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Recently the theoretical discovery of single channel quantum dragons has been re-
ported. Quantum dragons are a class of nanodevices that may have strong disorder but
still permit energy-independent total quantum transmission of electrons. This thesis illus-
trates that multi-channel quantum dragons also exit in rectangular nanotubes and provide
an approach to construct multi-channel quantum dragons in rectangular nanotubes. Rect-
angular nanotube multi-channel quantum dragons have been validated by matrix method
based quantum transmission calculation. This work could pave the way for constructing
multi-channel quantum dragons from more complex nanostructures such as single-walled

zigzag carbon nanotubes and single-walled armchair carbon nanotubes.
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CHAPTER 1

INTRODUCTION

1.1 Conductance from transmission

Electrical conductance G of an electrical conductor is defined as

G = (1.1

I
vV
where [ is the current through the conductor and V' is the voltage across the conductor.
This proportionality is call Ohm’s law.

When the dimensions of conductors become small enough, the classical ohmic behav-
ior of the conductor breaks down. In such cases, quantum mechanics should be applied
to study the properties such as conductance of the conductors. Landauer showed that the
conductance G can be related to transmission probability as a function of energy, 7 (E), in

the Landauer formula [14]

B 2¢?

=

(T +To+---). (1.2)

where each integral 7, contains the Fermi function and the transmission probability
7T of the kth channel for an impinging electron of energy E. Here e is the charge of an
electron and h is Planck’s constant. Gy is the quantum of conductance Gy = 2¢*/h =

7.748°mhos.



In a nanostructure with no disorder, electrons undergo ballistic propagation and hence
have 7 = 1[14]. Hence, for a ballistic conductor with M open channels at low tempera-
tures

2¢?

Nanostructures with negligible scattering are ballistic. The effect of Anderson localiza-
tion [2][9] showed that random disorder in 1D will localize the wave function and therefore
make the transmission very small. This effect suggests that the transmission of any nanos-
tructure with disorder will be non-ballistic and hence the conductance will be very small
providing certain channels are opened. However in next section it will be shown that,
presentation of correlated disorder will not localize the wavefunction and nanostructures
with these kinds of disorder can also have electrons propagating with total transmission

probability.

1.2 Definitions of quantum dragons

Recently, a class of nanostructures called quantum dragons have been reported[16].
Quantum dragons are nanodevices that may have disorder but the electron transmission
probability in such structures is still unity for all propagating energies when connected to
idealized leads. Therefore quantum dragons have zero electrical resistance in a four-probe

measurement, and for a single open channel have G;* electrical resistance in a two-probe



measurement. This can be seen from the Landauer formula for a two-probe measurement

and a four-probe measurement case [10], for a single channel at low temperatures,

GoT(EF) two — probe
G = . (1.4)

Gy 1;@?;;) four — probe

These expressions at low temperature come from Eq. (1.2), and for one open channel,
the integral is

7- /T(E)(g—é)dE ~ T(Er). (15)

because the partial derivative of the Fermi function is approximately a delta function at the
Fermi energy Ep.

The problem of how to find quantum dragons in nanodevices connected to 1D idealized
leads has been studied in the original paper[16] in detail. To set the notation for the readers,

the relavant equations are given in the Appendix.

1.3 Multi-channel quantum dragons

When a nanodevice is connected to idealized 1D leads, only one travelling wave mode
can propagate through the structure, therefore only one energy channel is opened. In such
cases, there will only be single channel quantum dragons. Single channel quantum dragons
have conductance G = Gy. It is possible for non-1D idealized leads that permit more
than one travelling wave mode, thus it is possible to have multi-channel quantum dragons
in nanodevices that are connected to more complex idealized leads. For multi-channel
quantum dragons, the conductance will be G = GoM , where M is the number of open

channels.



This thesis studies multi-channel quantum dragons from rectangular nanotubes, trying
to answer the key question what kind of rectangular nanostructures can be multi-channel
quantum dragons. The general solution of the transmission is given first in Chapter 1, and

two example multi-channel quantum dragons structures are shown in Chapter 2.

1.4 Methods to calculate the transmission

Quantum dragons are nanodevices when connected to idealized leads have full trans-
mission of electrons for all energies. One needs to calculate the transmission of a nanode-
vice not only to find quantum dragons, but also to prove a nanodevice is indeed a quantum
dragon.

Within the tight-binding approximation, three different methods are applied in the liter-
ature. There are the scattering theory technique[8], the Green’s function method[8] and the
matrix method[12][7][6]. Because of the ability of reducing the complexity of the problem
in a large device, the matrix method was used to find quantum dragons in the original paper.
The Appendix of this thesis shows how the reduction is done within the matrix method.

In the rest of this thesis, the matrix method framework is also used to study multi-
channel quantum dragons. In Chapter 1 the matrix equation used to calculate the electron
transmission of nanodevices is introduced. Examples of rectangular multi-channel dragons

found within the matrix method framework are given in Chapter 2.



CHAPTER 2
MULTI-CHANNEL QUANTUM DRAGONS

2.1 Matrix equation for transmission calculation of nanodevice connected to non-1D
leads

The question about how to find quantum dragon segments for blobs connected to single
chain leads has been studied in [16]. An incoming lead and an outgoing lead are connected
to a nanodevice when measuring the conductance GG. The nanodevices that are connected
to two leads are called the “blob”. This chapter will focus on how to find quantum dragons
segments for blobs connected to more complicated leads than a 1D chain. Also, the blob
and lead throughout this thesis have linear forms, namely they are consisting of different
slices and each slice only has interactions with its neighbor slices.

Consider the following diagram for a lead and blob configuration.

B, - (0) « W — (a) « By — () <« U — (1) <« Byg
Ap A, Ay Ap

— — — —

‘1’0 \I]a \Ijb \Ijl
2.1)

where both blob slices a and b have been put between the + = 0 and x = 1 lead slices.

A and B are intra and inter slice matrix connections, respectively. The subscript indicates



which parts it describes. ¥ are block wavefunctions in different slices from the lead and

the blob.

The semi-infinite incoming lead and its connection to the blob is shown in the following

diagram



From this diagram, one has the infinite matrix equation HV = EW

A, -B, 0 0 0 0 0 0 U,
-BT A, -B, 0 0 0 0 0 U,
0 -Bl A, -W 0 0 0 0 T
0 0o -WZ A, -B, 0 0 0 v,
0 0 0o -BL, A, -U 0 0 U,
0 0 0 0 -U" A, -B, 0 0,
0 0 0 0 0 -BY A, -B, U,
0 0 0 0 0 0 -BT A, Uy
U,
U
0,
7,
—E
vy,
0,
0y
(2.3)



Without loss of generality, the leads consists of identical slices. If there are some slices

in leads which are not the same with others, these parts can be included in the blob, leaving

the remaining leads consisting of identical slices. The number of blob slices can be any

integer number. In this diagram the blob consists of only two slices, for brevity of the

equation.

From Eq. (2.3), the block wavefunctions from slices —oo, - -+ , =3, =2, —1

and 2, 3,4, --- , +oo will be solved from

—B!IU, 1+ (A, —EI)V, —B. U, =0.

2.4)

The slice wavefunctions from slices 0, a, b, 1 will be solved from the remaining part of

the matrix equation

—BT A, - EI
0o -W7
0 0
0 0

-W
A,—FEI

T
_Bab

_Bab
A, — E1

—_yur

which is now a finite matrix equation.

-U

A; - FEI

~B;

Ky
s}

L (an)} L

=1

(2.5)

Use Bloch’s theorem to write the slice wavefunction for the leads as a travelling wave

with wavevector ¢ times the intra-slice wave function ¢ for both the incoming and outgoing

leads.



In particular, the ansatz for lead slice wavefunctions are

U, = eiq"$+ re‘iq”gg* n=-—-o00,---,—2,—1,0
(2.6)
\I_}n :tTeiq(n_l)Q; n = 172737”' 7+OO
The unit of length has been set to be the the distance between adjacent lead slices, and
this length has been set to 1.
The ansatz corresponds to a wave of unit intensity impinging on the blob from the left-

hand (incoming) lead and being partially reflected back to —oo and partially transmitted to

~+00.

2.1.1 General solution of leads part of the matrix equation
In this subsection, the ansatz is used to solve the block wavefunction for the leads. Let
every slice of the leads have m, atoms.

Forn = —oo,---,—2,—1, 0 slices, substitute the first equation in Eq. (2.6) back into

Eq. (2.5)

¢ [~BT e+ (Ap — E1)§—Breg) +re 0 [~ BLg* + (Ap — E1)§" —Bre 4] = 0.

2.7)
Forn =1,2,3,--- , 400 slices, substitute the second equation in Eq. (2.6) back into Eq.
(2.5)
D BT e g + (AL — E1)¢ — Beip) = 0. (2.8)
Eq. (2.8) is satisfied provided
[—BTe " 4+ (A, — EI) —Bre' ¢ =0 . (2.9)

9



Introduce the m, eigenvectors ¢; and associated eigenvalues \;(E,q) of the matrix

[—BTe " + (A — ET) — Bre"]. The eigen equation is
[—BYe 4 (A, — ET) — BLe ¢, = N(E, q)¢; - (2.10)
To find the wavevectors ¢ in Eq. (2.10) , set
Ni(E,q)=0. (2.11)

Every eigenvalue will have its own wavevectors ¢ = ¢;.

Therefore, Eq. (2.9) is satisfied. Hence the ansatz of Eq. (2.6) satisfies the Schrodinger
equation for the outgoing lead of Eq.(2.8).

Provided equation Eq. (2.10) is satisfied, the first part of Eq. (2.7), which is the first
square bracket, is 0. Therefore, the only equation to satisfy is the reflected part of Eq.(2.7).

Taking the complex conjugate of Eq.(2.10) gives
[-BY*¢' + (A} — EI) — Bie g7 = Xi(E, q)¢: . (2.12)

We have assumed that A and By in all cases have only real components. Thus we
have

— —
*

[-Ble + (AL — EI) — Bre "¢} = A\;(E, q)¢; . (2.13)

J
[-Ble "+ (AL — ET)—Be"] is Hermitian, so its eigenvalues are real, hence A} (E, q) =
A;(E, q). The left hand side of Eq. (2.13) is exactly the matrix component of the reflected
part of Eq. (2.7). So ¢ from Eq. (2.9) also satisfies Eq. (2.7). Thus the time-independent

Schrodinger equation is satisfied for all lead slices except for slice 0 and slice 1 in the lead.

10



When sloving for wavevectors of the travelling waves, one can have m, different ¢ =
¢;(E), assuming that the lead matrix A, and B, are of dimensions my, x m . Wavevectors
q should be real for travelling waves. So for each solution ¢ = ¢;(£), namely different
channels of propagating waves, each channel will have its own permitted energy range

satisfying ¢ being real.

2.1.2 Gernaral Solution of blob part of matrix equation
We have found the mj wavevectors g¢,,, that satisfied the lead part of the matrix
Eq.(2.3). In this subsection, we use the ansatz to simplify the blob part of the matrix

equation.

Using the ansatz for n = —1,0, 1, 2 block wavefunctions, the Eq. (2.5) becomes

e~ (Ej + 7' (Ej
BT AL-El —-W 0 0 0 &1y
0 ~WT A,—EI -By, 0 0 U
0 0 -B!, A,—-EI -U 0 Uy
0 0 0 -U" A, -FEI -B, trig;
tTjeiqquj
0
0
s
0

(2.14)

11



Here gzgj is one of the eigenvectors from the eigen equation (3.36), and the ¢; is solved

from setting the corresponding eigenvalue to 0: \;(E,q;) = 0. The above equation is

just a matrix equation for the channel j. Each channel will have different solutions for r;

and tr;. The transmission probability of channel j will be T;(E) = |tr;(E)|?, and the

reflection probability is R;(E) = |r;(E)|. There are m,, such matrix equations in total.

Multiply through in Eq. (2.14)

_WT@J. + rjq/;j’,‘) + (A, — EI)JQ — By

—ng _)a + (A.b — EI)JZ) - UtT]Q_S’]

—Urty + trj(Ap — ET — eiquL)gj

(Ap — EL— e BLT)g; + (AL — EL— ¢BL )r;d; — Wi,

The equation above can be written as a new matrix equation

3% ~-W 0 0 &j + 1,0
~WT A,—FI -By, O U
0 -BL, A,—EI -U Uy
0 0 ~U" &gy trid;

with the definitions

§rj=Ap— FEI— B}

and

SR,j = AL — EI — qujBL .

3
5
e
5
“9isin(q))BLG,
g
g
d

. (2.15)

(2.16)

(2.17)

(2.18)

Eq. (2.16) can be generalized to more than two blob slices. If there were [ blob slices

each with my,,;, atoms, the size of the generalized matrix of Eq. (2.16) is (Imy, + 2myp) X

(lmblob + 2mL)
12



Similar to the single channel quantum dragon cases, calculating the transmission in-

volves taking the inverse of a matrix that is usually very large. Taking the same strategy

as in [16], we will map the large matrix to a smaller one. Physically, this can be seen

as a transformation of the old blob to a new one, but keeping the same solution of the

transmission ;.

2.1.3 Mapping

As in [16], a mapping is searched for in order to reduce the size of the matrix in 2.16.

For [ blob slices, let the matrix in Eq. (2.16) be N, so Eq. (2.16) is

Ny

¢; +1;9;

o

trid;

—21 sin(qj)Bfggj
0

0

=11

=11

=1

Write the mapping for [ = 2 for brevity, then

9%
—-WT

0

0

-W 0 0

A,—FE1 —-By 0
"B, A,—EI U
0 -U" &gy

13

(2.19)

(2.20)



Introducing transformation matrices for this two-slice nanodevice

Xy = (2.21)

and

Y, = : (2.22)
Y]

I

In Eq. (2.21) and (2.22), I is the m x my, identity matrix, the matrices X, and Y,
are of the size m, x m, , while X, and Y, are of the size m; x m,. Blob slice a has m,
atoms, and blob slice b has m,; atoms. We have the freedom to choose the transformation
matrices, as long as the X; and Y); are non-singular.

From Eq. (2.16)

é; + 7’;'5; —2isin(q;)BY¢;
N A T A 'i' 1 J(l A 6
XN, Yo' (Y, ~ X, . (2.23)
Wy 0
trid; 0

14



5]- + Tjé'; —2i sin(qj)Bfggj
LY, 0
X2N2Y2 = . (224)
(Y])~14, 0
trid 0

Eq. (2.16) and Eq. (2.23) have the same solution for ¢7;.

Define M, = XlNlYlT , which for [ = 2 is

I (i —W 0 0 I
X, ~W” A,—EI -B, 0 Y!
M, =
X, 0 -B%, A,—-FEI -U Y]
I 0 0 ~UT &g, I
(2.25)
& -WY! 0 0
~X,W” X,(A,-EIY! —X,B,Y] 0
M, = (2.26)
0 ~X,BLY!  X,(A, - EI)Y] -X,U
0 0 -UTY] ER,

The M, can be seen as a new matrix equation for a new nanodevice. In the previous
paper [16], this transformation is called a mapping from one matrix equation to another.
The new matrix equation has the same solution for the transmission ¢7; of channel j, as
can be seen from comparison between Eq. (2.16) and Eq. (2.23). The freedom in choosing
the X, and Y, will be used to try to simplify the matrix equation.

Define a successful mapping as one that satisfies the following mapping equations

W
X, W7 = (wT 0) and WY = (2.27)
0

15



U
UTY] = ([]'T 0) and X, U = (2.28)
0
A; 0
XA Y] = (2.29)
0 A,
. [ET O
EX,IY! = A (2.30)
0 E
XjBjj1Yj = (2.31)
0 Bjjn
BT 0
7,7+1
X; Bl Y] = (2.32)
0 Bjin

J in the Eq. (2.29) through Eq. (2.32) is the slice index of blob. For the [ = 2 case, we

have also written 7 = a for the slice 1 and 7 = b for the slice 2.

2.1.4 Multi-channel quantum dragons

Under the condition that a channel has a propagating wavevector g;, the leads and blob

together will be a quantum dragon if

A=A, Vi (2.33)

W=U=B,,, =B, (2.34)

2.2 Rectangular Nanotubes

The nanodevices connected to leads can have any structure mathematically. But physi-

cally, only some structures can be experimentally realized for now. Carbon nanotubes[11]
16



in the armchair and zigzag configurations are examples of these structures and how to find
quantum dragons in these structures when connected to single chain leads are shown in
[16]. In the rest of the thesis, we will focus on the nanodevices that are from rectangular
lattices. Though no experimental realization of such rectangular nanotubes exist yet, these
nanodevices are easier to analyze in terms of finding multi-channel quantum dragons com-
pared to other nanotubes. Some of the ideas from analysis of rectangular nanotubes can

also be used for other nanotubes.

2.2.1 Nanotubes formed from rectangular lattice

A two dimensional rectangular lattice is one of the five two dimensional Bravais lat-

tices. The position vector R can be presented as

R = nia; + Ngdas (235)

where n; are any integers and a; are the primitive vectors that span the lattice.
Rectangular nanotubes are rectangular lattices which are wrapped to tubes with zero
helicity. The ease in analysis of rectangular nanotubes for multi-channel quantum dragons
comes from the structure. In the slices of rectangular nanotubes, all the atom sites have the
same hopping relation with the others. In other words, there is no disorder in the slices.

For these rectangular nanotubes, the matrices A; are circulant matrices [15][5].

17



A circulant matrix is an N x N matrix of a cyclic form

an a1 Q2 -+ AN-1
aN-—1 an a -+ GN-2
A - aN_2 aN—l aN PPN a/N—S (2.36)
aq a9 as - an

where the a;’s are complex or real numbers. All the matrix elements in a given principal
or secondary diagonal are the same. Circulant matrix can be symmetric or non-symmetric.

The following matrices A’s and B’s are two examples of circulant matrices.

€ —tl —t2 —t3 —t4 —tg _tQ —tl

—tl € —tl —tg —t3 —t4 —t3 _t2

A, = (2.37)

—t3 —t4 —tg —tg —tl € —tl —tz

—tg —tg —t4 —tg —tg —tl € —tl

—tl _t2 —t3 —t4 —t3 —tQ —tl €

where ¢; are non-negative real numbers and € is a positive number.

18



Elements of the matrix can also be zero

€ —tl 0 —t3 0 —t3 _tQ —tl
—t1 € —tl 0 —t3 0 —t3 _tQ

_tQ —tl € —tl 0 —tg 0 —tg

A, = . (2.38)

—tl 0 —t3 0 —tg _tQ —tl €
A, and A, can be associated with the matrices that represent the intra-slice hopping in

each slice of the nanotubes.

—Sg —S1 —S8S2 —S83 —S4

-S4 —So —S1 —S2 —S3

Bi=|_s, —s; —s0 —51 —so]| - (2.39)
—89 —83 —84 —Sg —S1
—81 —8 —83 —S84 —Sp
—s5 0 0 0 0
0 —s 0 0 0
Bo= 0 0 —s 0 0 (2.40)




B; and B; can be the associated matrices that represent the inter-slice hopping between
each slice of a rectangular nanotube.

Introduce a single permutation matrix P

0100 --- 0
0010 --- 0

P=|loo0oo0o1 - --- 0]- 2.41)
1000 --- 0

which comes from a permutation 7 of m elements

m:{1,2,...,N—1,N} = {2,3,...,N,1} . (2.42)

The general form of circulant matrices can be written as a polynomial in P

A =P+ aoP? 4+ a3P3 + - + ayPY. (2.43)

All the integer powers of P have the same eigenvector with P but with a different

eigenvalues. Consider a single permutation matrix P,

010 - 0
001 -0

P, = (2.44)
100 0

The n’s eigenvalues of matrix P,, are

el (2.45)
20



where j =0,1,--- ,n — 1.

The associated eigenvectors with eigenvalues e72™/™ are

70 2mi
e n
jl2mi
1 e n
— (2.46)
vn
j(n—1) 273
(& n

Therefore a circulant matrix can be diagonalized by a finite Fourier transform since the
eigenvalues of the permutation matrix P are the /V; roots of unity and the eigenvectors of
P also have its elements as a normalization times a root of unity. This property will be

used in the analysis of finding multi-channel quantum dragons in later chapter.

21



CHAPTER 3

EXAMPLE MULTI-CHANNEL QUANTUM DRAGONS IN RECTANGULAR

NANOTUBES

3.1 Example solution for 2 channels lead connected to 4 channels blob: 2:4:2 Struc-
ture

It is shown in this section how to find multi-channel quantum dragons from rectan-
gular nanotubes. Specifically, the blob and leads are rectangular nanotubes consisting of
identical slices.

Assume the rectangular nanotube blob has four atoms in each slice with the intra-slice

matrix of the form.
€ —tl —t2 —tl

—tl € —tl _tQ
A, = 3.1)

—tg —tl € —tl

—tl —tQ —tl €

where € is the on-site energy for the atoms and the ¢’s are the hopping parameters
between atoms. These symbols are also used to present the same physical quantities in the

rest of the thesis.

IBlue points represent atoms in a rectangular nanotube slice. Yellow lines represent the nearest neighbor
hopping —t;. Green lines represent the next-to-nearest neighbor hopping —t,. All atoms are located in the
zy plane.

2All the intra-slice hopping terms have been shown as yellow and green lines.
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Figure 3.1: The diagram for the matrix in Eq. (3.1).!

Figure 3.2: The diagram for a blob consisting of 30 identical slices from Eq. (3.1).
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Assume that the rectangular nanotube lead intra-slice matrix is of the form

g —tn

A, — . 3.2)

_tll g

Figure 3.3: The diagram for a lead consisting of 19 identical slices from Eq. (3.2).

Assume that the blob inter-slice matrix and lead inter-slice are both identity matrices

of different dimensions

B, = ) 3.3)

B, = . (3.4)
0 1

3Since there are only 2 atoms in each slice, only nearest neighbor hopping terms exists and are shown as
green lines.

“4Red lines indicate the only inter-slice hopping between nearest neighbor atom sites from two successive
slices.

>Yellow lines indicate the only inter-slice hopping between nearest neighbor atom sites from two succes-
sive slices.
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Figure 3.4: The diagram for inter-slice hopping shown in Eq. (3.3).*

Figure 3.5: The diagram for inter-slice hopping shown in Eq. (3.4).
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In this example, all the slices in the leads and the blob are the same. This means that
the same transformation matrices X and Y can be used for the mapping of all slices in
blob. To find multi-channel quantum dragons, the transformation matrix for a successful

mapping should be found first.

Figure 3.6: The diagram shows both intra-slice and inter-slice hopping bonds in the blob.°®

Since in this example, a 4 atom per slice rectangular nanotube blob is connected to 2

atom per slice rectangular leads. The connection matrix W is 2 X 4 in size.

Wi W2 Wiz Wig
W = 3.5)
W21 W2z W3 Wayq
where the w;; are hopping terms between lead a slice and a blob slice. The 7 index is

for the atoms in lead. Since there are 2 atoms in each lead slice , ¢ can be 1 or 2.The j index

is for the atoms in the blob, j can be 1,2,3 or 4 since there are 4 atoms in each blob slice.

This diagram consists of 30 blob slices. Blue points indicate atoms and different color lines indicate
different hopping terms.

"Leads are semi-infinite but only finite slices are shown in the diagram. All the hopping terms are not
shown. In the following section, the hopping parameters in each matrix are tuned to turn the blob into a
multi-channel quantum dragon.
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Figure 3.7: A 19 slices rectangular nanotube blob and the incoming and outgoing leads.’

Figure 3.8: Connection between blob slice and lead slice.®
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Assume that the transformation matrices X and Y are the same. Furthermore, assume
that W is equal to U7, this means that the connection between the last slice in the incoming
lead to the first slice of the blob and the connection between the last slice in the blob to
the first slice in the outgoing lead are the same. After making these assumptions, the set of

successful mapping equations in Eq. (2.27) to Eq. (2.32) become

WX = (W 0) . (3.6)
A; 0
X;A; X = : (3.7)
0 A,
; Bjj+1 O
XijJ'_;'_lXjJrl - . . (38)
0 JREs

where j is the blob slice index.

Circulant matrices can be diagonalized by the eigenvectors of the matrix

Pl+P 1= . (3.9)

8Connection between the first slice of the blob and the last slice of the incoming lead. All the hopping
terms between atoms in the lead and atoms in the blob are shown as different color lines.
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The transpose conjugate eigenvectors are

V‘I‘T:<_1 11 1)

2 2 2 2

Vyi=(1 111

2 2 2 2 (3 10)

4t _ 1 1

Vi (0 -5 0 75)

ar _ 1 1

vV, (—75 0 25 0)

where the superscript is the index of the dimension of the vectors and the subscript index

is the number of the vectors.

Let X,,,,4p to be set to

v
V!
Xnap = 3.11)
2
vy
Since X, is a unitary matrix, we can diagonalize A;
XmapAlXjnap = Adiagonal . (312)
2t1 —ta + € 0 0 0
0 =2t —ty+ € 0 0
Adiagonal = (313)
0 0 tQ + € 0
0 0 0 ty+e€
Let X = Xy Xmap
Ao
XA X = (3.14)
0 A



Ao
X pew XomapA X! XT = : (3.15)

map* new

0 A
Assume
Xptock 0
Xpew = (3.16)
0 I
where Xyock 1S @ 2 X 2 unitary matrix.
Then
2t —ty + € 0 0 0
Xblock 0 0 —2t1 — t2 + € 0 0 XZlock 0
0 1 0 0 ty+ € 0 0 I
. (3.17)
0 0 0 to+ €
A o
0 A
To have multi-channel dragons,
- o —tn
A=A; = . (3.18)
_tll g
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From Eq. (3.17)

2t1 - tQ + € 0 0 0
0 =2t —tyt+ € 0 0
0 0 tz + € 0
(3.19)
0 0 0 to + €
XZlock 0 A 0 Xblock 0
o I/\o A 0 I
XZlock 0 A 0 XblOCk 0 XZlockAXblock 0
= ) (3.20)
o I/\o A 0 I 0 A

Since A, and A are circulant matrices, they can be diagonalized by the eigenvectors

of the matrix

P! = : (3.21)

The transpose of the eigenvectors are

(3.22)
Vi = (L L)
V2 V2
Let
\%il
X! = . (3.23)
vl
Then
+ - o+ t11 0
X AX ook = . (3.24)
0 g — tll
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From Eq. (3.19)

2t1_t2+620+t11

(3.25)
—2t1—t2+€:0'—t11
So one has
o=¢€—1y
(3.26)
tin =2t

That is, if the parameters in the lead matrix are chosen as Eq. (3.26), the mapping
equation Eq. (3.7) is satisfied. Now move to the next mapping equation Eq.(3.6).

The transformation matrix X is
X = XyewXimap - (3.27)
Substitute X back into Eq. (3.6)

— (W o) _ (3.28)

Hence

wXxi XE, = (w 0) . (3.29)
To have multi-channel dragons, set W =B L.
Assume

b Vil + b Vil
W = . (3.30)

by Vi1 + by V3!
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Substitute W back into the mapping equation.

WX

=WX! X

map* > new

A&l
by Vil + by Vi 0
_ 2
o . ) (V% Vi V3 Vi) \&
by Vi1 + by V3!
0 I
(3.31)
A&l
by bz 0 0 0
bor by 0 O
I
biy b | [ VST
— 0
by by | \ V3
Set
bi b | [ VT
=B, =1. (3.32)
by bos | \ V3
The b’s can be solved as
bll b12 _L L
:<V% Vg): Ve ove L (3.33)
b21 b22 \/Lﬁ \/LQ
Combine Eq. (3.33) and Eq. (3.30) to give
L 0 L o
W= | 2 V2 . (3.34)
1 1
0 5 0 &

9To better show the connection, the atoms in the first slice of the blob are shown in yellow.
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Figure 3.9: The diagram shows the lead-slice connection W from Eq.(3.34).°

The last mapping equation to be satisfied is Eq. (3.8)

1 Bjaj"rl 0

0 B

Use X in Eq. (3.27), B; in Eq. (3.3) and B in Eq. (3.4), a successful mapping
is automatically satisfied. The condition to have multi-channel dragons is B;,; = By,
which is also automatically satisfied.

So all the mapping equations in Eq. (3.6) to Eq. (3.8) are satisfied with the A, , A;,
B, ,B;,and W in Eq. (3.34), and results in Eq. (3.44). If a rectangular blob is connected
to rectangular leads, where both the blob and lead come from A in Eq. (3.2) , A; in
Eq. 3.2), B, in Eq. (3.4), B, in Eq. (3.3), and W in Eq. (3.30) , this blob will be a
multi-channel quantum dragon.

After a multi-channel quantum dragon is found, it can have multiple open channels

with total transmission. But depending on the actual values that the parameters in these

19The diagram shows a multi-channel quantum dragon with a 4 atoms per slice rectangular nanotube blob
connected to 2 atoms per slice rectangular nanotube leads.There are 19 identical slices in the blob.
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Figure 3.10: A 2:4:2 multi-channel quantum dragon.'°

matrices are chosen to be, the energy ranges for open transmission in each channel are
different.

The eigen equation to solve for the energy ranges for each mode is
[—BYe " 4+ (A, — EI) — BLe¥]g; = M (E, q)o; (3.36)
with
Ni(E,q)=0. (3.37)

Substitute the A, in Eq. (3.2) and B, in Eq. (3.4) back into Eq. (3.36) to give
(01 — t1, P! — EI — 2cos gL|g; = A (E, q); (3.38)

where P! is the single permutation matrix of dimension 2 x 2.
Since the eigenvalues and eigenvectors of permutation matrices are known from the

discussion of circulant matrices , the eigenvalues of Eq.(3.38) can be easily found

)\1 =0 — 2COSQ1 _tll —F
. (3.39)

A=0—2cosqy+t1 — F
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Set the eigenvalues to be zero , which gives

1

cosqr = ~(0 —ti — E)
2 (3.40)
1

COS gy = 5(0 +t1 — F)

Since —1 < cosqg <1

O'—t11—2§E§O'—t11+2
(3.41)
U+t11-2§E§0’+t11+2

Provided that ¢, is non-negative, to have 2 channels open simultaneously, the following

condition should be satisfied

o+t —2<o0—1t;1+2
(3.42)

t <2
After multi-channel quantum dragons are found in this 2 atoms slice lead and 4 atoms
slice blob setting, a matrix method for transmission calculation is used to validate the
results. In this validation calculation, the blob consists of 4 slices. For each mode ¢, the
transmission is solved. All the transmissions are 1 in uints of GGy using the result in this

section. Also if Eq. (3.42) is satisfied, two channels can be opened simultaneously.

"'"The diagram shows a multi-channel quantum dragon from a 4 atoms per slice rectangular nanotube blob
connected to a 2 atoms per slice rectangular nanotube lead. The conductance is calculated from the matrix
method. There are 4 slices in the blob put into the matrix. It can be seen that the two channels have different
energy ranges. The matrix parameters have been set as follows: € = 3, ¢; = 3, and {2 = 2, which gives
g = 1andt11 = 6.

12The diagram shows a multi-channel quantum dragon from 4 atoms per slice rectangular nanotube blob
connected to a 2 atoms per slice rectangular nanotube lead. The conductance is calculated from the matrix
method. There are 4 slices in the blob put into the the matrix. The matrix parameters have been set as
follows: € = 3, {1 = 0.5, and t2 = 0.3, which gives ¢ = 2.7 and t1; = 1. Since the parameters are tuned to
satisfy Eq.(3.42), the two energy ranges have some overlap, which means that in this overlap energy, these
two channels can have total transmission open simultaneously.
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Conductance in Gy
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Figure 3.11: Conductance from 2:4:2 quantum dragons: 1 open channels case!

Conductance in G

20f —
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10— —
0.5}
T

Figure 3.12: Conductance from 2:4:2 quantum dragons: 2 open channels case'?
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3.2 Example solution for a 4 atoms per slice lead connected to an 8 atoms per slice
blob: 4:8:4 Structure

In this subsection, an example of multi-channel quantum dragons from a 8 atoms per
slice rectangular blob connected to 4 atoms per slice rectangular leads is shown. The
general method applied here is the same as in last subsection. Assume the rectangular blob

intra-slice matrix is

—tl € —tl —tg —t3 —t4 —tg —tg
—tg —tl € —tl _tQ —t3 —t4 —t3
—tg —tg —tl € —tl —t2 —tg —t4

A = . (3.43)
—t4 —tg —tQ —tl € —tl —t2 —t3

The rectangular lead intra-slice matrix is

o —tly1 —tlan —tnn
—t11 o —tin —la
A; = . (3.44)
—tog —ti1 o —tln
—t11 —te —tin O
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Let the blob inter-slice matrix and the lead inter-slice matrix be identity matrices of

appropriate dimensions.

B, — . (3.45)

0100

o
h
I

(3.46)
0010

0001

To have a multi channel quantum dragon, the Eq. (3.6), Eq. (3.7) and Eq. (3.8) should

be satisfied.
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The eigenvectors used to diagonalize this matrix are the eigenvectors of matrix

P'+P ! =

100 00

The transpose conjugate of the 8 eigenvectors are

(@]

|=
(@]

|
N[
@)
N[

N— "

N[ =

40

N =

01 000O0O0¢O0T1

N
Sr—-
®)

-
|H

N—

3
3

[\v}
SH
[\v}

|H

no
SH
no

|H

N
S
N— " — 7 N S

3

|H
|H

S
3

(3.47)

(3.48)



Put each eigenvector as rows in the Xy,ap, s0 the blob matrix can be diagonalized.

Xmap = . (3.49)

}(maplkblob<}(map)Jr = Adiagonal . (350)

The diagonalized matrix Agiagonal 18

Adiagonal - . (3 5 1)
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Here
a =2t — 2ty + 2t3 —ty + €
b= —2t; — 2ty — 2t3 —ty, + ¢
v =2 —ts+e : (3.52)
n=—V2 +V2s+t,+e¢

qu@q—V@3+M+e

Let X = XpewXmap

A 0
Xnew XmapAX] oo Xl iew = : (3.53)
0 A
A o
XnewAdiagonaIXLew - . (354)
0 A

Assume that X,y 1S unitary. From the above equation we can have the following

equation
A o
Adiagonal = XLew Xnew . (355)
0 A
A should be the same as A I
o —ti1 —te —tn
. —t11 o —tin —la
A=A, = ) (3.56)
—tog —tin o —tln
—t1n —te —tin O
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Assume X,,ew has the block matrix form

Xbplock 0
Xnew = . (3.57)

0 I

This gives

Xplock' 0 A O Xblock 0
Adiagonal = . (3.58)

0 I 0

>
o
-

Xplock AXplock 0
Adiagonal = . (3 59)

~

0 A
So the Xpjocx matrix maps the lead matrix A to the eigenvalues of the blob matrix.
Using this equation, the hopping parameters and on-site energy of the lead matrix can be
solved in terms of hopping parameters and on-site energy from the blob matrix. Since A

is a rectangular matrix, it can also be diagonalized by the eigenvectors of the matrix

0101
1010
Pl +P!= . (3.60)
0101
1010
So one has
11 11
2 2 2 2
1 1 101
Xpoad = | © 2 7. 3.61)
1 1
0 —% 0 &
1 1
-5 0 5 0
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By choosing this XblockT, XblockTAXblock becomes

2t11 —tog + 0 0 0 0
0 —2t11 —tyw+o 0 0
(3.62)
0 0 log +0 0
0 0 0 tog + 0
To have multi channel dragons, namely to satisfy the equation Eq. (3.6), set
2t) — 2ty +2t3 —ty + € 0 0 0
0 —2ty — 2ty — 2t3 —ty+ € 0 0
0 0 2ty —ts + € 0
0 0 0 2ty —ty4+ €
21 —to+ o0 0 0 0
0 —2t11 —tlyw+o 0 0
0 0 tog + 0 0
0 0 0 log + 0
(3.63)
This gives
2 — 29+ 23—ty +€ =2ty —ty+ o0
—2y — 2y — 25—ty te= 21 —tw+o
(3.64)

2t2—t4+€:t22+0'

2t2—t4+62t22+0'
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Solve these equations

tin =1t + 13
toy = 2ty . (3.65)
o=—t,+¢€

Therefore, if we choose the lead matrix elements as the solutions in Eq. (3.65), and
choose the mapping matrix to be X, the mapping equation Eq. (3.7) is satisfied. The map-

ping matrix X and its transpose can be written in terms of eigenvectors of the permutation

matrix
X = XpewXumap - (3.66)
Xblock 0
Xnew: . (367)
0 I
R
111 g
2 2
Xplock = (V;1 Vi v Vg) = v (3.68)
11 9 L
2 32 /2
IR
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81
o ((viviveve) o) v

0 I4><4 VST

X' = <V§ VS VE VS VE VE VB Vg) A

Assuming that W has the following form
bu V3 +0oVa +bi5Vy + b Vy

1721\/_?r + 522V§T + 523V§T + 524V2T

by VT 4 bao VT 4 by VI 4 by, VYT

b VI + by Ve + bz Vi + by, V!

46
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For mapping equation Eq. (3.6)

bll b12 b13 514 0 0 O
b21 bQ2 b23 b24 000
WX =
b31 b32 b33 b34 0 0O
b41 b42 b43 b44 0 0O
Rewrite
WXT - (Bparameter 0)
Here
bll b12
b21 b22
Bparameter =
b31 b32
b41 b42

So Eq. (3.72) becomes

bis
bas
b33

bas

I4><4

WXT - (BparameterXLIOCk O) ’

To satisfy the mapping equation Eq. (3.6),

T —
BparameterXblock =1I.
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Since XpocklS @ unitary matrix

Bparameter - Xblock . (377)
So W can be written as
4
v
W = Xpiock . (3.78)
Vi
v

W should be a non-negative matrix, therefore the orders of the eigenvectors in the
Xblock and the 4 eigenvectors in X,,,p should be chosen carefully. The order of the eigen-
vectors as rows in X,,,p also determine the relationships between lead matrix elements
and blob matrix elements in Eq. (3.65).

Using Eq. (3.78)

1 1
L0 0 0 L 0 0 o0
0 L 0 0 0 L 0 o0
W — vz vz (3.79)
1 1
000 L 0 0 0 L o0
0 0 0 L 0 0 0 -

As in the last section, the mapping equation Eq. (3.8) is automatically satisfied.

Thus multi-channel quantum dragons have been found in a 8 atoms per slice rectan-
gular blob connected to 4 atoms per slice rectangular leads. As in the last subsection, the
parameters still need to be tuned so that more than one channel can be opened simultane-
ously. The eigen equation to solve for the energy ranges for each mode is

[—BTe " + (A — EI) — BLe'; = M (E, q)o; (3.80)
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with
MN(E,q) =0.

Substitute the A, and B, into Eq. (3.36) to give

[GI — tllPl — t11P_1 — t22P2 — ET — 2cos qI]QgJ = >‘j (E, q)ggj .

The eigenvalues of a m;, x m; permutation matrix P! are

eQﬂ'i(jfl)/mL

where y =1,2,--- ,my.

Therefore the 4 eigenvalues of Eq. (3.82) are

— 1 , .
\j =0 —FE —2cosq; — 2t cos —W(‘]Q ) — fopel D

where j = 1,2, 3, 4.
Set these eigenvalues to zero, solve for cos g;, to give

1

COS (g1 = 5(0’ —F - 2t11 — t22)
1

COS @2 = 5(0’ - F + t22)
1

COS @3 = 5(0’ — FE+ 2t11 - t22)

1
CoSqy = 5(0’ — E +tg)

Since —1 < cos g < 1, the energy ranges for each channel are
0—2—=2t) —te <E<o0+4+2—2t; —typ
0—2+1ty <E<oc+2+ty
0—242t — 2ty <E<o+2+2,

U—2+t22 §E§U+2+t22
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To open more than 4 channels simultaneously, set

O—2+1ypn <o+4+2—2t1 — 1t

(3.87)
0'—2—|—2t11—t22 <O'+2—2t11—t22
to give
ti1 + 1o <2
(3.88)
ti1 <1

To validate the result obtained in this subsection, the matrix method is used to calculate
the transmission of a structure. The structure consists of a rectangular blob connected to
rectangular leads. There are 4 slices in the blob and in each slice there are 8 atoms. There
are 4 atoms in each lead slice. The A;, A, B;, B; and W in this structure are chosen to
be the same as stated in Eq. (3.43) -Eq. (3.46) and Eq. (3.79). Also Eq. (3.65) is satisfied.

Furthermore, parameters are tuned to satisfy Eq. (3.88) to show 4 open channels.

Conductance in G
2.0t —

1.5+

=20 ~10 10 T

Figure 3.13: Conductance from 4:8:4 quantum dragons: 2 open channels case!?

3The diagram shows a multi-channel quantum dragon from a 8 atoms per slice rectangular nanotube blob
connected to 4 atoms per slice rectangular nanotube leads. The transmission for each channel is calculated
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Figure 3.14: Conductance from 4:8:4 quantum dragons: 4 open channels case!

E

4

3.2.1 General method to find multi-channel quantum dragons in rectangular nan-
otubes

In this subsection, the method for finding multi-channel quantum dragons in generic
rectangular nanotubes is shown.
Assume there are m; atoms in a slice of the blob, the intra-slice matrix associated with

the blob is

my;—1
-2 tu(P*+PF), for m; odd
A = . (3.89)

o m
el =22 1tk(Pk +P7F) — t%PTZ, for m; even

from the matrix method. There are 4 slices in the blob. It can be seen that two channels have same energy
ranges. The matrix parameters have been set as follows: ¢ = 3,t; = 3,1ty = 2, t3 = 5 and ¢4 = 1, which
giveso =2 ,t1; = 8 and toy = 4.

14The diagram shows a multi-channel quantum dragon from a 8 atoms per slice rectangular nanotube blob
connected to 4 atoms per slice rectangular nanotube leads. The transmission for each channel is calculated
from the matrix method. There are 4 slices in the blob when set into the matrix. It can be seen that the
4 channels share some energy ranges. The matrix parameters have been set as follows: € = 3, {; = 0.5,
to = 0.3 ,t3 = 0.3 and t4 = 0.2, which gives 0 = 2.8 ,t1; = 0.8 and t99 = 0.8.
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The eigenvalues of the matrix A; are

my—1

my—= .
€= 0 2tpcos (%(]71))]“, for m; odd

A\ = " . (3.90)
my

€— 21?:171 2ty cos (%Z_l))k — t%e(j_l)”, for m; even
Here j =1,2,3--- ,my.

The eigenvectors of the matrix A; are

1 (=1) (=1) 2G-rem -1\ |
2(j—1)7=0 2(j—1)m=1 J—)mx(m;—
Uj = (6 my e my ... e my ) y (391)

where j =1,2,3--- ;my .
Since the eigenvalues are real, v; + v} are also eigenvectors of A,. Introduce real

eigenvectors

* T
V; + U 2
A VAT J _ 2(j—1)70 2G—Dmxl 2(j—1)w+(m;—1) )
J V2 \/ m (cos . Cos T Cos —— )

(3.92)

Here j indicates the j’s eigenvectors and m; in the superscript indicates the dimension
of the eigenvectors.

Introduce X4,
vt

szT
X = | |- (3.93)

Vi

Since X,,,,, is unitary, A; can be diagonalized as

)(maplAZ}C]L = Adiagonal . (3 94)

map
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here A giogonal 18

MO 0 0
0 X - 0 0
Adiagonar = | + 1 - : : : (3.95)
0 0 A1 0
0 0 0 A

Introduce the transformation matrix X

X = Xnemeap ) (396)
where X,,., 1S a block matrix
Xpiock 0
Xew = . (3.97)
0 1

A successful mapping is defined as

A o
XAX' = . (3.98)

~

0 A

To have multi-channel quantum dragons, the first equation to be satisfied is

A=ApL. (3.99)
Then the equation becomes
A, O
XnemeapAlXinapX;rLew = . (3 100)
0 A
A; O
XnewAdiagonalXLew = . (3 101)
0 A
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A, O
Adiagonal = XT Xnew . (3102)

0 A

Xltlock 0 Ap O Xpiock 0
Adiagonal = . (3103)

0 I 0 A 0 I

X! A Xy O
Adiagonal = . (3104)

~

0 A

Since the leads are also rectangular nanotubes, the intra-slice matrix of leads can also

be written as Eq.(3.89)

my —1

ELeadI - Zk:%l tkLead(Pk + Pik), for m;, odd
Ap = . (3.105)

€Leadl — ZZELI_I tiread(PF +P7F) — t%LmdP%, for m, even
here m, is the number of atoms in a slice of the lead. It can be seen from Eq.(3.104) that
my; > mr.
A} can also be diagonalized by the eigenvectors similar to that in Eq.(3.92) but with

different dimension my,

v; + UF 2 T
VAT e R B 2(j—1)m*0 20Dl 23— D)ms(my—1) .
j NG my (COS L cos = cos S )
(3.106)
XZlock:ALXblOCk = ALdmgon(zl . (3107)
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T .
where X, . 18

VTITLLT
VmLT
Xhooo = | (3.108)
vl
and A Lgiqgonal 18
Areaar 0 - 0 0
0 Arcag2 - 0 0
A Ldiagonal = : P : : (3.109)
0 0 ALeadmp—1 0
0 o - 0 ALeadmlL
with
€Lead — Z;::{l 2t Lead COS (%;I))k, for my, odd
ALeadj =
€Lead — Z;%fl 2t 1 Lead COS (%L_l))k — t%LmdeU*I)”, for m, even
(3.110)
here j =1,2,3--- ,my .
To satisfy Eq.(3.104)
Aj = ALeadj - (3.111)

Where j =1,2,3--- ;mp, .
Therefore provided one uses the X in Eq. (3.96) and Eq. (3.111), the first mapping
equation from equation set Eq. (3.6) to Eq. (3.8)is satisfied. Now move to the second

mapping equation.
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A successful mapping of the lead-blob connection is defined as

WX = (w 0) . (3.112)
From Eq. (3.96), Xtis
VTLT
VglLT
0
X' = (V;nzf vt V%T) : : (3.113)
vmot
mr,
0 I

Assume that W has the following form

bu Vi + b Ve o by, Vit

bor VT 4 b VI o 4 by, Vi
W = . (3.114)

DA VI + 0o Vol e by, VI

Then WX is
V71”ﬂLT
b11 b12 blmL 00 - 00
V;nLT
bii  biz - by, 00 -+ 00 0
WX = : . (3.115)
vt
mr,
mel me2 te memL O 0 ctt O 0
0 1
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Let

Bparameter =

me 1 me 2
And recall that
V717’LLT

Jr V;ﬂLT
Xplock =

Vit

Then

blmL

b].mL

memL

T
WX = <BparameteTXZlock 0) '

X7 T
Where W - BparameteTXblock;'

(3.116)

(3.117)

(3.118)

The blob will become a multi-channel quantum dragon when W = B,.. For the rectangu-

lar leads that have only nearest-neighbor inter-slice interaction, namely B, = I, B,qrameter

can be solved as

Bparameter = Xblock: .

Therefore W is
V717”Ll Jf

VgllT
W = Xblock

Vi
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Since the hopping parameters in W come from the kinetic energy term of the time-

independent Schrodinger equation, W must be a non-negative matrix

W >0. (3.121)

The last mapping equation to be solved is the mapping of the blob inter-slice hopping
terms. For the rectangular leads and blob that have only nearest-neighbor inter-slice inter-

action, the mapping equation is automatically satisfied providing that X in Eq. (3.96).

B, 0
XBX =1I= . (3.122)
0 1
Where B; and B, are identity matrices.

To have multi-channel quantum dragons, not only the mapping equations need to be
satisfied, but also the propagating mode needs to exist in the lead. In the following sub-
section, how to find the lead for rectangular nanotube multi-channel quantum dragons is
shown.

Assume a lead intra-slice A and inter-slice B interaction are of the following form

my—1

ELead]: - Zk:L21 tkLead(Pk + Pik), for m;, odd

A= (3.123)
€Leadl — Zz_l tkLead(Pk + P_k) — t%LeadP%, for my, even

By =1l. (3.124)

The eigen equation to solve for the lead slice wavefunction is
[—BYe " 4+ (A, — EI) — Be]g; = \(E, q)o, . (3.125)
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Since B, = ¢yI, the eigen equation can be written as

— —

[Ap — EI —2tgcos ¢;I)p; = N\ (E, q)o; (3.126)

From Eq. (3.110) , the eigenvalues \;(E, ¢) in Eq. (3.126) are

For mf, odd
mp—1
- 27(j — 1)
cad — B — 2t . — U i Iea k
€Lead 0 COS ¢ kz_: kLead COS ( e )
- (3.127)
For mj, even
IS 2n(j— 1
€read — B — 2t0 08¢ — Y 2tpreqq cos ( ”:n L t%Leade(j—l)w
L
k=1
For my, odd
mLfl
1 - 2m(7 — 1
Cosq; = g[ELead —F - Z 2tk Lead COS (#)k]
0 k=1 L
(3.128)
For m, even
1 IS 2n(j— 1)
w(j — o
COS q] = 2_1;0[€Lead - E - ; thLead coS (m—L)k _ t%Leade(J 1) ]

The energy range of each mode can be solved by setting —1 < cosq < 1in Eq. (3.128).

For m; odd
mL—l
2 2m(7 — 1
E Z €Lead — 2t0 - Z 2tkLeoLd COSs (M)k
k=1 mr
S~ (3.129)
2 2m(7 —1
E < €reqd + 2tp — Z 2t i Lead COS (M)k
k=1 mr
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For m, even

e .
o 2r(j — 1)k . (G—Dm
E > €Lead — 2to ; 2tk Lead COS ( my ) tTLLeade
ey (3.130)
E < €Lead T 2t0 - Z thLead COs (M)k - tﬂLeade(j_l)ﬁ
k=1 mL ’

To open more than one channel simultaneously, parameters need to be tuned from Eq.
(3.129) and Eq. (3.130) so that energy ranges from different modes can have a common

part.
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CHAPTER 4

CONCLUSIONS

The procedure to use the matrix method to find multi-channel quantum dragons in
rectangular nanotubes has been shown. A multi-channel quantum dragon is a nanodevice
that may have disorder, but when connected to input and output leads , electrons impinging
into it can propagate through with probability 1 in more than one channel. In a two-terminal
measurement, the electrical conductance of a multi-channel quantum dragon is the product
of number of open channels mand the conductance quantum G, namely mG,.This is also
the first time the matrix method has been modified to take into account more than one
channel in the lead slices. The modification may allow for more realistic nanostructure
calculation since practical nanodevices are not idea 1D atom chain.

Multi-channel quantum dragons have been shown in rectangular nanotubes in this the-
sis. The conductance of a rectangular nanotube multi-channel quantum dragon nanodevice
can be as high as MG, where M is the number of atoms in each slice of the lead and
G is the conductance quantum. The highest conductance happens as all the channels are
open at the same time.

No experimental realization of rectangular nanotubes has been reported yet. Neverthe-

less, single-atom-thick Fe layer with a square lattice structure has been report recently[18].
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It is expected that in the future, rectangular nanotubes can be made from this kind of
single-atom-thick square lattices, which may make application of rectangular nanotube
multi-channel quantum dragons possible.

Beside rectangular nanotubes, there are other types of nanostructures such as zigzag
single-walled carbon nanotubes (SWCNTS), armchair SWCNTS and Bethe lattices can
form single-channel quantum dragons[16]. Carnon nanotubes are strong candidates for
possible novel nanoelectrinic applications[4][3][17][1]. Since electrons can propagate
multi-channel quantum dragons with total transmission, multi-channel quantum dragons
have potential for some of the same applications as do ballistic electron propagation de-
vices [13][11]. Therefore, finding multi-channel quantum dragons from these structures
will be the next stage of this multi-channel quantum dragon study.

Rectangular nanotube multi-channel quantum dragons are examples of linear form
quantum dragons in which the nanodevice consists of slices and interactions only between
nearest neighbor slices. The future directions of the work therefore also may include re-
search about more complex nanostructures, which include next-nearest neighbor slice hop-

ping terms.
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APPENDIX A
MATRIX METHOD FOR ELECTRON TRANSMISSION CALCULATION AND

SINGLE-CHANNEL QUANTUM DRAGONS
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A.1 Matrix method for solving quantum transmission problem

In this appendix, matrix method and its application in calculation of transmission from

single channel quantum dragons have been reviewed briefly.

A.1.1 Method of finite differences

In lots of practical problems, the Schrodinger equation can not been solved analyti-
cally. Therefore these problems require a numerical solution. The most widely used way
to obtain a numerical solution for the Schrédinger equation is converting the differential
equation to a matrix equation. Using the 1D case as an example, the following part shows
how this is done.

Firstly, we represent the wavefucntion W (z,¢) by a column vector {1 (t) 1o(t) - - - }T
containing its values around each of the lattice points at time ¢. The spatial lattice is regular,
with lattice spacing a.

Next, we obtain the matrix representation of the Hamiltonian operator

n o
Ho ——%@—i—(](l') (Al)
recall the approximation
0*w 1
and
Ux)¥(z) =Ul(x,)V(x,) . (A3)

The above procedure is called the finite difference method.
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Then the Schrédinger equation becomes

dipn,

i
N

= [Hop]w:mn - (Un + QtO)d)n - t0¢n—1 - t0¢n+1
= Z[(Un + 2t0>5n,m - to(sn,m—i-l - tO(Sn,m—l]wm
where 6, ,,, is Kronecker delta.

Then the Schrédinger equation can be written as a matrix equation

d -

ih—(t) = HJ) (1)

Where ¢ (t) is a column vector

—

W(t) = (Pu(t) Pa(t) - - )T
and [H] is a matrix with matrix elements
H, . = (U, + 2ty)0nm — todn,m + 1 — tedn,m — 1

with
to = h?/2ma’
and

Up=Ul(z,) .

(A4)

(A5)

(A.6)

(A7)

(A.8)

(A.9)

Now assume that the Hamiltonian is time independent. To solve the matrix equation,

the eigenvectors « and associated eigenvalues £, of H must be found first

[H|d = E.a .

It can been shown that the complete form of the solution to the Eq. (5) is

U(t) =) Coe Betiha .
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The coefficients C, are time independent and found from the initial condition @/; 0) =

S Cad.

A.1.2 Matrix method for quantum transmission

Rewrite Eq. (A.10), drop the « for conciseness, to give
(H-E)=0. (A.12)

The explicit matrix form of /7 depends on details of the structure of the leads and of

the device. Consider the following 1D discretization diagram

—ty — (0) + —w — (a) < —tip = (b)) < —u — (1) «+ —tp
€0 €a €b €o

wO wa wb wl
(A.13)

where 1); is the wavefunction at each atom site, €’s are the onsite energies for different

atoms, t’s , w and u are hopping terms between nearest atoms.
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The infinite matrix Eq. (A.12) then is

0 0 0 0 —u Ky -ty O
0 0 0 0 0 —ty Ko —to
0 0 0 0 0 0 —ty Ky
(A.14)
(G 0
(U 0
Yo 0
Ya 0
Wy 0
(LS} 0
(L 0
(o 0

where Ky = ¢y — E.
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Using the ansatz from [16], the slice wave function of the blob and leads can be written

as

eiqna + ,r,efiqna n S 0
Uy = : (A.15)

tpei(n—ba n>1
Substitute the ansatz in the tight-banding equation Eq. (A.14) for the outgoing lead
(n>1)
—totre' P 4 (¢ — E)tpe ™V _ ttpe™1e = ()
—toe 1" + (€9 — E) — tge'* = 0 (A.16)
€g — = 2tgcosqa .
Substitute the ansatz in the tight-banding equation Eq. (A.14) for the incoming lead
(n <0)
—to(ei‘I("_l)“ + Te_i‘I(”_l)“) + (g — B) (" + relm®) — to(ei‘I(”H)“ + TeiQ("+1)a) =0
—toe T — 14" 4 (g — E) — tore M 4 (¢ — E)re2me _ yre~i(@nta —
(—toe "1 4 ¢ — B — tge"*)(1 + re”21"*) = (
(€0 — E — 2tgcos(qa))(1 + re 21"*) = 0.
(A.17)

this equation can also be satisfied by the last equation in Eq. (A.16).
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The four rows of matrix equation that have yet to be satisfied in Eq. (A.14) are

(R

—ty eo— FEF —w 0 0 0 Yo
0 —w e —FE  —tp 0 0 Va
0 0 -ty e—FE —u 0 Wy
0 0 0 —u e —FE —t (U0
(e

Using the ansatz again

—to

e—ida | peiqa
w—E —w 0 0 0 147
—w €, —FE —ty 0 0 Uq
0 —t1s —FE —u 0 Uy
0 0 —u ¢ —FE —t tr
tpeite

Multiplying through gives

—toe M — tore™® + ¢y + egr — E — Er — w,
—w — wr + (Ea — E)@Da — t12¢b

—t190a + (€& — E)tbyp — uty

—U@Db + EotT — EtT — totTeiqa
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Using —F = e + tpe "% — ¢4 in Eq. (15) , the bottom equation of equation (19)
can be written as
—uthy + eotp — Bty — totpe'®® = —uahy + to(e" + e 1)ty — totpe'd®
= —uthy + totpe'®® + totre 9 — totped  (A21)

= —uthy, + totre M.

Using —E = tpe"% + tpe™* — ¢, , the top equation of equation (19) can be written as
—toe MY — tore® 4+ g + eqr — E — Er — wipy, = —tge 1% — tore'® + tye't"+
toe % + 1tpe™® + rtge T — wib,

= tpe'"l 4+ rtge " — wip, .

(A.22)
Eq. (A.19) thus becomes
toeiq“ + T'toe_iqa — wwa + (toe_iq“ — toe_iq“) 0
—w —wr + (€, — By — t12ty 0
= : (A.23)
_t12¢a + (Eb — E)¢b — UtT 0
—uwb + totTe_iqa 0
which can be written into a matrix equation form
toe™%  —w 0 0 1+r —2itg sin ga
—Ww €q — E —tlg 0 ?/)a 0
= . (A.24)
0 —tlg €p — FE —U wb 0
0 0 —U toeiiqa tr 0

Solving this matrix equation, the transmission 7 (E) can be obtained as 7 (E) =

[tr|? = tpth.
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The matrix equation used to calculate the transmission can be generalized to non-1D
cases. Generally there are three types of sites in the blob: sites directly connected to the
input lead, in; sites directly connected to the output lead, ut; sites not directly connected to
either the input or output lead, not. Similar to the 1D case, the blob now is arranged into
three parts with the different types of sites.

In these general cases, 7 (E) is given by the solution of matrix equation

(E) W i i 0 147 2%Tm(€)
@ Am—FEL B  Bow 0 || @m f
0 Bl Aw—FEl Buu 0 |[|Vwl|=| T | @29
0 Bl Blw Au—BEl T || Y. I
0 I I 2t e\ 0
where £(E) is defined as
E(E) = tge "1 (A.26)

and Zm(§) is the imaginary part of {(E).

A.1.3 Linear form blobs and mapping onto a one dimension chain

In principle transmission of any blob can be obtain from the solution of a matrix equa-
tion as in Eq. (A.25). Usually this involves taking the inverse of an extremely large matrix,
which makes exact solution of the matrix equation in general not possible. Using the tech-
nique introduced in [16], a mapping from the original large matrix to a much smaller matrix

can make the search for quantum dragons easier.
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A linear blob is a blob that is composed of [ different slices, and the slice 7 interacts
only with slices 7 — 1 and 7 + 1 ( with 1 < ¢ < [). In a linear blob, each slice only has

interactions with nearest slices. So the matrix in matrix equation Eq. (A.25) becomes

&E) 0f 0f 0f 0f 0
W A —EI By 0 0 0 0
0 Byy A;—EI By 0 0 0
0 0 By, As;— FEI 0 0 0

N, =
0 0 0 0 A ,—El B, 0
0 0 0 0 B,. A -El @
0 gt ot il .. il i (B
(A.27)

Here A; is a m; X m; matrix containing all the intra-slice couplings and on-site energies.
B;i111s am; X m;;; matrix containing inter-slice couplings.

Then the matrix equation becomes

1+7 2iTm(€)
W 0
Uy 0
N; x : = : . (A.28)
U 0
e 0
tr 0
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Introduce the [ x [ block-diagonal transformation matrices

and
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Xy

(A.29)

(A.30)



In Eq. (A.28), inserting the identity matrix I = YT(}A/T)*1 between the matrix N; and

the vector gives

147 —2is8inq
(Y]) 14 0
XN, YT ()™, = 0 . (A31)
(YD) 0
tr 0
Define M, = XNZ?T:
¢ Y] 0f 0f 0 0f 0
X X;F YD X BpY! 0 0 0 0
0 X,BynY! X,F, Y] X,ByY! ... 0 0 0
0 0 X3B3, Y, XsFsY! - 0 0 0
0 0 0 0 o X F Y X ByY, 0
0 0 0 0 o XBya Y XFY Xa
0 0t 0t 0t 0t aY] ¢
(A.32)

where F; = A; — E1.

A successful mapping onto the 1D chain was defined by a set of equations
6 .
X;AY] = . (A33)
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XiByYj=| ~
0 By
E 0O
EXIY! =
0 Ci(E)
— —
Xy = and Y0 =
0 0
— —il
Xﬂ_[ = and Ylﬁ =
0 0

(A.34)

(A.35)

(A.36)

(A.37)

After the mapping, some hopping terms in the M; become zero, which means that in

the mapped structure, some atoms are disconnected from the blob and leads. Define the

M, as the matrix that includes all the connected atoms in the mapped structure.

where l%i =¢ —F.

0 0
0 0
3 0 0
0 0
ti—1 —ky
0 —u

To have quantum dragons in this nanodevice, one needs to set that

W=1u=t;41 =ty
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and

gi = € (A40)

where ¢, is the hopping term between two lead atoms and ¢ is the onsite energy of the lead
atoms.

The idea underneath Eq. (38) and Eq. (39) is to set the mapped structure to be the same
as lead so that the mapped structure can be seen as a continuous part of the lead. In this way
the whole nanostructure will have total transmission. Since the mapped structure has the
same solution about transmission as the original structure, therefore one can conclude that
the original structure permits total electron transmission, namely a single-channel quantum

dragon.
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