through cancellation capacitor is the same as that of the current through 

the feed-through capacitance but 180o out of phase so that the two currents cancel when 

mixed at the pickoff electrode as shown in Equation 32. 
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Figure 36: Feed-through cancellation Design 

𝐼𝑇𝐼𝐴 = 𝐼𝑚𝑜𝑡 + 𝐼𝐹𝑇 + 𝐼𝐹𝑇𝐶 =
𝑉𝐹𝑜𝑟𝑐𝑒𝑟
𝑅𝑚𝑜𝑡

+ 𝑠(𝐶𝐹𝑇 −
𝑅𝐹
𝑅1
𝐶𝐹𝑇𝐶)𝑉𝐹𝑜𝑟𝑐𝑒𝑟 

 
𝑅𝐹
𝑅1
=
𝐶𝐹𝑇
𝐶𝐹𝑇𝐶

    →   𝐼𝑇𝐼𝐴 =
𝑉𝐹𝑜𝑟𝑐𝑒𝑟
𝑅𝑚𝑜𝑡

 

Equation 32: Feed-though cancellation Circuit Operating Principle 

 There are four instances of the feed-through cancellation circuit that cancel the 

feed-through from each drive channel to each sense channel.  The current configuration 

only drives one of the two modes and hence only the feed-through cancellation circuits 

for that mode are required.  The feed-through cancellation circuit from the drive forcer to 

the drive pick-off and from the drive forcer to the sense pick-off are both required.  Both 

IFT 

Imot 

IFTC 

ITIA 

RF 

CFT 

CFT

R1 
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feed-through cancellation circuits effect the feed-through levels at both the sense and 

drive pick-offs and must be tuned together to ensure the lowest feed-through level at both 

pick-offs.   

2.3.4 Quadrature and Tuning Voltage Amplifiers 

 The quadrature voltages are DC voltages applied to the μHSR in order to align the 

two m=2 modes and reduce the quadrature component of the sense mode motional 

current.  The tuning voltages are applied to the μHSR in order to tune the frequency of 

each mode.  Both are used to match the two m=2 modes through electrostatic spring 

softening as described in sections 1.4.4 and 1.4.5.   

 The two quadrature voltages are applied to the -22.5o electrodes and +22.5o 

electrodes so that each of the 2 voltages is applied to 4 electrodes that are separated by 

90o around the circumference of the electrode configuration.  These quadrature control 

voltages are also known as closed loop quadrature control voltages since they can be used 

to implement a control loop to control the quadrature output.   

 The amplifiers that generate the quadrature control voltages are configured to 

generate both voltages from a single input ranging from 0v to 3.3v.  The amplifiers have 

a bipolar output of ±50v with VQ2, also known as “Closed loop Quadrature +”, having a 

non-inverting output and VQ1, also known as “Closed loop Quadrature -”, having an 

inverted output.  This configuration can be easily reconfigured to accommodate a 

different input voltage range, a bipolar input, a differential input, or two separate single-

ended input voltages.   
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 (a)                                                                                    (b)   

Figure 37: Quadrature amplifiers (a) non-inverting configuration (b) Inverting Configuration 

 The two tuning voltages are applied to the drive and sense mode electrodes.  The 

first tuning voltage,VT1, also known as “open loop quadrature +”, is applied to the drive 

electrodes also known as the “antinodal” electrodes since they are aligned with the 

antinodes of the drive mode in rate mode operation.  The second tuning voltage,VT2, also 

known as “open loop quadrature -”, is applied to the sense electrodes also known as the 

“nodal” electrodes since they align with the nodes of the drive mode. 

 The amplifiers for the tuning voltages are also designed to accommodate a single 

unipolar 0-3.3v input voltage to generate a differential bipolar output of ±50v.  The 

amplifier for the first tuning voltage,VT1, is a non-inverting configuration identical to the 

non-inverting amplifier used for the quadrature voltage while VT2 uses the same inverting 

configuration used for the quadrature voltages.  However in order to prevent feed-through 

from the forcer electrode of each mode to the pickoff electrode of each mode, each tuning 

voltage has two instances of the same amplifier.  One instance sets the DC bias on the 

forcer electrodes and the other instance sets the DC bias on the pick-off electrodes.  

Hence a total of 4 amplifiers are needed for the tuning voltages with half of them 

inverting and the other half non-inverting.  The tuning voltages are coupled to the forcer 

and pickoff electrodes through a large (100MΩ) resistor to set the DC bias without 

causing much attenuation of the forcer and pick-off signals.  However, given that the 
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current corner frequency of the high pass filter is approximately 1.6 mHz, this resistance 

can be relaxed to reduce the settling time of the bias.   

2.3.5 On-board Vacuum Chamber and Chassis 

 One of the largest sources of damping in a capacitively transduced resonator 

operated at atmospheric pressure is air damping.  By reducing the operating pressure of 

the resonator, the air damping can be reduced to negligible levels. The effect of different 

chamber pressures on the quality factor of a µHSR is shown in Figure 38.  The effects of 

air dampening become negligible at operating pressures below 1mTorr.  Hence the device 

must be operated under high vacuum using a vacuum chamber and a turbo vacuum pump. 

 

Figure 38: The effect of vacuum chamber pressure on quality factor 

 The analog front end is designed to accommodate an on-board vacuum chamber 

that encloses the device under test (DUT) and hold sub-mTorr pressure levels.  A copper 

ring on the analog front end has been designed to mate with the on-board vacuum 

chamber as shown in Figure 39.   
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Figure 39: Analog front-end copper ring to accommodate an on-board vacuum chamber 

 The on-board vacuum chamber, shown in Figure 40, is a copper chamber 

designed to mate with the analog front-end’s copper ring.  The chamber has a ¼” copper 

pipe welded to it that mates with a vacuum pump through an Ultra-torr-316 adapter [69] 

and a vacuum pipe with a 40mm ISO-KF flange as shown on the left in Figure 40.  The 

chamber is sealed using a gasket ring between the analog front-end and the chamber.  The 

gasket and the chamber are held in place with a mounting bracket that attaches to the 

same mounting holes that attach the analog front-end to the chassis. 

 The chassis provides support for both the analog front-end and the vacuum 

chamber.  The base is 5” by 8” to be compatible with the PALADIN evaluation system 

and is made from aluminum with #4-40 mounting holes for the board stand-offs and 

sides.  The front side that provides mechanical support for the on-board vacuum chamber, 

is made from brass and has 6 sets of mounting holes spaced a ½” apart to adjust the 

height of the analog front-end and provide flexibility in the height of the interface boards 

mounted below the analog front-end.  
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Figure 40: On-board vacuum chamber configuration 

2.3.6 Analog Front-end Interfaces 

 The analog front-end interface consists of 2 40-pin male connectors with 0.5mil 

spacing attached to the bottom side of the board.  The connector pin-out is given in 

Figure 41.  The board is powered by ±8v supplies with decoupling capacitors on the 

board.  The device also has power and ground connections for the high voltage power-

supplies as shown in the schematic in Appendix BError! Reference source not found..  

The Polarization voltage input, labeled BIAS_N200V in the schematic, has an RLC low 

pass filter implemented with through-hole components to filter out any noise. 

 

Figure 41: Analog front end interface pin-out 
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2.3.7 Analog Front-end Implementation 

 The analog front-end was implemented on a PCB using discrete components.  The 

implementation is shown in Figure 42.  A high-quality PCB with a larger than normal 

thickness was used to support the on-board vacuum chamber.  The unpopulated section 

on the right of the board is for the high-voltage generators to be used for independent 

operation of the device during future demonstrations.  DC power supplies were used in 

place of the high-voltage generators during initial testing. 

 

Figure 42: AFE implementation with attached adapter board for early µHSR testing 

2.4  Closed Loop Analog Back End 

2.4.1 System Design 

 The closed loop interface forms an oscillator around the drive loop in order to 

lock into the drive frequency of the device.  This enables the drive signal to track the 

resonant frequency over variations caused by changes in temperature and other 

environmental variables.  The closed loop interface also implements automatic level 

control to control the drive amplitude.  The sense channel uses a traditional amplitude 

modulated (AM) readout architecture to generate the rate output. 
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Figure 43: Analog Rate Interface Block Diagram 
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2.4.2 Drive Loop Design 

Drive Loop Post-amplifiers 

 In order to increase the gain through the drive loop, two post-amplifiers were 

added to supplement the gain from the single post-amp on the analog front end.  The first 

post-amp includes the option to form a phase shifter that can be used to compensate for 

phase shift added by any of the low-pass filters in the drive loop.  The second post amp 

includes the option to change the phase through the drive channel to either 0o or 180o.  

The design of the post-amp is shown in Figure 44.  The ADA4898 was selected for its 

low-noise and wide-bandwidth with the specifications shown in Table 6. 

 The Drive loop also contains a voltage control amplifier and attenuator, the 

VCA810.  The VCA810 [70] has a gain control voltage, Vc that is linear in dB from -

40dB at 0v to +40dB at -2v.  The gain in the post-amp is selected so that in steady-state 

the control voltage is biased at -0.35v for an attenuation of 26dB.  This bias point was 

selected so that the voltage being sampled by the ALC has a large enough amplitude 

(VREG ≈ 100mv) while also keeping plenty of margin for the ALC to adjust the gain in the 

drive loop.   A benefit of biasing the control voltage at -0.35v is that the gain error of the 

VCA810 is minimized at around -0.35 dB as shown in the typical gain error plot given in 

Figure 45.   

 

 

Figure 44: Second drive post-amp with optional phase shifter 
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Table 6: ADA4898 Key Specifications 

 

 

 

Figure 45: VCA810 typical Gain Error Plot 

 The oscillator loop was simulated at the nominal Vc bias point of -0.35v.  The 

frequency response of the post-amplifiers (red) and the total response including a 

macromodel of the VCA810 (green) was simulated in Spice and is shown in Figure 46.  

The total gain and phase response at the resonant frequency is given in Equation 33.  

GBW 65 MHz

Input Bias Current 0.1 μA

Voltage Noise 0.9 nV/√Hz

Quiscent Current 8.0 mA/ch

ADA4898
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Figure 46: Simulated post-amp frequency response  

‖
𝑉𝐹(𝑗𝜔𝑟𝑒𝑠)

𝑉𝑃2𝐻(𝑗𝜔𝑟𝑒𝑠)
‖ = 13𝑑𝐵    𝑎𝑛𝑑    ∠

𝑉𝐹(𝑗𝜔𝑟𝑒𝑠)

𝑉𝑃2𝐻(𝑗𝜔𝑟𝑒𝑠)
= 26.7𝑜 

Equation 33: Simulated post-amp gain and phase at the resonant frequency of 6.7kHz 

Drive loop feed-through filters  

 The feed-through cancellation circuit on the AFE does a good job of cancelling 

the feed-through of the device close to the resonant frequency of the μHSR.  However at 

slightly higher frequencies the feed-through level starts to increase significantly due to a 

feed-through phase response that isn’t flat over frequency.  If these frequencies are not 

attenuated, the feed-through levels can actually increase the loop gain at these 

frequencies above 0dB and cause the device to oscillate at a frequency far from the 6.7 

kHz resonant frequency of the device.  In order to avoid this problem, a second order 

Sallen-Key low pass filter was added with a corner frequency at 28.625 kHz.  The design 

of this filter is shown in Figure 47. 
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Figure 47: Drive loop feed-through filter design 

The simulation results for the filter design shown in Figure 48 give a phase shift of -

26.65o and a magnitude of -0.48 dB. 

 

Figure 48: Gain and Phase of Feed-through LPF Simulation 



 67 

Oscillator Loop 

 In order for the drive loop to oscillate the gain and phase around the loop must 

meet the necessary Barkhausen criteria [71] as given in Equation 34.  In order for an 

oscillation to be sustained the gain of the loop transfer function must be 1 and the phase 

around the loop must be 360o.  As shown in Figure 49, the expected gain and phase 

around the loop meets this criteria. 

‖𝐿𝑜𝑜𝑝 𝐺𝑎𝑖𝑛‖ = 1    𝑎𝑛𝑑    ∠ 𝐿𝑜𝑜𝑝 𝐺𝑎𝑖𝑛 = 360𝑜 

Equation 34: Barkhausen Criteria for oscillation 

 

 

 Figure 49: Expected drive loop gain and phase at fres = 6.7kHz 

 In order to insure the loop gain and phase were correct an open-loop simulation of 

the complete drive loop was performed.  The ALC loop was first opened and the control 

of the voltage controlled amplifier was set to -230mV to make the loop gain 0dB.  The 

+ Φ 

 

A = -27.1dB 
Φ = 0o 

 

A = 0dB 
Φ = 0o 

 

A = +20dB 
Φ = -13.8o 

 

A = -1dB 
Φ = +27.1o 

 

A = +40dB 
Φ = 0o 

 

A = -30.4 dB 
Φ = 0o 

 

A = -1.3 dB 
Φ = -26.7o 

 

A = -0.2dB 
Φ = +12.9o 

 



 68 

loop was then opened at the input of the analog back-end, right before the phase 

compensation.  The frequency response of the open-loop response, shown in Figure 50, 

confirms that the Barkhausen criteria are met for the drive oscillator. 

 

Figure 50: Open-loop frequency response 

2.4.3 Automatic Level Control Design 

 The automatic Level control consists of a peak detector that samples the 

amplitude of the drive signal at Vreg.  A difference amplifier with a variable gain is then 

used to generate an error signal by taking the difference between the amplitude of Vreg 

and the amplitude set point.  The error signal is then amplified by a PI controller and 

level shifted by -1v to match the -2v to 0v control voltage range of the voltage controlled 

amplifier in the drive loop.  The complete drive loop with the automatic level control was 
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simulated to estimate the correct PI gains and to get a measure of the stability of the ALC 

control loop.  The complete design of the ALC is shown in Figure 51 

 

Figure 51: Automatic Level Control (ALC) Design 

Peak Detector 

 The peak detector was designed to be flexible in its configuration with the three 

possible configurations shown in Figure 52.  The first design in Figure 52 (a) is the most 

basic precision peak detector which was used in this work.   The second and third designs 

reduce the leakage from the Vpeak node.  The peak detector has a time constant at the 

Vpeak node and then a filter to filter out ripple due to the drooping between peaks.  The 

output of the peak detector is connected to the positive input of a VCA810 variable gain 

amplifier being used as the error amplifier.  The input of the VCA810 must be driven by 

a low impedance source, hence the resistor on the output filter is choosen to be as small 

as possible. 
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(a) 

 

(b) 

 

(C) 

Figure 52: Possible configurations of the flexible peak detector design.   (a) Basic peak detector used 

in this design, (b) and (c) reduce the leakage from the Vpeak node which is useful for long time 

constants 

 The transient characteristics of the peak detector were simulated to demonstrate 

the functionality of the design.  All configurations were shown to be functional in 

simulation, however only the configuration in Figure 52a, the configuration used for 

testing will be presented.  The simulated transient response of that design, shown in 

Figure 53, verifies the functionality of the design. 
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Figure 53: Peak detector transient simulation showing the input waveform in purple, the holding 

capacitor voltage with ripple in blue and the smoothed output after the LPF. 

PI Controller 

 The PI controller consists of an amplifier, an integrator, and an optional 

differentiator.  The three gains are then summed using a summer with potentiometers for 

tuning each of them.  The differentiator was included for flexibility.  As shown in 

Equation 16, the ALC is stable if 𝜆𝑘𝑃 > 𝑘𝐼.  Hence, referring to the Figure 51, we have kI 

and kP as given in Equation 35 and the ALC stability criteria as given in Equation 36. 

 

𝑘𝐼 = (
1

𝑅𝐼𝐶𝐼
) (
𝑅𝐹𝑆
𝑅𝐼𝑃
) =

100𝑘

𝑅𝐼𝑃

𝑟𝑎𝑑

𝑠
         𝑘𝑃 = (

𝑅𝐹𝑃
𝑅𝑃𝑖𝑛

) (
𝑅𝐹𝑆
𝑅𝑃𝑃

) =
4.7𝑘

𝑅𝑃𝑃
 

𝜆 =
1

𝑅𝐿𝑃𝐹𝐶𝐿𝑃𝐹
=

1

(386Ω)(1𝜇𝐹)
𝑟𝑎𝑑

𝑠
= 551.2

𝑟𝑎𝑑

𝑠
 

Equation 35: PI controller gains 
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𝜆𝑘𝑃 > 𝑘𝐼     →    
259.07𝑘Ω

𝑅𝑃𝑃
>
100𝑘Ω

𝑅𝐼𝑃
 

Equation 36: ALC stability criteria 

Level Shift 

 A basic level shifter, shown in Figure 54, was implemented to shift the control 

voltage by -1v to the center of the -2v to 0v input range of the voltage controlled 

amplifier.  It uses a voltage divider followed by an amplifier to compensate for the 

attenuation. 

 

Figure 54: ALC level shifter 

Drive Loop and Automatic Level Control Simulation 

 The ALC was simulated with the resonator drive mode modeled by the RLC 

model derived in section 2.2.6.  The schematic of the test bench is shown in Figure 55.  

Transient simulations of the device were ran to verify the design of the drive loop 

oscillator with the drive forcer node shown in light blue.  The gains of the drive loop and 

the steady state bias of the voltage controlled amplifier were later adjusted to reduce the 

drive forcer voltage to around 5 mV in order to keep the device operating linearly as 

shown during device characterization.  A step response was then applied in a transient 

simulation to test the stability of the ALC and, as shown in Figure 57, the drive forcer’s 

amplitude in light blue shows a correctly damped transition in the amplitude after the step 

input. 
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Figure 55: Automatic Level Control and Drive loop oscillator simulation Test Bench 

 

Figure 56: Transient Simulation to verify the design of the drive loop oscillator.  The light blue signal 

is the drive forcer signal. 
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Figure 57: Transient simulation showing the step response of the ALC as the set point, the red step 

signal, was stepped from the normal operating point of 124mV to 200mV.  The blue signal is the 

regulated drive voltage, VREG.  The green signal is the ALC error voltage. 

2.4.4 Sense Channel Design 

 The sense channel generates a voltage linearly proportional to the rate of rotation 

of the μHRG.  The sense pickoff voltage has two main components.  The first is the 

amplitude modulated rate output signal that is ideally in phase with the drive forcer 

voltage.  The second is the quadrature component that is generated due to anisotropic 

fabrication imperfections in the μHSR.    

 The sense channel design, shown in Figure 58, demodulates the rate output using 

an analog multiplier.  The drive forcer and sense pickoff signals are both amplified to 

appropriate signal levels (~1v) for the analog multiplier.  The output of the multiplier is 
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then passed through a low-pass filter to separate the rate output signal down at baseband 

from the component of the multiplier at twice the frequency of the carrier.  

 

Figure 58: Sense channel design 

Sense Channel Scale Factor Estimation 

Finite element analysis (FEA) simulations have been used to estimate the sensitivity of 

the µHSR, giving 400pA/o/s at a shell polarization voltage of 40v, a drive voltage of 

30mV, a quality factor of 10k, and utilizing a single sense and a single drive electrode. 

[50]  However to make a fair comparison with the measured results presented in Chapter 

3, the sensitivity must be scaled to account for the difference in the bias conditions, the 

measured quality factor and the number of electrodes used for the drive forcer and the 

sense pick-off.  Hence, by scaling the sensitivity as shown in Equation 37, a scale factor 

estimate of 4.96 pA/o/s is calculated. 
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𝑆𝑠𝑖𝑚 𝑠𝑐𝑎𝑙𝑒𝑑 = 𝑆,sim (
𝑄𝑠,𝑡𝑒𝑠𝑡
𝑄𝑠,𝑠𝑖𝑚

)(
𝑁𝑑,𝑡𝑒𝑠𝑡
𝑁𝑑,𝑠𝑖𝑚

)(
𝑁𝑠,𝑡𝑒𝑠𝑡
𝑁𝑠,𝑠𝑖𝑚

)(
𝑉𝑝𝑠,𝑡𝑒𝑠𝑡

𝑉𝑝𝑠,𝑠𝑖𝑚
)(
𝑉𝑝𝑑,𝑡𝑒𝑠𝑡

𝑉𝑝𝑑,𝑠𝑖𝑚
)(
𝑉𝑑,𝑡𝑒𝑠𝑡
𝑉𝑑,𝑠𝑖𝑚

) 

= (400
𝑝𝐴

°/𝑠
) (
8.5𝑘

10𝑘
) (
2

1
) (
2

1
) (
14𝑣 + 3.5𝑣

40𝑣
) (
14𝑣 − 12𝑣

40𝑣
) (
5𝑚𝑣

30𝑚𝑣
) 

𝑆𝑠𝑖𝑚 𝑠𝑐𝑎𝑙𝑒𝑑 = 4.96
𝑝𝐴

°/𝑠
 

Equation 37: Scaled Sensitivity estimate 

The sense channel gain from the sense pickoff to the rate output is 7GΩ as shown in 

Equation 38.  The estimated scale factor of 34.7mV/o/s is then calculated as shown in  

𝐴𝑠𝑒𝑛𝑠𝑒 = 𝐴𝑅,𝑇𝐼𝐴𝐴𝑃𝐴1𝐴𝜑−𝑠ℎ𝑖𝑓𝑡𝐴𝑃𝐴2𝐴𝑟𝑎𝑡𝑒 ∗ 𝑉𝑑𝑟𝑖𝑣𝑒 = (500𝑘𝛺)(10)
4(1.4) = 7𝐺Ω 

Equation 38: Sense channel gain 

𝑆𝐹𝑒𝑠𝑡 = 𝐴𝑠𝑒𝑛𝑠𝑒𝑆𝑠𝑖𝑚 𝑠𝑐𝑎𝑙𝑒𝑑 = 7𝐺Ω ∗ 4.96
𝑝𝐴

°/𝑠
= 34.7mV/°/s 

Equation 39: Scale factor estimate 

Sense Channel Drive Amplifier 

The gain of the sense channel amplifier is set so that the amplitude of the drive voltage is 

approximately 1v peak going into the analog multiplier, which is close to the maximum 

input swing it can accept.  Its phase shift is minimized as you can see in the simulated 

frequency response shown in Figure 59.   
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Figure 59: Frequency response of the sense channel drive amplifier 

Sense Pickoff Post-amplifier and Phase Shifter 

 Similar to the gain of the sense channel drive amplifier the gain of the sense 

pickoff post-amplifier is also set to give approximately 1v peak at the input of the analog 

multiplier. The phase response of the pickoff amplifier is set so that the phase shifter 

compensates for the -13.08o of phase shift introduced by the pickoff channel on the AFE.  

The phase shift is introduced using the phase shifter. The frequency response of the 

pickoff amplifier is shown in Figure 60. 

𝑉𝑜(𝑠)

𝑉𝐼(𝑠)
=
(1 − 𝑠

𝑅𝐹
𝑅𝐼
)

1 + 𝑠𝑅𝐶
= −

𝑅𝐹
𝑅𝐼

(𝑠 −
𝑅𝐼
𝑅𝐹

1
𝑅𝐶)

(𝑠 − (−
1
𝑅𝐶))

 

Equation 40:Phase shifter transfer function 
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Figure 60: Frequency response of the sense pickoff amplifer with phase compensation 

Demodulator 

 The AD835 [72] was used as the analog multiplier to demodulate the sense 

pickoff with respect to the drive forcer voltage.  The AD835 was selected due to its high 

multiplication accuracy and stable operation.  The configuration of the multiplier is 

shown in Figure 61.  The gain of the multiplier was set to 1 using the external resistor 

network as detailed in Equation 41. 

 

Figure 61: AD835 analog multiplier configuration 



 79 

𝑊 =
𝑋𝑌

1.05
+ 𝑍 =

𝑋𝑌

1.05 (1 +
𝑅2
𝑅1
)
= 𝑋𝑌 

Equation 41: Demodulator Transfer Function 

Low-pass Filter and Rate Amplifier 

 A low-pass filter is used to filter the component at twice the frequency of the 

carrier in order to extract the baseband rate signal.  The filter is a 2nd-order Sallen-Key 

filter with a cutoff frequency of 1Hz, well above the 0.8Hz bandwidth of the device.  

After the low-pass filter a gain stage of 20dB is then used to amplify the rate output 

voltage.  The design of the filter and rate amplifier is shown in Figure 62.  Its frequency 

response is shown in Figure 63. 

 

Figure 62: Sense channel 2nd order LPF 
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Figure 63: Frequency response of the sense channel low pass filter 

Sense Channel Simulation 

The sense channel was simulated by using a Verilog-A model for the demodulator.  The 

model was used to confirm that the multiplicands of the demodulator, VREG and the 

amplified sense pick-off, were in phase and have a maximum amplitude of 1.5v, the 

maximum input voltage of the AD835, as shown in Figure 64. 
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Figure 64: Sense Channel Transient Simulation 

2.4.5 Digital ALC, Quadrature and Frequency Tuning System 

 The back-end contains 8 digital to analog converter (DAC) output voltages.  Four 

outputs are used to apply each of the quadrature and frequency tuning voltages that match 

the modes.  Two outputs are used to tune the ALC with one to control the amplitude set 

point of VREG and the other to set the difference amplifier gain.  The last two outputs 

remain unused and are attached to test points.  The digital control system also includes 

the option of controlling the ALC PI gains digitally using a digitally controlled amplifier. 

 The eight DAC outputs are implemented using two 4 channel 16-bit AD5754 [73] 

DACs from Analog Devices.  The two DACs are daisy chained and controlled by a single 

serial peripheral interface (SPI) connection.  They are operated as bipolar ±8v outputs.  A 

Texas Instruments PGA2311 [74] was used as a digitally controlled amplifier for 

controlling the ALC PI gains.   

Drive 

Rate 

Input 

Modulated 

I input 

Rate 

Output 



 82 

 The digital control was provided by a Texas instruments Texas Tiva C Series EK-

TM4C1294XL Launchpad board which contains a Tiva TM4C1294NCPDTI 

microcontroller.  The firmware is given in Appendix I.  The microcontroller board must 

be isolated from the interface by using an RF or optical isolation device for the safety of 

the attached computer and to isolate the power supplies and ground connections from the 

noisy microcontroller board. The digital Tuning control system was not used during 

testing because the isolation had not been implemented.  During characterization of the 

gyroscope each of the control voltages was set using bench-top DC power supplies.   

2.4.6 Analog Back-end Implementation and Summary 

 The closed loop analog back-end was implemented using a PCB that mates 

directly with the analog front-end. (AFE)  It was then assembled by hand using a surface 

mount soldering process.  The fabricated board is shown in Figure 65. The schematic and 

layout are given in Appendix E and F, respectively.  A schematic with the revisions made 

during testing is given in Appendix G 

 

 

Figure 65: Analog Back-end PCB 
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Chapter 3 

Gyroscope Performance Characterization 

 The gyroscope was characterized using an Ideal Aerosmith 1291BR rate table 

with 0.01% rotation rate accuracy.  The characterization setup is shown in Figure 66 and 

Figure 67. The AFE and analog back-end were separated in order to make tuning and 

characterization of the analog front-end easier during testing.  The total power 

consumption is 2.2W, drawing approx. 138mA at 16v (±8v).  The AFE including the on-

board vacuum chamber is mounted in the chassis with a break-out board below it as 

shown in Figure 67 (a).  The exterior of the chassis is shown in Figure 67 (b).  The data is 

then processed using the gyroChar custom MATLAB toolbox described in Appendix H.  

A summary of the gyroscope characterization is given in Table 7.  

 

Table 7: Comparison of calculated and measured parameters 

 

Parameter Calculated Measured

fRES(Hz) 6.7108k 6.7108k

fLOCK(Hz) 6.7108k 6.7108k

AM Sensitivity (pA/o/s) 4.96 1.21

AM Scale Factor (mV/o/s) 34.7 8.57

FM Scale Factor (mV(mHz)/o/s) 1.46

ENEΩ (o/hr) 1.271

MNEΩ (o/hr) 13.14

TNEΩ (o/hr) 13.2 2040

ARW (o/√hr) 0.22 34

Bias Instability (o/hr) 330

Characterization Results
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Figure 66: Gyroscope Characterization Setup 
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   (a)      (b) 

  

   (c)      (d) 

Figure 67: Assembled Gyroscope Characterization Platform showing (a) and (b) the AFE mounted in 

the chassis with the signal breakout board attached (c) The platform mounted on the rate table, and 

(d) The Analog back-end board (right) and drive loop feed-through filter (left) 

3.1  Drive Loop Characterization 

 The frequency of the drive loop is determined by the loop phase of the drive 

oscillator.  The drive oscillator will lock to the frequency where the loop phase is 0o.  

Therefore in order to lock to the resonant frequency, the loop phase at the resonant 

frequency must be 0o.  The resonant frequency is measured at Vreg, the highest amplitude 

drive loop signal, using an Agilent 53181A frequency counter and Agilent 35670A 

dynamic signal analyzer.  The dynamic signal analyzer is setup to take the FFT of VREG. 
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The frequency counter and dynamic signal analyzer both give a drive frequency of 

6.7108kHz.  The spectrum of the drive loop is shown in Figure 68.  The measured 

resonant frequency of the µHSR and the AFE is matched to the drive frequency of 

6.7108kHz as shown in the AFE frequency response in Figure 69. The regulation of the 

drive voltage by the ALC under rotation is demonstrated in Figure 70.  The envelope of 

the drive signal remains constant even as energy is transferred from the drive mode to the 

sense mode under rotation. 

 

Figure 68: Spectrum of drive loop VREG 
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Figure 69: Frequency response of the AFE including the µHSR. 

 

Figure 70: Regulated drive voltage with the DUT under rotation (VREG) (1 sec/div, 100mV/div) 

 As the rotation rate increases beyond the dynamic range of the µHRG, the modes 

begin to split and the drive frequency increases with increasing rotation rate.  The 

frequency should increase linearly with rotation rate and hence this shift can be used to 

measure the rotation rate outside of the bandwidth of the AM µHRG interface by 

measuring this FM signal.  By monitoring the FM rate output the system can detect when 
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it is operating outside the range of the AM interface and hence the dynamic range of the 

interface is extended by using an AM/FM interface instead of a purely AM interface. 

 This frequency shift can be measured by using the drive voltage, VREG, as the 

reference to a phase locked loop. (PLL)  The VCO center frequency of the PLL is set to 

the ZRO frequency of the drive loop.  The frequency shift can then be measured by 

monitoring the control voltage of the VCO, which then also becomes the FM rate output.  

 A PLL for measuring the frequency shift was implemented using a Zurich 

Instruments HF2LI lock-in amplifier.  The VCO control voltage, with a VCO gain of 

1V/Hz, was then output to an Agilent DSO6014A oscilloscope.  A sinusoidal rotation at 

2Hz was then applied to the µHRG and the FM rate output was saved to a comma 

separated value (csv) file for each input rate and then processed using the same scale 

factor analysis tool, gyroChar_ScaleFactor, used for plotting the AM scale factor.  This 

gives the FM rate response shown in Figure 71 and the transient FM rate response to 

100.531 o/s shown in Figure 72.  The FM scale factor shows a linear response with a 1.46 

mHz/o/s scale factor.  The dynamic range measured is limited by the required vacuum 

connection. 
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Figure 71: FM rate response scale factor 

 

Figure 72: FM transient rate response to a 100.531 o/s rotation rate. 
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3.2  Scale Factor Characterization 

3.2.1 AM readout scale factor 

 The scale factor was characterized by measuring the transient rate response at 

several different rates.  An example rate response is shown in Figure 73 for a rate input of 

approx. 15 o/sec. The gyroscope was rotated at a frequency of 0.15 Hz, well within the 

0.3Hz bandwidth of the µHSR. 

 

Figure 73: Rate Response for a rate input of 25 o/sec 
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Figure 74: Rate Response showing a scale factor of 8.57 mV/o/s 

3.2.2 AM/FM hybrid Readout with expanded dynamic range 

 The AM and FM readout methods described previously can be used together to 

extend the dynamic range of the µHRG as shown in Figure 75.  The high Q and low 

frequency of the µHSR cause it to have a narrow bandwidth.  This narrow bandwidth 

constrains the dynamic range of the synchronous AM readout channel to low rotation 

rates. At rates outside the bandwidth of the µHSR, the FM readout provides a linear rate 

response as demonstrated in section 3.1.   

 The final rate output could be generated using a simple logic block. The FM rate 

output could be compared to a threshold and then the comparator output could be used to 

select the correct rate output using a switch.  When the rate signal is within the bandwidth 

of the device, the AM rate output would be used with its better scale factorand lower 

noise.  However, if the rotation rate exceeds the bandwidth of the µHSR, then the FM 

rate output would be used. Figure 76 shows the extension of the dynamic range   
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Figure 75: Hybrid AM/FM µHRG Block Diagram 

 

Figure 76: AM (blue) and FM (red) Rotation Rate Responses showing scale factors of 8.57 mV/o/s 

and 1.46 mHz/o/s, respectively 
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However, the FM scale factor of just 0.217ppm/o/s, the TCF is 61.9 ppm/oC, and the 

quality factor varies with frequency, as shown in Figure 77.  Hence, to ensure an accurate 

FM rate output, the TCF must be compensated.  One method of compensating the TCF 

may be to use a second adjacent device on the same substrate as the VCO in the FM read 

out PLL.  

 

Figure 77: TCF and quality factor temperature dependence 

3.3 Noise Characterization 

 The noise performance of the gyroscope was measured while the gyroscope was 

at rest by sampling the zero rate output using a Zurich Instruments H2FLI lock-in 

amplifier at 900Hz.  The Allan variance is shown in Figure 78.  The bias instability is 

329.75 o/hr. at an averaging period of 72.74s.  The angle random walk is 34𝑜/√ℎ𝑟.  

Further improvements in the resonator quality factor and the noise of the drive loop will 

help improve the noise performance of the gyroscope.  It is also believed that the current 

noise measurements may be effected by the vibration of the vacuum pump, though the 

vibration sensitivity of the µHRG hasn’t been characterized. 
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Figure 78: Allan Variance (deviation) 
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Chapter 4 

Conclusion and Future Work 

4.1  Conclusion 

 The µHRG has the potential to become a gyroscope with the high performance of 

traditional macro-scale gyroscopes along with the small cost, size, weight and power-

consumption of existing MEMS solutions.  The µHSR has already accomplished the size, 

weight, and cost goals with a batch fabricated resonator that is just 1.2mm in diameter 

with a total area including the electrodes of 7 mm2.    While the performance still hasn’t 

reached the level of the macro-scale HRG, there is still room for improvement and further 

development of the quality factor and interface system. 

 The µHRG rate interface was developed to turn the micro-hemispherical shell 

resonator into a rate gyroscope.  First the µHSR had to be characterized and modeled.  

Then the control and readout electronics were developed.  This included the drive 

oscillator, the balancing and quadrature compensation methods, and sense channel for the 

synchronous demodulation of the rate signal from the drive carrier.  The system was 

implemented using two separate boards, the analog front-end (AFE) conatins the direct 

analog interface to the µHSR and the back-end contains the signal processing. 

 The resulting gyroscope was then characterized.  First, the drive loop was 

characterized to ensure that the oscillator was locking into the resonant frequency of the 

µHSR and the ALC was regulating the velocity well. Next, the performance of the rate 

output was characterized.  A scale factor of 8.57mV/o/s was measured at a frequency of 

0.15Hz.   The noise performance of the rate output was then measured and the Allan 

variance was plotted and analyzed.  The Allan Variance plot gave a bias instability of 330 

o/hr and an angle random walk (ARW) of 34𝑜/√ℎ𝑟.  While these intial results are far 

from inertial grade, they have demonstrated the functionality of the system, with further 
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performance improvements expected.  Further development of the resonator and the 

interface will not only improve the rate performance but also enable rate integrating 

operation. 

4.2  Contributions and lessons 

4.2.1 Rate Mode Readout and Control Interface 

 The read-out and control interface that turned the µHSR into a working µHRG 

was developed.  It implements a closed drive loop that locks into the resonant frequency 

of the µHSR and regulates the drive mode amplitude.  It also includes a synchronous 

readout channel for measuring the rate of rotation and separating the rate response from 

the quadrature output.  The system also includes control of the electrostatic quadrature 

and frequency tuning voltages which tune and bias the µHSR in order to enable the 

capacitive interface and match the modes.   This AM interface had been characterized 

and can act as the basis for additional experiments and for the design of new interface 

architectures. 

4.2.2 Non-linearity 

 The non-linearity of the µHSR is significantly larger than initially predicted in 

simulation as shown in section 2.1.4.  This non-linearity was first characterized and then 

the drive loop gain and drive amplitude set point were adjusted to account for the non-

linearity.  It was found that to ensure linearity the drive forcer voltage had to be less than 

10mV.   

 The drive loop had to be reconfigured so that the magnitude of the voltage 

regulated by the ALC voltage is large enough for proper operation of the peak detector, 

while still keeping the oscillator from doffing.  Hence, the drive pick-off amplification 

was increased.  The VCA810 variable gain amplifier’s operating point was then selected 

so that it was operated as a variable attenuator to avoid non-linearity. 



 97 

4.2.3 Feed-through Cancellation 

 The feed-through level of the device is more complicated than a simple capacitive 

feed-through model.  While the feed-through level at low frequencies is attenuated 

significantly by the current feed-through cancellation circuit, at higher frequencies the 

feed-through levels begin to increase significantly at frequencies within the bandwidth of 

the feed–through cancellation circuit.  As discussed in section 2.4.2, a feed-through filter 

was implemented in the drive loop to ensure that the drive oscillator locked to the 

resonant frequency. 

 It is also interesting to note that the feed-through cancellation circuit from the 

drive forcer to the sense pick-off reduces the feed-through level at the drive pick-off.  

While the current feed-through model, discussed in section 2.1.5, begins to capture some 

of these affects, further work on modelling the feed-through of the µHSR needs to be 

conducted.   

4.2.4 On-board Vacuum Chamber 

 An onboard vacuum chamber and support chassis was developed to provide a 

vacuum to the µHSR and enable high quality factors that aren’t limited by air or squeezed 

film damping.  The support chassis not only provides mechanical support for the on-

board vacuum chamber but also provides a flexible platform for supporting the interface 

and control electronics. 

4.3  Future Work Summary 

 The next stage of the interface development will consist of a redevelopment of the 

interface to support whole angle and rate mode while improving the methods used for 

characterization of both the resonator and the interface.  First, a new mixed-signal board 

design will need to be developed to enable implementation of advanced DSP methods 

needed to control a rate integrating interface.  Next, a discrete rate-integrating gyroscope 
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will need to be implemented to demonstrate the system.  It will then culminate with the 

design of a mixed signal ASIC for the control and read-out of the µHRG in whole angle 

mode and force feedback rate mode. 

4.4  Next stage goals 

There are five main goals for the next stage of development: 

 Develop a whole angle mode gyroscope interface. 

 Develop a mixed signal ASIC for the control and readout of whole angle and rate mode 

gyroscopes. 

 Develop the embedded instrumentation to effectively evaluate different interface 

architectures and resonators. 

 Develop noise models for prediction of Allan variance performance. 

 Improve the performance of the µHRG to its full potential. 

4.5  New interface Architecture 

 A digital back-end will need to be developed for the control of the device.  This 

method will allow support for both whole-angle and rate-integrating operation.  The rate 

interface can be implemented in DSP.  The drive loop will utilize a software-defined 

phase locked loop and the sense channel can be realized in both an open-loop 

configuration with digital demodulation and in a closed-loop force feedback 

configuration for larger bandwidth. 

4.6 Quadrature and Frequency Tuning Control 

4.6.1 Automatic mode matching 

Currently the μHRG is mode-matched by tuning the two independent quadrature 

control voltages and the two independent frequency tuning voltages.  A method for 

automatically matching the two modes should be implemented.  First the AFE should be 

configured so that the 2 frequency control voltages are no longer independent but instead 

form a single differential voltage controlled by a single input so that VT1 = -VT2.  An 
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open-loop frequency control system could be implemented either in analog or digital 

using the open loop control equations. The AFE would also need to be configured to 

accept the appropriate input signal range.  A similar method would also need to be 

applied to the quadrature control voltages to form an open-loop quadrature control 

system. 

4.6.2 Closed Loop Quadrature Control 

 Further improvements in the mode matching and the quadrature control system 

could be implemented using a closed loop quadrature control system.  The quadrature 

level could be sensed by demodulating the quadrature component of the pick-off signal.  

This signal could then be regulated using a controller to control the DC bias of the ±22.5o 

quadrature electrodes.  This would need to be implemented in order to implement whole 

angle mode.   

4.7 Improved Instrumentation 

 A gyroscope test and evaluation system for efficient measurement of both 

resonator and gyroscope parameters similar to the URAT [40, 75, 76] should be 

implemented for efficient and cost effective evaluation of the μHRG.  GnuRadio 

and MATLAB can be used for the interface to the device and the post-processing 

of the data.  This system should be directly integrated with the interface. 

 A probe card system for probing the die should be implemented to eliminate wire-

bonding the device during early stages of testing the device.  A rotating or 

polygon holder covering the different possible orientations of the device would be 

necessary to keep the device pads aligned with the probe card.  This would allow 

devices to be tested more efficiently in general and enable new types of tests on a 

larger number of devices. 
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 An improved vacuum connection method that provides vacuum while allowing 

the device to rotate at higher dynamic ranges needs to be implemented.  Using a 

longer and more flexible hose would be a good start.  A rotary union and an 

improved chassis could also provide higher dynamic ranges.  Ultimately, 

however, the device needs to be vacuum packaged to go to high dynamic ranges 

and reduce environmental impacts. 

 

4.8  Improved Device and System Modelling 

 The substrate feed-through model for the device feed-through needs to be refined. 

 A detailed model of the μHRG needs to be created in Simulink and Matlab.  This 

would be useful for testing control and readout algorithms.  The Simulink model 

of tuning fork gyros developed by Sharma [53] can serve as a starting point for a 

Simulink model of the μHRG.  The model would then need to be compared to 

measured results and incorporate noise models. [77] 

 The Simulink model can be used as part of a model-based development (MBD) 

process where the control algorithms can be simulated and then the control 

firmware can be directly generated from the model. 

4.9  Mixed Signal ASIC 

 One of the major goals of the next step of the interface should be to develop a 

mixed signal application specific integrated circuit (ASIC) for the control and read-out of 

the µHRG.  Demonstration of the world’s first ASIC for whole-angle operation would be 

a major accomplishment.  It would allow further reduction of the C+SWaP and improved 

performance.   
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4.10  Resonator Design Feedback 

 In future revisions of the μHSR the design of the shell and the electrodes could be 

optimized to enhance the performance of the system by considering the characterization 

data and the interface architecture. 

 The gap size could change depending on the function of the electrode.  For 

example, the drive forcer electrodes could have a large gap size to avoid driving 

the device into non-linearity; while the quadrature and frequency tuning 

electrodes could keep the current gap size to ensure that the device is still able to 

be mode matched. 

 A center electrode could be implemented to provide a mechanism for amplitude 

control in whole angle operation. 
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Appendix A: Analog Front-end Schematic 

A.1. Interfaces 

 

A.2. Signal Conditioning 
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A.3. Quadrature Amplifiers 

 

A.4. Feedthrough Cancellation 
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A.5. High Voltage Supplies 
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Appendix B: Analog Front-end Layout 

B.1. Top Layer Layout 
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B.2. Inner Layer 1 Layout 
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B.3. Inner Layer 2 Layout 
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B.4. Bottom Layer Layout 
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B.5. Mechanical Drawing 
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B.6. Analog Front-end Bill of Materials 

 

  

8

Index
Quantity per 

Board
Value Package Board Reference

Minumum Quantity 

Required

Quantity to 

be 

Purchased 

Distributor Distributor Part Number Description

1 6 OPA454 8SO PowerPAD 
OLQ+(1,9), OLQ+(5,13), OLQ-(3,11), OLQ-(7,15), 

CLQ+(4,8,12,16), CLQ-(2,6,10,14)
48 100 DigiKey 296-22997-5-ND IC OPAMP GP 2.5MHZ SGL 8SOPWRPAD

2 2 OPA2140 8-MSOP Antinode_Pickoff, Node_Pickoff 16 25 DigiKey 296-27862-1-ND IC OPAMP J-FET R-R 11MHZ 8VSSOP

3 6 OPA209 SOT23-5 Antinode_Forcer, Node_Forcer, FT1, FT2, FT3, FT4 48 100 DigiKey 296-28152-1-ND IC OPAMP GP RRO 18MHZ SOT23-5

4 6 951102-8622-AR 2-pos thru hole Antinode_Forcer, Node_Forcer, J4, J5, J6, J7 48 65 DigiKey 3M9321-ND CONN HEADER 2POS 2MM VERT T/H

5 21 951103-8622-AR 3-pos thru hole

J1, J2, Pin_GND_JP, OLQ+(1,9), OLQ+(5,13), OLQ-(3,11), 

OLQ-(7,15), CLQ+(4,8,12,16), CLQ-(2,6,10,14),  

Antinode_Forcer[2 pieces], Node_Forcer[2 pieces], 

Antinode_Pickoff[2 pieces], Node_Pickoff[2 pieces],  FT1, 

FT2, FT3, FT4

168 215 DigiKey 3M9322-ND CONN HEADER 3POS 2MM VERT T/H

6 11 60@100MHz L_0805 C17, C18, C32, C33, L2, L3, L4, L5, L6, L7, L8 88 120 DigiKey A102077CT-ND FERRITE CHIP 60 OHM 850MA 0805

7 12 0 R_0805

Antinode_Pickoff[2 pieces], Node_Pickoff[2 pieces],  FT1, 

FT2, FT3, FT4, OLQ-(3,11), OLQ-(7,15), CLQ+(4,8,12,16), CLQ-

(2,6,10,14)

96 200 DigiKey 541-0.0TBCT-ND RES 0.0 OHM .33W JUMP 0805 SMD

8 4 2K R_0805 OLQ+(1,9), OLQ+(5,13), CLQ+(4,8,12,16), CLQ-(2,6,10,14) 32 44 DigiKey RHM2.00KAECT-ND RES 2K OHM .4W 1% 0805 SMD

9 6 100K R_0805
OLQ+(1,9), OLQ+(5,13), CLQ+(4,8,12,16), CLQ-(2,6,10,14), 

Antinode_Pickoff, Node_Pickoff
48 66 DigiKey RHM100KAECT-ND RES 100K OHM .4W 1% 0805 SMD

10 16 10K R_0805

R8, R9, Antinode_Forcer[3 pieces], Node_Forcer[3 

pieces], Antinode_Pickoff, Node_Pickoff, OLQ+(1,9), 

OLQ+(5,13), OLQ-(3,11), OLQ-(7,15), CLQ+(4,8,12,16), CLQ-

(2,6,10,14)

128 170 DigiKey RHM10.0KAECT-ND RES 10K OHM .4W 1% 0805 SMD

11 6 22K R_0805
OLQ+(1,9), OLQ+(5,13), OLQ-(3,11), OLQ-(7,15), 

CLQ+(4,8,12,16), CLQ-(2,6,10,14)
48 65 DigiKey RHM22.0KCHCT-ND RES 22K OHM 1/8W 1% 0805 SMD

12 2 340K R_0805 OLQ-(3,11), OLQ-(7,15) 16 50 DigiKey 311-340KCRCT-ND RES 340K OHM 1/8W 1% 0805 SMD

13 4 100M R_0805 OLQ+(1,9), OLQ+(5,13), OLQ-(3,11), OLQ-(7,15), 32 50 DigiKey HMC0805JT100MCT-ND RES 100M OHM 1/8W 5% 0805

14 2 499K R_0805 Antinode_Pickoff, Node_Pickoff 16 25 DigiKey 311-499KCRCT-ND RES 499K OHM 1/8W 1% 0805 SMD

15 4 499 R_0805  FT1, FT2, FT3, FT4 32 50 DigiKey P499CCT-ND RES 499 OHM 1/8W 1% 0805 SMD

16 7 10 R_0805 R1, R2, R3, R11, R12, R13, R14 56 77 DigiKey RHM10.0BLCT-ND RES 10 OHM 1/8W 1% 0805 SMD

17 2 20K 3214W SMD Antinode_Forcer, Node_Forcer 16 25 DigiKey 3214W-203ECT-ND TRIMMER 20K OHM 0.25W SMD

18 4 5K 3214W SMD  FT1, FT2, FT3, FT4 32 44 DigiKey 3214W-502ECT-ND TRIMMER 5K OHM 0.25W SMD

19 2 100K 3214W SMD R7, R10 16 22 DigiKey 3214W-104ECT-ND TRIMMER 100K OHM 0.25W SMD

20 6 10p C_NP0_0805
Antinode_Forcer[2 pieces], Node_Forcer[2 pieces], 

Antinode_Pickoff, Node_Pickoff
48 66 DigiKey 478-5779-1-ND CAP CER 10PF 100V 1% NP0 0805

21 4 2p C_NP0_0805  FT1, FT2, FT3, FT4 32 44 DigiKey 478-6216-1-ND CAP CER 2PF 100V NP0 0805

22 13 10u C_1210 C1 to C10, C13, C14, C16 104 140 DigiKey 445-7004-1-ND CAP CER 10UF 50V 10% X7S 1210

23 6 100p C_NP0_0805  Antinode_Pickoff, Node_Pickoff, FT1, FT2, FT3, FT4 48 100 DigiKey 478-3732-1-ND CAP CER 100PF 100V 1% NP0 0805

24 54 1u C_0805

C11, C12, C20, C21, C24, C25, Antinode_Forcer[5 pieces], 

Node_Forcer[5 pieces], Antinode_Pickoff[4 pieces], 

Node_Pickoff[4 pieces], OLQ+(1,9)[3 pieces], 

OLQ+(5,13)[3 pieces], OLQ-(3,11)[3 pieces], OLQ-(7,15)[3 

pieces], CLQ+(4,8,12,16)[3 pieces], CLQ-(2,6,10,14)[3 

pieces], FT1[3 pieces], FT2[3 pieces], FT3[3 pieces], FT4[3 

pieces]

432 550 DigiKey 445-6974-1-ND CAP CER 1UF 100V 10% X7S 0805

25 4 4.7u C_1210 C19, C22, C23, C26 32 44 DigiKey 445-7005-1-ND CAP CER 4.7UF 100V 10% X7S 1210

26 1 not populated thru hole L1 0 0

27 27 SPN02SXCN-RC Not on board - please procure and deliver with parts kit. 216 280 DigiKey S9339-ND CONN JUMPER SHORTING 2MM GOLD

28 2 FW-25-05-G-D-425-140-A 50-pos surface mount board spacers P1, P2 16 22 Samtec FW-25-05-G-D-425-140-A must be "-A" part with alignment pins

29 2 EMCO AH01P-12 A_VDD50_1, A_VDD50_2 16 20 Northrop will procure AH01P-12 +100V High Voltage Supply

30 2 EMCO AH01N-12 A_VSS50_1, A_VSS50_2 16 20 Northrop will procure AH01N-12 -100V High Voltage Supply

# of boards to be assembled:

MRIG Analog Front End Bill of Materials
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Appendix C: Analog Front End Errata 

 

AFE Errata 1: Vp RLC filter capacitor C15 

The capacitor, C15, on the polarization voltage RLC filter has the second pad floating.  It 

should be connected to ground. 

 

AFE Errata 2: Pickoff Channel LPF Corner Frequency 

The pickoff channel’s feedback capacitors are too large and introduce too much phase 

shift at the resonance frequency (Approx. 6.7 kHz).  The TIA feedback capacitor must be 

changed from 10pF (Fc = 32 kHz) to 5pF (Fc = 64 kHz) and the Post-amp feedback 

capacitor must be changed from 100pF (Fc = 16 kHz) to 27pF. (Fc = 59 kHz) 

 

AFE Errata 3: Chassis grounding 

There should be an option to ground the chassis by placing metal grounding pads around 

the screw holes.  
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Appendix D: On-board Vacuum Chamber 

Mechanical Drawings 

D.1. Assembled View 

 

D.2. Chassis Front Side View 
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D.3. Chassis Back Side 

 

D.4. Right Side Panel 
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D.5. Left Side Panel 

 
D.6. Top Panel 
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D.7. Base Top View 

 

D.8. Top Perspective View 
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D.9. Base Bottom View 

 

D.10. Bottom Perspective View 
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D.11. Base Front and Back View 

 

D.12. Base Right and Left Side View 
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Appendix E: Closed Loop Interface (GTBE-A) 

Schematic 

E.1. Interfaces 

 

E.2. Drive Channel 
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E.3. Automatic Level Controller 

 

E.4. Sense Channel 
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E.5. Power Supplies 

 

E.6. Digital 
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E.7. Peak Detector 

 

E.8. Rate Output Low Pass Filter 
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E.9. PID Tuning and Quadrature DACs 
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Appendix F: Closed Loop Interface (GTBE-A) 

Layout 

F.1. Top Layer Layout 

 

F.2. Inner Layer 1 Layout 
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F.3. Inner Layer 2 Layout 

 

F.4. Bottom Layer Layout 
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F.5. AFE Mating Drawing 
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Appendix G: Closed Loop Interface (GTBE-A) 

Revised Schematic 

G.1. Interfaces 

 

G.2. Drive Channel 
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G.3. Automatic Level Controller 

 

G.4. Sense Channel 
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G.5. Power Supplies 

 

G.6. Digital 
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G.7. Peak Detector 

 

G.8. Rate Output Low Pass Filter 
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G.9. PID Tuning and Quadrature DACs 
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Appendix H: gyroChar MATLAB Toolbox 

H.1. Toolbox Summary 
A MATLAB toolbox was developed for analysis of gyroscope characterization data.  The 

toolbox includes functions for plotting the frequency response, scale factor, and spectrum 

of the µHRG.   

The toolbox is available at: https://github.com/IMEMS/Public/tree/master/SOFTWARE-

LIBRARIES/MATLAB/gyroChar%20Toolbox 

Function Summary: 

 gyroChar_FreqResponse – Plots the frequency response of both the drive and sense 

mode pickoffs and then both responses on the same plot.  Works with .csv files saved 

from an Agilent E5061B network analyzer.  It also displays the insertion loss and 

frequency of each peak. 

 gyroChar_ScaleFactor – Plots the scale factor from transient scale factor measurements. 

 gyroChar_Spectrum – Plots the spectrum measured on an Agilent 35670A dynamic 

signal analyzer. 

 gyroChar_E5061B_Bode – Plots the frequency response from an Agilent E5061B 

network analyzer. 

H.2. Contents.m 
% GYROCHAR 
% Version 001 27-Nov-2014 
%  
% Toolbox for the processing of gyroscope characterization data. 
%  
% Curtis Mayberry 
% Georgia Tech IMEMS Lab 
%  
% Files 
%   gyroChar_FreqResponse - plots the resonator frequency response 
%   gyroChar_ScaleFactor - gyroChar_ScaleFactor Plots rotation rate  
%    scale factor and transient rate plots 
%   gyroChar_Spectrum - gyroChar_Spectrum - Generates the frequency  
%    spectrum from dynamic signal analyzer data 
%   gyroChar_E5061B_Bode  - imports data from the Aglint E5061B  
%    network analyzer and generates a Bode plot 
%   gyroChar_Analysis_Example - An example analysis script utilizing 
%    the gyroChar toolbox. 

 
  

https://github.com/IMEMS/Public/tree/master/SOFTWARE-LIBRARIES/MATLAB/gyroChar%20Toolbox
https://github.com/IMEMS/Public/tree/master/SOFTWARE-LIBRARIES/MATLAB/gyroChar%20Toolbox
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Appendix I: Digital Control Firmware 

The firmware for the digital control of the back-end provides digital control for the tuning 

voltages and digital control of the ALC PI gains.  The firmware consists of a driver 

library and the main back-end interface control program. 

 

Driver Library (gtbelib): The driver library has firmware drivers for a variety of 

devices, including the ADCs and PGA used in the back-end.  It also contains several 

utilities for use with the Tiva C Series Launchpad microcontroller boards. 

Back-end Main Control Firmware (GTBEA_basic): Firmware for control of the 

analog back-end.  It provides control of all the ADCs to provide the tuning voltages 

digitally.  A PC is used to set the tuning voltages by communicating with the 

microcontroller through a USB connection. 

 

The latest firmware is available on the IMEMS GIT repository: 

https://github.com/IMEMS/Public/tree/master/SOFTWARE-LIBRARIES 

 

  

https://github.com/IMEMS/Public/tree/master/SOFTWARE-LIBRARIES
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