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Abstract 

111 this thesis. \v(�focus our study on tlir multi-jxn'iod portfolio s(�l(�cti(m proh-

k�ms with difforoiit investiiicMit coiiditioiis. Wc first analyze* tho inean-variancc 

iiiulti-|)(Mi()(l portfolio sckrtioii piohlciii with stochastic iiivostiiiciit horizon. It 

is oft (Ml the ease t hat S(MII(�iinexixH-tod (̂ ndogx^noiis and (�x()G(�ii()us (�\,(�iits may 

force an investor to torniiiiato her investinriil and l(�avc the market. \V(�giv(� 

the assuniptioii that the uncertain iiivostiiiciit liori/oii follows a givrii stochas-

tic pi,()(.(�ss. By iiiaking use of tho omhcddinj; t(�duii(iu(�of Li nwl (2()()()). 

the original noiisoparahlo 丨>i,ohl(�m can bo solved by solving an auxiliary 丨)i,ohl(�m. 

With the given assuiiiption, tlir auxiliary probloiii can ho transhitod into (m(�with 

(letcrininistic exit tiiiio and s()lv(�(l by (lynaiiik. prograiiiiiiiiig. Fiirthennoro. \vc 

consider the iiieaii-variaiico foriiiulatioii of iiiulti-i)(Ti(xl portfolio optimization for 

asset-liability iiiaiiageiuont with an exogenous uiiccrtain investiiuMit liorizoii. S(x-

oiidly, \v(�coiisidor the iiiulti-poriod portfolio selection pmbkmi in an incomplete 

market with no short-selling or transaction cost constraint. Wc�assiiiiio tliat thr 

sample space is finite, and the iminhor of possible socurity i)ri(.(�vcc tor transitions 

is equal to the I IUI I IIKT of securitios. By introducing a family of auxiliary iiiar-

kots, we coiiiicct the primal problem to a set of opHini'zatioii piobkniis without no 

short-soiling or without t ransaction costs constraint. In the no short-selling ease, 

the auxiliary problem can ho solved 丨)y using the iiiartingale method of Pliska 

‘ (1986), and tlie optimal terminal wealth of the original const mined prohlciii can 

be derived. In the transaction cost case, wo find that the dual pmbleiii，which is 

to iiiiiiiiiiizo the optimal value for the set of optimization i)i.()l)l(�iiis, is cquivakmt 
* % 

to the primal probleiii, when tlio primal prohk^ii lias a solution, and we tlius 
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(•haract(Miz(» tli(�optimal solution accordingly. 
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摘要 
、 

木论义丨究 / I : 小 M 投资条件卜的离妝吋叫多阶段投资校 j ! ' ! � 论义的 

-部分丨{处分析fjtY/随机终1丨:11�丨叫的均仍-力‘);丨校吧。投资•彳丨丨m为, 

小iij'愧测的外卞W桌成片rt卞W耗lAi终|丨:投资，丨h金融1丨丨场。我们假设/|丨校 

吧中随机终|丨:11�1•叫的概牛.分布Li知。利川U和NK(2()O())使川的嵌入//法，我们 

iij'以通过引入丨丨标函数"丨分的础助H题，解决K(來小“丨分的终ikii�H"j小确定的 

均侦-力投资M题。W为我们iJJ丨薩机终|丨:吋丨川的概率分Yi/，W此轴助H题 

iij•以：化为确)ii吋丨川的动态优化H题，11.⑴以通过动态优化7/法彳|�i到该H题 

的解析解。特別地，我们考虑r终1丨:11、丨丨川小确〉ii的资产负侦优化H题。论义的 

？fi ：部分小：•捉分约火的多阶段投资校邓。我们假设金融 i l f场的样木个：叫 

JAYf限的，而丨丨.11丨场丨：资产的个数资产价格的4々移丨维数)么+丨丨，的。这个 

假设使WAi众：利||丨场成为yci个il丨场。通过引入…系列的辅助市场，我们将^农 

帶约束的H题跟…系列小®约!^的础助H题収系起来。1|�小化这纟I丨.轴助H题的 

丨丨标阐数即为KiM题的对偶H题。我们证叫了对偶闷题的iii优n标数丨|'|:就足 

原 H 题的 i i i 优丨丨标数 f f i � 没个：的 l U 场 W 况下，这样的轴助 H 题可以通 

HPliskci 州卯'卩j鞅//法來解决，|�|丨对偶H题II丨以通过动态优化W到W优解， 

从|�|丨我们⑴以彳丨丨到teH题的iii优终ikWM和iii优丨I标P^i数侦 .� /iHf交木的 

市 场 情 况 下 ， 我 们 发 现 如 聚 t e H 题 存 • 解 ， 则 对 偶 H 题 的 i i 优 解 就 以 H 

题的 l i i优解。向吋，我们也给出了W优策略的•些作质。 
> 
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A 

Notation 

t 

(U, I*) : Fillcrcd |)r()l)al)ili1y sj)a( (；. 

/';(A') : Tli(; (�xprrtat i()n of any raiidoiii Vririahh; X . 

FJ(X\T) • : »C()ii(lit ioiial cxpcc t fition of X givcMi JT. 

V ( I T ( X ) : T h e variaiKu; of any raiidoiii variabU; X . 

C()v(X, Y) : Tli( : covariaiKXi lK!t w()(m any rcindoin variabkis X and Y. 

,卞 ：TIk； fill rat ion of (iiiMiicial inarkdl. 

J^f ： Tl io (T-al^c^hni prodiKHxl by assets' i)ri('(\s at, t.iiiK； /,. 

E : T i l � s ( ; t o f ronl niniibcjis. 

IR" ： Tii(5 sol o f //.-(liincnsion voctors wh()I.(; all (;1(MII(;II1S arc r(，al iniinlxus. 

Z J : Tli(: s(il. o f positives int(，g()i. miinbors. 

IHI : Hill)(;rl S])a(:(；, an c.oinpldtx; vcK-.tor sj)h(;(； in which distanccis and 

can l)(; inc似uml. 

• (f�i ： T lu ; S(il, o f IR-VH1II(!(1 raiidoin variables X such tha i < o c . 

0 : A z(;r() coluiiiii v(;(;t()r. 

o ： A coliiinii V(K;t()r wit li all cloiiKiiits equal to 1. 

1,� : Tli(，indicator fuii(.1i(>n of Ui(i sot A . 

， 

X 

•条 
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Chapter 1 

Introduction 
t 

N o w a d a y s , all y o u r i i ionoy in a bank account, is n o l()ng(，r n (:h()i(.(� 

l)(;criu.s(； o f Ihv. exist(;iic.(； o f various fiiuuicial sticurilios in t l i (�Hiuuic ia l iiiark(;t. 

H o w t o sii(!(:(\ssfully inai iagc t,li(» luoiHiy has Ix ' co inc •！important sincc; 

your iiiv(;st.iii(>iit: (l(K:isi()ii t o d a y iiiHnonccs w h a t y o u will l i a v ( � i n t;h(: f o l l owing (ivd 

iiioiit lis o r fiv(! ycai.s, or (!V(»n in y o u r life tiiiio. T o l)(�st, construct , and iiuuiagc; 

your o w n poi.t l()li() is calked jxHt fo l io o p t i i n i / a t i o n , wh i ch ac tua l ly i,(Kiiiii.(�s an 

i n t卿 i i t ion of and art . 

1.1. Literature review 

T l i o port fo l io scl(H:ti()n theory oHcrs t guidances for th(； miss ion o f h o w to f ind an 

o p t i m a l (list.ribiitioii o f tlio woal th Hinoiig var ious ass(�ts . Jl has Ixuni wi( l (� ly ac -

ccpUid thai. l li(； port fo l io s t m t _ � s can Ixi (:liissifi()(l into t w o fm川 ( ) -

works , lu i indy t.h() in(5an-vaiian(:(，approach iiit.rodiKuxl by M a r k o w i t / |38| and 

the; (ixjxicUKl util ity J i iax i in i /a l ion th(，()ry firstly s tud ied by voii Nouiimiiii and 

Morgoiistxuii |52|. M a r k o w i t / |38| pi(>mKU.(�(l tlu; iiiodcini iiiv(�st.iii(mt by 

1 



CI I ATI EH I. INTRODUCTION 2 

(lcv(，l()i>i叩 1 iiuuin-variaiKXi fon i iu lat ion for siiij2,lc-i)cri()(l p(n.t,l.(>li() a l l o cat ion 

that iii(!asiir(\s the iiiv(�st,iiicnt, risk by tlu; v a r i a n " : o f t l m final w(?a.lt h, and i(l(�nti-

fi(\s l lir l)(�st inv(\stin(Mil. st i.alcji^y by ba lanc ing tJi(； U.a(l('-ofl. l)(，t,w(，()ii t lie (�xi>(，(:t,(;<l 

nitui n and ihv invcjstiiKMit. risk. His 川(K1(�1 "mt,lK”im1 ically results in a ( j iuulnit ic 

})R() ;̂rruimiiiig (QP) |>I<>l)l(”" which CHII IK) solved iiuiiKuically by standard QI) 

alj^oritliiiis. I)ifi(、r(;iit values of risk ihv i i Uuid to cliflbnMit w(!alth alloctatioiis to 
« 

t IK； risky ass(，l,s. WIKJII ‘sh<)i.t,-s(]liii只 is a l lowed and IIKJ s l o c k covariaiicc; mat rix is 

])()sit.iv(5 (IdiiiiU�Mcirtoii |12| obtains cfficiont portfolios ami Mu; dii(:i(mt, fVoiiiku' 

analyt i ca l ly by t h(； Lagraiigiaii mull iplicr. M o n ; siKJcific.Hlly, th(； (^ffi-

(:i(mt, froiiticii- can Ix; (l(，!S(.ril)(，(l as Ui() snt o f por t f o l i o s sat is fying t lio coiisl raiiKid 

ni ini ini /at io i i p iohkni i . B y (nnployii ig LagraiigiaM mult iplier, tlui coiistmiiu^d iiiin-

iiiii/at ion probloni is so lved (ixplicitly. 

It is luitiiral to (ixloiid portfolio sdr(:t,i<m model Iroin tli(，static, ‘sott ing to 

tho (lyiiaiiiic oncis, inciudi i ig tliosci o f iiiiilti-p(uio(l and co i i t i inious t ime p o r t f o -

lio scl(;(:ti()iis. Howdvor , Ui(，s() (^xioiisioiis havo 片(m(;ially takoii a (liff(!i(，iit. track 

t o Markowil iz 's original Ibi ini i lation, (i.g., |”|，|2()|, |24|, |25|, |44|,卜 17| for ihv, 

iimlti-i)(;ii(Kl (!HS(i and jl3|, |18|, |19|, |21|, |2()|, |29|, |4()|,卜 15| for ihv continuous • 

t ime Dyi iai i i ic p o r l l b l i o sc^lec.tion p r o b l e m was pi()ii(x，r(Kl by Mcirtoii |‘10 

‘ |41| in a coiit i i iuous-ti i i ic oxikk-UkI util ity fnuii (�w()rk. so lves coiit iiiiioiis-tiiiKi 
〜 * 

(•()iisunii)ti()ii-iiivcstin(;iit i)r(>l)l(nn l)y using d y n a i n i c i)r()j^niiiiiniiig. T h i s work luus 

l)()(m substant ially ()vrr the luust d�(:fi(k，s. Mul l i -pc r i od port fo l io s(v 

l(K!l,i()ii WHS (loiiii i iatod by tin; nisiiIts o f ii iaxii i i i / i i ig (;>q)(，(:t,(;(l uti l ity fuiictioi is 

(){' tin) tcriniiicil wealt h for d o c a d c s . Rat.hoi. than tn^at-iiij!； the. variances and ( � x -
• 

IM'ctat ion of terminal wcialth of n port,folio iis srpm.atx�qiiaiiUti(，s and finding the 

nilatioi iship 1)()1w(h;ii Ui(;m, tlio oxixH-.tcd util ity o f Uu iniiial wralUi is (:()iisi(l(�n;(l 



CHAPTER 1. INTRODUCriON 3 

ins tead . The coi iHicti i ig 'prof it srrk i i ig •�•(” risk tivvvsc' n a t u r e o f the investor is � 

a i l ) t m ( � ( l b y the ut i l i ty f u n c t i o n . It s h o u l d b e n o t e d that m o a n - v a r i a n c e anal -

ysis a n d ()xi)(�( .t(�d ut i l i ty for i imlat io i i ai'c t w o d i f forcnt s c h o o l s for dea l ing w i t h 

p o r t f o l i o se lec t ions . O n e m a j o r d i f f i cu l ty in e x t e n d i n g M a r k o w i t z ' s m o d e l t o the 

i imft i - i ) (�r i ( ) ( ro i . co i i t i i iuoi is t i m e se t t ings is that the var iance o f t e rmina l wea l th ‘ 

invo lv 
OS a scjuaro o f the oxi^cctat io i i o f t (�ni i i i ia l wea l th , ‘which is hard t o a i ia lyzo 

d u e t o its n o n - s e p a r a b i l i t y in the d y n a m i c prograi i i i i i i i ig souse. O n l y u p t o 2()()()； 
* 

Li and Ng |33| ovorcamo the difficulty of noiiscparahility iii the incan-variance for-

iiiulatioii for miilti-pnriod portfolio selection by using an embedding technique and 

solved the problem analytically. Shortly after the work of Li and Ng. Zhou and 

Li [57| investigated the continuous time iiieaii-variaiico problem with (leteriiiiii-

4stic, time-varying coefficients and formulat(�(l it as a stochastic linear-quadratic 
optimal control problem. The coiitinnoiis-tiiiie mean-variance portfolio solection » • 
model is forinulatcd as a bi-criteria optimization problem. By putting weights 

on the two criteria, a single objective stochastic control problem is fornmlated, 
* 

which is ‘embedded, into a class of auxiliary st.odiastif linear-quadratic problems. 
* 

In their linear-quadratic formulation, tlie-dollar airiounts, rather than the p i o 

portions of wealth； in individual assets are used to define the trading strategy. 

This leads to a dyiianiic system that is linear in both the state (i.e. the kn'd 

of wealth) and the control variables (i.e. the trading strategies). Together with 
the quadratic form of the objective function, this foniiulation falls naturally into > ‘ 

the realm of- stochastic linear-quadratic control. Moreover, since tliere is 110 nui-

iiing cost ill the object fuiiction, the resulting problem is inherently an indefinite 

stochastic liiiear-ciuadratic control problem. This gives rise to the efficient frontier 

in a closed form for the original portfolio selection problem. 

« • 



CHAPTER 1. INTRODUCriON 4 

After extcMuliiig the portfolio selection problems from siii^le-ixniod financial 

model to (lyiuunic one, many rostrarch diroctions have l)(�(�ii explored. One is to 

consider other investiiieiit risk, such as iiiicortaiiity of iiivestiiiciit horizon in port-

folio scloction and aiiotluT one is to analyze portfolio select ion prohloiiis 

ill fric-tioiial iiiarket vvith iio-sliort-solliiis constraint or with transact ion cost. 

Investment risk 

It is said that 'Nothing ventured, nothing gaiii(�(r. In financial market, it is 

roasoiiabk' for yon to bear more risk while you cxpoct iiioro profits. Of course, 

rink comes from uncertainty. The research field under the assniiiptioii of uiicer-
* 

taiiity is one iiiiportaiit lino to the (levdopmeiit of financial theories. All tli(� 

I)ai)crs we iiieiitioiu^d above arc related to this critical issue. Markowitz (1952) 
i 

37| presents the foundational work which coiicoiitrates on tlio optimization of ， 

investnieiit trading strategies under uncertainty. Actually, the investiiieiit port-

folio theory is related to the deduction of risks in financial markets. Markowitz 

theory brought the idea of diversification in 丨)iiil(liiig an efficient portfolio, which 
offers in̂  a well-known advice: 'Don't put all your eggs in one basket'. » » 

The risk considered above comes from the randomness of the securities' prices, 

which is called market lisk. Another kind of risk, which comes from the ran-

domness of the investment horizon, is calkxl timing risk. It was iiitrocliu'ed in 

Blanchet-Scalliet, EL Karoiii and Martelliiii |5 . 

The research results in the literature QII portfolio selection with uncertain 

investment horizon have been limited, though Merton 41 j addresses a dynaniic 

optimal portfolio selection problem for an investor who will retire at an uncer-

tain time. Similar work in discrete case c:aii be traced back to Yaari |55| and 

Hakcuisson |23). More recently, Karatz^us and Wang |30] consider an optiiiml cly-
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iianiic investiiunit prohloiii witii an assumption that iiuirkots ar(�coiiiplctr and 

the�（、v(�iitual ox it is a (.(>iiipl(�t(�ly (�iidog(�ii()us factor- a slopping tiiii(�of ass(�t i>i-i('(� 

filtration. Blandict-Scallict. EL Karoui and Martollini |5| iim^stigato th(�pricing 

prohkMiis associated with an uncrrtaiii tiiiio-liorizoii. Martelliiii and Urosevic |39 

Hrst propose�th(�concept of exit time risk and show that the moaii-variaiico ofK-

cieiit frontier in such a case, where tlio exit time is iiKlepeudeiit of the portfolio 

porfonnaiice (exogenous exit), coincides with the traditional nicaii-variaiicc offi-

ciciit fioiitk�r with fixed exit tim(�. Coiivorsely. when th(�exit time is (lopeiideiit 

on portfolio perfoniiaiice {cndogoiioiis exit), tlie set of iiieaii-variaiice efficient 

portfolio limy rely on the exit time distribution. ‘ 

Frictional market ‘ 

111 general, a financial market consists of several tradeahle instniiiioiits whose 

prices are known, and a set of contingent claiiiis (random variable which i.epre-

senting a payoff at a given time T). The market is complete if every coiitiiig(nit 

claims can be replicated perfectly by holding a portfolio of only the tradable 

iiistnmieiits. Otherwise, the market is incomplete. 

When market is fiictioiiless (i.e., no transaction coî t exists and short-selling 

is allowed), it is complete if and only if the iiuinber of inarket states (�quals the 
- ‘ . 

iniinber of iii(lq)eii(kiit vectors in the set of iiistrunients' .prices. 

When market is frictional, it will boconie iiicomi)lete even with the above 

conditions. Portfolio selection with prohibition of short-selling' and portfolio se-

lection with transaction costs are two examples of a more general class of problems 

terniecl constrained portfolio selection. In the past decade, the c'onstraiiiocl port-

folio selection problem has been extensively studied, e.g., |14|, |15|, |43|. |50|. |53|， 

54|. However, again the coiitinuoiis-tiiiie expectccl utility model has b(�(?ii doini-
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luitiiig tli(�lit(�mtm.(�. As \v(�know, liiioar-cpiaclratic control tlioorv is a pmwHul 

tool to (l(�i,iv(�（、xi)li(.it forms of tho optimal stato f(�(�(ll)m‘k control and tho optimal . 

cost vail 10 through tli(�Riccati (�quati()ii. What ossoiitially enables the (�xistoii(.(� 

of a closed-fori 11 solution is that th(�control is not constrained. As to the con-

st rainrd caso. it l)(、（.（）iii(�s iiiiK'h more coinplicatc^d. Li. Zhou and Liiii solved 

tho nioan-variaiico portfolio s(�k�rti()ii with no-shortiiig constraiiit hy making uso 

of tho stochastic liiiear-ciuaclratic control and viscosity voriHcatioii tli(x)r(�ni. In 

Li, Zhou and Liiii's papci.. tho iiieaii-variance portfolio selection i)i()hl(�ms in 

coiitiiiuous-tiiiio u IK lor tlie coiistiaiiit tlmt short-srlliiig of stocks is proliihitod 

一一 is studied. The probkuii is formulated as a stochastic optimal linoar-ciiiadratic 

control problem. A coiitiiiiioiis function is (.oustmet(�(1 via two Riccati (�quati()iis, 

• whidi is then shown to hv a viscosity solution to tho Hamiltoii-.Iacohi-Belliiian 

cHiuatioii. Solving these Riccati (�quatioii,s cniablos one to explicitly obtain tho 

efficient frontier and efficient investineiit strategies for the original mean-variance 

l)rol)lein,^iiig the viscosity verification theorem established in |58 . 

1.2. Multi-period financial model 

111 this thesis, we concentrate on multi-period model of financial market. In tlie 

financial market, investor can re-allocate her wealth aiiioiig diff(�i.(mt seciirities 

every time period, which could he a year, a iiiontli, a day or even several minutes, 
% 

(problem dependent). We consider the multi-period security nuirket model with 

T trading dates (indexed by 0,1,...，T - 1), and tlie time horizon T is finite. 

There are n risky securities and one 1)OIK1 in the iiiarkot. 

The probability space of the market is (Q, /)). The filtration satisfies 
I 

the usual conditions, ^o = Tj^ = •F, and ^o C • • • C J^r- The rate 
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of r o tun i o f t l i (� i . i sk l (�ss s(�(.ui.ity hot\v(�(�n t ime i)(�i,iw(ls I and / + 1 is (l(�ii(>t(、（l by 

/.(/. a n d those o f the risky assets arc (l(�ii(>t(�(l by a v e c t o r r, = ( / . ,�••• . / . ; ' ) ' lor 

/ = (),!.... . T— 1, \vh(�r(�r ' f is t l i (�rHiidoi i i r (� t i in i for secur i ty i l)(�t\v(M�ii tiiiir I and 

/ + 1. /•}) and /•) ai.(�JT, + ,-i i i(vismal)l(\ D ( � i i ( > t ( � ： = r, - /.(/e for I = 0, 1 . … , T 一 L 

w l i m � e = (1, 1• • • . 1 y. 

A spccial situation mi(l(T our investigation is (lis(T(，t(�statr financial mo(l(�l. 

toniied discrete iiiulti-poriod model. In this kind of iiiodols, tli(�sampk^ spmv il , 
» 

is finite. 
« 

Consider that an investor oiitors in tho financial nuirkct with an initial wealth 

"0. The investor can allocate her wealth fUiioiig the n + 1 asS(̂ ts. The wealth can 

1)0 rcallocat(Hl among the (// + 1) assets at the l)(�giiiiiiiig of (�adi of the following 

T (•oiiscc!iitivc time periods. Let V'/ be t h(�wealth of th(�investor at the beginning 

of the /til i)erio(l, and lot TT； ho the ainoiiiit of wealth invested in tlio /tli risky 

asset at the begiiiiiiiig of tlio tth period. L(�t {TT,} be '义-adapted i)r()((?ss. with 

TT, = (tt / , . . . , tt")'. SO Vt - is tlic amount of wealths iiiv(�st(�(l in the 

risk-free asset. The relationship bet ween wealth at periods I and / + 1 is 

= + TT;", for / = 0，1，...，T - 1. 

1.3. Outlet of the thesis -

There arc two major - parts in this thesis. Part one conccntratos on the inoan-

varianco multi-period portfolio selection problem with a stochastic iiivestiiient 

horizon. Part two studios limiti-period portfolio selection problems in a frictioiuil 

iiiarkot. 

Ill Chapter 2, we dofine time iiiuxntaiiity, and study th() iiic^aii-variaiico multi-

period portfolio selection problem iiiiclcr a state-clepoiKloiit exogenous niiccrtaiii 
* 
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exit, tiiii(\ WV a d o p t t h ( � r i i i h r d d i u g 1(、（.luiiqu(�in Li and Nji, (2()()()) t o so lve the 

i i icai i -vari i incc JXHIfol io s(�kK.ti(m p m h k ， . S|)(H-ificnlly, w() can S(T that s ta t c -

iii(l(�l)(�iKlriit (�xit 1 iiiK> is just a jjpw.ial crisc (>f sUit(�-(l(;p(ni(lrnt (m(� . \V(�（-()mpai.(� 

tlio ease t o t h ( � c a s e wi l l i a ( v r t a i u ( � x i t tiiii(\ a n d find that a d d i n g the uncer ta in 

(�xit t i m e in(T(�as(�s t h ( � i i i v ( � s t m(�iit risk. 

Ill C h a p t e r 3, \v(�（.（>iisi(l(T t h ( � m u l t i - p e r i o d asset-l iabil it y i i i ( � a n - v a r i a i i r ( � p o r t -

fo l io sekn-tioii p r o b l e m wit h an uiicri.t aiii invest incnt hori / .oi i , whi le tl ir d is l r ih i i -

t ioii o f t li(> ii ivcstinoiit hor i zon is a s s u m e d t o b o k n o w n . T h e uncer ta in investniciit 

l i o r i / o n in this c h a p t e r is a sp(，cial ( . a s ( � o f t l i ( � g ( � i i ( � m l (�x(>j!;(�ii(ms s t o c h a s t i c in-

vest iiioiit hor i zon invest igated in C l u i p t r r 2. \Wv adopt the s a m e a s s u m p t i o n as 

ill L o i p p o k l v\ al. |31|, i .e., l iabi l i ty is ( jxogei ious . W i t h the g iven d i s t r i b u t i o n o f 

the o x it t ime , th(，probknn im(l(�i . invest igat ion c a n hv t m n s l a t c d into a proble i i i 

w i t h a ( I c tonni i i i s t i c investiiuMit h o r i z o n w h i c h c a n he so lved a imlytk .a l ly by the 

(»nil)C(l(liiig t ( x . l m i q m � o f Li a n d N g |33 . 

Ill C h a p t e r 4 ， w ( � s t u d y a i i icai i -variai ico opti i iui l p o r t f o l i o sd(� ( . t i ( )n probhji i i 

w i t h n o shor t - se l l ing c o n s t m i n t . T h i s cons t raiiuxl o p t i i i i i / a t i o n p r o b l e m is d i f -

� ficiilt t o so lve b y us ing dyna i i i i c prograi i i ini i ig . W o thus d c v c l o i ) o u r a p p r o a c h 

based o n the a p p l i c a t i o n o f ( ,()nv(�x dual i ty . C o n v e x dua l i t y met h o d s establ ish a 

coiiiKK'tioii betwcHiii the original problem and its dual problem. It is gciiorally t lio 

cih^c that t l ic d u a l p r o b l e m is v.ih^iev t o solves t h a n t h(! p r imal p i .obkmi. Us ing the 

so lu t i on t o the d u a l p i o b k n i i , it a l l ows us t o c o n s t r u c t the solut ion t o the pr imal 

p r o b l e m . 

Ill Cliai)tcr" 5, ai iot l ior k ind o f f i i c t i o i i , t r a n s a c t i o n c o s t , is coi is idcnHl in the 

o p t i m a l p o r t f o l i o sciloctioii p r o b l e m . B y i n t r o d u c i n g a o f aux i l iary nmrti i i -

ga lcs , w e traiisfori i i the p r i m a l pi .oblrii i t o a s(?t o f o p t i m i z a t ion p r o b l e m s wi thout 
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transaction costs. \V(� f ind tlial opti ini ' / ing a port fo l i o in the (Victionul markrt. is 

('(luivalciit to inininii'/iiij2, U i ( � o p t i n i a l value a n i o n s the s(M. of nuxi l iaiy opUiiiiza-

tioii j)r()l)l(Miis. when t h ( � p r i m a l p m b l r � has a solut ion. W c Curlhcr characterize 

the opt imal solution a(.(.(>r(liiiKly. Our rrsult is similar to the count (upait in 

cont iiiuous-liiiic, alt wc consider a discrrtc-t iinc iiiult.iplc-risky-asscits p o r l -

(olio. 

Finally, w(, g i v < � t h e conchisioi i and out l ine briefly ‘ s o m ( � f u t u r e areas of inv(;s-

t igat ion i.dat.cd to the work in this th(\sis. ‘ 

» 
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Multi-Period Portfolio Optimization 
under Uncertain Investment 

Horizon 
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Chapter 2 

Multi-Period Portfolio Selection 
with Stochastic Investment Horizon 

2.1. Introduction 

“凡则、 > : ,小烦则放。” 

Tli(? al)()V(i f rom The. Book of Rites - a famous aii(:i(;iit b o o k of China , 

t 'dls us t hat t.ii(，naturo is f ull o f uncertainty and w() slioukl |)r(�i)m.(i w d l if wo want 

to SUCCCHKI. W i t h rospoct t o our invest IIKJIIT activil ici.s, wo should t ak(； into account 

any possibh; uncertainty in Ui (� ( jconoiny wluni 观 make iiivostiiKnit (Uicisions. 

All fLSsuiiiptioii ()ft(ni takciii for ^raiilxid in general poi.Uolio sd(!(:t,i(m iii()(lds 

is that lli(i inv(;st,in(;iit liorizoii is (L(;t(;iiiiiiiis1 ic, which ini])li(\s that HII iiiv()st()r 

knows wit h certainty t lir exit, tiiiio at tlio bcKiiiiiiii^ o f h(;r inv(ys1 iiu^iit. How(�v()r, 

an iiivastiiioiit. horizon, in t.li(，roal world , is always unknown when an iiivcislor 

starts li(T iiivostiiKiiit. TIKUC; MIX; many (exogenous aiul enidogcjiious factors t liai 

can ( l i ivr t,li(» exit stratx;j!;y o f an investor. Su(l(l(;ii 11叩(，coiisuinptioii, scjiious 
% 

11 
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illness, rcl i icincii l rind etc . }ir(� i iuukcl-nii iclMtcd ('X()^i,(Mi()iis nuisoiis l.o force an 

iiiv�st(>i' to rxit t he (inaiicinl inarkcl . Al t he saiiic t ime, t li(�r(' also exit s o m e 

iiiHrkct-rchilcd exogenous reasons, c.^., an ant icipal ion (or long-t urn (l(:j)r(，ssi(m 

of financial market could make sonic investors to 化xit inarkcl earlier. W h i l e t li() 

<�x<拟 'nous reasons a n � i i K l c p c n d c ! ! ! of 1 lie iiiv^csl.or's iiiv(!st niciil, |mli('y，（”k1(>̂ ;(— 

nous factors arc |M>liry-(l(:|>(Mi(l(Mit. For oxuiriph;, t he investor inay (l(!(.i<lr to exit 

• the market, o n c e li(;r wcalt H hits h(”. invcstiiicnt, 1 , or 1 IK; investor (:ar(，Mly 

s(�ar(-h(,s for a s topp ing t iiiic l o niaxini i /d tli(: (，x|)<:(:t(，(l ul ilily o f h(!r [(Uiniiial 

vvcultli. Ill such sit uations, t IK; (;xil tiiiu; is (L()tx)I min(，(l <�n(l( )圳 lously. 

H(K()^niziiig a clear hotw(;(;n t iKJory and pmc l icc, it s(;(;iiis syinpaUK；! ic 

for us to relax 1 IK; nistriclivc; assuiiipt ion thai, Uie invcstiiiciit hor i /o i i is pn;-

fix(Kl with (:(u.tainty. R�s(，ar(:h on this subject, was actual ly p i m i o c m l l)y Yaari 

(19()5)|55|, w h o (Uials wit h tin; i)r(>l)l(”n o f opt imal coiisiiiiiptioii for a,ii individual 

wi1.li uii('(u-Uiin (hiU; o f (loal h, iiii(l(". n p u m (l(，t.(”,minis1,i(: iiiv(;st,m(mt, (mvir()mn(，iit. 

Other i,dat,()(l works iiidii(l(j Ilakaiisson (1969)|23|, Mcjiton (1971 )|41|, K a r a t / a s 

and W a n g (2()()())|3()|, J3r()wn(； (2()()())|8|, G u o and Hu (2005)|22| and Martolliiii 

(2000)|39|. Karat,'/as and Waiij!； (2()()())|3()| a(l( l i .�ss tli(； op t imal (lyiiaiiik: iiiv(?st-

iiKUit pmblc i i i in n coiiiplcitc; iiiarkd! with an assiimpl,i(m that, tlic uiic.cutaiii iii-

v(\si,iiiont horizon is a s t opp ing tiiiuj of ass(，t j)ri(:(； filtnil ion. A difleniiit prohkun 

of iiiiniiniziiig Ui(; (ixj)(K:t(;(l t iino to l)(，at, a hciicliinark is a(l(li.()‘ss(，(l in Browne; |8|, 

whoro l,li(； (;xit tiiiK^ is n mndo i i i variable ixilalod to tli(? port folio. The uiic(u'taiii 

exit. tiiiK； r()n(:(，riiwl in tluisc two works is (mdogoiious. Mart,(!lliiii |39| amily'/(，s 

a stat ic iri(uin-variance port fol io s(il(K;t,i()ii p rob lem for bo th tli(； s i tuations when ; 

(jxit t iiiH； is iiKl(!i)(Mi(l(�iit and (kipoiKUiiit of assent roturiis. and (”i(l()g(!-

iioiis (;xit tiiiKis an; (:onsi(l(u,(，(l’ r(,沙(,(:t iv(，ly，in tli(i.s() two (lifionmt (:as(，s consider. 
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Mull i-j)('ri()(l incaii-variaiicc j)()rt fol io oj)! iiiii/al ion piol>l(,iii wit h im(.(’r1aiii cxil 

t iiiic is sl-udicd in d u o mid I In |22|, wl i ( 'n� l . l i c uncert ain exit 1 imc is cxofz^cnoiis. 
、 

Alll iou^li 1 Ijc e x o g e n o u s exit t iinc has been iiiv(;st,i^at,(;(l in 1 IK; invest ment liU”.-

a1 lire s incc Yaari (19()5), the only CMSCJ conccuncd about, is iiiarkct-iiulcpcnddiit, 

exit liiiir. Tha i .incaiis, tlie probabi l i ty of the cxil 1 iinc is in(l(，p(�n(l(�iit o f th(� 

fiiKiiicial iiiai kcl . T(> our hcsl kn()wl(;(lji,(!, 1 he only pajXii s 1 liai consider market-

(l(;p('n(l('iit ('X()^(Mi()iis cxil tiinc an; Bhiii('h(M,-Scfilli(;t, (2005) , which applic^s the 

uiic(;r1ain t iiiic horizon into (lyiiaiiiic asset pricing t,h(M>ry，and lilaiichot-Sc.n.llicil. 

(；! al (2008) , which iiicorporuU\s an uncert ain 1 iiiic horizon into a coiil iiiuous-t iinc 

oj)! iiiial 丨）（>rU.()li() ‘s(�l<K'U()n 丨>rol)lrin. 

In this chapter , a "mrk(,t-(l(”)(，n(l('i“ ( IXOGCIIOUS (^XIL T.IMR is iiitroduccKl into 1 IK; 

iimlti-])('ri(>(l porUo l i o sd(;(:t,i(m probiciiii. It is t lu; first work to coiisickn- n statc;-

(U^poiKlent oxit l ime iii a iiiulti-|)ori()(l moan-variance portfol io s(;l(;(:U()ii S(;tt,iii^. 

By introduc ing Ui(，nnccn taiii (ixit t i川(，，t l i ( ” . (�aro two kinds of unccrl aiiil Û s in our 

port fol io ni()(l(;l, rot urn risk and (ixit risk. T() solvci t li(i iiK^riii-variaiicci por t f o l i o 

solcct ion problcMii, wv, a d o p t the (，ml)(’(l(liiig UichnicpK? in Li and N g (2()()()). Botli 

HJialyticaJ optiiiiril po l i cy and the; (efficient front,i(;r an : (l(;riv(5(l. Furt luirinorc, w(; 

can (!()ii(;lu(l(5 that. lli(i .stal,(，-iii(l(，p(m(l(mt, ox it, tim() is just n spocial o f th(； 

stat(V(l(i])()ii(l(;iit, one . W(； (:onipar(i this (:as(! with (:a.s(\s with certain (;xil tiiiK；, 

and find that adding!； tlie uiicortaiii (，xit, tiiiK； iii(T(，iis(，‘s the iiiV(istinoiit risk. 

T h i s (;lia]jt(;r is orgaiiizcKl as fol lows. A f ter g iv ing hii int roduct i on o f I IKJ t im() 

uiKxn taiiity, we (l(，s(:i.il)(，in S(H:U()n 2.3 Um iii(!aii-variaii(;(； por t f o l i o sd(’(:ti()n inodol 

with uiiccn t ain (，xit, t,ini(). W(! dcr ivo in Sect ion 2.4 t l i � a n a l y t ictal solution by using 

(lynaink; prograiiiiniiig, aiicl ob ta in t ho (ifficiciit h.ojit:i()i.. W(； s tudy a sp<;(:ial ease; 

wh(”(5 tlio iiiKxntain (;xit t ime is stat,(vin(l(，I)(in(l(mt, in S(�(:1 ioii* 2.5，and cmiipai.r. 
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cases vvil li uiicciM nin or {ci l aiii exit t iinc by means of an rxainplc. Finally, we 

suiiiinariz(i t he (indiums of 1 his (.luipt d. in Sect ion 2.(). 

2.2. Exit-time uncertainty 

Similar lo Bhuiclict-Scallic;! el, al. |.�)|, w(�assiiiiic that, tIK; invc^slor's iiiv(!.slnicnt, 

t inic-liori/oii is a posit ivc raiuloiii varial)l(�T. 

W(； (l(Mi()l(r by •卞—{^0, T\ , . . .，J^ / … } the fill rat ion rdl(，(,Ung finaiicial mar-

ket iiiforiiiat ion, 二 {丁卜 . . . . . • }，wit.li : = <T(T 八/,) t h(I i i i foni iat ion a b o u t 

wluit hor the (!xit has <)(:(.iirml or not . L(;l t lio fill rat ion (夕 = ( S o , Q\, • • • , S / , • • •) ‘ 

r(q)r(!S(Mit t , h � t o t a l iiiioi iiuit ion (not (.()m|>l(，t(’ly avaiUibk; to iiivcistor), wliicli is 

^cii(;rat,(Hl by (ilt.ral ions and . I)(ui()t,(! . c / ：= { A i } as hii <�iila_i.g(!iii()nt filt ra-

tion of and ！Fi Q A l C Qf . Filt rat ion � / i)n，‘s(，nt,s all t he available i i i fbnnat ion 

t o invest ()i.s. 

N()tic.(? t hat assets’ pricos al. t,ini(! I aix̂  /̂-nHJcUsurabU;, h(;ii(:(， Af-

iiKifisurablo find ^/-inoasiirabh;. TIK; ovoiit { r > I \ is G-iii(，asiii.aJ)l(;, i)iit may 

not b(； 乂-m(，asm,al)k). If T is an tiiiK；, w(； lmv(，Qi = Ai = •F/. IIow-

(;v(;r, ill this study, w(，suppose; that, At C Gî  1.1 lal. is, t,h(，raiidoiii variable r is not 

fill .<</-st()pi)iiij!, tiino, so th(i ov(;iit { r � , } is not ^/-iiKiasurahlo, which moans wo 

Cfin not imply wlu^thdr or not t he, (，xit: has occunxid by 1 iino I, uii(l(;i. t li(i rr-algcihra 

At. 

W() s u p p o s e that t,h(； pmlmbi l i ty o f t,h() (，v(mt {/, < r } is 為-Hi(，a!simil)l(), which 

is pro-given 1. D(m(>t.() the conditioiuil probability of. { r < / } as l\ = I)(T < l]Ai). 

Assuino that I] = / ) ( r < l\Ai) is an iiicrciusing pr^coss with mspccl to L A 

suffideiit, c ond i t i on for tliis assumpt ion is that I)(T < l\Ai) = " ( r < /|«4oc). In 

this (:liapl(n', w(； mak(，t,h(; fol lowing fLssiiinpt ion. 
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Assumption 2.1 

r ( T > /|乂/) > (2.1) 

T o undcrsl aiid t he al )m,(�dcl i i i i l ions, w(�（.(>n‘si(l�r t h ( � f o l l o w i n g cxa inp l c . W h i l e 

ail investor iiiv(!sts her i i ioncy in ( he (inancial inark(!t., she is vvait inj; at t h ( � s a m e 

t iinc (or a ^old mining oppor t uiiily. ()ii((； tli(� ( ) j >(� i l ui irt^ IsliVHi la I )1(' and is 

m o r e ])r{)(it al>l(； than t lie iiiarkot por t fo l i o , slir will (ixit the iiiarkct and iiiv(，‘s1 

nit her iiioiKjy on t , l i (�^old iiiiiiiiig pr()j(!ct. lIow(�v(”.，wln�th(，r 1 he ^okl mining 

opport unity will \H) riVriiUiblc at tiiiH； I is imknowii uii(l(;r the ii iforniatioii T,. 

Assiiiiu^ that, t,h(! iivailahility of gold iiiiiiiiij!, is (l(!s(.rU)(!(l a i)()iss()ii proc.ciss wit h 

(loiisity A/, which is ^/-iiKuusumbh; raiuloiii variabU;. Lot { A / / } Ixi t.li(! njturii 
» 

process of iiuirk(;t portfolio, which is jr/-in(;a.sui.al)l(、. So thci probability thai 

{ r < /,} lu ippcns can 1)(; c lctenii i i icd by 
/ 

1) = r{r S / I 乂/) = 1 — A,}, (2.2) 
.s= I 

wlioni A/ := / (A/ , Ml) is (lotoniiiiKKl hy A, and the n;! urn of iiiarkdt port folio at 

tii i io L A(!tually, A/ can bo thought as tli(，HV(irag(； failure rate? (exit occui rcncc) 

(luring t;li(； iiit;(irval (/ — 1，/]. Notic.o that A, is 乂/-iii(uisui.al)lc，so is l \ . A iii()r(? 

siKJcific- (ixaiiii)l(j will Ix; givcjii in E^xaniple 2.1. 

Assumption 2.2 llic. randmn. time r is Jinitc alitiosi suivly, i.e., < oo) = 1. 

Givoii a coiist FIIIT T , \v() (Idiiio a stochastic, JMOCOSS 之/ as follows, 

“ ‘ "丨 / = 1； * 

0 ：= r { T = i, \A,.)= I / = 2 , . . . / r - 1； (2.3) 

1 - /V-1 I = T. 
* w 

It is ofusy to (,li(，(:k t hat = 1 and is 為-in�a�suml)l(). 

I ‘ 
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R e m a r k 2.1 In. (ibovc cxdniplc, if the density A/ is c(rust.(int. Uicii 

I , 
r, = r{r < f I r , � = 1 - ( 耶 { - E A . s } . 

‘ .s— I . 

A/ is T[ -nicdsiiiuldc, so is / ), (md Cj. Spacilical.ly, if tlui in.Dasf.or (Lraw Jic.r nioncA) ‘ 

• out <>f ji,n(i,u(.ial iiuukdl. once tlw (fold iimri/iifj project is (iDailahlc, no 'inuU,('r it is 

more pfojitahlc Ukui tJui •nidikct portfolio or noL A, will {)(• T\ -indapci/.den.t, and 

入 f = A/. 

2.3. Problem formulation 

W(: coiisidcM- a f inancial iiiarkdl with T 1 radiiif!, (lat(\s (iii(lc;x(ul by (), 1, •. • / 厂 一 1 ) ， 

hikI (I fiiiit'c t ime horizon T . Uiicxjrtaiiily o f (x .oi iomy is (l(’s(:i,il)(�(l t,lii.(川 

a probab i l i ty spmx， { i l , .<//, " ) . W i t h o u t lost; o f goiiorality, wv, s u p p o s e = , 义 . 

TIK ! rc^sults ohtaiiKul in this cluiptoi, can (;asily G(ni(;rali/(^(l t o s i tuat ions W IKTO 

4. • 

〕 ,卞 .T h ( U ( i arc (// + 1) s(;(:uriti(is, OIK; risk-freo a.ss(it ‘％ a nd a risky russots 

,S'|,.. •，Sj,. A l l iiivc^stor (Uitdis tlici (iiiaiicial inarkdt wi th an init ial wcuiltli Tli(， 

iiivostor (!<ui all()(:at() h(，i. vvcMltli aiii()iij» tlic (ii + 1) ass(丄s. Th(^ wealt h (tan be 

r(uill()(:at(Kl among the ( " + 1) assots at t,h(，l)(，ginning of oacli of th(，following 

T coiisw.ut ivo tunc jKuiods until sh(，(ixits the inark(;t;. The iiivc^stor plans to 

invest, her w(;alth at, most for T periods. lIow()v(，i.，slio wi l l oxit tho iiiarkcit at 

SOI 110 raiidom time r by some nuusons i(�laU�(l to llu^ financial iiiarkot;. H(m(:() tlio 

exiting time is T 八 丁. 、 

T l i o rat,(^ o f n^iiirii o f t lui riskloss secur i ty l)(，tw()(m tiino p(u,io(ls / and /, + 1 

within the plaiming horizon is CIOIIOIXKI by /.J), and tliosd of the risky a«ss(、t,s m.(、 

(l(m()t(xl by a vec to r = (/./，...，/.!')', wh(，i.(，r] is tlu; raiKloiii return for s(;(:ui.it,y 

z hotwooii t i i i K � p e r i o d s I and / + 1. It is assuiiK^cl in this c luiptor that v(，(:lm.s 
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� i = [ / f . r'f]', / = 0，1.... . T — 1, are statistically iii(lq)(»ii(knit and return r, has a 

know iiKiaii E(ri)=[厂(/-J))，I^rf ). • • •.厂(/,;')]' and a known covariaiice 
I 

、 . . . <^/’(}" 

(''。•/)= 丨 •.. ： • 

• . . 、 

• _ 

Denote := /., — 7.J)e whc^re e = (1，1,... ,1)'. It is reasonable to assume that 

f^(rfF,) is positive definite for all time periods, i.e.. 

厂 广 〜 、 m r ? r ； ) ) • 勺 • … / ^ ( ( r ; ' r / ) ) , 、 ^ , ,、 i T i 
. 厂(r,/.,) = � 0 , V / = 0,1, - • • - 1. 

• • • • • • • • • • • • 

厂((/.iV;')) E((r}rn) . . . 

- � Suppose that r is a discrete raiidoiii pi.o(:ess(，s defined in Section 2.2. Henro, the 

� exit pi,ohability i s � / ( / , = 1, 2， . . .，T), whore & aiicl "卜 i CHII he dependent. 

‘ Let Vt be the wealth of the investor at the beginriiiig of the /tli period, and lot 
t < 

TTJ be the amount of wealth invested in the itli risky asset at the beginning of the 

‘ /til period. Let the vcctor TT, = (TT/ , • • • , TTJ')'. S O Vt - TT- is the aiiioiiiit of 

wealth invested in the risk-free asset. The relationship botwc(ni woaltl'rof periods 

I and /, + 1 is » 

K+I 二 W/f + TT;",’ ^ = - , r - l . (2.4) 

- The investor is seeking a best investiiieiit strategy TT/ = (TT/,• • • ,TT")' for I = 
i 

0’ 1 , …，T — 1, such that (i) the expe( t(3cl value of tlie iiiicejrtain terininal wealth 

Vtat is maximized while the variance of the terininal wealth is not greater than 
« 

a preselected risk level, 

. " ” / � � max E(VrAr) 

, s.t. Var(VTAT) < ^ and (2.4), • 

ft 

、 

‘ • 
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1 

for a > (). or (ii) the variance of th(�iiiicortaiii toriiiiiial wealth VTAT niiiiiinized 

whilo th(�exi)ccto(l teniiiiial woaltli is Hot smaller than a i)i,(�sde(.t<�d l(�vd. 

mill \'f//-(lVAr) 
( l " 2 ( s ) ) { -

[ s . ( .厂 ( V � / . A T ) > ( and (2.4). 

• for f >0. 

U s i n g t h e Lagra i ig ia i i a p j j r o a c h , e i ther p r o b l e m (Pl{a)) o r ( " 2 ( 5 ) ) c a n h o 

(�xi)i*(�ss(�d eciuivaleiitly as 

I max /̂ (VVAT) - ujVar{lrAr) 

sJ. (2.4). 
v 

whore u； G [0, oc), which r(»i)rcseiits a traflr-off l)(>t\vocn the oxpectecl toriniiial 

, wealth and the assoc iated risk. In this study, wo (.om:(nitmt(�on ])r()bleiii (P3(u；)). 

2.4. Analytical solution to M-P M-V formulation 

with exit-time uncertainty 
« 

2.4.1. Construction of auxiliary problem 
« • 

Since tlic M-V formulation is nonseparable in the sense of clyiiaiiiic prograiniiiiiig, 

wc use the eiribecldiiig tediiiique of Li and Ng (2000). \Vc will prove in the 

‘ following that the embedding toclinkino stifl works when the exit time is uncertain. 

We first introduce an alternative o^ii i ization problem (P4(A,u；)): 

( “ 剥 { ， • “ � 
, [ s . t . (2.4), 

Define to be; the set of optimal solutions of problem (/)4(A,u；)) and 

中 /如）to be the set of optimal solutions of problem (P3(u；)). i.e., 
V 

* 
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<I>,“A,a；) = { o I o is an optimal solution to (/)4(入，u；)) 

巾P(a；) = {(!) I 0 is an optimal solution to (P3(uj))}. 

FurtlKTiiioro. \vv do i i o t c a now variable " ( 0 , u；) as a fiiiict ion of O and uj. i.e.. 

" ( c w ) = 1 + 2ujE{VrAr) Ic) . (2.5) 

The following two th(�(>i.(�iiis will show the relationship Ixitwoeii the original prob-. 

leiii (/)3(u；)) and the auxi l iary prob lem (/M(A,a；)). 

I 
Theorem 2.1 For (my d, £ <Iv)(a；). a, 6 

Proof. If is a solution of ("3(u；)). but not a solution to (/)4(f/(c々 *，A).u；)), 

there exists a 0 such that 

that is 

(E{V:'J0)) \ ( E{V:'J0*)) \ 

V P^{VTAr{0)) y V E ( � T ( 0 * ) ) ； 

‘ Let 
‘ U = F4VTAr{(t>))-u;V(ir{VTArm ,�，、 

. (2 .7 ) 
= ⑷ ） — ⑷ ） — 炉 ⑷ . 

As U is convex with rcsped to E{VrAT{4>)) and wo have 

. FAVrUm 一 • 

• � dU dU • ( E(V^^M) - f^i^^Ar^) \ 

— ( 尋 镇 ) ， 略 A T ⑷ ) ) “ ( ⑷ ） — 晰 劇 、 ； 

, , ��(/^(VjU州-E(VjU少 ] r� 
= , u ； ) ) > 0, . 

^ V / ^ ( v w � ) - / ? ( V V A “ 0 ” ) ； 
， f 

which is a contradiction. • 

I 
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Theorem 2.2 Assume o* e .4 iicx.cssarij roiuliiiov for 0* € (I>/)(u；) is 

A* = 1 4 - 2 U ; / V ( \ V A X ) U " . 

P r o o f . F()i. f ixed u；. t he s(�t o f all so lut ions t o ( ( / M ( A . u；) ) can Uv. parainoterizcul 

l)y A. If 0* is an optimal solution of (/)3(u；)). thru (!)* e Ua 巾 “A.o；). H(�n(.(� 

•；)) is (�quivak�ut to the following i)mbk�m: • 

M A X A (入.山,))，/^)(V:/’AR(A.u/)] 
( 2 . 8 ) 

• » 

Th(�iK'cossary condition for optimal A* is 盖 (). that is 

卿 I今 f，一 )丨 1 + - 二 (). （2.⑷ 

On the other hand, l)C(ause (!, G 4>,\(A. u；), tho optiiiiality condition for 

{{P4(X, a；)) gives rise, ‘ . 

A* 樣 f 嫩 ； 广 ， … ) = 0 . (2.10) 
()X OX 

These two conditions, (2.10) and (2.11), yield 
J 、 

,:Z.. 

A* = l + 2u;/s(\W(A%u；)) = [1 + 2a;/^(VWA，u；))]丨. 

• 

Based on these two tlieoreiiis, wc can get tlio oi)tiiiial solution to the original 

problem by solving the auxiliary problem ((/)4(A，u;)). The objccitivc fiiiictioii of 

((/)4(A，u；)) call be reformulated by using the definition of exit [nobahility Ej. 

Proposition 2.1 The auxiliaj'y problem (P4{X,UJ)) is equivalent to 

s.t. = vy/ + 7r[Rf for / = 0，1,...，— 1. 
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P r o o f . Using the propcM ty o f coi idit io i ial pmlmbi l i ty . we (.an (l(�i i v ( � t h ( � f o l l o w i n g , 

(从VAT - ^V rAr) 

=/v，[/v，[(Al7,Ar — I ^lll + /‘;[厂[(Al7,Ar - ^•V'rAr)l{r>l} | ] 

= / ^ [ ( A V i - + [厂[(A\'7’Ar - | 权 • 
=r:{(X\\ — + EmWrAr - .1 ^>11 

+ 厂[厂[(AV'/'AT - | ^ i ] 

= / v [ ( A l / , - u;l f)^,] + /t:[{AV, — + EliXVr^r — 

T 
= M f ) 认 

/=i 

which proves tlie (�quival(ni(.(’ h(�tw(Km (2.11) and (/M(A.u；)). • 

2.4.2. Analytical form of the optimal dynamic portfolio 

policy 

The optimal solution to tho auxiliary pi.obk)m (;aii be (k�riv(�(l analytically by 

using (lynainic programming. In the following, wc denotes 厂/(•) := E{‘ | ！Fi) for 

our coiivciiioiice. 

‘ Theorem 2.3 The optimal solution of the auxiliaiy prohlarn at mch time pc/riod 

I is of the following form, 

TT肌 1.) = luth) - KiVt^ (2.12) 
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where • 

(2.1;” 

/ / M + /V))—丨厂…丨(",—丨((/ + ] / ) ) . (2.11) 

A ' / - . + / M ) — + " / ) ) . (2 .15) 

.4,-1 =/•”_ 丨[/),-丨(e,+ /1/) 

(2.16) 

丨=(/-;丨_丨尸[/̂；_丨((,+ 

(2.17) 

(''•-、=广'/ + 

, . ( 2 . 1 8 ) . 

witJi. the foHo'umifj houndari) conditions, 

"7 ’ -1 = 1 ( I h - 1 I ̂ T) - ‘ /';'/’-1 ( " r - 1 ( ' / ’ ) , 

i<r-1 =7 .r -1 1 ( " r - 1 i ('/.)— ‘ � r - 1 ( " ' / ’ - 1 ('/,)， 

At- 1 =?•"_ 1 [/v/- 1 (^T) - Ph�— 1 ( "7’一 1《7.)' 1 ( "7’— 1 "(/’- 1 ̂ T) - ‘ /W-I ( "7,- I ('/•)], 

Ih-l =(4—1 尸[/̂7’-1 (('/,) — 〜-|《7、)％,-1("7,-1"(/-|6,广/̂ 7’—1("7’—而’)]， 

X'2 
(,T-1 = — f^T-1 ( " 7 - 1 W f^T- I ( " 7 - I 1 厂7 - I ( ~ 1 (7,). 

4uj 

P r o o f . D(m()t,(�the boiicftt-to-go at stage I by 

T 

MVi) = max ElYiXV^ - uV^)^., | 一,1， 
TTf 一 1，…,7r'/’一 I I~‘ .S —/ 
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for I 二 1.2，. •.，7，. Nolc^ that f , ( ) ) can h ( � l u r t l m r (�xpi.(!ss(ul as 

7' 

f,{\',) = max r:{{XV, — + /•；[ V (AV； - | J",] |-F/- i} 
TT/ 一- 1 • … ， 7 r 7、一 I 《 ‘ 

s-i i I 
= inax/q(AV； + y M i ( V H . ) | 斤丨]， 

TTf - I 

lor I = 1 , 2 , … / 厂 — 1 . and t h ( � b o i i i u l a r y condi t ion is 

/'/•(VV) = nifix FY[{\VI- — | J^.I、、. 

Tl i r (lyiiainic pmji^mmining al^oril liiii starts (roiii sta^(’ T . Foi' ^ivc^n J^/ - ] . 

th (�opt i i i i i / a t i o i i i)ml)l(，iii is 

My-r) 

= m a x Fy'i'-\\iXV'f' — ajV-f )^!' 
盯7.- I 

= max/';r_i{[A(VV-r/.' '/)-i + "(/’—|兀'/,-1 K'/,] — u;(Vr 一 i , + "‘厂…兀‘/,—i 尸。 / } 

开r-1 
=max \ {[A VV—, ,(7. - , (/.'(/,—,)%’ 

TP/-一 I 

+ [入(/,"(/’_1兀7’一I - 2ijVr-1 /7'_Ii7'I^T-1^r-1 一歧/’7r,/’_i "7’- 1"(/,—|兀7’-丨1}. 

Maximizat ion of the abovo function with r(，sp。(:t to TT'/.— i yidds, 

4 - 1 = /vy-1 ( I h - 1 ,GO"‘ f 'h-1 ( I h - 1 ) ( ^ — V ' r - i 4 - i ) . 

Substituting tt').—! hack to f r i ^ r ) yi<，l(ls to optiiiial hciiefit-to-go at giv(ui !Fr~ 1, 

wh(;r(； 

= 4 — 丨 丨 - /';7,-i("7，-i(r)'/';7’-i(/iV-i/iV~i(r)-'/';7,—1("7.—1(7,)1’ 

A」 

( '7- 1 ( " 7 - I I ( "7’-1 "(/’-1《7’) - I ( "7,- 1 (7’) • 
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TlKUcforc. 1 h c n c l i t - t a t ship: T — 1 is 

/7, -丨(VV-丨） 

=max /v/'^2[(AVV I — uAC/Li )('/•_I -f J'riVr) 

汗r-2 
二 max /';/:‘2{A((7.—I + A/.-1)1;/,— 1 — uj((,'r \ + " ' / , 一 i ) V � / ^ - i + ( , . ! ' — 、 } 

TP/, 2 

= inax 1 + /W�|) -uA〈广—2(4—2)2(6.-1 + "'/.-I)] 
n I - 1 

+ ( ''/. —I + I + A'l- I )//(/.—2兀7,-.2 — - I + "7.- I ) 2兀 

— + / • _ I ) TT, •_ 2 / • _ 2 / ̂ 'r - 2 • - 21 }, 

which has a sanir sti.u(."ir(, as the original utility fuiicl.ion at stage T . 

A s s i n i K � t h a i , the <l(M.iv(Kl utility f i i i ic l ion has a similar fori 11 at stride / , 1 < 

I, < T — 2, to t,li(I original ut ility I'UIHM ion at sta^c! T. Tho l)(m(�fit-t,(>•似）at stage 

f is 

J)(Vi) = m a x - ujV；^ + / , , , ( l / / , , ) l 
TT/- 1 

二 iimx 卜 丨 + - + lh)Vr + r；/} 
7R,_ I 

=max i{[A\/…/.”一ite + A,) “,/•;)_| 尸 + H,)] 

+ + + /M";一丨兀/-丨-2a;K_,/•；'_,+ 丨TT卜丨 

-0；(6 + "/)兀;—丨“卜丨“;-丨兀/-丨]}• 

‘ Maximizing tIK; above fuiiction derives thv. optimal policy at. given 

TT;一 1 + " , ) ) - ' 

X [ ； ^ / ' ; , — “ + A,)) 一 + "/))], 
2uJ 
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iuid the cosl-to-^o f, is: 

= m a x [ ( A V ; _ , — u H , 厂 + A/1, , , —ujli, , 十“,—,] 

TTf I 

TT卜2 

+ (•1 1 + [A(6- I + Zl/- 1 )";-|兀/ 2 — ‘2un'/ + "丨 1)";_.2兀/ -1 

- 滅 / , + n,- i)7r； 2U， 

where 

/I/ , =/•；丨-丨[/';,一丨(G + /I/) 

—厂/ — 1 ( 6 + /M)'厂 + 厂 + 

B卜、=(/•；'_,-f- Ih) 

- 1 ( 6 + + / M 厂 + " / ) ) j， 

+ ⑷ + "/)广|/';/__,("/_|((/ + A,)). 

. • 

W(，can s(HJ that Ui() s e c o n d t(’i.m in 7 r * ( V i _ i , 7 ) is l inear witli i.(，sp(;(:t t o the 

wea l th Vi-\ a n d is iii(l(ip(nid(5iit of""/， a n d tlui first trrni is a l inear fui ict io i i o f 7. 

S u b s t i t u t i n g (2 .12 ) into tlui oquaUoi i o f w o a k l i (lyiiHiiiics y i d d s t,li(； (lyiianii(!S o f 

1.1i(，w(�alt:h uii(l(ir p o l i c y 7r/"(K/, 7), 

V m . ( 7 ) = ('/•；' - f<'tlWh) + i " ; " / . ( 2 . 19 ) 

W() (lorivd Vi for I = 1, 2, • • • , 7 ’ by s o l v i n g thv. a l x m ; dy i ia in i c s as f o l l ows 

V/ = A/,V/„ + J / V ,， / = 1 ， 2 , . . . , 7 ’ ’ （2.20) 



(uiAinyji 2. ivi-r roiriTOLio SELFXTION WITH SIII 

wh()i,(� 

/ - I 
M 丨=n(/.;)-八';"')， （‘"川 

I-1 / - I 

Sciiuiriiiji, l)(>1 h si(l(!s ()('(2.19) y ie lds 

= - (7) 

+ l {r； — + \•"丨丨…"'丨丨丨丨. (2.2:5) 

•1 

Similarly, wc der ive lor i = I，2，...，7，as fo l lows by so lv ing l,h(，above d y n a i n -

ic.s 

V：- = + +令/"， （ 2 . 2 1 ) 

when; 
/—I 

I丨=n“,;)-八‘；“丨尸’ (2.25)‘ 

丨 / - I i 
•A = ；E n (个一八':;"」2";",;Q(r；：—,、'"认 (2.26) 

j=() j=i \ I .s=() 

=ii f i (r�; - K;…m 丨⑶ 

i={) j= i f I 

丨 / - 丨 ,一丨 

n n 、•；(2-27) 
i- I 丨 /=.s-t" I 

Noticc that /'^(Vr^r) = P ^ i Z L and F.iV'f.^,) = f ^ i Z i , the ()xp(、(.hi-

tioii of tcriiiiiial wealth VI'AT ami a r � 

. 7’ T 

/ 狐 。 = W ' ; ( [ M , 《 , ) + | " i ( [ A W , ) ’ （2.28) 
/二丨 /=i 
7’ 7’ 7’ 

m i U . = A O ) + M , ) + 化 (2 .29) 
/=丨 /=丨 /=| 

I 
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Th(、variance of t lie uiiccrUuii UM ii i inal wealt h under port folio policy n*(Vi, 7) can 

l)(�<'xpr(,ss<�(l in tlir terms of 7 by using (2.2(S) and ( 2 . 2 9 ) , 

VoriVrAAl)) = /狐 ,） - /‘;2( 1 ^ ) 

二 V;;" + Vi,7,/+ 弘 ， (2.30) 

wli(,r(、 

7. 7' 

/ = 「 / ‘ ; ( ; ^ / , ( , ) - ( / ' ; ( ; ^ A / A ) ) 2 1 , (2.31) 
/二丨 
7. 7. 7' 

./ = 厂 ( Z l "'6)1， (2.:i2) 
/=丨 

7. 7’ 

；writ(； /v{V'/'/xt-) ris follows 

mVTAr) = V'oAZ + ^ N , (2.34) 

wli()r(， 

7, 

A/ = (2.35) 

7, 

N = 而、. (2.30) 

N(>t,(，that I.IK; (;x|)(K:t,(!(l uncertain U^riniiial w(?alth I^(Vtat{i)) is an iii(:rca‘siiig 

linear function of 7 whil(，tlio variances Var{V' i '^r{ l ) ) is a (luadratic function of 7. 

(，xim、ss "(/^(VVAT)，(iriVrAr))丄s a fuiu-tioii of 7， 

2 
-VoA/ + � N — uj\v;fl + W y " + (2.37) 
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It can l)c s(;(Mi tlial “ is a (•(>n(�iv(’ function of 7. DiHorcntiatinj; (2.37) with 

rdsjx'cl 1() 7 yields . 

—=N/'2-uj(VuJ + L-f/2). (2.38) 
<h 

T1 丨(> opt imal : must satisfy th(> oj ) ! i i i ial i ly c ond i t i on of 鸯 = 0 , that is, 

2 y /V 
7* = - 7 - 1 ^ + 7 - . (2 .39) 

IJ LlJ 

Not i( (； t hat A* = u r , sal isfi(\s 1 lie condit ion t hal A* = 1 + 2u;/';(\/7,at) I 0 � A c t u -

ally, t in�n(j('(\ssary coiulil i'oii for opt inial A* is 告 = (). S i n e � 7 = ^ and uj is 

^ivcii, ihv iKjcdssnry coiKlition is� (|uivaJ� i i t , to 樂 I ) . = ( ) . 

Sul)stit,ut iiiji, tli(； opt imal 7* in (2 .39) into (�(|mit i ( � ( 2 . 1 2 ) y ie lds tlm oj)! iiiial 

limit i-j)(Ti()(l por t f o l i o po l i cy for ("3(u；))， 

= 一 一 1("/—I";—1(6 + ",)广|/';/-1("/—ito + IHM-、 

J /V 
+ ( -7^ / ( , + 冗 + I / ' ; / — — + /V)). 

2.5. Special cases of stochastic investment 

horizon � 

* -

2.5.1. State-independent uncertain exit time 

When the iiiic^ortain v.xit t iin(，is st,at,(i-iii(l()p()ii(l(mt,，t he stocluusi.ic pn)(:(，ss (1�-

HIKHI ill (2 .3) satisfies 

6 ： 二 l'{r = l\A,) = 1\T = 乂 0 0 ) = l)(丁 - /,)， ， 

which is ^-iii(lqK>ii(leiit. Iloncci and H!一、aro iiid()p<)ii(l(mt, for finy L 

m 

% 

• • 
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In this s i lua l i on , t h ( � o p t i m a l so lut ion of the auxi l iary im>l>l(”n at each tiin(; 

j)cri()(l I can 1)(�foriiiulat(KI as 1 \IV {"ollovving, 

• tt； = - l<,V,, (2.10) 

where 

A 
1 =-， u) 

" ' - I = 
十 

‘ A ' / - I = / ' ; ( " , — , ) , 

(‘‘卜I = ( + …广‘尺(“‘-1)， 
‘10； /々 + 

wit l i th(? fol lowing l)(mii(lm'y condit ion 

" r - i = — / ^ ( " r - i ) ' / ^ ( / t V - i " k i r i / ^ ( " 7 . - j ) ]， 

(,'/,-丨=“’華/,—丨 丨“；-丨)-丨/';("7’—丨). 

Tlio (，xi)(x:t’fiti()n and variances of tho iinccu tain trriiiiiuil wealth iiiidcr port folio 

pol icy TT* can (^xpr(^ss(xl as follows, 

二 1 ^ / + > ， (2.41) 
‘ 2 

. V a r i V r A r i l ' ) ) = V；;" + \ / ( )7 . /+ ^厂， (2 .42) 
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wh(u (� 

I -1 

(厂”-八'''"')， 

/•-I /—I 

//=fi"•丨,-八 w， 

•A=ii n — - hVQ. 
/ = () J = ? 1 ,s= I 

>=()j=H I 

+ 2 E n “ . r 八 n “.”-/、•;"/)'〈"』， 
/ 二 丨 / = I 

a n d 

T 7’ /-I 
A/ AA6) = — YO, 

/=丨 /=丨 1=0 

“ 。 二 E n ( r � -

'/• 7, 

/=丨 /=1 

二 Win^ -你-[亡。.丨))(i -
/=丨 1=0 / =丨 /=() 

• 1� r丨、 rj 1 

- X E fl ( ⑶ 1 一 
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r r 

二 n“•脾-

with 

f 

» 

Tlio optimal 7 in such a case hocoiiies 

: * 2人， N , 
7* = - - 7 - ^ 0 + 7 - - (2.43) 

h LuJ 
) 

Substituting the optimal in (2.43) into cKjuatioii (2.40) yields the optiiiuil 

，imilti-period portfolio policy, ， 

TT; = - / f 丨 / ^ ( / W . 

L ZLU i^t+i + � 
t 

This result is consistent with the result of Guo and Hn (2005). 

2.5.2. Deterministic exit time 
If we define the stochastic process as • 

! ( ) ( ) < / . < r - 1. - 一 

1 t = 
- 1 

� then the M-P portfolio selection model with stochastic investiiioiit horizon nxluces 

to the case with a (letormiiiistic irivcstmoiit liorizon. The result \vo d(»riv(3(l in the 

last section can be the simplified with this specific 
» 
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W h e n t h e exit t i i m � i s (.(?i.taiii. thv. o p t i m a l p o r t f o l i o p o l i c y is 

TT； = j n i - KtVt. (2.44) 

\vh(T(� 

A 。=—• uJ 

ru, n 

/1M = /.;)一卜 厂1";—1)—'/^("/-|)1， 

iCx = (/f一 J2/M1 — /^(/A——1";-|广1/^(",—1)1, 

with the following hoiiiiclary condition 

"T-1 = - 二 i ) - � / ^ ( " 7 ’ - i ) ] . 
i» 

The oxpectation and variance of the uncertain tcnninal woaltli iiiiclcr portfolio 
• , t 

policy IT* can ho expressed as follows, 

‘ F.{Vr) = VW/ + i A � （2.45) 

Var{Vr) = K；)/+ W / " + ^ “ - (2.4G) 

where 

7 - 1 7 , -1 

M = 尺 - A'；/^/))=n 厂!？(1—丫；）， 
1=0 y=o 

» •* 

— 1 I ，F一1 7’一J 
N n - K W M i t d = r R ( i -

1=0 1 1=0 j= ,+ l 1 1/=J+1 

T-丨 r-1 T— 1 

= E [ n ( 1 - • 二 i - n ( i -》 ' ; )， 
f=0 J•二 1+� / 二0 

>t 
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/ - / ( ; " , . ) ‘ 2 ) — [Filli/： — / ( ; " , ) � 

1=0 »=() 
7’-l 7,-1 

»=() i={) 
7,-1 7,-1 7-1 

j=() /=() j = j + i 
7-丨 7 — 1 r-1 

— — 八 尺 n —八二 

j=() 1=0 j = H-1 
7 -丨 7.-1 

二厂[(n(厂;•)-八-11(1 一 八//.;>",•))] 

7-丨 7,-1 

j=0 1=0 
7-丨 7’一1 

二一 n , , ( / ( i - - n ( i - 仙 ， 

1 = 0 ？ = 0 

Y"一] 7，一 1 1— 1 7 — 丨 

n ( r ? - � " • ； " 們 - [ 厂 ( D n - 八 ‘ 判 1 " ; " "尸 
1=0 J—/+ 1 /=0 j — 1 

7-1 7-1 
= n ( i - � - n ( H , f , 

i = 0 1=0 

with Yt = E{RiYE{Rtli't)-^f^{Ri)-

The optimal 7 is 

‘ = ( 叫 

Substituting the optimal 7* in (2.47) into (xpiatioii (2.44) yields the optimal 

iniilti-period portfolio policy, 

TT; = -v'lEiRilAr'EiHtWt 
7'_ 1 

,=0 211,.二0 ( 丄 — 1 1 , = ^ / + 丨。 • 

This result is just consistent with tlie result of Li and Ng (2000). 

I. 
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2.5.3. Illustrative examples 

The following (ixainpk^s illiistralo tlu; (�fi"(�(-t of tim(�risk on the M-V (�Hi(.i(�nt 

front i(?r. 

Example 2.1 Consider a financial market with iiiv(�stiii(”it horizon 丁 — 3. 

丁h(�r(�fire (>ii(> risk fr(H�asset and two risky assets in th(�market. Sii})p()se that tli(� 

('(•oiioiny luus a discrotc sample spac(» il (totally 54 samples). Thv. risklcss return 

is 1.08 and risk returns m(�listed in Tabk^ 2.1. An investor outers the financial 

mark(�t and invests her money among these three; assets. At the sain(» tiiiio. slu; 

is waiting for a gold iiiiiiiiig oppoi.hmity. If this opportunity is available and is 

more profitable than market portfolio (a portfolio with half on (，a(:h ass(»t), slic 

will exit the market. The failure rate of gold iiiiiiiiig opport unity A, is also listt^l 

in Table 2.1. 

The failure rate A/ is pn�-(l(�t(�miim，(l for givoii X( (the failure rate iiicrcascjs 

as the market portfolio return (lecreasos). The cmmspoiidiiig failure rate? A/ an) 

showed ill Table 2.2. So the (•uinulativo probability /)/ can be (:al(:ulat(�(l l)y using 

forniulation (2.2). Therefore, the probability of stochastic iiivostiiieiit horizon can 

be cloteriiiincd l)y using (2.3), and they are also listed in Table 2.2. 

Example 2.2 Consider the same cconoiiiy as in Example 2.1 except that 

Aj 三 0 .18, A'i 三 0 .24. S o that the sampk) space I x x o i n e s i l 二 {u；】，• •. , uJ21 }• A n 

investor enters tlio financial iiiaxket with one unit of wealth. She is trying to find 

the best allocation of hor wealth among those three assets. At the same time, sh(� 

is waiting for a gpld mining opportunity. If this opi)ortuiiity is available ami is 

iiioie profitable than market portfolio (a portfolio with half on cacli asscjt), she 

will exit the market. Heiicc; t lio probability of exit time arc? listed in Tahk? 2.2. 

- The investor would like to iiuiximize /^(x^Ar) — 2lZa/ (:/;:iAT)，wh(n,(，.i:3at is t lio 



CHAPTER 2. M-P POHTFOUO SELECTION WITH SIH ：厂） 

wealth fit the exit tini(\ 

Using th(� rrsult d d i v c d in S(�(.ti<>ii 2.4.2. \v(� can j!>(�t tli(� （、fii(.i(�iit fronti(»rs 

of" wealth at / = 1 . 2 , 3 , which arr h1i()vv(!(1 in Figure 2.1. It is obv ious that th(� 

l()u队r t he inv(，stm(�iit l iori /oi i is, 1 ho hij;h(T the (efficient front icr is. W c also 

coiiipHic tli(�（、{fi(.i(�nt frontier of tcMiniiial wealth in th(� (•crtain exit tiinc ease to 

that of tlic iinc(!rtaiii iiiv(!stiii(Mit horizon ease; in Fijẑ 川•(、2.2. W ( � c a n S(m' that the 

rfii(.i(mt fronticr under t l i (� ( (Mtain-cx i t - t iiiic CHSC is abcm; tlmt of th(; uncertain 

ease. Unc(n-tciiii iiivrstni(�iit horizon actually adds m(>r�risk in th(! investinciit. 

E x a m p l e 2.3 Consider an investor eiitxns the fiiicincial market with one iiiiil 

‘ o f weal til at the v(�i.y beginning. Slui plmi to stay in th (�Hnai i c ia l iiiark(;t at 

most T — 4 j xn iod . H()\v(�v(�r，she will bo f()i(.(、（l to (�xit the iiiark(�t for s o m e 

iiiarkct-iiKl(;])eiKl(^iit exogenous reason. Sup])oso the iiiiccrt aiii exit t iiiu; r IULS 

pre-givoii exit probability 丁 = /") = 0.1/ for i. — 1.2,3,4. Wo us(�the saiiic. 

market da ta as E x a m p l e 2 in Li and Ng (2000) . T h e investor is tryinji, to find 

the best a l locat ion of her woaltli a m o n g three risky s(�(.iuit i(，s, A , B, C and a 

risk fre(； secnirity D. T h e ()xi)(K.t(xl rotiiriis for risky s(K:uriti(i.s, A , B and C ai.(� 

E{if) = 1,1G2, ) = 1.246, and E(r\') = 1.228, I = 1 , 2 , 3 , 4 , and the return 

for risk fn!(，assent D is 1.04. The covariaiice of r —卜广，/.厂，/,�]' is 

0.0140 0 .0187 0.0145 

二 （).()化7 0 .0854 ().()1()4 ， / = 1 , 2 , 3 , 4 . 

. 0 .0145 0.0104 0 .0289 

T h e iiiv(�stor would like t o iiiaxiiiiiz(�/!^(:/.4Ar) — 2Var(x.\r,T}- W(j can cak-ulaU) 

M = 0, 1088, N = 0 , 8 9 1 7 . 

I = 0 .1229, ,J 二 一().()97, L = 0.0879. 
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Th(> mcaii -variai icc rHiri(�nt f'miitirr is t his case is ^^ivcii as 1 h ( � f o l l o w s : 

V'r//-(.7-.,AT) = (Uia�j/':‘2(./.iAT) — ().2;i<)/':(.r,Ar) + 0.1179. 

Tl i r associated oj)! iinal port folio pol icy is ^ivcii as lollovvs: 

TT* = J：! — K'l Vi, 

where 
().4()()4 

> 

l<t = ().(i49G , I = 

2.313:5 

1.3410 1.3588 1.3713 1.40Ki 

•r, = 2.1755 , .i-2 = 2.2044 , 7:3 二 2 .2247 , r , = 2.2733 . 

7.7477 7.8505 7.9227 8.0960 

W'v. compare the rosult; with that of tli(; rortaiii (»xit time ease in Exaiiipki 2 of Li 

and Ng (2()()()), 

TT* = X, - Kt Vi， 

Wll(�l.(! 
().4()(M 

I<I = 0 . (54% , I = 1 , 2 , 3 , 4 . 

2.313:3 

3 .5440 3.G858 3.8332 3.9865 

‘ ：/：丨=�).74(J4 , X2 = 5.!)794 ，:/•:!= 6 .2185 ” / i = G.4G73 . ‘ 

20.4751 21.2941 22.1459 23.0317 

W e can so(； that UK! s(K:(m(l part 八 o f the opt imal po l i cy m v Ui(; saiiH； for 

th(； two (liff(�i.()nt (:as(\s. Wluni tlici exit t iiiK^ is iinccrlRiii, th(�iuv(，st()r iiiv(\sts f(;w 

vvealth 011 risky assets than that of t l i (� cer ta in exit, tiiiK； ease;. Th(�iiKiaii-variances 

efficioiit fV(mt i(�i.s o f the t w o (liff(*ront casos ar(�sliovvcid in Fi^^un^ 2.3. 
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Table 2.1: Risky ret urns / 丨，/.?,/、and iailurc rate A|, A-̂  in IOxHin))l(' 2.1 

U； /.丨（1) _ /-id) r: “ 1 ) _ _ n r-,{2) / . : “ 2 )一一 ^— _ A ^ 

.u;i 1.1697 1.225^ 0.8997 丨.2770 0.99：^!丨.(>292 O.lH 0.21 

d j \.\im 丨.IfVlS 1.277G l ().]« 0.21 

u；；̂ �.1(;!)7 1.225̂ ^ 丨 1 . 2 7 7 ( ) 0.99.11 1.207(3 0.18 0.21 

丨.1097 0.8109 1.23(32 丨.277(丨 l.(KV7« 丨.3599 (1.21 

uJr, l.]()97 O.HlOf)丨.2231 1.277(i 丨 丨 . 2 7 1 7 O.IS 0.21 

Ljf, 1.1(397 ().«1()<J 1 .:i()()r, 1.2770 1.0078 1.0003 0.18 0.21 

ujj 1.1 ()97 l.lir)r) 1.2334 1.277(3 1.4281 1.0825 0.18 l).2I 

ĉK l.l()97 1.1 Ifjf) 1.0812 1.2770 1.4281 1.37r>7 O.IS 0.24 

a；!) 1.1 (i97 1.1�)r) 1.2(m()丨.2770 1.12«丨（UKi81 0.18 0.21 

1.2771 1.3005 I.OIOI I.2'l()(> 1.1795 \.\7\:\ 0.18 0.2] 

u;|| 1.2771 1.3()()r) l.ir)9G 1.21()() ] .4795 1,1123 0.18 0.21 

u;i2 1.2771 1.3()0.r) l.ir,02 1.2106 1.17!}厂> 1.0059 OAH 0.24 

cji.i 1.277 丨 l.inr)8 �.1(320 丨.2棚 �.411() 1.删 0.18 0.24 

uJi\ 1.2771 1.1058 J.123(j 1.2‘1()(i l . J J K ) ( ) .湖” 0.18 0.21 

cjir, 1.277�l.】（)r>8 1.2943 1.24(}G 丨.4J 川 0.0024 ().1« 0.24 

ujui 1.277 J 1 .:m2 (U)3�)(i �.2‘l()(i 1.15(i�1.,�)34：2 0.18 (J.24 

u;,7 1.2771 1 :Mm �.2137 1.2.400 1.1561 J .094-1 O.IH 0.24 

uiK 1.2771 1 .:m2 1.2702 1.2-400 l.jr)(;l J ..'Ml7 0.18 0.24 

u；!；, ().<K)()7 ().«5()1 1.2503 1 .:VM) 1.31 Ij 0.18 ().21 

0；2() (U)G()7 0.8504 1.23�8 1 .î lWO 1 .G«8()�.2r/23 0.18 0.24 

0；21 ().1)G()7 ().«5()/| � . l ( j � 1 .:V.m) \ .0880 ().<)520 O.lK 0.24 

u;-22 0.9007 1.2514 1.2 m J J.3�9r) 0.9692 0.18 0.24 

0；2：̂  (UKi()7 1.2r,J.4 丨.2307 j 1.31% 1.1.'UiO O.JH 0.21 

Uj2,i 0.9007 L2�)U J.J:̂ J1 1 .:ym) 1.319「）{).m)4 0.18 0.24 

u;2r, 0.9007 1.217G IJ 1G4 1 .'SM) J.2()ir, 0.9374 0.18 0.21 

u;2(i ().{)(j()7 1.2170 �.12(i2 1 .:V.m 1.2()ir) 1.076：̂  ().!« 0.24 

UJ27 0.9007 1.2170 I :sm) l.'iGir, 1.2(323 ().1« 0.24 
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U； r,(l) /.2( 1) — __r:t(l) /-iCi) r.(2) r:d'2) X\ A-； 

uJ-ih 丨.l(i”7 1.22r)<S 0.8997 l.‘277(j 1 1.(1292 (1.：2 丨（L2G 

I.l()97 1.22r,<S I.ir,.m 1.2770 O.ITO 1 I .r,(j2:i 0.21 ().2() 

u;;,() 1.1()!)7 丨.2‘2r>8 丨.IKi!)” 1.277(i O.IMKil i .2()7() n.2l 

Mil 1.1697 l).81()<) 1.2:Ui2 1.2776 1 .(>678 1 .:仏!)9 0.21 0.20 

0；32 丨.I(;”7 ().84()?)丨.2231 丨.？了了̂  !.(•丨.‘2717 (>.2丨（).：2(5 

1.1()5)7 ().M()9 丨.3(i(i�> 1.277() 1 .()()7« l.()(i(Ki ().2 丨（l.:2(i 

u;:n 1.1(397 1.1 ir,r, 1.2331 1.277(i l.lW'ifj 0.21 ().2() 

1.1 ()97 1.1 ir)r, I.OSi'i ] .277() 1.1281 l.:V7r>7 0.21 ().2() 

1.1(397 1.1.15 厂）1.2080 1.277() 1.12H1 (U)(i8l 0.21 ().2() 

u;:i7 丨.277丨 1.:们nr)丨.UJOI 丨.‘llOG 丨 I . ' 1 7 4 3 {>.21 ().‘2(i 

1.2771 \:Mm l.ir)9() 1.2!()() 1.479厂> 1.4123 0.21 0.26 

U;:J<) 1.2771 ] ..'iOOf) l.ir,G2 1.21()() l,179「） I.()(�>!) 0.21 0.26 

u;„, 1.2771 1.11)58 1.1020 1.2'1()G 1.1110 l.l(iS4 0.21 ().2() 

u;.,i 1.2771 \.\im \A2'M) 1.21()(> 1.1110 0.21 0.26 

u;,,2 1.2771 l.inr)« 1.2<)4:i 1.2'1()() J.IllO ().()()24 0.21 ().2() 

1.2771 1.3(392 (U)3r)(i 1.21()G l � � ) ( i l J.�>312 0.21 0.20 

u;.M 1.2771 1 :Mm J.2137 1.21()G l.�r)Gl l.()9‘l-1 0.21 0.20 

1 . 2 7 7 � 1 . 3 � 2 丨 ‘2702 1.2400 1 . 1 5 ( ; � � ‘ 3 4 � 7 0.21 ().2(j 

ujMi ().9()()7 0.850/1 1.2�)(>3 �.3380 丨 丨 . H M l (>.21 U.2(i 

叫 7 ().<)G()7 0.8504 \.2'MH J /Xm) l.G8«() J .252：̂  0.21 0.2(3 

叫K 0.9007 ().85().4 1.1(309 J .0«8() (U)r>‘2(i 0.21 0.20 

u；.,；, 0.9007 丨.2r>�4 1.24:W 1 丨.3]9「） ().9(j<)2 0.21 ().2(j 

a;r,() ().9()()7 J.2r)�‘l J .2:m I 1.:川)f)�.l:i(;(i 0.21 0.20 

cjni ().{)G()7 l.2r)丨 4 1.13H 1.33刚� .319.�> ().8{)94 0 . 2 � { ) . 2 ( i 

u;r,2 ().?)0()7 1.217() l . l K i l 1 .'SM) 1.2(iir> (U):VM 0.21 0.26 

u;r,:i ().9()()7 1.217(j 1.12()2 1.3:仍(）J.2(il「） 1.0703 0.21 ().2() 

u;r..i ().J)()()7 1.217() (UK仍 1 :VM) 1.2015 J .202：̂  0.21 0.20 
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T a b l e 2.2: I 'ai lurc r a h � A , ( iiimilal ivc p i . ohahi lhy I ' and exit i>i(>l){il>ilily ( in 

2.2 
' • .. . f —I •—- I ' y 

^ A, — / ) ^ G �� 

0.20 0.20 ().:V2<)7 ().iHi:i 1).11«‘丨 

0 . 2 0 0 . 2 0 O.hSl：^ () . : i297 0.181：^ 0 . 1 m i O.OTO：^ 

u；；, 0.20 0.20 O.liSlli (l.:V2y7 O.ISKi O.MKl O.GTO.'i 

a；., 0.20 O.ir, ().18i:r 0.295：^ 0.1 140 ().7()I7 

uJr, 0.20 O.IT) ().l«i:i ().ll“） 

c J n 0 . 2 0 O . I T ) ( ) . l 8 i : i ( ) . ' 2 { ) r , : i ( U 8 1 3 0 . 1 1 1 0 ( ) . 7 ( M 7 

cjy 0.20 0.10 (U …3 0.2592 O.lSl.'i 0.0779 ().71()8 

u;m 0.20 0.10 O.lHI.'i 0.2592 O.IHl：̂  0.0779 ().7l(m 

u；!, 0.20 0.10 ().1S13 0.251)2 ().18i:i (1.0779 {).74()8 

cji" air) o.of) {)A:m ().i«i:5 n . i :鶴（ ) . _ ) ().«si87 

u;ii Ojr, O.Of) ( u : 働 ( ) . l : 腿 ( ) . ( ) 4 2 { ) ().«I87 

0；；-2 0.15 O.Of) {)A:m {)A:m ().()12() ().8i87 � 

u;ia O.ir, OJf) ()A:m ().25<)2 i).\:m O.l ().7'1()8 

C J I I O . I T ) n . i r ) 0 . 1 ( ) . 2 5 < ) ' 2 0 . 1 O . I I { ) f ) ( ) . 7 1 ( ) « 

cJir. O.ir, OJf) (U393 ().2�)泊 0.1：^ 0.1 lf)9 0.7408 

a;i(i 0.15 0.12 (>」:• 0.2:鶴 0.0973 ().7G:M 

a;,7 0.15 O.J 2 0.1 ().23(Ki ().()})73 ().7G31 

cJiK 0.15 0.12 ().2:i()G {)A:m ().7()：54 

cjio ().3() ().]() 0.2592 ()..T2?)7 ().25{)2 ().()7()5 ().(i7()3 

0；2() ().:in (u() ().25<)2 ().:v2<)7 i).2rm ().()7()r> 0.070:5 

0；21 ().：«) 0.10 ().25<)2 ().:V2<)7 0.2592 ().()7()5 O.OTO.'i 

().3() 0.20 0.2592 ().39:仍 0.2592 ().丨 ().()()()5 

0；2：{ 0.20 ().25{)'2 {).:mr) o.'irm o . n m n.(i()a�> 

UJ2A ().：«) 0 . 2 0 0 . 2 5 9 2 ( ) . : W 3 r > 0 . 2 5 9 2 O . O O G f ) 

Cj-jr. n.JO 0.2592 U.:i(;87 ().2r>()2 0.1095 

u;2(i O.iiO O.IG 0.2592 { ) :m7 ().25<)2 0.1 (Mif) 

Lj‘27 O.'M) O.IG 0.2592 (U( ;87 ().25{)2 0.1 (Wf) O.G.'iKi 
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A, A , r-2 (I i> � 3 

o.'ir) 0.25 0.2212 {).:mr) 0.2212 (1.1723 (u;(Kiri 

O.'ir) 0.25 0.2212 ().:mr) 0.2212 ().l72:i O-GOGf) 

u;:<„ ().2r, ().2r, ().2'21'2 (>.:�：仏 0.2212 0.172：̂  O-OOGf) 

u;;n ().2r> ().)« 0.2212 O.-'ilDf) 0.2212 0.12H：̂  ().(ir)()r, 

û .Ti ().2r, ().|,S 0.2212 ().;VI9r) 0.2212 ()A2K\ (>.•�> 

0；：{：{ ().2r, O.IS 0.2212 ().3ia「> 0.2212 (>.1283 ().(;「>a「） 

0.25 O.M 0.2212 ().:V22f) 0.2212 0.1017 ().G771 

0.25 0.11 0.2212 ().:V229 0.2212 0.1017 ().()771 

0.25 O.M 0.2212 ().:V22<J 0.2212 0.1017 ().()771 

uJ:i7 0.18 0.1 0.1 ()47 0.2142 0.1 G47 (Um)�> 0.7558 

cj.-iH ( ) . ! « 0.1 0.1017 0.2142 ().1(H7 0.0795 ().7�>.�)S 

uj:v.) ( ) . ! « 0.1 ( ) . ] ( i l7 0.2142 ().1()17 (U)79r) 0.7558 

a；.,,, {)AH O.IS 0.1(347 (>.3023 0.1 (>47 O . i m ().(){)77 

O.JH 0.18 0.1 (>17 n.3()23 0.1617 (U37(i 0.(3977 

cj.,12 O.IH 0.18 0.1047 ().:i()2:i 0.1017 U.137G 0.0977 

0.18 O.iG ().I()17 0.2882 0.1047 0.123厂）0.7118 

u；,,., 0.18 0.1 (j ().1()17 ().28«2 O. lGir 0.1235 0.71 

u;,ir, 0.18 ()J(i 0.1017 ().28«2 0.1 ()17 0.12.T) 0.71 m 

cj.Ki 0.32 0.11 {).‘2739 ().3(;87 ().27:i{) O.OfMS 

u;,i7 ().:V2 0.11 0.2739 (U( j87 ().27:W 0.0918 0.031:5 

u ;仆 ( ) . . T 2 0.14 (1.2739 O.'MiHY 0.273!) (U)9'm O.G.HI ：̂  

a;,,,) 0.32 0.22 ().27:W 0.412：̂  (}.27:W ().1:W‘1 0.5877 

u;r.() ()..T2 0.22 ().27.S9 0.4123 ().27：̂<) O.l.'Wl ()..W7 

u;r.i 0.32 0.22 ().27:if) (),1123 ().27:W U. 138.1 0.5877 

ujr., ().:V2 0.2 0.27:们 0.4055 ().27;W (l.l31(i ().厂)945 

u;r.;{ ().:V2 0.2 ().27:W ().1()「>「）（).27:W O.l.'ilG O.^JMr, 

cjr.i ()..T2 0.2 0.2739 0.4()�)5 0.27:川（). l : i l ( i 1).5<)45 
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F i g u r e 2.3: EfHciont frontiers with and without micortaiii axit: tiiiu，in Example 2.3 

2.6. Summary 

In this dmpt(u.’ we firstly iiitroducxKl i i iul i i-pcriod iiieHn-varianco portfolio sd(，( -
t 

tioii probloin wit h a st,ate-(l(，p(m(l(，iit, mic.ortaiii exit tiino. This new formulation 

is i)ra(tti(tally iiioaniiifi;ful sin(:(，most investors do not know (exactly when th(;y 

will exit the Hiuiiicial inark(;t at; the beginning of their invostinont. Iiitrodiiciiig 

st,at,(!-(lq>(m(l(mt uiicxirtaiii iiiv(%st inoiit liorizon is actually jHcscnting a imiikot-

(lei)ciKlont (，xit. st iat.ogy. How()v(�i., this mmkrt-(lq)()ii(l(mt, cxH: strategy (loos not 

i,diit(，to iiiv(istiiioiit policy. 

Ill order to deal with such a probloiii, w() US(K1 tlio onilxKldiiig t(，dmiqu() of Li 

and Ng (2000). The optimal policy of tho original inseparable problem luus hern 

(l(�i.iv(�(l by solviiif!； a s(”)aml)l(�auxiliary iHobloiii. Difforont from Blaiicliot-Scalliet 

(�t’ ill. |39|, who used martiiigalo appi.oadi to analy/o tli(�coiitiiiiious-tiiiK? utility 
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inaxii i i i /at ion prob l c in wi th U u w uncertainty , \v(�iiiv(;stij2,at(Hl th(�m()aii-vm.iaii( : ( ) 

p o r t f o l i o schu't ioii p iohkni i by using ( ly iminic pr()j!;raminiiif!；. T h e iiK，an-vai.hiii(.(� 

d l i d o n t , front ier umlcr t ho o p t i m a l po l i cy has also Ikhmi dorivcKl. W c liav(，also 

aiialy/(Kl Ihv. spec ia l ( . f i s ( � w l u n c the (，xit, t i i i i ( � i s sUite-iii(lci)oii(lciit, and havo 

c o i n p a r o d tlir, i(，siilt t o t;h() ccrtaiii -oxit-ti i iKi caso . \Wi) f ound that i i i tTodudi ig 

uiK'cntain exit t ime a d d s ( � x t m risk t o ihv, inv(，st.m�iit. 



Chapter 3 

Multi-Period Portfolio Selection for 
Asset-Liability Management with 
Uncertain Investment Horizon 

i 

‘ 3.1. Introduction 

- Liability inanagoiiKnit is (，ss(”it;ial for tho su(，(:()ss of financial institutions, such 
—-

ius i)(msi(m funds and banks. The past, doctulo has witirossod iiicroiusiiig at tention 

which many iiivostineiit institutions havo paid to ta.k(̂  liabilitios into account when 

building ii]) their portfolios. 

Assot-liability (AL) iiiaiiHgoinoiit uiiclor the inoMii-variaiKx^ criteria was first 

iiiv(?stigai(xl by Sliarpe and Tint |49| in a single-period sotting. Multi-period 

asset-liability iiifiiiagoiiioiit under the iiiemi-viu.ian(:() framework was studied in 

L(，ii)i)()l(l et, al. |31|, in which an analytical optimal policy and officiont frontier for 

tlic iiiiilti-pmod AL iiiaiiagoiiKuit problem were derived by using the oinb(xi(liiig 

• 44 . 

« I # ' 
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techiiiciue of Li and Ng |33|. Chiu and Li |11| furtlier g()ii(TiiUz(�(l tlic probleiii 

to a (•oiitiiiiious-tiiiio sotting, derived the analytical optimal trading st.rat(^gy and 

� obtained the optimal initial funding ratio. 

In this chaptor, iritroclucx) an state-iiiclcp(^ii(leiit uii(:(n.taiii iimistiiieiit hori-

zon which was discussed in Gliaptoi' 2 into the rmilti-poriod AL iiic^an-variaric;o 

portfolio selection problem, while the distribution of the investiiient horizon is 

fussuined to be known. We adopt the same cussmnptions as in Loippokl ct al. |31 . 

With the given clistribiition of the exit time, the problem niiclor investigation can 

})c translated into a prohlom with a (loteriiiiiiistic investment liorizoii which can 
V 

be also solved analytically by the eiril)0(ldiiig technique of Li and Ng |33|. Differ-

ent from Guo and Hu [22| where a market is consisted of one risk free asset and 

71 risky assets, we consider i) a iiioro general niarkot irioclcl with {n + 1) assets 
I 

which can b() all risky, and ii) a liability which significantly aff(x;ts tlie optimal 

trading strategy. 
c> 

The remaining of the chapter is organized as follows. In Section 3.2, vvc use 

, the eiiibeckliiig tccliiiic|iie of Li and Ng |33| to formulate a trac;tal)le problem 

of the multi-period asset—liability portfolio optiniizatioii problem with uiicortain 

investment horizoii. We derive in Scctioii 3.3 an analytic solution of the optimal 

policy for the ckse with two assets and an exogenous liability. In Section 3.4, we 
t 

obtain the mean-variance effideiit frontier analytically. In Seetion 3.5, we extoiid t 

the results to general cases with arbitrary number of multiple assets. Finally, wc 

summarize the chapter in Section 3.G. 
、 t 

多 

• 

» 

t 
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3.2. Problem formulation 

Wo assume tliat an investor, with an initial wealth Xo arid initial liability /(> at time 

I = 0. plans to invest hor wealt h in the fiiuiiicial market within a time horizon of 

‘ T i)(;rio(ls. At the beginning of each period. I, — 0, 1. • • •，7" — 1, she can rebalance 

li(?r portfolio. Howc^vor, she iiiay bo forced to vxit the market at i)(Tio(l r (h(;f()n� 

the final stage T) by •.some viiicoiitrollablc EXOGENOUS IXJHSOMS. Supi)oso that r is 

a discrete raiidoiii variabk�witli the following probability clistribiitioii, 

"二 f /I，= ， r - 1 ， 

1 1 - Ll^l n, / = T. 
\ 

To start with, wo confine our discussion in this section to situations with only 

two cisscts and one liability. Extension to situations with an mbitmry nuiiibor of 

russets will be studied in Section 3.5. 

Denote the returns of the two assets between time / and t. + 1 by yf and /./. 

� respec t ive ly , and the return of the liability at time / by qi. Wc assume that the 

returns of financial instniiiieiits arc statistically indcpeiideiit among (liffcrcnt time 

periods. 

Let 7, 二（/.!)，77,…)'.We have ‘ 

Eili) = (/^/f, Er„. Fau)\ 

It is reasonable to assume that all the matrices 

Eiin'i) 二小//) + F�nW梳 /. = 0,1，…’— 1, 

arc positive definite. • 

t 
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Lot the aggregat(Kl v^aliio of assets 1)<，Xf at time L The raiidoin agf^r(?gat(xl 

vahi(�of fuss(̂ ts fit time I i 1 is given as 

i = /•"(：/：, - til) + 1.1 lit = 工/ + /?/ "/， (3.1) 
、 

where Hi = 7./ — , is the aiiioiuit iiiv(�st,(;(l in the asset with rcitnni /./, and 

Xf — H( is the amount invested in the a.ssc;t with return 7.;). 

As the; same as in Ldpi)()l(l (�t al. |31|, wo assuine in this chapter that the 

liability is exogenous, thus uiicoiitrollablo. Mc^rc specifically，the dynamics of the 

value of tlio liability is not affc(:t(�(l by the trading strategy of the investor. L(�t 

the vail 10 of the liability at tiino I l)e I卜 Tlieii the raiidoiii value of the liability 

at time / + 1 is given as, 

(3.2) 

W(» denote the exit time by T T\T 二 iiiiii{T, r } HIKI define the final surplus, 

i.e., the difference between assets and liabilities at the exit time, 
* 

^TAT — Ar-

The optiinizatioii problem of iiiulti-poriod AL maiiagciiiciit uii(l(n, a iiioan-

y： > ’ variance framework in this cliaptcr can ho now foriiiulated as follows, . 
f 

max I^{Stat) ‘ � 

( / )1) u (3.3) 
；fv s.t. Kar(.SVAT) < (y o,nd (3.1) - (3.2), 

for a given a > 0. Varying the value of a from 0 to oc yields tlic s(，t of efficient 

solutions. 

The iiK^aii-variance portfolio sdectioii problem in (PI) can ho also posed in 

an alternative form follows, 

！ mill VariSrAr) , 
“ (3.4) 

s.t. E(S', 
'AT a m / ( 3 . 1 ) - ( 3 . 2 ) , 
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for H giv(�( >0. Varying tlie value of ( also yidds th(i sot of cfficioiit solutions. 

A n o t h e r formulat ion t o jî (�iK，rat(，the set o f (，ffici(�nt ‘solutions is j^ivon as fol lows, 

/ 

max E(SrAT) - ujVar{Sr/\T) 
("3(u/) ) “ (3.5) 

[ s . t . (3 .1) - (3.2)， 

for a given uj > 0. Varying the; v a l u e � o f ^ from 0 to oc yields th(，s(;t of dfi(.i(�iit 

solutions. 

As iii(licat(;(l ill Li and Ng |33|, all foriiiulations (P1)-{P3) aro difficult to 

solved directly l)(�cmis(�of t licir iic)ii-se])arability in the sense of dynaniic pi.ogi.aiu-

iiiiiig. Ill Li and Ng |33|, tlic relationship l)()tw(Kni tliĉ  iimlti-poriod i贈ui-vm.iana� 

I^ortfolio selection prohloiri with a fixed iiivcstiiieiit horizon and a sq)anil)l(亡 poi.t-

folio selection probleni with a quadratic utility function is investigatcKl and the 

analytical solution is derived by using an eiiii)0(l(liiig scliciiic. Fortuiiatoly, The-

orems 1 and 2 in Li and Ng |33| can l)(i also applied to tlio (•iirrent foninilatioii 

vvith an unc:or1aiii iiivcstiiujiit horizon. Wo now coiisido^r tlio following auxiliary 

problem: 
f 

max E{XSrAT — 
(/)4(A,u;)) u (3.G) 

[ s . t . (3.1) - (3.2). 

Lot he tlie set of optimal solutions of pi.obknii (/)4(A，a;)) and 巾 " (u ) 

1)0 the set of optimal solutions of problem ("3(u;)) , i.()spe(:tiv(，ly, 

•� <I>y\(A,u；) = {tt I TT is an optimal solution of (P4(A,a;))}, 

= {tt I TT is an optimal solution of (P3(u;))}. 

Dofiiio 
« > 

d(n,uj) = 1 + 2uE(STr.r) k . ' (3.7) 

Since tlio uncertain investiiiont horizon dcscrihcKl in this (:liapt(;r is just a spocial 
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( : a s ( � o f tliat in chapter 2, so th(； Theonui i 2.1 and Th('()r(�in 2.2 still hold in this 

chai)t(;r. 

3.3. Portfolio optimization with two assets and 

an exogenous liability 

III this section, we first (-(mvoi.t pi.()l)l(，iii ("4(A,u；)) to a portfolio sclcctioii problem 

with a certain (�xit time and tlicii solve the resulting prohknii by using (lyiiamic 

programming. For / = ()，1,... , T — 1, we adopt tlu? following notations, 

I \ / i \ I \ / , \ 
Xi f 】 、 /// 1 

V'' / V -1/ \ w 
(/•；' 0 \ ( l it 0 \ 

V 0 <h y V 0 0 y 

WIKM'C matrix " / ctaii I)o viewed as a boiKtliiiiark r()t M . I I matrix and A/ can 1)(、 

rcgar(l(;d as t\u) (ixccss rotiirii matrix lolativc to the bciidmuirk for th(; russ(;t and 

liability. 

Using the notations above to rewrite the problem (/)4(A,a;)) into a matrix 

form yields the following cquivaknit form of (/)4(A，a;)): . 

f 
max Fji\c'z'r/\T 一 二tat") 

(/)5(A，lc；)) “ (3.8) 
I S.I,. Zi+\ = HfZi + Afh 卜 hf = "'"、，/, == 0,1,... , T — 1. 

As tli(3 objoctivo function in (/̂ 5(A,u；)) can 1)(，i.(，wi.itUui as tlui followiiij^ siiiiiiiia-

tioii according to the distribution of the, iiiv(»stinciit horizon, 
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Problem (/,5(A，u；)) can Ik; traiis!aU;(l into the iollowing equivalent; formulation 

with a (•(M'taiii ()xit t inu;. 

iiirix / s f V . - ijjz'.dc'Zi)I) 
(/)5(A，u；)) '' “ 

I s.i. c/11 = HiZi + .4////, III = (•\itiJ = 0,1, • • • , 7' - 1. 

The op t imal solution of i)ml)l<;m (/)5(A，u；)) chii 1)(、（l()riv(，(l analytical ly by 

usiiij!, (lyiuiinic j)r()giaiiiiiiiiij!„ which is sui imiar i / cd in t he followiiiji； t licorciii. 

Theorem 3.1 Tfic oplvtnal policy of problem (/5(A’u；)) is fjivcu as follows, 

. A ("丨/!;/广,十,） … 7 } ; + , " , : , ) 
" / = — ziz} zz zzn , (o.U j 

2u； /<;(,〈/I；!),,丨7),+,/V'l) P:、(>\/I;万/-h^h 1 
for / = 0, 1, • • • /厂—1，w h e r e 

• • • 
• • _ • • • 

75； - ”广-•(/〜)• = f . r ' — | ( " s ” ，(3」()） 

• • • 
« • • • • • 

R ( SR'R 产/-1 #> , N \ 

^ ^ -.S-/-I n n 
«=/-fl \ 一 = (“ I M - I I ] 

‘ / 0 \ 
"；)= , (3.12) 

V ()寸;) 
"；二 ， （:⑴） 

\ ()可丨) 
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uruh. 

# 一 一 IMjdl 
丨 丨 - ‘ ‘ ' / • 〒 

一， , ) 厂 i — 2 n + / � 4 i i 
<1, — (li — lit rr. — , 

'丨-丨丨""…/';[(",尸]， 

— — i …《丨 q 丨 、 丨 〒 二 + / n . ] 

Al("/H"lL.s=/i ‘2(r/-H ) - “ + Z/丨丨 

for i = 1，... ,T — f — 1. 

Proof . W(�use dyiHunic iHo^raininin^ lo solves the; prol)l(5Hi (rr)(A,u；)) 

‘ 7， 
max - ujz'i('r'zi)iy 

\ . s . l . z, I\ = BIZT + A,III, " / = " 1 " / , / = 0 , I, • • • , 7 ' - 1. 

L(�t 

//• (-'/•) 二 (A"^:;'/, - ujzycr'zr)!'!', 
7, 

fi{zi) = max f^jiy^ixc/zs — ljz'^cc/zs) ii ^ ― ' 
.s=/ 

for I = 0,1,- - - � T - 1. 

Th(，(lyiiaiiiic prognininiiii^^ algoritliiii start s from siaj^c T — 1. For jz;iv(iii Zt^ \, 

tlic optiini/fit ion pn>l)l(mi is giv(ui as follows, ‘ 

/'/’_ I (:'/,_‘） 

= m a x /';[(A":7,—I - 0 ； 4 ’ — 1 ) " / , - 1 + J:/\T(.:'R) 
II 

= m a x f^{{X(''Z'l'^i — uJz!J'_^('(''z•f'-\) '̂r-\ + 1 + 如 - i " r - 1 ) 
h 

— + / l7 ’ - i "r - i )W("7,—1:'/’_| + 1 / / . ' / . _ I)]"'/,} 

= — z'r~\)l^'r- \ + [ x c ' + '小/•—"'/’—1) 
II 

一 B'r-1— 1 + /I'/ -1 (' I " r - 1 i 1 + -小/,-1 (' 1 ",r-1)] "7.}. 
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Maxiiiii/in^ th(�al>(>v(, expression wit h naspect- to "'/•..| îv(\s: 

二 入 /';("丨/t;.—丨厂/’） _ hV�A'T—J~),rT):,,fh-�:T—i) 

"'厂‘—5/';("|斗..|万7,7^/.~-"'1) / ‘ ;(",斗—iT^r刀; , /V/. ‘ i"i), 
- / I 

wh(T(�/ 'V = <•/)'/' and / 入 厂 = v )^. Furt iKU inorc, w() have 

= I I + /V/.— i//.'/’_ I) 
… , 丨斗—丨。""7,-1:7.-1)1 

=/>7 -1 -7--1 - A-i'^ I r'l ；-： p 

2uj''厂-…丨厂;("丨/1-厂—丨"''/1/._丨"1), 

S'l' = c'z'r = (‘‘ l^r-1 1 十：7~ 1V'/ -1, 
ZuJ 

wlierci 

('/^v-i-v-i = I' - 山 1 " 丨 fv , Af n T "， 

=• /外'〜Af,,一,c) 二華厂—丨） 

一 _ 叫(// ' / ’—i)T 

with 

“).一(巧’-I ( ) ) 

‘ V ()碑-丨/ 

. , . 丨…丨'丨’-「….-、/爪"7,—1)2] ’ 

… , , /';("'/,一 I (/'/._ I) 
"''’-'二 厂 I 尸 1 . f 

* 

, B(，(:aus(， . 

* « 

•二 / 外 化 - … ） ” . 

一 /̂ V丨/V/’—丨rc,yl/’—丨…） 

• /V{{(' A T - " / . - 1 1 - 'I/,-1 pf , af 71 r" } 
, * 

t 
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- 斗 ― 丨 — 

, , , , l'j(c\ A'r , 

{ " ( 。 ‘ 丨 丨 丨 ) - / 介 〜 , . “ 二 ' ‘ , … 、 

=()， 

,，f' ‘ A V \'2] / ” / / A V2 厂丨斗— I " ) 
二 r/l'/. I = /'> (c Ar-\('\) ...w • : 

—"V丨斗—丨rr'.V-…丨)， 

= 丨 r|V:,.—丨)=/^(r'Ar-ir,) 、 

— / 况 广 W ) 
- ( " 丨 … 二 " / V / • 一 丨 r , ) ’ 零 

w (， i J i c following (Hjiuit ions, 

厂[(力母 _ 1 :7 , - 1 )( " 7 , - 1 V r - 1 ) 1 = ()， / q ( " 7 . - | V 7 ’ _ , f l = /';("r—l>,7.—I). 

Th(u.(，f()i.(�, substituting back to /'/ — ((：‘/ 一 ) yi(，l(ls Ui() opt imal iKMidit-lo-go 

at j!;iv(m 

// ,_i (:'/,_ 1) 

= / s { (A ( / c7_I ~u}Zr^^crzr~\)lr-\ + \\(f'r-\-r-\ + ^r-1) 

- u j { F’\,—, zr-1 + I VV~ I )‘2]} 

=丨/';(/>/’—丨)。/,—.丨 + A/'；(/''/•-1 +('，T-1, 

wh(，i.(� 

/\-i = I 路—、'(,/、,, 

\r-i 二 "'/.-“ " ' / , ) � 

\ r - \ = "7-1"/,， 
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V 

/’ /> ^ r I 夂 ) 

I' l- I 二 < 1 + /''/•-1 二 , I ， 

Di I 二 T)r ijy'r I = r r ' / V - i + /巧/々_,",’， 

( • ' / . - 丨 二 》 丨 ) . 

with 

and /)',.—I = 一丨 ( " ' / , ) 

Assume tliat t,li(�opt imal poliry and t h(�value l.imct,i(m at tiiiK； I < T 一 L lm.v(� 

t followiiijz; forms: * 

二 A " V 丨 帆 1) _ /�V,/V；^,丨丨万;,丨/“) 

" ‘ - 机 … 万 ； 丨 : V i ) 一 

7 ' — I 

/,(。,）= -u 讽T)JX�::丨 + XF.iDYz, + YJ、， 

i=l 

K = " “ 广 丨 ( / 〜 ) • , 

V 心 似 " H 丨 J 
'1' 

… ‘ E “广丨。， . 
•H=k\I 

, ， 厂 上 ， ， ( t l … 〒 广 ” Y 
I'k = h + (…k = , . ’ 
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/ 〜/ \ • : 

: ： 

= / 忙 巧 ; W i ] 
"一 / 爪 + 巧 才 - 卞 / � + / k l l ， 

( " ‘ ” ( " / , ) ; \ 

\ 丨 八 , , , ， ‘ 

7 ’ 

,、广巧• （)、 ( n ()、 

V ()琉：乂 \ () / 

with 

— ‘ k ' AH I I 厂 ; [ ( ’ 

一 , _ 一 “ I … 淋 … i ^ r 妃 ” + /W.] 
< 丨 ' = ( 丨 ‘ — 丨 - 〒 + ， 

一一 一二 I N 巧 ; ” 驳 ; P G + /VMI 

(丨‘二 (丨'(丨一 “ / 爪 巧 ’ 

、 
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for /<• = /.，/ + 1,. • • / r — 1 and i — 1 , . . . , T — A — 1. Then, tli(� opt imi'/ation 

l>ml>l(�m at Uinc I — 1 lor a .:/ —i is, 

/ / - i ( 'W-i ) = niax - uJ:;-i('f'':,—、）", — i + / / ( c / ) } h 

= i i m x — I — u；:; —丨“"：,—I ) /)/-i 
II 

/ / 

+ [-0；("/_卜:,一丨 + /I/—丨“丨〃,—丨）1)丨1)八/{,—、二卜、+ /1,‘-丨('1"/--丨） 

7-1 
+ A/‘;'（/?,—卜：卜 I + / I / — | ) + 5^(,/]}， 

/二/ 

Maxiini'/iiig //_丨（：卜丨）with i.(�si>(�(.t to —！ yields 

一 A 几V| /!；_, I']) r:(c\ , 7 ^ , 7 7 ; 1 I ) 

' - ^ — r:(r\A\_,ThT)',A,• 

H(，m。， 

� = " / - l : / - l + » 

/I; 一 丨 万 , 7 } ; 丨 ) 1 ‘ • 
= / ) / _ i - .^/-iTi , 

( "丨丨 / V V V 丨 ri) 
A ‘ + , — , . 

2u； / 抓 4;—丨/VV丄-ir丨） 

.S'/ = v! 

/,;("丨/1;一丨万,万;",—丨:卜丨)1 
= r "/-I:/—I 一 / 

- 丨 丨 ） 

A 刚 / t ;一丨 / ; ) ) 
+ -—(' Ai-\r] 

2u； 厂(r'|/V, 一丨 / V V � / -丨） 

\ 

丨一丨：卜丨+ 丨V',—丨， 

T T � n ' fH ^ t � ( r ' | / l ; _ , 7 y } ; " , - i : , — I ) 
i)t二t = " / "/-I:/—I — \ ('\ , 

‘ , 抓 4 ; 一 丨 一 丨 r , ) • 

2u； / ' ; ( r '丨— " V V W丨）， . • 

= , ) 丨 - 丨 丨 + 去 丨 - 丨 ， 

t 

.r 
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= /', - Ai-]('\ , 

一丨 / ) " ) , / ! ,一丨 r i ) 
A / 外 丨 厂 ) ） . 

+ — 
‘A^ A 肌 （ 丨 

‘ 〜 \ 

=/',—I 二(一 1 + t \了—I > / —卜 

wlK�r(� 

厂 ) ; — 丨 = 丨 ’ 

V (''"!�-“""• } ‘ ’ 
‘ 7, • T 

xU = ’， 

V 丨 > 
7, 

. ‘ xr- , = ‘ 

y = / 制 」 ； 一 ‘ • 
‘ ' “ ‘ _ 丨耶'"4,一丨f、） 

V () 7/-. J \ ( ) / 
with ' 

一I—/ 卜 ,一 / t V — i ,爪•，厂 
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( 丨 丨 — 、 ‘ ( 丨 ' 一 、 ' “ ‘ i ) � s + ， 

一I _ 0 丨 -1-1 "("/-I'•”—,) 
‘ ， . ,—丨—丨 /、几’[ ( " , _ , ) :， ]‘ 

一，—0一卜1 —“ +岸,-丨(/;)—丨)/私L 丨丨巧 - ' /〜 + /,] 

lor /• = 1,2, ••• , r - /. • 

Flirt li(uiii()r(% 

r-n/ 1 V' \'/ Ty M 广;("丨‘�-2 厂 / , -1)� r - r / TT T)' ! 
/:("丨/1;_丨/),",/1/-丨。） 

r 丨 7 ) 7 ) ' . ；一丨7；,万;"卜卜、一丨） 

/州；—丨丨丨） 

、 • — r^'M^F^ 

；.r 2 V / r " r � 

E{c\A\_\Dt l),A,.iCi) 
‘ — • 

— 一 一 le i ) , 
(tan flirt hor gel t li(，following (HjiiationH： 

. 卜 |)'(厂);_,:卜1)1 = 0， 

|V)—I)] 二 /^[,\/一1>,,」|1. 

Tli(�i.d.(>r(，， 

/ / - i ( w - i ) = 

‘ + 一 I:/一丨 + /I, 一 I " , 一丨 ) ' / ) " ) ; ( " /—丨 : /一丨 + Ai-\h,-\) 
7 , - 1 
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» 

� A 
Zuj 

7 '—丨 

‘. 一 u ; ( / � ) ; — + 去 V ；— a ; — 1 : /一 1 + + 
i—i 

* 

.2 '厂-1 
+ [AF/_,c/_i - — - 0；:,_丨/力一i/);_丨：卜 1] + 

‘ . »=/ ‘ 
T-l 

� where, 

( • ' ' ’ 产 ' p _(_ p, , \ 
厂 n •？- .s 十 〜 I 
厂,一 1 = + 厂,一 1 = , ， 

V -(E二,沉：丨 n + 1) / 
f)t-�= + T ) 丨 = 75,—1 万;_】； ， 

# 

with 

/ —T-i( tj 、丄 -T-t / ly \1 \ • 

/ \ ； 丨 ’ 

K^vuy^ J : ： 
* 

、（"/一1)圣 -⑴ - 1 )去； 
-• ： 

The tlieorein is thus proved by matlieriiatic^al induct ion. • 

3.4, Mean-variance efficient frontier 

The efficient iiiemi-variance frontier presents the most iinportaiit i)ie('o of infor-

iiiatiori of a portfolio soloctioii problein. More specifically, the efficient frontier 
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in a mcaii-variancr spare shows the rclatioiisliip h�tw(u)n the (，xp(�(‘t(�(l value and 

the ill vest iiK îit risk, characterized l)y the vm,iaii(.(), umk，r tin? optiiiml policy. In 

this soctioM, \vc (l(�rivo the ineaii-variaiux; officicuit fnmtior usiiî ^ the optimal iii-

v(\stiii(Mit policy (l(�iiv{Kl in Section 3.3. 

Let 

‘ = 刚 训 蔣 T ; — 卞 / � + /%il- ( ) 

Under tlu; optimal policy given in Tluioreiii 3.1，e':卜 • •.，(''/<�—�=(�can 

bo (�xi)i.()s!s(xl as 
t 

, c'/if)—丨;丨 + 全 V；一丨1， 

叫一丨一〜= 

= c ' " /「丨 +去 W W ' ， 

for t = 1，2,. . .，7\ 

R(�('all that St - .r, — //. After some inaiiiiMilations, St and ( ' ' B 广 Z j (-an ho 

exprcsscKl as functions of Yj, /f, and f - : 

‘ ‘S, =e'。，= i + S ; 二 二广')1， (3.15) 
ZuJ 

, c^H ' - ' - ' z , 二 (3.16) 

Flirt heriiiore, the exi)octatioii of S( and .SVAT (-HII b(^clci ivocl as follows, 

= 1 ( 丨 ' 丨 + 山 , 
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for / = 1, • • • , T, and � 

/ ^ ( . s V A T ) = 邮 L’、，"),） 

二 壳 + 

where 

( • ’ 丨 = ( 3 . 1 7 ) 

J, = (3.18) 

‘ ( ; 二 S/二 . j /^irM",一 1+5：; 二 + (3.19) 

./ = 丨、 : ( > ) /力 + " : ( ) " ( , . (3.20) 

According to Tli(;()rciii 2.2, a necessary coiiditioii for the solution of (7^4(A", u；)) 

to attain the opthimlity of (/)3(a;)) at the samr time is 
• • 

. A * 
A* = 1 + 2 U J E { S R A R ) | A . = 1 + 2 U ; ( — 6 ' + J ) . 

ZUJ 

Therefore, we Imvc A* = 

Now we derive E(碎AT) hi a way similar to the way wc clorivc; E(S'r/vr). Be-

cause 

n^ cc / )J — - < - ( ) / C ( ' /JQ 

： … I ; � I 仏 = ( f j r ' ^ x o -
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the exiKH'tation of can l>r thus (l(�riv(�(1 ns follows hy using (.'i Hi) and tli(� 

alH)vv s(�t of ('(Illat ions: . 

E[(‘S;)2] = fJizlcr'z,) 

厂 V ' ' " ; - 1 - + V；—I 

• where 

Mt =厂⑴-1)2 + nz^my^ir^vr'f] 
1 - 2 /-丨 /—2 

+ + 1 " / - y y ' j 巧 : r 」 ) ]，（ 3 . 2 1 ) 
i=i j=(> j=i) 

/V, = i,:o)， (3.22) 

Qt = + V̂,—1 " , - K " " ( ' � i 二 ()1. (3.23) 

F'urthoriiionj, tho oxix^ctatioii of (Stat)'^ can l)() obtained from the (;xi>(x.tati(>ii of 

f^liSTAr)'] = /^[i:L,(‘S’,)‘2/力]， 

= P t ] + + 

whore ‘ 

/=1 j=() 
i-'i 

vy,片; ‘1- j ) ] } / ) , + [ Y M . f P u (3.2:4) 

N = + (3.25) 
« 

+ ， (3.20) 
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Wit li the al)()V(? r(�sult‘s, w(�can cnlculato th(�variance of S) and .SVAT as follows: 

V .r ( .S) = 一 + 2 ( 二 ⑶ 一 人 ） + (〜,_ 々 )， 
('7 � , 

for / = 1，2, • • • . 7\ and 

V ' A / T S - A R ) = /';丨(‘S'7,AT)‘1-

= - ('') + ^{Q - 。 ' " ) + ( “ — . n ‘ 

Finally, w(; g(�t tli(�expression of t he ninaii-vai.iaiK:(; dficiciit front i(;r of t he ass(;t-

liahility portfolio s(�l(�(.ti(m i)ml)l(�m with an uncertain ()xit liiiu;. 

Proposition 3.1 The, afficicjd fimiticr of {IK^(uj)) is fjivan as, 

fit _ ^ / ) _ / ' / 
Var{Srr.r) = — 尸 + — -J) + — , ! ‘ � 

wharc. (I,.J,M,N,Q arc fjiwm, nispr.ctivdy, in (3.19), (3.20), (3.24), (3.25) and 

(3.2G). 

、、 

3.5. Extension to situations with more than two 

assets 

Th() results in tlic pr(，vk)”‘s sect ions can Ix; rmdily (，xt(�ml(�(l to g(m(，ml situat ions 

with + 1 assets. • 

Siii)p()S(' that the rotiiriis of t he n + 1 ass(?ts' returns at t iiiio I. aro given by / )' 

and /•[(/' = 1, 2, • • •，")，i,�si)(x:t iv(�ly. Define; /., = {rj, / f , • • • , r'/). Note tluit t he 

(lifferciico bctw(KMi tlio current; situation and the previous cnsc wit h t wo-assets is 

‘ thai r/ is now a v(K:toi,. have tlic foUowiiig (filiations for (lyiiaiiiic ()v()lv�ii(;iit 

of the w(uilt li and Hi(，liability: 

:/:/+i 二 /.J):/:/ + " / ",，// f I = 
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wluMc Ii, - /•/ - (/•(/,/.5)，. . . ’ 7.1))ix,, and "i — {//.,',...，";')'. 

Modify ill{； Ai. "/ and c\ to following forms: 

/ n \ ( \ / \ 
/!/ = ， = ’"1 = ， 

\ 0 y \ 0 y y / 

wli(M'(v('uxii is tlic " X // i(l(Mitity matrix, w(�havo 1 \iv lollowiiif•！; (lyimniir equat ion 

for th(�surplus, 

： … = = + Zl/"/, 

witli li, = ('\ti,. 

It l)c('()iii(\s dear now that formulalion for situations with m(n.(: tliaii two 

asset s t.ak(»s tlic same lonii rus in t h(�sit nation wit h two asset s: 

iimx /'.-(A-SVAT - Wj'AT) 
^ u,v 

s.t. I = + Ailif, ill — ('I ///, /, = {}, 1, 2 , … , 7 ’ — I ’ 
\ 

(，x(x�pt that th(�control vuiiabh，"/ is now a v(K-.t()r. It can l)(，v(:i.ifi(�(l that, I he 

()l)tiinal policy for the; prohUnii with iiiultiplc fuss(;1,s is giv(�ii as follows: 

. u； = I Fr I (v\ /t;75, + |万;,I ）/ 外 / V , Fm.) 

-E ~ 丨(c\ 1 , ) I<:�c\ , I "丨z丨)， 

for / = 0,1,2，... ,7 - 1. 

Furtluniiioro, the (ifHc.ieiit fi(>iit‘i(，r can 1)(，（kji.ivcd {us follows, 

A f 一 ^ '2 ()—.(* J 

VariSr^r) = 询、t - ,斤 + /V.S'',、，- .7) + {N - J''). 
(I (I 

N()t(̂  that our result nKluccs to tlu; result of Guo and IIii |22| whoii t.lioro is no 

liability and tlion; is one risk fi.()(! russot, among (// + 1) assets in th(； iiiiancial 

market. ‘ 

Example 3.1: An iiiv(，sU)i. luus 1 iiiiit wealth at t.h(； very l)('j!,iniiiiij!； of tin; 

planning horizon, which is resulted from 2 units of assets and 1 unit of liability. 
一 iV�_ 



(IIAPTEH A-l. rOllTFOLK) SELFXTION WITH UIII 05 

Sli(�i)laiis to iuvrst in a time hori/oii of 1 1 iinc periods (T — ‘1). ll(>w(�v(”-, 1 ho 

uncertain invest iiiciil (MivironiiKiiit may force him oiil of UK�iiiarkc.t at jxM iod r, 

wh( ” (�T is a (lis(T(�t(�random variable with a pmbahility distiibiition of / o = 

K = (K " 丨 - r , = 0. = = 0.5, E L ) h = o.r). 

. The iiivrstor is t rying, to find out t he Ix̂ st, allocation of h(�r wralt li among I vvo 

；ussrts A, B and exogenous liability ( : to iiiaxiiiii'/(^ / ' ; ( , � ' / � / ) whil(，krrpiiifj; his risk 

liol to cxcccd ccrtaiii va l "� . Note tlial liabilily (- is uiicoiiln)llal)l('. 

Th(�（、x|>(K.t r(l ret urns for russet s A, B ami liability C ar(�/'•/'(/•/、）= 1.159, 

/';(/.") = \.24'A ami / ' ; ( (�•) = 1.224,/ = 0, 1,2,：], wliil(! th(�covariancc of //, 二 

(/•广,"(丨'y is ^ivcii as 

,^ 0.0148 0.0185 O.OIK) ^ 

(•ov(l\',) = 0.0185 {).()855 O.OlOf) ， / 二（)’ 1, 2， 

• �O.OIK) 0.0105 0.0288 > 

Taking cuss(;t A as the Ixuidiiiiaik ris(�to 

刚丨）=厂(.,.广）=1.159, 

/';((/,) = = 1.224, 

厂(/.,') = /‘;(/.,"-/.广）=O.OM. 

H(，n(:(;’ w(�got 

Y> = 1.19:59, y, = 1.1221, > 0 二 0.9908, 

r；, = ().()8：]7,./, 二 ().99():J, A/, = ().()G99, N � = ().9()2(), 

(!.2 = 0.1812,72 二 M - 2 = 0.170:3, No = 0.7274, 

(,、=().2()9(), ./：{ 二（U)177，A/:J = 0.2993, N:�== 0.189：:；, 

r； = ().2;M8, J = ().9:J98, A/ = ().2;M8, N = ( M � ) � 3 . 
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Finally, (he iiican-VHriaiicc (�fn(.i(�nt IVoiil i(n' of t his cxainplc pr(山l(�m is derived ius, 

l"/.(‘S'|) 二 8.9711(/‘;‘S'| — I.IOOT)- — O . l cSSO, ‘ 

Var(S.,) = • US(;7( — 1 — (),1187’ 

l�,/.(,S、） 二 2.5!)8()(/';.V：, - 1.2710)- - 0.0771, 

VariSr^r) = ;i.258(i( /•;.S7Ar — 1.2282)- — ().()959. 

T(> e x a m i n e Im.thrr 1 he ini|)a(.t. o l t l ir miccMiniii (jxit t i m ( � o n the (� " i ( . i (� " l . 

IVonti(M\ w(�（.(>"")am l.li(�clliciciil frontiers of the above <�x� i ipir i>ml)l(�iH under 

four (lin.(�r(�iit sct.t in^s of tli(�uiic(»rtaiii exit 1 iinc: 

r\ : " I ’ "2’ l-i) = (0,0.9, ().(){), 0.01), 

" 2 : ("u’/,i,"2，/、）= ((),(). 1,0.89, 0.01), 

" 3 : (/)„,"丨，/l,,"、）二（",",(),)，0.5), 

/M :(/;,’/)丨’ ,1)，/!,) = (()，()’(), 1). 

F i训n � 3 . � im，s(;iit.s t.lu�dficicnt. h.(mt,i(�r.s of. t h(�uncertain t miiiiml wraith .SVAT 

uii(l()r tluisc lour dificnmt s(;ttings of t h(�iiiiccrtaiii exit tiiiu;. Il is (，vi(lcnt IVoin 

Figuni 3.1 that tlu; lar印m. Uic j)i ()l)al)ilit.y lor a lat (�r (»xit. t ime, inon! doininaiil 

tlm (ifii('i(nit front i(;r Ixn^onics. 

3.6. Summary 

Mull.i-pdriod nicaii-variaiict; port folio opt iiiiizcitioii formuhit ion lias IXKMI nxloiuhnl 

ill this rlmj>t(�r to incorporate (�xoj^()ii(>us liahilil i(\s and iiiic(u triiii iiiv(，st iii(�iit. hori- ‘ 

/on into tin; consideration. Although l.ho model is iiiucli iii(>i(i ctoiiipliccitcMl t liaii 

tli(�Ccisv. wil il ii.ss(it-()iily and/or witli ccutaiii iiiv(�st in(�iit horizon, the. (;nil>r(l(liiig ‘ 

t(!(!lnii(LU(» of Li and Nk(2()()()) is still applicahlc. Bol li t li(�opUnuil poliry and Ui(� 

iiKViii-variances cflicuuil. front i(;r hav(�luuui <l(�iiv(i(l aiialytirally. 
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Chapter 4 

Multi-Period Portfolio Selection 
without Shorting 

t 

4.1. Introduction 

In t lie liiiancial market , m o s t investors pur ( .has (� f inanc ia l iiist ruinciits with ( � x -

l)(�ct(� ( l im.r(�asiiig valiir. nmv(�v(�r， i f \\wy l>(�li(�v(! that, a (inaiicial instniinoiit is 

( m n pr i c rd , and want 1() tiik(�a(lvaiiltij!,(； o f an cxpec t cul ( l(K.lin(� in t l u � p i i(.(、，t h(�v 
ir-：. - • 

iiifiy s(�ll U i ( � i i i s l n i m n i t . short . Short-srllhifj or sh.oiihifj is t ho pract o f sd l i i i^ 

a iiiiancial iiist.i iiiiKMit t hat t,h(�solhu- d o r s not o w n at the; t hue o f t h ( � s a l e . Tl i i s 

kind o f p r a ( ‘ U r ( � i s ol' i\ hi^li risk. IF UI(、i)ri(.(�of Uk� instrui iKMii (Iccliiics. not as 

<li(� s l iorl-scl lci ' (�\'|>(�(.言(h1, 1 he sli<>i.t-s(�ll(T will suf lrr ； i b ig loss, and tli(� loss can 

h ( � l ) ( m n ( l l ( � s s UH�<m�t,i(.ally. S o sliorl-sc^lling is not sugges t (�d . 
* 

Wluni s h o r t - s d l i n j ; is not a l lowed, t h ( � i i u i l l i -pcr iod port fo l io !S(�l(u.tion proh -

1(̂ 11 is much m o r e difiicult to '(huil with . l，h ( � p o r t f o l i o s(�l(H.tioii pi(>hl(�ni invo lv -

ing; i io-sl iorl i i ig-scl l i i i^ const raiiit has Ixmmi s tud ied in X u and Shr(�v(�|厂)3|丨厂>1丨，in , 

(i<) 
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which utility innxiiiii /at ion i>ml)l(�nis without short-selling!； ixvv iiivost ignlcnl 1 )y us-

in^ con vox dual ity analysis. Inst(»a(l o f usiiig op t imizat i on mot h o d , t lu\y used a 

mart i n职 1 ( � n p i m m r h , and fsliowtnl t lial <ui unique (�(|uival(�iU mart i i i如 1 (� in (�asur (� 

(�xist, in tlir no-arhitra^^c r n m p l r " � m a i . k r t imxlrl . . 

( � m v ( � x dual ity i hcory was (irsl ly applUnl to port fol io sckn-l ion probU^iis in 

1975 by Bisiiiut 11|. By apj)lyiiij ; ( 'onvrx dual i ty th(�(n.y Ironi Bisiimt Bis-

iniit 11| S()1V(H1 a i>ml>l(�in similar to Ui(�（m(�s(>lv(�(l I)y Morton |111. Mart i n职 1(� 

met li()<l()l()j»,\\ which was (l(�v(�l(>|)(、（l in 1 hv papers of Hivrrisoii and K i v p s |25| and 

Harrison and Pliska |2()|, al lows t lie applirat ioii of <.(>i]jy(�x dual i ty tli(、（>ry to a 一 

111(>1.(�p,cMi(nal iiiiii.krt mode l . IMiska first ly st udied how to u s ( � t h i s nu^Uiod-

o l ogy to maxi iuizr 1 \\v cxpoctcHl utility o f l(M-iuinal wealth. 1( is o b v i o u s t hat 

c onvex dual i tv can he applkul t o (l(�al with th(�pr() l>l(� i i is in which t h ( T ( � a n ? no 

port fol io const raiiils. X u and Sl".(�v(�|53|卜�)4| sli(>w(�(l thai r(mv(，x dual ity analysis 

also s i iccocds in solving!； |)i.(>l)l(�nis wit li ii(>-sli(u.l-s(�lling constraint . 

Li, Z h o u and Liiii |31| handlcxl t he por t fo l i o selection prohloin UII(1(T a shor l -

sclliiig i>i.(>hil>it’i()ii in a (lifrcrciit way. T h e y use s tochast i c linear ( luadnit ic contro l 

t hoory t o st udy Ui(� fo i istmiiKHl p r o h l n n . Af,t(T (.oiijrct uriiig a cont iiiuous so lut ion 

to tlui I LIB (H{ual ion via two Hiccat i ccjuat ions, th(�y showed that it is indeed th(� 

viscosity solut ion to t h(�ocji iat ion. H(�ii('(、，Uir d l i c i c n t invest I IHMII slmt(，gi(�s \V<T(� 

(kniviHl. 

D(�si>it (� t ’h ( , ("act t liaf. iiiucli work has IKHMI d o n e on coni inuous-L iino port {'olio 

si^lcH-tion ])r()l)l(Miis involving no-sliorl-srlliiii!； constraints so far, no progress has 

Ihhui achi(�v(Kl conccrninj!； Ui (� ( l i s crc tc - t iiiH^port fol io srkicl ioii pi.ohlriii wit h this 

kind of const raiiit. T h i s chaptc r stmlirs an opt imal port lblio select ion prohloin 

wit li no-short-scHiiig const m i n i in a ( l isn. ( )U� - t , im(�mult i- jXTiod (iiiaiicial i n o d d 
t 

R 
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hy us in^ (.(>iiv(�x d u a l i t y analys is . Fiisl. . \v (�hui l ( l u p t h ( � s c c m . i t y market, inodt^l 

in S(H"1 ion i .2. \ V ( � t luMi COIISKUM" t l i ( � o p t imal port f o l i o S(�l(�(.U(>n i ) m b l ( � m wit h 

m>-sh(>rt-s(�llhiA const nviiit in Sect ion 1.3. I3y t rai isrorni in^ t hV or ig ina l 'iiiark(^t 

t o soiiK^ aux i l iary n iarkcts , t l i ( � o p t i m a l va lue ol th(�（> i i办ml constraiiUHl p r o b l e m 

c a n 1)(�(l(Miv(Hl hv t l i ( � o p t i m a l v a l u ( � o f 1 hv iiiicoiistlaiiUHl probkMii in tho aux i l -• -

iarv m a r k e t s . In S ( � ( . t i ( � I. I, wv i i s ( � m a r t a p p r o a c h t o s ( > l v ( � t h ( � a u x i l i a r y 

i inconst raiiKHl i>ml)l(� ins in t l u � a u x i l i a r y m a r k e t s . In S c c t i o n 1.5. \v (� .mtrmlur t� 

t h r d u a l p r o b l e m o f U i ( � o r i g i n a l ( ‘ (mstra im� ( l p r o h l c i n , a n d p m v ( � i t s s t i . o叩 d u a l -
‘ / 

ity. A l s o , \v(�（ l(，riv(�t l i (�optimal s o l u t i o n t o t h ( � d u a l prohkMii I)v us ing ( lyi i iuii ic 

l)r()j!,rainining. hi 1 he last s(H.ti(>n, w(，（l(Tiv(�the opt imal txMiiiinal wcalt li of" th (� 

or ig ina l pi .oblr i i i ’ a n d il lusti .atr o u r ana lys i s by a imm(� i i (_al ( � x a川p l r . 

4.2. Financial market model 

\\k�, c o n s i d e r a m i i l t i - i x n i o d m o ( l ( � l o f s (� ( .u i i ty mai.k(�t w i t h T + 1 trading; d a t e s 

( iml(�x()( l l)V (), 1，…， 'n . T l K， r ( � a r ( � “ r isky s (� ( :川 i t i c s a n d o n e b o n d in t h ( � i i i a i -• > 

kct . L(»t ( U , / ' ) IK) t h e i)rolml)ilit.y s p a c c , wh(� i . (� i l : = {u；卜•. • ,u/'/\ } is t l ir 

sainplr span�wit h K Hiiit(�samples. Tho Hit rat ion is denoted 1)v — {J-fJ = 

0, 1，…，T}，WIKM 'O JF/ r rvcn ls U i ( � i n f o r m a t ion (m th(�（、(.<m(>my al t im() / . Sj ) (� ( . i i : 

i c a l l y， : F � � = { 0 , ^ 2 } a n d J='r = iF. Wc; c l a i m t hat For any /t € 1\：\) > (). \V(� 

givr t h(�ibllowinji; (Idinit ioii according to Pliska |1G|, 

Definition 4.1 A set f, = {/”，... , A'/: /I； € f ] . /� " . '' = 1 , . . .，"} <>J suhscLs 

of the sdiiiplc. space il is cdllrd Ixisic p(irtUi(m (it thtic I of il if and only if: 

1. For I. = (). f „ = {il}; 

2. For I = T, f',, 二 {{u；,}，….{u；/、}}: ‘ 



* 
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,V. For every i + j, we h.doc A] A A/ = 0; 

4. The nninn AI U . . . U A；' = U; ‘ 

5. For any c.U nicni in t), i.e. At, Ihcrc cuist sonic clniiciii ,41 ^ ,, • • • , , , in 

f/i 1, ,s(i.(:h Unit AI = ‘4/丨 I I U … U /1{ I I. 

T l i ( � s ( � ( | U ( � m ' ( � o l " basic |)art it ions [t]} ( on 11s t h ( � i i i f o r i i i a l i o n st ni(‘t m ( � o f t h(， 

liiiancial inarkxM . ‘N(“i(.(�t hat, if f, 二 {/�,丨，...，/”'}, tluni JT, = 口(/1 厂..• , /I;'). 

Assumption 4.1 (I) For each (drmrut /I, in pariitiou t). there, always exist // + 

I dcnihd ‘ 4 ;….. . . /\ ; ' ,V ill fH I, such that A, = /1；, , U • • • U /1；'/,' ； (2) The 

•j)i(>f)(ilnl:i.t.ir.s of all clnncids in sample space Q arr ('(juivahiit, that is "(cj)=去. 

Remark 4.1 Under Assmiiption. Jf.l, there (ire. ( " + 1)' set. in partMion. f, for 

, / 二（)，1,... , T. Thrmforr” l\ 二（" + 1)'". 
k 

• 

辱 

To help iiii(l(M st aii(l Assumpt ion 1.1, w(�coiiskhn* a t wo period srcurity mai.k(�t 

iiiodol with two risky assists. S(，(、Fiĵ jurc 1.1. 

In this iiKxU'l, T = 2 and il = {u；],. •.，u；”}. The partitions for I = 0, I, 2 nvv 

« 

F() = { {U；!, U/V,, U;(I, 0；7, U；̂, U；；) } }, 

f| = { {u；! , u;-2. u/'a}, {u;|,u;r,,u;o}, {0；7,0；̂,0；()} }, 

“ 二 { — } ’ {的}，{…}，{山‘丨}’ {她}, {u^}, {U^T}, {tJs}, {u；.)}!. 

For A1 = {u;.|, u；：,, 0；(}} G fi, t here (�xist {cJi}, {u^r,}, {u；̂ } € f^, siicli t hat A \ = 

⑷ U { u ; r ’ } U { u ; ( i } . , 

• * 
• . 

• • 

Remark 4.2 With (1) in Assumption 4.1, them will hr (v + 1)' clcincuJs in 

juirtilion f卜 denoted by /V/, with j 6 // ：= {1/2, ••• , ( " � + 1)'}. 

4 
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Figure 4.1: Tvvo-pciiod model of security market with two risky assets 
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R e m a r k 4.3 For any A\ G f,，we know that them exist " + l dcrncnts in f/+i such 

that the union, of if lain equals A]. Wa denote tfi.ciri as with I e //+丨:={(" + 

i K j — l ) + l，(" + l ) ( J - l ) + 2 , . . . , ( " + l ) . y }C /,+ i. Noticc thatUjei, //m = //+i. 

R e m a r k 4.4 For any u；, 6 ih there, exist A'/ € f/ for I = ()，！_,..•/厂，such 

that uJ, G A!,( C Aifi'：； C . . . C /IV C .4；；' = n. Danotc lo {(/(>,... , h): 

. /() G /(), i\ E / i ' V - . ’ h' e / ' / a / " / n 二 ：= { ( " , . . . ,"/,) : " = / e /r, 't4 1 ^ 

/JT. .. • , if G I? - � } , Wc (mi. see. that sets Eo and il art of a one-to-one mappiiuj. 

Thoix) are // + 1 securities traded in the market without traiisac^tioii cost. 

D(ni()te the stochastic ])ro(;ess of the socurity pric'c as S = {Si\ / = (),••• , T } , 

wlioixi St = (.S'/(l), • • • , Si{n)y is a miidoiii vvctov, and the bond \n'\cc i)r()c(�ss 

a«s B = { " / ; / = ( ) ， . . . , r } , whvA-e is a scalar. Let r() = { / f ; t = ( ) , . . • ， 7 ， -

1} bo the bond return i)r()(.(;ss where / f = lh+] / f̂ i ^ () for I = 0,1, • • • , T — 

1； r = {/./;/, = ( ) , . . . , T — 1} be the risky seenritics i,(，t,iirii i)i.o(.(，ss with /./ = 

( r “ l ) ’ . . .， n ( " ) ) ' and / . “ i ) = S,+ i{i)/S,{i) > 0. Denote R = {R,; I = (),••. .T-

1} as the premium return process with Hi = (",(1)’. . .，"/(",))' and " / ( / : ) = 

n W - 7 . i ) ‘ 

A s s u m p t i o n 4 .2 For aibil/rary A{_ , € f /_ i , the matrix of the secmiitms ‘ prices 

is given as follows， 

‘ ‘ S , , ( l , / 1 ! " + 1 ) ( � - 1 ) + 1 ) … ‘ s > " 4 ! ” + i ) ( j - ' ” i ) ) 

厂),(/!“)•=； 丨 丨 ： ， 

‘ � “ ‘ � ( 1 ” 4 ! " + 丨 “ ） … ‘ s ( ' / … 4 广 J 

'With r(iiik[l)i{A]_^)) = n + \. 

Assumption 4.2 actually shows that the number of market states (�quals the iiuiii-

l)()r of iiiclei)eii(leiit vcc'tors in the set of iiistruiiK^iits' i>ricos. 

* 
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Definition 4.2 A niarkf'J, wfiic.li .satisfies both Assmnptioii 4.1 and Assurnption 

4.2 is railed a ps(‘udo-coTripletc market. 

W(> coiisiclcr an investor in the fiiiaiicial market with initial \v(�altli Slic 

follows a sclf-fiiuuiciii^ trading stnit(igi(�s TT = {TT/;/, == ()，1,.-. , T — 1}. whon; 

TT/ = (TT/(1), • • • . 7Ti(n)y and 7r/(/) is the aiiiouiit of money iiiv(;sl(Kl in /tli risky 

s(K-ui ity at t.li(�b(;giiiiiiiig t iiiio I. Lot V, 1>(�tlic value of port folio at t he lx;giiiiiiiig 

of tiiiK�L The aiiioiiiit of inoiicy iiivcst(Kl in the bond at t li(�hogiiiiiiiig of time /. 

is — 7r/{/). So the \v(�altli pnxxiss satisfi(\s 

WH = VVrl' + TT；/?,. (4.1) 

Definition 4.3 A financial market is said to a(hnit no arbitraga, if for all I € 

{1, 2, • • • , T} and all Ti-rncasmuble portfolios TT/，Vi(/.j) — 1) + TT;", > 0 P-a.s. 

implies Vi{r\^ — 1) 4- TTJ/?/ = 0 P-a.s. 
t 

Assumption 4.3 The financial market is arbitrage-free in the. sense of Dejini-

tion 入‘3. 

Assumption 4.1, Assumption 4.2 and Assiiiiiptioii 4.3 iiuiko the security iiiar-

kct a (:oiiij)letc one. In this fiiuiiKual iiuirkot model, sliort-s(?lliiig is i)i.()hihit(，(l, so 

wc furtlier give the following assumption. 

Assumption 4.4 The investor invests her wealth, in the complete rnarkct witli � 

no short-.selling constTaint, that is , • 

TT, > 0 for / = ( ) , ! , •• • , r - 1. (4.2) 

For our coiiveiiiciico, wc introduce the discounted pric.c; proccss S* = {S* ； 0 < 

/, < T } with S； = ( .S7(l) ,--- ”V广（77))' and S*{i) = S,(i)/lh- The change of tlio 

(lisconiited ])ricos of risky security is defined as = (4 (1 ) , . . . ,力 / ( ' " ) ) ' with 
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4.3. Problem formulation 

The mult i-poriod port folio optiini/at ion problem iin(l(;r tlu; iiKjan-vaiiaiico fmiiio-

work in this (.haptri. can l)o rorniiilatcd as follows: 

max /';(l,7,) — u}V<ir{Vr) 

[ s . L (4.1) — (4.2), 

for uj > (). Varying the valiu; of u； yiokls t he hvX of (，fKd(mt solut ions. 

As indicated in Li and Ng (2()()0), the above problem is difiicult to 1)(、SOIVCKI 

(liroctly hocaiiso of the iion-sopaiability in t h(，sonsd of clyiifUnic： prograiiiiniiig. 

Ill Li and Ng{20()()), tlu; rdatiou Ix̂ t woeii tlio niult,i-p(;ri()(l iiuiaii-variance porl-

folio sd(x:tion pioblem wit h m fix(?(l investment horizon and a separable portfolio 

sekictioii problem with a quadnitk: utility function is investi片at(�(l, and the ana-

lytical solution is dcrivcxl by using rin eiiilxxkliiig sdicino. TlKJoreins 1 and 2 in 

Li and Ng (2000) can bo also applied to the c.urnnit iiiodd wit h iio-sliort-soiling 
V • 

(tonstraiiit. Wo now (:()nsi(l(，r the following auxiliary problem: 

max E(\Vr — uV-f-) 

\ ,s./. ( 4 . 1 ) - ( 4 .2 ) . 

The objective f\met ion of the auxiliary probloiii is oquivakmt, to the. qmidmtic 
« 

utility fimctioii //(：/：) = fix — T/J：^ with 二去〉（)，which is C.OIKUIVO and twi(:(5 

continuoiisly (liffcreiitiable. Note that (1) The first oixkir derivatives of lJ{x) is 

U'{x) = f i - X： (2) The iiivcusc function of 11'(x) is / (/y) := fi - y. 

The optimal portfolio pi.obkmi is to maximize ihv. cxpcchitioii of lJ{Vr) uiidor 

‘ t h e no short selling constraint TT/ G K = {TT G M";7r > 0} . So tli(» constrainod‘ 

optimal portfolio problem is: - , 

‘ . . ( , ) ) ! " nlax f^lJ(Vr)=厂— \(VT? 

.s./, n e A, Vq 二 /々 )， 
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\vh(M(； A (l(ni()t(\s the set of all a(liiiis‘sibl(�t radinji, s i t hat in K. 

Siiic.(i th(;i,(�is a no slioi.t-soiling!； const raint in t li(�opt iinal port folio s()l()(:U(>ii 

problcMii, Pr()l)l(iiii ( " ) is diflicult t() 1)(�solvcid (lirort ly by (lyiiainic progi.amniiiig. 

We will invoke n soliil ion s(.h(�iii(�by iiit rodiicing a family of uncoiisliHiiKHl aiix-
« 

iliary pmblcms.� 

D(�not(�the support i.um:ti(m rr(.7：) of K by 

<7(./:)三 SU1)( —TT,:/:). 
yreK 

THE DL.(H.tiv(’ (loiiiaiii of RR is IUV. (.()iiv(、x COIIC K == {:/; G M" : (T{X) < 0 0 } = 

{；r G ；X > 0}, and a{x)三（）foi, :/; 6 K. \V’(�introduce tli(�pi.(、（li(:t;al)l(; pi.()(:(，ss 

h： = ’{K,;/ 二 ()，1，... ’ T — 1} with = ， G K for all I > 0. 

I�(�t. Af (leiioto tlio s(�t; of all such i)r(>(:ess(\s of h. I)(�fiii(! an auxiliary nuirkot M^ 

for (̂ acli H E Af by modifying Ui(; I(�tuni procH^sscs for t lu; bond and 1 IK; risky 

s(K:nriti(\s as: 

/•(/ — /.!), I > (); 

， . ‘ / • , — / • , + , ; , ， 、 I > 0 . • 

Specially, the iiiarket Mo with k, = 0 , V / > 0 is t,li() ()nj!,iiial iiiarkot,. VVc (.(msidoi. 

the following iincoustraiiKKl optimal port folio jMohknii in t lic mark(it M̂：: 

- max r:iJ{Vp) 

’S.I 1//̂」=\/广7.(/ + 兀;(",+/,-,丄 

• ‘ TT, e E". 
v 

L(，t '/«("()) (l(ni()t(? tlio coiTospoiiding optimal (>l)j(K:t,iv(�valiu; in t h(，mm.k(»t M^. 
/ 

« ' 

‘ . * 

J 
it 
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4.4. Auxiliary markets and auxiliary problems 

4.4.1. Signed martingale measure in auxiliary market 

In t he auxiliary luarkrt M , ; , w ( � I m v r s imilar i)n>|)()rt i(ms as in Assuinpt ion 1.2. 

Proposition 4.1 In ati:xili(in) nuirkcl M^-. for arlnlrart) | G f/- i, fha ！luitrix 

I o f the. sccmilics，pricds 

("r .s';'.(M;"")�-')")….v;,(/,,/�i"+i>o-i)|') \ 
" r M / — 丨） =： ： ： ： • 

• � ” r ‘s7(i，/ii"ii") . . . ,s’广(,/，/!广I") 乂 

salisjics that /•"///>•('4/—|)) = // + 1 for I = 1, 2, • • • , 7\ 

Proof. Ill tli(； auxiliary inaikc;! M , � i f ilio (icoiioniy al liiiKi / — 1 is in 

/V/_|, t li(m t h(； prices of s(H:iirit,i(，s at t imo I sat isfy 
I 

" r = B 丨、 

for I = 1 , . . . , " and i = 1,. •.，" + 1. Siii(:(，l)|{A|__ )̂ is of a full rank, tli(”.d(>i(; 

is still of a full nuik. • 

As know, if tli(j im».k(，t, is axl)it.mg(�fmc, then the iimrk(，t which sat isfies 

Proposition 4.1 is (-oinpldUi. H(>w(，v(u.，w(i can iiot/guamiitcK； that tluiro (l(>(�s not 

v.xitit arbitrage opportunity in th(’ auxiliary iiiarkcit. So auxiliary mark(，t A/̂ . 

for K € A/‘ is i)S(Hi(l()-c:()iiii)l()t(). D(ni()t,(； t IK; signed iiiartiiigak! im»asui.() Q^ in tin; 

iiiark(it M^ as follows, 
J 

Definition 4.4 A supicd jnartirifjalc. incasuic is a rncasuic Q such, that, � 
» 

• 5 
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/. V.1, J，i=\:2..�iJ A, n /I, = 0. i ^ Ihru Q{ur, A,) = Er：! Qi-^i)^ 

z � 具’卜丨 . . 

The disco allied price sdtisjuts l'J\L'SJ ̂  i(/) 1*^/1 = ‘S', (')，• ' 二（)，̂  ••“ /厂一1’ 

inhere. L{u)) = /1^(uj) dciioics l.lir sf.d.fc price dcusUy. 

Remark 4.5 Sitjiicd nuiiitiujalc in.casnrc could he u(”",Uv<'. When C){uj) > () 

[()!• all oJ G i)., the •market will have no arhitfmjc (yppoiiunUy, and the sujuc.d 

• nuirthiffdlc .m.(nsun' bccom.as (m risk neutral prohahility. 

Tlieorein 4.1 In pscudo-coiiiplctc inarkci M^；, there c.xUs a uv.iqua sujiicd mar- • 

U'fl.(J(ll('. IIICAISU'I_(:. 

Proof . I'or ai.bitmi.y u；, G il, th(�r(�（，xist, SOUK; A] 6 f'/ for I = (), I , . . . , 7\ such 

that, {u；,} = Al'/： C A',''：I C . . . C /V丨丨 C = il. Suppose thai Q(uJ,) is tlic 

sigiKjd mart iiigak; iiKuusun; for u；,. W(; dcHiio the condi t ional sigiUKl mart inhale 

iiK^asiirc as Q,{Ai') := Q(Ai'\Ai'：；)=(巧 .N()t ’i(r, t.hnLQ(uJ,) = Q(A^f) and 
I ) 

g(.4；；') = 1. Tli(ncf()!•(；, 

If w(>, can prove that Qi(A\') is mii(|U(，，tlici sigiunl inartingaki incasurci Q(u；,) is 

iiiii((U(i too. 

For arbitrary A-j G t), Ui�r(; oxist n + 1 basic (，l{)iii(�ii!,s /Ij 普,(/ 6 / / ) : So 

. I ) 二 (儿 丨丨)+;•. + (儿化丨丨).')==华 1.(丨•:” 
‘ 、 

From th(i (h f̂init ion of the sî î ned iiiartiii^cik^ iiioasiin!, w(�know thai 

. E.s';^ri(':，4,iKA"M!.,i) = .vn/:，A/)’ V/: 二 1/2’...，". （.1,1) 
/e// • 
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Wil l i P iopos i l ion 1.1 t hat / / ' ( . V/) is "I, a {'nil rank, w(� caii derive imi(|"(� 

(Jh i( '�1i I) for I ^ / / IVom (1.3) and (1.1). ll(�m.(�1 he sij2,ii(>(l inni-tiiiî alc m<�asur(� 

is uni(|u('. n 

Definition 4.5 lu>r (irhUiarfj A', , G f/ i . � r (Icjincd lire matrix of the price 

cliaiujc (il //:""' I al, I.he (riiijiiuil niarkcl as 

• I /�!"")('…I) Ml,/�!"•')(' ' ) • " ） … ) 

" , ( / ” 一 丨 卜 i ; ; ; ， 

、（、 - , ( / ' , '…）灿 ,， / i ! " | " ( ' — ‘ ”‘勺…补 / ’ / i ; " | | ) ' ) J 

for I = 1, 2, • • • 7\ where (y, A]) is the cfuLnfjc of disco ti.vlcd prirr of j fh schurily 
• * » (it f.rmc I when sa/fiplcs aiv in set. A',. 

R e m a r k 4.6 Th(: iiialiix / ) / ( / l )_ i ) is still of a full muk under Assuniptioii ‘\.2. 
I 

For our (.(mv(mi(�n(.(，’ w(i (Idiiic t h(�Following three mat rices vvliicli aic iiiodilica-

l ions of / ) / ( /V / „|) . 

Definition 4.G Denote. as an. // x ( " + 1) rnalrhr； whicli is rrsnUrd/froin. 

/ ) / ( / ! } 一 I ) / > / / • r c ' j d a c ' h u j thv, row j with L | X ( ” J I ) ， i s , 

/ mi，,I^+I)( ' - ihi) . . . ( � - , ( M ! " » " ' ) \ 
• • • 
• • • 

• M ” i ， / r 丨)('-丨)丨丨）…，、'(./-1,‘4广丨'）、 

、 ‘ 厂>/(/!;—丨)= 1 … 1 、 

； 似:/+1”<丨丨)(卜丨)丨丨）... 

• • • 

、 ( 卜 I 川 ) . . . 、 ( " ， / ^ | ) , ) J 



ciiArri'jR I. M-r roinTouo SEI.FXTION wrriioirr snoirriNd si 

Definition 4.7 Dcnolc />/(/!J ,) as (lu “ x n itKifri.r, ",//."•" is rcsu.Ucd froiii. 

‘ /)/(/!!_ 1) h" (Iclcfriifj mlumu j, Hi. a I is. 

(….八(1./”'""('…“ I) " … ' ） … ） 

’ • 丨 i ‘ i : • . 

、….（、-,(",/”“丨丨…丨…丨）M".�广)…丨…丨丨）…, 

、/ 

DcHiiitioii 4.8 Dcnolc " " ( / V , ,) as ““ // x n malri.i., wiiicJi is res ailed from 
I)丨丨[A'丨 I) by rcpldciii.fj (he mw. j wUh l|x". 

I ( , ,(n I I “' I m /- I� �- , I An I l)(' 11)1/11. \ ... '� / ( l “ l , ) - '� / ( l ’ / l , ) … • • • • 
* • • • 

� - r , i(n t I M' f I) I / I . / ； I |(" I I )(' < I) w I I� … < � i ( j - ) '>/(./ — ) . . . 
「卜 ... 1 1 .... 

V / • , , 1('H l)(/| l)l/ Ix V / ； 1 I • ')(/ I I) 1/ 1 K 
• • • • 

、-1 . ( » » M I ) ) / I、 V- / ,(» 11m 11> I n I、 

'riu�Ibllovviiiji, Uir(>r(�in is ()IH5 of Ui(�main n^sull.s in t his (‘haptrr. It is usd'ul lor us 

to (l(^riv(i t , l i (�opt imal tiuiniual wtialili to i h r auxil iary im)l>l(�ius in Scct ion 1.1.2. 

Theorem 4.2 lu the pscudo-complrfr market M -̂. I.luyiv. exists a sifjii.cd 
i 

•mai t.in.(j<d(i iii.cdsu.rcr '' 
7,— I 

crM = …）+ "；'I •…)。、."('")], (1.厂)） 

wilJi 
» * 

u r,、 (-"川丨,);,;丨。々 ）l ‘ ⑴丨、 
(I.\ , (//1 I) = — r r , ： ：—, 1 i.o) 

… E;�丨丨(-1). '|/>/丨丨mi 
� "；二（ " ; ' , i ( l , / m )， . "， " r , i ( " , / ' H i ) ) ' , “ (1.7) 

•）二 E � - ， （ 丨 ） 

* wlinr III = //I I — + 1. SJ {j, A'f') Is flic (llscouiit prlrc of I he j Ih risky sccn.rUy "./' 

time I, when samples am in. set A'/, and "•/(/:/) is a ( (rmpacl notalion. "//�•,(/I;'). 
* % 
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P r o o f . I'irstly, wc 1 ly to proxn^ that tlir sum of (广(a；,) is (�(|ual to (>m�. 

Act nally, \v(� just n(、（、（l to piovc t hat 1 \\r (oiidit ioiial signed marl inhale iiK^asurc 

W(‘、!'）二 (‘,（' ” ' I .丨丨），lor iiiiy îv(Mi basic- (� “� i " (� " l A','丨丨 G f/ 卜 sa( islics 

[ ( / / ( ] ; ' ) = 1 . 
I'l I 

"T I, . 

For /1) ' , 1 \\r ('oiidil ioiutl S'I^IKMI mai .t in糾 1 (�measure is 
\ 

wil li -

, , “�—.Kir 
… ( … ） 二 E二/(-

• I) = ,"; 'M("，// i i )) ' , 

and 

where in = /•/ 丨 i — // + 1 E {1 ,2 , . . . , " + 1}. ll(�m.(、， 
K � 

V " " � • " ' ' " � — E二 i ( - 1 ) … I 丨丨“'”'） 

. — , , = E ;二丨 ( - 1 ) " | / ) /丨丨刚 
" l ie / / , , “ 

I ： 二 丨 ( - “ … I ： ; 二丨 I ^ n i i y n I T ^ . w . 々 ) " / ( . / • ‘ ” 。 

+ E ; 丄丨 ( -丨丨丨 ( . � ) i • 
» 丨 3(�(.aus(� 

> 

， /I I I “ F. 

I /)；；•((/!；') I f . v , ( . M i ' U 。 ( . M ; ' ) 

川 二 I ^ 

= 卜 I "； '; ’.(";') I .”')"'U.‘'飞;')1 、 

"1=1 ‘ ‘ ‘ 
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“ 

= I 丨。”'）I + I 丨(-”'）I + … . + ( - 1V''I I /);?"(‘”'）II 
r-i 

X7^�7U，/、>./(•厂.'、;'） 
1 I “ ij 

7l 〃… 
\vll(T(� 

/ I 1 \ 

丨 ) "）… M丨 , . C丨丨 ) ' '） 

M / . - 丨 ) ( ' ’ … 丨 ） . . . M / - L C " " ) 
;\//(/\；') = I ‘ � . (1.9) 

• 1 … 1 
m./ + I,」!';‘;"(''-|”'）…M./+1.々；i"” 
、 

\ …("“1 … ) . . . ) / 

Tii(T(、r<>i(、， 

v ^ /)K , V , " 、 — [::二丨丨(-1广 I Om I ( - ' ” 。 I — 1 

Wc t hi IS (.(mrludr t hat t\iv sum of (‘)"(u；,) is (m(�. ， 

N o w u，(、try to p r o w that /'；[/.• ( . S ^ ； , ( / ' ) 二 （ ) . V / = (), 1 , . . . . 7 ’ - I. 

(\msi(l(T an arl)itrarv Uim, /, and arhit nuy (�v(�iU , G f/_i (( 6 // -i). I'or tlu� 
f 

/til ( / = 1, • • • , / / ) risky s(� ( .ui . i�v \v(� lmv(� 

’ # 

/ � v [ ( � r � - I /"/-.I 二 + (/•)/.•/.-,(/)) I 斤丨 1 
. ‘、/-丨（'） "I 

： = + -T^.S'；-,(/•)/.•/-.(/) I 厂丨J. 
•、卜IC . "t 
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11(�11(.(�lor i\I\y Imsir ( � l ( � m ( � n l A ) , G J î \. wc lim.r » 

" V I M O f ̂ s ; ,(/•)", , ( /) I ,1 

(“丨“、 H 
= y + 1)1 

I {N H)((： - I ) I 1 

: y (一 1)1 /);"(.(丨）I — E;丨丨 i>r(-\U) I 丨 … — 丨 丨 ) i 

/.> 、 
� � � - / • 4 (/» I I )(< I) I JM . , ' 'I - / . 11； � I . iC �1 
X M/"、！ ）+ ~I7~ ‘Y |(/, .1；•一丨）"/ —1(/. . i L i ) 

‘ "I 

二 (-丨)'丨啦-丨）l肌」i"丨•丨(〈—丨)’ . 

— 丨丨卜“‘‘丨/>/(」〉-丨)1 • 

+ 丨丨(-丨).'|/帆1)1 

•• (1.11) 

！：;二丨丨卜I /̂ ;"(」；^丨）I灿…r'�(<-'…) + E;二丨丨(-丨)'丨_-丨）I 
丨 丨 ( - 丨 ) 1 

"I 

二 丨 丨 丨 I "丨.."（丨)丨％̂‘义丨(.々 .《丨)/仏丨(./.‘《.丨） 

‘ 丨丨(-".'|/概丨)1 “ 

X .s,,„丨( /"”: , ) /v ,_“ / " ” :丨 )• （丨.丨:” 

’ r i i ( � r ( � a r ( � l o u r j)firls ol" t l i (�nl>(八 ' (�ronniilat ion. \\v will calcuhitc^ t Ikmii srpiU.iUrly. 
f 

For part ( 1.10). w(� lmv(� 

r 

= - f (,、] 二(). \ ； 

whore ( f is t At 11 row of /)/(‘l)L|). , 

> 
« 
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1m)r pari (1.1 I), l>(�( . ;nis(�loi ' j + i. . 

• —iV I T)'丨,.'�.\5 .) I , ) " , lU..斤 卞 " ( � - " - " ) 
. /-I • )' ! , 

( cf \ H,, -
V / )/ ( ] > |) / 

\\’<�liav(� 

/- I , / ' ‘ 

For part (1 .12) , \\'(�liavr 

‘ 纪(-1), I I / 抓 丨 ) I 
/二丨 1=1 

-(-1) ( . ‘‘ ) + ( - " ‘ p一 )） 

( \ Af \ 
^ 二 ( - 1 ) 〜 . + ( - ! ) ' - ' 〜 ‘ ： = 0 . 

V y V / ， ‘ 

For part (1 .13) , \v (�have 

丨 ' 

\vh(�r (� /W/ ( / ” „丨） i s <ldim� ( l in (1.!)) . • 

npii((\ 

. / • / • ) + I ̂ / - i l = 0, V/.. I. 

S o Q^ is iv sijLi;m�d mart iii^ak^ iu(�asur(» o f l .h (�auxi l iary 川ark(�L • , 

• -I 
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Proposition 4.2 If flicic is no arhif.rafjc opporhuiifij in the niarkci M,-. Ui.c 

j)S( ado-complcic inarket M,. hcconics coinplclc. Furtlu riiioic, the luihjuc si”n(-d 

mariini}(il(' measure s<ili.sjicx > 0. and IXCOVHS the risk hcn.tral jyrohdhllUy. 
% 

4.4.2. Optimal terminal wealth to auxiliary problems 

N o w \v(�1 rv t o sol\-(� t l i ( � a u x i l i a r y problcMiis 

( 广 丨 ‘ : m \ : n 

y .s./ \u = A)-

N o t i c c that l l i (� （、xp(H.tr(l discouiil(H1 t(�rii»iiial \v(�nltli hascnl o n l l i r I'isk IKMI!ral 

j)r()l)jil)ilit,v is (�(|ual t o t l u � i n i t i a l \v(�alUi, i . (� . 

S o ( " " ' ) is (HjiiivaUMit t o 1 he i o l l o w i n g prohUun, 

. 姆 X /'"/(I:/:.) * . 

\ . � / / ( ( , � ( V 7 7 " r ) = " " 

In the i>r(�vi(>us s i i l ) s w ( i o n , w ( � h i m ! a l i r a d y l o n n u h i t c d ihv. risk IKMIIral p i o h a -

l)ility (广.I'hoicvfoiv, wv. c a n ( l (� i i v (� the opt i i iu i l ((M iiiiiuil w e a l t h l o l l i r aux i l i a ry 

p r o b l e m s hy us ing mar l iiij2;alo a p p r o a c h . 

Thoorcin 4.3 For problcni (/，") with quadndir. ulilUy funr.Uon, the optimal, at-

lahiahlc tncaUli is: 

• I 

and the opfinial ohjactivc luUuc. is 

叫 - 2 / 爪 • 
» 

J 
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Proof. The La^raiigiaii dual problem am 1)(�wiil {vn as 

, = r w 、 \ ， : ! ^ ) - m m , / B T � • 

z=l 

If Vr iiiaxiiiiiz(\s ( r^) . then the following ii(�(.(�‘ssaiy coiiditioii must bo satisfied 

according to Pliska (1997): 

= for aJI uj € Q. 

which is equivalent to 

K广(u；) = I{XL^uj)/Br) = 一 for all uj G 

* -

..Tlie value of the paraiiietor 'A is the ()m�that makes V;" satisfies Eqh (\ * ) = 

Heiico 

/BTVBr) =' E{(ii-XLyBr)LVBr) 

= " 0 . 

f 
TlKueforc, A = [BE{J/^/Br) — "()]/厂(（/,)2/":f). Hoiice. wo hav(� 

and tlie optiimd ohjectivc value is 

人 � = r 一 2 / r [ ( / . � / / 4 丨 ‘ 

• 
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4.5. Dual problem and its optimal solution 

4.5.1. Dual problem and strong duality theory 

The following th(�or(�iii from Pliska |46| shows tho n^atioiislii]) h(�t\v(�oii the original 

const rained problem and its dual problem. 

Theorem 4.4 Suppose that is the optimal solution of the primal const rained 
• • 

‘ prohlnn. mid J* is the optimal sohitioii of the dual problem 

(/)) mill .7 .̂(/;„), 
KSA 

wlic/ir .7^. (/；()) is the optimal objccfiuc value in the uncoiistrainul market M^. (I's-

sociated with the optimal solution K* . If the optimal tradbifj strategy TT for the 

uTico'iistniincd market M^- satisfiefi 

(d) tt, 6 K, . 

(b) 77；/.-； = 0，for all I > (). : 

Then TT is the optimal stratcfjy for the. original constrained market, and Jo = J*. 

Actually, for the iiiarkot M^* and tlie optiiiial trading strategy TT which satis-

fies {a) and (6)，the value of portfolio at tiino 丁 is 

r-丨 ’r-丨 T-i 
(TT) 二 n + 1 > ; ( + � * ) n � 

/=() }=/+l 
Y，一 1 *y，—1 7�-»* 1 —丨 1�—1 

= “ � 1 1 厂 ; ) + ^ : 兀 ; n n 厂;’ 
^=0 /=() /=(, i=t + l 
'/� 1 *~l� 1 'y * I 

= 兀 ; n 厂;)二1 讲扑 
/=() /=/ + 1 
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% 

As TT is a t'oasihlo solution of th(�original coiistrMiiicd problem. th(�rxpectcd utility 

of \ y-(7r) is siiialkT than or t、（iiml to tli(�optiiiial vahio of tho original coiistraiiK^d 

l)i.(>hl(�m. So \v(�have r =厂"（\:,*(7r)) = /r"(l:;)(7r)) < J*. • 

On the ovorliand. for an arbitrary iiiarkot M^ and the optimal trading stratogy 

n* of th(�original constrained portfolio problem, \v(�lirivo. 
7-1 r-1 7-1 

\:,(7r” = / ’ ( , n r ! ) + Z < ( " , + /̂ -/) n 

/ 二u /=() /=/+丨 , 
'厂—丨 •厂一 J 7’一 1 7*— 1 '[ — 1 

二 n ' . y + ^ X h � n 
-厂一 I '厂一 I T一 I 

> r K + i x " ' n 彻 ” . 
/=0 /=() /=/+! 

Thcroforc. J* = f : U < 厂 < 人（r„) for Miiy k. Heiico. . 

•Jo < 人•（"【)）=.广• 

Combining the ah()v(�two im�qualiti(�s gives rise J* = J*̂ . 

Tli(�(n.em 4.4 tolls us that the optimal vali i (�of the dual problem could be 

equal to the optimal value of primal constraiiiod in'ohlem when coiKlitions (a) 
4 

and (b) are satisfied. So we would like to know whether these conditions arc 

always satisfied or not. The following theorem will answer this ([ucstioii. 

T h e o r e m 4.5 If problem (P) is solvable, then, there exists K* and IT* such that 

(a) n* 6 K . H* E K and n* solves (P"^'): ‘ 

(b) nfir； = 0. 

P r o o f . Uiiclor Assumption 4.1, we know that tlioro exist tn := (// + 1)' (�1-

(Miiciits / I ; , . . . , / I ; " , such that ‘4; U … L M ; " = Q,'々 ；‘A V/ ^ j . and 

= a ( A l , . . . , .4["). Lot us consider the Lagraiigiaii dual of problem ( / ) ) , 

丨 ' 1 ’让 v v 二 N U / f + Z U 丨《丨丨兀丨 r [ 二 r ! ) . • 
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\vli(�i.(�TT, and A, iu.(�jr,-iiioasiiral)lo (lioiuv 厂(入;71"/|/1;) is constant vcctor for A', E 

J^i). /';(A小4i) G M'l for / = 0,1. •. • . r - 1 and .1； € T f 

Simply si)(�akiug, th(�above ohjoctivc function is a concavr utility function of 

t he (ollowiiiji; variahlos. � ’ 

兀 0(‘�(>). . . . • 7r/(/l' ). • • • )... . . TT'/.i ( / l / . , , ). • • • . TT'/’一 1 ( / I ! / . 二 ) . 

Cones])()ii(liiigly. tlir Lai;iaiigiaii paraiiiotors are 

入(“」())，...^ ). • • • ) . - . . .入 7—|( / l ' ] r 一 1 ). • . . . A ' / ’ — 二 " ）. 

As j)rol)lcin ( /)) is strict ly coiicavo. tii(T(�is no duality gap lK�t\v(�(�ii prohleiiis 

( " ) a n d (l)i^) from strong duality. Furtlioniioro. a pair {(TT*. X*)} satisfying 

7-丨 7,-丨 7’一丨 ’7,-1 

^ ^ ^ 寧 ( " 0 n 厂 ( / ) + E n n 厂；仍 i + v = ( ) . (u。） 

A;'7r； = (). for / = (), 1 . … /厂 - 1 . (4.1()) 

for oacli realization (7r*(/\j), A*(.4J)). solves both the primal and the Lagraiigiaii 

dual problems. 

For thv. pah, (TT*. A*) (l(�t(�niiim�(l l)y (4.15) and (4.1(3). lot 

。二 + 入; " ⑵ 

The fac.t of TT* G K is from the strong duality hotweoii the primal i)i,(>l)k”ii ( / )) 

and the L叩mngiaii dual (,)/.). As 

S{H*) = s u p — TTJK* 
7r,eK 

= ( " + . 

— E [ U ' ( V O n 二 /•!) + E 二 兀r'"/ n U . 厂 ； ) ) n 二 ^f i^i 
0 

~ - /^m^o n l ' o r'/ + E U 兀F"丨 n二二 � n二丨‘•；仍i 
< oc. 
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\v(�have H* G K. 

Th(�following is (.l(�ar tVoin ( l.l(i). 

= + 

‘,、'兀'—/̂ ["'(“�n;:丨'.丨丨 + E二丨 <ih n二I /•：') n二 '•； 
— 0 

二 厂 [ " ' ( " n i l二 + E 二 

=(). 

Substituting TT* into th(�optiiiiality coiKlitioii of prohkMii ( / ) " ) . 

7, 一丨 ’厂一丨 7’一丨 7 , - 1 

yields tho following by using (4.15) and (4.17), 

7—1 7-1 7-1 7,-1 

n +E < ' ( … + n + � n 
/=() /=() /=/+i /=/+i 
7 -丨 r一丨 T一 I 7,-1 

= 厂 兀 广 n ' • ； n 厂！)!*̂'] 
/=() /=() »：=/+丨 
7,—1 7、—1 . I '厂一 I = n n•仍] 
/=() /=() i=t+l i-t+l 

rj,一 I '厂一 I 丫一 I 7,— I 

/ = 0 /=() /=/+丨 J = / + I 

= 0 . 

Therefore, TT* solves (/)"•). 口 

Based on Tliooroiii 4.5, wc can get th(�optimal solut ion to t he primal prohloiii 

(P) by solving tlio dual pr()i)loin (/)/ ,) . Actually, (hial problem (/)厂)is iinicli 

easier to ho solved tliaii the primal i)i.(>l)l(�m. In tlio following siibsrctioii. wc will 

derive an analytical solution to the dual i)ml)l(�m. 



ClIAPTEU I. M-r PORTFOLIO SELhXTfON WITHOUT SIIOin iNC 92 

4.5.2. Optimal solution to dual problem 

N o w \ v ( � c o m e hack to th<�dua l pr(>hl(�in ( / ) / , ) . S incc wc liavr already (l(Tiv(、（l tli(� 

opt ima l trriuiiml \v(�alth t o tlu) auxi l iary p m b l c i n s , i . ( � . 人 ( " " ) . w ( � c a n r c l o n nil late 

t h ( � d u a l |m)l)l(�in as. 

1 (,,(, 一 / " : V / 7 " r L ” 
；；沙人= - 2 / q ( / / � / / 巧’ 1 . • 

SiiKv f q / / / " , / , ] 二 = W h and / ' ; [ ( / / � / / 4 j = /';[(/,).2]//巧’，thr dual 

])r()l)l(iiii is (，(iuival(�ut t o 

inin Y " 
/=1 

‘ i.(、.， 
7.-1 

Hiin V n K H ( " “ ） + W 十 丨 ( ' 川 

(»"’-.. ’/7,)ESO '=<> * 

with 

(-1)川 I 丨(々）I 

f>t + \(h+\) = (/);'+丨(1，/:/ +丨),.••，/,;'+1("，/:/ + 丨))'， 

mid 
… . . 、 （ - 1 ) … ⑶ 对 ） l 7 ^ ‘ S ; ( • 人 々 ) 

WIKUO 111 — / /+I — it + 1. 

The following special })r()])citirs In t he object ive func.tioii facilitate, ihv solut ion 

scliriiio for t li() dual 丨>n>hl(�m. Doiioti? 

7 - 1 

站）：二 E 十丨(':…)+ (/々 +丨(/•〜))'"/(")]'• 
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Proposition 4.3 Under Assuniption. 4丄 saUsJics the follouyhuj recursion, 
r~ I 

丨 ⑴ = Z n K ' i i ( ' n i ) + ! ) )%( / / ) ] ' 

("ll)/ 7-1 

I I n (…1)I('川))'"々'『 
I I )(/-!)-< 1 , / • 

' r - I —') 

('、_ ' r I I , …， ' / • ) e !； 

("H)' 

二 Y^ 卜/((/•)+ ("“o)'"/(orw/:). 
f l)(/-l)4 I 

and 丨 h(�boundary condition is, 
r— I 

御：二 ni"”i丨("丨I)+w�丨(':…))',"(':' 

So w() have 
7 , -1 

仰：二 n 丨(、丨)+("+1 )�'… 
二 Y^丨”丨(/.)+“丨丨(/.)�)�n E [“々⑷+‘々⑷'"丨"丨Z…• 

he� 
{ ^ [4''’,-'(/7,) + /� ’ '- '(/7.)'"7.-1(/7.-1)]2}}}. 

Th() dual problem is separable and can bo solved by dynainic! jHograiiiiniiig. 

Theorem 4.6 / / [ E ! 二 二 ' ) ( , , 卜 旧 . , o f a full rank for any 

I and ni G //，1,hr.n ih.a optifnal soluliov. of tJic. dual problem is 

t<*(in) 二（〜*(l’m),... , / < ( " ’m ) ) ' 

for / = 0,1,2, ••• , T - 1 and m 二 i ’ 2 , . . . , (", + 1)' 6 I,, with. 

… � 卯，川） i f > 0 
(./，"0 二 

() If "/(.'/，m)<0 V 
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wficrc T<t(iii) ~ (T<i( 1, / " ) , . • • , /!/(//, " / ) ) ' i‘,s fjivc.v by 

(ii \ I)," 
T:;{m) = - [ [ v^�*丨丨( '•).•>”; i ( ' ) ' r 丨 

I I )(//； -1)11 
(u 1 I)," 

xi v ;̂, I � 1 ( 0 I � 1, 
,二（"（ |)("卜1)十1 

(m i I )tn 
丨丨(川）= Y^ K U O + 

t l)(7,卜 1” I 

Proof . Doiiotc tli(�cost-to-go at stâ (； I hy 

./,(/,) = iiiin V 1";',丨(//I 丨）+ ///| 丨(//丨1)'",(//)1'{ Y ^ … 
//tlC-/；' /m2€ 

( Y ^ [ � , - i ( / 7 . ) + / � ’ -
/rC-�,‘丨 

for /,==(), 1 , . . . , 7' - 1. N()t (； l.Iiat f,{l,) can Ix; fiirt:li(”. expressed as 

Ml,) = iiiin y + /乂/普 i(/m)'M//)r7m(/m). 

At singe T - 1, for /'/•_, G lr-\ = {1 ,2 , . . . ’（" + l ) ' ' ' " ' } , wc Imv� 

I (/'/•-1) = nnuifr-\{lr-\) 
K.r-1 

= � in y ["�’’-丨(/'/,) + 6'/.-'(/'/.)�,.,/’-丨(/'/’— 
« 7 -1 

/•/•G/'•''-'('/•) 

VV(； solvo the; problem fr~i(h'-i) s(”)m.at(�ly for (;a(:h I,,,一、二 m: 

/ iniiiK... I ： 二 — ⑷ + ⑷‘/：厂 - iMP 

S.I. AvV_|(//0 > 0. 
V 

C(>iisi(l()i. tlid (:()n.csp(m(ling uiKtonstmiiKul problem as follows, 

/ niinK... 5：!二二(川-i)+,[<“）+ "卯)'的’-|(川『 

[ S.I K . v - i ( m ) e i r . 
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Solviiif：, tlir i i i icoiislrained prob lem. \vr. ob ta in the opUiiial solut ion 71.r i ( " 0 = 

(7^/'. I (1 . /")，..，，厂7, I ( " . 7",))' wliicli is spcc i l i cd as fol lows, 

(?/ t I )in {" < I )〃' 

71,丨,{m) - -[ Y. "'/"('•) . ‘ •[ Y. ."'厂� 1. 
, ( , , I 1)(川—1} • I 广（"I !)('" -1” I 

1，h(�n�r<>i(、， t he o])! ininl soliit ion lo ihr const mined |)r()l)l(un is 

,(///) = (/,.,).—丨（1,/")，…"4—1 (",/".))', 

VVIHMC 

f 
, 厂 7 , 、 ( ‘ j , 川 ) i f 厂7,-丨(./,川) 

() if /�•'/,- 丨(.'/’ 川）< (). 
V 

” ⑶ ( . 。 ， 釣 , 一 、 、 川 、 = + " 扑 應 1 

Ir-'A^r-'i) = mill ̂ 'I'-^UT-A) 

= m i l l y [ ( � : : ? ( / ' / . - • ) +二 ( h - 1 )'",/.-2(/7.-2)rv;.-,(/,/.-1). 

l'r-�U.i•一、 

AssuiiK； t hat t‘li(, utility function lias a similar iorin at sta^c; r, 0 < r < T — 2. 

Th(? cost-to-go at s1,aj!>(�丁 is 

= 11山1(̂  从） 

= m i l l Y [々 丨 I (Ir, 1 ) + /々丨,(/r-l 1 ) ' / 'V(/r) !V； , I ("丨 I ) . 

Wc s()lv(j Ui(�following j)r()l)l(;iii s(科mbly lor (，arh 1丁 = m € 

/ H i i n � + " ； " , . “ ) ' , — M l � 

s.l " rG, " 0 > 
、 

Tli(! optimal solution of t he com^spoiidin^ iinconstraiiicd |)r(>l)l(un is (l(，ii()t(’(l by 
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Hriin) 二（57(1，///).... . h'T(n, in))\ wh(;rc 

(Mil)川 

i (n ^ "(川"II 

("11 )川 

x | I � • <",1(01. 
/ - ill ) "(7" I ) H 

Thrn�r(>i:(. tiic optimal solnlion of Mic const,raiiKul pr(>l)l(”ii is /.：*(///)= 
‘ s. 

( K ^ l , / " ) , . . . , /.-^f//, ///))', where 

h-rij. in) if h'rij.fli) > 0, 
'：丁 u,川)二 

[ ( ) i口Aj,川）<、、, 

ami t lie c o s t - l o - ^ o al sIm^c r — 1 is 

. / ; ( /卜 1) 二 iiii";^ 卜丨（/r-i) 
K t - I 

二 min y 1々-丨(/r) + / � " ' ( " ) ' " r - l ( / r - l ) r V ; ( / r)， 
K t - I L ‘ 

with 
I)川 

= Y^ [<V,( / ) + //;', | ( ' / : ) ' < ( m ) r v ; + i � . ， 
l"(7l i 1){7/<-1) j I 

‘ • 

4.6. Optimal terminal wealth of the primal 

problem 

W<�have , ( l (�r iv� ( l tli(5 opt/mud solution , , l o l lu； dual |)ml)l(mi ( / ) / , )• Tli(，corn：-

spoiidiiig risk iicutrul probability is 

'/•-1 

⑷二 ni"'�丨⑷丨丨）+丨(':…) 



NIARN,:II I. M-R ROIRI FOLIO sF.LhxnioN wn iioirr suoiniNC \)7 

wit 11 /,.* b c i n ^ 1 lie ()|)1 iinni o n e ^ivc i i in T l i m i ( � m l.fi a n d 

( - i ” � i / ) r ; , M ; � i 
"…(…'）=zr丨丨(-1剛HM;')丨, 
、丨(/•/,丨）=丨丨(丨丨丨)，-.，/);'丨丨("，/.…))'• 

,”’.、—(-1)〃'1：;||/3;';仏4;。丨么,、;(.7”4;') “ 

… … ） ： E二丨(-丨摩/丨丨(們丨 ， 

where "I — /'/1 I — /•/ + 1. 

Tl"is，1 he opt iiiial l(, 'rmiiial w(v»ll li is 

I/；： U ) = = , 厂 卜 — 产 （ 〜 

(“+1), (U；,尸j 

IMIRT IKMIHOIC;, the (;x|)(，(.tati(M and variaiKtc; of Ui(，T(�rmiiml w(;NLL LI an;: 

二 "/： +̂ /",(,, (1.19) 

VAR(V；^) 二 r("u"7’ —“尸， (4.20) 

HIKI I.IK; aiifilyl icfil (!xj)r(jssi()ii of tlu; iiKjaii-variaiicd ()ffi(:i(�ut front i(;r can Ix; (;x-

pnjssod ill the following form, 

VAR(V.；^) = (： ‘ /；(, + -FAV*) , (1.21) 
\ a a ) 

wh(M(； 

= . 1 /q(广、…1 
” - — ( / , + 1)7, {coy^y 

,二 _ J _ _ 刚 H r 

= 1 mr'i^))'] -
失 ‘‘—('",+ 1尸'厂 {E[(cr (uj))''])'' . 
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It c a n h e seen 1 hat 1 lie (ixjx'ct (；(! I cr ininal \v(，altli Vf*) is an i n c t c a s i n ^ l inear 

lunct ion o f “ WIKI ICMS T he variaiict! o f I.IH; tmiiiiml vvcalt LI, V(ir{ V'l), IS a (juadiat ic 

{unci ion of From (1.1”）and (1.20). wc can cxpniss IIki original ()l)j�(.t.iv(� 

riiiicl ion as a ruiicl ion o f 

= - U ; V ( R R ( V ； ) ‘ 

= + /",(, — U ; [ R ( " O " 7 ’ — “ 尸 . 

N()l(； that (I is a concavc Funcl ion of ；i. Tlu' optimal must satisfy IIK; OJ)! imality 
• il ‘ 

coi idi l . ion o f ^ = 0, i.(、， 

a + 'luJcfHjir 
n = . 

lujc 

Suhsl.itiitiiig thv. opt iniul (V in (1.22) into (KJUATION (4.18) yi�l(ls t IK; optimal 

t(;riniiuil wralUi of piiiual prol)h”n (P), 

V 7 r “） = 丨1 + , 丄 、 r r 丨 : 乂 1 丨 + """7,. 

Example 4.1: \Wv consider n niark(!l wit h oi i�risky socnirity niid one, l)()ii(l, 

mid t‘h(; iiiv(?stni(Mil liori/oii of T = The; Srunj)l(； spHccj $2 has L\ — 8�l(�iii(”Us. 

Suppose; t hat t ire bond pricc; is constant, and the; i)ri(:(�s of th(，risky security arc 

HSUKI in Tabk; 4.1. 

Tli(，partit ions an? 

f| = {{a；!, uJ^yUJii, uj.\}, {cJr,, uj^ 0；7,0；8} } 

f2 = H 叫购 } , {略^；丄{u;r”a;“}, {CJ7,U;H}}. 

An iiiv(\sl-()r (，iit(ji.s t his fiiicUicial iiuirkol. with initial w(”ilth "(, = 1. She; would 

liko to Hmxiiiiiz(�a iiKuin-variaiico ()l)j(，(:t iv(，of I li(i tonninal w(，alt‘li, { — 

().7(i8Ka7(l/i)}, with no-short-soiling constraint. 
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• T a l ) l ( � 1 . 1 : Prices of risky in K x a m p l r 1.1 

uj .S() tS I .S.； ‘S3 

u；, r> s 9 12 

‘ u;-2 5 8 !J « 

u；：̂ r) 8 () « 

厂） « ( i 5 

u;r,厂） 1 () 8 

uj( i 5 1 ( i r) 

ujj 厂） 1 3 r) 

CJH r) 1 3 2 

First ly, L h(: siji,II(;(L mart III(;asur(； in niark(;t M ^ ('an IK; calculat cul hy 

usinj!, Th(:()r(�iii 1.2, which �.(）sli()w�(l in Tahk; 1.2. 

Tahki 1.2: Si^iiod mart iiigalo iiKULSuro of auxiliary nicu ket M,, in Kxmiipl(’ 1.1 

^ QK(UJ) 

, (1 -5k,j( I ))(2-S/C|( I))(I -”K-2( I)) 
:m 

. (I — W I ( I》）(:Wk.2( I )) 

⑴•之 ^ • 

, (l-r,K.o(l))(H-X/vi(l))(l-(iK2C2)) 
的 iU； 

, ’ (l-r>K„(l))(H8K,(l))(2HiK.iC2)) U；,, ^^ 

, ’ (:H WI))(I—1k,(‘2))(I-“K^) 

, (3FWI ) )N- ' IK I ( ‘2 ) ) (2+“K-2( : ” ) 
叫 、 

J^i 

叫 Mi 

\AI\. US S()1V(3 tli(； following dual pmbleiii: 

m a x X X i � 2 
< 

sX K/ > 0 for i = 1, 
V 



» 
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T h e ()|)t iiiuil solut ion of t his dual prohlci i i is Ibuiid to 1)(、： 

. = = ('•'>) = /v.2(-1) = n， 

/、.•,( 1) 二（). 

W c l lius der ive l,li(�()])t iinal paj amnU". / i by usin^i, (1 .22 ) , 
/ i = 2 , a = ( ) . : M 9 , /) = ( ) . ( i r ) l ， r : = ( ) . Z 2 7 . 

Th( ; o p t i m a l trrminal w(ialtli can \h) (l�i.iv(;(l by using (1 .18 ) , uih I t.li(;y m o 

list(;(l ill lal)l(； T I K ) d f i d n i t , front ier can I K ; (5XI)r(、s‘SC(l as a qumh.at i(: f onn , 

• VariV.i) = 1.8(M(J - F^V-A))̂ -

Filially, w(； c.rui (l(;riv(； iho opt imal tnulin^ sii a1,(;gy of th(5 original probk^in by 

using tli(； woalth transit ion (K|iuit,i(>n V^ i = l^/f + n',lli. optimal st rat()gi(\s 

ai.(，listed ill Tahlr 4.3. , 

Tabid 4.3: Optimal U，rmiiml w(uilt.lr aiid trading st.rat()gi(，s in Exaini)lo 4.1 
UJ V:I(UJ) TTI IT'} TT.J 

Lj, 1.8/l(i85;M()4 1.0287 0 ().丨2(i2 

cj.j 1.5‘1()5(;():W1 1.0287 0 ()/l2G2 

uj:i 1.77()28()19() 1.0287 0 0.2811 

1.54()5(i()391 1.0287 0 0.2841 

u;r> 1.5()G()84814 1.0287 1.2144 ().(i8()7 

a;,； 1.131048721 1.0287 1.2144 ().G8()7 

U7 1.131(348721 1.0287 1.2144 1.509 

ôK ().2()3818349 1.0287 1.2144 1.5(i9 
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-4 r 1 I T T I i I I . . V 
-no Shon-S«H»ng short aitowed 

• - ‘ 
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Figure 4.2: Efficient frontiers with and without shorting in Example 4.1 

When sliort-selling is allowed, the efficient frontier can be foniiulated as 

= 1.79(1 

We compare the efficient frontiers with and without short-selling in Figure 4.2. 

It is obvious that the efficient frontier with shorting doiniiiatos that without 

shorting. 

4.7. Summary 

Wo study the optimal inoan-variaiice portfolio selection ])robleiii without shorting 

is studied in the chaptcr. We connect the original iiieaii-variance problem to an 

auxiliary problem l)y using an (imbedding tediniqm). Since tlie auxiliary problem 

is difficult to sojyc dircctly, we use duality theory and martingalo approach to 

carry out the analysis. 
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SiiKT tho price pi(K.(�sses in (liscroto-tiiiic model can not be easily (�xi)r(�ss(Hl 

by (lifF(n-oii1 ial cciiiatioiis as in coiitiimoiis-liiiic mo(l(�l. it is difficult for us to 

d(�ri\'(�t h(�e(i\iival('iit risk lUMitral probability. Foi tiiiialcly. \vo can formulate thv 

risk neutral probability after \v(�clofiiio a (liscrrtc-tiiiit' (.(miplrte iiiarkrt UII(1(T 

thvvv assumptions. With this risk neutral pi.ol)al)ility. tho auxiliary i)i()hl(�m can 

1)0 solv(�(l by using martiiigalr approach. Finally, a closed form of tlio optimal 

terminal wealth is d(Tiv(�(l. 



Chapter 5 

Multi-Period Portfolio Selection 
、 

with Transaction Costs 

5.1. Introduction 

Let's consider to buy an apple from a fruit market. To piudiase the apple, your 

costs will not only include the price of the apple itself, but also include your efforts 

to find out your pi.ofeiTed store, and the cost of traveling from your house to tho 

store and hack; the costs inentionecl above, which are beyond the cost of the applo 

itself, are called the transaction (X)sts. In financial market, a transaction cost is a 

cost iiiciirrecl in making a security exchange. For example, investors, when buying 

or selling a stock, must pay a coiiiiiiissioii to tlieir broker; that coiiiiiiissioii is a 

transaction cost of doing a stock deal. 

Ill the models iiientioiiecl in the previous c;liai)tors, we assuiiiecl that investors 

trade costless. However, transaction cost can not he ignored in practice. When 

investors face transaction costs in financial market, their trading strategics may 

103 
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l)()(.om(�(lifforent. Magi 11 and Constantiiiidcs |3()|, to our h(�st kiiowkxlt^o. first 

iiitro(lu('(»(l proporl ional transaction costs to Mcrton's coiil iiiiions model. Their 

pai)(T studied investors" iiiv(�stiu(�iit behavior by iiiaxiiiiiziiig total discountod util-

ity ()f (.oiisumptiou. and analyzed tlio impact of transaction costs on iii\-(�stm(�iit. 

Following this paprr. Davis and Xoniiaii.s work |1G| provided a more i)r(、（.is(�for-

iiiulatioii and analysis for a similar im)l)k�m. and su聰、st(�(l an algorit hm of Hndiiig 

tho oj)!iinal strategy. T1I(T(�arc a lot of other works on coiitinuous tiiii(�port-

folio s(4(;('ti()ii with tho trHiisactioii costs, such as |1|. |19|, |35|. |50|, |43|. After 

.louiiii and Kalhil |28| analyzed sccuritios iiiark(^ts with transaction costs by using 

iiiartiiigalo and duality iiiothods. a new iiiothodology (�iii(�rg(�(l to study portfolio 

select ion with transaction costs. Cvitaiiic and Karatzas |15| used this martingale 

approach to analyze hedging and portfolio optiinizatioii under transaction costs. 

Discrete time iiivostineiit behavior with convex transaction costs was discussed 

by Constaiitinidcs |12|. How(�v(�i., not many noticeable works have heon sroii 

in this direction, while some other works studied option PI.idng model U I K I C T 

transac!tic)ii costs, such as |2|, |7|. In this chapter, we try to analyze�discrete; time 

portfolio selection model under transact ion costs. Our iiiteiost in this i)r()l)l(�iii 

was stimulated by tlie paper of Cvitaiiic- and Karatzas |15| on the same snbjoct. 

Their pai)or studied the portfolio optiiiii'/atioii problem under transaction costs 

ill a continuous-tinio financial model with oiuvrisky-asset. while this diaptcr ti.i(�s 

to extend their work to a cliscrete-tiiiie model with iiiultii)le-risky-assct. Different 

from their paper, this cliaptcr constructs a set of auxiliary markets so <us to 

investigate the idationship hetwccni the priiiml constrained i)i,ol)k�m and dual 

problem. 

We establish discrete time security iiiarkot under transaction costs and for-
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mulat (�s the port fol io opt iiiiizat i(m i)n)l>l(�ms wit h t raiisaci ion costs in Sect ion 

5.2. \\v forinulatci in ScK tioii 5.3 t h ( � c o r m s p o i i d i i i g por t f o l i o opti inizal ion proh-

loiiis without transact ion c o s t s , and (l(� i . i\'(�tho optiiiial solut ion o f 1 his prohk'i i i . 

T o analyze^ tli(� opti i i i izatioii prohlrni with transact ion costs , wc in t roduce s(>iii(� 

auxil iary inartiii^ak^s in S(�(.ti(m 5.4. A f t e r 1 hat. w ( � i n t r o d u c c and aualy ' /r thr 

auxil iary 叩ti i i i i ' /at i(m prohlc ins and dual prohlci i i . A lso . \v(�（.hm'a(.t(Tiz(，th(� 

(>l)tiiiml adiiiissihlo so lut ion . In Soctioi i 5.5. \vv i(�v()al tho rclatioiishi]) Ix^tweoii 

tho dual i)i-()l)l(�m and primal p rob l em. Wc simiiimi.izr t h ( � m a i n i.rsiilts o f this 

d iaptr i . ill Scx-tioii 5.G. 

5.2. Problem formulation 

We consider the same financial inarkot as in Section 4.2 exccpt that H ,三 1. 

All investor enters in the financial market with initial w(�altli /�>.Slui follows 

a trading strategy featvirex 1 by L = { / " ; / = ()，1,2,... , T } and M = {AfrJ = 

0 , 1 , 2 , . . . whoro L, = (/々（I),... , />/(")) ' with L,(i) l)oiiig the iniinbor of 

units of the /th risky security bought at the bogiiiiiiiig of time /, and hit = 

(A/ , ( l ) , . . .，Mt{n)y with Mi(i) hdiig tli(，iiuiiiher of units of tlio /th risky security 

sold at the 1)(災iiiiiiiig of tiin(�L Lot us introduce�the following set, 

/C := {( /小 il//) ： Lt > Mt > 0, for / 二 0 , 1 . . . . ,T}. 

Assumption 5.1 The iiivastor pays pvoportioiinl transaction fans when she 

transfers h.r.r money between bank account and stock fwldiv.gs, wfiik the propoiiion 

rate is X (or fi) for buyiug (or sellhuj) risky assets. 

Based oil Assiiiiiptioii 5.1, the total transaction costs at tiiiio I is 

E ; ' = 丨 ⑴ 灿 + � ‘ S / � 1. 



CHAPTER 5. M-P PORTFOLIO SELECTION WITH 7T' 100 

Let (11,(0), 11,(1),. . . . ri,( //)) \w Uir processes of holdings in 1k>ii(1 and in stocks 

at the bc^inniii^ of tini(�I. which air govrni(�(l 1 >y thr followiiiji^ (ujuations: 
II II 

11/(0) = ll/-i(()) - 51 (1 + A)M/.) ‘S(/) + i - //)A/,(/•)、;(/•)，(5.1) 
/二I 

lI/(/) = 1“ —丨(/)^；^^ + [厂,(/)-A/,(/)].S(/). (5.2) 

Cor i = 1, 2 . … . n and I = 0, 1. • • • .7’. 

Definition 5.1 A ]>()Hfolio procc.ssc.s (/々 ，/W/) 6 JC is callad (idrnissihlr. for the 

initial lioldhifj of bond ./• (md stocks y £ W. if 

n,(()) + X ^ n - //)11/(/) + + 入 ^ (), (•、” 

iei ,g7 

V/ C {1，... , //} and /==(), 1，.. • , T. The. set of adiiiissihlc. (/", A“) is denoted by 

,‘/(.T, y). 

Remark 5.1 A?/, admissible, portfolio 'proccss (juaraidccs iio-batikrapicy in the in-

vcstrncid process. Consider flic situation when n = 1，inequality (5.3) rc.duais to 

11/(()) + (1-//)11/(1) > 0 a/ir/n,(()) + (1 + A)n/(1) > (). Thasa mr.(iaalMics (juaimdc.c 

if Kit the "portfolio always ht iionimjativv.. 

We {•oiisklcr n quadratic utility fuiictioii "(:/•) = fix — ̂ .T", /i > (), which is 

(•c)iic.av(̂  and twicc coiit iiiuoiislv difforciitiahlc. 

Our optimization problem is to optimize th(�（)xp(K.t(�(l utility of tlu; toriiiiiial 

wcuilth: 
II 

v�/’ = r w o ) + ; ^ " ( r M / : ) ) , (5.4) 
1=1 

when* 

(1 - //)：/；, if .r > 0, 

I (1 + A).7；, if •/;<(). 
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When 1 here is no 1 raiisact ion (•<)st, i.(�.. ji = X = 0, the ab()v(�not,at ions i.(、（lm.(: 

to 
n 

V:, 二 [1丨7.(/), 

wit h 

II 

11,(0) = 11,-丨 ( ( ) ) -幻 / " ( / : ) -M( / . ) l ‘S ( / . ) . 
/二 I 

’ 1 1 / ( / ) = 丨 丨 M � ^ ̂ +丨/“⑴-八”⑴l.S⑴， 问 

for i = 1. 2, • • • , n. In this ease, t l i ( � w r a i t h procoss is the s a m e as th()s() in llu; 

I ) i , ( � v i ( m s c h a p t e r s . 

T l i d p o r t l o l i o o p t i i i i i ' / a t i o i i i )n>l) l ( !n i w i t h t r a n s a c t i o n c o s t s c a n I x ; f o r n i u l a t x H l 

‘n川x(/小am FAJ{Vr) = /';"(Il7.(()) + Y.U “ � ‘ / ’ � ) ) 

( " ) { .s./ (5.1) - (5.2), 

( / " , A / , ) G . c / ( v ; , „ 0 ) . 
\ 

5.3. Optimal solution to the problem without 

transaction costs 

111 t h i s s c c t i o i i , w c ('()Msi(l(;r f i r s t t i n ; o p t i i i i i ' / a t i o i i p r o h l c i i i w i t h o u t t r a n s a c t i o n 

c o s t s : 

m a x = 

I s.t,. ( 5 . 5 ) - ( 5 . 6 ) . 

As tlu; financial iiuirkĉ t is coiiipkAo, th(T() exists a unique risk i KM it ml proba-

b i l i t y . 
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Theorem 5.1 Under AssumpUmi. 4丄 Assv'ff/.p/wf/. Jf.'Ji aiul Assninpl.ion. the 

folloitmuj iivujdc risk iicutral prohalnlUy cxisfs m the niarb l 

( ' ( ' ) = [ k � i n ^ ) i , ( 7 ) 

inhere in 二 /�• i — // + 1 e { 1, 2,. . . . " + 1 } and /);'; ) is drjin.rd m Df'JivUwn. 

4.7. 

As the proof is tlie same as that of Thcorrni 1.2, it is omitUMI here. Tlir 

()l)t,iini/a1i()ii problrni wit hout t ransact ion costs is t hus (?(|uival(�iit to 

‘ m a x FJI(Vr) 

.s./ = 
\ 

Theorem 5.2 For prohkin ("(/) with quadratic ul.ilUy function (I(x) = jix — ̂：/：-, 

llic. optimal ailaiiiahla wealth, is: 

and liic. optimal ohjcctinri value, is 

•wlic/re L == Qj P is the slate price, density. 

As tho proof is similar with t hat of Theorem 4.3，it is oinittod h(�r(�. 

5.4. Auxiliary optimization problems and dual 

problem 

5.4.1. Auxiliary martingales 

Wo ()l)S(;rv(； ill t he previous s(K,t,i()n that t luuc (�xists a imi(iu(，risk ii(mt nil probabil-

‘ ity in {\\v. finaiK'ial iimrkct, without tninsact ion costs. In this scctioii, w(�int roduce; 
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first s o m e auxi l iary mart inhales, so 1 hat vvc can similarly (l(�fiiic t hv risk iicul nil 

L)r()l)al)ili1y in 1 lie (.“n.rsj)<>u(linji» auxi l iary markets in t\\v ik^xI siil)s(!ct ion. 

Su|)i)()S(' that now (//,(()), II,{]),''• , " / ( " ) ) is a slrict.ly positive martin^filc 

Willi //‘,(()）= ], and ",,(/•) G [.S'(,(/•)(!-//)..S'()(/)(H-A)] (or i = 1,2,-•• Denote 

7 (}\ "'(') 1 H 

C { ( / / , ( ( ) ) . / / , (1 ) , . - . , / / , ( / / ) ) ： I - / / < / / ( / • ) < 1 + A , • / : = 

Let us coiisidtM- //；(()) ：二 / ' ; [ ( " + 1 厂厂(力/"/]，wlicrr Q is IIK) VMiiahk; dorivcid 

ill T l i r o i . ( � � 5.1. Obv ious ly , / / * ( ( ) ) = 1. W(，also (.oiisi(l(�r //；(/) : = li;{i))S,(i) 

(/： = 1,2,..-，7,) which SHlisly / / * ( / ) e [.S'„(/')(l — / / ) , .S 'o ( / ) ( l + A)] and Z ; ( y ) 

二(、(:),.、三 1 for I = 0，1 , . . . /r and i 二 1,2，... , / / . \V(，can v(;rify that 

III (")•、/(') 
(//*(()),...,//*(",)) 

W(； int roduce; tlu; f o l lowing equivalent probab i l i ty m(，asur(，s 

/ ) " � 二 /';[//7’(())l,�l’ A 仏 . 

Remark 5 .2 S‘i)(T:iJimlly’ wc can dciiota l'*{A) = for A G J^r ",�. 

the pi'obahility mmsum corraspov.diiu/ to (//*(()), • • • , //*('"))• Actually, /”（/!) 二 

Q(A), where Q is the ri.sk iicutral prolmhilily derived in Thrmcni. 5.1. 

For irWim (//(()), •.. , / / (" . )) € C and (11,(0), 11/(1),. • • , 1I,(/,)) sat isfying (厂).l) 

and (5.2), kit us donoU; t hat 
Jl 

w'r'' = 11,(0) + 站川 “ / : ) 
/=i 

I. II “ ‘ 

+ - (1 + A ) l / . , ( / ) . S V ( / ) + - (1 — " )1A/T( / : ) ‘S ,T( / : ) [ 

r=() i=l '•二 I 
(5.8) 

for / = 0’ 1 ,…，r . 
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When (/小 A/,) 6 Kl. wr have 
11 

wy > 11,(0)+ (5.”） 
I—1 

L(>1 lis observe 1 he following cxjxM-talion, 

/ ' ; [ / / / ( ( _ ' " � ' I JT,丨 j 
/ / 

=/‘ ; [ / / , (0)11,(0) + [ n,(i)\\,{i)/s,{i) I 
i-\ 

I Ji 

十 l':\ll,{i))J2{-Y.[Zrii) - ( 1 + A)l/々 （/:).SV(/:)} I T, ,1 
T = ( ) i: 1 

I II 

+ / '；[ / / , ( ( ) ) - (1 - / /)]A/,(/-) .SV(/)} I ^ / - i l 
r 二 / 二 I 

二 //,一丨(()){ii,—丨(())+ 丨(/)",_,(/)) 

1=1 
/ — I u 

- X S 幼 ) - ( 1 +秦⑷‘S;⑴ 
r = ( ) i = l 

/-丨 

+ (1 - “ 抓 ⑷ ' 、 叫 
r=() I 

Th(irdor。， 

h:{lh{i))wy I = / / ,—iM// : f , V 0 < / < T. (5.10) 

Hciice, / / , ( ( ) ) 14//'’A' is / M i m r t , i i i g a l ( � o r is /),/-"mi.Uiij!ial(). 
、、 

5.4.2. Auxiliary unconstrained problems and dual 

problem 

Hrc.all 111 at w(； luivo app ioac lmd a inulU-p(Ti()(l port fo l io s(，l(’(:ti(m |)i.ol)l(”n with 

iio-sliortinj!, hy int,i.()(lu(:i叩 a s(，t: oC auxiliury inarkcas in C l m p t o 1. Similarly, w(； 

would l i k ( � t o inl roducx^ a s d o f auxil iary nmrk(丄s coi rospondii ig to (�l(;in(mts in set 

C ill this subsect ion in or(l(u. for us to Uivk\c. ( I ) ) , tli(； por t fo l i o s()l(�rt,i(m piohhmi 



CIIAPTFJi�). M-r rOiri FOLIO SELECTION WITH TC 111 

wit h I ransac l i o i i c o s l s . l or ^ivcn ( ( / / , ( ( ) ) ’ / / , ( 1 )，•. .，//,(")) € w ( � ( I c l i n c an 

aux i l iary i i iarkcl . / / u l)y m o d i ly ing the pr ier i>i.(>r(，ss<，s lor t l i ( � r i s k y s ceur iUrs as: 

‘S',(/) -，Z,(/•)�.,(/•), / > 0. (。.丨丨） 

for I = 1 , . . . ,//. Note that "'/,(()) is just the stale price (l(msity，and tli(�pmlm-

hilily. defined as " / / ( / I ) / ' ; [ /M( ) ” ,化 is the ('(juivalcnt, risk-i丨(,"tral |)ml)al)ility 

ill lliis auxiliary inarkcl. So llic UMin'mal wealth with tradiiiji, stmtc^y (厂/，A//) is 
li 

l l v = ll,;'.’A�()) +[；M/)H'/,’"('） 
/一 I • 

T n “ 

+ 一 (1 + \)]Lr{i)Sr{i) + ̂ ^ ⑷ - ( 丨 - / O ] A/.(/).SV(/) }, 

wluMc; IL̂ '.’"(（）) and satisfy (5.1) hikI (5.2). Wo liavc alnuuly shown that 

Wi is " / / - m a r t i叩a l ( ; f r o m ( 5 . 1 0 ) . 

LvX lis coiisiclor thv. ( b l l owing aux i l iary uiKtoiistraiiKid poi.tJolio sck^ct.ioii pro l ) -

Unii in t.lu! aux i l iary inarkcit. . # / / , 
f 

iimxuv l'yU(Wr) 

[ S . I , / ' ; [ / / ' , ’(0)M,7,1 = "0. 

\A)\ ./(/；()) b(； t,li(； o p t i m a l vfiluo o f t he; or ig inal p r o b l e m ( / ) ) and JII(TH^) IK： 

tli(! o p t i m a l value o f problo i i i ( / ! ( / / ) ) . Suppose ; that W r is tlu; o p t i m a l Unininal 

w(;al1h o f i)i.ol)l(mi ( / ! ( / / ) ) . \\lv. dni io to t l io s(丄 o f th() o p t i m a l t r a d i n g slrat 

of p i o b l c i i i ( / ! ( / / ) ) as ( � > ( ; , { ( / > / , A//) : 二 tP', }, Hiid ( Ic i ioto the s (� t of the 

opt imal adinissibhi t nuliiij!, sl iatogicjs as 小 " : = { ( / " , A/,) G 0) : H ' / " ^ ' = 

W'j } . N o t i c o that (I>// C a n d <I>// m a y Ix; (uiipty. 

W(i (:()nsi(l�i- t h ( � f o l l o w i n g , diuil problo i i i : 

( / ) ) inf//e£ Jii(ihi). 

Simi lar t o Cvitanic . (；!. al. (1996)|15|, w() assu ino tlu; f o l l o w i n g assumpt ion. 
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Assuiription 5.2 Thcrr cxtsf.s soinr, (//,(()), . . . , " / ( " ) ) G C ""/./, attarns the i.u-

Jlmum of (Itial pmhh'm (/)). 

Rciriark 5.3 IhiMr fJi.r dual /""/"rr", iiiin,.. ./,.-(/;„) m ChupLcr 4, tnlnrJi can. he 

solved, by dyvaniic pmfimmmi.ufj, lli.r dual. lynMcni (/)) tn tins chaptc/r is dij]i<:ull. 

I,() mialyzc hccausc of the (imMfjudy of C. Actually, wc have 'not yc.f. brcv. able to 

oblavn. a (jcjicral (•xistrv.cc re suit of flic dmd prohlcfn. 

For tlic ()i)tiinal solut ion of dua l i)i.ol)l(”ii ( / ) ) , i.(；. 11. our (jiK^stioii is wh(!tli(’r 

llKiic exists (/., a7) e /々("(,’()）sucli tlmt W,;:，” (l(;fiii(;(l in ( 厂 i s (;(|mil to the 

optimal valiK； O K I K ; Huxiliary probUnn ( / ! ( " ) ) . Or is \i possible; <I>/) + 0? In tlu; 

(bllovvin^ sul)s(;(:ti()ii, w(5 will Hiisw(;r t.hcsc (|U(;st ions. 

5.4.3. Attainability of optimal terminal wealth 
八 J 厂, 

Actual ly , a (iiHist.ioii wli(!tli(;r Wicsv, exists (厂,，M,) G � / ( " " , ( ) ) swvh that l i ' / ' is 

(;(jual to th(； optimal value of tlu! auxiliary pi.ohhnn {A{ll)) is (HpiivaUuit to the 

(HK^stion whotlKU- tlio optimal value; of tlu; auxiliary pi(>l)l(;m ( / ! ( / / ) ) , i.(). 11'/.， 

Villi li(;(lg(;(l with initial vahu! (/；(,, 0), whvAv. tho (Idiiiition of 'hedge' is ^voii 

lis follows: 

Definition 5.2 Wc call that a trading .Hiralcxjy (/>/, A//) iicdfjcs a time 7，cov-

Uiujani claim. (X(()), • • • , X{v)) with X{i) hchu/ the. amount of assat i, which, is 

T-r-incusumhle, start/huj with, initial holdiiifjs (:/;,y), if U',''^'(l) (i == (), 1 ’ . . . , 

(Icjuicd in (5.1) and (5.2) satisfy 

+ ； + + ^ ( 1 - ”�U!广(i) 
ie! 

> X{i)) + [ ( 1 + X)X{i) + ^(1 - //)X(/), 
iei 



CNAR I H:N「). M-R ROIRI FOLIO SELECTION WITH TC \ 

for all. / C { 1.2, • • • , / /} . 

A c t u a l l y , w r c o n s i d e r a sit i ia i ion w i th an initial h o l d i n g 0 € IR" in s l o c k s , 

MiJ(l vvnnt to hcd^c a ^ivcii coiit indent claims a := (H''/’,(),...，()）€ R" * witli 

a(lmissil)l( ! sl.rntr咖、s. \V<�^ivc l l i c l o l l o w i n g i i o la i i o i i , 

/ ( a ; 0 ) := in{{.r € lR/3{/>,, M,) G 力/(:/;.()) and ( / " ’ M,) h(’(lg<，.s a } . (5.12) 

Th(�i,d(>r(N to prove; that IV7 is at.taiiuiblc is (�(|uival(nit. lo prove that. / ( a ; 0 ) < 

L(M US take arbit rary / „ < / ( a ; ( ) ) and (.(>iisi(l(”. tlu; lollowiiiji, sets, 

{ ( A ' ( ( ) ) , A ' ( 1 ) ’ . . .，A ] " ) ) e (.： ;̂广 1 : 

3(/小 A/,) G 乂'/(()’0) that h(Klg(is ( A � � ) , … , X ( / / ) ) starting with (0,0)}, 

( 5 . 1 3 ) 

A 丨 = { ( l ? r - . / o , 0 ) } , (•让 1) 
• • 

Ill the following, w(i iiiv(istigal,c i)i-(>i)()rt,i(，s of t,li(，s(�two s(，ts A(, and A , , wliicli 

iivv, paralkilto thv. results in the coiitiiiuous-tiiiio axsv. studied in Cvitaiiic and 

Karatzas 115 . 

Propos i t i on 5.1 A " is rmivr.x, and contahis the. (yrUjin (0, 0) in (.： /̂)"̂  '. 

Proo f . Suppose; that (X'(()) , X ' ( l ) , . . . , X'(U)) E … i s h()(lg(�(l corn^spoiid-

iiigly by (/>i,A//) e � / ( ( ) , ( ) ) for i = 1,2. L(，t, (V'(()) , -- - , V ' (n) ) »)(，tlu? value 

|)R()(:(ISS(\S. TIKMI 

v/(()) 二 v7_i(()) — j 2 m m + A) .s ( j ) + j 2 咖 ( i —")从乃, 

j 二、 .7=1 

y/u) = 丨⑴ + ⑴ - 嚷 
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for j 二 1 , 2 . . . . , 11. A c c o r d i n g t o THE IKKI^'HI^ l>i.(>|>(,rty’ w ( � h a v e 

>:/,((” + 丨 - l O y - r U ) + 1 + A)V7-(.y) 
: j e l 

> A',;.(()) + X ^ O —")兄'/心•）十 + A)兄'/.(.'/•)， 

I jel 

lor a r b i t i n r y I € { 1 , 2 ’ . . . ， " } a n d /• = 1 ,2 . 
r 

For a r b i t r a r y 0 < if' < 1 for /： 二 1 ,2 , d e f i n e 

/ ‘ 

It is (visy to verily that (X ( ( ) ) , . . .，X( / / ) ) can l > ( � l i r d印b y ihv. policy (/々 ，A/,):= 

( E , " ' • / � ’ [ , " ' � " • ) “ z ( o , o ) . 口 

P r o p o s i t i o n 5.2 A " is dosc.d in (.2^2*)"' ' • 

P r o o f . Sui)i)()S(； that. { (X ' ( ( ) ) , 1), • • • , A ' ' ( 7 ； . ) ) € A „ is a scciuciico coii-

vr.vgmg to (X ( ( ) ) ,A ' (1 ) , - - . in (.：^;)"". W(i cUniote { ( “ “ A/ / ) } ,^" € 

.c/((),0) as Mi(i coiTCHpondiiij!； li(!(lgiiig strat(;gi(\s. For our coimuiicnco, (1(卜 

fiiir (T,，JTf) <is tiio cuiimlativc Jiiiiouiits of hnymg and sdliii片 r()sp(，(.tiv(�ly, i.e., 

tU) = E U . lM.nSA:n and Jl',U) = E U i 咖 A I S O ， W C define the * 

corn^spoiiding vali出 i)i()c(，ss(is, i.o.spoctivdy, as follows, 
n v 

y;(()) 二 -[(i + A)7:;(j) + E(i-"_)’ 
y/U) 二 7 ： ; ⑴ - 恥 + 产 ( . 二 ‘ ' “ " ) , • 

f or j = 1 , . . . ， " . A c c o r d i n g t o tl io luKlgiiig proix^rtics , w(，luiv(， 
"‘ b 

Yiii)) + " ^ ( 1 一 (i)YU:i) + ；^(i + A)V:/:Cy) 
jei jel 

. > X'(()) + ^ ( 1 - / / , )X ' ( j ) + + A)X'( . / ) , (5.15) 
je7 
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for any I C {1, 2, • • • , }. 

Now w(�need to i)r()v(�that scxivicnces {7;}，{A/;} and { V / ( j ) } ( j = 1. 2 . … , n ) 

an’ l)()iiii(l(xl in t he Hilbort Space H. 

D(nK)tc /?；(/) = /nAq( ( ) ) + ;Eje"Y'Xy)( l + A) + E K 7 A � ( . 7 . ) ( l - " ) | 7 , ] . Sinco 

+ 一 " ” ' , ( . y ) + Z]je7(l + 入)y/’(y) is "*-siil)criiiai.tiiigal(，. we can easily 

(l(Tiv(�that 

"丨(/) <� , /•(()) + ^ V7(j ) ( l + A) + ^ V' / ( j ) ( l - //). (5.16) 
- / € / jel 

W(�also (l(�iK)t(�r;(.y) = With this notation, we can 

rewrite (5.16) as 

(A + //)(^717；0-) + < —";•(/) + ^ ( 1 + X)CiU) + — " ) ( " � . 
j€7 jel 

(5.17) 

SiiK!C • 

y/ij) < 7：；⑴ + 咖， 

y/u) > - 对 ⑴ + 咖 ， 

together with (5.17), we can derive tlicit • 

.EvYCy) < EZ拟+ 如 销 + 

j=i j=i j=i j=\ 

where /q = 0 and / � = {1 ,2 , . . .，n} . Hcncto, 

z |/M/o)| + |/{/(了0)1 . 1 + A .SWi(j) -
< ^ + V T " • > > >.s 0 ) • 
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Ba.sod on cliscrote Groiiwairs i i i ( � q i K i l i t v � V ' / ( . y ) is boniidrd. Tli(�r(�f()r(�. 

(”i(j) is bounded. 

Flirthonnor(\ R) is bounded. Actually, 
n 

sup < ///sup ({)))- + V ( 1 + A)(X(/-))-l < oc, 
/，,ez Y ^ 

\vli(�i.(�III is a houndod constant. Hoiicc. both {7：；} and {17；} art�l)()uii(l(�(l. 

Then, there rxist converging siibseciuciices of {I；}. {17；} and { ¥ / } e H. such 

that 

—> /小 M'( 一 -A//, >7 — ) ] weekly in H, as i — oc. 

We can then defiiio 

V n 

j=i j=\ 

YdJ) = 7：,⑴一 + � ‘ s … 厂 广 乃 

for j = 1，... , n. Notice that Y/ converges to V/ weekly in H. Therefore ( ' ' / ( j) 

converges to Q U ) ：= El；!) ⑴知丨思；严 

Since L] and Al] are iioiKlecreasiiig imtlis, we can assume that their limits Lf 

and Ml are also noiKlecroasiiig. So, 

lim E*[TJrUnA] = 站)1,4]， 
1 —OC 
lim E * [ j f r U n A ] 二 杯 / , � l , i ] ， ^ -
j—»oo 

As / 4 ( / ) = X'(()) + Zj^i x'(j)(l + A) + 一 //)，it is obvious that 

"々 ,（/) converges to IhW) ：= X(()) + 入�（ 1 + 入）+ —“)孔^ 

^ Discrete Groiiwall's inequality states that if a iioiiiiegative ‘sequciicc ii = 0，. • • , n] 
satisfies y � = 0 , ：(/„ < A + Dh [ 二 y” I <n < N, h = 1/jV, then niaxi<i<,v ！h < Ac'̂ , whcro 
A and D are positive constants indopeiulent of H. 
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i —> oc. H(�ii(.(\ 

(A + / / ) ( ^ I 7 r { . y ) + Y ^ ^ M J ) ) = lnn{A + / / ) ( ^ I 7 r ( . y ) + [丁:tU�� 

J^' jel je/ jel 

< lim 卜 " ' 厂 + + 
J€l 

jeJ 

= - / " ( / ) + + A)"山•) + - 几 

JU jel 

whicli is o(|uival(nit to 

Vr(()) + [ ( 1 - fi))rU) + + \)Yr{j) 

> X{i)) + - fi)XU) + + X)X{j). 
JG/ jel 

Therefore, (X/, 17,) can hedge (X{()) , X ( l ) . • • • with initial holding (0,0). 

Now we ikhkI to verify that ( I , , A7/) E .c/({),0). Since (T'f,J7\) G .c/(().0), \vc 

have 

t { l ) > 0, Jl'(t) > 0, 

V 7 ( 0 ) + [ ( 1 - ti)Y/{j) + + A ) y " / ( j ) > 0， 

je/ jeJ 

for any /, = (), 1，2,. •. ’ T and I C {1, 2, • • • ， A l s o w(> hav(i already known that 

— I小 M\ — A//, V/ —> y；. weekly in H, as i — oc. 

Therefore, we can derive that 

Li > 0, J l i > (), 

”(())+ ^(1 — ii)Yt{j) + [ ( 1 + X)YtU) > (), 
J^i jel 
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for any / = 0. 1. 2. • • • . T and I C {1, 2. • • • .,?}• According to Definition 5.1. 

(LtJJt ) G x/( ( ) .0) . 

• 

Propos i t i on 5.3 Ai 门 A(, 二 

P r o o f . Suppose that Ai 门 A(, + 0. So then�exists some ( / " , A ) G ,(/((). 0) such 

that Xo = A ' o ’u / and .V, = 丄,a/ (/ = 1 , 2 , . . . . / /) satisfy 

je7 

for arbitrary / C { L 2 . . . . . n} . 

But if \v(�(lofiiie 

兄 ( ( ) ） = A V 。 丄 ， = 几 + 

x , ( i ) = aV“，,/) = A�( / : ) , 

for / = 1, 2,…，7/, wo c:an derive that 

AV{()) + ^ ( 1 - / /)XrO-) + + A)AVO-) < iTV. 

je/ jel 

for arbitrary I C { 1 , 2 ’ . . . ， " } , which implies that (/小 A//) Ix^loiigs to � / ( / ( ” 0) 

and hedges (H'V, 0) with initial wealth ( /o ,0 ) . This is a contradiction to the fact 

that /o < / ( a ; 0 ) . • 

Suppose�that ( / / ( ( ) ) ,•. . , / / ( " ) ) G £ is the optimal solution of prohlem { ! ) ) . 

We then have the following property about Wj . 

T h e o r e m 5.3 For an arbitmri) II G C, and optimal II £ C for the dual problem 

(D), we have 

E[Hr(0)WT] < ElflriOWr]= 
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Proof. Doii()t(； U(ij) = mnxll(x}- ry. and / ( . ) = {lJ'(-))-\ 

For th() auxiliary i)r(>hl(�iii {A(H)). \v(�introduce^ th(�Lagraiigiaii mulliplior 

and (.()nsi(l(T thv following!, optiiiiizatioii pmblrm: 

max /；“⑴ , )寧 ' / , ( ( )川 7.. 

Th(�()i)tinial condil ion dictates the first d(�i'ivativ(�to be (�qiial to Z(T(>. /';[/"(U,/,) — 

口/,,.((})] = 0. Accordiiiji, to Pliska (1997). t he following ii(，c(�ssm.y coiidit ions iimst 

sat 

//'(U 7 )— (//'/’(()）=(). 

H(�n(.(�th(�optimal valuo satisfi(\s U/• = / (� " ' / . (O) ) for s o n i c � . T l i ( m thv opti-

mal value of the objective function is j^iv(�ii by ,/"("()) = iiiin^ /(^//•/•(())))- ‘ 

《厂[//7,(())/((//7,(()))] = iiiiii^ /'；[//(^//r(()))). Si)(K;ially, for optimal 厂/ 6 C of 

problem (/))，W-, = f 餅！侧,仙(1 ""("()) = for some I 

For Hrl)itrary II e C and fixed arbitrary ()<£：< 1, introduce t ho following 

perturbation, 

厂严(/) = (1 - £ ) / 7 ( / ) - f s//(/.). 

Note that / / ' G and " ' ( . ) = - / (•)• Wo now consider 

liiii "e ：= liiii -[ / / (^/7r(())) - " ( f厂 / f (())) 
510 elO € 

= - l i m 去掀 " , ) [ " / , ( ( ) ) -厂 / ) , ( ( ) ) : 

= - ^ / ( ^ / 7 r ( 0 ) ) [ / 7 r ( ( ) ) - //7,(())1， 

八 〜 A 

with li. being soiiu; variable l)(;twcon //7’(()) and / / f ( 0 ) , and liiiî ^o h. 二 " ' / (O). 
4 
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H(m(.(，. using Fatou 's LCMIIIUH , jj;iv(�‘s rise t IK; (ollovving, 

厂 厂 / 7 , ( ( ) ) ) — f / 7 r ( 0 ) / ( f / 7 r (()))] 

二 /qiim 丄 " W / r ( ( > ) ) - " (海 ( ( ) ) ) ) ] 

< liiii r:\IL] < 0. 
一 eio ‘J — 

T h e al)(>v(�iiKKjuality is satisfied br rausr II e C attains the iiiiniiniiiii of t h ( � d u a l 

|)1-()1)1(；111 ( I ) ) , i.e. 

iiif luiii 厂 [厂 / ( ( / / ' / , ( ( ) ) ) ] = mill iiif 几，[厂 , ( ( / / ' / . ( ( ) ) ) ] . 
iiec e. ^ //€£ 

Thoicfoic E[U(^rirm)] < /^[r/(f/7f(())))j, and liciicc 厂(",）< (). • 

Th(�following Ui(�()nmi is the iiiaiii result of this scct.ioli. It gives a posit 

answer TO t li(，quest ion wc ask(�(l at t IK�hogiiiiiing of this s(�(:t i(m. 

T h e o r e m 5.4 / ( a ; 0) < siip^ l^[llr(0)Wr] = "o. 

Proo f . According to Propositions (5.1),(5.2) and (5.3)，and the Ihiliii-Baiiacli 

sc^paration tlicorcin, there exists a sĉ t of iioii-zoro random voctors ...，(二) G 

such that for any (X(()), . •. , X(//,)) G A(,， 

F/[QX(i)) + C � \ ' ( l ) + . •. + QXin)] = /v[C(,X(()) + CiA'(l) + . •. + C„A'(/01 < ()， 

(5 .18) 

— /(,)] = /';[Co(H^7' - /())] > (), 

(5.19) 

WIKUO Qi 二 f o r / = 0,1, • • •，77. It is cfusy t(> verify t hat 

(1 - i m m < 恥 ， < ( 1 + (•) 
‘s( ' ) 

Co > 0 (/ > ()， m > (), /':lC^V(/)] > (). (5.21) 
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Actually, for fixinl r G {(), 1, • • • .7'} and an nrbil.rary bounded iionm,印aiv(，J^r 

iiKuisurablc r a n d o m vm,ial)l(! ()，\v(�consider a t rading st rat(;^y start ing wit h ( 0 , 0 ) 

that b u y s 0 shares o f arbitrary s l o c k i. al t i i i n � I — r , and d o c s no th ing (>tli(nwis(�. 

Tliis is a buy-aiid-hold si lately. So, the trading st m.(�givwi us follows, 

三（)’ l/l�i�={}l,=T’ 

lj;{:i) = i),Jor j^ i： 

and t h ( � w r a i t h 丨>r()('()s‘scs arc 

X f ( ( ) ) 二 - " ( 1 + A ) ‘ S ; ( / - ) 1 , :」 T ， 

XI'U) 二 0 for j ^ /：, 

for 0 < / < T . T h e fo l lowing proccjss, 

lh({))[Xf(i)) + Zt{l)X\\})] := "[///('/:) - (1 + A)//,(()).S(/))l,>r, 

is a /^-siiponiiartiiigalo for <�v(”.y II E Tlien)f(>i(� 

/'：[//,(())(Xf(()) + ZM^tm^r] = 0{E\lli(i)\Tr] " ( 1 + A).S;(/:)/';[//,(())|jq} 

二 "[//“/) 一 (1 4-A).SV(/)//r(0)l 

= - (1 + A) 

From (5.18), lmv(� 

= F ^ O i Q S r i i ) - {I + XKi^Srii)]} 



ClIAin EIi rj. M-r POIUTOUO SELECTION WITH TC 122 

From arbitrariness o f 0 > 0, 丁 and / == 1. •. • ， "， w(� can (l(、（lu(.<� that, 

厂 丨 巧 ⑶ + A ) 厂 M 权 

Similarly, if w(； consider a trading s t m t , � g y of s ( � l l i叩 0 shares of arbitrary stock i 

al tinir I = r . w ( � c a n (lr(liir(� t hai 

Sj)(rifi(.aUy, Cor I = V and I = (), w ( � c a n easily (Ici.ivr 

Co > 0 (, > ()，/'；{((.) > 0, > (). 

� If w(�lake 厂(（“)=1, (5.19) ji,iv('s rise, 

Cons ider arbitrary 0 < e < 1, (//"，...，11,,) ^ 已 HIKI (Idiim 

/�/,(()) = £//,(()) +(1 - 明 

/� / ,(/) = £ / / , ( , : )+ (i-£)/';[(；,�S'r(/:)|«F/l’ 

lor i = 1, 2, • • • , n and /. = 0,1, • • •，7\ 

Clwuly, th(»so iivv. positivd inartiiij^akis and //(,(()) = 1. Miilt iplyiiijî  (5.20) by 

(1 — £：), w(} have 

(1 < < (1 - � 1 + A ) / 雜 

Conibiiiin只 t hr above; iii(K|iiality witli 

' 、 ⑴ 

yields 
� n,(i) � 

(1 - " ) " , ( ( ) ) A), 

4 
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lor I = 0 , I , . . . / / ’ . Th(�mlon、，(/7,(()),•••，(/7,(")) € H(�nr(, 

sui) l':[llri{))W',] > f':[rir{^))Wr 
c. 

. = ( 1 - f)/';[(丨丨iTrl + €l':\llr{i))Wr 

> Ju( \ -e) + €h:{llrimrV 

L(;t ,5 I 0 a n d / , , I /(a; 0 ) , IVoin t he proixM t.y in Throi r m 厂 w ( � h a v e 

/•(a:()) < sui>/';[//7,(())t7Vl = 
c 

• 

Remark 5.4 llirorcm 5.4 shmns Uial if Ih.arc r.:i:ists an. opitm.al solution. II to 

Ih.a dual prohlnn. {!)), ihc/n the (mirspoii.div.ff optimal solution 11,'/. to the prohlr.rn. 

(/!(//)) ran. he hr,dfi<d hy sonic. adiiiissihUi policy {L,, A//) G ,<>/("(>, ")，which menus ^—^ 

lluit II7' is aU(iinal)l(i. 

iMirt hormone w � g i v e soiiio piopdi t ios ol.t,h(，optimal fi(liiiissil>l(�t rading st rato-

i.(�.’ (/>/, A//) G 0/), in tlici following pmposit ioii. 

八 

Proposition 5.4 The opiim.al hudiiuj sfratqjy (/.,, M,) G (I)『丨 and the. opf.vin.al 
A 

terminal, wealth of Uia prohlcni (/!(//))，Lc. Wr, satisfy: 

((1 +A)-名 ( / : ) )冗 , ( / ) = 0, 

((\ ~ ,i,) - 2,{i))U{i) = 0, 

and 

= 11,(0)+ 
/=l 
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Proo f . Since (/小 A/,) chii h(，(lp，,H''7.，vv(； lui,v(! 

n.Ho) + ^ ( 1 - ")n'/.(/:) + [ ( 1 + A)rir(/) > f f v , 

V / C ，"}• A s 1 — // < Z ' r ( f ) < 1 + A, \vr can 妒 Uic (ollovviii^i, in(�(|"alit,y， 

n./.(") + Z 么’(/:)fi',,(0 > Wr. 
/•-I 

Hccall (r),”）that 
“ 

n'HO) + Y^ Zr{i)\\r{i) < Wr^ 
i - 1 

A 八 ^ ^ 
Th(Td.(>i.(、，wc can derive that II'HO) + -̂ '/ (z)!Iv(/) = IV',/.’ i.e., 

T II 11 

卜之⑷ + (] + W^rii)SAi) -I- Yl^Zrii) - (1 - //)1A7,(/).sv{/)=(). 
T = 0 7=1 /二i 

Sinco 卜乏“/:) + (1 + A)17�(/:).S;(/:) > 0 and [ Z “ / ) - (1 - / / , )]A7^(/ ) .SV ( / ) > 0 for 

any r and /, lmm:(，w() can (l�iiv(，t liat 

((1 + A)-名(/:))/；(/•) = 0, 

((1 — / / . ) -名 ( / ) ) M ( / : ) = 0. 

• 

5.5. Duality for primal problem 

III S(H;l,i()ii r),l, w(� shows that if itifiiimiii of thv. dual pi,(>l)l(�iii (D) , i.v.. / / , is 

atUiiiuiblc;, tluni tli(； optimal tcrniiiial wmlt'h of auxiliary pi.obkmi (/!("))，HV, 

is all attainable contingent claim. Tli(，following t,h(，()r(”n shows tlu; rdatioiisliip 

l)ct,w(HUi UK，optimal solution of thn ori^^inal probloiii HIHI thv, auxil iary probUiiii 

M(厂/)). 
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T h e o r e m 5 . 5 Sujyposc l.h.af. ( / / ( ( } ) , / / ( 1 ) ’ . . •，//(")) € C is Uic opUifud solidion. 

of ili.(i dual 'jrrohlcin. (/))， Uut coric-spo'iuli'tuj opfim.al ohjcctinc vahu: of {A( 11)) is 

H'7,. and (issn/fftc I.I ml, Uiarc, exists (yplvuuil f.fudrn.fj sbutcf/y (厂卜八/,) G 小 T h f y " , 

{Li. Mi ) is 1.1": opLiiiud ti-adiiuj .sl.raUyy l.o Uic orUjiiKil prohlc/m. ("), and 

(iih.crr ./("")’ Jfiivii) and ,///("") (ur the. opivfual objcrJ. valm'.s "/(/,)，(A{ll)) and 

{A{ 11)), n'spcctivcly. 

P r o o f . It is o b v i o u s tJiat (/々，A//) is a Forusibhi sol ut ion of t .hooiigi i ial prohhiiii, 

and can IKHÎ C; II,'/’. Thus 

fl'/ lO) + 5 Z ( � 十 " … + Z ! ( � - A ) n 7 , ( / ) > Wr. 
>e/ id 

V/ C {1,…，//}. Note that, wo liHV(； 

II rir(()) + Y^ Zr{l)l\r(i) = Wr- (5.22) 
1=1 

For arbitrary /, if.!!/,(/:) > ()’ w(; LIAVO UK; following IIKHIUALITY from TLUI (Idinit I()II 

ol" li(，(l肌 

n'Ho) + Y . - / o f i r o ) + + 入…‘/心.)+ n — > wr-

(5.23) 

With (5.22) and (5.23), w(； c:aii (ICHIUCC that Z'f,(i) < 1 — Ihrncc, Z'/'(i) = 1 — //, 

on {U'lii) > ()}. 

Similarly, for arbitrary /, if IIv(/) < 0，wo liav(； t,li(! Ibllowing iiKKjuality, 

fl,.(()) + X ] (1 — " f h . U ) + X ] (1 + AjfivCy) + (1 + A)fl'/’(/:) > H/'/.. 

(5.24) 
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With (5.22) and (5.24), w(�can ilvxhicv. that £/’(/:) > H - A. \Umcv., Zr{i) = 1 + A 

on {UrO) < ()}. Thus, 
n 

rir(()) + X^ i ?7 ’ ( / ) r i r ( / : ) � 

7i 

f二 1 
71 

‘=rw")+ [/•(/)). 
'rh(,T(，i.()r(，’ the corrcsixHidiiig tciiiniiial wcalt li, i.(；. Vf = l i / ' , is an attainablo 

woiilt h of (/)). H(，n(.�.y(/；()) > . / ," � 

Oil \.\H) ()l,li()r hand , for o p t i m a l t rad ing slrat,(;gy o f the original probkMii 

(L*, A/,*), and arbitrary II E C, wv. have 

So (L*, A/,*) is a f()asil)l(，solution of ( / ! ( " ) ) . Th()i.d(m5, 

•J{vo) = JirM < JiiM V II ec, 

wli(U(； i r is t,li() cfunispoiidiiig procciss that nmkos K, == 厂 

Ii(;ii(!(i, wo lmv<， 

= '^iiM < -hiM V II eC. 

• 

-Based on Thciomii 5.5, wo can derives tho optimal .solution of th() priimil coii-

straiiKxl probUiiii ( " ) l)y solving an uiKxnistraiiKjd probk^iii (A{ll)) in the aux-

iliary iiiark(̂ t .#"，if w(，can find the optimal solution of the dual i)i.()hl(mi (I)). 

This kind of uiK^oiistraiiHKl prohloiii has iilmuly hern aiialy/od in Soctkm 5.3. 
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T h e fo l lowing (;xaiiii)l(； i l lustrates I IK; jc^Iat ioi iship l)()tw(;(;N Ui(� pr imal prohUiin 

and an uncoiist raiiKid auxi l iary i)r(>l)l(’m. 

Example 5.1 Wc consider a "mrk(!t wil,li (m(�risky s(�('mity and ( m � b o n d , 

Hiid th(�iiivostiiKMit horizon is T — ‘2. Tli(�sainph^ spare il has K = A (，1(出i(mts. 

Sui)p()S(； tliat t h(; 1)011(1 prico is c o n s t a n t , and tin; prk.os o f t,h(； risky securi ty a n � 

listed in Tfil)l(�r).l. 

T a b l e 5.1: l)i’i('(，s of risky ass(^t at or iginal iiiaik(，t in Exi im|) l (�5.1 

uj iS() iS I jS-j 

c j i r) 8 9 

ijj') 5 8 (i 

u；；! 5 1 G 

ijj.\ 5 4 3 

An iiiv(\st.()r (mt,(”.s this fiiiaiicial iiiark(il with initial w(;altli "() = 1. She is 

trying to find out, tho best allocation of hor wealth to both t,h(�bond and t\w 

risky a.ss(!t to iiuixiiiii/d tin; utility iuii(•丄i(m of tlui toriniiia.1 w(^altli /'v(2V2 — 

Sui)p()S(； t hat she will pay a proportional transaction cost; when slic traiisf(»rs her 

iiioiioy l)(，tw(K，ii hank a(x:(miit: and .stock holdings. Tli(，proportion i.at.c is ().()()8 

For buying and ().()()5 for selling!；. . 

By using an oinuiKuation iiiel hod, w(，c.an gĉ t, tho optiiiuil trading stmt,(识y by 

(!()iiil)ariiig all sdliiî i； and buying ccuscs. The optimal i)()licy is to buy 0,2 unit of 
« 

risky <uss(̂ t at initial time I. = 0, sell 0.3 unit of risky iisset when t,li(，\mcv govs up 

to 8 and do nothing whon tho pricx̂  goes down to 4 nt time / = 1. Fiirtluuinorc, 

tho optimal objoctivo value is 1.G2725. 

Now w() illustrate that this coiistniiiuKl iiiv(^stinoiit problem is (X|uivaloiit to 

an uii(H)iistniiii()cl probloin in an auxiliary market .為 / corresponding to soino 
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iiuirtin^filc i>r()c(，ss()s {(/ / /(()), / / / (1)) } € C, which is six^cificd as in Tahk) 5.2. 

Actually, iliis sprrificd mart ingale procx^ss is (.<mstnK.t(，(l as t h(�（>ii(�to inak(； t,h(� 

optimal trading!, strategy to satisfy Proposition 5,1. 

Tabic 5 2: Opt imal inait.iiigal(i processes in C in Exaiiiph? 5.1 
U； //"(()) //(>(1) //o � //,(()) / / , ( ! ) //i � 

U；, 1 0.5252 ().(i(i 丨 �).(M 1.1806 0.0238 

u；-. 1 0.5252 0.3861 5.04 i.l8()G 2.33()9 

u;:{ 1 1.4748 1.0028 5.04 5.8992 5.98G7 

叫 1 1.1748 1.9'1()8 5.()4 5.8992 5.8112 

i)ii(.(; proccss of risky nssct at tlu�auxiliary ina,rk(;t , axtcordinji； to (5.11), . » 
is in()(lifi(Kl as in Tables 

Tabki 5.3: Prices of risky nssrt at auxiliary iiuirkot . in Example 5.1 
LP Z » ( l � v ( ) 卻 ) " ， . 

cj, 5.04 7.96 9.072 

a;.2 5.04 7.9G (i.()48 

5.04 4 5.97 

5.04 4 2.985 

At tho auxiliary market, / / • � is the state density, and /';[(//2(()))‘2]= 

1.3465. According to Tliooreiii 5.2, the optiiiial objective valur to the uncoii-

straiiKKl portfolio soloc.t ion pmblom is 

> -(了0卞=i X 2:) - (1—2)2 二 

2' 2E[(//2(()))‘2] 2 2 X 1.34G5 . 

whidi is consistent with tho result; dorivrd by using (Miuiiicratioii iiiotliocl. 
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5.6. Summary 

\V(�hav(�(liscuss(Kl in this chapter a iiiulti-pmocl portfolio selection probloiii under 

transaction costs. Onr work is an (extension of Cvitanic- and Karatza,s |15|. By 

iiitiodudng a s(，t of auxiliary martingales, we transform the primal prohloin to a 

set of. optimization problems without transaction costs constraint. Wo find that 

optimizing a portfolio in the frictioiial market is (iquivaloiit to iniiiiiniziiig thv 

op t ima l value for the set of auxi l iary unconstraiiKKl opti i i i izat ioi i prohknris, if it 
4； 

exists. Also, we (;haractcriz(i the opthruil solution by investigating its proj^ortios. 

Our result is similar to the coiitiiuious-tinie case, although we consider a 

iiiultiple-risky-assct portfolio.. Different from continuous-timo model, w() build up 

an eciuivaleiit relationship between the portfolio selection problem with transac-

tion ciosts ill the original riiarkct and the problem without transaction costs in an 

auxiliary market. 

J 



Chapter 6 

Conclusions 

We have studiod in this thesis iiiulti-i)crio(l portfolio selection problems with 

different market settings. More spcx'ifically, we have considered invostineiit sit-

uations with stochastic iiivestinciit horizon, which introduces an additional line 

of risk into the (liscretc-tiine investment optiinizatioii. W(? also have investigated 

fric!tioiial financial markets hy considering no-shorting or coiiskleriiig transaction 

costs. 

We have revealed in the first part of this thesis the impact of the stodiastic 

investment horizon on the efficient frontier of the optimal portfolio. This thesis 

is the first to analyze mean-variance iniilti-period portfolio selection with state-

depeiiderit stodiastic iiivostiiiciit horizon. We build up a system of uncertain exit 

time, whidi requires much more information in addition to prices of secnritios. 

By using (lyiiaiiik; prograiniiiiiig, wo derived tho optimal investiiieiit policy and 

efficient frontier of the portfolio selection problem, whidi has a similar structure to 

the case with deteriniiiistic investment horizon. However, introducing this new 

lino of risk, uncertainty of iiivestinent horizon, into the inulti-pwiod portfolio 

130 
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selection iiicroasc^s tlu; iiivcistinciit risk. 

Tlicre ar(； several possible extensions on this rcscMich sul)ject in the future. 

The first ()n(� is to consider the portfolio selection pi()i)leiii with a stochastic 

investiiKMit horizon under general utility criterion or other iiK^aii-risk critoria. 

As we have known, ineaii-variance criteria has some limitations. For example, 

extreiiio (events may 1)(�iji;iior()d when using iiK^aii-variaiico criterion and hiv(�st()r 

coiikl fa(.(�a risk witli a significant iiiagiiitude as a (.ons(�(iu(m(:C!. Adopting some 

suitable criteria, such as the inoan-CVaR criterion, will avoid this kind of problem. 

The second one is to consider the portfolio selection piol)keins with an iiiicertaiii 

(ixit time duo to fnidogoiious reasons, in wliidi situation the exit tiiiio is a stopping 

time and is (lepeiidcnt on the investor's wealth. 

Wo hav(; considered in the second part of this thesis the multi-period portfolio 

selection problem in a frictioiial market with no-sliortiiig or with transact ion cost. 

Actually, when the market is frictioiial, the portfolio optiiiiization probkmi will 

bccoiiie very coiiiplcx. We overcome the difficulty in this thesis 丨)y a dual method. 

By coiistruciting dual problems, the optiiiial solution can be cleteriiiiiicd by the 

optimal solutions of the corresponding dual probleiii. Explicitly, if w() can gcX the 

optimal solution of tlie dual pioblom, wc will define a coiTcspondiiig frictioiilcss 

auxiliary market. Therefore, the original portfolio selection pro})lein in a frictioiial 

market is equivalent to a portfolio selection problem in the frictioiiless auxiliary 

market, which is inudi easier to haiidlo. Our result, which is based on a qimdmtic 

utility function, can be cxtoiidcd to general utility function. 

There reiiuiiii soiiio oiitstcuidiiig open problems for us. Although we can derive 

the optimal solution of the dual problem by using dyiuuiiic programming under 

the situation with no-shortiiig in Chapter 4, it is difficult for lis to solve the dual 
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])1()1)1(̂ 111 th(i s ituation with traiisactioii costs in Chapter 5, b(;c,aus(； of th(� 

ambigui ty of tlu; feasible^ sot A n o t h e r clialkniging pr()hl(，m is whet hor \v(�can 

investigate })()rtfolio opt imizat ion i)i()l)l(，iiis with o th (�r kinds of coiistraiiits, such 

Ris constraints of ui)p(T and lower b o u n d s , l)y using the dual ity analysis. 

/ 
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