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Polymer brushes consist of multiple monomers connected together with one of the

polymer chain’s ends attached to a surface. Polymer brushes have shown great promise for

a wide variety of applications including drug delivery dendrimer systems and as tunable

brushes that can change their shape and physical properties in response to changes in their

environment. Regularly branched polymer brushes which are structured as a function of

their chemical indices are investigated here using the self-consistent mean field theory for

electrically neutral polymers. The brushes were described using weighting functions,

f (n), were n was the fewest number of monomers from a specified location to a free end.

Brushes with weighting functions of the form f (n) nb, f (n) ebn, as well as f (n) dan

when d 2 and a 2 were found to match the parabolic free chain end profile expected,

while it was determined that polymer brushes described using f (n) nb must be very

small in order to remain in equilibrium. However, brushes described by f (n) 2
G(N n)

N and

f (n) 2n were found to be unstable for real, positive values of the potential of the system.
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CHAPTER 1

INTRODUCTION

Polymer brushes are defined as an assortment of macromolecule chains with one

end of the chain attached to a surface [1]. In the following sections the polymer brushes

will be described with several distinguishable features, such as a maximum height above

the surface that the brush extends to (denoted by h) and the monomer’s location in terms

of the number of flexible polymer spacers (denoted by n) from the end that is not attached.

An example of such a polymer brush attached to a linear surface with regular branching

points is shown in FIGURE 1.

Various methods have been developed in order to study polymers, including: the

integral equation theory, density functional theory, and the self-consistent mean field

theory (also known as the self-consistent field theory) [2]. The study of polymers through

these methods is of great importance to the development of current and new potential

polymer applications. Throughout the years, the importance of computational methods

able to describe polymers using the self-consistent field theory has been recognized [3].

Polymer brushes have great potential for various applications in various fields including:

physics, medicine, chemistry, and biology. A brief overview and history of polymer

brushes and their applications is provided in the following pages.

Polymer Brushes in Physics

The foundation for the theory of polymer brushes was firmly established in part

from the e orts of de Gennes and Alexander [1]. Interest in research of polymer brushes

in physics has recently increased as various possible future applications have become

apparent [4]. A current area of research for polymer brushes is their properties when they

1



ni=0

ns=N

h

FIGURE 1. An example of a regularly branched polymer brush with a maximum possible
height above the surface of h and a total number of flexible polymer spacers N (the
polymer spacers are shown as the gray circles at each branching point). The location on
the polymer is given by the integer value n corresponding to the flexible polymer spacers.
The value of n is at a maximum value of N for the spacer attached to the substrate’s
surface (ns) and at a minimum value of zero at the spacer at the free end of the brush (ni).
The position of a given n value above the surface substrate is defined by the function z(n).

are attached to di erent surface configurations. Although polymer brushes attached to flat

surfaces have been studied extensively, the properties of polymer brushes attached to

various curved surfaces have not been su ciently studied. An example of polymer

brushes on a curved surface that have been studied are star polymers, consisting of

multiple polymer brushes attached to a spherical surface [5]. An example of a star polymer

with four ”arms” attached to a common flexible polymer spacer is shown in FIGURE 2.

These star polymer systems present new opportunities in various fields including

physics due to their structures and interactions with various surfaces and particles [5, 6, 7].

Another interesting topic of polymer brush research is how they respond to external

2



ni=0

ns=N

h

FIGURE 2. An example of a regularly branched star polymer brush with a maximum
possible height above of h from a common flexible spacer and a total number of flexible
polymer spacers N (the polymer spacers are shown as the gray circles at each branching
point). The location on the polymer is given by the integer value n corresponding to the
flexible polymer spacers. The value of n is at a maximum value of N for the common
spacer for each ”arm” (ns) and at a minimum value of zero at the spacer at the free end of
the brush (ni). The position of a given n value from the common spacer is defined by the
function z(n).

stimulus. Over the past decade it has been observed that changes in the structure of certain

polymer brushes will occur when the temperature of the surrounding environment is

altered. Polymers such as poly(N-isopropylacrylamide) (PNIPAAM) have been observed

to collapse into a denser formation above the lower critical solution temperature when the

molecular weight and grafting density is su ciently large [8, 9]. Various other

environmental changes have also been shown to alter the structure and properties of

polymer brushes. Examples of some of these conditions are described in the following

sections.

3



Biological Applications of Polymer Brushes

Polymer brushes show significant promise to be used in biotechnology with

applications ranging from biosensing, molecule recognition, and engineered tissue

sca olds [10]. Polymer brushes show great promise as biosensors for various reasons. In

addition to being smaller than conventional biosensing equipment and relatively

inexpensive compared to older analytical techniques, polymer brushes can be altered

when they come in contact with specific biological materials. Contact with these materials

can either produce a current in the brush or alter the electrical charge of the brush, this

change in the system can then be detected through various conventional means in order to

determine if specific biological elements are present [11]. In addition to their applicability

in the field of biosensing, polymer brushes have also been used to prevent the adhesion of

cells to various substrates. In 2008 Mizutani, et al. showed that cellular adhesion of

bovine carotid artery endothelial cells to a surface decreased when the length of

Poly(N-isopropylacrylamide) polymer brushes increased [12]. The ability of polymer

brushes to prevent cellular adhesion to various surfaces is also of great interest due to its

potential applications in medicine.

Medical Applications of Polymer Brushes

Specific polymer brushes also have the potential to be grafted onto medical

devices in order to prevent damage to the medical device as well as preventing serious

health risks to patients [13]. Leckband et al., described how polyethylene glycol polymer

brushes can be used to prevent microbial adhesion to surfaces in 1999. By grafting

polyethylene glycol polymers to a surface, several e ects will be produced to inhibit

microbial adhesion. First, overcrowding due to the polymer brush creates an osmotic

penalty which eliminates the adsorption free energy of a microbial protein. Secondly, any

microbe that attempts to contact the surface must first overcome the potential barrier

created due to induced overcrowding of the polymer brushes. Thirdly, the addition of the

4



polymer brushes increases the e ective viscosity on any proteins, this slows down the

adsorption rate of the protein. Finally, the polymer brushes can form an incompressible

layer which can prevent any proteins from ever reaching the surface [14].

Applications of Polymer Brushes in Chemistry and Materials Science

As high-tech and consumer devices increase in their complexity and the demand

for more e cient products increases, new materials and fabrication methods must be

developed. Frictional forces between solid surfaces have been shown to reduce when these

surfaces have polymer brushes attached to them [15]. In 2003 Raviv, et. al. showed that

charged polymer brushes in particular can severely reduce the frictional forces between

solid surfaces [16]. This reduction in frictional forces can be used to increase the

e ciency of various devices.

Another interesting application of polymer brushes is their use in creating thin

polymer films. By detaching the polymer brushes from their substrate, polymer brushes

can provide a way to tune the thin film to the desired specifications for microelectronics

and precise filtering of various systems [17]. These are just some of the many present and

future applications that polymer brushes may be used for.

5



CHAPTER 2

THEORY

In the following pages I will examine various polymer brush systems using the

self-consistent field theory for polymers. Each polymer brush is assumed to be comprised

of flexible polymer spacers which are composed of N spheres with an assumed diameter

of a 1, G number of generations (a generation is defined here as a group of statistically

equivalent monomers), and the number of attached monomers at a given point is described

by a weighting function f (n) [18]. All of the polymer brush chains were assumed to be

electrically neutral, similar to the method used by de Gennes in 1980 [19]. In order for

these polymers to be e ective polymer brushes they must remain mechanically stable. In

order to ensure mechanical stability of a polymer brush, the free energy of a single chain,

described as a function of the position above the substrate z(n),

S tot[z(n)]
GN

0
f (n)

1
2

dz
dn

2
P(z(n)) dn (2.1)

must be minimized [20].

Since the kinetic energy can be written as KE
f (n)
2

dz
dn

2
and the potential of the

polymer is expressed as P(z(n)) P0 1
z(n)2

h2 where h is the height of the polymer, the

single chain free energy can be written in terms of the polymer brush’s Lagrangian

S tot

GN

0
dn (z(n)

dz
dn

) (2.2)

where

6



f (n)
2

dz
dn

2
f (n)P(z(n)) (2.3)

is the Lagrangian [21]. Later results can be simplified by converting the system to

one dependent on a dimensionless variable
n
N

[18]. Therefore the single chain free

energy will be minimized when the polymer’s Euler-Lagrange equation

d
d ż dz

0 (2.4)

is solved.

Since the polymer brushes are static at the substrate, mechanical equilibrium

requires that
dz
d 1 0 (2.5)

and

d
d

f ( )
dz
d

f ( ) P(z) 0 (2.6)

when 1 in order to determine the value of P0.

Once the position of the polymer with respect to the dimensionless variable is

obtained, the number of free chain ends ( ) with a position greater than a given value of z

1
h

z

d (z0)
dz0

d
dz

dzo (2.7)

can be found as a function of the location of the free chain end (z0) [22]. Since

there will be no free ends at a height grater than h, (h) 0 and therefore this equation

can be reduced to

(z)
dz
d

(2.8)

7



provided that
d
dz

is independent of z0 for the polymer brush. Using this method it

is anticipated that the number of free chain ends will be have a parabolic profile similar to

the self-consistent field simulations created by Murat and Grest in 1989 [23]. Any value

obtained equal to 10 7 was determined to be the minimum limit for the methods used, any

values below this limit were unable to be modeled using the self-consistent mean field

theory.

8



CHAPTER 3

ANALYSIS AND RESULTS

f (n) nb

For polymer brushes with a weighting function of f (n) nb, a Lagrangian of

nb

2
dz
dn

2
nbP0 1

z(n)2

h2 (3.1)

is obtained.

In terms of n
N the Lagrangian is expressed as

(N )b

2
dz
dn

2
(N )bP0 1

z(n)2

h2 (3.2)

since the weighting function is now described as f ( ) (N )b. Eq. 3.2 was then

applied to the Euler-Lagrange equation to produce

z̈( )
b

ż( )
2P0z( )

h2 0 (3.3)

In the following sections this equation was analyzed for various values of b.

Case when b 0

When b 0 the weighting function is reduced to a value of 1 regardless of the

position on the polymer brush. An example of a brush with a weighting function of

f (n) 1 is shown in FIGURE 3.

The Lagrangian of this system can be expressed as

1
2

dz
d

2
P0 1

z( )2

h2 (3.4)

9



ns=3

ni=0

h

FIGURE 3. A polymer brush attached to a flat surface with a weighting function of
f (n) 1, a value of N 3, and a maximum height of h.

which was then used in Eq. 2.4 to produce the equation of motion

z̈( )
2P0z( )

h2 0 (3.5)

in order to produce an equation that accurately describes the structure of polymer

brush as a function of . The structure of this polymer is described by Eq. 3.6.

z( ) hcsc
2P0

h
sin

2P0( 1)
h

(3.6)

10



Di erentiating Eq. 3.6 with respect to obtains

dz
d

2P0 cos
2P0( 1)

h
csc(

2P0

h
) (3.7)

which was used with Eq. 2.8 to determine the number of free chain ends

throughout the polymer brush as a function of its position. The equation for the number of

free chain ends is expressed in Eq. 3.8.

(z[ ]) 2P0 cos
2P0( 1)

h
csc(

2P0

h
) (3.8)

Evaluation of Eq. 3.7 at 0 produces

dz
d 0 2P0 cot

2P0

h
(3.9)

which will be approximately zero when 2P0
h 2 . Therefore the position of the

polymer brush and the number of free chain ends can be expressed as a function of the

maximum height, these relationships are described in Eq. 3.10 and Eq. 3.11 respectively.

z( ) hcos(
2

) (3.10)

(z[ ])
h

2
cos(

( 1)
2

) (3.11)

In order to satisfy the boundary conditions of the system, it was determined that

the height of the brush must be h 6 366 10 8 and a corresponding potential of

P0 5 10 15. The position of this polymer brush as a function of the chemical index is

shown in FIGURE 4 and the number of free chain ends at each position is shown in

FIGURE 5.
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FIGURE4.Theheightabovethesubstratesurfaceforapolymerbrushwithaweighting
functionoff(n)=1.Avalueofh≈6.366×10−8,andP0=5×10−15inordertosatisfy
thenecessaryboundaryconditions.

FromEq.3.7andEq.3.11itwasobservedthatpolymerbrusheswiththe

weightingfunctionf(n)=1musthaveavarysmallmaximumheightinordertoremain

attachedtothesurfacesubstrate.

Casewhenb=1

When b=1theweightingfunctionbecomesthelinearfunctionoff(n)=n.An

exampleofapolymerbrushwithaweightingfunctionoff(n)=nisshowninFIGURE6.

Eq.3.3becomes

12
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FIGURE5.Thenumberoffreechainendsofapolymerbrushwithaweightingfunction
off(n)=1.Thepolymerbrushobservedherehadavalueofh≈6.366×10−8and
P0=5×10−15inordertosatisfythenecessaryboundaryconditions.

z̈(µ)+
ż(µ)

µ
+

2P0z(µ)

h2
=0 (3.12)

whichwasthenappliedtosolvedwiththeboundaryconditionz(0)=htoobtain

thepositionabovethesubstratesurfaceintermsofaBesselfunctionofthefirstkind(J0)

z(µ)=hJ0

√
2P0µ

h
(3.13)

forthecasewhereb=1

BydifferentiatingEq.3.13withrespecttoµ

13



h ni=0

ns=3

FIGURE 6. A polymer brush attached to a flat surface with a weighting function of
f (n) n, a value of N 3, and a maximum height of h.

dz
d

2P0J1
2P0

h
(3.14)

the change in the polymer’s structure as a function of the chemical index was

obtained.

From Eq.3.13 it is observed that in order for the polymer brush to be attached at

the substrate surface, z( 1) 0, therefore
2P0

h
2 40483 since the first order Bessel

function has its first zero when J0 (2 40483).

Therefore

14



P0
(2 40483h)2

2
(3.15)

in order to satisfy Eq. 3.13 at the surface substrate.

Since the number of free chain ends at a given position was determined to be

proportional to the change in the polymer’s structure in Eq. 2.8, the number of free ends

for this polymer was determined to be

(z[ ])
dz
d

2P0J1
2P0

h
(3.16)

Using Eq. 3.15 the number of free ends for the system can be written as

(z[ ]) 2 40483hJ1(2 40483 ) (3.17)

so that an appropriate value for the height can be found which satisfies the

boundary condition at 1. Using Eq. 3.17 it was determined that h 8 0099 10 8 and

P0 1 8552 10 14.

Using Eq. 3.13 and Eq. 3.15 the structure of the polymer brush was determined,

this is shown in FIGURE 7.

The number of free chain ends at a given position is shown in FIGURE 8 using the

same maximum potential as in FIGURE 7.

From Eq. 3.17 it was observed that the boundary conditions are satisfied and the

polymer brush remains attached to the substrate when the brush is very small.
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FIGURE7.Theheightabovethesurfacesubstrateforapolymerbrushwithaweighting
functionoff(n)=nisdescribedusingBesselfunctionsofthefirstkind.Thepolymer
brushobservedherehadavalueofh≈8.0099×10−8andP0=1.8552×10−14inorderto
satisfythenecessaryboundaryconditions.

Casewhenb=2

When b=2Eq.3.3becomes

z̈(µ)+
2

µ
ż(µ)+

2P0z(µ)

h2
=0 (3.18)

whichwassolvedwiththeboundaryconditionz(0)=htoobtaintheequation
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FIGURE8.Numberoffreechainendsthroughoutabranchedpolymerbrushwitha
weightingfunctionoff(n)=nasafunctionofthedimensionlessvariableµ.Theposition
ofthepolymerbrushhasamaximumheightofh≈8.0099×10−8andamaximum
potentialofP0=1.8552×10−14.

z(µ)=
h2sin

√
2P0µ
h

√
2P0µ

(3.19)

todescribethestructureofthepolymerbrush.Anexampleofapolymerbrush

withthisweightingfunctionisshowninFIGURE9.

DifferentiatingEq.3.19withrespecttoµproducesEq.3.20

dz

dµ
=

h

µ



cos

µ
√

2P0

h
−

hsinµ
√

2P0
h

µ
√

2P0



. (3.20)
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FIGURE 9. A polymer brush attached to a flat surface with a weighting function of
f (n) n2, a value of N 3, and a maximum height of h.

which was used to solve for appropriate values for P0 so that the boundary

conditions for the polymer brush are satisfied.

Eq. 3.20 was used with Eq. 2.8 to obtain

(z[ ])
h hsin 2P0

h

2P0
cos

2P0

h
(3.21)

to mathematically describe the number of free ends for the polymer brush.

Since Eq. 2.6 will return a value of zero regardless of the value of P0, therefore

Eq. 3.19 was used to determine the value of P0.

From Eq. 3.19 it was observed that

18



z(1)
h2 sin 2P0

h

2P0
(3.22)

at the substrate’s surface, therefore in order for Eq. 3.22 to equal zero the

condition 2P0
h , must be true. The potential can then be expressed as

P0
( h)2

2
(3.23)

for polymer brushes with a weighting function of f (n) n2.

Using Eq. 3.23 in conjunction with Eq. 3.21 when 1 it was observed that

h 10 7 with a corresponding potential of P0 4 9348 10 14 in order to maintain

mechanical equilibrium.

The structure and the number of free chain ends for this brush system are shown in

FIGURE 10 and FIGURE 11 respectively.

Using Eq. 3.23 in conjunction with Eq. 3.21 it is observed that the polymer brush

must be very small in order to remain attached to the surface substrate and satisfy the

necessary boundary conditions.

An analysis of the cases yields the interesting result that all of the electrically

neutral polymer brushes studied with a weighting function of the form f (n) nb must be

very small in order to satisfy the boundary conditions.

Case when b 3

When b 3 the weighting function can be written in terms of the chemical index

as f ( ) (N )3. An example of a polymer brush with this weighting function is shown in

FIGURE 12.

This weighting function is applied to first applied to Eq. 2.3 and then inserted into

Eq. 2.4 to obtain
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FIGURE10.Positionabovethesubstratesurfaceforabranchedpolymerbrushwitha
weightingfunctionoff(n)=n2asafunctionofthedimensionlessvariableµ.The
positionofthepolymerbrushhasamaximumheightofh=10−7andamaximum
potentialofP0=4.9348×10−14.

z̈(µ)+
3

µ
ż(µ)+

2P0z(µ)

h2
=0 (3.24)

whichwasthensolvedwiththeboundaryconditionz(0)=htoobtaintheequation

z(µ)=

2
P0

h2J1

√
2P0µ
h

µ
(3.25)
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FIGURE11.Numberoffreechainendsatthroughoutabranchedpolymerbrushwitha
weightingfunctionoff(n)=n2asafunctionofthedimensionlessvariableµ.The
positionofthepolymerbrushhasamaximumheightofh=10−7andamaximum
potentialofP0=4.9348×10−14.

todescribetheheightofthepolymerbrushabovethesurfacesubstrate.

DifferentiatingEq.3.25withrespecttoµproducestheequation

dz

dµ
=

h

µ2


µJ0

√
2P0µ

h
−

2

P0
hJ1

√
2P0µ

h
−µJ2

√
2P0µ

h


 (3.26)

whichwasthenusedwithEq.2.8toproduce

σ(z[µ])=
−h

µ2


µJ0

√
2P0µ

h
−

2

P0
hJ1

√
2P0µ

h
−µJ2

√
2P0µ

h


 (3.27)
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FIGURE 12. A polymer brush attached to a flat surface with a weighting function of
f (n) n3, a value of N 2, and a maximum height of h.

used to describe the number of free chain ends of the polymer brush.

In order to maintain a value of z(1) 0 at the surface substrate, it was observed

from Eq.3.25 that 2P0
h 3 8317. From this result it is evident that the potential of this

system can be expressed as

P0
(3 8317h)2

2
(3.28)

From Eq.3.27 it was observed that in order for the boundary condition in Eq.2.5 to

be satisfied the maximum brush height must be h 1 2414 10 7 and the potential must

be P0 1 1314 10 13.
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Theheightabovethesubstratesurfaceasafunctionofthechemicalindexandthe

numberoffreechainendsforthispolymerbrushsystemareshowninFIGURE13and

FIGURE14respectively.

FIGURE13.Positionabovethesubstratesurfaceforabranchedpolymerbrushwitha
weightingfunctionoff(n)=n3asafunctionofthedimensionlessvariableµ.The
positionofthepolymerbrushhasamaximumheightofh=1.2414×10−7anda
maximumpotentialofP0≈1.1314×10−13.
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FIGURE14.Numberoffreechainendsatthroughoutabranchedpolymerbrushwitha
weightingfunctionoff(n)=n3asafunctionofthedimensionlessvariableµ.The
positionofthepolymerbrushhasamaximumheightofh=1.2414×10−7anda
maximumpotentialofP0≈1.1314×10−13.

Comparisonoff(n)=nbcases

Whentheresultsforthepositionfortheweightingfunctionsoftheform f(n)=nb

arecomparedtoeachother,asinFIGURE15,itwasobservedthattheheightofthe

polymerbrushabovethesubstratesurfacedecreasesmorerapidlyasthemagnitudeofthe

weightingfunctionincreases.

Whenthemagnitudeoftheweightingfunctionincreasesthenumberoffreechain

endsincreases,thisisshowninFIGURE16.
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FIGURE15.Forpolymerbrusheswithweightingfunctionsintheformf(n)=nb,the
positionabovethesubstratesurfacedecreasesmorerapidlyssthemagnitudeofthe
weightingfunctionincreases.

f(n)=dan

Apolymerbrushwithaweightingfunctionoff(n)=danhasaLagrangianof

L=
dan

2

dz

dn

2

+danP0 1−
z(n)2

h2
(3.29)

wheredandaareconstantvalues.

Thiscanbeexpressedas
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FIGURE16.Forpolymerbrusheswithweightingfunctionsintheformf(n)=nb,the
numberoffreechainendsincreasesasthemagnitudeoftheweightingfunctionincreases.

L=
daNµ

2

dz

dµ

2

+daNµP0 1−
z(µ)2

h2
(3.30)

intermsofthechemicalindex.

ThisisthenusedinconjunctionwithEq.2.4toobtainthepositionofthepolymer

abovethesubstratesurface

z(µ)=
he

(2−µ)q
2 1−e(µ−1)q d−

aµN
2

eq−1
(3.31)

whereq=

√
(ahNln(d))2−8P0

h .
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By di erentiating Eq. 3.31 with respect to , Eq.3.32 is obtained in order to

describe the change in the polymer brushes position as a function of .

dz
d

he(1 2 )qd
a N

2 q e( 1)q 1 aN ln(d) e( 1)q 1

2(1 eq)
(3.32)

The number of free chain ends for these polymer brushes was then obtained using

Eq. 2.8.

(z[ ])
he(1 2 )qd

a N
2 q e( 1)q 1 aN ln(d) e( 1)q 1

2(eq 1)
(3.33)

Since the equilibrium condition in Eq. 2.6 returns inconclusive results for the

potential, Eq. 2.5 was used to obtain the equation

dz
d 1

hqd
aN
2 e

q
2

1 eq 0 (3.34)

which was expanded into

dz
d 1

h (ahN ln(d))2 8P0
h d

aN
2 e

(ahN ln(d))2 8P0
h
2

1 e
(ahN ln(d))2 8P0

h

0 (3.35)

Polymer brushes with various values for d and a were examined and are presented

in the following sections.

Case when d 2 and a 1

An example of a polymer brush with a weighting function of f (n) 2n is shown in

FIGURE 17.

For this case the weighting function can be expressed as f ( ) 2N and the

structure of the polymer brush was found using Eq. 3.31, this obtained Eq.3.36.
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FIGURE 17. A polymer brush attached to a flat surface with a weighting function of
f (n) 2n, a value of N 2, and a maximum height of h.

z( )
he

(2 )q
2 1 e( 1)q 2

N
2

eq 1
(3.36)

Similarly, Eq. 3.33 was used to determine the number of free chain ends for this

system. This equation is shown in Eq. 3.37.

(z[ ])
he(1 2 )q2

N
2 q e( 1)q 1 N ln(2) e( 1)q 1

2(eq 1)
(3.37)

After thorough numerical analysis it was determined that there was no real positive

number for the value of the potential which satisfied the boundary conditions within the

desired tolerances. This lead to the conclusion that polymer brushes with this weighting

function could not be accurately modeled using the self-consistent mean field theory.
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Case when d 2 and a 2

An example of a polymer brush with a weighting function of f (n) 22n is shown

in FIGURE 18.

ni=0

ns=2

h

FIGURE 18. A polymer brush attached to a flat surface with a weighting function of
f (n) 22n, a value of N 2, and a maximum height of h.

For a polymer brush with this weighting function the Lagrangian is

22n

2
dz
dn

2
22nP0 1

z(n)2

h2 (3.38)

which was then transformed into

22N

2
dz
d

2
22N P0 1

z( )2

h2 (3.39)
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in terms of the chemical index. This equation was then used with Eq. 2.4 to obtain

z̈( ) 2N ln(2)ż( )
2P0z( )

h2 0 (3.40)

Solving this second order di erential equation in order to find the structure of the

polymer as a function of the chemical index

z( ) h2 ( N 1)e(2 )q 1 e2( 1)q coth(q) 1 (3.41)

where q (hN ln(2))2 2P0
h . Di erentiating Eq. 3.41 with respect to obtains

dz
d

2N csch(q) qcosh(q(1 )) N ln(2)sinh(q(1 )) (3.42)

which was then used to find the number of free chain ends throughout the system.

(z[ ]) 2N csch(q) qcosh(q(1 )) N ln(2)sinh(q(1 )) (3.43)

Evaluating Eq. 3.43 at the boundaries of the system for a polymer brush with

values of h 1 and N 70 obtains a system in equilibrium with a potential of

P0 1347 967. The structure and number of free ends throughout the polymer brush are

shown in FIGURE 19 and FIGURE 20 respectively.

Case when d 3 and a 1

When the values of the constants are d 3 and a 1 the weighting function

becomes f (n) 3n. An example of a polymer brush with a this weighting function is

shown in FIGURE 21.

The weighting function f (n) 3n was then written in terms of , f ( ) 3N , so

that the Lagrangian becomes
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FIGURE19.Thepositionabovethesubstratesurfaceforabranchedpolymerbrushwitha
weightingfunctionoff(n)=22nasafunctionofthedimensionlessvariableµ.The
positionofthepolymerbrushhasamaximumheightofh=1,N=70,andamaximum
potentialofP0≈1347.967.

L=
3Nµ

2

dz

dµ

2

+3NµP0 1−
z(µ)2

h2
(3.44)

whichwasusedinEq.2.4toproducetheequationofmotionshowninEq.3.45.

z̈(µ)+Nln(3)̇z(µ)+
2P0z(µ)

h2
=0 (3.45)
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FIGURE20.Numberoffreechainendsatthroughoutabranchedpolymerbrushwitha
weightingfunctionoff(n)=22nasafunctionofthedimensionlessvariableµ.The
positionofthepolymerbrushhasamaximumheightofh=1,N=70,andamaximum
potentialofP0≈1347.967.

FromEq.3.45andusingtheboundaryconditionsz(µ=0)=handz(µ=1)=0,the

positionofthepolymerabovethesubstrate’ssurfacewasdeterminedtobe

z(µ)=−
h3−

µN
2e

(2−µ)q
2 e(µ−1)q−1

eq−1
(3.46)

whereq=

√
(hNln(3))2−8P0

h .DifferentiatingEq.3.46withrespecttoµobtains

dz

dµ
=−

h3−
µN
2e−

µq
2(eµq(q−Nln(3))+eq(Nln(3)+q))

2(eq−1)
(3.47)
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FIGURE 21. A polymer brush attached to a flat surface with a weighting function of
f (n) 3n, a value of N 2, and a maximum height of h.

which was used with Eq. 2.8 to determine the number of free chain ends

throughout the polymer brush. This equation is displayed in Eq. 3.48.

(z[ ])
h3

N
2 e

q
2 (e q(q N ln(3)) eq(N ln(3) q))

2(eq 1)
(3.48)

Eq. 3.46 and Eq. 3.47 where then used with the conditions for equilibrium stated

in Eq. 2.5 and Eq. 2.6 to determine the value of P0 for the system.

The position above the substrate for a stable polymer brush system with values of

h 1, N 38, and P0 258 5075 is shown in FIGURE 22.
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FIGURE22.Thepositionabovethesubstratesurfaceforapolymerbrushwitha
weightingfunctionoff(n)=3n.Thepolymerbrushobservedherehadavalueofh=1,
N=38,andP0=258.5075inordertosatisfythenecessaryboundaryconditions.

Thenumberoffreechainendsforastablepolymerbrushsystemwithvaluesof

h=1,N=38,andP0=258.5075isshowninFIGURE23.

Casewhend=3anda=2

Whentheconstantsoftheweightingfunctionare d=3anda=2theweighting

functionwillbef(n)=32n,whichcanbedescribedasf(µ)=32Nµ.Anexampleofa

polymerbrushwiththisweightingfunctionisshowninFIGURE24.

FromthisweightingfunctionitwasdeterminedthattheLagrangianofthesystem

was
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FIGURE23.Thenumberoffreechainendsofapolymerbrushwithaweightingfunction
off(n)=3n.Thepolymerbrushobservedherehadavalueofh=1,N=38,and
P0=258.5075inordertosatisfythenecessaryboundaryconditions.

L=
32Nµ

2

dz

dµ

2

+32NµP0 1−
z(µ)2

h2
(3.49)

whichproducedtheequationofmotion

z̈(µ)+2Nln(3)̇z(µ)+
2P0z(µ)

h2
=0 (3.50)

usingEq.2.4. WhenEq.3.50issolvedusingtheboundaryconditionsz(µ=1)=0

andz(µ=0)=h,thepositionofthepolymerbrushabovethesubstratesurfacewas

determinedtobedescribedby
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FIGURE 24. A polymer brush attached to a flat surface with a weighting function of
f (n) 32n, a value of N 1, and a maximum height of h. The number of monomers at
each junction increases rapidly as the value of n increases.

z( ) 3 N hcsch(q)sinh(q[1 ]) (3.51)

where q (hN ln(3))2 2P0.

Di erentiating Eq. 3.51 with respect to obtains

dz
d

h3 N csch(q) (qcosh(q[1 ])N ln(3)sinh(q[1 ])) (3.52)

which was then used to determine the number of free chain ends throughout the

polymer brush
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σ(z[µ])=h3−Nµcsch(q)(qcosh(q[1−µ])Nln(3)sinh(q[1−µ])) (3.53)

Solvingfortheboundaryconditionsforastablepolymerbrushwithaheightof

h=1andavalueofN=42obtainsapotentialofP0≈1368.
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149.Thepositionofthe

polymerasafunctionofthechemicalindexandthenumberoffreechainendsforthis

systemareshowninFIGURE25andFIGURE26respectively.

FIGURE25.Thepositionabovethesubstratesurfaceforapolymerbrushwitha
weightingfunctionoff(n)=32n.Thepolymerbrushobservedherehadavalueofh=1,
N=42,andP0≈1368.149inordertosatisfythenecessaryboundaryconditions.
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FIGURE26.Thenumberoffreechainendsforapolymerbrushwithaweighting
functionoff(n)=32n.Thepolymerbrushobservedherehadavalueofh=1,N=42,and
P0≈1368.149inordertosatisfythenecessaryboundaryconditions.

Comparisonoff(n)=dancases

Analysisofthesecasesobtainstheresultthatoncetheweightingfunctionhasa

valueofalargeenough,thebrushwillbeinequilibriumandsatisfytheboundary

conditions.Asthevalueofaincreasesfortheweightingfunction,thepotentialP0ofthe

brushwillincrease.Inadditiontothisincreaseinthepotential,theheightofthepolymer

brushabovethesubstratesurfaceisshowntodecreaserapidlyasthevalueofaincreases.

ThisresultisshowninFIGURE27.
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FIGURE27.Forpolymerbrusheswithweightingfunctionsintheformf(n)=dan,the
positionabovethesubstratesurfacedecreaseswasshowntodecreaseasthevalueofa
increased.

Itwasalsoobservedthatasthevalueofaincreasedthatthenumberoffreechain

endsincreaseddramatically,theseresultsareshowninFIGURE28.

f(n)=2

(N−n)G

N

Anexampleofapolymerbrushwithaweightingfunctionoff(n)=2

(N−n)G

N ,

whereGisthenumberofgenerationsoffunctionaljunctionsisshowninFIGURE29.

PolymerbrusheswiththisweightingfunctionhaveaLagrangianof
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FIGURE28.Forpolymerbrusheswithweightingfunctionsintheformf(n)=dan,the
numberoffreechainendsinthesystemincreaseddramaticallyasthevalueofaincreased.

L=2

(N−n)G

N
−1 dz

dn

2

+2

(N−n)G

N P0 1−
z2

h2
(3.54)

whichcanbeexpressedas

L=2G(1−µ)−1 dz

dµ

2

+2G(1−µ)P0 1−
z2

h2
(3.55)

intermsofthechemicalindex.Thepositionofthepolymerabovethesurface’s

substrateisfoundbyinsertingEq.3.55intoEq.2.4.Thisobtainstheequation
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ni=0

ns=2

h

FIGURE 29. A polymer brush attached to a flat surface with a weighting function of

f (n) 2
(N n)G

N , a value of N 2, and a maximum height of h. The number of
monomers at each junction decreases as the value of n increases.

z( )
h2

G
2 e

q
2 (eq eq )
1 eq (3.56)

where q (Gh ln(2))2 8P0
h

By di erentiating Eq. 3.56 with respect to , the equations for dz
d and d2z

d 2 where

obtained.

dz
d

h2
G
2 1e

( q)
2 (eq(G ln(2) q) e q(G ln(2) q))

eq 1
(3.57)
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d2z
d 2

h2
G
2 2e

1
2 ( q) eq(q G ln(2))2 e q(G ln(2) q)2

eq 1
(3.58)

Using Eq. 3.57 and Eq. 2.8 it is seen that the number of free chain ends is

described by

(z[ ])
dz
d

h2
G
2 1e

q
2 (e q(G ln(2) q) eq(q G ln(2)))

eq 1
(3.59)

for polymer brushes with weighting functions of the form f (n) 2
(N n)G

N .

Eq. 2.6 was used in an attempt to find an appropriate value for the potential, but no

positive, real values were found which would satisfy the boundary conditions of the

system. From this result it was determined that stable electrically neutral polymer brushes

with a weighting function of the form f (n) 2
(N n)G

N did not have a su ciently high

molecular weight to be accurately described using the self-consistent mean field theory.

f (n) ebn

A polymer with a weighting function of f (n) ebn, where b is a constant value,

has a Lagrangian of

ebn

2
dz
dn

2
ebnP0 1

z2

h2 (3.60)

which can be expressed as

ebN

2
dz
d

2
ebN P0 1

z2

h2 (3.61)

in terms of the chemical index.

The position of the polymer above the surface’s substrate is found by inserting Eq.

3.61 into Eq. 2.4. This obtains the equation

42



z( )
h 1 e( 1)w e

1
2 ((2 )w b N)

ew 1
(3.62)

where w (bhN)2 8P0
h .

The first and second derivative of Eq. 3.62 were obtained in order to obtain the

number of free chain ends as well as the potential of the system in order to satisfy the

necessary boundary conditions. This produced the equations

dz
d

hew 1
2 (bN w) e( 1)w(w bN) bN w

2(ew 1)
(3.63)

and

d2z
d 2

he
1
2 (w b N) b2N2 w2 sinh 1

2 ( 1)w 2bNwcosh 1
2 ( 1)w

2(ew 1)
(3.64)

for the first and second derivatives of Eq. 3.62 respectively.

Eq. 3.62 - 3.64 were then inserted into Eq. 2.6 in order to determine the necessary

values in order to maintain mechanical equilibrium at the substrate surface. Eq. 2.6 was

expanded out to

f ( )
d2z( )

d 2
d f ( )

d
dz( )

d
2P0z( )

h2 f ( ) 0 (3.65)

which was then evaluated when 1 at the substrate surface. Since z( 1) 0,

and it is observed that f ( 1)d2z( )
d 2 1

d f ( )
d 1

dz( )
d 1, Eq. 3.65 will be unable to

provide reliable values for P0 in order to maintain mechanical equilibrium when 1. In

order to provide accurate results, Eq. 2.5 was used to find an approximate value of P0

where there are no free ends at a position greater than h. Using Eq. 3.63, it was observed

that
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dz

dµ
|µ=1=

−hwe
w−Nb

2

ew−1
(3.66)

forpolymerbrusheswithaweightingfunctionoff(µ)=eNbµ.Usingnumerical

analysisitwasdeterminedthatforapolymerbrushwithvaluesofb=1,h=100,and

N=50thatthesystemwasatmechanicalequilibriumatthesurfacesubstratewhen

P0≈3.8589×106.Thestructureofthissystemasafunctionofµ

0.2 0.4 0.6 0.8 1.0
Μ

0.2

0.4

0.6

0.8

1.0

z

h

isshowninFIGURE30.

FIGURE30.Thestructureofapolymerwithaweightingfunctionoff(n)=ebn.The
polymerbrushhasamaximumheightofh=100,avalueofb=1,avalueofN=50,and
P0≈3.8589×106.
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UsingEq.2.8itwasdeterminedthatthenumberoffreechainendsthroughoutthe

polymerbrushisdescribedwithEq.3.67.

σ(z[µ])=
hew−1

2µ(bN+w)e(µ−1)w(w−bN)+bN+w

2(ew−

0.2 0.4 0.6 0.8 1.0

z

h

200

400

600

800

1000

Σ

1)
(3.67)

ForthesystempreviouslyexaminedinFIGURE30,thenumberoffreechainends

ateachpositiononthepolymerbrushisshowninFIGURE31.

FIGURE31.Thenumberoffreechainendsforapolymerwithaweightingfunctionof
f(n)=ebn.Thepolymerbrushhasamaximumheightofh=100,avalueofb=1,avalue
ofN=50,andP0≈3.8589×106.
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In order to determine the relationship between the polymer brush and a change in

its weighting function the case of f (n) e2n was examined. Numerical analysis of this

system determined that the structure of the brush can be expressed as

z( )
h
2

e N e
(2 ) h2N2 2P0

h e
h2N2 2P0

h coth
h2N2 2P0

h
1 (3.68)

with an equation for the number of free chain ends of

(z[ ]) e Ncsch h2N2 2P0
h h2N2 2P0 cosh ( 1) h2N2 2P0

h hN sinh ( 1) h2N2 2P0
h

(3.69)

Eq. 3.68 and Eq. 3.69 where then used to determine the potential for a stable

polymer brush that would satisfy the necessary boundary conditions. For a polymer brush

with values of h 100 and N 40 a potential of P0 9 696 106 was obtained. FIGURE

32 and FIGURE 33 show the structure and number of free chain ends of this system

respectively.

Comparison of f (n) ebn cases

When the height of the polymer brushes for the cases observed with the weighting

functions f (n) en and f (n) n2n are compared to each other, see FIGURE 34, it was

observed that the height above the surface substrate decreases more rapidly as increase

for increasing values of b.

It was also observed from FIGURE 35 that the number of free chain ends for these

polymer brushes increased as the value of b increased.

An analysis of these polymer brushes showed that as the value of b increases the

allowed potential of the system increases and stable brushes can be found with smaller

values of N.
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FIGURE32.Thestructureofapolymerwithaweightingfunctionoff(n)=e2n.The
polymerbrushhasamaximumheightofh=100,avalueofN=40,andP0≈9.696×106.
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FIGURE33.Thenumberoffreechainendsforapolymerwithaweightingfunctionof
f(n)=e2n.Thepolymerbrushhasamaximumheightofh=100,avalueofN=40,and
P0≈9.696×106.
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FIGURE34.Forpolymerbrusheswithweightingfunctionsintheformf(n)=ebn,the
positionabovethesubstratesurfacedecreaseswasshowntodecreaseasthevalueofb
increased.
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FIGURE35.Forpolymerbrusheswithweightingfunctionsintheformf(n)=ebn,the
numberoffreechainendsincreasesasthevalueofbincreases.
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CHAPTER 4

CONCLUSION

Using this variation of the self-consistent field theory it was shown that various

regularly branched polymer brushes could be accurately modeled. The polymer brushes

with a weighting function of the form f (n) nb were determined to remain stable only

when the brushes themselves remained very small.

Brushes with weighting functions of the form f (n) dan were determined to be

stable for f (n) 22n, f (n) 3n, and f (n) 32n, but not for the case f (n) 2n. As the value

of a increased for these functions, the allowed potential for stability increased.

Since no real, positive values for the potential were found for weighting functions

of the form f (n) 2
G(N n)

N these polymer brushes were determined to be unstable.

For the polymer brushes with the exponential weighting function f (n) ebn it was

determined that the brush would remain stable. As the value of b increased, the allowed

potential of the system increased. Similarly, as the value of b increased for the polymer

brush, the value of N necessary for the brush to remain in equilibrium decreased.
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