











































































































































































































































































































CHAPTER 5 Optimal Policy with a TOQC Contract 90

pletes the proof.

CASE Co < Cpy

The buyer needs to trade off between the two procurement sources. If he takes
the advantage of the low spot price now. then the commitment may be pushed
to the next period. Therefore, in this case, he may procure certain amount from
the spot market at the current low spot price, and orders some quantities from
the contract supplier at the same time to reduce the commitment to leave certain
flexibility to the next period.

In this case. the dynamic programming problem can be written as

S Oy — i / ' H.¢
Ja(x, Qa:c2) (2}_,1%1(]1120\ (), (5.9)
where
V(q) = cpq+ mings,yq[—ca(z + q) + W(y. q)l:

W(y.q) = cay+ L(y) + Eee, /iy = & (Q2 = g)s 1)

The analysis to follow next is to solve the relaxed version of (5.9). i.e.,

min V' (q). 5.10
Zug (q) (5.10)

It is called the relaxed problem because 110§v g can be negative. This is for ease
of mathematical derivation. One can regard the negative ¢ as selling back to the
contract supplier at the expense of increased commitment in period 1. Later, we
restore the non-negative restriction on ¢ to identify the optimal policy.

We first decide the optimal y(q) for

min W(y.q). (5.11)

y=a+q

given q € (—o0, Q2]. Then, y(q) represents the optimal inventory level to maintain

by ordering from the spot market after ordering ¢ from the contract supplier.
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By Theorem 5.3.1.c). W (y.q) is convex in y. Hence, y(¢) has the form as

S3(q). « < S5(q) — g ‘
ylg) = (5.12)
“ r + q. otherwise,
where S3(g) is the optimal value for the unconstrained version of (5.11). Further-

more, note that S3(¢) is finite and satisfies the first order condition of W (y, q).

We now obtain some properties concerning S3(g) as a function of ¢.

Lemma 5.3.2 S}(q) increases and S3(q) — q decreases in q.
Proof. Sce the Appendix. o
This lemma has a direct interpretation for the optimal order-up-to level and
spot purchase. If the spot price is lower than the commitment price and the buyer
has procured ¢ from the contract supplier, then the optimal order-up-to level by
ordering from the spot market increases in q. However, the amount procured
from the spot market decreases in q.
In the following analysis,” we determine the optimal ¢ for (5.10). Before pro-
ceeding, we define three numbers: S, SS._, and (3.

Let Sgo be the optimal solution to

”~

minfeoy + L(y) + Eee, [1(y — £, 05 ¢1)](= min W (y, Q2)). (5.13)
y 7

SS-_) be the optimal solution to

min[coy + L(y) + E¢e, [1(y — € Qo: ¢1)](= min W (y, 0)). (5.14)
y y

Fe

and Q3(> 0) be the optimal solution to

min [—(cy — 2)Q + E¢, f1 (SM - £,Q;¢1))- (5.15)

Qe€[0,00)
Then, Sg» = S3(Q-) is the optimal order-up-to level when the buyer doesn’t

have any remaining commitment on hand; SS._, = 53(0) is the optimal order-up-to



/
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level via spot market when the buyer defers all commitment (Q-) to period 1;
@5 is the optimal commitment size deferred to period 1 after the buyer trades
off between the unit cost save in current period, (¢ — ¢»). by buying from the

. . : oEe. (SN -£.Que
spot market and the opportunity cost saved for period 1, (—= ‘f'((.)(’z’ : 2(')). by

fulfilling the commitment.
Morcover, S, » and @5 are independent of (0,, and there is a monotone property
between .S'S.z (or S? when no confusion arises) and @, (or Q when no confusion

k 4

arises) (Figure 5.3). which is showed by the following lemma.

s

Lemma 5.3.3 .Ss?._, decreases in Qy and 30, > —1.
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Figure 5.3: Relationship between S9 and Q

Proof. See the Appendix. o
This lemma also implies that the more the commitment deferred to period 1,
the lower the optimal order-up-to level (via the spot market) in period 2.
The next theorem states that it is optimal for the buyer to order from the

contract supplier to bring the remaining commitment down-to 23, if the inventory

level after ordering is lower than S, or just to order up-to S} otherwise.

























































CHAPTER 5 Optimal Policy with a TOQC Contract 111

The case when A > A is almost the same as above analysis, we neglect the detailed

analysis here. The property that f(z,QQy; ;) increases in Q) is a combination of

Jnex: D (2,Q1 50 0
a) and b). And * f'('mz"") ' f'(',’)’Q{' @) — — ¢ can be verified case by case. o

Proof of Lemma 5.3.2 Taking derivative of W (y, q) with respect to q yields

1L(S5(a) = J3" Uy s, €101 () da(er)d€ — //‘"“ L (Ag) = )i (€)da(er)dE]dey

— U s cbr(©dalen)dg = [T L (Alg) = €)1 (€)daer)dE]dey = —ca,
(5.35)

where A(q) = S3(q) + Q2 — ¢. Let M(q) represent the left-hand side of equation

(5.35). Taking total derivative of M(g) in ¢ and letting M'(¢q) = 0, we have

LM(S5(@) 250 [ f [O7I L (A(g) =€) () ol en)dEder+

S22 JMOSI 10 (ASg) = €)bi (€) (e )ddden) (L — 1) = 0.

dyq

The convexity of L(x) implies 95;3(a) > (). The first part of the lemma is thus
. ] A I

proved. The above equation can also be rewritten as

17(S3(q) 25200 1(Sy(q) + [ SN0 L (Ag) = €)pi(€)ba(cr)dEder+

g
oo A(q)—-Sh, r)‘; ( (
it 5 L A(q) =€) (€) ol )dEdey |( ()'(’I) =29 = ).
Thus, ﬂﬁ%l—“—'—'l < (), which completes the proof for the second part. . o

Proof of Lemma 5.3.3 Setting ¢ = 0, we take total derivative with respect

to Qy of (5.35), and obtain

()Sq 9552

IJII(‘S'Q ()Qz + ”(ru l() @ 4+Q2—S 1 I”(S'Q 5y T E)(/)l({:)(/)2((3])(1&(&71
+ Jilma S (99, 1 Qy — €0 (€)paler)deden ) (o

‘)nz

+1)=0.

o)
”>—1.<>

; Q
By the convexity of L(z), we conclude that ‘SH decreases in (Qy and =22 305
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Al . . . U . . I.N;l% [y 1.8:\Ck
Thus, the optimal solution is S/ since ['—%—Ql(y, €.Q1y 1~y ;,:,—%—ul(y Qi) =
-—CH-

Let Sy, be the optimal solution to min, T'(z,y). Then, Sy, satisfies the
1, Y I

following first order condition:

. Ofe(L, 0504
(&7 ‘l' lll(!/) '*‘ I'Jf’,.kﬂ—.—‘-——i‘)‘lrfy_,f = ().
ol
Thus, as Q—f—“('.')':#ll,:yﬁ,{ > —cy L'(y)ly=s,,, < 0 and we get Sy, < .S';‘,’. The

following analysis on the optimal policy is almost the same as that in Theorem
5.3.2. Therefore, the optimal inventory policy in this case is as the theorems
states .

(ii) When ¢y < ¢y, the dynamic equation can be formulated as follows.

./'I\‘-H (-7'.-. Qk +13 Ch+1 ) = I“i“Q“ |2412(l{(7ll(l — Cr414q . i“fyz:l:"{'q[(fk-r | (l/ - :’:) + I’(l/)

+E€,f?|f(!/ ol ((JkuH - (l);“k)]}'
(5.39)

For a fixed ¢, we define

Mii(y) = ey —z)+ L(y) + EE,(:;:..[k(y — &, (Qr1 = q);cx).  (5.40)

Then, /(y) is convex on y. Denote the optimal minimizer of H(y) by Sk+1(q),

then, for each fixed ¢, the optimal y(q) for (5.39), as a function of g, is as follows.

St (q), z<8q(q)=a;
y)=4 o (5.41)

T +q, Otherwise,

where S, (q) satisfies the first order condition
Ofi(t, (Qrsr — q)icr), |
(‘)l’ |I,:”-—£ = (). ; (5.42)

(,'k.{_l;l/ + IJ,(!/) + EE,(.’;;































































