
Aspects of the Bridge Between 

Optimization and Game Theory 

Simai He 

A Thes is S u b m i t t e d in Part ial FulHliiuMit 

of t l io R(、(iuii(、iii(、iits tor t he D(、ji>i.(v of 

D o c t o r of Ph i l o sophy 

ill 

Sys t ems E i ig i i ioor ing a n d Eiij2;iiio(Tiiig Maiia^onHMit 

Sui)(、r\'is(、(l by 

Prof. Shuzhong Zhang 

© T h e Ch i nese Un ivors i ty of" H o n g K o n g 

2009 

The Chinese University of Hong Kong holds the copyright of this thesis. Any i)(»rsoii(s) inteiidii ig 

to use a part or whole of the inatorials in tho thesis in a proposed pul)licatioii must s(、(、k ropvriglit 

release fryi i i ' tho Dean of tho G radua to Sc hool. 



UMI Number: 3476171 

All rights reserved 

INFORMATION TO ALL USERS 
The quality of this reproduction is dependent on the quality of the copy submitted. 

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed, 

a note will indicate the deletion. 

UMI — 
Dissortafion Publishing 

UMI 3476171 • 
Copyright 2011 by ProQuest LLC. 

All rights reserved. This edition of the work is protected against 
unauthorized copying under Title 17, United States Code. 

P l P Q ^ S f 

ProQuest LLC. 
789 East Eisenhower Parkway 

P.O. Box 1346 
Ann Arbor, Ml 48106- 1346 



Abstract 

In 

Bo th of the two ma jor roiiipoiioiits of Gai i io Theory, e.g.. the i i on-coo jKMatga in (、 t heory and tlir 

C()oi)orative game thoorv. are bocoiiiiiig more and more d(>s(、l.v related to the Held of opt imizat ion , 

as the IKHHIS to study the analyt ical propcrt irs of «2;ani(\s start to rise. Th(、results im、s(、iit(、d in 

this thesis i l lustrate several ('oiiiioctioiis l)et\vo(Mi Op t im iza t i on and G a m e Theory, and att(、iiii)ts arc 

i i iadr to bui ld a bridge lK、t\v(、(、ii the cooporativo game theory and tlio iioii-coopcrativc game throry. 

to chaiactorizo tho corxistcMico of (‘(MiiiK、titioii and cooiKnatiDii iii practir(、. \\V st art l>v apply ing 

the properties of Polymatroicl Op t im i za t i on to the cooporativo theory, and show that, both of 

the joint reploiiish game and the oii(、warcliousi* iiiulti n、taU(、i. game an、svihiuodular i^aincs.、I" th(、 

ii(、xt part , wo show that the STRATEGICS promot ing loariiiiig from history ARC (.(>iiv(、RG(、iit UII(1(T (.(Ttaiii 

(X)ii(litioiis. This result can also he vicwt'd as an otHcioiit algoritlii i i to (.ompuU、t he Nash Equi l ib i .hmi 

of the game. Bocaiisc tlio coiiij)otitivo rout ing game satisiics the condit ion. \v(、know that if cvcrv iiscr 

adapts wi th good enough meiiipry, tli(、ii asymptotic-ally tli(、systoni (.oiivxTgrs to Nash Equil ihi . i i im. 

Therefore, if tlio decision of cooperat ion is difficult to reverse, then it can hv jusHHcd for tli(、farsiglitcd 

players to use tlic cost stn ioture in tho Nash Equi l ihr iu i i i point to (k、('i(lt、if thoy should (•oopcraU、 

or not , instead of reacting to tlio i i i i inodiatc (.()iis(、qii(、ii(.(、s as a basis to make (Irrisions., W i t h tlio 

op t im iza t ion tools appl ied, we arc ablo to show that in parallel network, tlio -social cost and th(、cost 

of.other players tend to decrease if two pliiy(、i.s cooiKuate. Also. t.h(、pricc of anarchy is liip,hcr \vh(、ii 

the tlow (loinaiicl of players aro more evenly distr ibutod. Using that structural rosiilt. wv dcrivo the 

exact upp(T l)oiiiid of the pria-、of anarchy tor a given parallel network with fixed iiuiiibpr of play(»rs. 

The cxact upper hound of tlio price of anarchy for arbitrary paralU^l network wit li j2;iv(、ii iiuiiihor of 

players, which is independent to the network stnict i iro and parainctors, c an IK、（l(、riv(、(l CONSCCJIUMITLY. 



文摘要 

随>?丨研究W丨邻屮的解析性质的丨G求越朱越人.丨彳丨介论的两个丨纟丨�成部分：〈H1Uii丨介Ijjl:介作 

邦，郎Lj优化领域越来越紧密地联系/I-: 一起。木篇论义中的姑例述r优化<�丨(|丨看•论之叫的-

些关収，丨丨.成功地尝试让立rrf作hi丨究与非合丨1�hi丨介之叫的一H(桥梁，以川农描述'实卩小丨^川|丨|^> 

作与盘>的几存。我们n先把广义拟昨优化的性侦丨⑷|丨]到h^u它||1，iiHi'jj /介作进货hi丨:A�及中.仓丨V 

多零邻均为子校h i丨究。随 ;T?我们丨1丨 :叫了鼓励从的策略叫丨 | |丨况卜 )记收敛的。这个 

姑!^同吋也“丨以行作二个i丨•兑W丨介的Nash均衡点的（]•效兑法。W为盘’M叙III丨你满足I:述的条件， 

如！^其屮的彳4 •个川广部使�•.策略几•ff足够好的记忆力，那么从K:远农/]•系统会,1；：}近PNash均 

衡 点 。 所 以 如 i l ^ X ： 肌 么 对 r 打 远 见 的 参 • 农 说 ， 侦 川 / l : N a s h 均 衡 点 的 伪 

11]结构来作为决策堪础足成为一个合押.的策略。•我们使)ij r 优化领域的 i . iuii:叫厂|'1两/t介作 

•时，系统资川及其他参与VI•的贤⑴都会减少。ifijii.各个川广之叫的流I丨;；�/•丨求分/im越、均，丨�|丨评的 

调和率越W。报掘这个纟丨构作的结！^，我们得到/附制参1：/ 1>1-人数的纟(丨)1̂、丨Mf丨划及所/�、j⑴丨别 

确的调和率上界。 
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Chapter 

An Overview 

Galium riicory lias two major r(""|><m(>"t.s, 1 lie ii("卜ro()|)(Tat iv(> j^amc 1 hcory and coopcrnl ivc 训 " r 

theory. These; two rom|>()ii(.n1s S(?(;in to be (juilc (list aiit iVoiii (、a(.li ol licr on 1 he first look, with 

totally (lilicrciil, ingredients and flavors. However, l)()lli of t liciii arc lu'coiniiij; more MIKI more closely 

(.onii(，(.t,(，(l t,() 1 he fid(l of oj)! iiiiizat ion, as t lie needs to st luly 1 he aiialyt ical i>ro|)<Tt i('s of t lie g;im<\s 

I Kigali to rise .sluirj)ly. For an (、x(.{、ll(,i" covcrai^c on alj^joril limic ^aiiic t licory, we refer t he renders 

to [40 . 

The tools ill alj^oril liiii design and oj)! imi/at ion have in part iciilar at t raclcd at tciil ion (Voiii r(!s(';ircli('rs 

ill coopt'nitivc gaiiu; tlicory, si net; it is iiccc^ssary to show llic ("xistcncc of t lie core, ；uul to answer oilier 

basic (ju(’st,i(>ns of t lie ^aiiic, for <，XfU"pl(，，how to coi i ipulc 1 lie core, is t Ik; ̂ ^miiic si ibmodii lar or no!，etc. 

For (ixaiiiplo, in supply chain inaimgciiKMit, all jmrt ics to on liovv to sliarc t he costs and 

HCIK'FILS LIFLS IxfMj i(l(Mil,ifi('(l fus OIK ; of the iiiajor l)NI ri(us to rollahoral ivc coimiicrcc in |mi(.1I(.<' |17] 145], 

and an (、xrdl()nt: survey can 1)(， found in Nagarajai i aiirl Sosic [42]. In the game rda1,(,(l to 1 lie wdl-

known joint r(”>l(、ni.slim(，nt ⑴(Mid, t.liis <j"(»st」on reduces to t lie mat ii(;iii;if ical (jucst ion wlu^t IKT or not 
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l.hn gaiiK； is suhinodular. The siihiiiodularit y capt iircs t lie not ion of (lc< rcasiii;^ iiiMr^iiinl cost, mikI if 

t GAIIKI is sul)in(>(lular t lien as a (.ous(，(|ii(、ii(.r t licrc is a popiihit ion inoiiolonic allocnt ion SCIKMUC, 

under wliicli t lie cost is sliarcd fairly aiiioii^ t lie |)fU t i( ij)fnils ；iiid every (•<>alit ion lias no coiijlict of 

iiit (U(!Sl wit h anyone else;. In a rcccuit paixT, Anily and Ilaviv |4] showed t liat t lie joint rcplciiisli game 

is siihiiiodiilar wlicii 1 lie joint set iij) cost lias t he so-calU'd first order iiitcnict ion si nict urc, and .liawci 

Zhang showed t liat t lie ^anic lias populat ion inoiiotoiiic filloc'at ion scliciiic [04] WIKMI t lie joint scl u|) 

cost is suhiiiodiilnr. However, it, rcinaiiis ojx'ii if 1 liis ^amc is suhinodular or not, iiiidcr t he ^cncrfil 

；Lssutii{)( ion t hat t lie joiiil s(、U") cost is suhinodular. I'hc work in 1 lie next cliaptcr is to niiswcr t lie 
T 

(jiK'Slion, by using tlie tool known as j)()lyiii;itroid ()])timi/ation. 

For Hk; iioii-coopcral ivc ^aiiic 1 licory, in 1028 voii NciiiiiaMii cstahlislicd 1 lie inini-iiwix 1 hcorcin, which 

also si lows t liat ccrtaiii zero sum |I;aiii(' has an (、(juilil>Hu"i solut ion. I.Mlcr, .loliii NMSII in 1 !)51 ['13) 

(!xt(>ii<l('(l 1 lie msiilt to sl>()w t liat basically all 训"(，s will have ('(|uilil)riM. To analyze I he |)mp(Tti(、.s of. 

Ui(、('(piilil)riuin point HIKI 1 he ^^aiiic (|uaiitilat ivcly, it is iiiij)()rtaiil 1" Ix' able lo find 1 lie ('(juilibrimii 

|}()iiii cHiciciit ly first. Th(”.(:ror<>, 1 he (jiicsl ion wluM her t licrc exists fm cfliciciil al 训 . i l l " " lo coiiiputc 

t.h(i Equi l ibr ium point luus l)r(、H raised by many n^si-arclicrs iii the field. Ilowcvcr, even for sii"|)l(' 

games, for (;xani|)I(', biinat.rix g;aiii(', 1 his i)rol>l(Mii has r(、iiiaiiH、（l (o Ix' uiiscll Ifd for many years, 

until r('(;(;nl,ly sliowii by C'Ikmi and |7] tliat, it, is IM'AD-coiiiplclc. l iul for (•(•rtaiii tyjx^s of 

games, it. is still |)()ssil)l(> to design polynomial liiiu» al^oi i t Inn lo iiiid the Nasli K(juilil>Hiim puiiit,. 

The most, well known (example is the (wo p(!is()ii '/cro-suiii ^ainc, wliicli corrcspoiKls cxacl ly to Linear 

I^ro^^raiimiiiig. Diiriiij; t lu; years, many works lifiv(； IHKMI (Icdicalcd to (Icsij^iiiiiji, clficicul al以)rit I I I I IK lor 

special gain(!S. For (，XfU"|>l(、1 IK; sp(?(;t,nmi iiianagciiKMit ganui in wir('l(\sK coinnniiiicat ion, was sliovvii 

by Liio and Panj^ |37] 1 hat an iterat ive watcu Hlling al^oril Inn d()(\s converge to t he Nasli H(juilil)riimi. 
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Tliorc an; also al^ori l l ims wliicli o m (.ompiilp 1 lie IO(|uilibriuin point, l>iit Jirc not assuiiicd to nni" 

wit.liiii {)()lyn()inia] l ime. Tlic lypiral cxaiiiplc of it is 1 he famous I.ciiikc's al^orit Inn lor IX 'P, wliicli 
* 

corrcHpoiids to liii<li叩 t lie ('(juilibriuii) ])()iiil of a biiiiat rix j^anic. To <l。si训；m cificiciil iil<ji,()ril liiii, 

or 1() rule out 1 lie possibility of doiiiji, so, it is i iatunil to use ideas and rcsiills from 1 lie 1 licory of 

al^orit l im design and opt imizat ion. 

It is Mat iiral to assuinc 1 liat wlicii people innkc decisions, 11 icy arc j)riiiiarily ((Hiccnicii only wil li 

llicir self interests, wliicli is known as 1 lie ratioiuili ly liy|)(>t.li(、sis in ('conoiiiics. Ilowcvcr, usually 

people nifikc decisions based not, only on 1 lie currciil sit uat ion, hul also on t lie liislory I lial I iicy 

ohsorvcd. J l is 1 hen'fore iiit crest,iiij^ to st iidy t lie (lyiuuiiics of t lie syslciii, if everyone Icarus from 

history. The (ictit ious play lias Ix'Cii designed iial lUfilly lollowiii^ this idcu, as an al^oii l liiii lo iind 

a Nasli K(juilil)rium of a ga.iii(、. It can IM; iiit(Tpi.(M:(*<l its cvcrvoiic simply phiys t he best response lo 

tlio av(!raj^(' of t he liistory hciii^ observed. It has been sliowii by Hobiiisoii |r)()j and IJrowii [G] I hat 

t liis alji;()rit,liin docs coiivcr^c lo 1 lie Nasli Kquil ibri i im of 1 he /cro-siuii hiiiiat rix ji>aiii(‘. I lowcvcr, even 

in l,h(； .siiii])l(>sl case, t liis sl.ralcjijy converges very slowly. And it has Ix'cn not iced t liat l)y applyi"}^ 

tli(? ifloa of fading iiicmory, 1 he convciT^ciicc speed cnii Ix' vast ly ini|)r(>v(、(l [ijf)] [Ii5] (if it, docs 

(:()iiv(;rgc at all). In 1 lie third r imptrr of 1 his t li(\sis, w(、('st.al)lisli t lie coiivcr^c result for I liis type of 

st,rnt,(!fty, for j^aincs Uiat <.()iT(?,spoii(l to an inoiiotoiic I X ' P system. And we filso (-""(lurt、（,ni|>iri(.al ‘ « 

stiulic's on 1li(； t radcoif l)(;tw('(!n 1 IK; coiivcrgcncc sjx'cd and 1 lie coiidil ion of COIIVCRJI.ciicc, wil li R(、si)(,(.t. 

t,() l li(； l)(!t,i(;r or worse iiuMiiorics. 

t ‘ 

It is also iiit (ir(\st,iiig to sen? wlict IHM" or not 1 licrc is a bridge; hot ween 1 IK; coopci Mtivc ^aii ic t licory and 

ilui ii()ii-( ()()i>(;ral iv(； t heory. In part icular, arc iiitcnjslcjd iii liow (l(，(.i(lr to 會 . ( >， 

and th(5 rfl'ect.s of tlu; coojMTation. Specifically, we study tlu; iict.work routin;^ anic, wliicli can be 
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( 

'r(;|)i.(，sciit.<;d by a iiionotoiic LC'P syslciii. By 1 he second (.liapJcr of this t licsis, \v(、 know i hat if 

('vcryoiic has good riumj^li iiKMiiory mik! make decisions based on 1 liat, 1 lie system miiv(>rfi;rs to l l ir 

Nasli E(|uilii>riiiin. TlKncforc, it makes sense for the plnycr.s to make a decision whcl her to cooixMatc 

or not, based on tlunr costs iiiulcr tlie Nasli Kqii i l ibrimii instead of 1 he ii iniu'diatc coMsccjiiciicc of 

the act ion. In 1 he parnllcl network, we s ludy t lie coiisccjiKMicfS of coopcrat ion by I wo phyri.s, to t he 

social cost and 1 lie costs of ot licr players, vvliich can he shown to he Ix'iicficinl to all of 1 liciii, except 

1 lie two players iii act ion. However, t.li(;r(' is always an iiicciit ivc for t lie i) i^( 'st (•<)iiij);uiy to grow 

by j!,ial>l)iii}i, jiarl iai dcmai ids from 1 he second hi朋rst one. Also, \v(、（J(、Hv(, 1 i^ht upper boiuid of t lie 

price of anarchy for.a ccrlain network vvlicrc there arc /•• playrrs, ；is well as l ighr U|)|>(t l>oim(l an ions 

all |)()ssil)l(' networks, i"(l(,|)(‘ml(,ut of net work si m e t urc aii<l |)amni(、hTS. 

Now w(, shall say a few words ahoiil t lie or^jini/at ion of t liis t licsis. Tli(、second clinptcr is l)fisr(l on a 

joint j)A|>('r coaiitIK)!•('( 1 with Dr. .linvvci Zl iai i^ and my advisor Sl i i i / l ion^ Zluiii^. In 1 his cliaplcr, vvc 

focus on st lulyiii}； t he proixM t ics of |)()lymat,r()i(l oj)! iiiii/at ion, and t he applirat io" of it in cooprral iv(、 

^amc I licory, showing t liat l)(>t:li 1 he joiiil r('|>l('iiisli ^a inc and t he one warclioiisc mull i ret ailer ^aii ic 

siil)iii()(lular j^aiiics. 

Tlic t l i ini clifiptcr is about the coiivcrjiiciicc i)r<>i>('rt.i(、s lor some quadrat ir games, witli t lie st r«ict lire 

tlird cacli |)lay(!r learns from t IK; history. W(； also j^ivc ciiipirical example which shows t lie coniicct ion 

l)<",w(H、n tlic; coiivcrgciici； rale and 1 he condit ion for (:(>nv(Tĵ (”“,(，. In sliort, t lie bet Icr (lie iiiciiiory, 

tlK» liiglior tli(! chaiKtc^ of (.oiiv(Tg(、ii(:(,，l)Ut, 1 w()i,.s(: IIK; ronv(，i.j^(.iK.<、rate (if il <l(>es coiivcr^c at all). 

This work was originated from a project, with my collcai^iio Mr . Li Mii i , mot ivalcd l)y Prof Tom 

Luo's game theory class and his work on game t.licory iiuxUils in wii.d(ns‘s cominunical ioii. The icsiill 

is 11 Kill (，x“，nd(，(l to g(，m，nil gaiiK； models, wit h tli(； jo int strong coiivcxily projxMty, and sliows that 
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the strategy miivrr毋，s linearly un‘l(”. 1,1ns coiidit iou. . 

Tli(、fourlli (•liai)((;r is from an ongoing project witli Mr . Xiajijiio W'.finj^ riiKi my advisor Slmzl io i i^ 

Z l ian^ . As an at t.cnnpt, to st.udy ( lie coniicct ion hclwccii tli(、 iioiicooix'ral ivc ji;ain(' t lu^ory find t lie* 

(•()()|)(!rat ivc game Uimry. W(、si udy 1 lie iiiccnl ivc ol players to mo|>(Tfif(>，ami t lie iiiflticncc.s of t his 

('(K)i)(Ma1 ioii-lo the ()t her |)lay(irs as well a.s 1 lie wliolc soc'icty, by assuiiiitig everyone is far-si^litcd and 

will i)r('{li(:1 hfiscd on the Nasli-.H(iiiilii)riuni scenario. Tli(、model is r(\slriclcd to the m i l l i ng 

wit li linear unit cost functions on cacli arc. For parallel net work, we slioyv t lial if. i)lay(TS cooixMatc, 

social (•()st would (l('(.r(,}is(、accordinj^ly. leased on 1 his r(!sull, we can i(l(、"lif:y t lie worst axsi of t lie 

“pr ia ! of anarchy" for any giv(”i iicl work, and 1 he iiunilxT of playrrs wil ii ^ivcii total flow (IciTHlYid. 

Also we can JipiXTlxmml I lie j)ri((' of aiiarcliy for k many players at parallel network l)y -^.j , | • 



Chapter 2 

Polymatroid, Submodularity and Joint 
r < 

Replenish Game 

This (;liai>t,('r is hastul on a joint work wil li Dr. .lifivvci Zhang and Dr. S l i i i /hon^ Zhaii^i； |.'i()], which is 

• •‘ 

curniii l ly "II(1(M.. rcviciw l)y OjMMal ions lU^scarcli. Most ii ialcrial picscntcd here is as 1 lie formate sul>-

inil ted, vvitli koiik^ c!(iit iiij^ to fit, in the st ructiirc of t he tliosis. \'V(、consider 1 li(» j)i()l)l(Mii of uiaxiiiii/iiij!； 

a S('j)aral)l(' (.<m(.av(! function <)v(u. a polyi iuitroid. Mon? spcriHrally, \v(! study Hie sul)in()(lularity of" 

its o'pliiiuil ()l)j(K:t.iv(； value in tli(； |)aiain('t(;rs of l.lic obj(rt.iv(> function. This (jircslion is i i i lcrcsting in « 
A 

its own right, and is (MI('()U1I1(M(K1 in iiwiiiy a|)|)licat ions. Bui our rcscarcli IIMS been iiiaiiily iiiol ivaicd 

by a (;(K)p(Tal,iv(» gaiiic ass<>rial(Kl wit lj Uic wdl-kiiowii joint n、plciiislmi(”it: model . By applying•；; our 

g(，iKU,al results on j)()lyiiiat,r()i(l (>|)tiinizati<)ii, \v(，prove; t l iat this cooiMnativc is sul)iii(>(liilar, 

if t,li(i jo int set-up cost is a nori i ial i/cd and iioii-dcH nuisiiig s i ih inodular funct ion. P'lirtlicrmon;, Uie 

sanic result, holds tnu^ for a i i ion; g(、m，nil oiic-warclioust^ ii川lt,ij>l(; r(，t-,ail(，i, game, winch afiirmfit,iv(;ly 

answers an ()|K;II <}U(;S1 ion pose id by Ani ly and Haviv [4] and Zluuig [(>4]. Tli(，siihiiuKlularity results 

_ (i 
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regarding poly inatro id opt imiza t ion also iiioTivatos thc^ use of ^rovdy algor i thms for rortaii i NP-hard 

• . 

opt im iza t ion prol)loiiis. 

> 

2.1 Introduction 

111 recent years, iiiMiiy conipaiiios have conic to realize that thoir pcrforiiiaiico can hv improved sig-
. ‘ 1 

nificaiitly by cxploriug innovative col lalxj iat ivo stratogios in supply cliaiii iiiaiiaji,oiii('iit. Compan ies 

can c()llalx)rate in many cliffoixMit ways. For oxaiiii)lo. ship])(Ts that make small , fr(»qu(、iit shipmoiits 
r 

that do not use the ' fu l l capacity of their trucks can collaborate and coiisolidal o tlioir orders into 

hopeful ly d icapor , faster tn ickloads. It has been reported that such col laborat ion among shii)]KTS 

loads to significant rodiictioii in t ransportat ion cost as well as inventory cost. It is also known that 

inventory pool ing is an effective way to roducc safety stock and increase custoiiior scrvico [17, 45]. 

Thus , some (^oiiipanios col laborate by sharing their iiivontories. The cooperat ion usually tak(、s tlio 

form of lateral transshipiiKMit from a location with a surplus of on-liaiKl i n v ^ o r y to a location that 

faces a stockoiit. . 

• 

O n e issue in such col laborat ion is to koop different parties mot ivated to collaborate. Tlio willingness 

to col laborate often dopends on the existence of iiiocliaiiisiiis that allocate the cost or gain (from the 

col laborat ion) in such a way that is considered advantageous by all the part icipants. Even though 

col laborat ion often loads to overall cost roductioii , it is not always tlio case that si idi iiiochanisins 

exist. I i ideod, gett ing all parties to agree on liow to share costs and boiiofits was identified as one of 

the ma jo r barriers to col laborative commerce in practico (see [17, 45]). ‘ 
% 

It is natura l tcTapply cooperative game theory to analyze cost al location issues. Indeed, supply chain 
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collaborations have motivated more and iiioro studios oii mopci .at ivr iî aiTics in tli(、last f(nv years: s(、(》 

Nagarajai i and Sosic [42] for an oxcollciit review in this aroa. 

Ou r work is motivated l>y a coopcrativo gaiiio that is associated with tlio well-known joint n、i)l(、ii-

ishincnt model. In this model, there are mult iple retailors which sell a siiij^lo product. Constant 

customer deinancl occurs at each retailer over an infinite t ime horizon. Tho retailors n、pl(、uisli tlioir 

inventories l)y orcloring from an external supplier. There are two types of costs: a hoklinj^ cost cliargod 

against each unit of inventory p(T unit t ime at each retailor, and a sctiij) cost cliarj^cd a;j;aiiist each 

order that is a submodular function of the set of retailers that places iho order togotluM . W'c shall 

define subinoclularity in Soctioii 2.2. Roughly speaking, suhii iodularity captiiros the notion of d(、-

• < 

creasing marginal cost. For examples of submodular sotuj) cost fiiiictions, \\v refer interested readers 
« 

to Feclergrueii and Zheng [22]. Tlie load times are assuinocl to be /oro, i.e.. orders arc d(、liv(、n、（l 

• instantaneously. Tho jijoal of the model is to find an inventory roploiiishiiioiit p()li(V for th(、system 

that miniini'/es the long-run average cost over an infinite tiiiio horizon. Tho opl i inal policy for this 

joint repleiiishineiit problem is unknown. H()w(、v(、r, it is well-known that a class of easy-to-implciiiciit 

policies, called powcr-of-two poli(.i(-、s，arc 98% effective; s(x、Rouiidy [54] and FcHlcrgnicn and Zhoiig 

[22). , 

We assume that the retailers follow an opt imal power-of-t\vo policy to replenish tli(、ir iiiveiitorios. 

are interested in the question of how the system-wide cost should be allocatod among the retailers. « 

A proper cost allocation schoiiio is important particularly when the retailers h(、loiig to different firms 

or are decentralized divisions of an organization. For this pur])ose, \vc foriniilato a cooperative、game 

(ill coalitioiial form) cloiioteci by (N, V) where the grand coalition N is tho sot of all retailors, aiui 

for any subset S C N, the characteristic cost function V(S) is the systeiii-wido cost under opt imal 



CHAPTER 2. POLYMATROID, S U D M O D U L A R I T Y AND JOINT U E P L E N I S I I C A M E 2「) 

powcr-of-two policy when the system consists only of retailersSn S. \\v call this cooiK'rativf game 

the joint roi)leMiisliineiit game. 

V > 

i 

Tho ^leoret ical questioii that we would like to address roj^^anliiig tho joint r(、i)l(、iiisliiiK、iit ^aiiio is 

whotlior the characteristic (、ost function V'(-) is subnioclulnr or not. If the aiis\v(T is yrs, thvn the 

joint rci)leiiisliiuent game is suhniodi i lar (or coiicavo). This quest ion is of i)artic ular iiiiportaiKV siiir(、 

a siibiiioclular game has many nice properties. We iiuMitioii a f(、\v of tlioiii h(、l(m-. FiTst. if V'(.) is 

sul)i i iodular, thou the grand coalition is stable. That is. th(、i,(、exists a cost allocation under which 

no group of retailors would 1)(» l)cttor off l)y deviat ing from tho strand coalit ion and act in", alone. 

Such ail al location is ()ft(、ii called a coro allocation. Second, if V'(-) is subinodular . then tlioro (、xisl 

ofliciciit (polynomial t ime) algorithms to find a coro allocation and (*h(、rk whet her a g’h:(、ii allocation 
, 、 I 

is a core allocation or not. This is iiiii)ortaiit bocausc for a iioii-su))iiK)(lular gaiiio. it is possible that 

f inding a (,()r(、allocation can bo done in polyiioiiiial t ime, hut the pi,(.)bl(>m of (Icckliiig lvhHh(、r a given 

al location is a core allocation or not may bo NP-liarcl. Third, for a subiiKx-lular ji^aiiic. its iim.loolus 

can bo coii iputod in polynomial t ime, and it has a large coro, and its stahl(、s(、t coincides with th(、 

core. See Peleg and Sudholtcr [48] for tho definition of the aforeinontioiiod i i i ipoitaut roiicepts in 

⑴operat ive game theory. 

Ill a recent paper, Aii i ly and Haviv [4] show that tlie joint roploiiishiiioiit game is siibinodiilar when 

the joint setup cost function, denoted by A'(-), has the so-called Hrst ordor iiitoractioii stnicti iro, i.e., 

there exist Kq and A', for i e N sud i that K{S) = A'o + 5 I / € ‘ s ' a n y S C N. However, the 

� 

subi i iodularity of tlie jo int rci)lenishiiieiit game with gCMioral subinoclular setuj) cost fiiiirtioii /、',(.) 

has been posted as an open cuiostioii in [4] and a iiioro recent pajjor on this subject [04], The joint 

repleiiishiiieiit game is known to have a popula t ion iiioiiotoiiic allocation sclieiiio |G5], which typically 
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is an indication that a game may 1)(、sublnodular. The populat ion iiionotoiiicity impHrs tliat no 

retailor would ho worse off whoii a now r(、tail(、r joins the coalition. As we shall s(v in Section 2.3. tli(、 

function V'(5) can bo expressed as _ 

V{S) = max Z i e s M ^ - ' ) 

s.t. V.4 C .S (2.1.1) 

h e R t ^ l 

I S'l 

wlicrc A- 6 M^； is the decision variable and for each i e N , //(A-,) is a (.oii(av(、function of A-,. Also, 

given our assumptions on tho joint rcpleiiisliimmt model, tlio toasihlo sot of (2.1.1) turns out to be a 

polyii iatroid. Ou r goal is to show that the function V'(-) dcfinod in (2.1.1) is sul)ni()(lular. 

This motivates us to consider the class of opt imizat ion prohleiiis of i i iaxiini/i i ig a s(-、i)ai.al)l(、coiicavo 

fiiiictioii (or ininiii i izii ig a srparahlr coiivox function) over a polyii iatroid. Besides tlu» joint r(、pl(、nish-

iiiciit model described above, this class of prol)lonis lias many iiiipoi.tant applications in n)iiil)inat()rial 

opt imizat ion , resource allocation [31], (lyiiainic s(.li(、(luliiig [62], iiiforiiiatioii tlicorv |59], and many 

other areas. Those problems c{(ii bo solved l)v greedy algorithms: sco Ednioi ids [18] and Fcdorj^nu'ii 

and Groeilevelt [20] and the refercMicos tliorein. W(、iiieiition that this class of pi,ohl(、nis is a special 

case of the polyiioiiiially solvable problems studiocl hy.Hochhami i and Sliaiithikuii iar [32]. 

• » 

The ma in coiitril iutions of this work are the following. First, \v(、show that the opt imal ohjcr l ivo 

value (of the polyii iatroid maximizat ion problem with a separable coiicavc ()l)j(、(.tiv(> fuiiction) as 

a function of the index set is' si ibinodular. This immediately implies that tlio joint roploiiisliiiiciit 

game is subinochilar. We also prove tlie subii iodularity of the optii iuil objcctivo value with rospoct to 

certain parainotors of the objective function. This caii ho used to prove the subii iodularity of t he oiio-

warehoiise mult ip le retailer game studied in [G4), which is a generalization of the joint reploiiisliiiioiit 
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game. 

Tlio rcinaiiidor of tlio chapter is organized as follows. In Section 2.2. wv i>i,(、s(、iit our result n^^ardiiig 

ii iaxiiniziiig a separable coi icaw fiiiictioii over a polyii iatroid. Tliis result is ai)i>li(、（l， in Section 2.3. 

tq derive tlic sul)IIIO(lulaiity of the joint r(、pl(、nishm(”it game and th<、oiio-warcliousc multipW、retailer 

game. In Sort ion 2.4, \v(、apjjly our result to the network source location prohlciii. \V(、conclude t he 

d iap ter in Section 2.5. 

2.2 A Structural Result on Polymatroid Optimization 

111 this section, wc consider tlio problrii i of inaxiu i i / ing a sqmn ih l c coiicavc function over a polyma-

troid. We study the suhi i iodularity of tlie opt imal ohj(、rtiv(-> value witli respect to tlie i nmunHcrs 

of tlie objective function and the index sot. In (>r(l(、r to prosciit our k(、y results, wv first formally 

introduce the necessary (.(Hi(.(、pt"s and notat ions Ix'low. ' 

Given a finite set E, lot 2''' = {A : A C E} b(» its powcu* sot. A function 

sabmodular if for all A, D C E, 

2'.: — R is said to he 

“ z{A UB) + n i?) s + z{D). 

A fniictioii 2 : — M is said to ho supcmwdular if is sul^niodular, « 

A function z : R in callccl a rmik fiiriatioTU if it satisfies the following conditions: 

• s is normalized，i.e., 2 ( 0 ) = ( ) ; 

• 2 is* noiidccrcasing, i.e., z{A) < z{B) vvlioncver A C B C E: 
* 

• 2 is suhinocliilar. 
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For a given finite sot E , and a fiiiiction 二 : ‘2J、—* E , the polylunlroii 

一 尸 E ) 二 {./. € R ' f : ^ .v, < z{A) for all .4 C E] 

i € / \ 

is callcd a polyimiiroid, if - is a rank fniiclioii. Tlir()uj;li<)ul t his cliaptcr. we dynotc P{z, E) t he 

l)()lyiiiatn)i(l dofincd l)y th(、finite E and tli(、rank function c. 
» 

A set X C M" is a suhlalticc if for any .r, y 6 A'，\v(、have ./• V // G A' and .r A y € A', wlicrc .r V y 

and x A y (l(、uot(、, rcspcctively, the r()(>r(liiiat(、\vis(、inaxiiiiuiu and iiiiiiiiiiuiti of ./•, tj. i.e.. •/• V y = 

(inax(.ri , /yi), • • • , inax(./;„, //„)) and .r /\ y = (ni iu( ./ :|，) ’ • . . , niiii(.r„, /y,,)). H A' C R " is a suhlatt ice, 

tluni a fuiict ion f : X W is said to 1)(» submodular, if for all ./•，// 6 .V, 

f(.r V y) + fix A y) < f{x) + /(") 

A fuiictioii / : A' —̂  R is said to l)(、fmpninodulur, if. — / is sul)m()(lulnr. Several sui>(Tmodu-

lar/subii iodii lar functions that we shall r(、f(、r to in this chaptrr ar(、listed below. 

E x a m p l e 1. Lot A' G € W be two sublatticos. Tlioii function f{.i:,y) = r ' y : A' x J； — 1 is 

suijoriiioclular. 

E x a m p l e 2. Let X e R " , e M" two sul)latticcs. Let fj : M" — R he a s(?i>anil>l(、convex 

function. Tlioii function f{x. y) = _(/(./• - y) : A! x y R is sulHiiodular. In i)articiilar, function 

f{x, y) = {d'i - //,)+ : A' X M is siilMiiodular. 

Here and throughout tlio clmptxT, we doiiotc :/:+ = V 0 for any x € M". 

E x a m p l e 3. If funct ion / : ]R" — R is siil)iiK)(lulcir, and function 仏 : R —> M' is luoiiolonic for each 

- V 

i = 1,2,…，7i，thou function h{x) = f{y) with = ry,(;/;,) is sulHiiodnlar too. 
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2.2.1 Optimizing a Linear Function 

111 this siihscct ion, wc start with a s|)(、rial case, i.(、.，niaxiiiii/inji, a linear fiiiicl ion over a poly mat roid. 

More siM'ciHcally, for any vcctor u E IR'''' and subset A C E consider 

max r 4 "‘厂‘ 
(2.2.1) 

“ s.t . ./• G E). 

W'v also consider*! closely rclalcd i>i.()l)l(”ii 

" lax 厂’ 
(2.2.2) 

s.t. :/• G P{z, A). 

It is (.l(»ar tliat problems (2.2.2) and (2.2.1) slmrr tlic SMiiic ()j)tiiiial objective value. F"it lirniioir， 

any opt.ima.l solution l.o pmhl(•⑴（2.2.2) chii be cxUHidcd to an optiiiial solution to pmh i rm (2.2.1). 

Ill particular, let l)(! an optii iml solution lo (2.2.2), and <l(、f.iii(> as follows: (or any i G A, 

(;rj,；), = (:/:*、),,（)1h(、rwis(、(;/;),；),• = (). Th(、n r).； is optii iml to (2.2.1). 

The following is a well-known n^sult |18] coiiccrniii^i； an opt imal solution of linear |)r(>fi;raiii (2.2.2). 

Wc shall r(、f(、i, to this result in srvrml placc^s of this cliaptcr. 

Lemma 2.2.1 Assume a 6 m'j'̂ ' u.n(l Ic.f. fr = (tti , • • •,升|‘4|) he a jjcriimtation of sH A. so that 

".开,> a亓2 > • • > ".开I…> (J. Dajina 工亓=(:/:亓，：i ^ A) as follows. 

^•TT,=州开 l}) 

. (2.2.:i) 

•r^i - 2({开|’开：2,-..,亓/}) — 开1’ 开 2 , . . . , 开 / - i } ) , f = 2，3,... ’|,1|. 

Then 丄•亓 is an optwial solution to (2.2.2). Furthcjinorc. if for any i,j 6 A with i + j , a, + ( i j , then 

Xjf is the uniqua optimal solution to (2.2.2). 
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VV'(； iioxt s tudy 1 ho projM'rty of 1 lie opi.iiiuil objccl ivc value of liiicjir pio.m aiii (2.2.1). We lirsi sliow 

t hai Mic ()])t iiiial objccl ivc value as a fuiK；! ion of t lie scl A, is sul)in()(lular. To t lie hcst of our 

knowlcdj^c, this r(»siill was first formally stated and pi-ov(>(l in Scliii)/ and Uliaii |r>()], wlicrc it is 

iis(、d to si low that certain sclnHlulinji； }>;aiii(\s arc suixMinodular. A slijj^lilly \v<'ak('r version (rcj^ardiii^ 

i i iatroid op t i i n i /a t ion ) of. this result had aj)i)('ar('(l in Nciiiliaiiscr ct MI. [Hj . We |m>vi<l(> an f i l tcniat ivc 

and siini)l(i proof licrc. ‘ 

Theorem 2.2.2 For jixcd a G M'''''. let h{A) denote the opfirnal. ohjcctivc value of prohlcin (2.2.1). 

* 

Th.cji, fiLJicfion. h : 2''' 一 IR is suhinodular. 

Proof. We first assiiinr a > 0. Let tt = (tti , . •. , 7T| /,；]) !)(' a pcn imta t ion of scl / 二 so that 

"TTI > (InJ > • • ' > (l'1r^,.：^ > ()• . 

By LcMiiina 2.2.1, we know that Xĵ  = (j-v, ： i G E ) with 

：厂 TT, = z({7r,,7r2,... ’7R,} N YL) - .-：( {TTI , n-j, • • • , 7R,_I } FL A) 

is an ()])tiiiial solutioii to pmhl(、⑴(2.2.1). By (l(、fiiiili(m, xv, = H if tt, • A. 'l l iciclorc, the op t ima l 

()l)j(K'tiv(^ value of (2.2.1) is 

i^A 

二 [ " T T , " 、 

iel'： 

= Y ^ ('m (̂ ({7r,,7r.2,--- ,7r,} n ^ ) - :({兀|,兀2， 
ietc 

= [ ( f i n . — "TTrt I ) { TT I , . . . ’ TT/ } n / I ) 

IG/'； 

7r,— i } n / 4 ) ) 
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wIk'1(5 we dcHiic ann-\ i 二 （). follows iiiiin(、<liat.(?ly 1 liat hi A) is suhiiioduhu-, l)(>( fn 

u„‘ 一 I I > 0, , TT-j, • • • ,7r,}门/ I) is Hiibiiiodiilar in A, and ivr linear r 

sHl)iiH>(lulHr fuiiclioiis is also siihmodiilar. 

(• for cjH'li /, 

inhiiiat ion of 

WIKMI (I ^ R(> not ice I lint t lie opt iinal (山j(r1iv(、 value h{y\] is (.<|ii;“ to t lie ()|)1 iitial <>l>.j(.(.t ivr value 

of tlio f()lk)\vin^^ problem 

max y ^ a I •/:, 

iC-A 

s.f . ：；• G P{z, /'>), 

vvliicli is suhii iodular in A. Tliis coiuplclcs the pmof. • 

Theorem 2.2.2 can he (、xt(>ii(l(、(l to tlie case where iluTc arc l>()11i up|>(、r and lower l)()Uii(ls lor 1 he 
t 

(Urcisioii variables. We shall need this result in the next subscclion. 

Corollary 2.2.3 For JLrrd G R'''' . 1<:I. h{A) dcn.oUt the opHin.al ohjcclivc value of the fol.l.oiiyijuf 

liiir.ar profjram, 

max 、",:/•, 

s.L :i:e P{z,E) (2.2.… 

^ < X < UJ. 

then Junction k : —^ E is subinodular if (2.2.4) is fc.asihlc. 

l)r()(>[ Wit liout loss of gciKuality, w(; rLssumo. t hut u > (). D d i n r anot her ‘s(、t finict ion z' : —，, 

such t liat, for any S C E’ 

z\S) = imy{S\ 11) 

It is known from [18] t hat, z' is a rank funct ion, i.(!., P{z', E) is fi polyiimt ioid, and t hat, f、irt,licri"(m，， 

r{z\E)=： Piz,E)n{:r:x<i:j}. 

� 
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Tli(’r(，for(，’ linear (2.2.4) is ('(juivaUMil to 

s.i. ：/• € /'；) 

J- >必 

which in t urn is (HpiivaUMit to 

⑴ax ('>"、+ "illli 

-、l. E,e.s' y> < 孔 力 - V.V c /'； (2.‘丄「)） 

y > 0. 

:!t y !)(' a feasible solut ion lo |)ml>h、i" (2.2.5). Not ice I lial lor ；my Dcfiiio z{S} = iiiiii.v j.s' 

•S" 2 6', 

Thus, 

Y：丨丨•sY/丨丨 

ies iG.s'' 

Y^m Ern-
ies 

On Ui(，()t,lK!r tiaiui, if yy, < f (,S'), t licii Y l ies — ~^(‘S). Tims, problem (2.2.5) is ('(juivalcnt to 

"i;ix ^ ftn/i -f-

•s./.. ^ y / , V.S- C E 

/e.v 

V > 0. “ 一 

Now w(! show that z is a rank function. It. is rl(、fir t liat, z is nor川ali'/(、<l and iion-(lr(T(、asing. We luicd 

only to show that, z is subiiiodular. -

N()ti(;(i that, 2 is siii)iii(Kliiiar. For any sets .S'l and 62, Mien; axist. S\ D S\ aiul S^ 3 .S'2 sucli tliat 
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• * 

z{S\) = ^(.S'l) and £:(Sj) = z(S.j). Tluuc^fon;, \v(、have t lial 

> n sfj) + 3(.S'； u s.j) 

where t iuj first in(、(|imlity follows from t lie fact 1 hat z IS SMl)iii()(luiar, HIKI t lie ‘s(r(>n(l inequality follows 

from t.})(! fact, t luit S\ Pi S!, D S\ H .S'v and S\ U S^ 2 U S-2- Th is complc lcs t lie pmof . • 

(J be t,ii(! ()|)t iiiial object ivc value of (2.2.2) wit li A = E and n = \I'J\. In |)art icular, 

- •» ' 

一'• 
T ‘ 

(J(a) : = max a x 

• (2.2.0) 

. s.t. ；/; G E). 

Chuirly, (f is a convex fuiict ioii of a. "T1I(T<! arc. act ually t wo (liffcrciit ways to t lie fiiiict ioii (j. 

First., (J is a na tura l cxtxuisioii of t Ik? set. funct ion for any S C E and (Iciioi iiig l.s' to be 1 he indicator 

v(、(:t,or of .9, w(，always litivcj (ji\s) = :(‘S). SCK-OIKI, for any a G E'j t licrc is a ⑴ l iqm' (iccoiiiposil ion 

" = A | l.s•丨 + . . . + A,„l.s'„. 

wli(»r(； A, > (), i = 1, ...，M, and S\ D S^〕…〕S川.TIKMI, 

“ ⑷ = A , ) + + K.,z{S„.). (2.2.7) 

• • 

Lov/us/ |3G] SIIOWCKI tha t the doHiiit ions (2,2.0) and (2.2.7) arc? (H|uivril(;iil if and only if;:; is subi i iodulf ir . 

For any a £ IR" , an (oq)li(.it way to write; ry is to int roduce; a ixu i iml atioi i of set, /s, (kuiolcd by 7r(a), 

•so tha t 
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Fur l luu inon^, w(! <l(?fiii<! t IK; iiidt^x sets 

I I , ( a ) = {tti (a ) , . . . . 7r,(c/)}, i 二 1, 2, ..., ir. 

As ii convention, dcnotci llo(".) : = 0. Tlicii，for any € 

“ 

"(",)=XX'⑷“'("'(")）-丨(“川. (2.2.«) 
,=丨 -

O u r ma in result of t his scct ion is to show 1 h(、sul)in()(lularity of t lie <>|)1 iiiuil ()i)j(>c1 iv{‘ value of |)i.ol>l(、i" 

(2.2.1) wit li r(\s|)(?(:t, f.o t he ohj(,(.1iv(> panui ic tcr v(，(‘")r. 

Theorem 2.2.4 Consid.c.r pTohlcm (2.2.1) with A = E and let (){a) he. dc.jiiwd as in (2.2.0). Thru, 

(i) <! is hoirwfffmcoiLS. i.e. (/(\(i)==入fj(fj.) for any X > 0 ; (ii) ff{(i} is a "coiivcx Jmict.ioii; (iii) ,/(") is 

suhinoduldv, '/:. a. “ 

• • V h) + (/{a A h) < (jia) + "(/,) • (2.2.9) 

for all a, h £ R". These. tcsiiUs hold c.vc.n if there arc lowc.r and ujypcr homids on the (l.crismii. najiahl.cs 

as ill problem (2.2.4). 

% 

Proof. Tli(； i)r()j)(ni i('s (i) and (ii) arc rat luu- siraiglitforvvard; tlicy follow direct ly from t lie dcfinit ion 

of () in {2.2.0). L(;t us now focus on (iii). • 

W(» first show that, it, is sufliciciit to i m m ! the; s i ih inodular i ty of /y in He 丨:'丨.Assiiiiic that ry is 

subi i iodular in R ( ， F o r any a • Re noti(:(，that "(" .) = Thus , for any a, h e He wv 
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hav(； 

</{(' V h) + <j{a 八 /)) 

= " ( ( " . • / , ) • ) + " ( ( " A/,)丨） 

= W / ) + •"("丨八//+) 

< 丨）+ "("*) 

= " ⑷ + •"(/)) 

wlicn; l;li(； iii(K|ualitv follows from t.lic. subinoduarity of (j iii R(、丨丨厂丨. 

參 

Tlicroforr, ill tlu; rcist of t lu; proof, we prove (2.2.9) for a, h G Hĉ  " . It suffices to show: for any 

V 6 'I', aiui 7/ ‘ V = (), it. holds tliat 

(l{a + v) 一 (j{a) > <i{a + u + v) 一 f/(a + //). (2.2.10) 

Notico that ii ‘ v — 0 iiKuuis 1 liat su|)i)( //.) nsu|>|)('") = 0 wlicrc w(、dciiotc sui>i)('t^ to he t he support 

of u, i.o., Hupi)(//.) = { / € P: : iij > ()}. Furt licriiioni, siiic(、(j is clcai.ly a continuous fuiict ion, we 

only U) sliow tliat, (2.2.10) liolds for t:h(、vcu lors a, y/., v whose |)()sit ivc parts arc in general gcoinct ric 

positions, i.e., Uic positive coordiiiatcis of a,'",,'",", + '",，"，+ " + v an; all (liilorcut. 

To tliat, (m(l’ wc (l(;lin(», for any i 6 E , 

By (2.2.8), it is ck^ar that, .s(a) G " " ( " ' ) ’ i.e.，.s'(a) is a sul)grfi(li(nit for tlic (.oiiv(，x fuiiction // at 

Clearly, as long jus 7r(a) roiiiains uncliaiigcHl, .s(a) is a constciiit voctor. 

FurtluTinon^, w(? note; that sinr(，a、u、v are {roiiorally posit,ioiiod on t,li(;ir supports, the ixni imtal ions 

7r(a+f7；) and TT{a-\-u+iv) am un iq i idy (lotcriiiiiiccj on siipp(r/,)Usui)|)(7；) and siii>p(«)Usupp(?/,)Usupp('<，) 
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r(\si>(、(:t,ivdy，for almost all f in [0, 1] cxc'c^j)! lor no more t iiaii (liscrctc values of /. Oy (2.2.8), 

it follows that , (j{a + /,") and (jia + u + tv) as functions of / arr c'vcrywiicrc (ini.(»n”it.iahl<、，（、x(:(，|>l. for 

at most points. 

Thcrcfon", 

,/(", + v) — <fia) = I .s_(", + /..") odt 

and 

(/{a + ti + v) — (J[a + //,) = / .s(a + n + f v) ‘ vdt, 

(•s(K、（，.g. Corollary 24.2.1 of Horkafd lar [51]). It follows tl iat, iii order to i)i<>v(、(2.2.10), it will be 

sufficient, to show 

.s(a + 叫T" > s{a + n + / /,)'「" (2.2.11) 

for Hliiiost, all t G |(), 1] ((>x(:q)t for at, i iwsi points). 

Now, coiisidcu* a general / value sucli that 7r{a -(- ///;) and 7r(a + u. + tv) arc uui(|ii(、ly (l(、t(,rniiii(Hi for the 

parts sui)j)(a)Usui)])(7；) and s,ii)p(a)Us"i>p(,",)Usupi)('") i.(、‘sp(，(.t.ivdy，and (.(msi<l(、i- a giv(、ii / G sui>p("). 

SiiKX； sui)i)('u) n stipj)(7；) = (/), for any y, if {a. + tv)j > (a + /,"),，l iidii ( " + u + f v)j > (a + v 十 /.")厂 

This is to say, if ^ 

i — 7r“:i: + tv) = + + 厂")， 

then A: < A/, and 

. n"’_ 1 (X + f.v) C rU-/一 1 (x + u + tv). 
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Consoqucmtly, � 

Siix + iv) = 2 ( n A _ i ( ; r + tv) U {-/；}) - : ( N A . _ I ( : , . + t v ) ) " 
« 

> 人.'-i(‘r + u + tv) U {?：})—：叫一 + " + Iv)) 

=Siix + 7/ + tv), 

where the inequality is duo to tlu、subiiioclularity of z: Thus, (2.2.11) holds for almost all f e [0.1], 

which proves (2.2.10), hence the tli(、()r(、iii. (For the crtso where there arc both l()\v(、r and uppcT bounds 

on the decision variables，\v(、can follow exactly t l ir same j)roof as in Corollary 2.2.3.) • 

Theorem 2.2.4 iiiii i iodiately implies the following •csult, which shall be useful in the ii(、xt siihscctioii. 

) 

Corollary 2.2.5 Consider the problarn: 1 

• Ill'lX Yliel-：(叫+ /力"’+ + 

ha. X G P{c , E) (2.2.12) 

a; < J ' < uJ. . 

Lat fj : RI,“ —> R denote the optimal objective value, as a function of a. Than function (j is suhmodular 

if (kj > 0 for all i € E. 

Proof. Siiicc the sum of subiiiod\ilar functions is still subiiioclular, w(、can safoly assuiiio that 

A- = Si = 0 for all i € E. Let 

_ = nuxx J^iei-J^i^'i 

s.t. xeP(z,E) (2.2.13) 

fe 
X < ZJ. 
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Then by Theorem 2.2.4 wc conclude that h{b) is subii iodnlar with i,(、siK、(‘t to h. Since /)("), : = 0,0； + 

is moil禱tcmically increasing function of for all i e E, w(、know that function t){a) = h{b{a)) is 

siibinodvilar wi th respect to a. . , • 

The appl icat ion of Theorem 2.2.4 to the joint n、pl(、iiisliiii(:、iit game will l)o described in Sect ion 2.3. 

Here wc provide two simple examples where Tlimr(、iii 2.2.4 can 1)(、applied. . 

Example 3 . Lot c € R " and p an integer such that 1 < /; < 11. Doiiotc the sum of th(、p larg(\st 

coonli i iatcs of c by p{c). It is shown in [Gl] (Proposit ion 4) that p{c) a.s a function of r is subiiiochilar 

iii R " . This can 1)0 soon by apply ing Thwre i i i 2.2.4 directly. Notice that 

擊 

p{c) = max ^ ^ CiJ-j 

s.t. ij 二 jj 

* ,=i � 

0 < Xi < 1. 

I t is dear tliat the linear program above can be cast in the form of problem (2.2.1), using tlic rank 

« 

function of the socal led u lifonii i imtroid of rank p. Thus it follows from Tlieoreiii 2.2.4 that pic) is 

subii iodular. 

Example 4 . Let A G M" so that Ai > A2 > ••• > A„. For any c e M", lot h(、tlio it\i largest 

coinpoiieiit of c. Define / ( c ) = ⑷ : M " R . It is shown in [49] (Tlieoi.(、m 4.1) that f{(：) is a 

submodu lar function. This can be seen by noticing that 

u 

f{c) = Y,{\k-\M)k{c) 

.k=\ 

where = 0 and k{c) is the snin of the k largest coordinates of c. By the result of Example 3, wc 

know that / ( c ) is submodular . 
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2.2.2 Maximiz ing a Separable Concave Function , 
« -

111 this subsection, wo goiieralizo the results in the previous sul)soctioii to th(、aisc vvIkm-c the objec-

. » ' ' 
tive function is separable concave. Tlieorcins 2.2.G and 2.2.7 generalize^ Tlioorciiis 2.2.2 and 2.2.4., 
« -

respectively. The*"key idea unclerlyiiig the proofs is to liiicarizo tli(、。l)j(、(.tiv(、function. 、 
« 

M • 

Theorem 2.2.6 F\x a finite set E and a polymo.troid P{z. E). For cach i E E, let ,,’： W ^ R he a 

concave function. For any ACE. da fine 

= max 1],€4/,(丄,,） 

‘ (2.2.14) 

.s./. .i- E P{z. E). 

Then h : —M is sulmwdalar. 

？i 

Proof. For any A C E . (kniotc x{A) 6 Re i+.叫 as an opt imal solution ()f prohloiii (2.2.14). Also, for i^asc 

of presentation, wo rewrite //,(.4)-as h{A, f , P{z, E)) to highlight its (lq)(”id(、m.(* on the polyiiiatroid 

P(z, E) and the objective function f = (/,• : i E E). 

Consider any A, D C E. For each i E E, there exists a linear function, donotod by //. such that 

(乂 UB),) 二 

and 

And the concavity of /, implies that > /,(j;,) for umi{x{AU B)i, x{A fl D)i) < Xj < iiifix(;/:(/! U 

B)i,x(AnD)i). We define 

‘ Qaj} = e Ro " f l : x{A U B )八 x (A n $ .T < x (A U B ) V J : ( A n J3)}. 
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Tims, for any x € / ,( .r ,) > for all i 6 E. 

1 

Then we have 

h{A)-^h{B) = h{AJ,P{z.E)) + h{DJ\ Piz.E)) 
¥ * 

> h{A. / , P(c. E) n + h{D, f . P(z. E) n U].") 

、 > "(A./. P(z, E) n ilAji) + h{D, / . P{z, E) n u丄 "） 

> h{A U D. /. P{z, E) n + h{A n B, /.尸(：.E) n《2,、."） 

where the last inequality follows from Corollary 2.2.3. Notice that , .t{AU B)..f{A n e /)(: E) n 

A • 
Ha.h- Thus, l)y the definition of / , \v(、have 

h{A U D, / , P{z. E) n ilAji) + /;(.4 n B. / . P{z. E) n ilAji) 

ieAUli i^Anli 

ieAuii ieAnii 

= h { A U D, / , P{z, E)) + h{A n B, /’ P{z, E)) 

% 

This completes the proof. 口 

Theorem 2.2.7 Fix a finite set E and a polyrnatroid P{z, E). For any i G E. la I f , : R- —» IR be a 

supcrmodular function. For any a 6 IRI^I, define 

(2.2.15) 

s.t. X e P{z,E). 

Than 以：R阅—> R is subrnodulaj- if fi(xi,«,) is concava in both Xj and a,-，for all i 6 E. 
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To see that Tlioorcin 2.2.7 gciicnali/cs Tlioorciii 2.2.4. we notice that /“./•,-.".,.) = r/,•厂:R- — IR is 

suporiiKKlular in (a^, j：,) and coiicavc in both a, and Simi lar to th(、proof of Tlicorciii 2.2.G, in 

order to prove Theorem 2.2.7，wo iiood to carofully liiioarizo the functions /,(./•, ,a,). To that ond, w(、 

nood the following Ion una. 

Lemma 2.2.8 ////，(•",/，) is sup( nnodular in ( / / , h) 6 and coiiravc in both y and h. thru for any 

y\ < 1)2 and h\ < b). tharc exists a fujicHoji 

L[y, h) = (\hy + ih + 7,7 + S 

such that 

• a > 0; 

LiyJ^) < viv, f>) for any {y, h) G [;vi • y>] x [hiJ)-}]； and 

• LiuiJu) 二 ,(Hy“hj、for any i j e {1,2} 

Proof. Define 

and 

a 

7 ' = 

o{y2M2)+v'{y] .fai )-产(!/-2山、)-iHy、)  
(h^f^l )(!/2-!/I ) 

b>—bi , 

m-m 

=例 : V i，M 

h) = - ",)(/) -/；,) + fi'(b — />,) + 7'(" - "I) + 力’' 

By sui)eriiioclularity of tj^iy, h). wo know that 

b2) + = t p i i y i , ) V (:vi，1)2)) + ipiiy^,h\) A (/yi，//2)) > ‘iHm,h]) + ，f)‘2) 
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a n d thus rv = ti' > (). It is also easy to verify that. L{y,,bj) — •</，(",,/�)for any /,./ e {1,2}. Filially, 

for any (yy, b) € [y\, 1)2] x (.au be expressed as a convex coiiihiiiat ion oi. two poiiit.s {y\, h) 

and (?；2, i.e., thore exists A, > (),'/: = 1,2 such tlmt A| + A? = 1 and {tj. h) = Aj (y/i, />) + 入2(:',2，,,). 

Sinco ij^iy, h) is coiicavo in /y, w(> lmv(、 

iHyJ)、> + A.2'/，(zy‘2.M. 

Similarly, thcro exists //., > 0, vV= 1.2 such that //| + "2 == 1 and h 二 " " ) 、 + "‘灰,.Sinrr //'(//, h) is 

( 0 1 leave ill h, \wc have 

‘ ‘ V，(:vi. b) > fi I Mm，）十"2.iHu\, 

and 
« 

It then follows that . 

tivJf) > + + XlflPiU'lJf]) + A2//2'0("‘2，/>2). 

J 
On the other hand, one can verify t hat 

Therefore, hy tho fact tluit L{yiJ)j) = for any G {1,2}, w(、jj>(、t />(",/，）< (piy, h) for any 

^ [/yi/jf/'i] X 口 

* , 
* 

It, can bo easily seen from tlu? proof that the supcriiiodnlarity of b) is iis(、(l to guarantee; the 

.noii-iiogativity of coefHcieiit of yh in the f>iiicti()ii L{ij, h). Tin、concavity of h) is used to 
‘ ，. * ‘ 

ensure that L(y,b) is a l(>w(，r IKHUICI of I/;(Y/, /;). Now w(、arc? ready to prove Tlicorciii 2.2.7. Tli(I proof 

is similar iii spirit to that of Theorem 2.2.G. ‘ 
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Proof of Thcoirvi 2.2.7. I'or any a 6 R'尸，let .r(a) denote an optiiiial solution lo i)ml>“”" (2.2.15). 

丨I 

Now for any h, d E , l)y Lcninia 2.2.8, for any / € [':’ t IKMC exists a linear fniict ion /� ( " , , ” ' . , • )= 

(\iaiXi + /ijXi +，fi(ii + Si sncli that rv, > 0, and for any 

(r/.,,j:y) E [h, A (I丨，h, V (1,] x [.r(h V V .r{h 八,/),,•/-(/, V (I),八./.(/,八“）小 

w(5 linv(! /,(a,,；/i) > L,(f/,, ./•/), and t h(、inequality holds as an ctjunlily when {a,..r,) is an cxt rciiic 

point of "i(，set [hj A (li, hi V di] X VVc (iirtlicr (Iciiolc 

il{h, (I.) := |:r G 股丨：•；丨：e [:r{h V r/), A :r{h 八 V J ) , V .r.{h 八 V / ； G /‘;} 

厂(",，./•), = ^ / ,(" ,”/ . , ) , and * L{a,./.) = ^ /々(",，./•,). 

ieE 

T1k\S(» constructioiiK and dofiiiitions, together witli Tlu^orcm 2.2.4, lead lo 

(j{h V (I) + (j{l) A d) 

= F i b V "，xih V (/)) + F(J) A "，.r{h A (I)) 

=lAh y x{h V d)) +、L(/M (I, x{b A d)) 

< max L{l) V r/, '+ max 人（/)八,/, 

< max L{h^.i:) + max L{(1, x) 

一 xer{z,lC)r\{Hb4) xel'{z,i-:)r\ii{h,(i) 

< max F(l), ；/•) + max F{<l, :r) 
一 xei'(z,r:}nn(b,d) ‘ xei'{z,i::)nii{b,d) 

< max F(h, x) + max F{d, ;r) 
_ x€l'{z,l'：) . xe/,(2，/';) 

(2.2.10) 

(2.2.17) 

(2.2.18) 

(2.2.19) 

{2.2.20) 

(2.2.21) 

(2.2.22) 

(2.2.23) 

Equality (2.2.17) holds b(H.aiisc of the dcHiiition of ./;(/> V d) and :i'[b A d). P^jualily (2.2.18) and 

iiic(iuality (2.2.21) liold by the construction of function L. Im,quality (2.2.19) holds iM'causc :r\b V d) 
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hikI xih A d) nrv in E) n、UJ,,(I). IiKHpiality (2.2.20) follows'from Corollary 2.2.5. lii(«(|Mality 

(2.2.22) holds siiico /)(:,/!；)门川/),") C J'{zji：). • 

t 

T(> r()ii(.lu(l(、this section, we show tli(, Thmrc i n s 2.2.7 is st loiij^cr t liaii T l i m m " 2.2.(J. To sec 1 liis, 

wc coiiKidcr pmhk .m (2.2.14). 

For cfirh i € /s, w(: dciiiic a fiuictioii // as follows. Htnall that f , is concave. If f , is iioii-dccrcasin^, 

then lot fi = / , . ()1 licrwisc, tli(、i(! iiiusl exist .r* G 1 f t such tliat /,(；/•*) = "mx.,,"—、/,(./•,). in this case, 

[Icfiiic 

f.i-r.)= 

/,(:/:/) if J:, < 

f'i (.-1：*) ()1 licrvvisc 

It is clear tliat J) is iion-dccrcfusiiiji； and <'oiicav(、. Fiirtl icniiorc, |)r()l)l('ni -(2.2.l i ) is rqi i ivalni t lo 

= max /'(•'•') 

H.t. r 6 Piz, E). 

(2.2.24) 

For each i € E , (IcHiic / , : 1R‘2 — E siicli that / , ( . ' : , , " , ) = /,•(:/:,)",. It is si rai^lit forward to verify lliat 

ii) 

J i is su))iii()(liilar in (：/:,•, a , ) and coiicavc in l)()t li .v, and Tlicrcforc, by ThconMii 2.2.7, if w(、define, 

for ofich a 6 

<j{(i)=川 ax 

S.I. X e P{z, E), 

Mkmi (j : R is s i ih inodular. Lv.i a/^ € siicli t l ia l for cacli i G E , 

a：'= 
1 if I e A 

0 ot liorwisc 
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Tlioii � =I ' i A ) , and for any A, fJ C /•；, we liavc "/、' ' " 二 " / 、 a n d "、‘ ‘“ = " / 、八T l i r " 、 “ > r ( . , 

h(A u /i) + h(A n JJ) = ,/("/、u") + 

= " ( / ” + " ( " ) , 

whicli implies tliat h : 2'、—> R is siibiiKKlular. Tl i rorr in 2.2.() follows. 

2.3 One-Warehouse Multiple Retailer Game 

且n t liis s(ict ion, we consider 1 lie oiK'-warcliousc iniilt iplc retailer gniiic st iidicd I)y Zlinii.u, [Gi]; it is n 

g(Mi(MaIizat ion of l l ic joint r('j)l(Miisliiii(Mit gaiiu^ st lulicd by Aii i ly and I Inviv (4] and Zlianj^ Th(、 

l)r('S(Mitati()ii of tlic m()(ld follows close to t hat in [04]. lit t liis model , we arc ^^ivcn a scl of u rx'tailcrs, 

'(Iciiofcd by TV = {1,2 , • • • , " .} . Tli(、<kmian(l l l ial retailer i faces is coii l i i iuous and (Ictcnii i i i istic at 

a Hx(、d rat(； > 0. Tl ic r<、t,ail(,rs |)l{i(.(、orders to a single warehouse to satisf'y customer (Iciiiands. 

Tli(、so orders g(，"rnit,(! (l(、iimmls at, l l ic war(;li()ns(!, wliicli holds invent,ory and is rcplcnislicd from ；ui 

(external sui)pli(、r. Bucklog^z^ing is not all(>w(，(l in t his inodcl. Tli(、lend 1 iiiic is assumed to /cro, 

t 

i.e., orders iirrivo instant ancously. « 

For ease of prcscuitation, tlu; warehouse is (l(”iot,(，(l by (). Also, any / 6 N U {()} is called a facility, 

i.e., a facility rm i be a warehouse or a nitai lcr. 

For (uu'li G iV U {()}, tlu^n; is a per un i t hold ing cost rat.r /A,. For simpl ic i ty we (Iciiotc, //, = ^///r/, 

and H^' = for (，fi<.h i E N. We also assume; thai 0 < " " < ",/ and t Ims 0 < 11"' < //,•，for any 

i E N . This assiiin|)t,i(Hi is (-oiiiinoii in t lio litcTfitiin!； soe, o.g., Homu ly |54], and F(Hl('r{i;nK'ii (、t. al. 
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» • 

21]. Wl ic i i ti siil)s(^t S C JV U {()} of fm ilit ics places an order t,(>}î ('t li(>r’ n joint set iip (•(>st is iiiciirnHl, 

wliich is (IcMiotcHl by h'(S). W(； jussuiiic t hat I\{S) is a rank nmct ion . 

W(； r(!‘st,rirt, ()urs(^lvos to so-callcd powcn-ol-two invcii lory polirirs, wliicli can he {•liaractcrizcd l)y 

mi (•". + l)-t tij)l(；, (7(), Ti : i G IV), when; 1\ is t he r(”>lriiislmi(、"t interval nt facility /' !<n" i 6 A^ U {()}. 

Tluit is, tli(> r(^j)l(Miislin»('iit, (?i>()cli(\s of fjicility i arc 0,7',, 27',, • • • . I'urt l icniiorc, w(、rctjuirc t lint for 

ft 

all ？' G N U {()}, Tj = where £ > 0 is n constaiit called 1 lie base plaii i i i i ig jxMiod, and ///, is an 

integer t liat can Ix' iKigalivc. Denote 
i 

•J 

「 £ = {/:/〉（） and I = 2 " ' £ for sonK^ / / /€ Z } . 

Th(. di.(、(-t..iv(、n(、ss of powcT-of-t wo policies lias been discussed in FcdciT^riKMi ct al. |211. if t he base 

p lann ing jxu iod C is (.1M>S(,II Hil)itrarily, Then THE op t ima l powcr-oi-lwo policy yields an avcm^^r cc)st 

tha t is at most (i% liighcr tluiii ()|)t iiiial cost, and l l ius is cficcl ivc. JJy el loosing I lie l)(.sl, C, 

the; op t ima l i>(nv<T-(>f-tw(> policy is 98% (、H.(，(.t.iv(，. 

� 

Now w(i c'oii.sidcr a cooix ' iat ive jjjaiiKi fissociatcd wit li t liis inventory iiiodcl. VV(、denote t his ^ai i ic by 

(TV, Here N ^s grand (oal i t ioi i of // ret ailers and Vy^. is t IK; cliaractcrist ic cost funct ion (Icfiiicd 

for every coal i t ion S C N. In part icular , = () and for 0 .S" C N, VV(.(,S’) is Mic long-run 

av(Tagc ('ost, under an ()])tiiiial powri.-of-t.wo policy, of 1.1"、system that (-oiisisls of t he warcliousc and 

t lio rct ail(;rs in S. Tl io gaiiui (iV, V^) is (.ailed a coiKravc gam(、if ( lie set nincl.ioii VV(.) is siihiiKxliilar. 

FV(i(，rgnK.m vi al. |21] liav(» shown tliat 

Vv^(S) mi l l max ^ + y + + //；" iiiax{7], - 7；,()}) ( 2 . :U ) 

•wl 隱 ' = {/ : , / .s f i ) ： ti e Vc, i = 1 , 2 ,… , . s - f 1}. 
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2.3.1 Subniodulari ty of the Jo int Replenisli incnt Game 

Now we (consider a sprcial rase of t lie u*l(，-wan、li(ms(、mult iplc ret nilcr ^amc wlicii t here is no ware-

house. 'This nuluces to t lie joint r('i)l('nisliin(Mit j^amr stml ird in Zliaii^ [05]. W(、denote t lie gfiiiic by 

(N , VjVi-) WIKUC 1 IK! cliarHCtcrisl ic cost f»iii('t,i(>ii V./y^i-) is (Iclincd as, for any S C TV, 

V//|，“‘S，）:= mill max V f ^ + H . T i ) • (2.:i.2) 

t Ts-er-2： Ae/'(/v,.s-) ^ 乂 / , J 

(This can IM、ohtaiiicH by scttiiiji, k(、= 0 and //,", = 0 in (2.3.1).,) it is known t liat wv can ehanji.c 

the order of the ()i)tiiiii/ati<)ii of (2..'i.2) from iniii-iiiax In inax-iniii witlioul cliaii^iii^ tlie opt imal 

ohjoctivo vfiliui [04]. That is, . 

V,vAS] ：= max V miii + II,T,] . (2 . :U) 

111 [05], ail analytical solution to problem (2.3.3) was derived, which is in t i in i used lo propose a 

])()])ulati(>n inonotonic allocat ion SCIKUIIC for t,li(、joint, i.(，i>h”iishnK、nt. ^ainc. As most of t lie coopcral ivc 

j^aiiics t l ia i admit, a populat ion iiionotonic* allocat ion scliciiu; an; suhniodulfir, Zliai i^ |G5] (.<>iij(、(:t:ur(、 

that t lic joint r(，pl(uiisliiiieiit, game is subinodii lar. H(”.(> w(， show 1 hat t.liis is hi(l(、r(l t lie case. 

Theorem 2.3.1 The. joint rcpl(:iiisli.iftc.iif, (jmnc (iV, ) ？•*>• sulnnodular. 

Proof. For cacli HXCKI 7;.’ the function 知 + //,/’,• is linear in A;,. Tlicn it is clear t hat , for any i G S\ 

iiiiii 
T.eVc 

is ii ro i i awe fuiK-tion of A:,-, (Uuiotcd l)y /,(A：,). Thus, from (2.3.3), 

VjyciS) ：= max Y f i i k 
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By T l imrcm 2.2.G, V.j\'^{S) is suiHiiodular. This'completes the proof. • 

Anily and Haviv [4] proved tlial 'I 'hconun 2..'i.l holds for sprrhil case ol" 1 li<' joint r('i)l(uiislnii('nt 

game when; tlu; joint setup cost function has tlie first order interaction si ructurc. Tlicorciii ‘2.3.1 

ilicir main result. 

2.3.2 Submodiilarity of the One-Warehouse Mult iple Retailer Game 

Now w(、consider the sul)ni()(lulari<y of th(、<m(、-wfU-(、lious(* mult i|)l(> jẑ aiiK、（TV, ), wh(、r(、 

t he function (.S') is (1《、椒(》(1 by (2.3.1). It is tcinpl.iiig to prove t h(> subii iodularity of V\\- (S) by 

following t.lio approacli used in tlic proof of Tlicorcin 2.3.1. '1 he dual prohlciii of (2.3.1) can 1>(、 

foriimlal.cd as follows |()4 

max mill —• + 

\ies J 

It is known that this pair of priiiuil-dufil problems (2.3.1) and (2.3.4) do not have (liuility gap. 

HOW(、V(T’ 1 ho ()I)j(H-iiv(' fuiKtt ioii of (2.3.4) is not sopanihle. Tlujn-foic, 1 lie n^sults (l(，v(、loi)(、(l in Sect ioji 

2 ar(! iK)t dirccUy applirablo l.o probUnii (2.3.4). In ()r(l(T to prove t lie suhiiKxhilarity of Vy^ {S), we 

focus oil the 丨)rimal roriiiulatioii (2.3.1) and apply Tlimi.tmi 2.2.4 to t lie inner ii iaxinii/al ion problem 

of (2.3.1). 

T h e o r e m 2 .3 .2 The oiKt-warc.houHC multiple rctailar (jainc (TV, V iv) is sulnnodular. 
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Proof . For any S C N, let: T J l>(，an opt imal solut ion to tlie outer mii i i in i ' /at ion problem of (2.3.1). 

D(Mi()t,(； Tc = 厂 r U {+00}. TIkmi for any S C N, w(； l iavc 

V v c i ^ ) = mi l l iiuix ^ + V f ^ + I i r n + Il'i" i i iax{T„ - 7；,()}) (2.3.5) 

T.s.ei-" her{K,sum /„ 念 V厂 J 

= m i l l max h + y ^ + y ( / / , / ) + //；" nmx{7], — ' / ; , ( ) } ) . (2.:iM) 
Tyver'广 A-e/'(/v./vu{()}) Jo f ^ h 怠 

111 part icular, if we d(、fin(、Tt,. siich that (Tt,./y),- = (Tt,.), for f € S and ( T ^ ^ ) , = +oc ol licrwisc, 

tlioii TJ/V is an op t ima l solut ion to t.lic outor n i in i in i /a t io i i im>l)l(”" of" 

Not ico t hat Ui(、l.<、asil)le s(!t of t lie (>ut.(”. in in i in izat io i i pi.()l)l(、iii of (2.3.0), F'^' ‘, is a s"l) laUir(、of 

Rv Tl iat is, for any coal i t ions A, 13 C iV, and for any /：, (T、VTH i .A ' ) ' ^ ^C and 八八,),G 

r £ . Then for any coal i t ions y\J3 C N , w(> Mmv T；^。" = V T；^,^ and T :� . u " = 

which iimst, iba>5il>l(、solut ions to pi,(>l>l(、Hi (2.3.G) for S = y l f l / i and S = A U / i respect iv(»ly. I{(、( all 

,th(> definit ion of a iu l /i.s'(T.s'). W e (l(、iiot(! , 

OsiTN) = nuxx 尝 + E 尝 + E (",厂 + "'/’ 隨 r厂" - ' / ; , ( ) } ) 

=/yyv(T/v) + M(T/v).s.) 

whcro (T/V).s' IN t lic i)m.j(、(:ti(川 of Tyv to UK: subset, S. TIKUI VVC have 

W “ y l u / J ) + l/i、cMn/?) 

< C W T T j r O + G W T i J n " ) 

= A T / ^ YV) + GAnl}{^*A,N V TJJ^YV) 

= ( J N C ^ X N a + ry/v(T;^,yv V ) + ",/iu"((T、,/v A + lh\nli{{^XN • 1 口,，yv)/W》. 

By Thoorcm 2.2.4’ ( / A t n ) 

is su l i inoduh i r in Tn- TlKuc^foro, 

"/vrrA，;v a t J A / V ) v T ； , ’ " ） < , / y v m ， ; v ) ( 2 . 3 . 7 ) 
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Also, 

"/lu//((TC\’yv 八 ” = "/、n"((Tn、’/v A inf’/v).'、。"） ‘ 

+ E (",m，/v)/+ ";"⑴ax{nc、’;v)(,-('『:、,〜）,，(>}) 

ieA\ii 、 . 

+ ^ (//,(T;,，;v)/ + / / ; ' ,max { (T ; , ’� ) ( ’ — n n , , / v ) , ’ n } ) . 
ieli\A 

W(，know that n iax{7o — 7^,0} is sul) inodular in (7’"//;.) for any i G S . Tlirr<、for(、，//,s-(Ts')= 

Y^es WD + H；" _ 7;，（)}) is su ln i iodular in TT.s•.‘ Thus , 

yv A i n厂y v ) ,们 " ) + /Mn"((TCl’/v < "/in"(0「!!"i’iv).'W") + f'Ani{{i^*n,N)Ann)-

It follows that, 

f'Auiiii^A^N A T!/’/v)/iu") + lh\nn{OK\,N V TJy 

< / ' v、n " (m ’ / v ) ,、n " )+ ^ (//,(T;、;v)/ + ";'，max{(T:、’〜）„ — (TX‘;v),’（）}) • 

i£A\n 

+hAnB{Tu,N)Ann) + ^ ("/(1;,，〜)/ + H；" "m.x{(T;,,〜)(,-(T;,’〜）,’（）}) 

. = " / “ ( n ’ y v ) ] ) + M ( n ’ / v ) " ) . 

This, tog(，UK，r wi th (2.3.7), implies tha t 

< /y^cn .yv ) + " ' / “ ( n ’ y v ) / i ) + "/v(Tny’/v) + ""((Tni，A/)") , 

which shows that Vv^{S) is submoduh i r . , • 

� •‘ 

W c remark tha t T h o o m i i 2.3.2 can hv g(…cralizrd to tli<> caso wIku'c there arc^ upper and l(>w(”. 

hounds on the; roplciiishinont intxii vals of the retailers and tlio WHI\ house. The reason is tha t , w i th 
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this addi t iona l constraint , tlio feasible sc?t for the roplciiisliiiK'iit intervals is still a suhlattico, and so 
« * 

the proof of Theorem 2.3.2 will .still go through. 

2.4 Locating Sources in a Network . 

Ill this section, wv. i l lustrate how the si ihi i iodularity result regarding polyiiiatroifl opt imizat ion can 

l)e used to obta in near op t ima l solution to NP-han l prohleiiis. Wc? focus on the pmhlc i i i of locating 
I 

a fixed nuinh(»r of sourcos in a network to iiiaxiiiiizc a function of the outflows from the sources to a • 

single sink. The notat ions used in this scctioii is iiulopciidciit of those iisocl in Section 2.3. 

Consider a dire(:t(、d network N — {V, A) wi th the nock; ‘set V aiul Let c : A R^ 

define a capacity on each arc, i.e., Cjj is the capacity (l(、fiiied on a r ^ (hj) € A. L^t X, C V ho the 

s(it of nodes wher(、sources can be kx-atocl, and t E V but i ^ X bo the single tjiyx. For.each i 6 

• - • w 

a lion-negative concave funct ion function hj is clofiiicd. For each S C A', Dciioto Gs M-S the ‘s(、t of all 
I 

feasible flows assuming that S is selected JLS tli<; set of sourrc nodes. Also, tor any (js € Gs、let 

，， 、 ， 
bo the net flow out of node i G N • Dofiiio 

. ’ � 

\ � 
• » 

F ( 5 ) : = n v ^ T h , ( v i { f j s ) ) - (2.4.1) 

� 队 � s • > 

' 、 I-
‘ * 

Let k < \X\ be a given iiite^^r. We are interestwi in the folJowiug ii iaxiinizatioii i)r()l)l(、m 

：‘ . • --. ‘ 
« , 

< • * i 

• 、 " ‘ ’ ’ ‘ • max" F{S). ‘ (2.4.2) 
: > , • . ‘ 

* •• « 

W e refer*to this problem as the Max-SourccvLocation problem ( M S L P ) . 
..- .• - 八 . 

‘ 广- ‘ 
« » M * 

Notice tha t for any givoii F{SycA in bb computed (efficiently; see for oxHiiiplc Fc^clorgruen and 
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Groenevelt [20]. In fact, if wo denote v{(js)=(巧(".s) : i G .9), tlioii it is clear that 

川 " € G V } = {{v, ： i G 5)1 ^ < T(7?), V/? C S) 

ieii 

whcre^ 、 

T(/?) := max V " Viifjs). 

"•S€G、；^^ 

It is known (Moggido [38]) that T(/?) is a rank function. Tlioreforc, {?'(ry)|ry G G \} is a j)olyinat roifl. 

It follows that the probloiii of (.oiuputiiij^ F ( 5 ) for a giv(、u S is to iiiaxiiiiiziii^r a s(、i)arabl(、coiicavo 

fuiic'tioii over a polynmtroid, which can bo solved l)v a gr(、(、dy algorithm [20 . 

However, as we shall show that the problem of choosing S of a given size to luaximizo F(5') , i.e., the 

MSLP , is ill general an NP-hard problciii. Therefore, wr will、s(-,ttl(、with an apj)n)xiiiiati()ii alj^orithiii 

for the MSLP . -

Theorem 2.4.1 The MSLP can be approximated in polynomial time by a factor of I ~ and this 

ratio can not he improved unless P — NP. 

Proof. By definition, and the discussion above，F(S) is the opt inml oljject ivc value of maximizing 

a sparal)le concave function over a polyMiatroid. By Theorem 2.2.G, F(S) is a si山modular function. 

Therefore, the M S L P is a special ease of the problem of maximizing a subinoclular fiiiictioii with 

» 

carcliiirtlity constraint. It is well known that the latter can bo approxinmted by a factor of 1 — L/e via 

a greody algorithm [44]. Therefore, there is a greedy algorithm for tlio M S L P with an ai)proxiination 

ratio of 1 — 1/e. Clearly, this greedy algorithm (;aii ho iinplomoiitod in polynomial time. 

Ill order ,to show that the factor 1 — 1/e is the best possible unless P = NP, we rc.'diico the M S L P 

to the so-called iiifixiiiiuiii coverage prohleui, which is statecl us follows. W'e given n positive 
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integer k, a grand set U, and S — { ^ i , S-2, • • • , } of snl)sctK of U. W'c want to sclcc-t a ‘siil>s(、t 

D C {1,2, • • • , ni] such that \B\ < k and | U/e" 5/| is maximized. It is shown by F(、ig(' [23] that 

the inaxiniiirn coverage problem can not l)(、approximated with a factor h(、tt(、i- than 1 — l / c unloss 

P = NP. . 

Now given an iiistaiice of the iiiaxiiiuiiii converge' problem，we can construct an instance of the MSLI). 

In particular, we (.oiistruct a network G = (N. A) witli th(、ii()d(、s(M ；V = N] U N-} U {.s}，\vh(，r(、（、a(‘h 

node ill corresponds to a siihs(4 in S, oach iiodo in N-2 corrosponds to an oloinoiit in U. We call 

cach node in a subset node, and each iiod(、in N t an oloinoiit iiodo. Furtliermoix、，we lot the set 

of potential sourcc nodes X = N\ and let s be the single sink. For each subset node i 6 and oacli 

cleiiieiit noclo j G N2, there is an arc; from i to j if tlio subset; corrosponding to node i contains the 

element ('.orrespondiiig to node j : let. tlio capacity of this arc he 1. For each (、l(、iii(>iit iio(k、j G N}, 

there is an arc from j to tlie sink .s; lot, the capacity of such an arc ho 1 as well. Fiirthcrinorc, for 

oach i € N\, wc define a concave function hj{x) = x. 

Lot a feasible .solution to tho iiiaxiiiium coverage problem be dotoriilined by a suhsot 13* C {1. 2, • • • . rn }. 

‘Th i s gives a feasible solution to the M S L P as follows. For all sul)s(、ts S/ : I 6 13*. \v(; select the cor-

responding subset nodes in N\ as sourcc nodes. It is dear tliat, giv(?ii this s(、t of source iioclos, the 

iiiaxiinuin total flow to the sink is exactly o(iiial to | U/^/i- Si\, duo to the capacity coiistraiiit from 

eacli eleiiieiit node to the sink. 

Oi l the other hand, assume B C N\ is a feasible ‘solution to the M S L P problem with an opt imal 

t 

objective value of F ( B ) . This gives a'feasible solutioii to tho iiuixiiiiuiii covcuago problem. In 

particular, wc just select the subsets of S that correspoiid to tho ‘subset nodes in B. It is left to 

show that the iiunibcr of eleinonts covered by these subsets is equal to F{D). To that end, wc notice 
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that when D is fixed, the j)ro])loiii of (.(mipiitiiig F{D) is a siiiipk、network flow j)r()hl('iii witli a linear 

objective function. Furthermore, all the capacities ar(、ones. Tli(T(、f()r(、，there exists an opt imal How 

whore the How on each arc is oitlior '/(TO or one. Sinco tin、total flow is F(/}) . tluMi tiicrc arc oxartl.y 

tlieso many element nodes in N-z havo flows t() tlio sink, and those eloiiu'iits must be covered l)y tli(， 

subsets corn^spoiHling to D . 

It then follows that any ^^approximation algoritliiii for the M S L P is also a /T-approxiiimt i(>ii algoritiiiii 

for the iiifixiiiuiiii converge prohleiii, and vice versa. This (•()iiij)lotcs the proof. • 

2.5 Concluding Remarks “ 

111 this chapter, vvc have obtained somo structural results rogarding jjolyinatroid opt iiiii/atioii. 

identify conditions so that the opt imal objoctivc function is a snhiiioclular function in the index set 

and the objective paraiiietCTs. In the most general version, tor each a G IR"''丨，\v(、consider tlic followiiijz, 

、） 
problem, 

max y"//(丄,，".,） 

where P{z, E) is a polyiiiatroid, and for eacli i G E, /,. : R'"̂  —> IR is siil)iii()(lular in (.r,. a,), and 

concave in both Xj and (Li. We prove that the opt.iiiml objective value as a fuiurtioii of parameter a is 

siibiiiodular. This result and its variants have Ik^oii applied to analyze t he joint r(>i)l(、iiisliiiioiit gaiiic 

and the oiK'-waroliouse inultiplo retailor game. 

The suhiiiodularity results regarding polyiimtroid optimizat ion may find other applications as well, 

given the wide range of applications of polyiimtroid optimization. One possil)!^ area is for problems of 

scheduling iiiulticlass queueing systems that satisfy strong conservation laws; s(x! for (;xmnpl(、Garhc 
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and Glaz(4)r()()k [26], vvlioro tlio oh.j(、('tiv(、fuiictioii of tlic optimization pr(>l)l(、i" is linear, but the 

feasible，set, is slightly more g(nicral than a polyiiiatroid. 



Chapter 3 

Modified Iterative Waterfilling 

Algorithm and Fictitious Play 

3.1 Introduction 

Grill 10 t;li(K)ry has bcoii dovclojx'd and stu(li(，(l extensively in the last centiiry [40). Originally tlic 

study of gaino tli(K)ry mainly focused on either purr t,lKH>r(、t:i('al models or (、mi>iri(.al (>x|>(Tim(”“.s to 

better uiicl(Tstaii(l liunian boliaviors. How('v(，r, with tlui (l(、v(、h)i)iiKmf of t lie t licory of al^orit Inns and 

the advancoiiieiits of coiiipiitatioiial powors, the quest,i<m of liovv to coiiij^utc t he Na.sli E(|uilil)riiiiii 

gradually lias ('oiiio to Uic attoiitioii'of rcs(，arrh(TS in various areas. Since Hiidiii^i, the Nash l」（|uilibriuiii 

ill g(ui(^ral is PPAD-hanl [10] even for the ‘siiiipk! axsv of l)iiiiatrix j^aiiies [7], cfiorts arc mainly focusiiij!； 

on fiiKiiiig approxiiiiatioii algoritliiiis [8] [12], polynomial tiiiK? algorit liins U IKUT roiiditioii [03] |37], or 

< * 

licuristics like fictitious play [G] [40] |5()]. Also, tlic studios raii lead to cfHc-iciit (list rihutivc algorithms 

for solving largo sttalo optini i/atioi i systXMiis., 

40 
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I 
T h ( ， o f Uvirniiigilijus l)(，(、n IIS(H1 <、xt(”isiv(、l.y in gaiiir t lu、<>ry, l)<)t li as an attempt 1" a(.lii<、v(. <、"i< i(、ut 

\ ‘ . 

alf^orilluns f()r finding Nasli Eqi i i l ihr ium, and lo model t lie liiiiiian Ix'havior oi Icariiiiip,, a.y well as 

� 

the l)i()l(>gical (iV()liil!T')ii. From the alj^orit iiiiiic point of view, the fictitious pla.y wa.s first iiil roduccd 

in 1951 by R()l)insoii [50] and Brown which used t he idea of Icuniiiij:, fVoin t lie history (average of 

all history plays). R()l)iiis()n showed tliat it is coiivorj^ciit for /cro-siuii matrix 职ni(、. Many papers, 

e.g. ([41],[27]) followed mifl cstablislicd tlic <.oiiv(T}i;(、ii(.(、of" fictit ious play tor sprrial types of 

6 • 
Also, this si»ni)l(、idea of Icaniiiig from liistory has IXHMI extended, hy inlroducin.U, tlie idea of FADING 

iiKnnory, l in i i t i叩 m(、iii()ry l('nji;th, iniroducinjz; stochaslic Ixjliavior, clc, to create various lyix'S of 

modified fictitious play [39] [40] [35]. However, most of tlicsc msiilfs n('(、(i lo assiunc the noii-cycrmji, 

property or siinihir coiKlitions. F<>1. ^̂ (、ii(,i.al nis(，s，it luus l)w、n sliowii lo he not cotivcr^ciil. for example, 

the famous Shaplcy game [57]. On t he otlicr liaiid, t lie cvohit ioiiary jj^aiiir t hcory ha.s been developed 

t,o provide models ()f (lis(、(|uilihri"iii behavior in st ralcgic set I iiigs, in which players arc assumed lo 

b(» Imrii i i ig from history and play l)(、st, response to the observed liislory. Saiidlioliii [55] provides a 

‘survey of the (evolutionary game t..h(、(>ry. 

Ill tho DSL coiiiiiiiiiiicfitioii model, a ii<m((K)i>(，raUv(、u;aiii(' arises wlicn each user wants to iiiaxiiiiizc 

his/her own transinitt in^ power, under the powcn- budget const raiiit. The i)r(,vi<ms stiuHcs arc mainly 

l)asnd on tho wk ldy used I W F A nir thod, in which cacli user updates liis/licr stral(;gy acconl in^ lo 

t‘hc (mrrciit, ohsorvat.ioii of tlic. sysUnji. Under soiiio special coiulit ions t lie coiivn.沖、"(.<、of" ( his updat-c 

rule has Imhmi proved [63] [37], and it was coiijcK'turcd that it will coiivcr^c in any ca.scs. Tlic IWFA 

IIIOTH(Hl, call B” viewed ;LS tli(» simple strategy t hat (ivciryonc plays t he best, response to t IK* current 

Hctioii of other players. It is tlKjrcforc natural to (、xt,cml tho idea of l(»finii"片(r•片.，fict it ious play) to 

this s(^ttiiig. We show that when iii(、iii(>ry-fades fkst, (niougli, tlie al^oril liiii (.()iiv<、i-ĵ (，s l.o I lie Nash 
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E(iiii l i l)riuin u i kU t the unicpu; Nash Equ i l i b r ium coi idi l ion as jj^ivcii in |:i7j. 

The (•oiit ribut ion of t his (•liai)t(;r is listed h(、lnw: 

1. VVC show a couiitxu' <、Xiiiupl<、wlicrc t lio^st.aiidard I W F A docs not (.niivrr片<•， wliicli is }iji,niiisl I he 

(onn i ion l)('li(、f in t lie coiniiiunity. 

2. W(、propose, two it('rativc alp;()ritlims witli «!;l()l)al linear coiivcrj^cncc rate, iiiidcr t.li(、coiidilion 

� 
in Luo aiui l>a.叫，s setting [37]. 

3. Boi l i of the alg(>ritlinis IKHHI only local noise ii iformal ion at rarl i sf(、i> and arc easy to ii"|)l<'iiir"t, 

t iiiis can h(、 viewed as a (list ril)ut ivc algoril hm l.o calculfitc I lie NIC of 1 he ^anic. 

4 . The iii()(lin(Hl I W F A a lgor i thm has a gainc ii"(，i-|m、t.ati(>ii, wliicli <an Ix' viewed as a modified 

‘ H('titi()us play. Also, IKLSCHI on our coiivcr^^cna' result, we (!^t.ai)lish t he result I IIMI i l ' rvrryonr lias 

IKHMI (!(hi(ut<'(l to l(、arii from history wit h good (、ii(mgli niciiiory, 1 IKMI t LIE system will event iially 

move to the stable point (Nash Equ i l i b fm i " ) . 

5. cxtoiKi our n^siilt to an (*v(、u in(>r(、g(，ii(、ral s i t ing, and introduce 1 he not ion of joint ly convex 

j^aiiic. Also, w(； discuss t he coniuH tioii l o i i ioi iolonc L C P systems. 

G. W(； brl icvc that, our work (.fin ciiluuicti Uie (•oiiiujction IxMwccii opt iinizat ion and the }！;aiiic 

TLI(H)ry, so as to just i fy tlu; behavior of learning from liistory wit h appropi.iat.c mat IKMIUII ical 

iii(kI(;1s. Ill add i t ion to this，our work ii iotivales to solve largo scale oj)! inii/at ion prohliMiis vvitli 

(list,ril>iitiv(，('.oin])uta(,i()ii. 

The struct.un^ (>1. the ix'st. of tliis cliapUn- is as follows, lii Scu-lioii 3.2 w(、（,sUl)lisli t.lic i i ial l icinatical 

model for t,h(，prol>l(、i" and iiit.m(lm.(、tlu; coiii i i ionly UHCHI I W F A m(，tli(>(l. In Section 3.3 w(、propose 
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tho II(，w iterative L(、arniiijz; L>as(.、(l al^orit.liiii, and IIkmi proceed to aiialyzci tlu、propcrlics of this new 

fil^^orithni. ScH tion 3.4 (^xt.cnids tlio algoritlim to a more ĵ(、"（、i•；U setlin^:;, and introduces 1 he notion of 

jointly st rong convex jz;aiiu\ Tl ir last, sect ion discusses t lie fut iirc rcscarcli dirccl ions. 

� 

3.2 Model and Existing Result 

3.2.1 The Mode l 

In many (toiiiiiuinication systems, such as (lie DSL networks, and cahlc networks, t IKMC arc a 'nuinhcr 

of users act'cssiug to a limited nuiiihcr of (-oiuiiiiinicat ion clianncls or t.(>n(\s. Altliouj^li people can 

sliar(、Uic sanic tones, I he cross-talks l)(、l‘w(K*n <litt.(T(、iit, users will crcatc iiitcrfcrciiccis ainonji； I lie users 

and r('(lu((» their traiisinissioii (vij)al)iliti('s. In goiicnil, 1.1K; users arc not cooixMativc, and arc only 

K(HMI to th(、ir own IKHHIS. Also, SOIU(、UIIK，S t,h(、y arc only aware of tlic local iiifoniuil ion, sucli as t lie » 

ii()is<>s to liiiiisclf, instead of t,h(； ol h(ir players (l(，(.isi<ms. Tlicrcforc, w(! st udy t lie hcliavior of t lie users 

ill t lui system, assiiini叩(^acli user a d s greedily. 

Suppose t li(T(> an5 m DSL users (-oiiiiiiiinicat iiig wit li a cciit ral office in an uplink nmll i-acccss rlwuiiid, 

iV 

and then? arc n fVrqiieiicy ionos 1 hat can ho ax.(:CS!S”<l l>y t,li(、"S(TS. Eacli US(M- Iwus a power l)U(lg('t, 

const rail it as: 

i 
iPcy = {//• € M" I 0 < // < C M / , ' ’ r V < }， 

wIktp /)' (lonotic t lui |)(>w(T allocation of user i , and a is t lie all one vector. Tlic object ivc for cacli 

user is to niaximi/o his/lior own trcinsniissjon rate? (Siiaiiiion Capacity) in a iioiKtoojx'rfit ivc gaiiKi 
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cnvironincnt, which is: 

nmx " , (/)丨’…，//") = E L I loĵ  ‘ + ,、？" 
(3.2.1) 

s.t. // 6 (PC)', 、 

wliorc rr又，arc p(>siUv(、scalars and a^J a r (， i v (， s c a l a r s for all i + J and A:, whirli r(>i)r<、s(”it. t lu; 

iioiKC power sptH'tra and cliaiiiicl crosshilk (•(>(、出(.i(、"t:s r(、sp(、(.tiivdy. N()tic(» (liat t lie utility fiiiict ion is 

iiionoUMiically iii(T(、asinj^ with rcspcct to "ĵ .，lli<' i>ml)l(、iii rcniains (、(iuivnl(、"1. if we rcsl rict ( lie (ciusihlc 

region to 

/)' = {7/ e i r I 0 < p' < CAP'’r''f/ = n…；,}. 

3.2.2 The I W F A method 

Tli(、IWFA iiirt liod allows (、a(.li user to j!;r(HMlily reallocate 1h(!ir own power allocat ion across dilUMciit 

spcK'truiiis to optimize Mu;ir transmission rate at each it‘(，ni.t.i<m, i.(”>mtx、<lly. It lia.s IHHMI conjcct iircd 

to 1)0 coiivcrgciit ill all cas(、s, altl iou^h only IKHMI PR(>v(、ii under ccn taiii coiidil ions. 

Tli(、IWFA is t.lu，strategy of playiii{i； best n^sponst* to tlir current act ion of t,li(、otlicr players. Denote 

Bk = ("!/)，B = d i ag ( /4 ) , hk = ("][:) 1x7"，and h = {h\J>2, • ‘ -Jhi)' - 1 八”.|>lay(T if t he nii,r(、iit joint 

m tioii vector of ot.luT players is •一* aii(l t.lie n^spoiiding d(、dsioii vector is noted ius ",(./;—')，by tli(、 

K K T (tondil ioii that y 二 /?,,(:/:-法)if and only if there exist / and .s人.> 0, (A： 二 1,2，..., n) sucli t lial: 

0 = for all k = 1 , 2 , . . . , n 

t = H- + , , , ' t t t I'oi' all A- = 1,2,...,"， 

or cquivalontly, 

> ———：~~^ 77—r for all k = 1,2,...，11 

if Vk > (). 
"(•"K.+Ej/X：^ 
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L(、t, /' = — I //,, thou it changcs to: 

-t' < + rrl -^ Zj^i “”, all " = 1,2， 

-f + Z j ^ . ^ ^ 4 IF"A>〉（>， 

II 

which is equivalent, to: 

= V k for all A- = 1 , 2 , 

- / ' + = + 4 + for all A- - 1,2, 

Notictc that t his is (、xa(:t,ly tlic K K T condit ion of t lui pmblcin 

mm ŷ O/’,）三 E L i + + j / i ^^k ,'.k' 
'J .J 

s.t. y' e P'. 

(3.2.2) 

TluTCifon* Ui(: host mspoud dynamics of t.li(! orijijiiuii gainer is exact ly tlic same as 1 lie (luadral ic cost 

T 

game ‘si>(，dfi(，(l by； 

mill f i ( : i ; ) 三 认 + (:r')7’(/) + "•/.),’ 

s.t. ：/•' e P'. 

Also Ui(、NfUsli Equilibriiiiii of l)<)t,li ga.iiies arc exactly t he sa.iiie, <iu(l arc (、quival(”it. to the fix point 

of X — \—Bx — /]/,，where P — f" is 1.1 lo fcasihlx，region, a closed con vex conipart. set, and [.]" 

is the mapping signiiios the ortlioj^onal projccUioii onto /). It, li.us l)('(、n shown in 1:37] t hat, this poiiil 

exists and is uniqiK、under tlio coiHlitioii tlifit -丨、〃丨、j All our proposed ilcinition met hoc Is will 

1)0 has(，(l on this coiHiitioii. TL“，（，xist,(，NA、and uni(|U(M(，ss of iliis point, will IK、PROVEN in U I C P M C C S S 

too. 

Throughout, this (.lmpt,(”.，w(、fussuino that all play(、i.s respond sinmlt,a.ii(，(.msly，and assuinc that tlio 

condition 丈 ； I holds if not. specified otherwise. 
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3.2.3 The Counter Example 

Wc start, with sliowing an (oaiiiipk，in which t IK; standard I W F A in(、1.1i(>(l fails to converge. Consider 

the following settings for the DSL gfiinc: Tluuc aic t.l".(、(、users, (l(、iiot.,(、(l by 1,2,3, iiiul two channels 

1,2, the positive noises scalar rrj. for (，a<.li us(”. i iii cacli clianiicl k is id(、iiti(.al as a constaiil r, t..li(、 

iiit.crfcreiia、is (Icfinccl {us 

17 
(\r.= 

( ) ， ( / , . / ) € { ( 1 , 2 ) , ( 2 , 3 ) , ( 3 , 1 ) } ： 

I , otliorvviso. 

Each user lias power hudgr = 1 and ('apju ity C A P l > 1. Th(、iteration starts at the point, 

whore users 1,2 use full power in chaniiol 1 whilr iisor 3 use full powtT in cliaiincl 2. 

By solviii}!； tlio Hxod poiut equation ./•=卜/？：厂.—',]/), wc can w i i f y that this i^ainc only lias a niii(ju(» 

Naisli E(iuilil)riuni, in which all i)lay(”.s (uimilly (listril)ut.(> tlioir own power budget across t lie two 

d i a m i d . 

Wo sliow that if (，v(”,y(m(、follows t.li(、IW^^^^灿(>(1, siiiiultaii(H)usly or taking 1 urns, t.lH、state 

of Uic gaiiKi would always 1)(，1,11at two usors allocate full power budget, in ()n(、chaiincl while the ot 1KM-

user all()cat(> full p(>w(、r budget in the other. If at an itxuatioii tlic {^aiiK^ is in this st.{it:(、，th(、ii aiiiong 

the tliroo US(TS, two of tlioiii aro satisfied and liavo no iii(.(、iit",iv(、to iiiovo, wliilo t,li(! ot Iku- US(T wants 

to change full power hudgot to anotlior chani id , thus no iiiatt(u- which users take act ion, or all thrc(» 

of tlunii do it sinmlt.}in(H)iisly, Ui(、gaiiio would still l)o in such a state. Thus Ui(、IWFA method would 

loop inside sucli sl-at<;s, which never coiivorgo to any Nrush E(iuiiil)riuin jus t,h(、i.(、is always oiio (and 

only one) player who is not salisfitHl in any of t h(\sc states. 
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Also since tlio T mat rix ddim、(l in [37] is 

/ 

0 1 0 

0 0 1 

0 1 0 
\ / 

ill this (.:as(!，and t.lir matrix siKHttnuii />(T) = 1, it ‘shows that the socoiid condition for the convcrgCMico 

of I W F A ill Proposition 2 [37] is (\ssontially t iglit. 

This (.ouiit,(、r cxaiiipk，can 1>(、goiioralizcd to k cl iainids and k + 1 US(TS cacli wit h powoi, hu(lj_̂ (，t, 1: 

()，/ = j + 1； 

1, otherwise 

111 this oxciiiipk;, if t,li(、sysUMii starts in a situation in whicli uscn* I and I + 1 (ii(>t.(、that player /r + 2 is 
• 

player 1) allocat.C their full power on tlio same (tliaiiiicl, aiul tli(、otlior \IS(M S each occupy a full chaiinol. 

If everyone follows the IWFA iiietliocl, tluui us(，r / r(、(:(，iv(，s inUu foroiico from user / — 1 on t his chaniiol, 

and no int,(Tf(n:(MW on the clianncl WIKTO user / — 1 is in, Ui(、r(、{"(>r(、IT will chango docisioii and allocate 

full power l)iKlj^ct in tliat chaiiiiol. The other usors will not cliaiigc tlioir decisions bocausc t hoy r(、(.(.、iv(、 

no intorfenuKXi in tlioir curront chaiinol and intorfoixuicc^ 1 from any ot IHM' (•lianiicls. Not.i(:(，that 

result of this l)(\st responses action, actually iiiovos the systoiii from the status c'orn'sjxHHliiig to I to 

/ — 1, tluTofore it loops and will novor (^oiivorgo. 

Th(、rdFor(、，in gcMicral wv should not (expert, tlui TWFA inetliod miiv(’rg<i lo t lu; Nash Rquilihi.iimi of 

tho game. 
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3.3 The Best Response to the Discounted History Iteration 

Usually, the (l(H'isiou of a iKTSon/corporat ion is not only l)as(、（l on Ui(、（.ui.nuit, status of the world, 

hut also tho history (>bs(、rv(Hl, and t.ho iii(niiory usually fades as Uiiu; passrs by. It's naturnl to ask 
« 

wliotluT tho ‘system would 1)0 iiion^ stal)lc, if (，v(、ryoiie ujxlatos its (Un-isioii mrcorcliiig to t lio history. 

Ill particular, w(、sincly the case in which iiioinory fades g(H)iiict.rically wit h a fading rate .s, i.e., if the 

curnMit history at, l i ino t is ",/ and the play is ；;；/, then tho iip(hit(»d history is hi ^ i = (1 — »)hi + .s:/:,. 

Tho smaller t he s is, t ho l)(，tt’cr tlu? inoiuory is. If at (、adi step /, (iv(uy phiycr plays t he bast response 

to tlid (nirnnit history lit, then iho new COH I IMIUH I ddcision vcct.or is ./；/ = [—/J//., — h]/v and Ui(、iiew 

history is = (1 — s)lii + H[—Dh.i — />]八-. 

Define tho afiiiie i impp i^ 

Ax = — Bx — h, 
I 

and for each x G A' and 1 > .s > (), d(、Hm、 ‘ 

"(丄.）=[Ar]"- ‘ 

(1：1： = V -

- ‘ 

" " ( • S ) = [A{X + sdr)]K — 

Doiioto N = \\B\\2 and assium、that there exists S, M > 0, sucli that (1 一 S)I 匕 - , �… ^ (1 - AI)I, 

then by tlio property of projcxttioii, wc liavo: • 

4 _ 
、 一 

i 
Lemma 3.3.1 For any x € K arid s > 0，the following p7X)pcrtics hold: 

• . 

1. d!^{Ax - x) > ‘ � 
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� t 

^ !f>dyis f{y - Ax) > q.' . 
� � • . 

I \\d,{s)\\ < .s.v|ky.||. .. 
•亀 

. . ‘ ： ‘ 

Proof: By th<' definition of projection wo know that for any :: € h\ {z — y) {A:r 一 y) < (), taking 

,- / ‘ 
z = X this iiiiplies d!j. (Ax — 0, and taking z = [A{x + sd^)]i^- it implies ""( .s) ' [y — A.r) > 0 . T I I U H 

/ ‘ • d',{Ax — x) = d^{Ax 一 "） + (i^iy — x) > = ||rf,|r-. 

‘ � 

Also ‘ 

• ‘ - A’!y) = dl^-^^ck > {S - 1)||"‘J2. 

• 2 ‘ 

where tlie last inocjuality is bwaiiw、（)f 

’ • ； lk/,/.s)|| < I I 乂 + w:,:) - A/.II = II - sDd.W < .sTVII心II. 

Now w(、define a potential function 

eg» r f � 广I� ff« 

、 f(x) = 2x Ax — x' J- - 2y' A.r + y' y. 

This can be viewed as (negative of) the sum of iiiaxiiimiii possible iiiiprovoiiieiit of each user, ii each 

of them updates its decision assuming all otliers do play " / , or in other words, update its dwis ion 

based on (instead of xt ). 

Lemma 3 .3 .2 For any x e K and 0 < .s < 1, f(x + .sf") — f{x) > 2sdl,{Ax — x) + (r.(.s) - 2.s)||f7』2. 

where c(.s) = 2s(<5 - Ms - N'^s). 
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Proof. 

/(T + .s心）-fix) 

； s ( f 【 ( - 2 B — 厂-21)J： + S'(ll (-2D - /)心-2(Iy{.s)''{-B).r - 2s<ll{-B)' y — 2sd,,{s}''{-D)d^ 

+2dy{s)''y + dy{sfd,j{s) - 2d]:h + 2(U,{sfb 

= - b - x) + 2sdl{-Df{x — y) + 2""(.s)''’(" + D.r + b) + s乂、-2B - /)心 

J 

> 2.sdl{Ax — x) + 2s{S — l)||(y|2 + () — 2.s2A/|| 心 ||2 — + (J 

= 2 ’ s r 4 ’ ( A 7 : - . T ) + (r(.s)-2.s)|l 心 11.2 - -

y . > 

� ^ . • 

Notice that if wc tak(； .s = - th(、n r = c{s) = . , ( 二 ; > 0. Wo will use this specific value of 

8 ill this so('tion without fiirthoT inontioiied. 丄‘“--
T -

/ 

Lemma 3.3.3 There exists a uniqua Holutioii x* of iiiaXxe/V fi-^')- satisfyijuj 八 -=r * . 

Proof. Be( aiis(? f{x) is Lipscliitz in a (-oiiipact sot and upper bouiidocl by 0, the s(»t of global optii iml 

solutions of X ill K, ArgiMax/(x') is noiioiiiiHy. For any x G Ar^ i i i ax / ( j ) , \v(、have "j. = 0 l)y tlio 

previous lemma, and thus [^x]/v = x. Notice that if there arc two different ：厂丨，丄2 E Aig i i iax/ ( j ; ) , 

then we have {x2 — xi)^ {Axi — y(x\)) < 0 and {x\ — x?)^ (Ax2 — ui^'-i)) < (). Bocausc y{x]) = .i:\ 

mf 

and y(x.2) = x'2, wc have (xj — x ' l ( — B — I)(j-i —：⑷ < 0. However, 

(x-2 — - /)(:v, - X2)=(丄-2 — XI f ( I + 召 + 2 召 - -n ) > 列丄.2 - If' > (), 



� 
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which coiitraclicts (x-j — X] { — B — I){x\ — x-j) < (). Thus the set Arj!>iimx/(.r) is a iiniqiK、point 

satisfying = x*. • 

Also noticing that 

(Aj: 一 x) ‘ {x* 一 .7：) = ( A -
i - B - I f -,•)>%!•-.r*\f 

and w(、lmv(> 

2 r / i U : r - J：) — \\d:rf 

• rI• ra^ ' •» 
= x X — y y + 2y Ax — 2.7； A.r 

� 

= - 工 f - II A r - y f 

> \\AJ- - - \\Aj- - for all : e K . 

Take i = [A.v\}i, whore D = Conv{x, x*) is t he liiu，sect ion foriiKHl by ./; and r*, a sul)s(>l of f(、a.sil)l(、、钱 

region K , wo have " ' * -

t 

2dl(A:r - x) - \\dxf > (iiiindlx- - {Ax - - - .r||})- > (miii(、1 ))-||.r —丄”广 

Thus w(、have the following lemma: 

Lemma 3.3.4 For ap.y x € K, wr. hava 

2"工’(At - x) - Wdxf > iiiax(iiiiii{<5,1)11 J； — J , II，II心II尸. 

For the (x)nv(，rg(m(:c rate, notice that f{x) is L ipsdi i tz , there exists a coiistaiit L > () sucli that 

11/(3;) ^ /(a/)I I < L\\x — x-'ll for any x, x' e K- Notv. Aj： = x — x* and Ay = !j{x) - y% where y* = x* 

I 

is the equi l ibr ium point. 
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Now wo have tha t 

m - f i ^ n 

= 2 ( A i ' - - ！n + 一 /)A,. + 2AlBAj. + 

二 2(A, - X*) + 

= - :,.) + O(IIAjr^) + 0(||A,||||r4i|) 

Thus there exist a large onougli constants h > 0, such that 

fi-i-l - /(到 < - X) + + 心 I I， 

for all X e K . 

A n d in the L(、miim 3.3.2 we also i)r()v(，(l that 

J{x + Hdj：) — fix) > 2sd^{Ax - J：) + (c - 2.S)|| 心 ||2. 

If \\dx\\ > iiiin(<5,1)||A工II, (Iciioto iiiiii(<)Vl) = fi~\ and let w =":【,(《4./. - ./•) - > (), w(、liavr tliat 

/(:/: + sdj：) - fix) 

> 
/ M - /“•） 

2sw + c\\dj.\\' 
2'm + 2|K .『 + ",||A』2 + /)||AJ|K.|| 

2w +刊“工IP 
> s  
一 • 27i; + (2 + a//^+6/y)|K,ir 
、 . ( � ^ 、 
> s mill 1, ——— 
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If I K I I < nnn{6,1)||A,||, lot w' = - x) - ||心||2 一 “―‘2||八 J'-，> (), HKM. 

+ .sr/^) - fix) 

> 
> 

f{j'*) - f{x) 

•⑴ + + l i - ' ^ A ^ r + H I A x P + M|A.|||k/.|l 

'"'’ +而2||AT|「2 
s I I I I 

.W + (2"-2 + a + /)/广1) 

Thus w(、have proved the following t licorcin: 

< 

Theorem 3.3.5 For any x G A', wc have 

f(:r*) — fix + .s•心）< 1 • f、 ^ 1 — .s ⑴111 1 
2 + ","2 + hfi 

[fi-'n — / ( • ' • ) ] . 

Tlicorciii 3.3.5 automat ically guaraiiUK^s the gl()l)al liiuuir coiivrrgcMicc rate of / ( "人 . ) .From t he fact 

that 

/ 

’ /(.,) - fihk-) > / ( V m ) - ./.("A.) > 

wc also know convcrgc^s to 0 linearly. By Lciiiiiia 3.3.4, \vv know that ||./ 一./,|| convcrfj.cs linearly 

to 0, tliihs J： (.(>iiv(Tg(;s linearly to x*. In otlicr words, vvc have the following 1 licorciii: 

Theorem 3.3.6 Foj- tha DSL (jmnc with the. assmnption I + y I wil.h. N — \\B\\2 and M = 

N + I’ if (iVfiTijona has a (food enoufjh marnon) (a.f)., with Jadiruf rate, .s < ^TjjjjjjTj)(讓I pUiys the best 

response to the history of tha actimis taken hy othar jdayars, then the sysUnti convciyc.s l.o Uw unique 

Nash EquiUhTiurn linearly. 

To show how our algoritliin runs iii practice, wc sliall i)r(，s(>iit t.h(、siiimlatioii results in the next 

sul)s0(;ti0ii: 
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窖 

3.3.1 Simulat ion Results 
i 

111 our siiimlatioii cxi)oriiiioiits, \vv us(> l o g |卜 / ( / / .人- ) a n d 厂*) — /(./.)) to cvalualc 1 lie al^i^orit lim. 

The reason to use 人.|| is IxK ausc of Lcimiia 3.3.4. And for — /(./')), \vr "s(、（l t he iiiaxiniuin 

valiK! of /(:;:) from all ilcratioiiiJ, tlicii plus a small f �1 ( 广 … t o avoid logO. 

For randomly g(Miorat,(;(l matrix, it seems that for nil 0 < s < 1 the itrration points coiivcrji.cs 

oxtrciiicly fast aiKi (、v(”i more, surprisingly, the function /(//./,.) is moiiotoiiicnlly iioiidccrcasiMf^, coii-

vorgiiig to f {x* ) = 0 cxpoiKMitially fast, even tliougli in our study we only iiuiiia/i,('(l to show this lor 

siiuill .s. For both of tli(、two loji, graphs, tli(、y arc almost lines, wliicli coufirins our t licorct ical results 

al)()ut tJic linear (.(mv(、rg(mr(, rate. 

For randomly gciirratccl matrices, usually t he cquilihriuii i point is readied vvil hin a lew it (Tat ion 

steeps for l)ig H. This incaiis in |)rart,ic(、IWFA is very cfficicnt., and itcralions wit li clioscii step Icii^lli 

an* not iioccssary. However, this could also l>(、liiik(^(l (lir<，(:t.ly to the way \v(、j^ciicratc this ra"d()ui 

matrix, so w(、still n('(，d iiior(，siiniilation t(\sls, or i i iayhr run some tests with real data Iroiii practice. 

Ill our siiiiulatioii, \vv use —J(//,)，and io}i;(f(//.f) + f)) to evaluate 1 lie alj^oril lim, vvlicn; t lie sniall 

f �1 ( 广 10 is a(l(l(Hl to avoid l(>g(). • 

Also, for the (labeled ns counic.v example,) when; tli(> coiKiitioii I + “ [！^ > 0 is violated, from 

the graphs it is that the algorithm (l(>(!s not convcuT'o. However, wit h smaller .s (hcl Icr memory), 

the; algoritliiii tends to raiij^c of approximate' Nash Equil ibria wit li a iiiucli smaller error, and this 

error drops drastically as h dccrcases. 
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Figure; 3.1: —/("/•) and logC/X" , ) + 0 ) for randomly jz,<'n(Ma(('(l case 

i ^ l ^ i l i l 咖 丨 幽 I - 丨 

fiHifiiii 
•： I ；»"：>'，:,•.,!（ '' ：. i • , • ！ 

Figure 3.2: 一/(//./) and l(>g(7，(//./) + 0 ) for couii lcr cxaii iplc 
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3.4 Extensions and Future Directions 

� 

3.4.1 Another Iteration Schonic with Linear Global Convergence Rate 

W(» introduce aiiotlicr it(?rativc algorithm which roiivOi,仲、s linearly. Tl"、itcnition slcp is as follows: 

:r人I = [(1 - .s):/.人'+ tlicn 

‘ (// - r)''{A:r - x) = (" — xf{y — .r) + (" — ./.)'厂(Ar - //) > ||// - ./.||-'， 

tims 

.111(1 - .s).T + .sAr],!- - .r* 11-

< 11(1 - .s).r + sA.i: - 1(1 - + 

二 (1 - .s尸II.,; — + .s-\\A.r - A.r*f + 2.s(l — .s)(.r — .r*)''{A.r - A/：*) 

< 1(1 - sf + s'N- + 2.s( 1 - .s)( I - ⑴ I l k -

= 1 — + {N~ 一 1 + - ‘ 

If wci'takc s = , and dd i i i r " = \J 1 — s6 < 1, w(、have I lial 

* � 

% 

any ./: G /v, wliicli ‘u;imraii1:(、(、s global linear (.oiiwrgoiire rale lor 1 liis i1 (M at ion iiicl hod. 

>w(、ver, tliis iteration step docs not have a j^ood game l.hcon^ticaL inlcrprcl al ion as t lie previous ^ 

ir’ (;v(Mi th()iifj;h it is still a good (listril)ulivc algoriiliiii witLI only local inlbniiation iKH'dcd. AIko, 
• 

t.lic Uu k of game intuition iiifikc^sj liis algoril liiii not as j^ood as a caiididatc for furl licr ^ciKTali/at ion. 
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3.4.2 Connection to Monotoiiicity of LCP System -

The idea of the a lgor i thm a l x m ; can 1>(、applied to any (j iunlnil ic in j^ciicral and tl ir key lor t lie 

(•oiiv(、rg(、iir(i proof is the condit ioii t hat ——I > (). If we consider I lie following 沖,mT;»l <|ua(lrat ic ‘ 

(cost) T I H M C arc n players wit h t LI<> joint closed coi i ipacl fcjusihir r<、办⑴ X 二 H;'-.i A'/. RI;iy<、r 

?.'s ()l)jo( t is 1,0 iniii imi'/c 1 lie cost lunct ion 

< ii i') = ^ t-l Qi-i, + ^ I'l A,J.I：J. 

j / i 

D('Hn(» (1k'-joint Hessian lualr ix // fus / / „ = Q“ and Jlj j = Ajj if / + j. If t lie (juadral ic ^ai i ic is joint ly 

strong convex, ( hat is, the i i ialrix II >- (), t lien l>y Tli(、or(、iii ；i.li.G w(、 know I lial 1 lie Ix'sl responds to 

history al^ori l l ini will (.<>iiv(、rg(，to t lie iiiii<|ii(、Nash Equil ihri i i i i i rmcarly as loii^ as everyone lias xxl 

(!ii()iij;li nu'iiiory. Notice q i im lmt i r ^^aiiics liavc one to on(、（.<)iT(、s|>(>u(l<、n(.(、to syslciiis, and 1 he 

(u>n(lit ion I + 〃 l ‘ " ' 0 corrcspoiids to t h(» inonoloiiicil.y of I he L C P system. Il would be iiilcrcsl in.i>; 

to ni(Mg(； t he i(l(;a of learning wit li I lie existing iiitxM ior point met liods for solving moi io lonc L O P 

problems [!_)]. 

3.4.3 Extension to Non-Quadratic G a m e， . 

The previous models arc all Iwuscd on ( juadnl t ic jzjanic models. However wo can approxi inatc any 

gmiK； by a ( luadni t ic ganic, by locally appi.oxiiiiat.e oacli cost ut i l i ty function with tli(、second onUm-

Taylor expansion. Tlunoforc, it is uatura l to (、xt(、iid tlic idea to i^ciicral fzjniiics. ‘ 

W(、now coiiHidcu' t he ^ijainc with Uu) following st.nu;! urc: 

1. are n players ctu'li wit li cost, funct ion r,-(:,:/，丄•—,•), wliri.c 1 lie d(;(.i.si<>ii varial)l(' of the ol her 

) 

|)lay(T.s is .r_/. The ohjoct ivc of each plny(、r is to iiiiiiiiiii'/r the cost, and Cj is assumed to l>(、 
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(roiivc^x witli ixnsjM'ct to Xj. 

2. For each player /, r./(T/，：/•—,.) is assmiUHl to he st ronjijly convex wit li r(,s|>(、rt to Note t lie 

Ai,giiiiiiri.(:r./，•!:_/) JUS wliicli is assumed to l>(、witliiii a roiupacl. s(、t. r i ic l>(、st. 

r(\si)()ns(； fiiiict ion Ii{x) which is dciiiicd by /?(./•), = — whicli is t he hcsl, ms|)<>us(、if 

(ivcryoiic a.ssum(\s t he ot hers play acconlin^i, to I lu* joint, decision vector ./•, hut want s to (l(、viat,<、 

from it, l)y hiinscir. 

3. DcHiic t he joint Hcssifin inair ix of 1 lie j^aiiic as: 

(f•戶 \ 

•丨()Vi J ,’., 

Wc say the is jointly st roiiji； convex, if (//(/?(.;•),./:) + II' {l{{.r),.r))/2 匕 ( S I „ with > 0 

for all J-e X = n ; ~ i A',. 

4. Assmm、the S(!t A' to have a (liaiiictcr L. 

5. Note tli(> l)lo( k diagonal malr ix of "(./•, .") as D{.r, //), and d — "(./•) — r. Th(、Hessian iiwit rix 

satisfies 

( a n d 

IK,. 11 < "yA/J'/JH"(. , :) , .'•)".,.. 

G. Wc {UssuiiH^ the block diapional Il(\ssiaii mat rix /?(：;;), x) and t lie joint Mcssiaii lual rix arc also 

ui)i)(u- l)()un(l('(l i i i i ifonnly, tlial is, (/)(:;:’ " ) + / ) ' (：'', y)) A / / „ and (//(:/:，.") + " ' (.;;, y)) ：< A//,, 

for all ;r,y € A'. Also, we (tan achicvtul by scaliiiji； all lh<' ul i l i ty fuiictioiis down 

uniformly, we may {ussuinc iliat. L ' M < 1/2. 
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7. The block (liai^oiial Hcsshiii nmtv\xj){li{x), x) is fJ cont iinious, t hai is, 

-iV(|M| + \\v\\)I ：< {D{j-, y) 一 D{:i: + u, y + v)) + {l){:r, y) — f)(.丨:+ u, " + 1 N(||u|| + ||,,||)/. 

W(、claii iNJial for a joint ly si roiig convex game, I ho st.ni.t.(、gy of K^ariiiii}!； of t lie (w(>iglit.<、<l d iscoimtcd) 

history coimMgc^s linearly. 

Theorem 3.4.1 For ike jointly siroiuj convex (jaiiic with. each. X, G IR"'. consider I he folloiriiiff 

aUjoriilnti: Dv.jinc C(x, //) = Yl'i=\ "/(.':/，"—/). 

J. Start with. mi. iniU.al point 丄 G X . Let. //' = .r(、 hiiiidl wifh. A' = 1. 

2. At. each, step k, each, player i plays he si response assuniviuj (ill the other players arc jdayimj fh.r 

kistovfj If^^j. The new joint (Iccisioti. is ；i:̂ " ‘ ‘ = "(//人_). inhere "(.) is the h< si raspoiisa JuncHoii. 

Update the hislonj (is /A人• * ‘ = + ‘ + ( 1 — 

,V. Jf h^) + (7(/a"，//人.)< (.the (dfforilh.m stops. If not. f.h.cii. set />• = /、 . + 1 . (jo to step 2. 

Than tlui alfforiUi/in stops at most.誓(hi ":J:<./)(/?(:i:(>)，./.(’)"』.,,—In r) steps. 

l^roof. By the first order coiulit ion \v(； know t.luit V.,./v(/?(//), , /y_,) = 0 for all 1 < i < “ and // € A'. 

Tli(T(、f(m、， 、 

；)'2 ；) ；)'2 

i \ • \ ^ I \ • " V »/ / / 7 i/ 一 I / . \ ' V »/ / I • . \ • � 

uxiuxi uy (J.r.iO., 

H(，n> A' is (U'Hiic»(l to be, tlic niat.rix wliosc (A-, j)-(l i l>locl< is if k = j and 0 if else, wi th 

1 , . . . , / — 1, z + 1 , . . , , 7/ <111(1 j = 1 , 2 , . . . , ."，lluui w(、have tliat 

0 
Oy 
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Consider the P{x, d) d(、Hii(、(l as (I: D(/?.(;/•), x)(l, dj. — Jl{.v) — .r and t he poUMitial fuiict.i(⑴ at any point 

€ X as P{:r) = P ( ; R , /?(./;) — x). TIKMI if — < /||R/‘,.||, w(、have t hat 

* \ 

< 2MW\\d,\\~ — 2r/:^'//(:r)r/, + "1’•心 D("(./.)，+ lN\\d,.f 

< '2MW\\d,f — 2":[7/(.r)心 + ( " : ; . ’ + tN\\d,f 

< -":;,//(:r)".丨.+ 2MlO\\d,.f + lN\\(l.rf 

< S 2AfiO + tN\\dr\\ 

、 M S )广" 

Notico t hal for any .s > {) aiid y — ./• + ’sd.,., w(、have 

丨丨“广“J ' = ( ) O y 

R(.i: + )(l, < s\\d,.\\a„.„Af - D-丨//)(/?(.r + + s'd,) < — ||r/,||, 

TlKT(，fbi.(、, if w(、sdcrt- t —.，八“.,乂/ �) a n d s = ihoii \v(、luiv(、t hat (In /.)(‘r 十 < •2M for 

all ()<£：< .s. Thorcfon ,̂ 

/)(.,: + .S心）< 尸(:/>—.'、/(2"). 

N()ti('(» that l)('('aus(； (、m.h play(T’s ut ility funct ion is convex, —(?(./•人.，//.) +「（//•,//.) is upixT boumlrd 

hy ( / / 人 勺 ， = /)("”，Uk、algorithm t.miiiimtrs in at most 襟（lii /)(.,、,）—lii f} 

many st eps. 

3.5 Future Directions and Plans 

Tlio I W F A inotliod, from t ho alj^orit liiiiic poii", of vi(、\v，can also Ix; S<H、II as an ujxlatinji; to t lio host, 

response direction (of t ho (>hs(、rv(、d liistory), while sinootliing with a step Iciiiijtli. This is one of 
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the coiiiiiion l.CHthni(ju(»s US(M1 in opUnii'zaUoii t.lKH)iy to const ruct algorit hiiis wit h ^ood convci•{； 

Iwliavior. Actually, most, rcccnt nuiiii stream algorithms, for oxaiiipU*, Ntnvton's IU(、tho(l，Iiitinior 

Point Motluul , (;tc, all adopt similar principles. Tli(、luain mlv}iiit,a)i;(、of this approach is l l iat it is ^ 

only ])a.s('(l on the; local i>r(>i>(TU(，s, wliich arc (,asi(、i. to verify and quaiit.ify tliaii t lie }^l()l)al oiios. 

However, it is iuii,(、ax(>iiabl(! to force constraint on the player's st.(、i) IcMigt lis, since rach player is acting 

iH(k、p(、ii(l(、nUy on his own, Mcaiiwhilo, in i.(、al lifo tli(、i.(、arc all kiiidsllDt" cost for changing (l(、(.isi(His, for 

example, t.ax, adiiii i i istration f(H\s, (、t,('. Int nil iv(»ly, t,h(、s(、frict ion t.ypcs of cost could make t lie whole 

syst(Mii more stal)l(\ It would b(、interest iiig to aimly'/(、how Hi(、sysl.oiii would l)(、lmv(、wit h frict ions 

involved. 

And it is also natural that i)(x>pl(、make decisions based on the history vvliicli tlu\v ()l>s(、RV(、. In tIK; 

standard (ictitious play cvoryoiie simply plays Ix'st r(、si)(ms(、to t lic liislory, IIOWCVCM- 1 1K» nuMnory M、V(、i. 

fades. That is, a liistoric event occurred long t,iiii(、ago has tlio same w(、iglit as a iccciit (、v(、"t.. It has 

IxHMi proved t lial iiu(l(、r Hctitious play, it convcMgx^s for two p(”.s(m '/(”.(> sum ganu^s |()] |5()] and in 

otlior various sott iiigs, 1i(>W(、V(t there is iio (.(mv(Tg(、iir(、i,at:(、（、v(、ii in voi.y simple t iiigs. It lias also 

l>(H>ii shown to he not coiivorgtMit. in gcMicral l)y 8hfij)loy [57]. Also, oven wIkmi it converges, tlu' ralt^ 

of convorgoiKX^ is vcny slow. It would Ik、interest in,u; to aimly'/(、th(、trade olf l)(、t\v(H、ii conviMgCMicc rale 

and (.oiivrrgciicr coiKlition via tuiiiiip; tlio iiioinory fading paranuMcr, t hat is, analy/(' t lie Ix^havior 

(lifi'omico l>(、tw(H、ii st rong and w(、fik iiMMiiory. It is also iiit,(、R(、stiiî 2； wh(、t IKT t IK、result can hv (、xt(、ii(l(、(l 

to PTAS for t ho Biiiiatrix Game. 

From t li(» point of opti ini/at ion theory itself, th(T(、is a st roiij^ ihhhI to solve* large scalo problems in 

application, for oxaiiiplo, by applying of s(、iiiid(、fiiiit",(、progi.miiiiiiiig in \vir(、l(、ss coiiiiiiunicat ion and 

signal procc^ssiiig. Distributive algoritliiiis liavc draw more and more attent ions i.(、(.(、i“,ly sincc it can 
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oHiciontly traclti n^sourco for sp(H、《l, and soiiiotiinos jijrcal ly siMvdup the wliolo optiiui/at.ion procoss. 

It has similarity to tlio gaiuo (、iivironni(、iit,, as (饥（.li iiiachiiic cormspoiuls t’o a siii^Ui player, hut, it . 

is ill ('{nitrali'/od oiivironinont. Ou r nuxliiioci IWFA mrt liod can also 1>(、viowcul as a distrilMitivc 

alg;()ritliiii to (efficiently solve for tlu* Nash Eqii i l ibriuiu. WluMi cacli players’ ol>.j(、(.t.iv(、coincides with 

會 

social ()l)j(H't ivo, it convorgc^s to tlic social opti inui i i in a (list rihiit ivc maimer. Therefore, it's natural 

to CO I ISHUT possible (lir(H:t.i(ms to (、xt,(、ml the i(l(、a. 

It can also 1>(、S(H、U from the discussion in S(、cti(⑴ 4.3 t hat t.li(、<,(m")(、t.it..iv(、rout iiiiz; .u;iim(、wit h linear 

unit cost, is (exactly a (luadratic gaiiK? ((、iu.li player has a (.(uivrx (j i iadnitic oh.j(、(.t.iv(、fuiiction) wit h 

coin pact convex foisiblo i.(、沙 m，and fiii,tJi(、i.UM)r(、the gam(、is joint ly (.onv(、x. Therefore if each player 

lias good (Miough iiuMiiory and us(\s it in docisioii making, Ww syst.(、in l(、u(ls to t.lir mii(|u(、Nash 

Equi l ibr ium of t he system. 

Finally, for t he g(、m，ml gainc model, t horc aix、many questions left oi)(、ii. For iiistaiic(% wli(、tli(、r or not 

w(、can r(、i)laa、the H(、ssia.u matrix at tlic point. (/?(;;;),：/：) with simply th(、（m(、at (:/•，:/•)，since it is iiiiicli 

/ 

easier to ovfiluat(\ Also, replacing tl ir st rong convoxity condit iou by siniply t lie convrxity (-oiidit ion is 

i -
intorostiiig, since it would covor many oxistiiip; known solvable cases, for example, /cro-suiii hiiiiat rix 

gaiiu% ui()ii()t.()ii(» LCI ) and so on. 



Chapter 4 

Bounding the Price of Anarchy in 
• -

• » -
Competitive Routing Game 

4.1 Introduction 

Rout ing model has bw i i widely used in various fields ii irl i iding traffic, iiitcriict, tclocoiiiiimiiication 

and so on. In a routing problem sotting, given a goner a 1 (.lir(x.t(、（l network, <'ach user has a ^ivcii 

aiiioniit of flow to ship froi'n iisor-spocific source to usor-spccific dostiiiation and may split th(、How 

through the paths hetwecii TIIE two HOC las. In the context of road traffic networks, for cxaiiiplo, iis(、rs 
• < 

cftii be viewed as a transportat ion (toiiipaiiy which ii(x、d to sliij) a How of voliiclos. For tclocoiiiiimiii-

cation network, players cornnspoiicling to those; users wlio ar(，to soiicl their signals through a shared 

network. 、 • 

App ly ing the game theory to tho routing iiioclol is a natural and promising approacli. Specifically, 

G3 



CHAPTER 4. BOUNDING THE PBICE OF ANARCHY IN COMPETITIVE UOUTING GAMEiiA 

lot the individual US(TS conipotc with ()ii(、aiiotlior to optii i i izr t』li(、ii. clioircs of the paths and an 

ocjiiilibriuin may he obtained. Tlio concopt of Nash (iquilil)riimi is often used wlicii consiclcriiig a 

noncooporativc i i iodd. • 

Tlio rcisoarcli along this direction lias started ‘since 195()'s. Wan l rop |6()] foriiiali/cd the notions of a 

How at Nash (、quilibriuiii and of a ininiiiiuiii-latcncy flow for oii(、i)ai.t.i(."lar ease of t he routinj^ gaiii(% 

in which all of users ar(、infiiiitcsiiiial and lioiico (、v(Ty network usor controls a negligible' fraction of 

the overall traffic. There ar(，a rich literature on the analysis of Wardroj) (、qiiilil)riuiii. Bcckiiuiiiii (、t 

al. [5] found that a flow at Nasli equil ibrium is an opt imal solution to a rda twl convex pro^raiii and 

obtained existenco and uniqiuuicss results for the equilibria. 

However, our focus here is (-(iinpctitivo routing，wlicrc UI(T(、arc only Hiiito IIUIII1)(T of users with 

oacli controls a i ion negligible amount of flow. Tlio problcuii has recently IH'COIIIC a topic of iiitciisivo 

research iii Ui(、routing game ('oiiiniunity. Orcla, Roiii and Sliiiiikiii [47] SIIOWCHI the imiqiieii(、ss of 

the Nash oqiiil ihriuin of a two-iiodc niultiplc-liiiks systnii under r(、as()iml)l(> coiivcxity coiulitioiis and 

inoanwhilo tlioy proposed a (’()unt(、r example iiidicatiiig imiqm、n(、ss may fail for griieml networks. 

However, Eitai i (、t al. [2] sli()w(、d that tlie Nash (!quilil)riuiii was uiiiqiK、for g<、ii(、ral network when a 

class of polynomial link cost functions was a(i()pt(、(l. 

V » 
i • 

Tliv efficiency of an oquilibriiiin has also attracted iimcli attention. ()ii(、‘qiia.iititaHv(、（.riteria is tiie 

s(>-(!allc(i price o f anarchy, which is tlio ratio bc^twwii the total social cost at the Nasli Equil ibriiuii 
» 

and tlie opt imal social cost, i.e., ri-ssuiiiiiig that all ics()urc(，s is coiiiplotcd (.(>iiti,oll(，(l l)y a single 
\ 

s 

adininistrativo cloinaiii. It is wd l known that the prir(! of ajiarchy in routing gaiiio can bo arbitrarily 

largo. In particular, the Brac^ss's paradox shows ridding a link to tlio iiotwork could lead to an 

» » 

iiicn^astid cost to all users. R . El Azoiizi, E. Alti i iaii and (). Poiirtallicr [19] provided some giiid(;liii(\s 
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I 
< i 

for avoiding the Bra(\ss paradox when upgradiiij^ tlic network. T. Hougligardcn in" liis thesis [53] 

(?stal)lish(Kl a bicritcria bound for the price of anarchy in this setting. 

Most of the i)ai)(、r‘s in the literature discussed about tlio rout ing {i;ain(、pi-ol)l(、iii in the iioncoopcrativc 

frame. In this cliaptor, li()\vov(;r, \wo allow users to cooixuatc to some cxlciit and study tlic cliangc of 

tlio usor's cost at Nasli equilihriuii i vvlicii users clioosc; to cooperate witli SOIIK; otli(TS in t ho (•oiitoxt of 

road traffic routing. \Wv find in the parallel grapli with affiiic cost fniictioii, most us(、rs can l)(ui(、fit from 

tlio cc)oi)oratioii. As a (•()ii‘s(x!u(，ii(.(，，the prico of anarchy is nionotoiK' witli tlic cxtcMit of cooperation 

of \iscrs, al though it fails when relaxing t he assumptions. . 

The cliaptor is organized as follows: in t he next sect ion, w(、introduce t h(» general model considcrcfl in 

this cliaptcr. In Soction 4.3, w(、establish sonic useful pn)porti(\s inclutliiig contiiniity aiul uni(jii(*m\ss 

of the probloiii. In Sect ion 4.4, w() consider a sp(、(:ial network topology and draw soiiio ronelusioiis 

I 

tlioro. We prove some iiioiiotoiiicity proporties and give a tight upper bound ^ r the pricc of aiian-liy 

ill our sotting". Next, sonic couiitor examples rolaxing tlio rissuiiiptioiis arc presented to show that, tlic 

\ 

fissmnpt.ions mx、iicccssary. 

« 

4.2 The Model and Formulation 

Wo consider a clircct(Hl graph G = {V, L) with v(、rt(;x set V, link set L. Assuinc that = n, 1/̂ 1 = m 
I 

and mult iple parallel links arc allowed hut iio solf-loop exists. Furthmm>i.(、，let us (h、n()t(> A G、R〃x''' 

to ho tlio iioclo-to-arc iiicideiico matrix. Specifically, (，adi row of A r(”>r(、!s(mts a node and each coluinii 

represents an arc. Consider an arc coiinectiiig node i to iioclo j. Thoii, the ('orrcspondiiig coliiiiin in 

A lias all 0 okMiiciits except for the z-tli (^loiiioiit, vvlicro it is +1, and the j-\h cICUHMII , when、it is 一 1 . 



CHAPTER 4. BOUNDING THE PBICE OF ANARCHY IN COMPETITIVE UOUTING GAMEi iA 

Suppose? there arc A' players in the gaiiK» and tlic c()n^sn()ii(ling sourcc-flc^slinalion pairs 

{.s', f/' }, {.s"̂ , } , . . . , {.s'^, d^̂  }. Let r (loiioto a v(、c1..or in ，WIKTC T" represents tlic value of flow 

that player k is r<、quir(、(l to transport from .s人.to "人A flow of player k is n function j•人’:L ’ 

which call also ho viewed JUS a vector in 况 B o c a u s o t he inflow and outflow at cacli middle node has 

to iiiatch (exactly, with tlic inflow at source and out How at the end ccpial to r 人.，wliicli is llic exactly 

How (loinaiid for player k\ Wo know that a How is fcasil)!^ if and only if A.r^' = •人•力丄—r人-…".、vli(、i-(> 

S^k (Sffk) is the vector in ！'I?" in which .s人’-tli(r广-t.h) (、l(*iii(、iit is one and otlicrs arc all z(、ro‘ 

For each link /, w(、define the .total How through it as J) = ]̂(，：| 丁h(、（.ost of per unit of flow on 

the link / is given by a function r.i : j) 一（-•/(//), which IS called imii cost on link /. TIKMI {C, r. r) 

specifies an instance of tho routing gaiiK^ problem. 

Ill tlio instaiico (6', r, r), if considering t.lic Nash cqiii l ihrimn, player k is to find a feasible^ flow to 

ii i inimizc its total cost function, which is CICHIKHI as 

力,丄一A') 二； ^ 

We clofiiie tho. social cost as the siiiipU^ sum of all players: ‘ 

. K 

k 二、 

L(、t Xf\j(ish clonoto the flow when tlie game rt^aclics the Nash (、qiiilibrhim，i.e. cacli player iniiiiuii/cs 

its cost. Lot .7；* denote the uiiiiiiiml solution of the function SC over t he f('risible field of x. Clearly, 

T'l^us“ and X* are difiorcjiit vwt.ors in g(Mioral. To qiuiiit ify t he; (liff(T(、m.(，，we use t ho i)i.i(:(> of aiiarcliy 

(lofiiuHl by the ratio h(、tw(»eii tho social cost at tho two st.atc^s, i.(\, 

“（G’7.’r.)= 
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Through out this chaptcr，w(、only coiiKidcr t.h(、rase where the unit cost function is aiKnc linear. 

SpcciHcally，tlio uni t cost on link I is ^ivcii by r/(//) = aiJ) + f)卜 TIKMI each playrr k will face tlic 

following ()i)tinii/ati()n problem: 

/ {1\) Hii" 乂 "/.厂 + …）•人) 

• s.t. Ax^ '=—人k — i.k. 

丄 ' > 0 . 

Substitut ing // = 丄f, we have 

(n) Hiin Z,eL { / " . ' f + "/ [(E,VA- .，•;) + } 

} 

s.t . Ax'' 二 — 入 - r^'S^iK 

丄 > 0 . 

一-

4.3 Continuity and Uniqueness under Linear Cost Condition 

f 

W c first (!stal)lisli the iiiii(|iKm(、ss of tlio Nash Equil ihri i i i i i and \\\v coiiti i iuily result for tlu、cost ol. 

(、adi player in t:li(，Nasli E(iuilil)riiiiii, with r(，spr(l to tJi(，input vcKitors r and (\ wlicrc r is spccilicd by 

a, h E A l though tlios(? results hav(； b(、(m shown iii(lq)(、ii(l(‘iitly by lilcat urcs, and can 1)(、directly 

sooii from the analysis in following s(，cti()iis, tli(, L C P foriimlation vvc show here is of in(lrp(、n(l(、nt 

iiiterost. 

Lot yk e 1)(，tho Lagranj^ian i imltiplior associated with the (^qimlity const raint Ax^' 二 /•人—'•人A/"-
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The K}inish-Kuhn-T"rk(，r opt iinality condit ion for (/)() is: 
/ 

Ax^ = 

III 〜+ “/丨丄;+ + m V ) 广 

.sf > ( ) , / = 1,..., m 

= ( ) , / = 1 , m . 

Denote; .s•人.to h(、the V(K1(>I. wliosc /-tli coiiiponciil is sf'-, I = 1 ， . . .， / / . A NMSII (.(piilihrium for tlie 

routing game; is attained if and only if tlic a lxm ' condition liolds siiimltaiicously lor all /’• = I , A ' ; 

A.I：''' = —/-̂ V), 

> (), 

h + />/:","(".) 二 I ；/:' + + A.、Y — .s" = 0 

•s'' > ()， . 

丨’.s"=()， ， 

wlion; Dia(j{a) is the diagoiuil matrix whose y-t ii diagonal is I = I , n . 

Wc can (;xj)li(;itly wHt.e tJu，KKT opt iinality condit ion using 1.1"、block mat rix iiolal ion. Lcl ‘/: (rcspcc-

tiv(;ly and ,s, a n d / ? ) 1)(; t h e v<、(.t,or c o i i H i s t i n ^ o f . r ' , x ' ^ ( r c s j x ' c i i v c l y //，....//、，fui(i .si,...，.s"、， 

and (r'rt^i — ) , { v ' ^ S ^ k — 八 f̂ "/、)) stacking on top of each otluM'. The ('(piat ions for the Nasli 

(Kjiiilibriiuii solutions are: 

(//、A)x = 11 " 

a c + [Ek D)x + ( / /、D ) x + (/八 /I)''';<; — s = 0 

J： > 0, s > (J 
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* 

'Cx)' stands for t he K电”lerkrr product Ix't wccn two mat rices, r is 1 he (h ' i)y 1) all-oiic vector, 

E八’is Uk，(/\ l)y /v) all-ono matr ix , and //、* is t lie (/v hy /\) idcnl ily mal rix. The so-expressed Nnsli 

(H]uiiil)rniiii is a mix(，d linear (•()ini)l(Mii('iit}irily prohk”"，and it s|)(、(.ili<、s an il. and only il. coudi l ion 

for ail point to Ix* Nasli Eciiiil ihriuni. 

N()tic(5 t.liat. tlu^ closcfl feasible' set of (./ 

r(\s|)('ct to 1 he input variables (i, h and 

t hen it is a cont inuous fiincl ion. 

sp(、rifi(、(l hy 1 lie (NlCl^j-oiirlit ion ；、l)(>v<、is cont iimoiis wit li 

If we s('<.、each |>lfi,v(、i' /,., cost 人.as I \iv fimct ion ol t hciii, 

To show t lie imi(j"(、ii(*ss, let us 1 urn to consider t he lollowiii.u; standard mixed linear complciiKMilarily 

1)1()1)1('111： 

‘ 

.s = <1 + M r + L ' y 

Lx = f) 

il^CP) ,, > 0 

.s > 0 

when; di incnsions of all the mat rices arc compat ihlc. An iiii|)()rt anl not ion lor s。lviii‘u; such 

|)r()l)l(Mii is tlio so-called in()iiot()fiir/Uy. 

Definition 4.3.1 The (LCP) is < idled nionotoiic. if {A:r)'' M A.i: > 0 for all. A.r s<if:isfyiii.(j LA.r 二（）. 

Thai is, M + A / ' is a positive. scinidcjiiiUc matrix over Uui null space of L. 
* 

i 

Definition 4.3.2 Wr, call the niixal LCP prohlcm [LCP] feasible if l.lurc c:rist. ./• and y scUisfyhuj 

rit 

<l + Mx + L y ;/• > 0, and Lx — h. 

Tlic following result is FI(lapt,(、d from IM ICOHMUS 3.J .2 and 3.1.7 i n ^ o t tic, I^IIIJI； and Si,one 
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Theorem 4.3.3 Suppose tluit. (L(U、) is monohmr <md is fcasihi.c. Thru (IjCP) has a sohitioii, ami 

the solution is miiquv in the sciisr fluii Uicrc is <iii hidcj scf o such Hint ./• is a soluiion to (L(l^) iJJ 

u: is fcdsihU- and llu: support of .r is conhihicd in a. 

W(、shall s(H、 t hat < lie mixed ])r()l)l(Mi» ju isiiit!； IVom 1 lie Nash (*(|iiilil)ri"iii of t lie iiiiiiiiiiiiiii r"st 

» 

traiisijortat ion j;aiii(> is iiionoloiic. 

Indeed", for niiy A.r satisfying 

. (//、"/>/”A./. = n, 

i 

I li(、(toncspoiulin'jz; 

A.s = (/力、(/) D)A:r + (//、- (X) I))A.r + (//、- /l)'' Ayy. 

. I 

Tluncforc 

( A . 7 ; ) ' ' ' A . S = (A./.)T(/!；/、- (a l))A.r + (A . I ; ) ' ' ' ( 7 /V (A = (A . / . )T ( ( / ' ; /、十 //、)力 / ) ) A . / . > 0 . (1.3." 

sim:(，(El、- + //、•）00 I) is a \u)sitivc scniidclinilc matrix. Tli.is sliows 1 hat (/V/';) is a iiioiiolonc mixed 
» 

LCP. Clearly, it is also f('asil)l(' l>y not in^ c > 0. It follows fi.oiii 'rii<、<>r(,m .-1.3.3 11wit (N H) lias a 

iini(|ii(； Nasi I solution. 

To suiii up, we have t lie followiiij^ 1 licorcin: 

f 

I 

Theorem 4.3.4 For the. lbicar cost roinprlUiiw rout.hu/ (/amr r, r).,/./", Nash H(jni!ihriuin is uu.i.”u(’ 

and when ohscrmufj flu: cost of each player at the Nash, luinililyriuiii as fun('l.i<m of the input variahlt's 
？ 

(/•, r), it is contniuous. 

Tli(”.(，an; furt.lun' c o n s t o f I lie inoiioloiiicily ol t he LCI) system arises froiii t lie (”iii|M、Ut.iv(, 

rout,i叩 i^A I IK ! . Siiicc; this i^aiiic is i i idml a (|UJI(lrat ic ^ {U I IC , it follows from 1 lie first D I A P U ' R tluit if 
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<、vcry acts ;̂T(、r(lily mx.onli i ig to t.li(、liisloiy play of tli<、ol hers, wil li a 圳<><l (MI()MI!,II mrmory，I IKMI t h r 

system coiivcm j^cs linearly to I he Uui(i"<、Nnsli Iviui i ibr iui i i of I lie ‘i;;""(、. Tli(TH."i.r, it docs make sense 

for phiycMS to considcM- 1 licir costs under 1 he (uiii(|u(') Na.sli K<|uilil>riui" iiislcnd of I lie i imncdia lc (."st.， 

when 1 li(\v (l(、ri(l(、to cooixM a lc or not. 

4.4 Two-nodes Multiple-links Graph with Affinc Linear Cost 

In 1 liis part , we consider a special network, VVIKMC tlicrc arc only (\\<> nodes (Iciiolcd l)y .、• niid I and 

ii i i i lt iplc links l)('t w('(Mi t Ikmm. All pla,v(TS have t lie saiiic soiircc-dcsl iiwil ion |)<)ir {.、/}. 

TIUMI W(、have l lic following i i ioi ioloii ici ly result: 

T h o o r e r i i 4 .4 .1 If we dcnolc fh.c cost of user k whcii the (fame (jcls flic (tiiihjiic) Nash rqu.il.iliriui" 

as function (r) of jlow vcclor r. > /.人. thru for any 0 < I < R人.-•. the follouuiu/ holds friic: 

SC{r -I- - / 4 , ) < S('{r). 

Moreover, 

(，、丨.+ /4丨—/4,) < ('Ur) for k + k、,h’ 

whew is Ih.c all zero vcclor unlli the exec pi.ion Ifuii of IHI.IILC 1 al llic j-lh ( I I I nj. The case irh.crc 

I — •/•人icpresents wlbcn the two pl^jcis af/rcc fo niciyc lofjclhcr to form a new "/"./"•./• to play l.h.is 

nyniprl.Uivf-, .mul,iu!j (fame. , 

TIk; t licorcin iin|)li(\s t l ia l if any t wo pl;iy(T‘s clioosc to jKirl iaily coopcra lc (<\u；.. I l ir player wil li hii^^cr 

. • • ‘ • ( 
flow (l(Mnnii(l sci/c i i ion; How (l(、iiiaii<ls IVoiii t he player wit li lesser (Icinaiul) , all tli<、ol licr |>l;iy(TS in 
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1IK' gain<» will iKMiclil, i.(、.， t IUMC will b(、 l(、ss costs i i icun iM.i!； to t IKMU IVoin 1 lie ( <)()i)(M al ion, and t lie 

social cost <l(>(T(、a.s<,s cousihuumiI ly. It also dwu•；u.t.(、ri'/rs t lie \V(nsl |>(>ssil>l(> scciini io of 1 lie price of 

anarchy for a fixed net work and L:;iv(MI IIUIMIXM ' of plnyrrs, WIKMI nil t lie players have exact ly t lie same 

How (l(、iimn(l. 

4.4.1 Characterization oP the LCP System. 

T<> prove Ui<、 1 h(H)i('iM, w(、 ii('('<l to begin wit li clianu-hM i/al ion of t Uv L C P syslcin ((". .(、(|"iv;、l(、"t ly. 

t lie K K r coiidit ion), IIKMI |>r<>(.r(、<l to iiit rodiicinji； some ('(jual ions and iiKUjunlit ics t lint will 1>(、us(、<l 

ill 1 he following!； scci ions. 

l)(、ii(>t-(、 1 he supi)(".l S(M of |>l;iy(、r l、_ as S'"' = {l\.i'f > ()}, i.e., 1 lie set of links wliicli player /,• usrs. 

Wil l io i i t losiii}!； {^(MKMality we assume (hat a/ > 0 lor all I = 1,2 in (we can use coiit iiiuily 

ar^uiiKMit to (Icnl wit ii ( lie case t liat "./ = 0). Also, wi( houl loss of jj,(Mi(M ;ilify, we can r(、;m‘nii,u>(、1 lie 

iii(li(.(、s and assiiiiic t hnl /•' > r~ > . . . > ./•'、，h、£ (h < . . . < h,„. 

Let r人.(l(MU)t(' 1 he iiiarji;iMal cost of |>l;iy(T />.. By t lie Kl\ T coiidil ion. i( lollows t linl 

'."="/(//+々）+ /,/. if ./-f > 0 

"人.< " i J i + " / , if 4 二 I). 

Ill other words. 

hi 

(II 
fl for ail /,•；川d l . l ) 

'riicrofbrc 

•二 E i>i 

(II 
If 

vvliicli if! inoiioloii ically iiicrca.siii^ wit h r(、sp(、rt to (•人.，and vvc know t liat 

1.1.2) 
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. a 

C(ms{、<im、iit.ly w(、hav(、t.liai 

> ./•/- > . . . > .ij\ lor all I = 1 III. 1 . 1 . 

and 

(1.1.1) 

Tlic ix'Ial ioiishij) above sliovvs tlint t licrc arc exact ly k players usiii.ii; I lie link / lor / e S^' 一 S^'‘‘ 

ami ././ = ---I •'•/• FnillKM-morc, J) + .rj = ^ ^ ^ lor i < k. Taking the si mi of the r<|";ili("is for 

= 1 , 2 , we ‘u;(、 

(A- + I) /•/ =厂A — 叫 lor all I e — .S'' (丄.1.「>) 

where PĴ ' = f''. Coinhiiic 1 lie above (Hiuation wit li ('(puit ion (1.1.1), t\\v lollowini!, (、(|iu»li"" 

holds: 

(/,•+ 1)"/ 

And coiisccjiKMit ly. for any i > A- and I e ‘V人.一S^'‘‘ 

for / 6 S^' - S^' (1. l.G) 

(A- + 1)(''-卜少 ~ hi < {). 

Also, 

<11 
for Mil / G ‘V人.and i < /、. 
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Taking the sum of J) + for I G w(、lmv(、 

E 
/e‘v 人 

hi 

<11 
/e.s•人 

/e.s 人 

I沙 

i>k 

•'•f + E 
/•A-k i<k i 

+ 
<n 

、k. 

,>A, 

/e.s•人 

,’人，-

Th(T(、i.m.丨 

\
I
/
 

-
r
 

r
n
 

/
l
\
 

+
 

/
 E 

/G.S'-

( / ,•十 - /'；^' ~ hi 

(II 

l、.I':L [k + I)/'；''- I - hi 

H(,"(•(、，we can t h(、followinji； (l"f(、rrn(. 

/e.s'人 

'{jiint ion: 

<11 

F少 厂A’ 

+ 1 

WIKTC! 

<1 

( 1 . L.S) 

、vhos(、valiK' d(、p(、n(ls only on r and t lie support s(、（ S^'. For (.(>nv('ui(、u(.(、tlir lollovviiiL!； iiotnl ions a le 

= [ I / " ' ， = 

/e‘v 人 /t.s''-

Also, it follows from (f i l iat ion ( l.-I.S) that 

k 

I'：'' = (A- + \ (1.1.9) 
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^or any / G S-' — S' ‘ ‘ and } < 

(人.+ 1)1 k r̂A-
(A- + l ) r " - lv> - (/‘；人--ly') < (A- + 1 — I：' - (/、. - ./•)(,人.={j + 1)( <l>l 

For any / € S' - ‘ with i > 

{k + 1 人一厂“=( / • •+ 1),人 I " + {I'：' - hJ^ ) > (A-+ 1 y — !'：' + (/ -- A-)r' 二（/ + 1 )r' — E' > h,. 

C(ms(、qu(、iit.ly 

h, > /," for any / G .V^'" ‘ — S’人-and I' G ‘V人.一，S’人十 

By cluH'kinp; the K K T coiKlit ion. we can show t lial: For .ujivou support sets S'' D 3 , . , D .S"、. /:’人. 

can IK* calculated l)Y rq imt io " ( I. L.i)) as 厂人.二（/>• + 1)[〉=| //'(/•). And conversely, if 1 he calculMlcd 

arc in dccnvisini; order aiHl lor all I G S^' — .S'^''‘, 

(A-4- 人-—F} > hi > (/>•+ 1)( 

t hen the KK 'F coiulil ion has 1M、(、II satisli(、(l. 'rii(”,(、l.(>r(、， \v<、liavc I IK* followin.ti l(Miiinns: 

Le i i i i i i a 4 .4 .2 For the (jhu n support sets ‘S" D S~ D . .. 3 ‘S"、. and cost iiiuiyhi r丨 > r" > ... > "、. 

the nmdU.i(川 for this support scl and cosf nidiyin to he indeed mr/r.s/""""〃•“ fo fhc uiriijtic Nash 

E(]uilif)riiiiii is 

(人• + 1 —卜少 > hi > (A- -f I ‘ I —厂A,, for all k = 1.2 I\\ 

wJiciv (''、‘ I Is dvjinvd as 

Le i i i i i i a 4 .4 .3 For t.hr </ivcii supporf sets S^ D S~ D ... D S'、. the condif ion for this siijypoii set. to 

he indeed coTrcspoiKlinff to the wiiquv Nash lujuiiihriiiiii is 

(A- + ‘2"),产丨(/•) - Ef二丨"'•('.) < f>i < (":)—人•)//.“•、 
for all h\ 
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Lemma 4.4.4 For the '(livcti support sets .S'' 3 D . . . 3 S'、. und cost mu.iy.i." r ' > r- > . ., > 

the. condiiion for this support set and cosi in.aiyin to he rudcrd corrcspoiKlinfi to the un.i<i.tir Nash 

Equil._i.bri.u7u of a (janic, formed by l.h.r (poup of I\ players is 

‘ (A- + — I,少 > h, > (A- + l)r ' ' " — I么 for all /•.二 1.2 K. 

And the (1(1111(11 id of cacli player can he ndni.luird jroni the ('miaf ioii (Jf.Jf.8) 

- — r — = " ( ' . ) • + 

Also, \v(、can cstablisl i 1 lie inonotoi i icit v o f “ “ '《丨/ *、丨 ‘and 《""“'"̂：) ‘ wliicli is shown in 

the fol lowing IcMimia: 

Lcninia 4.4.5 For any k > i, 

Z / 沙 ( " / / / + 1)1、/"I < Tales' i^'iJ'i + "/)/"/ 

E/g.s^ 1/"/ - E/e.s" 1/… 

T.ies'^i-^'ifi + 〉 S / g ‘ s . , ( 2 " / / / + ' ,/)/"/ 

E/e.s'̂  I A'/ • — !]/€：‘、丨/"/ 

Proof. For any /, G S' - S''^ ‘ and I-, e S^' - .S'^‘, fVoin /, • \v(、haw 

+ b!、> = (UAIh + •'•/-.) + hh > "hJh + 

t 

A m i by /, i ",/•_> 6 SK. 

(/• + 1)('' I I 一 E' < hi、， iuid (A-十 1 力 - 少 > hi,. 

. t 

FurtlicTinorc, iu'cordiiig to tli(» i i ionoloi i ic i ty (>f r " , . 

k. 

h f — (A- - 1 ) 叫 一 [/•：' — ( / - = ^ 一 + ( / - l y " —（/,. — l)f’人.> 0 , 
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I
 e

 

.
)
/
 

1
1
 

-
/
/
V
 

I
 I K 

Tlieroforc, 

么ihfh + l)h = 

> 

2E 

2E 

1
 -

/
I
v
 

I
 

A, + 1 

-(A- - 1)[(人.+ l)f'人.-E人-

+ 

= E 人 ' - ( A - - > E' 

2E' 

1)' 

l)[('/: + l)f' '+丨-E'\ 

> T — j = 2(11、Ji、+ 1)1、 
I 十 1 

Duo to the arl)itrariii(\ss of k and i, for all /1 € 5 ' — I ) G S人,，w(、liav(、 

2(11.Ji, + bi^ > + / > / , 

Consider � ( 二 a n d 丨 广 

“ "hfh + 

Tlio iiKxiualities hold for any l\ E S' — S人.， 

> 
< 

as tlio w(、iglit.(、d av(、mg(， 

Jlies'^icifl + hl)/('l 

E/e.v^ 1/"/ ‘ 

E/e.S''' 十〜）/"/ 

:onsoqii(*iitly, for i < k\ 

E/e.S'' ("/// + ' " ) / " / 、 咖 / / + W"/ > 
< 

E/e.s•人 1/"/ 

(Hfl + k - "ifI - 1)1  

fll 
/e.S''' 
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w(、can also concliiclo tha t 
f—t 

e' - > r^ - tor all i < A-. (4.4.10) 

/I ' — /I 人， \ z 

• 

4.4.2 Directional Derivative Formulations and Continuity Argument 

To s tudy tli(» chaiip;c of costs for play(Ts wli(、ii two playrrs cooiKTaU、witli (、a(.h other, we start by 

looking at tho siil)gra(liciit of costs WIKMI the two play(、r.s part ia l ly (.()oi)(、rat(、with cacli ot!KM-, 

the player w i th small(.T flow dei i iand "^ivc^s" f-siiiall (l(、iiuui(l to t.h(、i)la.v<、i. wi th li i^licr How (Icinaiid. 

Tho cost for player k is 

/G.V-' 

Subs t i t u te (4.4.5) and (4.4.G) in to it, 

E' + hi (./: + - E' - hi 

i=k 
E 

les'-S' • ‘ \ ，‘ 

From tho results in the previous section ( the L C P f'oriii), we know C^' is cont inuous wit l i n>si)(、(.t to 

For given suppor t sets vc^ctor S = {6'', i — 1 , 2 , . . . , A', D 3 . . . 2 S'、}, dcii i ic t IK、(•()t rcsi)()n(liiig 

'fOfU>il)lo' sot 7.(5") of r by the two coiKlitioiis in Lcii i i i ia 4.4.3. A n d (Iciiotc the closiirc of riS) l)s 

^ • . . . 、 

R{S). Since all the cond i t ions arc l inear wit l i r(\spc('t to r , for a fixed 5 , we know t hat cacli fi{S) is 

a po lyhedron . Tli(、r(、arc? on ly finitely m a n y of thci i i siiicc the clioico of s i ippoH sets arc finite, and in 

tho interior of each of these polyhoclrons, all the values can Iw fully differentiritocl wit l i rcspcct to r . 

F irst , wo give a cont inu i ty argui i iont , w l i i d i shows that wo only ikhkI to prove Th(K>r(、in 4.^.1 in the 

special t ha t when r iiiovos locally inside the interior of each R{S). 、 
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Lemma 4.4.6 Suppose A',, i — 1,2, . . . , / ; arc n cloard polyhedrons in /？^ whose miion is the whole, 

space., e.g., |J"_j X , = R.•、，and F{x) is a coiitinuous value fuiictioii on "八 which, is dij‘f(:r(:nti(il)l(: 

in the interior Xf of cach A',. For any dm.ctwii d. if the. (lirccti.onul dvrimtivc. < 0 for all 

X G 乂?，thru F{x 十 " / ) < F{x) for (my ；/• 6 “ 八 ’ a n d I > 0. 

Proof. If both .7： and 4- id fir(、in the interior of tli(、same A',, tlicii by t lie (lircctional derivative v/(、 

I • 

know that F{:i: + td) < F{x). Thcrcfoic, by coiitiiiuity the property liokls if both ./: and r + td arc 

ill the same X,, re îjardlcss if they arc in the interior or on t lie boundary. For any •/• G /?人•. / > 0 and 

.s > 0, we raii(J()inly (iiiiiforiiily) (.h(M)s(、a ’" with ||'"|| < .s. For each facet of any A',, tjic |)r()l)al)ility 

that tlic lino [:/• + v, x + v + td] lies in t lic fa('(、t: is 0. Bcc aus{‘ th(、r(、arc at most (iiiitcly many facet s, 

with probability 1 tlic line cross cacli facct only once. Tli(T(、f<)r(、there exists a vector v witli ||."|| < .s. 

such thai: ilio liu(、[j: + v, x + v + id] cross tli(、l)oim(lary of all at most finitely many t iiiics. For 
I 

each fraction of the line, the diroctioiial property liokls, tlicrcforc it holds for I he wliolc line, tliat is, 

F(x) > F{x + td). ‘ • 
4 

Ba.swl oil tho above leiiiiiia, wo only iicod to worry al)()ut I lie dinictioiial (Icrivat ivcs' in t he interior 

of OHcli R{S) for given S. Take? the direction d = 人 — , where d^； is the vector in /？人’wit li value • • • 

1 fit the A'-til index, aiid 0 on all tlio other iiKlicos. Wo now consider the directional derivatives, 
I 

with (liroctioii d. \\k\ note the dirc(,t()iml derivative of the jjlaycr A 's cost with r(>sp(、ct as •,/〔’人.and 

similarly, the clircctional derivative o f , / . a‘s . 
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Noticc that 

= 

1 

I 

if k = A-i 

if A-1 < A- < A-： 

if A- = A-j 

if (>ls(' 

(4.4.11) 

H(”ic(、 

A 

i=k leS' -S' < I j=\ 

K 

}
 w

 

+
 l£S'-S' 

py + bi 

[i+\)ai 

+ - E' - h, 

(7: + 1 )ai 

a- +1 ) I -k'Y, - Y . 

l< 

i<k 

EJ + hi 

/e.s’( i=k /e.SJ -Si 

h 

W
j
 

€
 

I
f
 

)
 

^
 

n
 -

/
I
V
 

+
 

1
1
 X

於
/
 

EJ + h, 

i>k leS' I^SJ-SJ 

hy + In 

uTT^i 

� . - % 

By suhstitutii ig (4.4.5) in, wo get 

� 

= — E/e.s- 十 + {k- 1) E/e.s'^ 
(4.4.12) 

Bocausc 

.乂 - E 
(II f I + 

les'' 

wo can rewrite equation (4.4.12) as 

('I 
/e.s.人-

- " / / / - hi 

(If 
I沙 

.k — k 

• r f C " = + - (A： - + • " " ' ( ' � • W - 2 r M ' + 2/- (4.4.13) 

i<k i>k 



(iif'r +1)1 fI 

E^ - kh, 人-+ hi 

{k + l)r// k + 1 

K 

y.lSC 二 [ ^ {2a,n + b,)la,= 

A,= l /e.S 人 

tlie directioiial derivative of tli(、total social cost is 

V./.VC = E E 
fc=l /(̂ .S'L.S•人 

A 

二 E E 
A-=L I 沙 - S K 

A 

- E E 

Ev",/ 
/=i 

Ev"" ' 

Ev"" ' 

+ h, ； ^ 

( 人 • + 1 ) " / 
E Ev""' 

人.=1 /e‘S.»̂ -‘S’人 

- (A： - \)h, 

( 人 . + 1 ) " / 

hi + - 2kbi 

F少-kh, 

(A-+ \)ai 

<11 (A- + 1)"./ 

Notv. that according!； to (4.4.5), 「二" = 2// and th(，ii 

/、’ A-

V,/.S'C = ^ ^ + M M 

AR=L/E‘S'*" -.S."丨丨 F 

Rcigroiij) the it,ciiis, we get 
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/ 

W i t h Uie derivatives (>ht:.ahi(、(l above, w(、now start to prove 1 lie main 1 licorcin (4.4.1) by looking 

at tho (linnet ional derivative. -
< 

4.4.3 Directional Derivatives of The Social Cost and Individual Cost 

Directional Derivative of The Social Cost 

J 

W(、start witli tIK* social cost. NoU、tlial 1 he total social cost is: ‘ 

E 

E 

K 

tes-

tes 

k= 

i< 

SC 

A-2 
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WiMi L(uiniia (4.4.5), 

•"•ST; = ^̂ AM + M M + 
Z/e.S"' '丨/"7 

^A-, S/f.s-^. (2"/// + "/)/"/ + 
V" / 

L/f.S•'‘1/"/ 

/»- “.E/€.s.m(2"///十/")/"/ 

k=k\ 

’Directional Derivatives of Individual Players 

W(， first (,h(、ck t lie (:oiisr("irii(.<、 of (partial) coopcrat ion lo 1 lie otiicr players. For player k wliicli is 

not i)art of t he coopcrfit ioii, tlicrc arc I lircc axsvs: 

Case 1: For play(，i、/i- < k、, (、.g.’ playn. wit li hig Mow (l(、iimii(ls. 

Nolo tliat it is followed from (4.4.11) tlial •""''力'=• ami = () lor all / < A.i or /• > k, . 

Then 

= Y^ — 2rM' + 2r 

：人-I 

k2 

/=人•丨 i=k-i /e.s’' 

一 2 ^ 
- i 二k、 

人.2—丨 1 

2 E 

•‘/A' 

‘ / l ' 

,人.1 

'/:('/:+1)1 A /I人.」 

< 0 
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Case. 2: For player k > h>, (，.A.，player with small How (iciiiMiids. 

< 

/ 二人.1 

v V M ' 

() 

/I 人.1 + E 
A-1 

h 

+ [ V.ifj'A' 

Case ,V; For playrr A j < /,• < hj. c.ji,., pifiyrr wit li flow (lriu;、ii<ls iicil licr too small nor too hi； 

irst consider the sjx'cial case t lial /,• = + I: 

/ 

<nJ) + • 人 . = r A . 丨 丨 丨 / l A . 丨 丨 丨 — [ 

\ /f)S’'‘i <11 

—̂ I 
l( s'-

('ill + “I  

(II 

+ E 义 
•A.I 

.A-i 
/V - 2 E 

las' 

(II fI 十 

(II 

：人.1 

('ill + 
狀 E � - 2 E V . / E 

/G.S'̂  

< ()+ (''.丨丨丨丨 “4',丨丨丨-/I '丨)•,"/’• [ {a, J, 4- h,)/a, 

‘ /e.s’人丨 I ‘ 

‘ ） • u “ ,i,、Z/e.s."iii("/// + M / " / 

'人.1丨丨 /(.S•‘ 

las'i 

('ill 十 

、(II 

“1.1.1 i I” 

"I 

>1 ^ I 

(A-, + 

丨 - 人 , 丨 

Af''' 

…-H-

1 - /I"丨 

1 + 1, not i(!o 

i>ki { 

J 十（/lA.i 十 •丨丨丨 J L (A-, 4- \}n, 

… - [ (II fI +  

("I + I)"/ 

.A-i f 

/e.s,人 I 

< ()，not ing t hat •‘ ‘ ‘ < 人 

Wlion A: > A：! + 1, not i(!0 iliat ilic (U^finil ion of V 少 ' i s d(、prml(、nt. on I lie |mmm<、t(>rs /、•、and /.'j, t lius 



CIlAPTFAi I. nOUNDINC Till-： PIUCE OF ANMiCHY IN COhU'r/ri I IVI'： liOWriNC： C.AMIM 

wv can consider it as ；I in net ion of k\ ;)ii<i A'J, wliicli CNN 1>(、 writ (cii as V,/f (h\, h->). \\v MISO write 

t he (lircctioiuil gradient. (、1' f广 as fniict ion of /, | and /.'-j, as, • , " / • ( / . .卜 ) • Nolc t liat •,"/'(/..卜/«.._,)= 

+ for all i + A-|.aii(l i / A", —1 by (1.1.1 I)，IKMKV the cluni.u.c of • " ( " ‘ ' is 

(人.1 + 1,/、,2) — ( 务 I./、.2) 

= V , • I (A-, + 1 ， - • ‘ (A-I. H 、 丨 — V V / . I ( / , . I . A-. 

I 1 1 .A- + 
(A-I + T ‘ (A-, + 1 )(A-I 十 T ‘ (A-, -F 1) / ! ' • • ‘ 

.A-

•f 1 V 人.丨 4 A-1 L>()-

It follows tlmt 

产(/..i,/,..2) < + l,/,.2) < . . . < - I.A-,) < ()• 

From t IK\S{' t LIRCC cases above, vvc know t I IMI VVIKMI I \V( > players coojxMal C wit LI each OL LICR (partially 

or fully), niiy ot licr playrr would IxMiclil IVoni this cooixmjiI ion. It niso (.<>iii|>lr“>s 1 li("|>m。l_ <>1' 1 he 

I 

l.liconMii. 
* 

lIow(、v<、r，it is iiol |)n)val)l(' iisiii.u; tli(、idcn of direct ioiial dcrival ivc t liat I \V(» |)lay('is always liavc 1 lie 

incent ive to cooixM alc. Not icc t hat for pinyrr k、aiid A'-j, bet wccii which \v<' consider 1 lie cooiH'i'fil ion, 

IT only INAK(\s sense to consider t lie tol al a)sl by 1 LI(\s<‘ t\v() |)lnycis, hccaiisc 1 lie How ( I C I I IM IK I of t IKMII 

changes but the total ilow (UMnaiid inside t.liis si山}z;mui) docs not clian.u.c. Wr can constnicl a simple 

('Xriini)l(' to show llial t lie direct ioiial dcrival ivc of as f<>ll"\vs: 

Example 4.4.7 (Urnsidr.r a l.wo-iuulcs iwo-links iiclwork wiili I he cosf paraniclcis 

".I =丨’ = 0, <i> — ()，IH = 2. 

Suppose til,cm arc players wuk the demand jlow vector (1, 1, 1/2) 
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IjvI k\ = 2, k} = / /" ," /he (liicctioiud (Icrivc "/(’人、+ 人 i s posilnu \ 

Fiirtlicr Discussion 

All.li()Uj;li t Ikmc is no moiioloii ici l V of 1 he cooixMMt ion u,r<)ui)'s (."si for t^cncral case, we si ill ol>s(Tvr 

some inl(M('sl inj; piKMioiiuMioii in soiiic special ciisc. (、”isM<,r k\ — 1 and /,••_> = 2. \v(‘ luivc t liat: 

/X'(A-,,A-,) 二 + — /；•-') — — 21)' + r?]? I /广） 
二 / 1 4' I 

V •>> '1' / 
\ ^ - I ^ t / 

< (). 

This implies 1 lie t\v(> players, who have 1 he two l>ij_j;fi;(、st rcHjiiircd How iii 1 he systriii . do liavc I lie 

inccnl ivc to coopcra lc jxiilidJIy. Also, as a coiisccjiuMicc. if I lie playrr coiil i imously sci/c How 

(Iciiuuid from t he second hitij^csl playrr (vvliicli clian.u.cs wlicii t his proceeds), cvcrvoiic hcncl i ls iVoiii it 

<111(1 1 hcrcforc so docs the social vnliic, wliicli j;iv('s t lie iii(<Mil ivc l.(>r nil I he |>la.v(TS to fully m(>|>(Talr 

at t lie (Mid. ‘ ^ 

'riKMclorc ill sonic cases t wo plavcrs mij;hl resist 1 he idea of cooixM nl ion IxM-aiisc il mi.<;lil hurt t Ikmii . OX ‘ ‘ 

ill the m i l {<•<>s1 at tlie Nasli 卜:(|iiilil>Hmii), 1 lie otl icr plnycrs can (.<>m|>(”is;»l(, 1 licin r"r doiii.u, so 

and make t IJC whole syslcm more cHiciciit. 

4.4.4 The U p p e r B o u n d of tl ie Pr ice of Anarchy 八 

Tli(i tlicoHMii 1.1.1 leads to t.li(、 following: 

C o r o l l a r y 4 . 4 . 8 hi. a rouihuf "am(’ with iwo-iiodcs in till i-links iiciwork and linear unit jlow cos I. Ilir 

price of anarchy for K players /m/"",."..s only when all Uic K players have r:mr/./// /./"' saiiir .r(,"uiird 
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Jlow, and nms(.(iu('nl,ly, idcnlical jlow on all cdfics al llic Nash lujuilihfyinii. 

(Consider 1 l u ' C o i ^ case when :ill i)lay<MS have ll丨(、sniiic m|"ii.<、(l How. dcMolcd hv whicli is m sr;“;、丨.. 

If t he set ti 11.1； is cent rally COMI^OIUHI, t lie n、<|，iii.<、<l How is l\ li. 

Tlicii by syimiuMry,、v(、assume all players havr 1 lie sam<、support s(M . S ' 1 lie s ; " " r How vector .\a 

and I saiiic iiiar.i;iiial ms l r'^" when t he .ujnmc icnclics 彳 h(、Nasli <<((uilil)riiini. Kmm ( 1.!.()), we luivc 

“—(八’fi)"/ 
and 

-h, 

Si"(.(、E/(:‘s.�“ 
• A n _ h\ 

And tli(、total social mst 

{l< I I)"/ 

E 
h： .S’ ,、'" 

(II 
(A'-f I)// . ( I . I.I 1) 

‘s'r、、' = YJ"丨丨丨“丨、.丨.丨 

/e.•>•'、•'• 

-f h,八-(广、"-/,,) 

( 八 ’ + 1)"/ 1< 

K K{i {K - 1 )/,",、.'' — 

/(.s.�" 
{K + 1 

(1.1.If)) 

)r 1 lie ease wliicli is (-(Mil rally coiit rolled, (h、iiot(、1 lie ‘s"pp<>|-t scl ;is S。, I lie m;".‘i;iiml msl as and 

t he How oil t he link I as fj\ Th<、ii t he i)ml>l(、m is converted to a " opl iini/at ion |>ml>l(、iii: 

mil. f ( " / / r + M /厂 

s.t. [ / " - : K l i 

ICS" 

JV > n v / . 
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Not(、t hat / " = ' ' 广 lor I € S。. It is clear to s(、(、‘V.、'' C S。usiii,-; th(、similar idea wit h 1 li<> proof 

of (1.4.1). Il(、ii(. 

f乂）— l>i V — hi V ̂  — l>i . 

L ^ ^ 二 + L 二 八 ( 丨 • 丨 • 丨 ⑴ 
丄(II ‘ ‘ Zdl ^ ‘ 1(11 

ICS" •‘ /• s、’,> 

And the total social cost 

.s( 二 ("/.// + hi)J, = — = 
hn 

. V， -h'j V - -h'r 

Now \v(、coMsl ruct n new IKM work willi two nodes niul t h n v links, in wliicli t lie social cost (“. hot li 

th(、Nash E(|uilil)riuiii ；川(I social "pt i inal om、. ；m、1 lie same as t lie ()ri.u,inal network. Iiciicc I he price 

of anarcliy ol thcui. I-onually. \v(, pmp"s»、t he rollowint:, Iciimia: 

Lc i i i i i i a 4 .4 .9 /')". the muiinij //"////• wliJi an arhHrarfj Iiro-nodcs iiuilfi-lmf,s nchrork. Uk r< c.risis a 

firo-nodcs thrcc-liiiks network fo rcplarc the oriijiiKil network trilli I Ik saiiK "ri". of "ii<"rl"i. Fni-

fhrnnorc, h; = 0 for some I.ink I in Ihcsc fhrcc links. 

4 

) 

Pn )()f. \V(、 add a mark “ ‘ “ I " I he letters to dciiolc t lie corrcsixuKliiiii, parMinctcrs in (he u(、\v 

net work. Note t liat and r‘、" denote t he origiiinl iiinru;iiial cost, which we will keep it 1 same in 

tlir ⑴(、wit 11 1 he new network. 

TIkmpwc const ruct t lie t\v(>-"<>(l(、s t lircc'-links network link by link. . 

First, if ‘S，(）= ,S〜''，iH 

O (i\ an nrl)itiJiry pnsitivr uuiiilx、 
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ot h(、r\vis(、 

'1_S - V 

\n' —乙/(、•'' s-、'' rrr 

E/e‘s.'"-.s’.、','（r。一 /")/"/ 

N(>t(、thnt hi < r() lor I e S(>. II( lie 

aiici </ 

Ylu S' ‘、.、.•("，—〜)/"/ 

“ . . / . E/(-.s。.s,.、.,小‘-�)"//"/ ^ 
()么 /,I < 7-71~~TVT< r • 

Also, (II > n. 

To construcl the ol l icr (wi> links. UM hi = 0 and 

+ 2,,' 

If/', uP. 

十(l< 1 II"' k (/、 

After some basic mathc inat ica l nnluct ioi i . \v(、mv 

— 乙 ies‘\“ hi, 

二 I]/f.S'、' 
h, 

(/、I I)", 

I/.,= Z/C.S.、'“ / 一 Z/£.S,‘、_, “ i / ( ” 
( I . , = 

� / " / . - ( E / , ‘ S •、 ‘ ‘ ' " / " / ) 

and 

"i"7"/)(Z/e.s、、<' I / " / ) — (Z/c.v、" "//"/).. 

X 

Similarly, h, < r、'" for I e 6，'、’' 

i) <!/.,= •‘ < a.Hl .f , > 0. 
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Furt lun inoro, h>; t he Cauchy-Scl jwnrt/ Inccnialily. a', > 0. 

Now \v(、liav(、a two-nodes t l".(、(、-liiiks network sat isfviiii; 

0 = < h , < r‘、" < />| < 

Nanu' ly. we (‘oii\.<、i.{:;(、the links in S。— S、" to a link wit li |mi.;u"(、t(、rs {<i\. //,) and tlu、links in .S'.、''' l o 

two links wit li (r/^, I/.,) JUUI //j). Tli(、nMiiaiiiiiiii; 1 ask is lo show t luil niter (liis opcrnt ion t lie lota l 

social cost is tli(、same as tli(、oriti-'mal <>ii(、. 

Accordin^j , l o ( 1.1.15) MIHI tli(、total social cost when t lie name wi th 1 he new luM work r(、m.h(. 

Nasli ('(inilihriuiii 

S( 
h' 

(/V + ly-

i< 

(/v + ly-

/v 

( T v T T y 

八'(<.•、.").-' - (/v - 1 )//, l<{r^"y 

十 

八(丨 
(I., (I., <1., <1. 

//. // 

E ；^•^八'-"「.、、' E E 
( I I 爹 

/(-.v 
<11 

=S( 
Vu 

V、.' 

A n d llu、(){)tiiiial total social cos! is 

•ST 
\n Ui： 

I
 

+
 

I
 

/
 

J
 /

t
\
 E

 
/e‘s,<)-.s’'、'" i〔s‘\'' 

\(ii 

二 ‘S( 

• 

Then we liavc the following uppci- hound for IIK、i>I.i(.(、of anarchy 
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Theorem 4.4.10 The price of auarrJiy of K-players lotilinfi (jaini in flic hro-noih"' inulfi-links nc 

t I • 2 
tvorh with linear unit Jlow cos I. is upper hoiuidal by ~ •M\ - \-21< 

Prool. W i l li t ho Iciiunn ;ih(>v(、. we just ii(、（、（l to (.(>nsi(l(T ；、t wo-nodes t hrcc'-links network sat isiyini:; 

0 = < Ih < r .、、' < l>i < 

Ami 

.A'f 
h-

{K + l)/«\ 

-Ih 

(i> <i\ 

：： ^ 十二 = '2KI. 
(I- (I： 

1. LIS) 

1.1.1!)) 

Ih、\vi,i1(、I lie tot al social cost 

<Nn 

S( 

I< 

(/、• +1 ) : 

K 
j\a {K - 1 Vhc^'" + Mr '、" 

hi 

\(l If/- 1": 

( i . 1.20) 

(1. 1.21) 

From (4.1.19). 

S( 
.o ( r " + M “ " - M • ( r ( � -( r ( ) 

k/1 

.o 

In J 

,。-/,., V) 
1": 

a- (I： 
+ 

-hf 

.•In. 
+ 

\a 

Kix(、(l ot her paraiiuMcMS, at tains th(、iniiiiniiiiii value \vh(、ii h\ = . 

Sul)slit.iit(» =(,'、'' in (1.1.19)，and ( l . l 18)-('1.1. HJ), 

.。= r ‘ v " + (八 
1/^/1 + 11(1,1 + 1 /(I： 

and iVoni (4.'1.18), 

=(八'+ l ) " + /,‘"(/_.  

1 /a-2 + 1 /a-A 



3A'- + 2A' - i A7? (,:ih‘, 

i_ -— 丁 

l / " 2 + l/f':i (i> + (i.i 4{r/2 + (1：\) 

(1-2 (i-.i + a-t) 4 

> 

CHAPTER 4. BOUNDING THE PRICE OF ANAIKUY IN COMPETITIVE ROUriSG GAA/E91 

Subs t i t u t e t h e m in (4.4.20) and (4.4.21), \v(、 

SC 
'iVfi A"-/?- + A7? (r、l) KIk 

1 /(I-2 + 1 / a -.i (1-2 + a -.i (/\' + 1)- ((1-2 + (I A) 

and 

Q广（)一 「3八'-2 + 2八 - _ 1 ,, (/( 一 1)-- h'.Ii (I II)-. hi 

T h e (H|iiality holds wlicii O] — 0. 

T h r u 

> 

4A'-, 

3 八 + 2f\ -

( 4 八 

SC。- SC 
.\a 

…1 
A'/? (i.ih. K- K 

+ 2 A' - 1 } “ •• 

K{K - l)-_ R a:ib.2 

(i> + (i:i 

h> 

(1,2 + 

1)2 

(t'l + (l:\ 

V3/v-^ + 2 A ' - 1 (A' + D -

+ 2K - 1 
/ v ( A ' - 1)-

+ 2A' - 1 

K{K-\)'-

S I O + 2A' - 1 

K { K - 1)-

+ 2K 一 1 

(3A-2 + 2K - 1)(A' + 1) (1-2 + a： 
r 

(/\' + 1)7? — h‘2 

1j： 

—.(f,、." - /,.,) > ()• 
a> 一 一 

Wl io i i 1)2 — e'^'", t he equa l i ty holds in the last inequal i ty. 

F ina l ly , the price of anarchy 

、“(G, 
SCN(i < 、4A-2 

SC() - + 2/v 

+ 

2
 2
 

l
o
 

丨;; 
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Noto that the upper ho iu id is t ight . From the proof, the coiKlitioiis imder which t.h(、hound is tight 

are as follows: 

l>\ = h-2 = r、"， and (i\ —( ) . 

» 

W i t h this i i i forinatioi i , wc can constnict the following (、>:aiiii)l(、in which tlic pik.f、of anarchy at ta ins 

the upper 丨)()uiid. 

Example 4.4.11 Consider a iwo-nodas two-links lictworh in wliirh: 

八’ 

(i\ = 0, b\ = I . (I) = h> = ( ) . 
A + 1 

Let /?=去.thru the price of auarchy in this case is cxactly 从..；}*̂ ’"、.—，. 

t» 

4.5 Counter Examples 

The fol lowing example shows that the i i ioi iotoii icity may not hold any iiiorc for goiioral graphs. 

Example 4.5.1 Considcrimj the directed (jraph below, there arc 3 players P‘. P~ and P'^ in ffir 

routing game, each with one unit of flmr to transpoii.. Doth P^ ami P- have the sum a sfartiiuj node 
» 

.4 and teiininal node C. while P'^ staiis at node D and ends at node C. The cost fiuicfions for 

AC, AD. DC arc .R, 0,2.R. rcspactivcly. 
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Then in this cxouiplc: when P ' , arc two indcpcndcni plmjcrs. the social cost ai fhc itniqnr Nash 

(tqu'dibrium is 4; however, when , P- roopcniic. flu corn sjtoiidiufi vnluc hcroitics 9/2. which is 

greater than the cost bcfoiT. 

Example 4.5.2 The. conclusion fails even if we atrcnijihcu the assmnpfion <is that all pUnjcrs have 

the smtic source and (Icsfinafioit nodes, as shown in the followiu<f c.ranipir: 

A 

C 

In the direcUtd (fvaph above, there arc '3 players P \ P~ and P'^ in the routiuij (juinc. who need to ship 

1/10,1/10 andd/U) mits of flow from A to D. respectively. The cost functions for AB. AC, DC. DD, CD 
I 

are 2 + lO.r，4 + 2 十 l().r’ 9 + 2(h\ 1 + 6.r. irspcctiwly. ‘ / I 

, ‘ / . , • 
hi this example: when P \ P~ arc tiro imle:p(”ul(nd players, the social cost at the unhiuc. Nash cijui-

librimn is 51482G875/62410000 a 8.249108717;, howrvcr. when P‘. P- cooperate, the (•(rnrspond.hifj 

value bccomvs 950G9419G/115240225 % 8.249673202. which is (jiraier than the cost before. 

4.5.1 Open Problems • _ • 
• \ 

1, Does there always exist a kind of allocation plan such that all players in coalition can be he iter 

off? Note that the cost is nontransfcrahie. The followiny vxainple shows that the conclusion fails to 

hold at least for (jcntTal graph. "‘ 
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A ^ ^ D 

Given thr dircrtcd (fvaph above. 2 players. P ' and P^ in the (fame nerd to ship 1 / lO and 9/10 units 

of flow from A to D. rvsimdhwly. The cost functions Jar AB. . 4 ^ . BC. 13D. CD <ir(\.r. 1 .0. 1. .r. 

respectively. .. 
1 ’ 

Then tlw flow vectors at the Nash cquilihrium aiv ./•' = (1/10. 0. 1/10. 0. 1/10) uud ./•- = (l)/2(). 9/20. 

* 

0,9/20 ,9 /20) . When tlnry cooprratr. the opthnal flow is .r* = (1/2. 1/2.0. 1/2. 1/2). Then rlrarly. 

there exists no allomtion plan such that 尸 ' c a n bciirjit from the cooperation. 

2\ Compute a ti|^litor hound for the pi.i(、(、of aiiarcliy of th(、routing gaim、in tlu、i^tnicial network 

with liiioar cost fniictions. FurtluTnioro, for a fix(、d tyi)CM){“ lu^t woi k, find t he worst ('as(、wlicn players 

>• -

oiiiploy the selfish strategies for arbitrary ifiiiiil)(T of players. “ ‘ 

3. Built a general model with transportation game as a spocial case to i.(、H(、('t t he concept of "partial 

core", '"j)rico of inoiiarcliy'\ "fairness" and so on. A rolatcd stable state between iioiicoopoiat ivo and 

t 

cooperative game can be (iefinocl as following: 

Tlie players are divided into several coalitions { S i , . . . , 5；,}, which satisiios tho following thi,(H、coiicli-• 、 

tions: ， 

• the gaiiie reaches the Nash oquil ibriuniiby treating coal it ions as player; 

J . . ‘ 
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• ill cach coalition. t.h(、n、exists a kind of core allocat ion： 

• no mm.(，cooperations ainoii.^ play(、i.s is possible. 

W i t h tli(» (lofiiiitioii al)()vc\ uiulor what conditions dors th(、stal)l(> st ate exist？ 

4. If tlio iiiaiiagoiiKMit cost is tak(、ii into thr considoratioiis of tho coalition, docs a threshold for 

the iiuiiil)(、i- of iiKMiihors of t.li(、coalition exist？ In this 1 licsis. 、v(、study the s(、v(、nil open qurstioiis 

in tlio (.ooi)(、rativ(、^^aiiio t h w i y and ii(m-(.oop(、i,ativ(、；j;aiiio theory, l)y utili/iii'； tools and iiicthods 

from optimization theory. \\'(、first iis(、the tcrlmiqm' of polyinalroid <>))tiiiii/ation to establish the 

• 

siibiiiodiilarity of the joint r('j)lcuiisliiii(Mil gani(、and one wai,(、hous(、iimlt i-nMailcr game. The general 

• th(H)ro(i('al rosiilts on the suhiiiodularity of" tli(» ohjoctivo function for (.(、rtaiii oj)!iiiii/.Mlion prohUMiis 

with poly mat roid const rail its arc、of iii(l(、i>(、ii(l(、ut" iiitorcst and liavc furl IKM' (.(ms(、qu(、nr(、s in Imth 

opt imizat ion and gaiiio theory. Then hy (l(、fiiiiiig a potential function, \v(、show, that th(、stratc^gy of 

learning; from history (loos (.()iiv(Tg(、to the Nash Eciuilibrimn of t.li(、gaiiu、mi(l(T ('crtaiii conditions. 

W i t h empirical results show tliat the strong the incinory is, t i uor (、l i k (> ly it is to converge, 

h()W(»ver thr (*oiiv(、i.g(、ii(.(、speed is slower as the tradeoff. Specifically. Ilic comix'tit ivc roiriiiig gainc 

falls into this (.at(、goi,y, he.cause of a iiionotoiiic L C P foriimlatioii ol' th(、Nash E(iuili])iiuin of the 

game. Assuiiiiiig in a traffic systom cvcryoiic do act gi.(x»dily and hikr history into account wliilo 

making decisions in gonoral, it is tlicix^fore reasonabU^ to argue that playei.s should uso cost in 

the Nash Eqiiilihriuiii instead of t..h(、imiii(、(liat.(、（.(ms(、(iu(m(.(、，to docidr if thoy should coojK'ratc or 

not, if the decision of "cooporatioir' is hard to r(、v(TS(、. It is iiitorc'stiiig to notice that vvhon two 

l)layoi's (,o(>p(、mt(，，all .the other players do hoiioHt , as w(、ll as the social systoni. H()\V(、V(T，tho two 

players might Ix、worse off, ev(、ii though tho player with thr ])iggost share of How always has incoiitivc 

to obtain iiioro (partial) flows from its strongest conijK'titor. Fiirtlioniion;, for parallel network, tlie 
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t ight bound of pi.ia、of anarchy with given A'-iiuiiilu'r of j)l;iycis lias been (,stahlish(、(l. 

Al l these results for (liff(、i-(、iit a.sp(、(l.s of j^aiiie th(、ory，arc (>l)taiii(Hl by app ly ing tools and met li()(l()l()}i,i('s 

from t,li(、Held of opt i in i /a t io i i . As w(、could s(、r，to analyze th(、i)n>iKTt:.i(、s of a jj;ai"<、or to solve" 

s «• 

tlio corc/Nasl i Equi l ihr i i ia of tlic gaim、（、fli(-i(、iit ly, tli(、s(> (juant it al ivc nictluxls arc iirr(、s‘sai.y. Ga i nc 

thoory itself is an ciiicrj^ing field wit l i many OJXMI pn山 1(、⑴S while oj) ! i i i i i /at ion thcory has L)(vii 

well ostablisluHl ami siIKIUMI, if those well (l(、v(、l(>i>(>(l tools and IIHMliodolojijics can he fully uti l ized 

ill }!;aino theory, many aiiiazinii; tliiiip;s arc hound to hapixMi. Also. jj;aiii(' Ui(、(>r(、ti(.al coiiccpls (.a.ii 

soiiiotiiiios lead to Ix'ttcr uiKlcrstandii ig of al^orit l i ins in oj)! ini i /at ioi i theory, (or (、xai"pl(、t Uv idea of 

learning; natura l ly U'ads to (、ffi(.i(、nt, (listril)utiv(' aljijorithins for solvhig op l i i i i i za l ion problems, which 

I 

is a promis ing direction for solving large s(.al(、()|)t imizat ion i)rol)l(Miis and ill ili/iiijz; 1 lie power of 

parallel coi i iput ing. The two (.(⑴ii)(m(、iit"s of 圳m(、tl icory, t he (.ooi)(、ratiw jj,ain(' 1 licory aiui t:h(、noii-

(•()0i)0rativ(' gaiiio theory, alt l iougl i s(、(、iiis far apart from cacli otlicr siii(.(、in oii(、sctliiij!； (、v(Ty(>ii(> 

fully coopenitos and works togctlior, and in the otlicr setting- cvcryoiH' is g n v d y and acts on liis/licr 

own. However jMactically, cooporatioi i and coinpct i t io i i hot l i (、xi.sts at tlie same tiiii(、，in th(、same 

system. It is t herefore iiitcrestiiig to iinderstHiKl how part ial (.ooi)(、niti(⑴ forms and t.h(、(lynaiiiics and 

coiiscciuoiicos of it, as shown in our s tudy ahoiit (•(>iui)(、t.it.iv(、routiiiji, gainc. It would he interest 

to ostal)lisli a u i iddlo grouj) l)(、t\v(、(、ii coojxnHtivc gaiii(、throry and iioii-coojMTativc game t licory, in a 

ii iorr general setting. 

Since bo th opt i i i i izat ioi i and gaiiu^ tl icory contain oiioriiious sul)fi(、l(ls，this thesis could only cover 

several aspccts of tlicin a»s an attoiupt. to show the l)i.i(lg(、l)(、tAv(H、n op t im iza t ion and ^a inc theory. 
• « 

Hopefully，it could inspire more interest on this topic and br ing iiiorc inputs . 
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