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ABSTRACT

The analysis of joint distribution function with bivariate event time data is a chal-
lenging problem both theoretically and numerically. This thesis develops a tensor spline-
based nonparametric maximum likelihood estimation method to estimate the joint distribu-
tion function with bivariate current status data.

Tensor I-splines are developed to replace the traditional tensor B-splines in approx-
imating joint distribution function in order to simplify the restricted maximum likelihood
estimation problem in computing. The generalized gradient projection algorithm is used
to compute the restricted optimization problem. We show that the proposed tensor spline-
based nonparametric estimator is consistent and that the rate of convergence can be as

1/4

good as n/®. Simulation studies with moderate sample sizes show that the finite-sample

performance of the proposed estimator is generally satisfactory.
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ABSTRACT

The analysis of joint distribution function with bivariate event time data is a chal-
lenging problem both theoretically and numerically. This thesis develops a tensor spline-
based nonparametric maximum likelihood estimation method to estimate the joint distribu-
tion function with bivariate current status data.

Tensor I-splines are developed to replace the traditional tensor B-splines in approx-
imating joint distribution function in order to simplify the restricted maximum likelihood
estimation problem in computing. The generalized gradient projection algorithm is used
to compute the restricted optimization problem. We show that the proposed tensor spline-
based nonparametric estimator is consistent and that the rate of convergence can be as

1/4

good as n/®. Simulation studies with moderate sample sizes show that the finite-sample

performance of the proposed estimator is generally satisfactory.
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CHAPTER 1
INTRODUCTION

1.1 Background of Bivariate Current Status Data

In some survival analysis applications, observation of the random event time 7 is
restricted to the knowledge of whether or not 7" exceeds a random monitoring time C'. This
type of data is known as current status data, and sometimes referred to as interval censored
data case I (Groenoboom and Wellner (1992)). Current status data arise naturally in many
applications, see for example, in animal tumorigenicity experiments (Hoel and Walburg
(1972), Finkelstein and Wolfe (1985), and Finkelstein (1986)). In these examples, for each
experimental animal, 7" is the time from exposure to a potential carcinogen until occur-
rence of the tumor, and C is the time, on the same scale, of sacrifice. Upon sacrifice, the
presence or absence of the tumor can be determined providing current status information
on T'. Another example of current status data arises in studies of the distribution of the age
at weaning (Diamond et al. (1986), Diamond and McDonald (1991), and Grummer-Strawn
(1993)). Here T represents the age of a child at weaning and C' the age at observation. It
also arises in studies of human immunodeficiency virus (HIV) and acquired immunodefi-
ciency syndrome (AIDS) ( Shiboski and Jewell (1992), and Jewell et al. (1994)).

The univariate current status data have been thoroughly studied in recent years.
Groenoboom and Wellner (1992) studied the asymptotic properties of the nonparametric
maximum likelihood estimator of the distribution function with current status data. Huang

(1996) considered Cox’s proportional hazards model with current status data and showed



that the MLE of the regression parameter is asymptotically normal with /n convergence
rate, even through the MLE of the baseline cumulative hazard function only converges at
n'/3 rate. For a review of regression models for interval censored data, see Huang and
Wellner (1997).

Bivariate event time data occur in many applications. For example, in an Australian
twin study (Duffy et al. (1990)) the researchers were interested in times to a certain event
such as disease or disease-related symptoms in both twins. As in univariate case, both
failure times can be censored.

Some work has addressed the estimation of the joint distribution function of the
correlated event times with bivariate right censored data. Analogous to the well-known
Kaplan-Meier estimator for survival function, the bivariate Kaplan-Meier estimation on
plane was proposed by Dabrowska (1988). Kooperberg (1998) discussed a tensor-spline
estimation of the logarithm of joint density function with bivariate right censored data with-
out studying the asymptotic properties of the estimator. For bivariate interval censored data
case 2, a nonparametric two-stage method was proposed to estimate the joint distribution
function in the literature. In this method, first the non-zero mass intersection rectangles are
found, and then EM algorithm is applied to find the MLE of the joint distribution (Beten-
sky and Finkelstein (1999) and Yu, et al. (2000)). In the second stage the EM algorithm
could be replaced by the more efficient Iterative Convex Minarant method proposed by
Groenoboom and Wellner (1992). But this nonparametric estimation is not uniquely de-
fined (Yu, Wong and He (2000)) because the non-zero mass rectangles can not be uniquely

determined. Moreover, the asymptotic properties of this type of nonparametric estimators



are difficulty to study.
This thesis focuses on bivariate current status data. Let (77,75) be the two event
times of interest and (C, Cy) the two corresponding random monitoring times. In this

setting, bivariate current status data consist of
(C1,Co, Ay = I(Th < C1), Ay = I(Th < CY)),

where I(-) is the indicator function. This data structure arises in the studies of two dis-
eases in same patients or some common disease for two correlated subjects. For example,
Wang and Ding (2000) studied whether or not the onsets of hypertension and diabetes are
correlated for people in two towns in Taiwan. By assuming a bivariate copula model Wang
and Ding (2000) proposed a two-stage estimation of the association parameter of two event
times, in which the joint distribution of the failure time variables is assumed to follow a
bivariate copula model (Nelsen (2006)). First the nonparametric estimates of the marginal
distributions are obtained, and then the association parameter is estimated by the maximum
pseudo-likelihood method. This two-stage method facilitates an easy estimator of the joint
distribution function through copula model, and is the only available method in the litera-
ture to estimate the joint distribution function with bivariate current status data. But if the
copula model is not correctly specified, this estimator could be seriously biased. Jewell et
al. (2005) studied the relationship between the time to HIV infection to the partner and the
time to diagnosis of AIDS for the index case by estimating smooth functionals of marginal
distribution functions. In both examples, the bivariate event times have the same monitor-
ing time, that is C'; = C; = C'. Hence the joint distribution function can be only studied on

the diagonal, that is, only F'(c, ¢) is identifiable. However, the common censoring assump-



tion may not be true. For example, suppose a study is conducted to explore the times to first
use of marijuana between siblings. Although the interview may be conducted at same times
for both siblings, the ages at interview (monitoring times) of the siblings are different and
these give arise to the bivariate current status data with possibly different C; and Cs. Ding
and Wang (2004) proposed a nonparametric procedure for testing marginal dependence in
the general scenario when two censoring times for two events could be different. But their
goal was not the estimation of joint distribution function. This thesis is concerned about
the estimation of joint distribution function in the general scenario when C'; and C; may or

may not be equal.

1.2 Thesis Objective and Proposed Method

In this thesis we propose to estimate the joint distribution function with current
status data, using the tensor spline-based sieve maximum likelihood method. Convention-
ally, the estimate can be defined using the method similar to Betensky and Finkelstein
(1999), and Yu et al. (2000). For these methods, the non-zero masses are determined for
the intersection rectangles made by the collection of monitoring times. In addition to the
uniqueness problem, as sample size increases, this problem is a high dimensional problem
which is hard to deal with. To overcome these difficulties, we proposed a partially mono-
tone tensor spline-based sieve estimation method for the the general bivariate current status
data described in Section 1.1. Under some regularity conditions, we show the tensor spline
estimator is consistent and we derive the convergence rate of this estimator. Our simulation

studies indicate that the proposed tensor spline estimation method performs very well and



better than a three-stage pseudo likelihood method extended from Wang and Ding’” method
(2000).

The rest of thesis is organized as follows.

In Chapter 2, Some technical backgrounds are introduced. First, we introduce the
B-splines and the I-splines. We study the equivalency between the B-spines and the I-
splines. The partially monotone tensor B-splines are used in studying the asymptotic prop-
erties of the proposed estimator. The partially monotone tensor I-splines are used in com-
puting the restricted maximum likelihood estimate, since the constraints of the problem
using the tensor I-splines is much simpler than that using the tensor B-splines. Second
we introduce some basic concepts and results on empirical process theory, which will be
heavily used in consistency proof and the derivation of convergence rate. Finally, we derive
some useful technical results on the B-splines and the tensor B-splines.

In Chapter 3, the tensor spline-based sieve nonparametric maximum likelihood es-
timation method of joint distribution function with bivariate current status data is proposed.
First, we derive the likelihood of bivariate current status data. Second we derive the likeli-
hood with the B-splines, in which the partially monotone tensor B-spline function is used
for the joint distribution function and the monotone B-spline functions are used for the
two marginal distribution functions and we represent the spline-based sieve nonparametric
maximum likelihood estimation problem as a constrained optimization problem with re-
spect to the coefficients of the B-splines. Finally we similarly derive the likelihood with
the I-splines and represent the problem in terms of the I-splines in order to have a set of

constraints that are easily dealt with in computation.



In Chapter 4, the asymptotic properties of the proposed estimator are studied us-
ing the technical results on the B-splines. Some regularity conditions are provided for the
theoretical development regarding the joint distribution function, the censoring time distri-
bution functions and the B-splines. First, we show that the proposed estimator is consistent.
Second, we derive the convergence rate of the proposed estimator, which can be as good as
n'/4,

In Chapter 5, the numerical studies are carried out. First, the generalized gradient
projection method is introduced to compute the estimate. Then, extensive simulation stud-
ies are conducted to examine the finite sample performance of the proposed method. We
also compare the proposed method with the Wang and Ding’s method (2000).

In Chapter 6, we describe the further applications of the proposed method are dis-

cussed.



CHAPTER 2
TECHNICAL BACKGROUNDS

In this chapter, we describe three versions of spline functions and their relationships.
We also summarize some results on modern empirical process theory that will be heavily
used in studying the asymptotic properties of the spline-based nonparametric estimator of

the joint distribution function with bivariate current status data.

2.1 Splines
In this section, we introduce three types of splines, the B-splines, the M-splines,

and the I-splines. We describe the constructions of these splines and their relationships.

2.1.1 The B-splines
The normalized B-splines or simply the B-splines for brevity in this thesis, can be
evaluated by the de Boor algorithm (de Boor, 2001) as follows. For a partition or a knot
sequence, that is, a nondecreasing sequence {u;}, the B-splines of order 1 with this knot

sequence are the characteristic functions given by

17 U; S S < Ujt1,

N)(s) = 2.1)

0, otherwise.
Ifuz = Ujy1, N}(S) =0.

The key characteristics of these functions are

(i) N!(s)fori=1,2,--- are right continuous;

(i) 32, N}(s) = 1.



From the B-splines of order 1 (2.1) the B-splines of higher order can be obtained
recursively by

NE(s) = wh(s)NE(s) + (1 — by, () NATA (),

(A KA 1
with

S—Uj
Ujg—1— Ui’

Uiyk—1 7 Ui,
0, otherwise.

If wiyp_1 # u; and w; g # u;i 1, we have

Nb(s) = — 27 Nh-1(g) 4 MR TS kel 2.2
£ Uirk—1 — U () + Witk — Ui+l ah (s) (2:2)

There are some important properties for the B-splines which will be used through-

out the rest of thesis and are summarized below.

(B1) (Theorem 4.18, Schumaker (1981)) The B-splines have support on several knot inter-

vals. Specifically, for the B-splines of order /, if u; < s < u;1, then

£0,j—1+1<i<j
N{(s)

=0, else.

(B2) (Theorem 4.20, Schumaker (1981)) We already mentioned that the B-splines of order
1 form a partition of unity. Actually, this property is true for the B-splines of any

order. Specifically, for the B-splines of order [ N!(s)’s we have

ZN;(S) = 1.



(B3) (Theorem 5.9, Schumaker (1981)) The derivatives of the B-splines can be calculated

by:

ON!(s) -1 NI-1(s) -1

Os Ujp1—1 — Uy U1 — Uit1

Niti(s).

2.1.2 The M-splines
In numerical analysis the M-splines are non-negative spline functions. In this thesis
the M-splines are used to construct the I-splines. Curry and Schoenberg (1966) proposed
the construction of the M-splines as follows. Suppose a knot sequence is given by {u;},

the M-splines of order 1 for this knot sequence are defined as

1
vy Wi < 5 < Ujga,

M} (s) = (2.3)

0, otherwise.

From the M-splines of order 1 (2.3) the M-splines of higher order can be obtained

recursively by
(s — ua) M7 (s) + (uips — ) M5 H(s)]

lg) —
Mis) (I = 1) (wigs — uy)

(2.4)

Lemma 2.1. Suppose the M-splines given by (2.4) and the B-splines given by (2.2) are

associated with the same knot sequence, then they are closely related by

Ml(s) = ————N(s). 2.5
{9 = N 25
Proof. (i) Note that M}(s) = m]\f}(s), so the relationship is true for [ = 1.

(i) Suppose the relation holds for [ = £ — 1, then

kl(s — i) M (s) + (uirr — 8) M5 (5)]

Mi(s) = (B — 1) (tigr — u;)
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Bl(s — ) g 25 NET(S) o+ (igk = 8) o S NI 5)

(k= 1)(uisn — )

k S Ui k-1 Uitk — S 1
- NF1(g) 4+ 5 7 Nk-l(g
Uik — Uy [U¢+k_1 —u; " ( ) Ui — Uig1 i+1 ( )]
k
- —— NF(s),
Uitk — Uy

which implies (2.5) holds for [ = k.

By induction (2.5) holds for any positive integer [, which completes the proof. [

2.1.3 The I-splines

Ramsay (1988) proposed the I-splines, which are monotone functions constrained

between 0 and 1. The I-splines can be used as spline basis functions for regression anal-

ysis and data transformation when monotonicity is desired. The I-splines are constructed
through the M-splines as follows.

}117+l+1

Suppose the M-splines M!’s have the knot sequence {u; satisfying

ulz..':ul+1<ul+2<...<up<up+1:.--:up+l+1’ (2.6)

where the first and the last [ 4 1 knots are equal because the M-splines are of order /.

The I-splines are defined as

1, i=1,
Ii(s) = 27)

[ Mit)dt, 1<i<p,
with L < s < U, where L and U are the left and the right end point of the knot sequence
{u; )77 respectively.
Since M!(s)’s given by (2.4) are piecewise polynomials of degree [ — 1, then I!(s)’s

given by (2.7) are piecewise polynomials of degree /. De Boor (2001) showed || LU Mi(t) =

)
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1 for positive integers 4 and [, which, along with the fact that M (¢) are nonnegative, implies
that the I-splines in (2.7) are monotone non-decreasing function constrained between 0 and
1.

Suppose the knot sequence {ui}’fHH of the M-splines MZ-“rl s satisfies (2.6), a more

convenient expression of the I-splines was given by Ramsay (1988) as the following:

(

0, i> 7,
1 .
Li(8) =9 S (U — ) MY (5) /(L4 1), j—1+1<i <, (2.8)
L,i<j—1+1,

\

foru; < s <wjypand1 <@ <p.
The following Lemma 2.2 and Lemma 2.3 together indicate that the I-splines given

by (2.7) are equivalent to the I-splines given by (2.8).

Lemma 2.2. Suppose M!*'’s in (2.8) and N*'’s are associated with the same knot se-

quence, then the I-splines given by (2.8) can be expressed by

p
Ii(s) =) Ni(s), 2.9)
forl1 <i<np.

Proof. By Lemma 2.1, (2.8) can be further expressed in terms of the B-splines:

¢

0,i> 7,
L) =0 SN, j-1+1<i <) 2.10)

1,i<j—l41,

\
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foru; < s <wjppand1 <@ <p.
By the B-splines property (B1) in Section 2.1.1. for the B-spline of order [ + 1, if

Uj§8<Uj+1,
N (s)

=0, else.

So the expression of the I-splines given by (2.10) can be rewritten as
p
Ii(s) =Y N (s):
O

Lemma 2.3. Suppose Mf“’s in (2.8) and NilJrl ’s in (2.9) are associated with the same

knot sequence, the I-splines given by (2.9) are equivalent to the I-splines given by (2.7).

Proof. (i) Weshow " . Nl *'(s) = [} M}(t)dtfori =2,...,p. We shall demonstrate

this by the following two steps:

(a) Prove 8(257”:3?’1’?1(5)) v Agj(t)dt) as follows.
o>P _NH(s) & l l
m=i- 'm — Nl - Nl
0s mZ:i{uerl — Um m(s) Um+1+1 — Um+1 m+1(8)}
l s -1
:—Nll S) + ern S
Uil — Uy ( ) s Umtl41 T Uml +1( )
)
—— NYg)=M!
M) = M)
O, Mi(t)dt)
N 0s

(b)
p L
d ONSH L) =0 :/ M!(t)dt.
m=1 L
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(a) and (b) imply fori = 2,...,p, > 7 _ N (s) and [; M} (t)dt have same deriva-
tive and they both are zero at the left end point of the knot sequence. Therefore

PN (s) = [; Ml(t)at, fori =2,... p.

(i) For i = 1, it is trivial because of property (B2) in Section 2.1.1.

]

Remark 2.1. (2.9) provides a much easier way to compute the I-splines than using defini-
tion (2.7) due to the available softwares for the B-splines. In Appendix the explicit form of
the I-spline with order 3 is given, along with the steps to to construct the I-splines through

the B-splines in statistics package R.

2.1.4 Monotone Spline Functions
In the literature, {N} : i = 1,2,--- 1 = 1,2,--- } are referred to as the B-spline
basis functions. In this thesis, we denote the B-spline functions as the linear combinations
of the B-spline basis functions. Suppose we have the [th-order B-spline basis functions
N(s) with knot sequence {u;}?"" satisfying uy = -+ = w < w1+ < Up < Uppy =

-++ = Upy;. A B-spline function of order [ is given by

f(s)=>_BiNi(s). @.11)

It is obvious by (B1) that

fls)= > BiNi(s)

i=j—1+1

foru; < s < wujy.
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According to (B3) and (2.11), the derivative of f(s) is given by
Of <~ 5 ONK(s)
ds ZZ b 0s
[—1

= Zﬁ {[———N'(s) - ————N;i(s)} (2.12)

Ujqpi—1 — Uy Uit] — Ui41

_ Z l - 1 ﬁz-&-l ﬁz) Nzl-i-ll( )

Uiy — Uit

the last equality due to the fact that N{~'(u) = 0 and N7} (u) = 0.

Lemma 2.4. If0 < 8, < B < --- < (3, the B-spline function f(s) given by (2.11) is a

nonnegative and nondecreasing function.

Proof. Tt is obvious that f(s) is nonnegative. By (2.12), the derivative of f(s) is nonnega-

tive as well. ]

Similarly the I-spline functions in the thesis are denoted by linear combinations
of the I-spline basis functions {I! : i = 1,2,--- 1 = 1,2,---}. Specifically, a I-spline

function of (I — 1)th-order is given by

p
= "yl Y(s). (2.13)
i=1

Lemma 2.5. Ifv; > Ofori = 1,--- ,p, f(s) given by (2.13) is nonnegative and nonde-

creasing.

Proof. Because the I-spline basis functions are nonnegative and nondecreasing, v; > 0 for

i =1,---  pare sufficient to guarantee f(s) for being nonnegative and nondecreasing. [

Lemma2.6. f(s) =>"  BiN!(s)with0 < 8; < B2 < - < Byand f(s) = S0 %I (s)

with v; > 0fori=1,--- | p are equivalent to each other.
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Proof. For a monotone spline function expressed in the I-splines by (2.13), substitute

I7(s) = - Nl(s), it follows that

=> D uNis)

i=1 j=1
By~ >0, :=1,---,p, we can rewrite the spline function (2.13) as
p
= BiN{(s)
=1
where 3, =3 7, i=1,...,p. Then0 < B < B < -+ < 3, O

Remark 2.2. Lemma 2.6 implies that a nonnegative and nondecreasing spline function can

be equivalently expressed by either the B-splines or the I-splines.

2.1.5 Partially Monotone Tensor Spline Functions

(1)1

Suppose we have the [th-order B-splines N\ () with knot sequence {u;}?"" sat-
isfyingu; = -+ = w < g1 < Up < Upyy = - -+ = Upqy and the [th-order B-splines
N;z)’l(t) with knot sequence {vi}(fﬂ satisfying vy = - = v < V1 < Vg < Vgp1 =

- = v441. The tensor B-spline functions are given by

p q
=33 ;NN @), (2.14)

i=1 j=1

By (B3) the partial derivatives of the tensor B-spline function can be expressed by

p—1 ¢
(I — 1) (g1 — i _
5o Um0 vy aas)
=1 =1 i+l — Uitl
and
2 L (- D (@i — o ]
oy U Mg = ) i vt ) (2.16)

=1 =1 Ui+l — VUj+1
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Lemma 2.7. If 0 < ay; < agj; < - < g forj = 1,2,--- .gand 0 < o;; <

g <--- < a4 fori=1,2--- p, the tensor B-spline function f(s,t) given by (2.14) is

nonnegative and nondecreasing in both s and t directions.

Proof. Tt is obvious that f(s,t) is nonnegative. By (2.15) and (2.16), both partial deriva-

tives of f(s,t) are nonnegative. N

Similarly the tensor I-spline functions are given by

p q
=3 i I ) P ). (2.17)

=1 =1

Lemma 2.8. Ifn;; > Ofori =1,--- ,pand j = 1,--- ,q, f(s,t) given by (2.17) is

nonnegative and nondecreasing in both s and t directions.

Proof. Because the I-spline basis functions are nonnegative and nondecreasing, 7; ; > 0

fori =1,...,pand j = 1,...,q are sufficient to guarantee f(s,t) for being nonnegative
and nondecreasing in both s and ¢ directions. [
Let
p q
= {fs,t) =D i IV IP (#) sy > Ofori=1,...,pand j = 1,... ¢
=1 j=1
and
p q
Sp={f(s,1) ZZO‘MNZ(I)Z ;2) ‘() - o ;8 satisfy (2.18)},
i=1 j=1
0<aj<ap; <---<aq; forj=1,2,--- ¢,
OSO-/i,l SO-/i,Q S Sai,(p fori = 1a27"' » D5

(2.18)

(Qig1j1 — Qi) — (g1 — i) >0,

fort=1,2,--- ,p—landj=1,2,--- ,¢— 1.
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Lemma 2.9. Ser Sy is equivalent to set Sj.

Proof. Substitute 7/ = 377 _ NtV and 177" = 727 NP in (2.17), then

F.0 =33 na pNDUs) NP ). (2.19)

i=1 j=1 a=1 y=1

Let o, ; = 21:1 Zi:l Nz,y» then (2.19) can be written as

Flst) =303 ai N (s) NP (2).

i=1 j=1

Then the following results (i), (ii), (iii) and (iv) can be easily obtained.

@)

o1 =my > 0.

(1) Fori=1,...,pandj=1,...,q—1,

i J+1 ) J
Qij+1 — Qg = E , E :7756721 - E , E :nﬂc,y
=1 y=1 rz=1 y=1

i
= an,j+l > 0.
=1

(i) Fori=1,...,p—1landj=1,...,q, we have

i+l j i g
Qit1,j — QXij = E § :Ux,y - E E :%y
z=1 y=1 z=1 y=1

J
= ZUHLy > 0.
y=1
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(iv) Fori=1,....p—landj=1,...,q—1,

i+1 j+1 i+l j
(i — Qigrg) = (Qiger = i) =O 1) ey = DY Nay)
z=1 y=1 rz=1 y=1
i j+1 i
— QoD ey = 22D )
z=1 y=1 z=1 y=1 (2.20)
i+1 i
= Z Nzj+1 — Z Nz,j+1
=1 =1
=Nit+1,5+1 = 0.
By (i), (ii), (iii) and (iv), S; and S are equivalent. O]

Remark 2.3. Lemma 2.9 implies the partially monotone tensor I-spline functions are not
equivalent to the partially monotone tensor B-spline functions, since there must be an extra
condition (2.20) for the partially monotone tensor B-spline function to make them equiva-
lent. However this condition is very necessary for estimating the joint distribution function,
because it corresponds to the fact that the mass of the joint distribution on any rectangle

region of its domain is nonnegative.

2.2 Results on Empirical Process Theory
Empirical process theory is a very powerful tool in studying the asymptotic proper-
ties of nonparametric or semiparametric estimator in Statistics. In this section we introduce

some basic concepts and results which will be used in our theoretical development.

Definition 2.1. (Covering number, van der Vaart and Wellner (1996), P. 83) The covering
number N (e, F, | - ||) is the minimal number of balls {g : ||g — f|| < €} of radius ¢ needed
to cover the set F. The entropy with covering H (e, F, || -||) is the logarithm of the covering

number.
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Definition 2.2. (Bracketing number, van der Vaart and Wellner (1996), P. 83) Given two
functions | and u, the bracket |1, u] is the set of all functions f with| < f < u. An e-bracket
is a bracket |1, u] with |lu — l|| < e. The bracketing number Ny(e, F, || - ||) is the minimum
number of e-brackets needed to cover F. The entropy with bracketing H (e, F, || - ||) is the

logarithm of the bracketing number.

Definition 2.3. (VC-index and VC-class of sets, van der Vaart and Wellner (1996), P. 134-
135) Let C a collection of subsets of a set X. An arbitrary set of n points {x1,...,2,}
possesses 2" subsets. Say that C' picks out a certain subset from {x1, ..., x,} if this can be
formed as a set of the form CN{xy,...,x,} foraCinC. The collection C is said to shatter
{z1,...,2,} if each of its 2" subsets can be picked out in this manner. The VC-index V (C)
of the class C is the smallest n for which no set of size n is shattered by C. A collection of

measurable sets C is called a VC-class of sets if its VC-index is finite.

Definition 2.4. (Symmetric convex hull, van der Vaart and Wellner (1996), P. 142) The
symmetric convex hull sconv(F) of a class of functions is defined as the set of functions

Yo aifi, with )" || < 1and each f; contained in F.

Definition 2.5. (VC-class of functions, van der Vaart and Wellner (1996), P. 141) The
subgraph of a function f : X — R is the subset of X x R given by {(z,t) : t < f(x)}. A
collection F of measurable functions on a sample space is called a VC-class of functions,

if the collection of all subgraphs of the functions in F forms a VC-classes of sets in X x R.

Definition 2.6. (Envelop function, van der Vaart and Wellner (1996), P. 84) An envelop

function of a class F is any function x — F(x) such that |f(x)| < F(x), for every x and
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feF.

In the following lemmas, the L,.(()) norm associated with probability measure () is

defined by

£l = @) = ([ 1fraQy ™
for » > 0, the empirical measure IP,, of a sample of random elements x4, . .., z,, is defined
by

Paf =+ > (@),

and accordingly G, is denoted as v/n(P,, — P).

Lemma 2.10. (Theorem 5.7 in van der Vaart (1998)) Let M,, be random functions and let

M be a fixed function of 0 such that for every € > 0

sup [ M, (6) — M(8)| =0,
0cO

sup  M(0) < M(0o).

0:d(0,00)>¢
Then any sequence of estimators 0,, with M, (0,) > M, (0y) — op(1) converges in proba-

bility to 0.

Lemma 2.11. (Theorem 2.6.7 in van der Vaart and Wellner (1996)) For a VC-class of
functions with measurable envelop function F' and r > 1, one has for any probability

measure Q with || F ||, o) > 0,

1oovim
N(ellF @) F, Lr(Q)) < KV(F)(16e)" (=) V=D,

€

for a universal constant K and 0 < € < 1.
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Lemma 2.12. (Theorem 2.6.9 in van der Vaart and Wellner (1996)) Let () be a probability
measure, and let F be a class of measurable functions with measurable square integrable
envelop F such that QF* < oo and N(€||F||,q), F, L2(Q)) < C(2)V for 0 < e < L

Then there exists a constant K that depends on C' and V' only such that

_— 1
N (€| F|| o), S€onv(F), L2(Q)) < K( )2V/(V42)

€

Lemma 2.13. (Theorem 2.5.2 in van der Vaart and Wellner (1996)) Let F be a class of mea-

surable functions that satisfies [ supg, \/10g N (€] F|L,(q), F, L2(Q))de < oo, where the
envelop function F' of F is square integrable and the supremum is taken over all finitely
discrete probability measures () with HFH%2(Q) > 0. Let the classes Fs = {f — g : f,g €
Ff = gllrap) < 6} and F§ be P-measurable for every § > 0. If PF?* < oo, then F is

P-Donsker .

Lemma 2.14. (Example 2.10.7 in van der Vaart and Wellner (1996)) If F and G are P-
Donsker Classes with sup pc z g |Pf| < oo, then the pairwise infima F N\ G, the pairwise

suprema F N G, and pairwise sums F + G are P-Donsker classes.

Lemma 2.15. (Corollary 2.3.12 in van der Vaart and Wellner (1996)) Let F be a class of
measurable functions and the semi-norm pp on F be defined as pp(f) = {P(f —Pf)*}'/2.

Then F being P-Donsker class implies that, if f, — f as n — oo in semi-norm pp for all

fnand f in F, then (P, — P)(f, — f) = op(n=1/2).

Lemma 2.16. (Lemma 3.4.2 in van der Vaart and Wellner (1996)) Let F be the class of

measurable functions such that Pf* < 6% and || f||cc < M for every f in F. Then there
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exists K > 0, which is related to M, such that

j[]{57 F, L2(P)}
NG

where Jj{6, F, Ly(P)} = foé V1+1log Ni{e, F, Ly(P)}de and |Gy, || 7 = sup 5 |Gy f]|.

Ep||Gullz < KJy{8, F, La(P)}1 + I

Lemma 2.17. (Theorem 3.4.1 in van der Vaart and Wellner (1996)) For each n, let M, and
M, be stochastic processes indexed by a set © Let 0, € © and 0 < §,, < n be arbitrary.

Suppose that, for every n and 6, < 0 <

sup M, () — M,(6,) < —6°,
0/2<dn(0,0,)<6,0€0,

E sup \/ﬁ[(Mn — M,)(0) — (M, — Mn)(gn)]+ < Co(9),
§/2<dn (0,00)<6,0€0,

for functions ¢ such that 6 — ¢(0)/0% is decreasing on (0,,n), for some o« < 2. Let
r, < C6, ! satisfy

1
Ti¢(r_> < +/n, for every n.

n

If the sequence 0, takes its values in ©,, and satisfies M,,(0,,) > M,,(6,)) — Op(r;2) and

A

d,(0,,,0,) converges to zero in probability, then rndn(én, 0,) = Op(1).

2.3 Some Useful Results on B-splines

Lemma 2.18. (Jackson type Theorem, De boor (2001), P. 149) Suppose g(x) is a function

w

with the continuous derivative d%ff). Then there exists a B-spline function

d
Ag(z) = YP_| B;N}(x) with order | of the B-spline basis functions satisfying | > w + 2
and have knot sequence {u;}] with Ly = uy = -+ = u; < w1 < -+ < Up < Upyy =

-+ = Upyy = Uy, such that

d“g
A oo< " o}
lg — Agll c|T| II—Z =]
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for some constant ¢ > () depending on [ only, where

IT| = max(ui — ).

The result of Lemma 2.18 can be generalized to bivariate function and is given in

Lemma 2.19.

Lemma 2.19. Suppose g(x,y) is a bivariate function with the continuous mixed derivatives
of order w, V¥ au}g—(m"y)for m = 1,2,...,w. Then there exists a bivariate tensor B-

mg = aﬁmyw—m

spline function

Ag(z,y) = 220,000, ai7jNi(1)’l(:c)N](2)’l(y) with order | in both directions satisfying
[ > w + 2 and have knot sequences {ui}’fﬂ with Ly =uy = =wu < ugq < -+ <
Up < Uppp = -+ = Upy = U, {vi}‘{H with Ly = v) = - = < ypq1 < - < vy <
Vg41 = * -+ = Vg = Uy, such that

lg = Agllse < T (gllw.00),

for some constant ¢ > O depending on | only, where

IT| = max{max(us — ), max(vis —vj)},
and

19/lw,co = max |
<m<w

Proof. We define w(g; h) = maX{|g($1ay1) — g(w2,y0)| ¢ |v1 — 22| < hyfyr —yo| <
h,x1,29 € [L1,Ui],y1,y2 € [La,Us]}. Then w(g;h) is a monotone and subadditivity

function of h, that is, w(g; h1) < w(g; h1 + h2) < w(g; h1) + w(g; ha) for nonnegative hy
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and hy. The monotonicity of w(g; h) is obvious by the definition. The proof of subadditivity
is as follows.

For any (z1,y1) and (xq, yo) With |21 — 23] < hy + he and |y; — yo| < hy + ho, we
can find (3, y3) such that |x; — 23| < hy, |y1 —y3| < hy and |xe — 23| < ho, |y2 —y3| < ho.

Therefore, for any |21 — 29| < hy + hy and |y; — y2| < hy + ha, we have

\g(z1,y1) — g(@2, y2)| <|g(z1,y1) — g(T3,y3)| + |g(x3, y3) — g(w2, y2)|

< max |g(z1,11) — g9(z3,y3)|

|z —2s|<ha
ly1—ys|<h1

(2.21)
+ max |g(x3,y3) — g(xe, y2)|

|z —x3|<h2
ly2—ys|<ha

=w(g; M) +w(gs ha).
By (2.21), w(g; h1 + h2) < w(g; h1) +w(g; ho) for nonnegative hy and hs, that is, subaddi-
tivity of w(g; k) holds.
By choosing 7y < 7 < --- < 1,in [Ly, U] and & < & < - -+ < &, in [Ly, Us), we
can construct a partially monotone tensor B-spline function Ag to approximate the smooth

function g on [Ly, U;] X [Lg, Us] as follows.

p q p q

Agle.y) =3 gln N @NP ) =S NP () g(m, )N (@)
i=1 j=1 i=1 j=1
For (i’, Z)) in [ujlvuj1+1] X [ij Uj2+1] S [le Ul] X [L27 U2]7

J1 J2
Ag(a, )= Y > glm &N @) NP (), (2.22)

i=j1+1-1 j=jo+1-1
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by property (B1) in Section 2.1.1. Also by property (B2) in Section 2.1.1, we have

J1
g(@,9) = g(&,5) > N(@)

i:j1+1—l

) S Z N @)y N (@) (223)

i=j1+1-1 j=jo+1-1
Ji J2
(D0 A2
> > N E)IN ().
i=j1+1-1 j=ja+1-1

By (2.22) and (2.23),

g(2,9) — Ag(2,9) = Z Z {9(2,9) — g(7, )N ()N ().
J1+1—

i= lj=j2+1-1

Then we have

9(2,9) — Ag(#,7)| < Z Z (2, 9) — g3, &)IN (@) NP ()

i=j1+1-1 j=jo+1-1

< T ] —_— . -
< Jmax 1g(@.9) = g(mi, &)l
Jo+1—-1<j<jo

Now choose the 7;’s and ; appropriately. since the number of 7;’s is greater than
the number of subintervals made from knot sequence {ui}’f“, in order to guarantee that

Tig1 —7; >0fori=1,--- p— 1, we might choose

g 4 Rz g

T = (2.24)
ui, t=101+1,...,p.

Similarly, we might choose

/Ul + (j_l)(vll+l_vl)7 ] = 1’ A 7l7

§ = (2.25)
Uj,j:l—l—l,...,q,
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(2.24) and (2.25) imply |7, — w;| < |T'| and |§; — v;| < |T|fori = 1,...,p and
Jj=1,...,q. Wealsoknow |u; — 2| < wj41 —uj—p1 < [|T|forj; —1 <i < j
and z € [uj,,uj41] and |v; — y| < vj,41 — v < T| for jo — 1 < j < jp and
9 € [vja, Vjo1]-

So we have for j; — 1 < i < j; and & € [u;,, uj,+1]
7 — 2 < (4 1)|T],
and for jo — [l < j < jpand y € [vj,, vj,+1]
& — 9l < (L+ DT

Therefore we have

- max_[g(2,9) — g(7i, §;)| <max{|g(z1, 1) — g(22, 92)| :
J1+1-1<i<j1
Jo+1—-1<<ja

o = o] < (L DIT] e =3 < E+DITY 5 50

=w(g; (1+ DT
=+ Dw(g; [T,
the last inequality is by subadditivity of w(g; h).

By (2.26) we have

lg — Aglleo = sup |g(x,y) — Ag(z,y)| < (I + Dw(g; |T),
L1<z<U;
Lo<y<Us

which means the distance between g and 1/ ;

d(g,v) = nf Jlg —s| < (I + Dw(g; [T1), (2.27)
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where 1);; denotes the set of all tensor B-splines with order [ in both directions. Because

the distance of function g from 1;; is the same as the distance of the function g — s from

ty, for s € 4y, by (2.27) we have

d(g,v11) = d(g — s,¢) < (I + Dw(g — s, |T]). (2.28)

Furthermore, since g has bounded partial derivatives, we have

w(g—s,|T]) = max (g —s)(x1,y1) — (9 — 5)(x2,42)]

|1 —a2|<|T|
ly1—y2|<|T

< max |(g—s)(z1,y1) — (9 — 8)(z1,92)]
ly1—y2|<|T|

max (g — s)(x1,y2) — (g — s)(x1,y2)]

|z1—z2|<|T|
9(g — ) d(g —s)
§||8—y||oo|T| + ||T||OO|T|
Then by (2.28),
0 _
dlg o) < @+ DTN DD o + 122Dy, 2.29)

Since we know ;1 = {g—; cseYytand g, = {g—; : s € Py}, (2.29) implies

d(g, i) < (I+ 1)|T|{d( ¢l 11) +d( 7wll 1)} (2.30)

Proceeding in this way as we derive (2.30), finally we get

d(.g: wl,l)
71 awfl awfl
<c|T|"~ l{d(a — 17¢l wi1l) T d(axw_ng,¢l—w+2,l—l) +-+ d(Ww_?7¢l,l—w+l)}
au)f 8w71 61071
<e| 7| {uw( IT]) + (5o g

O 1’ Ozv =20y’ AT + +W(W7|T|>}
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’U} aw

<d[T[* {|| ||oo+||a wmigglle || ||oo}

o%g

< Tw ax || z—=———
<AlT|" max || 5o

loo-

O

In the following Lemma 2.21 and Lemma 2.22, we derive the bounds of the brack-
eting numbers of the set of monotone B-spline functions and the set of partially monotone
tensor B-spline functions. We only give the proof for Lemma 2.22. The proof for Lemma
2.21 is similar to that for Lemma 2.22 but much simpler. Lemma 2.20 is applied in the

proof of Lemma 2.22.

Lemma 2.20. (Lemma 5, Shen and Wong (1994)) Let S be a (n'/?c)-sphere in R", that is,
S={z=(21,...,m,) € R": > 27 <no?}. Let || - ||oo be the usual L.-norm in R".

Then H (e, S, | - |) < cnlog(%), for some constant c > 0 and € < o.

Lemma2.21. © = {¢: ¢(s) = >0 B;NL(s), |¢|lec < 0}, where each 3; > 0 and (i1 >
Bi fori = 1,...,p— 1, N)(u)’s are the B-spline basis functions with the knot sequence
{ui}fﬂ satisfying L = uy = -+ = < wpq < -+ < Up < Upp1 = -+ = Upy; = U. Then

Hi(6,0, || - ||oo) < cplog(d/e), for some constant ¢ > 0 and € < 6.

Lemma 2.22. © = {¢ : ¢(s,t) = 0 30 a ;N ()N (1), ||¢l|o < 6}, where
0<a;<a; <---<Zayjiforj=1...,qand0 < ;3 < ;2 <--- < g fort =
1L,....p Ni(l)’l(u) s and Nj@)’l (t)’s are the B-spline basis functions with the knot sequence
{ui}’fH satisfying Ly = uyp = - = < wpq < -0 < Up < Uppg = -+ = Upyy = Uy

and the knot sequence {vi}?H satisfying Ly = vy = -+ =0 < vppq < -+ < Uy < VUgy1 =
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- = Vg = Uy, respectively. Then Hpi(€,0, | - ||<) < cpqlog(d/e), for some constant

c>0ande < 6.

Proof. The basic idea of the proof is using the bracket number of a set in Euclidean space
RP? to bound the bracket number of ©. The detailed proof is given as follows.

For any ¢ € ©, by Lemma 2.7

19115 = (¢(U1, U2))*.

By property (B1) and property (B2) in Section 2.1.1

(¢(U17U2>)2 = (O‘p,qN (UI)N (UQ)) - IZJ,q'

Since [|¢l1%, = ap, > - >0 379, a7 ; and [|¢[|3, < &%, we have for the coeffi-
cients (1,1, -+ , Qpq) Of @,
p q
Yol < pallél% < pas’. (2.31)
i=1 j=1
Let
p q

S={a= (a1, ,0p): ZZ&% < pqd?}.
i=1 j=1

Lemma 2.20 indicates that there exist e-balls B, Bs, - - - , B[( 8)cpa] centered at oV =

(1) (1) (@) (2) ([(2)epa)) (e

dye <))
(al’l’... L pd)s a? = (0411,--- L) s (™) = (aLl e Qg )

, Te-
spectively, which cover S.

Let

Z Z oI N (s NP (t)

=1 j5=1

and

V= {01l =W < eand v € ¥}
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fork =1, [(2)%4], where U = {¢) : (s,1) = 320 320 ay ;N ()N (1))
Then {\Ifgk) tk=1,--,[(£)?} constitute a set of e-balls for V.
In what follows, we show {U\" : k=1 ... [(2)4]} cover ©.
For any ¥ (s,t) = 377 > 75, ai,jNi(l)’l(s)Nf)’l(t) € 0O, its coefficients o =
(11, ,0p4) € S by (2.31).

By the fact that e-balls By, By, - - - ,B[(g)cpq} cover S, there exists m with 1 < m <

[(2)r7), such that

Then

p
[ (s,8) = (s, )] = | DD (@ — i ) NP () NP ()]

=1 j=1
(m) R () (2
< ma [l = )l 303 NN o)
=1 i=1 j=1

Hence,

9™ — 9| <e.

In a word, for any ¢ € ©, there exist U\™ with 1 < m < [(2)%7], such that ¢ € o™,
which means {U\¥ : k=1, [(2)*]} cover ©.

So the e-covering number of © is bounded by [(2)®7], or

H(e, 0, - [|loo) < cpglog(d/e), (2.32)
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where || - || is the usual L,,-norm in the tensor spline space W.

We also know

Hy (26,6, |- 1) < H(e,0, ]| [l). (2.33)

(2.32) and (2.33) result in

H{}(E,@, || . Hoo) < cpqlog(5/€)-

]

Remark 2.4. In the proof of Theorem 4.2 (convergence rate), we use the fact that § < 1,
then it is obvious that H1(€,0, || - ||) < cpqlog(1/e) by both Lemma 2.21 and Lemma

2.22.
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CHAPTER 3
TENSOR SPLINE-BASED SIEVE NONPARAMETRIC MAXIMUM
LIKELIHOOD ESTIMATION METHOD

3.1 Likelihood of Bivariate Current Status Data

Suppose we have n independent bivariate current status data {(cy x, 01k, 2.k, 02.k) :
k=1,2,---,n}, where 0, = 1, <¢,,, 5 = 1,2.

Assume (¢, c2;)’s constitute of a sample of n from the bivariate random censor-
ing times (Cy, Cy) and (ty x, t2x)’s constitute of a sample of n from the bivariate random
event times (7%, 7,). Hence (01 x, 02 x)’s constitute of a sample of n from the bivariate ran-
dom indicator variables (A;, Ay) with A; = 1i7,<¢;), 7 = 1,2. We also assume (77, 7T5)
and (C, Cy) are independent.

The joint distribution of (C7, Ay, Cy, Ay) is generally given by P(C} < ¢1,Cy <
co, A1 = 01, A9 = 0y).

If ; = 1 and 5 = 1, by the independence between (77, T») and (C, Cs), we have
P(Cl Scla02§027A1:17A2:]—)
=P(Cy <¢1,0y <, 17 <O Ty < Cy)
c1 co Ch Ca
= / / / f(T17 T27 Cl7 CQ)dTQdTldCQdCl
o Jo Jo Jo
c1 co Cq Cs
:/ / {f(Cl,C2)/ f(T17T2)dT2dTl}d02dcl
o Jo o Jo

:/ / f(C1, Co)P(Th < Cy, Ty < C)dCodCh.
o Jo

By taking the mixture derivative with respect to c¢; and c,, we obtain the joint density
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function as

f(01762761 - 1752 = 1) = fCl,Cg(clac2)P<T1 S CI;TQ S 02))

where fc, ¢,(c1,c2) is the bivariate density function of (C4, Cy). Similarly, if §; = 1 and
dy = 0, then f(c1,¢0,61 = 1,00 = 0) = fo,.0n(c1,c2) P(T1 < ¢1, T > ¢9);if 6; = 0 and
dy = 1, then f(c1, 2,01 = 0,00 = 1) = fo,.cn(c1,c) P(Ty > ¢1,To < ¢9);if 6; = 0 and
dy =0, then f(c1, 2,01 = 1,00 = 0) = fo,.c(c1,c2) P(T1 > 1, T > ¢3).

Suppose the censoring times (C', C2) are noninformative to the event times (77, T5),
then the joint density function of censoring times f¢, ¢, (21, 2) can be ignored for com-
puting the maximum likelihood estimate of the joint distribution function of the bivariate

event times (7}, T») with bivariate current status data. So

In(-; data) =Y {01402 log P(Ty < 14, To < o)

k=1
+ 01%(1 = b2.0) log P(T7 < c1 o, T > co) G.1)
+ (1 = 61 )02 5 log P(Th > c1 4, To < o)
+ (1 = 16)(1 — 09x) log P(Ty > 1, To > o) }-

If we denote F' as the joint distribution function of event time (77,75) and F; and

F3 as the marginal distribution functions of F', the log-likelihood (3.1) can be rewritten as
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I(F, Fy, Fy;data) = Y {61 k0o Jog F(c1, o)

k=1
+ 016(1 = 02x) log(Fi(cir) — F(cip con))
+ (1 = 610)00x Jog(Fy(car) — Fler s ) 3-2)
+ (1 = 01%) (1 — b2x) log(1 — Fi(c1 ) — Fa(cor)
+ F(c1p cok))}-
3.2 Spline-based Maximum Likelihood Estimation

Suppose the observation times C and C5 are within intervals [l1, u1] and [lo, us],

respectively. For Ly < [y, Ly < Iy, u; < Uy and uy < Us,, we define a class
F = {(F(S,t),Fl(S),FQ(t)) . for (S,t) € [Ll,Ul] X [LQ, UQ]},

where F', [ and F5 satisfy the following conditions:
0 < F(s,t),
F(s,t) < F(s',t),
F(s,t) < F(s,t"),
[F(s" 1) = F(s' 1)) = [(F(s".{) = F(s,1)] > 0,
Fi(s) — F(s,t) >0 (3.3)
Fy(t) = F(s,t) = 0,
[Fi(s") = Fa(s)] = [F(s", 1) = F(s,1)] 2 0,
[B(t") = Ba(t)] = [F(s,t") = F(s,1)] 2 0,

[1 = Fi(s)] = [Fa(t) — F(s,1)] = 0,
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fors' < s with s and s on [L1,U;], and t' <+ witht and t” on [Lo, Us].

Lemma 3.1. F is the class of all joint distribution functions and their marginal distribution
functions in the closed region [Ly,U;| X [Lo,Us). In other words, each element of F is
a vector-valued function, which corresponds to a joint distribution function and its two

marginal distribution functions.

Proof. (i) For any random variable (S, 7)), let F'(s,t) = Pr(S < s,T < t), Fi(s) =

Pr(S < s)and Fy(s) = Pr(T < t), then F, F} and F; satisfy (3.3) in [Ly, Uj] X
[Lo, Us] by the following arguments.

(a) The first three conditions given in (3.3) are obvious.

(b) [F(s",t") — F(s,t)] = [F(s',t) = F(s,t)] = Pr(s <SS <s,t <T<

t)>0.
(c) Fi(s)— F(s,t)=Pr(S<s,T>t)>0.
(d) Fy(t) — F(s,t)=Pr(S>s,T<t)>0.
() [Fi(s") = Fy(s)] = [F(s',t) = F(s,t)] = Pr(s <S<s",T>t)>0.
) [Fa(t") = F(t)] = [F(s,t") — F(s,t)] = Pr(S > s,t <T <t")>0.
() [1 — Fi(s)] — [Fa(t) — F(s,t)] = Pr(S >s,T >1t) > 0.
(ii) On the other hand, for any (F, F, F») € €, conditions given in (3.3) guarantee that F
is a joint distribution in the closed region [Ly, U;] X [Ls, Us], and F and F, are both

possible marginal distribution functions of F on [Ly, U] and [Ls, Us], respectively.

]
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Lemma 3.1 indicates that (Fy, Fy 1, Fo2) € F, when Fj is the true joint distribution
function of event times (7%, 7%), and Fj ; and F} ; are marginal distribution functions of F;.
Based on Lemma 3.1, the nonparametric maximum likelihood estimate of

(Fo, Foa, Fo2) is defined as

A A A

(F, Fy, Fy) = argmax p g, )erln(F) F1, Fy; data). (3.4)

This means the nonparametric maximum likelihood estimator is sought by maxi-
mizing (3.2) over F with respect to F'(c1x, cax), Fi(c1x) and Fo(cay) fori = 1,....n.
This estimator is the extension of the nonparametric maximum likelihood estimator of uni-
variate distribution function with univariate current status data. The univariate nonparamet-
ric maximum likelihood estimation problem has been thoroughly studied by Groenoboom
and Wellner (1992). They studied the asymptotic properties of the nonparametric maxi-
mum likelihood estimator of the distribution function. They also showed that the NPMLE
can be easily computed using convex minorant algorithm.

Problem (3.4) is much more complicated in view of number of unknown quantities
needed to be estimated and the nature of the constraints. Theoretically, consistency of this
estimator will be much more difficult to study, the convergence rate is even more difficult
to be established due to the fact that computing the bracket number of the set of bounded
partially monotone bivariate functions is still an open question (Song and Wellner (2002)).
Numerically, the only available method for this problem in the literate is the nonparametric
likelihood estimation procedure proposed by Betensky and Finkelstein (1999) if current sta-
tus data are treated as interval-censored data case 2. For the Betensky-Finkelstein method,

first the nonzero mass rectangles (or points) are determined, second the estimated mass for
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selected rectangles (or points) are computed through maximizing the likelihood. However,
this method has some disadvantages. First, this method is designed for interval censored
data case 2, and the estimation will be much worse when the method is applied for the cur-
rent status data which contains less information about the event time distribution. Second,
this procedure is not theoretically justified for consistency and convergence rate. Third,
Yu et al. (2000) pointed out that the estimation through this procedure is not necessarily
unique. Finally, if the sample size is large, the first stage of this procedure can be very
time-consuming.

To overcome the theoretical and numerical difficulties in the nonparametric esti-
mation problem, a spline-based sieve maximum likelihood estimation procedure is applied
to estimate the unknown bivariate distribution function. For this procedure the unknown
function in the log likelihood is approximated by a linear combination of tensor spline
basis functions to form a sieve log likelihood. Then maximizing the log likelihood with
respect to the unknown function converts to maximizing the spline-based sieve log like-
lihood with respect to the unknown coefficients of the tensor spline basis functions. The
success of spline-based sieve nonparametric maximum likelihood estimation is given by Lu
et al. (2007), who studied nonparametric likelithood-based estimators of the mean function
of counting processes with panel count data by using monotone splines to approximate the
mean function. Other applications of spline-based sieve maximum likelihood estimation

can be found in Shen (1998), Zhang et al. (2009), Lu et al. (2009).
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3.2.1 B-spline-based Estimation
In this section, the spline-based sieve nonparametric maximum likelihood estima-
tion problem is represented as a constrained optimization problem with respect to the coef-
ficients of the tensor B-splines.
B-spline basis functions {Ni(l)’l(s) ci=1,...,p,} and {NJ@)’l(t) ci=1,...,q}
are constructed in [Ly, U] x [Ly, Us] with the knot sequence {u?"*'} satisfying Ly = u; =
c=y < U < e < Uy, < Up, 41 = Uy, = Up and knot sequence {v?””} satisfying
Ly=vi ==y <ug < - <y < Vyi1 = Vg4 = Uz, where p, = O(n’) and
¢n = O(n”) for some 0 < v < 1.

Let

O, ={r=(FF,F):F a; N (s) NP (1),

1=

,_.
H

Jj=

Pn
$) = BN (s)
=1
dn o
= NP ),
j=1

Wlthg: (al,ly"' aapn,qn)agz (517"' 7ﬁpn)7 andlz (’YIa"' 77%)

subject to the following conditions in (3.5)},
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oy >0,

Oél7j+1—0417jZOfOI‘j:L...,qn—l

)

Q11 — Q1 > 0fori = 1, vy Pn — 1,
(Oéi+17j+1 — ai+1,j> — (ai,j+1 — ai,j) 2 0 fOI‘i = 1, ey Pn — 1,] = 1, ey gy — 1,
fr— a1q, =0, (3.5)

(Bix1 — Bi) — (Qig1,q, — Qiig,) > 0fori=1,...,p, — 1,
Y — ap,1 >0,
(Vi1 — 7)) — (Qpnjy1 — Qp, ;) = 0forj=1,...,q, — 1,

Bpn + Yan — Wppgn < 1.

The following Lemma implies the conditions given in (3.5) are closely related to

those given in (3.3).
Lemma 3.2. 2, C F.
Proof. (1) By ay 1 > 0, it is obvious that 0 < F'(s, t).

(i1) By Property (B3) in Section 2.1.1,

OF (s,t) "2 &N (1= (i, — i) (1).-1 @)
= >y : =N, (s)N; 77 (1),

i+1
9 P Uit — Uit
and by the properties ;11 — ;1 > 0 and (41 j+1 — Qg1 ) — (i1 — uj) > 0,
we have

Qiy1,j — Q5 = 0.

It is then followed by

OF (s,1)

Ep >0, or F(s,t) < F(s ,t).
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(iii) By the similar arguments as in (ii), it can be shown that F'(s,t') < F(s,t").

(iv) By Property (B3) in Section 2.1.1,

i pi:lqnz:l [=1) QOZZHJH T Qg1 T il T Xig pr (1)1 L) N@I1 ()
_ + . |
88875 =1 j=1 SZ—‘,—l - Sz""l)(t]—f-l — t]—‘rl) i+1 j+1

Then by the property (ajt1,j41 — Qig1,5) — (ij41 — @iy) > 0,

92 F (s, 1)

Saor 20 or F(s' )= F(s,t)<F(s',t') = F(s,t").

(v) By i — a1, > O0and (Bis1 — i) — (Qig1,g, — Qig,) > 0, Bi — aq, > 0. Then

F(87t> S Fl(s)'
(vi) By the similar arguments as in (v), it can be shown that F'(s,t) < Fy(t).

(vii) By Property (B3) in Section 2.1.1,

1

dFy(s) R~ (1=1)(Bi1 — 5) )i—1

— 7 = N )
ds ; Uiy ] — Ui41 ZH <S)

Then by the property (81 — ) — (gs1,4, — i) > 0,

I(Fi(s) — F(s,t))
0s

>0, or F(s ,t) — F(s ,t) < Fy(s' ) — Fi(s).

(viii) By the similar arguments as in (vii), it can be shown that F(s,t") — F(s,t') <

By(t") — Fy(t).

(ix) Since Fy(Uy) = B,, NSV (UL) = B,,., Fo(Us) = 74, NHUR) = ., and F(Uy, Us) =

W NSV UDNE (U2) = g, then

Fy(Us) — F(Uy, Us) =,

qn apn »dn

Sl_ﬁpn

- 1 - Fl(Ul)
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dF1(s) > OF (s,t)

2> =2 and drot) > 98D eparantee Fy (Uy)—Fy(s) > F(Uy, Uy)—

Moreover, o = o

F(s,Uy) and Fy(Uy) — Fy(t) > F(Uy, Us) — F(Uy, t), respectively.

Then

1 — Fi(s) — Fy(t) + F(s,1)
={1—F(U) + Fi(Uh) = Fi(s)}
— {Fy(t) — F(Uy,t) + F(Uy,t) — F(s, 1)}
>{Fy(Uy) — F(Uy,Uy) + F(Uy, Uy) — F(s,Uy)}
— {By(t) — F(Uy,t) + F(Uy, t) — F(s,1)}
—{Fy(Uy) — Fy(t) — F(Uy, Uy) + F(Uy, 1)}

F{F(ULUs) — F(s,Us) — F(UL ) + F(s, 1)}

]

To obtain the tensor B-spline-based sieve likelihood with bivariate current status

data, T = (F, F}, Fy) € Q, is substituted into (3.2) which results in
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L a,,7;) 2{51 k02 1 log z”: z”: a; ;N, Lk N]@)’l(czk)

21]2

+ 61 k(1 — Go) 1og{z BN e )

=33 N ) NP (o)
i=1 j=1
+ (1 —d1k) 52k10g{z VNP (ea) (3.6)
J=1
=SS N )N )
=1 j=1
Pn .
1
+ (1= 610)(1 = Go) log{1 = > BN (1)
i=1
dn ) l Pn dn 91
—Z’}/]N() CQk +Zzazj ClkN()<02,k?)}}‘
=1 j=1

Hence, for the partially monotone tensor B-spline-based sieve nonparametric maxi-
mum likelihood estimation problem, we look for 7 = (F, Fy, F}) that maximizes I,, (v, B,7;°)

given by (3.6) over €2,,.

3.2.2 I-spline-based Estimation

According to Lemma 2.3, the I-splines can be expressed by the sum of the B-splines

as follows.
Pn
M7 (s) = Y NI (), (3.7)
and
qn
) = >N ). (3.8)
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Let
Pn  dn
0, ={r=(FF,F): F(s,)=Y_ Y ;I ()17 (1)},
i=1 j=1
Pn qn (1)[ .
Fi(s) =Y  my w7 (s),
i=1 j=1
dn Pn (2)[ )
By(t) =Y D iy + L7 (8)
j=1 =1
Wlthﬂ = (771,17 T anpn,qn)vg = (wh e >wpn)7 and m = (7T17 T 77an>

subject to the following conditions (3.9)},

77i,j20f0ri:1>"' 7pn7j:17"' y dns

wi > 0,i=1,...,pn,
3.9
;> 0,7=1,...,qn,
Pn dn P an
Zznij_f—zwi—i_zﬂ—] < 1
i=1 j=1 i=1 j=1

The relationship between the constraints given in (3.9) and those given in (3.5) is

summarized in the following lemma.

Lemma 3.3. Set (2, is equivalent to set O,,.

Proof. Let
i 7
Qij = Z an,na
m=1 n=1
i an
Bi = Z{Z Nm,j + W'}
m=1 j=1
and

Jj  Pn
’Yj = Z{Z ni,n + 7Tn}-

n=1 i=1
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By (3.7) and (3.8) (the relationships between the B-splines and the I-splines), it follows

that
pznqznai’j]\;i(l),l( pznzn ’]11(1)1 1 ](2),171@)}’
i=1 j=1 i=1 j=1
Z@N“ Z{an IO (),
=1 j=1
and

Adn dn Pn

2),1 2),l—1
DN () =30 s+ w0
j=1 7j=1 =1

In what follows, we verify that condition (3.5) and (3.9) are equivalent.
(1) a1,1 =11, thenn; 1 > 01is equivalent to oy ; > 0.

(1) oy 41— = N1 41, thenn; ; > 0forj =2,..., g, 1sequivalent to oy j 41— ; > 0

forj=1,...,q, — 1.

(111) Q41,1 — 041 = Ti+1,1s then i1 > 0 fori = 2, cesPn i equivalent to it1,1 —0G1 > 0

fort=1,...,p, — 1.

(IV) (Ozi+1’j+1 - Oéi+1’j) - (ai,j+1 - Oéi’j) = Ti+1,5j+1> then 15 Z 0 for ¢ = 2, ey Pn
and j = 2,...,qy, is equivalent to (c;+1 41 — Qir1) — (41 — ;) > 0 for

1=1,...,pp—landj=1,...,q, — 1.

(V) B — iy, = ( ;1.’;1 my+ wi) — (Z;’.’;l M) = w1, then w; > 0 is equivalent to

61 - al,qn > 0.
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(vi)

i+l gn i qn

(Bt = B5) = (Qir1g0 = Qig,) = QD g +w0m}) = D AD thng +win})

m=1 j=1 m=1 j=1

- (Z Znnmd - Z Znnmﬂj)

m=1 j=1 m=1 j=1

= wit1 > 0,

then w; > 0 fori = 2,...,p, is equivalent to (G411 — 5;) — (Xit1,4, — Qi) > 0 for
i=1,... . py—1.
(vid) 1 — ap,1 = QO mia +m) — Qo mia) = mp, then m > 0 is equivalent to

Y1~ Opa Z 0.

(viii)
Jtl pn J Pn
(Vi1 =) = (g1 — O, 5) = (Z{Z i + Tn}) — Z{Z i + Tn})
n=1 i=1 n=1 i=1
J+1 pn J Pn
= QD in = DD i)
n=1 i=1 n=1 i=1
=mj1 = 0.
then7; > 0forj =2,...,¢, is equivalent to (yj11 — ;) — (¥, j+1 — Qp, ;) > 0 for
]:177(]71_]-
(ix)
Pn dn dn Pn
Bon + Yo — Wppgn = Z{Z nij+wit+ Z{Z ni;+ 75}
i=1 j=1 j=1 =1
Pn  Qn

=22

i=1 j=1
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Pn  Q4n Pn dn
DD WIS WS S
i=1 j=1 i=1 j=1
which implies Y ", ;1.7;1 Nij+ Y o wi+ ;”;1 m; < lisequivalent to 3, + g, —
pgn < 1.
The proof is complete. [

Lemma 3.3 indicates that the tensor spline-based sieve nonparametric maximum
likelihood estimation problem can be equivalently represented as a constrained optimiza-
tion problem with respect to the coefficients of the tensor B-splines or the tensor I-splines,
with the constraints given by (3.5) and (3.9), respectively. Numerically, the constrained op-
timization problem with the tensor I-splines apparently has the advantage of simplicity in
the constraints. Hence, we compute the tensor spline-based nonparametric estimate using
the partially monotone tensor I-splines.

Similar to obtaining the likelihood in terms of the B-splines, 7 = (F, [}, F3) € O,
is substituted into (3.2) to result in the tensor I-spline-based sieve likelihood of bivariate

current status data as



(0, w, 3 )
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Z{alkamlogzzn”ﬂ”“ L) [ (ea )

=1 j=1
Pn Adn
+ Ouk(1 = 02) log{Y_{> mij+ wH P (Cp)
=1 j=1
N 1),1-1 2),1-1
- ZZUW‘]@-( M e ) I (oo}
i=1 j=1
Adn Pn 9) 11
—+ (1 — 51,k)52,k; log{Z{Z Mi.j + Wj}f; )= <C2,k>
j=1 =1
N 1)1 2),1-1 e
- sz,g‘fi( M (Cuc)f; e (cok)}
i=1 j=1
SO 1)1
+ (1 = 91)(1 — 09x) log{1 — Z{Z Mij + wi}li( M= (c1r)
i=1 j=1
N e 2),l-1
=2+ )
j=1 =1
o 1),0—1 2),l-1
I g ) I ()}
i=1 j=1

Hence, for the partially monotone tensor I-spline-based sieve nonparametric maxi-

mum likelihood estimation problem, we look for 7 = (F EyL F ») that maximizes L, (n,w, ;)

given by (3.10) over O,,.
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CHAPTER 4
ASYMPTOTIC PROPERTIES

In this chapter, we describe and prove the asymptotic results of the proposed tensor
spline-based sieve nonparametric maximum likelihood estimator of the joint distribution
function with bivariate current status data. The study of asymptotic properties of the tensor
spline-based maximum likelihood estimator requires some regularity conditions for the
event times and censoring times. Suppose the bivariate event times have joint distribution
function Fy(s,t) and marginal distribution functions Fj;(s) and Fyo(t). The following

conditions sufficiently guarantee the results in the forthcoming theorems.

4.1 Regularity Conditions

(Cl) BF%(Ss,t) , BF%(ts,t) , dF(Zi;(S) and dFQ(itg(t)

all have positive lower and upper bound in [ Ly, U7 ] X

[LQ,UQ].

(C2) 82525‘2’” has positive lower bound by in [Ly, U] X [La, Us).

9P Fy(s,t)
Jsmip—m

(C3) Fo(s,t) has continuous mixed derivatives of order p, V¥ g = for m =

1,2,...,p, in the bounded region [L;, U;] X [La, Us]; Fo1(s) has continuous deriva-

dPFy 1(s)

tive — 5

on [Ly, Ui]; and Fy»(t) has continuous derivative dpb;iﬁ(t) on [Lg, Us].

(C4) Censoring times (C7,Cs) are bivariate random variable taking values in [l1, uq] X

[lQ,UQ], with ll > Ll,ul < U1,l2 > LQ, and Uy < UQ.

(C5) The density of (C, Cs) has positive lower bound at every point in [l1, u1] X [l2, us].
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Let
Pn dn

Qi ={7=(F.F,F) F(s,t) =Y > ai ;N (s)NP(1)},
i=1 j=1

Pn
Fi(s) =Y B:N(s),
=1
o 2).1
Fy(t) = > NP (8),
j=1

Wlthg = (al,la e 7apn7Qn)7é = (ﬁla U 7ﬁpn)7
and y = (Y1, , Yau)
subject to the following conditions in (4.1),

and the following condition (Sp1) holds},

ay1 > 0,
1541 — Q5 > OfOI'j = 1,...,qn — 1,

Q41,1 — Q41 EOfOI‘Z: 17---7pn_17

bp min,, AZ(.?) min;, AET)
12

(Qig141 — Qigrg) — (Qijyr — @ij) >
foreo=1,....,p,—1,5=1,...,q, — 1,

“4.1)
51 — 14, > 0,
(/67:_’_1 — 61) — (ai+17Qn - Oél'7qn) Z O fOI‘i == 1, ey Pn — ].,
Y1 — p,1 >0,
(Vi+1 — V) — (@, j+1 — Oy, ;) > 0forj=1,...,¢, — 1,

/Bpn + ,y(]n - apn7Qn S 1

(Spl) Knot sequences {u; }?"* and {v;}%**" of the B-spline basis functions {Ni(l)’l I and
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(v)

75 have positive lower
max;, Ajl

ming, A

{N]@)’l @ respectively, satisfy that both ——*L_ and
max;

Xip 24y

bounds which are not greater than 1, where AE“) = w41 —u; fori =1,...,p, and

A§U) :vj+1—vjf0rj=l,...,qn.

In this chapter, the constraints set €2, ; is a subset of the constraints set {2,, discussed
in Chapter 3. We only discuss the asymptotic properties in [Iy,u;] X [l2, us] and let €, =
{7(s,t) : 7 € Qp 1, for (s,t) € [l1,u1] X [l2, us]}.

Under (C4), the maximization of , (@, 8,7;-) over €, is actually the maximiza-
tion of Zn(g, B,7; ) over Q. , where in(g, B,7; ) is defined by (3.6). Let 7,, maximizes
ZNn(g, B,7;-) over Q;l Then the asymptotic properties of 7,, in terms of consistency and

convergence rate are stated in the theorems given in the next sections.

In this chapter, the L, (Q)-norm associated with probability measure () is defined

1l = QU = ( / fIrdQ)M". 42)

Then according to (4.2), L,(Pc, ¢,)-norm, L, (P¢, )-norm and L, (P, )-norm are denoted
as L,-norm associated with the joint and marginal probability measures of observation
times (C, Cy), and L,.(P)-norm is denoted as L,.-norm associated with the joint probability
measure P of observation and event times (77,75, Cy, Cs).

Based on Ly-norm, the distance between 7,, = (F),, F}, 1, F,2) with 7,, € Q and

T()(S,t) = (Fo(S,t), F071(S), F072(t)) with (S, t) S [ll, Ul] X [l27u2] can be defined by

d(10,7) = (1 Fo = Fullt,(pe, o)) T+ 1For = FunllZyipe,) + 1 Foz = Fallype,) ' 4:3)
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In this chapter, Empirical measure PP, of a sample of random elements zy, ..., x,

is defined by

n

P,.f = % > fl). (4.4)

i=1

Throughout the technical proofs of Chapter 4, K is denoted as a universal positive

constant that may be different from place to place.

4.2 Consistency
Theorem 4.1. Suppose (C2), (C3) and (C4) hold, and p,, = q, = n® for v < 1, that is,
the numbers of subintervals made from knot sequences {u;}2" " Jantl

and {v; , respectively,

are both equal to O(n") for v < 1. Then
d(Ty, 70) —p 0, asn — oo.

Proof. We will show 7, is consistent estimator by verifying the conditions of Lemma 2.10.
Before verifying the three conditions of Lemma 2.10, we define {2 which contains

both 7y and €2, as follows.

Q= {7 = (F, I, F,) : 7 satisfies the following properties (a) and (b) }.

(a) F(s,t)isnondecreasing in both s and ¢ directions, Fi(s)— F'(s, t) is nondecreasing in s
and nonincreasing in ¢ direction, F5(t)— F'(s, t) is nondecreasing in ¢ and nonincreasing

in s direction, and 1— F} (s) — F»(t)+F (s, t) is nonincreasing in both s and ¢ directions.

(b) F(S,t) > bl, F1(5> — F(S,t) > bg, Fg(t) — F(S,t) > bg, and 1 — Fl(S) — FQ(t) -+

F(s,t) > by, with by > 0, by > 0, by > 0 and by > 0 small enough, such that
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To = (F07F0,1,F0,2) € Qand Q;L C Q.

Remark 4.1. For the true distribution functions 7y = (Fy, Fy 1, Fo2), under (C2), Lemma

4.1 given in section 4.3 guarantee that Ty € S and that for any 7,, € 0., 7, € Q.

The class of functions made by the log of density for single observation (s, t) is
defined as
L=A{l(r): 1€},
where
I(T)|(s,t) =010210g F(s,t) 4 01(1 — 02) log[F(s) — F(s,t)]

+ (1 — 61)02 log[Fy(t) — F(s,t)] (4.5)

+ (1= 1)(1 = d2) log[1 — Fi(s) — Fa(t) + F(s,t)],
with 01 = 11 <), 02 = Liry<y.

For the rest of Chapter 4, let
M(7) = Pl(r) and ML, (1) = P, (I(7)), (4.6)
where PI(7) and P,,(I(7)) are given according to (4.2), (4.4) and (4.5).
(i) First, we verify the condition:

sup M, (1) — M(7)| —, 0.

TEQ

It suffices to show that L is a P-Clivenko-Cantelli, by the fact

sup |(P, — P)l(7)| = sup |M,(7) — M(7)| —, 0.
l(r)eLl TEN
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Let Al - {ﬁ—(sp ST = (Fa F17F2) € Q}’ and gl = {1[sl,t1]><[52,t2]751 S tl S

mi, $2 < ta < my}. By Property (a) and (b), we know 0 < bifgj—(;l’t) < 1and %
is monotone nonincreasing in both s and ¢ directions. Therefore A; C Sconv(G).

Then Lemma 2.11 implies

1

N<6) gh LQ(ch,Cg)) S K(E>47 (47)

for any probability measure ()¢, ¢,, by the fact that V(G;) = 3 and the envelop
function of G, is 1. Furthermore (4.7) is followed by

1

log N (e, 500m0(G1), L2(Qen.c) < K ()",
using the result of Lemma 2.12. Hence
log N (€, Ay, La(Qcy.05) < K(%)“/S. (4.8)
Let
AL ={66,log F(s,t) : 7 = (F, F\, Fy) € Q. }.
suppose the centers of e-balls of A; are fi,i = 1,2,...,[K(1)%?], then for any joint

probability measure () for (17,15, Cy, Cs)

16102 log F' — 6105 1og by fi|7, ()

B log F' :
= Q[5152 log bl(log by fz)]
log F'(C4, C
= E[l[T1<Cl,T2<Cz} log bl(% — fi(Ch, Cz))]2
lOg F(Cl, Cg)

= B{B{ln <cumecy log b (FE 35 = f(CLGPICn Cal)

M - fz(cl 02))]2

= E[Fo(ol,cg) IOg bl( log bl
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lOg F(Cl, Cg)
log by

— fi(C1, Co))?

= Ec, 0,[Fo(Ch, C2) log by ( — fi(C1, Co)))?

10g F(Cl, Cg)
IOg b1

log F :
log by — fi)

< ECl,CQ [lOg bl(

= QCl,CQ [log bl(

log F

= log? by I og by

2
- fiHLz(ch,CQ)’

leth, = — log by then 6105 log by fi,i =1,2,. .., [K(%)‘*/S] are the centers of eb;-balls
of A} and by (4.8)

log N (eby, A\, Lo(Q)) < K(%)‘W, 4.9)

and it follows that

1 1
/ sup \/log N(eby, Ay, Ly(Q))de < / \/E(E)Q/gde < 00. (4.10)
0 @ 0 €

It is obvious that the envelop function of A is by, therefore A} is a P-Donsker, by

Lemma 2.13.

Let A2 = {log(Fll(jé—éF(S’t)) T = (Fa F17F2) € Q}’ and g2 = {1[51,t1]><[t2m’L2]7 S1 S
tl < mi, S2 < tQ < mz}, and AIQ = {51(1 — 52)10g(F1(S> — F(S,t)) LT =
(F,F\,F,) € Q,}. By the similar arguments in showing A} to be a P-Donsker, it

can be shown that A, is P-Donsker.

Similarly, it can be shown that Ay = {(1—8,)0; log(Fo(t)—F(s,t)) : 7 = (F, Fy, F) €
Q}and A, = {(1—0,)(1—8y) log(1—Fy(s)—Fy(t)—F(s,t)) : 7 = (F, F, F,) € Q}
are P-Donsker classes as well.

By Lemma 2.14, pairwise sums A| + A, and A; + A, are both P-Donsker classes.

Then the pairwise sum (A} + A4;) -+ (A;+A}) is also P-Donsker. It is obvious that £ C
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(AL +Ay)+(A3+A)), hence L is P-Donsker. By Slusky’s Theorem, it can be showed

that a P-Donsker is a P-Clivenko-Cantelli and hence sup; ;). |(Pn — P)I(7)] —, 0.

(i1) Second, we verify

M(7o) — M(7) > Kd(o,7)?,
for any 7 € Q.
By (4.6) and E(E(X|Y)) = E(X),

M(7o) — Mi(7) =P{l(r0) — I(7)}

F Fo1 — F

=P{d,09 loggf0 +1(1 — 9) log%
=

Foo— Fy
F—F
1—Fo1— Foo+ Fo}
1-F—-F+F 7
Fo1 — Fy
F, - F

+(1 — (51>52 10g

+(1 —61)(1 — 02) log

F
:P01,02{F0 log FO + (FOJ — Fo) log

F0,2_F0

+(Fo2 — Fo) log F—F

1—Fyq1 — Fyo+ Fo

1 — Fyq1 — Fi o)1 .
+( 01— Fo2 + Fp) log I F Rt F }
It follows that
E Fo1— F
M(r0) = M(r) =Pey e, {Fm( ) + (Fy = Fym(~p =)
Foo — Fi
+ (Fy — F)ym(=22—2) (4.11)

F—F
1 —Fyy — Foo+ Fo
1-F — K+ F

+(1—-F—F+ F)m( )}

where m(z) = zlog(z) —x+1 > (z —1)?/4for0 < z < 5.
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By F' has positive upper bound,

PeyerlFm(E)} > Poy e (22— 121y

K P o (Fo— Y’ (4.12)
:KHFO - F”%Q(PCLCQ).

Also, since F; — F' has positive upper bound,

Foq — Fo

Pey e {(F1 = F)m <F1—F)}
(L= F)* Foi—
>P, 124
et R - F s (4.13)
>K||(Fox — Fo) = (Fy = F) 1 4pe, )
=K||(Fox = F) = (Fo = F)14p0, )
Similarly,
F02 FO
Po, o, {(F2 — F)m (ﬁ)}
>K||(Fos = Fo) = (Fo = F)|[7a0pe, o) (4.14)
:KH(FO’2 o Fg) - (FO o F)H%Q(PCyCQ)?
and
1—Fy1— Foa+ F
Peyco{(1 = B = By + F)m(—; _‘};j _F?’Q FO)}
Lo (4.15)

>K|(1=Fop = Fop+ 1) = (1= F = B+ )1, o)

By (4.12), (4.13), (4.14) and (4.15), (4.11) results in

M(7o) — M(7) 2K (|Fs — Fli3ym o+ | (Fox = F) = (B = F) 2 o

+[[(Fop — F2) — (Fo — F

2
W2 i, o)

Let fi = [[Fo = FliZ,(p, o) f2 = Fon = FillZ,p,, ) and f5 = [ Fo2 — B[], p,, -
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If fi is the largest among f1, fa, f3, then
M(ro) = M(7) > Kf1 > (K/3)(f1 + fa + f3), (4.16)

if f5 is the largest, then

M(ro) —M(7) = K[fi + (fo = J1)] = Kf2 =2 (K/3)(fi + f2+ f3),  (4.17)

if f3 is the largest, then

M(7o) = M(7) > K[f1 + (fs = f1)] = K fs > (K/3)(f1 + f2 + [3). (4.18)
Hence
M(79) — M(7) > Kd(mo,7)?,

by (4.16), (4.17) and (4.18).

(ii1) Finally, we verify

M, (7n) — M, (10) > —o0,(1).

Since 7, maximizes M,,(7,,) in 2, M,,,(#,,) — Ml,,(7,,) > 0. Hence,
Mn(%n) - Mn(TO) :Mn<%n> - Mn<7—n) + Mn(Tn) - Mn(TO)
ZMn<Tn> - Mn<7-0)
(4.19)
=P, (U(70)) = Pu(l(70))
=Py — P){l(7a) = U(10)} + P{i(70) = U70)}-
Under (C3) and suppose p,, and g,, are both equal to O(n"), then Lemma 4.2 guaran-
tees that there exists 7,, = (F},, F}, 1, F},2) in €, such that for 7o = (Fp, Fo.1, Fo2),

HFn_F()Hoo S K(n—pv)’ ||Fn,1_FO,1||oo S K(n_pv)y and ||Fn,2_FO,2Hoo S K(n—pv)'
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Define

En :{Z(Tn) cTh = (Fna Fn,th,Q) € Q;w ||Fn - FO”OO S K(n_pv)a

| Fap — Foalleo < K(n77), || Fr2 — Fo2llee < K(n7P7)}

Since (a + b+ c+d)* < 4(a® +b* + ¢ + d?), thenin L,

F, F,i1—F,
P{l(1,) — 1(10)}? <4P(816510g =) + 4P(8,(1 — 6,) log —2——")?
FO FO,I - FO

Frno—F, .,
Foa — Fo>
1—-F,1—F2+ F,,
1 —Fo1 — Fop + Fo

+4P((1 —61)(1 — 92) log

(4.20)
F F.1—F
<4Pg, ¢, (log =)* + 4Pc, ¢, (log =——)°
= 01702( 0g FO) + 01702( 0g FO,l —F,
Fn2 _Fn
+ 4P¢, ¢, (log —2=——)?
01, gFM_FO)

1_Fn,1_Fn,2+Fn 2
1 —Fyq — Foo+ Fp

+ 4P01702 (log

The fact that || £}, — Fo[1,(p0, ¢,) < K(n7P") and that Fj has a positive lower bound
. F,
results in 1/2 < 32 < 2 for large n.

log(z)| < K|z — 1]|. It follows

Since it can be easily showed that if 1/2 < x < 2,
that | log ?—g| < K'% — 1/, then
F, F,
Py ol IOgFOP SKPOI,CJFO —1J?

F? F,
ol =17

<KPc c,(= —
THK R 4.21)

=K Pg, 0,|Fy — Fo|?

<K(n*)*—0.
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Similarly, since ||, 1 — Fo 1o < K(n7P), then F,,; — F), and Fy; — F} are very

close at every point in their domain. By the fact that Fy; — I has a positive lower

bound, 1/2 < F=—5" L ] F * < 2and |log 7-— Pri P F < K|& Fn1— F * — 1|. Therefore

Fn,l_F F,

Foi—
Poy o, log ——"1* <K Pe, o) | ——F— — 1)
01,02| Og }71071 _ FO‘ — 01702’ FO,l _ FO ‘
F..—F,
<K P, 0, ((Fop — Fo)? \ﬁ —1/%)
01— =0 (4.22)
<KPe,0,|(Foy — F,) = (Fox — Fy)|?
<K(n*)* — 0.
Similarly,
F,o—F
Poy.c,|log 22— 2 — 0 4.23
C1C2|OgF02_FO| - Y ( )
and
- Fn 1= Fn 2+ F
P 1 0. 4.24
01702|0g1_F01_F02+F0| - ( )
By (4.20), (4.21), (4.22), (4.23) and (4.24),
Pl|i(7,) — (10)]* — 0, as n — oo. (4.25)
By the similar arguments,
P|l(1,) — l(70)| — 0, asn — 0. (4.26)

Hence, by (4.25) and (4.26),

pr{l(ta) = Ur0)} = {P{[l(r) — U(r0)] = PlU(7a) — U0)]}*}'/? — 0, as n — oo
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Since under (C2) Lemma 4.1 indicates 2, C Q and 79 € €, then £, C £ and
l(10) € L. So both I(7,,) and (1) are in L. In addition, L is a P-Donsker.
Hence

(P, — P){U(ra) — (7o)} = 0p(n™"%), (4.27)
by Lemma 2.15.
And

P{l(1,) = U(m0)} < P|l(1,) = l(10)| — 0, as n — oo.

So P(l(7,) — l(19)) > —o(1) as n — oo. Then by (4.19),

Mn(%n) - Mn(TO) Z Op(n_l/Q) - 0(1) Z _Op(l)'
This completes the proof of d(7,,,7) — 0 in probability. O

4.3 Convergence Rate
Theorem 4.2. Suppose (C1)-(C5) hold, and p,, = q,, = n" forv < 4ip, that is, the numbers
of subintervals made from knot sequences {u;}?" ™ and {v;}I"*', respectively, are both

equal to O(n") forv < 4ip. Then
d(’fna 7_0) _ Op(n—min{pv,(l—?u)/?)}).

Proof. By (4.19), ML, (7,,) — M, (79) > 11, + Lo, Where [, ,, = (P, — P){l(7) — (7o)}
and I,, = M(7,) — M(r) for any I(7,,) € L,,. Given by (4.27), I, , = 0,(n~'/?). Then if
v < 4ip

I, = 0,(n™%"), (4.28)
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In what follows, it is showed that

M(79) — M(7,) < O(n™2"). (4.29)

Let 7 = 7, in (4.11), then

2027 2y (4.30)

1 —Fyq1 — Foo+ Fo
1_Fn,1_Fn,2+Fn

+ (1= Fo1— Foo+ F)m( )}

By the fact that m(x) = zlog —z + 1 < (z — 1)? in the neighborhood of z = 1 and the

definition of £,

Fy Fy
PCl,C2{an(F)} SKPCLCQ{FT%(F - 1)2}
=K Pg, 0,(Fy — F,)? wan
<K||Fy— F,|%
=0(n~%").
similarly,
P FO,l - FO 2 2
1,058 (Ft — Fn)m(ﬁ)} SK||Fo = Fulls + K Foq — Faalls
nl™ n (4.32)
:O(n_2p”),
FO,Q - FO 2 2
Peycoi(Fnz = Fo)m(m—7)} SE|Fo = Bl + Kl Foz — Fuells
n2 - 1In
' (4.33)

—~0(n2)
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and

1 —Fyq — Foo+ Fo
1_Fn,1_Fn,2+Fn

Fore{(1 = Fy = Fua + Fo)m( )} <Kl||[Fo — Fall%

+ K||[Fo2 — Fopll%
(4.34)

+ K||[Foy — Foall%
=0(n~%").

So (4.30), (4.31), (4.32), (4.33) and (4.34) result in M(7p) — M(7,,) < O(n~%"). Then
Iy, = M(7,) — M(79) > —O(n~*"). (4.35)

Hence

M(7,) = Mi(70) = —O(n”"") + 05 (n~ ") = =0y (n "),

by (4.28) and (4.35).
Let

Lny = {l(m) = U(mo) : 7 € an and d(7,,79) < n}.

In what follows, the bracket number of L, ,, is evaluated.

Let Loy = {l(7) : 7w € U}, Fru = {F : 7o = (Fy, Fu, Fup) € Q) Fon =
{Fn,l Tp = (FTL7FTL,17 Fn,2) S Q,n}’ and fn,? - {Fn,Q cTp = (Fna Fn,lan,Z) S Q;@}

By Lemma 2.22, there exist e-brackets [FX, FV] i = 1,2,...,[(1/€)%P"%] to cover
F.. By Lemma 2.21, there exist e-brackets [F](l)’L,F].(l)’U],j = 1,2,...,[(1/e)%P"] to
cover F, 1, and there exist e-brackets [F,”"", F,”" .k = 1,2,...,[(1/e)"™] to cover

Fo -
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Let
1,5 = 816y log FY + 61(1 — ) log(FVY — F)
+ (1 - 018 log(FY — FE)
+ (1 —=61)(1 — d2) log(1 — Fj(l),L B F1§2),L L EYY,
and
I = 6162 10g F 4 6,(1 — 6) log(F{* — FY)
+ (1 — 61)02 log(F" — FY)
+ (1 = 61)(1 = d2) log(1 — FJ,(I)’U _ Fk(Q)’U +FH),
Then for any [(7,,) € L, 1 ,there exist 4, j, k, fori = 1,2,...,[(1/e)*Pr],

j=12...,[1/e)*]and k = 1,2,...,[(1/€)"], such that I}, < I(r,) < I, and

the number of brackets [I; ., 17, ,]'s is bounded by (1/€)"Pran . (1/¢)KPn . (1 /).

It is left to show that any bracket [I]; ,, [, ] is a K'e-bracket.

|| l’fjjk - liL,j,k ”°°
FU F~(1)’U - FL
<l oudulog T Lo 41 010~ o) low gyl
F(Q)vU _ FL
+ || (1 —01)d2 logM oo
F}g?),L o iU
1— FWE @b pu
1 (1= 8)(1 = 82)log — g =
1— FOV U e
- U pL FOU _ pL

p i
L _ pu oo + || log ‘F(z),L U oo

Fi
< logﬁ oo + || log
3 j i k %
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1— F-(1)7L . F-(2)7L + FoU
+ | log T ®T
1—F 7" — 7" + FF

J J ?

Since F,, has positive lower bound, then for small ¢, F* has positive lower bound.

That F* has positive lower bound and F(s,t) is close to F(s,t) guarantee that 0 <

?’Z —1<1fori=1,2,...,[(1/e)kP»a]. Then by logz < (v — 1) for 0 < (z — 1) < 1,
log ?:Z < f;’;j — 1.
So
FY v 1
| IOgF_Z-L [ F—ZL — 1 [l F—iL(FiU — ) o< K || F = Ff |o< Ke. (4.36)

Since F,, ; — F}, has positive lower bound, then for small e, Fj(l)’L — FiU has positive

lower bound. Fj(l)’U is close to Fj(l)’L and FV is close to FF result in Fj(l)’U — Flis

close to Fj(l)’L — FV. That Fj(l)’L — FY has positive lower bound and Fj(l)’U — Flis

(1)U _ L

close to Fj(l)’L — FY, resultin 0 < % —1<1fori=1,2,...,[(1/e) P and
J i
J=1,2,...,[(1/e)P].
So
F(l),U L F-(1)7U . FL
I log — - Ll

I B
F0t o = mr

J

<K | (F"Y —F) — (FOF — FY) ||

(4.37)
<K(| EY = F oo + | Y = FE )
<Ke.
It can be similarly shown that
F(2)’U _ L
| log 2o || o< K, (4.38)

S
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and
| FOL _ p@L | pu
|| log Jl)U ](2 —— [l< Ke. (4.39)
1- POV PV pL
Then || I, — 171 l«< K€, by (4.36), (4.37), (4.38) and (4.39). Hence it follows
that

N[]{E, £n717 || ||OO} S (1/€)KP7LQ7L+KP7L+KQ7L S (1/6)Kpnlh‘

So Nij{e, L1, Lo(P)} < (1/€)KPnan by the fact that Lo-norm is bounded by L.,-norm.
Hence

Ni{€, Loy, La(P)} < (1/€)fPran, (4.40)

by (L, +1(10)) C Ly1.

In Theorem 1, it has been showed that if ||7,, — 79||z,(p) < Kn~P" then P{L(7,) —
L(m)}* < K(n™?")% In what follows, we show that P{L(7,) — L(7)}* < Kn? for any
L(r,) — L(m) € Ly, by similar arguments.

Since || F), — Fol|Lo( )y < d(F,, Fy) < n, then under (C1) and (C5), Lemma 4.3

Pey,oy
indicates that for large n, F,, and Fj are very close at every point in [l;, u1] X [l2, us]. Then
the fact that F{ has a positive lower bound results in 1/2 < f;—’; <2

Since it can be easily showed that if 1/2 < z < 2, |log(z)| < K|z — 1]. It follows

that | log %\ < K\I;—Z — 1], then

F F
P, log —|?> <K P, 1P
017CQ| 0g F0| = CI7C2|F0 |
F? F,
<KP, N
— C’17612( K |F0 | ) (441)

=K Pg, c,|Fn — Fo|?

<Kn*
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Similarly, since [|F,1 — Fo1llz,(pe,) < 7, then under (C1) and (C5), Lemma 4.4
indicates that for large n, F}, ; and Fj ; are very close at every point on [l1, u1], then F), ; —F},

and F{; — Iy are very close at every point in their domain. By the fact that Fp,; — Fj has a

Fnl Fn

positive lower bound, 1/2 < Z+—7 < 2 and |log % F" — F"| < K| 3= F” — F” — 1. Therefore

Pe, o] log ?’;1 : §Z|2 SKP01,02|% —1)?
<K Poy cu((Foy — FoP | 2222 —1P)
01— Fo (4.42)
<K Pc, c,|(Fug — F) — (Fop — o)
<Kn’
Similarly,
Pey | log ];02 = ?0 2 < K, (4.43)
and

1_Fn,1_Fn,2+Fn2

P, ] < Kn%. (4.44)
onca| log 1 —Foy — Fop + Fo F< K
By (4.20), (4.41), (4.42), (4.43) and (4.44),
P{l(r,) — l(10)}* < Kn®*. (4.45)

Also it is obvious that £,, ,, is uniformly bounded. Hence by Lemma 2.16,

J{n, Lo, La(P)}

E}; || Gn Hﬁn,ng K‘][]{nvﬁn,mLQ(P)}[l + 772\/%

!
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By (4.40),

~ n
T Lo LalPY} = [ /1108 N e Lo La(P)) de
0

_ /0 " /T KpugTog(1/e)de
< /On{K(pnqn)1/2(1/6)1/2}616

_ K(ann)1/2771/2

Let (1) = (pngn)*n? + (pnqn)/(nm1/?), then it is easy to see that 1(n) /7 is decreasing

function of 7. Note that for p,, = ¢, = n",
n20(1 /nP?) = N2t (F1P0)/2 4 2pv 20 172, 1py
_ nl/Q{n(Spv)/Q—(l—Qv)/Z t pire—(1-20),
Therefore, if pv < (1 — 2v)/3, then n?*4(1/nP") < n'/2. Also
n2(172v)/3w(1/n(172v)/3) — p20-20)/3 0 —(1-20)/6 | 2(1-20)/3, 20, ~1/2,) (1-20)/3
= 2n'/?,
This implies if 7, = n™»{Pv(1-20)/3} "then
ra(1/ra) < Kn'l?,
and
M(7,) = M(70) 2 =0, (n~ ") 2 —Op(n2mEU=203) = 0, (r2).

Hence it follows by Lemma 2.17 that

7ﬁnd(%na TO) = Op<1>
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4.4 Technical Lemmas

Lemma 4.1. Suppose 7 = 19 or 7 € Q;L then under (C2), the following two properties

hold for F(s,t), Fi(s) and F5(t) with 7(s,t) = (F(s,t), F1(s), F5(t)).

(1) F(s,t) is nondecreasing in both s and t directions. Fy(s) — F(s,t) is nondecreasing
in s direction and nonincreasing in t direction. Fy(t) — F(s,t) is nondecreasing in t
direction and nonincreasing in s direction. 1 — Iy (s) — Fy(t)+ F'(s, t) is nonincreasing

in both s and t directions.

(2) F(s,t), Fi(s)—F(s,t), Fo(t)—F(s,t) and 1—Fy(s)— F5(t)+ F (s, t) all have positive
lower bounds.
Proof. (1) First, we verify the two properties for 7 = 7.

Since (F, Fy, Fy) = (Fo, Foa, Fo2) is a vector-valued function, corresponding to the
joint distribution function of (77,75) and their two marginal distribution functions,

then by Lemma 3.1

F(s,t) < F(s 1), (4.46)
F(s,t) < F(s,t), (4.47)
[Fi(s") = F(s", 1) = [Fi(s) — F(s,1)] > 0, (4.48)
[Fo(t") — F(s,t)] = [Fa(t') = F(s,t)] > 0. (4.49)

By (4.46) and (4.47), F'(s,t) is nondecreasing in both s and ¢ directions. By (4.48)
and (4.47), Fi(s) — F(s,t) is nondecreasing in s direction, and nonincreasing in ¢

direction. By (4.49) and (4.46), F»(t) — F'(s,t) is nondecreasing in ¢ direction, and
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nonincreasing in s direction. By (4.48) and (4.49), 1 — Fi(s) — Fy(t) — F(s,t) is

nonincreasing in both s and ¢ directions.

Under (C2) and (s, t) € [l1, u1] X [la, ual,

2
F(s,t) = Fy(s,t) > (s — Ly)(t — Ly) min —8 Fo(s,?) > (I = L) (l2 — La)bo,
s,t 85825
. O0*Fy(s,t
Fi(s) = F(s,t) = Fou(s) — Fo(s,t) > (s — L1)(Uz — 1) e azgt )
2 (ll — Ll)(UQ — u2)b07
2
Fy(t) = F(s,t) = Foa(t) = Fo(s,1) > (t = Ly)(Uy — s) min e gogst !

> (ly — L9)(Uy — )by,

and

1— F1(8> — Fg(t) + F(S,t) =1- F0’1(8> — F(]’Q(t) + F()(S,t)
. 82F0(s,t)
> (Uy — s)(Uy —t) min — o~

> (U — u1)(Uy — u2)by.

(i) Second, we verify the two properties for 7 € Q/n

By Lemma 3.2, Q, C F in [l;,u1] x [ly, us], where F is defined in Section 3.2.
Then for 7 = (F, F}, Fy) € Q;l, (4.46), (4.47), (4.48) and (4.49) hold. Hence, 7 =

(F, F\, F,) € Q, satisfy property (1).

By Property (B3) in section 2.1.1,

S lequl L VT8 Aty T 05 N1 N ),
88875 i=1 j=1 Sz+l_81+1)(t]+l—t]+1) i+1 G+1
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Then by (Spl) and 4th condition given in (4.1)

2
0°F(s,t) Qg1 — Qg1 — Qg+ Qi
sot T i AW AW
950 J max;, A; 7 max;, A
min;, A(-u) ming, A(.v>
> min Q1,541 QG j+1 Qjt1,5 + Q; 5 1 1 (450)
— i i A s A (0)
bJ mini, Ai)" ming, Aj) max;, Ag?) max;, Ag-f)
I I
>K.

Then for (s,t) € [l1,u1] X [l2, us] by (4.50)

F(s,t) > F(s,t) — F(s, Ly) — F(Lv, ) + F(Lx, L)
> (s — Ly)(t — Lo) H;}tnags—(ai;ﬂ
Z (S — L1>(t — LQ)K

> (Iy — L)(l — Ly)K

By Property (B2) and «; ; < 3;, we have

Pn  Qqn
F(s,Us) = Z Z Oéi,jNi(l)’l(S)Nj@)’l<U2>
i—1 j=1
Pn  Qqn
< Z Z 51‘]\72-(1)’1(3)]\[;2)’[([]2)
l:pi =1 " (4.51)
:(Z @Nz’(l)’l(s)ﬂz N]@)’Z(Uz))
i—1 j=1

Pn
=" BNV (s) = Fu(s),
=1

then it follows that

Fi(s) — F(s,t) >F(s,Uy) — F(s,t)

ZF(S, U2> - F(S,t) - F(Ll, Ug) + F(Ll,t)
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Z(S — L1)(U2 — t)K

>l — L1)(Us — ug) K.
Similar to (4.51), it can be showed that
F(Up,t) < Fy(t), (4.52)
then by (4.52)
Fy(t) — F(s,t) >F(Uy,t) — F(s,t)
>F(Uy,t) — F(s,t) — F(Uy, S2) + F(s, Lg)

>(Uy —s)(t — Lo) K

>(Uy —up)(ly — Lo) K.

By Property (B1) in section 2.1.1,
Fy(U1) = Bp Ny M (U1) = By,

Fy(Uy) = 'anNq(z)’l(Uz) = Ygn>

and

F(U,U,) = O‘pn,quzgi)’l(Ul)er(f)J(UZ) = Opp gn -

Then under the last condition given in (4.1)

FQ(UQ) — F(Ul,UQ) = ’)/qn — O[pmqn S 1-— ﬁpn =1- Fl(Ul) (453)

In the proof of Lemma 3.2, it is showed that dF;S(S) > 8F8(z’t) and d%t(t) > 8F(§f’t), then

Fi(Uy) = Fi(s) > F(Uy,Us) — F(s,Us), (4.54)
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and

Fy(Us) — F5(t) > F(Uy, Us) — F(Uy, t). (4.55)
Hence by (4.53), (4.54) and (4.55)

1 — Fy(s) — Fa(t) + F(s,1)
—{1 — Fy\(Uh) + F(U7) — Fi(s)}

—{F(t) = F(Ur,t) + F(Uy,t) = F(s, 1)}
>{Fy(U) — F(Uy, Uy) + F(Uy, Up) — F(s,Uy)}

— {Fy(t) — F(Uy,t) + F(Uy,t) — F(s,1)}
={Fy(U) — Fy(t) — F(Uy, Uy) + F(Uy, 1)}

+ {F(Uy,U) — F(s,U) — F(Uy,t) + F(s,t)}
>F(Uy,Uy) — F(s,Us) — F(Uy,t) + F(s,t)
2(Ur = s)(U2 =K

Z(Ul — U1)<U2 — Ul)K
[

Lemma 4.2. Suppose (C3) holds and p,, = q,, = n". Then there exists 1, = (F,, Fj,1, Fy,2) €
Q. such that
[ — Folloo < K(n7),
[Fn1 — Foalle < K(n77"),

and

| Fr2 — Foz2lle < K(n7F7).
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Proof. Actually if the spline coefficients of F;,, I, ; and F,,  are chosen as «; j = [ (13, & j),
Bi = Fo1(m;) and y; = Fy2(&;), where 7, i = 1,...,p,and §;, j =1,...,q, are defined
by (2.24) and (2.25) in the proof of Lemma 2.19 . Then under (C3) and (Sp1), Lemma 2.18
and Lemma 2.19 indicate that || F,, — Fylloc < C(n™"), [|[Fn1 — Foillee < C(n™P"), and
[Fn2 = Fozlle < C(n7F").

To complete the proof, in what follows «; ;, 3; and 7; are showed to satisfy the

conditions given by (4.1).
(i) aiy = Fo(m,&) > 0;
(i) o111 — a1y = Fo(m1, &) — Fo(m,§5) > 0;

(i) aiy11 — g = Fo(mip1, &) — Fo(mi, &) > 0;

. o . — o N—(cv; » —o s o . — s —o oy s
(iv) (@117 Q1) (@1 =y) Qg l bl =@l = Qg1 j 0,

mini1 AE”IO mimj1 Ag”;) - (Ti+1_7-i)(§j+1_£i)

7 7
_ Folmiv1.&i41) = Fo (T8 1) = Fo(Tit1,§5) +Fo(7i €5)

. 02 Fp(s,t
Z mlnSG[Ll,Ul] $ - bOa

TiJrl*Ti é‘ —&; dsot
( )(E+1=8i) te Lo Un]
bo min; Agu) min;, A .
then (@i+111 — Qi) — (Qijs1 — @ij) > ——>—— I here [ is necessary

due to the definitions (2.24) and (2.25) of 7;’s and §;’s, respectively;
(V) 1 —arg, = Foi(m) — Fo(m1,&,,) > 0;
(Vi) Biy1—Bi— (Qit1,40 — Xig,) = Fo1(Tix1) — Fo1 (1) — (Fo(Tix1, &g — Fo(73,&g,)) = 0;
(Vi) 11 — a1 = Fo2(&) — Fo(7p,,&1) = 0;
(Viii) Yj1 =7 = (Qp, i1 =) = Fo.2(§41) = Fo,1(&5) — (Fo(Tp,, &1 — Fo(Tp,: &) = 0;

(x) 1= By, — Vg + Qppg, =1 — FO,I(Tpn) - F072(5Qn) + FO(TPn’ gCIn) > 0.
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The proof is complete. [

Lemma 4.3. A(s,t) and A(s,t) are both partially nondecreasing functions with domain
(L1, Ur] x [La, Us| and they satisfy |A — Ao|| 1oy < 1. If the following conditions (1) and

(2) hold, then there exists constant K independent of A such that

sup [A(s,t) = Ao(s, 1) < (/)X
(s,t)€[L1,U1]x[L2,U2]

(1) Ao(s,t) is differentiable in both s and t directions and there exists a constant 0 <
fo < oo such that 1/fy < 0MNo(s,t)/0s < foand 1/fy < OAo(s,t)/0t < fo for

V<S,t) S [Ll,Ul] X [LQ,UQ].

9 u(st)

(2) The probability measure . associated with La-norm has mixed derivative —;_5= sat-
. . 82M(57t) ..
isfying = 5= 2 co for some positive c.
Proof. Suppose that (s',t') € [L1,Uy] x [Ly, Us] satisfies
IA(s' 1) — Ao(s,£)] > (1/2) sup |A(s,t) — Ag(s,t)| = &/2.

(S,t)E[Ll,Ul]X[LQ,UQ]
Then either A(s',t) > Ag(s',t) +&/20r Ag(s',t)) > A(s, 1) +&/2.
In the first case, there exist h satisfying (s 4+ h,t + h) = (s,t"), such that

Ag(s",") = No(s', 1) + /2, then
. >/{Ast A(s, )Y2du(s, 1)

-/ / (As.8) — Aofs. 022100
(st e[L1 U1]x[L2,Us]
/ / [A(s,1) — Aofs, t)}Qag(;tt)d dt

z/t/ / (Ao(s" ) = Ag(s, 1)) a(a Y gsat



>co/ / Ao(s" 1) — Ao(s, £))2dsdt

Ao(s ,t) 1
=c Ao(s t 2 dxdt
W/Am{° )= R AT w005

co/fO/ /AAO(S A" o) — )Y

o(s t)

75

= (Co/fo)/t, {(Mo(s",t") — Mo(s',1))*/3 = (Mo(s",t") — Ao(s", 1))%/3}dt.

Then by 2° — y* = (z — y)(2* + zy + ¥?),

1"

ﬁz%lmww—mw»

[(Ao(s”,t") = Ao(s', 1)) + (Mo(s”,t") — Ag(s”, 1))?dt.

Using Taylor expansion, there exists a w € (s, s" ), such that
Ao(s",t) — Ao(s',t) = (OAo(w, t)/ds)h > R/ fo.

Using Taylor expansion along s and ¢ directions, respectively, we have
€/2=NAo(s 1) — Ao(s,t)
_ AO(SH’t/l) _ A0<S//7t/) +A0(8//7t/> . A0<S/7t/)
< 2h fo.

Combining (4.57) and (4.58) yields,

A()(Su,t) — A0(8/7t) Z —

(4.56)

(4.57)

(4.58)

(4.59)
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Finally, substituting (4.59) into (4.56), we obtain

1"

t
C " " ! " 1" "
72 g [ 0" = (s 1)+ (hals” ) = Aals”, )
0 Jt

Cog t "o ” 2
> A t)—A t))-dt
= ].2_]05’ p ( 0(8 ) ) 0(8 ) ))
Ao( s t )
C é- o "o 2 1
= (Mo(s 1) — ) = dx
12fo o(s" ) aAO(AOI( Ny s") /0t
AO(S// t”) . .
> ot (Ao(s" ") — z)2de
1215 Jaos” )
C[)é- " / 3
= A —A t 3
> coé*
230430
This yields the stated conclusion with K = \/co/(2304f3°).
In the second case the same conclusion holds by a similar argument. [

Lemma 4.4. (Lemma 7.1 in Wellner and Zhang (2007)) Ao(s) and A(s) are both nonde-
creasing functions with domain [ Ly, U] and they satisfy || A— Aol 1, () < 0. If the following

conditions (1) and (2) hold, then there exists constant K independent of A such that

sup A(s) — No(s)] < (n/K)*°.

SE[Ll,Ul]
(1) Ao(s) is differentiable and there exists a constant 0 < fy < oo such that 1/f, <

dAO dho(s) < foforany s € [Ly, U]

(2) The probability measure i associated with Lo-norm has derivative [u satisfying [i(s) >

cy for some positive c.
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CHAPTER 5
NUMERICAL STUDIES

In this chapter the finite sample performance of the proposed sieve maximum likeli-
hood estimation method is justified. It has been mentioned in Chapter 3 that the constrained
optimization problem with the I-splines has the advantage of simplicity in the constraints.
Hence, the partially monotone tensor I-splines are used to compute the spline-based non-

parametric estimate in the numerical studies.

5.1 Computing Algorithm

Given p,, and ¢, the partially monotone tensor I-splines-based nonparametric max-
imum likelihood estimation problem described in Section 3.2.2 is actually a restricted
parametric maximum likelihood estimation problem for the coefficients of the I-splines
or the tensor I-splines. For restricted parametric maximum likelihood estimation problems,
Jamshidian (2004) generalized the gradient projection algorithm originally proposed by
Rosen (1960) using the generalized Euclidean metric ||z|| = 27 Wz, where W is a pos-
itive definite matrix and possibly varies from iteration to iteration. Zhang et al. (2009)
implemented the generalized gradient projection algorithm for the spline-based maximum
likelihood estimation for the Cox model with interval-censored data. In the following, we
extend the algorithm steps adopted by Zhang et al. (2009) to compute the proposed tensor
I-splines-based sieve nonparametric estimate.

Let % and H(6;-) be the gradient and Hessian matrix of the log likelihood

given by (3.10) with respect to 0 = (01,05, ,0p, g, 4pntq.) = (0,w,T), respectively.
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Since H (#;-) could be singular, we let W = —H(6;-) + I, where [ is identity matrix
and v > 0 is chosen sufficiently large so that 11/ is positive definite. During the numerical
computation, the index set of active constraints is denoted as A = {4y, 4y, - ,4,}, that is,

during the numerical computation, for 7 = 1,2, .-+ |r,
(1) ifi; < pp - g+ Pn + Gn, then 0;; = 0,
(i) if i; = pn - Gn + Do + @n + 1, then Y Lo dntPrtin g, — 1,

Suppose the indexes in A are in ascending order and i, = p,, - ¢, + pn + ¢ + 1, then the

working matrix corresponding to set .4 has the following form,

0 0O -1 0 0
A —
0 0O -1 0 0
L = X (Pnqn+pn+aqn)

The generalized gradient projection method is implemented in the following steps:

Step 1: (Computing the feasible search direction) Compute

d=(di,dy, dpyguiputa) = {1 = W‘IAT(AW‘lAT)‘lA}W_l_alna(z—; ),
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Step 2: (Forcing the updated ¢ fulfills the constraints) Compute

. . 0 172?;1{171“1’1”—’714"171, 0; . Pr-Gn+Pn+an
m1n{m1ni;di<0{_df}7 Zpiiqumqn 4 | DY d; >0,
1= v

fy =
mini:di<0{_%}’ else.
Doing so guarantees that 0; + vd; > 0 fori = 1,2,--+ ,p, - Gn + P + ¢n, and
pn.qn+pn+Qn(9i _'_fydz) S 1.

i=1

Step 3: (Updating the solution by Step-Halving line search) Find the smallest integer k

starting from O such that
(0 + (1/2)"vd; ) > 1,(6; ).
Replace 6 by § = 6 + min{(1/2)*~, 0.5}d.

Step 4: (Updating the active constraint set and working matrix) If £ = 0 and v < 0.5,
modify A by add indexes of all the newly active constraints to A and accordingly

modify the working matrix A.

Step 5: (Checking the stopping criterion) If ||d|| > e, for small ¢, go to Stepl. otherwise

compute A = (AW LAT)"tAW ! 857:9((;9;0'

(i) If A; > 0 for all 7, set § = 0 and stop.

(ii) If there is at least one j such that \; < 0, let j* = argmin;.y,«o{A;}, then

remove the index ¢;- from .4 and remove the j*th row from A and go to Stepl.
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5.2 Simulation Studies
5.2.1 Design of the Studies
Copula functions are developed to model the joint distribution function through
marginal distribution functions and associations among the individual event times. Re-
cently, the Copula models have become very popular in bivariate survival analysis (Wang
and Ding (2000), Jewell et al. (2005), Zhang (2008)). Nelson (2006) gave an extensive
review of Copula functions. We consider two bivariate Copula functions in the simulation

studies. One is the bivariate Gumbel Copula function
Ca(u,v) = exp{—[(~logu)® + (—logv)*]"/*}
with a > 1, the other is the bivariate Clayton Copula function
Colu,v) = (u= 417 — 1)ﬁ

with o > 1. For both Copula functions, a larger o corresponds to stronger positive associ-
ation between two marginal distributions and o« = 1 corresponds to independence between

the two event times. The association parameter o and Kendall’s 7 for Gumbel Copula and

a—1

Clayton Copula, are related by 7 = QT’l and 7 = £77,

respectively.
Suppose the joint distribution of the bivariate data (77, Ts) is C,(F}, F»), with F}
and F5 being the marginal distribution functions of 7 and 75, respectively. Then a sample

of (71, T5) can be generated based on the conditional distribution function by the following

steps.

(i) Generate a random sample ¢; from distribution F;
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(ii) Generate a random sample z; from uniform-[0, 1] distribution;

Cao(F1(t1),F2(t2)

(ii1) Solve equation Fi(t1)

= z; for t5 (Usually the equation is solved numeri-

cally), then (1, t5) is a sample of (77, T3).

In simulation studies, we compare the performance of the proposed sieve maximum
likelihood estimation to that of a three-stage semiparametric maximum pseudo likelihood
estimation. The maximum pseudo likelihood estimation of the joint distribution function
follows the idea of the semiparametric method proposed by Wang and Ding (2000) in which
the main goal is to estimate the association parameter. However, Wang and Ding (2000)
only discussed the case when censoring times are common for two event times. Their

method is described as follows.

(1) Use the nonparametric method proposed by Groenoboom and Wellner (1992) to esti-

mate the two marginal distribution functions.

(i1) Compute the maximum pseudo likelihood estimate of the association parameter based

on the specified bivariate Copula function.

(iii) Estimate the bivariate distribution function by the specified bivariate Copula function

with the unknown parameters estimated in (i) and (i1).

To justify the finite sample performance of the proposed sieve maximum likelithood

estimation, two simulation studies are carried out. They are described as follows.

Study 1 The bivariate random event times are generated from bivariate Clayton Copula

model. The proposed sieve maximum likelihood estimate is computed. The max-
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imum pseudo likelihood estimate is also computed with the correctly specified

Clayton Copula model.

Study 2 The bivariate random event times are generated from bivariate Gumbel Copula
model. The proposed sieve maximum likelihood estimate is computed. The max-
imum pseudo likelihood estimate is also computed with the incorrectly specified

Clayton Copula model.

In both studies, the performances of the proposed sieve maximum likelihood esti-
mate and the maximum pseudo likelihood estimate are evaluated with various combinations
of Kendall’s 7 (7 = 0.25,0.5,0.75) and sample size (n = 100,200). Under each of the
six settings, the Monte-Carlo simulation study with 500 repetitions is conducted and the
cubic I-splines are applied in the proposed sieve maximum likelihood. In what follows, the
specifications of marginal distributions of event times 7}, 75 and censoring times Cy, Cs,

and the knots selection of cubic I-splines are described.

(i) (Event times) 77 and 75 in the each study are both chosen to be exponentially dis-
tributed with the rate parameter equal to 0.5. Since Pr(7; > 5) < 0.1 fori = 1,2, in

the studies our interest is only the estimation inside the closed region [0, 5] x [0, 5].

(i) (Censoring times) C'; and C5 in each study are both chosen to be independent and
uniformly distributed on [0.0201, 4.7698] in order to ensure that the bivariate samples

of C and C5 are contained in [0, 5] x [0, 5].

(ii1)) (Knots selection) Theorem 2 in Chapter 4 implies that the proposed tensor spline-

based estimator converges at a rate not faster than n'/%, and convergence rate reaches
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n'/4 for p>2andv = t . If p = 2, then v = 1/8 and the number of subintervals
made of the knot sequence could be chosen as n'/®. This choice of the knot sequences
is mainly of interest in asymptotic properties when 7 is assumed very large. However,
in practice the sample size is usually not very large. For example if the sample size
is 100 and hence 100'/® < 2, which makes the spline-based method infeasible. Our

1/3 is a reasonable choice for the number of subintervals made

experiments show that n
of the knot sequence when sample size is 100 and 200. In other words, we choose 5
and 6 as the numbers of subintervals made of the knot sequence for sample size 100
and 200, respectively. Using the percentile of the distribution of 77 or T inside [0, 5],
the knots of cubic I-spline basis functions are chosen as [0,0.41,0.91, 1.60, 2.65, 5]

for sample size 100 and chosen as [0,0.33,0.73,1.23,1.89,2.90, 5] for sample size

200.

5.2.2  Results of the Studies

The estimation bias of the joint distribution function with the Monte-Carlo studies
of 500 repetitions is graphically presented through all odd-numbered figures (Figure 5.1,
Figure 5.3, - - -, Figure 5.23) for various cases in two studies. And these figures indicate
that the bias of the proposed sieve maximum likelihood estimation is noticeably smaller
than that of the maximum pseudo likelihood estimation near the boundary of closed region
[0.1,4.7] x [0.1,4.7], the bias of the proposed sieve maximum likelihood estimation near
the origin increases as Kendall’s 7 increases, and the bias of the proposed sieve maximum

likelihood estimation decreases as sample size increases from 100 to 200.
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Moreover, the mean estimate of the marginal distribution function of 77 from the
same Monte-Carlo studies is plotted in all even-numbered figures (Figure 5.2, Figure 5.4,
-+, Figure 2.24). And these figures indicate that the bias of the proposed sieve maximum
likelihood estimation for the marginal distribution function of 7} is much smaller than that
of the maximum pseudo likelihood estimation near two end points of interval 0.1, 4.7], and
in general, the bias of the proposed sieve maximum likelihood estimation for the marginal
distribution function of 77 increases as Kendall’s 7 increases or sample size decreases from
200 to 100.

Table 5.1-Table 5.12 display the squared estimation bias (Bias?) and mean square
error (MSE) based on 500 repetitions for both proposed sieve maximum likelihood esti-
mation (Sieve) and the maximum pseudo likelihood estimation (Pseudo) at the 12 pairs of
time points (7}, 75) for different sample sizes, different kendall’s 7 in two simulation stud-
ies. At the bottom of each table Average Bias® calculates the average of squared estimation
bias at 2209 values of (77, T5) with both 77 and T5 uniformly taking 47 values from 0.1
to 4.7. Average MSE gives the average of mean square error at the same 2209 points. It
appears that in terms of both Average Bias? and Average MSE, the performance of the sieve
maximum likelihood estimation is better than the maximum pseudo likelihood estimation
on different settings on the sample size and the association level in both simulation stud-
ies. The bias of the proposed sieve maximum likelihood estimation may be a little larger
far from boundary of region [0, 1,4.7] x [0.1,4.7] than the maximum pseudo likelihood
estimation. The mean square error of the proposed sieve maximum likelihood estimation

may be a little larger near the origin than the maximum pseudo likelihood estimation. Both
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overall bias and overall mean square error of the proposed sieve maximum likelihood esti-
mation are smaller compared to its counterpart. Both estimation bias and mean square error
of the proposed sieve maximum likelihood estimation are noticeably decreased as sample

size increases from 100 to 200.
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Figure 5.2: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, 75) is distributed according to Clayton Copula model and n =
100, Kendall’s 7 = 0.25 (the association parameter « = 5/3)
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Figure 5.4: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, 75) is distributed according to Clayton Copula model and n =
200, Kendall’s 7 = 0.25 (the association parameter o« = 5/3)
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Figure 5.5: Comparison of the proposed sieve maximum likelihood estimation ((a), (c)) and
the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function of
bivariate Clayton Copula model with the underlying distribution being correctly specified
when sample size n = 100, Kendall’s 7 = 0.50 (the association parameter o« = 3)
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Figure 5.6: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Clayton Copula model and n =
100, Kendall’s 7 = 0.50 (the association parameter ov = 3)
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Figure 5.7: Comparison of the proposed sieve maximum likelihood estimation ((a), (c)) and
the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function of
bivariate Clayton Copula model with the underlying distribution being correctly specified

when sample size n = 200, Kendall’s 7 = 0.50 (the association parameter o = 3)
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Figure 5.8: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Clayton Copula model and n =
200, Kendall’s 7 = 0.50 (the association parameter o = 3)
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Figure 5.9: Comparison of the proposed sieve maximum likelihood estimation ((a), (c)) and

the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function of

bivariate Clayton Copula model with the underlying distribution being correctly specified
100, Kendall’s 7 = 0.75 (the association parameter o = 7)
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Figure 5.10: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Clayton Copula model and n =
100, Kendall’s 7 = 0.75 (the association parameter ov = 7)
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Figure 5.11: Comparison of the proposed sieve maximum likelihood estimation ((a), (c))
and the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution func-
tion of bivariate Clayton Copula model with the underlying distribution being correctly
specified when sample size n = 100, Kendall’s 7 = 0.75 (the association parameter o« = 7)
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Figure 5.12: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Clayton Copula model and n =
200, Kendall’s 7 = 0.75 (the association parameter o = 7)
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Figure 5.13: Comparison of the proposed sieve maximum likelihood estimation ((a), (c))
and the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function
of bivariate Clayton Copula model with the underlying distribution being correctly speci-
fied when sample size n = 100, Kendall’s 7 = 0.25 (the association parameter ov = 4/3)
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Figure 5.14: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 7} when (7}, T3) is distributed according to Gumbel Copula model and n =
100, Kendall’s 7 = 0.25 (the association parameter o = 4/3)
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Figure 5.16: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 7} when (7}, T3) is distributed according to Gumbel Copula model and n =
200, Kendall’s 7 = 0.25 (the association parameter ov = 4/3)
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Figure 5.17: Comparison of the proposed sieve maximum likelihood estimation ((a), (c))
and the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function
of bivariate Gumbel Copula model with the underlying distribution being incorrectly spec-
ified as bivariate Clayton Copula model when sample size n = 100, Kendall’s 7 = 0.50

(the association parameter @ = 2)
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Figure 5.18: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Gumbel Copula model and n =
100, Kendall’s 7 = 0.50 (the association parameter ov = 2)
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Figure 5.19: Comparison of the proposed sieve maximum likelihood estimation ((a), (c))
and the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function
of bivariate Gumbel Copula model with the underlying distribution being incorrectly spec-

ified as bivariate Clayton Copula model when sample size n

(the association parameter @ = 2)
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Figure 5.20: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Gumbel Copula model and n =
200, Kendall’s 7 = 0.50 (the association parameter o = 2)
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Figure 5.21: Comparison of the proposed sieve maximum likelihood estimation ((a), (c))
and the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function
of bivariate Gumbel Copula model with the underlying distribution being incorrectly spec-
ified as bivariate Clayton Copula model when sample size n = 100, Kendall’s 7 = 0.75

(the association parameter o = 4)
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Figure 5.22: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Gumbel Copula model and n =
100, Kendall’s 7 = 0.75 (the association parameter ov = 4)
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Figure 5.23: Comparison of the proposed sieve maximum likelihood estimation ((a), (c))
and the maximum pseudo likelihood estimation ((b), (d)) for the joint distribution function
of bivariate Gumbel Copula model with the underlying distribution being incorrectly spec-

ified as bivariate Clayton Copula model when sample size n

(the association parameter o = 4)
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Figure 5.24: Comparison of the proposed sieve maximum likelihood estimation (Sieve) and
the nonparametric maximum likelihood estimation (Pseudo) for the marginal distribution
function of 77 when (77, T3) is distributed according to Gumbel Copula model and n =
200, Kendall’s 7 = 0.75 (the association parameter o = 4)
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Table 5.1: Comparison of Bias®> and MSE of the proposed sieve maximum likelihood es-
timation and the maximum pseudo likelihood estimation of bivariate Clayton Copula dis-
tributed event times when the underlying distribution is correctly specified with sample size
n = 100, Kendall’s 7 = 0.25 (the association parameter o« = 5/3)

(11,13) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1,0.1) 7.63e-05 7.58e-04 3.66e-04 3.66e-04
(0.1, 1.6) 3.36e-05 4.84e-03 1.65e-03 2.03e-03
(0.1, 4.6) 1.46e-04 5.88e-03 1.90e-03 2.47e-03
(1.6,0.1) 5.50e-06 3.26e-03 1.41e-03 2.40e-03
(1.6, 1.6) 1.63e-05 6.32e-03 6.83e-07 8.65e-03
(1.6, 4.6) 8.09e-05 7.17e-03 1.37e-04 1.22e-02
(4.6,0.1) 6.95e-05 3.94e-03 1.61e-03 2.99e-03
(4.6, 1.6) 8.09e-05 6.62e-03 2.45e-04 1.46e-02
(4.6, 4.6) 7.04e-04 5.83e-03 1.09e-02 1.76e-02
Average 6.13e-05 6.48e-03 1.22e-03 1.09e-02
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Table 5.2: Comparison of Bias®> and MSE of the proposed sieve maximum likelihood es-
timation and the maximum pseudo likelihood estimation of bivariate Clayton Copula dis-
tributed event times when the underlying distribution is correctly specified with sample size
n = 200, Kendall’s 7 = 0.25 (the association parameter o« = 5/3)

(11,13) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1, 0.1) 1.17e-04 4.54e-04 3.56e-04 3.65¢-04
(0.1, 1.6) 1.63e-08 2.18e-03 1.26e-03 2.11e-03
(0.1, 4.6) 2.99¢-05 2.75e-03 1.43e-03 2.58e-03
(1.6,0.1) 2.16e-08 2.20e-03 1.28e-03 2.16e-03
(1.6, 1.6) 4.68e-05 4.31e-03 1.42e-05 4.89e-03
(1.6, 4.6) 9.73e-05 3.91e-03 9.97e-05 8.08e-03
(4.6,0.1) 1.27e-05 2.49e-03 1.41e-03 2.74e-03
(4.6, 1.6) 3.02e-05 3.79e-03 1.72e-04 7.90e-03
(4.6, 4.6) 3.31e-04 3.41e-03 6.16e-03 1.15e-02
Average 5.64e-05 3.70e-03 5.71e-04 6.32e-03
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Table 5.3: Comparison of Bias®> and MSE of the proposed sieve maximum likelihood es-
timation and the maximum pseudo likelihood estimation of bivariate Clayton Copula dis-
tributed event times when the underlying distribution is correctly specified with sample size
n = 100, Kendall’s 7 = 0.50 (the association parameter o = 3))

(11,T5) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1,0.1) 3.49e-04 1.55e-03 1.18e-03 1.19e-03
(0.1, 1.6) 8.56e-05 4.99¢-03 1.78e-03 3.08e-03
(0.1, 4.6) 1.42e-04 5.35e-03 1.74e-03 3.28e-03
(1.6,0.1) 8.99e-05 4.71e-03 1.93e-03 2.63e-03
(1.6, 1.6) 2.17e-06 5.01e-03 2.30e-04 8.66e-03
(1.6, 4.6) 6.16e-06 5.88e-03 4.27e-06 1.29e-02
(4.6,0.1) 1.26e-04 4.82e-03 1.93e-03 2.68e-03
(4.6, 1.6) 5.56e-05 5.64e-03 8.11e-06 1.34e-02
(4.6, 4.6) 3.95e-04 4.91e-03 7.96e-03 1.44e-02
Average 5.83e-05 5.93e-03 1.54e-03 1.18e-02
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Table 5.4: The comparison of Bias? and MSE of the proposed sieve maximum likelihood
estimation and the maximum pseudo likelihood estimation of bivariate Clayton Copula
distributed event times when the underlying distribution is correctly specified with sample
size n = 200, Kendall’s 7 = 0.50 (the association parameter o = 3)

(11,T5) Sieve Pseudo
Bias? MSE Bias? MSE

(0.1,0.1) 5.06e-04 9.71e-04 1.15e-03 1.19e-03
(0.1, 1.6) 2.49e-05 2.79e-03 1.37e-03 2.66e-03
(0.1, 4.6) 4.99e-05 2.90e-03 1.35e-03 2.75e-03
(1.6,0.1) 1.57e-05 2.81e-03 1.33e-03 2.62e-03
(1.6, 1.6) 8.89e-08 3.82e-03 9.61e-05 5.33e-03
(1.6, 4.6) 2.28e-05 4.24e-03 2.73e-06 7.72e-03
(4.6,0.1) 3.69¢-05 2.92e-03 1.32e-03 2.70e-03
(4.6, 1.6) 2.66e-06 3.84e-03 1.55e-06 8.58e-03
(4.6, 4.6) 3.01e-04 2.97e-03 5.01e-03 9.75e-03
Average 6.25e-05 3.71e-03 6.92e-04 6.76e-03
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Table 5.5: Comparison of Bias®> and MSE of the proposed sieve maximum likelihood es-
timation and the maximum pseudo likelihood estimation of bivariate Clayton Copula dis-
tributed event times when the underlying distribution is correctly specified with sample size
n = 100, Kendall’s 7 = 0.75 (the association parameter o = 7)

(11,T5) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1,0.1) 6.63e-04 2.02e-03 1.85e-03 1.89¢e-03
(0.1, 1.6) 2.30e-04 6.19e-03 1.73e-03 2.97e-03
(0.1, 4.6) 2.65e-04 6.38e-03 1.73e-03 2.99¢e-03
(1.6,0.1) 1.55e-04 5.40e-03 1.90e-03 2.76e-03
(1.6, 1.6) 1.02e-04 4.83e-03 1.56e-03 1.03e-02
(1.6, 4.6) 1.50e-04 5.11e-03 1.39e-04 1.37e-02
(4.6,0.1) 1.89e-04 5.56e-03 1.89e-03 2.76e-03
(4.6, 1.6) 5.61e-05 5.49e-03 3.83e-05 1.39e-02
(4.6,4.6) 9.97e-05 3.90e-03 5.55e-03 1.15e-02
Average 1.33e-04 6.05e-03 1.71e-03 1.25e-02




115

Table 5.6: Comparison of Bias® and MSE of the proposed sieve maximum likelihood es-
timation and the pseudo maximum likelihood estimation of bivariate Clayton Copula dis-
tributed event times when the underlying distribution is correctly specified with sample size
n = 200, Kendall’s 7 = 0.75 (the association parameter o = 7)

(11,T5) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1,0.1) 7.48e-04 1.61e-03 1.81e-03 1.90e-03
(0.1, 1.6) 3.65e-05 3.23e-03 1.18e-03 3.01e-03
(0.1, 4.6) 4.17e-05 3.29e-03 1.18e-03 3.02e-03
(1.6,0.1) 3.60e-05 3.13e-03 1.53e-03 2.83e-03
(1.6, 1.6) 1.20e-04 3.62e-03 6.74e-04 6.50e-03
(1.6, 4.6) 2.09e-05 3.33e-03 8.12e-05 9.22e-03
(4.6,0.1) 4.04e-05 3.16e-03 1.53e-03 2.84e-03
(4.6, 1.6) 4.93e-06 3.07e-03 3.06e-05 8.61e-03
(4.6, 4.6) 1.88e-04 2.45e-03 4.08e-03 8.23e-03
Average 6.07e-05 3.45e-03 6.52e-04 7.12e-03
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Table 5.7: Comparison of Bias® and MSE of the proposed sieve maximum likelihood es-
timation and the maximum pseudo likelihood estimation of bivariate Gumbel Copula dis-
tributed event times when the underlying distribution is incorrectly specified as bivariate
Clayton Copula model with sample size n = 100, Kendall’s 7 = 0.25 (the association
parameter o = 4/3)

(11,T5) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1, 0.1) 5.28e-07 3.30e-04 3.66e-05 4.99e-05
(0.1, 1.6) 4.68e-06 2.78e-03 9.98e-04 1.90e-03
(0.1, 4.6) 1.26e-05 3.62e-03 1.63e-03 2.86e-03
(1.6,0.1) 2.12e-06 2.69e-03 9.36e-04 2.03e-03
(1.6, 1.6) 6.52e-05 6.80e-03 1.80e-05 9.39e-03
(1.6, 4.6) 5.66e-05 7.62e-03 6.68e-06 1.35e-02
(4.6,0.1) 3.30e-05 3.75e-03 1.52e-03 3.14e-03
(4.6, 1.6) 3.48e-05 6.09e-03 8.19e-06 1.42e-02
(4.6,4.6) 3.50e-05 4.65e-03 6.93e-03 1.40e-02
Average 6.19e-05 6.09e-03 7.65e-04 1.07e-02
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Table 5.8: Comparison of Bias® and MSE of the proposed sieve maximum likelihood es-
timation and the maximum pseudo likelihood estimation of bivariate Gumbel Copula dis-
tributed event times when the underlying distribution is incorrectly specified as bivariate
Clayton Copula model with sample size n = 200, Kendall’s 7 = 0.25 (the association
parameter o = 4/3)

(11,T5) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1, 0.1) 1.83e-08 2.64e-04 3.52e-05 4.56e-05
(0.1, 1.6) 2.03e-05 2.17e-03 8.62e-04 1.69¢e-03
(0.1, 4.6) 4.23e-05 2.92e-03 1.45e-03 2.53e-03
(1.6,0.1) 5.75e-06 1.92e-03 7.32e-04 1.91e-03
(1.6, 1.6) 5.35e-05 4.75e-03 2.06e-06 5.34e-03
(1.6, 4.6) 7.54e-05 4.34e-03 1.76e-05 7.29e-03
(4.6,0.1) 1.75e-05 2.53e-03 1.25e-03 2.81e-03
(4.6, 1.6) 4.21e-05 4.19e-03 1.17e-05 9.32e-03
(4.6, 4.6) 5.51e-05 2.60e-03 3.45e-03 9.07e-03
Average 3.14e-05 3.81e-03 4.42e-04 6.32e-03
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Table 5.9: Comparison of Bias® and MSE of the proposed sieve maximum likelihood es-
timation and the maximum pseudo likelihood estimation of bivariate Gumbel Copula dis-
tributed event times when the underlying distribution is incorrectly specified as bivariate
Clayton Copula model with sample size n = 100, Kendall’s 7 = 0.50 (the association
parameter o = 2)

(T1,T3) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1,0.1) 2.73e-06 9.39¢-04 1.77e-04 2.48e-04
(0.1, 1.6) 1.11e-04 4.55e-03 1.59¢-03 2.38e-03
(0.1, 4.6) 1.71e-04 4.95e-03 1.80e-03 2.63e-03
(1.6,0.1) 3.01e-05 4.13e-03 1.30e-03 3.06e-03
(1.6, 1.6) 5.64e-05 5.87e-03 2.20e-05 9.26e-03
(1.6, 4.6) 8.57e-05 6.28e-03 1.47e-04 1.35e-02
(4.6,0.1) 7.29e-05 4.52e-03 1.47e-03 3.42e-03
(4.6, 1.6) 1.19e-04 5.51e-03 2.08e-04 1.44e-02
(4.6, 4.6) 6.86e-06 3.45e-03 4.14e-03 1.06e-02
Average 8.04e-05 5.96e-03 1.03e-03 1.16e-02
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Table 5.10: Comparison of Bias? and MSE of the proposed sieve maximum likelihood
estimation and the maximum pseudo likelihood estimation of bivariate Gumbel Copula
distributed event times when the underlying distribution is incorrectly specified as bivariate
Clayton Copula model and sample size n = 200, Kendall’s 7 = 0.50 (the association
parameter o = 2)

(T1,T3) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1,0.1) 1.88e-05 4.52e-04 1.74e-04 2.33e-04
(0.1, 1.6) 2.41e-05 2.71e-03 1.22e-03 2.77e-03
(0.1, 4.6) 4.13e-05 3.00e-03 1.39e-03 3.02e-03
(1.6,0.1) 6.11e-06 2.41e-03 1.25e-03 2.78e-03
(1.6, 1.6) 6.26e-06 4.46e-03 6.74e-05 5.35e-03
(1.6, 4.6) 8.68e-06 4.03e-03 3.53e-05 7.66e-03
(4.6,0.1) 1.57e-05 2.50e-03 1.43e-03 3.02e-03
(4.6, 1.6) 1.84e-06 3.48e-03 7.15e-05 8.50e-03
(4.6, 4.6) 6.64e-06 1.78e-03 1.49e-03 6.11e-03
Average 3.77e-05 3.55e-03 3.96e-04 6.79e-03
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Table 5.11: Comparison of Bias? and MSE of the proposed sieve maximum likelihood
estimation and the maximum pseudo likelihood estimation of bivariate Gumbel Copula
distributed event times when the underlying distribution is incorrectly specified as bivariate
Clayton Copula model with sample size n = 100, Kendall’s 7 = 0.75 (the association
parameter o = 4)

(T1,T3) Sieve Pseudo
Bias? MSE Bias? MSE
(0.1,0.1) 9.19e-05 1.48e-03 7.38e-04 7.74e-04
(0.1, 1.6) 4.23e-04 7.07e-03 1.67e-03 2.96e-03
(0.1, 4.6) 4.83e-04 7.28e-03 1.67e-03 2.96e-03
(1.6,0.1) 1.71e-04 5.69e-03 1.73e-03 2.94e-03
(1.6, 1.6) 1.99¢e-05 4.93e-03 1.36e-03 1.07e-02
(1.6, 4.6) 3.36e-04 5.59e-03 3.38e-04 1.34e-02
(4.6,0.1) 2.08e-04 5.83e-03 1.73e-03 2.95e-03
(4.6, 1.6) 1.56e-04 5.65e-03 2.07e-04 1.44e-02
(4.6, 4.6) 4.16e-04 3.49e-03 2.32e-03 7.72e-03
Average 2.40e-04 6.08e-03 1.64e-03 1.25e-02
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Table 5.12: Comparison of Bias? and MSE of the proposed sieve maximum likelihood esti-
mation and maximum pseudo likelihood estimation of bivariate Gumbel Copula distributed
event times when the underlying distribution is incorrectly specified as bivariate Clayton
Copula model with sample size n = 200, Kendall’s 7 = 0.75 (the association parameter
a=4)

(T, T5) Sieve Pseudo
Bias? MSE Bias? MSE

(0.1,0.1) 1.60e-04 7.86e-04 7.29e-04 7.78e-04
(0.1, 1.6) 1.89e-05 2.82e-03 1.49¢-03 2.76e-03
(0.1, 4.6) 2.29e-05 2.84e-03 1.49e-03 2.76e-03
(1.6,0.1) 8.80e-05 3.26e-03 1.55e-03 2.75e-03
(1.6, 1.6) 1.56e-05 4.01e-03 2.01e-04 5.52e-03
(1.6, 4.6) 1.07e-04 3.43e-03 4.83e-07 7.87e-03
(4.6,0.1) 9.80e-05 3.33e-03 1.55e-03 2.75e-03
(4.6, 1.6) 1.02e-04 3.44e-03 1.36e-04 8.47e-03
(4.6, 4.6) 2.68e-04 1.78e-03 6.09e-04 4.69¢-03
Average 8.89¢-05 3.43e-03 6.11e-04 7.14e-03
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CHAPTER 6
DISCUSSION AND FUTURE WORK

The estimation of the joint distribution function with bivariate current status data is
a very challenging problem in survival analysis. There is no sophisticated method available
to solve this problem in the literature. In this thesis, we proposed a tensor spline-based sieve
nonparametric maximum likelihood method for estimating the joint distribution function
with bivariate current status data. This tensor spline-based sieve approach reduces the
dimensionality of the nonparametric maximum likelihood estimation problem substantially
which makes the nonparametric maximum likelihood estimation tractable numerically. We
also show that the proposed tensor spline-based estimator is consistent and converges to the

true joint distribution function at a rate of n'/*

if the objective joint distribution function is
smooth enough. The simulation studies indicate that the finite-sample performance of this
proposed sieve maximum likelihood estimation is better than a semiparametric maximum
pseudo likelihood approach whether or not the copula model is correctly specified in the
maximum pseudo likelihood approach.

Based on the proposed sieve maximum likelihood estimation of the joint distribu-
tion function and its two marginal distribution functions, a nonparametric test of the asso-
ciation of two event times can be constructed by summing over the difference between the
product of the two estimated marginal distribution functions and the estimated joint dis-
tribution function over all the monitoring time points. This test will be robust against the

underlying bivariate distribution which, otherwise is required in Wang and Ding’s method

(2000). However, the asymptotic property of the test statistic still remains a challenging
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task for future research.

The proposed sieve maximum likelihood estimation approach can be extended to
other bivariate censored data such as bivariate right censored data (Dabrowska (1988),
Kooperberg (1998)) and bivariate interval censored data case 2 (Betensky and Finkelstein
(1999) and Yu, et al. (2000)).

Parallel to bivariate current status data, the association test of the two event times
for bivariate right censored and bivariate interval censored data case 2 can also be similarly

studied.
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APPENDIX

(i) The explicit form of the cubic I-spline is given as

p

0, T <t

(I—ti)3 . .
(tig1—t;)(tiva—ti)(tir3—ts) b s & <tip

(tig1—t:)?
(tig2—ts)(tiyaz—t;)

I (:L‘) =9 + —(@3—t3 )43 (tittiro) (@ =2, ) =3titipo(x—tiy1)
(tit2—tit1)(tita—ti)(tir3—1s)

—(@®—t3, )+ 3 (tipr+tips)(@®—t2 ) —3tiy1ti3(@—tip1)

(tigo—tig1)(tigs—tip1)(tivra—ti) ot ST <ligo

+

1— (tiyz—z)°

< ,
(tiyz—tigo)(tirz—tip1)(tiyz—ti)’ iy S T <tiys

]-7 T > ti+3.

\

(i1) The following steps are used to construct cubic I-splines through B-splines in statistics

package R, higher order I-splines can be constructed similarly.
(1) Loading spline package in R.
(2) Inputting knot sequence knot = {u;}™*, and value = which is inside knot.

(3) Obtaining the value of I3 (z) withm = 1,--- | p by the follow function.

isp3 = function(m, x)
{
a = splineDesign(knot, x)
res =0
for(iinm:p)
res = res + ali]

res
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where spline Design(knot, x) returns the value of the vector

(N} (), Ny (z),...,N}(x)).
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