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Abstract

Both of the two major roiiipoiioiits of Gaiiio Theory, e.g.. the iion-coojKMatgain(. theory and tlir
as the IKHHIS to study the analytical propcrtirs of ZaiWs start to rise. Th(. results im s it(. d in
this thesis illustrate several ('oiiiioctioiis DetWvo(Mi Optimization and Game Theory, and att(. iiii)ts arc
iiiadr to build a bridge K #W{ ( i the cooporativo game theory and tlio iioii—coopcrativc game throry.
to chaiactorizo tho corxistcMico of (‘(MiiiK. titioii and cooiKnatiDii iii practir(. . WW start Dv applying
the properties of Polymatroicl Optimization to the cooporativo theory, and show that, both of
the joint reploiiish game and the oii(. warcliousi* iiiulti n. taU. i game an. svihiuodular i%aincs.. I" th(.
(X)ii(litioiis. This result can also he vicwt'd as an otHcioiit algoritliiii to (.ompuU. t he Nash Equilibi.hmi
of the game. Bocaiisc tlio coiiij)otitivo routing game satisiics the condition. ¥Wv(. know that if cvcrv iiscr
adapts with good enough meiiipry, tli(. i asymptotic—ally tli(. systoni (.oiivxTgrs to Nash Equilihi.iiim.
Therefore, if tlio decision of cooperation is difficult to reverse, then it can hv jusHHcd for tli(. farsiglitcd
players to use tlic cost stnioture in tho Nash Equilihriuiii point to (k. (i(t. if thoy should (eoopcraU.
ot not, instead of reacting to tlio iiiiinodiatc (OQis( qi(. i(C s as a basis to make (Irrisions., With tlio
optimization tools applied, we arc ablo to show that in parallel network, tlio -social cost and th(. cost
of.other players tend to decrease if two pliy(. is cooiKuate. Also. t.h(. pricc of anarchy is liip,hcr WL i
the tlow (loinaiicl of players aro more evenly distributod. Using that structural rosiilt. wv dcrivo the
exact upp(T 1)oiiiid of the pria—. of anarchy tor a given parallel network with fixed iiuiiibpr of play(»rs.
The cxact upper hound of tlio price of anarchy for arbitrary paralU”l network witli j2iv( i iiuiiihor of

players, which is independent to the network stnictiiro and parainctors, can K- (It oM. ( CONSCCJIUMITLY.
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Chapter

An Overview

Galium riicory lias two major r(""|><m("t.s, 1lie ii(" pro(Q)|)(Tat iv(> j"amc 1 hcory and coopcrnlive ["r

theory. These; two rom|>Qii(.nls S(?Gin to be (juilc (list aiit iVoiii ( a(li ol licr on 1 he first look, with

IKigali to rise .sluitj)ly. For an ( x({. I(;" covcrai®c on alj%joril limic "aiiic tlicory, we refer the renders

to [40.

The tools ill alj*oril liiii design and 0j)!imi/at ion have in part iciilar at tracled at tciil ion (Voiii r(!s(sircli('rs
ill coopt'nitive gaiiu; tlicory, sinet; it is iiccc™ssary to show llic ("xistcncc of tlie core, ; uul to answer oilier
basic Gu(st,iCns of tlie "aiiic, for <> XfU'pl( > > how to coiiipulc 1 lie core, is t Ik; ~miiic siibmodiilar or no!  etc.
For (ixaiiiplo, in supply chain inaimgciiKMit, all jmrt ics to on liovv to sliarc the costs and
HCIK'FILS LIFLS IxfMj iIMilLifi('(1 fus 01K; of the iiiajor NI ri(us to rollahoral ivc coimiicrcc in Imi(.11(.<' |17] 145],
and an (. xrdlQnt: survey can 1)( found in Nagarajaii aiirl Sosic [42]. In the game rdal,(( to 1lie wdl-

known joint r’>I( nisim( > nt (1)(Mid, t.liis <"(>st; on reduces to tlie mat iiGiiisif ical Gucst ion wlu™ IKT or not
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L.hn gaiiK ; is suhinodular. The siihiiiodularit y capt iircs tlie not ion of (c< rcasiii;” iiiMr’iiinl cost, mikI if
t GATIKI is sul)in(>(lular tlien as a (ous( (li(. i(r tlicrc is a popiihit ion inoiiolonic allocnt ion SCIKMUC,

under wliicli tlie cost is sliarcd fairly aiiioii™ tlie DUt i(ij)fnils ;ilidevery («<Dalition lias no coiijlict of

Zhang showed tliat tlie “anic lias population inoiiotoiiic filloc'at ion scliciiic [04] WIKMI t lie joint sclul)
cost is suhiiiodiilnr. However, it, rcinaiiis ojx'ii if 1liis “amc is suhinodular or not, iiiidcr t he “cnecrfil
; Lssutii{)(ion t hat tlie joiiil s(. U") cost is suhinodular. I'hc work in 1 lie next cliaptcr is to niiswcr tlie

T

(jiK'Slion, by using tlie tool known as j)(Qlyiii;itroid ()])timi/ation.

also silows tliat ccrtaiii zero sum |Laiii( has an (. Guilil>Hu"i solut ion. IMlcr, .loliii NMSII in 1 nH51 [13)
(Ixt(>iik1(@ 1 lie msiilt to s>Ow tliat basically all iJ["( > s will have ((JuiliDriM. To analyze Ihe |)mp(Tti(. .s of.
[ YOiiii cHiciciit ly first. Th(".Cror<>, 1 he (iicsl ion wluM her t licrc exists fm cfliciciil ali.ill"" lo coiiiputc
th(G@ Equilibrium point luus I( H raised by many n”si-arclicrs iii the field. Ilowcver, even for sii"|)1(
games, for (Gxanil)I(', biinat.rix g;aiii(", 1 his Drol>l(Mii has r( fiaH- (1 (o Ix' uiiscll Ifd for many years,
until r(GGnlly sliowii by C'lkmi and |7] tliat, it, is IM'AD-coiiiplclc. 1liul for (e(ertaiii tyjx™s of
games, it. is still |)QssiDIC to design polynomial liiiu» al”oiitInn lo iiiid the Nasli K@uilil>Hiim puiiit,.

The most, well known (example is the (wo p(lisQii '/cro-suiii ~ainc, wliicli corrcspoiKls cxacl ly to Linear

special gain(!S. For (- XfU'I>IC 11IK; sp(?Gt,nmi iiianagciiKMit ganui in wir(l#WsK coinnniiiicat ion, was sliovvii

by Liio and Panj” [37] 1 hat an iterat ive watcu Hlling al”oril Inn d)s converge to the Nasli HQGuilil)riimi.
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Tliorc an; also al®orillims wliicli om (.ompiilp 1lie IO(|uilibriuin point, Diit Jirc not assuiiicd to nni"

wit.liiii {)OlynQinia] lime. Tlic lypiral cxaiiiplc of it is 1 he famous l.ciiikc's al”orit Inn lor IX'P, wliicli

corrcHpoiids to liii<liffJ tlie ("(uilibriuii) 1)Qiiill of a biiiiat rix j~anic. To <L, siill i m cificiciil iil<ji,Oril liiii,

al®oritlim design and optimization.

It is Matiiral to assuinc 1liat wlicii people innkc decisions, 1llicy arc jriiiiarily ((Hiccnicii only wil li
llicir self interests, wliicli is known as 1lie ratioiuilily Ly DOtli(. sis in ('conoiiiics. Ilowcver, usually
people nifikc decisions based not, only on 1lie currciil situation, hul also on tlie liislory Ilial liicy
ohsorved. J1 is 1 hen'fore iiit crest,iiij” to stiidy tlie (lyiuuiiics of tlie syslciii, if everyone Icarus from
history. The C(ctit ious play lias Ix'Cii designed iial 1Ufilly lollowiii” this idcu, as an al”oiil liiii lo iind
a Nasli KGuiliDrium of a gaifi(. . It can IM; fiit(Tpi.(M:(*<l its cvcrvoiic simply phiys the best response lo
tlio av(lraj*(" of the liistory hciii”® observed. It has been sliowii by Hobiiisoii [)0j and Urowii [G] Ihat
tliis alji;Orit,liin docs coiiver™c lo 1 lie Nasli Kquilibriiim of 1 he /cro-siuii hiiiiat rix ji>aiii(. Ilowcvcer, even
in Lh(; .siiiDI(Gsl case, tliis slralcjijy converges very slowly. And it has Ix'cn noticed tliat 1y applyi"}*
tli(? ifloa of fading iiicmory, 1he convciT ciicc speed cnii Ix' vastly milrOv(.  [[iD] (5] (if it, docs
(:OiivGrge at all). In 1lie third rimptrr of 1 his tli(Wsis, w(. ('st.aDlisli tlie coiiver”c result for Iliis type of
stnt,(fty, for jtaincs Uiat <.OiT(?,spoiil to an inojjotoiic IX'P system. And we filso (-""(urt. (,ni|>iri(al
stiulic's on 1li( ; tradcoif DGtw('(!n 1 IK; coiivergence sjx'cd and 1 lie coiidil ion of COIIVCRJLciice, wil li R sD((t.

t0 15 D(t,iGr or worse iiuMiiorics.
t [3

It is also iiit (r(Wstiig to sen? wlict IHM" or not 1 licrc is a bridge; hot ween 1 IK; coopci Mtive "aiiic tlicory and
ilui 1i0ii-( Q0> Cral iv( ; theory. In part icular, arc iiitcnjslcjd iii liow (¢ (il to (>0

and th( rfl'ect.s of tlu; coojMTation. Specifically, we study tlu; iict.work routin;” anic, wliicli can be
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(

YGIN.( > sciit.<;d by a iiionotoiic LC'P syslciii. By 1he second (.liapJcr of this tlicsis, W know ihat if
('veryoiic has good riumj™li iiKMiiory mik! make decisions based on 1 liat, 1lie system miivOrfisrs to llir
Nasli E(|uilii>riiiin. T1Kncforc, it makes sense for the plnycr.s to make a decision whcl her to cooixMatc
the action. In 1 he parnllcl network, we sludy tlie coiisccjiKMicfS of coopcrat ion by Iwo phyri.s, to the
social cost and 1 lie costs of ot licr players, vvliich can he shown to he Ix'iicficinl to all of 1 liciii, except
1lie two players iii action. However, tliGr(' is always an iiicciit ive for tlie 1)i*('st («<)iiij);uily to grow
by jlial>Diii}i, jiarl iai dcmaiids from 1 he second hiffirst one. Also, Wi (X H{ 1i*ht upper boiuid of tlie
price of anarchy for.a ccrlain network vvlicrc there arc f playrrs, :is well as lighr U])|>¢t 1>oim(l anions

all [)OssiDI(' networks, i"(([)(‘mlGut of net work simet urc aii<l |)amni(. hTS.

Now w(, shall say a few words ahoiil tlie or”jini/at ion of tliis tlicsis. TIli(. second clinptcr is Dfisr(l on a

joint PA|I>(r coaiitlK)!*('( 1 with Dr. .linvvci Zliaii® and my advisor Sliii/lion” Zluiii®. In 1 his cliaplcr, vvc

focus on stlulyiii} ; the proixM tics of |)Qlymat,rQi(l oj)!iiiii/at ion, and the applirat io" of it in cooprral iv(,

~“amc Ilicory, showing tliat DOtli 1 he joiiil r('| >I(iiisli “ainc and the one warclioiisc mull i ret ailer "aiiic
siiDiiiQQular j aiiics.

tlird cacli |lay(r learns from tIK; history. W(; also j%ivc ciiipirical example which shows tlie coniicct ion
D<"w(H. n tlic; coiivergciici; rale and 1 he condit ion for (Or(IN” “,(°. In sliort, tlie bet Icr (lie iiiciiiory,
tIK» liiglior tli(! chaiKtc™ of (oiiv(Tg(. iiC:(, DUt, 1  wQi.sG IIK; ronv(, ij°(iK.<. rate (if il <I(Ces coiivcr™c at all).
This work was originated from a project, with my collcai®iio Mr. Li Miii, motivalcd 1y Prof Tom
Luo's game theory class and his work on game t.licory iiuxUils in wii.d(ns’s cominunical ioii. The icsiill

is IKill ('x “m(>dto g >m-nl gailK: models, with tli(; joint strong coiivcxily projxMty, and sliows that
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the strategy miivrrift » s linearly un‘l(”. Llns coiidit iou.

Tli(. fourlli (liad)(Gr is from an ongoing project witli Mr. Xiajijiio W.finj"~ riiKi my advisor Slmzlioii®

Zlian”™. As an attcnnpt, to st.udy (lie coniicct ion hclwececii tli(. iioiicooix'ral ive jisain(' tlu™ory find t lie

(00| )(rat ivc game Uimry. W( siudy 1 lie iiiccnl ive ol players to mol|>(Tfif(> > ami tlie iiiflticncc.s of this

will Dr('{li:1 hfiscd on the Nasli-.H(iiilii)riuni scenario. TIli(. model is r(#slriclcd to the milling

wit li linear unit cost functions on cacli arc. For parallel net work, we slioyv tlial if. )lay(TS cooixMatc,
social (*Ost would (('(.r(,}3is(. accordinj’ly. leased on 1 his r(!sull, we can i((. "lif'y tlie worst axsi of tlie

“pria! of anarchy" for any giv(”i iicl work, and 1 he iiunilxT of playrrs wil ii "ivcii total flow (IciTHIYid.

Also we can JipiXTlxmml Ilie )ri((" of aiiarcliy for k many players at parallel network Dy -j, | o



Chapter 2

Polymatroid, Submodularity and Joint

r <

Replenish Game

This (liai>t,('r is hastul on a joint work willi Dr. .ifivvci Zhang and Dr. Sliii/hon” Zhaii®i; [.i0], which is

curniiil ly "II(L(M.. reviciw 1)y OjMMal ions 1U”scarcli. Most iiialcrial picscntcd here is as 1lie formate sul>-

a S('j)araDl(’ (<m(.av(! function <v(uw a polyiiuitroid. Mon? spcriHrally, ¥ study Hie sul)inQ(lularity of"

its o'pliiiuil ODj(K-tiv(; value in tli(; |)aiain("'tGrs of Llic obj(rt.iv(> function. This (ircslion is iiilcrcsting in
A

by a GE)p(Tal,iv(» gaiiic ass<>rial(Kl wit lj Uic wdl-kiiowii joint n. plciiislmi(’it: model. By appying+ ;; our
g(»iKUal results on j)Olyiiiat,rQi(l (> |)tiinizati<)ii, Wv( > prove; tliat this cooiMnativce is suDiii(>(liilar,
if tli( joint set-up cost is a noriiiali/cd and iioii-dcH nuisiiig siihinodular function. P'lirtlicrmon;, Uie
sanic result, holds tnu” for a iiion; gl m’nl oiic-warclioust™ iiJI[lt,ij>I n(>t-adl i game, winch afiirmfit,iv(;ly
answers an O|KII <JUGSl ion poseid by Anily and Haviv [4] and Zluuig [(4]. Tli( - siihiiuKlularity results

@
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regarding polyinatroid optimization also iiioTivatos thc™ use of “rovdy algorithms for rortaiii NP-hard

optimization prol)loiiis.

>

2.1 Introduction

nificaiitly by cxploriug innovative collalxjiativo stratogios in supply cliaiii iiiaiiaji,oiii('iit. Companies

can c(llalx)rate in many cliffoixMit ways. For oxaiiii)lo. ship])(Ts that make small, fr(>qu(. iit shipmoiits

that do not use the'full capacity of their trucks can collaborate and coiisolidal o tlioir orders into

hopefully dicapor, faster tnickloads. It has been reported that such collaboration among shii)]KTS

loads to significant rodiictioii in transportation cost as well as inventory cost. It is also known that

inventory pooling is an effective way to roducc safety stock and increase custoiiior scrvico [17, 45].

Thus, some (Toiiipanios collaborate by sharing their iiivontories. The cooperation usually tak(. s tlio

form of lateral transshipiiKMit from a location with a surplus of on-liaiKl inv®ory to a location that

faces a stockoiit.

One issue in such collaboration is to koop different parties motivated to collaborate. Tlio willingness
to collaborate often dopends on the existence of iiiocliaiiisiiis that allocate the cost or gain (from the
collaboration) in such a way that is considered advantageous by all the participants. Even though
collaboration often loads to overall cost roductioii, it is not always tlio case that siidi iiiochanisins

exist. liideod, getting all parties to agree on liow to share costs and boiiofits was identified as one of

the major barriers to collaborative commerce in practico (see [17, 45]). ‘

It is natural tcTapply cooperative game theory to analyze cost allocation issues. Indeed, supply chain
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collaborations have motivated more and iiioro studios oii mopci.ativr ii*aiTics in tli(. last f(nv years: &

Nagarajaii and Sosic [42] for an oxcollciit review in this aroa.

Our work is motivated Dy a coopcrativo gaiiio that is associated with tlio well-known joint n. DI i-
ishincnt model. In this model, there are multiple retailors which sell a siiij*lo product. Constant
customer deinancl occurs at each retailer over an infinite time horizon. Tho retailors n. pl(. uisl tlioir
inventories 1)y orcloring from an external supplier. There are two types of costs: a hoklinj™ cost cliargod
against each unit of inventory p(T unit time at each retailor, and a sctiij) cost cliari®cd ajj;aiiist each
order that is a submodular function of the set of retailers that places iho order togotluM . W'c shall
define subinoclularity in Soctioii 2.2. Roughly speaking, suhiiiodularity captiiros the notion of & -

<

creasing marginal cost. For examples of submodular sotuj) cost fiiiictions, W& refer interested readers
«

to Feclergrueii and Zheng [22]. Tlie load times are assuinocl to be /oro, i.e.. orders arc d. M n~

policies, called powcr-of-two polii(-. s’ arc 98% effective; s(x. Rouiidy [64] and FcHlcrgnicn and Zhoiig

[22).

We assume that the retailers follow an optimal power—-of-tWvo policy to replenish tli(. ir iiiveiitorios.

are interesged in the question of how the system-wide cost should be allocatod among the retailers.
A proper cost allocation schoiiio is important particularly when the retailers h(. loiig to different firms
or are decentralized divisions of an organization. For this pur])ose, Wt foriniilato a cooperative. game
(ill coalitioiial form) cloiioteci by (N, V) where the grand coalition N is tho sot of all retailors, aiui

for any subset S C N, the characteristic cost function W(S) is the systeiii-wido cost under optimal
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powcr-of-two policy when the system consists only of retailersSn S. WW call this cooiK'rativi game

the joint roi)leMiisliineiit game.

v,

i
whotlior the characteristic ( ost function V'(-) is subnioclulnr or not. If the aisWv(T is yrs, thvn the
joint rci)leiiisliiuent game is suhniodiilar (or coiicavo). This question is of i)artic ular iiiiportaiKV siiir(.
a siibiiioclular game has many nice properties. We iiuMitioii a £ W of tlioiii hG m— FiTst. if V'(.) is
sul)iiiodular, thou the grand coalition is stable. That is. th(. i(. exists a cost allocation under which
no group of retailors would D& Dcttor off 1)y deviating from tho strand coalition and actin", alone.
Such ail allocation is Oft(. i called a coro allocation. Second, if V'(-) is subinodular. then tlioro (. xisl
ofliciciit (polynomial time) algorithms to find a coro allocation and h( tk whet her a gh(({ i allocation

’ I N

finding a (,Qr(. allocation can bo done in polyiioiiiial time, hut the pi,(Obl(>m of (Icckliiig IvhHh(. r a given
allocation is a core allocation or not may bo NP-liarcl. Third, for a subiiKx-lular ji*aiiic. its iim.loolus
can bo coiiiputod in polynomial time, and it has a large coro, and its stahl. s(. t coincides with th(.

core. See Peleg and Sudholtcr [48] for tho definition of the aforeinontioiiod iiiipoitaut roiicepts in

(l)operative game theory.

the joint setup cost function, denoted by A'(-), has the so-called Hrst ordor iiitoractioii stnictiiro, i.e.,

there exist Kq and A', for /i e N sudi that K{S) = Ao+ 5I/€‘s'any S C N However, the
I
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is an indication that a game may 1)(. sublnodular. The population iiionotoiiicity impHrs tliat no

retailor would ho worse off whoii a now (. tal(. r joins the coalition. As we shall s(v in Section 2.3. tli(,

function V'(5) can bo expressed as

V{S) = max ZiesM"-")

s.t. v4C S (2.1.1)
h e Rt"1

IS

wlicrc A6 M~; is the decision variable and for each i e N, //(A-)) is a (.oii(av(. function of A-. Also,
given our assumptions on tho joint rcpleiiisliimmt model, tlio toasihlo sot of (2.1.1) turns out to be a
polyiiiatroid. Our goal is to show that the function V'(-) dcfinod in (2.1.1) is sul)niQ(lular.

This motivates us to consider the class of optimization prohleiiis of iiiaxiini/iiig a s(-. Dai.aDI(. coiicavo
fiiiictioii (or ininiiiiiziiig a srparahlr coiivox function) over a polyiiiatroid. Besides tlu» joint r{. pl(. nish-
optimization, resource allocation [31], (lyiiainic s(li(. (luliig [62], iiiforiiiatioii tlicorv [59], and many
other areas. Those problems c{(i bo solved Dv greedy algorithms: sco Ednioiids [18] and Fcdorj"nu'ii

and Groeilevelt [20] and the refercMicos tliorein. W(. iiieiition that this class of pi,ohl(. nis is a special

The main coiitriliutions of this work are the following. First, Ww(. show that the optimal ohjcrlivo
value (of the polyiiiatroid maximization problem with a separable coiicavc ODj(. (tivC fuiiction) as
a function of the index set is' siibinodular. This immediately implies that tlio joint roploiiisliiiiciit
game is subinochilar. We also prove tlie subiiiodularity of the optiiiuil objcctivo value with rospoct to

certain parainotors of the objective function. This caii ho used to prove the subiiiodularity of the oiio—
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game.

Tlio rcinaiiidor of tlio chapter is organized as follows. In Section 2.2. wv Di( s i our result n""ardiiig
iilaxiiniziiig a separable coiicaw fiiiictioii over a polyiiiatroid. Tliis result is aPl(~ (I> in Section 2.3.
tq derive tlic sul)IIIO(lulaiity of the joint r(. pl(. nishm(’it game and th<. oiio—warcliousc multipW. retailer

game. In Sortion 2.4, Wv(. apjjly our result to the network source location prohlciii. WV( conclude the

diapter in Section 2.5.

2.2 A Structural Result on Polymatroid Optimization

111 this section, wc consider tlio problriii of inaxiuii/ing a sqmnihlc coiicavc function over a polyma-
troid. We study the suhiiiodularity of tlie optimal ohj(. rtiv(-> value witli respect to tlie inmunHcrs
of tlie objective function and the index sot. In Or(( r to prosciit our K. y results, wv first formally

introduce the necessary ((Hi(( pt's and notations Ix'low. '

Given a finite set E, lot 2" = {A : A C E} b0 its powcu* sot. A function 2. — R is said to he

sabmodular if for all A, D C E,

z{A UB) + n i?) s + z{D).
A fniictioii 2 : — M is said to ho supcmwdular if is sul™niodular, «
A function z - R in callccl a rmik fiiriatioTU if it satisfies the following conditions:

* s is normalized > i.e., 2(0)=();

e 2 istnoiidccrcasing, i.e., z{A) < z{B) vvlioncver A C B C E:

¢ 2 is suhinocliilar.
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For a given finite sot E, and a fiiiiction =: ‘2. — E, the polylunlroii
— P E) — {/€ER'f : v, < z{A) foral 4C EJ
i€/W

is called a polyimiiroid, if - is a rank fniiclioii. TlirQuj;li<)ul this cliaptcr. we dynotc P{z, E) the

DOQOlyiiiatn)i(l dofincd Dy th(. finite E and tli(. rank function c.

»
A set X C M" is a suhlalticc if for any r,y 6 A" »Wv( have AV / G A' and .rA y € A', wlicrc .rVy
and x Ay (C wot. , respectively, the rQCr(liiiat(. Wvis(. inaxiiliuiu and iiiiiiiiiiuiti of /e, tj. i.e.. # Vy =
(inax(.ri, /yi), **+ ,inax(./;,, //»)) and r W y = (niiu(./:] > )’ =.. ,niiii(.r,, /v,,)). HA' C R" is a suhlatt ice,

tluni a fuiiction f ' X Wis said to D¢ submodular, if for all /-.# 6 .V,

f(r Vy) + fix Ay < fix) + /")

AN

A fuiictioii / : A' — R is said to D(. fmpninodulur, if. —/ is sul)mQQulnr. Several sui>(Tmodu-

lar/subiiiodiilar functions that we shall £ £ rto in this chaptrr ar(. listed below.

Example 1. Lot A' G € W be two sublatticos. Tlioii function Ai,y) =r'y A'xJ: — 1 is
suijoriiioclular.

Example 2. Let X e R", e M" two sul)latticcs. Let fj : M" — R he a s(?i>anil>l(. convex

function. Tlioii function fi{x. y) = _(/(/- - y) (Al xy R is sulHiiodular. In i)articiilar, function
fix, y) = di- //)+ :A' X M is siilMiiodular.

Here and throughout tlio clmptxT, we doiiotc /+ = V O for any x € M".

Example 3. If function / : JR" — R is siil)iiK)(ulcir, and function /A : R — M'is luoiiolonic for each
- \7

i=1,2,~->7i>thou function hi{x) = f{y) with = ry,G/;,) is sulHiiodnlar too.
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2.2.1 Optimizing a Linear Function

111 this siihscct ion, wc start with a s|)( nal case, i.(. ., niaxiiiii/inji, a linear fiiiicl ion over a poly mat roid.

More siM'ciHcally, for any vcctor u E IR'"" and subset A C E consider

max rd4"[°
(2.2.1)
“ st. FG E).
W'v also consider*! closely rclalcd i>1.0DI("ii
"lax I~
(2.2.2)

s.t. G Plz, A
It is (l(»ar tliat problems (2.2.2) and (2.2.1) slmrr tlic SMiiic (j)tiiiial objective value. F"it lirniioir -
any opt.ima.l solution lo pmhl(s(1) (2.2.2) chii be cxUHidcd to an optiiiial solution to pmhirm (2.2.1).
[l particular, let D( an optiiiml solution lo (2.2.2), and < fiC as follows: (or any i G A,
Gd,:), = G ), Ol rwist (;/;),:),* = 0. ThG n 1. is optiiiml to (2.2.1).
The following is a well-known n”sult |18] coiiccrniii™i ; an optimal solution of linear |)x(Ofiraii (2.2.2).

Wc shall € £ jto this result in srvrml placc”™s of this cliaptcr.

Lemma 2.2.1 Assume a s m'j"" wn( Ief fr = (tti,"',ﬂ-|‘4|) he a jjeriimtation of sH A. so that
"> a2 > ee> ".Fle> (. Dajina ITir=(/37> 1"~ A) as follows.
~eTT,=JHJF 1D
(2.2.:1)

ol - 2({FFI TR 20T ) — #1U #2,...,9#/-1}), f£=2>3,... |1l.

Then 197 is an optwial solution to (2.2.2). Furthcjinorc. if for any 1,j 6 A with i + j, a, + (ij, then

Xjf is the uniqua optimal solution to (2.2.2).
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W(; iioxt study 1ho projM'rty of 1 lie opi.iiiuil objccl ivc value of liiicjir pio.m aiii (2.2.1). We lirsi sliow
thai Mic ODtiiiial objcclivc value as a fuK:!ion of tlie scl A, is sul)in()(lular. To tlie hcst of our
knowlcdj™c, this r(»siilll was first formally stated and pi-ov(>( in Scliii)/ and Uliaii [>0], wlicrc it is
is. d to silow that certain sclnHlulinji ; PaiiWs arc suixMinodular. A slijj’lilly Wv<ak(r version (rcj~ardiii®
iiiatroid optiini/ation) of.this result had aj)i)("ar('(l in Nciiiliaiiscr ¢t ML [Hj. We |movi<l> an filtcniative

and siini)li proof licrc. )

Theorem 2.2.2 For jixed a G M"". let h{A) denote the opfirnal. ohjcctive value of prohlcin 2.2.1).

Th.cji, fiLJicfion. h 2" — IR is suhinodular.

Proof. We first assiiinr a > 0. Let tt = (tti,. . ,7Il /;) D(" a pcnimtat ion of scl /= so that

"TIL > (nJ > <’ > 'Ir7,. 2/ > Qe

By LcMiiina 2.2.1, we know that X = G-v, : i G E) with

710 = z({7r,,7r2,... TR} N YL) - .- ({TTI,n—j,*++,7R_ } H.A)

is an (Dtiiiial solutioii to pmhl(. (1)(2.2.1). By (. fiiiillilm, xv, = Hif ¢, = A. 'l liciclorc, the optimal

ODjK'tiv(™ value of (2.2.1) is

1"A

[

Cor
el :
Y~ (mC{Tr,r.2— 7t} n”) - (JLUIJ2> —ikn/4))

ietc

=[(fin. —'TItI) {TI, .o T }n /D)
G
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wlk'l(5 we dcHiic ann-Wi — (). follows iiiin(. <liat.(?ly 1 liat hi A) is suhiiioduhu-, DO(fft for ciH'li /,

u,” — IT> 0, ,TE§ eee 7r,}71/1) is Hiibiiiodiilar in A, and ivr linear r inhiiiat ion of

sHDiiH>(IulHr fuiiclioiis is also siihmodiilar.

WIKMI 0 ~ RO not ice Ilint tlie optiinal (ilij(rliv(. value hiyW] is (<|i;;“ to tlie QD1 iitial ODj((tivr value

of tlio fOlWvin™ problem
max y* al¢f,
iC-A
sf. = GPlz [3),

vvliicli is suhiiiodular in A. Tliis coiuplclcs the pmof. .

Theorerrtl 2.2.2 can he ( xt0Cil(. ( to tlie case where iluTc arc P{11i wl>X r and lower D)QUii(ls lor 1 he

(Urcisioii variables. We shall need this result in the next subscclion.

Corollary 2.2.3 For JLrrd GR'"" . 1< h{A) dcn.oUt the opHin.al ohjcclive value of the fol.loiiyijuf

liiir.ar  profjram,

max v e,
s.L ‘i‘e P{z,E) (2.2,
~ <X <UL
then Junction k : —" E is subinodular if (2.2.4) is fc.asihlc.

DrOCI[ Wit liout loss of gciKuality, w( rLssumo. t hut u > (. Ddinr anot her & t finict ion z' - —

such tliat, for any S C E’

ZzWS) = imy{SW 11)

It is known from [18] that, z' is a rank function, i.(!.,, P{z, E) is fi polyiimt ioid, and that, f. irtlicri"tm- -

r{zWE)=: Piz,E)n{:r:x<i;j}.
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THCr( > for( >° linear (2.2.4) is (‘GuivaUMil to

J= A
which in turn is (HpiivaUMit to
(1)ax (> + "illli
-1 Ees' yw<iH H - Vve /' D))
y > 0.
Dcfiiio z{S} = iiiiii.vj.s' My D( a feasible solution lo |DmDh. i" (2.2.5). Not ice Ilial lor ;: my
g' 2 6',
Yo [esY/]]
ies iGs"
Thus,
Y"m Ern-
ies
On Ui( > OtK'r tiaiui, if w, < £(3S), tlicii Ylies —~"(S). Tims, problem (2.2.5) is ('Guivalent to

"G;ix N ftofif

s/. v/, VS-C E
lev
v >0.“—

Now w(! show that z is a rank function. It. is d( fir tliat, z is nor/l[ali'/(. <l and iion-(r(T(. asing. We luicd

only to show that, z is subiiiodular. -

NOtiGG that, 2 is siii)iii(Kliiiar. For any sets .Sl and 62, Mien; axist. SWD SWaiul S* 3 S2 sucli tliat
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z{SW) = ~(.S'1) and £:(Sj) = 2(Sj). Tluuc™fon;, Wv(. have tlial

> n sfj) + IS'; u s.j)

where tiuj first in(. (]imlity follows from tlie fact 1 hat z IS SMDiii()(luiar, HIKI tlie ‘s(rCn( inequality follows

from thH( fact, tluit SW Pi S, D SW H Sv and SW U S" 2 U S-2- This complclcs tlie pmof.

(J be t,ii(! ONtiiiial object ivc value of (2.2.2) witli A = E and n = WIW. In Dart icular,

(J(@@) = max a Xx
. (2.2.0)
st. ;G  E).
Chuirly, (fis a convex fuiict ioii of a. "TIKTX! arc. act ually t wo (liffcrciit ways to tlie fiiiict ioii (.
First.,, (Jis a natural cxtxuisioii of t1k? set. function for any S C E and (Iciioi iiig 1s' to be 1 he indicator

v(. Ctor of .9, w( > always litivcj (itW's) = :(‘S). SCK-OIK], for any a G E'j tlicrc is a (1)ligm' (iccoiiiposil ion
"=Al B| + ...+ A,Ls",.

whlr(: A, > O, 7= 1,...>M and SWD S*J -] S/If. TIKML,

“ 4= A, ) + + K.,z{S,.). (2.2.7)
Lov/us/ |3G] SHOWCKI that the doHiiit ions (2,2.0) and (2.2.7) arc? (H|uivrilGiiil if and only if;:; is subiiiodulfir.

For any a £ IR", an (oq)li(.it way to write; 1y is to introduce; a ixuiiml atioii of set, /s, (kuiolcd by 7r(a),

eso that
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Furlluuinon”, w(! <1(?fiii<! tIK; iiidt"x sets
II,(a) = {tti (a),.... 7r,(c)}, i — 1,2, ..., ir.

As ii convention, dcnotci 1lo(".) := 0. Tlicii > for any €
u(n )_XX|<4) u|(u|(u)> _ I( “J” QZ«)
s ) — [ . [y
Our main result of this scction is to show 1 h(. sul)in()(lularity of tlie <IN iiiuil QDjCcl iv{’ value of |)iolDI( 1"

(2.2.1) wit i fWs|)X2t, f.o the ohj(,(.1iv(> panuiictcr v(, (‘)r.

Theorem 2.2.4 Consid.cr pTohlem (2.2.1) with A = E and let O{a) he.dc.jiiwd as in (2.2.0). Thru,
(1) <!is hoirwfffmcoil.S. ie. (/(W@)==Afitj.) for any X > 0; (i) ff{(G} is a "coiivex Jmict.ioii; (i) /(") is

suhinoduldv,  Y/:. a.

. « Vh + (/{faAh) < Gia) + "(/,) . (2.2.9)

for all a, h £ R". These. tcsiiUs hold c.ve.nif there arc lowc.r and ujypcr homids on the (lL.crismil. najiahl.cs

as ill problem (2.2.4).

Proof. Tli(:; Dr(Qj)(nii('s (i) and (ii) arc rat luu- siraiglitforvvard; tlicy follow direct ly from tlie dcfinit ion

of 0 in {2.2.0). L(t us now focus on (iii). .

W( first show that, it, is sufliciciit to imm! the; siihinodularity of A/ in He | :' | .Assiiiiic that 1y is

subiiiodular in R(, For any a * Re noti(:(, that "(".) = Thus, for any a, h e He wv
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hav( ;

<AOVN B+ <jla )1y
="((" e/ )+ (" AD D

= W / ) + (TN

D470

N

wlicn; Bli(; iii(K|ualitv follows from tlic. subinoduarity of Giii K | [I.

2
=

Tlicroforr, ill tlu; rcist of tlu; proof, we prove (2.2.9) for a,h G H"" . It suffices to show: for any

V6 T, aiui 7°V = 0, it. holds tliat

Ha + v) — (Gla) > <ifla + u+ v) — f/la + /). (2.2.10)

Notico that ii ‘v — 0 iiKuuis 1liat sul)D(//) nsul>)(") = 0 wlicrc w(. dciiotc sui>)('t" to he the support
of u, i.o., Hupd)(//) = {/ € P::ij > O}. Furtlicriiioni, siiic(. ( is clcai.ly a continuous fuiict ion, we
only U) sliow tliat, (2.2.10) liolds for th(. vculors a, y/, v. whose |)Ositivc parts arc in general gcoinct ric

positions, i.e., Uic positive coordiiiatcis of a,'",,',", + ",»">+ " + v an; all (liilorcut.

To tliat, (m(’ wc (Glin(», for any i 6 E,

By (2.2.8), it is ck™ar that, .s(a) G ""("')’ ie. - .s'(@) is a sulgrfillitnit for tlic (oiiv( > x fuiiction // at

Clearly, as long jus 7r(a) roiiiains uncliaiigcHl, .s(a) is a constciiit voctor.

FurtluTinon”, w(? note; that sinr( > a. u. v are {roiiorally posit,ioiiod on tliGir supports, the ixniimtalions
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r(Wsi>(. Ctivdy > for almost all f in [0, 1] cxc'c))! lor no more tiiaii (liscrctc values of /. Oy (2.2.8),
it follows that, G{a + /,") and (ia + u + tv) as functions of / arr c'verywiicrc @én’tishK. , ( xC( >l for

at most points.

Thercfon",

S+ v) —<fia) = I s+ /"M odt

and

(Ha+ ti+v) —Ula+ /)= / .sa+n+ fv) " vdt,

&K (:.g Corollary 24.2.1 of Horkafdlar [51]1). It follows tliat, iii order to 1)i<>v(. (2.2.10), it will be

sufficient, to show
Sla+ T >s{a+n+ /)™ (2.2.]

for Hliiiost, all ¢ G |0, 1] (Ox(@t for at, iiwsi points).

Now, coiisidcu* a general / value sucli that 7r{a-¢ ///;) and 7r(a + u. + tv) arc wui(|ii(. ly (. t(rniiii(Hi for the
parts sui)j)(@)Usui)1)(7 ;) and s,ii)p(a)Us"i>p(,",)Usupi)("") i( ‘sp(’ (.tivdy > and (msi<I( i- a giv(. i / G sui>p(").

SiiKX ; sui)i)('u) n stip)7:) = (), for any vy, if {a.+ tv)i > (a + [,"), liidii (" + u+ fv)i > (a+ v F+/""
This is to say, if

I — 7+ tv) = + A+

then A< A/, and

n"_1X+ fv)C U-/—1 (& + u + tv)
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Consoqucmtly, O
Siix + iv) «= 2(nA_iGr+ tv) U3} - (Na_1G,. + tv))"
> AN=illr+ u+ v) U2 )—0—  + "+ )
=Siix + 7/ + tv),

where the inequality is duo to tlu. subiiioclularity of z: Thus, (2.2.11) holds for almost all f e [0.1],

which proves (2.2.10), hence the tli. Or(. ii. (For the crtso where there arc both W r and uppcT bounds

on the decision variables ' Wv(. can follow exactly tlir same j)roof as in Corollary 2.2.3.) .

Corollary 2.2.5 Consider the problarn:

. X Yiel- : (Ol
ha. X G P{c, E)
a, < 7 < ul
Lat fj - RL“ —> R denote the optimal objective value,

if (kj > O for all i € E.

Proof. Siiicc the sum of subiiiodWilar functions
A-= Si = Ofor all i € E. Let
_ = nuxx
s.t.
fe

ecsult, which shall be useful in the i x siihscctioii.

173"+ +
(2.2.12)

as a function of a. Than function

(G is  suhmodular

is still subiiioclular, w(. can safoly assuiiio that
Jliei=J i
xeP(z,E)

(2.2.13)

X < ZJ
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Then by Theorem 2.2.4 wc conclude that h{b) is subiiiodnlar with it sK. ¢ to h. Since /)("), := 0,0 +
is moilf&tcmically increasing function of for all / e E, w(. know that function t){a) = h{b{a)) is

siibinodvilar with respect to a. . .

The application of Theorem 2.2.4 to the joint n. pl(. iishiiiC. iit game will 1o described in Section 2.3.

Here wc provide two simple examples where Tlimr(. iii 2.2.4 can 1)(. applied.

Example 3. Lot ¢ € R" and p an integer such that 1< /; < 1L Doiiotc the sum of th(. p larg(Wst
coonliiiatcs of ¢ by pfc). It is shown in [Gl] (Proposition 4) that p{c) as a function of r is subiiiochilar

iii R". This can 10 soon by applying Thwreiii 2.2.4 directly. Notice that

L
p{c) = max "~"CiJ-
s.t. g —Jj
1=i
0< x < 1.

[t is dear tliat the linear program above can be cast in the form of problem (2.2.1), using tlic rank

function of the socalled u lifonii iimtroid of rank p. Thus it follows from Tlieoreiii 2.2.4 that pic) is
subiiiodular.

Example 4. Let A G M" so that Ai > A2 > e« > A,. For any c e M", lot h(. tlio it¥ilargest
coinpoiieiit of c¢. Define /(c) = 4:M" R. It is shown in [49] (Tlieoi.(. m 4.1) that f/(:)is a

submodular function. This can be seen by noticing that

u
ffc) = Y, {Wk-WM)k{c)
J=W
where = 0 and k{c) is the snin of the k largest coordinates of c. By the result of Example 3, wc

know that /(c) is submodular.
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2.2.2 Maximizing a Separable Concave Function

111 this subsection, wo goiieralizo the results in the previous sul)soctioii to th(. aisc wlkm—-c the objec—

«

respectively. The*"key idea unclerlyiiig the proofs is to liiicarizo tli(. , Dj(. (tiv(. function.

«

Theorem 2.2.6 FWx a finite set E and a polymo.troid Pl{z. E).

concave function. For any ACE. da fine
= max 1]€4/,(1.,,)
s./. FE Pl{z. E).
Then h : —M is sulmwdalar.
21

For cach | E E,

M

let |,

tive function is separable concave. Tlieorcins 2.2.G and 2.2.7 generalize™ Tlioorciiis 2.2.2 and 2.2.4.,

W~ R he a

(2.2.14)

Proof. For any A C E. (kniotc x{A) 6 Re #I as an optimal solution Of prohloiii (2.2.14). Also, for i*asc

of presentation, wo rewrite //,((4)-as h{A, f, P{z, E)) to highlight its (g)("id. m.(* on the polyiiiatroid

P(z, E) and the objective function f = (/. :1 E E).

Consider any A, D C E. For each i E E, there exists a linear function, donotod by //. such that

(X.UB),) —
and
And the concavity of /, implies that > /,(;,) for umi{x{AU B)i, x{Afl D)i) < Xj < iiifixG/:(1 U
B)i,x(AnD)i). We define

: Qa} = eRo "fl :x{A UB)/Ux(An $ T<x(AUB) Vi:ian J3)}
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Tims, for any x € /,Gr,) > for all i 6 E.
1

Then we have

h{A)-"h{B) h{AJ.P{z.E)) + h{DJW Piz.E))

¥

> hi{A. /, P(c. E) n + h{D, f. Pz E) n UL")
> A/ P(z, E) n ilAji) + h{D, /. P{z, E) n ul")
> h{AUD./ P{z, E)n + hi{iAn B,/ (: . E)n,~.")

where the last inequality follows from Corollary 2.2.3. Notice that, .t{AU B)..f{A n e )¢ E) n

A .
Ha.h— Thus, Dy the definition of /, Wv(. have

hi{iA U D, /, P{z. E) n 1lAji)) + /;((4n B. /. P{z. E) n 1lAji)

1eAUll 1"Anli

ieAuil ieAnii

=h{AUD, /,P{z, E) + h{A n B, /' P{z. E))

This completes the proof.

Theorem 2.2.7 Fix a finite set E and a polyrnatroid P{z, E). For any i GE lal f, :R— — IR be a

supcrmodular ~ function. For any a 6 IRI™, define

(2.2.15)
s.t. Xe P{zE).

Than DL : Ry—> R is subrnodulaj- If fi(xi,«,) is concava in both Xj and a,-> forall i 6 E.
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To see that Tlioorcin 2.2.7 gciicnali/cs Tlioorciii 2.2.4. we notice that /“./,-.".,) = r/,* ] :R- — R is
suporiiKKlular in (a%,j:,) and coiicavc in both a, and Similar to th(. proof of Tlicorciii 2.2.G, in
order to prove Theorem 2.2.7 > wo iiood to carofully liiioarizo the functions /,(./e,,a,). To that ond, w(

nood the following Ion una.

Lemma 2.2.8 ///>(*"/>) is sup( nnodular —in (//, h) 6 and coiirave in both y and h. thru for any
yW < 1)2 and hW < b). tharc exists a fujicHoji

Lly, h) = (Why+ ih+ 7,7+ S

such that

* a > 0;

LiyJ") < viv, D) for any {y, h) G [viey>] x [hi])-}]’ and

e LiuiJu) = ,(Hy"hj. for any ij e {1,2)

Proof. Define

oly2M2)+v'{y] fa )-/=(!/-2l - )-iHy. )

a (W1 )(/2=11)
b>—bi
T= m-m
=f:Vi- M
and
h)= ="/ - + fi'b— k) + 7("="D + JI'

By sui)eriiioclularity of tj"iy, h). wo know that

b2) + = tpiiyi,)V (vi> D2)+ ipiiy h#¥) A (yi>//2) > ‘‘Hmh]) + » £)2)
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and thus = ti' > (. It is also easy to verify that. L{y,.bj)) — <</ (",, /B any /,./ e {1,2}. Filially,
for any (yy, b) € W, 2] x (.au be expressed as a convex coiiihiiiat ion oi. two poiiit.s {yW, h)

and (?:3 i.e., thore exists A, > 0,/ = 1,2 such tlmt Al + A? = 1and {tj.h) = Aj /i, D)+ A2 ,,).

Sinco ij’y, h) is coiicavo in /fy, wO Imv(.

iHyJ). > + A2'/> (zy2M

Similarly, thcro exists //, > 0,vV= 1.2 such that //| + "2 = 1land h — ""). + " “J,.Sinrr //'(//,h) is
(o1leave ill h, ¥ have
£ V(i b) > fil  Mm> ) +"2.iHuW,

and

It then follows that

tvif) > + + XIIP{U'L]) + A2//2'0("2 > /52).

J
On the other hand, one can verify that

Therefore, hy tho fact tluit L{yi)j) = for any G {1,2}, vt X",/» )< (piy, h) for any

N [yl X |
It, can bo easily seen from tlu? proof that the supcriiiodnlarity of b) is ist ( to guarantee; the
.‘noii—iiogativi’ty of coefHcieiit of yh in the f>>giicti()ii L{ij, h). Tin. concavity of h) is used to

ensure that L(y,b) is a OW( rIKHUICI of 1/5(Y/, /;). Now w(. arc? ready to prove Tlicorciii 2.2.7. Tlil proof

is similar iii spirit to that of Theorem 2.2.G. ¢
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Proof of Thcoirvi 2.27. l'or any a 6 R'" > let .r(a) denote an optiiiial solution lo i)ml>“"" (2.2.15).

[T

Now for any h,d E , Dy Lcninia 2.2.8, for any / € [ tIKMC exists a linear fniiction /0(",,”"'.,)=

(WHaiXi + /ijXi + - fi(ii + Si sncli that rv, > 0, and for any

(t/.,i;v) E [h,A T[] »h V (1,] x [.r(hV V .rih JUD, -,V (D, )T )

w6 linv(! /,(a,,; /) > L,(f/,, /*/), and th(. inequality holds as an ctjunlily when {a,..r,) is an cxt rciiic

point of "i( > set [hjA (i, hi V di] X VVe (irtlicr (Iciiolc

ith, I):= |lir GHgl:+:[e [ir{h V), A :rih )\ \% D, Vurth )V 1 o G/5}

¢, = /,("N7/.), and = L{a,./.) = " &, /).
ek

TIKWS> constructioiiK and dofiiiitions, together witli Tlu™orcm 2.2.4, lead lo

Gthv D+ GIDA D (2.2.10)
=Fib V" »xihV({))+ FOA"> .rihA D) (2.2.17)
=IAh 'y xthVd) +.LUM € x{bA d) (2.2.18)
< max L{DVr/, '+ max A (O, (2.2.19)
< max L{h™i) + max LA(1, x) {2.2.20)
—  xer{z IC)ri#{Hb4) xel'{z,i-)rWii{h, (1)
< max F), /) + max F{<I, r) (2.2.21)
—  xei'(z,r:}nn(b,d) ‘xei'{z,i:)nii{b,d)
< max F(h, x) + max F{d ;r) (2.2.22)
_ x€l'{zl' ). xe/,2, /%)

(2.2.23)

Equality (2.2.17) holds b(H.aiisc of the dcHiiition of /(> V d) and :i'[bA d). P*jualily (2.2.18) and

iiic(iuality (2.2.21) liold by the construction of function L. Im,quality (2.2.19) holds iM'causc ™Wb V d)
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hikl xth A d) nrv in E) n. UJ,(D. TliKHpiality (2.2.20) follows'from Corollary 2.2.5. lii(«(| Mality
(2.2.22) holds siiico /)(:,/! ) YHN,") C Jizi:). .

t
TG rQii(.lu((. this section, we show tli(, Thmrcins 2.2.7 is stloiij®cr tliaii Tlimm" 2.2.(J. To sec 1 liis,

wc coiiKider pmhk.m (2.2.14).

For cfirh i € /s, w(: dciiiic a fiuictioii // as follows. Htnall that f, is concave. If f, is iioii-dccrcasin®,

then lot fi = /,. Ollicrwisc, tli(. i(! iiiusl exist .r* G !it such tliat /(;/*® = "mx.,,"—. /,(./*). in this case,
[Icfiiic

LCrD i g <
f.i-r.)=

fiE1:9 Ollicrvvisc

It is clear tliat J) is iion-dccrcfusiiiji; and <'oiicav(. . Fiirtlicniiorc, [|)rODI(ni -(2.2.1i) is rqiiivalnit lo

= max ['(s'e")
(2.2.24)

H.t. r 6 Piz, E).

For each i € E, (IcHiic /, : IR2 — E siicli that /,(.':,,",) = /,»CG/:)",. It is sirai’lit forward to verify lliat
D

Ji is su))iiiQ(liilar in (‘/*, a,) and coiicavc in DOtli .v, and Tlicrcforc, by ThconMii 2.2.7, if w(. define,

for ofich a 6
L= ax
Sl Xe P{z, E)
Mkmi G : R is siihinodular. Lv. a/* € siicli tlial for cacli i G E,

1 if ITe A

0 ot liorwisc
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Tlioii O#'/iA), and for any A, fJ C /-5, we liave "A """ =" /. and ". “““= "/_ ATIlir". “>r(.,

h(Au /i) + h(An J) = /(" u") +

whicli implies tliat h : 2. —> R is siibiiKKlular. Tlirorrin 2.2.() follows.

2.3 One—-Warehouse Multiple Retailer Game

FEn tliis s(iction, we consider 1 lie oiK'-warcliousc iniilt iplc retailer gniiic stiidicd Dy Zlinii.u, [Gil; it is n

g(Mi(Malizat ion of llic joint r()l(Miisliiii(Mit gaiiu” stlulicd by Aiiily and IInviv (4] and Zlianj® Th(.
"(Iciiofcd by TV = {1,2, e+ ,".}. TIi(. <kmian(l Ilial retailer i faces is coiiliiiuous and (Ictcniiiiiistic at
a Hx( d rat(; > 0. Tlic r<& tal(rs |)1{i(.(. orders to a single warehouse to satisf'y customer (Iciiiands.
TI(. so orders g(» "rnit,(! (. iimmls at, 1lic war(liQOns(!, wliicli holds invent,ory and is rcplcnislicd from ; ui
(external sui)pli(. r. Bucklog”z"ing is not alOw(: (I in this inodcl. TIi(\ lend 1iiiic is assumed to /cro,

t

i.e., orders Jirrivo instant ancously.

For ease of prcscuitation, tlu; warehouse is ((Viot,( (I by (. Also, any / 6 N U {0} is called a facility,

i.e., a facility rmi be a warehouse or a nitailcr.

For (uu'li G iV U {Q}, tlu™n; is a per unit holding cost rat.r /A, For simplicity we (Iciiotc, //, = *///t/,
and H"' = for (*&h i E N. We also assume; thai 0 < "" < "/ and tIms 0 < 11" < /[, »for any

i E N. This assiiin|)t,i(Hi is (-oiiiinoii in tlio litcTfitiin! : soe, o.g., Homuly [54], and FHI(r{i;nK'ii ¢ t al.
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21]. Wlicii ti siiDst S C JV U {0Q} of fm ilit ics places an order tOXtL(r n joint setiip (Ost is iiiciirnHI,
wliich is (IcMiotcHl by h'(S). W(: jussuiiic that [#{S) is a rank nmction.

W r(fstrirt, Qurs("lvos to so—-callcd powcn-ol-two invciilory polirirs, wliicli can he {-liaractcrizcd Dy
mi C".+ D-ttpl(:, (70, Ti : i G IV), when; IW is the r(">lriiislmi(. "t interval nt facility / n" i 6 A~U {Q}.

Tluit is, tiC rCPIMiislin»(iit, @D>QcliWs of fjicility i arc 0,7',, 27',, =+ . I'urt licniiorc, w(. rctjuirc tlint for
ft

all 2 G N UA{0}, Tj = where £ > 0 is n constaiit called 1 lie base plaiiiiiiig jxMiod, and ///, is an

integer tliat can Ix' iKigalivc. Denote

re = (/:/) () and I= 2"'€ for sonK™ ///€ Z}.

Th(. di( (¥, n( ss of powcT-of-t wo policies lias been discussed in FcdciT"riKMi ct al. |211. if the base
planning jxuiod C is (IM>S(I Hil)itrarily, Then THE optimal powcr-oi-lwo policy yields an avem™'r cc)st
that is at most (1% liighcr tluiii Ol)tiiiial cost, and llius is cficcl ive. JJy elloosing Ilie D(sl, C,

the; optimal D@vKT-Of—tw(> policy is 98% ( H( v .

Now w( c'oii.sider a cooix'iative jjjaiiKi fissociatcd wit 1i tliis inventory iiiodcl. VV(. denote this "aiiic by
(TV, Here N %s grand (oalitioii of // retailers and Vy" is tIK; cliaractcrist ic cost function (Icfiiicd
for every coalition S C N. In particular, = (0 and for O S C N, VV((S) is Mic long-run
av(Tagc (‘ost, under an ()1)tiiiial powri.—of-t.wo policy, of 1.1". system that (-oiisisls of the warcliousc and

tlio rct ailGrs in S. Tlio gaiiui (iV, V*) is (.ailed a coiKravc gam(. if (lie set nincl.ioii VV(.) is siihiiKxliilar.

FVG( > renKm vi al. |21] liav(» shown tliat

VvA(S) mill max =~ +y + + )3 diaxtr1, - 75 ) (2.:0)

wlfg "= {/: ,.sfi) 1 tie Ve, i=1,2,-,.s-f 1}.
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2.3.1 Subniodularity of the Joint Replenisliincnt Game

Now we (consider a sprcial rase of tlie u*l( > -wan. litms(. mult iplc retniler “amc wlicii there is no ware-
house. 'This nuluces to tlie joint r('DI('nisliin(Mit j"amr stmlird in Zliaii® [05]. W(. denote tlie gfiiiic by

(N, VjVi-) WIKUC 1 IK! cliarHCtcrisl ic cost iii('t,i(>ii V./y"i-) is (Iclincd as, for any S C TV,

Vi ¢S )E mill max V £~ + H.Ti) » (2.:1.2)
t Ts-er-2: Ae/'(/v,.s=) "~ X/, J

(This can IM. ohtaiiicH by scttiiiji, k(. = 0 and //,", = 0 in (2.3.1).,) it is known tliat wv can ehanji.c

ohjoctivo vfiliui [04]. That is,

V.vAS] = max V  miii + ILT,] . (2.:0)

111 [05], ail analytical solution to problem (2.3.3) was derived, which is in tiini used lo propose a
DODulati®>n inonotonic allocat ion sciKuliC for tli(. joint, i.( > Dh'istmK. nt. “ainc. As most of tlie coopcral ive
j"aiiics tliai admit, a population iiionotonic* allocat ion scliciiu; an; suhniodulfir, Zliaii® |G5] (. Ctur(

that tlic joint r( - pl(uiisliiiieiit, game is subinodiilar. H(.> w(°> show 1 hat t.liis is hil(. r( tlie case.

Theorem 2.3.1 The.joint repiCiiisiiiftc.iif, (imnc @GV, ) ?% sulnnodular.

Proof. For cacli HXCKI 7;.” the function 4%1 + //,/,* is linear in A;,. Tlicn it is clear that, for any i G SW

iiiiii
T.eVc

is ii roiiawe fuiK-tion of A~ (Uuiotcd Dy /A: ). Thus, from (2.3.3),

ViyciS) = max Y fiik
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By Tlimrcm 2.2.G, V.jW'™{S) is suiHiiodular. This'completes the proof. .

Anily and Haviv [4] proved tlial 'T'hconun 2..'i1 holds for sprrhil case ol" 11 joint r('i)1(uiislnii('nt
game when; tlu; joint setup cost function has tlie first order interaction siructurc. Tlicorciii ‘2.3.1

ilicir main result.

2.3.2 Submodiilarity of the One-Warehouse Multiple Retailer Game

Now w(. consider the sul)niQ(lulari<y of th( <m( -wfU-( lious¢* mult iDIC Zailk. (TV, ), wh(. r(.
the function (S) is A (#0 A by (2.8.1). It is tcinpl.iiig to prove th® subiiiodularity of VWW- (S) by
following tlio approacli used in tlic proof of Tlicorcin 2.3.1. 'lhe dual prohlciii of (2.3.1) can DX

foriimlal.cd as follows |04

max mill — +
Wies J

It is known that this pair of priiiuil-dufil problems (2.3.1) and (2.3.4) do not have (liuility gap.
HOW(. V(T' 1 ho ODj(H-iiv(' fuiKtt ioii of (2.3.4) is not sopanihle. Tlujn-foic, 1 lie n™sults ((° v ). ( in Sect ioji
2 ar(! iK)t dirccUy applirablo lo probUnii (2.3.4). In Or((T to prove tlie suhiiKxhilarity of Vy"{S), we
focus oil the | )rimal roriiiulatioii (2.3.1) and apply Tlimi.tmi 2.2.4 to tlie inner iiiaxinii/al ion problem

of (2.3.1).

Theorem 2.3.2 The oiKt-warc.houHC multiple rctailar (ainc (TV,Viv) is sulnnodular.
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Proof. For any S C N, let: TJ I>(, an opt imal solut ion to tlie outer miiiiini'/ation problem of (2.3.1).

DMiOt,(: Tc =] r U {+00}. Tlkmi for any S C N, w(; liavc

Vvei®) =  mill fiuix A 4V £~ + Tirn + 09 iiaxdT, - €5 )} (2.3.5)
T.s.ei-" her{K,sum /o =V J
=mill max h +y ~ +y () + /"' nmx{7], —'/;,0}). (.M
Tyver'T~ A-e/'(/v./vu{0}) Jo f~ h =3
11 part icular, if we d( fin(. Tt. siich that (Tt./y),- = (Tt,), for f€ S and (T""), = +oc ol licrwisc,

tlioii TJ/V is an optimal solution to t.lic outor niiniini/atioii im>1)1("" of"

Notico that Ui(\ L<. asille s('t of tlie (ut.(". ininiinizatioii pi QDI ii of (2.3.0), F'"' ¢, is a s"DlaUir(. of

Rv Tliat is, for any coalitions A, 13C iV, and for any /:, (T. VTHi.A")' ~ °C and JJL),.G

r€. Then for any coalitions y#WJ3 C N, wO Mmv T:inre" VT:;AA and T:O.u"=

y1fl/i and S = A U /i respect iv(>ly. K. (all

which iimst, iba>5il>1(. solut ions to piODIC Hi (2.3.G) for S

,th(> definit ion of aiul /i.s'(T.s). We (G iiot(! ,
oo = e 2t Bat Borow meronon
=lyyv(T/v) + M(T/v).s.)
whero (T/V).s' IN tlic Dmj. Cti(JIl of Tyv to UK: subset, S. TIKUI WC have
W*ylu/J) + I/i, cMn/?)
< CWTTjrO + GWTiJn")

= A T/~ YV) + GAnlH"™+AN VvV TII"YV)

(JNC*"XN a + ryv(TNyv V )+ " /iw"(T. /v A + 1hWnli{{"XN - 10, > yv)/W) .

By Thoorcm 2.2.4° (/Atn)

is suliinoduhir in Tn- TIKuc™foro,

"WrrAo o5vatJA/V)vT o 0 ") < , / vy vm » ; v ) (2 .3 .7)
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Also,

"luf((TCVyv /|~ Y, n"(Tn, '~ Anih).' ~ = ") :

[}
+ E (m: AA et Wt ™ ~) L o)
1eAWii
+ ° /T, v/ + //;',max{(T;,”0)(* nn,,/v), n}).
ielitvA

W( > know that niax{70 — 77,0} is sul)inodular in (7’"//;.) for any i G S. Tlirr<., for( -~ > //,s—(Ts")=

Yes WD + H;' _ 7> () is sulniiodular in TTs Thus,

wAin[ yv), f1")+ /Mn"((TCl'/v < "/in"(0 "NM"iv).'W") + f'Ani{{i”#*n,N)Ann)-

It follows that,

fAuiii’ AN ATIIV)[iu") + ihWnn{OKW.N V Ty

< /'ve n"(m’/v),» n"m)+ *

/(T v+ " omaxd{(T: - ~) ., —TXw, O
1£AWnN

+hAnB{Tu,N)Ann) + A

(11, ~)+ a2 mC) AT ~) ) O

="/“(n’yv)]) + M(n’/v)").

This, tog(* UK r with (2.3.7), implies that

< Jyten.yv) + "/“(n’yv)/i) + "/v(Tny’/v) + ""((Tni - A/)")

which shows that Vv"{S) is submoduhir.

Wc remark that Thoomii 2.3.2 can hv g(--cralizrd to tli<> caso wlku'c there arc® upper and 10Ow(.

hounds on the; roplciiishinont intxiivals of the retailers and tlio WHW house. The reason is that, with
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this additional ggnstraint, tlio feasible sc* for the roplciiisliiiK'iit intervals is still a suhlattico, and so

the proof of Theorem 2.3.2 will .still go through.

2.4 Locating Sources in a Network

single sink. The notations used in this scctioii is iiulopciidciit of those iisocl in Section 2.3.

Consider a dire(:t(. d network N — {V, A) with the nock; ‘set V aiul Let ¢ - A R
define a capacity on each arc, i.e., Cjj is the capacity (( fiied on ar™ () € A. L™t X, C V ho the

s(it of nodes wher(. sources can be kx-atocl, and ¢t E V but i ~ X bo the single tjiyx. For.each i 6
. . w

alt lion-negative concave function function hj is clofiiicd. For each S C A', Dciioto Gs MSthe ¥ t of all

feasible flows assuming that S is selected IS tli<; set of sourrc nodes. Also, tor any (s € Gs. let

) ~ )

bo the netflow out of node i G N ¢ Dofiiio
\ S
F(5):= nv"Th,(vi{fjs)) - (2.4.1)

I BL Os . >
, F

Let k < WXW be a given iiite™r. We are interestwi in the folJowiug iiiaxiinizatioii DrODI(. m

< . * I

.. " ‘ S « max" F{S). ‘ (2.4.2)

We refer*to this problem as the Max-SourccvLocation problem (MSLP).
‘ J—\—- §

« » M *

Notice that for any givoii F{SycAin bb computed (efficiently; see for oxHiiiplc Fc”clorgruen and



CHAPTER 2. POLYMATROID, SUDMODULARIrV AND JOINT REPLENISH GAME 30

Groenevelt [20]. In fact, if wo denote v{(s)=(35(".s) 11 G.9), tlioii it is clear that

Jiil"€ GV} = {{v, : iGH1L" <T@, V/72C S

leil

whcere™

T(/?) := max V" Viifjs).
"«S€G, M

It is known (Moggido [38]) that T(/?) is a rank function. Tlioreforc, {?@y)lry G G W} is a j)olyinat roifl.

fuiic'tioii over a polynmtroid, which can bo solved Dv a g{ ( dy algorithm [20.

However, as we shall show that the problem of choosing S of a given size to luaximizo F(5'), i.e., the
MSLP, is ill general an NP-hard problciii. Therefore, wr will. s(-ttl(, with an apj)n)xiiiiatiQii alj”orithiii

for the MSLP. -

Theorem 2.4.1 The MSLP can be approximated in polynomial time by a factor of I ~ and this

ratio can not he improved unless P — NP.

Proof. By definition, and the discussion above : F(S) is the optinml oljject ivc value of maximizing
a sparal)le concave function over a polyMiatroid. By Theorem 2.2.G, F(S) is a silllmodular function.

Therefore, the MSLP is a special ease of the problem of maximizing a subinoclular fiiiictioii with

carcliiirtlity constraint. It is well known that the latter can bo approxinmted by a factor of 1 —L/e via
a greody algorithm [44]. Therefore, there is a greedy algorithm for tlio MSLP with an ai)proxiination
ratio of 1 —1/e. Clearly, this greedy algorithm (aii ho iinplomoiitod in polynomial time.

111 order ,to show that the factor 1 — I/e is the best possible unless P = NP, we rc.'diico the MSLP

to the so-called iiifixiiiiuiii coverage prohleui, which is statecl us follows. W'e given n positive
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integer k, a grand set U, and S — {"i, S-2, ¢-», } of snl)sctK of U. W'c want to sclecc-t a ‘siDs(. t
D C {1,2, e+, ni] such that WBW < k and | U/e" 5/| is maximized. It is shown by F( ig( [23] that
the inaxiniiirn coverage problem can not 1)(. approximated with a factor H #{ + than 1—1/c unloss

P = NP.

In particular, we (.oiistruct a network G = (N. A) witli th(. i0d sM ;V = NJ U N-} U {s}>-Wh(' (-ah

node ill corresponds to a siihs(4 in S, oach iiodo in N-2 corrosponds to an oloinoiit in U We call
cach node in a subset node, and each iiod(. in Nt an oloinoiit iiodo. Furtliermoix - > we lot the set
of potential sourcc nodes X = NWand let s be the single sink. For each subset node [ 6 and oacli

element ('.orrespondiiig to node j: let. tlio capacity of this arc he 1. For each ( I iiCit iio(k. j G N},

there is an arc from ;j to tlie sink .s; lot, the capacity of such an arc ho 1 as well. Fiirthcrinorc, for

oach i € NW, wc define a concave function hj{x) = x.

Lot a feasible .solution to tho iiiaxiiiium coverage problem be dotoriilined by a suhsot 13*C {1.2, see .rn}.
‘This gives a feasible solution to the MSLP as follows. For all suDs(. ts S/ -] 6 13* W select the cor-
responding subset nodes in N#Was sourcc nodes. It is dear tliat, giv(?i this & t of source iioclos, the

iiiaxiinuin total flow to the sink is exactly o(iial to | U/*/i- Si¥¥, duo to the capacity coiistraiiit from

Oil the other hand, assume B C NWis a feasible ‘solution to the MSLP problem with an optimal

t

objective value of F(B). This gives a'feasible solutioii to tho iiuixiiiiuiii covcuago problem. In
particular, wc just select the subsets of S that correspoiid to tho ‘subset nodes in B. It is left to

show that the iiunibcr of eleinonts covered by these subsets is equal to F{D). To that end, wc notice
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that when D is fixed, the )ro])loiii of (.(mipiitiiig F{D) is a siiiipk. network flow j)rQhl(iii witli a linear
objective function. Furthermore, all the capacities ar(. ones. TH(T(. fQr( - - there exists an optimal How
whore the How on each arc is oitlior '/(TO or one. Sinco tin. total flow is F(/}). tluMi tiicrc arc oxartl.y
tlieso many element nodes in Nz havo flows t() tlio sink, and those eloiiu'iits must be covered Dy tli( -

subsets corn”spoiHling to D .

for the iiifixiiiuiiii converge prohleiii, and vice versa. This (+(iiij)lotcs the proof. .

2.5 Concluding Remarks “

identify conditions so that the optimal objoctivc function is a snhiiioclular function in the index set
and the objective paraiiietCTs. In the most general version, tor each a G IR" | » Ww(. consider tlic followiiijz,

problem,

max y"//(L,>".,)

where P{z, E) is a polyiiiatroid, and for eacli 1 G E /,. : R — IR is siiDiiiQ(lular in (.r,.a,), and

concave in both Xj and (i. We prove that the opt.iiiml objective value as a fuiurtioii of parameter a is

and the oiK'-waroliouse inultiplo retailor game.

The suhiiiodularity results regarding polyiimtroid optimization may find other applications as well,
given the wide range of applications of polyiimtroid optimization. One possil)!™ area is for problems of

scheduling iiiulticlass queueing systems that satisfy strong conservation laws; sx! for (xmnpl(. Garhc
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and Glaz(4)rQOQk [26], vvlioro tlio oh.j(. (tiv(. fuiictioii of tlic optimization prODI( i" is linear, but the

feasible ’ set, is slightly more g(nicral than a polyiiiatroid.



Chapter 3

Modified Iterative Waterfilling

Algorithm and Fictitious Play

3.1 Introduction

Grill 10 tliK)ry has bcoii dovclojx'd and stulli > (1 extensively in the last centiiry [40). Originally tlic
study of gaino tli(K)ry mainly focused on either purr tIKIEDr(. tilal models or (. midiriCal (x| >(Tim("“.s to

better uiicl(Tstaii(l liunian boliaviors. How('v( - r, with tlui (( v(. WDDiKmf of tlie tlicory of al”orit Inns and

gradually lias ('oiiio to Uic attoiitioii'of rcs( > arrh(TS in various areas. Since Hiidiii™i, the Nash 1, ( |uilibriuiii
ill g(ui("ral is PPAD-hanl [10] even for the ‘siiiipk! axsv of 1)iiiiatrix j™aiiies [7], cfiorts arc mainly focusiiij! ;

on fiiKiiiig approxiiiiatioii algoritliiiis [8] [12], polynomial tiiiK? algorit liins UiKUT roiiditioii [03] 137], or

licuristics like fictitious play [Gl [40] |50]. Also, tlic studios raii lead to cfHc-iciit (list rihutive algorithms

for solving largo sttalo optinii/atioii systXMiis.,

40
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I
Th(, of Uvirniiigilijus X ¢ n us@1 < xtCisiv(. Ly in gaiiir tn <ry, DOtli as an attempt 1" a(li<. v( < 'K i «
W ‘ .

in 1951 by R(ODinsoii [50] and Brown which used the idea of Icuniiiij:, fVoin tlie history (average of
all history plays). RODiiisOn showed tliat it is coiivorj”ciit for /cro-siuii matrix Hni(. . Many papers,

e.g. ([411,[27]) followed mifl cstablislicd tlic <oiv(T}H;( i(( of' fictit ious play tor sprrial types of
6
Also, this si»ni)l(. idea of Icaniiiig from liistory has ixHMI extended, hy inlroducin.U, tlie idea of FADING

iiKnnory, liniiti®J m(. iiQry 1('nji;th, iniroducinjz; stochaslic Ixjliavior, clc, to create various lyix'S of
modified fictitious play [39] [40] [35]. However, most of tlicsc msiilfs n(( G lo assiunc the noii-cycrmji,
property or siinihir coiKlitions. Eol. ™ ii(ial nis( > s it luus Dw. n sliowii lo he not cotiver”ciil. for example,
the famous Shaplcy game [567]. On the otlicr liaiid, tlie cvohit ioiiary jj*ailir thcory ha.s been developed
t,o provide models Of (lis(. (|uilihri"iii behavior in stralcgic setliiigs, in which players arc assumed lo

b(* Imriiiiig from history and play I st response to the observed liislory. Saiidlioliii [55] provides a

his/her own transinitt in” power, under the powcn- budget const raiiit. The i)r(,vi<ms stiuHcs arc mainly
Dasnd on tho wkldy used IWFA nirthod, in which cacli user updates liis/licr stral(;gy acconlin”™ lo
t'hc (mrrciit, ohsorvat.ioii of tlic. sysUnji. Under soiiio special coiulit ions tlie coiivn.f » "(<. of" ( his updat-c
rule has Imhmi proved [63] [37], and it was coiijcK'turcd that it will coiiver™c in any ca.scs. Tlic IWFA
MOTHMHL, call B” viewed ;LS tli(» simple strategy that (ivciryonc plays the best, response to t IK* current
Hctioii of other players. It is tlKjrcforc natural to (. xtcml tho idea of 1(finii"H (r+ F . > fict itious play) to

this s(“ttiiig. We show that when iii(. ili(Cry-fades fkst, (niougli, tlie al™oril liiii (0f<. ¥ s Lo Ilie Nash
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The (eoiit ribut ion of this (liai)tGr is listed h(. Inw:

1. VWC show a couiitxu' <. Xiiiupl<. wlicrc tlio"st.aiidard IWFA docs not (nivirH<e » wliicli is }iji,niiisl The
(onniion DCL(. f in tlie coiniiiunity.

2. W(. propose, two it('rativc alp;QOritlims witli «10Dal linear coiivcrj®cnce rate, iiiider t.li(. coiidilion

I
in Luo aiui Dall-s setting [37].

3. Boili of the alg(>ritlinis IKHHI only local noise iiiformal ion at rarli sfi D and arc easy to ii"|)I<'iiir"t,

tiiiis can h(. viewed as a (list ril)ut ivc algoril hm l.o calculfitc Ilie NIC of 1 he “anic.

4. The iiiQUin(Hl IWFA algorithm has a gainc ii"(’i-|m. tatiCii, wliicli <an Ix' viewed as a modified
H('titiQus play. Also, IKLSCHI on our coiiver™cna' result, we ("t.ai)lish t he result 11MI il'rvrryonr lias
IKHMI (!¢hi(ut<'(d to 1. arii from history wit h good (. ii(mgli niciiiory, 1 IKMI tLE system will event iially

move to the stable point (Nash Equilibfmi").

5. cxtoiKi our n”siilt to an 6w u mCr(( g( i ral si ting, and introduce 1 he not ion of joint ly convex

j*aiiic. Also, w(; discuss the coniuH tioii lo iiioiiolonc LCP systems.

G. W(; brlicvce that, our work (fin ciiluuicti Uie (eoiiiujction IxMweccii opt iinizat ion and the }! ;aiic
TLIMry, so as to justify tlu; behavior of learning from liistory with appropi.iat.c mat IKMIUII ical
iii(kI(;1s. Ill addition to this > our work iiiotivales to solve largo scale oj)!inii/at ion prohliMiis vvitli

(list,ril>iitiv( » (".oin])uta(iQii.

The struct.un™ OLthe ix'st. of tliis cliapUn- is as follows, 1lii Scu-lioii 3.2 w(. (,sUDlisli t.lic iiiallicinatical
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tho I(>w iterative L(. amiijz [>a. ( al”orit.liiii, and Ilkmi proceed to aiialyzci tlu. propcrlics of this new
fil™orithni. ScHtion 3.4 ("xt.cnids tlio algoritlim to a more ¥-"(s-:;Usetlin™:;, and introduces 1 he notion of

jointly strong convex jzaiuW Tlir last, sect ion discusses tlie futiirc rcscarcli dirccl ions.
I

3.2 Model and Existing Result

3.2.1 The Model

In many (toiiiiiuinication systems, such as (lie DSL networks, and cahlc networks, tIKMC arc a'nuinhcr
of users act'cssiug to a limited nuiiihcr of (-oiuiiiiinicat ion clianncls or tOnWs. Altliouj™li people can
sliar(. Uic sanic tones, I he cross—talks D I'wKn <Gtt.(T(. iit, users will crcatc iiitcrfcrciiccis ainonji; Ilie users
and r('(lu((» their traiisinissioii (vij)al)iliti('s. In goiicnil, LI1K users arc not cooixMativc, and arc only

KHMI toyth(, ir own IKHHIS. Also, SOIUG UIK-S th( y arc only aware of tlic local iiifoniuil ion, sucli as tlie

v

and then? arc n fVrdiieiicy ionos 1hat can ho ax(CSIS’ Dy tli. "S(TS. Eacli USM- Iwus a power DU(g('t,

const railit as:

iPey = YreM 10<// K CM/,VrV < }

wlktp /)' (lonotic tlui |)OW(T allocation of user i, and a is tlie all one vector. Tlic object ivc for cacli
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cnvironincnt, which is:

nmx ()"0 /M =EL I “+ 0"
(3.2.1)
St // 6 (PC)I’ .

wliorc rY_ > ac p(>siUv(, scalars and a\J ar( > iv( > scalars for all i + J and A, whirli r>ir<, s(it tlu;
ii0iKC power sptH'tra and cliaiiiicl crosshilk (OG HGG "ts r(. sp(. (tivdy. NOtic(» (liat tlie utility fiiiict ion is

ilionoUMiically iii(T(. asinj® with rcspcct to "j*. > Ii<' >mDI( iii rcniains ( Guivnl(. "1. if we rcsl rict (lie (ciusihlc

region to

Iy = {7l eir 10< p' < CAP'r"f/ =n~i,J.

3.2.2 The IWFA method

T1i(. IWFA iiirt liod allows ( a(li user to jir(HMlily reallocate 1h(lir own power allocat ion across dilUMciit
spcK'truiiis to optimize Muwir transmission rate at each it( niti<m, i.(>mtx. <ly. It lia.s IHHMI conjcct iircd
to 10 coiivergciit ill all cas(. s, altliou™h only IKHMI PROW. i under ccntaiii coiidil ions.

TIi(. IWFA is t.lu - strategy of playiii{i: best n"sponst* to tlir current action of tli(. otlicr players. Denote
Bk = (") B = diag(/4), hk= ("1[)1x7">and h = {h¥¥/>2, « ‘-Jhi))' -1/ .IDy(T  if the niir(. iit joint
m tioii vector of ot.luT players is < aii(l t.lie n"spoiiding d(. dsioii vector is noted ius ",(./;—"') > by tli(.

KKT (tondilioii that y — /?,(:/:=%)if and only if there exist / and sA.>0, @: — 1,2 ..., n) sucli tlial:

0 = for al k= 1,2,..., n
t =H+ ,,, ' ttt lo'all A= 1,2,...," >
or cquivalontly,
> A T-r for all k = 1,2,...5 11
if Vk > 0.

"(+"K+E)/X : A
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I(t/ = —1//, thou it changcs to:
-t < + rrl =~ 7 “oal" =12 II
-f + Zjh. 004 F'A>) (>

which is equivalent, to:

-V ok for all A=1,2,
-+ = + 4 + for all A - 1,2,

Notictc that this is (. xaCtly tlic KKT condit ion of tlui pmblcin

, . . J.J
mm  y/ ) =ELi + + /i kK (3.2.2)
s.t. y' e P.

game ‘S di(> (1 by
mill fi(:i;) =L+ CeOTD+ ")),
s.t. ' e P

of X — W—Bx —/]/, > where P — " is 1llo fcasihlx ’ region, a closed convex conipart. set, and [.]"
is the mapping signiiios the ortlioj®onal projccUioii onto /). It lius D{C n shown in 1:37] that, this poiiil
exists and is uniqiK. under tlio coiHlitioii tlifit -/ ., /. j All our proposed ilcinition methocls will

10 has( > (1 on this coiHiitioii. TL “» (»xist,(*NA. and uni(| UM( > ss of iliis point, will IK. PROVEN in UIC PMCCSS

too.

Throughout, this (lmpt,(”., w(. fussuino that all play(. is respond sinmita.i( > (.msly, and assuinc that tlio

condition St 5 I holds if not. specified otherwise.
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3.2.3 The Counter Example

Wec start, with sliowing an (oaiiiipk > in which tIK; standard IWFA n( L1i({ fails to converge. Consider
the following settings for the DSL gfiinc: Tluuc aic tI"(. ( users, (¢ iot( ( by 1,2,3, iiiul two channels
1,2, the positive noises scalar rrj. for (->a<i us(”. / iii cacli clianiicl k is id(. iitiCal as a constaiil r, t.l

iiit.crfcreiia. is (Icfincel 4=

O, (/../)€ [(1,2), (2,3), (3, 1)}:
7
(\r=
I, otliorvviso.
Each user lias power hudgr = 1 and ('apjuity CAP1 > 1. Th(. iteration starts at the point,

whore users 1,2 use full power in chaniiol 1 whilr iisor 3 use full powtT in cliaiincl 2.

By solviii}! ; tlio Hxod poiut equation .Je=|)/? :].—,1/), wc can wiify that this i“ainc only lias a niiiGu(»
Naisli E(iuiliDriuni, in which all Dlay(’.s (uimilly (istriDut.(> tlioir own power budget across tlie two

diamid.

Wo sliow that if (> v(’,y(m(. follows t.li(. ITW™"(>(1, siiiiultaii(H)usly or taking 1 urns, t.IH. state
of Uic gaiiKi would always 1 Lllat two usors allocate full power budget, in On(. chaiincl while the ot IV
user allQcat> full pOw(. r budget in the other. If at an itxuatioii tlic {"ailK" is in this st{t:(~ -t i aiiiong
the tliroo US(TS, two of tlioiii aro satisfied and liavo no iii(( iit"iv(. to iiiovo, wliilo tli(! ot ku- US(T wants
to change full power hudgot to anotlior chaniid, thus no iiiatt(u- which users take action, or all thrc(»
of tlunii do it sinmit.}in(H)iisly, Ui(. gaiiio would still Do in such a state. Thus Ui(. IWFA method would
loop inside sucli sl-at<;s, which never coiivorgo to any Nrush E(iuiiiDriuin jus th(. i is always oiio (and

only one) player who is not salisfitHl in any of t hWsc states.
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Also since tlio T mat rix ddim. ( in [37] is

/
0 10
0 0 1
0 10
¥ /

ill this (:as(! > and t.lir matrix siKHttnuii />(T) = 1, it ‘shows that the socoiid condition for the convcrgCMico

of IWFA ill Proposition 2 [37] is (Wssontially tiglit.

This Couiit,(. r cxaiiipk » can 1>(. goiioralizcd to k cliainids and k + 1 Us(Ts cacli with powoi, it 1:

O /=7+1;

1, otherwise
111 this oxciiiipk;, if tliC sysUMii starts in a situation in whicli usen* 7 and 7+ 1 GiOt.(C that player f+ 2 is
If everyone follows the IWFA iiietliocl, tluui W, r/ £ { ¥ s inUu foroiico from user /— 1 on this chaniiol,
and no int,(Tf(:(MW on the clianncl WIKTO user /—1is in, U 16 {&( IT will chango docisioii and allocate
full power DiKlj"ct in tliat chaiiiiol. The other usors will not cliaiigc tlioir decisions bocausc thoy . ((. ™
no intorfenuKXi in tlioir curront chaiinol and intorfoixuicc™ 1 from any ot HM (elianiicls. Not.i(:(, that
result of this D(Wst responses action, actually iiiovos the systoiii from the status c'orn'sjxHHliiig to I to

/ — 1, tluTofore it loops and will novor (Coiivorgo.

Th(. rdFor( ~ »in gcMicral wv should not (expert, tlui TWFA inetliod miiv(rg<i lo tlu; Nash Rquilihi.iimi of

tho game.
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3.3 The Best Response to the Discounted History Iteration

Usually, the (I(H'isiou of a iKTSon/corporat ion is not only JsG @ on Ui(. ( uinuit, status of the world,
hut also tho history Obs( r\«r(Hl, and t.ho iii(niiory usually fades as Uiiu; passrs by. It's naturnl to ask
wliotluT tho ‘system would 1)0iiion™ stallc, if (> v(. ryoie ujxlatos its (Un-isioii mrcorcliiig to tlio history.
[11 particular, w(. sincly the case in which iiioinory fades g(H)iiict.rically wit h a fading rate ., i.e., if the
curnMit history at, liino ¢ is "/ and the play is :;:/ then tho iip(hit(>d history is hi i = (1 —»hi + s/,
Tho smaller the s is, tho ( tfcr tlu? inoiuory is. If at (. adi step /, (iv(uy phiycr plays the bast response
to tlid (nirnnit history lit, then iho new coninmivnl ddcision vcct.or is /;/ = [—/J//., —hl~ and Ui( iiew

history is = (1 —s)lii + H[—Dh.i — />])\~.

Define tho afiiiie iimppi”

Ax = —Bx —h,
[
and for each x G A' and 1> s> 0, d. Hmn. ‘
II(J_.) =[Ar]ll_ I3
(1:1: =V -

vwes) = [A{X + sdr)]JK —

Doiioto N = WWBWWZ2 and assium. that there exists S, M > 0, sucli that @1 —S)I & -, O+~ (1 - ADI

then by tlio property of projcxttioii, wc liavo: .

N -

i
Lemma 3.3.1 For any x € K arid s > 0> the following p7X)pcrtics hold:

1. dI™{Ax - x) > ‘ 0



CHAPTER 3. MODIFIED  ITERATIVE WATERFILLING ALGORITHM AND FICTITIOUS PLAY49

0 t

~ Ifdyis fly - Ax) > q.'
I [ o

I WWd {s)WW < .s.viky.l].

o

Proof: By th<' definition of projection wo know that for any = € AW {z —y) {Ar —y) < (), taking
T / ‘
z = X this iiiiplies d/lj. (Ax — 0, and taking z = [A{x + sd™)]i"-it implies ""(.s)' [y —A.r) > 0. TIIUH

/ ed {Ax —x) = dMAx —") + (Niy —x) > = [|rf|r-.

Also ‘

. - Aly) = dI"*-""ck > {S- DII"I2.
. 2 ‘

where tlie last inocjuality is bwaiiw. ()f

. ; k//9I < T X+ wi) - ALl = T- sDd.W < sTVILDIL

Now w(. define a potential function

eg» rt It ff
fix) = 2x Ax —x' J- -2y Ar + y' y.

of them updates its decision assuming all otliers do play "/, or in other words, update its dwision

based on (instead of xt).

Lemma 3.3.2 For any x e K and 0< s< 1, f(x + .sf") — f{x) > 2sdl{Ax — x) + (t.(s) - 2.9)| 71 2.

where c(s) = 2s(<6 = Ms - N"s).
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Proof.

AT + .sily) —fix)

; s(f [(-2B — [ -21)J:+ S'Ul (2D - /0-2y{.s)"{-B.r - 2s<1l{-B)’ vy —  2sd,{s}'"{-D)d"
+2dy{s)"y + dy{sfdj{s) - 2d]:h + 2(U {sth
= - b - x) + Z2sdl{-Df{x —y) + 2"(s)'(" + Dr + b)+ sX. -2B - b
J
> 2sdi{Ax  —x) + 2s{S —DII(yl2 + 0 —2.82A/1 | 0> 12— +J

=2"sr4’(A7:-.T) + (x(.s)-2.8) 1.0 112 - -

LD
0 n .
Notice that if wc tak(; s= —thGnr=-c{s) = .,(= ;> 0. Wo will use this specific value of
8 ill this so('tion without fiirthoT inontioiied. ’IJ‘:““
Lemma 3.3.3 There exists a uniqua Holutioii x+* of iiaXxe/V fi-~)- satisfyijuj JU-=r*,

Proof. Be(aiis(? f{x) is Lipscliitz in a (-oiiipact sot and upper bouiidocl by O, the stt of global optiiiml
solutions of X ill K, ArgiMax/(x') is noiioiiiiHy. For any x G Ar”iiiax/(j), Wv( have "j. = 0 Dy tlio

previous lemma, and thus ["x]/v = x. Notice that if there arc two different :—|.12E Aigiiiax/(j;),

then we have {x2 —xi)" {Axi —y(W) < 0 and {xW —x?)" (Ax2 — ui™-i) < (. Bocausc y{x)) = .i'#¥

and y(x.2) = x'2, wc have (xy —x'1( —B —D@{-i —:(4) < 0. However,

&2 — NV, - X)=(Ll-2 =X f (I + @ + 2 H - -n)> FL2- It > (.,
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which coiitraclicts (x-j—X] {—B —D{xW —x-j) < . Thus the set Arj!>iimx/(.r) is a iiniqiK. point

satisfying = x* b
Also noticing that
(Aj. — x) ‘A{x* — 7)) = (A B I-B-1f _,')>%,"_.F*Wf
and w(. Imv(>
2r/iU:r - J:) — WWdrf
. rle ran o
=x X—y y+ 2y Ax —27. Ar
I
= - T f - IAr - yf
> WAJ- - - - - for all © e «.
Take i = [A.vW}, whore D = Conv{x, x%* is the liiu’ section foriiKHI by ./ and r* a sul)s(>l of f(. asI(
region K, wo have "k -
2dI(A:r - x) - WWdxf > (iiindlx- - {Ax - - - rlIPD- > (miii. 1 )-llr—1" T

Thus w(. have the following lemma:

Lemma 3.3.4 For ap.y x € K, wr. hava

For the (nv(rgim(c rate, notice that f{x) is Lipsdiitz, there exists a coiistaiit L > () sucli that

11/(3;) ~ /(a/)II < LWWx —x-1 for any x, x' e K- Notv. Aj: = x —x* and Ay = li{x) - y% where y* =
|

is the equilibrium point.

4
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Now wo have that

m - 1 " n
=2(A1" - - In+ — /A,. + 2AIBAj. +
— 2(A, - Xx) +

= - L)+ OUTA ™) + O AT rdil)

Thus there exist a large onougli constants h > 0, such that

fi-i-l - /& < - X) + + IR

for all X e K.

And in the L(. miim 3.3.2 we also dQOv(:>( that

Jix + Hdj:) —fix) > 2sd™Ax - J:) + (c - 29! (s |12

If WWdxWW > iiiin(<5,1)| |ATII, (Iciioto iiiiii(<)V1) = fi~W and let w =" [,( {4./. - /*) - > 0, w(. liavr tliat

JC/ + sdic) - fix)

/ M - %)
> 2sw + cWWd. W'
2m+ 2[K. T+ "[|As 2 + NDIIAJIK.||
s s 2w +H] “TIP
— . 27i;(+D @+ a/g+6/VIKir

> smill 1, _
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If IKII < nnn{6,DIIAIl, lot w' = - x) - el2 — =27 -0 > 0, HKM.

+ .sr/%) - fix)

i) - fix)
>
Q)+ + li-'"A”r + HIAxP + M|A.|||k/|]
" L m2] |AT] T2

W+ @ -2+a+ D

Thus w(. have proved the following tlicorcin:

Theorem 3.3.5 For any x G A', we have

A

— 11 DT 11_ 111f1
Cr) fix + .s+) < s (T o+ 1D 4 i

[fl_’H - JACEEDR B

Tlicorciii 3.3.5 automat ically guaraiiUK”s the gl(QDal liiuuir coiivrrgcMicc rate of /(" A..).From the fact

that

’ /) - fihk-) > /(Vm) - /J(A) >

wc also know converge™s to O linearly. By Lciiiiiia 3.3.4, Wwknow that ||/ —./,|| convcrfi.cs linearly

to 0, tliths J: ((iiv(Tg(s linearly to x* In otlicr words, vvc have the following 1 licorciii:

Theorem 3.3.6 Foj- tha DSL (mnc with the. assmnption [ + v I wilh. N — WWBWWZ2 and M =

N + I' if (iVfiTijonahas a (food enoufijh marnon) (a.f)., with Jadiruf rate, s < "~TjjijTi) (3%l  pUiys the best

response to the history of tha actimis taken hy othar jdayars, then the sysUnti convciyc.s Lo Uw unique

Nash EquiUhTiurn  linearly.

To show how our algoritliin runs iii practice, wc sliall Dr(>sCit t.h(. siiimlatioii results in the next

subsO(;tioii:
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?3.3. 1 Simulation Results

111 our siiimlatioii cxi)oriiiioiits, Wwus® log| ~/(//. A -)and 79 —/(./.)) to cvalualc 1 lie al"i"orit lim.
The reason to use NI is IxK ausc of Lcimiia 3.3.4. And for —/(./"), Wr 'Y~ (the iiiaxiniuin

valiK! of /(:;:) from all ilcratioiiiJ, tlicii plus a small f D(J" ---to avoid logO.

For randomly g(Miorat,Gd matrix, it seems that for nil 0 < s < 1 the itrration points coiivcrji.cs
oxtrciiicly fast aiKi ( v("i more, surprisingly, the function /(//./,) is moiiotoiiicnlly iioiidccrcasiMf®, coii-
siiuill .s. For both of tli(. two loji, graphs, tli. y arc almost lines, wliicli coufirins our tlicorct ical results

alDOut tJic linear ((mv(. rg(mr( rate.

For randomly gciirratccl matrices, usually the cquilihriuiii point is readied wvvilhin a lew it(Tat ion
steeps for 1ig H This incaiis in |)rart,ic(. IWFA is very cfficicnt., and itcralions wit li clioscii step Icii™lli
an* not iioccssary. However, this could also D( lLiik(*( (i< (:tly to the way Wv(. jciicratc this ra"dQui
matrix, so w(. still n(( diiior(, siiniilation t(Wsls, or iiiayhr run some tests with real data Iroiii practice.

Il our siiiiulatioii, Ww use —J(//,), and io};;(f(//.f) + )) to evaluate 1 lie alj*oril lim, vvlicn; tlie sniall

f O(7 10is a(d(Hl to avoid 10g0. .
Also, for the (labeled ns counic.v example,) when; tli(> coiKiitioii [ + “ [ /2 > 0 is violated, from
the graphs it is that the algorithm (((s not convcuT'o. However, wit h smaller s (hcl Icr memory),

the; algoritliiii tends to raiij"c of approximate' Nash Equilibria witli a iiiucli smaller error, and this

error drops drastically as h dccrcases.
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Figure; 3.1: —/("/*) and logC/X",) + 0) for randomly jz<nMa(('(l case

R B T v/ O R S IERIEET!

fiHfun

Figure 3.2: —/(//./) and 10g@, (//./) + 0) for couiilcr cxaiiiplc
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3.4 Extensions and Future Directions
I

3.4.1 Another Iteration Schonic with Linear Global Convergence Rate

W introduce aiiotlicr it(?rativc algorithm which roivOLff ~s linearly. TI". itcnition slcp is as follows:

Al = [(1 - 9L A+ tlicn

‘ /- )"{Ar -x) = —xfly —.o)+ (" — /) A -//)> /-l

tims
.111(1 - 9T + SArl,!\- - o= 11-
< 1A - s)r + sAd: - 1A - +
- (@1 - sfo; — + s-WWAr - Arsf + 280 —.s)r —.r%)'"{Ar - A/:%)
< 1d-sf +sN- +2s(1- (I -(DIlk -
=1 — + (N~ 1+ - ‘
If wci'takc s = , and ddiiir " = #WJ1—s6 < 1, w(. have Ilial

%

any /. G /v, wliicli ‘vimrail:( (. s global linear (.oiiwrgoiire rale lor 1 liis il M ation iiicl hod.

>W(. ver, tliis iteration step docs not have a j"ood game lhcon”tical. inlcrprcl al ion as tlie previous

tlic Uuk of game intuition iiifikc™sj liis algoril liiii not as j"ood as a caiididatc for furl licr “ciKTali/at ion.

A
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3.4.2 Connection to Monotoiiicity of LCP System -

The idea of the algorithm alxm; can 1>(. applied to any (jiunlnil ic in j"ciicral and tlir key lor tlie
(eoiiv(. rg(. iir@ proof is the condit ioii that —I > 0. If we consider Ilie following H,mT;»] <|ua(ratic *
(cost) TIHMC arc n players wit h t o joint closed coiiipacl fcjusihir K 7%1) X . H;'-i A'/. RLiy<. r

2's ODjo( t is 1,0 iniiiimi'/c 1lie cost lunct ion

<iii) o= "N t-1Qi-1, + 7 I'NAJI .
/i

D('Hn(» (1k'-joint Hessian lualrix // fus //, = Q“ and Jijj= Ajj if /+ j If tlie (juadral ic "aiiic isjoint ly
strong convex, (hat is, the iiialrix I >- (), tlien Dy Th( or( ii ;ili.G w(. know Ilial 1lie Ix'sl responds to
history al”orillini will (<iiv(. rg( » to tlie iiiii<|ii(. Nash Equilihriiiiii rmcarly as loii” as everyone lias  xxI
(1i01iij;li nu'tiiory. Notice giimlmtir "aiiics liave one to onl( (.QITC s/>Cul n(( to syslciiis, and 1 he

(wWn(ition I+ » 1'™ 0 corrcspoiids to th® inonoloiiicil.y of IThe LCP system. II would be iiilcrcsl ind;

to niMg(; the i(lGCa of learning witli Ilie existing iiitxMior point metliods for solving moiiolonc LOP

problems D)

3.4.3 Extension to Non—-Quadratic Game -

The previous models arc all Iwuscd on (juadnltic jzjanic models. However wo can approxiinatc any
gmiK ; by a (luadnitic ganic, by locally appi.oxiiiiat.e oacli cost utility function with tli(. second onUm-

Taylor expansion. Tlunoforc, it is uatural to ( x( id tlic idea to i“ciicral fzjniiics. ¢

W(. now coiiHidcu' the "ijainc with Uu) following st.nu;! urc:

1. are n players ctu'li witli cost, funct ion r(:,:/> [+, wliri.c 1 lie dG(isi<>ii varial)l(' of the ol her

)
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(roiive™x witli ixnsiM'ct to Xj.

2. For each player /, tlIl> :/+—,) is assmiUHI to he stronjijly convex witli r(s|>( rt to Note tlie
Al giiiiiiri.Cr./ > o1:_/) IB wliicli is assumed to 1>(. witliiii a roiupacl. &t riic D( ¢
r(WsDOns( ; fiiiict ion [i{x) which is dciiiicd by /?(/e), = — whicli is the hesl, ms|)<us(. if

(iveryoiic assum(Ws t he ot hers play acconlin™, to Ilu*joint, decision vector /o, hut wants to (( viat<.

from it, Dy hiinscir.

3. DcHiic the joint Hcssifin inairix of 1 lie jhaiiic as:

f- /= \

< [OVI J,,
Wc say the is jointly stroiiji; convex, if (//(/?2(.;*),./:) + II' {l{{r).r)/2 & (SI, with > 0
for all J-e X = n;~i1 A',.
4. Assmm. the S(t A' to have a (liaiiictcr L.
5. Note tli> Dlo(k diagonal malrix of "(./e,.") as D{.r, /), and d — "(./*) —r. Th(. Hessian iiwit rix
satisfies
(and
IK, I < "yA/J'/IH"(.,:), .'9)".,..
G. Wc {UssuiiH" the block diapional I(Wssiaii mat rix /<), x) and tlie joint Mcssiaii lual rix arc also

ui)- DOun(('( iiiiifonnly, tlial is, (DG ")+ /) (<", v))  A//, and (//C/:> ")+ "' (s, 9)) <A/,

for all ;r,y € A'. Also, we (tan achicvtul by scaliiiji; all 1h<' ulility fuiictioiis down

uniformly, we may {ussuinc iliat. L'M < 1/2.
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7. The block (liai“oiial Hcsshiii nmtvWg){li{x), x) is fJ contiinious, thai is,

-iV(IM] + WWWWII <AD{j-, y) — D+ u, y+ v) + {D{r, y) —OC [+ u "+ I N lall + 1,11V

history coimMgc”™s linearly.

Theorem 3.4.1 For ike jointly  siroiuj convex (jaiiic with. each. X, G IR". consider [Ihe folloiriiiff

aUjoriilnti:  Dv.jinc C(x, /) = YI'i=W "/(.":] > "—).

J. Start with. mi. iniU.al point 1.G X. Let. /" = .r(s hiiidl wifh. A= 1.

2. At. each, step k, each, player 1 plays hesi response assuniviuj (Il the other players arc jdayimj fh.r

kistovfi If™j. The new joint (Iccisioti. is i * = "(//\_). inhere "() is the h<si raspoiisa JuncHoii.
Update the hislonj (is A * ‘= + 4 (1 —
VoI h™) + (7(/a" > //N)< (the (dfforilh.m stops. If not. fh.cii set b = [+~.+ 1. (o to step 2.

Than tlui alfforiUi/in stops at mostZZ(hi  "J<NEC), JO)'a .—nr) steps.

1"roof. By the first order coiulition W know t.luit V.,./v(/?(//),, /y_,) = 0 for all 1< i< “and /€ A"

TH(TC fm-~ > .
)2 ) V)
AN W R VA A A A 7 A S VA A R WY |
uxiuxi uy (J.r.io.,
H>n> A' is (UHiic»d to be, tlic niat.rix wliosc (A- j)-(0i DlocK is if k = j and O if else, with
1,...,/ —1,z+ 1,..,,7<d1dj = 1,2,..., ." > lluui w(. have tliat
0

Oy
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Consider the P{x, d) & Hi( ( as @ D(/?.G/*), x)U, di. — JI{.v) —.r and the poUMitial fuiict.i((1) at any point

€ X as P{ir) = PGR, /2(/)) — x). TIKMI if < /IIRAL, w(o have t hat

< OMWWWAWW~ — 2r/://Crr/, + "o D) 0 INWWA,.f
< ovwwwar  — 2" 7/ +C "oy LT+ INWf
<A OMIOWWd, £ +  INW(Lrf
< S 2AfO  + INWWdrWw

- M S /s

Notico thal for any s> { aiid y —/f+ ’'sd.,., w(. have

Dl ., RCi: + M, < swwd wwa...ar — D= [ [NU2(x + +sa) < — |ld]I,
'=() 0y

TKT( > il , if w(. sdert— ¢t —. > )\ “.,¥/Dland s = ihoii W luv(. that (In /)(r + < .gyfor
all ()<£ : < s Thorcfon™,

NG+ SO < A=~ 12",

NOti((» that D((Caus(; ( mh play(T’s utility funct ion is convex, —/+ A.>//)+ " (// - ,/]) is upixT boumlrd

hy( / / AN ~N

H(" > Uk. algorithm t.miiiimtrs in at most #t (li /).,~,) —1f}

many steps.

3.5 Future Directions and Plans
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Iwliavior. Actually, most, rccent nuiiii stream algorithms, for oxaiiipUx*, Ntnvton's IU(. tho(l > liitinior
Point Motluul, (Gtc, all adopt similar principles. TIli(. luain mlv}iiit,a)i;(. of this approach is lliat it is *
only Das(( on the; local DrOTU( s, wliich arc (asiC i to verify and quaiit.ify tliaii tlie }"10Dal oiios.
However, it is iuii,(. ax(>iiabl(! to force constraint on the player's st( 1 IcMigt lis, since rach player is acting
Hk. p(. i0C nUy on his own, Mcaiiwhilo, in i( a lifo ti(. i(. arc all kiiidslIDt" cost for changing (( (isi(ths, for

syst(Mii more staDI® It would b(. interestiiig to aimly'/(. how Hi(. sysl.oiii would D( Ilmv(. with frict ions

involved.

And it is also natural that 1)(x>pl(. make decisions based on the history wvliicli tuWv (Os. RV( . In tIK;
standard (ictitious play cvoryoiie simply plays Ix'st r(. si)ms(. to tlic liislory, IOWCVCM- 1 1¥» nuMnory M. W i
fades. That is, a liistoric event occurred long t,iii(. ago has tlio same w(. iglit as a iccciit ( v "t It has
IxHMi proved tlial iiu((. r Hctitious play, it convcMgx's for two p(".s(m Y(".> sum ganu”™s [0] [50] and in
otlior various sott iiigs, LOW( V¢ there is iio (((Te( i iat¢ ( ~v(( i in voiy simple tiiigs. It lias also
D(EPi shown to he not coiivorgtMit. in gcMicral 1)y 8hfij)loy [57]. Also, oven wlkmi it converges, tlu' ralt®
of convorgoiKX” is vcny slow. It would Ik. interest inw to aimly'/(. th(. trade olf ) W i conviMgCMicc rale

(lifi'omico D twH. i strong and w(. fk iiMMiiory. It is also iit(. RC stii2; wh( tIKT tIK. result can hv ( xt( ¢ @

to PTAS for tho Biiiiatrix Game.

From tli» point of optiini/at ion theory itself, th(T(. is a stroiij”~ ihhhl to solve* large scalo problems in

signal procc’ssiiig. Distributive algoritliiiis liave draw more and more attent ions il (( i“ly sincc it can
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oHiciontly traclti n"sourco for . ¢, and soiiiotiinos jijrcal ly siMvdup the wliolo optiiui/at.ion procoss.
It has similarity to tlio gaiuo (. iivironni(. iit, as (/I (I iiiachiiic cormspoiuls t'o a siii"Ui player, hut, it

is il ('{nitrali'/od oiivironinont. Our nuxliiioci IWFA mrtliod can also 1>(. viowcul as a distrilMitivc

social QDj(H't ivo, it convorgc™s to tlic social optiinuiii in a (list rihiit ivc maimer. Therefore, it's natural
to co1suuT possible (lir(H:t.i(ms to ( xt( ml the i(( a

It can also DX SH U from the discussion in S( cti(1) 4.3 that th(. <m"( tit.iv(. rout iiiiz; .wiim(. wit h linear
unit cost, is (exactly a (luadratic gailK? (( iwli player has a (.(uivrx (jiiadnitic oh.j(. (t.iv(. fuiiction) wit h
coinpact convex foisiblo i 7bm - and fiii,tJi. iUM(. the gam(. is joint ly (onv(. x. Therefore if each player
lias good (Miough iiuMiiory and uwsMWs it in docisioii making, Ww syst( in I uls to t.lir mii(|u(. Nash

Equilibrium of the system.

Finally, for the gl m»ml gainc model, thorc aix. many questions left oi)(. i. For iiistaiic(% wl(. tli(. r or not

w(. can r(. Dlaa. the H(. ssiau matrix at tlic point. (/.G;),:/:) with simply th( (m( a (:/+ >:/+) dreit is iiiiicli

easier to ovfiluat(W Also, replacing tlir strong convoxity condit iou by siniply tlie convrxity (-oiidition is
I -

intorostiiig, since it would covor many oxistiiip; known solvable cases, for example, /cro-suiii hiiiiat rix

gaiiu% ui(iiOt.0ii(» LCI) and so on.



Chapter 4

Bounding the Price of Anarchy in

Competitive R.outing»Game

4.1 Introduction

Routing model has bwii widely used in various fields iiirliiding traffic, iiitcriict, tclocoiiiiimiiication
and so on. In a routing problem sotting, given a goneral (fr(xt(~ (1 network, <'ach user has a "ivcii
aiiioniit of flow to ship froi'n iisor—spocific source to usor—spccific dostiiiation and may split th(. How
through the paths hetwecii TIIE <two Hoclas. In the context of road traffic networks, for cxaiiiplo, is(. rs
cation network, players cornnspoiicling to those; users wlio ar( > to soiicl their signals through a shared

network. L.

Applying the game theory to tho routing iiioclol is a natural and promising approacli. Specifically,

G3
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noncooporativc iiiodd. .

Tlio rcisoarcli along this direction lias started ‘since 195(0's. Wanlrop [60] foriiiali/cd the notions of a
How at Nash (. quilibriuiii and of a ininiiiiuiii-latcncy flow for oii(\ i)ai.t.i(."lar ease of t he routinj® gaiii(%
in which all of users ar(. infiiiitcsiiiial and lioiico ( WTy network usor controls a negligible' fraction of
al. [6] found that a flow at Nasli equilibrium is an optimal solution to a rdatwl convex pro”raiii and

obtained existenco and uniqiuuicss results for the equilibria.

However, our focus here is (=(iinpctitivo routing » wlicrc UI(T(. arc only Hiiito IIUIIL)(T of users with

oacli controls a iionnegligible amount of flow. Tlio problcuii has recently IH'COIIIC a topic of iiitciisivo

research iii Ui(. routing game ('oiiiniunity. Orcla, Roiii and Sliiiiikiii [47] sunowcHI the imiqiieii(. ss of
the Nash ogqiiilihriuin of a two-iiodc niultiplc-liiiks systnii under r(. asQimDI> coiivexity coiulitioiis and
inoanwhilo tlioy proposed a (Qunt(. r example iiidicatiiig imigm. n(. ss may fail for griieml networks.
However, Eitaii ( tal. [2] sliOw(. d that tlie Nash (lquiliDriuiii was uiiiqiK. for g&{ i rd network when a

class of polynomial link cost functions was aGOpt(. (L
\Y »

Tliv efficiency of an oquilibriiiin has also attracted iimcli attention. Qii(. ‘giia.ititaHv(. ( .riteria is tiie

sO-(lallc( price of anarchy, which is tlio ratio bc"twwii the total social cost at the Nasli Equilibriiuii
»

¥

s

adininistrativo cloinaiii. It is wdl known that the prir(! of ajiarchy in routing gaiiio can bo arbitrarily

largo. In particular, the Brac”ss's paradox shows ridding a link to tlio iiotwork could lead to an
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< 1
for avoiding the Bra(Wss paradox when upgradiiij® tlic network. T. Hougligardcn in" liis thesis [53]
(?staDlish(Kl a bicritcria bound for the price of anarchy in this setting.

Most of the Da)(. r's in the literature discussed about tlio rout ing {i;ain(. pi-oDI(. ii in the iioncoopcrativc
frame. In this cliaptor, liQWvov(r, Wwo allow users to cooixuatc to some cxlciit and study tlic cliangc of
tlio usor's cost at Nasli equilihriuiii vvlicii users clioosc; to cooperate witli SOIK; otli(TS in t ho (soiitoxt of
road traffic routing. ¥WW find in the parallel grapli with affiiic cost fniictioii, most ust rscan Dui(. fit from

tlio cc)oi)oratioii. As a (Qi's(xlu( »ii(.( > »the prico of anarchy is nionotoiK' witli tlic cxtcMit of cooperation

of Wiscrs, although it fails when relaxing the assumptions.

The cliaptor is organized as follows: in the next section, w(. introduce th(® general model considcrcfl in
this cliaptcr. In Soction 4.3, w(. establish sonic useful pn)porti(Ws inclutliiig contiiniity aiul uniGii(*mWss

of the probloiii. In Section 4.4, w() consider a sp(. (ial network topology and draw soiiio ronelusioiis
I

ill our sotting". Next, sonic couiitor examples rolaxing tlio rissuiiiptioiis arc presented to show that, tlic
W

fissmnpt.ions mx. iicccssary.

4.2 The Model and Formulation

Wo consider a clircct(Hl graph G = {V, L) with v(. rtGCx set V, link set L. Assuinc that =n /1= m

and multiple parallel links arc allowed hut iio solf-loop exists. Furthmm>i.(. , let us (. n0tOC A G. R»x"

to ho tlio iioclo—to-arc iiicideiico matrix. Specifically, (> adirow of A r(">r(. !s(mts a node and each coluinii
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Suppose? there arc A' players in the gaiiK» and tlic c()n”sn()ii(ling sourcc-flc”slinalion pairs

{s i/} ™ },..., {s", d"}. Let r (loiioto a W cLar in » WIKTC T" represents tlic value of flow
that player k is K qif ( to transport from sA.to " A A flow of player k is n function j+ A L

which call also ho viewed IS5 a vector in )t Bocauso the inflow and outflow at cacli middle node has
to iiiatch (exactly, with tlic inflow at source and out How at the end ccpial to r A. > wiidi is llic exactly
How (loinaiid for player k¥ Wo know that a How is fcasiD!" if and only if A.r™' = <A J1l—rA--1 & &

Sk (Sffk) is the vector in ! in which sA’-thG/ -th) ( 16 it is one and otlicrs arc all . rof

For each link /, w(. define the .total How through it as J) = "> :| TH. (& of per unit of flow on
the link / is given by a function ri: j) — (-+/(//), which IS called imii cost on link /. TIKMI {C, r.r)

specifies an instance of tho routing gaiiK™ problem.

Il tlio instaiico (6',r,r), if considering tlic Nash caqiiilihrimn, player k is to find a feasible™ flow to

F,1=A) = A

We clofiiie tho. social cost as the siiiipU” sum of all players:

K

k=
L( t XfWjish clonoto the flow when tlie game rtlaclics the Nash (. qiiilibrhim > i.e. cacli player iniiiiuii/cs
TT"us“and X+ are difiorcjiit vwt.ors in gMioral. To qiuiiit ify t he; G(TC m( , we use t ho DiiC( of aiiarcliy

(lofiiuHl by the ratio h(. tw(»eii tho social cost at tho two statc™s, i(W,

“(G7.)r)=
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Through out this chaptcr > w(. only coiiKidcr t.h(. rase where the unit cost function is aiKnc linear.

SpcciHcally > tlio unit cost on link [ is "ivcii by r/(//) = ail) + ), TIKMI each playrr k will face tlic

following Qi)tinii/atiOn problem:

/ {1¥) Hii" MY+ 9 A
. s.t. AxM=—Ak — ik
L'> 0
Substitut ing // = 1f, we have
(n) Hiin ZeL {/".'f + "/ [(E,VA- .>+) + ¥
}
s.t. Ax" — — A - r"'STK
L > 0

a,hE Although tlios(? results hav(; bl m shown iii(lq)(. ii(1(‘iitly by lilcat urcs, and can 1)(. directly

sooii from the analysis in following s( - ctiQiis, tli(, LCP foriimlation vvc show here is of in(rp(. n((. nt

iiiterost.

Lot vk e 1)( > tho Lagranj™ian iimltiplior associated with the ("qimlity const raint Ax™ — /e A—'e AA/"-
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The K}inish-Kuhn-T"rk( > r opt iinality condit ion for (/)() is:
/

~+ /1 L+ +mV)JT i

=0),/= 1, m
Denote; s+ A h(. the V(K1¢L wliosc /-tli coiiiponciil is sf— I = ... .,,. A NMSHI (.(piilihrium for tlie
routing game; is attained if and only if tlic alxm' condition liolds siiimltaiicously lor all /o= I1,A"';
AlL:r = =),
> (),
h+ />/""") — I/ + +A. Y —s8"=0
.SH> () >
[’ .S"=() s s
wlion; Dia(j{a) 1is the diagoiuil matrix whose y-tii diagonal is I= 1,n.

Wec can GxjliGitly wHt.e tJu » KKT opt iinality condit ion using 1.1". block mat rix iiolal ion. Lcl 7 (rcspcc-—
tivGly and ,s, and /?) 1) the v<, (tor coiiHist inA of .r',x'A (rcsjx'ciively //> ....//~ »fuif §,...> 8" >
and ('rt"i — ), {v'"S™"k — UM, ) stacking on top of each otluM'. The ('(piations for the Nasli
/. Ax = 11 d
a c+ [Ek Dx + (//~D)x + (/) /D"< —s=0

J:>0,S>U
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'Cx) stands for the Kfi” lerkrr product Ix'twccn two mat rices, r is 1 he (h' i)y 1) all-oiic vector,
E/U is Uk> (W 1y /v) all-ono matrix, and A *is tlie (/v hy A¥ idcnl ily mal rix. The so—expressed Nnsli

(H]uiiiDrniiii is a mix( > d linear («Qini)I(Mii('iit}irily prohk” "> and it s|)X @< s an il. and only il. coudilion

NOQOtic(5 t.liat. tlu™ closcfl feasible' set of (/ sp(. rifi. @ hy 1lie (NIC1"j-oiirlit ion ; ~)OwW & cont iimoiis wit li
rWs|)(ct to 1 he input variables (i, h and If we s(<. each |DfivG. 1 /., cost  A.as I #v fimct ion ol t hciii,

then it is a cont inuous fiincl ion.

To show tlie imiG"(. ii(*ss, let us 1 urn to consider the lollowiii.u; standard mixed linear complciiKMilarily

DIODIC'IL:

S = <I+ Mr+ L'y
Lx = f)
iI"CP) 'y > 0
S > 0
when; diincnsions of all the mat rices arc compat ihlc. An iiiil )Ort anl not ion lor s, lviii‘; such

DrODIMii is tlio so-called inQiiotOfiir/Uy.

Definition 4.3.1 The (LCP) is <idled nionotoiic. if {A:r)" M A.d: > O for all. Ar s<ifistviiiGLAr —().

Thai is, M + A/' is a positive. scinidcjiiiUc  matrix over Uui null space of L.
*

Definition 4.3.2 Wr, call the niixal LCP prohlcm [LCP] feasible if Llurc c:rist../» and y scUisfyvhuj

J+ Mx + L y > 0, and Lx — h.

Tlic following result is Fl(apt(. d from 1Micoumus 3.J.2 and 3.1.7 in”ot tic, I"lIUI: and Si,one
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Theorem 4.3.3 Suppose tluit. (L(U. ) is monohmr <md is fcasihi.c. Thru (IJCP) has a sohitioii, ami
the solution is miiquv in the sciisr fluii Uicrc is <iii hidcj scf o such Hint ./*is a soluiion to (LU") iJJ

u: is fedsihU- and Ilu: support of .r is conhihicd In a.

W(. shall sH. that <lie mixed DrODIMi» ju isiiit! : IVom 1 lie Nash (x(liiiliDri"iii of tlie iiiiiiiiiiiiiii r"st

traiisijortat ion j;aiii(> is iiionoloiic.
Indeed", for niiy A.r satisfying

(/< "I>PA. = n,
;

11i(. (toncspoiulin'jz;

As= (H~0)DAr + (/. —~QDAr + ¢.- /D" Ayy.

Tluncforc

(ATD'"MAS = AT 1~- (a DAr + (axa/v (A = (AT 3 ~+ )T /A > o, (1.3."

LCP. Clearly, it is also f(‘asiDI(' Dy notin™ ¢ > 0. It follows fi.oiii 'ti<. <>r(m -133 11wt (N ) lias a

imi(li( 5 NasiI solution.

To suiii up, we have tlie followiiij® 1 licorcin:

f

Theorem 4.3.4 For the. Ibicar cost roinpriUiiw  rout.hu/ (/amr r, r).,/./" Nash H(nilihrivin is uu.i.”u(’
and when ohscrmufj flu: cost of each player at the Nash, luinililyriuiii as fun('l.i<m of the input variahlt's
?

(/>, r), it is contniuous.

THI(".(, an; furtdun' ¢ o n s t o f Ilie inoiioloiiicily ol the LCI) system arises froiii tlie ("ii|M. Utiv(

rout,if[] i~anx:. Siiicc; this iraiiic is ilidml a (| UJi@rat ic ~«unic, it follows from 1 lie first piaru'r tluit if
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<, vary acts NT( r(ily mx.onliiig to t.li(. liisloiy play of tli<. ol hers, wil li a JI[<><I MIOMILI mrmory > [ IKMI thr
system coiivemj“cs linearly to Ihe Uui(i"<. Nnsli Iviuiiibriuiii of Ilie ‘i;;"™( . T1i(TH."i.r, it docs make sense
for phiycMS to considcM- 1 licir costs under 1 he (uiii(|u(') Na.sli K<|uilil>riui" iiislecnd of Ilie iimncdialc ("st. >

when 116 (( rid( to cooixM alc or not.

4.4 ‘Two—-nodes Multiple-links Graph with Affinc Linear Cost

In 1liis part, we consider a special network, vvikMmC tlicrc arc only ®W& nodes (Iciioled 1)y .. ¢ niid I and

Thoorerii 4.4.1 If we dcnolc fh.c cost of user k whcii the (fame (jcls flic (tiiihjiic) Nash  rqu.ililiriui”

as function (r) of jlow vcclor r. > /. N. thru for any O < [ < RA~— the follouuiu/ holds friic:
SC{r + -/4,) < S({r.

Moreover,

(»~ [+ /4] —/4,) < (Ur) for k + k. ,h

whew is Ih.c all zero vcclor wunlli the execpiion Ifuii of wH.nc 1 al llic j-lh (11Inj. The case irh.crc
I — </« Aicpresents wilbcn the two plijcis  af/rcc fo niciyc lofjclhcr to form a new "/"./"./s to play Ih.is

nyniprl. Uivf-, .mul,iu!lj (fame.

TIk; tlicorcin iin|)li(Ws tlial if any two pliiy(T's clioosc to jKirl iaily coopcralc &Hu;.. Ilir player wil li hii™"cr
. . ! . (
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1IK' gain<» will iKMiclil, 1 ., tiumc will b( K s costs iiicun MI; to tI1KMU IVoin 1lie (Q0DMal ion, and t li
social cost < as<s cousihuumil ly. It also dwu; ut( ri'/rs tlie WVhs [>OssDI> scciini io of 1lie price of
anarchy for a fixed net work and L:iv(IMI 1TUIMIXM' of plnyrrs, WIKMI nil tlie players have exactly tlie same

How ((. iimn(l.

4.4.1 Characterization oP the LCP System.

TS prove UK. 1 h(H)i(iM, w(. ii('(<l to begin witli clianu-hM i/al ion of tUv LCP syslcin ((". ( ("™ I "tly.
tlie KK r coiidit ion), IKMI > 4 to iiit rodiicinji ; some ('(jual ions and iiKUjunlit ics tlint will DX s, 4

ill 1 he following! ; scci ions.

DG iCt-C 1 he supid)(".] M of IDLiy( r 1_as S™ = {Wif > O}, i.e., 1lie set of links wliicli player /e usrs.
Willioiit losii}! ; {"(MKMality we assume (hat a/ > O lor all | = 1,2 in (we can use coiit iiiuily
ar*uiiKMit to (Icnl witii (lie case tliat "/ = 0). Also, wi( houl loss of jMM ;ilify, we can r(. ;mmiuw( 1 lie

iiili((. s and assiiiiic thnl /' > r~ > ... > /. >h. £(t < ... < h,,.

Let rA.AMUX( 1 he iiiarji;iMal cost of IDLiy(T /. By tlie KW T coiidil ion. i( lollows tlinl
LR + L i H>0

"AL "I+ "/, if4 = 1.
Il1 other words.

hi

£ for ail /e:Jlid I.1)
a

'riicrofbrc

« E i If

ar

vvliicli if! inoiioloiiically iiicrca.siii® with 1 spt 1t to (+ A.>ad vvc know tliat

1.1.2)
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. a
Clms{. <im. iitly w(. hav(. t.liai
> M-> ... > W loral =1 111 1.1.
and
(1.1.2)
Tlic ix'Ial ioiishij) above sliovvs tlint tlicrc arc exactly k players usiiiii; Ilie link / lor / e S — S™ ° ¢
ami // = —Jele/e FnillKM-morc, J) + .rj = ~~" lor i < k. Taking the simi of the r<|"ili("is for
=1,2, we ‘Ul
A&+ DM = A —m lorall le — 9 @£t D
where PPV = f'". Coinhiiic 1 lie above (Hiuation witli ('(puition (1.1.1), ¥ lollowini!, (. (Jiwli""
holds:
for /6 S™ - ™ (1. 1.
(/,»+ 1"/

And coiisccjiKMit ly. for any i > A and e ‘VA.—S™

@&+ D("-p2 ~hi < 9.

Also,

for Mil /G VA.and i < /. .
<11
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Taking the sum of J) + for I G w( Imv(.
hi
/e‘Vj\ <11 Lse
“+E
/e.S }\ /.A}_{ I<k n
. k.
I DA,
’)\,_
ik 5o A
T im. |
/. < v~ hi
*iﬂ : ; E (/,++ / i
/G.S- a
Lo.I:L [k+ I5"-1-hi
sl <11
H'(*(~ »we can t h( followingi 5 ("fGC rm( giint ion:
Fb A
(1. L.S)
+ 1

WIKTC!
<1

. vhos(. valiK' d(. p(. n(s only on r and tlie support g (S™. For (Onv(ui(. u((. tlir lollovviiL! ; iiotnl ions ale

I/lll,:

1
—

le'v \ hs"-

Also, it follows from (filiation (1.-L.S) that

]v s = % + l (1.1.9:
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“or any / G S-' —S' ““and } <

(A4 1)1k £ A+ Dr" = v>= (/ SAWI< G+ 1 —T1:0 = .- /DN =+ 1X

<P
For any /€ S' - “with 1 >
tk+ 1 A—] “=(/se+ DATI" + 2= hwW)> A+1y — 1"+ ( —A)XY —(/+ 1) —E > h,.
Clms(. qu(. iitly
h, > /" for any /G V™' —S A-and I' G VA.—>SAF
By cluH'kinp; the KKT coiKlit ion. we can show tlial: For .ujivou support sets S" D 3,.,D S\ LA

can IK* calculated DY rqgimtio" (L Li) as | A= (s + 1)[> =|//'(/*). And conversely, if 1he calculMlcd

arc in dccnvisini; order aiHl lor all I G S™ —.S'""",
A-4- A-—F} > hi > (/>+ 1X
then the KK'F coiulil ion has m ¢ 1 satisli(. (. %" 1Or(~ » Wv<. liavc I IKx followin.ti 1(Miiinns:

Leiiiiiia 4.4.2 For the (hu n support sets ‘S" D S~D ... 3 ‘S\ . and cost iuiyhi r| > 1" > ... > "
the nmdU.i(JI[ for this support scl and cosf nidiyin to he indeed mr/r.s/""""»*“ fo fhc uiriijtic Nash
E(JuiliDriiiiii  is

A+ 1 — N > hi > B 1 ‘1 — A, for all k= 1.2 [WW

wliiciv ("". ‘I Is dvjinvd as

Leiiiiiia 4.4.3 For thr </ivcii supporf sets S® D S~ D ... D S\ . the condif ion for this siijypoil set. to

he indeed coTrcspoiKlinff to the wiiquv Nash lujuiiihriiiiii  Is

A=+ 2,7 [ (/) = Bf [ "e(") < Di< ("D)—A=)//].“
for all hW
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Lemma 4.4.4 For the 'Uiveti support sets S" 3 D...3 s. und cost muiy.i" Y' > 1r—> .. >

the. condiiion for this support set and cosi In.aiyin to he rudcrd corrcspoiKlinfi to the un.i<itir Nash

Equil._i.bri.u7u of a (janic, formed by Lh.r (poup of IW players 1is

‘ A+ — L2 > B> &+ D" " —IA for all /= 1.2 K.

And the (1(1111(11id of cacli player can he ndniluird jroni the (‘miaf ioii (Jf.J£.8)

Also, ¥Ww(. can cstablisli 1lie inonotoiiicitv o f “ “ ' ([/*. [‘and ) ‘ wliicli is shown in

the following IcMimia:

Lcninia 4.4.5 Forany k > I,

Z/w"/// + DI, /T < Tales' i™MJi1 + ")/

E/g.s™ 1/"/ - E/e.s" 1/
T.iesi-"ifi — + > S/gcs.,(2"/// + "D/
Ees* 1A/ « — ye: |

Proof. For any /, GS' - S and I-, e S™- .S, fVoin /, * W, haw

+ bl > = (UAIh + *+/-) + hh > "hJh +

Ami by /, i "J_> 6 SK.

G+ D"II—E < b - iuid &+1 H-2 > .
t

FurtlicTinorc, iu'cordiiig to tli(» iiionoloiiicity OCf r",

hf — @G- 1)m — [ — (] - = A =+ (/- 1y " -

—

I,.,— DEA>O0,



CHAPTER 4. BOUNDING THE PBICE OF ANARCHY IN COMPETITIVE UOUTING GAMEIiiA

2/ 1‘)6 ’ IK
7
Tlieroforc,
2E i *
4ihth + Dh = A+ 1
5 2E  -(A- - D[(A+ DFfFA.-EA-
+
=EA'-(A-- > E 1)
2E' DIC/: + Df''+ | -E'W
> T—ij = 2(11. Ji. + DI.
11
Duo to the arl)itrariii(#ss of k¥ and i, for all /I € 5' — I) G SA, » w(. Lav(.
2(11.Ji, + bi® > +1>/,
Consider O (- a n d [ I as tlio w({ iglit( d av(. mg(
> Jliesicif] + hD/(']
“ ”hfh +
< E/ev™ 1/"/ ¢

E/e.S"™ T+~ /"

Tlio iiKxiualities hold for any /W E S' — SA -onsoqii(xiitly, for i < ¥

EleS" /1) + ™ s w / / o+ W"/

Bs- A\ 11/

(Hfl + k - ifl - DI

fl JeS™
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w(. can also concliiclo that

e - > - tor all i < A~ (4.4.10)
/I — AN W z
°

4.4.2 Directional Derivative Formulations and Continuity Argument

To study tli(» chaiip;c of costs for play(Ts wl( ii two playrrs cooiKTaU. witli (. ath other, we start by
looking at tho siil)gra(liciit of costs WIKMI the two play(. r.s partially (Qoi(. rat(. with cacli ot!KM-,

the player with small(.T flow deiiiand ""ive”s" f-siiiall (( iiuuid to thG Dav<. i with lii*licr How (Icinaiid.

Tho cost for player k is

/GV-
Substitute (4.4.5) and (4.4.G) into it,

E'+hi (/+ - E' - hi
E

1=k Jes'-S' \ , !

From tho results in the previous section (the LCP f'oriii), we know C™' is continuous witli n>sD( (t to

For given support sets vc™ctor S = {6'",i —1,2,..., A, D 3 ... 2 S}, dciiiic tIK. (0t rcsi)On(iiig

'fOfU>iDlo' sot 7.(5M of r by the two coiKlitioiis in Lciiiiiia 4.4.3. And (Iciiotc the closiirc of riS) Ds

n .

R{S). Since all the conditions arc linear witli r(Wspc(t to r, for a fixed 5, we know that cacli fi{S) is

a polyhedron. TIi( r(. arc? only finitely many of thciii siiicc the clioico of siippoH sets arc finite, and in

tho interior of each of these polyhoclrons, all the values can Iw fully differentiritocl witli rcspcct to r.

First, wo give a continuity arguiiiont, wliidi shows that wo only ikhkl to prove Th®r(. in 4.~.1 in the

special that when r iiiovos locally inside the interior of each R{S).
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Lemma 4.4.6 Suppose A',i —1,2,...,/5 arc n cloard polyhedrons in |?" whose miion is the whole,
space., e.g., |J"_j X, = R , and F{x) is a coiitinuous value fuiictioii on ")\ which, is dij'fCrCnti(iDI(:
in the interior Xf of cach A',. For any dm.ctwii d. if the. (lirccti.onul dvrimtivc. < O for all

XG XN2othru  Fix +"1) < Fi{x) for (my i+ 6 “J\' andI > O.

Proof. If both 7: and 4-id fir(. in the interior of tli(. same A',, tlicii by tlie (lircctional derivative v/
I .

know that F{i' + td) < F{x). Thecrcfoic, by coiitiiiuity the property liokls if both / and r + td arc
ill the same X,, rejardicss if they arc in the interior or on tlie boundary. For any %G /2A~/ > 0 and
s> 0, we raii(JQinly (iiiiforiiily) (hM)s(G. a ™ with [|"ll < .s. For each facet of any A',, tjic |)rOQDalility
that tlic lino [+ v, x + v + td] lies in tlic f(( t is 0. Bec aus{‘ th(. r(. arc at most (iiitcly many facets,
with probability 1 tlic line cross cacli facct only once. TH(T( f<)r(. there exists a vector v witli |["l| < .s.

such thai: ilio liu(. [j: + v, x + v + id] cross tli(. Doim(lary of all at most finitely many tiiiics. For

1

each fraction of the line, the diroctioiial property liokls, tlicrcforc it holds for Ihe wliolc line, tliat is,

F(x) > Fi{x + td). ‘ .

.0of OHcli R{S) for given S. Take? the direction d = A — , where d*, is the vector in /? A wtli value

1 fit the A'-til index, aiid O on all tlio other iiKlicos. Wo now consider the directional derivatives,
I

with (liroctioii d WWkW note the dirc(,t()iml derivative of the jjlaycr A's cost with rOsp(. ct as +/ [’ A.and

similarly, the clircctional derivative of,/. a‘s



CHAPTER 4. BOUNDING THE PRICE OF ANARCHY IN COMPETITIVE ROUTINC

Noticc that

if k =Ad
1 if A< A <A
! if A = A5
if Cls(
Hic(.
A B - E - b
1=k leS' -S'< 1 j=W @+ 1)ai
K + b
py * bi ,
N W} ot a-+1) I K'Y, - Y.
¥s'-s' v
<
EJ + hi
i<k Jes'( =k /eS] -Si
h
: EJ + h,
X 1o W
N re J
/
hy + In
ik leS' rs-sy YT
By suhstitutiiig (4.4.5) in, wo get
[
= —E/e.s- -+ + {k= 1) Ele.s™
Bocausc
afil+ ey - hi ko k
les" (1 fes - a b
wo can rewrite equation (4.4.12) as
erfC" = + - (p‘: - + .N"'(!D.W_ 2rM' +2/_

i<k i>k

CAMim

(4.4.11)

(4.4.12)

(4.4.13)
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/

With Uie derivatives Cht.ahiC ( above, w(. now start to prove 1 lie main 1 licorcin (4.4.1) by looking

at tho (linnet ional derivative. -

4.4.3 Directional Derivatives of The Social Cost and Individual Cost

Directional Derivative of The Social Cost

J

W( start witli tIK* social cost. NoU. tlial 1he total social cost is:

K
SC E Gif'r +1)1f
k= tes-
i<
! E E" - kh, A+ hi

k+ D/ k+1

tes
tlie directioiial derivative of tli(. total social cost is

+h ;A n  F-kh,
V./VC = E E EV",/ . H E E (At

[ 1)y"/

fe=I KSLS- A /=i P WESIN

A e -
= E E Ev""' (J,\‘+QAX1)“/, o

A=L 12 -SK

\ai

A hi + - 2kbi
— E E EV m"nmn ql (A_ + 1)"-/
Notv. that according! ; to (4.4.5), F—" = 2// and th(-i
L A
v,/ 8'C=" ~ + MM
AR=L/E'S® -S| | F

Rcigroiij) the it,ciiis, we get

K A2
v.ISC — [ ~ {2an + b,)la,=
A=1 /eSS A
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WiMi L(uiniia (4.4.5),

'"'ST' = ~AM + M M +
! Z/e.s“ll I /ll7 L/f.S.ll1/ll/
AA, SIf.s-A. (2"111 + )" + F- “Es.m"lI+/") /"]
Vll/
k=k¥W

'Directional Derivatives of Individual Players

W first (h(. ck tlie Coiisr("irii(.<. of (partial) coopcrat ion lo 1 lie otiicr players. For player k wliicli is

not i)art of the coopcrfit ioii, tlicrc arc Ilircc axsvs:

Case 1: For pay('i A~ < k., (. .g’ playn. witli hig Mow ((. iimii(s.

Nolo tliat it is followed from (4.4.11) tlial « "y = ami =Qlorall /< Aior /> k,.
Then
= YA — 2rM' + 2r
Jd
k2
Al
A | i=k—i fes"
_2 A /A
- 1"k,
A2—| 1

2 E V()4 1)1 A . .

< 0
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Case. 2: For player k > h>, (- .A.  player with small How (iciiiMiids.

N
+ E
A Al
h
< vvM! + V.ifj'A’
0

Case V; For playrr Aj < /o< hj. c.ii,., pifiyrr witli flow (riw. ii<ls iicil lict too small nor too hi:

irst consider the sjx'cial case tlial /e = + It
/ ~_
S R - N R 5 - O B - <n)) + I ‘iro+ I
W /f)s’l‘i <l (s~ (
Ad (Il +
+ E X n - 2E ar
Al las'’
“111 i I?
N las' b
X o+ il
% E f'- 2 E V./E“;]
GS? AL | /(S
< O+ T oA,y sy e {a,J, 4- h)/a,
) SN T
) e u YL, Z/elsiii("/// + M/
>ki {
>1 71
Aa-, + J+ (/1A + <11 J L A- 4 \In,
R _J: it +
Alcm o 00 " "
fes o1 1+ D"/

1- /I"[ .
- A f ¢ () » not ing that RGN

Wlion A'> Ay ++ 11,nn0t(d00 iliat ilic (Ufinil ion of V 2 'is d( pml(. nt. on Ilie |mmm<. tOrs A « and /., tlius
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wv can consider it as ;I innetion of W ii<i AJ, wliicli ONN DX writ (cii as V,/f &W, h>). W MISO write
the (lircctioiuil gradient. ( T /= as fniiction of / | and /5, as, *,"/*(/.. )+ Nolc tliat «"/'(/.. F/«._)=

+ for all i + A-l.ail // A, —1 by (1.1.1 D, IKMKV the cluniuc of =" ("' is

N+ 1L22— (% L2

= vV ., - I(A-, + 1 ’ - « "(A-ILH. [ — VV/.I (/,.1. A~

I 1 1
+

(A-T + T (A-, + 1)A-T + T (A=, F 1)/1'ee"
A,

1V A s L>0-

A-

It follows tlmt

F2(/.1,/,..2) < +1/,.2) < ... < - LA-) < O

From t KWS({ t LIrcc cases above, vvc know tuwmr vvikmr I WM > players coojxMal ¢ wit u each oL Licr (partially
or fully), niiy otlicr playrr would IxMiclil IVoni this cooixmjil ion. It niso (iii| Dlr>s 1 1H("|>m, I <11 he

1

1.liconMii.

Tow(. v<. r>it is iiol [)n)vaDI(' iisiii.u; tli(. iden of direct ioiial dcrival ive tliat I ¥ |)lay(is always liave 1 lie
incent ive to cooixM alc. Not icc t hat for pinyrr k. aiid A-j, bet wccii which WK consider 1 lie cooiH'i'fil ion,
m only INAK(ws sense to consider tlie tolal a)sl by 1 W< 0 |)lnycis, hccaiisc 1 lie How acinmikr of tikMil
changes but the total ilow (UMnaiid inside t.liis silli}z;mui) docs not clian.u.c. Wr can constnicl a simple

("XriinD)I(' to show 1lial tlie direct ioiial dcrival ivc of as fOIWvs:

Example 4.4.7 (Urnsidr.r a Lwo-iuulcs iwo-links iiclwork wiili The cosf paraniclcis

"I=]" =0wo—(0H= 2

Suppose til,cm arc  players wuk the demand jlow vector (1, 1, 1/2)
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Lvl kW = 2, k} = //"," /he (iicctioiud  (crive "/CA. + AN is posilnuW

Fiirtlicr Discussion

AllLliIQOU;j tlkme is no moiioloiiicil V of 1 he cooixMMt ion u,r<)ui)'s (."si for t"cncral case, we siill ol>s(Tvr

some inl(M('sl inj; piKMioiiuMioii in soiiic special ciisc. (. "isM<,r W — 1 and /> = 2. W luivc tliat:

/X'(A-,,A-) — + — /)= —2D)'+ 1?12 1 /)
—/1 41
v '1l /
W -1 ~t/

This implies 1lie %0 players, who have 1he two Djjfil s rcHjiiircd How iii 1 he systriii. do liavc Ilie
incenl ive to coopcralc jxilid/ly. Also, as a coiisccjiuMice. if Ilie playrr coiil iimously sci/c How
(Iciiuuid from the second hitij"csl playrr (vvliicli clian.u.cs wlicii this proceeds), cvcrvoiic henclils iVoiii it
<A 1 hercfore so docs the social vnliic, wliicli j;iv('s tlie iii(KMil ive LOr nil The [>lav(TS to fully m(>|>(Talr

at tlie (Mid. * ~
'riKMclorc ill sonic cases two plavcrs mij;hl resist 1 he idea of cooixM nl ion IxM-aiisc il mi.<;lii hurt tIkmii
X ¢ ‘

ill the mil {&Csl at tlie Nasli  |:([iiilil>Hmii), 1 lie otlicr plnycrs can (<>m|>(is;»l(, 1 licin r"r doiii.u, so

and make tIJC whole syslecm more cHiciciit.

4.4.4 The Upper Bound of tlie Price of Anarchy J\

TIli(Q tlicoHMii 1.1.1 leads to tli(. following:

Corollary 4.4.8 hi a routhuf "am(' with iwo-iiodcs in till i-links iiciwork and linear unit jlow cosl lIlir

price of anarchy for K players /m/",."..s only when all Uic K players have r:mr/./// //" saiiir .r( "uiird
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Jlow, and nms( (iu('nlly, idcnlical jlow on all cdfics al Illic Nash lujuilihfyinii.

(Consider 11u'Coi” case when :ill Dlay<MS have 1 | (. snilic m|"i.<. (I How. dcMolcd hv whicli ism &+ |.

If the settilll; is centrally COMI™OIUHL tlie n < K 4 How is W 1i.

Tlicii by syimiuMry,. v(. assume all players havr 1 lie sam<. support sM .S'1 lie s;""r How vector Wa

and I  saiiic iiiar.i;iiial msl r'*" when the .uinmc icnclics % h(. Nasli <<((uiliDriiini. Kmm ( 1.!.0), we luivc

-h,
. and
“—VH)"/ {IK T D"/
Si"(.(. B/CG‘s.O0"" - hW
(A'-f D//. (I.1.1 D
E o
h: S,
And tli(. total social mst
e v = YI ]
e, &
-f h)/K_(J_‘_‘ N ”_/U)
1< (A7+ 1)/
K Kii {K - 1)". "—
1 (1.1.1)
/(s.O0" K+
)x 1lie ease wliicli is (M rally coiit rolled, (. iot( 1lie ‘S"pp<|-t scl sis S, , Ilie m;".‘i;iiml msl as and

the How oil the link [ as fi#%# Th< i t he DmDI( m is converted to a" opliini/at ion |>mDI{ iii

mil. f ("//r + M/]"

s.t. [ /"-: KIli
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Not. that /"="'""'"J" lorI€S,. It isclear to st ( V. "C S, usiii,—; th(. similar idea with 1 i proof

of (1.4.1). I( ii(

N — DI 1% — hi v — DI
egr » Ao zd . ’y>](U R A S E R B ES
And the total social cost
.s( - ("I./1+ h)J, = — =
hn
Vv -hj V- -h'r

Now Ww(. coMdruct n new KM work willi two nodes niul thnv links, in wliicli tlie social cost (“. hotli
th(. Nash E(|uiliDriuiii /i social "ptiinal om. . ;m 1lie same as tlie Ori.u,inal network. liciicc lhe price

of anarcliy ol thcui. I-onually. W& pmp"s». t he rollowint:, Iciimia:

Lciiiiiia 4.4.9 /")". the muiinij //"////* wliJi an arhHrarfj Iliro—nodcs iiuilfi-imf,s nchrork. Uk r< c.risis a

firo-nodcs thrcc-liiiks network fo rcplarc the orijiiKil network trilli Ilk sailK "ri". of "ii<"rl"L Fni-

fhrnnorc, h; = 0 for some lLink I in Ihcsc fhrcc links.

)

Pn)Of. WW. add a mark “ “ “ I" lhe letters to dciiolc tlie corrcsixuKliiiii, parMinctcrs in (he « W
net work. Note tliat and r'. " denote the origiiinl iiinru;iiial cost, which we will keep it 1 same in
tlir (1) wit 1 1 he new network.

TIkmpwc const ruct tlie tFvO—"CH( s t lircc'-links network link by link.
First, if S:O= S~"">H

0 G an nrl)itiJiry pnsitivr uuiiilx.
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ot H. WA,

17 -V

Wn'  —I(> " s—

aiici </
Ble's=s .~ (ra — [")/"/ YIuS'“~ .~ o (" —~)/"/

NOt. thnt hi < rQ lor Te SC. I( e

0z ¢ B Sy TR 1
Also, (II > n.

To construcl the ollicr (wi> links. UM hi = O and

+ 2.

If/, uP. — Z les'W“  hi

h,
k (/‘ +a< 1 m — I]/fS'\ ' (/‘ ID",

After some basic mathcinatical nnluctioii. WA nwv

o UCS. o oZeSL L il

ao/"/. - (E/, ‘Se. '/
and

""7"N@Zles. <" 1/ - Zlewv.s " D).

X

Similarly, h, < r. " for [ e &'V '

) <l,= o < aHl £, > 0.
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Furtluninoro, h>; the Cauchy-Scljwnrt/ Inccnialily. a', > 0.

Now WA(. liav(. a two—nodes tI'( (. -liks network sat isfviiii;

0

<h, <ri"< Pl <

Nanu'ly. we (oiW<. i{5( the links in S, — S. " to a link witli |misu"C t( rs {&W//,) and tlu. links in S. " lo

two links witli o/~ I/,) suur  //j). Tl(. nMiiaiiiiiiii

social cost is tli(. same as tli(. oriti-'mal <i( .

Accordin®j, lo ( 1.1.15) MIHI tli(. total social cost when tlie name with 1 he new luMwork r(. mh(

Nasli ('(inilihriuiii

h' JUKee O = (v - 1)/, <™y
S( +
W + ly-
i< A i |l
W~ + Iy (1, (1, <1., <I.
N
(TvTTy E - ofyg/N-" T " E E

fey Dy
=S( Vu

And 1lu. Q{)tiiiial total social cos! is

Then we liavc the following uppci- hound for IK. i>Li(.(. of anarchy
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Theorem 4.4.10 The price of auarrJiy of K-players lotilinfi (aini in flic hro-noih" inulfi-links nc
tle2

tvorh with linear unit Jlow cosl. is upper hoiuidal by MW S W-21<

Prool. Wil li tho Iciiunn ;hOv(. . we just © (- (to (Cnsil(T ; -t wo—nodes t hrcc'-links network sat isiyini:;
0= <Th < r..'< Di <
Ami
A'f -
(K + D/ 1. LIS)
1> <1
o I 1.1.11)
: . = "2KI. AL
(- a:
h. Wvijl(. Ilie tot al social cost
N K< k Wa (K - 1Vhe + Mr'. " _
(i. 1.20)
(he+1):
S( hi (1. 1.21)
\( /- 1" T
From (4.1.19).
s( -° (r'"+M“"-M =+ (r(OAr ()
k/1 InJ 1"
© —/ V) ~hf
o I» + +
a- a: en. Wa
Kix(. ( ot her paraiiuMcMS, at tains th(. iniiiiniiiiii value YW i B¥ =

SuDslit.iit(» =(,'. " in (1.1.19), and (1.1 18)-('1.1. H)),

- ¢ n

o =rVv'+ (AN
/771 + 111+ 1/:

and iVoni (4.'1.18),

=(JU+ D"+ /"0
1/a2+ 1/A
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Substitute them in (4.4.20) and (4.4.21), W

Vi A"-/?7- + A7? @ ) Klk
sc
1/2+ 1/a -i 2+ a -i W+ D-02+ qA
and
g O— A2+ 28-_1 ,, (/( — D-- h'li (I ID-. hi
+ (1-2 (-.i + a-t)

3A'- + 2A' - i A7? (:ih",
12 + i Y oGP A2+ D)

The (Hliiality holds wlicii O] — O.

Thru

4A'-, ,
sc, - sc-a
3)U+ o -
( s | A2 Gih, K- K

+2A' -1 )} “e V3" + 2A'- 1 (A" + D- |:;

KK - D-_ R a:ib.2
+ 2K - 1 >+ (i (BA-2 + 2K - DA'"+ 1) (I-2+a:

o
(SN

r

/v(A'- 1)- h>
W+ D77 — 1n2
+ 2A' -1 (1,2 +
K{K-W)'- 1)2 It
i
SIO + 2A' -1 (t1+ (W
K{K - 1)-
—{- " - /.)> 0
+ 2K -1 a —

Wlioii 12 — e'™'", the equality holds in the last inequality.

Finally, the price of anarchy

SCNG < . 4A-2

. “(G,
Sco - + 2/
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Noto that the upper hoiuid is tight. From the proof, the coiKlitioiis imder which t.h(. hound is tight

are as follows:

W= h2=1r""> and @ —Q).

With this iiiforinatioii, wc can constnict the following (. >:aiiii)l(. in which tlic pik.f. of anarchy attains

the upper |)Quiid.

Example 4.4.11 Consider a iwo-nodas two-links lictworh in wliirh:

AN
W= 0, B¥= 1 @M =  =0.
A +1
Let /?=% . thru the price of auarchy In this case IS cxactly ...y~ »

4.5 Counter Examples

Example 45.1 Considcrimj the directed (raph below, there arc 3 players P P~ and P" in ffir

routing game, each with one unit of flmr to transpoil.. Doth P” ami P- have the sum a sfartiluj node

.4 and teiininal node C. while P'" staiis at node D and ends at node C. The cost fiuicfions for

AC, AD. DC arc R,0,2.R. recspactivcly.
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Then in this cxouiplc: when P', arc two Indcpcndcni  plmjers. the social cost ai fthe itnignr Nash

(tqu'dibrium is 4, however, when , P- roopcniic. flu corn sjtoiidiufi vnluc hcroitics 9/2. which Is

greater than the cost bcfoil.

Example 4.5.2 The. conclusion fails even if we atrcnijihcu the assmnpfion  <is that all pUnjcrs have

the smtic source and (Icsfinafioit nodes, as shown in the followiu<f c.ranipir:

In the direcUtd (fvaph above, there arc '3 players P W P~ and P'" in the routiuij (uinc. who need to ship

1/10,1/10 andd/U) mits of flow from A to D. respectively. The cost J:Eunctions for AB. AC, DC. DD, CD

are 2+ 10r-4 + /Z +10.r 9+ 2(hW1l+ 6.r. irspcctiw]y.I ‘

[ ]
! .

hi this example: when P W P~ arc tiro imle:p("ul(nd players, the social cost at the unhiuc. Nash cijui-

Iibrimn is 51482G875/62410000 a 8.249108717;, howrvcr. when P‘ P- cooperate, the (*(rnrspond.hifj

value bccomvs 950G9419G/115240225 % 8.249673202. which is (jiraier than the cost before.

4.5.1 Open Problems °

-

1, Does there always exist a kind of allocation plan such that all players In coalition can be heiter

off? Note that the cost Is nontransfcrahie. The followiny vxainple shows that the conclusion fails to

hold at least for (jcntTal graph. "
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~

Given thr dircrtcd (fvaph above. 2 players. P' and P” in the (fame nerd to ship 1/10 and 9/10 units
of flow from A to D. rvsimdhwly. The cost functions Jar AB. .4~. BC. 13D. CD <ir(#.r. 1.0. 1..r.

respectively.

Then tlw flow vectors at the Nash cquilihrium aiv /* = (1/10.0. 1/10.0. 1/10) uud /- = (1)/2(). 9/20.

0,9/20,9/20). When tinry cooprratr. the opthnal flow is .rx = (1/2. 1/2.0. 1/2. 1/2). Then rlrarly.

there exists no allomtion plan such that ' 'can bciirjit from the cooperation.

2% Compute a ti|"litor hound for the pii. ( of aiiarcliy of th(. routing gaim. in tlu. i"tnicial network

with liiioar cost fniictions. FurtluTnioro, for a fix(. d ty)CM){“ Wt woi k, find t he worst ('as(. wlicn players

..... “ ¢

3. Built a general model with transportation game as a spocial case to il H. ¢ the concept of "partial

core", ""jrico of inoiiarcliy'W "fairness" and so on. A rolatcd stable state between iioiicoopoiat ivo and

t

cooperative game can be (iefinocl as following:
Tlie players are divided into several coalitions {Si,..., 5; A which satisiios tho following thi,(H. coiicli-

tions: ,

* the gaiiie reaches the Nash oquilibriuniiby treating coalitions as player;



CHAPTER 4. BOUNDING THE PRICE OF ANARCHY IN COMPETITIVE nOUTING ({AMim
» ill cach coalition. th(. n. exists a kind of core allocat ion :

e no mm.(, cooperations ainoii.” play(. is is possible.

With tli» (ofiiiitioii a)QvcW uiulor what conditions dors th(. staDl(> state exist?

in tlio (ooD(. rativ(. Maiiio thwiy and ii(m—(oop(. i,ativ(. ;jailio theory, Dy utili/iii' ; tools and iiicthods

learning; from history (loos (.Qiiv(Tg(. to the Nash Eciuilibrimn of t.li(. gaiiu. mi(I(T ('crtaiii conditions.

With empirical results show tliat the strong the incinory is, tiuor(. 1lik(>ly it is to converge,

game. Assuiiiiiig in a traffic systom cvcryoiic do act gi.(x»dily and hikr history into account wliilo
making decisions in gonoral, it is tlicix"fore reasonabU” to argue that playei.s should uso cost in
the Nash Eqiiilihriuiii instead of th( imii( (at( (.(ms( Guim(.(~ >to docidr if thoy should coojK'ratc or
not, if the decision of "cooporatioir' is hard to r{ WIS, . It is iiitorc'stiiig to notice that vvhon two
Dlayoi's (oOp(. mt( > - all .the other players do hoiioHt , as w(. 1 as the social systoni. HOWV( V(T :tho two
players might Ix. worse off, ev(. i though tho player with thr ])iggost share of How always has incoiitivc

to obtain iiioro (partial) flows from its strongest conijK'titor. Fiirtlioniion;, for parallel network, tlie
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All these results for (@ff(. i-( it a.sp(. (s of jMaiiie th(. ory : arc (GDtaiii(HI by applying tools and met 1iQUOI0},i('s

from tli(. Held of optiini/atioii. As w(. could s(. r>to analyze th(. Dn>iKTt:i(. s of a jj;ai"<. or to solve"
S e

tlio corc/Nasli Equilihriiia of tlic gam. ( -fi( it ly, #i sC (juant ital ivc nictluxls arc iirr(. s'saiy. Gainc

well ostablisluHl ami siIKIUMI, if those well (¢ v I0D0O(Q tools and IIHMliodolojijics can he fully utilized
ill }aino theory, many aiiiazinii; tliiiip;s arc hound to hapixMi. Also. jj;aiii(" Ui Or(. tilal coiicepls (aii

soiiiotiiiios lead to Ix'ttcr uiKlcrstandiiig of al”oritliins in oj)!inii/atioii theory, (or (. xai"pl(. t Uv idea of

I

is a promising direction for solving large s(al. Ol)timization DroDl(Miis and ill ili/iiijz; 1lie power of
parallel coiiiputing. The two ((Vi)(m( iit"s of Hm(. tlicory, the (.00i)(. ratiw jj,ain(' 1 licory aiui t:h(. noii-
(*Q0i)Orativ(' gaiiio theory, altliougli s( ( @is far apart from cacli otlicr siii(.(. in oii(\ sctliiij! ; ¢ WTyCi(>
fully coopenitos and works togctlior, and in the otlicr setting— cvcryoiH' is gnvdy and acts on liis/licr
own. However jMactically, cooporatioii and coinpctitioii hotli (. xists at tlie same tiii( ~ »in th(. same
system. It is therefore iiitcrestiiig to iinderstHiKl how partial (.ooi)(. niti((1) forms and t.h(. (lynaiiiics and
coiiscciuoiicos of it, as shown in our study ahoiit (¢«(iud(. t.itiv(. routiiiji, gainc. It would he interest

to ostal)lisli a uiiddlo grouj) X W ( i coojxnHtivc gaiii(. throry and iioii—coojMTativc game tlicory, in a

iiiorr general setting.

several aspccts of tlicin as an attoiupt. to show the Diilg(. D tAv(H. n optimization and "ainc theory.

Hopefully » it could inspire more interest on this topic and bring iiiorc inputs.
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