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ABSTRACT

On micro to mesoscale homogenization of electrical properties

for damaged laminated composites

(and their potential applications in electrical tomography)

Lakshmi Selvakumaran

Efficient and optimal use of composites in structures requires tools to monitor

and capture the complex degradation that can occur within the laminates over time.

Structural health monitoring (SHM) techniques uses sensors/actuators on the struc-

ture to progressively monitor the health of the structure with minimal manual in-

tervention. Electrical tomography (ET) is a SHM technique that uses voltage mea-

surements from the surface of the laminate to reconstruct a conductivity map of the

structure. Since damage has been shown to modify the conductivity of the laminate,

the conductivity map can provide an indirect measure of the damage within the ma-

terial. Studies have shown the capability of ET to identify macroscale damage due

to impact. But, little has been done to quantitatively assess damage using ET.

In this work, we present a theoretical framework to link degradation mechanisms

occuring at the microscale to the conductivity at the mesoscale through damage in-

dicators. The mesoscale damage indicators are then shown to be intrinsic to the ply.

Next, we use the knowledge obtained through mesoscale homogenization to study the

detectability of transverse cracks. Last, we show how the mesoscale homogenization

participates in regularization of the inverse problem and in the quantitative assess-
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ment of the reconstructed conductivity map. This is as such the first step towards

turning ET into a viable quantitative health monitoring technique.
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Chapter 1

Introduction

Laminated composites possess superior mechanical properties, such as high strength-

to-weight ratio, corrosion resistance, and better fatigue properties in comparison to

metals, which make them ideal candidates for long-term structural applications [7].

In spite of their proven advantages, the behavior of composites is complex when com-

pared to classical metallic materials, due to the wide range of possible degradation

mechanisms. The possible degradation mechanisms can be broadly classified as: in-

tralaminar degradation, which includes fiber breakage [8, 9], diffuse damage [10, 11],

transverse cracking [12, 13, 14], and local delamination [15, 16, 17, 18, 19], and in-

terlaminar degradation which mainly includes delamination. Furthermore, significant

damage can occur in such materials without being visible over the surface, which in

turn makes real-time monitoring crucial. Being able to track and monitor the initia-

tion and evolution of degradation in composites is key to the successful usage of such

complex materials with high level of confidence.

Techniques to evaluate the degradation state without damaging the material is

termed as non-destructive testing (NDT). Some of the commonly used NDT tech-

niques are ultrasonics, thermography, X-ray tomography, etc. Traditional NDT tech-

niques can only be used offline and often requires dismantling of the part to be tested.
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It also involves bulky and expensive equipment and skilled labor to carry out the in-

spection process. This poses serious limitations in identifying damage in composites.

With the advances of sensor technology, some of the NDT methods have been adapted

as structural health monitoring (SHM) techniques. SHM techniques can possibly be

used in-situ to obtain information about the presence of degradation [20] without

having to dismantle the structure. However, using the SHM techniques to catego-

rize and quantitatively assess damage in composites is still a challenge. Thus, NDT

techniques are suitable for refined inspection of parts that have been clearly identi-

fied as damaged while SHM techniques, which are comparatively fast, efficient, and

cost-effective, can be used for detecting the initiation and location of such damage

within the system during operation [20].

SHM techniques that are currently available include optical fibers [21], acoustic

emission [22], ultrasonics [23], modal analysis [24], lamb waves [24, 25, 26], strain

memory alloy method [24], and eddy current techniques [27]. Most of these techniques

require sensors/actuators that are sometimes expensive, offer poor resolution and

often require the system to be non-operational.

Electrical tomography (ET) is a SHM technique that has the potential to be used

in real-time and in-situ. Depending on the current source, ET can be classified as

ERT (Electrical Resistance Tomography) or EIT (Electrical Impedance Tomography).

ERT which uses DC currents, or EIT which uses AC currents, aims at reconstructing

the conductivity field within the inspected part based on a set of electrical measure-

ments on the surface. It can be used to identify damage in materials since damage

can alter the conductivity of the material. It does not require expensive sensors/ac-

tuators and can be non-invasive. Since the reinforcements of the laminate are part of

the sensing network, the laminate can be tailored to become sensitive to the differ-

ent modes of damage. However, ET is not straightforward for composites due to 1)
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complex damage mechanisms, and 2) electrical orthotropy. The electrical orthotropy

demands the development of sophisticated measurement/reconstruction techniques

and the complex damage mechanisms make the interpretation of the acquired con-

ductivity difficult. The full potential of ET for composites has not been achieved

yet.

Identifying damage in composites via ET can be viewed as a two-step process,

involving two inverse problems. The first one is a global inverse problem where the

conductivity map of the material is recovered from the finite number of voltage mea-

surements obtained on the surface. The measurements themselves are obtained by

applying current through pairs of electrodes and measuring the potential difference

between all other subsequent pairs of electrodes. This inverse problem always con-

stitutes an ill-posed problem due to the limited amount of information provided by

the data over the boundary to describe the complex continuous field of the material

in the bulk [28, 29]. The second one is a local inverse problem that involves using

the conductivity map obtained from the reconstruction process to locally correlate

the conductivity values to the various damage mechanisms in the composite. The

solution of this inverse problem is also non-unique as the obtained conductivity can

be interpreted in multiple ways in terms of the different underlying possible damage

mechanisms.

Studies using ET for composites so far focus on obtaining the conductivity map

and correlating to the presence or absence of large scale damage. However identifi-

cation of small scale damage such as transverse cracks is crucial but missing. This is

important because in fiber reinforced laminates, system failure often initiates through

transverse cracks. To make ET sophisticated enough to track such small scale damage,

we need systemic models that can bridge the microscale damage to the conductivity

at a larger scale. Until such link is established, ET cannot be used as a reliable health
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monitoring technique.

The current work focuses on developing the bridge between the conductivity of

the ply and the various microscale damage mechanisms through mesoscale homoge-

nization. This model provides a clear relationship between how mechanisms such as

transverse cracking and local delamination affects the conductivity at the ply level.

In addition, it also participates in the regularization of the inverse problem and in

the interpretation of the reconstructed conductivity.

The influence of different geometrical and material parameters of the laminate on

the sensitivity of measurements towards transverse cracking is discussed. Finally, a

preliminary demonstration of the mesoscale homogenization guided electrical tomog-

raphy on two commonly used laminate configurations is shown.

The thesis is organized as follows: a comprehensive literature review is presented

in the following chapter. In the end of Chapter 2, the problem statement and the

objectives are outlined. In Chapter 3, the core of the work, which is the mesoscale

homogenization, is presented. The equivalent mesoscale model for the microscale

degradation is developed and is proved numerically to be valid for any laminate con-

figuration. Special focus is then given towards identifying transverse cracks using ET.

In Chapter 4, the results from mesoscale homogenization is used to study the effect

of the various geometrical and material parameters of the laminate on detectability

of transverse cracks. Chapter 5 presents simple numerical experiments to show the

capability of the mesoscale model in identifying the level of transverse cracks in the

laminate. Last, we outline the impact of the work and present recommendations for

future work.
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Chapter 2

Background, state-of-the art and

objectives

2.1 Damage in composites

Damage in composites is a complex phenomenon involving a number of different

mechanisms happening simultaneously and interacting with each other. Extensive

experimental campaigns have been carried out to figure out the details regarding

initiation, propagation and interactions of these mechanisms. A simple schematic of

the various mechanisms is shown in Fig. 2.1.

Fiber breaking Fibers are the main load carrying component in the composite due

to their high strength and stiffness [8]. Individual fibers are non homogenous in gen-

eral and exhibit varying strength along the length [9]. Fiber breaking mainly occurs

when the tensile load in the fiber direction exceeds a critical value. Fiber breaking is

usually brittle in nature as the fiber is a brittle material. Fiber kinking/buckling oc-

curs when the ply is loaded in compression. Fiber damage results in the degradation

of the fiber/matrix interface thereby damaging the matrix and the interface as well.
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Figure 2.1: A schematic of various damage mechanisms in laminate

Diffuse ply damage Generally, damage starts within the composite as microcracks

within the matrix and as fiber/matrix debonding [10, 11]. Fiber/matrix debonding

occurs mainly due to the stress concentrations at the interface. The fiber/matrix in-

terface is characterized to have the lowest strength when compared to the individual

constituents. Thus even the matrix microcracks extend towards the interface and

extend along the fiber direction. Debonding primarily starts at the free edge with in-

crease in the debonding angle with increasing stress. Then the debonding propagates

along the fiber direction after a critical debonding angle is reached. The microcracks

and fiber/matrix debonding are together commonly referred to as diffuse ply damage.

Transverse cracks With increasing stress, the debonds and the microcracks coa-

lesce together and extend through the thickness of the ply in the direction transverse

to the loading to form the transverse cracks [30]. The formation of transverse cracks

increases with increasing thickness, with stable microcracks for thinner plies. The
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transverse cracks are quantified through the crack density which is the number of

cracks per unit length. Transverse cracks are the primary transverse stiffness re-

ducing damage mechanism in the ply [31] and acts as the initiation point for local

delamination. Hence monitoring transverse cracks is crucial.

Delamination Local delamination starts at the edges of the crack tips of transverse

cracks and runs along the interface between the plies, once the transverse crack density

has reached a critical value[15, 16, 17]. Edge delamination initiates at the free edges

because of the out-of-plane stresses. Edge delamination and the local delamination

may coalesce together to result in macroscopic delamination.

2.2 NDT and SHM for composites

Most of these damage mechanisms discussed above can occur without being visible

on the surface. Fig. 2.2 shows an example of how a low energy impact typically

results in “barely visible impact damage”. These different damage mechanisms al-

though not visible on the surface can compromise the integrity of the structure in

regular use. Hence, monitoring the health of the laminate regularly is crucial for

successful usage of composites. A range of NDT techniques are currently available

to evaluate the health of composites. A list of the standard NDT techniques with

their capabilities are summarized in Fig. 2.3. In Fig. 2.3, “+” or yellow corresponds

to “positive performance”, “0” or green corresponds to “with limitations” and “-” or

grey “prohibitive”. These techniques require expensive and bulky equipment, skilled

labor, and the structure to be non-operational. From Fig. 2.3, we see that apart from

Thermography, the field of view is very limited for the other techniques, requiring

large structural scanning times. These limitations prohibit frequent inspection cycles
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especially when the structure is inaccessible (for eg: underground pipes). With the

advent of sensors and actuators, much of the NDT techniques have been translated to

SHM techniques where the sensors/actuators are embedded over the composite and

various parameters are monitored over time. This addressed the major drawbacks for

NDT as SHM made in-situ and offline monitoring possible.

SHM techniques can be broadly classified as active and passive techniques. Active

techniques use actuators to send in excitation signals which are then picked up by

sensors. The change in the reponse from the excitation signal is then used to identify

damage/strain. This includes techniques like ultrasonics, optical fibers, etc. Passive

techniques uses sensors to pick-up signals from the material which can then be in-

terpreted for damage. Acoustic emission is a passive SHM technique. The primary

difference between active and passive SHM is that active SHM can capture existing

damage while passive SHM cannot. Some of the major SHM techniques are listed in

table. 2.1 along with their advantages and limitations.

Figure 2.2: Damage observed with different levels of impact load (source:
www.flightlearnings.com)

Most of the SHM techniques are limited in the scope of their application because:

(i) the resolution is poor, (ii) all damage types cannot be identified, (iii) characteri-

zation is difficult, and/or (iv) requires that the system be non-operational. Electrical

tomography which has been predominantly used for medical imaging [32] and geophys-

ical imaging [33, 34] is also used for structural health monitoring. In ET, electrodes

are placed over the surface of the structure and current is passed between pairs of
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Figure 2.3: NDT techniques and their capabilities [1]

electrodes and voltage is measured from the other/remaining pairs of electrodes. The

voltage measurements are used to reconstruct the change in the conductivity of the

material over time by solving the inverse problem. The conductivity map obtained

from the tomography can be used to detect degradation in a structure, provided a

clear relation is established between the mechanisms of degradation and the way they

affect the conductivity. ET can also be used in real-time and in-situ which is an

advantage over most SHM techniques. In the following section, we will review the

mathematical nature of ET, followed by the electrical behavior of composite laminates

and the state of the art in damage identification in composites by ET.

2.3 Electrical Tomography: theory and mathemat-

ical formulation

Electrical Tomography (ET) is the process of reconstructing the conductivity map

within the domain of interest from the voltage measurements obtained over the surface

of the domain. This involves current injection through pairs of electrodes and voltage

measurements between the remaining pairs of electrodes. This problem is the inverse

of the quasi-static conduction problem which solves for the voltage measurements

at the electrodes for a given conductivity map and can be modeled using a set of
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PDEs that mimics the experimental set-up. In ET terminology, this model is referred

to as Complete Electrode Model (CEM). We begin with discussing the quasi-static

conduction problem and then move on to discuss solving the ET problem with various

inverse algorithms.

2.3.1 Quasi-static conduction problem

Let Ω be a domain with electrodes el = 1, 2, ..., nel on the surface δΩ. Let Σ denote the

electrical conductivity of the bulk material Ω and zel denote the contact impedance

between the electrode el and δΩ. The schematic of the system is described in Fig. 2.4.

In electrical tomography, current is applied between pairs of electrodes and voltage is

then measured between the other pairs of electrodes. Let Iel be the current applied

between the electrodes used for current injection, Sel, and {v}1 = {v1, ..., vnel−2} be

the set of voltage measurements obtained from remaining pairs of electrodes. We

denote the electric potential, electric potential at the electrodes, electric field and

current density at any point, x, within the domain Ω as (u, v, E, J) respectively. We

solve the quasi-static conduction problem given as: to find (u, v) such that,

x

el

V

Figure 2.4: Schematic of electrical tomography
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• Kinematic admissibility

E = −∇u ∀x ∈ Ω (2.1)

• Static admissibility

∇ · J = 0 ∀x ∈ Ω (2.2)∫
el

J · ndSel = Iel on Sel , el = Inj. elec. 1 (2.3)∫
el

J · ndSel = −Iel on Sel , el = Inj. elec. 2 (2.4)

J · n = 0 on δΩ\ ∪ el (2.5)

• Constitutive equation

J = −Σ⊗ E ∀x ∈ Ω (2.6)

vel − u = zel(J · n) on el, l = 1, ..., nel − 2 (2.7)

• Conservation equations

nel∑
el=1

Iel = 0 (2.8)

nel∑
el=1

vel = 0 (2.9)

Let t denote the total number of injection patterns considered. Then V = {{v}1, ..., {v}t}

denotes the complete set of voltage difference measurements and is a vector of size

M where M denotes the number of measurements. Given that the applied current

remains constant, the electric potential measured at the electrodes depends only on

the conductivity of the material. Thereby, when damage modifies the conductivity,
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the magnitude of change in the electric potential depends only on the magnitude of

the change in components of the conductivity tensor Σ. This can be used to identify

the damage.

2.3.2 The inverse problem

In a typical reconstruction problem, the conductivity to be reconstructed is the dis-

cretized conductivity which is mostly taken to be constant per element of the finite

element mesh. In the following discussion, Σ denotes the discretized conductivity

and is taken to be isotropic for simplicity. If Vmeas ∈ RM×1 denotes the set of voltage

measurements obtained from the experiments and Vcalc ∈ RM×1 denotes the mea-

surements obtained from solving the quasi-static problem defined above, then the

discretized conductivity map Σ ∈ RN×1, that best fits the experimental measure-

ments can be obtained by minimizing the gap between Vmeas and Vcalc with least

squares method. M denotes the number of measurements and N denotes the number

of parameters to be reconstructed. The number of parameters denotes the number

of discrete conductivity values that are reconstructed. The objective function to be

minimized can be given as:

Σ = ‖Vmeas − Vcalc(Σ)‖2
2 (2.10)

The minimum to this function can be obtained by finding the gradient and equat-

ing it to zero.

V ′Tcalc(Σ)(Vmeas − Vcalc(Σ)) = 0 (2.11)
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Linear Case If Vcalc(Σ) is linear with respect to Σ, then the gradient V ′calc(Σ) can

be given by

V ′calc(Σ) = J =
∂V

∂Σ

The gradient J ∈ RM×N is the Jacobian matrix or sensitivity matrix of the system.

The Jacobian or the sensitivity matrix defines the forward mapping and is calcu-

lated as the change in the measurements for small perturbation of every conductivity

parameter [28]. Then the solution (2.11) becomes

JT (Vmeas − JΣ) = 0 (2.12)

JTVmeas − JTJΣ = 0 (2.13)

Σ = (JTJ)−1JTVmeas (2.14)

where (JTJ)−1JT is known as the pseudoinverse or Moore-Penrose inverse of J .

Non-linear Case If Vcalc(Σ) is non-linear with respect to Σ, then V ′calc(Σ) can be

approximated by linearizing Vcalc(Σ) around a initial Σ0 that is close to Σ. Using

Taylor’s series, Vcalc(Σ) can be expanded as

Vcalc(Σ) = Vcalc(Σ0) + V ′calc(Σ0)(Σ− Σ0) +O(‖Σ− Σ0‖2) (2.15)

Neglecting the higher-order terms O(‖Σ − Σ0‖2) and taking V ′calc(Σ0) as J we

introduce (2.15) in (2.11),

JT (Σ0)(Vmeas − Vcalc(Σ0))− JT (Σ0)J(Σ0)(Σ− Σ0) = 0 (2.16)
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Σ = Σ0 + (JT (Σ0)J(Σ0))−1JT (Σ0)(Vmeas − Vcalc(Σ0)) (2.17)

Here J(Σ0) denotes the Jacobian matrix calculated at Σ0. This is known as the

Gauss-Newton method and can be solved directly or iteratively until the desired

tolerance is reached. It is the most widely used algorithm in solving the inverse

problem.

Ill-posedness of the inverse problem The Jacobian matrix is usually severely

rank-deficient as the number of independent measurements is typically far lesser than

the number of parameters to be reconstructed. This makes the inverse problem ill-

posed. The ill-posedness can be quantified by calculating the condition number and

by analyzing the singular values of the Jacobian matrix. Polydorides and Borsic

[28, 29] analyzed the Jacobian obtained from a model that was close to a typical ET

problem in medical field and showed that the condition number was of the order of 15.

The smallest singular values were in the order of 10−17. Such ill-conditioned problems

need regularization to obtain reliable results in the presence of noise. Regularization

introduces prior information about the problem into the solution and stablizes the

inversion. There are different methods to regularize the problem. Prominent methods

are Tikhonov regularization, Constrained least squares, Truncated SVD, Bayesian

inference techniques such as Maximum a posteriori (MAP), MCMC methods, and

reduced order models. For special cases, the Bayesian methods can be shown to

reduce down to deterministic methods such as Tikhonov regularization/ least squares.

The different methods used for solving the ET problem are discussed briefly below.

For a detailed mathematical analysis of the different methods listed below, the reader

is referred to [28, 35, 36]. We will consider the linear version of equation (2.11) in the

derivations. The methods discussed below can be extended to the non-linear case.
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Truncated singular value decomposition The inverse of J can be calculated

using the singular value decomposition (SVD) method where the Jacobian is decom-

posed as J = UST T (U and T are orthogonal matrices and S is a diagonal matrix

containing the singular values of J). The solution to the least squares problem is now

written as

Σ = TS−1UTVmeas =
M∑
i=1

UT
.,iVmeas

λi
T.,i (2.18)

where TS−1UT is the pseudo inverse of J. To eliminate noise in the solution and

to improve the condition number of the matrix, smaller singular values which are the

source of the noise are truncated. The solution is given as

Σ =
M∑
i=1

fi
UT
.,iVmeas

λi
T.,i (2.19)

fi are known as the filter factors. If k is the level of truncation of the high

frequency terms, then

fi =

 1 i ≤ k

0 i > k

However, TSVD results in lower resolution [37].

Tikhonov regularization Here the solution of the problem is regularized by adding

additional constraints on the solution. Thus the solution is driven towards this con-

straint. The Tikhonov regularized problem is obtained by modifying the objective

function of the minimization problem given by (2.11).

‖Vmeas − JΣ‖2
2 + α‖Σ‖2

2 (2.20)
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where α is the regularization parameter and ‖Σ‖2
2 is the regularization function.

This is also known as the 0-order Tikhonov method. The solution is given as

Σ = (JTJ + αI)−1JTVmeas

Here (JTJ + αI) is invertible and gives a unique solution. Also, the solution

is stable as it filters out the smaller singular values in the data. The Tikhonov

regularization is equivalent to the Truncated SVD as the solution of the Tikhonov

regularized problem can be represented as

Σ =

p∑
i=1

λ2
i

λ2
i + α

UT
.,iVmeas

λi
T.,i

where
λ2
i

λ2
i + α

is comparable to filter factor,fi (λi � α, fi ≈ 1 and λi � α, fi ≈ 0).

The choice of the regularization parameter determines the accuracy of the solution

we obtain. Larger regularization parameter tends to force the solution towards the

regularization function and results in lesser fit to the data. On the other hand, very

low value of the regularization parameter results in more fit to the data but lesser

emphasis on the regularization function. The optimal value of the regularization pa-

rameter is usually identified using the L-curve which is the log of the norm of the

solution vs the log of the norm of the residual. There are other methods like General-

ized cross-validation, Noise figure method, etc. to arrive at the optimal value as well

but L-curve is the most commonly used method. Optimal value of the regularization

parameter is the one that minimizes both the norms. It is the value of α at the elbow

of the L-curve.

Higher-order Tikhonov regularization uses the L2-norm of the first, second or
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higher derivatives of the solution as the regularization function

argmin‖Vmeas − JΣ‖2
2 + α‖LΣ‖2

2

where L denotes the differentiation operator on the solution.

M. Goharian et al., K. Wu et al., M. Vauhkonen et al., Q. Wang et al., and

A. Baltopoulos et al. [38, 37, 39, 40, 5, 41, 42] discuss the implementation of this

algorithm with different regularization matrices. This is the most common method

used for regularization. L2 norm regularization results in the loss of resolution as it is

mainly a smoothness prior. Regularization based on L1 norm are better to reconstruct

sharp discontinuities and are discussed in detail in [40, 43].

Total variation regularization The main disadvantage of the Tikhonov regular-

ization technique is that the discontinuity in the solution is smoothed out by the

regularization function. One way to retain the discontinuity across the solution is to

use the total variation technique [37]. The problem is then written as

argmin‖Vmeas − JΣ‖2
2 + α

∫
Ω

|OΣ|dΩ

where
∫

Ω
|OΣ|dΩ is the total variation of Σ.

Probabilistic approach

In the probabilistic approach the unknown variables are treated as random variables

and the prior information can be naturally incorporated into the model [44, 45]. The

output is essentially a probability distribution for the unknown(model) variables (Σ).

This is obtained through Bayes’ theorem which states that the joint probability is



32

given by

π(Σ, Vmeas) = π(Σ)π(Vmeas|Σ) = π(Vmeas)π(Σ|Vmeas)

The posterior probability is obtained as

π(Σ|Vmeas) =
π(Σ)π(Vmeas|Σ)

π(Vmeas)

Here, π(Vmeas|Σ) is the conditional probability of Vmeas given the model Σ, also known

as the likelihood density, π(Σ) is the prior density and π(Vmeas) is the norming con-

stant which is usually ignored.

The output of the Bayesian approach is a probability distribution and not a single

estimate. Various approaches namely the maximum likelihood estimate, the maxi-

mum a posteriori estimate, or conditional expectation method can be used to obtain

single estimates.

Maximum A Posteriori Estimate The maximum a posteriori method estimates

the model with the highest posterior density probability

ΣMAP = argmaxΣπ(Σ|Vmeas) (2.21)

Here, the method tries to identify the best model that minimizes the error between

the data and the prior information thus leading to an optimization problem such as

the regularized least squares. The variance of the data determines how much the

posterior density depends on the prior information, i.e. a large variance on the prior

information move the solution towards the data provided. Likewise, a large variance

on the input data and a lower variance on the prior makes the solution move towards

the prior information given.
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This method has the advantage of being able to include statistical information

about the data and the measurements [46]. The reader is referred to [47] for the def-

initions and derivations of the objective function. The objective function is obtained

by maximizing the posterior probability. Considering that the probability density is

Gaussian, the objective function reduces to

‖Vmeas − JΣ‖2
R−1

n
+ ‖Σ− Σ∞‖2

R−1
Σ

(2.22)

Σ = arg min[(Vmeas − JΣ)TR−1
n (Vmeas − JΣ) + (Σ− Σ∞)TR−1

Σ (Σ− Σ∞)] (2.23)

which yields the estimate

Σ = (JTR−1
n J +R−1

Σ )−1(JTR−1
n Vmeas +R−1

Σ Σ∞) (2.24)

where RΣ,Σ∞ denote the statistical properties of the prior such as its covariance

and mean. Similarly Rn denotes the covariance of the noise from the measurements.

Maximum Likelihood Estimate The maximum likelihood estimate takes the

model that maximizes the likelihood of the data. This typically tries to minimize the

error between the data and the estimate thus leading to a least squares optimization

problem.

ΣML = argmaxΣπ(Vmeas|Σ) (2.25)

Σ = arg min[(Vmeas − JΣ)TR−1
n (Vmeas − JΣ)] (2.26)
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Since the method does not account for the noise, the results are sensitive to noise

in the measurements.

Conditional Expectation Conditional expectation is another estimate where the

mean error between the posterior data and the estimated value is minimized and the

following integral is evaluated:

Σ|Vmeas =

∫
Σπ(Σ|Vmeas)dΣ

The calculation of this integral is done using Monte Carlo method. The inte-

gration is done by approximating the integral by a ergodic average from systematic

samples that are drawn from the posterior distribution using a Markov chain method.

Metropolis-Hastings and the Gibbs sampler method are some of the algorithms that

randomly moves through the distribution to generate the sample ensemble.

Reduced order model based on POD All studies that use the methods de-

scribed above for regularization assume piecewise constant conductivity over the fi-

nite element mesh. Thus the conductivity is represented over the basis of the finite

element mesh itself. The work by [48] explores the possibility of using a reduced-order

model where the space of the conductivity and the voltage distribution are projected

on a basis constructed by proper orthogonal decomposition (POD) method. These

bases are constructed from the eigenvectors of the covariance matrices of the data

sets. Highly correlated data can be represented by low number of POD modes, which

drastically reduces the number of parameters to be calculated, thereby regularizing

the problem and reducing the computational time.



35

2.4 Conductivity in composites

Composite laminates exhibit orthotropic electrical behavior i.e., the electrical con-

ductivity is orthotropic [49, 50, 51]. The conductivity tensor Σ◦ of a composite ply,

before the development of any damage, is assumed to have the form [52]:

Σ◦ =


Σ◦1 0 0

0 Σ◦2 0

0 0 Σ◦3


(e1,e2,e3)

, (2.27)

where (e1, e2, e3) denotes the local coordinate system with respect to the ply, e1 de-

notes the fiber direction, e2 and e3 represent the transverse and through-thickness

directions, respectively.

We define “anisotropy ratio” λ, which is the ratio of the conductivity in the fiber

direction to the conductivity in the transverse direction, i.e.

λ =
Σ1

Σ2

(2.28)

We also define “through-thickness anisotropy ratio” λt, which is the ratio of the

conductivity in the transverse direction to the conductivity in the through-thickness

direction, i.e.

λt =
Σ2

Σ3

(2.29)

Composite laminates predominantly used in structural applications are carbon

fiber reinforced plastic (CFRP), glass fiber reinforced plastic (GFRP), nanoparticle

doped CFRP and nanoparticle doped GFRP. Table 2.2 shows the conductivity of the

primary constituents used in making these composite laminates. Typical epoxy and
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Material Nanomaterial (wt %) Conductivity (S/m) References

Pure epoxy - 10−13 − 10−10 [53, 54]
Carbon fiber - 5.8× 104 − 1.1× 105 [56, 57]
Glass fiber - 2.5× 10−13 − 10−8 [55]

Nano-doped epoxy resin MWCNT (up to 1%) 10−9 − 1 [59, 60]
CB (up to 1%) 10−10 − 0.1 [58]

Table 2.2: Typical electrical conductivity values for primary constituents

glass fiber are insulators with conductivity in the range of 10−13− 10−10 S/m [53, 54]

and 2.5×10−13−10−8 S/m [55] respectively while the carbon fiber is a conductor with

conductivity ranging between 5.8× 104− 1.1× 105 S/m [56, 57]. Also, by doping the

epoxy with nano particles such as carbon black (CB) or multi walled carbon nanotubes

(MWCNT), the conductivity of the epoxy can be drastically improved to the range

of 0.1-1 S/m [58] provided percolation is reached. Therefore, the electrical behavior

of the laminate highly depends on the constituents of the composite laminate.
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Figure 2.5: Variation of λ in typical composite laminates

For a typical CFRP, the conductivity in the longitudinal direction is mainly due

to the conductivity along the fibers. The conductivity along the fiber direction can

be well estimated based on the volume fraction and the properties of the individual
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constituents using the law of mixtures [49, 51]. Although an ideal ply would not

conduct in the other two directions, conduction is observed along the transverse and

through-thickness directions as well, due to contacts between fibers. However, the

presence of matrix-rich interlamina makes the ply more conductive along the in-plane

transverse direction than in the thickness direction. Thus, the electrical conductivity

of the laminate can be characterized as follows: the electrical conductivity is much

higher in the longitudinal direction than along the transverse direction, which in

turn is higher than in the through-thickness direction. In other words, λ is large for a

CFRP. Since carbon fiber is the only conducting material, the electrical measurements

are highly sensitive to fiber breakage in comparison to the other forms of damage.

When the matrix is nano-doped, the conductivity in the transverse is improved,

thereby decreasing λ and λt.

GFRP is not suitable for monitoring using ET since both the glass fibers and

the matrix are insulators. However, nano-doped GFRP can be monitored using ET

due to the presence of a conducting phase. It is to be noted that in the literature

nano-doped GFRPs have the lowest λ. The following section summarizes the major

studies using electrical measurements to sense damage and strain in composites.

2.5 Strain and damage sensing using electrical mea-

surements

Studies that use electrical measurements to characterize damage and strain in the

laminates can be broadly classified into three categories depending on the number of

electrodes used and the method of damage interpretation. They are:

(1) Global behavior studies,
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(2) Resistance/potential mapping studies,

(3) Electrical tomography studies.

We will review each of these studies in detail.

2.5.1 Global behavior studies

In these studies, two or four electrodes are used on beam type specimens to obtain

a single resistance measurement between the two measurement electrodes. The elec-

trical response of the laminate is characterized by simply monitoring the electrical

resistance change of the specimen during loading. Measurements are usually made

along the longitudinal, transverse or through-thickness directions. Depending on the

direction of the measurements, the observed behavior changes due to the change in

the conduction path. The observed global resistance change is then correlated to

the different conductivity changing mechanisms such as strain and damage. It pro-

vides limited information about the nature, size or the location of damage. Also,

the obtained resistance change response is specific to the loading and the laminate

configuration used and thus the behavior cannot be generalized. However, significant

insights can be obtained from these studies. Some of them are highlighted below:

Piezoresistance

Under small strain, a reversible change in the resistance of the laminate is observed.

This is known as piezoresistance. Piezoresistance depends on various factors namely

the changes in the dimension and change in resistivity of the material. The change in

resistivity is affected by degree of contact between the fibers, degree of fiber alignment

and the direction of resistance measurement. Along each measurement direction, the

mechanism of piezoresistance changes and they have been characterized experimen-

tally in [64, 65, 66].



40

• Longitudinal Piezoresistance Longitudinal resistance is mainly affected by

the dimensional change [64, 65, 66]. The little contribution from the resistivity

change is mainly due to the change in the fiber alignment. This causes a re-

sistivity decrease in tension due to straightening of the fibers along the current

direction.

• Transverse Piezoresistance The main cause for the resistivity change along

the transverse direction is the change in the fiber network. This is caused by two

competing effects: fiber undulation and fiber-fiber contact changes [64]. During

compression in the transverse direction, the fiber is elongated in the fiber direc-

tion which straightens the fibers thereby reducing the fiber-fiber contact. But

at the same time, the compression brings the fibers closer, thereby increasing

the area and the number of contacts between the fibers.

• Through-thickness Piezoresistance In the through-thickness direction, the

contact resistivity changes at the interface decreased between the plies when

compressed [65]. At the same time, the resistivity can increase due to the fiber

undulation or decrease due to the compression effect.

Piezoresistive response in the composite is found to be highly dependent on the

microstructure of the laminate. J. Xiao et al., [67] developed a laminate theory to

model the piezoresistance at the mesoscale. Todoroki et al., [64] have extended the

laminate theory to include the effect of the multiaxial loading on the piezoresistance

changes. They combined the effect of resistance change due to strain in the direc-

tion and resistance change due to Poisson effect to describe the piezoresistance for

each direction. Both Xiao’s and Todoroki’s models cannot capture the effects of

the microstructure on the piezoresistive response unless a micromechanics based ho-

mogenization is priorly done. Their models require ply level piezoresistive coefficient
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matrix which are usually characterized experimentally. But these results, as pointed

out by Todoroki, are strongly influenced by the nature and position of the electrodes

and the microstructure and hence cannot be generalized.

The piezoresistive behavior described above is limited to CFRP. In nano-doped

CFRP and GFRP, along with the above mentioned mechanisms, the change in the

percolation network of the nanoparticles also contribute to the piezoresistance in the

different directions.

Damage

Damage causes irreversible changes to the electrical resistance and this can be used

to detect damage in composites. Different studies have tried to characterize the

resistance changes with respect to the different damage mechanisms in the composite

[68, 69, 70, 71, 72].

• Fiber breakage

Fiber breakage in a ply reduces the number of current carrying fibers thereby

causing a significant, step-wise increase in the resistance along the longitudinal

direction [73, 74]. But this increase in resistance is not directly proportional to

the number of broken fibers as the broken fibers still conduct in the transverse

direction through the contact network. The electrical response due to fiber

breakage was first modeled by J. B. Park et al.,[75] using the concept of elec-

trical ineffective length. This electrical ineffective length is an internal tunable

parameter and it signifies the length over which the fiber cannot function as

an electrically conductive path when broken [75]. An empirical relation is then

derived for the longitudinal resistance change based on the material parame-

ters, ineffective length and model parameters that are fit to the experimental
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data. Z.H.Xia [76] then related the transverse resistance change to the longitu-

dinal resistance change and the characteristic ineffective length and derived an

analytical expression for the transverse resistance changes to damage.

• Transverse cracks

Transverse cracks disrupt the complex three dimensional fiber network and in-

duces an increase in the transverse electrical resistance. This results in increase

in resistance[74] which reflects the reduction in the fiber-fiber contact. Studies

by Todoroki et al. [77, 78, 79] monitored the effect of isolated matrix cracks in

cross-ply laminates on the global electrical resistance changes. Todoroki then

attempted to link the transverse cracking density to the observed resistance

changes.

• Delamination

Delamination disrupts the fiber-fiber contact between plies thereby increasing

the global resistance of the laminate in the through-thickness direction. S. Wang

et al., [80] monitored the damage due to impact by measuring the oblique re-

sistance and found that it was sensitive towards damage due to delamination.

2.5.2 Resistance/potential change mapping methods

The natural extension of the global behavior studies is to introduce an array of elec-

trodes on the laminate and acquire large set of data that can be interpreted for dam-

age/strain. Current is injected through pairs of electrodes and multiple potential/re-

sistance change measurements are obtained between the other pairs of electrodes.

The measured potential/resistance change is directly used to locate the damage. The

regions where significant change in potential/resistance are identified as areas with
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possible damage. It is to be noted that the mapping technique does not attempt

to reconstruct the conductivity map. This method can be used to locate the zone

around which damage is likely to have occurred although the nature of the damage

is hard to characterize. These studies have been mainly carried out to characterize

through-hole and impact damages. Some of the significant studies that utilize the

mapping technique is outlined below. The resolution of the mapping depends on the

density of the electrode array and can be limiting to large scale damages only.

Todoroki [51, 81] used multiple electrodes on one side of the surface to detect

delaminations. The location and the size of the delamination was found by training

Artificial Neural Networks (ANN) [82] or Response Surfaces (RS) [83, 84]. These

models require extensive experimental data and the output is highly sensitive to the

nature of the input data. Also, these models are configuration dependent i.e., it needs

to be tuned for the specific configuration that is to be tested.

In [2, 3], multiple electrodes were used around the laminate to identify holes in

CFRP laminate. Sixteen through-thickness electrodes were used to inject current

and measure electrical potential. The in-plane measurements were used to locate

the damage. Peaks were observed in the measurements obtained from the electrodes

around the hole. The geometry along with the numerical and experimental results

are shown in Fig. 2.6.

In [4], damage due to impact in carbon black doped GFRP is assessed by con-

structing a damage map from the measurements. The damage is assessed both in

the in-plane and through-thickness directions by reconstructing two different damage

maps. Each point in the in-plane damage map is assigned a damage value which can

be calculated as the sum of the projections of all the measurements at that point.

In the through-thickness direction, the resistance change between the top and the

bottom electrodes is taken to be the damage. The measurement configuration and
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the obtained damage maps are shown in Fig. 2.7. The method provided a good match

to the damage profile obtained using C-scan. The various damage profiles in Fig. 2.7

correspond to the damage for different intensity of the impact loading.
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(i) Considered geometry and damage profile:
CFRP with hole

(ii) Numerical (a,c,e) and experimental (b,d,f) results for 
different hole positions

Figure 2.6: Considered geometry, and the obtained numerical and experimental po-
tential change maps [2, 3]
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2.5.3 Electrical tomography methods

Recent studies use the tomography principle to reconstruct the conductivity map of

the laminate from the set of potential difference measurements. The conductivity

map is then used to infer the location and size of damage. Although they provide

detailed information about the state of damage within the material, the mathematical

formulation for the inverse problem is ill-posed and needs regularization techniques.

This has already been discussed earlier. One of the advantages of tomography over the

mapping techniques is that the resolution can be significantly improved by introducing

process specific information as regularization.

A. Baltopoulos et al. [5] used electrical tomography with Tikhonov regularization

to reconstruct the damage due to impact on nano-doped woven glass fiber compos-

ite. The laminate was isotropic in the in-plane direction. Intrusive through-thickness

electrodes placed around the laminate were used for the stimulation and measure-

ments. The in-plane conductivity was reconstructed for two different damage modes:

(i) drilled hole and (ii) indentation. The optimal conductivity profile was obtained

by plotting the L-curve. Two damage indicators were introduced namely the center

of interest (CoI) and region of interest (RoI). The center of interest identifies the

location where most change in the conductivity is centered around and the region

of interest identifies the zone where the conductivity change is significant. It was

shown that these parameters were identified sufficiently close to the actual damage.

The geometrical configuration and the reconstructed conductivity map are shown in

Fig. 2.8. The dotted line in the figures shows the RoI and the cross mark shows the

CoI. The circle marks the actual location of the damage. In their most recent work,

A. Baltopoulos et al. [85] reconstructed the conductivity change map for CNT doped

woven glass fiber composite. The performance of the reconstruction was investigated
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for drilled hole, through-thickness notch, induced interlaminar damage. Apart from

the conductivity map, the location and size of damage was identified through the two

damage indicators. Good correlation between the damage and conductivity change

maps is observed.

(a) Hole in a woven composite and reconstructed conductivity

(b) Indentation in a woven composite and reconstructed 
conductivity

Figure 2.8: Experimental configuration and the reconstructed results for the different
damage modes [5]

The latest work by [6] uses 6 X 6 array of electrodes on the top surface of a CFRP

laminate to identify delamination and transverse cracks. Each electrode had a size

of 15mm X 15mm and were placed 8mm apart. The electrodes were placed at an

angle of 45◦ to the fiber direction. The anisotropic conductivity was accounted for
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in solving the forward problem. The conductivity was reconstructed for 4 different

kinds of damage namely: small hole, two holes, transverse crack and a diagonal crack.

Different excitation modes as shown in Fig. 2.9 (a) were compared on several quality

metrics. Conductivity of the mid layer was reconstructed from the measurements.

Based on their analysis, current injection between the farthest electrodes provided

better reconstruction results. The geometry, injection patterns and the reconstructed

conductivities for the different injection patterns are shown in Fig. 2.9.
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—

(i) Different excitation modes

(ii) Damage modes and its reconstruction

Figure 2.9: Numerical configuration and the obtained conductivities for different
modes of damage [6]
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2.6 Problem statement and research objectives

To summarize, studies that focus on global behavior of the laminate has shown that

electrical resistance measurements are sensitive to the different modes of damage.

Scaling up, potential/resistance mapping methods have demonstrated the capability

of the method to coarsely locate damage within the material. Studies using ET has

shown its potential as a qualitative SHM technique that is scalable for real com-

posite structures. However, ET based damage characterization is still in its infancy.

Anisotropic conductivity reconstruction is still an active area of research. Identifying

the type and quantifying the level of damage from a conductivity map is challenging

and has not been attempted so far.

The complexity lies in the fact that observation of conductivity change at lam-

inate level is implicitly connected to the different damage mechanisms that occur

at the microscale, i.e., reconstructed conductivity at every local point is implicitly

a homogenized representation of the different conductivity changing mechanisms in

and around the point. However, the explicit relationship between the different mecha-

nisms and macroscopic conductivity has not been established. Without bridging these

two scales, the obtained conductivity map cannot be interpreted for damage. The

absence of such a link has limited ET as a qualitative health monitoring technique.

Parameters at various length scales can be effectively bridged through homogenization

as shown in Fig. 2.10. Depending on the scales and mechanisms involved, different

homogenization techniques can be used to connect the quantities of interest.
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fiber breakage, diffuse damage 
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Figure 2.10: Different scales and observable parameters

In this work, we bridge the mesoscale conductivity to the discrete degradation

mechanisms (transverse cracks and local delamination) in the ply through mesoscale

homogenization. The primary questions we try to answer through this work, is (i)

whether the effect of microscale damage on the electrical conductivity of the ply can

be understood? (ii) if so, can this relation be used to quantitatively identify the

microscale damage at the ply level? With these major goals in mind, the work will

focus on the following objectives and related tasks:

1. Objective: Bridging microscale discrete damage mechanisms to the electrical

behavior at the mesoscale

This will be done through mesoscale electrical homogenization. The homoge-

nization is carried out for two discrete microscale damage mechanisms: trans-

verse cracking and local delamination. Through this study, an understanding

of the effect of transverse cracks and local delamination on conductivity varia-

tion at ply level is obtained. The method outlined in this thesis is inspired by

the work on mesoscale homogenization of mechanical properties of laminated
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composites [86] and will be extended to homogenization of electrical behavior.

The obtained insights are then used to identify transverse cracks in composite

laminates through electrical tomography. Subsequent part of the work focuses

on presenting a mesoscale homogenization based regularization method for elec-

trical tomography problem to detect transverse cracks.

2. Objective: Perform a sensitivity analysis on transverse cracking mechanism

A generalized study is performed to understand how the various geometrical and

material parameters of composite laminates affect the sensitivity of the voltage

measurements towards transverse cracks. Then the optimal electrode network

design for tracking transverse cracks using electrical tomography is presented.

3. Objective: Demonstrate the performance of Mesoscale homogenization guided

electrical tomography

Based on mesoscale homogenization results, we develop a surrogate/equivalent

model that is representative of the cracked laminate and consequently recon-

struct the mesoscale conductivity using a reduced basis method. This is a

preliminary work to show the potential of such homogenization techniques in

their applications to electrical tomography.
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Chapter 3

Electrical mesomodel

Abstract

The missing link between the various complex degradation mechanisms within the

laminate and continuum conductivity prevents ET from being used as a quantita-

tive technique. This link is also needed to validate/justify the use of macroscopic

measurements towards the identification of damage at the ply level. An electrical

mesomodel that can establish this link between the various microscale degradations

and the conductivity is proposed. The mesoscale homogenization of transverse cracks

with local delamination of the ply is first described for in-plane electrical loading for

both the outer and the inner plies. The mesoscale model is then extended to include

the out-of-plane loading. The relationship between the mesoscale damage indicators

and the degradation morphology is identified for various scenarios. These damage

indicators are found to be intrinsic to the ply. The effect of crack closure, resin rich

interlayer, and various anisotropy levels on the damage indicator is identified. As

such, this defines the first step towards the interpretation of resistivity measurement

in terms of micromechanical damage.
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3.1 Introduction

Microscale models of various degradation mechanisms by considering every single

cracked area are expensive, complex and not meaningful in that these often do not

aid in the design of structures at the macroscale. Various multi-scale strategies have

been developed to create models that work on scales that are meaningful to compute

but at the same time derive physical meaning from the behavior at the microscale.

One such technique is the damage mesomodel [87] for laminates where the scale of

homogenization is the ply. The main points of mesoscale homogenization are that 1)

it provides a continuous representation of discrete damage at a higher scale through

damage indicators and 2) the damage indicators are intrinsic (i.e. they directly quan-

tify the degradation state of the ply but do not depend on the lamination parameters

such as orientation or thickness). Previous work has connected the mechanical damage

indicators at the ply level to the micro description of the various damage mechanisms

[88, 18, 86, 12, 89]. These indicators were found to be intrinsic, and hence the various

damage mechanisms can be modeled independently of the stacking sequence and the

material.

In this work, we adapt the concept of homogenization to the construction of

mesoscale electrical behavior. Such a description can aid in understanding the con-

ductivity obtained from electrical tomography. In [88, 18, 86, 12, 89], the microscale

solution was homogenized to obtain the meso damage indicators under the condition

of equal strain energy between the two scales. Here, the same idea of homogenization

based on the condition of obtaining the same electrical energy on the two scales is

considered. The objective is to define an energetically equivalent ply with a mod-

ified conductivity as shown in Fig. 3.2. The basic idea of the mesomodel is that

the behavior of the laminate is derived from the two elementary constituents: the
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ply and the interface. Fiber breaking, diffuse damage and transverse cracks are the

degradation mechanisms in the single ply whereas local delamination, diffuse delami-

nation and macroscopic delamination represent the degradation in the interface. The

effect of each intralaminar mechanism can then be equivalently represented at the

mesoscale (ply level) through the mesoscale homogenization. The procedure and the

relationships are detailed in the following sections.

b) Transverse cracking

c) Local delamination
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(s)

(s')

(s'')
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e

a) Diffuse damage
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Figure 3.1: Different damage scenarios
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Figure 3.2: Micro-meso equivalence
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3.2 Electrical solution of undamaged ply

Let Ω be the laminate under consideration consisting of three sub-domains S ′, S ′′ and

S. The fiber orientation of the middle ply S is e1. When loaded by the electric field

Ē which is the gradient of the electric potential Ū , given by

Ē = −∇Ū ; Ē = Ē1e1 + Ē2e2 + Ē3e3

the current density can be obtained by solving the constitutive equation

J̄ = Σ
0
.Ē

where

Σ
0

= Σ0
11e1 ⊗ e1 + Σ0

22e2 ⊗ e2 + Σ0
33e3 ⊗ e3

defines the local orthotropic conductivity of the ply. The electrical energy of the ply

S can be written as

EE =
1

2

∫
S

J.EdS =
1

2

∫
S

E.Σ
0
.EdS

3.3 Description of fiber breakage

In the mesoscale the fiber breakage can be treated as naturally homogenized as they

occur on a much smaller scale. It is evident that the damage due to fiber breakage

primarily affects the conductivity in the fiber direction. Thus the electrical energy of

the ply S damaged along the fibers alone can be written as

EE =
1

2

∫
S

E.Σ.EdS
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where

Σ = Σ0
11(1− df )e1 ⊗ e1 + Σ0

22e2 ⊗ e2 + Σ0
33e3 ⊗ e3

Here the damage due to fiber breakage is quantified by the damage indictor df .

Mechanically, the damage due to fiber breakage is brittle in nature, and assumes a

binary evolution. We start with a simple assumption that df undergoes a similar

evolution. Thus we can write the modified conductivity tensor as

Σ = Σ0
11(1− df )e1 ⊗ e1 + Σ0

22e2 ⊗ e2 + Σ0
33e3 ⊗ e3

3.4 Description of diffuse damage

Damage due to diffuse damage occurs primarily due to matrix-fiber debonding and

modifies both the transverse and the through-thickness conductivities. Similar to the

fiber breakage, the diffuse damage is considered as naturally homogenized because

of the very small scale at which it occurs. The modification of the electrical energy

due to diffuse damage can be quantified through the damage indicator d̃, 0 ≥ d̃ ≤ 1,

which operates on the conductivity matrix as

Σ = Σ0
11e1 ⊗ e1 + Σ0

22(1− d̃)e2 ⊗ e2 + Σ0
33(1− d̃)e3 ⊗ e3

Thus the electrical energy of ply S is given by

EE =
1

2


E1

E2

E3




Σ0
11 0 0

0 Σ0
22(1− d̃) 0

0 0 Σ0
33(1− d̃)



E1

E2

E3
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3.5 Mesoscale homogenization of discrete damage

mechanisms

Mesoscale homogenization is now performed for two discrete damage mechanisms,

namely, transverse cracks and local delamination. We consider that the central ply S

is degraded by a periodical network of transverse cracks and local delamination. The

density of transverse cracks is denoted by dimensionless cracking density, ρ which is

given by:

ρ =
H

L
(3.1)

where H is the thickness of the cracked ply and L is the length between two peri-

odic cracks, as shown in Fig. 3.1. The local delamination length is represented by

dimensionless delamination length, τ which is given as:

τ =
e

H
(3.2)

where e is the length of the delamination at the tip of the transverse crack as shown

in Fig. 3.1.

We consider that the laminate is subjected to a macroscopic in-plane electrical

loading. So the electrical field in the laminate can be considered as

Ē = Ē1e1 + Ē2e2 (3.3)

For a non-damaged laminate, Ē is constant in the e3 direction. The dual variable

J̄ (flux of current density) is constant within each ply. We now study the structure

of the problem when degradation develops in plies while the structure is loaded by
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Ē. A systematic homogenization is then performed at the mesoscale.

3.5.1 Electrical micro-meso homogenization: case of inner

ply

The problem being linear, the solution (U,E, J) of the degraded laminate is the

superposition of the effective solution (Ū , Ē, J̄) with a periodic correction (Ũ , Ẽ, J̃),

so the exact electrical field can be reconstructed as (fig. 3.3)

E = Ē + Ẽ (3.4)

with

〈Ẽ〉Ω = 0 (3.5)

〈.〉Ω denotes the average over the periodical cell used as support for calculating the

periodical correction.

(s')

(s'')

(s)
e1

e2

e3

Superposition

Solution over undamaged laminate Solution of residual problem

Micro solution 
(U,E, J )(U,E, J )

(U,E, J )

(U,E, J ) = (U,E, J )+ (U,E, J )

(s')

(s'')

(s)
0

e1

e2

e3

=
H
L

=
e
H

e3

e2e1
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(s'')

(s)

J.n = 0

H

H''

L

e

J.n = 0

S3+

S3

S2+

S2+

S2

S2
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=US2

Residual
Loading

S+S '

''

H'H'

H

H''

Figure 3.3: Decomposition of the exact solution over the cracked laminate for homog-
enization process
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The residual problem

The periodical cell is bounded by the two periodic transverse cracks in the e2 direction.

The residual problem gives the correction (Ũ , Ẽ, J̃) to be added to the original solution

to recover the flux free condition over the crack surfaces. This is done by imposing a

boundary current flux over the cracks that is equal in magnitude and opposite to the

effective flux. On the other boundaries, periodic boundary conditions are imposed,

so the electric potential field belongs to the space of periodic electric potential fields

denoted by Uper. The residual problem is defined for a general laminate with boundary

conditions as shown in fig.3.3.

To find (Ũ , Ẽ, J̃) at any point M such that:

• Kinematic admissibility conditions:

Ẽ = −∇Ũ , ∀M ∈ Ω (Compatibility condition)

Ũ ∈ Uper (Periodicity conditions)

• Static admissibility conditions:

divJ̃ = 0 ∀M ∈ Ω (Interior equilibrium equation)

J̃ · n = 0, ∀M ∈ S+
3 ∪ S−3 ∪ (delamination crack surface)(Free boundaries)

[|J̃ · n|] = 0, ∀M ∈ Γ′,Γ′′ (Continuity across the interfaces)

J̃ · n = −J̄ · n, ∀M ∈ S+ ∪ S− (Residual loading)

• Constitutive equation:

J̃ = Σ
0
(M) · Ẽ, ∀M ∈ Ω (Constitutive equation)

Homogenization

Considering the periodical cell, the electrical energy can be given as:

EE =
1

2

∫
Ω

J · EdΩ =
1

2

∫
Ω

E · Σ
0
· EdΩ (3.6)
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where

Σ
0

= Σ0
11e1 ⊗ e1 + Σ0

22e2 ⊗ e2 + Σ0
33e3 ⊗ e3 (3.7)

defines the local orthotropic conductivity of the ply. Writing the electric field in terms

of the partition introduced earlier in (3.4), we get:

EE =
1

2

∫
Ω

(Ē+Ẽ)·Σ
0
·(Ē+Ẽ)dΩ =

1

2

∫
Ω

Ē.Σ
0
·ĒdΩ+

1

2

∫
Ω

Ẽ·Σ
0
·ẼdΩ+

∫
Ω

Ē·Σ
0
·ẼdΩ

(3.8)

For a system with no internal current source, the equilibrium equation can be given

as:

divJ = 0 (3.9)

The weak form of the equilibrium equation, is given as:

∫
Ω

U∗ · divJdΩ = 0 ∀U∗ (3.10)

∫
∂Ω

U∗ · J · nds−
∫

Ω

J · ∇U∗dΩ = 0 ∀U∗ (3.11)

∫
∂Ω
U∗ · J · nds = 0 due to periodicity and by choosing U∗ = Ũ we get:

∫
Ω

Ẽ · Σ
0
· (Ē + Ẽ)dΩ = 0 (3.12)

Introducing (3.12) in (3.8) we directly get:

EE =
1

2

∫
S′
Ē·Σ

0
·ĒdS ′+1

2

∫
S′′
Ē·Σ

0
·ĒdS ′′+1

2

∫
S

Ē·Σ
0
·ĒdS−1

2

∫
Ω

Ẽ·Σ
0
·ẼdΩ (3.13)

Since we consider linearity, the solution of the residual problem is linear with

respect to the loading. Thus, the term
∫

Ω
Ẽ · Σ

0
· ẼdΩ can be recast as
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∫
Ω

Ẽ · Σ
0
· ẼdΩ = |S|Ē · (Σ̃22e2 ⊗ e2) · Ē (3.14)

where Σ̃22 is the effective conductivity of periodic cell whose value can be obtained

from the solution of the residual problem. Hence from (3.13) and (3.14) the electrical

energy becomes:

EE =
1

2

∫
S′
Ē · Σ

0
· ĒdS ′ + 1

2

∫
S′′
Ē · Σ

0
· ĒdS ′′ + 1

2

∫
S

Ē · Σ · ĒdS (3.15)

where

Σ = Σ
0
− Σ̃22e2 ⊗ e2 (3.16)

This depicts the total energy of the laminate with a modified equivalent conductiv-

ity tensor that effectively homogenizes the cracked ply at the mesoscale. This change

in conductivity can be quantified using a mesoscale damage indicator de2 defined as:

de2 =
Σ̃22

Σ0
22

(3.17)

Now the conductivity tensor can be expressed as:

Σ = Σ0
11e1 ⊗ e1 + (1− de2)Σ0

22e2 ⊗ e2 + Σ0
33e3 ⊗ e3 (3.18)

Considering J̄ = Σ
0
· Ē to be the current flux through the uncracked ply S. Then

the effective flux over the cracks in the periodic cell can be taken as J̄ ·n = Σ
0
· Ē ·n.

Since the unit normal vector to the cracks is e2, the effective flux becomes J̄ · e2 =

Σ
0
· Ē · e2. Using this relationship in (3.14), and by reshaping it, de2 can be evaluated

from the residual problem as:
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de2 =
Σ0

22

| S | (J̄ · e2)2

∫
Ω

Ẽ · Σ
0
· ẼdΩ (3.19)

Solving the residual problem

The residual problem is solved using COMSOL Multiphysics. As a first example to

illustrate the effect of local delamination on resistivity damage, a cross-ply laminate

(H = H ′ = H ′′ = 250.10−6m) is considered. The dimension of the cell about direction

e2 depends on the dimensionless cracking density via L = H/ρ, while its dimension

about the direction e3 is arbitrary. The non-damaged conductivity matrix is the same

for each ply in its basis of orthotropy:

Σ
0

=


5500 0 0

0 203.5 0

0 0 20.4

S/m

The geometry is discretized using Lagrange quadratic elements. A systematic

convergence study has been performed for the total energy of the problem to carefully

ensure results were accurate. As a final choice, a constant element size of 10 × 106

m has been used about e2 and e3 directions for all crack densities. Only one element

is necessary about e1 direction as all fields (electrical field, electrical potential and

current density) do not depend on the x-coordinate (cracks being infinite about this

direction). All presented results are at convergence and can be considered as mesh

independent. The linear system is solved using conjugate gradient solver.

The damage indicator for various (ρ, τ) configurations is shown in Fig. 3.4. The

baseline curve (τ = 0) corresponds to the damage due to transverse cracking alone

and is consistent with the one already proposed by [90]. The growth of local delam-

ination shows an upward shift of the damage curve, and the damage reaches unity
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when the delamination length reaches the length of the periodical cell. When trans-

verse cracks occur, the ply transfers the electrical energy through the surrounding

plies. Now, when the delamination length spans through the entire interface, this

channel is disrupted, leading to complete conductive failure of the ply. We introduce

a normalized dimensionless quantity ρ/(1 − 2ρτ) which denotes the ratio of the ef-

fective length of the cracked cell (i.e. excluding the length of delamination) to the

thickness of the ply. The damage parameter is found to be intrinsic to this quantity

as can be seen in Fig. 3.5.
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Figure 3.4: Variation of damage indicator with transverse cracks and local delamina-
tion in inner ply
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3.5.2 Electrical micro-meso homogenization: case of outer

plies

We now have a quick look at the homogenization results in the case of cracked outer

plies. A similar homogenization process can be used, provided we are using the

periodical cell defined in Fig. 3.6. Note that for outer plies, we introduce a different

definition of ρ and τ :

ρ =
2H

L
; τ =

e

2H
(3.20)

to take advantage of the classical observation in mechanical homogenization (from a

mechanical point of view, an outer ply behaves similarly to an inner ply with double

thickness, and we intend to explore if the same conclusion is true for the electrical

homogenization [12]).
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Figure 3.6: Periodic cell with boundary conditions for transverse cracks with local
delamination in outer plies

Fig. 3.7 shows the damage levels for increasing cracking density and delamination

lengths on the outer plies. It can be seen that they show similar trends as the inner

plies.
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3.5.3 Intrinsic property

By the definition of the damage parameter (3.19), one can see that it is dependent

on the micro degradation (ρ, τ), the constitutive parameters of the material, and the
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geometry of the ply and the surrounding plies. But for the indicator to provide a

mesoscale description, it must be independent of the influence of the parameters of

the surrounding plies. Thus, tests are conducted to establish the intrinsic nature of

the damage indicator.

Influence of plies’ thickness For inner plies, the thickness of the bottom and the

top plies are varied as H ′ = H ′′ = [0.5, 1, 2, 4, 8]. H and the behavior of the damage

variable are determined.
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Figure 3.8: Influence of thickness of the outer plies on the damage indicator of de-
graded inner ply

Fig. 3.8 shows that the damage indicator is independent of the thickness of the

surrounding plies. Similar independency is obtained, when the degradation is in the

outer plies, with respect to the thickness of inner plies which is not reported here.

Influence of plies’ orientation Similarly, in the case of degraded inner ply, the

orientation of the two outer plies are varied as θ′ ∈ [0◦, 30◦, 45◦, 60◦, 90◦] and θ′′ ∈

[0◦, 30◦, 45◦, 60◦, 90◦]. The profile of the damage for these various orientations shows
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ρ τ dmin dmax Relative variation (%)

0.25 0.1 0.4524 0.5435 4.57
0.5 0.1 0.7025 0.76946 2.27
0.75 0.1 0.8118 0.85965 1.43

1 0.1 0.8685 0.90483 1.02
0.25 0.4 0.5476 0.65205 4.35
0.5 0.4 0.83613 0.87645 1.48
0.75 0.4 0.90483 0.9283 0.54

1 0.4 0.96918 0.97638 0.19

Table 3.1: Relative variation of damage indicator for various orientations of the ad-
jacent plies for an inner ply with transverse cracks and local delamination

minimal relative variance (Table. 3.1) at various cracking states as can be seen in

Fig. 3.9. Outer plies show similar independency when the orientation of the inner ply

is varied as θ ∈ [0◦, 30◦, 45◦, 60◦, 90◦]. The relative variation over all the considered

angle configurations is defined as:

Relative variation (%) =
dmax − dmin

2(dmax + dmin)
× 100% (3.21)
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3.5.4 Effect of diffuse damage

We have so far established the effect of transverse cracks and local delamination on

the electrical damage indicator, de2. The conductivity of the bulk material has always

been taken as constant and equal to Σ
0
. Yet, diffuse damage can also take place

at the same time as transverse cracking and local delamination, leading to different

conductivities of the plies.

We will address this point of the homogenization problem for inner plies (outer

plies show similar behavior) with transverse cracks and no local delamination (τ = 0).

Adjacent parts (S ′) and (S ′′) still have the same reference conductivity Σ
0
, but the

conductivity of the central ply is taken to be dependent on diffuse damage. There is

a paucity of information concerning the effect of diffuse damage on conductivity. For
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simplicity, we will retain the following form:

Σ = Σ0
11e1 ⊗ e1 + (1− d̃)Σ0

22e2 ⊗ e2 + (1− d̃)Σ0
33e3 ⊗ e3 (3.22)

that assumes diffuse damage has no effect on Σ0
11 and has an isotropic effect in the

transverse directions. A parametric study is conducted for d̃ = [0.05, 0.1, 0.15, 0.2, 0.25].

We see from Fig. 3.10 that the damage indicator de2 is independent of the diffuse

damage state within the ply.
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Figure 3.10: Evolution of de2 with ρ for various diffuse damage states in inner ply

3.6 Mesoscale homogenization: extension to out-

of-plane loading

In the earlier section we homogenized the effects of transverse cracking and local

delamination for in-plane loading, and we proved that the mesoscale indicators are

intrinsic. Now the effects of out-of-plane loading are considered. The laminate is
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loaded by the in-plane part π.Ē of the macroscopic electrical field Ē (π is the projector

over the plane (e1, e2) defined as π = e1 ⊗ e1 + e2 ⊗ e2) and the out-of-plane part

π⊥.J̄ of the macroscopic current density (π⊥ = 1 − π). We start with obtaining

the solution of the uncracked laminate and superimpose the solution from the two

periodic residual problems (a) and (b). Once the total microsolution is obtained, the

mesoscale solution is obtained by homogenization. The problems involved are defined

as shown in Fig. 3.11.
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Figure 3.11: The basic ply problem

Homogenization

The homogenization is done as shown in section 3.5.1. The solution of the residual

problem (c) can be written as:

∫
Ω

Ẽ.Σ
0
ẼdΩ = |S|Ē.(Σ̃22e2 ⊗ e2 + Σ̃33e3 ⊗ e3 + Σ̃23(e2 ⊗ e3 + e3 ⊗ e2)).Ē (3.23)
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where

Σ̃23(e2 ⊗ e3 + e3 ⊗ e2) (3.24)

represents the coupling between the two mechanisms. It should be noted that the Ē

is the one of the ply S as Ē varies between the plies and is piecewise constant. The

electrical energy can be given as:

EE =
1

2

∫
S′
Ē.Σ

0
.ĒdS ′ +

1

2

∫
S′′
Ē.Σ

0
.ĒdS ′′ +

1

2

∫
S

Ē.Σ.ĒdS (3.25)

where

Σ = Σ
0
− (Σ̃22e2 ⊗ e2 + Σ̃33e3 ⊗ e3 + Σ̃23(e2 ⊗ e3 + e3 ⊗ e2)) (3.26)

We begin with a simple assumption that the coupling between the two mechanisms

is negligible (this assumption will be validated later) and define the two mesoscale

damage indicators given by:

de2 =
Σ̃22

Σ0
22

; de3 =
Σ̃33

Σ0
33

(3.27)

Thus the modified mesoscale conductivity becomes:

Σ = Σ0
11e1 ⊗ e1 + (1− de2)Σ0

22e2 ⊗ e2 + (1− de3)Σ0
33e3 ⊗ e3 (3.28)

de2 and de3 are calculated from the residual problems (a) and (b) respectively as:

de2 =
Σ0

22

| S | (J̄ .e2)2

∫
Ω

Ẽ.Σ
0
.ẼdΩ ; de3 =

Σ0
33

| S | (J̄ .e3)2

∫
Ω

Ẽ.Σ
0
.ẼdΩ (3.29)
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Solving the residual problem

The residual problem (a) for the in-plane loading has already been discussed earlier

(Section 3.5.1). The residual problem (b) for the out-of-plane loading is given as

shown in Fig. 3.12 which solves for the damage indicator de3. The evolution of the

damage indicator for various delamination lengths and transverse cracking densities

can be seen in Fig. 3.13. The damage value increases as the delamination length

increases thereby decreasing the conductivity in the through-thickness direction. The

increase in the transverse cracking density causes a shift in the damage curve for

the same delamination lengths. This is due to the increase in the relative area of

delamination. As expected, we observe complete damage for τ = 0.5 and ρ = 1

denoting complete debonding. Again, we define a normalized quantity which is the

ratio of the delamination length to the initial length of the interface, and find that

this provides an intrinsic description of the damage indicator as seen in Fig. 3.14.
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Figure 3.12: Residual problem for out-of-plane damage indicator
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3.6.1 Intrinsic property

To check whether the damage indicator de3 is a ply-material indicator, we perform

parametric studies varying the thickness H ′ = H ′′ = [0.5, 1, 2, 4, 8].H and the orien-

tation θ′, θ′′ ∈ [0◦, 30◦, 45◦, 60◦, 90◦] of the adjacent plies. Fig. 3.15 shows that the

thickness of the adjacent plies does not contribute to the evolution of damage within

the ply. Similarly, Fig. 3.16 shows that the damage indicator is independent of the

orientation of the adjacent plies. The relative variation of the damage indicator for

the various parameters is shown in Table 3.2.
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3.6.2 Coupling effects

Earlier, we assumed negligible coupling effects between the two residual problems

for simplicity. Now we will see if this assumption can be validated, by solving three

residual problems:
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Figure 3.15: Evolution of de3 as a function of τ for various ρ and thickness of adjacent
plies
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a) The in-plane problem where the residual flux is in the e2 direction only
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τ ρ dmin dmax Relative variation (%)

0.25 0.1 0.00796 0.01056 7.02
0.5 0.1 0.0279 0.0341 4.98
0.75 0.1 0.056 0.0657 3.9

1 0.1 0.0903 0.103 3.3
0.25 0.3 0.0344 0.0385 2.84
0.5 0.3 0.1207 0.1277 1.42
0.75 0.3 0.246 0.254 0.77

1 0.3 0.4025 0.4094 0.43

Table 3.2: Relative variation of de3 for various orientations of the adjacent plies

b) The out-of-plane problem where the residual flux is in the e3 direction only

c) The coupled problem where both the in-plane and out-of-plane problem are solved

together

The coupling effects can be neglected provided the difference between the electrical

energy of the coupled problem (c) and the sum of energies of the other two residual

problems (a+b) are negligible. The problem is solved for all τ keeping ρ = 0.1. The

geometry and the boundary conditions are as mentioned in the earlier sections.
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Figure 3.17: Electrical energy of the residual problems (a+b) and c

From Fig. 3.17, we can see that the difference is negligible. Thus the coupling

effects are small and can be neglected, and the assumption of a diagonal homogenized
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conductivity operator (3.28) is validated. As in Section 3.5.4 , we finally perform a

systematic study of the effect of diffuse damage on the damage indicator de3. It is

found that de3 does not depend on the level of diffuse damage in the plies.

3.7 Effect of ply conductivity

Parametric studies varying thickness and orientation of the surrounding plies have

shown that the derived mesoscale relationship is intrinsic to the ply. The influence of

the ply conductivity has not been investigated. Laminate families have highly varying

conductivity based on the primary constituents of the laminate. This brings the ques-

tion, whether the mesoscale model can be extended to all the laminate families with

their highly varying anisotropy ratio and if so, how does the relationship between the

cracking density and the damage indicator vary. For this study, conductivity values of

laminates found in the literature are used to solve the homogenization problem. The

conductivities can be found in Table 2.3. The relationship between d and ρ is plotted

in Fig. 3.18. For simplicity, τ is taken to be 0. It can be seen that the relationship

between the damage indicator and ρ significantly varies with the conductivity of the

ply. On careful observation, it can be seen that the damage curve depends on the

value of the through-thickness anisotropy ratio, λt. This is illustrated in Fig. 3.19

where the dependence of the damage value for ρ = 0.5 on λ and λt is shown. Higher λt

leads to larger damage at a given cracking density. This is because when λt is smaller,

the applied energy can diffuse more along the through-thickness direction, thereby

reducing the intensity of damage. The intrinsic nature of the mesoscale relationship

obtained for the different conductivities is investigated as well.
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Influence of ply thickness: For inner plies, the thickness of the bottom (H ′) and

the top plies (H ′′) were varied as H ′/H = H ′′/H = [0.5, 1, 2, 4, 8] and the behavior

of the damage variable is determined. Fig. 33.18 shows that the damage indicator is

independent of the thickness of the surrounding plies.
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Figure 3.18: Influence of thickness of the outer plies on the damage indicator of
degraded inner ply
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Figure 3.19: Dependence of de2 for a given ρ on anisotropy

Influence of orientation: Similarly the influence of the orientation of the sur-

rounding plies is studied by varying the orientation of the two outer plies (θ′, θ′′) as

θ′ ∈ [00, 300, 450, 600, 900] and θ′′ ∈ [00, 300, 450, 600, 900]. From Fig. 3.20, we can

observe that the damage indicator is independent of the orientation of surrounding

plies as well.
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Figure 3.20: Influence of orientation of the outer plies on the damage indicator of
degraded inner ply for various ply conductivity
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3.8 Effect of resin rich interlayer between plies

In toughened composite laminates, there is a presence of a thin matrix layer between

the plies as shown in Fig. 3.21. This insulating matrix layer, which is around 10-

30µm thick, inhibits current flow in the through-thickness direction and can affect the

developed relationship between the mesoscale damage indicator and the microscale

cracking densities. To understand the effect of this layer, a thin representative layer

is introduced between the plies in the residual problem and the mesoscale homoge-

nization is carried out for various thickness of the resin layer. The residual problem

solved for is shown in Fig. 3.22.

Figure 3.21: Toughened composite laminate with resin rich interlayer
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Figure 3.22: Residual problem for the toughened composite laminate

The results for de2 is shown in Fig. 3.23 (a) along with the damage indicator for

laminates with no resin rich interlayer. It can be seen that the presence of the matrix

layer between the plies increases the magnitude of damage indicator for the same

cracking density. However, changing the thickness of the interlayer (from 10 to 100

microns) does not shift the damage curve further.

Fig. 3.23 (b) shows the damage curve when local delamination is introduced. We

observe that damage curve is independent of the increasing local delamination length.

This is due to the resin layer which inhibits the sensitivity towards local delamination.

It is also to be noted that due to the presence of the resin layer, the applied electric

current cannot penetrate through the thickness of the laminate. Hence, identification

of transverse cracks in composite laminates with rich resin interlayer is only possible

through intrusive electrodes that run through the thickness of the laminate.
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Figure 3.23: Effect of resin rich interlayer between plies

3.9 Effect of crack closure

In the development of the mesoscale model, we consider that the transverse cracks and

local delamination are fully open, i.e., the resistivity is extremely large. However, in

real case scenarios, cracks can be partially open, i.e., there is partial electrical contact

between the two crack surfaces. This is especially observed when the structure is

unloaded. In such cases, the value of the damage indicator will vary depending on

the level of contact between the two cracked surfaces. To understand the effect of crack

closure, a new residual problem is proposed where contact impedance is introduced
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at the cracks and mesoscale homogenization is performed. By varying the contact

impedance, the effect of the different levels of crack closure can be modeled. It is

assumed that the contact impedance is uniform over the entire crack surface and

between the other cracks. The residual problem to be solved is shown in Fig. 3.24.

The material properties are taken to the same as the initial simulations (the same

procedure can be extended to any conductivity).
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Figure 3.24: Influence of the partial contact between cracks on the damage indicator

Fig. 3.25 shows the variation of the damage indicator as a function of varying

contact impedance between the cracks corresponding varying level of crack closure. It

can be seen that the intensity of damage decreases with decreasing contact impedance.

The magnitude of the contact impedance that corresponds to completely open and

closed cracks can also be identified from Fig. 3.25 (a).

Fig. 3.26 shows the variation of the damage indicator when both transverse cracks

and local delamination are present. Local delamination is taken as τ = 0.1. Fig. 3.26

(a) and (b) show the influence of the local delamination closure on de2. Fig. 3.26 (a)

shows the evolution when the contact impedance between the local delamination is 1

Ωm2 and Fig. 3.26 (b) shows the evolution when the contact impedance is 1e−8Ωm2.

We observe that the local delamination closure shifts the damage curve to the damage
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Figure 3.25: Variation of damage indicator for different levels of crack closure

corresponding to τ = 0. Although not shown here, similar behavior is observed for

other values of τ .

3.10 Validation of the homogenized model on a

complex damage scenario

We present a scenario with complex damage profile to validate the mesoscale model

developed, by comparing the electrical energy at the microscale in the presence of the

degradation and the equivalent mesomodel. The conductivity of the undamaged ply
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Figure 3.26: Variation of damage indicator for different levels of transverse cracks
and local delamination closure

is taken as

Σ
0

=


5500 0 0

0 203.5 0

0 0 20.4

S/m

The configuration considered consists of a quasi-isotropic laminate ([0/−45/45/90]s)

with a different degradation state in each ply as shown in Fig. 3.27 below. The choice

of this degradation pattern within the laminate is arbitrary to showcase the capability

of the model to represent any complex scenario, and does not reflect any experimental
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results. This example is given here as a case study. Similar results were obtained with

multiple case studies that are not presented here. The loading consists of both the

in-plane and the out-of-plane components. The in-plane loading consists of potential

difference VNN ′ across the periodic domain. The out-of-plane loading consists of a

uniform current applied across the through-thickness direction.

N N
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Figure 3.27: Damage scheme considered for validation

For the microscale problem (in which crack and delaminations are explicitly in-

troduced as discontinuities) the problem is then to find (U,E, J) such that:

• Kinematic admissibility conditions:

E = −∇U, ∀M ∈ Ω (Compatibility condition)

UN − UN ′ = Ē.NN ′ ∀(N,N ′) ∈ x, y boundaries (Periodicity conditions)

• Static admissibility conditions:

divJ = 0 ∀M ∈ Ω (Interior equilibrium equation)

J.n = I, ∀M ∈ S+
3 (Loading)
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J.n = −I, ∀M ∈ S−3 (Loading)

[|J.n|] = 0, ∀M ∈ interfaces (Continuity across the interfaces)

J.n = 0, ∀M ∈ crack surface (Flux free condition over cracks and

delamination)

• Constitutive equation:

J = Σ
0
(M)⊗ E, ∀M ∈ Ω

For the mesoscale problem, the explicit description of cracks is removed, and we

modify the constitutive tensor in each ply as a result of the homogenization defined

earlier:

J = Σ(M).E, ∀M ∈ Ω (3.30)

where

Σ(M) = Σ0
11e1 ⊗ e1 + (1− de2)Σ0

22e2 ⊗ e2 + (1− de3)Σ0
33e3 ⊗ e3 (3.31)

with de2 and de3 describing the ply level damage in the transverse and the through-

thickness directions.

Experiments found in the literature use a constant current between 10mA-300mA

at the electrodes. For the current study, we chose a constant current of 10mA across

the e3 direction along with a potential difference of 3.3mV in the in-plane direction.

To understand the effects of the in-plane loading direction, we perform a systematic

study by rotating the in-plane field between 0◦ and 360◦. The choice of the loading

was made to reflect a physically reasonable electrical loading state and is otherwise

arbitrary. For the configuration described above, Fig. 3.28 (b) shows the electrical

energy of the 1) microscale model without any cracks 2) microscale model with cracks

and 3) equivalent mesoscale energy for two sample loading directions (along 0◦, 45◦
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with respect to the x-axis). It can be seen that the differences between the electrical

energies in the micro and the mesoscale model is negligible. This difference is due

to the coupling effects between the degradations in the different plies that are not

accounted for in the present model.

Fig. 3.28(a) describes the relative variation in the energies (microscale and meso-

scale) when the cracks are introduced. This shows the change one can expect when

cracks start to develop in the system, which for this specific case is found to be in

the range of 1.9-2.6 for microscale and 1.7-2.4 for mesoscale. The error between the

two models is of the order of 0.2% which shows that the mesomodel is sufficiently

accurate. The relative variation at the microscale (mesoscale variation is given by a

similar definition) is given by

Relative variation(%) =
Euncracked − Emicro

2(Euncracked + Emicro)
× 100% (3.32)

where Emicro is given by the electrical energy at the microscale when the cracks

are introduced and Euncracked denotes the electrical energy of the uncracked model.

Fig. 3.28 (c) shows the percentage ratio of the error between the microscale and the

mesoscale model (modeling error) to the change in the energy at the microscale when

cracks are introduced, which is found to be quite small (below 12%). This ensures

that the mesomodel is valid and can be used to capture the effects of cracking in the

laminate. The voltage profiles across the three planes of symmetry for the loading

applied in the x-direction are shown in Fig. 3.29.



91

  2

  4

30

210

60

240

90

270

120

300

150

330

180 0

 

 

1 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2 x 10−3

 

 

  10

  20

30

210

60

240

90

270

120

300

150

330

180 0

 

 

Rel. var. microscale with and without cracks (%) Rel. var. mesoscale with and without cracks (%)
Energy without cracks (W) Energy with cracks (W) Equivalent mesoscale energy (W)

Ratio between modeling error and change in energy due to cracks (%)

(a) (b) (c)

x

y

Figure 3.28: (a) Relative variation of energy in the micro and the mesoscale when
cracks are introduced, (b) Comparison of electrical energy between the microscale
and the mesoscale description for two sample orientations and (c)Percentage ratio of
the modeling error to the change in energy when cracks are introduced



92

z

y

y

x

x

z

Mesoscale

Microscale

Figure 3.29: Comparison of voltage profiles between the microscale and mesoscale
solutions

3.11 Discussion

The framework of mesoscale homogenization for composite laminates has been pre-

sented. The relationship between microscale damage and the damage indicators have

been presented for various configurations. The energy equivalence has been validated

through an example. The main results are as follows:

1. Mechanisms at the microscale can be successfully homogenized at the mesoscale.

The discrete damage mechanisms at the microscale can be equivalently repre-

sented as a modification of the conductivity of the ply at the mesoscale. The
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conductivity tensor of the ply that has been damaged has the form

Σ =


Σ0

11(1− df ) 0 0

0 Σ0
22(1− d̃)(1− de2) 0

0 0 Σ0
33(1− d̃)(1− de3)


(e1,e2,e3)

(3.33)

where df denotes damage due to fiber fracture, d̃ denotes diffuse damage and

de2, d
e
3 denotes the damage due to transverse cracks and local delaminations.

2. The mesoscale damage indicators are intrinsic to each ply. The model is inde-

pendent of the geometrical parameters of the surrounding plies. Thus it can be

applied to any stacking sequence or geometry. This is highly important as this

shows that the damage variables are only influenced by the level of degradation

within the ply and nothing else.

3. The damage indicators are constant through the thickness of the ply and varies

only in the in-plane direction.
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Chapter 4

Detectability of transverse cracks

Abstract

In the earlier chapter, the concept of mesoscale homogenization was outlined and the

relationship between the microscale damage and damage indicators were presented.

However, when it comes to identifying transverse cracks or local delamination by solv-

ing the inverse problem, the quality and the sensitivity of the measurements obtained

is crucial. The quality of the measurements primarily depends on the experimental

set-up. However, the sensitivity of the measurements towards the damage mechanism

of interest depends on the material and geometrical properties of the laminate. We

focus here on the detection of the transverse cracking mechanism. We demonstrate

here from numerical experiments that the sensitivity depends on several parameters,

such as the anisotropy in the electrical conductivity of the baseline composite ply or

the geometrical parameters of the structure. Based on these results, applicability of

electrical tomography to detect transverse cracks in a laminate is discussed. One con-

clusion from the study is that detecting transverse cracks using electrical tomography

is more reliable in some laminate configurations than others. Some recommendations

about properties of either the pristine material or the inspected structures are pro-
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vided to establish whether one can rely on electrical tomography to detect transverse

cracks.
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4.1 Introduction

Since conductivity of composites is anisotropic, the sensitivity of the measurements

with respect to the various damage mechanisms are different and direction-dependent.

It was shown in [77] that indeed for a typical Carbon Fiber Reinforced Plastic (CFRP),

the change in the electrical potential measured at the electrodes due to transverse

cracks was very small, i.e. the sensitivity was minimal. Also, unlike experiments

which are carried out in a controlled environment, the nature of the loading in actual

applications is often unknown and the degradation profile is complex due to multiple

mechanisms occurring simultaneously. Thus, the effect of transverse cracks is hard

to isolate from the other conductivity changing mechanisms such as piezoresistivity,

plasticity, delamination, etc. if the sensitivity is too small. Yet, the various factors

that influence the sensitivity of the measurements to transverse cracks are poorly

understood. An understanding of the following aspects is thus required: (i) whether

the damage is detectable through the voltage measurements, i.e. whether the change

in the conductivity is higher than the level of noise, (ii) how sensitivity varies for

different material and geometrical parameters, such as conductivity ratio, thickness

ratio, and current injection patterns, and (iii) how the sensitivity towards transverse

cracks compares with other conductivity changing mechanisms. Since the anisotropy

in electrical conductivity of the single ply largely varies depending on the nature of

the primary constituents, this study will show the range of applicability of electrical

tomography for detecting transverse cracks.

In this following section, we present the effect of the various parameters outlined

before on the sensitivity of the measurements to transverse cracks. Following that, a

simple analytical model that can predict the expected sensitivity for a given laminate.

Finally, a general discussion is provided on the capability of ET to monitor transverse
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cracking in laminates.

Through mesoscale homogenization, we have established that transverse cracks

modify the transverse electrical conductivity Σ22 = Σ◦22(1−de2) of the ply with a level

of change directly related to the level of cracking, ρ. This damage indicator was shown

to be intrinsic, meaning that the evolution of de2 depends only on the cracked state of

the ply and not on the geometric and material parameters of the surrounding plies.

This makes the model generic, in the sense that it can be applied to any laminate

structure. So, theoretically, in order to identify the level of transverse cracks in a ply

through electrical tomography it is sufficient to identify the transverse conductivity

at the mesoscale and then interpret the cracking density ρ locally from the obtained

transverse conductivity.

However, it should be noted that, if the change in conductivity due to damage

is very small, i.e. the relative change in the measurements is too small, then the

reliability of the method to identify damage is reduced. Transverse cracks are de-

tectable if the change in the electrical energy due to the introduction of these cracks

is above (i) the resolution of the measuring instruments and (ii) the level of noise in

the measurements. Hence, higher current through the cracked ply, directly implies

more sensitivity towards damage, and the amount of current flowing through a ply

in a given direction depends mainly on the following parameters: (i) conductivity

ratio, (ii) thickness ratio, (iii) current injection patterns. We will focus on how these

parameters affect the sensitivity towards transverse cracking, that we shall define as

the relative change in voltage produced for 10% change in transverse conductivity.
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4.2 Effects of geometric and material properties

on sensitivity

4.2.1 Parameters and computational setup

Two common laminate lay-ups are considered: cross-ply ([0◦mn/90◦n/0
◦
mn]) and quasi-

isotropic ([45◦mn/ − 45◦mn/90◦n/0
◦
mn]s) as shown in Fig. 4.1 (a). Parameter m, called

the thickness ratio, is the ratio of thickness of the individual surrounding plies to the

thickness of the cracked ply. Parameter n is the number of layers in the cracked ply.

The length of the sample is 100 mm and thickness of a single layer is 0.25 mm. Eight

electrodes are placed on the surface of the laminate (four on the top and four on the

bottom). The outer electrodes are 80 mm apart and are used for current injection.

The inner electrodes are 60 mm apart and are used for voltage measurements. The

values of contact impedance and conductivity is taken as zel = 1 × 10−4 Ωm, Σ◦22 =

Σ◦33 = 1 S/m and Σ◦11 = λΣ◦22 respectively. For the simulations carried out in this

work, current of Iel = 0.25 is injected in three ways: 1) one pair (top) 2) two pairs

and 3) oblique injection as shown in Fig. 4.1 (b).

Damage is considered to occur in the 90◦ plies homogeneously. Thus, Σ22(90◦) =

Σ◦22(90◦)(1− de2). In the following studies, the fibers of the damaged 90◦ ply is taken

to be oriented along the y-axis. For each configuration, we solve for the electro-

static problem described in Section 2.3.1. For solving, finite element commercial

code COMSOL Multiphysics was used. The geometry was discretized using linear

elements of size 0.1 mm×0.1 mm×1 mm. Once the problem is solved, the average

surface voltage at each electrode is obtained. As mentioned above, we compute the

sensitivity as the relative voltage change:
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Figure 4.1: Geometry and current injection patterns

S =
V − V ◦

V ◦
× 100% (4.1)

where V ◦ and V are the average electric potential at all the four measurement elec-

trodes evaluated for de2 = 0 (no damage) and 0.1 (10% change in conductivity),

respectively. It should be noted that in the following figures, the data points rep-

resent the calculated average and the error bar denotes the variation in the voltage

measurements obtained from all four measurement electrodes.

4.2.2 Effect of orthotropic conductivity

To understand the effect of the conductivity ratio, λ, we compute the sensitivity S

for λ = [1000, 100, 10, 2, 0.5] for both laminates. The results are shown in Fig. 4.2.

The values of λ are sampled from the range observed in the literature for composites.

The thickness of each ply is kept constant for the study. It can be seen that the
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measurements show higher sensitivity towards damage in the cross-ply than quasi-

isotropic laminates. Also, the sensitivity decreases with increasing λ. The results

obtained from the study agree well with the results from [77]. In [77], the conductivity

ratio of the specimens considered in the experiments was around 27 and the variation

due to matrix cracking was around 0.2-0.4% at saturation.
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Figure 4.2: Relationship between sensitivity and λ for 10% change in Σ22(90◦)

4.2.3 Effect of thickness ratio

We study the effect of thickness ratio, m, on sensitivity, S. By varying the thickness

ratio, we vary the amount of current passing through the different layers which should

influence the sensitivity of the measurements towards the damage in the cracked layer.

We take m = [0.5, 1, 2] and plot the sensitivity, S versus λ for cross-ply laminate and

for quasi-isotropic laminate, as shown in Fig. 4.3 (a) and Fig. 4.4 (a), respectively. It

can be seen that for a given λ, decreasing thickness ratios improves the sensitivity.

This can be explained by the fact that the amount of current flowing through the

cracked ply increases when the thickness of the surrounding plies is reduced, thereby

increasing the sensitivity. It can also be seen that the sensitivity is intrinsic with

respect to mλ for the cross-ply laminate and 2mλ+m for the quasi-isotropic laminate,
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as shown in Fig. 4.3 (b) and Fig. 4.4 (b), respectively. The quantities mλ and m(2λ+

1) represent the ratios of the equivalent conductivity of the plies surrounding the

cracked plies to the conductivity of the cracked plies (in the direction of the applied

current). They will be referred to as nominal λ. Thus decreasing the thickness ratio,

m, decreases the equivalent λ for the same laminate configuration.
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4.2.4 Effect of current injection pattern

The cross-ply laminate configuration is taken as [0◦n/90◦n/0
◦
n] (m=1). First, we define

parameter, χ as:

χ =
J3
xA3

J1
xA1

. (4.2)
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Here Jp
xAp is the total current flowing through the ply p, Jp

x denotes the current

density in the x -direction, and Ap is the cross-sectional area of ply p perpendicular

to the current flow. Hence, the parameter χ shows how the applied electrical current

distributes through the thickness of the laminate for the different injection patterns.

We also define ψ as

ψ =
1

λ

J1
xA1

J2
xA2

, (4.3)

which shows how the total current applied divides among the 0◦ ply and 90◦ ply. We

plot both parameters for n = [4, 8, 16] and λ, in Fig. 4.5 (a) and (b), respectively.

These two parameters quantify the amount of current passing through the different
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plies of the cross-ply laminate and can be used to understand how the total thickness

of the laminate and the different injection patterns influence the current distribution.

The results from this study are:
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Figure 4.5: Current ratio between different plies

1. From Fig. 4.5 (a), it is observed that χ = 1 for 2 pairs/oblique injection patterns

whereas χ < 1 for 1 pair injection. In the case of 1 pair injection, most of the

current passes through the top ply and the amount of current reaching the

bottom plies decreases as λ and n increases. Extending it to a general scenario,

it can be seen that using 1 pair injection is disadvantageous when the cracked ply

is closer to the bottom of the laminate. Hence, it is better to use 2 pairs/oblique
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injection pattern where the current is distributed equally from the top and the

bottom.

2. Fig. 4.5 (b) shows how the current divides among the top 0◦ ply and the mid

90◦ ply for increasing λ and n. The use of λ in the definition for ψ is to check if

the electric field is in-plane. If ψ = 1, then the electric field is in-plane. It can

be seen that for increasing λ and n (i) the amount of current passing through

the mid 90◦ ply decreases and (ii) the electric field deviates from being in-plane.

When comparing in terms of the current injection patterns, we observe that 2

pairs/oblique injection results in higher current distribution through the 90◦ ply

than the 1 pair injection.

3. Also, Fig. 4.6 compares the potential distribution within the laminate for the

different injection patterns. We can see that at lower levels of anisotropy, e.g.,

λ = 10, the electric field is in-plane for all the patterns, whereas at higher

anisotropy, e.g., λ = 1000, 2 pairs injection results in a more in-plane field and

symmetric field than the other two patterns. It is hence suggested to use 2 pairs

for current injection.

4.2.5 Effect of other conductivity changing mechanisms

In composites, damage mechanisms are hardly isolated, i.e. several damage mecha-

nisms occur simultaneously in the laminate. Hence, changes in the voltage measure-

ments obtained at the electrodes reflect not only changes due to transverse cracks but

also those due to the other conductivity changing mechanisms. The different conduc-

tivity changing mechanisms within the laminate include fiber breakage, piezoresistiv-

ity, delamination, diffuse damage, plasticity and temperature [73]. If changes due to
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Figure 4.6: Isocontour of electric potential for different λ

transverse cracks are negligible when compared to changes due to these other mech-

anisms, then transverse cracks will be hard to detect using EIT. We now investigate

how the changes in the voltage measurements due to any of the other conductivity

changing mechanisms compare to the change observed with transverse cracks. We

consider the following scenario: Σ11 of the 0◦ plies is taken as Σ11(0◦) = 0.9Σ◦11 and

the sensitivity is obtained. This could be attributed to piezoresistivity and/or fiber

breakage in the 0◦ plies [91, 77]. We will compare how the sensitivity varies when

transverse cracks are introduced in the same laminate, i.e. when Σ22(90◦) becomes

Σ22(90◦) = 0.9Σ◦22. The results are shown in Fig. 4.7. It can be seen that when

λ ≥ 100, the voltage changes due to transverse cracks are very small when compared

to the changes due to fiber breakage and/or piezoresistivity. When λ ≥ 100, the sensi-

tivity towards transverse cracking improves with decreasing λ. Thus, with increasing

λ, the presence of other conductivity changing mechanisms makes the detection of
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transverse cracks difficult.
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4.3 Analytical model

In this section, we propose an analytical model for the voltage change expected with

homogeneous change in conductivity due to cracks/damage. Since it has been ob-

served from the numerical experiments, presented in the previous section, that the

electrical field is actually in-plane when λ ≤ 100, we can thus develop a simplified

model that can be used to quickly determine the expected sensitivity for varying levels

of damage.

Let π represent a cross-section of a composite laminate. Let index i = 1, 2, ..., p

refer to the individual plies with orientations θ1, θ2, ..., θp, respectively. We assume

that one ply within the laminate exhibits transverse cracks as shown in Fig. 4.8. To

detect the presence of these cracks, current is applied through the electrodes on the

surface, perpendicular to the cracks. Let the total area of cross-section π be A = hw

where h denotes the total thickness and w the width of the laminate. Let Ai and hi

denote the cross-sectional area and thickness of the ply i, respectively.
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Figure 4.8: Cross-section of the laminate

Then the total current density passing through the cross-section π can be given

as

J totA =

p∑
i=1

J iAi (4.4)

where the current density J i in ply i is given as

J i = ΣiE, (4.5)

where E is the in-plane electric field. So, Equation (4.4) becomes

J totA =

p∑
i=1

ΣiEAi =

[
p∑

i=1

ΣiAi

]
E. (4.6)

In other words, we can write:

J tot = ΣeqE, (4.7)

where Σeq denotes the equivalent conductivity of the laminate

Σeq =
1

A

[
p∑

i=1

ΣiAi

]
=

1

h

[
p∑

i=1

Σihi

]
. (4.8)

As shown earlier, transverse cracks modifies Σ22 of the damaged ply. Since it is
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assumed that the ply is uniformly cracked, the change in Σ22 is constant over the

cracked ply. Now, let (J tot◦ , E◦,Σeq◦) denote the current density, electric field, and

equivalent conductivity before damage and (J tot, E,Σeq) denote the same quantities

after damage. Since the applied current through the electrodes remains the same, the

current densities J tot◦ and J tot before and after damage should be the same. Therefore

ΣeqE = Σeq◦E◦. (4.9)

Upon expanding Equation (4.9), we get:

Σeq◦

x E◦x + Σeq◦

xy E
◦
y + Σeq◦

xz E
◦
z = Σeq

x Ex + Σeq
xyEy + Σeq

xzEz, (4.10)

Σeq◦

xy E
◦
x + Σeq◦

y E◦y + Σeq◦

yz E
◦
z = Σeq

xyEx + Σeq
y Ey + Σeq

yzEz, (4.11)

Σeq◦

xz E
◦
x + Σeq◦

yz E
◦
y + Σeq◦

z E◦z = Σeq
xzEx + Σeq

yzEy + Σeq
z Ez. (4.12)

Since the cracks are oriented along the y-axis, the only component of conduc-

tivity that changes with the evolution of transverse cracks is Σeq
x . Hence, all other

components cancel out, resulting in

Σeq◦

x E◦x = Σeq
x Ex, (4.13)

Ex =
Σeq◦

x

Σeq
x
E◦x. (4.14)

With abuse of notation, let l be any length along the x -axis between the current

injection electrodes. Integrating Ex over length l, we thus get:
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∫
l

Exdx =
Σeq◦

x

Σeq
x

∫
l

E◦xdx, (4.15)

4 V =
Σeq◦

x

Σeq
x
4 V ◦, (4.16)

where 4V and 4V ◦ denote the potential difference over the length l for damaged

and undamaged specimens. So the percentage change in voltage due to damage is

given as

4V −4V ◦

4V ◦
× 100% =

(
Σeq◦

x

Σeq
x
− 1

)
× 100%. (4.17)

Let us denote the conductivity of the cracked ply as Σcr
x and height of the cracked

ply as hcr. Since Σeq◦
x = Σeq

x for all plies except the cracked ply, Eq. (4.17) can be

further simplified as

4V −4V ◦

4V ◦
× 100% =

(
(Σcr◦

x − Σcr
x )hcr∑p

i=1 Σi
xhi

)
× 100%, (4.18)

Although this equation has been derived for a single cracked ply, it can be ex-

tended to estimate the voltage change due to any conductivity changing mechanism

modifying the conductivity component along the direction of the current (x-direction

in this case). Upon extension, we get

4V −4V ◦

4V ◦
× 100% =

(∑tcr

cr=1(Σcr◦
x − Σcr

x )hcr∑p
i=1 Σi

xhi

)
× 100%, (4.19)

where tcr denotes the total number of cracked plies. Eq. (4.19) shows that the change

in the electrical potential is directly proportional to the magnitude of the change in the

conductivity of damaged/cracked plies and thickness ratio, and inversely proportional
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to conductivity ratio. This trend agrees with the results of the parametric study

conducted earlier. Fig. 4.9 shows the comparison of the data obtained from the FEM

analysis for cross-ply and quasi-isotropic laminates with the value obtained through

the analytical expression. It can be seen that they agree quite well. Fig. 4.10 (a)

& (b) shows the expected relative variation in voltage measurements at any point

between the current injecting electrodes for increasing level of damage for cross-ply

and quasi-isotropic laminates respectively, with the same configuration as used for

the FEM analysis for various λ, obtained using the derived analytical expression.

If we consider a threshold of 10% for reliable detection of transverse cracks, it can

be evaluated from the analytical expression that EIT cannot be used to accurately

monitor the evolution of transverse cracks when λ ≥ 5 and λ ≥ 4 for cross-ply

and quasi-isotropic laminates respectively. For a given laminate with any stacking

sequence, and known material and geometrical properties, this analytical expression

gives the expected voltage change given that the electric field is in-plane. Thus it can

indicate the limitations of the usability of ET for tracking transverse cracks a priori

without expensive numerical or experimental campaigns.
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Figure 4.10: Expected relative variation in voltage with increasing de for various λ

4.4 Discussion

The results of the study have clearly put in evidence the following facts:

1. When considering the optimal current injection pattern, it can be seen that

2-pairs/oblique gives better penetration through the thickness of the laminate

than the injection through just the top electrodes. 2-pairs injection also results

in an in-plane electric field within the laminate.

2. For the cross-ply and quasi-isotropic laminates, it is shown that sensitivity re-

duces drastically with increasing conductivity ratio. If we consider a conserva-

tive minimum threshold of 10% change in the voltage measurements for accu-
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rate/reliable detection, then the maximum feasible λ reduces to 3. Detecting

transverse cracks for typical CFRP laminates is hence unfeasible in the current

framework.

3. For λ ≥ 30, the presence of other conductivity changing mechanisms can make

the detection of transverse cracks difficult. In [77], for a sample with λ = 27,

a potential change of 2.4% due to piezoresistivity and matrix cracking was

observed of which 0.4% was attributed to matrix cracking alone. It is seen that

the variation due to piezoresistivity is 5 times higher than due to transverse

cracks. In [92], it was shown that matrix cracks were indistinguishable in the

presence of delamination. Hence, it is to be noted that as λ increases, the

effect of other conductivity changing mechanisms such as piezoresistivity, fiber

breakage, delamination etc., will hide the effect of transverse cracks.

4. Since decreasing the thickness ratio improves the sensitivity, ET could be ap-

plied to cross-ply laminates with nano-doped matrix and very thick mid layer.

5. Going back to Fig. 2.5, the plot can now be divided into two zones as shown

in Fig. 4.11: (i) feasible zone, where the technique can be used, (ii) unfeasible

zone where λ is too high and the technique is unreliable. This is based on the

conservative estimate that a minimum of 10% variation in the voltage measure-

ments is needed for reliable estimation. However, if the geometrical parameters

can be designed to improve the nominal λ of the laminate (see Section 4.2.3) or

the level of noise is much lower, then the feasible zone can be further expanded.

It should also be noted that as Σ11 decreases, the electrical energy applied to

the laminate increases, thereby elevating its temperature. This is undesirable

and should be avoided, as increasing temperature increases the thermal stress

of the laminate and can potentially lead to damage. This limits the usage of
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ET for composites with very low Σ11. However, to the author’s best knowledge,

the exact limiting value of Σ11, below which the method cannot be applied, has

not been reported in the literature. Hence, this zone is not marked in Fig. 4.11.
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Chapter 5

Preliminary reconstruction

Abstract

The mesoscale homogenization provides the framework to link the microscale damage

mechanisms to conductivity at the ply level. Also, the sensitivity study performed

earlier provides guidelines on the scenarios in which electrical tomography is best

suitable to identify transverse cracking. In this chapter, we will show a preliminary

demonstration to show the potential of the mesoscale homogenization in quantita-

tively identifying transverse cracks in laminates. First, the equivalence between the

measurements obtained between the cracked laminate and the equivalent mesoscale

model is shown for a 2D sample problem. Then the reconstruction of the mesoscale

conductivity is carried out using two reduced bases. Last, the quality of the results

with noise in the measurements is demonstrated.
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5.1 Introduction

The ill-posedness of the electrical tomography problem and the various existing meth-

ods to regularize the inverse problem has been discussed in the beginning of the the-

sis. Most of the regularization methods have been developed for medical imaging and

anisotropy is not considered. For composite laminates, where anisotropy is prominent,

these methods, although they produce conductivity maps, are not ideal. Mesoscale

homogenization provides a way to introduce process specific regularization that is

suitable for composite laminates. Apart from providing the relationship by which ply

conductivity is modified locally by damage, mesoscale homogenization also partici-

pates in the regularization in two ways. Since the equivalent mesoscale conductivity

is constant through the thickness, the conductivity can be reduced to just in-plane

variations. Also, since the equivalent conductivity is continuous in the in-plane direc-

tion it can be expressed over a reduced basis that is different from the finite element

basis, thereby drastically reducing the number of unknowns. The following chapter

demonstrates the capability of the mesoscale guided electrical tomography through

several 2D examples.

To begin with, the measurements obtained between the cracked model (micro-

model) and the equivalent mesoscale model is compared to show the equivalence for

various uniform crack densities. Second, we reconstruct the mesoscale conductivity

of laminates with pseudo-periodical crack patterns using 2 reduced bases namely:

Fourier basis and piecewise constant basis. The performance of the inverse model for

measurements with noise is demonstrated.
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5.2 Equivalence between micro and meso measure-

ments

First, the voltage measurements obtained from cracked and equivalent mesoscale

model are compared for various uniform crack densities. For this study, laminate

beams of two commonly used stacking sequence are taken: cross-ply [0◦4/90◦4/0
◦
4] and

quasi-isotropic laminates [0◦2/90◦2/45◦2/ − 45◦2]s. The length of the beam is taken as

220mm and the thickness of a single layer is taken as 0.25mm. The laminates are

considered to have transverse cracks in the 90◦ plies. In the case of the quasi-isotropic

laminate, cracks are taken to be on both the 90◦ plies. An array of electrodes is placed

on the top surface of the laminates. The electrodes have a width of 5mm and are

placed 10mm apart each other as shown in Fig. 5.1. Current is applied between the

outermost electrodes that are located at a distance of dI = 200mm and voltage is

measured at each inner electrode. The conductivity of the ply in the local basis is

taken as:

Σ◦ =


3 0 0

0 1 0

0 0 1


(e1,e2,e3)

(5.1)
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Figure 5.1: Configuration of the laminate cross-section

The cracks are taken to be uniformly spaced denoting crack densities of ρ =

[0.25, 0.5, 0.75, 1]. Fig. 5.2 shows the mesoscale relationship between the damage

indicator and ρ for the conductivity considered. A cubic polynomial fit to the damage

indicator is obtained and the fit is shown in Fig. 5.2. The equivalent mesoscale

conductivity is obtained using the procedure outlined in Fig. 5.3. To calculate the

equivalent mesoscale conductivity, a specific homogenization length scale is chosen.

The homogenization length scale is the length scale over which the effect of transverse

cracks is averaged. The homogenization length is chosen as 10mm considering that

the minimum distance at which the measurements are taken is 10mm. For each

point in the cracked ply, the number of cracks within this length is identified and

the corresponding ρ is calculated. Damage, d2
e corresponding to the ρ is determined

through the polynomial fit. The local equivalent mesoscale conductivity, Σ22(90◦) =

1 − d2
e is then obtained. The obtained measurements from cracked and equivalent

meso model are then compared.
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Figure 5.3: Micro to meso description

The voltage measurements are obtained for the micro and meso model as Vmicro

and Vmeso respectively. The voltage measurements of the uncracked pristine sample

is taken as Vnocracks. We plot two quantities of interest:

%Rel. error =
Vmeso − Vmicro

Vmicro

× 100%

as a measure to compare the error between the micro and meso measurements and

%Rel. variation =
Vmeso − Vmicro

Vnocracks − Vmicro

× 100%

as a measure to compare how big the variation between the micro and meso measure-

ments is when compared to the change observed due to the presence of cracks.
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Fig. 5.4 shows the % rel. error for the crack densities for both cross-ply and quasi-

isotropic laminates. The standard deviation bar in the graph shows the variation

observed in the measurements obtained from the different electrodes. From Fig. 5.4,

we can see that the % rel. error increases with the decreasing crack spacing. However,

the % rel. error is still quite small (below 0.4%). We also observe that the standard

deviation in the measurements due to the position of the measurement electrode is

minimal. Fig. 5.5 shows % rel. variation for different crack densities for both cross-ply

and quasi-isotropic laminates. The % rel. variation decreases with increasing crack

density. Even for smaller crack densities, the % rel. variation is quite small (the

maximum being around 9%). This shows that the error is quite small when compared

to the change obtained due to introduction of cracks. Based on this study, we see

that not only does mesoscale homogenization provides an equivalent description of

the conductivity at the ply level but also equivalent discrete voltage measurements.
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5.3 Reconstruction using reduced basis

In the previous section, we have shown that the mesoscale conductivity produces

measurements that are equivalent to the measurements obtained from the cracked

model. When it comes to reconstruction, the implications of mesoscale homogeniza-

tion are two-fold: (i) the conductivity obtained is constant through the thickness of

the ply, so the conductivity can be represented as an in-plane field and (ii) when

reconstructed the obtained in-plane conductivity will be the mesoscale representation

of the conductivity. The first implication reduces the conductivity field to:

Σ(x, y, z)→ Σ(x, y) (5.2)

The conductivity can be further regularized in the in-plane direction. This is done

using reduced basis method where the in-plane conductivity component, Σm of a ply

is represented as a linear combination of an orthogonal basis (ϕ) such that

Σm =
N∑
i=1

αiϕi (5.3)
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By representing the conductivity on a reduced basis that is independent of the

finite element mesh, the number of parameters to be estimated by the inverse problem

is drastically reduced and the inverse problem is further regularized. Although the

concept of reduced order basis is not new, the novelty of this approach lies in how

mesoscale homogenization participates in the regularization. There are plenty of

different choices for the basis, namely polynomials, piecewise constant, Fourier, POD,

etc.

It is to be noted that the objective is to show the capability of the mesoscale

model developed, in obtaining and interpreting the conductivity of the laminate and

hence the choice of the basis is not studied in detail. Different basis functions can

and need to be used based on the experimental configuration that is studied.

For a simple demonstration, we consider a cross-ply laminate with the geometrical

and electrode configuration as shown in Fig. 5.1. The 90◦ ply is considered to have

different transverse crack patterns as shown in Fig. 5.6. The crack patterns are gen-

erated using a stochastic algorithm that simulates the transverse crack evolution in a

laminate based on the load and material properties. The generated crack patterns are

quasi-periodic and represent a statistically representative crack pattern at different

time intervals over a single loading cycle. Expansions based on truncated Fourier

series and piecewise constant functions has been chosen for the reconstruction. EI-

DORS [93], an open source software based on MATLAB has been modified to solve

the problem using bilinear quadrilateral elements. Specific functions have been added

to implement the reduced order basis method. The finite element discretization is

carried out in GMSH.
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Figure 5.6: The different crack patterns in the 90◦ ply of the cross-ply laminate that
is reconstructed using ET

First, the mesoscale conductivity for the cracked laminate is obtained using the

procedure outlined in Fig. 5.3 for a homogenization length of 10mm. Current is in-

jected through all possible pairs of electrodes without repetition in turns and the

voltage measurements are obtained from all the other pairs of electrodes for each

current injection pattern by solving the forward problem described in Section 2.3.1.

The voltage data from the equivalent laminate is taken as V (t2) and the uncracked

pristine laminate is taken as V (t1). These are provided as input to the inverse prob-

lem. In the inverse problem, the transverse conductivity of the 90◦ ply, Σ22(90◦) is

approximated using the basis functions and is taken as the unknown. Since the con-

ductivity is constant through the thickness, the 2D field is reduced to 1D variation

along the length of the ply. All the other components of the conductivity are taken

to be constant.

For the Fourier basis, Σ22(90◦) is taken as:

Σ22(90◦) = α0 +
nm∑
n=1

(αncos
πnx

L
+ βnsin

πnx

L
) (5.4)

where α = {α0, αn, βn} ∈ RN are the coefficients to be identified and L is the length
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of the ply. The number of Fourier modes, n depends on the number of available

independent measurements. For this study, the number of Fourier modes chosen is

10 i.e., the number of coefficients to be reconstructed is 21. 10 modes is chosen as

it is sufficient to represent the mesoscale conductivity accurately. Also, the number

of coefficients is less than the number of independent measurements available, so the

inverse problem is stable.

For the piecewise constant basis, Σ22(90◦) is taken as:

Σ22(90◦) =
N∑
i=1

αiϕi (5.5)

where

ϕi(x) =

 1 xi < x < xi+1

0 elsewhere
(5.6)

where x1 < x < x2 represents the length over which the step function is defined

and α ∈ RN are the coefficients to be identified. For the reconstruction done here,

the length of each piecewise constant element is taken as the length between two

electrodes which is 10mm.

V (t1) ∈ RM and V (t2) ∈ RM denote the voltage measurements at two different

times t1 and t2 respectively. The objective is then to identify the change in con-

ductivity ∆Σ22(90◦) that corresponds to the observed voltage measurement change,

∆V = V (t2) − V (t1). It is assumed that this change in conductivity is linear and is

recovered using a single step Gauss-Newton algorithm. The reconstruction algorithm

is described in Fig. 5.7.

The change in the mesoscale conductivity of the 90◦ ply due to transverse cracks

and the reconstructed conductivity for the various crack patterns are shown in Fig. 5.8.
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Reconstructing the conductivity using a reduced basis provides very good results as

the condition number of the sensitivity matrix is significantly improved. However,

the conductivity along the edge of the sample is overestimated. This is because of

the voltage difference data is only available from the electrodes located between -80

and 80mm.

Inputs:
Initial coefficients,                  

Voltage measurements at times    and    ,   t1 t2

RN 1

V (t2 ),V (t1) RM 1

Calculate Jabobian, J( ) RM N

Calculate the voltage difference data
 V =V (t2 ) V (t1)

= (JT J ) 1 J V
 Estimate change in coefficients

Estimate conductivity change

22 (90 ) = i
i=1

N

i

Figure 5.7: Reconstruction algorithm
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Figure 5.8: The equivalent mesoscale conductivity and the reconstructed conductivity
for all the three cracks patterns in the cross-ply laminate
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Additive white Gaussian noise is added to the voltage data and the reconstruction

is carried out again. The performance of the reconstruction from data with two

different noise levels of 60 dB and 50 dB is shown in Fig. 5.9 and 5.10. It can be

seen from the results that the reduced order basis still provides a good approximation

of the mesoscale conductivity with noisy measurements. It is to be noted that the

relative error in the measurements due to the added noise is higher than the relative

error of mesoscale approximation. Also typical ET measurement systems have a noise

level of 60dB-90dB [94, 95, 96]. Based on this, a good performance at noise levels of

60dB and 50dB demonstrates that the reconstruction algorithm is stable and should

provide good results on measurements obtained from typical ET systems. Similar

results are obtained for quasi-isotropic laminates with transverse cracks in the 90◦

plies. However, the results are not shown here.
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Figure 5.9: The equivalent mesoscale conductivity and the reconstructed conductivity
for all the three cracks patterns in the cross-ply laminate with a noise of 60DB SNR
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Figure 5.10: The equivalent mesoscale conductivity and the reconstructed conductiv-
ity for all the three cracks patterns in the cross-ply laminate with a noise of 50DB
SNR
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5.4 Discussion

Mesoscale homogenization is used to regularize the inverse problem and preliminary

results of quantitative identification of the transverse cracks in a composite laminate

is presented. The performance of the method in the presence of noisy measurements

are shown. It should be noted that at the present stage, the reconstruction strat-

egy presented here can only be applied to laminates where transverse cracking is the

only non-reversible conductivity reducing mechanism. When multiple damage mecha-

nisms occur simultaneously, the conductivity change becomes complex and the whole

anisotropic conductivity of the laminate needs to be reconstructed. This requires a

new strategy to solve the anisotropic inverse problem which is out of the scope of this

work and will be addressed in the future.
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Chapter 6

Conclusions

6.1 Summary of the contributions

Earlier studies have shown the capabilities of using electrical measurements to moni-

tor the health of composite laminates. From studying the global behavior, it has been

shown that electrical measurements can be used to identify strain and the different

damage mechanisms. Conductivity/potential mapping have shown that electrical

measurements can be used to coarsely locate the impact damage within the material.

Based on these studies, the last few years have seen increasing interest in using ET

as a structural health monitoring tool for laminates. Despite its potential as a struc-

tural health monitoring technique for laminates, ET has several strong limitations in

terms of detectability and the interpretation of conductivity map. Multiple damage

mechanisms and anisotropy in conductivity have limited the application of electri-

cal tomography to qualitative characterization of macroscale damage such as impact

damage.

This work attempts to extend the capability of ET as an quantitative interpreta-

tion tool. The major contributions of the work are discussed below. The mesoscale

homogenization developed can not only be used as a tool to interpret the conduc-
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tivity change due to the different damage mechanisms but also participates in the

regularization of the inverse problem. This enhances the quality of the conductivity

estimates obtained.

6.1.1 Interpretation of the conductivity change

This work is a pioneering effort to quantify the effect of microscale damage on the

macroscale observations. This is done by bridging the microscale damage mechanisms

to the conductivity change at the ply level through mesoscale homogenization. The

framework of mesoscale homogenization has been presented and the relationship be-

tween ply conductivity and the various damage mechanisms have been derived. It has

to be noted that this is the first attempt to link two scales and as a consequence quan-

tify the effect of the individual damage mechanisms on the anisotropic conductivity

of the composite ply.

This is achieved through the introduction of damage indicators. Specifically, the

relationship between the damage indicators and microscale damage such as transverse

cracks and local delamination have been presented. The damage indicator has also

been shown to be intrinsic to the ply, meaning that the model is generic and can be

applied to any laminate configuration.

6.1.2 Composite design for ET

To the best of the author’s knowledge, no work has been done to understand the

influence of various geometrical and material parameters of the laminate towards de-

tectability of transverse cracks. Based on the sensitivity study performed as part of

this work, it is evident that transverse cracks are best observed through electrical

measurements in composite laminates that have lower anisotropy in the in-plane di-
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rection. From the mesoscale homogenization results, we also observe that for a given

crack density, damage is higher in magnitude when the ratio between the transverse

and through-thickness conductivity is higher. Thus, this work has provided guidelines

on how the detectability can be best tuned through tailoring the anisotropy ratios

and thickness ratios of the ply. By doing so, electrical tomography can be applied to

applications that require continuous monitoring of transverse cracking.

6.1.3 Quantitative damage identification using electrical to-

mography

Specific regularization methods for composites that can help in producing not only

qualititative conductivity maps but quantitative damage maps are yet to be devel-

oped. The mesoscale homogenization has been shown to provide a process specific

regularization method. Although, it is a proof of concept and does not involve real-

time experimental data, we have shown how the mesoscale homogenization regularizes

the conductivity in the through-thickness and in-plane directions and demonstrated

how it can be used to quantitatively assess the transverse cracking density within the

ply. This work is the first attempt to identify and quantify the transverse cracking

density at the ply level. However it is to be noted that the reconstruction results

presented here are preliminary and further methods need to be developed to solve the

anisotropic reconstruction problem.

Thus, the work carried out has presented a novel framework to quantitatively

assess the different damage mechanisms at the ply level by electrical tomography.

This is the first step towards making ET a viable structural health monitoring tool

for composite laminates.
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6.2 Future directions

This work can be extended in the following directions:

Mesoscale relationships

• The relationship between transverse cracking and local delamination mecha-

nisms to the damage indicators were derived for the various laminate config-

urations. Other interlaminar mechanisms such as fiber breakage and diffuse

damage occur at very fine scales and are naturally homogenized. However,

the relationship has not been identified. Couple micromechanical and electrical

models can be used to model the behavior of electrical properties for the two

degradation mechanisms.

• Along with the various damage mechanisms, strain is a primary conductivity

changing mechanism. Piezoresistance behaves differently in the different direc-

tions of the ply and various factors affect the behavior. Some of them being,

the contact between the different fibers in the transverse and through-thickness

directions, the waviness and misalignment of the fibers and the piezoresistive

behavior of the fiber itself. The piezoresistive behavior can be characterized

through homogenization of a geometric microscale model.

• Combined together, the mesoscale damage model and the piezoresistive model

will provide the complete description of the change in the anisotropic conduc-

tivity due to strain and damage mechanisms.
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Conductivity reconstruction

• As mentioned earlier, the reconstruction strategy presented in this work can be

used only for the specific scenarios where transverse cracks are isolated. Future

work will focus on the reconstruction of the anisotropic conductivity guided

by the mesoscale homogenization model. This will be done through specific

regularization methods that will address the anisotropy.

• Validation of the mesoscale homogenization guided electrical tomography through

real experimental data.
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