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ABSTRACT

The Vlasov-Poisson system is most commonly used to model the movement of charged
particles in a plasma or of stars in a galaxy. It consists of a kinetic equation known
as the Vlasov equation coupled with a force determined by the Poisson equation.
The system in Euclidean space is well-known and has been extensively studied under
various assumptions. In this paper, we derive the Vlasov-Poisson equations assuming
the particles exist only on the 2-sphere, then take an in-depth look at particles which
initially lie along a great circle of the sphere. We show that any great circle is an
invariant set of the equations of motion and prove that the total energy, number of

particles, and entropy of the system are conserved for circular initial distributions.
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Chapter 1
Introduction

Since there are many charged particles in a plasma and many stars in a galaxy, it
is impractical to model their movement individually. Instead, we often assume the
moving parts to be point particles and describe them all at once using a distribution
function. We then take what we know about the forces involved to derive a set of
equations which can be used to accurately predict how the distribution will evolve
in time. In Euclidean space, the equations have been established for many years so
we simply choose the equations that are appropriate according to the assumptions
required, and proceed to study the equations in whatever way we wish. For example,
in the study of plasmas, both relativity and changing magnetic fields are taken into
account by the Vlasov-Maxwell system [1]. If the magnetic fields and effects of rela-
tivity are negligible, then the Vlasov-Poisson system proves to be a good model. In
self-gravitating systems (those considered in stellar dynamics or cosmology), a fully
relativistic treatment requires the use of the Einstein-Vlasov system [20]. Again, if
relativity is ignored, the Vlasov-Poisson equations are suitable. In between the fully
relativistic Einstein-Vlasov and the fully Newtonian Vlasov-Poisson systems lies the
Vlasov-Manev system, in which the Newtonian gravitational potential is replaced by
a slightly perturbed potential in the Vlasov-Poisson equation [6]. This treatment is
particularly interesting because it shows the advance of the perihelion of Mercury
without using relativity. In all of these models, the physical system is assumed to be
collisionless; however it should be mentioned that collisions can be taken into account
via the Boltzmann equation and its variations. These are just a few of the many sys-
tems used to describe the movement of ions in plasma or stars in space. In this thesis,
we shall reduce our scope to consider only the stellar dynamical case (i.e. a group of

self-gravitating stars in space) and make the following physical assumptions:



1. Our stars have unit mass and are identical to each other.
2. There are no collisions!.
3. Relativistic effects are negligible (i.e. v < ¢, where ¢ is the speed of light).

In response to these assumptions, we identify the Vlasov-Poisson system as the logical
set of equations to study. However, our next requirement will prevent us from using
the equations already established—we assume the stars are within a curved space. Our
goal for this thesis is to extend some of the results from flat space to non-Euclidean
spaces, and find out what happens under the assumption that physical space is not
flat. If space has positive curvature like a sphere, how does this change the Vlasov-
Poisson equations? Do the properties of the system in Euclidean space also exist in
the curved problem?

On small scales, the curvature of the universe is negligible and therefore until
recently there has been no reason to suspect that our ambient space is anything but
flat (Euclidean). However, with recent studies of the cosmic background radiation
some researchers have concluded that a curved universe may better fit the acquired
data. Therefore any work done on curved spaces is very relevant and could even hold
the key to testing whether the universe is curved at all. The study of any equations
that might be useful for predicting the motions of stars and galaxies is particularly
interesting since on such large scales the differences between flat and non-Euclidean
space become relevant.

Although the Vlasov-Poisson system has been studied extensively in the Euclidean
setting, as far as we can tell it has never been considered on curved spaces without
the use of general relativity. Therefore, a crucial first step in our work is to derive
the systems of equations in such a way that they agree with everything we know
physically about the space. Consequently, we begin by making some preliminary
assumptions that must be satisfied by our equations so that they can be applied to
real-life situations. The most fundamental assumption is on the gravitational force
between two masses: it is attractive, proportional to the masses, directed along the
geodesic connecting the masses, and it depends on the geodesic distance between the
masses. As we shall see, any differences between the resulting equations in curved
space and the corresponding equations in Euclidean space are due to this difference

in the gravitational force.

Lwe will also need to exclude antipodal positions — configurations on the sphere in which particles

are separated by a geodesic distance of m — for the same reason.



This thesis is organized as follows. In Chapter 2, we begin by giving an introduc-
tion to the mathematics of the Vlasov-Poisson system in Fuclidean space, including a
brief discussion of the literature surrounding the subject. We supplement this discus-
sion with a slightly more detailed description of the interesting phenomenon known
as Landau damping to show the usefulness of studying these equations. After this,
we compile some relevant technical parts of geometry, such as the coordinates and
metrics we will use throughout the thesis. In Chapter 3, we derive the Vlasov-Poisson
system on the 2-sphere. To motivate the section, we begin with the simple example
of a gravitational field due to a point mass on the sphere. We then extend this case
and derive the Poisson equation for an arbitrary mass distribution using Gauss’s Law.
After obtaining the Poisson equation, we solve it using the known expression for the
fundamental solution of the Laplacian to get the gravitational potential. The next
step is finding the equations of motion for an individual particle using Lagrangian
mechanics. The form of the equations is previously known but the calculation is re-
produced here for completion. We finally put together all of this information in the
form of the Vlasov-Poisson system on the 2-sphere. Now having all the information we
need, we proceed to Chapter 3, in which we consider another special case: we assume
our initial distribution is such that all particles lie along a great circle of the sphere.
We prove that any great circle is an invariant set for the equations of motion on the
sphere and then re-derive the Vlasov-Poisson system for this distribution. From it,
we determine that several quantities are conserved along solutions: total number of
particles, total mechanical energy, Casimirs, and entropy. We believe these conserva-
tion laws will be helpful in determining the existence of global solutions in the future.
After this we linearize the system in preparation for future work. We finish the thesis
with a summary and some comments about future explorations into the world of the

Vlasov-Poisson system on curved spaces.



Chapter 2

Background

2.1 The Euclidean Vlasov-Poisson system

Within the framework of kinetic theory, the Vlasov-Poisson system for stellar dynam-
ics describes the time-evolution of a group of collisionless particles, whose motion is
determined by the gravitational field the particles collectively create, and models the
behaviour of large groups of stars or galaxies!. We are interested in the initial value
problem of the system; namely, given an initial distribution f; = f(0,z,v), can we
find the phase space distribution f at any time ¢ € R? The simplest place to start

seems to be with what is called the Liouville equation

a _

=0, (2.1)

This equation means physically that if one follows a single particle through phase
space, the phase-space density surrounding the particle will not change. This is
somewhat difficult to imagine since we are accustomed to seeing only physical space;
however, in [5], Binney and Tremaine give an illuminating analogy to this situation.
Imagine a large footrace in which all the runners move at constant speeds. Initially,
the runners will be clumped together at the start line but their speeds will be widely
distributed. At the end of the race, the number of runners crossing the finish line
within a short time of each other will be much smaller, but the difference in their
speeds will be much smaller as well, thereby conserving the phase-space density.

We can use this conservation equation as a starting place for our derivation. If we

a typical galaxy may contain hundreds of billions of stars and planets, so it is reasonable to use
these equations to model them.



substitute f = f(t,z,v) so that f depends on time, position, and velocity, and then
use the chain rule we get
df of Ox ov

%:E‘I‘a'vxf‘l‘a‘vvfzo- (2'2)

. : : . Oz v
Now we have a partial differential equation. But what determines En and E? These
functions describe the motion of a single particle in the system, so they are found by
solving the equations of motion
T =0

o r) (2.3)

where a dot indicates a derivative with respect to time, and F' is the sum of the forces
acting on a particle of position z. In our system, the only force acting on a particle
is the force generated by the whole group of particles. Therefore, the force will be
the gradient of the gravitational force function generated by the particle distribution,

according to the Poisson equation
AU = —4rp(x) (2.4)

coupled with the condition p(z) = [ fdv, where F' = VU. In 3-dimensional Euclidean

space, for example, the closed set of equations is
2 f(t,z,v) +v- Vs f(t,z,v) + VrsU(t, ) - V, f (£, 2,0) = 0,
—AgsU(z) = 4mp(x), (2.5)

p(r) = fR?, f(x,v)dv,

where z = (1, T2, 23) € R? is particle position, v = (vy,v9,v3) = (1,02, 23) € R3 is
particle velocity, t € R is time, f = f(¢,x,v) is the distribution function (or phase-
space density), U(t,x) is gravitational force function, and p(t,z) is spatial density.
The symbol Vgs indicates the gradient operator and Ags represents the Laplacian

operator so that

_(of ofF of
Vo - (2.2 ) 20

and 52 o 52
Apsf = f+ f+ / (2.7)

2 2 7
Ory  Ox;  Oxj



The operator V, is

o o0 0
VU ((%1’ 81}2’ 8v3) ’ ( 8)

and the symbol - stands for the dot product in R? so that -y = z,y1 +z2ys +23y5. A

classical solution to the system is described in the following definition, taken from [19].

Definition 1. A function f : I x R® x R® — [0,00) is a classical solution of the

Vlasov Poisson system on the open interval I C R if the following holds:
(i) The function f is continuously differentiable with respect to all its variables.

ii) The induced spatial density p = p; and force function U = U; exist on I x R3.
! f
They are continuously differentiable, and U is twice continuously differentiable

with respect to x.
(iii) For every compact subinterval J C I the field V, U is bounded on J x R3.
(iv) The functions f, p,U satisfy the Viasov-Poisson system on I x R® x R3.

Here, V, U is the gradient of U with respect to the position variable. Since the force
function U is dependent on the spatial density p, which in turn is dependent on the
phase-space density f, the system reduces to a non-linear partial differential equation
on f. As such, it took many years and many researchers to prove the existence of
global solutions to the Vlasov-Poisson system in Fuclidean space. Before the global
existence problem could be settled, several less general problems were considered.
For instance, in 1952 Kurth gave the first proof of local existence of solutions, [3].
In 1977 Batt proved global existence for spherically symmetric solutions [2], and in
1985 Bardos and Degond proved global existence of solutions with the assumption
of small initial data, [12]. The existence of global solutions with general initial data
was proved by Pfaffelmoser in 1990 and independently by Lions and Perthame in
1991, [18] [15].

2.2 Linear Landau Damping

One of the most interesting qualities of the Vlasov-Poisson system is its ability to
predict a phenomenon known as Landau damping which occurs in isolated, collision-
less particle systems. Physically speaking, the system of particles can be thought of
as having two parts: the first part is the background field generated by the moving



particles, and the second is the particles themselves. If a particle has a speed which
is close to but greater than the wave speed of the field, then it will lose energy to the
wave and the field will be anti-damped. Conversely, if the particle has a speed which
is close to but lesser than the wave speed of the field, then it will gain energy from
the wave and the field will be damped. This phenomenon is highly counter-intuitive
on a macroscopic scale since there are no external forces (or collisions) present to
damp the field; nonetheless, in 1946, Landau predicted this behaviour through his
purely mathematical study of the Vlasov-Poisson system and his results were con-
firmed experimentally for the plasma case in 1964 by Malmberg and Wharton, [16].
In the gravitational case, Landau damping and other so-called “violent relaxation”
processes® lend an explanation for the short relaxation times of galaxies. We now
briefly summarize® the derivation of Landau damping as presented in [22] in the

plasma physics setting, starting with the usual Vlasov-Poisson system
Of +v-0,-f+F(t,x) 0,f =0,

= [ f(t,z,v)d

where the subscript x, for instance, denotes that the derivative or convolution is taken
with respect to the spatial variable. If one compares this set of equations to the set
presented in the last section, there is a slight difference— the equations use F', the
force field due to the particles, rather than U, the force function due to the particles.
Thus, in this discussion, we assume the solution to the Poisson equation has the
form U = W % p and the force is then given by F' = —0,U. Spatially homogeneous
stationary solutions to (2.9) are found to be of the form f°(v) and the equations are
linearized about these solutions by setting f = f°(v) + h(t, x,v), where ||| << 1
in some sense. Since f° does not contribute to the force field*, substituting this
perturbed f into (2.9) yields

Oth +v - 0,.h+ F[h] - 0,(f° + h) = 0, (2.10)

Zsee [17].
3we take here the one-dimensional case but note that in [22], the calculations are based in d

dimensional space.
Yindeed, F = =0, W * [ fO(v)dv = =W x [ 0, f°(v)dv = 0.



where F[h] = —0,W ., h. Since h is small, the quadratic term F[h] - 0,h will be

small compared to the other terms, so our linearized equation is
Oh +v - 0zh+ F[h] - 0,f° = 0. (2.11)

Solving this linear equation by the method of characteristics, taking the Fourier trans-
form in x and v, then integrating in v results in an equation on the Fourier transform
of the spatial density associated with A in which the solution modes evolve in time
independently of each other. As such, we can fix the mode and study the equa-
tion® using the Fourier-Laplace transform. The final outcome is eventually a stability

condition on f° taken from Proposition 3.7 in [22]:

Proposition 1 (Sufficient condition for stability in dimension 1). If W is an even
potential with VW € LY(T), and f° = f°(v) is an analytic® profile on R such that
(f%Y(v) = O(1/|v])), then the Viasov equation with interaction W, linearized near
10, is linearly stable under analytic perturbations as soon as the condition

v —w

Yw € R, (O (W) =0 = W(k) / mdv <1 (2.12)

is satisfied for all k # 0.

Here W is the Fourier transform of W in the position variable and L'(T) stands
for the space of Lebesgue integrable functions on the one-dimensional torus. The
stability mentioned in the proposition indicates that the force due to the perturbed
distribution, F'[h], decays exponentially with time.

As an example, take a Newtonian gravitational interaction, /WU{?) = nd

B

a Gaussian stationary solution f(v) = pY 2—6_5”2/2. As long as p°8 < |k|?, the
T

DGR

conditions in the proposition are satisfied and we get stability. The result of numeric
simulations of W, p combinations similar to those completed in [23] produce the
images in Figure 2.1, which clearly show the exponential decay of F[h] in time. The
damping makes sense according to our physical understanding since in the Gaussian
distribution the particles having speeds slightly smaller than the speed of the wave

are more numerous than the particles having speeds slightly larger than the speed of

5it turns out to be a Volterra equation.
Slocally given by a convergent power series



the wave, therefore resulting in a net energy loss of the wave, and a damping of the

force.

log(EMAX)

Figure 2.1: Data from numerical solutions to the linear Vlasov-Poisson system for
Coulomb interactions and Gaussian equilibrium solutions, taken from [23]. Here,
the vertical axis measures the logarithm of the maximum electric force field and the
horizontal axis is time. From the figure it is clear that the maximum electric field
decays to zero exponentially with time.

2.3 Local Coordinates on S?

In our problem, we are interested in the movement of a group of particles on the
2-sphere, so that each particle’s position vector = (1,22, x3) is contained in S?
where

S? = {x‘x%%—:p%—{—xg: 1}.

We embed the 2-sphere in 3-dimensional Euclidean space, R3, but note that the
particles cannot move into this external space and no forces they generate can cross
into R3 \ S?. Instead, all movement is within S? and all force field lines are along
the geodesics of the 2-sphere as in Figure 2.2. This means a particle at position x
has a velocity which exists in the tangent space of the sphere at x, denoted by T,S?.
Another way to describe this property is that for each particle on the sphere with

phase space coordinates (x,v), we have = - v = 0. Since we are working on a two
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Z3

due to point mass

o poiNt Mmass

1

Figure 2.2: Gravitational field at # € S? due to a point mass.

dimensional spherical space, calculations will often be simplified if we use spherical
coordinates and parametrize the surface using two angular variables. In the following,

we denote the position vector by
x = x(0) = (21, 29, x3) = (sin O cos Oy, sin 0 sin Oy, cos 6;) (2.13)

where 6, is the zenith angle and 6, is the azimuthal angle as in Figure 2.3. Using
these definitions, we can write the angles 61, 65 in terms of the rectangular coordinates

x1, Ta, T3 according to’

xs3
f; = arccos - = =
VT T+ Ty + 23 (2.14)
0, = arctan 2
T

"Here we note that we technically must extend the arctan function periodically so that its range
is (—m, 7.
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for 6, € [0, 7] and 05 € (—m, 7). We define é,, é;, and é, to be orthogonal unit vectors

in the direction of increasing r, #;, and 65, respectively according to

&, sinf; cosfy sinf;sinf, cosb, T1
é1| = |cosB;cosly cosbsinfy —sinb| |Zo (2.15)
&9 —sin 0, cos 0 0 T3

where I, o, and 3 are the usual rectangular Cartesian unit vectors, and define
v = w1é1 + wo sin Qlég,
where w; € R and wy € R. Acceleration is then
a = —(w2sin? 0 + w?)e, + (W, — w2 sin by coshy)e; + (Wysin by + 2wiws cos b, )és.

(2.16)

The ambient Euclidean space R? in which the sphere is embedded induces a natural

T3

(1, 29, z3)

|
|
|
|
|
|
|
|
|
|
|
|
e
N

Figure 2.3: Spherical coordinates for the unit 2-sphere.

Riemannian metric on the sphere. We know the Euclidean metric is given by the
quadratic form

ds® = (dx1)? + (dwy)? + (dx3)? (2.17)
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and since our Riemannian metric is induced by the ambient space R?, we can obtain
it by restricting (2.17) to S? through calculating the differential of (2.13), i.e

ds? |s2 = (cos B cosOydf; — sin O, sin Oodby)?
+(cos 6y sin 0df; + sin 0 cos O2ds)? + (— sin 0;db; )* (2.18)
= (d91)2 + sin2 91 (d92)2

Based on this, we can define the matrix formed by the components of the standard

metric tensor on the 2-sphere as

1 0
;= 2.19
9 0 sin?6,; ( )
with inverse _
N 1 0
gv = 1 : (2.20)
sin? 6,
Tangent vectors are given by
0, =
1= (2.21)

The gradient on S? is then

af
of » 8f 06,
o f =gt 0 22 2.22
(sin 81> 8_62
the divergence on S? is
2 0
divee F' = — det g F;
o =3 (=) (Vo)
1 0 1 0
_ 2 2.23
06, 99, SO ) + o, () (2.23)
1 0 0
= F, —F,
sn 6, g, SR + 5
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and the Laplacian (Laplace-Beltrami operator) on S? is
ASQ f = diVSZ (VSQ f) = Z

\/det g
\/detg i 89( ty g 89)

— 1 iSIHQ ﬁ_i_iSlng L ﬁ
N sin 6)1 (991 ! 891 892 ! sin2 (91 882

= 1ism98f+ 1ﬁ
" sin6, 06, Y96, ) ' sin®0, 062

of  ?f 1 o
96, " 967 " sinZ0, 062

= cott,

(2.24)
in local coordinates, where det g is the determinant of (2.19). The volume form on

S? is calculated via

=\ |d€t gl d6’1 VAN d02 = sin 61d01d6’2, (225)

see [21], for instance. A note about calculations on S?: there are in general two
ways to complete calculations on the sphere. The first is to extend the functions by
homogeneity to R? (i.e. replace x with z/|z| where the form of the function allows),
do computations using the standard R? operators, then restrict back to the space S?
using |z|? = 1, x-v = 0. The second method is to use the local operators (as defined

above) directly.
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Chapter 3

Gravitation and the Vlasov-Poisson

system on the unit 2-sphere

In studying the Vlasov-Poisson system on any space, it is crucial to understand the
physical laws that govern movement on the space. Therefore, we dedicate a substan-
tial amount of time to understanding how gravity works on the 2-sphere. We begin
with a very simple example involving a point mass on the sphere in the hope that
examining this problem will help us when we attempt to derive the expressions for
gravitational fields due to arbitrary distributions. After our exploration of gravity on
the sphere, we derive the equations of motion of a particle due to a gravitational field
and conclude the chapter with the new form of the Vlasov-Poisson system, which can

be applied to a wide range of mass distributions on the sphere.

3.1 Gravity on the unit 2-sphere

In the last chapter, we explained that gravitational field lines on the sphere are bent so
that the gravitational force between any two masses lies along the geodesic connecting
them. In this section, we use this property to develop the tools we need to derive the
Poisson equation and subsequently find the form of the gravitational potential on the

sphere that is required to close the Vlasov-Poisson system.

3.1.1 Gravitational field due to a point mass

As a motivational example, consider a particle of mass m placed at the north pole

of the unit sphere (i.e. at ¢; = 0). Gauss’s law says if we choose any Gaussian
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T3

1 Source Particle

Figure 3.1: Gaussian curve C for a point mass located at the north pole of S2.

surface surrounding the particle, then the negative of the gravitational flux through

the Gaussian surface will be proportional to the enclosed mass!. So we have
_cp:_j{g.dl:m, (3.1)

where @ = §g - dl is the flux through the Gaussian surface, g is the gravitational
field strength due to the mass, and m is the mass of the particle. Since everything
is constrained to the sphere, including the gravitational field, our Gaussian surface
will be a closed curve in S%. Let us choose our curve, C, to be a circle as pictured
in Figure 3.1 so that the circle’s equation in S? is 6, = constant < 7/2. Then the
gravitational field at every point on the circle is perpendicular to C' and constant due

to symmetry, so we can simplify our expression in (3.1) to

9lIC] = m. (3.2)

INote here that we have chosen units such that the proportionality constant is equal to one.
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Noticing that the circumference of our circle is 27 sin #; allows us to write

27 sin 0y]g| = m, (3.3)
which implies
gl = — 2
g 27 sin 91 ’

As already stated, since the point mass has circular symmetry and is positioned at
the north pole, the gravitational field will be directed along longitudinal lines, so our

gravitational field as a vector is

L (3.4)

y= _27Tsin01 !

where the negative sign indicates that gravitation is attractive. This gives some

motivation for the following derivations of Gauss’s law and the Poisson equation on
S2.

3.1.2 Gauss’s Law

Gauss’s law is a physical law that relates the amount of mass in a region to the flux
of the gravitational field out of the region. In the calculation above, we used the

integral form of the law, but there is also a differential form:
(—divgz F) (z) = p(x) (3.5)

for all z € S?. The equation means that the number of gravitational field lines leading

to any position x is equal to the mass density at that point.

3.1.3 The Poisson equation

In this section, we derive the Poisson equation on S? so that we have access to the

most general way to find the gravitational field on the sphere.

Lemma 1. The Poisson equation on S* is
—Ag2 U = p, (3.6)

where U : S* — R, Ag2 is the Laplace-Beltrami operator on S* given by (2.24), and
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p:S? =R isaCt function of x.

Proof. Any conservative force, such as gravitation, on a Riemannian manifold can be

written as the gradient of some force function?. So we have
F=VgU. (3.7)
Substituting this into (3.5) yields
—divg: (Vg2 U) = p. (3.8)

For U € C*, we have divg: (Vs2U) = Ag2U, where A is the Laplace-Beltrami operator

on the sphere given by (2.24). Therefore we can rewrite the above as
—Ag2 U = p, (3.9)

which we refer to as the Poisson equation on S%. O]

Let’s consider the well-posedness of this equation. If we integrate our Poisson

equation (3.6) over the sphere, we get

—/ ASQU:/ p (3.10)
SQ SQ

and rewriting Age = divs: (Vs2U) gives us

_/S2 divee (VSQU):/SQ p. (3.11)

Now the divergence theorem?® on S? says that the left hand side must be equal to
—/ Vs:U -n dL (3.12)
0s2

but 9S? is empty, so the left hand side of (3.10) is zero. Substituting this yields

0= /S p. (3.13)

Zsee for instance Proposition 5.60 of [10]
3see Appendix A.1.
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Thus, in order for our Poisson equation to be well defined, we require / p =0,
S2
a property which is physically impossible since we identify p with a mass density.

However, if we take out the mean of p, then (3.6) makes sense. This trick is known

as Jean’s swindle in galactic dynamics, see [17] or [5].

3.1.4 Solution to the Poisson equation

Lemma 2. A solution to (3.6), the Poisson equation on S?, is given by

1 d
Uz) = g/y log cot [ (3:2,y)

where d(z,vy) is the geodesic distance between x and y on S?.

} p(y)dy, (3.14)

Proof. According to [7], a spherically symmetric fundamental solution to the Lapla-

cian on the unit 2-sphere is given by

G(z,y) = % log cot [d(g’ y)] , (3.15)

where d(z,y) = cos™! (x -y) is the geodesic distance between z and y on the unit

sphere. In other words, G solves

5(61 —07) @6(6, — 05)

sin 91

—Ag2G(x,y) = ) (3.16)

where x = (sin 0 cos s, sin 6, sin 0, cos 6 ), y = (sin @ cos 05, sin ] sin 05, cos 0} ). Since

a fundamental solution of the Laplacian must satisfy

/SQ(—Asw)(y)Q(x, y)dy = o,

for any test function* ¢, a solution to the Poisson equation is

U(x) = | G(z,y)p(y)dy. (3.17)

SQ

Substituting (3.15) into this expression yields the desired result. ]

4a C* function with compact support.
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If we wish, we can use d(x,y) = cos™!(z - y) to rewrite U as

1

U(x) =5

/S2 p(y) log cot B cos ™t (z - y)} dy (3.18)

and use trigonometric identities to write

71 . .
cot lcos_1 (x-y) :l—l—.coscos @ y): L+ (@) , (3.19)
2 sincos™!(z - y) 1—(z-y)?
so we get
1 1+ (z-y)
Ua::—/ log [ ——2" Y} gy 3.20
(@) =55 | rW) g( 1_(I_y>2) y (3.20)
for x,y € S%

Corollary. The solution to the Poisson equation on S* in local spherical coordinates

s given by

1+ (x(0) - y(6"))
V1= (2(0) - y(0))

Proof. Parametrizing x and y in (3.20) using = = (sin #; cos 6, sin 0; sin 6y, cos #1) and

U (2(8)) = % [[ ol 10 ( 2) sngldode,.  (3.21)

y = (sin @ cos 0, sin 6] sin 6, cos ;) gives the desired expression, where the area unit

dy has been transformed according to

oy dy
dy = — — || d#db;
’ ‘(391> : (392>’ s
= |(cos @] cos 8, cos B sin 0, —sin 0]) x (— sin 0] sin 6, sin 0] cos 05, 0)| dO} db,,

= sin 6d0}db,.

]

3.1.5 Gravitational potential: Homogeneity and Euler’s For-
mula
The force function U given above is defined only for € S?; however, we can easily

extend it to values of x that are in R?\ S?. From the above expressions for U, we see
that U(kx) = U(z) for all k # 0, which by definition means that U is a homogeneous
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function of degree 0 for all x € S%.. We extend the force function as

-0 () -5 Lo ) (SR ) o o

so that U is defined on = € R3, coincides with U for € S?, and is also homogeneous

of degree 0. Due to this homogeneity, we can apply Euler’s formula for homogeneous
functions® to get
x - VgsU(x) =0, (3.23)

a result we will use later. If we restrict « back to S?, the formula reads
x-VeU(x) =0 (3.24)

and means physically that the gravitational force is perpendicular to = for z € S2.

3.1.6 Gravitational field due to a point mass, revisited

As a check, let us calculate the gravitational field due to a point mass at the north
pole via our formula for the gravitational force function, (3.21) — it should match
(3.4). Let the point mass be located at # = (0,0). The distribution describing a

particle of unit mass at this point is

6(01)
= 3.25
Py 27 sin 6] ( )
so that
/ y)dy —/ / ) sin 01d6doy = 1.
s2? -7
Substituting this expression for p into (3.21) gives us
_ 1+ 96(9) yO) | e
U®) = 5 L o 0, s | aa e |
( (3.26)

1+ 2(0) - y(0)
V1= (2(0) -y(67))?

] do’,dv,.

1 cp 606,
= %ﬂ%

®see for example [8].
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When 6] = 0, we have
x -y = sin 6y cos O3 sin(0) cos(fy) + sin Oy sin O, sin(0) sin(6) + cos 6y cos(0) = cos b,

so that (3.26) becomes

1 [ 1+ cosb,
Ul(®)) = o log V1 — cos? 01}
1 1+ cos b,

2m | sinf,

1 i 0,
= 1] — .
. og _cot (2)]

Using (2.22) we then calculate the field generated by U to be

(3.27)

Vel (@) = e,

— % Ktan %) (— CSC2%> Gﬂ o (3.28)

which agrees with (3.4).

3.1.7 Gravitational force due to an arbitrary distribution

Proposition 2. The gravitational force on a unit mass particle located at v € S* due

to a spatial distribution p : S* — R is given by

1 —(z-
vor— L [ ¥ (z-y)z

or) M T e AL (3.29)

Proof 1. We can extend U by homogeneity as in (3.22) by replacing x with ’a:_| SO
x
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that (3.20) becomes

o L[ (el )
0() = o- /Sgpw)lg( e @.y)z)dy' (3.30)

From this we can calculate using the usual gradient in R3 that

_ L [ Py (g
Vel = o o oo PO .

so that after restricting to the sphere (i.e. invoking |z|? = 1), we get

1l [ y—(z-ym
Vel = o / = (x.y)Q]p(y)dy, (3.32)

as required.

Proof 2. This force can also be calculated using Vg2 directly. Applying the gradient
on $? from (2.22) to (3.21) yields

VeU(2(0)) = [zw H oLy (%) " Qlld@,ld%] (3.33)
| .

1
- = ﬂ p(y) Vs Lty sin 0,d6,d6,,

V1= (z-y)?

where x and y are functions of 6y, 05 and 0/, 0}, respectively, and the gradient is taken

log
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with respect to the unprimed coordinate system. Using (2.22) we get that

Ve [10g< 11+_ (zfm-.yy)P)]

I VAN R [ 1—<m-y>2+<1+x-y>u—<x-y>2r”<x-y>] oc-y),
l+z-y 1—(z-y)? a6,

1 ﬂ—u-w] [¢1—<x-y>2+<1+x-y>u—<x-y>2r”2<:c~y>]a(‘

sin 0y l+z-y 1—(z-y)? 06,

_ [1 - (:v-y)2+:v-y+(x-y)2} {5‘(:15@)@14r 1 3(%’-9)@2]
1—(z-y)? 1+ (x-y)] 06, sinf; 00,
= {;} Ve(z - y).
1= (@ yp]
(3.34)
A short calculation® shows Vs (z-y) =y — (z - y)z for z,y € S?, so substituting into
(3.33) we get (3.29) and our proposition is proved. O

3.2 Equations of Motion on the unit 2-sphere

The equations of motion are expressions of Newton’s second law: the acceleration of
a particle is proportional to the net force exerted upon it. In this section, we use
Lagrangian mechanics to derive the equations of motion for a single particle in a

gravitational field Vs2U on the unit 2-sphere.

Proposition 3. The equations of motion for a particle with position x = x(0) on the

sphere S* under the effect of a force function U : S* — R are

él = W1
92 = W9
Cw 53
W = % + w3 sin 6 cos 6y
1 oU
o= | —— | — — 2 t 6
2 <sin2 91> 005 Wit COLOL

in local coordinates.

Ssee Appendix A.4 for proof.
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Proof 1. Let x = z(#) be the coordinate of a single particle on our manifold S? and
assume the only force acting on the particle is the gradient of our gravitational force
function, U. Assume further that the particle has unit mass. Then the kinetic energy,
T, of the particle is
T = ol
2

where v is the velocity of the particle. We can parametrize the particle’s spatial

coordinates using
xr = &, = (sin 0y cos by, sin 0 sin Oy, cos 0;).

Differentiating with respect to time’ yields v = élél + 92 sin 6165 and so we can write
the kinetic energy as
1 . )
T = 5(93 sin® ) + 67). (3.36)

We denote the gravitational force function at = by U(z(6)) and define potential energy,

V', to be the negative of this force function, so we have
V =-U(z(0)). (3.37)

Now we use Lagrangian dynamics® to derive the equations of motion of the particle

at . The Lagrangian, L, is defined as
L=T-V

and the equations of motion are given by the Euler-Lagrange equations

d (0L oL

d(9LY_ 9L
dt \ 96, 00y

Substituting our expressions for the kinetic and potential energies, (3.36) and (3.37),

(3.38)

"see Appendix A.5 for calculation.
8see for instance [11].
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1. .
respectively, gives us L = 5(9% sin? @) + 6?) + U(z(0)) so that

6—01—9281n91C0891+a—01, 96, = 06,

oL . oL .

== =4, — = #,sin® by, 3.39
06, 06, (3.59)
d (0L . d (0L . -

— (=) =6, — [ =] = 60ysin® 6, + 26,0, sin 0, cos b,
HEIN i (550 ) = fasin® 6+ 21 dsin costy

and finally the equations of motion are

ou

él = 8_91 + 0% sin 64 cos 64
RN (3.40)
Oy = [ —5— | =—— — 26,6, cot 0
2 <sm291> 9e, 12Ot
or as a first-order system,
él = W1
92 = W9
(3.41)
W, = 2—2]1 + w3 sin 6 cos 6,
) 1 oU
Wo = (m) 8_92 - 2&)1(,02 cot 91.
]

Proof 2. Alternatively, we could derive the equations of motion in extrinsic coordi-

nates as is done in [8]. For this method, we will need to make use of constrained

9

Lagrangian mechanics® since the particles are restricted to positions on S%. For such

a situation the equations of motion will be given by

d<8L) OL _\Of _

for ¢+ = 1,2,3, where L is the Lagrangian, f = 0 is the constraint equation, and

9again [11] is a good reference.
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0

1
A is the Lagrange multiplier!?. For us, the kinetic energy!! is T = §m\vl2\xl2, the

potential energy is V = —U with U defined in (3.22), and we have the constraint

equation f = z? 4+ 23 + 22 — 1 = 0. Our Lagrangian is then
1 _
L=T-V= 5|v|2|9c|2+U

so that we calculate

0L — oL

8$i = |U|2xi + a:le7 8% = U’i|x|27

4 /oL of (3.43)

_ = 0;|x|? + 202, =2z,

g <8vi> U;lx|® + 2vrx o T,
for i = 1,2, 3. Substituting these into (3.42) yields

viz|? + 2077 — [v)?x; — 0,,U — M\(21;) = 0, (3.44)
for : = 1,2, 3, or in vector form

v]x* 4+ 2v(z - v) — |[v|*r — VesU — 2z = 0, (3.45)

where ) is the Lagrange multiplier and Vgs is the usual gradient in R3. Now we need
to find A. First take the scalar product of (3.45) with z to get

(z-0)|x]* +2(z - v)(z-v) — |[vf|2]* — 2 - VrsU — 2)\|z|* = 0. (3.46)

Since our particle is constrained to the sphere, we can differentiate the equation
f =22+ 23+ 22 — 1 = 0 with respect to time twice to get 2[v|> + 2z -v = 0. In
addition, we have x - VgsU = 0 from Euler’s formula, (3.23). Using these properties,

we can simplify (3.46) to
—[vP|z* = v|2* - 2Al2* = 0 (3.47)

from which we get A\ = —|v|?>. Substituting A\ = —|v|? and |z|? = 1 into (3.45) gives

10we need a single multiplier because we have one constraint equation taking us from three degrees

of freedom to two.
"the unexpected factor of |z|? is a requirement evident from Hamiltonian mechanics, see Section
3.6 of [8].
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us
i = VgaU(z) — |0’ (3.48)

which is equivalent to
i = VgU(x) — |v]?z. (3.49)

We can recover (3.35) from (3.48) by changing to spherical coordinates in R? and

restricting back to S? using |z|? = 1. After some calculations, this gives us

d,
= ||
in the é,-direction,
él — 9;811191 cosb; = g—g S él = 2—2]1 + Qgsinel cos 0,

in the é;-direction, and

82 Sin 91 + 20102 Ccos 91 = ma—ez — 92 = (m) 8_92 — 20102 cot 91

in the é;-direction, equations which are equivalent to (3.35). ]

3.2.1 The 2-sphere as an invariant set

In this section, we prove invariance of the 2-sphere; that is, we show that if a particle
starts on the sphere with velocity tangent to the sphere, then it will remain on the
sphere for all later time'?. This is an important result since if our equations of
motion allowed particles off of the sphere, they would not be consistent with our

main assumption.

Proposition 4. If (z,v) € R* is a solution to (3.48) with initial conditions such that
|z(to)|> =1 and (x - v)(ty) =0, then |z|* =1 and x-v =0 for all t > 1.

Proof. Write

d
E(|I|2) =2 - v,
so that
d2

12 Actually, the particle moves along geodesics of the sphere, but here we are only concerned with
the particle staying on the sphere.
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Since we assume (z,v) satisfies (3.49), this is the same as

d2

S (aP) = 2ef? + 20+ (Vo () = [o),

which is equivalent to

d2

S (af?) = 20 Vil + 2P (1 — [P,

Appealing to Euler’s Formula, (3.23), we have z - VgsU = 0 and so

d2 2 2 2
S (el”) = 2P (1~ [z%)

for z € R3.
Let y = |z|?. Then we have

i =2’ (1 —y),

which can be written as the following first-order system:

Y=z
Z=2v|*(1 —y) (3.50)
y(0) =, =(0) = 0

for y, z,|v|* € R. At the point (y, z) = (1,0), we have ¢ = 0, 2 = 0 so this point is by
definition an equilibrium solution. Since y := |z|* and z := § = 2z - v, we therefore
have |z|> =1 and x - v = 0 for all ¢ > . O

3.3 The Vlasov-Poisson system on the unit 2-sphere

3.3.1 The Vlasov Equation

According to kinetic theory (see for instance, [14]), the governing equation for the

motion of a continuous particle distribution with no collisions is
d
—f =0, 3.51
o (351)

where f is the phase-space distribution function. Since our f depends on the inde-

pendent coordinates t, 61, 05, wy, wo, we can use the chain rule to rewrite this equation
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as
Oif + 01 Oy, f + 0y Op, f + 6y Dy, f + G Dy f = 0, (3.52)

where a dot indicates a derivative with respect to time. Using the equations of motion,

91 = W1
92 = Wy
(3.53)
wy = 2—2]1 + w3 sin 0; cos 6,
: 1 ou
Wy = (sin2 91> 8_62 — 2&]10.}2 cot 91,

we write (3.51) as

Oy f+w1 Dy, f+ws 392f+§7U+(w§ sin 6 cos0y) O, f+(sin 2 QIZTU—QwIwQ cot61) 0., =0,
1 2

(3.54)
or equivalently as
ou + w3 sin 0; cos 6,
8f w1 a‘91
ot w2 ! 8—U — 2wiwy cot 6
sin2 91 862 e !

where Vo f = (88_6{1’ g—i) and V,f = (aa—jl, %) . We call this equation the Vlasov

equation for S?.
3.3.2 Density condition

In our solution of the Poisson equation, we use the spatial density p whereas in the
Vlasov equation we have the phase space density f. These two densities describe the

same particles and so they must agree. Therefore, we require that

p = /R3 f dv. (3.56)
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Since our motion is restricted to the sphere, we can parametrize velocity space by

v = p(w), where

cos 01 cos Oyw; — sin 0y sin Baws
o(wr, ws) = |cos by sin Orw; + sin B cos Oows | (3.57)

sin 91&]1

and change (3.56) to spherical coordinates vial®

_ 90
p= ﬂ I o an duwy dws. (3.58)
A short calculation yields
Op Op )
¥ o ZX 1 —ginf
Beon X Beon sin 6,
so our density condition for S? becomes
p= If f sin 61 dwydws, (3.59)

where the integrals are taken over all possible values of wy,wy such that extrinsic

velocity variable v belongs to the tangent space of S2.

3.3.3 The Vlasov-Poisson system

Now that we have derived the new Poisson and Vlasov equations, we can put them

together to form the closed Vlasov-Poisson system on S?

( oU
+ w3 sin 0 cos 6,
8f w1 891
+ : v@f + : wa = 07
E)t Wo 1 oUu
m 8_02 — 2(4)1&)2 cot 91
A U = p, (3.60)

p= J fsin 6y dwydws,

\f(079>w) = fO(eaw)a

13see for instance [10].



31

af o af o
where Vyf = (a—gl,@—ej;>, Vof = <8_cfl’8_u{2)’ (01,602) € [0,7] x (—m,m|. Alterna-
tively, we could write this using our known form of U from (3.21) as

( oU
— + w2sin 6 cos b,

0 w 801
_f+ ! Vof + V,f=0,
o w2 ; 8_U — 2wiws cot

sin2 61 892 12 !

Uz) = % [[ oty o ( \/117:((2299)) -'yy((ee’/))y) sin 0,d6), o),

p= fj fsin 6 dwdw,,

(3.61)

\f(ovev(*)) = fo(0,w).
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Chapter 4

The Vlasov-Poisson system for

circular i1nitial data

A great circle of a unit 2-sphere is any circle contained in the sphere that has a unit
radius. If we require that the particles initially lie along the same great circle within
S? with initial velocities directed tangent to the great circle, then we expect they will
remain on the great circle. In this chapter, we use the equations of motion to prove
this property and explore the Vlasov-Poisson system on one particular! great circle

in 2.
Definition 2. We define the great circle C 5 to be
Cio={z|al+2;=123=0, 2 € R’} (4.1)
or equivalently in local coordinates as
s
01’2 = {(91,‘92) ’ 61 == 5,92 € (—71',7'(']} y (42)

which is also known as the equator of S?.

Lwe restrict our discussion to a specific great circle, but this does not result in a loss of generality

since the same arguments can be applied to any great circle. In fact, any other great circle can be
obtained from C 2 through a simple rotation of coordinates, due to the symmetry of 2-spheres.
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4.1 GGreat circles as invariant sets

Consider a phase space distribution of particles f in S? given by

500, — T @ 6(wi)g(t, O, wn), (4.3)

t,0,,0 = —5—
f<7 1, 2,&)1,&)2) Sin291 9

so that the particles are distributed along the great circle C'y o with velocities only in

the €, direction. The spatial density p is then given by

) T
p= f fsin 0y dwdw, = ) (91 — §> py(t,62), (4.4)

sin 64

where 0, € (—n, 7|, and p, = ff g(t, 09, wr)dw,. From (3.32), we can write the force

on a particle at any position z € S? due to the distribution p as

VeU(z) = ((Vs2U)r, (Vs2U)a, (Vg2U)s)(2)

e (Vel)i(z) = % ; %p@) dy,
(VeeU)a(z) = % 5 %p(y) dy, (4.5)
(Ve:U)s(z) = % ; %p@) dy.
Substituting (4.4) we get
(Vatn(olo) = o [ SRV ) a,
(VU )ao(x(8) = % sinfy _[l(f'(?.sggﬁlSme%(y(@;)) o, (4.6)
(Veel)3(z(0)) = —% /_Z%pg(y(%)) dbs,

where - y = sin 6, cos 05 cos 0}, 4 sin 0, sin 0, sin 0, since 0] = 7/2.

Proposition 5. Each great circle on S? is an invariant set for the equations of mo-
tion, (3.35).
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We shall give two proofs of this proposition.

Proof 1. Consider the equations of motion (3.49) for a single particle located at = €

S%. In the xs-direction we have

jfg = V3
(4.7)
@3 = (VS2U>3 — "U’QLUg

where (Vg2U)s is the force acting on the particle in the xz-direction. Changing to

spherical coordinates and using (4.6), we can rewrite (4.7) as

I.‘g = —W1 sin 91

1 [T (z-y)cosb (48)

—% . mpg(y(%)) d0,2 — (W% sin2 91 + (JJ%) COS 91.

U3 =
We wish to find an equilibrium solution for this system, i.e. a point for which
(&3,73) = (0,0). When (01,w;) = (g, 0), we calculate
T

:fcgz(O)sin§:O

and

. 1 n(x-y)COS§ , , 9 . o 5 T
U3 = —% /;ﬂ— mpg(y(QQ» d92 — <w2 sSin 5 + (0) ) COSE = O,

with = -y # +1. Therefore, we conclude that (6;,w;) = (g,O) is an equilibrium
solution to the equations of motion with initial conditions (x3,v3)(0) = (0,0) and so
the great circle C] 5 is an invariant set for the equations of motion. Since the choice
of great circle C) o was arbitrary, the above argument holds for any great circle on S?

with a simple rotation of coordinates. O

Proof 2. Consider the quantity

_ 2 2
u =]+ T3

with z € S%2. Taking the time derivative of u and using our equations of motion,
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(3.49), for @y and @5 yields

d
= a(x% + 23) = 21101 + 2790, (4.9)

U
for the first derivative. For the second derivative, we get

d
i = %(23311)1 + 2T909) = 2(v] + v3) + 22101 + 22909 (4.10)

and using our equations of motion,(3.49), again to replace 01,0 we have
U= 2(1)% -+ ’U%) -+ 2.3E1 [(VSQU)l — |’U‘2I1} -+ 25(]2 [(VgQU)Q — |’U‘2.TQ} .

We can write this second order system as a first order system by introducing the new

variable w := u. After doing this, the system becomes

(4.11)
w = 2(’(}% -+ U%) + 2%1 [(V§2U)1 — "Ule] + 2£l'2 [(VSQU)Q — ’U|2$2] y

where

u = u(z1(0),22(0))

and
w = w(x1(0),29(0),v1(0,w), v2(0,w)).

We are looking for equilibrium solutions to (4.11), so we need to know under which
conditions & = w = 0. This happens when (0}, w;) = (g,()) since at this point we
have

L
r1 = sin 5 cos By = cos 0
T, .
T9 = sin 5 sin 0y = sin 0,
T LT, .
vy = (0) cos 5 Cos 0y — wq sin 5 sin Oy = —wsy sin Oy
T . .
vy = (0) cos 5 sin 0y + woy sin 5 Cos 0y = wo cos by

v} +v3 = (—wa sinfy)® + (wy cos by)* = w3

lv|* = (0)? + w3 sian =X
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. . T T LT m ™ . .
Ty = sin 3 cos 0 sin 5 cos 05 +sin 5 sin 0 sin 5 sin 05+cos 5 Cos 5 = cos 0 cos 0y +-sin Oy sin 6,

1 [ costy—(x-y) singcos 0

(Ve = 5o | TEEEE pe(y(63)) dbs

1 /7r cos 0y — (x - y) cos by
2 Jow o L= (z-y)?]

pq(y(03)) dbs

1 pmsindy — (z-y)sin 7 sin )

(VS2U>2 = % . [1 _ (l’ . y)g] pg(?/(eé)) d6/2

i/” sin 0y, — (z - y) sin 6,
2 ) 1= (z-y)?]

pg(y(0)) dos,

so that

U = 22101 + 22909 = —2 08 Oowy sin Oy + 2 sin Oaws cos by = 0

and
W = 2(v] +v3) + 221 [(VeeU)1 — [v*21] + 222 [(Vs2U)2 — [v]*22] = 0.

This means the set of points for which (0;,w;) = (g, O) is an equilibrium solution
to (4.11). Therefore, we can conclude that if all particles start on Cj 5 with initial
velocities directed along C o, then the equations of motion (3.35) keep them there
for all time. O]

4.2 The Vlasov-Poisson system

Armed with the knowledge that particles starting on C} 2 remain on Cf 2, we can
confidently restrict our problem to this class of distributions and discover the form
that the Vlasov-Poisson system has for them. Before deriving these equations, we

extend all functions of 65 periodically so they are defined on 0y € R with period 2.

Lemma 3. The Viasov-Poisson system on the 2-sphere with initial distribution along

the great circle C o s

of of T 1 N\ OfF

™

Proof. The spatial density for distributions on the great circle is from (4.3) and (4.4)
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given by

5 (el . g) po(t,0y). (4.13)

sin 64 2

1 T
p(t,01,02) = o (Q1 — —) /g(t,‘92,w2)dw2 =

sin 64

Next, we must calculate the gravitational force function at x due to the distribution

p. Starting with the solution to Poisson’s equation on the sphere from (3.14),

1 d(z,y)
=— [ 1 t d
Ulz) = o /SQ 0g co { 5 ] p(y)dy
and substituting our p from (4.13) yields
1 (™ (7 1 T d(z,y)]| .
U(01,05) = %/ﬂ/o {mﬂﬂ—g)/g(t,@é,wg)dwg} logcot[ 5 )] sin 6, d6’ do,
L[ d(z,y)
— 5 [ etoncor | 252 an,
(4.14)
where now the ¢, coordinate of y is 7/2. We have on the sphere that
d(w,y) = cos™(z - y), (4.15)
so substituting this into (4.14) gives us
1 ™ —1 .
Ub,,0,) = — / p,(0) log cot [M} do),. (4.16)
2 J_. 2
We can rewrite this as
o 1 " / I+ Y /
U(0,,6,) = o | py(65) log { Y y} daos,
(4.17)

s

1 /
= — [ py(b)log {

A J_.

1 + sin 6y cos(6, — 05)
1 — sin 6y cos(6s — 65)

} a6,

since x - y = sin 0 cos 0, cos 8, 4 sin O, sin Oy sin 0. Now we must calculate the force

at x due to the distribution p for use in the Vlasov equation. Applying the gradient
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on S? to (4.17) yields

ou . 1 ouU
VS2U(01,92) == 8_9161 + (m) 6_0262

1 + sin 6y cos(0y — 65) a0, &
1 — sin 6y cos(0s — 6))

7T/ py(0 0 lg[1+81n91008(92—92)]d .

1
+ A s1n 01 90, 1 — sin 6, cos(0y — 05) 2 2
1 .. 2cos by cos(0y — 0))
= — 0 e, é
4 | pg( 2>1 — sin? 0, cos2(6y — 6))
1 4 / _2 Sln(92 - 0/2) ] A
_ 0 d
1 " Pg(%)

= % 1 Sinz 01 0052(62 — 9,) [COS 01 COS<92 - 6’&) él - sin(QQ - 9/2) ég] d9/2,
- 2

(4.18)
so that the force on a particle on the circle C 5 is
T 1 [ sin(fy — 05) .
Vsl (5.62) = -5 0. de!
P\ 2 ,Og( 2) 1 —cos2(6y —0,)] 2 ©
(4.19)

1 .
- __/ Pal0 [811192 eg)]dem

and we see that there is no force in the &, direction, as expected. To get our Vlasov
equation, we substitute (4.3) and (4.19) into (3.60) with w; = 0 so that for particles

on the circle C 5, the Vlasov-Poisson system reduces to

dg dg I 1 N\ 99
ot +w28_92 i ( %/ﬂ Pa(02) [sin(@z — 9'2)} a0 ) Owy 0 (4:20)

with p,(t,05) = /g(t, 05, wa)dwy. Re-labelling g as f and p, as p yields the desired

equation. m

In what follows, we will often use an alternate form of the system, given by the

next corollary.



39

Corollary. The Vlasov-Poisson system on Ci o can be written as

(0f of of
ZJ Flol— —
ot +°"2392 +Flelg,, =0
1 /

-z 4.21
F{p] 892 / 2 |:Sln 02 . 9/):| d62 ( )
P_/fdwz-
\

Following Definition 1 for solutions in R3, we impose the following definition for

classical solutions on C .

Definition 3. A function f : [ xRxR — [0, 00) is a classical solution of the Viasov-

Poisson system for circular initial data on the open interval I C R if the following
hold:

(i) The function f is continuously differentiable with respect to all its variables.

(ii) The induced spatial density p and force function U exist on I xR. They are con-
tinuously differentiable, and U is twice continuously differentiable with respect
to ‘92.

(111) For every compact subinterval J C I the field VU is bounded on J x R3.
(iv) The functions f,p,U satisfy the Vlasov-Poisson system (4.12) on I x R x R.

In addition to these conditions, we require that f is compactly supported in ws.
This is physically justified since we are assuming relativistic effects are negligible, and

therefore the speeds of the particles must be small compared to the speed of light.

4.2.1 Conserved quantities

There are several quantities that are conserved along solutions of the Vlasov-Poisson
system in R? including total number of particles, total mechanical energy, Casimirs,
and entropy, [17], [6]. In this section, we explore which, if any, of these quantities
are also constants of the Vlasov-Poisson system with mass initially distributed on
Ci2. We assume f is a classical solution to the Vlasov-Poisson system as defined in

Definition 3 and also impose the condition that f is compactly supported in ws.
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Lemma 4. The total number of particles of the system,

//7T f(t, 02,w2)d92dw2, (422)

18 conserved.

Proof. Integrate the Vlasov-Poisson system (4.21)

0 = f” 8—92+F[ ]g—i] s dws

_ of

= J:[ a— d@gd&)g + JI CL)28—92 d92dw2 + J:[ F[p]aT d92dw2

= / f dQQdWQ + // (.UQ— d@gd&)g —I—/ / da)ngg
- 00,

——// f dbyd —// 722 49,4 //f

T 0 L 20W2 58, 20W2 —

d T
= E/ 7ﬂfd02d(x)2,

where we have used the fact that f has compact support in w, and is 27-periodic in

5. Therefore the total number of particles in the system is conserved as required. [

Lemma 5. The total mechanical energy of the system of particles,

E =T -+ V= // fw2 dezdwg / U,O deg, (423)

18 conserved.

Proof. The total mechanical energy of the system is by definition the sum of the total
kinetic energy and the total potential energy. In order to get the total kinetic energy,

we integrate the kinetic energy of each particle over phase space

_ / /_ : fe dfadus. (4.24)

The total potential energy is similarly obtained by integrating the potential energy

of each particle over position space

V=- /7T U(61,02)p(62) db>, (4.25)

—T



so that the total mechanical energy is

1 i ™

To get our conservation law, we multiply the Vlasov equation,

of  of oUaf
ot 200, Tt 0w

1
by 50.)% and integrate over phase space. The first term becomes

// d@gd&)g dt < // wgf d&gdu@) = %T,

and the second term is
][ saginen =3 [ ([ ) vee=
since f(m) = f(—m). The last term is
/ / <ae2) (9(,52 bzl
= 5/ (aw) [, dee
- 5/ (602) /f% Al
_ _/_W <Z—Z)/w2f deodb

since f has compact support in ws. We can write this as

/wQ/ (392>fdw2d92 /wQ/ (392> U deoadls
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(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

0 of oU 0
by again using the fact that f(—n) = f(n). If we substitute wy—— / ——f _ U o

00, ot

892 8w2



42

from the Vlasov equation we get

LU of
// |: 8(92 8w2:| U d@gd&)g
_ oU Of
= //_ﬂ— UdHQdCL)Q //'_7r 892 aw2U d@gd&)g
862

= "y,

So that putting all three terms together yields

d d
—F = T = 4.
gt dt< +V)=0, (4.33)

and our conservation is proved. O

There are many other quantities which are conserved along solutions of the Vlasov-
Poisson system. In fact, the integral of any function of a stationary solution will be
conserved. These integrals are commonly called Casimirs or Casimir functionals and

are given by the following definition.

Definition 4. The Casimirs of the Vlasov-Poisson system are defined in R3 to be
ﬂ A(f(x,v)) dadv, (4.34)

where A is any arbitrary smooth function.

Mathematicians will often study the stability of solutions of the Vlasov-Poisson
system compared to that of special stationary solutions given by the minimizers of

the total energy under Casimir constraints?.

Lemma 6. The Casimirs of the Vlasov-Poisson system on the sphere with initial

spatial density on a great circle,

H A(f (B3, w5)) db:dws, (4.35)

2see for instance [9].
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are conserved along solutions.

Proof. Substituting f = f(6a,w2),dxr = dby,dv = dwy in Definition 4 yields the

Casimirs of the system with initial spatial density on a great circle,

ﬂ A(f (B3, ws))dOsduws. (4.36)
The function A(f) satisfies the Vlasov equation (4.20) since by the chain rule we have

0A(f) OA(f) 3U5A(f)_ of of oU af B
ot + wq 90, 6_92 Dy (f) [54—&)28—624—8—028—&}2 = 0. (4.37)

So we can integrate over position and velocity space and write

_ T [9A(S) OA(f) | OU 9A(f)
0 = // [ ot + wo 602 +a—92 8(,02 :| d@gd&)g

(9A oU 0A(f
-/ / P o o+ f / 392 ! b v/ / 0, 0w, !t
Ows i 0 oUu
= %//_WA( d‘ggdWQ // _dQdez / a—ma—%A(f> d@gd&)g
_ 4 WA(f) dfyd
T 0 . 20W2,

where we have used the fact that A is a function of f and therefore 27-periodic in 6s.

We conclude that the Casimirs are conserved along solutions. O]

A special type of Casimir functional is the entropy of the system, which is a
measure of the randomness or disorder of a system. Conservation of entropy reflects
the preservation of information of the system in that whatever information is given

about the system initially remains for all time.

Definition 5. The entropy of the system in R? is defined to be

—f flog f dzdv. (4.38)

Lemma 7. The entropy of the system on the sphere with initial spatial density on a

great circle

[ £(B2s000) o (B2, 00)) B (4:39)

15 constant along solutions.
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Proof. Substituting f = f(02,ws),dx = dfy, dv = dwy for the circle yields the entropy

for initial distribution on a great circle,

S = H F(B2,w2) 1og(f (B2, ws)) dbsduws. (4.40)

Setting A(f) = —flog f in Lemma 6 yields the desired result. O

It is interesting to note that although conservation of entropy occurs in the Vlasov-
Poisson system, entropy is not generally conserved in the closely-related Boltzmann
equation. Instead, entropy exclusively increases with time due to the inclusion of

collisions in the model?®.

4.2.2 Equilibria

Proposition 6. Any distribution f(t,0s,ws) = f%(ws) is a spatially homogeneous

equilibrium solution of (4.20), the Vlasov-Poisson system on C' 5.

9,
Proof. Any stationary solution by definition must satisfy (4.20) with a—“: =0, i.e.

of (8U> o _ (4.41)

WQa—gz'f‘ 6_92 a—w2—

Consider a spatially homogeneous distribution function f = f%(w,). For this form of

f, we get
or _
0y
so the first term in (4.41) is 0. We can use (4.13) to calculate

0, (4.42)

p= /fo dws = p°, (4.43)

where pY is a constant. From (4.21) we get that the force due to the homogeneous

distribution is

[ 1
7] 27 /7T sin(fy — Qé)p 0 (4.44)

since pY is a constant. Therefore the second term in (4.41) vanishes and we conclude
that f(6s,ws) = f%(ws) is a spatially homogeneous equilibrium (stationary) solution
to (4.20). O

3see [22].
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For the next equilibrium solution, we will require a definition.
Definition 6. The microscopic energy of the system of particles is defined to be

E(z,v) = @ —U(x), (4.45)

or in spherical coordinates

Bz, v) = %w% — U(2(0)), (4.46)

where U—/ g(%—&é)/f(@é,wg)dwgd%.

Proposition 7. Any function of the microscopic energy is a stationary solution of

(4.20), the Vlasov-Poisson system on C| .

9,
Proof. Any stationary solution by definition must satisfy (4.20) with 8_{ =0, ie.

(4.47)

290, " \98;) dwy

of (U or
(592>

Consider a function of the microscopic energy defined in Definition 6 so that f = f(E),

where f is an arbitrary function f : R — R. For this form of f, we get

Of(E) oU\ Of(E)
w2 602 +<8_92) 8&)2

- OE (0U\ OE

- ol ()

00, 00,

™

as long as the condition U = / G(6y — 6)) / f(05, wa)dwydb, is satisfied. There-

—T

fore we conclude that f = f(F) is a spatially homogeneous equilibrium (stationary)
solution to (4.20). O
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4.3 The Linear Vlasov-Poisson system

In the study of the Vlasov-Poisson system it is common to first linearize the equation
about an equilibrium solution before studying the non-linear version. For the Eu-
clidean case at least, important behaviour such as Landau damping becomes evident
even from the simpler linearized system. Therefore, in this section we linearize the

system derived for Cj 5 in order to help with further studies.

4.3.1 Linearization of the Vlasov equation on (]

Let fO = f%(ws) be a homogeneous equilibrium solution to (4.21) as in the previous
section and suppose f(t,0;,ws) = fO(ws2) + h(t,02,ws) where h is 27-periodic and
|h]| << 1. We have

U 0 f0 0 f0
vr Y i 4.49
20, 0, 5 0, and 20, 0, (4.49)

and from (4.13)
p = / [fo + h(t, 92,&)2)] dWQ

— p0+/hdw2 (4.50)

= 4+

where we have used p” to denote / h dwy. From this and (4.21) we calculate the

force on a particle at <g, 92> to be

1 [7 1
Flp| = —— | ———— (" + ") 0!
) 21 J_,. sin(6y — 05) (7" + ") dt
1 [ 1

o h / (4.51)
or J_ sin(6s — 65) (") dt

= Flp"].
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of

0 0
Therefore the Vlasov equation, 9f +we=- + Flp] 5— /

i 06, By = 0, becomes
O(fO+h A(f°+h O(f°+h
(P rh) O | AR
ot 00, Ows
8 5 B0+ ) (4.52)
h h +

oh
For distributions in which the quadratic term F' [ph]a— is negligible compared to the
Wa

linear terms for small h, we can further reduce to

oh _ Oh ., f°

p— 4.
50 g +FL 0, (4.53)

au.)g
where

' == | e () a0

21 J_, sin(fy — 6)) 2

We refer to (4.53) as the linearized Vlasov equation on C' 5.
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Chapter 5
Conclusions and Extensions

In this thesis, we took the first steps in exploring the Vlasov-Poisson system in curved
spaces. We completed numerous preliminary calculations to accurately determine an
acceptable form of the Vlasov-Poisson system on the unit 2-sphere. These included
deriving the Poisson equation (with help from [7]), writing an expression for the
form of the solution of it, and finding the gravitational potential due to an arbitrary
distribution. We then took a special distribution in which the particles were arranged
on a great circle of the sphere and moving with a velocity directed along the same
great circle. This led us to a nice one-dimensional problem that we could study in
a variety of ways. We determined the new form of the gravitational potential and
force, and proved a number of conservation laws.

In Diacu’s book [8], it is mentioned that the qualitative aspects of the stellar
dynamics of constant curvature spaces can be studied by ignoring the magnitude of
the curvature and including only the sign!. Therefore, we expect that our results
here can be applied easily to spaces of any positive constant curvature. In addition
to this extension, there are countless avenues left to explore within the umbrella of

the Vlasov-Poisson system on spaces of constant curvature. Some of these are:

e Existence and uniqueness of global solutions for circular initial data.

e Stability criteria (including criteria for Landau damping) for the linearized equa-

tion with circular initial data.
e Initial distributions other than those on great circles.

e Extension to the 3-sphere; this would be the most relevant to our physical space.

this is justified through a coordinate change and rescaling of the time variable.
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e Comparison of results using Vlasov-Poisson to results from Einstein-Vlasov (or

other methods involving relativity).

We expect the topics in this thesis can be explored equally well under the assumption
of a negatively curved space, in which the particles move on the hyperbolic unit
sphere. Given the time it took to solve the analogous problem in Euclidean space,
we expect proving the existence (or non-existence) and uniqueness of global solutions
for general initial data will likely be a difficult but rewarding problem. A proof of
the existence or non-existence of non-linear Landau damping, a challenging problem

in Euclidean space, would be another great result.
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Appendix A

Additional Information

A.1 Spherical Coordinates for R?

In the following, we denote the position vector in spherical coordinates by z(r, 0y, 65)
where r is Euclidean distance measured from the origin, #; is the zenith angle (mea-
sured from the positive z-axis), and 65 is the azimuthal angle (measured from the

positive z-axis in the xy-plane) as in Figure 2.3. We define the coordinate change

@ (1'1,113'2,273) — (T, 01a02> by

1 = rsinfycos by
To = rsinfsinb, (A.1)
T3 = rcost

so that the inverse relationship is

ro= Jai4 a3+l
0 o
| = arccos
Vi +ad+ a3 (A.2)

x
0, = arctan —2>

x




51

with r € [0,00), 0; € [0,7], 65 € [0,27). We define é,, &, and é; to be orthogonal

unit vectors in the direction of increasing r, 6, and 6, respectively so that

= sinfy cos by 1 + sin By sin by Ty + cos by T3

e e
=9 or

6, = g—gl/ ‘g—; = cos by cos By T1 + cos B sinby T — sin by T3 (A.3)
) or | Ox ) ) .
&9 _8_62/ 26, = —sinfy Ty + cosby Ts.

Taking the time derivative of (A.1) and simplifying yields

1 = 71sinfycos by + rf; cos b cos by — résysin b sin O
Ty = rsinf;sinby + r; cos O, sin Oy + rhy sin ; cos O, (A.4)
T3 = 71cosfy —ro;sinb,
so we define
v = w,sinfy cos by + rwy cos By cos By — rwy sin #q sin Oy
Vg = w,sin# sin by + rwy cos By sin Oy + rws sin 6 cos Oy (A.5)
v3 = w,cosb; — rw;sinb;

where w, = r,w; = 01, and wy = 6y, so that v = vy &1 + v9 T9 + v3 T3. The angular

velocities are given in terms of v by:

w, = sin6; cosByvy + sin by sin Oyve + cos B1v3
1 1 , 1 .
w; = —cosBycosbyv; + — cosbysinbyvy — —sin byvs
r r r (A.6)
sin 6 cos B
Wy = —

- U1 - V3.
rsin 64 rsin 64
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Taking derivatives and simplifying again yields

U1 = Wysinfq cos by + 2w,wq cos By cos By — 2w,.wy sin Oy sin O,
+rwy cos 0 cos By — Tw? sin 0 cos By — 2rwiwsy cos O sin Oy
—7g sin 0y sin By — rw? sin 0 cos Oy
U9 = w,siné; sin by + 2w,wy cos By sin Oy + 2w,.w, sin 6, cos (A.7)
+rwy cos 0 sin By — rw? sin Oy sin Oy + 2rwiws cos 0 cos Oy
+1g sin 0 cos By — rw3 sin 0 sin b,

U3 = W, cosby — 2w,w; sinfy — rw; sin @y — rw? cos b;.

The gradient, divergence, and Laplacian in spherical coordinates are, respectively:

- af 10f 1 of.
Vis] = 58+ oyt 50,
oF 1. 9F 1 oF
divgsF = &, - S 4 28, - 2 =g, 2 (A.8)

or 00,  rsinf ° 00,

10 (,0f 1 0 of 1 0°f
Az f = r2or ( E) * r2sin 0, 960, <Sm91391> * r2sin’ 6, 002

where f is any scalar function of # and F' is any vector-valued function of 6. If we

wish to hold r constant, then all the above simplify to

A.2 Non-unit spheres

In the following, we assume z € S% where S% is the R-radius 2-sphere. We denote
the position vector in spherical coordinates by z(R, 61, 62) where R is the (constant)
Euclidean distance measured from the origin, 6, is the zenith angle (measured from
the positive x3-axis), and 0, is the azimuthal angle (measured from the positive x;-axis
in the z1x9-plane) as in Figure 2.3. We define the coordinate change ¢ : (21, 9, x3) —
(R,01,0:) by:

r1 = Rsin6;cosby

Ty = Rsinf;sinby (A.9)

r3 = Rcosb,
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so that the inverse relationship is

with R € [0,00), 0; € [0,7],

R

0

02

= a?+ 23+ 22
arccos %
= ar
Vi +ad+ (A.10)

X2
= arctan | —
T

0, € [0,27). We define é,, &1, and &, to be orthogonal

unit vectors in the direction of increasing r, 6, and 6,, respectively so that

e o
T o | ar

. . O | 0x
T 50, |06,
6 o 0%, |0z
200, 106,

= sin#; cos By 1 + sin by sin by Ty + cos by I3

= cos 0y cosby 1 + cos by sinly Ty — sinb; s (A.11)

—sinfy 21 + cos by 2.

Taking the time derivative of (A.9) and simplifying yields

)

T

T3
so we define

U1

V2

U3

R0, cos 0, cos By — R sin 0; sin Oy
RO, cos 0 sin 0y + R, sin 0y cos Oy (A.12)
Rcost; — R@l sin 64

Rwq cos 8y cos By — Rws, sin 01 sin 0,
Rwy cos 0, sin 05 + Rws sin 0, cos 0y (A.13)

Rw;y sin 6,

where w; = 01, and wy = 05, so that v = vy &1 + vy T3 4+ v3 £3. The angular velocities

are given in terms of v by:

1 1 1
w; = - cos 0, cos Oyv1 + = cos 0 sin Oov9 — = sin 6, vs

Wy =

(A.14)

sin 6 cos 0,

— : U1 - V3.
Rsin 6, Rsin 6,



Taking derivatives and simplifying again yields

07 = +Rwj cos B cosby — Rw?sin by cos by — 2Rwiw; cos 0 sin Oy
— Rus sin 0y sin 0y — Rw3 sin 6 cos 0y

Uy = +Ruwi cosbsinbhy — Rw? sin ) sin Oy + 2 Rwiws cos b cos Oy
+ Ry sin 0 cos Oy — Rw? sin 0, sin O,

03 = —Ruw;sinf; — Rw?cos ;.

54

(A.15)

The gradient, divergence, and Laplacian in spherical coordinates are, respectively:

1 af 1 of,
VRf N R891 Lt Rsin 91 6_9262
divpF = lél or L, .0F

R 391+Rsin0162.8_02

19 of 1 %
A e - - J
) = Bsing, 06, (SI b ael> T R sin?6; 062

The Poisson equation then is

The solution from [7] is given by

1 d(z/R,y/R
Up= | 5-logcot (%) p(y) dy
s2, <7

where x,y € S%. The equations of motion for a particle on S% are

1 oU
0, = 9 sin 6 cosb; + — i 86’?
ég ; aU 29102 cot 91

R2sin% 6, 00,

The Vlasov equation in local coordinates turns into

1
of e aa[gR + 02 sin 0, cos 6,
at+w Vof + 1 13U -Vof =0,
- PR,
R2sin? 0, 00, 6162 cot 6

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)
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and the density condition is

= L

Therefore, our new system for non-unit spheres is

oo
80.21 8w2

dwidws :/ Rsin 0, f dwidw,. (A.21)
R2

( 1 oU .
of R—zlaef—k@%sm@lcosﬁl

- Vof =0
aUR — 29102 cot 91

E—l—w-ng%—

R2sin% 6, 00,
1
S

2 27 2
R

(A.22)

p= / Rsin 6y f dwidws.
\ R2

A.3 Theorems on Manifolds

Theorem 1 (Divergence Theorem). Let X be a Riemannian manifold with volume
form Qx, 0X be the boundary of X with volume form Qax and let & be a compactly
supported vector field on X. Then

/8X (€ - 7) Qox :/ (diva, £) Qx (A.23)

X

Proof. Classical result, see for instance [13]. O

Theorem 2. Let X be a Riemannian manifold with volume form Qx, 0X be the
boundary of X with volume form Qgx, ¥ be a scalar function on X and F be a

compactly supported vector field on X. Then

[ otr - = /X (Vayt) - F + (diva, F)y] Qx (A.24)

Proof. Use ¢ = ¢ F in Theorem 1 where 1) is a scalar function on X and F' is a vector
field on X. n
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A.4 Proof of Vg(z-y) =y — (z-y)x for z,y € S

Proposition 8. For x,y € S?, we have
Vs y) =y — (z-y)z. (A.25)

Proof. The definiton of Vg from (2.22) is

AV
Vs f = (801)61+ <sin91) 86262 (A.26)

SO we can write

_ O@-y), 1 \ Oy,
Vele-y) = —5g e1+<sin91) 96,

Oz 6 4 1 ox 5
N 801 v sin91 862 ¥ e

(A.27)

We have from (2.15)

61 = cos 0y cos 021 + cos Oy sin 0929 — sin 6,23 (A.28)

é2 = —sin (92.%1 -+ cos 92.@‘2

and from (2.13)
x = (sin 6y cos s, sin Oy sin Oy, cos by) . (A.29)

Using these, (A.27) becomes

0
Vs(z-y) = iy y (cos by cos 21 + cos b sin Oy29 — sin 0;23)

96,

1 ox _ ) .
+ <sin 01> 2, -y (—sin by + cos bais)

= (cos By cosbyyy + cos Oy sin Oays — sin b1 ys3) (A.30)

X (cos 01 cos 021 + cos 0 sin a9 — sin 0123)

1
+ < ) (— sin 6 sin Oay; + sin 61 cos Oay5)

sin 6,
X (— sin 9252'1 -+ cos 62.@2)
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so that in the z;-direction we have

in the

cos? 6 cos? Oyyy + cos? 0y sin By cos Oy, — sin By cos by cos Oays + sin? foy; — sin by cos oy
y1 (cos? 0y cos® b + sin® 0y) + yo (cos? 61 — 1) (sin B, cos B) — y3 (sin 6 cos 0 cos 6;)

U1 ((1 — sin? ;) cos? 0y + sin? 92) + 2 (— sin® 01) (sin 05 cos Bs) — y3 (sin Oy cos 64 cos 05)
U (1 — sin? 6 cos? 92) + Yo (— sin? 91) (sin @y cos ) — y3 (sin 6, cos 01 cos s)

y1 — (sin 6 cos 03) (y1 sin 61 cos Oy + yo sin Oy sin Oy + y3 cos O7)

Y1 — o1 (Y121 + Yo + Ya3)

yi — 1 (r-y),

ro-direction we have

cos? 6 sin 0y cos Oay; + cos? 0y sin? Gays — sin b cos by sin Ooys — sin Oy cos oy + cos? Oays
y1 (cos? 0y sin O cos Oy — sin b cos b) + ya (cos? ; sin® Oy + cos? B3) — ys sin 6 cos s sin 6,
U (— sin? ; sin 0, cos 92) + ((1 — sin® ;) sin® 6 + cos? 02) — 13 sin 0, cos 6, sin 6,

Y1 (— sin? @y sin 65 cos 02) + Yo (1 — sin? #; sin? 92) — y3 sin 0 cos 0 sin Oy

Yo — sin 6y sin Oy (y; sin 61 cos Oy + yo sin Oy sin O + y3 cos b;)

Yo — T2 (Y121 + Yoo + Y3x3)

Yo — 22 (T y),

and in the zs-direction we have

— sin 0, cos 0 cos By, — sin By cos By sin Gays + sin? b, y;
= —sinf; cos )y cos by, — sin By cos by sin Ooys + (1 — cos? 6)ys
Y3 — cos 0y (sin 0 cos Oay; + sin 0y sin Oays + cos 61ys3)
Y3 — 3 (121 + YoZa + y323)
= ys—13(1-Yy).

Putting these components together yields our desired expression. O]
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A.5 Calculation of v = 91é1 + 92 sin 616,

We have x = (sin 6; cos 6, sin 0; sin 65, cos 0;). Differentiating x with respect to time
yields

dz

i 01 cos 01 cos Oa1 — 05 sin 01 sin 0521 + 61 cos 61 cos 925 + 05 sin 01 cos O29 — 01 sin 0123

= élél + 92 sin 91é2
(A.31)

where we have used the definition of unit vectors given in (2.15).
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