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Abstract

Investigation of Analytical Models Incorporating Geomechanics Effect
on Production Performance of Hydraulically and Naturally Fractured

Unconventional Reservoirs

Umut Aybar, M.S.E.

The University of Texas at Austin, 2014

Supervisors: Kamy Sepehrnoori and Tad Patzek

Production from unconventional reservoirs became popular in the last decade in
the U.S. Promising production results and predictions, as well as improvements in
hydraulic fracturing and horizontal drilling technology made unconventional reservoirs
economically feasible. Therefore, an effective and efficient reservoir model for
unconventional resources became a must. In order to model production from such
resources, analytical, semi-analytical, and numerical models have been developed, but
analytical models are frequently used due to their practicality, relative simplicity, and
also due to limited availability of field data.

This research project has been accomplished in two main parts. In the first part,
two analytical models for unconventional reservoirs, one with infinite hydraulic fracture
conductivity assumption proposed by Patzek et al. (2013), while the other one with finite
hydraulic fracture conductivity assumption developed by Ozkan et al. (2011) are
compared. Additionally, a commercial reservoir simulator (CMG, IMEX, 2012) is

Vi



employed to compare the results with the analytical models. Sensitivity study is then
performed to identify the critical parameters controlling the production performance of
unconventional reservoirs.

In the second part, naturally and hydraulically fractured unconventional reservoir
is considered. In addition, geomechanical effects on natural and hydraulic fractures are
examined. A simple analytical dual porosity model, which represents the natural fractures
in unconventional reservoirs, is improved to handle the constant bottom-hole pressure
production scenario to identify the production performance differences between the cases
with and without geomechanical effects. Finally, geomechanical effects are considered
for combined natural and hydraulic fractures, and an evaluation of the circumstances in

which the geomechanical effects cause a significant production loss is carried out.
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Figure 4.44 Gas flow rate performance using initial natural fracture

conductivity of 0.005 md-ft by considering no geomechanics,

geomechanics only for hydraulic fractures, geomechanics only for

natural fractures, and geomechanics both for hydraulic and natural
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Figure 4.45 Cumulative gas production using initial natural fracture
conductivity of 0.005 md-ft by considering no geomechanics,
geomechanics only for hydraulic fractures, geomechanics only for
natural fractures, and geomechanics both for hydraulic and natural
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Figure 4.46 Gas flow rate performance using initial natural fracture
conductivity of 0.5 md-ft by considering no geomechanics,
geomechanics only for hydraulic fractures, geomechanics only for
natural fractures, and geomechanics both for hydraulic and natural
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Figure 4.47 Cumulative gas production using initial natural fracture
conductivity of 0.5 md-ft by considering no geomechanics,
geomechanics only for hydraulic fractures, geomechanics only for
natural fractures, and geomechanics both for hydraulic and natural
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Figure 4.48 Gas flow rate performance using initial hydraulic fracture
conductivity of 2 md-ft by considering no geomechanics,
geomechanics only for hydraulic fractures, geomechanics only for
natural fractures, and geomechanics both for hydraulic and natural
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Figure 4.49 Cumulative gas production using initial hydraulic fracture
conductivity of 2 md-ft by considering no geomechanics,
geomechanics only for hydraulic fractures, geomechanics only for
natural fractures, and geomechanics both for hydraulic and natural
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Figure 4.50 Gas flow rate performance using initial hydraulic fracture
conductivity of 10 md-ft by considering no geomechanics,
geomechanics only for hydraulic fractures, geomechanics only for
natural fractures, and geomechanics both for hydraulic and natural
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Figure 4.51 Cumulative gas production using initial hydraulic fracture
conductivity of 10 md-ft by considering no geomechanics,
geomechanics only for hydraulic fractures, geomechanics only for
natural fractures, and geomechanics both for hydraulic and natural
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Chapter 1: Introduction

Technical advances in hydraulic fracturing and horizontal drilling have enabled
companies to reach the economically viable recovery from unconventional resources such
as shale gas reservoirs. Projections indicate that unconventional resources will be a
significant supplier of the world energy demand in the near future. For operating
companies, it is crucial to estimate production performance of unconventional reservoirs.
A robust reservoir model, which is valid for unconventional reservoirs, is necessary for
production forecasts. There are several analytical reservoir models available in the
literature incorporating different assumptions and characteristics. These analytical models
enhance operator’s capability to investigate an accurate and optimum fracturing treatment
strategy with minimum effort. Moreover, running these models and having the luxury of
high quality output can prove to be a sound reservoir management tool for better and
efficient performance analysis of unconventional assets. In addition to these models,
numerical reservoir simulators are also available for unconventional reservoir modeling.
However, commercial simulators are computationally expensive and require a lot of input
data. The aim of this thesis is to show the accuracy of the analytical models by comparing
them with a commercial reservoir simulator.

This study is divided into two main parts. The first part investigates the reservoir
modeling in homogeneous unconventional reservoirs. For this purpose two analytical
models from the existing literature are employed, and also a commercial reservoir
simulator is used in order to compare the results obtained from the analytical models. In
the first part of this thesis, a sensitivity analysis is also performed to identify important
completion design parameters controlling the production performance of unconventional

reservoirs. Aim of the first part is to demonstrate whether or not the selected analytical
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models can accurately simulate the production performance of unconventional reservoirs.
Analytical models are important because operating companies have hundreds of
horizontal wells in unconventional assets, and simulating these wells with commercial
reservoir simulators is computationally expensive and quite time consuming. As shown in
this study, with the analytical models, operators can decide their completion strategies
quickly with minimum input data requirements and minimum computational effort.

In the second part of this thesis, naturally and hydraulically fractured
unconventional reservoirs and their production behavior are studied both analytically and
numerically. In addition, geomechanical effects (fracture closures) on natural and
hydraulic fractures are taken into account. Also, a sensitivity analysis is performed to
understand under which circumstances geomechanical effects must be considered in the
process of modeling and simulation of unconventional reservoirs. Moreover, the second
part quantifies the effect of geomechanics on long term production performances of
unconventional resources.

This thesis consists of five chapters:

Chapter 1 introduces the content of this study and provides an overview about
each chapter.

Chapter 2 presents the literature review on analytical models for unconventional
reservoirs, analytical dual porosity models, experimental studies investigating the
pressure dependent permeability, and the reservoir models coupled fluid flow with
geomechanics.

Chapter 3 gives the details of two analytical models used in this study.
Mathematics of the analytical models and assumptions related to these models are stated.
Results obtained from the analytical models are compared with the commercial reservoir

simulator. In addition, a sensitivity analysis is performed for certain reservoir and design
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parameters to identify the most influential parameters controlling the production
performance.

Chapter 4 investigates a dual porosity model which is developed to represent
natural fractures in unconventional reservoirs. Production performance differences
between the conventional homogeneous and naturally fractured unconventional reservoir
models are discussed. The original dual porosity model developed by Apaydin (2012)
and Cho (2012) cannot simulate the constant bottom hole pressure production scenario.
In this study, modifications are proposed to simulate constant bottom hole pressure
control, and the results obtained with the new method are verified with the commercial
reservoir simulator (CMG, IMEX, 2012). Geomechanical effects on hydraulic and natural
fractures are also examined with the commercial reservoir simulator.

Chapter 5 describes the summary and the conclusions of this thesis, and provides

recommendations for future studies.



Chapter 2: Literature Review

This chapter presents a literature review on the available analytical models for the
hydraulically fractured reservoirs. Also, fractured reservoirs using dual porosity concepts,
experimental studies investigating the pressure dependence of rock permeability as well
as the reservoir models that have coupled the pressure dependency of permeability with

fluid flow in porous medium are presented.

2.1. ANALYTICAL MODELS FOR HYDRAULICALLY FRACTURED RESERVOIRS

Unconventional reservoirs, unlike conventional reservoirs, are hydraulically
fractured prior to production. Hydraulic fracturing is defined as a special treatment for
unconventional shale and tight-sand reservoirs. Highly pressurized fluid, such as water, is
pumped into the formation in-order to exceed the rock mechanical strength. Hydraulic
fracturing creates highly conductive channels and paths for reservoir fluid to flow from
the reservoir pay zones to the wellbore. Fluid flow simulation and modeling in
unconventional resources with hydraulically fractured wells is discussed by the
researchers mainly in the following categories; analytical, semi-analytical, and numerical
models.

Analytical models are widely employed because of their relative simplicity
compared to the numerical approaches. The aim of analytical models is to provide a
simple solution which covers the fundamental physics of the phenomena. In order to
accomplish this goal the models must have simplifying assumptions. Having constant
and/or homogeneous rock and fluid properties (density, compressibility, permeability,
and viscosity) are the common assumptions for analytical solutions. The purpose of these
assumptions is to linearize the governing partial differential equations modeling the

transport phenomena, in our case, the diffusion equation.
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Analytical solutions for fluid flow in porous medium originate in the methods
proposed by Carslaw and Jaeger (1959). However, there are some conditions which
cannot be solved using the techniques presented by Carslaw and Jaeger (1959) because of
the different boundary conditions. Laplace transformation domain is preferred for these
circumstances. Van Everdingen and Hurst (1949) applied the Laplace transformation
theory to the fluid flow problems in porous media; due to its simplicity in handling partial
differential equations, with various boundary and initial conditions, this technique is
customarily the preferred method in analytical solutions. Furthermore, the dual porosity
concepts take advantage of the Laplace domain method, since it transforms a partial
differential equation into an ordinary differential equation that is easier to solve.
Stehfest's (1970) numerical method is commonly used to convert s domain (Laplace)
back to t (time) domain which represents the applicable solutions.

As stated earlier to solve the diffusivity equations analytically there are several
assumptions to be made such as constant fluid properties (fluid viscosity and
compressibility). Constant viscosity and compressibility assumptions are generally true
for oil reservoirs, but because gas properties are strongly pressure dependent, these
assumptions need to be modified to address the shortcomings for gas reservoirs. In 1966,
Al-Hussainy and Ramey proposed the pseudo pressure concept for gas reservoirs to
overcome the problem caused by the pressure dependent gas properties. The pseudo
pressure concept introduces an integral transformation that combines the compressibility
and viscosity of gas with respect to the pressure.

Earlier analytical models for hydraulically fractured reservoirs were developed to
show the hydraulic fracturing treatment effects on production. They were also capable of
making practical sensitivity analysis for reservoir and hydraulic fracture parameters.

Productivity index comparison is the basis of these analytical models.
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McGuire and Sikora (1960) presented a fundamental type curve based on the
comparison of the productivity index (Pl) of a reservoir. This comparison is made
according to the change of PI right before and after the hydraulic fracturing treatment
(Figure 2.1 shows McGuire and Sikora’s chart). One can simply input the hydraulic
fracture, wellbore, and reservoir parameters into their type curve to see the productivity
index changing after the hydraulic fracturing treatment. Additionally, general conclusions
can be driven by their type curve analysis such as, optimum fracture conductivity, and the

theoretical maximum productivity index increment for a particular case.

o
1
1
It

L I;::F_ 1' "Z::"".’" :' 1 - Lﬁl |
SRR R HERR
1 ]

Sh

L FE I S R + '} 1
k= AVERAGE FORMATION P:nnz'.q.;u.nv,m.
. (BASED ON GROSS THICKNESS)
:-L'FHﬂDTUHE LENGTH FROM WELL BORE, FI. b
[0 i 1y *DRAINAGE  RADIUS, FEET e
ST ATWELL SPAGING, AGRES
— - Whe "GCRACE GONDUCTIVITY, md.-in.
Hlil- WsPROPPED WIDTH OF FRACTURE, In.

o kg =PERMEABILITY OF PROPPING
MATERIAL , md.

G5 POSRE FEE S Eu PR\ PR e

L“*
F)
[}
®
m
-
~
@
=3
=
m
=
B
2
=
w
-
m
m
-
.
—t

FRACTURING

= PRODUCTIVITY IMDEX
BEFORE FRAGTURING

t
LENSE BT 53 -
- i

RELATIVE CONDUCTIVITY, w_:, fﬂnﬂ
Figure 2.1: McGuire and Sikora’s chart, (McGuire and Sikora, 1960)

Prats et al. (1961) studied the flow behavior of compressible fluid flow in
reservoirs with hydraulically fractured vertical wells. They assumed a cylindrical
reservoir with a vertical fracture at the center and considered the equal height for both
hydraulic fracture and formation. They further assumed that there is no pressure drop in
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the hydraulic fracture. The main contribution of their work is that the fracture length can
be calculated from the production decline rate.

Tinsley et al. (1969) discussed the impact of the hydraulic fracture height on the
production rate. In contrast to the other models, which assumed the hydraulic fracture and
the formation height are equal, this model is applicable when the formation and hydraulic
fracture height are not equal.

In 1974, Gringarten et al. documented the unsteady-state pressure distribution of a
well with an infinite conductivity fracture. They reported three main flow regimes: early
time linear flow (one-half slope in log-log plots), a pseudo radial flow regime which
gives a semi log straight line response, and pseudo steady state flow with a unit slope
line. Gringarten et al. (1975) presented the fractured well behavior type curves with the
dimensionless variables. In their work, they also proposed an equation for the fracture
length calculation based on dimensionless wellbore pressure and formation permeability.

Cinco-ley et al. (1978) studied the transient behavior of wells with single finite
conductivity fractures. They presented type curves, which are valid after a specific
dimensionless time, and showed the differences between the finite fracture conductivity
model and Gringarten et al. (1974) infinite fracture conductivity model. They also
identified four different flow regimes: linear, bilinear, formation linear, and pseudo radial
flow. Figure 2.2 represents these four different flow regimes. They also compared the
results of McGuire and Sikora’s, Prats’s and their own model for an example case, the
results showed a good agreement.

Cinco-ley and Samaniego (1981) proposed a new method for pressure transient
analysis for fractured wells with bilinear flow regime (Figure 2.2). Their new model
detects the time at which wellbore storage effects disappear. The model considered finite

fracture conductivity, and they also proposed a correlation to calculate the effective
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wellbore radius. This effective wellbore radius calculation is the basis of their new type
curves. Also, the reservoir parameters can be estimated by using the new type curves

which are provided for bilinear flow regime.
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Figure 2.2: Different flow regimes in hydraulically fractured reservoirs, (Cinco-Ley and
Samaniego, 1981)

Bennett et al. (1985) and Camacho et al. (1987) presented their models for the
hydraulically fractured wells producing from different layers. Bennet et al. (1985) study
considered equal fracture lengths, while the Camacho et al. (1987) model is applicable
for unequal hydraulic fracture lengths. They also stated that if two different layers
connect to each other, it will positively affect the cumulative production performance.

Cinco-Ley and Meng (1988) outlined their work on transient flow period of a well
with a finite conductivity fracture. Differently from other models, they proposed a

naturally fractured (dual porosity) reservoir with a hydraulically fractured well. In order



to represent a dual porosity reservoir, they used pseudo steady state (Warren and Root,
1963) and transient (de Swaan O., 1976 and Kazemi, 1969) dual porosity models. In that
work they proposed a model named trilinear model which incorporates the flow in matrix
blocks, natural fractures and hydraulic fractures. They also proposed the flow regime
identification method and provided the appropriate type curves for each flow regime.
Raghavan et al. (1997) developed a mathematical model stating that their idea
was “...creating a system whose long-time response will be identical to that of a single
fracture of length equal to the spacing between the outermost fractures”. For this purpose
they used the effective well-radius concept, and dimensionless conductance of the
system. Figure 2.3 represents their type curve for different number of hydraulic fractures
(n). In order to calculate the flow rate of the multi-fractured well, one can find the
effective wellbore radius from the type curve and plug it into well deliverability equation
for horizontal wells. They further stated that mechanical or reservoir conditions might
create an unequal fracture spacing conditions, so they proposed a type curve for unequal

fracture spacing condition as well.
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Al-Kobaisi et al. (2006) studied a hybrid reservoir model which combines a
numerical hydraulic fracture model with an analytical reservoir model. They stated that
their objective was to remove simplifying assumptions for hydraulic fracture flow. An
advantage of the numerical hydraulic fracture model is that the hydraulic fracture
properties such as shape, width, and variable conductivity can be modeled numerically,
while the reservoir flow model is still analytical and keeps the computational work
manageable.

Mederios et al. (2006) developed a semi-analytical reservoir model for horizontal
wells in layered reservoirs. Reservoir heterogeneity is considered, along with local
gridding, and grid boundaries are coupled analytically. Their semi-analytical model is
more advantageous than the analytical models when reservoir heterogeneity is

considered.
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In 2009, Brown et al. and Ozkan et al. presented their trilinear model. This model
incorporates the flow into three different flow regions: the zone beyond the fracture tips,
the zone between two adjacent hydraulic fractures, and the hydraulic fracture zone. They
used Laplace transformation to obtain solution for their model. It is a common knowledge
that hydraulic fracturing operation creates stress induced natural fracture network in tight
formations, such as shale. This naturally fractured zone can be implemented in the
trilinear model by using pseudo-steady state or transient dual porosity models; model
details are given under the related section in this thesis.

Patzek et al. (2013) presented a simplified solution for production from
unconventional reservoirs. In his study, the gas diffusivity equation is solved analytically,
and the pseudo-pressure approach is used to linearize the gas diffusivity equation; model

details will be given under the related section in this thesis.

2.2 ANALYTICAL DUAL POROSITY MODELS

Hydraulic fracturing treatment in tight formations creates stress induced fracture
network and also triggers the existing natural fractures. Existing dual porosity models in
literature are employed to model this natural fracture network in analytical reservoir
models. Dual porosity models consist of reservoir matrix and natural fracture network.
Reservoir parameters can be defined as an average value of matrix and fracture properties
(bulk properties), or intrinsic properties of matrix and natural fractures. Additionally, the
storativity and the transmisivity ratios are important parameters for dual porosity models,
and need to be explained. The storativity gives the ratio of natural fracture storage
capacity to total storage capacity of the medium. The transmisivity ratio in turn measures

the flow capacity from matrix to natural fractures.
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Warren and Root (1963) defined naturally fractured reservoir as a permeable
medium which consists of two parts; part one (matrix) contributes to the pore volume
capacity, but negligible flow capacity, while the part two (fracture) contributes to the
fluid flow capacity. Figure 2.4 represents the model considered in Warren and Root
(1963) dual porosity model. This model is known in literature as the “sugar cube” model.
As a customary assumption, flow occurs only through the fractures to the wellbore, while
the matrix provides fluid to natural fractures. Warren and Root (1963) model considers
unsteady state flow from matrix to fractures. Their model’s parameters are defined as

bulk properties.
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Figure 2.4: Warren and Root’s dual porosity idealization, (Warren and Root, 1963)

Kazemi's (1969) dual porosity model extends the Warren and Root (1963) “sugar
cube” dual porosity model by considering transient flow from matrix to fractures and
from fractures to the wellbore. Kazemi’s dual porosity model also represents a new dual
porosity geometry, which is also known as a slab model; Figure 2.5 shows the Kazemi’s
slab model. His model assumes homogeneous and isotropic matrix properties. In

addition, it is assumed that fluid flow to the wellbore only occurs through the natural
12



fractures. Kazemi (1969) and Warren and Root (1963) dual porosity models give
identical responses except the transition time which occurs when the fluid flow from
matrix to fractures starts. In 1976, Kazemi et al. developed a naturally fractured reservoir

model that considers water-oil (multiphase) flow by defining a new matrix shape factor.
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Figure 2.5 Kazemi’s dual porosity idealization, (Kazemi, 1969)
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de Swaan O., (1976) proposed another dual porosity model which considers
transient flow from matrix to the fracture network. His transient model can be defined by
intrinsic properties of matrix and natural fractures. Although the slab matrix shape is
considered in his model, spherical matrix block solution is also presented in the same
study.

Serra et al. (1983) demonstrated a new dual porosity model which is identical to
the de Swaan O., (1976) model but with different storativity and transmisivity definitions.
They used the intrinsic parameters of matrix and fracture medium, instead of bulk
properties which modified the definition of key parameters.
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Apaydin (2012) developed two new dual porosity models specific to naturally
fractured unconventional reservoirs. His models consider sphere matrix geometry, (given
in Figure 2.6) and transient fluid transfer from the matrix to the natural fracture. His first
model consists of macro-fractures, micro-fractures on the sphere matrix block, and the
core of matrix block. Fluid is first transferred from the matrix core to the micro-fracture
networks, then from micro-fracture network to macro-fracture network. Basically, micro-
fracture network enhances the permeability of surface layer of matrix block. Results
show that the micro-fracture network excessively contributes to the unconventional

reservoir performance.

HYDRAULIC
FRACTURE

N
¥wsLLBoRE

Figure 2.6 Apaydin’s dual porosity idealization, (Apaydin, 2012)

Furthermore, slip flow, which is an important phenomenon especially for shale
reservoirs, is taken into account in Apaydin’s (2012) dual porosity model. This model
also considers stress dependent natural fracture permeability. A combination of slip flow
and stress dependent natural fracture permeability can be handled by the new transfer
function. He stated that both of his models can be incorporated with analytical and

numerical reservoir flow models.
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2.3 EXPERIMENTAL STUDIES ON STRESS DEPENDENT PERMEABILITY

Permeability is the reservoir parameter which measures the ability of the rock to
flow a reservoir fluid. Analytical and numerical reservoir models treat permeability as a
static parameter most of the time. However, this assumption may not be true, because of
the changing stress conditions in reservoir. Thus, experimental studies are conducted to
shed light on the relationship between permeability and changing stress conditions.
Experimental researches on stress-dependent permeability are presented herein.

In 1985, Barton et al. experimentally studied the behavior of solid rock samples
with natural unfilled joints under the stress loading/unloading conditions. They
considered interlocking joints and mismatched joints, and five different rock types. They
studied the normal closure of joints, and shear displacement under different stress
conditions. As a result of their experiments, they proposed a hyperbolic model for the
normal deformation of natural fractures.

Soeder (1988) analyzed the core samples from Middle Devonian Age Marcellus
shale. Although the prior goal of their work is to obtain data for Devanian shale reservoir
simulation study, surprisingly they specified the factors controlling the gas production
from organic rich formations. Presence of natural fractures, organic content of the
medium and thermal maturity is the main controlling mechanisms in organic rich
formations according to Soeder (1988). In the same study, he stated that the gas
permeability showed excessive stress dependence.

Wilbur and Amadei (1990) conducted an experiment on natural and artificial
fractures transmissivity behavior with changing normal stresses. They stated that the
hydraulic conductivity and normal stress relationship is non-linear. Based on their stress

unloading cycles, they further claimed that permeability of fracture non-recoverably
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reduces, and the stress history of the fracture also affects the hydraulic conductivity of the
fracture.

Luffel et al. (1993) published an experimental study conducted on shale matrix
permeability measurement. Their study identified that some of the micro-fractures
remained open under the net overburden stress. Later, these micro fractures are
considered in the dual porosity models which are developed for shale reservoirs.

Makurat and Gutierrez (1996) stated that the natural fracture existence in the
reservoir may affect hydrocarbon production performance positively or negatively.
Natural fractures may increase the permeability of the system; they may also behave as
barriers against the matrix flow and reduce the production. Because of this, they
conducted experiments on fracture flow and fracture permeability. Based on their
research they claimed that the stress dependent fracture aperture, tortuosity, roughness,
and the fracture normal stress are the main factors that control the permeability of
fractures.

Fredd et al. (2000) conducted an experimental research on fracture conductivity
changes especially for the water fracturing treatments. They considered aligned and
displaced fracture faces, and reported fracture conductivities for different stress
conditions. Their results show that increasing the stress applying on the fractures reduces
the permeability of the rock.

Gutierrez et al. (2000) experimentally investigated the natural fracture
permeability in shale. Natural fracture permeability behavior with changing stress
conditions and whether the natural fractures are completely closed with the excessive
normal stress are two main questions answered in their study. Gutierrez et al. (2000)

observed that the natural fracture permeability decreases remarkably, but never
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completely closed unless cementation occurred. It is concluded that natural fractures are
the main conduits for fluid flow, even under high normal stress.

Kwon et al. (2004) conducted an experimental study on clay content and
anisotropy effects on shale permeability. They also studied the relation between
permeability and effective stress, and based on their experiments they proposed a cubic-
law correlation between shale permeability and effective pressure. They noted that
increasing clay content reduces the permeability of shale.

Eshkalak et al. (2013) investigated the geo-mechanical properties of Marcellus
shale. They generated a common source for securing these rock mechanical properties,
geomechanical well logs, and studied various characteristics such as minimum horizontal
stress, Young, bulk shear modulus, as well as Poison’s ratio that play an important role in
defining the stress profiles of an unconventional reservoir. Moreover, having access to
rock’s geo-mechanical properties enhances the understanding of parameters such as
conductivity and pressure dependency of permeability (Eshkalak M. O., 2013).

Cho et al. (2013) presented changes in natural fracture permeability of shale with
altering stress conditions, and its impact on production. They examined permeability
measurement experiments with shale core samples under the various stress conditions. In
order to represent natural fracture in shale, they created saw-cut fractures on shale core
specimens. They observed reduction in permeability with increasing effective stress
conditions. They used their natural fracture experimental data to see the applicability of
the pressure dependent permeability correlations existing in literature. They provided the
pressure dependent permeability correlation coefficients in their study for their sample
cores. Most of the selected correlations handle the natural fracture permeability reduction
with increasing effective stress. They further studied the effect of natural fracture

permeability reduction in shale with the trilinear model (Brown et al. (2009). Based on
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their model results, they stated that even though the permeability reduction in natural
fractures is significant, the permeability of fractures is still enough to conduct the
hydrocarbon flow from reservoir to hydraulic fracture. This conclusion is in agreement
with Gutierrez et al. (2000) comments on natural fractures; as it is stated earlier in this
chapter, they concluded that natural fractures do not completely close. Since the matrix
permeability is too low to compare to natural fracture permeability, the remaining

permeability of natural fractures can sustain the necessary conductivity for fluid flow.

2.4 COUPLED PRESSURE DEPENDENT PERMEABILITY AND FLUID FLOW MODELS

Experiments concerning matrix and fracture permeability reduction with changing
stress conditions are well studied in the literature. In order to illustrate the permeability
reduction effects on production, fluid flow models must be coupled with stress dependent
permeability. To address this issue, there are several analytical and numerical approaches
available in the literature as given below.

Ostensen (1986) modified gas pseudo-pressure in order to implement pressure
dependent permeability in gas well testing. He stated that as production continues;
pressure dependent permeability becomes important and also drawdown behavior is more
sensitive to stress dependent permeability rather than build-up.

Pedrosa (1986) analytically coupled stress dependent permeability with fluid
flow. He proposed the permeability modulus approach to solve this problem. He also
developed type curves to analyze build-up and draw-down responses of reservoirs with
stress dependent permeability.

Celis et al. (1994) published a model which characterized unsteady-state or
pseudo steady state flow of pressure sensitive naturally fractured reservoirs. This model

also employs permeability modulus concept to consider pressure dependent permeability,
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as well as fluid flow in dual porosity medium (matrix block to fracture) modeled by De
Swaan (1976).

Bai et al. (1999) presented a model which is numerically coupled fluid flow and
fracture deformation. They considered a dual porosity medium to model the naturally
fractured reservoir. They concluded that depending on rock properties, fracture
deformation may be important and affects the reservoir production performance.

Chin et al. (2000) numerically coupled geomechanical effects with fluid flow in
order to see its effects on production from stress sensitive reservoirs. The finite element
method is used to develop the model. Pore pressure depletes with continuing production,
consequently increases the stress applied on the fracture. This dynamic process also
reduces the fracture permeability. For that reason, Chin et al. (2000) related fracture
permeability to the pore pressure. They embedded pressure dependent permeability
functions into gas pseudo pressure transform. They also developed a type curve
demonstrating the differences between pressure dependent permeability case and constant
permeability case. The effect of pressure dependent permeability on production may be
insignificant, if the initial permeability is high.

Franquet et al. (2004) evaluated the importance of pressure dependent
permeability in tight gas reservoirs. For this purpose, they used the exponential
permeability vs. pore pressure drop correlation that embedded this correlation into gas
pseudo pressure transform. Their aim was to find the impact of pressure dependent
permeability on apparent permeability and skin factor calculations.

Zhao and Chen (2006) incorporated geomechanical effects with fluid flow in
naturally fractured reservoirs. Contribution of their model is an anisotropic naturally

fractured (modeled with dual porosity concept) medium that can be modeled consistently.
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Bagheri and Settari (2008) presented a numerical solution for geomechanics in
naturally fractured reservoirs with coupled fluid flow. The core difference between their
work and previous works is that they solved matrix and fracture geomechanics
individually, and then coupled them with fluid flow using dynamic permeability tensor.

Cipolla et al. (2010) used Fredd et al.’s (2000) laboratory experiments for
pressure dependent fracture conductivity in their reservoir simulator. From this they
analyzed that which circumstances required pressure dependent natural fracture
conductivity needs to be accounted for. According to their findings, they stated that shale
with a relatively higher Young’s Modulus (5x10° psi), such as the Barnett shale, does not
cause significant production loss.

Tao et al. (2010) investigated the pressure dependent fracture permeability in
naturally fractured reservoirs with fully coupled reservoir flow and the fracture
deformation model. They stated that the natural fractures are the main flow channels in a
naturally fractured reservoir environment; therefore, they focused on fracture
permeability changes and its effect on production. They further claimed that matrix
deformation is insignificant compared to fractures in a naturally fractured medium. They
used the Barton-Bandis joint deformation model (Bandis et al., 1983) and Barton et al.,
1985) to construct a relationship between the effective stress and fracture deformation.
They concluded that the fracture permeability reduces with production under the isotropic
stress condition.

In 2013, Moinfar et al. coupled geomechanics and flow simulation for a naturally
fractured reservoir. Their work is among the first to incorporate geomechanics and
reservoir flow with an embedded discrete fracture model. They also used Barton-Bandis
joint deformation model in order to consider geomechanical effects in the discrete

fracture network. They extended their studies by evaluating geomechanical effects on
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hydraulic fractures by using a particular effective stress—fracture conductivity table. Their
results show insignificant cumulative production difference between the dynamic and
static fracture conductivity conditions for an example case.

Aybar et al. (2014) modified the Apaydin (2012) and Cho (2012) dual porosity
model to investigate pressure dependent natural fracture permeability effects on
production performance. They used the trilinear model and proposed an average reservoir
pressure calculation to couple the dual porosity model with the reservoir flow model.
Their approach is able to simulate constant bottom hole pressure production scenarios.

Eshkalak et al. (2014) proposed their model with incorporating all the pressure
dependent phenomena in a simple reservoir model. The importance of their study is to
show which pressure dependent parameter needs to be taken in to account in
unconventional reservoir modeling. Results of their study proved that the minimum
ingredients required to model shale gas reservoirs are: (1) desorption phenomena and (2)
pressure-dependent permeability for hydraulic and induced-fractures. Consequently, it is

unnecessary to add more mechanisms and nonlinearity into the model.
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Chapter 3: Analytical Models for Hydraulically Fractured
Homogeneous Unconventional Reservoirs

The objective of this chapter is to investigate two analytical models, which were
developed for hydraulically fractured unconventional reservoirs. Namely, the simplified
model for gas production from a hydraulically fractured unconventional reservoir,
developed by Patzek et al. (2013), and the trilinear flow model, proposed by Ozkan et al.
(2009) and Brown et al. (2009), are outlined in this chapter. A comprehensive description
of the flow models and the assumptions associated with the models are provided.
Derivations of the equations used in the models to calculate the gas production rate are
stated. Results of these two analytical models for a synthetic case are compared with the
results obtained from a commercial reservoir simulator (CMG, IMEX 2012). Lastly, two
analytical models and the commercial reservoir simulator are used to conduct a
sensitivity analysis for practical ranges of reservoir and well parameters. Such an analysis
is essential since it provides a better understanding of parameters that are dominating the

well performance in different time periods.

3.1 THE SIMPLIFIED MODEL FOR GAS PRODUCTION FROM A HYDRAULICALLY
FRACTURED UNCONVENTIONAL RESERVOIR

Patzek et al. (2013) developed a nonlinear analytical model for multiply fractured
horizontal wells in unconventional reservoirs. The model solves the gas diffusivity
equation numerically, and provides an approximate solution for forecasting the
unconventional reservoirs production performance. Patzek et al. (2013) demonstrated that
such a solution is practical and enables us to make analysis with different combination of
parameters that are influencing the performance of hydraulically fractured wells. Figure

3.1 depicts the hydraulic fractures and the horizontal well schematic used in the
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simplified model (Patzek et al., 2013). Here we will present the linearized version of the

Patzek et al. (2013) model.

2L

-
2d
Figure 3.1: Schematic of the Simplified Model, (Patzek et al., 2013)

3.1.1 Assumptions for the Simplified Model

Assumptions for the simplified model for gas production from a hydraulically
fracture unconventional reservoirs are highlighted as follows:

1. Linear flow

The model assumes linear and horizontal single gas phase flow.

2. Constant gas diffusivity coefficient

The simplified model incorporates Al-Hussainy et al. (1966) pseudo-pressure

approach to linearize the gas diffusivity equation. In addition, the gas diffusivity

coefficient is assumed as a constant in order to obtain an approximate analytical

solution. This includes a constant temperature for the control volume under the

study, a constant viscosity, permeability, and compressibility.
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3. Infinite hydraulic fracture conductivity

The simplified model considers infinite hydraulic fracture conductivity.

4. Fracture height treated to be equal to formation height

The model considers the zone between two adjacent hydraulic fractures as a
homogeneous reservoir and an identical formation and hydraulic fracture height.
5. Darcy flow

Darcy flow is considered for the flow of gas. In addition, desorption/adsorption of

gas in the system is neglected in this study.

3.1.2 Formulation of the Simplified Model

The model solves the gas diffusivity equation in the time domain with using the
method of separation of variables proposed by Carslaw and Jaeger (1959). There are
several steps taken before arriving to the gas diffusivity equation. In this section, these
steps are outlined following the same lines as Patzek et al. (2013). Firstly, the gas
material balance is applied for the unit flow area to obtain Eqn. 3.1, and Darcy’s law
(Egn. 3.2) substituted in Egn. 3.1 to arrive to Eqgn. 3.3.

_ 3(pgug) _ 3[Sgppgt(1-d)pal
ax ot , (Egn. 3.1)

where,

ug — Darcy (superficial) velocity of gas

Sy — Gas saturation

py— Free gas density, kg/m®

pa— Adsorbed gas density, kg gas / m*solid
¢ — Rock porosity
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k op
Ug = —u—ga, (Eqn 32)

where,

k — Absolute premeability of the rock, m?

Hg — Gas Viscosity, Pa — s

9 (keg 0\ _ ¢ 4Pg | (1 _ 4 26adPgdp

6x( g ax) = Sg9 ap ot +(1-¢) dpg Op ot (Eqn. 3.3)
As a customary approach, the gas density can be obtained by the equation of state for real
gases, which is given by Eqn. 3.4.

py =2
9 Z4RT

: (Ean. 3.4)

where,
P — Pressure, Pa
Zy,— Compressibility factor of gas
Mg — Pseudo molecular mass of gas, kg/mol
R — Universal gas constant, 8.314 J/(K mol)
T — Temperature, K.
The isothermal compressibility of gas and the differential equilibrium portioning

coefficient of gas are given by Eqn. 3.5 and Eqgn. 3.6, respectively.

1 apa) 1 1 0Z4
c, =— |— === —— Egn. 3.5
g Pg (apg T=constant P Zg Op ( | )
K, = (ai) (Eqn. 3.6)
a= \ops : gn. 3.

T=constant
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Substituting Eqns. 3.5 and 3.6 into Eqgn. 3.3, the transient gas flow equation for a
horizontal and linear flow is derived (Eqgn. 3.7).

;_x(’% Z—Z) =[S0 + (1~ PK]cppy 2. (Eqn. 3.7)
Patzek et al. (2013) stated that (1 — ¢)K, term can be neglected (specifically for the
Barnett shale), because this gas adsorption term is much smaller than S;¢ term. Finally,
using Al-Hussainy et al. (1966), the real gas pseudo-pressure approach in Egn. 3.7, the

gas diffusivity equation is obtained in terms of pseudo-pressure and is given in Eqgn. 3.8.

3’m(p) _ (SgPHgCq)dm(p) _ 10m(p)
dx2 _( k ) ot a ot (Eqn. 3.8)

This is a partial differential equation showing pseudo pressure m as a dependent of two

independent variables x (location) and t (time).

3.1.2.1 Definitions of the Dimensionless Variables in the Simplified Flow Model

This section outlines the definition of dimensionless variables used in the
simplified model with following the same lines presented by Patzek et al. (2013). Starting
with dimensionless pseudo-pressure (Eqgn. 3.9), all other dimensionless parameters are

provided below:

Kl (Eqn. 3.9)

R
I

where,
m — Dimensionless pseudo-pressure

m; — Initial reservoir pseudo-pressure, psi%/cp

t=—, (Eqgn. 3.10)



where,
t — Dimensionless time
t; — Characteristic time of diffusion, sec

d2

tr =—, (Egn. 3.11)
d — Half distance between two hydraulic fractures, m

or — Reference value of the hydraulic diffusivity of gas, m%/sec

_ k
Uy = Sg¢(llgcg)r ) (Eqn 312)

=N
Il

(Egn. 3.13)

QIR

% — Dimensionless distance
X — Dimensional distance in the x-direction, m
Substituting these dimensionless variables into Egn. 3.8, Eqn. 3.14 is obtained.

a 0%m

— = . (Egn. 3.14)

at a, 0%2

Initial and boundary conditions for Egn. 3.14 are given in Egn. 3.15 and Egn. 3.16,
respectively.

mEt=0)=0. (Eqgn. 3.15)
Initial condition given Eqgn. 3.15 shows that the initial pressure is “zero” dimensionless
pseudo-pressure according to its definition.

ME=+1,i>0)=m =1, (Eqn. 3.16)
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Boundary condition given Eqgn. 3.16 means that the constant pressure at hydraulic
fractures is “one” dimensionless pseudo-pressure according to dimensionless pseudo-

pressure definition.

3.1.2.2 Solution for the Simplified Model for Gas Production from a Hydraulically
Fractured Unconventional Reservoir

Once the gas diffusivity equation is derived, the model calculates the pseudo-
pressure distribution between two adjacent hydraulic fractures. Constant bottom-hole
pressure condition is considered as a production scenario, and all the hydraulic fractures
have an identical pseudo-pressure.

The production rate of each hydraulic fracture at down-hole condition can be
obtained by the multiplication of hydraulic fracture surface area with the superficial
velocity of the gas. Note that if the midpoint between two hydraulic fractures assumed as
origin, then the hydraulic fractures are placed in between +d and —d.

qr(t) = 24,u(x = 0,t) = —ﬂ("’—"‘

s 6x)x= i’ (Eqgn. 3.17)

where,
A = 2HL, (Eqgn. 3.18)
where,
A — The total surface area of the hydraulic fractures, m?
H — Height of the hydraulic fractures, m

L — Hydraulic fracture half-length, m.
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In order to linearize Eqn. 3.14 with respected boundary conditions, the model
assumes diffusivity constant a equals to o, (Eqn. 3.12). The model uses the separation of
variables technique to solve the partial differential equation given by Eqn. 3.14 and the
result is given by Eqn. 3.19

n% =m=1- %Z;‘{;O%e(‘znﬂ)znzm) cos ((anﬂ) . (Eqn. 3.19)

Patzek et al. (2013) stated that the right hand side of Egn. 3.19 can be
differentiated separately in order to differentiated the left hand side, because of the
exponential factor in this series converges uniformly for all x(t>0). The average pseudo-
pressure in the reservoir is an exponential function of time and given by Eqn. 3.20.

L@, ) dE =125, S pamnint) (Eqn. 3.20)

2n+1

The average reservoir pseudo-pressure can be calculated by using Eqgns. 3.21 and 3.22.

101 En+DTE\ o, _

S (D cos (B ) dx' =2 forn=0,1.., (Eqn.3.21)
8 o 1 _ 2.2 2

(m(6) = m; = X0 G2 el-Gn+)?*ntar/(4a®)] (Eqn. 3.22)

Using the dimensionless variables, the model calculates the pseudo-pressure gradient at

the hydraulic fracture by Eqgn. 3.23:

= Vi o(—1)Te (T2 sin (@) . (Egn. 3.23)

Patzek (2013) stated that for all n values the sinus term goes to “1”, since,

(=1)" sin ((2”%)”) = 1. (Eqn. 3.24)
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Finally Eqgn. 3.23 becomes

% = 23 (-2t PRRE/4), (Egn. 3.25)

The dimensional form of pressure gradient is given by Eqn. 3.26

am _ m;o0m
ox  d ax '

(Eqn. 3.26)
Substituting the Eqgn. 3.26 back in the gas flow rate equation (Eqn. 3.17) at down-hole
conditions Eqgn. 3.27 is obtained. Note that gas flows from both sides of the hydraulic
fracture, therefore factor of two comes into the gas flow rate equation

ar(®) = 2Ly o), (Ean. 3.27)

f

The model uses the gas expansion factor (Eqn. 3.28) to represents the produced gas at
stock tank conditions

Vgasin fracture ZsT
E, = —gasinfracture _ (pﬂ)L (Eqn. 3.28)

1)
Vgas in stock tank Tst/ pf

where,
Pst— Pressure at standard conditions, 1 atm
Tst — Temperature at standard conditions, 60 °F.

Incorporating the gas expansion factor with the gas flow rate equation for each
hydraulic fracture is given in Eqn. 3.27; stock tank condition production rate for each
hydraulic fracture can be obtained (Eqn. 3.29).

qsr(t) = 2 %%ZZ‘LO e (-2t E/4) (Eqn. 3.29)
ST i
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where,
T; — Temperature at reservoir conditions, °F
Here the summation of the series in Eqn. 3.29 includes the integration stated in Eqgn. 3.30

—(2n+1)%mtay

to[-eni?n?ta/@ad)| gy — 4 o _ |7 sz
Jo el-Gnnittar/ (Bl gy = n2(2n+1)2a, 1 e[ 4d? ]) (Eqn. 3.30)

The cumulative gas production is a function of gas flow rate and the production time and

can be calculated by Egn. 3.31
Qs = fot qsr(t)dt’. (Eqgn. 3.31)

In light of Egns. 3.29, 3.30 and 3.31, the cumulative production from each hydraulic
fracture can be calculated by Eqn. 3.32

AfdpSg(HgCg)rmi T 8 woo 1 _ 2.2 2
Qsr(8) =~ gpsf — TLLT(1 - ?Z’“O (2n+1)? el-@nnintter/(d )]) :

(Eqgn. 3.32)
Since the summation term on the right hand side shares the same parameters with average
reservoir pressure equation (Egn. 3.22), the cumulative production equation can be

represented by Eqn. 3.33

QST(t) _ Ar2d)¢Sg(KgCqlr TsT (mi _ (m(t))) . (Eqn. 333)

2pst T;

In order to simplify Egn. 3.33, the model defines the hydrocarbon in place by Eqn. 3.34.

It must be noted that these equations are derived for a single hydraulic fracture, so in
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order to obtain the cumulative production of the horizontal well, number of hydraulic

fractures must be multiplied by the single hydraulic fracture cumulative production.

HCPV =V,S,;0, (Eqn. 3.34)
where,
V}, — Bulk volume, m®
Finally, Eqn. 3.33 can be presented as follows:

Qsr(t) = TELEEE IS (my — (m(6))) (Eqn. 3.35)

All of the necessary equations for gas production performance forecasting are
stated above as proposed by Patzek et al. (2013). The results of simplified model

implemented in a synthetic unconventional reservoir case will be discussed later.

3.2 THE TRILINEAR FLOW MODEL

Ozkan et al. (2009) and Brown et al. (2009) proposed an analytical flow model for
a hydraulically fractured horizontal well in unconventional reservoirs. The zone beyond
the hydraulic fracture tips, the inner reservoir zone which is placed between two adjacent
hydraulic fractures (Simulated Reservoir Volume, SRV) and the hydraulic fracture flow
are analytically combined with the trilinear model. These three different regions may
have different properties. Figure 3.2 represents the well and reservoir schematic
considered in the trilinear model (Brown, 2009). Although the model is developed for a
single representative hydraulic fracture, multiple hydraulic fracture cases can be

investigated by this trilinear model.

32



Yo = dr/2

< Y
([T LI
COMPRESSIBLE
HYDRAULIC OUTEKEZ,I?E,'SEF:VOIR 1-D SYSTEM
FRACTURE
e WL
v A 4 A 4 Yvily A 4

INNER RESERVOIR COMPRESSIBLE,
NATURALLY DUAL

FRACTURED POROSITY,
Ky . 6 Cipy 2-D SYSTEM

kml -m ctm

/\/ N
Figure 3.2: Schematic of the Trilinear Model, (Brown, 2009)
3.2.1 Assumptions for the Trilinear Model

Assumptions for the trilinear model are as follows:

1. Linear flow
Ozkan et al. (2009) and Brown et al. (2009) indicated that the lifespan of
unconventional reservoirs are dominated by the linear flow. Therefore, the
trilinear model assumed linear flow regime for all three regions.

2. Extremely low matrix permeability
Extremely low matrix permeability (10 — 10" Darcy), which is a characteristic
of an unconventional reservoir, is also assumed in the trilinear model.

3. Finite hydraulic fracture conductivity
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Hydraulic fracture conductivity is another important aspect of the hydraulically
fractured reservoir models as it controls how fast the hydraulic fracture transmits
reservoir fluid to the wellbore. The trilinear model assumes finite hydraulic
fracture conductivity, which means that the hydraulic fracture properties have an
impact on production performance. It is also assumed that the hydraulic fractures
are evenly distributed along the horizontal well length, and the hydraulic fracture
properties are identical to each other.

Equal fracture height to the formation height

The model also assumes equal hydraulic fracture and formation heights. One
dimensional (in the x-direction) flow is assumed in the hydraulic fractures. Flow
choking skin proposed by Mukherjee and Economides (1991) is used to overcome
the radial flow convergence issue at the intersection of the hydraulic fracture and
horizontal well.

No flow boundary in the middle of the adjacent hydraulic fractures

The trilinear model assumes no flow boundary in the middle of the adjacent
hydraulic fractures. As can be seen in Figure 3.3, the symmetry element
represents the % of the rectangular reservoir with a hydraulic fracture in the
middle of y-direction. The model solves the fluid flow problem for one hydraulic
fracture; however the cumulative production of the horizontal well can be
calculated by multiplying the number of hydraulic fractures with production of

the representative hydraulic fracture.
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Symmetry element

2ngy, J

Figure 3.3: Multiply fractured horizontal well and symmetry element considered in the
model, (Brown, 2009)

An advantage of the trilinear model is that the simulated reservoir volume (SRV)
can be modeled with the dual porosity concepts in order to represent natural or stress
induced fracture network. Such a modeling is beneficial because current studies (Cho et
al., 2013) claim that the hydraulic fracturing treatment creates stress induced natural

fracture network in tight formations, such as shale.

3.2.2 Formulation of the Trilinear Model

This section highlights the definitions of the dimensionless variables,
mathematical derivation of the model, and the pertinent equations used in the
computational code. The trilinear flow model is derived in terms of dimensionless
variables, and the fluid flow equations for three different flow regions are solved and
coupled with Laplace transformation domain. Eventually, the trilinear model calculates
the dimensionless wellbore pressure (in Laplace domain) for corresponding
dimensionless time step. Stehfest (1970) numerical algorithm is employed to convert the

solution back to time domain.
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The original trilinear model was developed for a constant compressibility fluid
such as oil for simplicity purposes. Since gas properties are pressure dependent, the gas
diffusivity equation becomes a non-linear equation. Following Al-Hussainy et al. (1966)
procedure, the real gas pseudo-pressure approach, the diffusivity equation for real gas
flow can be linearized (Brown et al. 2011). In this thesis, the flow of real gases is

considered in the derivations.

3.2.2.1 Definitions of the Dimensionless Variables in the Trilinear Model

This section outlines the definition of dimensionless variables used in the trilinear
flow model as presented by Brown et al. (2011) and Ozkan et al. (2011). Starting with the
dimensionless wellbore pressure (Eqn. 3.36), all other dimensionless parameters are
given in the followings:

krh
1422 qpsc T

[m(p;) — m(puws)] (Eqn. 3.36)

my,p =
where,
m,,p — Dimensionless wellbore pseudopressure
k; — Inner reservoir permeability, md
h — Formation thickness, ft
qgsc — Hydraulic fracture flow rate, Mscf/d
T — Reservoir temperature, Rankine
m(p;) — Initial reservoir pseudopressure, psi?/cp
m(p,,¢) — Flowing wellbore pseudopressure, psi?/cp

fp pldp: , (Egn. 3.37)

mp) =2 J,.~,

where,
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m(p) — Pseudopressure transformation, psi?/cp

P — Pressure, psi

P* — Reference pressure which can be fracture pressure, psi

n — Gas viscosity, cp

z — Gas compressibility factor

2.637x10 4 x1xt

tp = 2
where,

tp — Dimensionless time

t — Time, hours

I — Inner reservoir diffusivity, ft? /hr

xg — Hydraulic fracture half length, ft

_ _k
(pcorn’

1

where,
¢; — Inner reservoir porosity

c; — Inner reservoir total compressibility, psi—!

where,

xp — Dimensionless distance in the x direction, perpendicular to wellbore

>

x — Distance in the x direction, perpendicular to wellbore, ft

Yp =

37

(Egn. 3.38)

(Egn. 3.39)

(Egn. 3.40)

(Egn. 3.41)



where,
yp — Dimensionless distance in the y direction, perpendicular to hydraulic fracture

y — Distance in the y direction, perpendicular to hydraulic fracture, ft

Crp = ——, (Eqn. 3.42)

where,

Cgp — Dimensionless fracture conductivity
kg — Hydraulic fracture permeability, md
wg — Hydraulic fracture width, ft

k; — Effective inner reservoir permeability for dual porosity SRV region, md

ko= L (Eqn. 3.43)
where,
k¢ — Natural fracture permeability, md

hg — Total thickness of natural fractures, ft

Cop = E (Eqn. 3.44)

where,

Crp — Dimensionless reservoir conductivity

ko — Outer reservoir permeability, md

ye — Inner reservoir length along the y direction perpendicular to fracture, ft

N = 7, (Eqn. 3.45)
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where,
Ngp — Dimensionless hydraulic fracture diffusivity

Ng; — Hydraulic fracture and inner reservoir diffusivity, ft*/hr

Nop = ?]—f (Eqn. 3.46)
where,
Nop — Dimensionless outer reservoir diffusivity
No — Outer reservoir diffusivity, ft? /hr

ky
(Pcoropn’

Nro = 2.637 x 107* (Eqn. 3.47)

where,

Ngo — Fracture and outer reservoir diffusivity, ft* /hr .

Summary of the derivations for three different flow regions is presented in the
next section. The outer reservoir solution is outlined first, and then inner reservoir region
(SRV) which can be homogeneous or naturally fractured and hydraulic fracture solution
are provided respectively. We note that the over bar (") represents the Laplace transform
domain, and s is the Laplace transform parameter with respect to dimensionless time (tp)

in the following sections.

3.2.2.2 The Outer Reservoir Solution

The outer reservoir description in the trilinear model refers to the zone beyond the
hydraulic fracture tips. This condition occurs when the reservoir size in the x-direction
(perpendicular to the wellbore) is longer than the hydraulic fracture half length. However,

Brown et al. (2011) stated that the contribution from outer reservoir is very limited
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compared to the simulated reservoir region. The model assumes that the outer reservoir is
homogeneous, and fluid flows linearly in the x direction (perpendicular to the wellbore);
pressure is not a function of the y direction. Diffusivity equation for the outer reservoir is

given by Eqn. 3.48 with dimensionless variables in Laplace transformation domain.

Emop S i =0, (Eqn. 3.48)

dx} Nop
where,

myp — Dimensionless outer reservoir pseudopressure in Laplace domain .

The outer boundary of the outer reservoir is subject to a no flow condition, and given by

Eqgn. 3.49.

(M) =0. (Eqn. 3.49)

dxp Xp=xep

The inner boundary condition of the outer reservoir is equal to the outer boundary

condition of the inner reservoir and given by Eqgn. 3.50.
mOD |.XD=1 = mID |xD=1 . (Eqn. 3.50)

Finally, the solution for the outer reservoir flow is given by

s
cosh[ ,no—D (Xep— xp)
XD=1 S .
COSh[ ,HO—D (xeD— 1)]

mOD == n_7.1D| (Eqn 351)
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3.2.2.3 The Inner Reservoir Solution

The inner reservoir description in the trilinear model refers to the zone between
the two adjacent hydraulic fractures. The inner reservoir region can be homogeneous or
naturally fractured. The original trilinear model used pseudo-steady dual porosity model
(Warren and Root, 1963) or transient dual porosity model (Kazemi, 1969, de Swaan-O,
1976, Serra et al., 1983) with slab matrices for naturally fractured inner reservoir
conditions. Brown et al. (2011) stated that since the matrix permeability is extremely low,
transient dual porosity approach is the favorable dual porosity model. As a customary
assumption for dual porosity models, fluid flow from matrix to the wellbore and matrix to
the hydraulic fracture is negligible. Fluid flows to the hydraulic fracture through the
natural fractures only in the y direction, so pressure is not a function of the x direction. It
must be noted that in this chapter, homogeneous inner reservoir condition is considered.
Diffusivity equation for the inner reservoir is given by Eqn. 3.52 with dimensionless

variables in Laplace transformation domain.

d? m 1 d m _
d;nng (YeDCRD) dTZlCZD |xD=1 —umpp = 0, (Eqn 352)

where,
u=sf(s), (Eqn. 3.53)

where,

f(s) is the transfer function from matrix to natural fracture.

For homogeneous inner reservoir: f(s) =1 (Egn. 3.54)

For transient dual-porosity inner reservoir:

41



f(s) =1+ /Aw/(3s)tanh(y/3ws/A, (Eqgn. 3.55)

where,

A=12 (’;Lm) (""m hm) , (Eqn. 3.56)

where,
A — Transmissivity ratio
k¢ — Matrix and fracture permeabilities, md
hp, ¢ — Matrix and fracture thickness, ft
w = % , (Eqn. 3.57)
where,
w — Storativity ratio .
Taking the derivative of Eqn. 3.50 with respect to Xp, Eqn. 3.58 can be obtained,

d mMop

dxp |XD=1 = _ﬁOmID |xD=1’ (Eqn 358)

where,

Bo = +[s/Moptanh [ \% (xup — 1)] | (Eqn. 3.59)

Since the inner reservoir pseudo-pressure is not a function of the x-direction, Eqn. 3.52

becomes:

d? myp _

dyf, — aQoMyp = 0 y (Eqn 360)
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where,

o = Bo
0 CRD YeD

+u. (Egn. 3.61)

The model assumes no flow boundary condition in the middle of two adjacent
hydraulic fractures. Therefore, outer boundary of the inner reservoir is treated as no flow
boundary. Inner boundary of the inner reservoir is equal to the outer boundary condition
of hydraulic fracture. Outer and inner boundary conditions of the inner reservoir are

given by Eqn. 3.62 and Eqn. 3.63, respectively.

dmip
=0, Eqgn. 3.62
(5, (Eqn. 3.62)
Mp |yD=wD/2 = Mgp |yD=wD/2 . (Egn. 3.63)

Finally, solution for the inner reservoir is given by Eqgn. 3.64.

o) cosh[\/ap (yep—yp)]
yD===/ cosh[\/ap (yep—wp/2)] °

mpp = (mml

(Eqgn. 3.64)

There are several points that must be stressed for the naturally fractured inner
reservoir condition. Transient and pseudo steady state dual porosity models are available
for the naturally fractured inner reservoir modeling. As stated earlier, the transient dual
porosity model is more appropriate due to low permeability characteristics of
unconventional reservoirs. For the transient dual porosity model the inner reservoir
parameters must be defined as fracture properties such as k; = k;, but the dimensionless

conductivities (CFD and CRD) must be calculated by using the bulk properties. For
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instance, effective permeability equation which is given by Eqgn. 3.43 must be used in
order to calculate k; and plugged back into CFD and CRD calculations which are given

by Eqn. 3.42 and Eqn. 3.44, respectively.

3.2.2.4 Hydraulic Fracture Solution

Hydraulic fracture solution is the last step in their model which combines flow
equations in all three regions, and calculated the dimensionless wellbore pressure.
Hydraulic fracture solution assumes fluid flow in the x-direction only (1D), so pressure is
not a function of the y-direction. Diffusivity equation for the flow in hydraulic fracture is

given by Eqn. 3.65 with dimensionless variables in the Laplace domain.

d* Mep (L) dmp s
dx} + Crp/ dyp |37D=WD/2 nFDmFD—O- (Egn. 3.65)

Taking the derivative of Eqn. 3.64 with respect to yp

dmip
dyp

|yD=WD/2 = —BrMpp |yD=wD/21 (Eqn. 3.66)

where,
Br = \Japtanh[/ay(y.p —wD/2)]. (Eqn. 3.67)
Since the hydraulic fracture pseudo-pressure is not a function of yp Eqn. 3.65 becomes:

d? mpp
axp

- aFﬁlFD =0 y (Eqn 368)
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where,

26p S

Ar = _—
F = ¢pp NFD

(Egn. 3.69)

The model assumes no flow at the hydraulic fracture tips, so the boundary conditions

represented by

dﬁlFD _
(E)w:l =0, (Eqn. 3.70)

-7

Mpp |xD=O = (Egn. 3.71)

CrpS )

Finally by solving the second order ordinary differential equation (Eqn. 3.68), the

wellbore pseudo-pressure with dimensionless variables in the Laplace domain is given by

_ _ Se¢

me == mFD(xD == O) - CFDsJa_Ffanh(\/a_p) + ? . (Eqn 372)
Eqgn. 3.72 is the final equation of the trilinear model developed by Ozkan et al. (2009)
and Brown et al. (2009). Lastly, adding the flow chocking equation, which is proposed by
Mukherjee and Economidies (1991), completes the solution.

ki h h I1
Se = # [ln (E) -3 (Eqn 373)

where,
wg — Width of the hydraulic fracture, ft

rw — Wellbore radius, ft .
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Stehfest’s (1970) numerical algorithm is employed in the computational code to
convert the dimensionless wellbore pressure back to time domain. Once the
dimensionless wellbore pressure is obtained in the time domain, one can substitute
dimensionless wellbore pressure into the Eqn. 3.35 to calculate the flowing bottom-hole
pressure (for constant rate scenario). Following Van Everdingen and Hurst (1949),
constant bottom hole pressure scenario can be modeled as well, but dimensionless
wellbore pressure in the Laplace domain must be converted to the dimensionless flow
rate again in Laplace domain by Eqn. 3.74. Dimensionless cumulative production can be

obtained by Eqn. 3.75.

C7WD = 52 TwD 1 (Eqn 374)
where,
Jwp — Dimensionless gas flow rate in Laplace domain
= 1
Quwp = : (Egn. 3.75)

s3 Mwp
where,

Qwp — Dimensionless cumulative gas production in Laplace domain.

Once the dimensionless flow rate and dimensionless cumulative production
calculated with using Eqn. 3.74 and Eqn. 3.75, dimensional flow rate and cumulative gas

production can be calculated by Eqn. 3.76 and Eqn. 3.77, respectively.

_ npkh[m@)-m(pws)lawp (Eqn. 3.76)

g 1422 T

where,

ng — Number of hydraulic fractures
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T — Reservoir temperature, Rankine.

npkh[m(Pi)—m(ow)]Qwa Peei X
1422T 63.288 1074’

Qg = (Eqgn. 3.77)
where,

Qg — Cumulative gas production, Mscf.

3.3 IMPLEMENTATION OF ANALYTICAL MODELS

In this section, a synthetic data set for an unconventional multiply fractured
reservoir is evaluated with the simplified and the trilinear models. In addition to these
two analytical models, a commercial reservoir simulator (CMG, IMEX 2012) is
employed for the same data set, and the results are compared with the analytical
solutions. Lastly, a sensitivity analysis of certain reservoir and well parameters are
performed with using the simplified model, the trilinear model, and CMG. Cumulative
gas production performances for different time periods are also investigated thoroughly

with these models, and the results are discussed in detail.

3.3.1 Comparison of Analytical Models with CMG for Base Case

In order to handle the sensitivity analysis, the main objective of this chapter, a
synthetic data set is designed for an unconventional multiply fractured reservoir. This

data set is provided in Table 3.1 as the Base Case.
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Table 3.1: The Base Case input parameters

Parameter Value(s) Unit
The model dimensions 4,000 (length), 425 (half-width), 200 (height) ft
Initial reservoir pressure 3500 psi
BHP 600 psi
Production time 30 year
Reservoir temperature 200 °F
Initial Gas viscosity 0.0184 cp
Initial gas saturation 1 fraction
Total compressibility ~ 5x10™ psi™t
Matrix permeability 0.0006 md
Matrix porosity 0.06 fraction
Fracture conductivity 10 md-ft
Fracture half length 425 ft
Fracture stage spacing 300 ft
Fracture height 200 ft
Horizontal well length 4,000 ft
Number of well 1 number

CMG (IMEX, 2012) commercial reservoir simulator is used to create the reservoir
model for base case input parameters. 2-D and 3-D views of this model are given in
Figures 3.4 and 3.5, respectively. Local grid refinement method is applied to represent
hydraulic fractures in the reservoir model (CMG, IMEX, 2012). Figure 3.4 (a) represents
the well condition considered in the Base Case (14 hydraulic fractures), and Figure 3.5

(b) depicts the details of hydraulic fracture created in CMG (IMEX, 2012).
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(a) CMG Model for the Base Case :
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(b) Local grid refinement for hydraulic fractures
Figure 3.4: 2-D view of the Base Case, (CMG, IMEX 2012)
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h =200 ft

Figure 3.5: 3-D view of the Base Case, (CMG, IMEX 2012)

Simulations are performed using CMG (IMEX, 2012) and two analytical models
for the reservoir considered in the base case. Figure 3.6 and 3.7 represent the gas flow
rate and the cumulative production performance for the Base Case. It is observed that
results attained from the analytical models and the commercial reservoir simulator
(CMG, IMEX) show a good agreement for the Base Case model. However, the
commercial reservoir simulator is computationally more expensive than the analytical
models. These results verify that the analytical solutions capture the fundamental physics

of fluid flow and give reliable results with minimum computational effort.
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Figure 3.6: Gas flow rate results for the Base Case using The Simplified Model, The
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Figure 3.7: Cumulative gas production performances for the Base Case using The
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3.3.2 Sensitivity analysis for a Synthetic Unconventional Multiply Fractured
Reservoir Case

Sensitivity analysis is an investigative process of mathematical model robustness
that contains changing input variables and parameters. Sensitivity analysis has a wide
application in engineering problems, and usage of sensitivity analysis can be grouped as
follows (Pannell, 1997):

e Robustness of mathematical model can be tested.

e Sensitive and important parameters can be identified.

e Critical values and thresholds can be determined.

e Recommendations become more understandable and credible.

e Lack of commitment to any single strategy problem can be solved.
e The risk factors can be evaluated widely.

In light of this information, sensitivity analysis for a synthetic unconventional
multiply fractured homogeneous reservoir is performed. Two analytical reservoir models
and a commercial reservoir simulator (CMG, IMEX, 2012) are employed for this
sensitivity analysis. In order to accomplish the sensitivity analysis with analytical models,
MATLAB computational code is developed for both models. This sensitivity analysis is
conducted for certain reservoir and well parameters, and results are evaluated based on
cumulative production performance. It must be noted that some parameters, such as
matrix permeability and porosity, are beyond an engineer’s control and result in
uncertainty. In addition to these parameters, there are some design parameters such as
hydraulic fracture spacing and hydraulic fracture half-length that can be used for well
production performance optimization. Both uncertainty and design parameters are
considered and the results are evaluated accordingly. Since the oil and gas production

form unconventional reservoirs are long term projections, different time periods of
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reservoir lifespan may be sensitive to different parameters, so different time periods
sensitivity analysis are also assessed. For the Base Case inputs; see Table 3.1. For the

sensitivity analysis parameters and their range; see Table 3.2 below.

Table 3.2: Sensitivity parameters used in this study

Parameter Minimum Mean Maximum Unit
Permeability 0.0002 0.0004 0.0006 0.0008 0.001 md
Porosity 0.02 0.04 0.06 0.08 0.1 fraction
Fracture half — length 300 350 400 415 425 ft
Fracture conductivity 2 4 6 8 10 md-ft
Fracture stage spacing 200 250 300 350 400 ft
Fracture height 100 150 200 250 300 ft

BHP 400 500 600 700 800 psi

3.3.2.1 Matrix Permeability Sensitivity Analysis

In this sensitivity study, we considered five different matrix permeability values
in the nano-Darcy range. As expected, matrix permeability sensitivity analysis results
manifests that the matrix permeability controls how fast the reservoir can be drained. For
the early production time period, daily production rate increases with increasing matrix
permeability. As time progresses the previously stated factor no longer applies, because
the high permeability cases have already drained. Although the minimum permeability
case (0.0002 md) could not reach the absolute production limit in 30 years period, cases
with matrix permeabilities higher than 0.0002 md reach the same absolute production
limits in 30 years. Both analytical models and CMG results show similar responses for

matrix permeability sensitivity analysis (Figures 3.8 through Figure 3.13).
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Figure 3.8: The Simplified Model gas flow rate results for permeability sensitivity
analysis
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Figure 3.9: The Simplified Model cumulative gas production performance for
permeability sensitivity analysis
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Figure 3.10: The Trilinear Model gas flow rate results for permeability sensitivity
analysis
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Figure 3.11: The Trilinear Model cumulative gas production performance for
permeability sensitivity analysis
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Figure 3.12: CMG gas flow rate results for permeability sensitivity analysis
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Figure 3.13: CMG cumulative gas production performance for permeability sensitivity
analysis
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3.3.2.2 Matrix Porosity Sensitivity Analysis

It is obvious that the matrix porosity controls the original gas in place; due to this
reason increasing matrix porosity results in higher cumulative production in 30 year time
period. For the early production time all cases have similar daily production. However,
the late time production rates differ from each other, because the reservoirs with lower
porosity depletes faster than the higher porosity cases. The two analytical model results

show a good agreement with CMG for porosity sensitivity analysis (Figures 3.14 through
Figure 3.19).
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Figure 3.14: The Simplified Model gas flow rate results for porosity sensitivity analysis
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Figure 3.15: The Simplified Model cumulative gas production performance for porosity
sensitivity analysis
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Figure 3.16: The Trilinear Model gas flow rate results for porosity sensitivity analysis
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Figure 3.17: The Simplified Model cumulative gas production performance for porosity
sensitivity analysis
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Figure 3.18: CMG gas flow rate results for porosity sensitivity analysis
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Figure 3.19: CMG cumulative gas production performance for porosity sensitivity
analysis

3.3.2.3 Hydraulic Fracture Half Length Sensitivity Analysis

In this study the same reservoir width (425 ft.) is considered for five different
hydraulic fracture half lengths for the trilinear model and CMG. It must be noted that the
simplified model considers the reservoir size perpendicular to the wellbore is equal to the
hydraulic fracture half length, so the hydraulic fracture half-length effects the original gas
in place volume and the cumulative production performance results for the simplified
model differs from the trilinear model and CMG behavior. However, the daily production
rate responses show the same trend for the two analytical models and CMG. Cumulative
production performances of the trilinear model and CMG agree with each other (Figures

3.20 through Figure 3.25).
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Figure 3.20: The Simplified Model gas flow rate results for hydraulic fracture half length
sensitivity analysis
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Figure 3.21: The Simplified Model cumulative gas production performance for hydraulic
fracture half length sensitivity analysis
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Figure 3.22: The Trilinear Model gas flow rate results for hydraulic fracture half length
sensitivity analysis
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Figure 3.23: The Trilinear Model cumulative gas production performance for hydraulic
fracture half length sensitivity analysis
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Figure 3.24: CMG gas flow rate results for hydraulic fracture half length sensitivity
analysis
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Figure 3.25: CMG cumulative gas production performance for hydraulic fracture half
length sensitivity analysis
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3.3.2.4 Hydraulic Fracture Stage Spacing Sensitivity Analysis

Hydraulic fracture stage spacing is an important design parameter for hydraulic
fracture treatment, which is under an engineer’s control. Dense hydraulic fracture
treatment means shorter stage spacing which results in more hydraulic fractures and
better production performances. On the other hand, since the hydraulic fracture is an
expensive treatment, applying more treatment stages costs more, so it is necessary to
optimize the stage spacing while keeping well performance at a reasonable level. In this
sensitivity analysis the same horizontal well length (4,000 ft) is considered with five
different hydraulic fracture stage spacings; see Table 3.2. Hydraulic fracture stage
spacing sensitivity analysis shows that the hydraulic fracture spacing remarkably affects
the production performance of the well, but for a 30 year period this effect diminishes,
since the reservoir has been already depleted at that time. The simplified model, the
trilinear model and the CMG results show a perfect agreement on hydraulic fracture stage

spacing sensitivity analysis (Figures 3.26 through 3.31).

64



—2d=200ft —2d=250ft —2d=300ft —2d=350ft —2d=4001ft
100000

10000

1000

Gas Flow Rate, Mscf/d

100 -

10 . T
0.1 1 10 100

Time, Year

Figure 3.26: The Simplified Model gas flow rate results for hydraulic fracture stage
spacing sensitivity analysis
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Figure 3.27: The Simplified Model cumulative gas production performance for hydraulic
fracture stage spacing sensitivity analysis
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Figure 3.28: The Trilinear Model gas flow rate results for hydraulic fracture stage spacing
sensitivity analysis
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Figure 3.29: The Simplified Model cumulative gas production performance for hydraulic
fracture stage spacing sensitivity analysis
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Figure 3.30: CMG gas flow rate results for hydraulic fracture stage spacing sensitivity
analysis
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Figure 3.31: CMG cumulative gas production performance for hydraulic fracture stage
spacing sensitivity analysis
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3.3.2.5 Hydraulic Fracture Conductivity Sensitivity Analysis

Hydraulic fracture conductivity is the parameter that measures the ability of
hydraulic fractures to transmit the hydrocarbon flow from reservoir to the wellbore, and it
depends on the hydraulic fracture width and the hydraulic fracture permeability.
Hydraulic fracture conductivity equation is given by Eqn. 3.77. In this equation,
hydraulic fracture permeability is the parameter which can be controlled by the operator
with propant selection. There is a threshold for conductivity after which hydraulic
fractures act infinitely conductive, once the threshold is reached, increasing the hydraulic
fracture permeability does not change the production performance. Therefore, before
deciding the appropriate propant type an engineer must make an optimization study for
different propant types.

Moving from the propant selection, it is important to note that the trilinear model
considers finite hydraulic fracture conductivity, so the theoretical maximum value for
hydraulic conductivity after which hydraulic fracture acts like an infinite conductivity for
the trilinear model is determined. It is decided that 10 md-ft is the threshold for infinite

acting hydraulic fracture conductivity for the trilinear model.

FC = Whydraulic fracture X Knydraulic fracture » (Egn. 3.77)
where,
FC — Hydraulic fracture conductivity, md-ft
w — Hydraulic fracture width, ft
k — Hydraulic fracture permeability, md
Sensitivity results show that the minimum fracture conductivity case (2 md-ft)

produces with lower flow rates than the other cases. However, there is no difference

between the mean hydraulic fracture conductivity case (6 md-ft) and the maximum
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hydraulic fracture conductivity case (10 md —ft) for 30 year time period (Figures 3.32
through Figure 3.35).
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Figure 3.32: The Trilinear Model gas flow rate results for hydraulic fracture conductivity
sensitivity analysis
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Figure 3.33: The Trilinear Model cumulative gas production performance for hydraulic
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Figure 3.34: CMG gas flow rate results for hydraulic fracture conductivity sensitivity

analysis
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Figure 3.35: CMG cumulative gas production performance for hydraulic fracture
conductivity sensitivity analysis

3.3.2.6 Hydraulic Fracture Height Sensitivity Analysis

The simplified and the trilinear model assume hydraulic fracture and formation
heights are equal to each other. For a fair comparison, the model created in CMG also has
an equal hydraulic fracture and formation thickness. Because of this assumption,
hydraulic fracture height controls the initial gas in place volume. Daily production rates
(Figures 3.36, 3.38, and 3.40) and cumulative production performances (Figures 3.37,
3.39, and 3.41) clearly show that the increasing fracture height positively affected the
production performance. The two analytical models and CMG results show an identical

behavior for formation height sensitivity analysis (Figures 3.31 through Figure 3.36).

71



—H =100 ft =——H=150ft —H=200ft =—H=250ft —H =300 ft

100000

10000

1000

Gas Flow Rate, Mscf/d

100 -

10 . ‘
0.1 1 10 100

Time, Year

Figure 3.36: The Simplified Model gas flow rate results for hydraulic fracture height
sensitivity analysis
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Figure 3.37: The Simplified Model cumulative gas production performance for hydraulic
fracture height sensitivity analysis
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Figure 3.38: The Trilinear Model gas flow rate results for hydraulic fracture height
sensitivity analysis
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Figure 3.39: The Trilinear Model cumulative gas production performance for hydraulic
fracture height sensitivity analysis
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Figure 3.40: CMG gas flow rate results for hydraulic fracture height sensitivity analysis
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Figure 3.41: CMG cumulative gas production performance for hydraulic fracture height
sensitivity analysis



3.3.2.7 Bottom Hole Pressure Sensitivity Analysis

Constant bottom-hole pressure and constant flow rate scenarios are the two
options to control the well performance. Constant bottom-hole condition is considered in
this sensitivity analysis, and five different bottom-hole pressures with 100 psi increments
are evaluated. Daily production and cumulative production results show that the bottom-
hole pressure effects on daily gas flow rate and cumulative production are insignificant

(Figures 3.42 through Figure 3.47).
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Figure 3.42: The Simplified Model gas flow rate results for BHP sensitivity analysis
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Figure 3.43: The Simplified Model cumulative gas production performance for BHP
sensitivity analysis
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Figure 3.44: The Trilinear Model gas flow rate results for BHP sensitivity analysis
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Figure 3.45: The Trilinear Model cumulative gas production performance for BHP
sensitivity analysis
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Figure 3.46: CMG gas flow rate results for BHP sensitivity analysis
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Figure 3.47: CMG cumulative gas production performance for BHP sensitivity analysis

3.3.3 Summary of the Sensitivity Analysis

This section summarizes the sensitivity analysis performed by using two
analytical models and the commercial reservoir simulator for different production time
periods. Wells in unconventional reservoirs are long-term investments. Depending on the
operator and economic considerations, optimum well design can be obtained as a result of
design parameter sensitivity analysis. Time is another fact that must be considered in
such an analysis, because short, medium and long term periods might show different
responses. In this study 5 year (short term), 10 year (medium term) and 30 year (long
term) time periods are considered and evaluations are made based on cumulative
production.

In order to organize sensitivity results obtained from analytical models and the
commercial reservoir simulator tornado plots are used. Tornado plots are the chart types
which listed sensitivity parameters with respect to their relative importance for a specific
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reference point. For instance, in this section sensitivity parameters are listed based on
cumulative production performances. In the below sections, the mid-line in the tornado
plot indicates the Base Case parameters cumulative production performance, while the
blue bar representing the minimum cumulative production and the red bar representing
the maximum cumulative production performance. Short, medium, and long term

evaluations are employed tornado plots, and results are discussed in detail.

3.3.3.1 Short Term Cumulative Production Performance Sensitivity Analysis

Short term sensitivity analyses are evaluated both for analytical models and the
commercial reservoir simulator. Tornado plots obtained from short term sensitivity
analysis from the simplified model, the trilinear model, and the commercial reservoir
simulator (CMG) are given in Figures 3.49, 3.50 and 3.51, respectively. Detailed
discussion given in this section attempts to interpret these tornado plots (Figures 3.49,
3.50 and 3.51) mainly.

Short term (5 year) cumulative production performance manifests that the fracture
height and the matrix porosity are two main parameters that control the cumulative
production performance, but these variables are specific to each reservoir and beyond an
engineer’s control. The third important parameter for cumulative production performance
is hydraulic fracture stage spacing, which is under an engineer’s control. For the same
horizontal well length (4,000 ft.) shorter stage spacings improves the well’s performance.
This means in order to improve the well performance more hydraulic fracture stages must
be applied and of course this fact increases the capital investment. Depending on capital
investment and the rate of return, optimum stage spacing can be determined by an
engineer based on the short term production performance. Matrix permeability is the

fourth important parameter on the short term performance, which is again unique to each
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reservoir and not a design parameter. Fracture conductivity is the fifth important
parameter, which can be designed by an engineer to improve well performance, but again
this kind of improvement costs more. The optimum hydraulic fracture conductivity can
be determined by an engineer as a result of sensitivity studies and economic
considerations. Hydraulic fracture half-length is the sixth important design parameter in
this period (5 year term). There is a noticeable difference between the shortest and the
longest fracture half length. Lastly, bottom hole pressure sensitivity analysis results show
an insignificant difference between the highest and the lowest bottom hole pressure
conditions. Sensitivity analysis results for the first five years of production are given in
Figures 3.49, 3.50, and 3.51. It is observed that both analytical models and commercial
reservoir simulator (CMG, IMEX) have identical sensitivity responses for the first five
years of production. Figure 3.48 below shows the pressure distribution of a representative
hydraulic fracture after 5 years of production. Pressure in the reservoir is still high, and

only the zones near the hydraulic fracture are depleted in 5 years.
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Figure 3.48: Pressure distribution after 5 years of production
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Figure 3.49: The Simplified Model Tornado Plot for 5 years
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Figure 3.50: The Trilinear Model Tornado Plot for 5 years
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Figure 3.51: CMG Tornado Plot for 5 years

3.3.3.2 Medium Term Cumulative Production Performance Sensitivity Analysis

Sensitivity analysis for 10 years of production is evaluated in this section. Results
for the simplified model, trilinear model, and the commercial reservoir simulator (CMGQG)
are organized and provided in tornado plots in Figures 3.53, 3.54, and 3.55, respectively.
Discussions in the below refers to those tornado plots.

Medium term (10 year) cumulative production performance results show that the
matrix porosity and the fracture height are still two main parameters that controlling the
cumulative production performance. The low matrix permeability characteristic shows its
effect and importance for the first ten years of production performance. The simplified
model sensitivity analysis differs from the others for medium term (10 year) sensitivity
analysis, because the hydraulic fracture half-length, which controls the reservoir size in
the simplified model, becomes the fourth important parameter as time progress for the

simplified model analysis. Except the hydraulic fracture half-length, analytical models
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and CMG show the same responses (Figures 3.53, 3.54, and 3.55). Moreover, the
hydraulic fracture stage spacing still has a noticeable impact on cumulative production
performance. Hydraulic fracture conductivity also continues its importance. The
cumulative production difference between the highest and the lowest bottom-hole
pressure conditions is insignificant for the medium term production scenario. Figure 3.52
below shows the pressure distribution of a representative hydraulic fracture after 10 years
of production. Pressure distribution in the reservoir shows that the most parts of the
reservoir feels the effect of production, but the zones away from hydraulic fracture still

have high pressure compare to flowing bottom-hole pressure.
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Figure 3.53: The Simplified Model Tornado Plot for 10 years
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Figure 3.54: The Trilinear Model Tornado Plot for 10 years
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3.3.3.3 Long Term Cumulative Production Performance Sensitivity Analysis

Sensitivity analysis for long term (30 year) production is evaluated in this section.
Results for the simplified model, trilinear model, and the commercial reservoir simulator
(CMQ) are organized and provided in tornado plots in Figures 3.57, 3.58, and 3.59,
respectively. Discussions in the below mainly refers to those tornado plots.

As it is expected, the long term (30 year) cumulative production performance
shows that the matrix porosity and the fracture height are two main parameters that
control the cumulative production performance, since these two parameters control the
original gas in place. It must be noted that the hydraulic fracture half-length in the
simplified model also controls the original gas in place volume that is why the hydraulic
fracture half-length is maintained its effect for 30 years performance. Other reservoir and
design parameters lose their impacts on production for the long term analysis and each

case reach the absolute cumulative production in 30 years (Figures 3.57, 3.58, and 3.59).

86



Figure 3.56 below shows the pressure distribution of a representative hydraulic fracture
after 30 years of production. It is clear that the reservoir is completely depleted and
reached flowing bottom-hole pressure (600 psi).

Briefly, short, medium and long term production performances are sensitive to
different reservoir and design parameters, but all in all matrix porosity and reservoir
height control the original gas in place and cumulative production performance

eventually.
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Figure 3.56: Pressure distribution after 30 years of production
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Chapter 4: Hydraulically and Naturally Fractured Unconventional
Reservoir Models

The objective of this chapter is to investigate the production behavior of naturally
and hydraulically fractured unconventional reservoirs incorporating the geomechanical
effects. Hydraulic fracture treatment in tight formations such as shale triggers the
cemented natural fractures, and creates stress induced un-propped secondary fracture
network. In order to consider this issue in the reservoir modeling, Apaydin (2012)
developed a model using dual porosity concept. This improved model is applied along
with the trilinear flow model to represents the natural fracture network in the reservoir.
The analytical dual porosity model developed by Apaydin, 2012 and the commercial
reservoir simulator (CMG, IMEX, 2012) is used to achieve objectives of this chapter.
Moreover, a comparison between the analytical model and CMG for various design
parameters is provided. In addition, the dual porosity model, developed by Apaydin
(2012), is improved to simulate constant bottom-hole pressure scenarios, and the new
approach proposed in this thesis is compared and verified with CMG.

Mathematics of the dual porosity model proposed by Apaydin (2012) for naturally
and hydraulically fractured is provided first. The objectives of this chapter are
accomplished considering the following categories:

1. Constant natural fracture permeability concept
2. Pressure dependent natural fracture permeability concept
3. Pressure dependent natural and hydraulic fracture conductivity concept

Sensitivity analysis for the certain reservoir and well parameters are conducted
and the results are also discussed in this chapter. Finally, geomechanical effects for
natural fractures and hydraulic fractures are examined with the commercial reservoir

simulator.
90



4.1 ANALYTICAL DUAL POROSITY MODEL FOR UNCONVENTIONAL RESERVOIRS
WITH INCORPORATING THE PRESSURE DEPENDENT NATURAL FRACTURE
PERMEABILITY

Apaydin (2012) proposed a dual porosity model which incorporates the matrix
slip flow and the pressure dependent fracture permeability. Later, Cho (2012) simplified
Apaydin’s (2012) model considering only pressure dependent natural fracture
permeability. In this thesis, pressure dependent natural fracture permeability is
considered. Some of the key parameters are modified / redefined and the results are
verified with a numerical commercial reservoir simulator (CMG, IMEX, 2012). It must
be noted that the original method is not able to handle pressure dependent natural fracture
permeability for the constant bottom-hole pressure production scenario. However, with
the new approach proposed in this thesis, the constant bottom hole pressure condition can
be modeled with pressure dependent natural fracture permeability feature.

Apaydin’s (2012) dual porosity model considers spherical matrix geometry.
Ultimate goal of his approach is to derive and implement a new transfer function into the
trilinear flow model. As stated earlier, the trilinear model can handle naturally fractured
zone between two adjacent hydraulic fractures. Basically, the new transfer function
proposed by Apaydin (2012) is used with the trilinear model to represent the fluid flow in
naturally and hydraulically fractured unconventional reservoir. A simplified schematic of

the trilinear model with the spherical matrix blocks is given in Figure 4.1.
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Figure 4.1 Simplified schematic of the trilinear model with spherical matrix blocks
(Modified after Apaydin, 2012)

4.1.1 Assumptions for the Dual Porosity Model

Assumptions for the dual porosity model are stated as follows:
1. Isothermal, single gas phase flow with transient dual porosity idealization
The dual porosity model assumes isothermal, transient, and single gas phase flow in
the matrix system.
2. Pseudo-pressure approach
Al-Hussainy et al. (1966) pseudo-pressure approach is used to linearize gas
diffusivity equations.
3. Isotropic permeability tensor
The model assumes isotropic permeability tensor
4. Perfectly elastic, linear and reversible rock deformation
The model assumes that the rock deformation is perfectly elastic, linear and

reversible. Also, stress distribution is uniform at the matrix-fracture boundary.

4.1.2 Formulation of the Dual Porosity Model

The dual porosity model is developed in Laplace domain (Apaydin, 2012) in
order to incorporate with the trilinear model which is also in Laplace domain. For

consistency with the trilinear model, the model derivation also uses dimensionless
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variables. It should be noted that the purpose here to derive an analytical transfer function
that considers pressure dependent natural fracture permeability. As stated in the literature
review chapter, there are two main techniques available in the literature for pressure
dependent permeability concept. These techniques are the permeability tensor, and the
modified pseudo-pressure. Apaydin (2012) model follows the modified pseudo pressure
approach for the pressure dependent natural fracture permeability solution. Essential
derivation steps and definitions of key parameters are provided in this section with

starting the modified pseudo-pressure given in Eqn. 4.1.

me (p)=2 f:* B¢ pudzpl ; &= matrix or fracture (Egn. 4.1)

Here B term modifies the original pseudo-pressure equation. The idea is to present
all the pressure dependent variables in pseudo-pressure definition. Since only the natural
fracture permeability change is taken into consideration in the dual porosity model,
matrix and fracture pseudo-pressure definitions differ from each other. The details of
pressure dependent fracture permeability concept is given later in this chapter. Eqn. 4.2
represents the  term definition for matrix and natural fracture.

Bmatrix =1,
Braturai fracture = e~ Ur4Pr (Eqn. 4.2)
where,
ds — Characteristic parameter of rock, psi’!
Apy — Pressure changes in the system, psi .

The model (Apaydin, 2012) solves the matrix and fracture flow equations
individually, and later these individual solutions (for matrix and natural fracture flow) are
coupled to obtain a transfer function which models fluid flow from the matrix to the

natural fractures. Although the model developed for radial flow, the transfer function
93



obtained can be applied in the trilinear model. Starting from the matrix flow equation, all
of the pertinent equations are provided below with following the same approaches as
Apaydin (2012) and Cho (2012). Additionally, necessary modifications are highlighted in
this section.

Apaydin (2012) applied the mass balance for the flow of real gas in the matrix
block which has the radius of r. The diffusivity equation obtained from the mass balance
is given in Eqn. 4.3.

— - (rpgVm) = = (Pgbm) - (Eqn. 4.3)
where,

pg— Gas density, Ibmy/ft?

v, — Darcy velocity in the matrix block defined by Eqn. 4.4.

Uy = — ﬁ_jg_f , (Eqn. 4.4)
where,
k., — Matrix permeability, md
1y — Gas viscosity, cp
p — Pressure, psi
r — Matrix block radius, ft.
pg = Z“j;’; , (Eqn. 4.5)

where,
Z4,— Compressibility factor of gas

M, — Pseudo molecular mass of gas, Iom/mol
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R — Universal gas constant, 10.73 psi-ft/lbm-mol-R

T— Temperature, R.

Apaydin (2012) defined dimensionless matrix diffusivity term as given in Eqgn. 4.6 and

also assumed constant diffusivity term

km

Ml = (PmCembg)i (Eqgn. 4.6)
Substituting Eqns.4.4 and 4.5 into Eqn.4.3, Eqn. 4.7 is obtained
190 (L2kmpPm94pm) _ P~ 94Pm
r2or (r ng z ot )— (PmCem Z) Py (Eqn. 4.7)

Substituting the matrix pseudo-pressure equation (Eqn. 4.1) and Eqgn. 4.6 into Eqgn. 4.7,

Eqgn. 4.8 is derived

19 (rz _Mmm) — 1 9dmm (Eqn. 4.8)

The initial and boundary conditions for Eqn. 4.8 are given by Eqn. 4.9

The initial condition:  4Am,,(r,t =0) =0
The inner boundary condition: Am,,,(r = 0,t) = finite
The outer boundary condition: Am,,, (r = 1, t) = Amg(Ry,, t) — Amp(Rypy, £).

(Eqgn. 4.9)

The outer boundary condition of matrix block depends on pseudo-pressure

difference between the matrix block and the natural fracture. This pseudo-pressure
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difference causes a problem. Although the pressure continuity is considered at the
boundary of matrix block and natural fracture, resulting from the definition of pseudo-
pressure (Eqgn. 4.2), matrix and fracture pseudo-pressures will be different for the same
pressure. In order to solve this issue, 4m, term is defined (Apaydin, 2012). The

definition of the Am,;, is given by Eqgn. 4.10

Ay (R, ©) = 2 (B — ) B2 (Eqn. 4.10)

n

As it will be discussed later in this chapter this definition creates non-linearity in

the differential equation, thus an iterative approach is used to calculate pressure
dependent terms such as 4m,,. Apaydin (2012) and Cho (2012) also defined Eqgn. 4.11

and dimensionless variables which are given in Egns. 4.12 and 4.13

Ump (1, t) = rpmy (1, t) (Eqn. 4.11)
=7, (Eqn. 4.12)
Rp =7, (Eqn. 4.13)
Mup = Lt = {Pmetmbgliy (Eqn. 4.14)

T N (Prcerng)ikm

Substituting Eqns. 4.11, 4.12, 4.13 and 4.14 into Eqgn. 4.8, Eqn. 4.15 is obtained

2
0%um,,

Oum
= Nmpi > (Eqn. 4.15)

arD2
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The initial condition:  u,,p (rp, Rypyp,tp = 0) =0

The inner boundary condition: w,,, (rp = 0, R;p,tp) =0

The outer boundary condition: w,,p ( = Typ, tp) = Mep (R, tp) — Mpp (R, tp) .

—

(Eqgn. 4.16)

In order to solve Egn.15 with the given boundary conditions in Eqn. 4.16, Laplace

transform is used (Apaydin and Cho, 2012) and Eqgns. 4.17, 4.18 and 4.19 are obtained.

0% um, _
9z S Nmpitlmp = 0, (Eqn- 4-17)
D
ﬂmD(rD = O, Rle S) = 0 y (Eqn 418)

Ump (T = Tmps Rimp, ) = Myp(Rynp, ) — Mpp (R D, 5) . (Egn. 4.19)

Solution for the Eqn. 4.17 with respect to boundary conditions is given in Eqn. 4.20

_ inh(/sNmpi _ _
T (1, Ronp, ) = SRS [y, (R, ) = iy (R )] . (En. 4.20)

Apaydin (2012) and Cho (2012) further defined the Eqn. 4.21 as follows:

@ =1 — ZbpFmps) (Eqn. 4.21)

TTlfD(RmD;S) )

In this thesis, we considered a definition as given in Eqn. 4.22

o = ZmpEmpS) (Egn. 4.22)

Msp(Rmp,S)
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Substituting Eqgn. 4.22 into Eqgn. 4.20 and also using the definition given in Eqgn. 4.11,
Eqn.4.23 is obtained

— _ TmDSinh(\/ S/rlmDirD)
mmD (rDl RmD’ S) =a TDSinh(\/m‘rmD) . (Eqn. 4.23)

Solution of the ODE for matrix flow is given with Eqn. 4.23. This solution will be used
later to derive a new transfer function.

Flow in the natural fracture is defined by Eqn. 4.24 in radial coordinates

_%%(Rpgvg) +F(Rt) = %(pg(pf) , (Egn. 4.24)

Apaydin and Cho (2012) indicated that they followed the de Swaan O (1976) assumption
to define the source term. The assumption is that the matrix flux is distributed in 2 of the

surrounding fracture. Therefore,

2V AL = 4mp L, (Eqn. 4.25)
_ | pgam | _ _4_”[r2 "—m"pm], Eqn. 4.26
[(%)‘ (i)l Powg or (Fan. 420

They also defined a transmisivity term which is given in Eqn. 4.27

5 kpl?

Substituting Eqns. 4.26 and 4.27 into Eqn. 4.24 and using the dimensionless variables,

Eqn. 4.24 can be represented by Eqn. 4.28
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1 9 Omsp 5 (9Mmp —
EE(RD aRp ) - 2/1( arp ) —smyp =0 (Ean. 4.28)

The derivative in the second term of left hand side can be obtained from Eqn. 4.23.

(522 boms o = =5 [t =Ty coth(sThmpitms)] @ (Ean. 429)

6rD TmD

Substituting Eqn. 4.29 into Eqn. 4.28, Eqn. 4.30 is obtained

70 (Ro 522) + 2= [1 = Thoirinp coth(y/sThmpitm)] & = sz = 0.

mD
(Eqgn. 4.30)
Apaydin (2012) defined transfer function as follows:
i
f(RmD: S) =1-2 TmDS [1 Y SaniTmD COth(\/ SanirmD)] a. (Eqn- 4-31)
Apaydin (2012) further defined
3
J= ol? || = g1 | LnCRR | _ g2 (Snim) Eqn. 4.32
[kﬁ(vf/z)] [kﬁz;nrfn(hf/z) Bkrihs (Eq )

Here o term is an important aspect of dual porosity models which is called shape factor.
Apaydin (2012) used n=3 orthogonal fracture sets for the spherical matrix block shape,

and defined the shape factor as given in Eqn. 4.33

(n+2) 15
0= ———=—, (Eqn. 4.33)
() T
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The storativity ratio is also defined by Eqn. 4.34

PmCtmVm 2¢pmctmTm
w = = . Egn. 4.34
drees (1) 3oreny (Ean-4.34)

Substituting transmisivity and storativity equations given in Egns. 4.32 and 4.34 into
dimensionless diffusivity equation, Egn. 4.35 is obtained

nfirfzn (¢mctmug)ikfr1§1 w
L= = =15-. Eqn. 4.35
rlle Nimil? (Preepug)ikmL? A ( q )

Finally, the transfer function which has stress dependent natural fracture permeability

feature is given by Eqgn. 4.36

f(Rmp,s) =1— % ll - /15;’55 coth( 15;”)] a . (Eqn. 4.36)

This transfer function is used with the trilinear model in order to represent gas flow in the

multiply fractured horizontal well in naturally fractured unconventional reservoir.
Definitions of the transmisivity and storativity with the new transfer function are the key
elements of Apaydin (2012) model. The alpha term in the transfer equation is a function
of pressure, because the definition of natural fracture and matrix pseudo-pressure is
different from each other and creates inequality at the matrix-fracture boundary. The
original method proposed by Apaydin (2012) and Cho (2012) considers only constant
bottom hole pressure production scenario, and examines the pressure dependent natural
fracture permeability effects on pressure drop profile. However, it is important to see
those effects on production performance. For this purpose, in this thesis we proposed an
alternative approach for constant bottom hole pressure scenario. The important point is to

find the reference pressure to calculate the alpha term in the transfer function. Apaydin
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(2012) and Cho (2012) use the well-bore pressure as a reference to calculate the alpha,
while we consider the average reservoir pressure as a reference pressure. Average
reservoir pressure calculation for the trilinear model is the new modification proposed in
this study. We followed a numerical approach to calculate the average reservoir pressure,
details of the numerical discretization is given in the appendix. Basically our method
calculates the average reservoir pressure for each time step, and calculated average
reservoir pressure is used to update alpha term in the transfer function. We also followed
the same approach as Apaydin (2012) and Cho (2012) to update the alpha for the current
time step. This approach is an iterative method with an initial guess, and it is observed
that the convergence is quite stable through the end of simulation. We further tested our
approach with a commercial reservoir simulator and results showed a good agreement.
The following section represents the results obtained from the analytical model and

commercial reservoir simulator.

4.2 |IMPLEMENTATION OF THE DUAL POROSITY MODEL COUPLED WITH THE
TRILINEAR MODEL

In this section, a synthetic data set for an unconventional multiply fractured
reservoir with natural fractures is evaluated with the Apaydin (2012) dual porosity model.
In order to verify results from the modified analytical model, a commercial reservoir
simulator is also employed for the same data set. First, existence of natural fracture effect
on production performance is analyzed by comparing with a homogeneous reservoir case.
For this case the results obtained from analytical dual porosity model is verified with the
commercial reservoir simulator (CMG, IMEX, 2012). In addition, a sensitivity study is
performed for naturally fractured unconventional reservoir. Secondly, pressure dependent
natural fracture permeability effect on production performance is evaluated both with the

modified analytical model and the commercial reservoir simulator (CMG, IMEX, 2012).
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Finally, sensitivity analysis is conducted to identify under which circumstances the
pressure dependent naturally fracture permeability must be taken into account, and the

results are discussed in detail.

4.2.1 Comparison of Homogeneous Unconventional Reservoir Model and Naturally
Fractured Unconventional Reservoir Model for a Synthetic Case Study

Hydraulic fractures are the main channels for the flow of hydrocarbon in
unconventional reservoirs. However, having only hydraulic fractures in the system still
limits the production performance. Researchers claim that to have such a high initial
production performance observed from unconventional shale gas resources, there must be
a secondary fracture network to conduit the flow. In this section a synthetic reservoir
production performance is evaluated with homogeneous reservoir condition (no natural
fractures), and naturally fractured reservoir in order to observe the effects of natural
fracture network on production performance. A program is developed in MATLAB to
calculate gas production with the analytical model. Another simulation model is also
created with CMG (IMEX, 2012) to examine the natural fracture effects on production
performance. The synthetic data set is given in Table 4.1. The model considered in the

CMG is given in Figure 4.2.
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Table 4.1: Input parameters for naturally fractured reservoir case

Parameter Value(s) Unit
The model dimensions 3,900 (length), 660 (width), 330 (height) ft
Initial reservoir pressure 3500 psi
BHP 500 psi
Production time 30 year
Reservoir temperature 200 °F

Gas viscosity 0.0184 cp
Initial gas saturation 1 fraction
Total compressibility 5x10™ psit
Matrix permeability 0.0006 md
Matrix porosity 0.06 fraction
Natural fracture permeability 100 md
Natural fracture thickness 5x10™ ft
Number of natural fractures 10 #
Fracture half length 330 ft
Fracture stage spacing 300 ft
Fracture height 330 ft
Number of hydraulic fracture stages 14 #
Number of well 1 number

103



2d =300 ft

A
I
|
I
|
|
|
|

xF =330 ft

a :> Natural
‘ Fractures

|
I
I
|
|
I
\ 4

Horizontal Well

Hydraulic Fracture

Figure 4.2 2-D CMG Model for naturally and hydraulically fractured reservoir

The purpose is to compare the analytical solution with the commercial reservoir
simulator (CMG, IMEX, 2012), and also compare the homogeneous and naturally
fractured cases production performances for a long-term scenario. The results obtained
from the analytical model and the numerical reservoir simulator is given in Figures 4.3
and 4.4.
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Figure 4.3 Comparison of gas flow rate performances obtained from the Analytical

Model and CMG by considering homogeneous and naturally fractured
unconventional reservoir
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Figure 4.4 Comparison of cumulative gas production performances obtained from the
Analytical Model and CMG by considering homogeneous and naturally
fractured unconventional reservoir

As can be seen in Figures 4.3 and 4.4, production performances for homogeneous
and naturally fractured reservoirs are remarkably different from each other. Initial gas
flow rate is almost two times higher in the naturally fractured reservoir case. However,
high gas flow rate is no longer exists in naturally fractured reservoir case after 3.5 years
of production, because 75% of cumulative gas production in 30 years is produced within
the first 3.5 years. As it is expected, homogeneous reservoir case produces with lower
flow rates, but eventually reaches the same absolute cumulative gas production limits in

30 years. Resulting from the nature of the analytical model, natural fractures enhance the

permeability of system. This effect clearly seen in the results that the production reaches

the absolute production limits in 10 years. Pressure distributions of naturally fractured

reservoir for one, five, ten, and thirty years of production are provided in Figures 4.5, 4.6,
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4.7, and 4.8, respectively. It is shown that after 10 years of production, reservoir pressure
is almost depleted in the naturally fractured reservoir.

The results obtained from the analytical model and the commercial reservoir
simulator give identical responses both for naturally fractured and homogeneous reservoir
cases. This fact verifies the accuracy of the analytical solution which is computationally
faster and relatively simple to employ. Also, analytical dual porosity model implemented
with the trilinear model can capture the fundamental physics of the problem and gives the
results with minimum computational efforts. Commercial reservoir simulators model this
problem (naturally fractured unconventional reservoir) using more computational
expense and effort, since creating the input file for such a simulation study is quite time

consuming.
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Figure 4.5: Naturally and hydraulically fractured reservoir pressure distribution
after 1 year of production
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Figure 4.6: Naturally and hydraulically fractured reservoir pressure distribution after
5 years of production
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Figure 4.7: Naturally and hydraulically fractured reservoir pressure distribution after 10
years of production
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Figure 4.8: Naturally and hydraulically fractured reservoir pressure distribution after 30
years of production

4.2.2 Sensitivity Analysis for a Naturally Fractured Unconventional Reservoir

Sensitivity study for the homogeneous unconventional reservoir and completion
parameters are performed and presented in Chapter 3. In this section, sensitivity analysis
is performed only for the dual porosity parameters such as matrix and fracture
permeability and natural fracture density in the reservoir pay zone using the analytical
dual porosity model. Since naturally fractured unconventional reservoirs initially produce
with higher flow rates, after 10 years daily production rates cannot reach the economical
limits according to reservoir pressure distribution. The Base Case parameters and

sensitivity parameters are given in Tables 4.1 and 4.2, respectively.
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Table 4.2: Sensitivity parameters used in naturally fractured reservoir study

Parameter Minimum Mean Maximum Unit
Matrix permeability 0.0002 0.0006 0.0008 md
Fracture permeability 10 100 1000 md
Number of natural fractures 5 10 20 #

4.2.2.1 Matrix Permeability Sensitivity Analysis

Three different matrix permeabilities are examined and the sensitivity results are
provided in Figures 4.10 and 4.11. It is observed that the matrix permeability is not the
main controlling parameter for production performances of the naturally fractured
unconventional reservoirs. The lowest matrix permeability, 0.0002 md, can still supply
sufficient fluid flow to natural fractures. Gas production performances of three different

matrix permeabilities give an identical response as can be seen in Figures 4.10 and 4.11.
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Figure 4.9 Gas flow rate performances for different matrix permeabilities
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Figure 4.10 Cumulative gas production performances for different matrix permeabilities

4.2.2.2 Natural Fracture Permeability Sensitivity Analysis

Natural fractures are the main conduit for fluid flow from reservoir matrix to
hydraulic fractures, so it is essential to perform a sensitivity analysis to identify the
critical parameters influencing the production performance. Since the natural fractures
are un-propped, their properties such as permeability are beyond an engineer’s control. In
this sensitivity analysis three different natural fracture permeabilities are examined.
Analytical dual porosity model manifests that the natural fracture permeability ranks the
most important parameter affecting the production from naturally fractured
unconventional reservoir. It must be noted that the production profile with a natural
fracture permeability of 10 md shows different behavior than the other two cases. This

fact can be explained with the model’s assumption; as Ozkan et al. (2011) stated that the

112



dual porosity model is accurate when the permeability difference between matrix and
fractures is significant.

Daily production rates are remarkably differing from each other for the cases with
100 md and 1000 md natural fracture permeability. Natural fracture permeability of 100
md and 1000 md cases reach the same absolute production limits after 10 years, but
initially the case with 1000 md natural fracture permeability produces higher flow rates
than the case with 100 md natural fracture permeability. Daily and cumulative production
performances are provided in Figures 4.11 and 4.12 for different natural fracture

permeabilities.
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Figure 4.11 Gas flow rate performances for different natural fracture permeabilities
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Figure 4.12 Cumulative gas production performances for different natural fracture
permeabilities

4.2.2.3 Natural Fracture Density Sensitivity Analysis

Natural fracture density in the pay zone is also an important parameter enhancing
the production performance of naturally fractured reservoirs. Natural fracture density
refers to the number of existing natural fractures in a particular pay zone. Increasing
density of the natural fractures results in more conduits for reservoir fluid flow. Natural
fracture networks are very complex structures. Therefore, it is impossible to determine
and model them exactly. In order to represent them in an analytical model, some
idealization and assumptions must be made. For this purpose, an arbitrary number of
natural fractures are determined, and various scenarios are evaluated. In this study, three
different natural fracture densities is used, and the results show that natural fracture
density is critical for production performance evaluation of unconventional reservoirs.

Gas flow rate and cumulative production are given in Figures 4.13 and 4.14. It is
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concluded that having a high number of natural fractures in the system, enhances the
effective permeability of the system. Therefore, cases with relatively high natural fracture
density reach the absolute maximum production limits sooner. This effect can be clearly
seen in Figure 4.14, when the cases with 10 and 20 natural fractures deplete in 10 years,

the case with 5 natural fractures could not reach the absolute maximum production limits

for the same reservoir size,
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Figure 4.13 Gas flow rate performances for different natural fracture densities
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Figure 4.14 Cumulative gas production performances for different natural fracture
densities

4.3 COMPARISON OF THE ANALYTICAL MODEL AND THE COMMERCIAL RESERVOIR
SIMULATOR RESULTS FOR THE PRESSURE DEPENDENT NATURAL FRACTURE
PERMEABILITY

Reservoir rock properties such as permeability, behave dynamic rather than static
with continuing production and changing stress conditions in unconventional reservoirs.
In order to take this fact into account, Apaydin (2012) considered pressure dependent
natural fracture permeability concept in his dual porosity flow model. The importance of
natural fractures on production performance is evaluated in the previous section, so it is
necessary to study the dynamic behavior of natural fracture properties and also their
impact on production performance. This section describes the pressure dependent
permeability concept, and the pressure dependent natural fracture effects on production

performance. For this purpose the analytical model (Apaydin, 2012) and the commercial
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reservoir simulator (CMG, IMEX, 2012) are employed for a synthetic data set to observe

pressure dependent natural fracture permeability impact on production performance.

4.3.1 Pressure Dependent Natural Fracture Permeability Concept

Natural fractures in unconventional reservoirs, unlike hydraulic fractures, do not
have any propant to retain their permeability under the increasing stress conditions. By
continuing production from the reservoir, pressure in the natural fractures will decrease.
This fact increases the net effective stress applying on the natural fractures. Relationship
between the pore pressure and net effective stress can be represented by Terzaghi’s poro
elastic equation:

og=S—-P,, (Eqgn. 4.37)
where,
o — Net effective stress applying on medium, psi
S — Total stress applying on medium, psi
P, — Pore pressure, psi.

As can be seen in Eqn. 4.37, decreasing pore pressure results in higher effective
stress applied on the natural fractures. This phenomenon also causes changes in rock
properties such as permeability. There are several correlations available in the literature
to represent permeability changes with changing pore pressure. The correlation proposed
by Raghavan and Chin (2004) is used in this thesis, and it is also compatible with
modified pseudo-pressure equation given in Eqn. 4.1.

Raghavan and Chin (2004) proposed a correlation for permeability reduction with
decreasing pore pressure. Although this correlation is recommended for the matrix
permeability, it can be used for natural fractures if it is confirmed by experimental data.

For this purpose Cho et al. (2013) conducted a permeability measurement experiments
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with shale specimens under various stress conditions, and concluded that the Raghavan
and Chin (2004) correlation, given in Eqn. 4.38, is valid for fracture permeability changes
with changing pore pressure.

ke = kpie”9r4Pr (Eqn. 4.38)
where,
ks — Natural fracture permeability, md
kg; — Initial natural fracture permeability, md
ds — Characteristic parameter of rock, psi’!
Apy — Pressure changes in the system, psi.

Cho et al. (2013) also provide the df coefficient for shale rock samples. We used
their experimental results and coefficients in our pressure dependent natural fracture
permeability calculations in this study. In order to represent changes in natural fracture
permeability in the commercial reservoir simulator (CMG, IMEX, 2012) we implemented
a natural fracture conductivity table. Their experimental results are considered as medium
shale, but we also defined soft and hard shale conditions. Normalized conductivity table,
which is given in Figure 4.2, used in the commercial reservoir simulator (CMG, IMEX,

2012).
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Figure 4.15 Normalized natural fracture conductivity multiplier for CMG (IMEX, 2012)

The effect of pressure dependent natural fracture conductivity on production is
also examined with the modified analytical solution, and the results are given in the

following section.
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4.3.2 Verification of the Modified Analytical Model and the Commercial Reservoir
Simulator for Pressure Dependent Natural Fracture Permeability

This section investigates the effect of pressure dependent natural fracture
permeability on production performance of unconventional hydraulically fractured wells.
Details of the analytical model and pressure dependent permeability concept were
provided in the previous sections of this chapter. In order to perform simulations for this
section, the modified analytical dual porosity model and the commercial reservoir
simulator (CMG, IMEX, 2012) is used with the synthetic data provided in Table 4.1.
Raghavan and Chin (2004) correlation is employed for the pressure dependent natural
fracture permeability. Permeability changes with decreasing pore pressures are provided

in Figure 4.16. Medium shale is considered for the Base Case.
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Figure 4.16 Natural fracture permeability changes with depleting reservoir pressure for
different shale types
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Figure 4.17 Comparison of the gas flow rate performances of the Modified Analytical
Model and CMG for pressure dependent natural fracture permeability and
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Figure 4.18 Comparison of the cumulative gas production performances of the Modified
Analytical Model and CMG for pressure dependent natural fracture
permeability and constant natural fracture permeability
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A good match between the modified analytical model and the commercial
simulator is obtained for both daily and cumulative production performances. Figures
4.17 and 4.18 show this agreement for the constant natural fracture permeability and
pressure dependent natural fracture permeability cases. Cumulative production difference
between the constant and the pressure dependent natural fracture permeability is around
6% after 10 years of production. The effect of pressure dependent natural fracture
permeability becomes apparent after 2.5 years of production. In order to identify that in
which conditions the pressure dependent natural fracture permeability becomes critical,
different scenarios are defined and evaluated using the modified analytical model in the

next section.

4.3.3 Identifying the Importance of Pressure Dependent Natural Fracture
Permeability

Sensitivity analysis for design parameters and reservoir properties are already
studied in this thesis. This section attempts to shed light on the reservoir conditions in
which pressure dependent natural fracture permeability causes significant production
loss. For this purpose, various matrix and fracture permeabilities, different shale plays, as
well as a range of bottom-hole pressures are investigated using the naturally fractured
analytical trilinear reservoir model. The Base Case inputs are given in Table 4.1, and also
Table 4.3 presents the range of variables considered for the sensitivity study. The effect
of pressure dependent permeability on production is evaluated individually for each
specific parameter. In order to identify the effect of pressure dependent permeability,
production performances are examined with the constant and the pressure dependent
natural fracture conditions. It must be noted that the mean values given in Table 4.3 are

already assessed and the results are provided in Figures 4.17 and 4.18.
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Table 4.3: Sensitivity parameters used in pressure dependent natural fracture permeability

study
Parameter Minimum Mean Maximum Unit
N. Fracture permeability 10 100 1000 md
Matrix permeability 0.00006  0.0006 0.006 md
Shale type Soft Medium Hard
Bottom hole pressure 200 400 600 psi

4.3.3.1 Initial Natural Fracture Permeability - 10 md

Importance of natural fracture permeability was discussed in the previous section.
This time the effect of pressure dependent natural fracture permeability on production is
investigated for different initial fracture permeabilities. First, initial natural fracture
permeability is considered as 10 md. It must be noted that the production forecast is
considered for 30 years, since the 10 years of production is not a sufficient production
period for such a low permeability reservoir. However, 30 years of production forecast,
as can be seen in Figures 4.19 and 4.20, manifest that there is an insignificant difference
between the pressure dependent natural fracture and the constant natural fracture
permeability cases. This fact can be explained by the extremely low permeability,
because reservoir pressure does not deplete too fast to close the natural fractures and

reduce production performance.
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Figure 4.19 Gas flow rate using natural fracture permeability of 10 md by considering
with and without stress effect
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Figure 4.20 Cumulative gas production using natural fracture permeability of 10 md by
considering with and without stress effect
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4.3.3.2 Initial Natural Fracture Permeability - 1000 md

Increasing natural fracture permeability to 1000 md significantly increases the gas
production rate performance, and also the absolute maximum production limit is reached
in 10 years. As can be seen in Figures 4.21 and 4.22, the effect of pressure dependent
natural fracture permeability becomes apparent after 1 year of production compared with
the Base Case in which it takes 3 years. The cumulative production differences between
constant natural fracture permeability and pressure dependent natural fracture
permeability cases is around 6% at the end of 10 years of production. This result shows
that initial fracture permeability is the key parameter that controls the impact of pressure

dependent natural fracture permeability on production performance of unconventional

reservoirs.
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Figure 4.21 Gas flow rate using natural fracture permeability of 1000 md by considering
with and without stress effect
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Figure 4.22 Cumulative gas production using natural fracture permeability of 1000 md by

considering with and without stress effect

4.3.3.3 Matrix Permeability - 0.00006 md

Matrix permeability is an important property of the naturally fractured
unconventional reservoirs. In this section the matrix permeability is considered to be
0.00006 md, while the fracture permeability is 100 md. It is observed that the effect of
pressure dependent natural fracture permeability becomes apparent after 3 years of
production (Figures 4.23 and 4.24). The cumulative production differences between the
constant natural fracture permeability and pressure dependent natural fracture
permeability cases is 6% in 10 years of production. Results of the Base Case (Figures
4.17 and 4.18), which has 10 times higher matrix permeability, manifests the same

behavior with matrix permeability of 0.00006 md. This fact shows that the matrix
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permeability does not significantly affect the importance of pressure dependent natural

fracture permeability on production.
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Figure 4.23 Gas flow rate using matrix permeability of 0.00006 md by considering with
and without stress effect
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Figure 4.24 Cumulative gas production using natural fracture permeability of 0.00006 md
by considering with and without stress effect

4.3.3.4 Matrix Permeability - 0.006 md

It is observed that increasing the matrix permeability to 0.006 md slightly affects
the production performance behavior of the pressure dependent natural fracture
permeability case. Results for the matrix permeability of 0.006 md are provided in
Figures 4.25 and 4.26. Similarly, the effects of pressure dependent natural fracture
effects becomes apparent after 3 years, and difference in cumulative production the
cumulative production between the constant natural fracture permeability and the
pressure dependent natural fracture permeability scenario is around 6%. This result
proves our earlier statement in the 0.00006 md matrix permeability case discussion
section, and once again it is concluded that the matrix permeability is not the key element
that controls the effect of pressure dependent natural fracture permeability on production
performance. This conclusion is also in agreement with the model nature which indicates
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that natural fractures are the main conduits for flow in the reservoir. Obviously, their

parameters are more critical to be investigated than the matrix permeability.
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Figure 4.25 Gas flow rate using matrix permeability of 0.006 md by considering with and
without stress effect
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Figure 4.26 Cumulative gas production using natural fracture permeability of 0.006 md
by considering with and without stress effect

4.3.3.5 Bottom Hole Pressure 200 psi & 800 psi

Bottom-hole pressure (BHP) of a horizontal well is an important engineering
parameter since it affects all other pressure dependent parameters. Bottom-hole pressure
conditions of 200 psi and 800 psi are investigated in this section to analyze the effects of
pressure dependent natural fracture permeability on production. As can be seen in Figures
4.27 and 4.28, the effect of pressure dependent natural fracture becomes apparent after 3
years of production for 200 psi BHP, and the cumulative production differences between
the constant and dynamic natural fracture permeability cases is 6% which is similar to
600 psi BHP case. BHP condition of 800 psi is also considered and the results, which are
given in Figures 4.29 and 4.30, keep the same trend with the other two BHP conditions
(200 psi and 600 psi). The cumulative production varies around 5% from the constant to

pressure dependent natural fracture permeability in 10 years with 800 psi BHP. It can be
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concluded that the bottom hole pressure has a minor effect on pressure dependent natural

fracture permeability, thus on production performance.
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Figure 4.27 Gas flow rate using BHP of 200 psi by considering with and without stress
effect
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Figure 4.28 Cumulative gas production using BHP of 200 psi by considering with and
without stress effect
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Figure 4.29 Gas flow rate using BHP of 800 psi by considering with and without stress
effect
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Figure 4.30 Cumulative gas production using BHP of 800 psi by considering with and
without stress effect

4.3.3.6 Different Shale Plays

Changes of natural fracture permeability with increasing stress vary for different
shale types. As stated previously in the pressure dependent permeability section of this
chapter, laboratory experiments are necessary for pressure dependent permeability
calculation. In this section, experimental data documented by Cho et al. (2013) is used to
define the rock mechanical properties in the Raghavan and Chin (2004) correlation. Cho
et al. (2013) provided characteristics of the shale core they conducted experiments on. In
this study we considered their experimental data as medium shale. Beside this, two other
rock characteristics are chosen to represent medium and hard shale conditions. Natural
fracture permeability versus pore pressure for different shale plays are provided in the
Figure 4.16. It is observed that the hard shale’s natural fracture permeability reduced by
10% when the bottom hole pressure (500 psi) is reached, and the soft shale case it is

around 50%. It is also critical to couple this effect with reservoir fluid flow. The modified
133



analytical flow model is employed and the cumulative production differences for
different shale types are provided in Figure 4.31. As can be seen in Figure 4.31, the soft
shale case produces slightly less than the hard shale and medium shale cases. It is
concluded that in order to have a reliable result, experimental data are necessary for
different shale plays.
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Figure 4.31 Cumulative gas production using different shale types by considering with
and without stress effect

4.4 NATURAL & HYDRAULIC FRACTURE CONDUCTIVITY L0OSS EFFECTS ON
PRODUCTION PERFORMANCE OF UNCONVENTIONAL RESERVOIRS

This section investigates the effect of geomechanics on combined hydraulic and
natural fractures conductivities, and ultimate production performance of unconventional
reservoirs. Previous section studied the pressure dependent natural fracture permeability
effects on production. Since the analytical model is unable to capture hydraulic fracture

conductivity changes, results are obtained using the commercial reservoir simulator
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(CMG, IMEX, 2012). Although hydraulic fractures, unlike natural fractures, are propped
prior to production, their conductivities may decrease with increasing applied net stress.
This conductivity lost may reduce the production performances in long term, so this fact
also needs to be coupled with the reservoir flow. As stated in the literature review,
experiments are conducted for both propped and un-propped fracture conditions, and
their conductivities are measured under various stress conditions. However, many of
these experimental researches consider either propped or un-propped fracture conditions.
Since the aim is to analyze both individual and combined effect on production
performance, it is necessary to have a data set from the same experimental study for
propped and un-propped fractures. For this purpose, experimental results reported by
Suarez-Rivera et al. 2013 are employed in our reservoir model. Geomechanics effects on
production performances are evaluated for various cases using the commercial reservoir

simulator (CMG, IMEX, 2012).

4.4.1 Experimental Data for Propped and Un-propped Fracture Conductivity under
Increasing Closure Stress Conditions

In order to accomplish this section, experimental study conducted by Suarez-
Rivera et al. (2013) is used. Propped fracture conductivities represent the hydraulic
fractures, while the un-propped fracture conductivities are representing the natural
fractures. Conductivity losses of natural fractures under increasing closure stress are to
the order of magnitude higher than conductivity losses of propped fractures, since
propants prevents closure of hydraulic fracture to some degree. The raw data given by
Suarez-Rivera et al. (2013) is normalized for hydraulic and natural fracture conductivities
that measured at 500 psi closure stress, given in Figure 4.32, and used to examine the
pressure dependent natural and hydraulic fracture conductivity effects on production

performance. Once the conductivity data is normalized for a reference pressure, which is
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500 psi here, it needs to be converted to conductivity multiplier to be used in the reservoir
simulator. Pressure dependent conductivity multiplier used in the commercial reservoir
simulator is given in Figure 4.33. Comparison between hydraulic and natural fracture
conductivity loss effects on production is accomplished using these experimental data.
The conductivity multiplier data provided in Figure 4.33 is used in CMG (IMEX, 2012)
commercial reservoir simulator in order to couple reservoir fluid flow with

geomechanical considerations.
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Figure 4.33 Conductivity multiplier used in CMG (IMEX, 2012)
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4.4.2 Implementation of Coupled Reservoir Flow with Geomechanical Effects

Experimental results show that both natural and hydraulic fracture conductivities

can be reduced by the order of magnitude by increasing net stress. In order to investigate

the impact of conductivity reduction on the production performance, a synthetic multiply

fractured unconventional reservoir model is generated and used in this study. In addition

to the Base Case, a sensitivity analysis is also performed for certain reservoir

characteristics. Table 4.4 includes the synthetic reservoir parameters considered as the

Base Case, and Table 4.5 shows the sensitivity parameters used in this section.

Table 4.4: Input parameters for implementation of coupled reservoir flow with

geomechanics effects

Parameter Value(s) Unit
The model dimensions 3,900 (length), 330 (width), 330 ft
(height)
Initial reservoir pressure 3500 psi
BHP 500 psi
Production time 15 year
Reservoir temperature 200 °F
Gas viscosity 0.0184 cp
Initial gas saturation 1 fraction
Total compressibility 5x10™ psi™t
Matrix permeability 0.0006 md
Matrix porosity 0.06 fraction
Initial natural fracture conductivity 0.05 md-ft
Initial hydraulic fracture conductivity 6 md-ft
Number of natural fractures 10 #
Fracture half length 330 ft
Fracture stage spacing 300 ft
Fracture height 330 ft
Number of hydraulic fracture stages 14 #
Number of well 1 #
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Table 4.5: Sensitivity parameters used in coupled reservoir flow with geomechanical

effects
Parameter Minimum Mean Maximum Unit
Matrix permeability 0.0002 0.0006 0.0008 md
Initial natural fracture conductivity 0.005 0.05 0.5 md-ft
Initial hydraulic fracture conductivity 2 6 10 md-ft

Production performances of the Base Case are provided in Figures 4.34 and 4.35,
and the cumulative production differences between the constant conductivity case and the
other conditions are given in Table 4.6. It must be noted that the difference column in
Table 4.6 refers to the percentage difference in cumulative production after 15 years
between the constant conductivity (without geomechanics) condition and with
geomechanical effects. It is observed that the impact of natural fracture conductivity loss,
which causes 10% less production than the case without any geomechanics, is more than
the hydraulic fracture conductivity loss which causes 7% less cumulative production. It is
also observed that if the geomechanical considerations are taken into account for both
natural and hydraulic fractures, production is less (14%) than the sum of the individual
effects of hydraulic and natural fractures (17%). However, the case where geomechanical
effects apply to both natural and hydraulic fractures has the most influence on the
cumulative production performance. This condition is explained by the conductivity
versus closure pressure behavior of the natural and the hydraulic fractures. Figure 4.32
indicates that the natural fracture conductivity loss is larger than the hydraulic fractures
for the same stress conditions; because of this, natural fracture conductivity loss has more

effect specifically for the shale sample used in Suarez-Rivera et al. (2013) experiments.
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Figure 4.34 Gas flow rate performance for the Base Case by considering no
geomechanics, geomechanics only for hydraulic fractures, geomechanics

only for natural fractures, and geomechanics for both hydraulic and natural
fractures
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Figure 4.35 Cumulative gas production for the Base Case by considering no
geomechanics, geomechanics only for hydraulic fractures, geomechanics
only for natural fractures, and geomechanics for both hydraulic and natural
fractures

Table 4.6: Cumulative gas production performances for the Base Case with and without
geomechanical considerations

Condition Cum. Prod. for 15 years, BCF Difference
No Geomechanics 960 -
Geomechanics for HF only 8.91 0.07
Geomechanics for NF only 8.62 0.10
Geomechanics for both 8.29 0.14

Reservoir pressure distribution for the Base Case is also provided for different
production times in Figures 4.36, 4.37, 4.38 and 4.39. Figure 4.36 represents the pressure
distribution after 1 year for the cases with and without geomechanics considerations, and

it is observed that the pressure in the most outer parts does not deplete in the case with
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geomechanics effects applied for both hydraulic and natural fractures. However, in the
case without geomechanics pressure distribution is almost evenly in the drainage area.

Figure 4.37 shows the pressure distribution after 5 years of production. It is
observed that hydraulic fracture closure (Figure 4.37, b) becomes apparent and reduces
the drainage efficiency in 5 years of production. The same phenomenon is also observed
for the case with geomechanics on natural fractures.

Figure 4.38 represent the pressure distribution after 10 years of production. The
case without any geomechanics almost depleted in that period. However, the cases with
geomechanics effects taken into account still have the high pressure zones, due to closure
of fractures. As stated earlier, the drainage efficiency is reduced with continuing
production and geomechanics effects become apparent in pressure distribution.

Figure 4.39 shows the pressure distribution in the reservoir after 15 years of
production. The case without any geomechanics is depleted in that period. However, the
cases with geomechanical considerations does not deplete because of fracture closures
with continuing production, but their cumulative production profile, which is given in
Figure 4.35, almost reach the plateau, and daily production rates of these cases are very
low, most probably not economically feasible. That means because of the fracture closure
production is not continuing even though reservoir pressure is still considerably high. In
order to produce the remaining gas in the reservoir re-fracturing operation can be perform
to increase the fracture conductivities close to their initial values. Hence, remaining gas

in the reservoir can be produced accordingly.
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Figure 4.36 Reservoir Pressure Distributions after 1 year of production
a) No Geomechanics b) Geomechanics for HF only ¢) Geomechanics for NF
only d) Geomechanics for both HF and NF
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Figure 4.37 Reservoir Pressure Distributions after 5 years of production
a) No Geomechanics b) Geomechanics for HF only ¢) Geomechanics for NF
only d) Geomechanics for both HF and NF
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Figure 4.38 Reservoir Pressure Distributions after 10 years of production
a) No Geomechanics b) Geomechanics for HF only ¢) Geomechanics for NF
only d) Geomechanics for both HF and NF
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Figure 4.39 Reservoir Pressure Distributions after 15 years of production
a) No Geomechanics b) Geomechanics for HF only ¢) Geomechanics for NF
only d) Geomechanics for both HF and NF
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4.4.2.1 Matrix Permeability — 0.0002 md

Three different matrix permeabilities are considered in this study. The lowest
matrix permeability considered is 0.0002 md, and the results for this case are provided in
Figures 4.40, 4.41, and Table 4.7. Decreasing matrix permeability does not change the
effect of pressure dependent hydraulic fracture conductivity. However, it is observed that
decreasing matrix permeability to some extent increases the effects of pressure dependent
natural fracture conductivity. For the Base Case which has 0.0006 md matrix
permeability, pressure dependent natural fracture conductivity causes 10% less
production than the case without geomechanics, while the matrix permeability of 0.0002
md causes around 25% less cumulative production. This shows the importance of natural
fracture existence especially for the very low matrix permeability formation discussed

here.
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Figure 4.40 Gas flow rate performance using matrix permeability of 0.0002 md by
considering no geomechanics, geomechanics only for hydraulic fractures,
geomechanics only for natural Fractures, and geomechanics for both
hydraulic and natural fractures
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Figure 4.41 Cumulative gas production using matrix permeability of 0.0002 md by
considering no geomechanics, geomechanics only for hydraulic fractures,
geomechanics only for natural fractures, and geomechanics for both
hydraulic and natural fractures

Table 4.7: Cumulative gas production for the matrix permeability 0.0002 md with and
without geomechanical considerations

Condition Cum. Prod. for 15 years, BCF Difference
No Geomechanics 949 -
Geomechanics for HF only 8.72 0.08
Geomechanics for NF only 7.34 0.23
Geomechanics for both 7.09 0.25

4.4.2.2 Matrix Permeability — 0.0008 md

The highest matrix permeability considered in this study is 0.0008 md, and the
results for this case are provided in Figures 4.42, 4.43 and Table 4.8. Increasing matrix

permeability does not change the effect of pressure dependent hydraulic fracture
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conductivity effects on cumulative production performances for 15 years. Increasing
matrix permeability to some extent reduces the effects of pressure dependent natural
fracture conductivity on production performances. As given in Table 4.8 below, the case
with natural fracture conductivity loss produces 8% less than the case without any
geomechanics. It is already discussed that for the matrix permeability 0.0002 md and
0.0006 md pressure dependent natural fracture conductivity cases cause 25% and 10%
less cumulative productions, respectively for pressure dependent natural fracture
conductivity conditions. Combined effect of natural and hydraulic fracture conductivity
loss is around 11%, which is less than the sum of individual effects of natural and

hydraulic fracture conductivity losses.
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Figure 4.42 Gas flow rate performance using matrix permeability of 0.0008 md by
considering no geomechanics, geomechanics only for hydraulic fractures,
geomechanics only for natural fractures, and geomechanics for both
hydraulic and natural fractures
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Figure 4.43 Cumulative gas production using matrix permeability of 0.0008 md by
considering no geomechanics, geomechanics only for hydraulic fractures,
geomechanics only for natural fractures, and geomechanics for both
hydraulic and natural fractures

Table 4.8: Cumulative gas production for the matrix permeability 0.0008 md with and
without geomechanical considerations

Condition Cum. Prod. for 15 years, BCF Difference
No Geomechanics 962 -
Geomechanics for HF only 8.95 0.07
Geomechanics for NF only 8.85 0.08
Geomechanics for both 8.53 0.11

4.4.2.3 Initial Natural Fracture Conductivity — 0.005 md-ft

Three different initial natural fracture conductivities are considered in this section.
The same conductivity multiplier plot, given in Figure 4.33, is applied for three different
initial natural fracture conductivity cases. First, initial natural fracture permeability
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considered as 0.005 md —ft. For a fair comparison, each case evaluated for 15 years of
production, and is observed that 0.005 md-ft initial natural fracture case cannot reaches
the absolute maximum production limits even by 15 years (Figure 4.45), and this fact can
also be observed in gas flow rate plot given in Figure 4.44. This fact also masks the effect
of pressure dependent natural fractures on cumulative production performances. As given
in the Table 4.9, individual effects of pressure dependent natural fracture conductivity
results in 7% less cumulative production in 15 years. However, the initial natural fracture
conductivity of 0.05 md-ft causes 10% less production in 15 years. This condition
verifies that very low initial natural fracture conductivity postpones the geomechanical
effects become apparent, since the reservoir pressure does not deplete so fast in 15 years

to affect the cumulative production performance.
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Figure 4.44 Gas flow rate performance using initial natural fracture conductivity of 0.005
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for
both hydraulic and natural fractures
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Figure 4.45 Cumulative gas production using initial natural fracture conductivity of 0.005
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for
both hydraulic and natural fractures

Table 4.9: Cumulative gas production for the natural fracture conductivity of 0.005 md-ft
with and without geomechanical considerations

Condition Cum. Prod. for 15 years, BCF Difference
No Geomechanics 920 -
Geomechanics for HF only 8.37 0.09
Geomechanics for NF only 8.52 0.07
Geomechanics for both 8.17 0.11

4.4.2.4 Initial Natural Fracture Conductivity — 0. 5 md-ft

Initial natural fracture conductivity is considered to be 0.5 md-ft, and the
simulation results are provided in Figure 4.46 and Table 4.10. As it was expected,
increasing initial natural fracture conductivity reduces the geomechanical effects on
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production performance. Comparing Table 4.10 and the results for the Base Case (Table
4.6) indicates that if the natural fracture conductivity remains high, then the

geomechanical effects will not cause significant long term production loss.
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Figure 4.46 Gas flow rate performance using initial natural fracture conductivity of 0.5
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for
both hydraulic and natural fractures
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Figure 4.47 Cumulative gas production using initial natural fracture conductivity of 0.5
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for
both hydraulic and natural fractures

Table 4.10: Cumulative gas production for the natural fracture conductivity of 0.5 md-ft
with and without geomechanical considerations

Condition Cum. Prod. for 15 years, BCF Difference
No Geomechanics 968 -
Geomechanics for HF only 9.12 0.06
Geomechanics for NF only 8.94 0.08
Geomechanics for both 8.67 0.10

4.4.2.5 Initial Hydraulic Fracture Conductivity — 2 md-ft

The effect of hydraulic fracture conductivity on production performances of

unconventional reservoirs is discussed in Chapter 3. It is also critical to investigate
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various hydraulic fracture conductivities considering the geomechanical effects. For this
purpose, three different initial hydraulic fracture conductivities are considered and the
results for the Base Case with 6 md-ft initial hydraulic fracture conductivity are given in
Figures 4.34, 4.35 and Table 4.6. The lowest hydraulic fracture conductivity is 2 md-ft,
and the results for that case provided in Figures 4.47, 4.48, and Table 4.11. It is observed
that by decreasing the initial hydraulic fracture conductivity, geomechanical effects show
greater impact on production performance. This can be clearly seen by comparing Table
4.11 (2 md-ft) and Table 4.12 (10 md-ft). Although decreasing initial hydraulic fracture
conductivity does not affect the individual importance of natural fracture conductivity
loss, the combined effect of natural and hydraulic fracture closure rises by decreasing

initial hydraulic fracture conductivity.
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Figure 4.48 Gas flow rate performance using initial hydraulic fracture conductivity of 2
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for
both hydraulic and natural fractures
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Figure 4.49 Cumulative gas production using initial hydraulic fracture conductivity of 2
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for
both hydraulic and natural fractures

Table 4.11: Cumulative gas production for the initial hydraulic fracture conductivity of 2
md-ft with and without geomechanical considerations

Condition Cum. Prod. for 15 years, BCF Difference
No Geomechanics 943 -
Geomechanics for HF only 8.17 0.13
Geomechanics for NF only 8.36 0.11
Geomechanics for both 7.59 0.19

4.4.2.6 Initial Hydraulic Fracture Conductivity — 10 md-ft

Initial hydraulic fracture is considered as 10 md-ft, and the results are provided in

Figures 4.49 and 4.50 and Table 4.12. It is observed that increasing the initial hydraulic
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fracture conductivity does not change the effect of pressure dependent natural fracture
conductivity on production. Comparing with the Base Case results, increasing initial
hydraulic fracture conductivity reduces the effects of pressure dependent hydraulic
fracture conductivity on cumulative production. Finally, the combined effect of pressure
dependent natural and hydraulic fracture conductivities is negligible when the initial

hydraulic fracture conductivity increases from 6 md-ft to 10 md-ft.
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Figure 4.50 Gas flow rate performance using initial hydraulic fracture conductivity of 10
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for
both hydraulic and natural fractures
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Figure 4.51 Cumulative gas production using initial hydraulic fracture conductivity of 10
md-ft by considering no geomechanics, geomechanics only for hydraulic
fractures, geomechanics only for natural fractures, and geomechanics for

both hydraulic and natural fractures

Table 4.12: Cumulative gas production for initial hydraulic fracture conductivity of 10
md-ft with and without geomechanical considerations

Condition

Cum. Prod. for 15 years, BCF Difference

No Geomechanics
Geomechanics for HF only
Geomechanics for NF only
Geomechanics for both

9.62
0.07
8.67
8.46
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Chapter 5: Summary, Conclusions, and Recommendations

This chapter summarizes this thesis and presents the conclusions. Finally,

recommendations are stated for future studies.

5.1 SUMMARY

This thesis has been accomplished in two main phases. First, reservoir modeling
in homogeneous unconventional reservoirs is investigated both numerically and
analytically. For this purpose two analytical models from the available literature, one
with infinite fracture conductivity assumption proposed by Patzek et al. (2013), while the
other model with finite conductivity assumption developed by Ozkan et al. (2009), are
employed. In addition, a commercial reservoir simulator (CMG, IMEX, 2012) is used to
compare the results obtained by the analytical models. It is observed that the results
obtained from the analytical models showed a perfect agreement with commercial
reservoir simulator for various completion scenarios. It is also concluded that analytical
models are capable to capture main physics with minimum computational efforts and
input data.

For the first phase of this study, a sensitivity analysis is also performed for certain
reservoir and completion parameters for a synthetic unconventional reservoir. Production
performance of hydraulically fractured wells is highly affected by completion design
parameters such as hydraulic fracture spacing and fracture half-length. Unconventional
reservoir parameters have high uncertainty, so not only the design parameters, but also
the uncertainty parameters such as permeability, porosity and formation thickness are
considered as well. The advantages of analytical models become apparent with this

uncertainty analysis since different conditions can be evaluated quickly compare to the
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commercial reservoir simulators. Conclusions reached by sensitivity analysis are stated in
conclusions section of this chapter.

The second phase of this study focused on naturally fractured unconventional
reservoir models and their production behaviors. In addition, geomechanical effects are
coupled with reservoir flow. In order to carry out this study, both analytical and
numerical solutions are employed. Analytical dual porosity model developed by Apaydin
(2012) is used to model natural fractures in unconventional models, and CMG is used to
compare the results obtained by the analytical model. It is verified that the analytical
model can accurately simulate naturally fractured unconventional reservoir model
accurately. Production behavior differences between homogeneous and naturally
fractured reservoirs are given in conclusions section of this chapter.

In order to couple reservoir flow with geomechanical effects, Apaydin (2012)
dual porosity model is employed. However, the original model proposed by Apaydin
(2012) and Cho (2012) cannot simulate constant bottom-hole pressure production
scenarios. In this study we improved their model by proposing a new technique to
simulate constant bottom hole pressure scenario, and coupled reservoir flow with
geomechanical considerations. We further verified our approach with the CMG
simulator. It must be noted that the analytical model takes geomechanical effects into
account only for natural fractures.

As stated previously, the analytical dual porosity model couples only natural
fracture geomechanics with reservoir flow. In order to couple both natural and hydraulic
fractures geomechanics with reservoir flow, the commercial reservoir simulator is used
(CMG, IMEX, 2012). The results obtained from this study are given in conclusions

section of this chapter. Throughout the simulation studies within this thesis,

161



geomechanical effects on unconventional reservoir production performances were seen to

decrease the cumulative production.

5.2 CONCLUSIONS

Conclusions driven by this study are stated in this section. In the following,

Chapters 3 and 4 conclusions are stated, respectively.

5.2.1

Homogeneous Unconventional Reservoir Models Conclusions

This section highlights the conclusions driven by homogeneous unconventional

reservoir models and the sensitivity analysis results.

Two analytical unconventional reservoir models are investigated in this study and
their responses verified against the commercial reservoir simulator (CMG, IMEX,
2012). It is concluded that both of these analytical models can accurately
simulates unconventional reservoirs production performance with minimum
computational efforts.

Sensitivity analysis is performed for 5, 10, and 30 years of production, and it is
concluded that each time period is sensitive to different reservoir and design
parameters.

Fracture height and reservoir porosity are two important parameters which control
production performance in each time period, because these two parameters
control the volume of original gas in place.

For 5 years of production fracture height, porosity, permeability, stage spacing,
fracture conductivity, fracture half-length, and bottom hole pressure are

important, respectively.
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For 10 years of production porosity, fracture height, permeability, stage spacing,
fracture half length, fracture conductivity, and bottom hole pressure are important,
respectively.

For 30 years of production, all of the design and reservoir parameters except
fracture height and porosity loss their impact on production, because reservoir is
already depleted.

It is concluded that operator companies must perform sensitivity studies on
completion design parameters and analytical models can accurately and relatively

simply simulates different scenarios.

5.2.2 Naturally Fractured Unconventional Reservoir Models Conclusions

This section summarizes the sensitivity analysis performed using the analytical

dual porosity model implemented in the trilinear reservoir model. Critical points from

this sensitivity analysis are highlighted as follows:

Modified analytical dual porosity model accurately predicts the hydraulically and
naturally fractured unconventional reservoir production performance with little
computational effort. Results obtained from the analytical model show a good
agreement with the commercial reservoir simulator for a synthetic reservoir case.
Existence of natural fractures significantly improves the production performance
of unconventional reservoirs compared with a homogeneous unconventional
reservoir models.

It is observed that the matrix permeability is not the key parameter that controls
the hydraulically and naturally fractured unconventional reservoir production

performance.
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It is also concluded that the natural fractures are the main conduits for
hydrocarbon flow from reservoir to the hydraulic fracture. Hence, natural fracture
properties such as permeability and thickness are the key parameters which are
controlling the production performance. Basically, the matrix can supply enough
gas flow to the natural fractures, but if the natural fractures are not able to
transmit the gas to the hydraulic fractures then production will be limited.

Another conclusion driven by this study show that increasing natural fracture

density in the pay zone improves the production performance.

5.2.3 Pressure Dependent Natural Fracture Permeability Conclusions

This section summarizes the sensitivity analysis performed using the modified

analytical dual porosity model coupled with the trilinear reservoir model for pressure

dependent natural fracture permeability. Conclusions reached from this sensitivity

analysis are expressed as follows:

Low initial natural fracture permeability (10 md) postpones the effect of pressure
dependent natural fracture permeability on production since the reservoir pressure
does not deplete fast enough to change natural fracture permeability.

If the initial natural fracture permeability is high (1000 md), the pressure
dependent natural fracture permeability effects become apparent after 1 year and
the cumulative production decreases around 6% less in 10 years.

It is observed that the matrix permeability is not the key parameter that controls
the effect of pressure dependent natural fracture permeability on production
performance.

It is also observed that the bottom hole pressure has a minor effect on the pressure

dependent natural fracture permeability effects.
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It is concluded that the pressure dependent natural fracture permeability causes
slightly less cumulative production for the soft shale compared to medium and

hard shale samples.

5.2.4 Coupled Reservoir Flow with Geomechanical Effects Conclusions

This section summarizes the results achieved by the coupled reservoir flow with

geomechanics using CMG (IMEX, 2012) commercial reservoir simulator. Important

outcomes from this study are highlighted as following:

For the rock samples used in this study, individual effect of pressure dependent
natural fracture conductivity on production performance is greater than the
individual effects of pressure dependent hydraulic fracture conductivity. This fact
can be explained by the conductivity graph given in Figure 4.32. Conductivity
losses of un-propped fractures with increasing closure stress are two log-cycles
greater than the propped fracture.

When the conductivity losses are coupled with the reservoir flow, reduction in
cumulative production performance is higher in pressure the dependent natural
fracture permeability case. In addition to this, the significant contribution of
natural fractures on production in unconventional reservoirs is validated with the
results which are a well-established concept in modeling of unconventional
TeServoirs.

One of the major motivations of this study was to examine both individual and
combined effects of pressure-dependent natural and hydraulic fracture
conductivity on production performances. It is concluded that the combined effect
of natural and hydraulic fracture conductivity losses is less than the sum of the

individual effects.
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For the scenarios considered in this thesis, it is observed that individual effects of
natural fracture conductivity loss on productions vary from 10% to 25%. On the
other hand, considering only hydraulic fracture conductivity losses cause 5% to
15% less production in 15 years. Combined effect of natural and hydraulic
fracture conductivity losses reduce the cumulative production 10% to 25% in 15
years.

A reasonable range of matrix permeabilities are evaluated in this study and it is
concluded that decreasing matrix permeability increases the severity of effects of
pressure dependent natural fracture conductivities on the cumulative production.
Since natural fractures are the main conduit for the reservoir flow, their
characteristics such as conductivity becomes significant for low matrix
permeability conditions. This explains that why the matrix permeability reduction
increases the severe effect of pressure dependent natural fracture conductivity.
Different values of initial natural fracture conductivity are also examined in this
work, and it is observed that having extremely low initial fracture conductivity
postpones the geomechanical effects on production. This study considered 15
years of production, and the reservoir pressure, for the lowest initial natural
fracture conductivity case, does not drop enough to cause any obvious
geomechanical effect in 15 years.

Three different initial hydraulic fracture conductivities are simulated considering
geomechanical effects. As a result of these simulations, it is observed that by
increasing the initial hydraulic fracturing conductivity, severe geomechanical
effect vanish. This was technically expected, because even though the same

pressure depletion occurs in the reservoir, the remaining hydraulic fracture
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conductivity would be larger in the higher initial hydraulic fracture conductivity
case.

For a fair comparison on the effect of hydraulic and natural fracture conductivity
losses on production, experiments must be conducted on the same rock specimens
for propped and un-propped conditions.

For the cases with geomechanics effects considered, there is still significant
amount of gas present in the reservoir with relatively high-pressure, but the
remaining gas cannot be produced due to fracture closures. In order to alleviate
this issue, a systematic re-fracturing operation can be performed to have high

conductivity flow channels again.

5.3 RECOMMENDATIONS

1

2)

3)

4)

Recommendations for future work are summarized as follows:

Improve analytic and semi-analytical models to capture non-linearity in the
diffusion equation caused by desorption, non-Darcy flow, and slippage effect.
Incorporate the field data from different shale plays such as Barnett, Marcellus,
and Albany shale etc. in analytical models to enhance the accuracy of the results
and to provide better understanding of the physics of the flow in unconventional
eservoirs.

Improve an analytical model in order to capture combined effect of natural and
hydraulic fracture closures on the production performances of unconventional
eservoirs.

Improve an analytical model to characterize the multi porosity and permeability
nature of the rock matrix and fracture natural fracture network of unconventional

shale reservoirs.
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S)

6)

7)

8)

Develop a model to incorporate geomechanical behavior of the reservoir during
hydraulic fracturing and post treatment production of unconventional reservoirs.
Identify the optimum re-fracturing time to overcome the production problems
caused by natural and hydraulic fracture closures. Economic considerations also
should be considered.

Conduct laboratory experiments to understand the conductivity changes of
different shale plays with changing stress conditions.

Quantify the effect of proppant quality on the conductivity loss of different shale

plays.
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Appendix: Average Reservoir Pressure Calculation

We present the numerical approach used to calculate average reservoir pressure of
the trilinear reservoir model. The reservoir is defined in two zones, inner zone and the
hydraulic fracture. Inner zone is modeled and the governing equations are solved in two
dimensions, x and y. The hydraulic fracture is extremely narrower than the main inner
zone, which is modeled in one dimension; x. Average reservoir pressure is calculated by
coupling the governing equations of both zones with a same boundary condition, equal
gas flux on the interface of two zones. Calculated average reservoir pressure incorporated
with the pressure dependent natural fracture permeability dual porosity model described
in Section 4.1.2. Figure A.1 depicts the reservoir model. Numerical discretization for the

inner zone (Zone 1) and the hydraulic fracture (Zone 2) are given respectively.

Inner
Resevoir

H. Fracture ro

Figure A.1 Reservoir model considered in the average reservoir pressure calculation
(Modified after Brown, 2009)

The Inner Reservoir Discretization
Governing flow equation for the inner reservoir (Zone 1) given by Egn. A.1, and
numerical discretization for that equation presented below.

?my , omy _ 19my
reah e (Egn. A.1)
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N; At Ax? Ay?

\ (Egn. A.2)

Let us define;

Ax = Ay = h, (Egn. A.3)
and,
a =1L (Eqn. A.4)
Therefore:

mit = (1 - 4)mf; + amyf, + ml o+ ml L+ mf ] (Egn AB)

The stability criterion for this numerical approach is given by Eqn. A.6 by following
Kreyszig (2010).
(1-4a)>0, (Egn. A.6)
h2

1
a < Z 2> At < 4‘_I]1 (Eqn A?)

The boundary conditions for the inner reservoir (Zone 1) are given below:

y=0,j=1966—7;:’=09m1§j= mik s (Eqn. A.8)
Y = Yexterma, j = 1 > myf = myl, (Ean. A.9)
x=0>2=0>mk,  =mk, . (Eqn. A.10)
X = Xexemal > o =0>m = mk, (Egn. A.11)
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The Hydraulic Fracture Discretization
Governing flow equation for the hydraulic fracture flow is given by Eqn A.12,

and numerical discretization for that equation is presented as follows:

62 my 2 am] _ 1 6mp
= o el (Egn. A.12)
imlécﬂ—mli'( _ imlﬁj_zm’{fj—l + MAfyy ~2 MEft mA (Egn. A.13)
Nr At CFp Ay Ax? s
Therefore:
KL = g k(1 — 2 K K 2 MM (g, A4
my it =my (1= 2a5) + aplmyf,, + myf_ + —— = (Eqn. Ald)

The stability criterion for this numerical approach is given by Eqn. A.15 by following
Kreyszig (2010).

(1-2a,) >0 (Eqn. A.15)

1 h?
a <3 2> At< — (Egn. A.16)

4Nr

The boundary conditions for the hydraulic fracture (Zone 2) are as the following:

amH

X = Xexternal 9 7 = O 9 m[j-(_l = mlj-(+1 (Eqn. A.l?)
. a —
x=0;i=1> % = é = €, > my¥, = my*  +2AxC, (Eqgn. A.18)
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