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ABSTRACT

This thesis considers the coordinated control of autonomous agents. The agents
are modeled as double integrators, one for each Cartesian dimension. The goal is
to force the agents to converge to a formation specified by their desired relative
positions. To this end a pair of one-step-ahead optimization based control laws are
developed.

The control algorithms produce a communication topology that mirrors the
geometric formation topology due to the careful choice of the minimized cost func-
tions. Through this equivalence a natural understanding of the relationship between
the geometric formation topology and the communication infrastructure is gained.
It is shown that the control laws are stable and guarantee convergence for all viable
formation topologies. Additionally, velocity constraints can be added to allow the
formation to follow fixed or arbitrary time dependent velocities.

Both control algorithms only require local information exchange. As additional
agents attach to the formation, only those agents that share position constraints
with the joining agents need to adjust their control laws. When redundancy is
incorporated into the formation topology, it is possible for the system to survive loss
of agents or communication channels. In the event that an agent drops out of the
formation, only the agents with position interdependence on the lost agent need to
adjust their control laws. Finally, if a communication channel is lost, only the agents
that share that communication channel must adjust their control laws.

The first control law falls into the category of distributed control, since it
requires either the global information exchange to compute the formation size or an
a priort knowledge of the largest possible formation. The algorithm uses the network
size to penalize the control input for each formation. When using a priori knowledge,

it is shown that additional redundancy not only adds robustness to loss of agents



or communication channels, but it also decreases the settling times to the desired
formation. Conversely, the overall control strategy suffers from sluggish response
when the network is small with respect to the largest possible network. If global
information exchange is used, scalability suffers.

The second control law was developed to address the negative aspects of the
first. It is a fully decentralized controller, as it does not require global information

exchange or any a priori knowledge.
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ABSTRACT

This thesis considers the coordinated control of autonomous agents. The agents
are modeled as double integrators, one for each Cartesian dimension. The goal is
to force the agents to converge to a formation specified by their desired relative
positions. To this end a pair of one-step-ahead optimization based control laws are
developed.

The control algorithms produce a communication topology that mirrors the
geometric formation topology due to the careful choice of the minimized cost func-
tions. Through this equivalence a natural understanding of the relationship between
the geometric formation topology and the communication infrastructure is gained.
It is shown that the control laws are stable and guarantee convergence for all viable
formation topologies. Additionally, velocity constraints can be added to allow the
formation to follow fixed or arbitrary time dependent velocities.

Both control algorithms only require local information exchange. As additional
agents attach to the formation, only those agents that share position constraints
with the joining agents need to adjust their control laws. When redundancy is
incorporated into the formation topology, it is possible for the system to survive loss
of agents or communication channels. In the event that an agent drops out of the
formation, only the agents with position interdependence on the lost agent need to
adjust their control laws. Finally, if a communication channel is lost, only the agents
that share that communication channel must adjust their control laws.

The first control law falls into the category of distributed control, since it
requires either the global information exchange to compute the formation size or an
a priort knowledge of the largest possible formation. The algorithm uses the network
size to penalize the control input for each formation. When using a priori knowledge,

it is shown that additional redundancy not only adds robustness to loss of agents
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or communication channels, but it also decreases the settling times to the desired
formation. Conversely, the overall control strategy suffers from sluggish response
when the network is small with respect to the largest possible network. If global
information exchange is used, scalability suffers.

The second control law was developed to address the negative aspects of the
first. It is a fully decentralized controller, as it does not require global information

exchange or any a priori knowledge.
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CHAPTER 1
INTRODUCTION

The coordinated control of autonomous agents has become an important area
of research over the past few years. The increased activity in this area is largely due
to significant advances in wireless communications, networking, and rapidly expand-
ing application domains. The agents can achieve and maintain formations, perform
collision and obstacle avoidance, harvest data, and perform collective tasks. Coop-
eration between the agents is achieved through sensed information and/or the active

communication of data between agents.

1.1 Motivation

People have long been fascinated with phenomena that occur in nature. An
area of interest has been the cooperative behavior of animals toward achieving a
common goal. Examples include the swarming, flocking and schooling behavior, and
animals scavenging for food. These types of behavior either protect the members
of the group from predators or allow them to better achieve tasks that would not
be easily achievable by individual members working alone. In an attempt to better
understand these animal coordination behaviors scientists have created simulations
and models which attempt to replicate and examine the behavior.

Whether by independent thought, or as a direct result of observations made in
nature, scientists began to research and explore the benefits of coordinated control.
Groups of agents working together to explore terrain can be more efficient then a
single agent. An array of antennas can provide the reception capabilities of a single
large antenna with the added reward of signal attenuation in all but the desired direc-
tion. Separate optical telescopes acting together, such as the Very Large Telescope
(VLT) project, can behave as a single large telescope with a reduced manufacturing

cost. Vehicles traveling in tight formation will experience reduced aerodynamic drag.



In a military environment, a fleet of small stealth aircraft can transport the same
payload as a single large aircraft, but with a smaller radar footprint. Additionally,
if a craft is lost, it would not be as detrimental to the mission as the loss of a single
large craft. Further applications include air traffic control, sensor networks, station
keeping, satellite clusters, and automated highway systems.

Clearly the realization of these benefits requires some level of coordination
between the agents. The coordination can come in the form of preplanning, cen-
tralized control, or decentralized control. Each approach has its own benefits and
consequences. Preplanning can be the most cost effective approach since there is
no requirement for a communication infrastructure. However, preplanning is unable
to adapt to dynamically changing environments which can lead perturbation of the
desired behavior.

Centralized control typically involves a powerful master controller with com-
munication channels to each agent. The centralized controller monitors all agents
and dictates their control through the communication channels. Advantages of a cen-
tralized controller typically include faster convergence and enhanced stability. These
benefits come with a greater monetary cost due to the required processing and com-
munications resources needed by the master controller. Unfortunately the centralized
controller is a single point of failure in these architectures. Additionally, architec-
tures involving a master controller typically do not work well for large systems due
to limited communication range and limited processing power of the master agent.

Decentralized control can be further subdivided into two categories: distributed
control and fully decentralized control. With distributed control, each agent will
process some globally shared information along with a local set of data obtained either
through sensing or active communication. The agent will process the information
using its internal controller and act in a semi-autonomous fashion. This approach

typically has a smaller monetary cost and works better for larger systems than a



centralized controller. The global information required can include information about
a formation leader or simply a global clock used for synchronization of actions. The
latter is not typically required to achieve the objective, but it does aid in the analysis
of the system. The global exchange of data does tend to limit the size of the system,
when compared to a fully decentralized controller, but can decrease the time required
to achieve the system objective. Fully decentralized control is distributed control
without the global information exchange. Of the control schemes described, it works
best for large systems; however, the approach can result in reduced stability and
slower convergence.

It is certainly advantageous if the coordination has a scalable nature. Scalability
imposes a strong requirement on the decentralization of the agents’ individual control
algorithms. As in the natural behavior of schools and flocks, no one agent can be
expected to coordinate the actions of a large system of agents.

Other desires include disturbance rejection, robustness to either agent loss or
the loss of a communication channel, and provably correct algorithms which provide a
theoretical understanding of the problem domain. Intuitively, one would expect a di-
rect correlation between system connectivity and rate of convergence. Some research
has shown through counter example that this is not necessarily true, and in some
cases convergence may never occur. Therefore, an understanding of how additional
connectivity can impact system performance is also important. Finally, intuitive
control laws with a natural relationship between the communication infrastructure,

robustness and rate of convergence are of practical interest.

1.2 History of the Problem - A Literature
Review

Spurred by the development of inexpensive dependable wireless communica-
tion systems and a rapidly expanding application domain, research in the area of

the coordinated control of autonomous agents has intensified greatly in recent years.



When these systems are compared with agents acting in a singular fashion, coor-
dinated multi-agent systems provide significantly greater efficiency and operational
capability. The agents can achieve and maintain formations, perform collision and
obstacle avoidance, harvest data and perform collective tasks. Cooperation between
the agents is achieved through sensed information and/or the active communication
of data between agents.

This section presents a brief history of the problem domain. The ideas of
behavior-based formation control are first presented. While results in this area do
not typically focus on provably correct algorithms they have provided some intuition
of the coordinated behaviors observed in nature especially in the area of zoological
and behavioral sciences. Additionally, the results have motivated other researchers
to derive provably correct algorithms that provide a theoretical understanding of the
observed behavior, serving as a stepping stone into other areas of research.

The concept of string stability and the vehicle following problem is then in-
troduced. As cities expand, without proper planning, traffic congestion becomes a
pressing problem. Using this problem as motivation, control schemes which involve
a one-dimensional fleet of vehicles traveling as a platoon with minimal inter-vehicle
spacing have been investigated to increase highway capacity. Additional benefits
include reduced aerodynamic drag and improved fuel economy. In an attempt to
achieve a scalable architecture vehicles only use sensed relative position information
from the preceding vehicle and in some cases the relative position, velocity and accel-
eration of the lead vehicle. As a result, all communication architectures in this area
use acyclic one-directional information flow. This type of system is often referred
to as a “look-ahead” system. String stability can be intuitively understood as the
attenuation of disturbances as they propagate from one vehicle to the next.

Consensus algorithms are then presented. The objective is for the group of



agents to reach consensus on a shared data set, either through sensed or commu-
nicated information. Consensus algorithms can be used to solve the rendezvous,
flocking, and formation control problems. If a set of n agents with limited sensing
range is considered, the goal of the rendezvous problem is to have all agents converge
to a common point with only information exchange between agents that are within
each other’s sensing region. Flocking simulations use similar update rules to the
rendezvous problem, but the end goal is to have the agents converge to a common
velocity. Formation control can be achieved by having the agents converge to an
agreement on the formation center while maintaining a predefined offset from that
center. Most of the consensus results investigate a communication exchange protocol
and then, based on that protocol, determine if convergence can be achieved. In the
case of formation control using consensus algorithms, the formation is achieved with
the convergence to a common center reference.

This work concerns itself with the ideas surrounding decentralized formation
control. Unlike the approach used in consensus algorithms, an optimal one step-
ahead control law is presented which ensures that the formation can be reached and
maintained. The approach does not depend upon a common center reference for the
agents. A natural relationship is shown to exist between the required communica-
tion infrastructure and the relative position dependencies of the formation shape.
Additionally, robustness to loss of craft and/or communication channels improves
with additional redundancy in the communication network. Also, it is shown that
the convergence rate improves with the added communication as one would expect.
It is important to note that this is not always the case in other formation control

schemes.



1.2.1 Behavior Based Formation Control

Behavior Based Formation control was first investigated by Craig Reynolds
in the late 80’s to address a need for realistic flocking simulations in the computer
graphics area. [1]. The simulation of a flock of birds had been a difficult challenge
due the complex behavior of the flock. He expanded upon the notion of a particle
system to create a behavioral model of a bird through a set of rules. Each bird was
modeled to conserve momentum, limit speed and acceleration, maintain a minimum
separation distance, and match the velocity and direction of its neighbors. A birds
desire to be at the center of the flock was also modeled. The sensing distance of the
bird was limited to reduce the computational complexity of the model. A side-effect
of the limited sensing distance resulted in a more realistic simulation that allowed
flocks to naturally bifurcate about an object.

Later research, [2] investigated a simplified behavioral model of a fixed velocity
particle system. The particles’ headings were updated using the average of their

neighbors. Some interesting observations were made:

(i) With low particle density, the particles tended to form small coherently moving

groups.

(ii) With higher particle density the particles tended to move in the same direction

and the average velocity of the group approached that of the individual.

Work continued along this vein into formation control. Balch and Arkin con-
ducted formation simulations using four identical non-holonomic robots with unique
ID’s [3]. The robots used differential GPS for gathering position information. Mul-
tiple behaviors were integrated into a behavioral model that allowed the robots to
navigate to way-points, avoid obstacles and maintain a formation simultaneously.
Simulations were conducted using a leader reference architecture as well as a unit

center approach. The work did not provide any convergence, stability, or collision



avoidance proofs.

The concept of Queues and Artificial Potential Function Theory were presented
in [4] and [5]. The queues in combination with the artificial potential functions allow
the agents to assume specified formation shapes independent of their agent number,
that is, agent order within the formation is not guaranteed. The formations are
“robust” to agent loss and provide a decentralized approach to achieving the forma-
tion. If ideal communication is assumed, for example communication is not subject
to multiple access problems, the approach scales well. However, the queue allocation
algorithm requires global communication of information from all agents. If multiple
access limitations on the communication channels are considered, scalability concerns

quickly become apparent. Unfortunately, no theorems or proofs were provided.

1.2.2  String Stability and the Vehicle Following
Problem

In the area of formation control, the notion of string stability often presents it-
self. One of the concentrations for this area of research was vehicle following systems,
or vehicle platoons. The California Partners for Advanced Transit and Highways
(PATH) and Automated Highway Systems were key focal points in the late 80’s and
early 90’s. In the area of vehicle platoons, vehicles travel in a string with a small
distance between each vehicle to reduce aerodynamic drag and increase highway ca-
pacity. In such a system, it is critical that tracking errors do not get amplified as

they progress from vehicle to vehicle.

1.2.2.1 String Stability With Global Information
Exchange

The “string stability of a countably infinite interconnection of a class nonlin-
ear systems” was first introduced in [6] by Swaroop and Hedrick. A basic leader

/ follower architecture was presented in which each vehicle can sense the relative



distance between itself and the preceding vehicle. Additionally, each vehicle also
receives transmitted acceleration, velocity, and position information about the lead
vehicle. Their research showed that the interconnected system is globally exponen-
tially string stable if the system is Lipschitz in its arguments with sufficiently small
Lipschitz constants. Additional theorems were presented that proved exponentially
string stable systems are robust against small singular perturbations.

Later, in [7], Swaroop, Hedrick and Choi expanded upon an earlier conference
paper [8]. They presented an adaptive control algorithm to counteract the parametric
uncertainties that are associated with the vehicle following problem. The uncertain-
ties that were addressed included variable aerodynamic drag with vehicle spacing
and the change of overall vehicle mass with changes in fuel, passengers, and cargo.
In order to obtain these results the strict string stability constraint was relaxed to

require only that the velocity and spacing errors be uniformly bounded in time.

1.2.2.2  String Stability Without Global Information
Exchange

An overview of string stability without global information exchange was pre-
sented in [9]. The paper addressed various control schemes used to solve the vehicle
following problem. It was shown that without lead vehicle information, at best, the
systems have weak sense string stability since the stability polynomials have at least
one simple root at z = 1. As a result, the systems presented are not robust against
signal processing delays or actuator lags. Of particular interest, platoons lacking
lead vehicle information using identical controllers are not string stable. It was also
shown that systems with no lead vehicle information using non-identical controllers
have only weak sense string stablity.

In [10] , Khatir and Davison addressed the problem of string stability of a

platoon of identical vehicles where the only information available to the ith vehicle



is the sensed information of its predecessor. The primary focus of the paper was to
solve the Robust Servomechanism Problem (RSP) using a constant spacing policy
without the global communication of the lead vehicle’s velocity. It was shown that
identical controllers cannot solve the vehicle following problem without lead vehicle
information. Additionally, they presented some simulations which show it may be
possible to use non-identical controllers to obtain string stability in the absence of
lead vehicle information.

The use of identical controllers to solve the vehicle following problem was con-
sidered in [11]. A sufficient condition for string stability was referenced from [12]. It
was assumed that the error information of the preceding vehicle is known. Simula-
tions were provided which show a ten vehicle system is robust against un-modeled
actuator dynamics and time delay. No proofs were provided to support the simula-
tions.

Finally, in [13], Khatir and Davison provided a solution which uses non-identical
controllers with linearly increasing gains. The decentralized controller was the same
controller used in the simulation results in [10]. Like in [11], it was assumed that
each vehicle has knowledge of spacing error between itself and the preceding vehicle.
Bounded stability and eventual string stability was proven when the lead vehicle

undergoes a step change in speed.

1.2.2.3 Mesh Stability

Historically, string stability addressed one dimensional “look-ahead” systems
in which the ith vehicle only has knowledge the preceding vehicles in the formation.
String stability results can be extended into multiple dimensions, a two-dimiensional
definition of a look-ahead system follows:
Definition 1.2.1 An interconnected system, is called look-ahead, if the (i,7)th sub-

system is connected only to the subsystems (k,l) such that k < i andl < j. For an



10

—_—

T1,1 x1,2 x1,3

S S

T2,1 x2.2 x2.3

A N

T3,1 €32 €33

Figure 1.1: Look-Ahead Interconnected System

example of a look-ahead topology see Figure 1.1.

Mesh stability can be intuitively understood as the attenuation of disturbances
as they propagate through an interconnected system. Aniruddha et al. defined a
notion of mesh stability for a class of interconnected nonlinear systems and derived a
set of sufficient conditions to guarantee mesh stability for look-ahead interconnected
systems in [14]. A theorem was provided which showed that if an interconnected sys-
tem is globally exponentially mesh stable, it will be robust to singular perturbations
provided that some conditions are met. Examples of formation flying in a plane were
presented.

In [15], Jin and Murray used mesh stability as a to way quantify disturbance
resistance of an acyclic formation. The studied formation is a look-ahead system as
defined in [14]; however they introduced the concept of a double-graph model, where
one graph represents transmitted leader information and the other graph represents
sensed vehicle information. A control scheme was presented which weighted the
contribution of leader information a scaler a and the contribution of the sensed
neighbor information by 1—a. It was shown that when o = 1 the best possible string
stability is achieved; however, any loss in communication will cause instability. As
a is decreased the fault tolerance improves but there is a negative impact on string
stability. Unfortunately, an algorithm which provides the best possible choice of «

was not provided.
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1.2.3 The Consensus Problem

The consensus problem is a general coordinated control problem in which agents
iteratively exchange information with their neighbors to reach a consensus on a shared
set of data. Examples of consensus problems include formation control, rendezvous

problems, and sensor networks.

1.2.3.1 The Rendezvous Problem

Consider a set of n agents with limited sensing range. Each agent is represented
as a node within a graph and an edge connects two nodes if the agents can sense one-
another. Starting with a random distribution of agents, the goal of the rendezvous
problem is to have all agents converge to a common point.

The rendezvous problem was introduced by Ando et al. in [16]. It was assumed
that each agent has a limited sensing range of radius r and that an agents “view”
may be obstructed by another agent (i.e., two agents within the sensing radius r of
one-another may not be able to sense each other if a third agent is between them).
The agents alternate between two phases (i) a static phase, in which the agents sense
their neighbors and calculate a new position to move to and (ii) a motion phase, in
which the agents move to their new locations (no new calculations or changes to the
agents destination are allowed during this phase). It was shown that the provided
algorithm caused all agents within an initially connected graph to converge to a
common point. A theorem was provided to prove the algorithm. However, collision
avoidance and view obstruction were not considered.

Later, in [17] and [18], Lin et al. extend the work of Ando et al. to a larger
family of algorithms which include the algorithm presented in [16]. The same basic
assumptions of the n agent system were made (i.e., each agent was modeled as
a point, such that each agent could not obstruct the view of another agent and

problems associated with collision avoidance were ignored). They showed that the
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theorem presented in [16] is sufficient but not necessary to obtain convergence. An
idea of trapping was considered in which agents not initially connected may also
converge to a point.

The results discussed above require synchronization. This is a serious drawback
that requires the agents to have a common clock. In [17] and [18] the multi-agent
rendezvous problem was addressed once again; however, they solved the problem
asynchronously. In the synchronous case it is fairly intuitive to show agents retain
their neighbors as the system evolves. This proof is much more involved in the
asynchronous case. Nevertheless, Lin, Morse, and Anderson did provide proofs to
show their rendezvous algorithm is correct.

Finally, Luc Moreau developed necessary and sufficient conditions to drive
agents to a common state in [19]. A simple model with time-dependent commu-
nication links was presented. State information was updated using strict convex
combination of its state information along with the state information of its neigh-
bors. The approach applies to a large family of problems including formation control,
synchronization, and swarming. The stability and convergence proofs were accom-
plished using set-valued Lyapunov theory which exploited the convex hull of the
agent’s states as the non-increasing Lyapunov function. An important result was
shown through counter example: when considering unidirectional communication,
the agents may not converge to a common state even if during each time interval an
agent sends its state information to all other agents. It was shown, however, that
if the propagation time for information exchange is bounded that convergence will

occur.

1.2.3.2 Flocking Behavior
An overview of flocking behavior was presented in Section 1.2.1. Previous work

in this area has presented interesting algorithms and behavioral models but did not



13

offer any stability or convergence proofs. Here we focus on algorithms with provably
correct algorithms.

Motivated by the results presented in [1], Tanner et al. presented a system
of N mobile agents modeled as double integrators. A control scheme was pre-
sented using identical agent controllers which allow the agents to achieve desired
inter-agent distances, avoid collision and move as a cohesive group with a common
velocity. Collision avoidance, and desired inter-agent distances are achieved using
an artificial potential function. Convergence to a common velocity results from the
static inter-agent separation and from a velocity alignment component in the control
law. Neighboring relations were modeled as a graph and can reflect either sensed
or communicated information. A theorem was provided which proves convergence
and collision avoidance if the starting graph is connected. While it is not stated, we
conjecture the theorem is a sufficient but not necessary condition. The concept of
trapping presented in [18] should also apply to this result

In [20], Jadbabaie et al. presented a theoretical explanation for the behavior
observed in [2]. The heading update for the ith agent is an average of the heading
of the ith agent and the headings of its neighbors. The definition of neighbors does
differ in the two papers. In [2] the ith agent’s neighbors were defined as agents which
lied within a radius r of agent i. In [20] the neighbors of agent i are defined through
a connectivity graph. To model the idea that an agent’s neighbors may change
over time a switching signal was introduced which indexes through a complete set
of connectivity graphs. The switching signals do not take into account heading
vectors; therefore the presented is not truly identical to the model presented in [2].
Convergence results were presented for a large set of switching signals and initial

heading vectors.
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1.2.3.3 Formation Control

Consensus algorithms can be used to achieve and maintain formations. Typ-
ically agents reach consensus at the formation center and individually maintain a
predefined relative distance to the formation center. In [21], [22] and [23] Fax and
Murray developed a formation control scheme to drive N agents formation center
reference. The sensing network is modeled as a directional graph. A Nyquist-like
stability criterion that exploits the eigenvalues of the Laplacian matrix of the graph
was used to analyze the effect that different sensing topologies have on stability. Nec-
essary and sufficient conditions for stability were provided. The goal of the papers
was to provide a framework to analyze the effect the communication structure can
have on overall stability.

In [24], Glavaski et al. extended the results of [21] and [22] to allow for non-fixed
frame formations and intermittent sensor data and communication loss. Simulations
were presented; however, no stability proofs were provided. In [25], Williams et al.

extended [21]-[23] to address a hierarchy of formations.

1.3 Contributions and Areas of Interest

Early work in the area of formation control, such as [21] and [23], has first
chosen a communications architecture and a formation shape and then performed
an analysis to determine if the chosen communication architecture suffices to achieve
the desired formation. The work presented in this thesis reverses the approach. First
the desired formation shape is chosen and then it is determined what communication
architecture is required to achieve and maintain the formation.

The same geometric formation can be described in multiple ways. For instance,
if the desired geometry is of that depicted in Figure 1.2, it can be described by
specifying the relative positions between agents joined by arrows. In this figure

relative positions of the pairs (1, 2), (1, 4), (2, 3) and (4, 5) are specified. One may
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Figure 1.2: Agent Formation Topology with no Redundancy

also specify the same geometry by adding redundant information, as in Figure 1.3,
where the additional constraints are added between the pairs (1, 3) and (1, 5). Such
a redundant structure adds fault tolerance to the geometric description. Thus, while
the loss of agent 4 in Figure 1.2, implies that 5 is isolated, in Figure 1.3, 5 retains its
position relative to agent 1 and the new topology remains viable. Therfore additional
fault tolerance is achieved in Figure 1.3 by adding redundancies in the geometric
configuration such that the loss of an agent still results in an acceptable formation
topology.

This will be defined as the Formation Topology, as opposed to the Commu-
nication Topology which defines the state information flow required to implement a
cooperative control law.

A pair of one-step-ahead optimization based control laws for autonomous agents
are developed. Each agent is modeled as a double integrator. Only the formation
topology for the agents is defined, and by correctly choosing the cost function, it is
shown that the algorithm produces a communication topology mirroring the geomet-
ric topology. This provides the user with a natural understanding of the relationship
between the geometric formation dependencies and the communication infrastruc-
ture.

The intuitive nature of the relationship between the formation and communi-

cation topologies allows the user to easily add redundancy to the formation topology
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Figure 1.3: Agent Formation Topology with Redundancy

allowing the system to survive loss of agents and/or communication channels. Addi-
tionally, by adding redundancy to the formation topology, as in Figure 1.3, not only
is the formation more robust to loss of agents, but that the agents converge to the
desired formation at a faster rate. Other attractions of the scheme are scalability,
the requirement of only local knowledge of the desired formation topology, and ease
of reconfiguration in the face of loss of agents and/or communication channels.

The provided control laws not only allow the agents to come into formation, but
velocity constraints can be added to allow the formation to follow fixed or arbitrary

time dependent velocities.

1.4 Organization

Chapter 2 provides the reader with an introduction to the core mathematical
equations and concepts used throughout the thesis. In Section 2.1 a set of equa-
tions that will be used to represent our system of agents is intoduced. Section 2.2
introduces the mathematical formulas that will be used to represent the agent for-
mations. Finally, in Section 2.3 a set of conditions is supplied to address the viability
of a formation.

Chapter 3 presents a formation control law which has limited scalability. First,
in Section 3.1, a one step ahead optimal control law is provided and it is proven that
communication topology mirrors the formation topology. Section 3.2 proves that the

control law is stable and that all viable formation topologies are attained. Then,



17

in Section 3.3, a series of simulations is provided which demonstrate some of the
characteristics of the control approach.

In Chapter 4, the work presented in Chapter 3 is extended to allow the agents
to track arbitrary time varying velocities. In Section 4.1 the control law is defined.
The control law is proven to be stable, attain all viable formation topologies and
follow the desired trajectory in Section 4.2. Finally, in Section 4.3, simulation results
are provided which demonstrate the behavior.

The impact that redundancy has upon the rate of convergence is analyzed
in Chapter 5. In Section 5.1 a state transformation is presented to provide a more
concise representation of the problem. Section 5.2 proves that the rate of convergence
improves with additional redundancy. Finally, the results are demonstrated through
simulation in Section 5.3.

Chapter 6 presents an enhanced approach to multi-agent formation control
that results in better scalability. In Section 6.1 the problem is presented and some
assumptions are defined. In Section 6.2 the one step ahead optimal control law
is provided and it is proven that communication topology mirrors the formation
topology. It is established that the control law guarantees that a fleet of autonomous
agents can attain any fixed velocity viable formation with the additional benefit
of enhanced scalability in Section 6.3. Finally, the properties are demonstrated in
Section 6.4 and its is shown that in many cases better performance is obtained using
this control law when compared to the limited scalability approach.

Finally, in Chapter 7, the influence that dynamic changes to the communication
topology can have upon system stability is investigated. A representation for periodic
time-varying systems is provided in Section 7.1. In Sections 7.2 and 7.3 periodic
sequences which result in instability are presented for the limited scalability approach
and the enhanced scalability approach respectively.

The work presented in Chapters 2-6 appears in the following papers: [26], [27],



28], [29], [30], [31] and [32).
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CHAPTER 2
THE COORDINATED CONTROL OF AUTONOMOUS AGENTS

In this chapter we will provide an introduction into the coordinated control
of autonomous agents. In Section 2.1 we will provide a mathematical definition for
the system of agents. In Sections 2.2 and 2.3 respectively, we will introduce the
mathematical representation that will be used to characterize our formations and we
will define the conditions required for a formation to be viable.

First let us define the direct sum of matrices as we will use this throughout the
paper.

Definition 2.0.1 Consider any two matrices A and B where A is of size m Xn and
B is of size px q. Then the direct sum of A and B is a matriz of size (m+p) x (n+q)
as defined below:

ai, ... A1n 0 e 0
A 0 Al - Qmn 0 ... O
A®B= = (2.1)
0 B 0 R 0 bll e blq
0 ... 0 by ... by
The direct sum of n matrices { Ay, A, .. CAn} can be written i
Ay
0
n A,
P A= diag (A1, Ay, A,) = (2.2)
i=1 .
0
A,
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2.1 Problem Description
Consider the problem of a two dimensional N-agent formation topology. We
will partition the global, 4N state vector x of the formation as
r= [zg o7 }T (2.3)
where z,, and z,, contain the positions and velocities respectively. Further partitioning

the state vector to show the x and y constraints, where z,; will be used to denote

the i-th element of z,, we have:
Zp.; is the x position of agent 1,
Z,,; is the x velocity of agent 1,
Zp.i+N is the y position of agent ¢, and
TN 1S the y velocity of agent ¢

For convenience we will denote
n=2N. (2.4)
Each vehicle will be internally modeled as a double integrator with a sampling interval

of 1-second. The system of agents can be represented as:

z(k+1) = dx(k) + u(k) (2.5)
where
I, I,
P = , (2.6)
0 I,
and,
I,
I'= ) (2.7)
21,

Observe the following fact that follows directly from (2.5-2.7).
Fact 2.1.1 Consider agent i. The corresponding states associated with agent i are
j€{i,i+ N,i+2N,i+3N}. The computation of the j-th element of Px(k) requires

only the states associated with agent 7.
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2.2 The Formation Topology

There are two views of the formation topology. In graph theory terms, each
agent is modeled as a node. An undirected edge exists between agent ¢ and agent j
if relative position constraints are specified between them. It is intuitive to think of
each arc as a single constraint between two agents.

Now, let us define an algebraic view of the formation topology. We will define
the constraints in a similar fashion to the graph theoretic approach. Therefore, if an
x-position constraint is specified between a pair of agents, then we assume that a y-
position constraint has also been specified and we will consider this pair to be a single
constraint. The formation topology will be characterized by a total of L = L, + L,
constraints.

Observe that the relative positions between two agents, ¢ and j, can be com-
pletely specified by the following pair of equations:

Ty — Tj = Cqy, TiyN — TjyN = Cy,;- (2.8)
Assumption 2.2.1
The L, position constraints will be characterized by the direct sum of a pair of iden-
tical L, x N matrices A,s and a 2L, X 1 vector b,. There are as many rows in Aps
as there are arcs in the formation topology, one row for each arc. If an arc exists
between agents © and j, then the corresponding row of A,s is a vector, all but the i
and j-th elements are zero, the i-th element is 1 and the j-th element is -1.

With
A, =A,s B Ay (2.9)

the position constraints can be represented by the [ Ay, b, } pair, where & denotes
the direct sum as specified in Definition 2.0.1. Thus, using this pair, an arbitary
position constrained formation such as in Figure 1.2 or in Figure 1.3 can be specified.
Indeed in Figure 1.2, L, is 4 and in Figure 1.3, L, is 6.

The velocity constraints will be characterized by a pair of L, x N matrices A,
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and a L, x 1 vector b,. With
Ay = Aps © Ays (2.10)
one can add velocity constraints through A, and b,. Thus should either of the
formations in Figures 1.2 and 1.3 be required to move with a constant velocity, then
one can select
A,=110 ... 0]@[10... 0. (2.11)
This would specify a velocity in the x and y directions on agent 1, which together
with the relative position constraints, completely defines a formation moving with a
constant velocity. One can add redundancy in (2.11) by also specifying the velocity

of agent 3, (to guard against the loss of either agent) by choosing

10000 10000
A, = o . (2.12)
00100 00100
With
A= 4 0 and b= g (2.13)
0 A, b,

the topology can be represented by the following equation:
Ax =0, (2.14)
where x the state vector described in (2.3).

Consider the formation topologies shown in Figure 1.2 and Figure 1.3. The
arcs connecting the agents represent a position and/or velocity dependence between
the representative agents in the topology. Indeed the following fact connects the
existence of an arc in the formation topology with a property of A.

Fact 2.2.1 Define aj; as the j,l-th element of A. Then an arc exists between agents
p and q iff for at least one i € {p,p+ N,p+2N,p+ 3N} and one j € {q,q+ N,q+
2N,q+ 3N}

aia; # 0 for somel € {1,---,2L}.
In other words there is at least one row of A that contains nonzero entries from

columns corresponding to velocities and/or positions of both p and g.
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Recall that while Figures 1.2 and 1.3 describe the same geometry the latter
represents a formation topology with redundancies. Observe if the formation topolo-
gies in Figure 1.2 and Figure 1.3 are respectively defined by the pairs [A®, b()] and
[A®) b)) then [AM, bM)] is a sub-matriz of [A®), b2)]. Moreover, should the loss of
an agent result in a topology that remains acceptable, for example, the loss of 4 in
Figure 1.3, then this new topology characterized by [A®) b®3)] obtained by removing
the rows corresponding to the constraints featuring 4 and columns corresponding
to the states of 4, is itself a sub-matrix of [A®) 5®)]. The loss of a communication
channel, e.g., that between 1 and 5, would involve the use of a new pair obtained
by removing rows characterizing the constraint defining this lost arc. This feature
forms a core property to be exploited in fault tolerant design. Scalability is likewise
incorporated rather easily. Thus if a new agent 6 appears in Figure 1.3 with an arc
between it and 5, then the new pair [A® b] characterizing it has [A®) b?)] as a
sub-matrix, and involves just the addition of rows and columns, and augmenting
rows in [A®) )] that feature in [A®,b™®)] by zero column entries. In other words

with x denoting arbitrary sub-matrices, one has

A o @
[A® pD] = : (2.15)

X X X

Thus the loss of an agent /communication channel requires working with a sub-matrix

of the original [ A b ], and the addition of an agent requires a super-matrix of

4]

2.3 Viability
In this section we explore conditions on [ A b } under (2.13) that ensure the
viability of the formation topology (2.14). Before providing a formal definition and
analysis of viability we first discuss at an intuitive level what it takes for a topology

such as this to be both achieved and maintained.
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First we make the following assumptions on the pair [ A b ]:

Assumption 2.3.1

(i) The matriz A,s has rank N — 1.
(i1) Further b is in the range space of A.

It is well known that (i) ensures that the formation topology viewed as a graph is
connected. Moreover, (7i) ensures that it is well defined.
Secondly since z, is the derivative of z, and with x defining a target formation,
Az, is a constant,
Apz, = 0.
Finally it would be intuitively appealing if, once the formation is attained, it is
maintained without any external force. In view of (2.5) this would require that for
all nonnegative integers m
AD"x =b. (2.16)
In a more formal sense we define a viable topology to be one that can be achieved and
maintained by control law that may be centralized and even nonlinear time varying.
More precisely:
Definition 2.3.1 Under (2.5) and (2.13), the formation topology (2.14) is viable if
for every x(0) there exists a bounded input sequence u(k) such that.
I}LIEO(A:C(/’{:) —b)=0. (2.17)
The following theorem demonstrates that the intuitive properties we discussed at the
outset of this subsection are necessary for viability.
Theorem 2.3.1 Under (2.13) suppose (2.14) is viable. Then there exists x as in
(2.3) such that (2.16) holds for all nonnegative integers m as does (2.18) below.
Ay, =0 (2.18)

Proof: If the topology is viable then (2.17) should hold. This implies that there
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exists x as in (2.3) and an [ A, b } as in (2.13) such that

Ay, = b, (2.19)
and

Az, = b, (2.20)

Also, using the same z as above, under (2.5) and (2.17) there exists an input u such

that
A[®x + T'u] = b. (2.21)
From (2.6) and (2.7) we have:
A, O Tp+ Ty + U b
’ g =" (2.22)
0 Av Ty + 2u bv
It follows that:
Ay(xy+u)=0 (2.23)
and
Ayu = 0. (2.24)
Now if we define Z using the same x and u as above
x
&= 8 (2.25)
- x/U + u -
we have i i
A, O x b
Ap=| " Tol=] " =0 (2.26)
0 A, K2R b,
since A,u = 0 from (2.24). Also because (2.23) we have
AP =1 Ym € NU{0}. (2.27)
This can easily be verified since
I, mlI,
m = . (2.28)
0 I,
Therefore (2.27) can be rewritten as
A, 0O xp +m(z, + u)
=b Vm e NU{0} (2.29)
0 A, Ty +u

Finally, since there exists an & such that (2.27) holds the input force becomes 0, and
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Ay, =01n (2.23). =

Thus the existence of a control law necessitates the intuitive conditions we
stated earlier. Indeed we go on to show that these conditions suffice for the attain-
ment and maintenance of the formation topology and enable these tasks through a

communication topology that mirrors the formation topology defining the formation.
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CHAPTER 3
FORMATION CONTROL WITH LIMITED SCALABILITY

In this chapter we present a distributed approach to the formation control
problem. This approach requires either an a priori knowledge of the largest possible
formation size or a global information exchange of the current formation size. As
such, this approach is not as scalable as some would desire; however, it does have some
interesting properties. A one-step-ahead optimal control law which guarantees a fleet
of autonomous agents can attain any fixed velocity, viable formation is provided. We
show that the formation topology is in fact equivalent to the communication topology
and, assuming the use of a priori knowledge, only local information exchange. In
other words, each agent only requires knowledge of its neighbors, as specified by the
formation topology. In the face of a lost agent, only neighbors of the lost agent must
adjust their control laws. If a communication channel is lost, only the agents that
share the communication channel must adjust their control laws. Finally, the arrival
of a new agent only impacts the agents against which the arriving agent’s relative

position constraints are defined.

3.1 Basic Control
We propose a one step ahead optimization law using the cost function
J(k) = [Az(k +1) = 0" [Az(k + 1) — b] + uT (k) Qu(k) (3.1)
Where Q = Q7 > 0 penalizes the input. The key step in achieving the control
law with the desired characteristics described in the introduction is to appropriately
select Q.
Since x(k+1) is dependent on u(k) we begin by substituting (2.5) into the cost
function defined in (3.1). Taking the partial derivative of the resultant expression

with respect to u(k), we obtain:

[TTATAT + Q] u(k) =TT A"[b — Adx(k)]
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Setting:
Q=A—-TTATAT, (3.2)
and choosing:
A=al (3.3)
with a greater than the largest eigenvalue of I'7 AT AT, Q) is invertible and positive
definite. Further by making « arbitrarily large one can penalize the input to an

aribitrary degree. The resulting control law is shown below.

u(k) = éFTATb _ éFTATAc;Dx(k) (3.4)

Now we will show that the communication topology resulting from (3.4) is
identical to the geometric topology and further that only a local knowledge of the
formation is required by each agent. Observe that the control inputs to agent i are
u; and u; . We will show that if + and j do not have an arc between them in the
formation topology, then u; and u;yn do not depend on {®x};, { Pz} n, {Pr}jton
and {®x};,3y. Because of Fact 2.1.1 this in turn implies that u; and u;;y do not de-
pend on z;, 1N, Tj4on and x;43n, establishing the structure of the communication

topology. Observe that (3.4) becomes,
ATh, 4+ 2ATH, — [AT A, 247 A,]®x(k)

u(k) - (3.5)
We next present the following lemma.
Lemma 3.1.1 For any matriz C
(CTC), #0
only if for somel
cicy 7 0.

Further, the computation of the i-th row of CTC' requires the knowledge of the l-th
row of C only if c;; # 0. Finally, for any vector g the computation of the i-th element

of CTg requires the knowledge of the I-th row of C' and/or I-th element of g, only if
Cii 7& 0.
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Proof: Follows from the fact that

CTC Z Clzcly

and

Then we have the following result that establishes the various properties of the
communication topology listed in the foregoing.
Theorem 3.1.1 Consider (3.4) under (2.83), (2.6), (2.7), and (2.13). Then the

finding u;(k) and w;.n(k) requires:

(i) The states of agent | only if there is an arc between agents | and i in the

formation topology.
(i1) The l-th row of A only if for some j € {i,i+ N,i+2N,i+ 3N} a;; # 0.
(111) The l-th element of b only if for some j € {i,i+ N,i+2N,i+ 3N} a;; # 0.

Proof: Consider the determination of u,, p € {i,7+ N}. Suppose this requires the
knowledge of ®z,, for some ¢ € {l,l + N}. Then from (3.5) (AZAp)pq is nonzero.
Then because of Lemma 3.1.1 for at least one m the m-th row of A, must have nonzero
entries in both the p-th and the g-th locations. Similarly if the determination of u,,
p € {i,i+ N} requires the knowledge of ®z,, for some ¢ € {{+2N,[+ 3N}, then for
at least one m the m-th row of A, has nonzero entries in both the p-th and the ¢-th
locations. Then Facts 2.1.1 and 2.2.1, together with (2.13) prove ().

Now, from (3.5), the computation of u,, p € {i,i+ N} requires the computation
of the p-th rows of ATA, and AT A, and the p-th elements of A'b, and Alb,. Then
from Lemma 3.1.1, for such a p, the computation of the p-th rows of AgAp and AT A,
require respectively, the knowledge of the [-th rows of A, and A, only if the Ip-th
elements of respectively A, and A, are nonzero. Further the p-th elements of Agbp

and ATbH, require the knowledge of I-th rows of A, and A, and/or the [-th elements
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of b, and b, only if the Ip-th elements of respectively A, and A, are nonzero. Then

(i1) and (iii) follow from (2.13), Fact 2.1.1 and (2.3). n

Property (i) establishes that the communication topology is the same as the
formation topology. Properties (i) and (i) establish that agent i need only know
those rows of A and elements of b which define the arcs emanating from it. Thus
1 must only know its place in the formation topology and therefore, a distributed
knowledge of the formation topology suffices.

If, despite the loss of an agent, for example agent 4 in Figure 1.3, the formation
topology remains viable, then this modified formation topology is described by a
[ A b ] matrix that is a sub-matrix of its counterpart in the original formation
topology, and obtained by removing the rows characterizing the two arcs impacting
4 and the four columns of A corresponding to the states of 4. As the elements of
these columns in the rows of the original A matrix defining the arcs of 2 and 3 are
zero, the inputs to agents 2 and 3 are unchanged. These agents do not reconfigure
their control laws and need not know about the loss. Similarly if communication
between 1 and 5 be impaired or lost, then only 1 and 5 must know of this loss and
adjust their control law.

Scalability is similarly accommodated. The position of a new arrival can be
completely specified by introducing an arc to a single member of the formation. Then
because of the relation between the larger [A, ] matrix describing the augmented
formation topology, and the old one, see for example (2.15), none of the elements of

this new [ A, b ] matrix affect the control laws of the remaining agents.

3.2 Proof of Stability
In this section we prove that the control law in (3.4) asymptotically attains all

viable formation topologies, as long as
I'TATAT -

«

I— 0. (3.7)
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To this end observe that with

F=&- EFTATAcp, (3.8)
«
and
I T AT
G =—T" A", (3.9)

the control law (3.4) results in the closed loop
x(k+1)=Fz(k)+G. (3.10)
Define
y(k) = Az(k) —b. (3.11)
We need to find conditions under which y(k) asymptotically approaches zero.
To this end we first provide the following lemma.
Lemma 3.2.1 Under (3.7), with F defined in (3.8), (2.6), (2.7) and A in (2.13),
all poles of A(zI — F)™' are inside the unit circle.
Proof: The detailed proof is in Appendix A.1 and comprises two parts. In the
first we show that (3.7) ensures that the poles of F' are either at 1 or inside the unit

circle. The second part shows that the poles at 1 are unobservable through A. n

This brings us to the main result of this section.
Theorem 3.2.1 Suppose the formation topology is viable and A, # 0. Then
lim Axz(k) =10

k—o00

Proof: We need to show that
—1
R(z) = 2= |A(z] — F)"'2(0) + A(2I — F)~!

z z—1 z-—1

Gz bz

is analytic on or inside the unit circle and
lim R(1) = 0.
z—1
From Lemma 3.2.1, A(z] — F)~' and hence R(z) is analytic on or outside the unit

circle. Thus it suffices to show that

lim [A(z] — F)7'G —b] =0 (3.12)

z—1

Since the formation topology is viable there exists an x as in (2.3) that satisfies the

constraints imposed by Theorem 2.3.1. For such an x and all nonnegative integer [,
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from Theorem 2.3.1, we have

| 2w A, O I I Ty
AD - = Az, = 0. (3.13)
0 0 A, 0 I 0
Further, for such an = and all nonnegative integer m, we have from (3.8) and (3.13)
that
Ly FFTATA Ty Ty
AF™ = AF™! [1 — 7} > = AF" '
0 @ 0 0
Thus by induction and (3.13) for all nonnegative integer m
Ty Ty
AF™ — AQ™ = 0. (3.14)
0 0

Since A®P™z = b for all nonnegative integer m,

lim,_,, A(zI — F)7'G —b
=lim, ,; A(zI — F)7'G — Ax
=lim, , [A(z] — F)"'{G — (2] — F)x}]
=lim, ,; [A(z] — F)~1 x
X {wx — g4 Py — ITATAD H

e} «

=lim, ,; [A(z] — F)"' {—x + ®z}]

Ty
= llmz_>1 A(ZI — F)_l
0
We will now show that in fact
Ly
Azl — F)™* =0
0

almost everywhere. Thus, as it is rational, it is zero every where including at z = 1.
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Indeed, in the region of convergence of (21 — F)~1.

Ty Ty
Azl — F)™* =AY I —2'F)7!
0 | 0
e
= Az 427t Z 2 "AF"
i=1 | 0]
e
=zt Z 2 "AF"
i=1 | 0]
=0,
where the last equality follows from (3.14). n

Thus this distributed control law helps attain and maintain all viable formation
topologies. Three implications of this result bear reiteration. First, the necessary
conditions for viablity given in Theorem 2.3.1 are all that are invoked in the proof
of Theorem 3.2.1. Thus these necessary conditions are also sufficient for viability.
Second, it is easily seen from the proof of Theorem 3.2.1 that in fact

kh_)rglo u(k) = 0.
In other words once the formation is attained it can be maintained with no con-
trol input. Finally, and more compellingly, the class of formation topology under
consideration here has the attractive property that a distributed control law for its
achievement exists, as long as a centralized law exists. Thus whatever can be done

through global action can also be achieved through local action, and as importantly

through local knowledge of the overall objective.

3.3 Simulation Results

We assume that there are no velocity constraints, that is, A, = 0. Relative
positions are specified using equations of the form in (2.8).

In all the simulations, the initial conditions of the fleet are the same. The

starting positions are denoted by an X, the positions at each time step are denoted
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Figure 3.1: Agent Formation with no Redundancy

34

by a -, and the final positions are denoted by a o. All simulations are run until the

desired formation is reached.

Figure 3.1 corresponds to the formation shown in Figure 1.2. Figure 3.2 demon-

strates how a formation with additional redundancy is robust to loss of agents. It

shows the motion of the fleet with the additional redundancy defined in Figure 1.3,

which provides additional relative state information to agents 3 and 5. In this exam-

ple agent 4 is lost after 4 time steps. The position at which agent 4 is lost is denoted

by a red o Once a loss has been detected, the rows corresponding to the constraints

of the lost agent, and the columns associated with its states are removed.
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25F
|
|
05
|
-0.5+
_1 L Il Il Il Il 1 J
) -3 -2 -1 0 1 2 3

Figure 3.2: Agent Formation with Redundancy and the Loss of Agent 4 at Time
k=5

3.4 Conclusion

We have presented a distributed approach to the formation control problem.
This approach required either an a priori knowledge of the largest possible formation
size or the global information exchange of the current formation size. As such, this
approach was not as scalable as some would desire; however, it does have some
interesting properties which will be presented in Chapter 5. A one-step-ahead optimal
control law which guaranteed a fleet of autonomous agents could attain any fixed
velocity, viable formation was provided. We showed that the formation topology
was in fact equivalent to the communication topology and, assuming the use of a

priori knowledge, only local information exchange. In other words, each agent only
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required knowledge of its neighbors, as specified by the formation topology. In the
face of a lost agent, only neighbors of the lost agent were required adjust their
control laws. If a communication channel was lost, only the agents that shared the
communication channel were required adjust their control laws. Finally, the arrival
of a new agent only impacted the agents against which the arriving agent’s relative

position constraints were defined.
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CHAPTER 4
TRAJECTORY FOLLOWING

In in this chapter we extend the work presented in Chapter 3 to allow the
agents to track arbitrary velocities. The control law will retain all of the attractive
properties presented in Chapter 3, aside from the fact that the agents must apply
an input force to maintain their dynamic velocity changes. It is important to note;
however, that the input force is not used to maintain the relative positions amongst
the agents once the formation is attained.

The formation topology will be characterized by a constant matrix A, € R2L»*",
a constant vector b, € R?2»*! and a n x 1 time varying vector b, (k). In fact, with

A

p 0 bp

A= and b(k) = (4.1)
0 I, by (k)
the topology can be represented by the following equation:

Az(k) = b(k), (4.2)
where z is the target state vector, and the [ A, b, } pair specify the L, position
constraints and the [ L., by(k) } pair specify the n time varying velocity constraints.
Observe that we are using the same definition of A specified in (2.13) with A, = I,,.

As in the previous chapter, we make some assumptions. Assumptions 2.2.1 and
2.3.1 define how the relative positions are specified and also ensure that the relative
position constraints are compatible. Since our target topology is partly defined by
specified relative positions between the agents, the target velocities must be the same
for all agents. The first and second N elements of b,(k) are respectively related, in
a manner to be specified later, to the target velocities of each agent in the x and y
directions. Thus we have the following assumption.
Assumption 4.0.1 For some bounded functions b,(k) and b,(k), the first N ele-

ments of b,(k) equal b,(k), and the second N elements equal by, (k).
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Observe we are requiring that each agent be provided the velocity trajectories
that the formation must follow. It is worth asking whether such information can be
provided to only one agent. It was shown in Chapter 3 that this is possible if the
target formation velocity is a constant. For more arbitrary time varying trajectories,
however, this can not be so. Indeed suppose that only agent one in Figure 1.2 knows
the trajectory to be followed. Then since in the communication architecture we seek,
only its neighbors can sense its states, agents 2 and 4 can react to the current sample
velocities of agent 1 only at the next sampling interval, and 3 and 5 at a further

interval removed. Thus the formation simply cannot be maintained.

4.1 Control Law and Communication Topology

We propose a one step ahead optimization law using the cost function:

J(k) = [Ax(k + 1) — b(k)]T [Ax(k + 1) — b(k)] + o (k) Qu(k) (4.3)

Where @Q = QT > 0 penalizes the input. The key step in achieving the control
law with the desired characteristics described in the introduction is to appropriately
select Q.

Since x(k+1) is dependent on u(k) we begin by substituting (2.5) into the cost
function defined in (4.3). Taking the partial derivative of the resultant expression
with respect to u(k), we obtain:

[TTATAT + Q] u(k) = TTA"[b(k) — APz (k)
Setting:
Q=al —TTATAT, (4.4)
with a greater than the largest eigenvalue of I'" AT AT, Q) is invertible and positive
definite. Further by making « arbitrarily large on can penalize the input to an

arbitrary degree. The resulting control law is shown below and requires that AI" # 0,
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that is, at least one amoung A; is nonzero.
u(k) = éFTATb(k) - éFTATACD:c(k;) (4.5)
The results of Theorem 3.1.1 in Chapter 3 apply here as well; however, we
substitute equations (4.1) and (4.5) for equations (2.3) and (3.4). Therefore the
communication topology is once again the same as the formation topology. Thus
agent ¢ must only know its place in the formation topology and therefore, a dis-

tributed knowledge of the formation topology suffices.

4.2 Proof of Stability
In this section we prove that the control law in (4.5) asymptotically attains all
viable formation topologies, as long as (3.7) is true.
To this end observe that with
F=0-— ngATAcb, (4.6)
and
G(k) = ngATb(k;), (4.7)
the control law (4.5) results in the closed loop
v(k+1) = Fz(k) + G(k). (4.8)
This brings us to the first main result of this section, demonstrating that the
formation exponentially settles down to its required relative positions.
Theorem 4.2.1 Suppose Assumptions 2.3.1 and 4.0.1 hold, as does (3.7). Then
lim Ay, (k) = b,
with convergence occurring at an exponential rate.
Proof: Observe
Ayay(K) = by = | 4, 0 | 2(k) b, (4.9)
From (4.8) the Z - transform of (4.9) is

F bpz_il z

o] (e prso s o e
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Thus we need to show that

z

R(z) = ==L [ A0 } (21 — F)"12(0) + (21 — F)"'LTTAT

is analytic on or inside the unit circle and
lim R(1) = 0.
z—1
From of Lemma 3.2.1, A(2I — F)~! and hence R(z) is analytic on or outside the

unit circle. Thus it suffices to show that
T b
lim [ A0 ] (21 — F)™ 17 AT ’

z—1 « Bv(z) z—1

z

Because of (2.7), the fact that the vector of all 1’s is in the null space of A,, and

—b,p =0 (4.10)

Assumption 4.0.1, B,(z) is in the null space of A,. For B,(z) and all nonnegative

integers m we have:

B,(z A, 0 I ml B,(z A,B,(z
o [ 2] [ @] _[45e ]y
0 0 I 0 I 0 0
Further, for B,(z) and all nonnegative integers m we have from (4.6) and (4.11) that
Bv z Bv z
AF™ S AF™ 1[I - IITATA] @ )
0 0
(4.12)
B,(z)
= AFTLO
0
Thus by induction and (4.11) for all nonnegative m
By(z) By(z)
AF™ = AQ™ ~0 (4.13)
0 0
Let us rewrite (4.10) as
b
lim, [ A0 ] (I — F)"'LrTAT | 7 | b,
0
- (4.14)
—1 LT AT 0
—l—[Ap O](Z]—F) IA =0

B,(2)=t

Since the formation topology is viable there exists an z, such that for all nonnegative
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integers m such that

4, o]@m{olbp (4.15)

Now lets look at the first part of (4.14)

b
lim, . [ A0 } (21 — F)"' LTTAT [ g ] — b,
0
b T
14 _ [ Ap 0 ] P
0 0
by Tp
EFTAT — (2 = F)
| 0 0

- 1 _b | T
=lim,1 | A, 0 (zl—F)l{ngAT 8 —{ .

ZT ZT
+o | | —LrTaTAe | T
0 0

b A,z
:hmZ—>1|:Ap O:|(ZI_F)1{£FTAT[ p]_ngAT Pp]}o
0

—lim.1 | 4, 0 |(z] —F)" Lr7AT

=lim.51 | A4, 0 (zI—F)_1

0

(4.16)

Note that, from (4.1), as B,(#) is in the null space of A,

0 0
F = [I-LiITTATA] @
B,(2) | Bu(2) |
[ Bu(2) | 0 |
= [I—-LiITTATA] 2 +
0 B,(z)

- - n (4.17)

oy

=

¥
~—— ~—

(]
0 B,(2)
B



42

We next assert that in fact for all nonnegative m

i I L G P B G Gl
(4.18)

Indeed this holds for m = 0. Suppose it holds for some m—1. Then because of (4.17)

0
Fm = Fm7U[I - iITTATA] ©
By(2) By(2)
B, (z)
o () Bl R (R
0 B,(2)
B,(z
= -t | Y e e
0 B,(2)
m O m— 4 U(Z)
= (1-2) +X5 (1-2)(1=32)
By(2) 0
(4.19)
Finally for all nonnegative m
0
L4, 0 F" —0 (4.20)
B,(2)
Looking at the second part of (4.14), due to (4.13) and (4.20) we have:
lim, [ A0 ] (21 — F)"' LITT AT
BU(Z)ZT_l
(4.21)
: -1 o8] —3 7\ 2 [ z—1
—lim. | 4, 0] (D% F) 2 B,(z)= =0
21
Thus because of (4.16) the result holds. -

The next theorem concerns the formation velocity.
Theorem 4.2.2 Suppose Assumptions 2.3.1 and 4.0.1 hold, as does (3.7). Then
1 —2a| < 1. (4.22)

Further with b,(k) defined in Assumption 4.0.1, consider

(k+1) = (1 _ %) (k) + %bx(k). (4.23)
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and

(k1) = (1 - g) 2y (k) + gby(k:). (4.24)

Then with x,;, the ith element of x,,
2, (k) Vi< N
lim z,;(k) = (4.25)
Freo 2, (k) N <Vi<2N
Proof: From Theorem 4.2.1 we know:
lim A,x,(k) = b,.
k—o0

Recall the closed loop equation in (4.6) and the fact that A,z,(k) =0 Vk. Thus as

k tends to infinity, with G(k) defined in (4.7), one has:
Fa(k)+ G(k) = (@ — iTTTATA®) z(k) + G(k)

(4, 0] [ o) +a) |
= Gu(k) - Lrr7AT | T p(K) + 2 (k) + G(k)
0 I x, (k)
- ) : _ ) -
= ®u(k) - I0TTAT | 7 | 41007AT|
L ., (k) ] L by (k) ]
- . - - ) -
= dux(k) — irrTAT + 1ITT AT
| 2o(k) | | bu(k)
= Pux(k) — 2Tz, (k) + 2Tb, (k)
(4.26)
Thus, as k tends to infinity we have:
xy(k+1 I 1-3)1 x,(k 2p,(k
| _[ra=nr) fam ], e ]
z,(k+1) 0 (1-24)r1 x, (k) 1b,(k)

The result follows from our definitions of x, (k) and b, (k) in Section 2.1 and Assump-
tion 4.0.1, respectively.

Thus, this distributed control law ensures that all viable formations are attained
and that the input force is only required to maintain the desired trajectory once
the position constraints are satisfied. Further (4.23), indicates how to select b, (k)

and b,(k), given the target x and y-direction velocity trajectories z,(k) and z,(k),



44

respectively: with ¢ the forward shift operator, choose

(k) = (Fa=1)+1) 2 (k) (4.28)
and
b, (k) = (% (@—1)+ 1) 2 (k). (4.29)

Though the system in (4.28) and (4.29) is non-causal, this poses no practical
difficulties because these trajectories are defined offline. If on-line corrections are

needed then they can be achieved with a delay of one sample.

4.3 Simulation Results

Non—-Redundant Vehicle Trajectories

20
vehicle 1
vehicle 2
vehicle 3
vehicle 4
15+ vehicle 5
10
5 -
0 =
_5 Il Il Il Il Il Il J
-4 -2 0 2 4 6 8 10

Figure 4.1: Non-Redundant Vehicle Trajectories
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We assume a five agent formation with velocities in the x and y directions being

é(1 + Gsin(rk/8)) (4.30)
and

%(2.5 — 6sin(7k/8)) (4.31)
respectively.

Non-Redundant X-direction Velocity Error

vehicle 1
vehicle 2
vehicle 3
oL vehicle 4
vehicle 5

25 30 35 40 45 50

Figure 4.2: Non-Redundant x-Direction Velocity Error

In all the simulations, the initial conditions of the fleet are the same. All
simulations are run for 50 samples. Figure 4.1 depicts the trajectory of a formation
with the non-redundant formation shown in Figure 1.2.

Figures 4.2 and 4.3 depict the velocity errors in the x and y directions for each
agent.

Figure 4.4 depicts the trajectory of a formation with the redundant formation
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Non-Redundant Y-direction Velocity Error

15
vehicle 1
vehicle 2
vehicle 3
1k vehicle 4
vehicle 5
0.5
or =
e
_05 =
_1 =
_15 L L L L L L L L L L J
0 5 10 15 20 25 30 35 40 45 50

Figure 4.3: Non-Redundant y-Direction Velocity Error

shown in Figure 1.2. Agent 3 drops out of the formation at the 22nd sample. The
simulation demonstrates that the formation continues to track despite the loss of the

agent.

4.4 Conclusion

In this chapter, we extended the work presented in Chapter 3 to allow the agents
to track arbitrary velocities. Using the presented control law, all of the attractive
properties presented in Chapter 3 applied, aside from the fact that the agents were
required to apply an input force to maintain the dynamic velocity changes. It is
important to note; however, that the input force was not used to maintain the relative

positions amongst the agents once the formation was attained.



Redundant Vehicle Trajectories with Vehicle #3 Droped at Time 22

201
vehicle 1
vehicle 2 1
vehicle 3 \
vehicle 4 \
15+ vehicle 5
10+
5 =
0 -
_5 1 1 L L L L J
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Figure 4.4: Redundant Vehicle Trajectories with Agent 3 Dropped at Time 22
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CHAPTER 5
THE EFFECT OF REDUNDANCY UPON THE RATE OF
CONVERGANCE

In the previous chapters, a framework was provided that allows for the incorpo-
ration of redundancy to allow the network to survive faults caused by loss of agents
and/or communication links. In this chapter we will address the impact that redun-
dancy has on the control performance of the control law (3.4) as quantified by the
speed with which a desired formation is achieved. It will be shown that when using
the control law (3.4), increased redundancy results in better control performance. As
mentioned in Section 1.3, this is not always the case with other approaches to for-
mation control. In fact, in some cases increased redundancy can result in instability
with other approaches.

In this chapter we will not consider any velocity constraints. This simpli-
fies, slightly, the algebraic representation of the formation topology. Specifically the

[ A b ] pair are simplified as follows:

A= [ A, 0 ] and b=by. (5.1)

5.1 A Kalman Decomposition

The same cost function (3.1) and resulting control law (3.4) in Section 3.1, with
the simplified [ A, b } pair (5.1) is considered.

A state transformation will be used to allow a more concise presentation of the
main result of this chapter. First note that with « chosen to ensure that @ in (3.2)
is positive definite, on has that:

I— éFTATAF > 0. (5.2)
With

1
F=&—- —_TTTATAD (5.3)
«
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and
G = éFFTATb (5.4)
the closed loop control law becomes
x(k+1)=Fz(k)+G. (5.5)
Define
y(k) = Ax(k) —b. (5.6)

Now consider a singular value decomposition (SVD) of A,:
A, =UDV. (5.7)
In view of (2.9) and Assumptions 2.2.1 and 2.3.1, U is a 2L,, x 2L,, unitary matrix,

Vis a 2N x 2N unitary matrix and D is as defined below:

A0
D= . (5.8)
0 0

With n; = 2N — 2, A is diagonal, n; x ny and real positive definite.

Observe that the double integrator dynamics of the agents, coupled with the
lack of velocity constraints and the fact that the rank of A is 2N —2, ensures that four
eigenvalues of I’ are guaranteed to be 1. The point of the Kalman decomposition
developed in this section is to: (1) demonstrate that these eigenvalues are not poles

of A(zI — F)~!, and (ii) to isolate the poles that can be made stable. Define

Voo
S = (5.9)
0V

Then consider the state transformation described in the lemma below.
Lemma 5.1.1 With &, I', A, b, F, G, U, V, D and S defined in (2.6), (2.7),
(2.13), (5.3), (5.4), and (5.7 - 5.9) define:

. A0
A=|U 0 (5.10)
00
Feo- L7 AT o (5.11)
o
G Lrrr iy, (5.12)
«

#(k) = Sz(k) (5.13)



Then one has that

and
A=AS!
Proof: First note that
vVHE 0
AS— = [ A, 0}
0o VH
= [APVH 0}
A0
= U 0
0 0
- A

Further in view of (5.9) and (5.17)
SFS™ = S(I—-ITTTATA)®S™

- F
and similarly,

SG = LSTTTAT
- d

We next show that a condition comparable to (5.2) holds.

Lemma 5.1.2 With A as defined in (A.21)
I- érTﬁT Ar >0
Proof: Follows from (5.17), the fact that
(vas)a-ivi .
and

VA:TT = I'7S and that TA"3VH = §—1T

20

(5.14)
(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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Denoting 0, to be the p x p, zero matrix, and I, to be the p X p, identity matrix,

we observe from (5.8) and (A.21) that
F = SFS™!

[—1ATA, 21474,

= S St
2ATA, 2474,
I - LVATAVH - LyATA VH
o oy (5.23)
—2VATAVH T - 2VATAVH
]—éAz 0 I—éA2 0
0 I 0 I
CINY 0 [-2A? O
0 02 0 [2
Then the following lemma goes toward a Kalman like decomposition.
Lemma 5.1.3 Under (5.7-5.15)
~ -\ -1
A (z[— F) = [ H(2) Oanxa(n-m) ] (5.24)
where
H(z)=C(zI-71)"", (5.25)
I—IAN2 T LA?
T = “ “ (5.26)
VI YN
A
C=1|U 020 xn, (5.27)

0



and
Proof: Note
Hence
Now,
- A
AT = U
0
A
= U
0

Further, from (5.23)

NFOT =

Then the result follows.

I, 0 0 0
0 0 I, O
0 I,n O 0
0 0 0 Ihn,
' = 1.

O2rxn—n1  O2nxn

02L><n1

- C 02L><2(n—n1)

0
0

In—nl
0

]—éAz I —
_§A2 I —

02L><2(n—n1)

1A2
2 A2
0
0

In—nl

In—nl

0 0
0 I,
I, O
0 0
0 0
0 0

Licp, Tnn,
0 I,
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(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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Taken together, the results of this section show that the poles of A(zI — F)~!
are in fact the eigenvalues of Y. The next section shows that (i) these can be made

stable, and (77) that their magnitudes determine that rate of convergence.

5.2 Rates of Convergence

To ease notation call

1
B = —A? (5.33)
«
and Note that:
0<A(B)<1 (5.34)
Then:
I-B I—-B
T = (5.35)
—-2B I —-2B

Recall that the poles of A(zI — F)~! are in fact the eigenvalues of Y. Assume for
the moment that all of the eigenvalues of T are in the open unit disc. Further under

Assumption 2.3.1 there exists an x such that

Az = b. (5.36)

o = , (5.37)

we obtain
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limy oo (Az(k) —b) = lim, (2 — 1)%

= lim._ (A(z] — F)"'G — b)

X X
= lim,,; | A(z] — F)_lw — A
0 0
x
= tim oy A (o1 — F) 1A )
O -
X
= Ty A(z] - F)7 (T4 14 )
0

= 0.
This analysis reveals two facts. First, should all eigenvalues of T be inside

the unit circle then the formation is attained. Second, the deeper inside the unit
circle these eigenvalues are, the faster the rate of convergence. In the sequel we tie
the magnitude of these eigenvalues to the redundancy in the network. In particular,
observe that the edges in the formation topology completely determine the matrix
A, and hence T. For a formation topology described by the undirected graph G =
(V, E), we will define the corresponding A matrix as A(G) and the B in (5.33) as
B(G). Then the following lemma is crucial.
Lemma 5.2.1 Consider the formation topologies with associated undirected graphs
G1 = (V,Ey) and Gy = (V, Es). Suppose Ey C Ey. Then

B(G1) < B(G). (5.38)
Proof: Associate with an undirected edge between i and j the vector e;; the 2/N-
vector all but the ¢ and jth elements of which are zero. One of the remaining elements

is 1 and the other —1. Then,

A(Ga)TA(Ge) = AG)TAG) + Y eyel; (5.39)
Thus e
A(Go)TA(Go) > A(G1)TA(GY). (5.40)

Thus the result follows from the definition B(G;). n
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Now observe that with B = diag(b;), within a symmetric perturbation one can

express

2N-2
i=1
where
1—-b 1-b
—2b; 1 —20;
The characteristic polynomial of each Y;; is
A — (2= 3b)A + (1 —by). (5.43)
Observe that as long as
0<b<8/9, (5.44)

both the eigenvalues of T;; are complex with magnitude 1 —b;. Thus as long as (5.44)
holds increasing b; forces the eigenvalues further inside the unit circle. On the other
hand in the range b; € [8/9,1), recall from (5.34) 0 < b; < 1, as b; increases, one
eigenvalue of Y;; approaches 0, while the other approaches 1. This leads us to the
main result of this chapter.

Theorem 5.2.1 Consider the two formation topologies with associated undirected
graphs G1 = (V, E1) and Gy = (V, Ey). Suppose Ey C Es. Suppose also that for each

ie{1,2},

9AT(G,) A(G;
- ( 8) (Gy) > 0. (5.45)
Then (3.4) converges for both topologies but at a faster rate for Gs.

al

Proof: Recall, through the construction of B, that B is a positive definite diagonal
matrix whose diagonal elements contain the non-zero eigenvalues of A;FAP divided

by . Equation (5.45) can be rewritten:
8 1
—I>—AT(G,)A(G;
S > L AT(@)AG)

Therefore 0 < A(B(G;)) < 5. Then result follows from Lemma 5.2.1 and (5.41) -

(5.43). n

Therefore, depending on the value of «, a more redundant network will lead to
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a faster convergence. The way to interpret the cutoff point of 8/9 is as follows. Too
dense a network will cause the positive definiteness of () to be violated. Thus given
an «, the performance improves monotonically up to a clearly demarcated level of

redundancy, but degrades thereafter.

5.3 Simulation Results
Here we show some simulations which verify the results of Theorem 5.2.1. The
trajectories of the agents in a non-redundant formation, as in Figure 1.2, are shown
in Figure 5.1. The agents initial positions are chosen randomly, but the same random
initial positions are used in all of the presented figures. In Figure 5.2 the formation

topology is completely connected.

vehicle 1
vehicle 2
vehicle 3
4.5 vehicle 4
vehicle 5
4 =
3.5
3 =
25
2 -
15 Il Il Il Il Il J
0 1 2 3 4 5 6

Figure 5.1: Non-Redundant Vehicle Trajectory
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vehicle 1
vehicle 2
vehicle 3
4.5 vehicle 4
vehicle 5
4+
35F
3 =
25
2 =
15 L L L L L L L L L J
0.5 1 15 2 25 3 35 4 4.5 5 5.5

Figure 5.2: Fully Connected Vehicle Trajectory

The relative position errors, measured by ||Az(k) — b||2, are shown in Figure
5.3. In this figure, simulation 1 represents a non-redundant formation. Redundancy
is added as the simulations numbers increase until we reach the fully connected
formation topology in simulation 6. As demonstrated, a more redundant network

leads to a faster convergence.

5.4 Conclusion

We have examined the cooperative control of a fleet of autonomous agents
that achieve arbitrary relative positions from random starting positions. We have
revisited the control law (3.4) to show that not only does increased connectivity

among the agents result in better robustness to loss of agents, but that up to a clearly
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Figure 5.3: Convergence Rates

quantifiable point it also results in faster convergence to the desired formation.

o8
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CHAPTER 6
FORMATION CONTROL WITH ENHANCED SCALABILITY

In this chapter an alternate control law is presented which results in enhanced
scalability and better overall performance. Recall, in Chapter 3, A was chosen as
A =al. (6.1)
With this choice in A, it was shown that stability is guaranteed when () is positive
definite. Thus, a was chosen to exceed the largest eigenvalue of I'" AT AT,
Definition 6.0.1 Define e;; as a vector with length N, with all elements equal to 0
except the ith and jth elements which are 1 and -1 respectively.
Observe from Assumption 2.2.1 that
Al AL = Z eijes;. (6.2)
Consequently as the size of the network grows, in terms of either the number of nodes
or the number of constraints, the largest eigenvalue of I'" AT AT" grows correspond-
ingly. Therefore, if one were to select (6.1) as done in Chapter 3, one would have
to anticipate the largest network one is likely to confront. If, in the course of actual
operation, the network undergoes large variation in size, then such a worst case de-
sign leads to poor performance since « penalizes the control input. Alternatively, o
could be chosen dynamically by the agents in the formation, but this approach leads

to the global exchange and thus poor scalability results.

6.1 Basic Control

A basic fixed velocity formation is considered. Thus the L, position constraints
will be specified by the [ Ay, b, } pair as described in (2.9) and Assumption 2.2.1.
Suppose we wish to assign the the fixed velocity to L, agents and that the velocity
in the x and y directions is v, and v, respectively. The L, velocity constraints are

defined by the [ A,, b, } pair as described in (2.10) and Assumption 6.1.1.

vy

Assumption 6.1.1 Consider a set of agents V € {1,..., N} with cardinality L,.
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For each agent i € V there will be a row in A,s containing all zeros except the ith
element which will contain a 1. A, will defined as in (2.10) and the first L, elements
of b, will contain the velocity in the x direction, v, while the last L, elements of b,

will contain the velocity in the y direction, v,.

6.2 Control Law and Communication Topology

Using the same cost function (3.1) and resulting control law (3.4) as in Section
3.1, we will modify the definition of A in @) (3.2) to account for the agent’s individual
velocity constraints and connectivity instead of the global solution, al.

Suppose p; is the number of connections for agent ¢. Then define:

\i =€+ Bp; (6.3)
with some € > 0 and 8 > 2. The individual contribution of the connectivity of agent
i in ITAT AT will be counteracted by );. With:

Ape = diag (\) (6.4)
and A, = A, ;®A,,, A, will represent the connectivity portion of A, while the velocity
contribution will be represented by A,, as shown below:

A=A+ A, (6.5)
where, A, = A,s ® Ays. With Assumption 6.1.1, the velocity contribution to A can
be defined as follows:

Ape = 4AT Ay (6.6)
Lemma 6.2.1 Under (6.3)-(6.6) and Assumptions 2.5.1 and 6.1.1, A — TTAT AT > 0.
Proof: Note that:

A=TTATAD = L ® (Aps — AL Ay) (6.7)
Therefore, it suffices to show that: A, — AgSApS > 0. The proof follows from the

fact that

(B+e)l — [1,—1]>0 (6.8)
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Now we will show that the communication topology resulting from (3.4) is
identical to the geometric topology and further that only a local knowledge of the
formation topology is required by each agent. Observe that the control inputs to
agent ¢ are u; and wu; y. We will now show that if agents ¢ and j do not have
an arc between them in the formation topology, then w; and w;yy do not depend
on {®x};, {Px}jin, {Pr}jron and {Px};i3n. Because of Fact 2.1.1, this in turn
implies that u; and ;1 y do not depend on x;, x4 n, zj1on and xj 3n, establishing
the structure of the communication topology. Furthermore observe that agent i can
select \; by knowing the number of constraints it is involved in. As Theorem 6.2.1
shows and is evident from (3.4) and the fact that A is a diagonal matrix, \; is only
needed by agent ¢ to construct its input.

Fact 6.2.1 Due to the construction of A in (6.3)-(6.6) and Assumption 6.1.1, A is
a diagonal matriz.

Observe that (3.4) becomes,

u(k) = A" (ALb, + 2ATb, — [AT A, 2AT A,]Px(k)) (6.9)
Theorem 6.2.1 Consider (6.9) under (2.3), (2.6), (2.7), and (2.13). Then the

finding u;(k) and u;n(k) requires:

(i) The states of agent | only if there is an arc between agents | and i in the

formation topology.
(it) The l-th row of A only if for some j € {i,i + N,i+2N,i+ 3N} a;; # 0.
(111) The l-th element of b only if for some j € {i,i+ N,i+2N,i+ 3N} a;; # 0.

(iv) The gain X\; if the agent has no velocity constraints, or the gain \; + 4 if the

agent has velocity constraints.

Proof: Consider the determination of wu,, p € {i,i + N}. Suppose this requires

the knowledge of ®z,, for some ¢ € {l,l + N}. Then from (6.9) and Fact 6.2.1,
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(AZAp)pq is non zero. Then because of Lemma 3.1.1 for at least one m the m-th row
of A, must have nonzero entries in both the p-th and the ¢-th locations. Similarly
if the determination of u,, p € {i,7 + N} requires the knowledge of ®z,, for some
q € {l+2N,l+ 3N}, then for at least one m the m-th row of A, has nonzero entries
in both the p-th and the ¢-th locations. Then Facts 2.1.1, 2.2.1 and 6.2.1, together
with (2.13) prove (7).

Now, from (6.9) and Fact 6.2.1, the computation of u,, p € {i,i+ N} requires
the computation of the p-th rows of AZAP and AT A, and the p-th elements of Agbp
and ATh,. Then from Lemma 3.1.1, for such a p, the computation of the p-th rows
of AZAP and AT A, require respectively, the knowledge of the I-th rows of A, and A,
only if the Ip-th elements of respectively A, and A, are nonzero. Further the p-th
elements of ATb, and ATb, require the knowledge of I-th rows of A, and A, and/or
the [-th elements of b, and b, only if the Ip-th elements of respectively A, and A,
are nonzero. Then (i) and (i) follow from (2.3), (2.13) and Facts 2.1.1 and 6.2.1.

Finally, (iv) follows from Fact 6.2.1 and the construction of A in (6.3)-(6.6). m

(i) shows that the communication topology is the same as the formation topol-
ogy. (i) and (ii7) show that agent ¢ need only know those rows of A and elements of
b which define the arcs emanating from it. Thus agent ¢ must only know its place in
the formation topology. Therfore a described knowledge of the formation topology
suffices.

If despite the loss of an agent, for example agent 4 in Figure 1.3, the formation
topology remains viable, then this modified formation topology is described by an
[ A b ] matrix that is a sub-matrix of its counterpart in the original formation
topology, and obtained by removing the rows characterizing the two arcs impacting
4 and the four columns of A corresponding to the states of 4. As the elements of these
columns in the rows of the original A matrix defining the arcs of 2 and 3 are zero,

the inputs to agents 2 and 3 are unchanged. These agents do not need to reconfigure
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their control laws and need not know about the loss. Similarly if communication
between 1 and 5 be impaired or lost, then only 1 and 5 must know of this loss and
adjust their control law.

Let us now turn to the significance of (iv) to scalability. Suppose a new agent
arrives and attaches itself to a subset of the agents in the network. Then to ensure
that A — I'TAT AT is positive definite, these agents simply need to adjust their cor-
responding \; to account for the new arcs created in the formation topology. The
remaining agents need not adjust the \; they are responsible for and consequently
need not adjust their control law. As importantly, the need to a priori choose a, as

in Chapter 3, to accommodate the largest possible network is removed.

6.3 Proof of Stability
In this section we prove that the control law in (3.4) asymptotically attains all

viable formation topologies as long as

I —A'TTATAD >0 (6.10)
To this end observe that with
F=&-TA'TTATAD (6.11)
and
G=TA'TTATh (6.12)

the control law (3.4) results in the closed loop
x(k+1)=Fz(k)+G. (6.13)
Define
y(k) = Ax(k) —b. (6.14)
We need to find conditions under which y(k) asymptotically approaches zero.
To this end we first provide the following lemma.
Lemma 6.3.1 Under (6.10), with F' and G defined in (6.11), (6.12), (6.3)-(6.6),
(2.6), (2.7) and A in (2.13), all poles of A(zI — F)™1 are inside the unit circle.
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Proof: The detailed proof is in Appendix B.1 and is comprised of two parts. In
the first we show that (6.10) ensures that the poles of F' are either at 1 or inside the
unit circle. The second part shows that the poles at 1 are unobservable through A.

This brings us to the main result of this section.
Theorem 6.3.1 Suppose the formation topology is viable and A, # 0. Then
lim Az(k) =10

k—o00

Proof: We need to show that

R(z) =2 L AT = P)12(0) + A1 — e (6.15)

is analytic on or inside the unit circle and
ll_rg R(1)=0 (6.16)
Because of Lemma 6.3.1, A(z] — F')~! and hence R(z) is analytic on or outside the
unit circle. Thus it suffices to show that
lim [A(z] — F)7'G —b] =0 (6.17)
z—1
Since the formation topology is viable there exists an z as in (2.3) that satisfies the

constraints imposed by Theorem 2.3.1. For such an x and all nonnegative integer [,

from Theorem 2.3.1, we have

| T A, O I 1 Ty
AD - = Az, =0 (6.18)
0 0 A, 0 I 0
Further for such an x an all nonnegative integer m, we have from (5.3) and (6.18)
that
Ty Ty Ly
AF™ = AF" ' [I -TAT'TTATA] @ = AF"'0 (6.19)
0 0 0

Thus by induction and (6.18) for all nonnegative integer m

Ty Ty

AF™ = AQ™ — 0. (6.20)
0 0
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Since A®P™z = b for all nonnegative integer m,

lim, ,; A(zI — F)™'G —b

=lim, . A(zI — F)7'G — Ax

=lim, ,; [A(z] — F)"Y{G — (21 — F)z}]

=lim,,; [A(z] — F)"{TA'TTATb — zz + @z — TA'TT AT Az} ]

(6.21)
=lim, ., [A(z] — F)"' S TATITTAT Az — 2 + @
Ty
—TA ' TTATA |z +
0
=lim, ,; [A(z] — F)"{®z — z}]
Ty
=lim,,; |A(z] — F)7!
0
We will now show that in fact
Ly
Azl — F)™* =0 (6.22)
0

almost every where. Thus as it is rational it is zero everywhere including at z = 1.
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Indeed in the region of convergence of (21 — F)~L.

x’l} ‘,'UU
Azl — F)™! =AY (I —-2'F)7!
0 0
= [Az7 4+ 27130 2T AFY °
0
(6.23)
) | Lo
=z 1Y 2 2 TAFY
0
=0
where the last equality follows from (6.19). n

Thus this distributed control law helps attain and maintain all viable formation
topologies. Three implications of this result bear reiteration. First, the necessary
conditions for viablity given in Theorem 2.3.1 are all that are invoked in the proof
of Theorem 6.3.1. Thus these necessary conditions are also sufficient for viability.

Second, it is easily seen from the proof of Theorem 6.3.1 that in fact

lim u(k) = 0.

k—o00
In other words once the formation is attained it can be maintained with no con-
trol input. Finally, and more compellingly, the class of formation topology under
consideration here has the attractive property that a distributed control law for its
achievement exists, as long as a centralized law exists. Thus whatever can be done

through global action can also be achieved through local action, and as importantly

through local knowledge of the overall objective.
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7
Figure 6.1: 10 Agent Formation Topology with no Redundancy

6.4 Simulation Results

The following simulations compare the convergence rates of the limited scala-
bility approach presented in Chapter 3 to enhanced scalability approach presented
in this chapter, when the size of the formation changes significantly during the sim-
ulation. All simulations assume a fully connected formation topology with velocity
constraints on agents 1, 2 and 4.

In Figure 6.2 a fully connected 10 agent formation topology is considered. The
basic shape of the formation is shown in Figure 6.1. This simulation was used to
choose « in equation (3.3) and € in equation (6.3) such that the formations are stable
and the convergence rates for the limited scalability approach and the enhanced
scalability are comparable. Notice that o was chosen such that the limited scalability
approach slightly outperforms the enhanced scalability approach.

Figures 6.3-6.5 use the values for o and € found in the simulation used create
Figure 6.2. Additionally, vehicles 1-5 start with the same initial positions and ve-
locities used in Figure 6.2. The simulations start using a 5-agent, fully connected
formation topology with the basic shape shown in Figure 1.2. At time k = 21, agents
6-10 join the formation following the same basic shape shown in Figure 6.1. The ini-
tial positions for these agents are the same as those used in Figure 6.2, except shifted

to compensate for the trajectories of the other agents during the first 20 time steps.
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Figure 6.2: Synchronization of o and e

In both approaches the agents were shifted equally.
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As mentioned earlier, the largest eigenvalue of ['" AT AL increases with the

number of agents and the number of connections. Because o was chosen to account

for a fully connected 10-agent formation topology, the performance of the fully con-

nected 5-agent formation topology suffers. Notice that the rates of convergence are

much faster for the initial 5-agent topology with the enhanced approach, but the

convergence rates virtually identical after agents 6-10 join. Figure 6.4 shows the tra-

jectory of the agents using the limited scalability approach, while Figure 6.5 shows

the trajectory of the agents using the enhanced scalability approach.
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Figure 6.3: Comparison of Convergence Rates

6.5 Conclusion

A new control law was presented that results in distributed control, requiring a
communication topology that mirrors exactly the formation topology. Additionally,
this control law has enhanced scalability over the approach presented in Chapter
3. Specifically, to accommodate new agents that may arrive in the network, the
approach presented in Chapter 3 requires an a priori knowledge of a hard bound on
the maximum size of a network. This can lead to sluggish responses in networks that
undergo large fluctuations in size, especially in epochs where the network is much
smaller than the largest network. The new law removes this requirement and can
accommodate new arrivals by requiring adjustment of control laws of only agents

that the new agent attaches itself to.



30

25

20

15

10

vehicle 1
vehicle 2
vehicle 3
vehicle 4
vehicle 5
6
7
8
9

—+— vehicle
—+— vehicle
—+— vehicle
vehicle
—+— vehicle 10

Figure 6.4: Trajectory of the Limited Scalability Approach

70



30

25

20

15

10

vehicle
vehicle
vehicle
vehicle
vehicle
—+— vehicle
—+— vehicle
—+— vehicle

H vehicle
—+— vehicle 10

1
2
3
4
5
6
7
8
9

Figure 6.5: Trajectory of the Enhanced Scalability Approach

10

12

71



72

CHAPTER 7
THE IMPACT OF DYNAMIC CHANGES TO THE
COMMUNICATION TOPOLOGY

In the previous chapters, we have shown that our control law is robust against
loss of craft and/or communication channels. This analysis has been of a static nature
and it does not address dynamic changes to the communication topology, specifically
when a lost link may return. We now investigate the impact that dynamic changes
to the communication topology can have upon stability. In particular we show that

it is possible for such a dynamic network to be unstable.

7.1 A Periodic Sequence of Dynamic
Communication Changes

We will consider an M-periodic sequence of dynamic communication changes.
Recall from the previous chapters that the communication topologies mirror the
formation topologies. Thus, if formation topologies are switched with each time
step, we are in fact changing the communication topology. Therefore, we consider
a set of P < M formation topologies that switch periodically with the time step k.
In particular, for i € {1... P}, the P formation topologies are specified by the the
[ A;, b ] pair, where

A= A 0 and b; = b : (7.1)

O Am' bm‘
As in Chapter 2, Ay, is 2L,; X 2N, b,; is 2L,; x 1, A,; is 2L,; X 2N, by; is 2L,; x 1.

Consider a function f(-) that maps {0...M — 1} to some {1...P}. Then the

M-periodic closed loop system can be written as:

zk+1)= F\f(k mod M) Z(K) + @f(k mod M) f:X Y (7.2)

Y(k) = Ak mod i Z(k) — bk mod M)
A time-invariant representation of (7.2) can be obtained by “stacking” the inputs



and outputs over periods of M samples as shown below. With

F(ME)
F(ME — 1)

F(Mk — M + 1)

the closed loop becomes,

where

@Q
|

(k+1)=F#k)+ G

J(k) = AZ(k) + B

S
[Tz Frar—sy 0
[P

=~ Hi:2 Fyavu—iy 0

Fr) 0

- M-1 PN
Gf(M—l) + Zi:l <Hj=1 Frou—j)

=~ M-1 7 o
Grov—2) + 2 iss (szz Frou-j)

A M-1 i - -
Gf(l) + Zi:M—l <Hj:M_1 Ff(M—j)) Gf(M—l—i)

G
Asgy O 0
A 0 A\f(l)
0
|0 0 Ay
bs()
| o

0

) Grv-1-1
)

G r-1-1)
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Figure 7.1: Formation Topology 1 (minimal system)

7.2 Observations for the Limited Scalability
Approach

We have provided a set of equations which maps system of M-periodic dynamic
communication topology changes to a non-time-varying system. A simulation envi-
ronment was developed which uses a recursive algorithm to find the worst possible
communication topology from a provided set of topologies at each time step. We
used the simulations to check that stability for a variety of N agent formations.

First consider the 4 agent formation topologies shown in Figures 7.1 and 7.3.
Using the simulation environment we were able to isolate a number of periodic se-
quences which switch between the two formation topologies and result in instability.
The worst of these sequences was the 11-periodic sequence shown below:

{3,1,3,1,3,1,3,1,3,1,1}. with eigenvalues at -43.9159 (7.10)

We also isolated much simpler sequences that resulted in instability:

{3,1,1} with eigenvalues at -2.6947

{3,1}. with eigenvalues at -2.0057
In all of these simulations o was chosen to be 0.5 larger than the largest eigenvalue

of TT AT A3T". Where Az corresponds to the formation topology shown in Figure 7.3.
Now consider the formation topologies shown in Figures 7.1 and 7.2. Again we
were able to isolate sequences which resulted in instability, the worst of which is the
4-periodic sequence shown below:
{2,1,1,1} with eigenvalues at -1.5038
Additionally we were able to isolate the following unstable 5-periodic sequence:

{2,1,1,1,1} with eigenvalues at -1.3136
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Figure 7.3: Formation Topology 3 (Maximal System)

An important observation was made while running the simulations. The choice
of o does have an impact on the level of instability in the system, but not in a simple
fashion. Depending on the initial choice of «, a small increase may push the unstable
poles further outside the unit circle, but as o continues to increase the unstable poles

will eventually move back within the unit circle and stability will result.

7.3 Observations for the Enhanced Scalability
Approach

A simulation environment was developed which uses a recursive algorithm to
find the worst possible communication topology from a provided set of topologies at
each time step. We used the simulations to check that stability for a variety of N agent
formations. We found that while the enhanced approach does become unstable with
select dynamic communication topology changes, the number of periodic systems
that result in instability is less when compared to the limited approach.

First consider the 4 agent formation topologies shown in Figures 7.1 and 7.3.
Using the simulation environment we were able to isolate a couple of periodic se-

quences which switch between the two formation topologies and result in instability.
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The worst of these sequences was the 3-periodic sequence shown below:

{3,1,1}. with eigenvalues at -1.2627 (7.11)
The only other sequence we were able to isolate is shown below:

{3,1,1,1} with eigenvalues at -1.0596
In all of these simulations € was chosen to be 0.5 and 3 was chosen to be 2 as defined
in (6.3).

Now consider the formation topologies shown in Figures 7.1 and 7.2. Unlike
in the limited scalability approach we were unable to isolate any sequences which
switch between these topologies that result in instability.

An important observation was made while running the simulations. The choice
of € and 3 does have an impact on the level of instability in the system. As either €
or [ increase the unstable poles move towards the unit circle. In fact, with § = 2,
both time varying sequences become stable when € is increased to 2. If ¢ = 0.5 and

£ is increased to 2.45, then again, both time varying sequences become stable.

7.4 Conclusion

Clearly not all periodic sequences are stable; however, many are indeed sta-
ble. In fact, we ran thousands of simulations which randomly switch between the
formation topologies and never encountered a system which did not reach the for-
mation goal. Through experimentation we have found the unstable systems to be
periodic. We hypothesize that sets of stable and unstable systems can be charac-
terized. Additionally we believe it may be possible to create adaptive algorithms
using these characterizations that can reject additional information that may result
in instability; however, we leave these problems for future work. Additionally, the
role that « plays in the limited scalability approach and the role 5 and € play in the
enhanced scalability approach should be further investigated; perhaps a condition ex-

ists on these terms which will ensure stability in the face of dynamic communication



topology changes.

7
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CHAPTER 8
CONCLUSION

This thesis considered the coordinated control of autonomous agents. The
agents were modeled as double integrators, one for each Cartesian dimension. With
the goal, to force the agents’ convergence to a formation specified by their desired
relative positions, a pair of one-step-ahead optimization based control laws were
developed.

The control algorithms produced a communication topology that mirrored the
geometric formation topology due to the careful choice of the minimized cost func-
tions. The equivalence provided an intuitive understanding of the relationship be-
tween the geometric formation topology and the communication infrastructure. It
was shown that the control laws are stable and guarantee convergence for all vi-
able formation topologies. Moreover, theorems were developed which allowed for the
addition of fixed or arbitrary time-varying velocity constraints.

Both control algorithms only required local information exchange. With the
arrival of additional agents, it was shown that only the agents with whom the new
agents were dependent upon needed to adjust their control laws. Moreover, when
redundancy was incorporated into the formation topology, it became possible for the
system to survive loss of agents or communication channels. In the event that an
agent dropped out of the formation, only the agents which had position interdepen-
dence on the lost agent needed to adjust their control laws. Finally, in the event of a
lost communication channel, only the agents that shared the communication channel
were required to adjust their control laws.

In Chapter 2 we provided an introduction to the core mathematical equations
and concepts used throughout the paper. In Section 2.1 we introduced a set of equa-
tions that were used to represent our system of agents. Section 2.2 introduced the

mathematical formulas that were used to represent the agent formations. Formations
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were specified by a matrix, vector pair [ A b } We established an assumption on
the construction of the [ A, b ] pair that allowed the user to create formations spec-
ified by relative inter-agent distances. It was then shown how additional redundancy
and static velocity constraints could be incorporated into the formation specification.
We then formally showed the relation between relative position constraints and the
individual elements of A. Finally, we described how additional redundancy, loss of
an agent or the loss of a communication channel impacts the [ A b } pair. In Sec-
tion 2.3, a set of conditions were developed to address the feasibility of a formation.
We first assigned some basic assumptions to the communication topology, namely
that the sub-matrices of A, which specify the position constraints in each Cartesian
direction, had a rank of N —1 for an IV agent formation and that b was in the range
space of A. The first assumption ensured that the formation was connected while
the second ensured that the formation was well defined. We then provided a basic
definition for formation viability. It was then proven that for all viable formations,
a solution exists for the formation topology and that once the formation is achieved,
it could be maintained without any additional input into the system.

Chapter 3 presented a distributed approach to the formation control problem.
This approach required either an a prior: knowledge of the largest possible forma-
tion size or the global information exchange of the current formation size. As such,
this approach was not as scalable as some would desire; however, it did have some
interesting properties. We provided a one-step-ahead optimal control law which guar-
anteed a fleet of autonomous agents could attain any fixed velocity, viable formation.
We showed that the formation topology was in fact equivalent to the communica-
tion topology and, assuming the use of a priori knowledge, only local information
exchange. In other words, each agent only required knowledge of its neighbors, as
specified by the formation topology. In the face of a lost agent, only neighbors of

the lost agent were required adjust their control laws. If a communication channel
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was lost, only the agents that shared the communication channel were required to
adjust their control laws. Finally, the arrival of a new agent only impacted the agents
against which the arriving agent’s relative position constraints were defined.

In Chapter 4, we extended the work presented in Chapter 3 to allow the agents
to track arbitrary velocities. Using the presented control law, all of the attractive
properties presented in Chapter 3 applied, aside from the fact that the agents were
required to apply an input force to maintain the dynamic velocity changes. It is
important to note; however, that the input force was not used to maintain the relative
positions amongst the agents once the formation was attained.

In Chapter 5, we analyzed the impact that redundancy had upon the rate of
convergence. It was shown that each time additional redundancy was added, the
rate of convergence to the desired formation improved.

Chapter 6 presented a fully decentralized approach to multi-agent formation
control that results in enhanced scalability. It did not require a priori knowledge
or global information exchange. An alternate one step ahead optimal control law
was presented that guaranteed that a fleet of autonomous agents could attain any
fixed velocity viable formation with the additional benefit of enhanced scalability
and in most cases better performance. We proceeded to show, like the distributed
approach presented in Chapter 3, the fully decentralized approach also only requires
local information exchange.

Finally, in Chapter 7 we investigated how dynamic changes to the communi-
cation topology can influence system stability. A number of unstable systems were
presented for both the limited scalability approach and the enhanced scalability ap-
proach. We found that while both approaches are susceptible to dynamically chang-
ing communication topologies, the enhanced approach appears to be robust against

a larger set.
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Research in the area of the coordinated control of autonomous agents has been
growing rapidly. Many of the basic problems have been solved. Of particular inter-
est are the provably correct algorithms and those which do not require the global
exchange of information.

We have shown our system is not robust against all dynamic changes to the
communication topology. We have however seen that our system is in fact robust
against certain dynamic changes to the communication topology. We aim to charac-
terize this set of stable dynamic communication systems.

An important aspect of this research includes the impact that information
flow can have upon stability and the rate of convergence. A problem exists with
respect to the amount and type of information flow and its influence on stability
and rate of convergence. It is obvious that additional information exchange will
enhance the robustness of the system; however the amount of information that can
be achieved is limited by the communication channels. As the number of agents in
the network increases the amount of bandwidth available to each agent decreases.
These problems are compounded with multi-hop communication. The optimization
of the communication network with respect to the formation geometry is an area

that still needs significant attention.
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APPENDIX A
SELECTED PROOFS - LIMITED SCALABILITY

A.1 Basic Control: Proof of Lemma 3.2.1

We first complete through the lemma below the first part of the proof of Lemma
3.2.1.
Lemma A.1.1 Under (2.13) (3.7)-(5.9), (2.6), and (2.7) the poles of A(zI — F)~1
are either inside the unit circle or at 1.

Proof: Choose:

I —1/2
T = and hence T7! =
0 I 0 I

I 1)2

Call
Y =ATA; >0 with i € {p,v}
Because of (2.6), (2.7) and (3.7)

5, 4 4%,
0< 2t g (A1)
(6]
Then ) )
10 ]; I 3]
TFT™' = &= 5, 2%, | 2
« L
| 21 | 0 I
10 |7
- o - 5, i, 42w, |
a i 2[ | L
I I
B _% 7— 32pl-42,u
Then

det(zI — TFT™1)
= det (s — 1T + (s — 1)t 4 25

a

= det |21 + (EEE o), — (222 _ )]
Then if z is an eigenvalue of F', there exists a unit 7 such that

22+ (307 + 403 —2)z — (02 + 402 —1) =0 (A.2)



where
o N
of =
«

From (A.1)
0 < o7 +40; <1,
and therefore
0 < 30} + 405 <1+ 207,
First observe that if (A.2) has a complex root p then from (A.3)
ol =1~0f —doj < 1,
with equality holding iff o1 = 09 = 0, which in turn leads to
p=1

If on the other hand the roots are real then they are
230} — 403 + /(307 + 403)% — 807
B 2

P1

and

_ 2—30% — 403 — /(301 + 403)% — 8073
B 2

Clearly p; < 1, and because of (A.4) p; > —3 as shown below
- 2—(30f +403) _ 1 1

2
S 2>
p1= 2 2 1= 75

P2

Further p, < 1. Now assume

IA

P2 -1

&4 (307 +403) < /(307 +403) — 807
& 16 — 8(307 +403) < —807}
&1 < of+ 205

But by (A.4), 1 > 0? + 402, leading to a contradiction.
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We next need to show that the eigenvalues of F' that are at 1, are in fact

unobservable from A. To this end we consider a singular value decomposition (SVD)

of Ay, that is, with U,, 2L, x 2L,, V,,, n X n unitary matrices

A:n = UpD:nV;n

(A.9)
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where

A, 0
D,=| " (A.10)
0 0

and A, is diagonal, n, x n,, positive definite.
Partition the 2L, X n matrix AUV;,H as
AV = A A | (A11)
where A, is 2L, X (n —n,).
Consider next the SVD of A5, that is, with U,, 2L, x 2L, and V,, (n —n,) x

(n — n,) and both unitary

Av2 = UUDU‘/U (A12)
where
A, 0
D, = (A.13)
0 O
with A,, n, X n,, positive definite.
Define
I,, O
w=vi " (A.14)
0 v

In the sequel @ will denote the direct sum, for example A = A, & A,. Consider next
a system equivalent to (3.10).

Lemma A.1.2 With®, T, A, b, F, G, U;, V; and D; withi € {p,v} and A, defined
in (2.0), (2.7), (2.13), (3.8), (3.9) and (A.9-A.1/) define

. T AT A,

F=&— A Ao (A.15)

«
A= (U,D,) & [A1,U,D,] (A.16)

N T AT
G = LAY (A.17)

«
(k) = W oWz (k). (A.18)
Then one has that

(k+1)=Fzk)+ G (A.19)

y(k) = AZ(k) — b (A.20)
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Proof: First note that

I 0 0 O
AVE 0 0 VA 0 0
AW @ W) =
0 AVE|]lo 0o 1 0
0 0 0 VH
[ a, 0
= Up ’ @MUI7U’UD’U]
Lo oo
= A (A.21)

Further
(WHeWHYFW e W) =

wH 0 I 1 W 0

= (I — ITTTATA)
0o wH 0 I (O
wH 0 I 2 W 0

= -1 AT A P
0o wH 21 41 (7

=F
because of (2.13). Similarly, because of (2.13), (2.7) and (3.9)
G=Wwlawh)a. (A.22)
Thus the lemma holds. n

We next show that a condition comparable to (3.7) holds.
Lemma A.1.3

I —

T AT A
DAAL (A.23)
Q

Proof: Follows from (A.21), the fact that
WHW =1
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and that
'w=mweWw)r
| |

Denoting 0, to be the ¢ x ¢, 0 matrix, we observe from (A.10), (A.13) and
(A.16):

DHUHE 0
u,D, 0 0
ATA = 0 A, e
O Avl Uva
0 DHUH
Az 0 0 0 0 (A.24)
0 Opw, O 0 0
=10 o A4, B 0 :
0 0 BT A? 0
00 0 0 On—npno
where
_T Av
B=A,U, (A.25)
0
Further,
—T
A2 0 0 24,4, 2B 0
0 On, 0 2BT 2A2 0
0 0 Opppny O 0 Onnpn,
and
I"ATAD = (A.27)

A2 0 0 A2424, 4, 2B 0

p

0 00 2BH 2A2 0

0 00 0 0 Onnpns
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Then
| Fn F
A (A.28)
Foy Fy
Where: )
2
L, —22 0 0
Py = 0 I, 0
0 0 ]n—np—nv
_ I — Ag+2ileAU1 _% 0
ﬁ12 - _¥ [n’u - 2§12) 0
0 In—np—nv
(A.29)
SO
Fn=| 0 0 0
0 0 0
_ [m B Ag+4xjflﬁv1 _% 0
ﬁ22 = —% I, — 423 0
0 O In—np—nu
Notice (A.23) and (A.1) imply
4N?
Sy (A.30)
a

Then the following lemma goes toward a Kalman like decomposition.

Lemma A.1.4 Under (A.9-A.16). with L = L, + L, as defined in Section 2.2.

A (Z] B ﬁ>_1 - [ H(z) Oarx(2n—2n,-n) ] II (A.31)

where

H(z)=C(zl — 1),
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0 aB" J
A, _ A,
C: Up © Avl Uv (A32)
0 0
and ) )
I, 0 0 0
0 0 Inytn, 0
IT= . (A.33)
0 Iy, 0 0
I 0 0 0 L (nptno)
Proof: Note
71 = 1. (A.34)
Hence
~ ~ ~ N -1
A@I—FY*zAHTFI—HFHﬂ 1.
Now,
Ap
U, 0 0 0 0
~ 0
AT = X
_ A,
0 On—n, Aui U, 0
0
L, 0 0 0
0 0 I s, 0
X
0 Inysn, 0 0
I 0 0 0 Toe(np+n) |

= | C O2nx@n—2np—ny) ]
Further, from (A.28)
N I-T 0
T =
X1 X9



where [ X1 Xo ] has 2(n — n,) — n, rows and

_T j—

A 4 A2Andn 2B
«a np @ «a

~ —T —
T — | 282 202444, At 4B
(0% [0 [e%
4BH 472
0 [0 (0%

Then the result follows.
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(A.35)

Lemma A.1.5 Under the conditions of Lemma A.1.1, A(zI — F)™* has no poles at

1.

Proof: Because of Lemmas A.1.2 and A.1.4, It suffices to show that Y defined in

Lemma A.1.4 has no eigenvalues at 1. Choose

I, —I,,/2 0
I'=10 I, 0
0 0 I,
and note that
I, I./2 0
T'=\|0 I, 0
0 0 I,
Then
TYT ! =
InP [np/2 O
L N 22 HAL A 4B
@ ni @ @
0 _4aBH R
L, I, 0
0 —4BH [— i
Now, TYT~! has an ei_genvalue at 1 iff there exists
m
n=1 n 7& 0

13




such that
O _Inl O ’)71
202 3A24443 Ay 4B
(7 (e} (7 /’72
4BH _4A3
0 - I — = 3
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Now the first block equation implies 7, = 0. Further because of (A.30), the third

block equation gives 3 = 0. Thus as A, > 0, the second block equation assures that

n = 0, leading to a contradiction.

Thus Lemma 3.2.1 follows from Lemmas A.1.1 and A.1.5.
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APPENDIX B
SELECTED PROOFS - ENHANCED SCALABILITY

B.1 Proof of Lemma 6.3.1

We first complete through the lemma below the first part of the proof of Lemma
6.3.1.
Lemma B.1.1 Under (2.13) (6.10), (6.11), (2.6), and (2.7) the poles of A(zI — F)~*
are either inside the unit circle or at 1.

Proof: Choose:

=

1
—§A )
T = and hence T7" =

0 A

N|=
=
-
=t I
[NIES
N[
-
L7
[NIE ol

Call
Y =ATA; >0 with i € {p,v}
Because of (2.6), (2.7) and (6.10)

0<A (S, +4%,) < 1. (B.36)
Then ) )
0 s A=z 3As
TFT™' = & - %, 2%,
207z | ¢ 0 A
@ O [ 1 3 1
= ¢- YAT: s (B, +28,)A ]
oA-3 | b 2
I I
—2A2N, A" [ — A2 (38, 4+ 4%,) A e
Then

det (2] — TFT)
— det [(z 12T 4 (2 — 1)A"F (38, + 45,) A5 + 2A—%2p/\—%}

= det |22+ (A5 (35, + 4%, A8 —20) 2 — (A3 (5, +4%,) A% — 1)
Then if z is an eigenvalue of F', there exists a unit 7 such that

22+ (307 + 403 —2)z — (02 + 402 —1) =0 (B.37)
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where
ol = nTA_%ZZ-A_%n.
From (B.36)
0<of+4do; <1, (B.38)
and therefore
0 < 30} + 405 <1+ 207, (B.39)

First observe that if (B.37) has a complex root p then from (B.38)
Ip? =1—0? — 403 < 1, (B.40)
with equality holding iff o1 = 09 = 0, which in turn leads to
p=1. (B.41)

If on the other hand the roots are real then they are
230} — 403 + /(307 + 403)% — 807

p1 5 (B.42)
and

o 2 — 307 — 402 — \/2(30—% + 402)2 — 802 (B.43)
Clearly p; < 1, and because of (B.39) p; > —3 as shown below

. 2—(3a§+4a§) y % s _%‘
Further p, < 1. Now assume
p2 < —1
&4 (307 +403) < /(307 +403) — 807
& 16 — 8(307 +403) < —807}
&1 < of+ 205

But by (B.39), 1 > o7 + 402, leading to a contradiction. -

We must now show that the eigenvalues of I’ that are at 1, are in fact unob-

servable from A. Now consider a singular value decomposition (SVD) of ApA_%.

ANz = U,D,V, (B.44)
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Where U, is an 2L,, x 2L, unitary matrix, V), is an n X n unitary matrix and D, is

as defined below:
D, = (B.45)

and A, diagonal, n, x n,, positive definite.
Partition the 2L, x n matrix AUA_%VPH as
ANV = [ A, A | (B.46)
where A, is 2L, x (n —n,).
Consider next the SVD of A5, that is, with U,, 2L, x 2L, and V,, (n —n,) x

(n — n,) and both unitary

Av2 = UU-DU‘/U (B47)
where
A, 0
D, = (B.48)
0 O
with A,, n, X n,, positive definite.
Define
) L, 0O
S=A2V1 (B.49)
0o vH

In the sequel @ will denote the direct sum, for example A = A, ® A,. Consider
next a system equivalent to (6.13).
Lemma B.1.2 With ®, ", A, b, F, G, U;, V; and D; with i € {p,v} and S defined
in (2.6), (2.7), (2.13), (6.11), (6.12), and (B.44 - B.49) define:

F=&-TTTA" A (B.50)
A=(U,D,) & [A,,U,D,] (B.51)
G =TTTAT) (B.52)
Z(k) = (S @ S~V (k). (B.53)
Then one has that
(k+1)=Fi(k)+G (B.54)
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Proof: First note that

AS®S) =

= A (B.56)
Further
(S_l &b S‘l) F(Se®S) =

(Sl 0) ) [z IHS 0]
= (I —=TAT'TTATA)
0 5! 0I[]0 S

)

—_

because of (2.13). Similarly, because of (2.13), (2.7) and (6.12)
G=(s"as"a.
Thus the lemma holds. n
Lemma B.1.3 We now show that a condition comparable to (3.7) holds.
I —TTATAT >0 (B.57)
Proof: Follows from (B.56), the fact that
SIS =1



and that

IS =(S@®9)r
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Denoting 0, to be the ¢ x ¢, 0 matrix, we observe from (B.45), (B.48) and

(B.51): i i
Dfo 0
~ U,D 0 0
AT —T pHp
AA = 0 A, B
0 A, U,D,
0 DHUH
AI% 0 0 0 0
0 Op_p, 0 0 0
=10 o A4, B 0 :
0 0 BfT A2 0
| 0 0 0 0 On—np—n,
where
A,
B=4.U,
0
Further,
ITATA =
—T
A2 0 0 24,4, 2B 0
0 Op, 0 2BT 2A2 0
0 0 Opnpn, 0 0 On—np—n,
and
ITAT Ap =

P

0 00 2BH 202 0

0 00 0 0

A2 0 0 A2424, 4, 2B 0

On—np—m,

(B.58)

(B.59)

(B.60)

(B.61)

(B.62)

(B.63)
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Then
F= }:“ fm (B.64)
F21 F22
Where: )
L, — A2 0 0
Py = 0 I, 0
0 0 Inonn,
[, - A2y2iT A, 2B 0
Py = _opH I, —2A2 0
0 Inny—n,
_ (B.65)
[ oaz 0 o |
Fu=| 0 0 o0
0 0 0
[, - A2 4ATA, 4B 0
Fy = —4BH I, —4A2 0
0 0
Notice (B.57) and (B.58) imply
4N < T (B.66)

Then the following lemma goes toward a Kalman like decomposition.
Lemma B.1.4 Under (B.44-B.51). with L = L, + L, as defined in Section 2.2.
~ ~\ -1
A(s1=F) = H() e | T (B.67)

where

H(z)=C(zl — 1),
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_ %g 7 A§+2§$Zm _%
ro| 2 welAe o |
0 aB" J
A, _ A,
C = Up EB Avl Uv (B68)
0 0 |
and ) )
I, 0 0 0
0 0 Iy, n, 0
II = ) (B.69)
0 Iy, 0 0
I 0 0 0 Ly (nptno)
Proof: Note
71 = 1. (B.70)
Hence
- ~ - - —1
A@I—FY*zAHTFI—HFHﬂ IL.
Now,
Ap
U, 0 0 0 0
~ 0
AT = X
_ A,
0 On—n, Aui U, 0
0
L, 0 0 0
0 0 I s, 0
X
0 Inysn, 0 0
0 0 0 L (nyn) |

= | C O2nx@n—2np—ny) ]
Further, from (B.64)
N I-T 0
T =
X1 )



where [ X1 Xo ] has 2(n — n,) — n, rows and

Y=

Then the result follows.

2A2
0

_T J—
A2 —I, +A2+24,A, 2B
2N 4 4A, A, 4B
4BH 4N?
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(B.71)

Lemma B.1.5 Under the conditions of Lemma B.1.1, A(zI — F)™! has no poles at

1.
Proof:

Lemma B.1.4 has no eigenvalues at 1. Choose

and note that

Then

TYT ! =
L
= | —2n
0
Im)
= | —2n

0

T =

I, —

I, —

I, —I,/2 0
0 I, 0
0o 0 I,
I, I,/2 0
0 I, 0
0 0 I,
I, /2 0
2A2 4 44, A, —4B
—4BH [ — 4A2
I, 0

_T J—
3A2 4 44, A, 4B

—4pH I —4A2

Now, TYT! has an eigenvalue at 1 iff there exists

n

T
| m # 0

13

Because of Lemmas B.1.1 and B.1.4, It suffices to show that T defined in
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such that
O _Inl 0 771
_T J—
0 ABH I—4A2 | | m

Now the first block equation implies 7, = 0. Further because of (A.30), the third
block equation gives 3 = 0. Thus as A, > 0, the second block equation assures that

n = 0, leading to a contradiction. -

Thus Lemma 6.3.1 follows from Lemmas B.1.1 and B.1.5.
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