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ABSTRACT

The Conics of Apollonius remains a central work of Greek mathematics to this
day. Despite this, much recent scholarship has neglected the Conics in favor of works of
Archimedes. While these are no less important in their own right, a full understanding of
the Greek mathematical corpus cannot be bereft of systematic studies of the Conics. How-
ever, recent scholarship on Archimedes has revealed that the role of secondary commen-
taries is also important. In this thesis, I provide a translation of Eutocius' commentary on
the Conics, demonstrating the interplay between the two works and their authors as what
I call conjugate. 1 also give a treatment on the duplication problem and on compound ra-
tios, topics which are tightly linked to the Conics and the rest of the Greek mathematical
corpus. My discussion of the duplication problem also includes two computer programs
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ABSTRACT

The Conics of Apollonius remains a central work of Greek mathematics to this
day. Despite this, much recent scholarship has neglected the Conics in favor of works of
Archimedes. While these are no less important in their own right, a full understanding of
the Greek mathematical corpus cannot be bereft of systematic studies of the Conics. How-
ever, recent scholarship on Archimedes has revealed that the role of secondary commen-
taries is also important. In this thesis, I provide a translation of Eutocius' commentary on
the Conics, demonstrating the interplay between the two works and their authors as what
I call conjugate. 1 also give a treatment on the duplication problem and on compound ra-
tios, topics which are tightly linked to the Conics and the rest of the Greek mathematical
corpus. My discussion of the duplication problem also includes two computer programs

useful for visualizing Archytas' and Eratosthenes' solutions.
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CHAPTER 1
INTRODUCTION AND HISTORICAL OVERVIEW

1.1 A Brief Historical Overview

This thesis approaches several periods within the history of Greek mathematics.
They are all mathematically related, of course; but I focus on them as, say, mathematical
vignettes.

The Greek mathematical period ranges a considerable quantity of time, from Thales
of Miletus (7th century BCE), through Pythagoras of Samos (5th century BCE) and mov-
ing to Eudoxus of Cnidus, Archytas of Tarentum, and others who were associates of Plato.
After the end of the Athenian hegemony and the conquest of Alexander, our story moves
to the Hellenistic period, where the center of mathematical activity was the newly founded
city of Alexandria on the coast of the now-Ptolemaic realm of Egypt. Euclid and Apollo-
nius are two key figures here; we know that both lived and worked primarily in Alexandria.
And while Archimedes mostly kept to himself in Syracuse, in Sicily, he was in contact
with mathematicians in Alexandria such as Eratosthenes of Cyrene, near the western ex-
tent of Ptolemaic Egypt.

With the Roman conquests of mainland Greece, the cession of the Attalid empire
in Anatolia to Rome, and the eventual defeat of Marcus Antonius and Cleopatra, the so-
called Hellenistic era came to a close. Several notable Greek mathematicians emerge,
though, after the founding of the Roman Empire: chief amongst them, of course, is
Claudius Ptolemaeus, whose Syntaxis formed the mathematical and physical explanation
for the geocentric Greco-Roman cosmos.

Another important class of authors appears during the Roman (and, after the division
of the Empire, the Byzantine) period. These are the great commentators, who aimed to
organize and expound upon the mathematical wisdoms of their ancestors. Notable here are

Pappus of Alexandria, Theon of Alexandria and his daughter Hypatia, Proclus Lycaeus



(also called Proclus Diadochus, the Successor), and lastly, Eutocius of Ascalon. These
mathematicians wrote commentaries on works such as the Elements, the Archimedean
corpus, and the Conics; in addition, they also edited and compiled new editions of these
texts.

Eutocius specifically edited the Conics and several of Archimedes' works; his edi-

tion and commentaries on the Conics form the basis for our story.

1.2 Eutocius, Apollonius, and Archimedes

In the current literature, Archimedes is by far a more popular author to study. This
in itself is not surprising, for several reasons. First, Archimedean works are smaller and
self-contained; each approaching a specific mathematical concept with distinct goals in
mind. Second, of course, is the re-discovery of the Archimedes Palimpsest. After its
purchase at auction by an anonymous buyer, the Palimpsest came to reside at the Walters
Art Museum in Baltimore, where, under the careful study of the Museum's staff, the text
has been thoroughly analyzed. The rediscovery of the Palimpsest has allowed Reviel
Netz to publish a new English edition of On the Sphere and the Cylinder, together with
Eutocius' commentaries thereon ([16, 24]); future works are forthcoming.

With the exception of Michael N. Fried and Sabetai Unguru's recent book ([3]), and
a few papers by Ken Saito, Apollonius' Conics has largely been neglected in recent times:
the last major work on the subject was that of H.G. Zeuthen (in [28, 29]). It was not even
until Fried's dissertation that Book IV of Conics was available in English (now published
in [22]; Books I-III had been translated from the Greek by R. Catesby Taliaferro at the
request of St. John's College in Annapolis, Maryland. Books V-VII, which are extant only
from the Arabic tradition, were translated by Gerald Toomer ([19, 20]). This left the very
awkward situation of Book IV being the lone untranslated extant book from the Greek.

The lack of attention to Apollonius, though, is not altogether surprising. As Saito
quite eloquently puts it (in [27], his review of [3]):

If we define a classic as “something that everybody wants to have read and
nobody wants to read” (Mark Twain), then there is no doubt that Apollonius’



Conica is the classic of the classics in Greek mathematics. There have been
few people who have gone through this long and difficult text during the 20th
century; one-third of those who have gone through Archimedes may be too
optimistic an estimate. The Archimedean Corpus, the only extant document
comparable to Apollonius’ Conica in the level of its mathematical content,
is more readable by far, consisting of several single works of medium length
(up to about 50 propositions), each of which accomplishes some definite aim.
The Conica, in contrast, is a massive heap. Though it is divided into seven
books (eight, if the lost Book VIII is taken into account), its one and only aim
is to investigate the properties of conic sections— practically an endless task.
There are certainly admirable propositions here and there, but their signifi-
cance is often very unclear, and one can get far less satisfaction from reading
Apollonius than from reading Archimedes, who at least rewards the reader’s
patience by arriving at some significant result at the end of each work. Thus a
reader of the Conica is always left with a sense of being lost in a labyrinth, the
intention of whose creator is obscure. No wonder this work has stimulated
the intellectual appetite of modern historians far less than the Archimedean
Corpus.

Netz' edition of On the Sphere and the Cylinder adds a new layer to this, by consid-
ering not just the Archimedean text, but also the commentary written by Eutocius. How-
ever, there is currently no complete translation of Eutocius' commentaries on the Conics,
a situation which this thesis partially aims to rectify'. My translation, together with some
analysis of my own, is presented in Chapter 3.

1.3 Conjugate Diameters

Throughout this thesis, I make considerable use and reference to the secondary com-
mentaries and scholia. In a large sense, I believe these commentaries are permanently
linked to the texts on which they comment. For example, Eutocius himself tells us, in
his commentary on Apollonius, that his aim was twofold: to produce a new edition of the

Conics itself, and to add commentary and alternate proofs as scholia. From his commen-

tary:
But since there are so many editions, as he himself [Apollonius] says in his let-
ter, I considered it better to bring them together, from those available, placing
the more manifest things in the text side by side for the benefit of beginning
students, and to note outside in the adjacent scholia the different courses of
the proofs, as seemed reasonable.

'A French translation, together with a new critical edition of the Greek text, is underway by Roshdi
Rashed, Micheline Decorps-Foulquier, and Michel Federspiel. The text is to be published in the near future
by de Gruyter.



The letter to which Eutocius is referring is Apollonius' introductory letter to Conics

...and how on arranging them in eight books we immediately communicated
them in great haste because of his [Naukrates'] near departure, not revisiting
them but putting down whatever came to us with the intention of a final going
over. And so finding now the occasion of correcting them, one book after
another, we publish them. And since it happened that some others among
those frequenting us got acquainted with the first and second books before
the revision, don't be surprised if you come upon them in a different form.

It is in this sense that I call Eutocius' commentary and the Conics itself conjugate,
and why I place such importance on understanding these secondary commentaries. Fur-
ther, given that Eutocius comments on Books I-IV of the Conics, and that these are pre-
cisely the books extant in Greek, one cannot help but agree with Heath (in [4, 5] in his
assertion that the commentary aided the survival and transmission of the text.

14 Editions, Texts, Copies, Commentaries, and Scholia

It is important to make a distinction between the following terms: edition, text,
copy, commentary, and scholia, and to understand what role they had to Eutocius. By
edition, Eutocius refers to the different editions of the original Conics. We know that
different editions existed even in Apollonius' time, as confirmed by his introductory letter
to Conics 1. The idea of different editions of a work holds even today, and the existence
of the concept in antiquity is not surprising.

A major difference, however, is that of copies. In modern publishing, two copies of
a given edition are largely identical. Even when not identical (such as when an edition is
reprinted) the differences are usually extremely minor and in some cases these reprints are
facsimiles of the source edition. These differences are more extreme with ancient texts,
which were hand copied over time, often from other previously made copies. The result
is that different copies disagree from each other and common ancestor source copies. The
job of sorting these differences out is left to the textual critic; recent scholarship of Netz
et al. has added a focus on diagrams to mathematical texts.

Eutocius essentially was a textual critic. He had at his disposal a number of source



copies, perhaps representing many different lineages from Apollonius' two editions. The
differences in these copies forms the basis for many parts of edition of the Conics: he
wishes to use the best versions of proofs in order to make the overall text more clear and
more understandable to students and other non-specialists. Alternate versions of proofs
found from the various copies are given in his commentary when appropriate. He also
adds in the scholia found in his source copies.

A word on Eutocius' audience: in some sense there are three. First and foremost,
as Eutocius himself tells us, he is concerned with students and how they will be using the
text. He wants the proofs to be as clear and concise as possible for the students. Second,
he is writing directly for Anthemius, who he addresses in the introduction. And third,
he is writing for future mathematicians, who will use his commentary to see alternative

proofs and glimpses of his own source copies.

1.5 Notation and The Structure of Greek Mathematical Arguments
In general I follow the notational style of Heath's edition of the Elements.> Other
works use a similar format, specifically the Green Lion editions of the Conics ([21, 22]).
A summary of notational elements is given in Table 1.1.
There are six traditional parts of a Greek mathematical proof. Extended discussions
of them are given in [4, 5, 10]. A short description is given below:

1. The protasis (m@oéTaolg): The enunciation of the proposition, which states the hy-
potheses and thing to be proved without reference to any particular diagram.

2. The ekthesis (§x0€01g): A restatement of part of the protasis, in which the hypothe-
ses are given in terms of a constructed diagram. In Greek, ekthesis literally means
"setting out." A common Latinate rendering is "exposition."

3. The diorismos (doQLopdg): The claim about what is to be proved. In Greek this
generally starts with the words "Aéyw Ott," or, "I say that..."

4. The kataskeue (vataoxevr): Completion of the diagram, constructing any addi-
tional auxiliary parts not already constructed in the ekthesis.

2The text of this is the same as in the Greek Lion Edition ([12]), however, that edition dispenses with
the mathematical notation in favor of keeping things in word form (as in the Greek). The technical nature
of the Conics, however, I feel justifies using this notation.



Table 1.1: Summary of Notation

tri.(ABI')

sq.(AB)
rect.(AB,T'A)
rect.(AI)
quad.(AT)
pllg.(AB,T'A)
pllg.(ATI')
pllpd.(AB,T'A,EZ)
pllpd.(AA)
A:B=T:A
dup.(A : B)

trip.(A : B)

(A :B)comp. (I': A)
arc(ABI')
section(ABI")

The triangle with vertices A, B, T'.

The square with side AB.

The rectangle with sides AB, I'A.

The rectangle about the diagonal AT.

the quadrilateral about the diagonal AT".

The parallelogram with sides AB, I'A.

The parallelogram about the diagonal AT.

The parallelepipedal solid with sides AB,I'A, EZ.
The parallelepipedal solid about the diagonal AA.
The ratio of A to B is equal to that between I and A.
The duplicate ratio of A : B.

The triplicate ratio of A : B.

The ratio compounded from the ratios A : Band I" : A.
The arc through points A, B, I'.

The conic section through points A, B, I'.




5. The apodeixis (md6delELS): This is the actual proof. The word here is from the verb
ATOOE(M VUL,

6. The symperasma (ovuréoopa): The conclusion, in which the claim of the dior-
ismos is restated as now having been proved. Apollonius occasionally adds a defi-
nition in this part, such as "...and let such a section be called a parabola."

1.6 On Translation

The style and structure of mathematics in Greek differs considerably from that of
modern mathematics. The following is a short discussion of some of the differences and
how they affect translators and their translations.

To start, the text is written continuously; the practice of putting "equations" on their
own lines is much more modern. Greek also has the ability to leave out many more words
than English due to its inflected nature. If a word is to be the direct object of a verb,
for example, a pronoun will suffice when this word is mentioned again. This presents
a difficulty in English, where typically a pronoun is taken to refer to the last explicitly
mentioned noun. In translating Greek to English, a translator often must resupply the
appropriate noun, lest the passage turn into an impenetrable pile of confusing pronouns.
Since there are only archaic vestiges of inflection left in English, the only other way to
keep pronouns organized would be to color them, and make the red pronoun "it" and the
blue pronoun "it" different?.

For a translator, this presents a few difficulties. First, of course, is that it makes total
fidelity to the Greek impossible. But it is important to recognize that Greek and English
are totally different languages, with different syntax, word order restrictions, et cetera,
so it should not be totally surprising that issues such as these come up. The second issue
is more one of utility and readability. Reading a translation with resupplied nouns, for
example, may falsely lead the reader into thinking that this is how it appeared in Greek.
Making note of this issue, then, is absolutely necessary. The question is how and when

these notes are best made, and where on the continuum between total fidelity to the Greek

3Interestingly, this can work in a more pictorial setting: Oliver Byrne's edition of the Elements illustrates
this beautifully.



and ease of use for a modern English reader the work should be.

Further, words in mathematical Greek are sometimes completely omitted. For ex-
ample, in Eutocius, the phrase "the square on AB" never actually mentions the word
square. In Greek, it appears as "t0 a0 AB", literally, "the from AB." Another example
is the differences between "angles" and "rectangles": in Greek, they differ only by gen-
der. The first appears as the feminine "1} V;t0 ABI™, whereas the second appears as the
neuter "to VIO ABI™". These phrases are essentially abbreviations; they come up often
enough in mathematical works for the omission of "square" or "angle" or "rectangle" to
be practical. But how do we make note of this as translators? One way would be to al-
ways reinsert the appropriate noun, such as "square," but to somehow note that it does
not actually appear in the Greek. Netz takes this approach; for "to amo AB", he writes
"the <square> on AB." By doing so, Netz makes very clear what actually appears in the
Greek and what are his insertions. However, it does make for some laborious reading,
and the presence of so many pointed brackets is, frankly, an eyesore. I prefer to take a
more selective approach; even though "square" may not appear in the Greek, I prefer to
put it in the English without any brackets or other distracting notation except in special
situations. While this may be less transparent than Netz' approach, I feel the benefits to
the reader justify my preferred practice.

The matter of vocabulary has also been a significant challenge. In most cases, I try to
use the same translations of technical vocabulary as exist in the current English literature,
especially the Heath, Taliaferro, and Netz translations. Heath made many contributions
to mathematical uses listed in the Liddell, Scott, and Jones dictionary ([8, 9]), which has
been my primary source for matters of translation. Also quite helpful has been Mugler's

Dictionnaire Historique de la Terminologie Géométrique des Grecs ([11]).

1.7 Mathematical Vignettes
The structure of my thesis is divided as follows: in Chapter 2, I give a mathemat-

ical overview of the state of conic sections both before and after Apollonius. Chapter



3 presents my translation of Book I of Eutocius' commentary, statements of the theo-
rems from Apollonius', and my own discussion and analysis where appropriate. For this
I have translated Heiberg's edition of the Greek, from [14] and the digital version of it
on Thesaurus Linguae Graecae. Chapter 4 explores the problem of duplicating a cube, a
problem whose many varied solutions come to us primarily through Eutocius. Chapter 5
deals exclusively with the topic of compound ratios, as it appears in major mathematical
authors and in Eutocius' work. Appendix A contains Heiberg's Greek text of Eutocius'
commentary on the Conics, which is rather hard to find in print due to the scarcity of
the century-old Teubner editions (and the unpublished status of the forthcoming Rashed,
Decorps-Foulquier, and Federspiel edition). Though this text is also available on The-
saurus Linguae Graecae, I have included it here for the convenience of interested read-
ers or those unable to access the TLG. Appendix B is included for the same reason, but
presents the Greek text for various discussions of compound ratios subordinate to Chapter
5. The Greek texts for this appendix comes from [15, 14, 13], with English translations

by Netz (from [16]), myself (from Chapter 3), and Knorr (from [7]).
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CHAPTER 2
INTRODUCTION TO CONIC SECTIONS

2.1 Pre-Apollonian Notions

Eutocius himself gives an account of cones and conics before Apollonius. Quite
before him, however, Euclid defines a (pre-Apollonian) cone in Elements X1, though it is
in his lost Elements of Conics that the conics themselves are defined and examined. We
know, for example, that Archimedes was familiar with this work, himself referring to it
in his Quadrature of the Parabola [23].

Before Apollonius, a cone was constructed by means of a right triangle, say, ABI".
Keeping one leg about the right angle fixed, the triangle was revolved, until it returned to
its original position. The surface so swept out was defined as a cone; the vertex was the
endpoint of the hypotenuse which remained fixed, and the base was the circle generated
by the rotating leg. The axis of the cone is the fixed leg, which thus is perpendicular
to the base circle and connects the vertex and the center of the base circle. A cone was
said to be acute, right, or obtuse, according to whether the angle subtending the rotating
leg was less than, equal to, or greater than one-half a right angle, respectively. Such is
the definition in the Elements, and is confirmed on the authority of Geminus as seen in
Eutocius' commentary on Apollonius.

Each conic, then, was defined by a particular intersection of a plane with one of the
cones. In all instances, the plane intersects the cone at right angles, in the sense that it
is perpendicular to the generating hypotenuse. The common section of the cutting plane
and the plane of the generating triangle was called the diameter of the section. If the orig-
inal cone is right, then the diameter is parallel to a generator, and the resulting section

was called the section of a right-angled cone. Although we would call such a section a
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A

Figure 2.1: A pre-Apollonian Cone

parabola, it was Apollonius himself who first coined this term. Similarly, then, a hyper-
bola is the section of an obtuse angled-cone; the ellipse the section of an acute angled-
cone. Even Archimedes, a mere twenty-five year elder to Apollonius, uses these "old"

names for the sections.

Figure 2.2: A pre-Apollonian Section of a Cone

Heath reports that the conics were first investigated by Menaechmus (a student of
Eudoxus and Archytas); indeed, Eutocius' quotation of Eratosthenes' solution to the du-
plication of the cube calls him "three-conic cutting Menaechmus" ([16]) Why it is that
Menaechmus first conceived of the conics remains a mystery: whether it was as a spe-

cific tool to solve the duplication problem or as a curious mathematical object, we cannot
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know. But it should be stated that his solutions to the duplication problem are of such sim-
plicity, assuming the principle properties of conics, that it would not be entirely unlikely
that he first investigated cones expressly for this purpose. One of his teachers, Archytas
(an associate of Plato), gives a wonderfully grand construction that involves intersections
of rotating figures and a cylinder, yielding non-planar curved lines. Details of these con-
structions are given in the chapter on the duplication problem. If his teacher was capable
of imagining such a bold construction, perhaps it is not so unlikely that Menaechmus thus

imagined the conics.

2.2 Apollonian Notions

Apollonius, however, defines his cones and conics differently. Instead of beginning
with a triangle, as did his predecessors, Apollonius considers a circle and a point not on
the plane of that circle. Taking a point on the circle, and joining the two points, this line
is extended both directions indefinitely. As the point on the circle is rotated about the
circle, until it returns to its starting position, the infinite line sweeps a surface, really two
surfaces, which Apollonius calls collectively the conic surface. The vertex is the original
point not on the plane of the circle, the base is the given circle, and the portion of the
surface between he defines as a cone. The conic surface, then, may be imagined as a
double-napped cone, much as in the modern conception, though he often concentrates on
one cone instead of the conic surface. In fact, Fried and Unguru (in [3]) believe that he
tries to avoid the conic surface entirely, due to its awkward singular/dual existence. One
surface or two?

Apollonius differentiates two types of cones: those which are right, and those which
are not. The criteria for each depends on whether the axis of the cone meet the base at
right angles. In pre-Apollonian cones, of course, this is always the case; therefore all cones
before Apollonius, even the so-called acute angled or obtuse angled cones, are right as

far as Apollonius is concerned. The second type of cone is the oblique!. In essence, then,

"We tend to use oblique rather than scalene, despite the Greek word in question being oxaknvoc.
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Apollonius' work will capture everything about the works of his predecessors, but doing
so in sufficient generality so as to demonstrate new and extended results.

Apollonius defines next the axial triangle, which serves to give him a scaffolding
with which to construct the other sections. There is a unique diameter of the (base) cir-
cle which, when a plane containing it is set up perpendicular to the base, the plane also
contains the vertex. The common section of this plane and the cone is called the axial tri-
angle?; manifestly, then, it contains the axis. The cutting plane that will yield the sections
is established so that it intersects one side of the axial triangle and cuts the aforementioned
diameter at right angles. Depending on whether or not it cuts the other side of the axial
triangle, and where, the section is called either a parabola, an hyperbola, or an ellipse.

It is also interesting to note here the intrinsic use of the "true" form of Euclid's fifth
postulate, often misquoted, as it appears in the Elements. For completeness, | state it here,
using Heath's translation in [12]. I also give a diagram as an example.

Elements 1, Postulate 5: That, if a straight line falling on two straight lines
make the interior angles on the same side less than two right angles, the two
straight lines, if produced indefinitely, meet on that side on which are the
angles less than the two right angles.

Figure 2.3: Euclid's Fifth Postulate

The cone, properly speaking, consists of the base circle too. So the axial triangle is really a triangle,
with one side the diameter of the circle, and the other two on the surface of the cone and terminating at the
vertex.
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In the figure, take the straight line as AB, and the two straight lines as 'A, EZ. The
interior angles in question here are IH® and I@H, which are together less than two right
angles. Accordingly, the lines HA, ©Z, when produced, meet on the same side of AB as
these two angles. In the figure, this happens at I.

But back to the conic sections. Eutocius himself plays a bit of a word game with
the names: for in a parabola, the cutting plane (and thus the diameter of the section, being
the common section of the cutting plane and the axial triangle) is parallel to the other side
of the axial triangle; in the ellipse it meets on the same side of the vertex as the cone, and
in the hyperbola it meets beyond the vertex. Considering certain angles in the figures, he
describes that the hyperbola occurs when these angles exceed (VmegfdAhov) two right
angles, the ellipse when they are deficient (¢AAetmov), or when equal, the diameter is thus
parallel. In the case of the parabola in Figure 2, for example, the angles in question are
ZEA and EAT'.

I say word games because this is not precisely the reason that Apollonius chooses
these names, for he himself is more concerned with the excess/equality/deficiency upon
the application of areas to certain lines. It is certainly possible, though, that Eutocius
intended a double word play: contrasting the parallelism (arising from the perpendicular
application) of the cutting planes in pre-Apollonian sections with the non-parallel cutting
planes in Apollonius.

This method of cutting the cone thus differs from his predecessors in a comple-
mentary or dual way: his predecessors kept the sectioning procedure fixed for all cones,
creating the varying sections by varying the type of cone which is sectioned. Apollonius,
however, shows that for a fixed cone of any type whatsoever, it is possible, by means of
a different application of the cutting plane, to cut any of the sections. The result of this is
that we might include the circle amongst Apollonius' conic sections. Though it certainly
would be clear to his predecessors that a plane cutting the cone parallel to the base will

generate a circle, the sectioning procedure is not that of the other conics. Apollonius, on
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the other hand, is free to section as he likes, and indeed, the fact that one may cut such a
circle is the fourth proposition in the Conics. What is perhaps more unusual, however, is
the existence of a second way to section a circle: this by means of a plane cutting subcon-
trariwise®. On account of this similarity, it should not be surprising that a plane that cuts
the cone with this third side as a diameter should be a circle; indeed Apollonius proves
this fact. It should be noted that this occurs only in the oblique cone: for in a right cone,
the subcontrary plane is itself parallel to the base on account of the axial triangle being

isosceles.

Figure 2.4: A Subcontrary Circle

2.3 The Symptomata
The following symptomata are adapted and condensed from Heiberg's edition of
the Greek text and Taliaferro's subsequent translation. For brevity, I have omitted the
full ektheseis and kataskeuai*, though my diagrams retain all parts of those in Heiberg's
edition. The diagrams are equivalent to those found in Taliaferro's translation, but for

consistency, I retain the Greek letters.

3That is, if a triangle is situated inside the axial triangle subcontrariwise (Dmegxeilpevat), similar but
flipped, so that the third side is not parallel to the base.

4These are two of the six parts of most Greek proofs. See the appendix for definitions.
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23.1 The Parabola

The square on the ordinate is equal to the rectangle contained by the abscissa and
parameter (or latus rectum). In Figure 2.5, this is sq.(KA) = rect.(QZ, ZK), with ZK
the abscissa, and ZO the parameter. Note that "parameter" is an abbreviation. Apollonius
states in his symperasma: "let ©Z be called the straight line to which the the straight
lines drawn ordinatewise to the diameter ZH are applied in square (rta@ v dOvaton ai
roToyouevol TeTayUEvme €m thv ZH 0tduetoov), and let it also be called the upright

side (600ia)."

Figure 2.5: Symptoma of the Parabola

2.3.2 The Hyperbola

The square on the ordinate is equal to a rectangle applied to the upright side which
has the abscissa as breadth, and this rectangle projects beyond the upright side by a rect-
angle similar to the rectangle contained by the upright and transverse sides. Again, the
upright and transverse sides are abbreviations. The upright side is the abbreviation for
the same Greek for which we use "parameter" as an abbreviation; the transverse side is
essentially a "second" parameter. In terms of the diagram, Apollonius' diorismos is as

follows: "I say that MN is equal in square to the parallelogram Z= which is applied to
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ZA,having ZN as breadth, and projecting beyond by a figure AE similar to the rectangle
contained by ©Z and ZA.."

Figure 2.6: An Hyperbola

2.3.3 The Ellipse

The square on the ordinate is equal to a rectangle applied to the upright side which
has the abscissa as breadth, and this rectangle is deficient by a rectangle similar to the
rectangle contained by the upright and transverse sides. In terms of the figure, the or-
dinate is AM, the abscissa EM, the upright side E®, and the transverse side EA. The
abbreviations "upright side" and "transverse side" are expressed the same as in the case

of the hyperbola.
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CHAPTER 3
EUTOCIUS' COMMENTARY: TRANSLATION AND ANALYSIS

3.1 Eutocius' Introduction and To the First Definitions

(168.5) Apollonius the geometer, my dear friend Anthemius, was born in Perga in
Pamphylia during the reign of Ptolemy Euergetes, as chronicled by Heraklius, who wrote
The Life of Archimedes. He also says that Archimedes first thought of the conic theorems;
but that Apollonius, having found them unpublished by Archimedes, made them his own.
But he is not correct, in my opinion, at least. For both Archimedes seems to recall in
many passages the Elements of Conics as more ancient, and Apollonius does not write
his own thoughts: for he would not have said that he had worked these things out in full
and more generally than the writings of others. But the very thing which Geminus says is
true: that the ancients, defining a cone as the revolution of the right triangle, with one side
about the right angle remaining fixed, naturally assumed that all cones are right, and that
one section occurs in each: in the right-angled' cone, what is now called the parabola, in
the obtuse-angled, the hyperbola, and in the acute-angled, the ellipse: and it is possible
among them? to find the so-called sections. So just as the ancients theorized on the fact
that in any triangle there are two right angles--first in the equilateral, in turn the isosceles,
and last the scalene--their descendants proved a general theorem as follows: in every
triangle, the three internal angles are equal to two right angles; likewise in the case of the
sections of the cone. For the thing called a section of a right-angled cone they viewed
only by means of a plane cutting orthogonal to one side of the cone, and they showed that
the section of the obtuse cone occurs in an obtuse cone, and that of the acute cone in an

acute one: likewise in all cones bringing planes orthogonal to one side of the cone: and he

'Tt is important that we distinguish - as does Apollonius - that a cone is right when it is formed from
the revolution of a right triangle. The angle at the vertex of the cone, which subtends the rotating leg,
determines if the cone is right-angled, obtuse-angled, or acute-angled.

2j e. the different cones
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[Geminus] shows also the ancient names of the curves themselves. But later, Apollonius
of Perga theorized somewhat generally, that in every cone, both the right and the oblique,
all the sections are according to a different application of the cutting plane to the cone;
and his contemporaries, having marveled at the wonder of the conic theorems shown by
him, called him a great geometer. So Geminus says these things in the sixth book of The
Theory of Mathematics. But what he says, we will make clear in the diagrams below.
(170.28) The Parabola. Let there be the triangle ABT through the axis®, and let
AE be drawn at right angles to AB from the random point E, and let the plane produced
through AE cut the cone orthogonal to AB: therefore each of the angles AEA, AEZ is
right. Since the cone is right and the angle BAT is clearly right, as in the first diagram,
the angles BAI', AEZ will be equal to two right angles: so that the line AEZ will be
parallel to AI'. And a section is produced on the surface of the cone which is called a
parabola; thus named on account of the line AEZ , which is the section common to the

cutting plane and the axial triangle, being parallel to the side AT of the triangle.

B I
Ql\

Figure 3.1: A Parabola

3i.e. the axial triangle
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(172.18) The Hyperbola. But if the cone be obtuse-angled, as in the second diagram,
with the angle BATI" manifestly being obtuse, but the angle AEZ right, the angles BAT,
AEZ will be greater than two right angles: so that AEZ will not intersect the side AT at
the parts near Z, I'; but rather, at the parts near A, E, with I’A manifestly being projected
to A. So the cutting plane will make on the surface of the cone a section, the so-called
hyperbola, being called thus from the fact that the aforementioned angles, i.e. AEZ,
BAT, exceed two right angles; or on account of AEZ projecting beyond the vertex of the

cone and meeting ['A outside.

Figure 3.2: An Hyperbola, with its Opposite Section

(174.3) The Ellipse. But if the cone be acute, with the angle at BAI" manifestly
being acute, the angles BAI', AEZ will be less than two right angles: so that the segments
EZ, AT, being produced, will meet somewhere: for I am able to extend the cone. So
there will be a section on the surface, which is called an ellipse, thus being called either
on account of the aforementioned angles falling short of two right angles, or on account

of the ellipse falling short of a circle.
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A

B rB r B 4
Figure 3.3: Three Possible Ellipses

(174.11) And so the ancients, having laid down the cutting plane, the one through
AEZ, orthogonal to the side AB of the triangle through the axis of the cone®*, even so saw
the cones as different, and in each its own section. But Apollonius, having laid down the
right cone and the oblique one, made the different sections by the different inclination of
the cutting plane.

(174.18) Let there again be, as in the same diagrams, the cutting plane through
KEA, and let the section common to it and the base of the cone be KZA; and again,
let the common section of the cutting plane KEA itself and the axial triangle ABI" be
EZ, which is called the diameter of the section. So of all the sections, he lays down KA
orthogonal to the base BI of the triangle ABI; but it remains to produce, if EZ is parallel
to AT, the parabolic section KEA on the surface of the cone; but if EZ meets AI" beyond
the vertex of the cone (as at A), to produce the hyperbolic section KEA; and if EZ meets
AT inside, to produce the elliptical section, which they also call a shield. So in general,
the diameter of a parabola is parallel to one side of the triangle; but the diameter of the

hyperbola intersects the side of the triangle at the parts above the vertex of the cone; and

4i.e. the axial triangle.
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the diameter of the ellipse meets the side of the triangle on the side of the base’. But it
is necessary to see also, that the parabola and the hyperbola are things which increase
towards infinity, but the ellipse not at all; for it converges back to itself completely, like a
circle.

(176.16) But since there are so many editions, as he himself says in his letter, I
considered it better to bring them together, from those available, placing the more manifest
things® in the text side by side for the benefit of beginning students, and to note outside
in the adjacent scholia the different courses of the proofs, as seemed reasonable.

(176.23) So then he says in his letter that the first four books encompass a course in
the elements’, of which the first encompasses the origins of the three sections of the cone,
and of the sections called opposite, and the principle properties in them. And these are all
the ones that follow from their first origin®. But the second book encompasses the prop-
erties deduced from the diameters and the axes of the sections, and also the asymptotes,
and other things providing a fundamental and necessary function to their diorismoi.

But that the diorismos is twofold is clear to everyone; the one setting up after the
ekthesis what is the thing being sought; the other, not agreeing that the protasis is general,
but saying when and how and in how many ways it is possible to set up the proposition,
such as the one in the twenty-second proposition of the first book of Euclid's Elements
does: from three straight lines, which are equal to three given straight lines, to construct
a triangle: indeed it is necessary that two sides chosen in any manner be greater than the
remaining side; since it has been shown that in every triangle, the two sides are greater
than the remaining side, being taken in any manner.

But the third book of the Conics, he says, encompasses many useful and amazing

3i.e. below the vertex of the cone.
10 cadéotea; I take this to mean the clearer versions of proofs, nicer definitions, etc.

7i.e. the basics, which would have been in Euclid's Elements of Conics.

8i.e. the a@ywd ovptdpata follow directly from the origins of the sections.
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theorems to the constructions of solid loci. It was customary for the ancient geometers
to speak of planar loci whenever, in the problems, the problem arises not from one point
alone, but rather from more; for example, when having been given some straight line,
if someone enjoins you to find some point, from which the perpendicular being drawn
to the given line makes a mean proportional of the pieces; they call things such as this
a locus: for the thing making the problem is not only the one point, but rather a whole
locus, which the perimeter of the circle, having the given straight line as its diameter, has.
For if a semicircle is drawn around the given straight line, whatever point you take on the
perimeter, and from it draw a perpendicular to the diameter, will solve the problem.

And likewise, given some straight line, if someone enjoins you to find a point out-
side it, from which the lines joining the endpoints of the [given] straight line will be equal
to one another, in this case too, the thing making the problem is not only one point, but a
locus, which the straight line being drawn at right angles at the midpoint of the given line
provides. For if, having cut the given straight line in two, you also draw a straight line at
right angles on the midpoint, and whatever point you take on it, will solve the assigned
problem.

(180.11) And Apollonius himself writes similarly in the Treasury of Analysis® in the
case of the following.

(180.13) When there are two given points'® in a plane and an established ratio of
unequal straight lines, it is possible to draw in the plane a circle so that the straight lines
inflected from the given points to the perimeter of the circle have the same ratio as the
given ratio.

(180.18) Let the given points be A and B, and the given ratio that of I' to A with I’
being bigger: indeed it is necessary to solve the assigned problem. For let AB be joined,

and let it be projected to the parts near B, and let it be contrived that, as A is to I', so too is

9See Heath's notes on Pappus.

10Heiberg has 800 §00évtwv [e00e1®V] &v Emméd [wai] onueiwv... There are not two given straight
lines, just two given points. Note how Eutocius starts the construction in the next paragraph.
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I" to some other magnitude clearly being greater than A, and let, for example, it be EA!':
A:T =T:EA;
and let again it be contrived, that
E:AB=A:BZ=T:H.
It is manifest that both T is proportionally between EA and A'? and H is proportionally
between AZ, ZB"3:
AZ :-H=H:7B;
With center Z and radius H, let the circle KO be drawn. It is manifest indeed, that the
circumference KO cuts orthogonal to AB: for the straight line H is proportionally between
AZ.,7ZB.Indeed, let a random point © be taken on the circumference, and let ©A, OB,
and OZ be joined. So then OZ is equal to H, and on account of this,

AZ:70 =70 :7ZB.

UThat is, E "+" A.
12This is true by hypothesis.

131 hardly found this point clear. As hypotheses, we have A: T = T': EA, E: AB = A:BZ, and
E : AB =T'": H. Eutocius claims that H is a mean proportional between AZ and BZ. From the hypothesis
that E: AB = A:BZ,Isay that AZ: EA=BZ:A.

E : A = AB : BZ (Alternando)

EA: A = AZ:BZ (Componendo)
EA : AZ = A : BZ (Alternando)
AZ :EA = BZ : A (Invertendo)

as desired. But since it was hypothesized that H: I'= BZ : A, and the result just shown is that AZ : EA =
BZ : A, we have that
H:T = AZ: EA. Therefore

AZ :H = EA : T (Alternando).

But it was hypothesis that
EA:T'=T:A,so,

AZ :H =T : A, and therefore
AZ :T =H : A (Alternando)

We have as hypothesis that
I':H=A:BZ,so ex aequali,

AZ:H=H:BZ.

Therefore H is the mean proportional between AZ and BZ.
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Also, [the sides] about the same angle @ZB are proportional: then the triangle AZO is
similar to the triangle ®BZ, and the angle under ZOB is equal to the one under © AB.
Let BA, parallel to A®, be drawn through B. So since
AZ:70 =70 :7ZB,
as the first AZ is to the third ZB, so too is the square on AZ to the square on Z0:
AZ :7ZB =s5q.(AZ) : sq.(Z0O).
But
AZ:7B = AO : BA,
and so
$q.(AZ) : 5q.(ZO) = AO : BA.
Again, when the the angle BOZ is equal to the angle @ AB, the angle AOB is also equal
to the angle ® BA: for they are situated alternately'*: and so the remaining angle is equal
to the remaining angle, and the triangle A©®B is similar to the triangle BOA, and the sides
about equal angles are proportional:
AO : OB = 0B : BA;
and
sq.(A@) : sq.(OB) = AO : BA.
But it was previously shown also, that
AO : BA =5q.(AZ) :5q.(Z0O) :
SO
$q.(AZ) : 5q.(Z0O) = 5q.(AO) : 5q.(OB);
and on account of this,
AZ:70 = A0 : OB.
But

AZ:7Z0 =EA: T =T:A:

4“That is, they are alternate interior angles in a transversal formed by ©B cutting the parallels A®, BA.
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and so

I''A=AO:0OB.
Similarly, all the straight lines from the points A, B, terminating at the perimeter of the
circle, will be shown as having to one another the same ratio as I" to A.

(184.3) Indeed, I say; that at another point not being on the perimeter, the ratio of
the straight lines from the points A and B to it, does not become the same as that of I" to
A.

(184.7) For if possible, let it happen at the point M outside the perimeter; for indeed,
if it be taken inside, the same contradiction will happen on account of the other hypotheses,
and let MA, MB, MZ be joined; and let it be supposed that

' A= AM:MB.

So
EA : A =5q.(EA) : sq.(I') = sq.(AM) : sq.(MB).
But
EA:A=AZ:7B.
and so

AZ : 7B = sq.(AM) : sq.(MB).
And because of the things having been shown before, if we draw from B a parallel to AM,
it will be shown that

AZ :7B = sq.(AZ) : sq.(ZM).
But it was also shown, that

AZ :7ZB =sq.(AZ) : 5q.(Z0O).
Therefore

70 =7ZM:
the very thing which is impossible.
(184.21) So much, then, for the planar loci: but the so-called solid loci received that

designation from the fact that the figures (through which the problems relating to them



28

Figure 3.4: Eutocius' Locus Diagram

are drawn) have their origin from the section of solids, such as the sections of the cone
and many others. But there are also other loci, being so-named according to a surface,
which have their designation on account of the property concerning them.

(186.1) But he [Geminus] does not go on to blame Euclid, as Pappus and certain
others believe, on account of his [Euclid] not having found two means proportional: for
Euclid easily found one mean proportional, but not, as he himself says, by chance; and
he absolutely did not try to investigate concerning the two means proportional in the El-
ements; and Apollonius himself seems to investigate nothing concerning two means pro-
portional in his third book. But rather, as seems likely, he [Geminus] finds fault with
another book written by Euclid concerning loci, which has not been carried down to us.

(186.11) But the subsequent things said about the fourth book are manifest. He says
that the fifth book comprises things concerning the minima and maxima. For just as in
the Elements we learned that in the case of the circle, there is a point outside, from which,
when lines fall on the interior'>, the one through the center is largest, and when they fall to
the perimeter'®, the one between the point and the diameter is least; so also he investigates

the case of the sections of the cone in his fifth book. The theme of the sixth, seventh, and

IStv noidnv mepudpéoetav, lit. the "concave perimeter".

1]it. the "convex perimeter".
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eighth books has been stated clearly by him [Apollonius]. So much for his letter.

(186.22) Beginning with definitions, he sketches out the origin of the conic surface,
but he did not give the definition of what it is: but it is permissible to take the definition
from the origin itself for those wishing to do so. But what is being said by him, we will
make manifest through a diagram.

"If, from some point to the circumference of a circle," etc.!” For let the circle be
AB, the center of which be I', and let there be some point A not in the plane of the circle,
and let AB, having been joined, be projected to infinity in both directions as towards E, Z.
Indeed, if, with A being fixed, AB be carried around, until B, having been carried around
upon the perimeter of the circle AB, is restored to its original position from whence it
began to be revolved, it will generate a certain surface, which is comprised of two surfaces
being joined to one another at A, which he calls a conic surface. But he says, that also
it extends to infinity, on account of the fact that the straight line drawing it--for instance,
AB--is projected infinitely. And he calls A the vertex of the surface, and AI the axis.

(188.13) And he calls a cone the shape which is bounded by both the circle AB and
the surface, which the straight line AB alone draws, and calls A the vertex of the cone,
and AT the axis, and the circle AB the base.

(188.17) And if, on the one hand, AT be orthogonal to the circle AB'8, he calls the
cone right; but if, on the other hand, it is not orthogonal, he calls the cone oblique: but an
oblique cone will be generated, whenever upon taking the circle, we set up a straight line
from the center itself not orthogonal to the plane of the circle, but from the raised point
of the set-up line we join a straight line to the circle, and rotate the joined straight line

t19

around the circle, with the point at the point™ on the set-up straight line remaining fixed:

7Butocius is quoting Apollonius' definition here.

18] e. the plane of the circle. The circle includes its interior.

The Greek isn't terribly clear: here we have dmd 8¢ Tod petedov onueiov thg dvoatadeiong
eV0elog ém tov vOxhov emlevEwpev evOelov meQl TOV nUxAOV TOD 7TQOG TG HETEDQEW ONuEiw TS
avatabeiong pévovtog. In the preceding materials, Eutocius specifically names the Tod pévovtog as the
point A, even though here we have no specific names for any of the points or lines. For the genitive absolute
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for the produced shape will be an oblique cone.

(190.1) But it is manifest that the rotating straight line becomes greater and smaller
during this rotation, and in certain locations also will be equal at one point and another
point of the circle. He proves this thus: if, straight lines be drawn from the vertex to the
base of an oblique cone, of all the straight lines being drawn from the vertex to the base,
one is least, and one is greatest; but two alone are equal, one on each side of the least and
the greatest; but always the one nearer to the least is lesser than the one farther. Let there
be an oblique cone, whose base is the circle ABI', and whose vertex is the point A. And
since the line drawn perpendicular from the vertex of the oblique cone to the underlying
plane® will fall either at the perimeter of the circle ABIT'ZH, or outside it, or inside it.
Let AE first fall at the perimeter, as in the first diagram, and let the center of the circle be
taken, and let it be K, and let EK from E to K be joined, and projected to B, and let BA
be joined, and let there be taken two equal arcs EZ, EH, one on each side of E, and on
each side of B as AB, BI', and let EZ, EH, AZ, AH, EA, EI', AB, BI', AA, and AT’
be joined. So since

EZ = EH
(for they are subtended by equal arcs), but also AE is common and perpendicular, there-
fore
base AZ = base AH.
Again, since
arc(AB) = arc(BI),
and the diameter of the circle is BE,

remainder arc(EZI") = remainder arc(EHA):

Tob pévovtog, I read (a) that it refers to the same point which we selected not on the plane of the circle,
and (b) it refers to what in the previous diagram is the point A. It seems reasonable to me that Eutocius is
doubly-referring to this point (the point at the point) in order to remind us of the previously addressed case
of the right cone.

20 Again, the plane of the base circle.
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so that also
AE = ET.

But also EA is common and orthogonal: therefore the base AA is equal to the base AI'.
And likewise, all those equally distant from either AE or AB will be shown to be equal.
Again, since of the triangle AEZ , the angle under AEZ is a right angle, AZ is greater
than AE. And again, since the straight line EA is greater than the straight line EZ, and
since the arc EZA is greater than the arc EZ, but also AE is common and orthogonal,
AZ is therefore less than AA. Also on account of the same things, AA is lesser than AB.
So since AE was shown to be less than AZ, AZ less than AA, and AA less than AB; AE
is the smallest, AB is largest largest, but always the one nearer to AE is less than the one

further.

A

Figure 3.5: Maximum and Minimum Lines on a Cone with E on the Base Circle

(192.15) But indeed let the perpendicular AE fall outside of the circle ABI'HZ, as
in the second diagram, and let again the center of the circle K be taken, and let EK be
joined and projected to B, and let AB, A® be joined, and let two equal arcs ©Z, OH be
taken, one on each side of ®, and let two equal arcs AB, BI' be taken, one on each side

of B,and let EZ, EH, ZK, HK, AZ, AH, AB, BI', KA, KI', AK, AA, AT’ be joined.
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So since the arc ©Z is equal to the arc ©H, the angle under ©KZ is therefore also equal
to the angle under @ KH. So since the straight line ZK is equal to the straight line KH--
for they are both radii--but KE is common, and the angle under ZKE is common to the
angle under HKE, and the base ZE is equal to the base HE. So since the straight line
ZE is equal to the straight line HE, and EA is common and orthogonal, the base AZ is
therefore equal to the base AH. Again, since the arc BA is equal to the arc BI', the angle
under AKB is also therefore equal to the angle under ['KB, so that also the remaining
angle under AKE is equal to the remaining angle under I'KE. So since the straight line
AK is equal to the straight like I'K--for they are both radii--but KE is common, the two
are equal to the two, and the angle under AKE is equal to the angle under I'KE: and the
base AE is therefore equal to the base I'E. So since the straight line AE is equal to the
straight line I'E, and the straight line EA is both common and orthogonal, the base AA
is therefore equal to the base AI'. Likewise also all the straight lines that are equidistant
from AB or A® will be shown to be equal. Also, since E® is less than EZ, but also EA
is common and orthogonal, the base A® is therefore less than the base AZ. Again, since
the segment from E touching the circle is bigger than all those falling towards the arc,
and it was shown in the third book of the Elements®', that the rectangle contained by AE,
EA is equal to the square on EZ, whenever EZ is tangent, it is manifest that, as AE is
to EZ, so too is EZ to EA. But EZ is greater than EA: for always the one nearer to the
least is less than the one further: also AE is therefore greater than EZ. So since EZ is
smaller than EA, and EA common and orthogonal, the base AZ is therefore smaller than
the base AA. Again, since AK is equal to KB, but KE is common, the two straight lines
AK, KE are therefore equal to EK, KB, i.e. to the whole EKB. But AK, KE are bigger
than AE: and BE is therefore greater than AE. Again, since AE is smaller than EB, but
EA is common and orthogonal, the base AA is therefore smaller than the base BA. So

since A® is smaller than AZ, and AZ smaller than AA, and AA smaller than AB, A® is

21 Elements 111.36.
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smallest and AB the biggest, and the nearer is always smaller than the further.

Figure 3.6: Maximum and Minimum Lines on a Cone with E outside the Base Circle

(196.7) But indeed let the perpendicular AE fall inside the circle ABI'HZ as in
the third diagram, and K be taken as the center of the circle, and let EK be joined and
produced in each direction to B, ©, and let A®, AB be joined, and let two equal arcs
®Z, OH be taken on each side of ®,and let EZ, EH, ZK, HK,AZ, AH, KA ,KI', EA,
EI', AA, AT, AB, BI be joined. So since the arc ®Z is equal to the arc ©H, the angle
under ®KZ is therefore also equal to the angle under ©KH. And since KZ is equal to
HK, and KE is common, also the angle under ZKE is equal to the angle under HKE,
the base ZE is therefore equal to the base HE. So since ZE is equal to HE, and AE
is common, and the angle under ZEA is equal to the angle under HEA, the base AZ is
therefore equal to the base AH. Again, since the arc AB is equal to the arc BI', the angle
under AKB is also therefore equal to the angle under I'KB: so that also the remainder to
two right angles AKE is equal to the remainder to two right angles 'KE. So since AK

is equal to KI', and EK is common, and the angle under AKE is equal to the angle under
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I'KE, the base AE is therefore equal to the base I'E. So since AE is equal to I'E, and
EA is common, and the angle under AEA is therefore equal to the angle under 'EA, the
base AA is therefore equal to the base AI'. Likewise also all the straight lines that are
equidistant from either AB or A® will be shown to be equal. And since, in the circle
ABI, the point E which is not the center of the circle has been taken on the diameter,
EB is greatest, EO is least; but always the one nearer to E® is less than the one farther:
so that EO is less than EZ. And since OEF is less than ZE, but also EA is common and
orthogonal, the base A is therefore smaller than the base AZ. Again, since EZ is nearer
than E® and AE is even further, EZ is less than AE. So since EZ is lesser than EA,
and EA is common and orthogonal, the base AZ is therefore smaller than the base AA.
Again, since AK is equal to KB, and KE is common, the two straight lines AK, KE are
equal to the two straight lines BK, KE, i.e. to the whole BKE. But AK, KE are greater
than AE: and EB is therefore bigger than EA. Again, since EA is less than EB, and EA
is common and orthogonal to them, the base AA is therefore smaller than the base AB.
So since A® is smaller than AZ, and AZ smaller than AA, and AA smaller than AB,

AO® is smallest, etc.

Figure 3.7: Maximum and Minimum Lines on a Cone with E inside the Base Circle
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(198.26) "Of each curved figure, which is in one plane, I call the diameter," etc.?
He said "in one plane" because of the helix of the cylinder and the sphere: for they are
not in one plane. But what he means is as follows: let there be a curved figure ABI" and
in it some parallel straight lines AI', AE, ZH, OK, and let from B the straight line BA
be carried cutting them in two. So he says, that the diameter of the curve ABI' I call BA,
the vertex B, and each of the lines AI', AE, ZH, ®K have been drawn ordinatewise to

BAZ. But if BA bisects and cuts at right angles the parallels®*, it is called the axis.
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Figure 3.8: The Axis and Ordinates of an Ellipse

(200.10) "But similarly of two curved lines," etc. For if we consider the curves A,
B and in them the parallels 'A, EZ, HO, KA, MN, 20 and the straight line AB, having
been produced in each direction and cutting the parallels in two, I call AB, he says, the
transverse diameter; the points A and B the vertices of the curves; and the curves having

been drawn ordinatewise to AB the lines TA, EZ, HO®, KA, MN, Z0%. And if it (AB)

22Eutocius is again quoting Apollonius.

Breraypévog 8¢ ¢m tv BA notfixOar. Taliaferro renders this as having been drawn ordinatewise to
the [diameter] BA.
%4j e. these ordinates.

B1n short, just the ordinates.
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Figure 3.9: The Axis and Ordinates of a Parabola

also bisects them at right angles, it is called the axis. But if a certain straight line, such
as IIP, having been carried through I'Z, EM, HK bisects the parallels to AB, then ITP
is called the upright diameter, and each of the lines I'=, EM, HK, [he says] have been
drawn ordinatewise to the upright diameter ITP. But if it bisects it at right angles, it is
called the upright axis; and if AB, IIP bisect the parallels of each other, they are called
the conjugate diameters, but if they bisect at right angles, they are called the conjugate

axes.
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Figure 3.10: The Conjugate Axes of Two Opposite Sections
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3.2 Theorem 1

(202.6) Concerning the different diagrams, one must see the many cases of the the-
orems, that a case is, whenever the things having been specified in the protasis, are given
for a particular arrangement: for the taking of a different one of them, with the same
sumperasma, makes the case. But similarly also a case occurs from the changing of the
kataskeue. But when the theorem has many cases, the same proof fits all of them, and in
the same elements save small differences; we will see this successively. For directly, the
first theorem has three cases, on account of the fact that the point having been taken on
the surface, i.e. B, is sometimes on the lower surface and this in two ways, either higher
than the circle or lower; and sometimes on the part which, according to the vertex, lies
opposite it.

He proposed this theorem to investigate that it is not true that any two points being
taken on the surface, a straight line being joined between them is on the surface; rather only
the inclination beyond the vertex, because of the fact that the conic surface is generated
by a straight line having its boundary remaining fixed. But the second theorem shows that

this is true.

3.3 Theorem 2
(202.26) The second theorem has three cases, because the chosen points A, E are
either on the surface above the vertex, or below it in two ways: either inside or outside the
circle. But it is necessary to understand that this theorem in some copies is found proved

in full through the reductio ad absurum.

34 Theorem 3
(204.7) The third theorem does not have cases. But it is necessary to understand in
it that the line AB is straight on account of being the common section of the cutting plane
and the surface of the cone, that which was drawn by a straight line having its boundary
remaining fixed at the vertex of the surface. For the whole surface, cutting the section

by a means of a plane, does not make a straight line; nor does the cone itself, unless the
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cutting plane passes through the vertex.
3.5 Theorem 4

(204.16) There are three cases of this theorem, just as of both the first and the sec-

ond.

3.6 Theorem 5

(204.19) The fifth theorem does not have cases. But beginning the ekthesis he says:
"let the cone be cut by a plane through the axis at right angles to the base."®

But since in an oblique cone, the triangle through the axis is perpendicular to the
base according to one arrangement only, we will show this thus: taking the center of the
base, we will construct from it, at right angles to the plane of the base, and projecting a
plane through it and the axis, we will have the thing being sought: for it is shown in the
eleventh book of Euclid's Elements, that, if a straight line is orthogonal to some plane,
then also all the planes through it [the line] will be orthogonal to the same plane. But he
set forth the oblique cone, since in the isosceles cone®’, the plane parallel to the base is
the same as the one drawn subcontrariwise.

(206.7) Still, he says: "But let it also be cut by another plane perpendicular to the
triangle through the axis, and which cuts off a triangle near the vertex which is similar to
the triangle ABI, but which is lying subcontrariwise." But this occurs thus: for let there
be the triangle through the axis ABI', and let a random point H be taken on AB, and
let it the angle AHK be supposed equal to the angle AI'B, i.e. the one near the straight
line AH and the point H on it; therefore the triangle AHK is similar to ABI", but lying
subcontrariwise. Indeed, on HK, let a point Z be taken at random, and from Z let Z©O
be set up at right angles to the plane of the triangle ABI’, and let the plane through HK,

®Z be projected. Indeed, this is orthogonal to the triangle ABI" on account of Z® and

26This is not an exact quote of the Greek as it appears in Heiberg, but more of a synopsis. The important
parts match.

71t is interesting that he calls the non-oblique cone isosceles here, as opposed to right.
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making the hypothesis.

(206.22) He says in the sumperasma, that on account of the similarity of the triangles
AZH, EZK, the angle AZE is equal to the angle HKZ. But it is possible to show this
without reference to the similarity of the triangles, saying that since each of the angles
AKH, AAE is equal to that at B, the points A, H, E, K are in the same section of the
circumscribed circle. And since in the circle, the two straight lines AE, HK cut one

another at Z, the rectangle AZE is equal to the rectangle HZK?®.

S

H N z N0 K

Figure 3.11: Eutocius' First Diagram for Theorem 5

(208.7) Similarly it will be shown, that also all the lines being drawn perpendicularly
from the curve H® to HK are equal in square to the rectangle contained by the sections®.
The section is therefore a circle, and the diameter of it is HK. And it is possible to conclude
this through reductio ad absurdum. For if the circle, being drawn around KH, does not
pass through the point ©, the rectangle KZ, ZH will be equal either to the square on a
segment bigger than Z©® or one smaller: the very thing which is not supposed. But we
will show this also in the case of a straight line.

(208.17) Let there be some curve HO®, and let HK subtend it, and let the points O,

O be taken at random on the curve, and from them [®, O] let ®Z, OII be drawn to HK at

2 Elements 111.36.

2That is, the perpendicular meets the diameter at a point, and the rectangle is formed by the two segments
of the diameter, each of which has one endpoint as an endpoint of the diameter, and the other the point where
the perpendicular meets the diameter.
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right angles, and let the square on ZO be equal to the rectangle HZK, and let the square
on OII be equal to the rectangle HITK. I say that the curve HOOXK is a circle. For let HK
be cut in two at N, and let N®, NO be joined. So since the straight line HK is cut into
equal segments at N, and into unequal segments at Z, the rectangle HZK together with
the square on NZ is equal to the square on NK*°. But the rectangle HZK was supposed
equal to the square on ©@Z; therefore the square on ®Z together with the square on NZ is
equal to the square on NK. But the squares on @Z, ZN are [together] equal to the square
on NO: for the segment to Z is orthogonal: therefore the square on NO® is equal to the
square on NK. Similarly we will also show that the square on NO is equal to the square

on NK . Therefore the curve HOK is a circle, and HK is its diameter.

A

AMO<

Figure 3.12: Eutocius' Second Diagram for Theorem 5

(210.8) But it is possible for the diameters AE, HK sometimes to be equal, other
times unequal, but it is never possible for them to bisect one another. For let HK be drawn
through K parallel to BI'. So since BA is larger than AT, also NA is bigger than AK.
Similarly also, KA [is bigger than] AH on account of the subcontrary section, so that the
[line] being taken equal from AN to AK falls between the points H, N. Let it fall as A=:

therefore the line being drawn parallel to BI" through = cuts HK. Let it cut as ZEOI1. And

O Flements 11.5
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since ZA is equal to AK, as ZA is to AIl, so too is KA to AH on account of the similarity
of the triangles HKA, ZEAII, and AH is equal to AII, also the remainder HZ is equal to
the remainder IIK. And since the angles at =, K are equal: for each of them is equal to
that at B: but also the [angles] at O are equal: for they are vertical angles: therefore the
triangle ZHO is similar to the triangle IIOK. And HE is equal to ITK: so that also ZO is
equal to OK and HO to OII and the whole HK to ZI1. And it is manifest, that, if a point
be taken between N, = , such as P, and through P, the line PX be drawn parallel to NK,
it will be larger than EI1; and on account of this, [it will also be bigger than] HK; but if a
point be taken between H, =, such as T , and through it a parallel TTI be drawn, it will be
smaller than ZIT and KH. And since the angle ZI1K is bigger than the angle AZII, but
the angle OIIK is equal to the angle OHE, therefore the angle OHE is bigger than the
angle HZO. Therefore ZO is bigger than OH, and on account of this, KO is bigger than

OII. But if one of them should ever be cut in two, the other will be cut in unequal [parts]

3.7 Theorem 6

(212.14) It is necessary to pay heed, that he set forth in the protasis not without
purpose the necessity that the straight line drawn from the point on the surface be drawn
parallel to some particular one of the straight lines in the base, being without a doubt
orthogonal to the base of the triangle through the axis: for when this is not the case, it is
not possible for it [the drawn straight line] to be bisected by the triangle through the axis:
the very thing which is manifest from the diagram in the text. For if MN, regardless to
whatever line AZH is parallel, is not orthogonal to BI', it is manifest that neither it [MN]
nor KA is bisected. And this follows from the same ratios, that is,

K®:0A =AZ:7ZH,

and AH will therefore be been cut into unequal sections at Z..

(212.27) But it is possible to show the same things of the lower circle and in the

case of the surface opposite the vertex>!.

31That is, the other surface of the conic surface. These two additional cases match Apollonius' diagrams
very well.
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3.8 Theorem 7

(214.2) The seventh theorem has four cases: for either ZH does not intersect AT,

or it intersects in three ways: either outside the circle, or inside, or at the point I'.
3.9 After Theorem 10

(214.6) It is necessary to realize, that these ten theorems depend on one another.
But the first holds that the straight lines in the [conic] surface inclining towards the vertex
stay in it. The second holds the converse. The third holds the section through the vertex
of the cone; the fourth the [section] parallel to the base; the fifth, the subcontrary; the
sixth, as if it were anticipating the seventh, shows that the common section of the circle
and the cutting plane is in all cases necessarily at right angles to the diameter [of that
circle], and that this being so, the parallels to it [the common section] are bisected by the
triangle. But the seventh shows the other three sections, both that the diameter and the
ordinates to it are parallel to the straight line in the base. In the eighth he shows, just as
we said in the preceding materials, that the parabola and the hyperbola are of those things
projecting to infinity; but in the ninth, that the ellipse, returning to itself like a circle does
(on account of the cutting plane intersecting both sides of the triangle), is not a circle: for
both the subcontrary section and the parallel [section] made circles. But it is necessary
to understand, that the diameter of the section, in the case of the parabola, cuts one side
of the [axial] triangle and the base [of it]; in the case of the hyperbola, both the side and
the remaining side, being projected in a straight line from the vertex. But in the case of
the ellipse, it cuts both the sides and the base. And the tenth, someone giving attention
to it in a rather simple way might think that it is the same as the second, but this is not
the case: for there, he says to take the two points on the whole surface, but here on the
generated figure. In the following three theorems, he distinguishes more precisely each

of the sections, along with specifying the principle peculiarities of them.
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3.10 Theorem 11
(216.13) Let it have been made, that
sq.(BI') : rect.(BAT') = OZ: ZA:

the thing being said is manifest, unless someone wants to comment on it. For let the
rectangle OIIP be equal to the rectangle BAT', and let it, being projected along IIP,
make ITX as width and be equal® to the square on BT'; and let it have happened that

OIl: [IZ = AZ : Z0O.
The thing being sought has therefore happened. For since it is the case, that

OIl: [1Z = AZ : Z0;
invertendo,

2I1: 110 = OZ: ZA.
But

2I1: 10 = ZP : PO = s5q.(BI) : rect.(BAT).
This is useful also in the following two theorems.
(218.1) But the square on BI" has to the rectangle BAI a ratio compounded from
that which BI has to I'A and BI" to BA:
sq.(BT) : rect.(BAT') = (BI': TA) comp. (BI': BA) :

it has been shown in the twenty-third theorem of the sixth book of the Elements, that
equiangular parallelograms have to one another a ratio compounded out of that of the
sides: but since it is discussed too inductively and not in the necessary manner by the
commentators, we researched it; and it is written in our published work on the fourth
theorem of the second book of Archimedes' On the Sphere and the Cylinder, and also
in the scholia of the first book of Ptolemy's Syntaxis: but it is a good idea that this be
written down here also, because readers do not always read it even in those works, and
also because nearly the entire treatise of the Conics makes use of it.

(218.16) A ratio is said to be compounded from ratios, whenever the sizes of the

32je. the applied area is equal
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P

C) Z A

Figure 3.13: Eutocius' Diagram for Theorem 11

ratios, being multiplied into themselves, make something, with "size" of course meaning
the number after which the ratio is named. So it is possible in the case of multiples that
the size be a whole number, but in the case of the remaining relations it is necessary that
the size must be a number plus part or parts, unless perhaps one wishes the relation to
be irrational, such as are those according to the incommensurable magnitudes. But in the
case of all the relations, it is manifest that the product of the size itself with the consequent
of the ratio makes the antecedent.
(218.27) Accordingly, let there be a ratio of A to B, and let some mean of them be

taken, as it chanced, as I', and let

A =size(A : 1),
and

E = size(I' : B),
and let A, multiplying E, make Z. I say, that the size of the ratios A, B is Z,

Z = size(A : B),
that is that Z, multiplying B, makes A. Indeed, let Z, multiplying B, make H. So since
A, multiplying E has made Z, and multiplying I has made A, therefore it is, that

E:Z=T:H

Alternando,

E:T'=7Z:H
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But
E:T=7Z:A
Therefore
H=A,
so that Z, multiplying B, has made A.

(220.17) But do not let this confuse those reading that this has been proved through
arithmetic, for both the ancients made use of such proofs, being mathematical rather than
arithmetical on account of the proportions, and that the thing being sought is arithmeti-
cal. For both ratios and sizes of ratios and multiplications, first begin by numbers, and
through them by magnitudes, according to the speaker. As someone once said, "for these

mathematical studies appear to be related."

3.11 Theorem 13
(222.2) It is necessary to point out, that this theorem has three diagrams, as has been
said often in the case of the ellipse: for AE either falls on AI" above I', or at I itself, or
meets AT, having been projected, outside.
3.12 Theorem 14
222.8) And it was necessary to likewise show, that,
$q.(A2) : rect.(BZI') = sq.(AT) : rect.(ETO).
(222.11) For since BI is parallel to 2O,
IZ:2A =Z=T:TA,
and on account of this,
AZ:2B =AT: TO:
therefore, through equality,

IZ:2B=ET:TO,

33Much aught be said of this passage; some will regrettably be left for future work. Here Eutocius retains
the Doric dialect of the quotation: tabta Yo TO padfuata Soxodvrl eipev adehdd. The quote is due
to Archytas of Tarentum, preserved only in a fragment of his Harmonics. The quoted part reads: tadto
Y& TO pedfpata doxodvr Nuev ddehded. For the full fragment, see fr. B.1 in Diels-Kranz ([6]) or
Freeman's English translation ([2]). See also Republic VII 530d and Knorr ([7]), pp. 171 n. 22-23.
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Therefore also
$q.(I'Z) : rect.(I'ZB) = sq.(ET) : rect.(ETO).
But on account of similar triangles,
sq.(AZ) : 5q.(2T") = sq.(AT) : sq.(ET):
therefore, through equality,
sq.(A2) : rect.(B2I') = sq.(AT) : rect.(ETO).
(222.20) And so,
$q.(A2) : rect.(B2I') = OF : EII,
but also,
$q.(AT) : rect.(ETO) = OF : OII:
and therefore,
OE : EIl = EO : OII.
Therefore
EIl = OII.

(222.24) But it does not have cases, and the investigation is manifestly continuous
with the three before it: for similarly, by means of them, he investigates that the diameter
of the opposite sections is the principle one, and also investigates the parameters>*.

3.13 Theorem 16

(224.2) The rectangle BKA is therefore equal to the rectangle AAB--KA is there-
fore equal to BA--for since the rectangle BKA is equal to the rectangle AAB, it will be
proportionally, that

KB: AA =AB: AK.
Alternando,

KB: BA = AA: AK.
Componendo,

KA : AB = AK: KA.

H10g mao’ dg dhvavrow: I take this as a referring to the upright and transverse sides collectively. See
Eutocius' commentary to the next theorem.
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Therefore
KA = BA.

(224.8) It is necessary to understand, that in the fifteenth and sixteenth theorems
he had an investigation to find the so-called second and conjugate diameters of both the
ellipse and the hyperbola or the opposite sections: for the parabola does not have this type
of diameter. But one must note that the diameters of the ellipse fall inside, but of those
of the parabola and the opposite sections outside. But it is necessary, when drawing the
figures, to arrange the parameters or the upright sides at right angles, and also manifestly
those [lines] parallel to them, but those being drawn ordinatewise and the second diame-
ters not always: for most of all in an acute angle, it is necessary to drop them, so that they
be clear to those encountering them as being different from the parallels to the upright

side.

3.14 Second Definitions

(224.22) After the sixteenth theorem, he sets out the definitions concerning the so-
called second diameter of the hyperbola and the ellipse, which we will make clear by
means of a diagram.

(224.26) For let there be a hyperbola AB, and let 'BA be a diameter of it, and let
BE be the parameter®. So it is manifest that BT increases to infinity on account of the
section, as is shown in the eight theorem, but BA, that is the one subtending the angle
outside of the axial triangle, is finite. Indeed, bisecting it at Z and setting out from A the
ordinate AH, but through Z, parallel to AH, setting out ®ZK and having made ©Z equal
to ZK, yet still also, the square on ®K equal to to the rectangle ABE, we will have @K
as the second diameter. For this is possible on account of the fact that @K, being outside
of the section, is projected to infinity, and that it is possible to intercept one equal to a
straight line extended from infinity. He calls Z the center, and names ZB and the lines

similar to it which are drawn from the center Z to the section.

3Fully: "that according to which the ordinates being led to BT are equal in square." Henceforth I will
consider this a standard abbreviation.
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(226.16) So much for the cases of the hyperbola and the opposite sections: And it is
clear, that each of the diameters is finite, the first obviously from the genesis of the section,
the second, for the reason that it is a mean proportional between two finite straight lines,

namely, the first diameter and the parameter.

= K

Figure 3.14: Two Diameters of an Hyperbola

(226.23) But in the case of the ellipse the thing said is not yet clear. For since it
returns to itself, just as does the circle, and cuts off all the diameters inside and makes
them bounded: so that not always in the case of the ellipse, the mean proportional of the
sides of the figure, both being drawn through the center of the section and being bisected
by the diameter, is bounded by the section.

(228.1) But it is possible to recapitulate it through the very things already said in the
fifteenth theorem. For since, as it is shown there, the lines being drawn to AE parallel to

AB are equal in square to the area applied along the third proportional to them?, that is,

3Conics 1.15: Here the diameter is AB, the "produced straight line" is AE, and the third proportional
(tNv TolTNV) to them is some straight line AN satisfying

AE:AB: AB: AN.

The lines so drawn, being parallel to AB, are equal in square to an area having this third proportional AN
as its width. It is critical to note that this third is a third proportional, not a third mean proportional.
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AN. Therefore on account of this, the second diameter AE becomes a mean proportional
between the sides of the figure BA and AN.

(228.13) But it is necessary to see also this on account of the utility of the diagrams:
for since the diameters AB, AE are unequal (for in the circle only are they equal), it is
clear that the line being dropped at right angles to the lesser of them, as at AZ, seeing as
how it is the third term of the proportion between AE, AB, is the larger of the two; and
that the line being drawn at right angles to the greater, as at AN, on account of being the
third term of the proportion between AB, AE, is lesser of the two, so that the four terms

are in continued proportion: for as AN is to AE, so too is AE to AB and AB to AZ.

Figure 3.15: Two Diameters of an Ellipse

3.15 Theorem 17

(228.28) Euclid showed in the fifteenth theorem of the third book of the Elements,
that the line being led at right angles from an endpoint of the diameter both falls outside
and is tangent to the circle. But Apollonius in this work shows something more general,
that it is possible to apply this to the the three sections of the cone and to the circle.

(230.5) The circle differs to this extent from the sections of the cone, that in this
case the ordinates are drawn at right angles to the diameter: for no other straight lines
parallel to themselves are bisected by the diameter of the circle, but in the case of the

three sections, not always are they drawn at right angles, except to the axes alone.
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3.16 Theorem 18
(230.13) In some copies, this theorem concerns a parabola and ellipse only, but it
is better to have the protasis more general, unless it is because the case of the ellipse has
been omitted by them as unambiguous: for I'A, being inside the section (which is finite),
cuts the section in both directions.
(230.19) But it is necessary to understand, that even if AZB cuts the section, the

same proof is suitable.

3.17 Theorem 20

A/

H

Figure 3.16: Conics 1.20, with A® added

(230.22) Beginning from this theorem, successively in all of them he shows the
symptomata of the parabola that belonging to it and not to any other [section], but for the
most part, he shows the same symptomata belonging to the hyperbola and ellipse.

(230.27) But since it does not appear useless to those making mechanical drawings,
on account of the difficulty concerning instruments*’, also often through successive points
to draw the sections of the cone in the plane, through this theorem it is possible to provide

successive points, through which the parabola will be drawn by means of an application

37 As in mechanical instruments. "Gadgets" seems a fitting, though unacademic, word.
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of a ruler. For if I set out a straight line, such as AB, and on it I take successive points,
such as E, Z, and from them I make straight lines at right angles to AB, such as EI', ZA,
taking on EI' a random point I' (if I should wish to make the parabola wider, taking I’
further from E; if narrower, closer), and I make the proportion

AE : AZ = sq.(ET) : sq.(ZA),

then the points I" and A will be on the section. But similarly we will also choose other
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points, through which the parabola will be drawn?®.

3.18 Theorem 21
(232.16) The theorem is set forth manifestly, and does not have cases: nevertheless,

it is necessary to understand that the parameter, that is the upright side, is equal to the

3What application of what ruler? Eutocius unfortunately does not elaborate on this point. Based on
his use of the word "mechanical," I can think of two possibilities for just how this "application" would be
performed.
1. He means to use a marked ruler, much like a modern one. If this is the case, a degree of flexibility with
arithmetic would be required, in order to solve the proportion

AE : AZ = sq.(ET) : sq.(ZA).

This is certainly plausible, as similar arithmetical problems appear in the Almagest of Ptolemy. Certainly
engineers or architects would be capable of this sort of arithmetic, and able to instruct their subordinates as
to the desired measurements. It is worth recalling that Anthemius, the person to whom Eutocius addresses
this work, was selected by the Byzantine emperor Justinian I to be one of the architects of the Hagia Sophia
(the other being Isidore of Miletus).

2. That Eutocius has a more mechanical and mathematical procedure in mind, similar in spirit to some of
the cube duplication procedures that he gives in his commentary on Archimedes.

The construction is straightforward up until Eutocius requires the proportion

AE : AZ = sq.(ET) : sq.(ZA).

All of the terms in this proportion are known, with the exception of the position of A on ZA. Let ZA be
produced to ©, and let AT be joined and produced to ©. Let ZA be the mean proportional between I'E and
7.0, so that

TE:ZA=7ZA:70.

From the standpoint of constructing ZA, this is easily accomplished by applying Elements V1.13. Therefore
sq.(ZA) = rect(I'E, Z0), and so
sq.(ET) : sq.(ZA) = sq.(ET) : rect.(TE, ZO). But

sq.(ET) : rect.(TE,Z0®) = EI' : ZO,

and by virtue of the similarity of the triangles AZ®, AET", we have that
EI' . ZO® = AE: AZ,so

AE : AZ = sq.(ET) : rect.(I'E, ZO).

Since sq.(ZA) = rect.(I'E, Z0®), we get the required proportion
AE : AZ = sq.(ET) : sq.(ZA).

It should be noted, though, that this does not give a construction of a parabola, but merely of the point A
on a parabola given the position of I on it and the intrinsic fact that AZ is the diameter. To fully construct
a parabola in this way would require an infinite number of steps, one for each point A, and as such is not a
true Euclidean construction. For practical uses, though, constructing several points might be sufficient for
a given desired degree of accuracy.
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diameter in the case of a circle. For if it is, that
sq.(AE) : rect.(AEB) =T'A : AB;
but
sq.(AE) = rect.(AEB)
in the case of the circle alone, and so
I'A = AB.

(232.23) But it is necessary also to see this, that the ordinates in the perimeter of the
circle are always orthogonal to the diameter, and meet at right angles the parallels to AI'.

(232.27) But through this theorem, continuing in the same manner as those men-
tioned in the case of the parabola, we draw a hyperbola and an ellipse by an application
of a ruler. For let a straight line AB be set out and projected towards infinity through H,
and from A let AT be led at right angles to this line, and let BI" be joined and projected,
and let some points be taken on AH, such as E, H, and from E and H, let E©®, HK be
drawn parallel to AT, and let it be contrived that

ZH : AHK = AE : AEO:
for the hyperbola will have come to be through A, A, Z. Similarly we will construct the
things in the case of the ellipse.
3.19 Theorem 23

(234.12) But it is necessary to understand, that in the protasis, by "two diameters",
he means not simply random ones, but rather the so-called conjugate diameters, of which
each is drawn ordinatewise and is a mean proportional between the sides of the figure and
the conjugate diameter®®, and on account of this they bisect the parallels to each other, as
is shown in the fifteenth theorem. For if it is not taken in this way, it will happen that the
intermediate straight line of the two diameters will be parallel to the other of them: which

is not supposed.

3That is, the other diameter in the pair called conjugate.
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(234.21) And when H is nearer than the midpoint of AB, which is ®, and when
rect. BHA) + sq.(OM) = sq.(AM),

and
rect.(AOB) + 5q.(OM) = sq.(AM).
But
sq.(BM) > sq.(HM),
SO

rect.(BHA) > rect.(BOA).
3.20 Theorem 25
(236.4) In some copies there is also this proof: let some point ® be taken on the
section, and let Z© be joined: therefore Z©O, being projected, intersects AI': so that also
ZE, being projected, intersects AI'. Again, let it be taken, and let KZ be joined and pro-
jected: therefore it will intersect BA, being projected: so that also ZH, being projected,

will intersect BA.

A

Figure 3.17: Eutocius' Figure for Theorem 25
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3.21 Theorem 26
(236.11) This theorem has many cases, the first, that EZ is taken on the convex
part of the section, as it is here, or on the concave part; next, that the straight line drawn
ordinatewise from E, indiscriminately intersects the diameter (which is infinite) inside
at one point, but when it is outside, especially in the case of the hyperbola, having this

particular arrangement, it intersects either beyond B or at B or between A and B.

3.22 Theorem 27

(236.20) In some copies of the twenty-seventh theorem, the following proof is trans-
mitted:

(236.22) Let there be a parabola, whose diameter is AB, and let it be cut by some
straight line HA inside the section. I say, that HA, being projected in both directions, will
intersect the section.

(238.3) For let some line AE be drawn ordinatewise through A; therefore AE will
fall outside the section.

Then either HA is parallel to AE or not.

So if it is parallel, it has been drawn ordinatewise: so that being projected both
ways, since it is bisected by the diameter, it will intersect the section. Therefore let it not
be parallel to AE, but being projected, let it intersect AE at E as HAE.

(238.11) So it is manifest that it intersects the section in the direction of E: for if
projected to AE, it cuts the section long before.

(238.14) I say also that being projected in the other direction, it cuts the section.

(238.16) For let the parameter be MA, and let AZ be projected at right angles to it:
therefore M A is orthogonal to AB. Let it be contrived, that

sq.(AE) : tri.(AEA) = MA : AZ,
and through M and Z, let ZK and MN be drawn parallel to AB. So since AAAH is a
quadrilateral, and A A is in this particular arrangement, let 'KB be drawn parallel to AA,

cutting the triangle 'KH equal to the quadrilateral AAAH, and through B let ZEBN be



drawn parallel to ZAM.

VN

Figure 3.18: Eutocius' Figure for Theorem 27

And since
sq.(AE) : tri.(AEA) = MA : AZ,
but
sq.(AE) : tri.(AEA) = sq.(I'B) : tri.(AI'B):
for AE is parallel to I'B, and TE, AB join them*’. But
MA : AZ = plig.(AMNB) : plig.(AE);

therefore

sq.(I'B) : tri.(I’'AB) = pllg.(AMNB) : plig.(AZEB).
So alternando,

sq.(I'B) : pllg.(AMNB) = tri.(I'AB) : plig.(AZEB).
But

pllg (ZABE) = tri.(TBA) :

40je. AE,TB, forming a quadrilateral.

56
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for since
tri.('HK) = quad.(AAHA),
and the quadrilateral HABK is common,
pllg.(AABK) = tri.(I'AB).
But
pllg.(AABK) = pllg.(ZABE) :
for they are on the same base AB and in the same parallels AB, ZK. Therefore
tri.(I'AB) = pllg.(ZABE) :
so that
sq.(I'B) = pllg.(AMNB).
But
pllg. MABN) = rect. MAB),
for MA is orthogonal to AB: therefore
rect. MAB) = sq.(I'B),
and MA is the upright side of the figure, and AB the diameter, and I'B an ordinate (for it
is parallel to AE): therefore I is on the section. Therefore AHI intersects the section at
I': the very thing which it was necessary to show.

(240.23) Scholia to the preceding theorem.

(240.24) [Let it be contrived, that as the square on AE is to the triangle AEA, so
too is MA to AZ.] This is shown in the scholia to the eleventh theorem. For having drawn
the square on AE, and being applied to its side equal to the triangle AEA, I will have the
desired property.

(242.1) To the same.

(242.2) [Since the quadrilateral is AAAH, let 'KB be drawn parallel to AA, cutting
off the triangle I'HK equal to the quadrilateral AAAH.] We will show this as follows:
for if, as we learned in the Elements, we construct the same ZTY to be equal to the given

rectilineal figure, the quadrilateral AAAH, and similar to another given figure, the triangle
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AEA, so that Y is in the same proportion to AA:
2TY : tri.(AEA) = XY : AA,

and if we take

HK =2Y
and

HI'=TY
and if we join I'K, it will be the thing being sought. For since the angle at Y is equal to
that at A--that is, to the angle at H--for this reason 'HK is both equal to and similar to
2TY. And the angle I' is equal to E, and they are vertical angles: therefore I'K is parallel
to AE.

T

Figure 3.19: Eutocius' Figure for the Scholia of Theorem 27

(242.16) But it is manifest that, whenever AB is an axis, MA lies tangent on the
section, but whenever it is not an axis, it cuts; that is, if it is led at right angles to the
diameter.

3.23 Theorem 28
(242.20) That, even if I'A cuts the hyperbola, the same things will follow, just as in

the eighteenth theorem.

3.24 Theorem 30

(242.23) [And therefore, as componendo in the case of the ellipse, invertendo and

convertendo in the case of the opposite sections.]
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So in the case of the ellipse, we will say the following: since
rect.(AZB) : sq.(AZ) = rect.(AHB) : sq.(HE);
but
sq.(AZ) : sq.(ZI') = sq.(EH) : sq.(HI'),
and so ex aequali,
rect.(AZB) : sq.(ZI') = rect.(AHB) : sq.(HI);
and so componendo,
rect.(AZB) + sq.(ZT) : sq.(ZI') = sq.(AT) : sq.I'Z) = sq.(I'B) : sq.(I'H),
for AB has been cut into equal sections at I and unequal sections at Z. And alternando,
sq.(AD) : sq.I'B) = sq.(ZI) : sq.('H);
But in the case of the opposite sections: since
rect.(BZA) : sq.(ZI') = rect.(AHB) : sq.(I'H),
through equality, and invertendo
sq.(ZTI') : rect.(BZA) = sq.(I'H) : rect.(AHB);
and convertendo,
$q.(ZTI') : sq.('A) = sq.(HT') : sq.(I'B) :
for since some straight line AB has been bisected at I', and ZA is attached, and
rect.(BZA) + sq.(ATl") = sq.(I'2),
so that the square on I'Z exceeds the rectangle BZA by the square AI'; and rightly it has

been called componendo.

3.25 Theorem 31
[Separando, the square on I'B has a ratio to the rectangle AHB bigger than that of
the square on I'B to the rectangle A®B.] For since the straight line AB has been bisected
at I', and BH is attached to it,
rect.(AHB) + sq.(I'B) = sq.('H) :
so that the square on I'H exceeds the rectangle AHB by the square on I'B. But for the

same reason also the square on I'© exceeds the rectangle A@B by the square on I'B: so
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that rightly it has been called separando.
3.26 Theorem 32

(246 .4) In the seventeenth theorem he showed more clearly that the line having been
drawn ordinatewise touches (the section), but the proof there in the Elements in the case
of the circle alone; he shows this more generally for each section of a cone.

(246.9) But it is necessary to understand the very thing which was also shown there
[Conics 1.17], that it is perhaps in no way strange that a curved line falls between the
straight line and the section, but a straight line cannot: for it itself cuts the section and is
not tangent, for it is not possible for two lines to be tangent through the same point.

(246.15) But since this theorem has been proved with a lot of twists and turns in the

different editions, we made the proof simpler and more manifest.

3.27 Theorem 34
(246.18) It is necessary to understand, that the ordinate to the diameter I'A, in the
case of the hyperbola, defining AB, AA, leaves BA needing to be cut into the ratio of BA
to AA; but in the case of the ellipse and the circle the inverse: cutting BA into the defined
ratio of BA to AA, makes us find the ratio of BE to EA: for it is in no way difficult, having
been given one ratio, to provide another equal to it.
(248.1) But it is necessary also to know, that according to each section, there are
two diagrams, the point I" either being taken inside or outside with respect to the point Z:
so that there are six total cases.
(248.5) But he also needs two lemmas, which we will write in turn.
(248.6) [Therefore the rectangle ANZE is bigger than the rectangle AOZ: therefore
NO has to 2O a ratio greater than that of OA to AN.] For since
rect.(AN, NE) > rect.(AO, OE),
let it happen that the rectangle formed by AO and some other line ZII is equal to the
rectangle AN, N=:
rect.(AQO, EII) = rect.(AN, NZ) :
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[1]

IT

Figure 3.20: Eutocius' Figure for Theorem 34

this line ZIT will be greater than ZO: Therefore

OA : AN = N=: =11
But
NE:Z0 > NE : ZI1,

and therefore
OA : AN < NE: EO.
(248.15) The alternando is also manifest, that also if

N

[1]

:20 > OA: AN,
then
rect(EN, NA) > rect.(AO, OF).
(248.18) For let it happen, that as OA is to AN, so too is NZ to some line which is
manifestly greater than 2O, say, Z11:
OA: AN=NE:EIl:
therefore
rect.(EN, NA) = rect.(AO, ZI1),
so that
rect.(EN, NA) = rect.(AO, OE).
(248.22) To the same.
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(248.23) [But as the rectangle BK, AN is to the square on I'E, so too is the rectangle
BAA to the square on EA.] So since, on account of the lines AN, EI', and KB being
parallel,

AN : EI' = AA: AE;
but
El': KB = EA: AB.
Therefore ex aequali,
AN:KB=AA:AB:
and therefore
$q.(AN) : rect.(AN, KB) = sq.(AA) : rect.(AAB).
But
sq.(ED) : sq.(AN) = sq.(EA) : sq.(AA) :
therefore ex aequali,
sq.(ET’) : rect.(AN, KB) = sq.(EA) : rect.(AAB);
and alternando,
rect.(KB, AN) : sq.(EI') = rect.(BAA) : sq.(EA).
3.28 Theorem 37
It is clear by these theorems in what way it is possible to draw a tangent through a

given point on the diameter and through the vertex of the section.

3.29 Theorem 38
(250.16) In some copies this theorem is found proved only in the case of the hy-
perbola, but here it is shown more generally: for the same things occur in the cases of
the other sections. And it seems that to Apollonius, not only the hyperbola has a second
diameter, but also the ellipse, as we often heard from him in the proceeding materials.
(250.23) And with respect to the ellipse, there are not cases, but with respect to
the hyperbola there are three: for the point Z, at which the tangent intersects the second

diameter, is either before A, at A, or after A; and for this reason the point © similarly will
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have three possible locations, and it is necessary that one attend to the fact that either Z
will fall before A, and ® will be before I', or that Z will be on A, and ® on I, or that Z
will be after A, and ® will be beyond I'.

3.30 Theorem 41

(252.8) This theorem does not have cases for the hyperbola, but with the ellipse,
if the ordinate passes through the center, and the remaining things become the same, the
figure on the ordinate will be equal to the figure on the line from the center.

(252.13) For let there be an ellipse, whose diameter is AB, center A, and let I'A be
drawn ordinatewise, and let equiangular figures AZ, AH be set up on the bases I'A and
AA, and let

AT : TH = (AA : AZ) comp. (the upright : the transverse).

C) r

N,

\

Figure 3.21: Eutocius' Figure for Theorem 41

(252.19) I say that the figure AZ is equal to the figure AH.
(252.20) For since it is shown in this text, that
sq.(AA) : fig.(AZ) = rect.(AAB) : fig.(AH),
I say that also alternando,
sq.(AA) : rect.(AAB) = fig.(AZ) : fig.(AH).
But

sq.(AA) = rect.(AAB),
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therefore
fig(AZ) = fig.(AH).
3.31 Theorem 42
(252.26) This theorem has 11 cases, one, if A be taken inside of I': for it is clear, that
also the parallels inside will fall inside of AI'®. But another five are these: if A be taken
outside of I', manifestly the parallel AZ will fall outside of OI'; but AE will fall either
between A and B, or at B, or between BO, or at O, or outside O: for it is not possible
for it to fall outside A; since A is outside of I', and manifestly also the line being drawn
parallel through it to AT'. But if A be taken on the other [parts] of the section, either the
two parallels will be terminated between @, B, or AZ inside ®, but E at ©, or when AZ
likewise remaining outside of ®, will pass through E: but again, when E falls outside, Z
will either fall at ©, so as to be the single straight line '©A, unless, strictly speaking, the
peculiarity of the parallel is preserved then; or Z will fall outside of ®. But it is necessary
in the case of the proof of the final five cases to project AZ right up to the section and the
parallel HI" in this way to make the proof.
(254 .20) But it is possible also think of one other diagram from these things, when-
ever a different point is taken, the original straight lines make the thing being said; but

this is a theorem rather than a case.

3.32 Theorem 43
(254.25) In some copies, the following proof of this theorem appears:
(256.1) For since
rect.(ZI'A) = sq.(I'B),
therefore,
ZI':TB=IB:TA:
and therefore

fig (TZ) : fig(TB) = ZT : TA.
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But
sq.(I'Z) : sq.(I'B) = tri.(EZI) : tri.(AI'B):
therefore
tri.(EI'Z) : tri.(BAI") = tri.(EI'Z) : tri.(ET'A).
Therefore

tri.(ET'A) = tri.(BI'A).

And therefore, as in the case of the hyperbola, convertendo, but in the case of the the
ellipse alternando and separando,

tri.(EZI') : quad.(EABZ) = tri.(ET'Z) : tri(EAZ);
therefore

tri(EAZ) = quad.(EABZ).
And since
sq.(I'Z) : sq.(I'B) = tri.(EZI) : tri.(AT'B),

in the case of the hyperbola, convertendo, but in the case of the ellipse alternando, sepa-
rando, and alternando again,

rect.(AZB) : sq.(BI') = quad.(EABZ) : tri.(BAI).
Similarly also,

sq.(I'B) : rect.(AKB) = tri.(AI'B) : quad. (MABK) :
therefore ex aequali,

rect.(AZB) : rect.(AKB) = quad.(EABZ) : quad.(EABZ).
But
rect.(AZB) : rect.(AKB) = sq.(EZ) : sq.(HK);
and
sq.(EZ) : sq.(HK) = tri.(EAZ) : tri.(HOK) :

and therefore,

tri.(EAZ) : sq.(HOK) = quad.(EABZ) : quad.(MABK).
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Alternando,
tri(EAZ) : quad.(EABZ) = tri.(HOK) : quad.(MABK).
But
tri.(EAZ) = quad (EABZ)* :
therefore also
tri.(HOK) = quad.(MABK).

Therefore the triangle MI'K differs from the triangle HOK by the triangle ABI".

A H

Figure 3.22: Eutocius' Figure for Theorem 43

(258.4) But it is necessary to understand by this proof: for it has a little confusion
in the proportions of the ellipse: in order that we separate the things said together for the
conciseness of the text, for instance--for he says: since

sq.(ZI') : sq.(I'B) = tri.(EI'Z) : tri.(ABI),
and invertendo, convertendo and invertendo again,
sq.(BI') : sq.(I'Z) = tri.(ABI) : tri.(EZT).
Convertendo, as the square on BI is to the rectangle AZB, that is, the excess of the square
on I'B to the square on I'Z on account of I" being the midpoint of AB, so too is the triangle
ABI to the quadrilateral ABZE:
sq.(BI') : sq.(AZB) = tri.(ABI') : quad.(ABZE).

#IThis was shown previously.
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So invertendo,
rect.(AZB) : sq.(BI') = quad.(EABZ) : tri.(ABI).

(258.17) In the case of the hyperbola, it has eleven cases, as many as the one before
it had for the parabola, and another one, whenever the chosen point H be the same as E:
for then, it follows that the triangle EAZ together with the triangle ABI is equal to the
triangle I'EZ: for the triangle EAZ has been shown equal to the quadrilateral ABZE, but
the quadrilateral ABZE exceeds the triangle I'ZE by the triangle ABI'". But in the case
of the ellipse, either H is the same as E or is taken outside of E: for it is clear, that both
the parallels will fall between A, Z, as it is in the text. But if H be taken outside of E,
and the line from it parallel to EZ falls between Z, I', the point ® makes five cases: for
either it falls between A, B or at B or between BZ or at Z or between Z, I'. But if the
parallel to the ordinate through H intersects at the center I', the point ® will again make
another five cases in the same manner: and it is necessary, pertaining to this, to point out
that the triangle being formed from the parallels to EA, EZ is equal to the triangle ABI™:
for since it is, that

sq.(EZ) : sq.(HI') = tri.(EAZ) : tri.(HOT),
for they are similar, but
sq.(EZ) : sq.(HI') = tri(BZA) : rect.(BI'A),
that is, the square on BI'; therefore
tri.(EAZ) : tri.( HOT") = rect.(BZA) : sq.(BI):
But as the rectangle BZA is to the square on BI', so too it has been shown that the quadri-
lateral ABZE is to the triangle ABI': and therefore
tri(EAZ) : tri.(HOT) = quad.(ABZE) : tri.(ABI'):

And invertendo. But it is also possible for those saying these things to show them in
another way, that in the case of the double, parallelograms themselves, these things have
been shown in the scholia to the forty-first theorem.

(260.23) But if the line being drawn through H parallel to EZ falls between I', A, it
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will be projected until I'E intersects it; but the point @ will make 7 cases: for it is either
between B, A, or falls at B, or between B, Z, or at Z, or between Z, I', or at I', or beween
I', A: and in these cases it follows that the difference between the triangles ABI', HOK
forms a smaller triangle on the line segment AB by the line AT being projected*?.

(262.7) But if H be taken on the other parts of the section, and the line from H
parallel to EZ falls between B, Z, it will be projected on account of the proof, until it cuts
AT’; but the point @ will make seven cases: either it is between B, Z, or falling at Z, or
between Z, I', or at I', or between I', A, or at A, or beyond A. But if the line through H
parallel to EZ falls at Z, so that EZH is one straight line, the point ® will make five cases:
for either it will fall between Z, I, or at I', or between I', A, or at A, or beyond A. But if
HK falls beyond Z, T, the point © will make five cases: for it will fall either between Z,
I',oratI', or between I', A, or at A, or beyond A. But if HK intersects the center I', the
point © will make three cases: it falling either between I', A or at A or beyond A: and
in these cases it will again follow that the triangle HOK becomes equal to the triangle
ABT'. But if HK falls between I', A, the point ® will fall either between I', A, or at A,
or beyond A.

(262.28) So it follows in the case of an ellipse that there are forty-two cases in all,
and in the case of the perimeter of a circle the same number; so that there are, all told, 96

cases of this theorem.

3.33 Theorem 44
(264 .4) [So since the opposite sections are ZA, BE, whose diameter is AB, but
the line through the center [is] ZI'E and the lines ZH, AE are tangent to the sections,
ZH is parallel to EA.] For since AZ is a hyperbola, and ZH is tangent, and ZO is an
ordinate, the rectangle OI'H is equal to the square on I'A by the thirty-seventh theorem:
and indeed similarly, the rectangle ZT'A is equal to the rectangle I'B. Therefore it is, as

the rectangle OT'H is to the square on AT, so too is the rectangle ZI'A to the square on

4.e. we've made a triangle on the segment AB, whose third vertex is on the line segment AT
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BI', and invertendo, as the rectangle OI'H is to the rectangle ZI'A, so too is the square
AT to the square I'B. But the square on Al is equal to the square on I'B: therefore also
the rectangle OI'H is equal to the rectangle ZEI'A. And OT is equal to I'=: therefore also
HI is equal to I'A: but also, ZI" is equal to I'E by the thirtieth theorem: therefore the
[sections] ZI'H are equal to the [sections] EI'’A. And equal angles are at I': for it is at a
vertex, so that also ZH is equal to EA and the angle I'’ZH is equal to the angle 'EA. And
they are alternate angles: therefore ZH is parallel to EA.

(264.22) There are twelve cases of it, just as there are in the case of the hyberbola
in the thirty-third theorem, and the proof is the same.

3.34 Theorem 45

(264.25) It is necessary to understand that this theorem has very many cases. For
in the case of the hyperbola there are twenty: for the point chosen instead of B is either
the same as A or the same as I': for then it follows that the triangle on A®, similar to
the triangle I'’AA, is the same as the triangle being cut by the parallels to AAI'. But if
B be chosen between A, I', and A, A be beyond the endpoints of the second diameter,
three cases occur: for Z, E are carried beyond these endpoints or at them or before them.
But if the points A, A be at the endpoints of the second diameter, the points Z, E will be
carried inside. But similarly also if B be chosen beyond I'**, and OT is projected to T, it
follows that another three cases thus arise: for when the point A is carried either beyond
the endpoint of the second diameter or at it or before it, the point Z similarly being carried
will make these three cases. But if the point B be taken on the other parts of the section,
I'® will be projected to ® according to the proof, but BZ, BE make three cases, since the
point A is either carried to the endpoint of the second diameter, or beyond it, or before it.

(266.21) But in the case of the ellipse and the perimeter of the circle, we will say
nothing complicated, but only so much as was said in the preceding theorem: so that there

are 104 cases of this theorem.

43Heiberg notes that there is a serious textual issue here, and so this translation should be treated as
tentative pending review of the manuscripts.
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(268.1) But the proofs of the protasis are possible also in the case of the opposite

sections.

3.35 Theorem 46
(268.4) This theorem has many cases, which we will show, paying attention to those
of the forty-second [theorem].
(268.6) For the sake of an illustration, if Z falls at B, we will obviously say: since
BAA is equal to ©BAM, let the common part NMAB be be subtracted: therefore the

remainder ANM is equal to the remainder NOB.

A~
C) r < M
A//
B\ A
A~
C) K r 4 M
//
A// =
B\ A
Z

Figure 3.23: Eutocius' Figures for Theorem 46

(268.10) But in the case of the remaining, we will say: since AEA is equal to
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OBAM, that is to KHAM and HZE, that is to ZKN and NEAM, let the common part

NEAM be subtracted: therefore also the remainder ANM is equal to the remainder KZN.

3.36 Theorem 47

(268.15) This theorem has cases with respect to the hyperbola, as many as the pre-
ceding theorem had for the case of the parabola, but we will show the proofs of them,
paying attention to the cases of the forty-third, but also in the case of the ellipse, we will
show the proofs from the cases of the forty-third theorem, for instance in the case of the
diagram below, with the point H having been taken outside. Since the triangle AAT is
equal to the triangles OHQ, QAM, that is to the triangles OGOI', OHM, but both the
triangle ZI1I" and the quadrilateral AAIIZ are equal to the triangle AAT, that is the tri-
angle NOII by what was shown in the forty-third theorem; and therefore the triangles
ZIIT" and NOII are equal to the triangles OOI" and OMH. Let the common part @ OI'
be subtracted: therefore the remainder ZON is equal to the remainder HOM. And NE is

parallel to MH: therefore NO is equal to OH.

A

Figure 3.24: Eutocius' Figure for Theorem 47
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3.37 Theorem 48
(270.15) And the cases of this theorem are similar to those of the preceding in the

case of the 47th, according to the diagram of the hyperbola.

3.38 Theorem 49

(270.19) [Therefore the remainder, triangle KAN, is equal to the parallelogram
AAIIT". And the angle AAII is equal to the angle KAN: therefore the rectangle KAN is
double the rectangle AAI'.] For let the triangle KAN and the parallelogram AAIII be
set out independently. And since the triangle KAN is equal to the parallelogram AII, let
NP be drawn through N parallel to AK, and let KP be drawn through K parallel to AN:
therefore AP is a parallelogram double the triangle KAN: so that it is also double the
parallelogram AII. Indeed, let the lines AI', AIl be projected to 2, T, and let I'Z be equal
to AI', and IIT to AIl, and let 2T be joined: therefore AT is a parallelogram double AII:
so that AP is equal to AZ. But it is also equiangular to it, by virtue of the angles at A
being vertical: but of the equal and equiangular parallelograms, the sides about the equal
angles are reciprocally proportional: therefore it is, that as KA is to AT, that is A, so
too is AA to AN, and the rectangle KAN is equal to the rectangle AAZ. And since AX
is double AT, the rectangle KAN is double the rectangle AAT'.

K P
A ~ N
r 11
2 T

Figure 3.25: Eutocius' Figure for Theorem 49

(272.17) But if AT is parallel to AIT, and I'TI is parallel to AA, it is manifest that
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AT'TIA is a trapezoid; but I also say, that the rectangle KAN is equal to the rectangle AA
and the sum of I'A, AIL. For if AP be restored, as has been said before, and the lines AL,
AlT also be projected, and I'Z be cut equal to AIT, and IIT be cut equal to AI', and 2T be
joined, the parallelogram AT will be double the parallelogram AII, and the same proof

will suffice. And this will be useful to the following [theorem].

3.39 Theorem 50

(272.28) The cases of this theorem number the same as those of the forty-third, but
also similarly in the case of the fifty-first.

(274.1) To the conclusion.

(274.2) By "the original diameter," he means the section that came into being in
the cone, common to the cutting plane and the triangle through the axis: but he also calls
this the principal diameter. But he also says that all the demonstrated symptomata of
the sections, where we have supposed the principle diameters as in the aforementioned

theorems, are able to occur when all the other diameters are supposed, as well.

340 Theorem 54

(274.11) [And let a plane be erected on AB at right angles to the given plane, and
in it let the circle AEBZ be drawn around AB, so that the section of the diameter of the
circle within the sector AEB has to the section of the diameter within the sector AZB a
ratio not greater than that which AB has to BI'.] For let there be two straight lines, AB
and BI', and let it be required to draw a circle around AB, so that the diameter of it is cut
by AB in such a way that the part of it towards I" has a ratio to the remaining part not
bigger than that of AB to BI'.

(274.22) Now let it be supposed**, and let AB be bisected at A, and through it, at
right angles to AB, let EAZ be drawn, and let it be contrived, that as AB is to BI', so too
is EA to AZ, and let EZ be bisected: it is manifest that, if AB is equal to BI" and EA to
AZ., then A will be the midpoint of EZ; but if AB is bigger than BI" and EA is bigger

4

“i.e. that they have the same ratio.
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than AZ, the midpoint is beyond A, but if AB is lesser than BI', the midpoint is closer.

(276.7) For now let it be beyond, at say H, and with center H and diameter HZ let
a circle be drawn: it is necessary that it will pass through the points A, B, or inside, or
outside. And if it goes through the points A, B, the enjoined would have occured: but let
it fall beyond A, B, and let AB, being projected both ways, intersect the perimeter at the
points ©, K, and let ZO, OE, EK, KZ be joined, and through let MB be drawn through
B parallel to ZK, and let BA be drawn through B parallel to KE, and let MA, AA be
joined: and they themselves will be parallel to Z©, OF on account of AA being equal
to AB, and A® being equal to AK, and ZAE being at right angles to @K. And since the
angle at K is right, and MB, BA are parallel to ZK, KE, therefore the angle at B is right:
and on account of the same things, the one at A is also [right], so that the circle being
drawn about MA will pass through A, B. Let it be drawn as MAAB. And since MB is
parallel to ZK, it is, that as ZA is to AM, so too is KA to AB. Similarly also, as KA is
to AB, so too is EA to AA. And alternando, as EA is to AZ, that is AB to BT, so too is
AA to AM.

Figure 3.26: Eutocius' Figure for Theorem 54
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(278.3) But similarly, even if the circle being drawn about ZE cuts AB, the same
thing will be shown.

341 Theorem 55

(278.6) [And let the semicircle AAZ be drawn on AA, and let some line ZH be
drawn to the semicircle parallel to A®, making the ratio of the square on ZH to the
rectangle AHA the same as that of T'A to the double of AA*. Let there be a semicircle
ABI on the diameter AI', and let the given ratio be that of EZ to ZH, and let it be required
to do the enjoined.

(278.13) Let ZO be supposed equal to EZ, and let ®H be bisected at K, and let
some chance straight line I'B be drawn in the circle in the angle AI'B, and let AX be
drawn through from the center A and at right angles to it (I'B), and being projected, let
it (AZ) intersect the circumference at N, and through N let NM be drawn parallel to I'B:
therefore it will be tangent to the circle. And let it be contrived, that as Z© is to OK, so
too is ME to EN, and let it happen that NO is equal to ZN, and let A=, AO be joined,

cutting the semicircle at I, P; and let [TPA be joined.

Figure 3.27: Eutocius' Figure for Theorem 55

(278.23) Then since EN is equal to NO, and NA is common and orthogonal, there-
fore also AO is equal to AE. But also AII is equal to AP: and therefore the remainder

ITO is equal to the remainder I1Z. Therefore ITPA is parallel to MO. And it is, that as

#j.e. to AB, since in Apollonius' proposition, A is the midpoint of AB.
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Z0 is to OK, so too is ME to NE: but as OK is to ®OH, so too is N= to =O: therefore
by equality, as ©@Z is to OH, so too is ME to EO: invertendo, as HO is to @Z, so too is
OZE to EM; componendo, as HZ. is to Z.0, so too is OZ to ZM, that is, ITA to AP. But
as ITA is to AP, so too is the rectangle ITAP to the square on AP; but the rectangle ITAP
is equal to the rectangle AATI: therefore as HZ is to ZE, so too is the rectangle AAI to
the square on AP. Therefore invertendo, as EZ is to ZH, so too is the square on AP to the
rectangle AAT.
342 Theorem 58
(280.13) And on AE Ilet the semicircle AEZ have been drawn, and in it, let
ZH be drawn parallel to AA, making
sq.(ZH) : rect. AHE) = T'A : double(AE).

For let there be a semicircle ABI', and in it, let there be some straight line AB, and let
two unequal straight lines AE and EZ be given, and let EZ be produced to H, and let it
happen that

ZH = AE,
and let the whole EH be bisected at ®, and let the center of the circle be taken as K,
and from it, at right angles to AB, let a straight line be drawn, and let it intersect the
circumference at A, and through A parallel to AB let AM be drawn, and let KA being
produced, intersect AM at M, and let it have been contrived, that

©®Z:7ZH = AM : MN.

And let

A

[1]

= AN;
and let NK, K= be joined and produced; and let the circle, being completed, cut them at
IT and O; and let OPII be joined.
(282.7) Then since
70 :ZH = AM : MN,



Figure 3.28: Eutocius' Figure for Theorem 58

componendo,

HO : HZ = AN : MN;
invertendo,

ZH : HO = NM : NA.
But

ZH: HE = MN : N

i

so separando,

ZH:ZE=NM:M

[

And since
NA = NE&E,
and AK is orthogonal and common, therefore

KN = KE.

77
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But
KO = KIT also,
therefore N= and OII are parallel. Therefore the triangle KMN is similar to the triangle
OKP, and the triangle KME is similar to the triangle ITPK. Therefore,
KM : KP = MN : PO.

But also,
KM : KP = ME : TIP,
therefore
NM:ME =HZ:ZE = AE : EZ;
but

OP : PII = s5q.(OP) : rect.(OPII);
and therefore
AE : EZ = sq.(OP) : rect.(OPII).
But
rect.(OPII) = rect.(APT).
Therefore
AE : EZ = 5q.(OP) : rect.(APT).
3.43 Eutocius' Epilogue to the First Book
(284.1) In the scholia after the tenth theorem, the aim of the first thirteen theorems
is stated, and in the [scholia] to the sixteenth the [aim of the] following three; but it is
necessary to understand, that in the sixteenth, he says that the line drawn through the
vertex to an ordinate intersects [the ordinate] outside [the section]. But in the eighteenth,
he says that the parallel to any tangent line, being drawn inside the section, will intersect
the section.
In the nineteenth, he says that the line being drawn ordinatewise from some point
on the diameter intersects the section.

In the twentieth and twenty-first, he seeks the ordinates of the sections, how they are
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to one another and how the sections of the diameter being defined by them are in relation
to one another.

In the twenty-second and twenty-third he speaks concerning the straight line inter-
secting the section at two points.

In the twenty-fourth and twenty-fifth, he speaks concerning the straight line inter-
secting the section at one point, that is a tangent.

In the twenty-sixth he speaks concerning the line being drawn parallel to the diam-
eter of the parabola and the hyperbola.

In the twenty-seventh he speaks concerning the line cutting the diameter of the
parabola, that it intersects section in both directions.

In the twenty-eighth he speaks concerning the line being drawn parallel to a tangent
of one of the opposite sections.

In the twenty-ninth, he speaks concerning the line being projected through the center
of the opposite sections.

In the thirtieth, he says that the line being projected through the center of the ellipse
and the opposite sections is bisected*®.

In the thirty-first he says that in the case of the hyperbola, the tangent line cuts the
diameter between the vertex and the center.

In the thirty-second, thirty-third, thirty-fourth, thirty-fifth, and thirty-sixth, he speaks
concerning the tangents, he gives an account of the ratio.

In the thirty-seventh, he speaks concerning the tangents and the ordinates from the
point of contact of the ellipse and the hyperbola.

In the thirty-eighth, he speaks he speaks concerning the tangents of the hyperbola
and the ellipse, how they are in relation to the second diameter.

In the thirty-ninth and fortieth, concerning the same, he gives an account of the

46] e. the the line connecting two points on the sections, through the center, is bisected at the center.
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ratio, seeking the ratios compounded from these*’.

In the forty-first, he speaks concerning the parallelograms being drawn from the
ordinate and the line from the center of the hyperbola and ellipse.

In the forty-second, concerning the parabola, he says that the triangle being formed
from the tangent and the ordinate is equal to the parallelogram having the same height as
it, but having half the base.

In the forty-third, in the cases of the hyperbola and the ellipse, he seeks how the
triangles formed by tangents and ordinates are to one another; in the forty-fourth, the same
for the opposite sections; in the forty-fifth, the same in the case of the second diameter of
the hyperbola and the ellipse.

In the forty-sixth, he speaks concerning the other [diameters] after the principle
diameter of the parabola; in the forty-seventh concerning the other diameters of the hy-
perbola and the ellipse; in the forty-eighth concerning the other diameters of the opposite
sections;

In the forty-ninth he speaks concerning the straight lines to which the straight lines
being drawn ordinatewise to the different diameters of the parabola are equal in square;
in the fiftieth concerning the same thing of the hyperbola and the ellipse; in the fifty-first
concerning the same thing of the opposite sections.

Having said these things, and having appended an epilogue to the things being said,
he shows a problem in the fifty-second and fifty-third, how it is possible to draw the
parabola in a plane.

In the fifty-fourth and fifty-fifth he says how it is necessary to draw the hyperbola;
in the fifty-sixth, fifty-seventh, and fifty-eighth, how it is necessary to draw the ellipse; in
the fifty-ninth he says how it is possible to draw opposite sections.

In the sixtieth he speaks concerning the conjugate sections.

47 e. the diameters of the ellipse and the hyperbola.
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CHAPTER 4
THE DUPLICATION PROBLEM

As in the last section, let us recall that the circle may be thought of as the locus which
finds one mean proportional between two given finite straight lines. This again was well
known even before Euclid, appearing in Elements VI.13. However, a much more difficult
question is the matter of finding rwo means proportional. The desire to find this second
proportional was not merely an attempt at mathematical abstraction; it came from the
desire to solve this problem came from another more practical one: the duplication of the

cube.

4.1 An Historical Overview of the Problem
The problem comes to us via two quotes, both of Eratosthenes. One of the quotes is
given by Theon of Smyrna, the other by Eutocius in his commentary on Proposition 1I.1
of Archimedes' On the Sphere and the Cylinder ([15, 16]). Theon quotes:

Eratosthenes in his work entitled Platonicus relates that, when the god pro-
claimed to the Delians by the oracle that, if they would get rid of a plague,
they should construct an altar double of the existing one, their craftsmen fell
into great perplexity in their efforts to discover how a solid could be made
double of a (similar) solid; they therefore went to ask Plato about it, and he
replied that the oracle meant, not that the god wanted an altar double the size,
but that he wished, in setting them to the task, to shame the Greeks for their
neglect of mathematics and their contempt for Geometry.

Eutocius, however, quotes him thus in a letter to king Ptolemy III Euergetes. Heath
believed this letter to be a forgery; Netz, on the other hand, believes it is genuine.

Eratosthenes to king Ptolemy, greetings.

They say that one of the old tragic authors introduced Minos, building a tomb
to Glaucos, and, hearing that it is to be a hundred cubits long in each directon,
saying:

"You have mentioned a small precinct of a tomb royal;
Let it be double, and, not losing its beauty,
Quickly double each side of the tomb."
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He seems, however, to have been mistaken; for, the sides doubled, the plane
becomes four times!, while the solid becomes eight times. And this was in-
vestigated by the geometers, too: in which way one could double the given
solid, the solid keeping the same shape; and they called this problem "dupli-
cation of a cube:" for, assuming a cube, they investigated how to double it.
And, after they were all puzzled by this for a long time, Hippocrates of Chios
was the first to realize that, if it is found how to take two mean proportionals,
in continuous proportion, between two straight lines (of whom the greater is
double the smaller), then the cube shall be doubled, so that he converted the
puzzle into another, no smaller puzzle. After a while, they say, some Delians,
undertaking to fulfill an oracle demanding that they double one of their altars,
encountered the same difficulty, and that they sent messengers to the geome-
ters who were with Plato in the Academy, asking of them to find that which
was asked. Of those who dedicated themselves to this diligently, and investi-
gated how to take two mean proportionals between two given lines, it is said
that Archytas of Tarentum solved this with the aid of semicylinders, while
Eudoxus? did so with so-called curved lines; as it happens, all of them wrote
demonstratively, and it was impossible practically to do this by hand (except
Menaechmus, by the shortness®, and this with difficulty). But we have con-
ceived of a certain easy mechanical way of taking two proportionals through
which, given two lines, means - not only two, but as many as one may set
forth - shall be found.

Interestingly enough, there is a passage in Plato (Republic VII) that matches these
stories somewhat. While Plato does not specifically mention the cube duplication prob-
lem, he does refer to solid geometry as an area of mathematics not fully explored:

(528.A7) "After plane surfaces," said I, "we went on to solids in revolution
before studying them in themselves. The right way is next in order after
the second dimension to take the third. This, I suppose, is the dimension
of cubes and everything that has depth." "Why, yes, it is," he said; "but this
subject, Socrates, does not appear to have been investigated yet." "There are
two causes of that," said I: "first, inasmuch as no city holds them in honour,
these inquiries are languidly pursued owing to their difficulty. And secondly,
the investigators need a director, who is indispensible for success and who,
to begin with, is not easy to find, and then, if he could be found, as things are
now, seekers in this field would be too arrogant to submit to his guidance. But
if the state as a whole should join in superintending these studies and honour
them, these specialists would accept advice, and continuous and strenuous
investigation would bring out the truth. Since even now, lightly esteemed as

I'Cf. Plato, Meno [17].
2Lamentably, Eudoxus' solution did not pass the scrutiny of Eutocius, who derides it, and thus it does
not appear in his collection of solutions. I suspect, however, that the solution Eutocius had was a corruption

or forgery; though I admit that currently extant texts give no evidence either way.

3A question for future study: what is the "shortness"?
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they are by the multitude and hampered by the ignorance of their students as

to the true reasons for pursuing them, they nevertheless in the face of all these

obstacles force their way by their inherent charm and it would not surprise

us if the truth about them were made apparent." "It is true," he said, "that

they do possess an extraordinary attractiveness and charm. But explain more

clearly what you were just speaking of. The investigation of plane surfaces, I

presume, you took to be geometry?" "Yes," said I. "And then," he said, "at first

you took astronomy next and then you drew back." "Yes," I said, "for in my

haste to be done I was making less speed. For while the next thing in order is

the study of the third dimension or solids, I passed it over because our absurd

neglect to investigate it, and mentioned next after geometry astronomy, which

deals with the movements of solids."

We do know that Archytas' solution was the first, and that it involves a complicated
construction involving the intersection of a torus (really just the top half of one), cylin-
der, and cone; though oddly, the letter here refers to multiple semicylinders, whereas the
construction itself uses only one. Later, Eudoxus' and Archytas' student, Menaechmus,
solved the problem in two ways, by considering the intersections of conics; other authors
solve the problem by means of mechanical arguments that often depend on rulers or the
like. We will consider three solutions: that of Archytas, Eratosthenes, and the first of

Menaechmus. Before this, however, we should examine the relationship of duplicating a

cube and finding two means proportional.

4.2 Reduction of the Problem due to Hippocrates of Chios

As Eratosthenes states in the quote above, Hippocrates of Chios reduced the prob-
lem of finding a duplicate cube into one finding two means proportional. We can see
shadows of it in the propositions of Elements XI, echoing, in a way, similar propositions
in Elements V1. For example, Euclid demonstrates in VI.1 that "triangles and parallelo-
grams which are under the same height are to one another as their bases," and in VI.19-20,
he shows that "similar triangles are to one another in the duplicate ratio of the correspond-
ing sides." Of course our problem is about cubes, but this is dealt with firmly by X1.32 and
33, which are, in a sense, parallels of VI.1 and VI1.19-20, respectively. XI.32 states that
"parallelepipedal solids which are of the same height are to one another as their bases,"

while XI.33 states that "Similar parallelepipedal solids are to one another in the triplicate
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ratio of their corresponding sides."

In our case, the two parallelepipedal solids are cubes, which are clearly similar to
one another. It would be worth noting Euclid's porism to XI.33, which states that "from
this it is manifest that, if four straight lines be [continuously] proportional, as the first is
to the fourth, so will a parallelipipedal solid on the first be to the similar and similarly
described parallelepipedal solid on the second, inasmuch as the first has to the fourth the
triplicate ratio of that which it has to the second." The last part is really just V. def. 10. In
symbols, if we have that A: B=B :I'=1": A, then the cube on A is to the cube on B as A
is to A. In the case of our duplication, we should take A to be double A, so that the cube on
B is double the cube on A. Thus duplicating the cube requires finding the magnitudes B
and I'. (It should be noted that finding one immediately gives the other, since the problem
then is to find a single mean proportional). For the similar case within Euclid's books on
number, c¢f. Elements VIII.19.

4.3 Finding Two Means Proportional

Elements X1.33 shows us that the matter of duplicating a cube is equivalent to that of
finding two means proportional. (Pseudo?) Eratosthenes puts it quite right: Hippocrates
exchanged one puzzle for another no less difficult. Eutocius, fortunately, collected to-
gether many ancient solutions to the problem, beginning with Archytas and ending with
Pappus, in his commentary to II.1 of Archimedes' On the Sphere and the Cylinder. The
variety of different solutions itself is striking: we have everything from a "standard" con-
struction involving conics to excerpts from a work by Hero on the construction of missile-
throwing machines to solutions so beautiful to their discoverer (Eratosthenes) that they
write in epigrams and attach a model of the mechanical apparatus to a pillar dedicated to
King Ptolemy. I do find it quite interesting that two solutions (Hero's and Eratosthenes')
make explicit reference to the military sciences. And if we are to believe Eratosthenes, it
should not be surprising that an air of mysticism and divinity should pervade the subject.

For Archytas and the lot, having by their various means solved the problem, have fulfilled
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the demands of the Delians by their oracle. Indeed, even, they have done the work of God
himself! For if we read the Timaeus ([18]),

...God placed water and air in the mean between fire and earth, and made them
to have the same proportion so far as was possible (as fire is to air so is air to
water, and as air is to water so is water to earth); and thus he bound and put
together a visible and tangible heaven. And for these reasons, and out of such
elements which are in number four, the body of the world was created, and it
was harmonised by proportion, and therefore has the spirit of friendship; and
having been reconciled to itself, it was indissoluble by the hand of any other
than the framer.

4.4 Menaechmus' Solutions
The solutions are in an analysis-synthesis form. First we suppose that the solution
has been found, and then investigate necessary conditions. Then we reverse the process
to construct the solution in a rigorous way. Modern mathematicians do the same thing, if
not explicitly: consider, for example, how we "find" the necessary ¢ in a proof involving

limits.

Menaechmus' First Solution
Analysis. Let the two given magnitudes be A, E. Suppose that the two means
proportional have been found, say, B, I'. Thus
A:B=B:I'=T:E
In particular, A : B=B : I, so that
rect.(A,I') = sq.( B).
Let the line AH be set out, and at A , let AZ be set equal to I', and let Z© be constructed
at right angles to AZ and equal to B. Hence it follows that
rect.(A,I') = sq.(Z0O).
Therefore the point © is on a parabola through A (i.e. with vertex A) with a parameter
(or latus rectum) A [Conics 1.11].

Let now AK, OK be drawn as parallels (to ©@Z, AZ, respectively). Again, by
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hypothesis,
A:B=B:T'=T":E,
so that in particular,
A:B=T:E,
whence
rect.(A, E) = rect.(B, I).
But by hypothesis, B =70, = AZ, and ZO is perpendicular to AZ, it follows that
rect.(A, E) = rect.(B,I') = rect.(AZ, Z0O).
Therefore © is on a hyperbola with asymptotes KA, AZ [Conics 11.12]. Since © is now
given, being the intersection of a parabola and an hyperbola, Z is now also given. Hence

both B, I" are now given.

ARBE

A z

Figure 4.1: Menaechmus' First Solution

Synthesis. Let again the two given lines be A, E. Let AH be drawn, limited at A (so that
H can be as far as needed from A). With A as vertex, and AH as axis, let a parabola be
constructed whose parameter (latus rectum) is A (the construction of a parabola given the
parameter is provided in Conics 1.52). Let this parabola be A®, and let AK be drawn at
right angles to AZ. Now let an hyperbola be drawn with KA, AZ as asymptotes, and on
this hyperbola, the lines drawn parallel to KA, AZ make the rectangular area contained by
them equal to the rectangle contained by the given lines A, E (Conics 11.12). Therefore

also the hyperbola will cut the parabola; let this happen at ®. Now let KO, @Z be drawn
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as perpendiculars. Since O is on the parabola, we know that

$q.(Z0O) = rect.(A, AZ),

and thus
A:7Z0O =0L:ZA.
Also, since
rect.(A, E) = rect.(OZ,ZA),
we have
A:7Z0 =Z7ZA:E.
But then

A:7ZO =0OZ:ZA=7ZA E.
Letnow B=0©Z, and I' = AZ, so that
A:B=B:T'=T":E,

which it was required to find.

Menaechmus' Second Solution
Analysis. Let the two given lines be AB, BI', at right angles to one another, and let
the means be AB, BE, so that
I'B: BA =BA:BE = BE : BA.
Let also AZ, EZ be drawn at right angles [to each other, and also to the given lines AB,
BI). Since I'B : BA = BA : BE,
rect.I'B, BE) = sq.(BA)
= sq.(EZ).
Therefore Z lies on a parabola with axis BE, parameter BI', and vertex B.
Similarly, since BA : BE = BE : BA,
rect. AB,BA) = sq.(BE)
= sq.(AZ).

Therefore Z also lies on a parabola with axis BA, parameter AB, and vertex B. But since
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it also lies on the other parabola, with the same vertex, axis BE, and parameter BI', the

point Z is given. Therefore the means, EB and BA, being perpendiculars, are also given.

E Z
A B A
r

Figure 4.2: Menaechmus' Second Solution

Synthesis. Let again the given lines be AB, BI', set out at right angles to each other. With
axis BI" produced, vertex B, and parameter AB, set out a parabola. Similarly, with axis
AB produced, vertex B, and parameter BI', set out a second parabola. By construction,
they will meet, for their axes are perpendicular and they share a common vertex. Let
them meet at Z. Let EZ be drawn parallel to AB produced, and also ZA parallel to I'B
produced. Now since Z is on each parabola, we have

rect.(I'B, BE) = sq.(EZ)

and
rect.(AB, BA) = sq.(AZ).
Therefore
AB:AZ =AZ:BA
and

I'B: EZ =EZ:BE.
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But EZ is equal to BA, so invertendo,
BE : BA = BA: I'B,
whence
AB:EB =EB:BA =BA:IB,
which it was required to find. [Note the uses of Conics .11 and 1.52.]
4.5 Eratosthenes' Solution

Eratosthenes' solution involves the motion of three rectangles in the plane. But
it is best to imagine the solution having a third dimensional component, albeit small.
Netz suggests we imagine each rectangle as a door*. The object is to find the two means
between AE and OA, and the solution will result by moving the doors into a certain
position.

We begin with three rectangular doors, AZ, AH, and 1O, with the diagonals also
connected and parallel. The middle door will remain fixed, but the other two may move
over one another, with door AZ on top, door AH in the middle, and door I® at the bottom.
They still should be regarded as on the same plane, however, as if the doors themselves
are made of exceedingly thin paper. Define the point B to be where the right hand edge of
door one meets the diagonal of door two; so that B starts as A. Similarly, the point I' is the
intersection of the right hand edge of door two with the diagonal of door three; again, I
starts as [. By moving the right hand door left, and the left hand door right, the segments
AB, BI', and I'A will eventually all be colinear, forming the straight line ABI'AK, with
point K the intersection of that line with the line EQ®.

Once the doors and lines are in this configuration, we are left with a series of similar
triangles. The desired means then are ZB and HI'. So by similar triangles,

AK:KB =EK: KZ =Z7K : KH.
Similarly,

BK:KI'=Z7K : KH = HK : KO.

“I have produced an interactive diagram for the case of three doors. The Processing source code is
included with this thesis.
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E z H © E z H (C] K

Figure 4.3: Eratosthenes' "Moving Doors" Solution

But
ZK :KH = EK : KZ,
therefore also

EK:KZ =7K:KH = HK : KO.

But

EK:KZ = AE :BZ,
and

ZK :KH =BZ:TH.
And

HK:K® =TH : AG,
therefore

AE:ZB=7B:TH=TH:AO,
which was enjoined.

The usefulness of Eratosthenes solution goes further, though. For if it is enjoined
to find any number of means proportional, say n, then it suffices to carry out a similar
procedure with n 4 1 doors instead. The doors all are of course the same, with parallel
diagonals, so that the argument reduces to a multitude of similar triangles, all sharing the
vertex K.

The letter goes on to give a briefer description of the proof, which appeared on the

pillar he dedicated to King Ptolemy III. He also mentions that this task will find multiple
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means, again, by using one more "door" than means required. And lastly, he gives an
epigram, which was also on the pillar. Netz' analysis of it indicates a fusion of literary
style; mathematical and epic, in a sense. I reproduce the epigram below for the benefit of

the reader:

Ei ®0Bov £E OAiyov Sumhfiolov, yadé, Tevyewy
doatean 1) otepenv maoav g AALO GOV

g0 peTapoopdoat, TOde ToL hoa, ®av o0 ye udvdonv
1] ooV 1] noihov poetatog eVEL ®TOG

™0’ dvapetpnooo, HEoag OTE TEQUAOLY ArQOLG
ovvopouddag dLooMV £VvIOg EANG rAVOVMV.

unde o0 v’ Agydtew dvoufyova £oya UMvOQwV
unde Mevouy uetoug *mwvoTopelv ToLdoog

ognon, id’ el © Beovdéog EVdOE0L0

ROUTOAOV £y YOOUUaS EIO0C AvayQddeTaL.

TOloOE YAQ €V TVAXEOOL LECOYQOPA LVQiaL TEVYOLG
0€td nev éx mavov TUOUEVOS QY OUEVOC.

evaimv, [Ttolepaie, matn OtL Todl ouvnPov

avO’, doa xal Movoaig xal faotledor Gpiha,

aUTOG €dWENOW: TO &’ € VOoTEQOV, OVQEAVLE ZeD,

1OL OXNTTTQWV €% OT|S AVTLAOELE XEQOC.

7Ol TA PEV G TEAEOLTO, AéYoL O€ TIg dvOepo Aeoowv
o Kupnvaiov todt’ "Egatocbéveoc.

If you plan, of a small cube, its double to fashion,

Or - dear friend - any solid to change to another

In Nature: it's yours. You can measure, as well:

Be it byre, or corn-pit, or the space of a deep,

Hollow well. As they run to converge, in between

The two rulers - seize the means by their boundary-ends.
Do not seek the impractical works of Archytas'
Cylinders; nor the three conic-cutting Menaechmics;

And not even that shape which is curved in the lines

That Divine Eudoxus constructed.

By these tablets, indeed, you may easily fashion -

With a small base to start with - even thousands of means.
O Ptolemy, happy! Father, as useful as son:

You have given him all that is dear to the muses

And to kings. In the future - O Zeus! - may you give him,
From your hand, this, as well: a sceptre.

May it all come to pass. And may him, who looks, say:
"Eratosthenes, of Cyrene, set up this dedication."

The epigram does raise in my mind several questions. Why does Eratosthenes again

mention the cylinders of Archytas, when in fact only one cylinder is explicitly mentioned
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in his solution? We might imagine a second (semi)cylinder, which has the same radius
and axis as the cone of his construction, but Archytas makes no mention of it whatsoever
(as we shall see). He also refers to three conic-cutting Menaechmus; perhaps he is not
explicitly referring to Menaechmus' two constructions, neither of which make use of the
ellipse. And what does he mean by the lines that Divine Eudoxus constructed? Indeed,
there is some dissonance here with what Eutocius himself says, for Eutocius explicitly
excludes Eudoxus' solution on the grounds that it does not actually use curved lines, and
falsely that a discrete proportion is a continuous one’. Netz, however, refers to the Eu-
doxus to whom Eutocius refers as pseudo-Eudoxus, apparently, then, believing that the
proof Eutocius examined was a forgery. Unfortunately, of course, we do not have this
proof of (pseudo?)-Eudoxus, and Netz says nothing further on the matter.
4.6 Archytas' Solution

Archytas' solution is quite a bit more bold, perhaps not surprisingly, given that it
is the first known solution. It involves the following parts: a triangle, which rotates and
thus sweeps out a cone; a semicircle, which rotates around one of its vertices, sweeping
out a torus with no middle hole; and a cylinder. The rotating figures intersect the cylinder,
forming two curves, which themselves intersect at a special point of consideration.®

Let the given straight lines be AA and I', and let a circle be described with diameter
AA in the plane of reference. Let a point B be taken on the circle, and let AB be joined, so
that AB is equal to I'. Let AB be produced to I1, and the line ITAO be made tangent to the
circle at A. Through B, let the straight line BEZ be drawn perpendicular to the diameter
AB, with Z on the circumference of the circle. With diameter AA, let a semicircle be
constructed in the plane through AA which is perpendicular to BEZ. Lastly, let a right

cylinder be constructed on the circle AA.

SNetz suggests that Eutocius means that Eudoxus gave a proportion of the form a : b= c : d instead of
onelikea:b=b:c=c:d.

I have produced an animated 3D diagram of his construction. The Processing source code is attached
to this thesis.
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Now the motion begins. Let the triangle IIAA be rotated about the side AA. Its
intersection with the cylinder as it moves traces out a curved line ("Eugene's Line," under
Netz's explanation), which starts at B and moves upwards, eventually to a point above
A, and then falls back in the same manner towards Z. The semicircle rotates about the
point A, sweeping out a torus; its intersection with the cylinder traces another curved line
("Tatiana's Line") which starts at A and moves upwards, before falling again to rest at A.
These two curves will intersect at a point, say K. Let this occur when the triangle is in
position AAA, and when the semicircle in the position AAK. Let the semicircle intersect
the base circle at I . Now the motion of the point B sweeps out a semicircle on the cone.
Let this semicircle intersect the other at M. Lastly, let KI and MI be joined, and let M©®

be produced through M and fall perpendicularly to ©, the intersection of Al and BZ.

Figure 4.4: Archytas' Solution

The line KI, being on the cylinder, is perpendicular to the base plane. It is therefore

parallel to the other perpendicular, M®. Now
rect.(BO,0Z) = rect.(A®, OI) (ElementsI11.35)

= sq.(MO) (Elements 111.31, V1.8).
Imagine a semicircle with diameter Al. Since M® was set up perpendicular to the plane,
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and rect.(A®, OI) = sq.(MO), it is the case that the point M is actually on such a semi-
circle. Therefore the angle AMI is right. For the same reason, the angle AKA is right,
so that the lines KA and MI are parallel. Therefore each of the triangles AMI, MI®, and
MAG® are similar. On account of this,
AA: AK = KA:AI
= [A: AM
Therefore
AA : AK = AK: Al = Al: AM.
But AM is equal to AB, since the cone is right, whence
AA : AK = AK: Al = Al: AB.
But AB was constructed equal to I', so
AA: AK=KA: Al =AI:T;

and that which was enjoined has been done.
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CHAPTER 5
ON COMPOUND RATIOS

5.1 Introduction

In this chapter, I wish to revisit some of the issues surrounding compound ratios,
specifically those discussed by Ken Saito in Compound ratio in Euclid and Apollonius
([26], itself building upon [25]). His paper, as the title indicates, examines the role of
compound ratios both in the Elements and Data of Euclid, along with the Conics of Apol-
lonius and selections from the Collection of Pappus. Throughout it, Saito shows how we
should not think that compounding ratios, at least in his source texts, should be thought
of in some sort of algebraic way. In my own studies of compound ratios, I began to
look towards other authors, specifically Eutocius, who provides commentaries to both
Archimedes' On the Sphere and the Cylinder and the aforementioned Conics. While it is
certainly true that Eutocius is quite a late author within the timeline of Greek mathematics,
his commentaries of the Conics certainly played a role in the transmission of the Greek
text, and so it should be studied together the "older" text of the Conics itself and other
"old" mathematical works. Saito's paper even invites this revisiting; he concludes with a
citation of Archimedes' use of compound ratios in the analysis of SC 1.4, saying:

I believe more overlooked peculiarities remain in ancient theories con-
cerning geometric magnitudes. I have establised only one example of the in-
adequacy of the algebraic interpretation. Further reexamination of the ancient
technique concerning geometric magnitudes is needed to understand Greek
mathematics in the proper sense of the word.

By examining compound ratios as seen in Eutocius, I am to add to the discussion
begun by Saito.

In my study of Eutocius' commentary to Conics I, I came upon his discussion of
compound ratios. This in itself is nothing noteworthy, but the processes of translating this

commentary led me to consult the Greek (and Netz' translation) of Eutocius' commentary

on The Sphere and the Cylinder. At first glance, the very passage on compound ratios
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in Eutocius' commentary of Conics 1.11 is, mutatis mutandis, that which appears in his
commentary of On the Sphere and the Cylinder 11.4. This I endeavor to analyze and
compare the two passages to discover exactly what these differences are.

It should be noted however that a comparative analysis of the two passages already
exists: given by Knorr in chapter 7 of Textual Studies in Ancient and Medieval Geom-
etry ([7]). However, the purpose of his analysis is not strictly speaking to compare Eu-
tocius' two works together or to concentrate on compound ratios in them. Instead, he
seeks to refute the thesis of J. Mogenet, expressed in his /'Introduction a l'Almageste,
that the unattributed text Introduction to the Syntaxis is a work of Eutocius. Part of this
unattributed text deals with compound ratios; Knorr observes that the style and mathemat-
ical understanding displayed by the author just does not fit with Eutocius' two passages.
In doing so, he places Eutocius' passages side-by-side and compares the flow of the pas-
sage in the Introduction with them. Part of my analysis will concentrate on just the parts
of Knorr's analysis concerning Eutocius himself; in doing so, exploring a new direction
with Knorr's analysis as a foundation.

I this begin with a look at how compound ratios are used in several Hellenistic

authors, specifically Euclid, Archimedes, and Apollonius.

5.2 Compound Ratios as Used in Hellenistic Authors

5.2.1 Euclid

The notion of compounded ratios only appears twice in the Elements. In V1.23,
Euclid proves that equiangular parallelograms are to one another in the ratio compounded
out of the ratios of their corresponding sides; VIIL.5 is an analogous proposition for the
case of numbers. Disturbingly, nowhere is the idea of compounded ratios explicitly de-
fined', though it could be regarded as a generalization of the duplicate and triplicate ratios.
Euclid defines these concepts as follows:

V def. 9: When three magnitudes are proportional, the first is said to have to

T At least in the non-Theonine editions of the Elements. We shall address this soon.
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the third the duplicate ratio of that which it has to the second.

V def. 10: When four magnitudes are [continuously] proportional, the first is
said to have to the fourth the triplicate ratio of that which it has to the second,

and so on continually, whatever be the proportion.

In symbols, if we have that A : B=B : ' =1": A, then the ratio A : I is said to be
the duplicate ratio of A : B; similarly, the ratio A : A is the triplicate ratio of A : B. The
first definition is used in Elements VI1.19, for example, to prove that similar triangles are
to one another as the duplicate ratio of their corresponding sides. Euclid extends this in
VI1.20 to any pair of similar rectilineal figures, by virtue of dividing the rectilineal figures
into two set of similar triangles, equal in multitude, and applying VI.19.

Moving on to VI.23, we see the debut use of the idea of compounded ratios. In
this proposition, as we have said, Euclid proves that equiangular parallelograms have to
one another the ratio compounded of the ratios of their sides. That is, if we have two
equiangular parallelograms, ABI'A and 'EZH, then

plig.(ABI'A) : plig(TEZH) = (AB : TE)comp. (BI': TH).

Figure 5.1: Elements V1.23

Now if it so happened to be the case that the parallelograms ABI'A and 'EZH
were also similar, so that AB : BI'=T'E : EZ, then VI.20 applies, so that
pllg.(ABT'A) : plig( TEZH) = dup.(AB : TE).
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But similar parallelograms are in particular equiangular, so the conclusion of VI.23 still
applies. Hence VI.11 yields that

dup.(AB : TE) = (AB : TE)comp. (BI' : TH).
But because the parallelograms are supposed similar, alternando, AB : I'E = BI'" : EZ.
And EZ =TH, so that AB : T'E = BI' : I'H. Hence

dup.(AB : TE) = (AB : TE)comp. (AB : TE).
For this reason we should see the ratio compounded of two ratios as a generalization of a
duplicate ratio; a similar argument using XI.33 shows that the ratio compounded of three
ratios is a generalization of a triplicate ratio. This may be a reason why Euclid never
formally defines compound ratio, taking it to be such a generalization of duplicate and
triplicate ratios.

Saito, however, gives a reconstructed definition of compounded ratios, saying?

(1) Let A, B, C be magnitudes of the same kind. The ratio A : C is said to be
compounded out of the ratios A : B and B : C.
(2) Further, if A: B=D:Eand B: C=F: G then A : C is said to be

compounded of D: Eand F : G.

The first definition is close in spirit to the case of duplicate ratios, though notice that
it is not assumed that A : B = C : D, only that they are two arbitrary ratios. If they are
proportional, however, then the compounded ratio that Saito gives corresponds precisely
to the duplicate ratio. In the second definition, the special case when B : C = E : F yields
that A : C =D : F ex aequali. Therefore we note that D : F, and hence A : C, are each the
ratio compounded out of the ratios D : Eand E : F.

Saito observes that Euclid really never uses compounded ratio in the Elements, even
though VI1.23 and XI1.33 are about compounded ratio. And in the Data, he points out that
in situations that could involve compounded ratio, Euclid prefers instead to reduce the

matter to linear ratios by means of the application of areas. This method is first apparent

2 have preserved Saito's Latin letters in this quote.
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in VI.19, where Euclid introduces a mean proportional between in order to move the
given problem (about ratios of areas) to a question about linear ratios. This, of course,
is necessary under his definition of duplicate ratios, since he needs a proportion of three
terms in order to invoke the definition. While VI.19 by itself would not by itself to point
to an aversion on the part of Euclid for using compounded ratios, Saito argues that it is the
case throughout the Data that Euclid uses a method of reduction to linear ratios instead

of compounded ratio.

5.2.2 Apollonius and Archimedes

The next question, of course, is what about Apollonius? To what extent did he use
compounded ratio or this Euclidean method of reduction to linear areas? For it certainly
is the case that compounded ratio appears quite often in Conics 1, as early as, for example,
1.12 (the hyperbola). But Saito argues that compounded ratios here are not truly part of
Apollonius' analysis; rather, he contends, Apollonius uses compounded ratio as a way to
simplify arguments and expressions, where other more cumbersome expressions (such as
the use of ratios ex aequali) would be needed. But in terms of the analysis, at least for
1.41-43, Saito argues that Apollonius followed Euclid in using a reduction to linear ratios.

He contrasts this Euclidean and Apollonian aversion to compounded ratio with Pap-
pus, who writing much later, makes far more extensive use of them. In fact, Saito says
that Pappus uses compounding as an operation of sorts on ratios, and thus his arguments
do have a quasi-algebraic feel that is not present in those of Euclid or Apollonius. Inter-
estingly enough, Saito mentions in a footnote that compounded ratios are indispensable
in Archimedes' analysis in On the Sphere and the Cylinder 11.4, but nothing more on the
matter is said. Fortunately we now have Netz. He also relegates the point to a footnote,

though a quite interesting one:

The operation of "composition of ratios" was never fully clarified by the
Greeks: see Eutocius for an honest attempt.

And later, in his translation of Eutocius' commentary, he adds (in another footnote):



100

What Eutocius says is that as far as the mathematical consensus is concerned,

Archimedes' argument [SC I1.4] is clear and even obvious. However, since

the mathematical consensus itself seems to be at fault here, a commentary is

required. First we had a spirit of philological enterprise, in the catalogue of

two means proportionals [Eutocius' commentary to SC II.1], and now a math-

ematical independence. Eutocius has grown considerably since the commen-

tary to the first book. The composition of ratios is indeed a sore point in Greek

mathematics: let's see how much sense he will make out of it (Eutocius him-

self clearly was happy with his own discussion, and he has recycled it in his

later commentary to Apollonius' Conics, II. pp. 218 {f.).
And so the discussion comes full circle. If anyone would have a clear idea as to the
matter of compounded ratios, it should be Eutocius, who writes by far the latest. The fact
that he understands Archimedes well enough to write a valuable commentary must mean
that he in particular understood Archimedes' use of compounded ratios. But Netz says
that he wrote his commentary to On the Sphere and the Cylinder before his commentary
on Conics. And as Netz also says, the character of Eutocius' commentary grows from
the commentary on SC I to that on SC II. But as Eutocius' commentary on the Conics
is, beyond a few fragments untranslated by others, and my own translation does not yet
extend beyond Eutocius' introduction, we are left at the moment with a profound and

open question. Just what does Eutocius say about compounded ratios? Just what is the
definition of compound ratio?
5.3 The Definition in Theon's Edition of the Elements
As I mentioned above, compound ratio is not defined in the non-Theonine editions
of the Elements. By this, I mean editions which do not descend from the edition of Theon.
The manuscript tradition, though, is quite a mess. See Heath and Heiberg for details of
the manuscript tradition of the Elements, and Cameron ([1]) for details on the practice of

editing mathematical texts.

5.3.1 Theon's Definition
In Theon's edition, we do have the following (as VI def. 5: bracketed in Heiberg,

absent from the Green Lion edition):
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A ratio is said to be compounded of ratios, whenever the sizes of the ratios,
having been multiplied into themselves, produce something.

AOYog e AMOywv ovyretoBou Aéyeton, dtav ai TV AMOywv TINAROTNTES

¢d’ Eavtag moAamhaolaodeloat oot Tva.

In many respects, this definition is disappointing, since it seems to raise more ques-
tion than it answers. What precisely are the sizes (ai TMx0oTNTEQS) Of the ratios, how are
they multiplied into themselves (moAlamlaciaoBeioat), and just what something (tiva)
do they produce? The definition is inherently non-geometric, and feels completely out
of place given the context of Book VI. It would make much more sense if it appeared in

Book V, given the nature of that book; however, since it is first used in Book VI, perhaps

Theon felt it to the be appropriate place for the definition.

5.3.2 Theon's Impact on Eutocius

It is to be noted that Theon wrote earlier than Eutocius, and by a sufficient amount
that it is most likely that Eutocius thought Theon's edition was the Elements. Eutocius
deals with compound ratios twice in his works; the first being in his commentary on On
the Sphere and the Cylinder, the second being that on the Conics. In the next section, |
will show what Eutocius says on the matter in each case, and the combined weight of his

words in both commentaries will show the influence that Theon had on Eutocius.
5.4 Further Definitions: Exposition and Analysis

Each subsection here will present original source material (in translation). I post-

pone discussion until the next major section.

54.1 Eutocius' Exposition in his Commentary on On the
Sphere and the Cylinder

"Now since the ratio of PA to AX is combined of both: the ratio <ratio> which
PA has to AA, and <of> AA to AX." It is obvious that, once AA is taken as a mean,

the synthesis of ratios is taken (as this is taken in the Elements, too). Since, however,



102

the discussion of the subject has been somewhat confused, and not such as to make the
concept satisfactory, (as can be found reading Pappus and Theon and Arcadius, who, in
many treatises, present the operation not by arguments, but by examples), there will be no
incongruity if we linger briefly on this subject so as to present the operation more clearly.

So: I say that if some middle term is taken between two numbers (or magnitudes),
the ratio of the initially taken numbers is composed of the ratio, which the first has to the
mean and of the ratio which the mean has to the third.

So first it aught to be recalled how a ratio is said to be compounded of ratios. For as
in the Elements: "when the quantities of the ratios, multiplied, produce a certain <quan-
tity>," where "quantity" clearly stands for "the number" whose cognate is the given ratio
(as say several authors as well as Nichomachus in the first book of On Music and Heronas
in the commentary to the Arithmetical Introduction) which is the same as saying: "the
number which, multiplied on the consequent term of the ratio, produces the antecedent as
well." And the quantity would be taken in a more legitimate way in the case of multiples,
while in the case of the superparticulars, superpartients, it is no longer possible for the
quantity to be taken without the unit remaining undivided - which, even if this does not
belong to what is proper in arithmetic, yet it does belong to what is proper in calculation.
And the unit is divided by the part of by the parts by which the ratio is called, so that (to
say this in a clearer way), the quantity of the half-as-large again is, added to the unit, half
the unit; and <the quantity of the> four-thirds is, added to the unit, one third the unit, so
that, as has been said above as well, the quantity of the ratio, multiplied on the consequent
term, produces the antecedent. For the quantity of nine to six, being the unit and the half,
multiplied on 6, produces 9, and it is possible to observe the same in other cases as well.

Having clarified these first, let us return to the enunciated proposition. For let the
two given numbers be A, B, and let a certain mean be taken between them, I'. So it is to
be proved that the ratio of A to B is combined of the ratio which A has to I', and I" to B.

For let the quantity of the ratio A, I' be taken, namely A, and let the quantity of
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the ratio I', B be taken, namely E; therefore I', multiplying A, produces A, while B,
multiplying E, produces I'. So let A, multiplying E, produce Z. I say that Z is a quantity
of the ratio of A to B, that is, that Z, multiplying B, produces A. For let B, multiplying
Z, produce H. Now since B, multiplying Z, has produced H, and multiplying E, has
produced I', it is therefore: as Z to E, H to I'. Again, since A, multiplying E, has produced
Z, while, multiplying I', it has produced A, it is therefore: as E to I', Z to A.. Alternately:
asEtoZ, I to A,inversely also: as Zto E,so A toI'. Butas Z to E, H was proved to be
I, therefore also: as H to I', A to I'; therefore A is equal to H. But B, multiplying Z, has
produced H; therefore B, multiplying Z, produces A as well; therefore Z is the quantity
of the ratio of A to B. And Z is: A, multiplied on E, that is: the quantity of the ratio A,
I', multiplied on the quantity of the ratio I', B; therefore the ratio of A to B is composed
of both: the ratio which A has to I', and I" to B; which it was required to prove.

[Eutocius concludes this passage with numerical examples, which I omit.]

54.2 Eutocius' Exposition in his Commentary on the
Conics

But the square on BI has to the rectangle BAI a ratio compounded from that which

BI has to A and BI' to BA:
sq.(BT) : rect.(BAT') = (BI': T'A) comp. (BI': BA) :

it has been shown in the twenty-third theorem of the sixth book of the Elements, that
equiangular parallelograms have to one another a ratio compounded out of that of the
sides: but since it is discussed too inductively and not in the necessary manner by the
commentators, we researched it; and it is written in our published work on the fourth
theorem of the second book of Archimedes' On the Sphere and the Cylinder, and also
in the scholia of the first book of Ptolemy's Syntaxis: but it is a good idea that this be
written down here also, because readers do not always read it even in those works, and
also because nearly the entire treatise of the Conics makes use of it.

(218.16) A ratio is said to be compounded from ratios, whenever the sizes of the
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C) Z A

Figure 5.2: Eutocius' Diagram for Theorem 11

ratios, being multiplied into themselves, make something, with "size" of course meaning
the number after which the ratio is named. So it is possible in the case of multiples that
the size be a whole number, but in the case of the remaining relations it is necessary that
the size must be a number plus part or parts, unless perhaps one wishes the relation to
be irrational, such as are those according to the incommensurable magnitudes. But in the
case of all the relations, it is manifest that the product of the size itself with the consequent
of the ratio makes the antecedent.
(218.27) Accordingly, let there be a ratio of A to B, and let some mean of them be

taken, as it chanced, as I', and let

A =size(A : 1),
and

E = size(I' : B),
and let A, multiplying E, make Z. I say, that the size of the ratios A, B is Z,

Z = size(A : B),
that is that Z, multiplying B, makes A. Indeed, let Z, multiplying B, make H. So since
A, multiplying E has made Z, and multiplying I has made A, therefore it is, that

E:Z=T:H

Alternando,

E:T'=7Z:H
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But
E:T=7Z:A
Therefore
H=A,
so that Z, multiplying B, has made A.

(220.17) But do not let this confuse those reading that this has been proved through
arithmetic, for both the ancients made use of such proofs, being mathematical rather than
arithmetical on account of the proportions, and that the thing being sought is arithmeti-
cal. For both ratios and sizes of ratios and multiplications, first begin by numbers, and
through them by magnitudes, according to the speaker. As someone once said, "for these

mathematical studies appear to be related."

5.4.3 Theon's Definition and Exposition in his Commen-
tary on the Syntaxis

Lemma®*. One ratio is said to be compounded out of two or more ratios, whenever
the sizes of the ratios, being multiplied into themselves, produce some size of a ratio.

For let the ratio of AB to I'A be given, and that of I'A to EZ: I say that the ratio of
AB to EZ is compounded out of the ratios AB to I'A and I'A to EZ, that is, if the size of
the ratio AB to I'A is multiplied into that of I'A to EZ, it makes the size of the ratio AB
to EZ.

[Theon continues with numerical examples, which I omit.]

5.5 Conclusion

To conclude, we must observe a few things.

*Much aught be said of this passage; some will regrettably be left for future work. Here Eutocius retains
the Doric dialect of the quotation: TabTa Yo TO padfuata doxodvil eipev adehdd. The quote is due
to Archytas of Tarentum, preserved only in a fragment of his Harmonics. The quoted part reads: tadto
Yo T podfpate Soxodvr Nuev ddehded. For the full fragment, see fr. B.1 in Diels-Kranz ([6]) or
Freeman's English translation ([2]). See also Republic VII 530d and Knorr ([7]), pp. 171 n. 22-23.

4This is my translation of A. Rome's edition of the Greek, in [13].
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The first: to Eutocius, Theon's definition of compound ratios was part of the Ele-
ments.

The second, and much more important: note how Eutocius develops mathemati-
cally between his two passages. In his first passage, Eutocius has seemingly no concep-
tion that the "size" of a ratio might be what we call an irrational number; in essence, his
understanding at that point in time is only of "rational" ratios. Or, perhaps, he simply
felt that mentioning irrational magnitudes was not necessary within the context of his
exposition. That irrational magnitudes existed is not new; Eutocius, as an educated math-
ematician, would be well versed in approaching them. His two proofs are essentially the
same: nowhere does he actually need these sizes to be rational.

It is clear, too, that Eutocius takes the indefinite Tivo to mean one of the pAxoTNTAL,
based purely on how his proofs are structured. Given that Theon's definition from the Syn-
taxis commentary adds "size of aratio" after tiva, and that it is entirely likely that Eutocius
was aware of this commentary, I am not surprised that Eutocius reads this for tiva. It also
does not surprise me that Eutocius quoted the "simpler" definition, that is, the one from
the Elements, though it would have certainly have been helpful for his readers (myself
included!) to know how to take tiva. For the purpose of reading Apollonius, at least in
Book I, single-compounding is adequate: the multiple-compounding needed for reading
the Syntaxis is just not relevant here.

In future work (post-graduate), I intend to further explore this area by expanding the
discussion to as many Hellenistic authors as possible, with the aid of the various extant

manuscripts.
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APPENDIX A
THE GREEK TEXT OF EUTOCIUS' COMMENTARY ON CONICS 1

Eig 10 mp®Tov.

AmoADOVIOC O YempETONG, O Pile ETaioe AvOEue,
véyove pev éxn Iégyng s v Iappuiia év xodvolg
1o Evepyétov ITtolepaiov, ag iotopel Hodxheog 6
OV Bilov AQyLundovs Yyoadpmv, Og rai GNot Ta ROVIRAL
Dewenuata Emvonjoal Pev TmEMTOV TOV AQyLun o, TOV
6¢ ATOMDOVIOV a0 TA £0QOVTA VIO AQYIUAO0VS ur) Ex-
000¢évta idtomooaobat, ox aAnBelwv natd ye v
guNv. O te Yo AQyunong év moAloig dpaivetor mg
TOAALOTEQUS TTS OTOLYELMOEMS TAOV HWVIXDV UEUVT)-
uévog, xoi 6 AToAmMVIOG 0y, g idiog Emvotag yodder
oV ya v €dn &m mhéov rnal raBOAov paAAOV
¢Eelpyaofal TadTa QA TA VIO TOV GALMV
YEYQAUUEVQ. AMA” dmeQ pnoiv O ['epivog dhnOég
€0TLv, OTL Ol Tahaol xMvov 6QLLOuEVOL TV TOD 0Q00-
YOVIOU TOLYMVOU TEQLHOQAV HEVOVONS AS TAV TTEQL
TV 0001V €irOTMS 1Ol TOVS RMOVOVS TTAVTOS 0000Vg

vrehduPavov yiveoBal ral pulov touny v éndot, v

pev T 0000YWVim THV VOV RAAOVUEVTV TTOQAPOATY,
&v 0¢ TQ auPruymvio Ty VTeQPOAV, €V 8¢ TM 0EV-
Yovim TV EMAenLv: ®al €0TL T0Q° ATOolS EVEELY OVTWG
dvouatopévog Tag Topds. Homep ovV TV doyaiwv
gmi €vVOg €xA.0TOV €dOVG TOLYDVOU BemENOdVTWV TAS

000 0000c TEOTEQOV €V TQ LOOTAEVQW RO ALY €V
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T l00oUENEL AL VOTEQOV €V TM ORAMVD Ol UETO-
vevéoteQol xaBoMxov Bemonua AmédelEav ToloVTo" TTaLV-
TOG TOLYDVOU ai €VTOg TEELS Yovial duotv 0pbaig (ool
elolv: 0VTWG %ol €M TOV TOD XMVOV TOUMV: TNV UEV

Ya Aeyouévnyv 0pBoymviov xwvou toun v €v 6gbo-
YOV HOVOV ROVE E0EDEOVV TEUVOUEVE EMITEdQ OQOM
TOOG Wov TAeVEAV TOD xMVOU, THV 08 TOD AuPAv-
YOVIOU DVOU TOUNV €V ARPAUYWVID YLVOUEVIV ROVQ
amedelinvvoav, Ty 0¢ Tod 0Evywviov v OSVYWVIR,
OUOLMG T TTAVIWV TOV ROVWV AYOVTES TO ETmed
0000 EOG Wiy ThevEAY TOD ®MVOV: ONAOL O€ %Ol

aUTA T AOYOEA OVOUOTO TMV YQOUUDV. VOTEQOV O
Amolmviog 6 TTegyaiog xaBdhov T €0edonoev, 4Tt

&V TOVTL 2OVQ ®al 600G nol oraA VO TaoAL ol Topal
eiol xatd dLdpoQov Tod EmmEdoV TEOG TOV RMHVOV
TEOOPOANYV: OV ®al BOVUACAVTES Ol ®OT AVTOV YEVO-
pevot At To Bovpdolov TV VIT avtod dederyUEVWDV
ROVIXDV OEMONUATOV PEYAV YEMUETENV €XAAOVYV. TODTO
ugv ovv O F'epivog &v 1@ Extm Ppnol Thg TOV podn-
pdtwv Oemeiog. 0 08 AéyeL, OadES TOLOOUEV ML TRV
VITORELPUEVOV ROTAYQAPDV.

£€0Tm TO 010 TOD AEOVOg TOD ®MVOV TRIYW VOV TO

ABTI', nai 0w T} AB o tvyxovrog onueiov Tod E
7p0g 0000 N AE, nai 10 dua g AE émimedov éx-
PANOev 6000V meog v AB tepvétm TOV »MVOV: 0O
doa €oTiv EnatéQa TV

vo AEA, AEZ yo-
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VIQV. 0gOoywVviov pevV
OVTOg TOD ®WVOU %L
00015 dnrovor Tig
v1o BAT yoviag og
€Ml THGS TEMTNG KOTO-
voadpic do 6pbais ioan
g€oovtal ai Vo BAT, AEZ ywvior dote magdaiinhog
g€otaw ) AEZ ti) AT'. nai yivetar €v tf) émdaveia
TOD RWVOU TOUN) 1] XOAOVUEVT] TTOQAPOAT] OVTW %A
Ogtoa 4o tod magdiinhov eivar Ty AEZ, fuig €oti
%OLVY] TO] TOD TEUVOVTOGC £TTESOU %ol TOD OLdL TOD
dEovog torymvou, tf) A" mhevpd Tod ToLywvov.

£av 8¢ aupluydviog 1) O xOVOG (g ém Thg dev-
€00 ratayoadns aupreiog Onlovott ovong Tig VIO
BAT, 6001|g 6¢ ti)g Vw0 AEZ, 810 0000V peilovg
g¢oovtal ai Vo BAT', AEZ ywviow ®ote ov ovp-
neoetton ) AEZ ) AT mhevpd ém to moog toig Z, I
pEEN, AL €Ml TA TTROG TOlg A, E mpooexfailopévng
dhovot thg TA € 10 A. moroetL oVV TO TEUVOV
¢nimedov €v tf) Emudavele TOD ROVOU TOUNV TV RAAOV-
péEVNV VIteePoAn v oUTw wAnBeioav dmo ToD VTeQPAA-

AeLv TaG elpnuUEVaS Yoviag, ToutéoTt Tag Vo AEZ,

BAT, 600 000dc 1] duat T0 vmepPdirery Ty AEZ

TV 10QUPNV TOD nMvov rai ovustimrewy th) A éxtoc.
£av 8¢ OEuydviog 1) 0 »dvog OEelag dnhovott obong

tic Vo BAT, ai BAT', AEZ £€oovtai 600 6000dv

g¢haoooves: wote ai EZ, AT éxPailopevor ovpumecodv-

10

15

20

25



176

TOL OTTOVONTTOTE" TPOCAVENOAL YOO OVVAUOL TOV RDVOV.

gotow ovV £v T} Emdaveio Topd, fTig xaleitar EMhel-
Pig, ovTw ®AnOeioa fTol dLd TO EMAeimeLy OU0 6O aig
TOG TQOELRNUEVAS YWVIAS 1] Ol TO TNV EMAELPLY HURAOV
elvou EAALITH.

obTwe uev oV ol ohaol VToOEuEVoL TO TEUVOY
¢nimedov 10 0o g AEZ mpog 600as tf) AB mhevod
ToD 0L TOD GEOVOG TOD RWVOU TELYMVOU %ol £TL OLa-
$HOQOVG TOVG MVOVGS €0emENOAV %ol €M E€xA0TOV idtaV
TopNV: 0 8¢ ATOMOVIOG VTTOOEUEVOS TOV RDVOV RO
0000V nal orainvov tf) dapoow Tod Emmédov nhioel
OL0pOQOVG Emoinoe TG TOPAG.

£€0TW YO TAMV MG €T TOV VTV RATAYQAPODV TO
téuvov émimedov 10 KEA, nowvn 0¢ avtod toun)
®al TG Paoewg Tod rwvou | KZA, xouvr) 0¢€ mdly
avtod Toh KEA ¢mmédov xal tod ABI torywvou
N EZ, fitig »al dudpetoog rakeitol Thg Touts. €m
oMV oVV TOV TopdV doTieTon TV KA mpdg 000dc

) BI' Bdoel tod ABI torydvov, howtov O€, ei pev

N EZ napdAinhog €in ) AT, magafolrnyv yivesOou
Vv KEA év 17} ¢mudaveiq tod novov topiv, i 08
ovpstirerer T AT mhevod 1) EZ éxtog th)g nooudiig
ToD ®WVOU WG natd 1O A, yiveaOow v KEA tounv
veQPoMV, €l 8¢ €vtog ovunintel t)) Al 1) EZ, yi-
veoBal TV Touny EMhenLy, v nat Bueeov xalodoty.
%0060V UV THC uev TaEOBOATC 1) SIGUETEOC TTO-

AMNAOG €0TL TH) @ TAEVEE TOD TOLYDVOUL, TS 0¢
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veQPoAfIG 1] dtdpueToog oupstimtel T TAEVEE TOD TOL-
YOVOU OG €71 TA WROG T} ®OEUPT) TOD nMdVOU péEn,
)5 8¢ éhhelpemg 1) dubipuetoog ovpmistret Tf) Thev e
ToD TOLYMVOU MG €71 TG OGS TH) fdoeL uéom. naneivo
Og o1 eidévar, OTL 1) pev moafoin xat 1) VeQPoAN
TOV €ig ATELROV 0LV AVEAVOUEVMV, 1) O EMAELYLS
OVARETL TAOO YOQ LG AUTIV OVVVEDEL OHOIWG TO
RORAD.

TAELOVDV O€ OVOMV EXAOCEMV, MG KAl AVTOS HNOLV
€V 1) €mOTOA), duetvov Nynoduny cuvaryoyelv avtag
&% TOV EUTITTOVTOV TO OADPEOTEQO TAQATIOEUEVOG €V
M ONTO L TV TOV eloayopeEvVoV eVpdeLov, EEmbev
0¢ €V Toig ovvteTaypévolg oyxoliols émonuaiveaBou
TOVG ALPOQOVG MG EIROG TEOTOUS TV ATOOEIEEWV.

¢not tolvuv €v 11} €moToAf) TO TEMTO TECOAQA
BiBMa mEQLEXELY AymYTV OTOLYELDON OV TO ULV TO®-
TOV TIEQLEYELY TAG YEVEDELS TV TOLDV TOD RMVOU TOUDV
ROL TOV RAAOVUEVMV AVTIXELUEVMV RAL TA €V AVTALG
AQYWO cupITTOUATA. TADTA 8¢ 0TIV, OO0 OULL-

Baivel mad TV TEOTNV AVTAOV YEVESLY: £XOVOL YOQ

®nol €1eQd Tiva tapoxohovOnpata. To ¢ delTEQOV

TA QA TAS SLAPETQOVS %Ol TOVGS AEOVAS TV
TOPUDV CUUPAiVOVTA 1AL TOS AOVUTTMOTOVS RO
AANOL YEVIRT)V ROL AVAYROIOY X OELOLY TTOQEYO-
UEVA TTQOG TOVG OLOQLOMOVG. O 0¢ dLoQLoUOg OTL
OLTAODG €07TL, TTOVTL IOV OTIAOV, O UEV HETA TNV EX-

Beov épLotdvarv, Tt €0TL TO TnTovpevov, 0 08 TV
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TEOTAOLY 00 GUYXWE®MY ®abohxni|V eival, Aéywv 8¢,
TOTE ROl TG KOL TTOOAY DG OVVATOV CUOTHVOL TO TTQO-

TLO£PEVOV, OLOC 0TIV O £V TQ Eix00TD devTéQM OwOT)-

patt Tod mowtov Piiiov tiig Evxleidov otoryeimoeme:

En TOLOV eVBeLdV, al elotv loow TOLol Taig doBeioaug,
Tolywvov cvotnoacBor det 01 Tag d0 ThHg AoLig
ueiCovag elvau vy petahapfavouévag, Emeldn dé-
dewtat, OTL TOVTOG TELYMVOU o OVO TAEVQOL THS
hourtiic petCovég eiol mdven petaropfavouevar. To 8¢
TOITOV TOV HWVIXDV TEQLEYELV GNOL TTOAAA RO TALQA-
00Ea Bemonuata xeNoLua TROS TAS CVVOETELS

TMOV 0TEQEDV TOTWV. £TESOVS TOTOVS £00C TOlg
TOAALOLGS YEWUETQALS AEYELY, OTOV €TTL TV TROPAN UG-
TV 0V% AP’ EVOG onueiov Povov, aAL’ Ao mAeldvVmY
yiveTou TO mEOPANpa, otov gl mtdEel Tig ev0elog do-
Oelong memepa.ouévng eVEELY TL oNuEiov, A’ ov 1)
ayBetoa vdBetog emi TNV dobeloav péon avahoyov
yiveton TV TUNUdTOV, TOTOV ®ahoDoL TO TOLOVTOV:
oV HOVOV YAQ €V oNuetdV €0TL TO oLV TO TEOPAN AL,
AALG TOTTOG OMOG, OV €xeL 1] TEQLDEQELA TOD TTEQL OLAL-
petoov TV dobeioav evBeloy ®Onhov. Eav Yo €

)5 d00¢eiong eV0elog NurdrAoOV yoodT), dmep av €mt

g meQLpepetag AaPNg onuelov nol A’ avtod ndbetov

AyAayNg €7t TV OLAUETQOV, TTOLNOEL TO TROPANOEY.
opolmg d¢ dobelong evBelog £dv Tig EmTAEN eVEELV
ExTOC aThC onuelov, dd’ ov ai Emlevyviuevor £m Td

\

négata Thg evbelog loon Ecovron AAAAaLG, xOl €7
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TOUTOV OV UOVOV EV ONUEIOV €0TL TO TTOLODVV TO TTQO-
PAnuo, AAAG TOTOG, OV EmEYEL 1) O THS dLyoTopiOg
OGS 0004 Ayouévn: Eav ya v dobeioav evbetav
Olyo TepmV ®al Ao THG duyoToptag TROS 0QOAS Ayd-
NG, O Ov € ot AAPNS onuetov, ToLoeL TO Emi-
Ty Oév.

Opotov YoddeL xol attog AToAMOVIOS €V T Ava-
AMIOPEVD TOTIY €L TOD VITOAELUEVOU.

000 000évTmV [eV0eLdV] &V Emmmédw [ral] onueimv
%ot AOyou 000€vtog dviocwv evBeidv duvatov ¢otLy
&V T EmItEd® YOAY oL *URAOV DOTE TAS QIO TOV
000&vTmV onueiwv €L TNV TEQLPEQELALY TOD HUXAOV
nhwpévag ev0eiog AOyov Eyxety TOV aUTOV TQ doOEVTL.

€0t Ta pev dobévta onueta ta A, B, Aoyog 0¢
0 g I mpog v A peiCovog otong tig I+ det o)
motfjoon TO émraybév. enelelybw 1) AB nal éxfe-
BANOOW €7 TA OGS T B péon, nai yeyovétw, mg 1)
A pog v I, ) I mpog GAANYV Tiva peiCova dnlov-
OTL ThS A, nai €0Tw, €l TUYOoL, TEOg TV EA, ®al
Ay yeYovETm, g 1 E mpog tv AB, 1) A moog
™V BZ nai 1 I mpog v H. pavepov 81|, 0t i
te ' péom avahoyov éott ti)g EA nal tiig A »al 1)

H v AZ,ZB. %ol »€VTo® pEV T® Z dLaoThHoTL

o¢ i) H ninhog yeyoddpOw 6 KO. pavegov o1, dtu
tépvel ) KO megudpégera v AB evbetav: 1) yap H
evOela péon avaroyov éot v AZ, ZB. eiAdOw

01 € TS meQudpeQeiag TuyOV onuelov T O, nal Eme-
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Cevybwoav ai OA, OB, OZ. ion doa ¢otiv 1) OZ

) H, #al 81 To010 €0y, g 1) AZ 7106 v Z0,

N Z0O mpog ZB. »al ;eQl TV otV Yoviay v

V70 OZB dvaloyov giotv: dpolov doa €0t To AZO
T OBZ tory0dve, nal ton 1 vmo ZOB ywvia T
o OAB. #j0w O1 da Tod B 1f) A® mapdiinhog
1 BA. émel o0v gotwy, g ) AZ mpog ZO, 1) OZ
mp0g ZB, nal g doa mpwtn | AZ meog Tolitnv TNV
ZB, 10 Ao AZ m0og T0 Ao ZO. aAN’ g 1) AZ
105 ZB, 11 A® mpog BA: nal wg doa to o AZ
QOGS TO Ao ZO, 1) A® mog BA. séhy émel tom
¢otiv 1 Vo BOZ ) V710 ®AB, €0tL 0¢ ®al 1) VIO
AOB T} V710 OBA Ton évalldg yao- »ai 1) houm)
aoa tf) hourti) tom €otiv, nol dpolov €0t 1o AOB

™® BOA, nal dvaroyov eiotv ai mhevooal ai egl Tag
loog yoviag, g AO mpog OB, 11 ©B mpog BA,
7rol MG TO A0 A® 7POG TO Ao OB, 11 AB® mEOC
BA. M 8¢ nai, dg 1] AG mpog BA, 10 dmo AZ

TOOG TO A0 ZO- 1G Ao TO Arto AZ TEOG TO GO
7.0, 10 amo A mog 1o Ao OB, xat O TovTOo, Mg
N AZ 105 ZO, 1 AO mpog OB. dlh” og ) AZ
1005 ZO, M EA mpog I' nai ) I' mpog A+ ol mg

doa M I' mpog A, 1) A® mpog OB. 6potwg O1) Oeuy-

Onoovtan maoor ai Ao Tdv A, B onueimwv em v

TEQLPEQELOY TOD RVURAOU HADUEVAL TOV QUTOV
Exyovoauhoyov taic I, A.

Aéym 01, OTL TROG AAAW onueim P dvtL Emt Thg
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115

TEQLPEQEING OV YiveTal AOYOS TV QIO TV A, B on-
uelwv €’ avto emlevyvupévaov elfeldv 6 aTog TO
g I mpog A.

el Yoo OuvaToV, YEYOVETM ROG TO M €xTOg Thg
TEQLPEQEING RAL YOQ €L €VTOg ANPOein, TO avTo GTo-
mov ovpfnoetol xob’ ETégav TV VIoBEcewV: nail
eneCevybwoav ai MA, MB, MZ, xal vmoxeiobw, mg
N I mpog A, ovtwg 1) AM mpog MB. éotwv doa, mg
N EA mpog A, otmg 10 amo EA mpog to dmo T
%ol TO A0 AM 7p0g TO Ao MB. aAL’ wg 1) EA
OGS A, oVTwg VIoxeLton | AZ mpog ZB- nal mg
doa 1) AZ mpog ZB, 10 o AM mog to dro MB.
nal 0o Ta podeLyOévta, éav amo tod B 1) AM
moQdAMAov dydymuev, deryOnoetal, mg 1) AZ meog
ZB, 10 amo AZ m0Og TO Ao ZM. édeiyOn 0¢ nad,
wg M AZ mpog ZB, 10 4o AZ mog T0 amo Z.O.
lon doa M ZO 1) ZM: dmep adivatov.

16mOL OVV EmimedoL Aéyovtan T ToLadTar ol 08
AeYOUEVOL OTEQEOL TOTTOL TV TTQOCMVUIOLY E0YNRAOLY
4o ToD TAC Yoouudc, S’ v yoddovrol Td xat’
aUTOVG TEOPAHOTA, €% THG TOUNG TOV OTEQEMV TNV
YéveOLY EYELV, otal oLV Ol ToD #MVOU TopOL Kol
gregou mhelovg. giol 0€ ral AAAOL TOTOL YOG EMDAL-
VELOLV AEYOUEVOL, OL TNV ETMVUIOY EXOVOLY ATTO THS

TEQL AVTOVG iOLOTNTOG.

néudeton 8¢ €N T Evnheldn ovy, og oleta

[Tammog »al €teQol Tiveg, Ol TO ur) eVENREVAL OVO
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uéoag avaroyov- & te yo Evxheldng vyide eboe
VLo pgonv avaroyov, Ahl’ ovy mg aUTOS 1oLy ovx
EVTUYDG, %Ol TEQL TOV VO PECMV 0VOE OMWGC ETeyEl-
onoe Intijoot €V Tf) OToLYELDOEL, AUTOS O T€ ATTOM®-
VI0G 0VOEV TEQL TMV OVO PECMV AVALOYOV dalveTon
Intioo év T teite PPAie: dAN’, g Eowrev, ETéQw
BBAiw mepl TOmwV yeyooupuéve o EVxleldn émontt-
TEL, OTEQ g NUAS OV PEQETAL.

TA 0¢ €deENG megl ToD TeTdoTOoU PLPAlov Aeyoueva oad
€0TLV. TO 0€ TEUTTTOV P10l TEQLEYELY TAL TTEQL TV ENayioTWV
%ol PeYioTmV. MoTmEQ YOO €7 TOD ®VURAOVL EpAOouev €v
Tf) oTOLY(ELDOEL, HTL EOTL TL OMpelov ExTOG, A’ OV TOV
UEV TTQOG TNV ROIMNV TEQLPEQELAY TTQOOTULITTOVOMV Je-
yloTn €0TLv 1] OLdt TOD %EVTEOU, TV &€ TTEOG TNV RVQ-
™V éhayiotn €oTiv 1) peTakl Tod onueiov xal Thg
OLAUETQOV, OVTMG %Ol €T TOV TOD ROVOV TOUMV CnTel
&v T mépTTTo PLpiim. Tod 8¢ Extou nal ooV 1l
0Y000V 0ad®G 1) TEOOEOLS VT AvTOD €lpNTAL. RO
oDt PEV TTEQL TS £MOTOATG.

AQYOUEVOS O TV BV YEVEGLY VITOYQAPEL RWOVL-
% émdavetag, AAL oV TOV Tl £0TL OLOQLOMOV TTAQOL-
0edwnev: €Eeoti Ot Tolg PoVAOUEVOLS €% TG YEVETEWS
aUTHS TOV 0oV Aaufdvery. TO 8¢ Aeyouevov VIt a-
oD L nataypadis oadEs mocoueV:

s ’

€AV QIO TLVOS OTMUEIOV TTQOG HURAOV TTEQL-

e

péoelay ol T EERC. £0Tw ninhog 6 AB, o0 #év-

tooV 10 I, ol onuelov TL peTémeov 1o A, xai €m-
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CevyBeloa 1| AB éxPePANobm eig Gmelpov €’ exdtega
péon g émi ta E, Z. éav 81 pévovtog tod A ) AB
déontan, Ewg av 10 B éveybev nata thg tod AB
nOnhov megupepeiag €mi TO avTO TAAY AmoraTaoTodq),
00ev NoEato péeabaut, yevvioel Emddveldv Tiva,
NTLG OUYRELTOL X OO EMPAVELDV ATTOUEVWV AAAT)-
AV 20T TO A, 1)V ROl ROAEL RO VIRV ETMPAVELQV.
dnoi 0, 6L rnal eig dmelpov avEetal S TO ®al TV
voddovoav abTiv ev0eiav olov TV AB &ic dmelpov
EnPaihecOar. noQudNV O Ti|g Eupaveiag Aéyel TO A,
a&ova 0¢ v AT

2MOVOV O& AEYEL TO TEQLEYOUEVOV OYTIUOL VITO TE TOD
AB »winhov nai tig Eupaveiag, jv povn yoddet 1
AB g00¢gla, xoQUPNV 0€ TOD rWVOUL TO A, dEova O
™v AL, Bdowv 6¢ tov AB winhov.

wai €0v pev 1) AT o5 0004c 1) T AB inho,
0000V ®alel TOV »OVOV, €0V 8¢ U1 mEOg 004G, ora-
MVov: yevioetow 0€ ®xOVOGg oralnvog, Otav Aafovteg
20O®AOV ATTO TOD #EVTQOU AVTOD dvaoTiowuev evBetav
U1 oG 6004g TQ EmmEdM TOD 1ROV, A0 O TOD
METEMQEOU oNuetov Thg dvatabeiong evBeiog émi TOv
r0rAOV EmEeVEDUEY EVOETAV RO TTEQLAYAYWUEV TT)V
g¢mievyOetoav evBetav megl TOV #UrAOV TOD QOGS TQ)
HeTEMOEW onuelw ThHg avatabeiong pévovrog: To Yo

TQOOANPOEV oyTUa *DVOS EGTAL ORAANVOG.

Ofhov 8¢, i 1) mepLaryopévn e00elol €v TH) meQL-

aywyh petCov rat éhdtTwv yivetol, xnota 8¢ tivag 0€oelg
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®ol (oM mEOg Ao %ol dALO onuelov TOD ®UXAOV.
amodeinvuton 0 TODTO OVTWG €AV HMVOV ORAAVOD
Ao TG 0QUPT)S €7l TNV PAOLY Ay OOV eVOelaL,
TOOMOV TOV ATO THS ®OQUPTS Emi TNV PdoLv ayOeL-
oV eV0eldV pia pév oty Ehayiot o 0g peytot,
0v0 8¢ povou too o’ ExATEQQ TS EAAYIOTNG KAl
THG peytotng, aet 0¢ N €yylov Tig Ehaylotng Thg Amm-
1eQOV £0TLV EAAOOWV. E0TM #DVOC O%RAAVOS, OV BAoLg
pev 6 ABT n0rAog, xoQudn) 8¢ 1O A onuelov. ral €mel
1] A0 TG OQUPTS TOD ORAANVOD RDVOUL £7TL TO VITO-
retpevov emimedov ®d0eTog Ayouévn Mol € TG TEQL-
deoetag tod ABI'ZH ninhov meogiton 1) €xtog 1 €v-
TOG, EUMITTETM TTROTEQOV €71 THG TEQLPEQELAS WG €T
TS TEMTNG notayoadns | AE, xal eiMPpOw TO néV-
OV ToD ®nhov ®al €0tw 10 K, ®at dmwo tod E ém
t0 K émeCetyOmw 1 EK %ot éxfePAnobw &m 1o B, »ai
emeCelyOw 1 BA, nai eiMjpOwoav dvo loon eoLdé-
oetan o’ éxditega tod E ai EZ, EH, nal ma’
éndrega 1o B ai AB, BI', nal éneCetiybwoav ai EZ,
EH, AZ,AH, EA,ET, AB, BT, AA, AT. émel ovv

{on ¢otiv 1) EZ ev0¢ia ) EH ev0¢eiq- {oag yao
TEQLPEQEING VTTOTEIVOUGLY: ROLVY) OE %Ol TTROG 0QOAG
N AE, Bdowc doa 1) AZ tf) AH €otuv {on. v

énel 1] AB meoupépera tf) BI' €otuy (om, nai Oudpetpog

1 BE, howm) doa 1) EZI' 1) EHA oty {on: wote
nal 1] AE tf) ET'. nowvr) ¢ nat mpog 6p0ag 1) EA-
Baoig doa 1) AA tf) AT €0ty {om. opotmg 01 xol
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naoon deryBnoovrol ai toov améyxovoar Thg AE 1) tig
AB Toow. wdhv €mel torymvov tod AEZ 0061 éotL
yovia 1) 0710 AEZ, peiCwv éotiv 1 AZ ti)g AE.
rnot Ty mel petCov €otiv 1) EA e00¢ia tiic EZ,
gmel nou egupégera 1 EZA tiig EZ neoudpepeiog,
rowv) O¢ nal mpog 0p0ag | AE, ) AZ Goa tiig AA
EMAOOWV €0Tiv. 010 TA VTA ®al 1) AA tiig AB
¢EMdoowv otiv. émel ovv N AE ti)c AZ éhdoowv
€dely0m, n 8¢ AZ g AA, 1) 8¢ AA Ti|g AB, éha-
ytotn pév éotwv 1) AE, peyiotn 8¢ 1) AB, det 0¢
néyyrov tiic AE tiig dmudtegov ENAoomV 0TIV,

Aalla OM 1 ®dBeTog muTtéTm éxtog To0 ABIHZ %0-
©hov oG &mi Th)g 0evTéQag natayoads | AE, nal
EIMN PO TAAY TO ®EVTEOV TOD ®Inhov TO K, nai éme-
CevyxBw M) EK »at éxPfefrnobm émi 1o B, nal émelevy-
Bwoav ai AB, AG®, nal eiMdOwoav dvo toal meQt-
déoeran maQ’ Enditega Tod O ai OZ, OH »al map’
éxdtega 100 B ai AB, BI', nal éneCetybwoav ai EZ,
EH, ZK,HK,AZ, AH, AB, BI', KA, KT, AK,

AA, AT . érel ov Ton gotiv 1) OZ megidpéoeia Ti)
OH, »al yovia doa 1 Vo OKZ tf) vto ©KH oty
{on. émel ovv 1) ZK e00gio i) KH oty {om- éx

®n€vigov ydo- xowvn 0¢ N KE, xai yovia 1 vmo ZKE

) Vo HKE {on, nal faowc 1| ZE 1) HE {on. émnel
ovv 1) ZE £00eia T HE oty {om, zowvn) 8¢ xai
mpog 6p0ag 1) EA, fdows doa 1 AZ tf) AH éotwv

{om. ok émel {om €otiv 1) BA megudpépera tf) BT,
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nal yovio doo 1) vo AKB tf) V7o I'KB éotuy ton
wote nal howm) gig Tag dvo 0p0ag 1) V1o AKE Aousi)
gig Tag 800 000ag Tf VO TKE £omwy o). émel oy

1 AK e00¢io ) T'K €otiv {on éx névigov ydo- nowvy)
0¢ 11 KE, 600 dvoiv ioar, nai yovia 1) Vo AKE

) Vo I'KE- »ai Bdoig doa 1) AE i) T'E ¢otuy {om.
¢mel ovv {on 1) AE €00¢ia tf) TE, xown) 8¢ 1 EA

nal OGS 000dg, Pdols doa ) AA tf) AT {on. opol
g 0¢ %ol maoal Ol OnoovTal ai (cov AEyovoaL THg
AB 1) g A® Toou. »al emel ) EO tiic EZ ¢otv
EMAOOoWV, noLv) 8¢ »al 1pog 0p0ag 1 EA, fdoig Goa
N A® Paoewg g AZ €0tV EAACOWV. TAAY ETEL )
amo Tod E édpamropévn tod winhov moodv tdv
TOOGTNV ®VQTIV TEQLHEQELALV TTQOOTULITTOVOMV MEITWV 0TIV,
¢delyOn 8¢ v 1® v TG oTOLKELDOEMG TO VO AE,
EA foov 1@ amo tig EZ, 6tav 11 EZ é¢ddmtnrou,
g€otwv doa, wg 1) AE mpog EZ, ) EZ mpog EA. pet-
Cov 8¢ ¢otv ) EZ tiig EA- del yap M €yylov Tijg
ghaylotng TS dmwtedv €0ty EMdoomv: peiCwv doa
wol 1) AE tiic EZ. énel oUv 1) EZ tiic EA g0ty
ELAoowV, nowvi) Og ol pog 0p0ag 1 EA, Bdoig Goa
N AZ g AA €0ty EMdoomv. TaMV EmeL (o €0TLV

1 AK tf) KB, nouwv) 6¢ 1) KE, 00 dpa ai AK, KE
taic EK, KB, tovtéotv OAn ) EKB, eiowv {oou.

ail’ ai AK, KE tiic AE peiCovég eiowv: »ai 1) BE

doa s AE peiCwv éotiv. mdhv énei | AE tig

EB éotwv éhdoomv, xouvr) 0¢ ral mpog 0p0ag 1) EA,
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Béoic doa 1) AA tic BA g0ty EMdoomv. émel oV
N A® 1|5 AZ ¢oty éMdloowv, 1] 08 AZ tiig AA, M
0¢ AA ti|g AB, éhayiotn pév éotv 1) AG®, peyiot
0¢ 1 AB, del 8¢ 1) €yylov ral Ta €ENG.

aila oM 1 rdBetog murtétm évtog tob ABI'HZ
20OV G €M TG TOlTNG natayadts | AE, nai &i-
MO T nEVTEOV TOD ®UNAOV TO K, nal emeletyOw
N EK »ai éxPePAobm €d’ énditega Tta péon émi ta
B, O, xai ¢nelevybwoav ai AO, AB, nai eiMidpOwoav
Ovo toau megupépelal o’ Endtega Tod O ai OZ,
OH xal ma’ éxdrepa to0 B ai AB, BIT, nal émelety-
bwoav ai EZ, EH, ZK, HK, AZ, AH, KA, KT,
EA,ET, AA, AT, AB, BT . &¢nel olv {on 1) OZ
negupépeta T OH, nat ywvia doa 1) Vo OKZ ywviq
) Vo OKH éotuy lom. nal énel (o éotiv ) KZ
i) HK, »zouwvn 8¢ ) KE, nai ywvia 1 vmwo ZKE
yovig tf) Vo HKE éotuy {om, fdoig doa 1 ZE T
HE ¢otwv ton. émel ovv 1) ZE tf) HE éotwv (o,
nowvn) 0¢ 1) AE, nai yovia 1) Yo ZEA yovig T
vo HEA éotuy {om, fdowg doa 1) AZ i) AH oty
{om. oy €mel {om €otiv 1) AB megudpépera tf) BT,
ral yovio doo 1 vmo AKB yovig tf) vmo I'KB
€0ty (o1 oTe xol howm €ig TG OO 0EOAg 1) VIO
AKE houri) gig tag 000 0p0ag tf) Vo I'KE éotiv
ton. émel ovv 1) AK 1f) KT éotv {om, xowvi) 8¢ 1)

EK, »ai yovia 1) vmo AKE yovig ) Vo I'KE

¢otwv {om, Paoig doa 1) AE tf) T'E oty {om. €mel
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ouv 1] AE tf) TE ¢otwv {on, nown) 8¢ 1) EA, xai
vyovia ) Vo AEA tf) Um0 I'EA Ton, fdoig doa 1)
AA 1) AT ¢otuv {om). Opoimg O nal meoow deuy-
Bnoovtan ai ioov améyovooun 1) ThHg AB 1) Thigc A®
toon. not €mel &v nwimhw T ABI € th)g dtopéToov
etAnmran onpeiov to E ) 6v xévroov tod winlov,
peyiom pev M) EB, éhayiotn 0¢ 1) E®, del ¢ 1 €y-
ywov g EO tf|g dmmtegdv €0ty EAAoomV: OOTE N
EO tiic EZ ¢otwv éhdoowv. ral énel 1) OF thg ZE
EMAOOWV €0TlV, noLvn 08 ol ROG 0EOAS avTals N
EA, Bdoig doa 1| A® Bdaoewg thg AZ ¢éhdioowv éotiv.
v emel 1) uev EZ Eyyiov éotu tijc EO, 1 0¢ AE
ToEEWTEQW, EMdoowy ¢otiv 1) EZ tic AE. el ovv
ehaoowv 1 EZ tiig EA, nouwvt) 8¢ »at mpog 0004g
¢otwv avtaic N EA, Bdoig doa 1 AZ Pdoemg tig AA
gotLv EAaoowv. mahwy €mel tom 1) AK 1) KB, nouwv)
0¢ N KE, 000 ai AK, KE 6o taic BK, KE, tout-
¢otwv OMn tf) BKE, eiow {oot. ahh” ai AK, KE
g AE petCovég eiowv: wai 1 EB dpa g EA pei-
Cov éotiv. v emel ) EA tiig EB éhdoowv éotlv,
rnowv) 8¢ ol mpog 0p0ag avtaig | EA, fdois doa 1
AA Béoewg i AB £otv EMdoowv. £mel obv 1) AG
g AZ é\doowv, 1] 08 AZ tiig AA, M 0¢ AA Tig
AB, éhayiotn pév éotv 1) A® nai T EENG.

[Tédong ®auTOANG YOOUURS, TLS €0TLV €V €VL
EmIEd W, OLAUETQOV ROAD ROl TA €ETC. TO €V

EVI muTéd @ eite Sud TV Elra Tod xuhivdgou xai
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i) odaipag avtal Yo obx eloty £v éVi Emmédp. O

0¢ AEyeL, TOLoDTOV E0TLV: £0TW RAUITOAY YOO 1)

ABT nat év avti) evOetal Tiveg magdhinhor ai AT,

AE,ZH, OK, nai 0tybw dmwo tod B evbeia 1) BA

diya avtag Tépvovoa. dnoiv ovv, L T ABT yoou-

KNG OLAUETQOV pev xal® tv BA, xogudnv 6¢ 10 B,

tetaypuévog d¢ ém v BA xatiyBou éxdotnv tdv

AT, AE,ZH, OK. €i 8¢ 11 BA 0y »al mpog

0000ag TéuveL Tag TaQaMNAOVS, AEWV RAAETTOL.
Opoiwg 8¢ %al 000 RAUTOAMV YQOUUDV ROl

TA £ENG. €av YO vonowuev tag A, B yoauuag »al

év avtaig tag I'A, EZ, HO, KA, MN, ZO noal-

MAovg zat TV AB dmypévny €’ énditega nol TéR-

vouoav Tag mapalAnlovg diya, TV peEv AB xold®,

dnotv, mhayiav OLAUETQOV, XOQUDAS O TOV YQOUUDV

ta A, B onpeta, te-

TOYUEVODG OE €TTL TNV

AB1tacTA, EZ,

HO, KA, MN, Z0.

el 0¢ diya ol oG

0000ac avTag TéUvEL,

dEwv xaleltal. €av d¢ doybelod Tig €v-

Beta wg M) I[P tag I'E, EM, HK magaAifjhovg

) AB diya téuvel, 0000 pev dudipuetpog nahettan 1

ITP, tetaypévag ¢ notiyOan em tnv ITP dudpetoov

endotn tov I'E, EM, HK. €i ¢ dlya nal mpog

000ag otV Téuvel, AEwv 0000, éav o0¢ ai AB, TTP
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dlya téuvovuot tag AAMAwY TapalAnlovg, Aéyovial
ovCuyeig dudipetoot, av O diya ol QO 6e0As, ov-
Cuyeic dEoveg oOvouatovtal.

Eic 1o o’.

[Tepl TV drapOewV ratayoad®v HToL TTMOOEWV
TOV BemENUATOV TOOOVTOV L0TEOV, OTL TTOOLG PEV
¢oTv, Stav To £v Tf) meotdoel dedopéva TR OtoeL )
000évta: 1 ya dudpoog avTOV peTdAPig ToD avtod
OVUTTEQAONATOG OVTOG TOLEL TNV TTTMOLY. OUOimG 08
%OL QIO TG ROTAOREVTG LETOTIOEUEVNC YIVETAL TTTMOLG.
TOALALG O€ EXOVIV TOV BEWMENUATMV TACLS 1] QUTH)
ATOOELELS ALEUOTEL RAL €T TOV AVTOV OTOLYEIWV ANV
Boayxéwv, mg €ENG elodpeda evOVS YA TO TEMTOV
DemENUO TOELS TOMOELS EYEL OLA TO TO AAUPavVOUEVOV
onuetov € Thg emdaveiog, Tovtéott TO B, mote pev
elg TV xaTtoTéem Emddvelay eivar xai ToHTo diydg
1] AvoTtéQm TOD ®UKAOU 1] RATWTEQW, TTOTE OE £7TL TG
1ATA HOQUPNV AVTH EmuneLpuévng. Todto O€ TO Oemonuo
mpoéfeto Tntioan, étL oV &m mdvta dVo onueilo ém
TS émpaveiog AapPavoueva emmlevyvuuévn evbeia
gmi ThG érudavetag €otiv, AML’ 1 vebovoo povov Em
TNV 0QUOTV, dLdL TO %Ol VIO €VOeiag TO TEQAS €Y0U-
ong pévov yeyevioBar Ty xovixny émdavelay. ot
0¢ o010 AANOEG, TO OeVTEQOV BedEM A dNAOL.

Eig to f’.

To deltepov BemEnuo TEELS €)eL TTMOELS OLAL TO

ta AapPoavopeva onueta ta A, E 1) & Th)g ®otd ®o-
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vy elvan Emaveiog 1) & Thg ndTw dyde 1)
E0MTEQM TOD nUXAOVL 1] EEWTEQW. Ogl 08 EhLoTavely,
OTL ToDTO TO BEWENUA EVEIORETAL EV TLOLV AVTLYQU-
doig 6hov dua TG eig AdUvaTov dmaymyig dedery-
UEVOV.

Eigto y’.

To v Bewonua wrdoty ovx €xet. Oel 08 v avT®
gmotfoot, 0tL 1] AB g00eld €0l dut TO ®oLvi) TOuN
elval Tod Tépvovtog Emmédov xol i mpaveiag Tod
1MOVOV, YT VIO eV0elog Eyoddn TO TEQAS EXOVOMNG
uEvov mog Tf) roeuef) Thig Emdavelag. ov yap maoa
EmPpAavelo V0 EMITEOOV TEUVOUEVY TNV TOUNV TTOLEL
evOelav, 000 aTOg O MVOG, €l ) OLdL TG HOQUPTS
ELOM 1O TéUVOV Emimedov.

Eigto0 0’.

Al mtooelg TouTou Tod BewETUaTog TEELS €loLY MOTEQ

%0l TOD TEMTOU %Ol OEVTEQOV.
Eigto ¢’

To mEpmrov BemEnuo TTdoLy ovx €xeL. AQYOUEVOS
0¢ Ti|g €éxBE€oems PnoLv: TeTUNoBm 6 nMdVOC €L~
O O ToD dEovog 00M mEOS TV Bdoty.
gmeldn) 08 €V T ORAANVD DOV ROTA WAV HOVOV
B¢otv TO S ToD AEovog Teiywvov 0000V €0TL TROG
™V Paotv, Todto mowoopuev oVTwg: AAPOVTES TO 1EV-
TQOV THS fAoemg AVOOTNOOUEV AT AVTOD TO EMTESM

Ti)g PAoews TEOg 6QOAS %al O aTHS ®ol TOD GE0Vog

exParlovreg émimedov €Eopev 1O Tnrovpuevov: d¢dewnton
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vao év Td o Thg Evnleidov otoreidoemg, o, €av
g00gla EmmEdm Tvi IO 0EOAS 1, nal TGvTa TO S
VTN Emimeda TM aVTO EmmEdw OGS 0QOAS oTal.
TOV 8¢ OVOV oraA VOV VEDETO, EmeldN €V T looonE-
A&l 1O mapdAnhov Tf) fdoel Enimedov TQ VmevavTtiong
NYLEVD TO QUTO €0TLV.

£€tL dnolv- TeTunobm 8¢ nal £TéQw Emmédw
QOGS 604G pev Td Ot ToD AEovos TELYMV®,
apopodvtL 8¢ mOG TH) ®0EUPT TElyw VOV dpoLtov
uev T ABI touydve, Umevavtimg 08 nelpevov.
To0TO 0¢ YiveTaw oVTWS €0t TO AL TOU AEOVOC TQI-
vovov to ABT, nai eiM¢pOw émi tiig AB tuyov on-
uetov to H, #nal ovveotdtm mpog tf) AH e00eiq »ol
T mEOog avTh onueiw T H tf) Vo AI'B ywvig ion
1 Vo AHK: 1o AHK doa toiywvov td ABT dpolov
MEV €0TLV, VITEVAVTIDG 08 xelpevov. eilpOw O1) €m
g HK tuyov onpelov 10 Z, nal 4mo tod Z td tod
ABT torydvou ¢mmédw mpog 0p0ag aveotdtm 1) Z0O,
nal £xPePANobw 1o dua tiyv HK, OZ énimedov. todto
01 6000V €0t ROg To ABI toiywvov dua tv ZO
%O TTOLOVV TO TTQOREIUEVOV.
&v T ovumeQaopoti pnotv, 6Tt dudt TV OpoLdTNTA
tdv AZH, EZK to1ydvov icov €oti 0 vmo AZE
™ V710 HZK. duvatov 8¢ ot tovto det&an »ai

dlya THg TOV TOLYDO VMOV OPOLOTNTOG AéyovTa, OTL, £TELON)

enatéoa v vmo AKH, AAE ywvidv {on €oti T

ROG TM B, v 1® avtd Tuuorti elol Tod meglhap-
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Bévovtog nunhov ta A, H, E, K onpeio. ot émeldn
&v nOnho dvo evBetan ai AE, HK téuvouvoty ahAi-
Aag zotd 10 Z, 10 V10 AZE {oov ¢oti T Vo
HZK.

opoimg o1 deryOnoetal, Ot nal TAGOL O ATTO THS
HO yooppic ém v HK xdBetol ayopevor icov dU-
VaVTaL TO VIO TOV TUNUATOV. ®RURAOG QoL E0TLV 1)
Tout], Otdpetoog 0¢ avtod | HK. »al duvatov pév
¢otv émmhoytoaoBal Todto dua TS €ig AdVVOTOV ATtaL-
yoys. €l Yoo o0 megt tv KH yoadouevog #inhog
ovy el du Tod O onpueiov, €otal 1O VIO TV KZ,
ZH i{oov ftoL T@ o peifovog tig ZO 1) td 4mo
¢Adooovog OmeQ oUy VITOxELTAL. OelEopev ¢ aUTO %Ol
e’ ev0elag.

€0t TS yoouun 1 HO, nal vmotetvétm avtny 1
HK, eiMpOw 0¢ nai €l Thg Yoo uuns Tuyxdvto onueta
0 O, O, noi &’ avtdv ém v HK #dbetol )x0w-
oav ai ©Z, OII, nai £€otw TO pev amo Z0O {cov Td
vo HZK, 10 6¢ dumo OIT 1 Vo HIIK {oov. Aéyw,
OtL ®wnhog gotiv ) HOOK yoapui). tetpunobm yoo
1 HK diya notd 10 N, »ai éneCetybwoav ai NO,
NO. émel oOv e00gio ) HK tétunton gig pev ioa
7otd TO N, €ig 0¢ dvioa natd 1o Z, 10 Vo HZK (25)
peta tod amo NZ {cov éoti T dmo NK. to d¢
v1o HZK {oov vmoxerton T ammo OZ: 10 doa 4o
OZ peto tod amwo NZ {oov €oti T oo NK. {oa

0¢ ¢otL T Ao OZ, ZN 1) a0 NO- 6001 ydo €0ty
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1 QOGS T Z- 10 da &mod NO {oov éotl Td dmo NK.
opotmg oM deiEopev, 6TL nal T o NO ioov éoti
™ amo NK. xwinhog doa ¢otiv ) HOK yoopun, did-
petpog 8¢ avtod 1) HK.

ovvatov 8¢ goti tac AE, HK dwopétpouvg mote

ugv toag, moté 8¢ dvicovg eival, ovdémote pévrol diyo

téuvovoly ahAniag. fxbw yao dua tod K i) BI'
modMnhog 1) NK. el ovv peiCov éotiv ) BA Tig
AT, peiCov doa nai 1 NA 11 AK. opoimg 0¢ »al

1 KA tiig AH 01 v vrevavtiay Topnyv. MoTe 1)

) AK amno tiig AN {on hapPovouévn petagv mimrel
tdv H, N onpetov. mmtéto mg 1 AE- 1) doa OLd
tod E tf) BI' mapdhinhog aryopévn téuvel tv HK.
tepvéTm mg 1 ZOII. nai £mel {om €otiv 1) EA TH)

AK, mg 0¢ 1| EA mpog AIL, 1 KA mpog AH dwa

™V opootnta thv HKA, EAIT toryovov, 1 AH
) AII éomwv {om »al howm ) HE ©f) ITK. noi €mel

ai og toig E, K ywviow oo eiotv: éxatéga yoo
avt®v lon €oti Tf) B- elol ¢ nal al mpog t@ O ool
1OTO XOQUONV Yd* duoov doa ¢otl To EHO tolyw-
vov 1@ [TOK toryove. »ai ton éotiv 1) HE T

IIK- dote #nai 1) 20 1f) OK »oi ) HO 1) OII »ol

oin 1) HK tf) EIT. nai paveodv, T, éav petaly

t@v N, E A\ngof 7 onuelov wg 1o P, nat dua tod P
i) NK apdiinhog ax0f 1| PZ, pelCwv €oton thig EI1
roit O tovto rat g HK, éav 0¢ peta&d tov H, E

AN$OT T onuetov oiov 10 T, ol 8L adtod moedhn-
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hog ay O 1 TT1, éLattov E€otan thg EIT »al thg KH.
ral emel 1) Vo EIK yovio peiCwv €0t Thg Vo
AEII, {on 6¢ 1) vmo OIIK tf) Vo OHE, peiCov
doa »al 1) Vo OHE tijg Vo HEO. 1) 20O doa Tig
OH peiCov zat dua tovto »ai 1) KO tiig OIT. éav
O¢ mote 1) £Tépa v TOV S0 droueeOT), 1) Aowm) gig
dvioa Tundnoetal.
Eicto ¢’
IToooéyewv xoM, OTL 0V pdTny pdoreLTaL €V TH
TEOTAOoEL TO OELV TNV AYOUEVTV eVOElOV GO TOD €V
™) érmdpavelig onpeiov TagdAAnAov wd Tve TOV €v T
Béoel e00eL®V PO 00as olion mAvTwg TH fdoeL Tod
oL Tod dEovog TeLrydvou dyeobol TaQGAANAOV: TOU-
TOV YAQ W) OVTOg 0V duvaTtoOv 0TIV VTNV Sy TEU-
veoBar V70 ToD O Tod AEOVOS TELYDVOU- OTEQ €0TL
davepov €x TG &V T ONTO natayeadis. €l YOQ 1)
MN, vt mapdAAAOGS oty 1) AZH, ) mpog 600ac
ein ) BI', dfjAov, 8tL 0U0¢ Olyo TéuveTow oVOE 1)
KA. »ai 1 thv atdv AOYwv ovvayetot, OTL €0Tiv,
mg 1 KO mpog OA, ovtwg 1) AZ meog ZH: »al 1)
AH doa gig dvioa Tundnoetal ®oto to Z.

OUVATOV 8€ RATWTEQM TOD RVRAOV %Ol €TTL TG

1OTO XOQUONV Eémdavetag T avtd delxvvobal.

Eigto C'.
To T Bemwonpa wrdoelg €xel t€ooaag: 1 ya ov
ovuPdirer 1 ZH ) AT 1) ovpfdider Touxdg 1) Entog

ToD ®UxrAOVL 1] €vTOg 1) €mi To " onueiov.
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Mera to V.

Xon émotioot, 0Tt TA L TadTo Oemwenuota AhAT-
Aov Exovtar. aALO TO TEOTOV ExeL, dTL al €V Tf) €mi-
daveiq evOelon vehovoar Eml TV OQUPTV €V TOLTY
pévouoly, To d¢ delteQoV TO Avamaly, TO O¢ Toltov
ExeL TNV OLA TH)S ®OQUPTIS TOD RDVOU TOUNV, TO O
TETOQTOV TNV TARAANAOV T1) fdoEL, TO TEUTTOV TV
VIEVOVTIAY, TO €XTOV WOoOVEL mRolaufPdvetor Tod €f-
OOUOV OErVIOV, OTL ROl TTROG 0QOAS OPEiLeL TTAVTWDG
elvol Tf) Stapétem ToD %OXAOU 1) 2oLV TopT) AiTOD
%ol TOD TEUVOVTOGS £TESOV, Ral OTL TOVTOU 0VTWG
gyovtog ol magdAiiniol ot duotopodval VIO TOoD
TOLYMVOU, TO Ot EPdopov Tag Ahhag TEels Topag €deike
2OL TNV OLAUETQOV ROl TAG €T QLUTI|V ROTAYOUEVOLS
maQaAAAovg T €v TH) fdoel ev0eiq. €v O T® OYOOW
delrvuolv, OmeQ €V Tolg TEOAEYOUEVOLS ELTTOUEY, OTL
1 IO oA ®al 1) VIEQPOAT TOV €ig ATELQOV EioLY
aVEOMEVMY, €V O TO £vATm, OTL 1] EAMAeVLS oUVVED-
ovoa gig 0TV Opoimg T ®rOxA@ dLd TO TO TEUVOV
EMITEOOV CUUTUITTELY APPOTEQOLS TALS TTAEVQOLG TOD
TOLYOVOU 0V €0TL ®UXAOG ®URAOVG YO €TOlOVV 1] TE
VIEVOVTIQ TON ROl 1] TAQAAANAOG: ®al d€l EmoTijool,

OTL 1] OLAUETQOG TG TOUNG €M PEV TG TOQOAPOATIC

™V oy Theveav Tol ToLyMVOU TEUVEL ®al TNV Pdoly,
gmi 0¢ TGS VeEPOATS TV TE TAEVQAV ROl TNV €T
ev0elog Tf) howrth) mhevpd EnParlopévny mpog i) »o-

v, émi 8¢ Thig EAhelpewg nal ExaTéQoV TV TAEV-
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oMV xal TNV BAoLv. TO ¢ OEXRATOV ATAOVOTEQOV UEV
TG EmPalov iowg v oindein TabTov elvar T@ dgv-
T€0W, TOVTO PEVTOL OV (G EYEL EXEL PEV YOO €TTL
dong s emoaveiog Eleye happaveobar Ta dvo
onueta, évradOa d¢ émi TS YeEVOUEVNS YOOUUUNG. €V
0¢ tolg £ENG TOLOLY A%QPEOTEQOV EXAOTIV TOV TOUDV
TOUTMV SLOQIVEL LETA TOD AEYELY RO TO IOLOUOTOL
QVTOV T AQYLRA.
Eic 10 1.

[TemooBw, mg o dmo BI' mpog to vmo
BAT, oltwg 11 ©OZ mpog ZA: cadeg uév €0t T0
Aeyopevov, TNV &l Tig ®al VTopvnoOfval PovAeTal.
£€otw t® Vo BAT {oov 10 o OIIP, td 0¢ dmo
BT {oov mapa v ITP mogafAn0ev mhdtog moleitw
v [1Z, nat yeyovétm, mg 1 OIT mpog [1X, 1 AZ
TQOG ZO- yéyovev doa tO Tntovpuevov. emel ydo 0Ty,
g 1 OIT mpog T2, | AZ mpog ZO, dvamaly mg
N 211 mpog 1O, | OZ mpog ZA. wg 0¢ 1) ZI1
mp0g 10O, 10 2P mpog PO, tovtéott to o BT
700G TO Vo BAT. To0TO0 Y0Motuevel xal toig €EMg

Ovo BemoEnuaoLy.

To 6¢ amo tiic BI' mpog to vmo BAT Aoyov

gxeL Tov ovyreipevov éx tod ov €yel 1 BI' mpog

I'A nai v) Bl mpog BA: 0édetntan pev év td €t
BpAlw ThHe oTouxeLwoemS €V TQ €in0oTd TElTW OeWET)-
pate, Ot T LooYmh VLA TTOQOAMAOYQO UL TTOOS AAANAQL

AOYOV €YEL TOV OUYREIUEVOV €% TOV TAEVQDV- £TTEL O
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EMAATIRDTEQOV UAMAOV ROl OV RATA TOV AVAYROIOV
TQOTOV VIO TAOV VITOUVNUATIOTOV ELEYETO, ECNTHOAUEV
aUTO Ral YEYQOITTOL €V TOLG EXOEOUEVOLS ULV EiG TO
tétoTov Bemonuo Tod devtégov Bifhiov TV Agyiui-
0ovg mepl odaipag nal *VAIVOQOU nal €V Tolg oy oAioLS TOD
mowTov PiPAiov tiig ITrtolepaiov ovvtaEems: ov xelpov
0¢ ol évradba TodTo yoadfvor OLd TO P TAVIWS TOVG
AVOYLVDOROVTAS RAKEIVOLS EVTVYYAVELY, ROl OTL OYEDOV
TO OAOV GUVTAYLO TOV ROVIXDV REXQNTOL QVTO.

MOYOG éx AOYmV ovyxretoBal Aéyetal, dtav ai Thv

MOYWV TIAMrOTNTES €0 EAVTAS TTOALATAQOLACOEIOL TTOL-
MOt TLvoL, INAMROTNTOS ONAOVOTL AeyouEvng ToD aQLo-
uoD, oV MAEMVUUOE £0TLY O AOYOC. £ ugv oDV TMV
moAMamhaocinv Suvatdv 2oty doLOuov OAORANEOV Eival
TV TINAMROTNTA, €71 € TV AOLTTOV OYECEWV AVAYHY

TV IAOTNTA AELOUOV ElvaL xoi pOQLOV 1) HOELAL, L )
doo Tig £€0éhoL xail dpENTovS Eival oy£oeLs, olal elowy

ol %oTo TO Aoy peyEdn. €m maomv 08 TV oXEoEWV
onAov, 0tL T N INArdTNG TOALATAAoLCOUEVT) €L
TOV EMOUEVOV HQOV TOD AOYOV TOLEL TOV 1 YOUUEVOV.

€0t Tolvuv AOYOS O ToD A 1ROg TOV B, nal €i-

MO TIg avTdV pécog, g €tuyev, O I, nal €éotm
o0 A, ' Moyou mnhundtg o A, tod 0¢ I, BO E,

zot 0 A 10v E molhamhaoidioog TOv Z moteitw. Aéyw,
OtL ToD AOYOoU TV A, B inlnoTNg €0Tiv 0 Z, TOUT-
€0ty OtL 0 Z 10v B mohhamhaoldoog Tov A motel.

0 o1 Z tov B mohamhaoidoag tov H moteltm. émel
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133

ovv 6 A 1OV pgv E molhamhaotdoog Tov Z memoinrey,
tov 0¢ I' mohamhaoidoag Tov A memoinrev, €0ty
doa, g 0 E mpog tov I, 6 Z mpog Tov A. sty

¢mel 0 B 1ov E moAhamhaoidoog tov I memoinxrev,
ToV 0¢ Z mollamhooidoog Tov H memoinuev, €otiv
doa, g 0 E mpog tov Z, 0 I mpog tov H. évairdE,
o¢ 0 E mpog tov I, 6 Z mpog tov H. v 8¢, ig

0 E mpog tov I, 0 Z mpog tov A- ioog Goa 06 H

™ A. ®ote 6 Z tov B mohamhaoidoag tov A
TETMOIN®EV.

U1 TOQATTETMW OE TOVS EVIVYYAVOVTOS TO OLA TV
agLOunTrd®Vv dedelyBon ToDTO" Of TE YOQ TTOAOLOL %E-
YONVTOL TALg TOLDTOLS ATodelEeot padnuatinais paAhov
ovoalg 1) aoLdunTinaig Od Tag dvaloyiag, ol Ot
T0 CnTovuevov deBuNTXOV €0TLV. AOYOL YOQ ROl
TINAMROTNTES AOYWV ROl TOALATAOOLALOUOL TOLS GLLOHOtg
TOMOTMWS VITAQYOVOL ®al OL” AvTAOV TOlg peyEDeot, xaTa
TOV elmdvTa: TadTA Y00 TO podfjpata S0xodDVTL Eluey

adehPd.

Eigtovy’. Ael onueiwoaoBot, dtL Todto 10 Oemonua toeig
EYEL HATAYQAPAG, MG KAl TTOALAKLS €loNTOL ETTL TG
elhelipewe M yoo AE 1) avotéom tod ' ovpmisret
) AT #) o’ avtod tod I' 1) éEwtéow énParlopévn
) AT ovuniserel.
Eig 10 10’.

Avvotov v zal obtwg det€at, 8L, Mg TO Ao AS

7100g TO Vo BT, oVtwg 10 dmo AT meog T V1o
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=TO.

émel Yo mapdAAAog éotv 1 BI' ) 2O, €otuy,
wg M I'Z mpog A, M ET mpog TA, nai did T
aUTa, mg 1 AZ mpog =B, 1) AT mpog TO:- ot ioov
doa, og N I'Z mpog 2B, 1 ET mpog TO. nal wg
doa 1o ammo I'Z mpog to Vo ['ZB, 1o amo ET mpog
T0 Vo ETO. €0t d¢ dLA TNV OPOLOTNTA TOV TOL-
YOVOV, ©G TO A0 AZ me0og To Ao X1, 10 dmo AT
700G TO Ao ET- &’ loov dpa, dg TO Ao AZ mEOg
T0 V7o BT, 10 dmo AT mpog 1o Umo ETO.
%Ol €0TLV, MG HeV TO Ao AZ mpog to Vo BT,
1 OF mpog EIT, mg 0¢ 10 amo AT meog T 1710
ETO, 1 OFE mpog OP- »at g doa 1 OF mpog EIT,
1 EO® mpog OP. ion doa £otiv 1) EIT tf) OP.
TTOOWY PV ovv oUx ExeL, povedg 8¢ €0ty O
O1OTIOG OLVEYNS WV TOIS RO AU TOD TELO(V: Opolms YO
Exelvolg TNV SLAUETQOV TMV AVTIKELUEVDV TNTEL TV

AQYLXTV Ral TAGS TTAQ’ g OVVAVTAL.

Eig 1o 1¢’.
“Toov Goa to 1o BKA t® 1o AAB- {on
aoa ¢otiv 1) KA tf) BA- €mel yap 10 Vo BKA
™® V1o AAB €0ty {oov, dvahoyov €ota, g 1 KB
1005 AA, ) AB mpog AK. xai évalhdE, ag 1) KB
m0g BA, 1 AA mpog AK: »al ouvBév, g 1) KA
1eoc AB, 11 AK mpog KA- {on dpa 1) KA 1) BA.
Oel ¢moThoat, OTL &V TO TEVTERAIERATW RO EX-

nadendTe Oemonpatt oromov €oye Tntiool Tag ®aAov-
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pévag devtépag ral ovLuyelg OLpETEOVGS THS EMAENPEMG
%ol TG VIEQPOATS HTOL TOV AVILRELUEVWV: 1) YAQ
TOQOLOAT 0V EYEL TOLOVTNV OLAUETQOV. TALQOTNONTEOV
0€, OTL Ol pev TG EMAelPems SLANETQOL EVTOS ALITOAOLLL-
Bavovtan, ai d¢ Thg VIEQPOATNG HAl TOV AVTIRELUEVWDV
EXTOG. naTayeddovtog 08 del Tag pev mo’ 0g dUvav-
Tow ToL Tag 000l0g MgV TEOg 0EHAS TATTELY %Ol
OMAovoTL nal Tag maQaAANAOVS avTals, TOS O TETAY-
UEVIS ROTOYOUEVOS ROl TAS OEVTEQAS OLALUETQOVS OV
Taviog pdioto Yo €v 0Eeta yovig del xotdyev
aTtéc, tva oadeic Mot Toig EvivyyavouoLy ETegal
ovooL TV TaEaAMALOV TH 000i0 TAEVOGE.
Meta 10 éxnoundénatov Bemomnua 6Qoug extiBetan
TEQL TG HOAOVUEVNC OEVTEQAS OLOUETQOV TG VITEQ-
BoAfic xai g EMelPemG, 0VG Ol naTAYQADTIS Cadelg
TTOL|OOUEV.

£€otm vmegPoin 1| AB, dudpetoog d¢ avTig €0t

N I'BA, mag’ v ¢ dVvavton ai émi tv BI' not-

ayopevor 1 BE. ¢povepov ov, &t 1) uév BT eic dmel-
oV adEetal OLd TNV TOPNV, g d€derTOL &V TM OYOOMm
Bewonuatt, 1 0¢ BA, jTig €otiv 1) Vtotelvovoa v
E®TOg TOD OLA TOD AEOVOS TELYMVOU YOV TETEQOLO-
ToL. ToOTNV 81 OLYOTOUODVTES RATA TO Z Ral QYo
YOVIES ATTO TOD A TETAYUEVOS RaTNYUEVNV TV AH,
o 8¢ tod Z 1) AH mopdhiniov vy ©ZK nal ot-
noavteg v OZ 1) ZK fonv, €tL pévrot xol To Ao

OK icov 1@ Vo ABE, €Eopev v OK devtégav did-
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UETQOV. TODTO YAQ OuvaTov Otd To TNV OK €xtog 10

ovoav Ti|g Topfs ig dmelpov ExdiiecOa xai duva-

TOV glvan 4o Thg dutelpov mpoteBeion evBeiq tonv

AdeLelv. TO 0€ Z %nEVTQOV RAAEL, TNV 0€ ZB »al tag

opoiwg avTi) Amo Tob Z mOg TV TOUNV GEQOUEVAG €%

TOD %EVTQOU. 15
TOOTO PEV EML THG VITEQPOATIS HOL TOV AVTIXELUE-

VOV #ol GOvVEQOV, OTL TETEQAUOUEVT] E0TLV £XOTEQO TV

OLOUETOMV, 1] LEV TTEMTY AVTOOEV €X THS YEVEOEWMG

THG TOUfC, 1] O¢ OgvTéQQ, OLOTL LEOT AVAAOYOV €0TL

TETEQUOUEVWV EVOELDV TH|G TE TEMTNG OLOUETQOV XL 20

TGS T’ 1)V SVVOVTAL O ROTAYOUEVOL ETT QUTV TE-

TOYUEVOG.
émi 0¢ TN eMhelrpemg oVmmm dTAOV TO AeyOuEVOV.

EmeLON YO0 €ig otV ovvveleL, xaBdmeQ 6 v nAog,

%ol €vtog AmoAopPdvel Taoog Tag OLLUETQOVS Rl 25

MOLOUEVAS AVTAS ATEQYALETUL (HOTE OV TAVTMG €T

ThS EMENPEMG 1] pEON AVALOYOV TV TOD €{00VS TAEV-

0V %ol OLdt TOD ®EVTQOU TG TOUTS AyOouEV ROl VTTO

TS SLLUETEOV dLYOTOMOVUEVT VIO TS TOUTS TEQATODTOL

duvatov 8¢ otV ovAhoYileaBou O AvTOV TOV €ipM-

HEVOV €V T TevTenodendtw Bemenuatt. €mel ydo, g

énel d¢dewmta, al ¢m v AE ratayoueval magdinhol

) AB dUvavtal ta magaxeipeva oo Tv Telitny avtalg

AVALOYOV YLVOUEVNV, TOVTEOTL TNV ZA, €otv, g ) AE 5
105 TV AB, ) AB mpog AZ- dhote péon avaroyov

¢otv 1 AB tdv EA, AZ. noi 010 ToDTO %0 0l »aTo-
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youeval ém v AB moodhiniol i) AE duvioovtan ta
QA TV TOITNV dvdloyov mapaxeipevo tdv AE, AB,
tovtéott TV AN. d1d 01 ToDTO péon avaroyov Yive-
tow 1] AE devtépa dapetpog tdv BA, AN tod gidovg
TAEVQDV.

Oet 0¢ eldéval xal TovTo S TO EVYENOTOV TMOV
rOTOYQOPOV- EMEL YO0 Aviooi eiowv ai AB, AE dud-
UETQOL €V LOV(M YOQ T® ®OnA® toal glolv: Ofjhov, OTL
1 MEV OGS 60ag
ayouévn tf) EMdlooovi
aVTOV Og évtadia 1
AZ Gre Toltn Ava-

Loyov ovoa Tdv AE,
AB peiCov éotiv ap-

dolv, 1) 0¢ mEOg OQ-

0ag dyopévn ti) petCovi mg évtadba 1) AN dud o TlTnV

avdhoyov eivar Tdv AB, AE éAdoomv ¢oTiv dudoiv:

hoTe 1ol oVVEXDS EIVOL TAS TECCAQAS AVALOYOV: MG YOO

N AN mpog AE, 1| AE mpog AB ot 1) AB mpog AZ.
Eig 10 {'.
O pev Evndeldng év 1 mevieroaudexdto Bewofuatt

ToD TlTov BLAlOV Ti)C OTOLKELDOEMS £0ELEEV, OTL 1)

QOGS 0QOAGS Ayouévn AT ArQAS THS OLOUETQOV EXTOG
Te TuiTrTeL nal EpamreTon Tod ®Onhov, 6 08 ATOAADVIOG
€V ToUTM RABOMKROV TL delnvuoL OUVAUEVOV EPaQUO-
00l TOLG TOLOL TOD ROVOU ROl TM HORAW.

T0000TOV dLahEQeL O ®URAOG TOV TOD RDVOL TO-
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LDV, OTL €T EXEIVOU UEV Ol TETAYUEVIS RATYUEVOL
7TEOG 000ag dryovtal Tf) OLOUETOW 0VOE YO dAlOL
evOelon mopdAAnAoL Eavtaig VIO TS OLAPETEOV TOD
®0rAOV dLyoTopODVTOL €7 8¢ TV TOLOV TOUMV OV
TAVTOG TEOG 0QOAS dryovTaL, €l ur) € LOVOUG TOVG
dEovac.

Eic 1o wy’.

"Ev Tiowv avtryeddolg to Bedonuo Todto £m povng
ToQOPOATIC ®al VIteQPOATIS 0TIV, RAAMOV &€ naABOML-
RDOTEQOV EYELV TNV TTQOTAOLV, €L 1] OTL TO €7l TG
ElAelpemg exelvolg mg avaupiPorov moparéelTror 1
vaip TA évtog oboo. ThC TOp|C TEMEQUOUEVNS 0VONG
2Ol QUTN 1OT ARGOTEQO TEUVEL TV TOUNV.

O¢l 8¢ émotfoan, OtL, OV 1) AZB téuvn v to-
PNV, 1 00T AmodelElg douotet.

Eigto .

A0 To0ToU TOD BEENUATOS GEYOUEVOS EDEENC €V
TA.0L TAL OVUTTTOPOTO. THS TOROPOANG avTh) delnvuaty
DAY OVTA ®al OV% GAAN TLVE, MG €7l TO TOAL 08 T
veQPoM) nal Th) EAhelper nal T® nVxA® TO AT OEln-
VUOLV VITAQYOVTA.

EmeLON O€ 0V AYENOTOV GOIVETAL TOIG TA LN OL-

VInd YOAPoUoL i THV ATToQlay TOV OQYAVMV 1Al
TOALNARLG 0L OVVEY DV ONUEIY YOADELY TAG TOD HMD-
VOU TOMOG €V EmItéd®, OLa ToUTOV TOD OewETHOTOG
gomL moploaoOau ouveyf) onueia, S’ MV yoadhoeTol 1

TOQOPOAY RAVOVOG TTOQAOETEL. €0V YO.Q EXOMUAL £V-
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Betav g TV AB 20l €’ avtiig MPw ovveyt) onueia
g to E, Z nal ar’ attdv mpog 0p00g ) AB xol
momow og tag ET, ZA hapov ém tig ET Tuyxov
onuetov to I, el pev evputépav fouvinbeinv mooan
oo oy, mégow tol E, ei 8¢ otevotégay, eyyiTe-
OV, %ol toow, og TV AE mpog AZ, 10 dno ET
OGS TO Ao ZA, ta I', A onueia émi THg Toufg

gotar. Opoimg 68 xai dAho Aypoueda, S’ v yoadi-
OETOL 1) TTOQAPOAY.

Eic 10 »a’.

To Bemonuo oD EXRELTAUL ROL TTTOOLY OV EYEL:
Oet pévrol emotioat, Ot 1 o’ v duvavTaL, TOUT-
€0ty 1] 000ia hevEd, €Ml TOD nOrAOV (oM €0TL TH)
OLAUETQM. €l YaQ éoTiv, MG TO Ao AE mpog to Vo
AEB, 1 T'A mpog AB, ioov 6¢ 10 dno AE 1® Vo
AEB émi tod ®inhov povov, iorn doa »oi 1) TA
™ AB.

Oet 0¢ ral TovTo eidévar, OTL al ratayoueval v
) ToD ®VUAoV TEQLPEQE(Q TROS 0POAS €loL TAVTMG
T Lot nal €t eV0elag yivovtal Talg ToQOohAT)-
hows ) AT

oL O¢ ToUToU TOD BEWENUATOS TO AVTY TEOTW

TOlg €7l TG MAQAPOATG ELONUEVOLS TTQOOEYOVTES YOO

douev VeQPOAV nal EMAELPLY HOVOVOS TTaLQOOETEL.
énneloBm yap evbela 1 AB xai mpooexPefAnobw e’
dmerpov € to H, nai amwo tod A tadTn mpog 0000g

NxOw ) AT, nai éneCetyBw 1 BT »al éxPePAnocbm,
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rol €IMNPOm Tiva onueia ém s AH ta E, H, nai
ano tov E, H ) AT mapdAinro fixbwooav ai EO,
HK, »at ywvéoOm td pev Vo AHK {oov to dmo
ZH,t1® & vo AEO {oov 10 amo AE- dud ya tdv
A, A, Z 1Eeu 1M vegPolt). Opolmg 8¢ notaorevdoo-
HEV %ol TO €7l TG EAAEPemC.

Eic to »y’.

Ael ¢mothoat, Ot €V Tf) TEOoTAoEL OVO OLAUETOOVG
AEYEL OVY ATTADG TAS TVYOV0OG, AMA TAS RAMOVUEVOLS
ovCuYElS, OV EXATEQO TTAO TETOYUEVIDG HOTNYUEVNY
NrToL xol péoov Aoyov Exel Tdv Tod eidovg mhevpdv
TS €Té0ag SLAUETQOV, ®al Ol TOVTO diy o TEUVOUOL
TOG AMNALV TTOQOAANAOVG, g d€dewwTOL €V TO L1E” Bew-
ofuatt. €l yoQ ) ovtwg Ao, ovpffioetan Ty
uetakv evOelav TV S0 dropétowv Tf) £Téoq AUTOV
TaQAAMNAOV givar: de oty VITOKELTAL.

gmeldn 0¢ to H €yyuov éotu tiig duyotoplag Tig
AB fjre 10 O, nai €0t TO pev Vo BHA peta tod

aro HM (oov 1@ amo AM, 10 8¢ Vo AGB peta

0D Ao OM {cov Td aVT®, TO O¢ Ao OM ToD Ao
HM peiCov, 1o doa o BHA peiCov 1ot vmo BOA.
Eig 10 »¢’.

"Ev TioL pégeton nai ot 1 AmddelEis:

eMN PO TL onpelov €M THS TOURS TO O, %ol éme-
CelBw ) ZO- 1) ZO doa éxparhopévn ovusimrel T
AT~ dote noi | ZE. v O eiAdpOw, not Eme-
CelyOw 1 KZ nai éxPePrnobw- ovumeoeitar 01 t) BA
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exPorhopévn: dote nai 1) ZH.
Eic 10 »¢’.

To BewEnUO TODTO TTMOELS EYEL TTAEIOVG, TODTOV
pév, ot EZ 1) émi ta ®vota puéen thg Topis Aop-
Bévetor mg €vradOa 1) € Ta xotha, Emerta, OTL 1)
amo to0 E mapad tetayuévog natnypuevny €om pev
70’ v onuelov ovpfdiler AdLapOQmS Tf) SLopETOw
ameiom oo, Ew &8 oboa xal pdhota Em Thg Vmeo-
BoAfg €xeL BEoLy 1) EEwTéom ToD B 1) €mi ToD B 1)
peta&L Tv A, B.

Eig 1o »C’.

"Ev tiow avtrypddols Tot #L Bewpfpoatog pégetan
oL T ATOOELELS:

gotw mapafoli, g didpetoog 1) AB, nol Tahtnv

tepvétm evOeld Tig 1) HA €vtog g topfs. Aéyw,

otL 1] HA éxPariopévn €@’ éxdtepa TA PLEQT OV ITE-
ogltou T Toud).

MNyOw yao tig it Tov A mopatetayuévog 1 AE-
N AE Goa éxtog meoeital Thg TOufG.

fitot O 1) HA tf) AE mtaodAnhog éotwy 1) 0.

&l uev ovv moAANAGC 0TIy, AT TETOYUEVIC
rotintTar wote exfarhopévn €’ endtega, €mel Olya
tépveton Vo T dtopétoov, ovumeoeitol Tf) Toud).
un €otm O mapdAiniog th AE, dAra éxPariopévn
ovpettéto Tf) AE nota 10 E og 1 HAE.

&L v oV T Topd) £ T ETEQaL péQN OV~

mreL, €9’ & €otL 10 E, dfjhov- €l yap tf) AE ovpfd-
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AEL, TTOAD TTQOTEQOV TEUEL TIV TOUNV.

Aéyw, Ot nal Em Ta €TeQar péEN ExParlopévn oup-
mirrTeL Tf) Toud).

€0t Y00 mo’ v OUvavtow 1 MA, xal éxfe-
PAoOw ém’ evOelog avti ) AZ:- | MA doa t) AB
OGS 00AS 0Ty, memotoBw, g TO Ao AE mpog
10 AEA tolymvov, oUtwg 1 MA mog AZ, xal dud
Tv M, Z 1) AB mopdhinhol )x0woav ai ZK, MN-
TeToauTAellpov oV dvrog Tod AAAH xai 0éoeL otong
s AA NxOw ) AA magdiiniog 1) I'KB dmotép-
vovoo 10 'KH toiyovov 1 AAAH tetoamieto
{oov, nai 0ua Tod B ) ZAM mapdiiniog fjx0w 1)
EBN. »at émel €¢otiv, og to amo AE mpog 10 AEA
tolywvov, 1 MA mpog AZ, dlh” og pev to amo AE
1005 10 AEA toiywvov, 10 dno I'B mpog to ATB
tolywvov- mopdhhnhog yéo éotv 1) AE ti) I'B, nai

¢mtevyvioovow avtag ai I'E, AB- ig 0¢ 1 MA mog

AZ,10 AMNB ool AnAOYQouuoV QOGS TO AE TAQOA-
MAOYoa OV, g doa To amo I'B mpog 10 'AB 1ot~

yovov, 00Twg 10 AMNB oo MAOYQOUUOV TTQOS TO
AZZEB mooalMnAoyeappov: EVaALGE, i TO amo I'B mpog
10 AMNB mopoarinioyoappov, ovtwg 1o I'AB Tt0iymvov
700G 10 AZEB moQaAANAOYQouUoV. {00V O €0TL TO
ZABE mogaiioyoappov T I'BA toLywve- émel Yoo

10 'HK tolywvov t®» AAHA tetpamietom ¢otiy ioov,
rowvov 0¢ T0 HABK tetpdumievgov, 10 AABK mooalhnio-
voapupov T I'AB torywve éotiv ioov: 10 0¢ AABK
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maQolAnAOYoa oV T ZABE magoahAnioyodpuw €0tV
{oov- &m Y Thg avtig Pdoemg éott Tiig AB %al év
Taig avtaig mogaliniolg taig AB, ZK. icov doa
¢otiL 10 'AB 1olyovov 1@ EZAB mogainioyodpu:
wote not 1o Ao I'B 1 AMNB mogaiinroyoduum
€otiv {oov. 10 0¢ MABN mogalAnAoyoapupov icov
¢oti T Vo MAB- 1] Y00 MA mp0g 0004¢ €0TL TH)
AB- 10 dpoa v7to MAB {oov ¢oti 1) amo I'B »al

¢otv 1 MA 6060ia to eidoug mhevpd, 1 0¢ AB dud-
petoog, xai 1 I'B tetayuévog: magdiinrog yao €0t
™) AE- 10 I" dpa mpog tf) touf) €otwv. 1 AHI dioa
ovpfPdrrer Tf) Topuf) vata to I' dmep €0¢eL OelEau.
oyoMa €ig TO mpoteEV Bemwonua.

[emooBm dM, wg 1o Ao AE mpog to AEA
tolywvov, 1 MA mpog AZ] totto dédewnton €v
oYOM® TOD Lo BEWETNUOTOS. AVOYQAPAS YOO TO AITTO
AE xal mapa v mhevoav avtod T AEA torydvem

{oov mopaParmv EEw TO TNTovueVOV.

£€ig T0 aUTO.

[teTpamhevoov dvtog Tod AAAH 1ybw tf) AA
moedAinhog ) KB dmotépuvovoa 1o 'HK tol-
yovov 1 AAAH tetpamhetow {oov] todto d¢
TOLNOOUEV OVTWG: €AV YAQ, MG €V TOIG OTOoLYElOLS ENd-
Bopev, T 000évTL eVOVYRAuID Td AAAH TeTEO-
eV {oov nal AM® T® doBévTL T AEA Ttorymvem
opotov To aUto ovotnom®ueda 1o ZTY, hote oudAoyoV

givar TV ZY ) AA, »oi dmohdfopev th pev XY
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tonv v HK, 11} 8¢ TY tonv v HI', nai ¢mlet- 10
Ewpev v 'K, €otan 1o Entotuevov. émel yo 1
105 T® Y ywvia ton éoti Th A, Tovtéon th) H, da
oo toov nat Opotov 1o 'HK t@ ZTY. nal ion
N I' yovia T E, nal elowv évolEE: mapdhinlog doa
¢otivn 'K tf) AE. 15
davepov O, 01, Otav 11 AB dEwv éotiv, 1 MA
epdmreTal Th Toung, dtav 08 ) dEwv, Téuvel, €l
7TEOC 00004 dyeTal TAVTWS Tf) OLOHETOW.
Eig 1o »y’.
‘Ot, »av 1 TA téuvn tv UmepPoAfv, Td avTd 20
ovufnoetal, MOTEQ ML TOD OUTWHRALOERATOV.
Eicto ).
[Kai og doa émi pev Thg EMAelpems ovvOEvTL,

€T O TOV AVIKELUEVMV AVAITTOALY ROL QVOL-

otoéyavti] &m udv ovv Thc EMhelpewe ooduev-

EmeLd) 0Ty, g TO VIt0 AZB mpog 10 Amo AZ, 10

0710 AHB m0og 10 amo HE, g 0€ 10 o AZ mpog

T0 Ao ZI, 10 dro EH mpog 1o dmo HI, &’ {oov,

™G TO V70 AZB mp0og 10 dmo ZIN, 1o vo AHB 5
700G TO Ao HI™ ouvOévti, g 0 Vo AZB peta

o0 &m0 ZI' meog 1o amo ZI', tovtéott 10 dmo Al

7EOG TO Ao I'Z: 1) Yoo AB tétunron gic pev ioa

noto to I, eig 8¢ dvioa ®atd TO Z- 00T™we TO AITo

I'B mp0og t0 amo 'H- »ai évaAlaE, dg 10 amo AT 10
710¢ T0 Ao I'B, 10 o ZI' mpog to amo I'H. ém

08¢ TOV AVTKELUEVOV: ETTEL €0TLV, OC TO VIO BZA
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7OOG TO Ao ZI', 10 v7wo AHB mpog 10 dmo 'H,
OLoTL O {oov, dvamaiy, dg TO Ao ZI' meog TO VIO
BZA, t0 amo 'H mpog to vto AHB- dvaotoéyavt,
™G TO Ao ZI' mpog to amo 'A, to dmwo HI™ mpog

t0 ao I'B- ev0eia yao tig 1 AB tétunron diya nata
to I, nai mpdoxertan 1) ZA, noi 1o Vo BZA peta
o0 Qo AT toov éoti T® amo I'Z, dhote 10 dmo I'Z
oD Vo BZA vmepéyel T amo AL, nat nohdg eion-
TOL TO AVAOTQEYAVTL.

Eic 10 Ao’

[AlehOvTL TO Ato I'B moog 10 vto AHB pet-
Cova Aoyov €yxeL e 10 amo I'B mog to o
AOB] émel yop ev0eia 1) AB tétunton dixo xota to
I', nai mpoonertan avtf) 1 BH, 1o o AHB peta
tob 4o I'B {oov ¢oti td dmo I'H- dhote 10 dmo T'H

oD Vo AHB vmepéyel td amo I'B. dua ¢ v

aUTNV aitiov nal 1o 4o I'O tod Vo AOB vmepéyel
™ Ao I'B- dote 6pOhg eigntal TO diehdvTL.
Eic to Ap’.

‘Ev 1® éntonadendto Oemoiportt dmhovotegov
£de1Eev, 0TL 1 OLA TG HOQUPTIC TTOLAL TIV RATNYUEVNV
TETAYUEVWS Ayopévn ébarttetar, évtadBa o To €V Tolg
OTOLYElOLS €T TOD ®UKAOU LOVOU OESELYUEVOV RAOOML-
RMOTEQOV ET TTAONG XKDVOV TOURG VITAQYOV EMOE(XVVOL.

oet pévrol emotioat, OmeQ naxel €0elyOn, OtL nop-
TUANV UEV {0MWG YOOV OVOEV ATOTOV E0TLV EUTTi-

ey PeTaky T eVOelag ®al THS TOoufg, evbetav O¢

15

20

25

10



248

AUNYAVOV: TEUEL YOO CLDTY) TV TOUIV ROl OV% EDA-
Petar 0o Yo éparmrouévag evbelag xatd ToD aUToD
onuelov eivar dddvatov.

TOAVTEOTWG dedELYIEVOV TOUTOV TOD BEmETUOTOG
&v dLapogolg ExddoeoLy Nuelg TNV AmddelEv amhov-
OTEQAV RAL OOPEOTEQUV ETTOLN|OOLUEV.
Eicto M.  Acgl émotihoat, 6t 1) A xotnyuévn €m v dd-
LEeTEOV €71l pEV TS Vmeofoliis Ttag AB, AA opiCovoa
™V BA notalMptdver ddpethovoav Tundfval gig Tov
TV BAA Aoyov, émi 8¢ Thg éhheirpems xal ToD »U-
rhov avémoiy v BA téuvovoa eig mplopévov Aoyov
TOV TV BAA €¢mulnreilv Hudg molel tov tdv BE,
EA- o00¢v yo duoyepeg Aoyov doBévtog ioov aitd

moicaoBal.

Oetl pévrol eidévar, ot vab’ ExAoTny ToWV RaTa-
voadpat giol d0o Tod Z onpeiov 1) éomtéow tov I
AapBavouévov 1) EEmtéom: HoTe elval TAS TAoNS TTh-
oelg €E.
yoftor 8¢ xal dvo AMjppaorv, dmeg €ENS Yodpouev.
[uellov dpa TO V710 ANE 10D Vo AOE- 1
NO dpa meog ZO petCova Aoyov €xel )me M
OA mp0g AN] émel yap t0 Vo AN, NE peiCov
¢otL Tod Vo AO, OE, yvéobw 1@ vmo AN, NE
{oov 10 Vo g AO %ol dAMNG TLvog Tiig EIT, f)Tig
peiCov €oton Thg Z0- €otrv dpa, mg 1] OA meog AN,
1 NE mpog EIT. 1) 8¢ NE mpog EO peiCova Adyov
gxeL e meog v EIT- »at 1) OA doa mpog AN
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ghattova Aoyov €xel e 1) NE mpog ZO.
davepov O1 nail To avamaily, Oti, 0V 1) NE meog 15
ZO petCova Aoyov €xm fimeo 1 OA mpog AN, 1O V7O
EN, NA peifov éott tod vmo AO, OE.
ywéoBw yao, mg 1) OA mpog AN, oVtwg 1) NE
7o0g peilova dnrovott tiig 2O wg v EIT- 10 doa
vo EN, NA {oov €oti T Vo AO, EIT- dote pet- (20) 20
Cov €0t 10 VO EN, NA tod vio AO, OZ.
£ig T0 aUTO.
[aAN” dg pev 1o Vo BK, AN mog 10 dmo I'E, 10 o BAA mpog 10

amd EA] émel ovv S

TO TAQOAAAOUG etvan taic AN, ET", KB €otwv, o¢ N
AN mpog ET', ) AA mpog AE, wg &¢ 1) EI mpog
KB, 1 EA mpog AB, 8v {oov dipa, g 1) AN mpog
KB, 11 AA mpog AB- nai wg dpa 10 dmmo AN m0g
10 Vo AN, KB, 10 470 AA mog 10 V7o AAB. 5
g 0¢ 0 o EI" mpog 10 amo AN, 1o amo EA
7OOG TO Ao AA- O {oov doa, dg To amo EI moog
t0 Vo AN, KB, 10 470 EA mpog 1o vo AAB-
®not avasoy, wg To Vo KB, AN mpog 10 dno ET,
T0 V710 BAA 100¢ 10 dto EA. 10
Eicto AL
Ald ToUTmV TOV Bemonudtmwv Gpavepov, Owg €0Tl
Ouvatov Ot Tod doBEvTog onuelov Emi Thg OLoLpe-
TQOV %Al THG OQUPTS TG TOUMG EParTTouévny ayayelv.
Eig 1o Ayy’. 15

"Ev Tiowv dvtrypddolg 1o Bedonua Todto £m povng
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ThS VePoATic evpioneTan dederypévov, raBohMxrdg O
gvtabOoa dédemTal TA YaQ avta cvuPaivel xot ém
TOV AWV TOPDV. %ol T AToAwVip O¢ doxel )
LOVOV TNV VItEQPOANV, AAAG ®ail TV EMAELPLY EXELY
OgutéQay OLAUETQOV, MG TTOAMAXLS AVTOD NROVOAUEV €V
toig mpolaPodory.
7ol €7 puev thg éldelpemg oty ovx €yel, em 0¢ TG VIeQPOoATg
1€l T0 Y00 Z onpetov, zad’ 0 ovpfdrrer ) Epamrouevn Tf) OevTéEQQ

OLAUETQM, 1] HOTW-

€0 TOD A €0TLV 1] €l TOD A 1) AvinTéQm TOD A,

zal Oud ToDTo TO O Opoimg avTd TEElS €EeL TOTOVC,
%0l TQOOEUTEOV, OTL, EITE HOTWTEQW TEON TO Z TOD A,
7ol TO © 100 I €0TON ROTWTEQW, €(TE TO Z €M TO A,
7ol TO O émi 10 T, elte Avintéem TO Z To1 A, nal

T0 O t00 I' €0TON AvinTEQW.

Eig to no’.

To Bewenuo TOUTO €71 peV Th)g VIEQPOATS TTDOLY
oUx €yeL, €l O¢ ThG EMENPEWS, EAV 1) RATAYOUEVT) ETT
TO %EVTEOV Tilmre), Ta € howma yévntal To ovTd, TO
Ao ThS naTypévg £idog ooV E0TOL TR Ao THS £
TOD ®EVIQOU €dEL.

gotm Yoo EMhenic, g Suduetoog 1) AB, #évtpov
T0 A, nal notyOw tetaypévog 1 T'A, nol dvoye-
YOAPpOw Ao te Thg I'A ol tiig AA €idn icoymvia
ta AZ, AH, é¢xétm 6¢ 1 AT mpog I'H tov ovyxei-
pevov AOYov €x te ToD OV €xel | AA mpog AZ %ol

ToD OV €xeL 1) 000l QOGS TNV TAayiay.
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Aéym, 0TL 10 AZ Toov €oti T AH.

EmeL YOO €V TO ONTO d€demTOL, MG TO A0 AA
7OG TO0 AZ, oltwg 10 Vo AAB mpog 10 AH, dpnud,
OTL nol EVAANAE, g TO Ao AA mEOg 10 V0 AAB,
oVtwg 10 AZ 1p0og 10 AH. {oov d¢ 10 Ao AA td
V70 AAB- {oov doa nal T0 AZ td AH.

Eic to up’.
To BewEnuo TOVTO €)EL TTMOELS LA, OV PEV, €l

e¢owtéom AappPdvorto 1o A tod I dfjAov ydo, OTL ®ai

ol TaedhAniol éowtéQw mecodvtal tdv AI'GO. étégag
O mévte oVtwg: €av 10 A €Emtépm AngOTf) Tod I, 1
pev AZ magdhhniog ONAovoTtL EEwtéom meoeiton Thg
0TI, 1 ¢ AE 1) peta&v tov A, B 1) émi 10 B 1 pe-
ToEV TV B, O 1 €M 10 O 1) EEwTéQW TOL O TOD

Y00 A EEOTEQW TEOELV QUTNV AdVVATOV, £€meELdN) TO A
EEWTEQM €0TL ToD I nal ONAovoTL nal 1 O A TOoD
napdAIAog ayouévn ) AT éav 6€ 10 A €mi T
gtepa péon And oM g Toungs, ) dupotepon ai madii-
AnAoL peTaky Tv O, B mepatwOfocovta, i} 1) uev AZ
gowtéom Tod O, 10 0¢ E &mi 10 O, 1) i) AZ woa-
Twg pevotong 1o E éEntéom tod O éhevoeton Tod 8¢
E mahv €EmTém mimrovtog T0 Z 1) émi 10 O meoeital,
06 etvar v FOA piav ed0giav, el nol ui) obletol
©VOIlWG TOTE TO TG TOQAAAAOL 10w, 1) EEMTEQW
ToD O. O¢l 8¢ €7 Th)g AmodeiEems TV TEAeVTAlOV
TEVTIE TTOoEWV TNV AZ éxPailery Emg TG TOUNG %ol

g HI" mapahAnlov zat ovTwg moteloBon thv amo-
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OeLELv.

ouvatov 8¢ nal AAMNV wov xatayQadnv Emvoetv
Ex TOVTOV, OTaV O Aapfavouévou ETéQov onueiov ai
€€ dy s evBelon ToLdOoL TO Aeyouevov, AAAa ToUTO
Bemonuo LEALOV €0TLY 1) TTOOLS.
Eig to ny’.

"Ev 1oL pépeton amddel€ig ot Bemouatog TovTo

TouT:

gmel ya toov éotl 10 Vo ZI'A 1@ o I'B, €otwy
doa, wg M ZI' mpog I'B, 1) I'B mpog I'A- »ai g

Goa 1O amo thg I'Z €idog meog To dmod thc I'B eidog,
oVtwg M) ZI' mpog v 'A. X’ &g pev 1o amo ZII
700g 10 &m0 I'B, 10 EZI toiywvov mpog 10 AT'B
tolywvov, og 0¢ 1 ZI' mpog I'A, 10 EZT toliywvov
71p0g 10 EI'A 10iymwvov- og doa to EI'Z tolywvov
700g 10 BAT tolymwvov, to EI'Z mpog to ET'A toi-
yovov. {cov doa 1o ET'A tolywvov td BI'A. nal

™G G €m uev TN VITEQPOANG AVAOTOEYAVTL, ML O
TS EMelPemg Avamally xal Otelovtl, [wg] To EZT
tolywvov mpog 1o EABZ tetpdumhevgov, ovTtmg T
EI'Z mpog 10 EAZ toiywvov: ioov doa 10 EAZ
tolywvov 1 EABZ tetpamhetom. ol émel €0TLv,
g 0 Ao I'Z meog 1o dmwo I'B, 10 EI'Z mpog to
ATB tolywvov, ém pev ti)g vmegoii)g dteAovTL, €Tl
0¢ Thg EMelPEDG AVATTOALY 1Ol AVOOTEEPAVTL RAL AVA-
oAV 0Ty, g TO V70 AZB mog to dmo BT, to

EABZ tetpdmievpov mpog 10 BAT tolymwvov. opotmwg
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0¢ nai, mg to amo I'B mpog 1o vmo AKB, oltwg to
AI'B 1olyovov mpog 10 MABK tetpdsmievgov: OV
{oov Gpa, dg T0 VIO AZB m0o¢g 10 Vo AKB, 10
EABZ tetpdmievpov mpog 10 ABKM. g 6¢ to
V710 AZB m0og 10 V710 AKB, 10 o EZ mpog to
amo HK, og 8¢ 10 amo EZ mog to dmwo HK, to
EAZ toiywvov mpog 10 HOK toilymvov: nat g doa
10 EAZ mpog 1o HOK, 10 EABZ tetpdmhevgov
1005 10 MABK. évaALGE, g 10 EAZ mpog 10
EABZ, oVvtwg 10 HOK mpog 10 MABK. (oov 0¢

10 EAZ 1® EABZ ¢d¢ly0n {ocov doa ot 10 HOK
©®» MABK tetpamietom. 10 doa MI'K toiymvov
tob HOK dradégel tdH ABT.

gmotioo det Tavtn T delEer OMyNV YO0 doddelay
gyel év Taig avaloyiong Thg eMhelpeme: (va ta dudt
™V ovvtopoy ToD gNToD OpoD Aeyoueva dinenUEVMS
TOOWUEV, OlOV — PN oL YéQ- £mel £0TLv, (O TO AITO
ZI" mpog 10 amo I'B, 10 EI'Z tolywvov mog 1o
ABT, avamoity ®oi AvooTteépavtl xot AVATTUALY
—mg 10 Ao BI' mpog 10 dmo I'Z, 1o ABT mpog
t0 EZI™ dvaoteéypavtt, dg to o BT meog 1o 1o
AZB, toutéotv 1) VIeQoyt) ToD Ao I'B meog to dmo
I'Z 810 10 Suygotowiav givaw to T thig AB, obtwg T
ABT toiywvov mpog 1o ABZE tetodmhevgov: avd-
oy, G TO VO AZB 1p0g t0 dmo BI', 10 EABZ
teTRdmlevoov mpog 10 ABI toiywvov.

gxeL ¢ mrmoelg €mi peV TG VIEQPOATS L, Ooag
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elye ®ol 1O mEO avTod £mi Thg moaforfic, xai dAAV
pav, otav to €m tov H Aapfavouevov onpetov tov-
TOV N 1@ E- to1e Yoo ovpfaiver 1o EAZ toiywvov
uetd Tod ABT {oov eivaw t TEZ: ¢detnton pev

vao 10 EAZ tolywvov ioov td ABZE tetpamietow,
10 8¢ ABZE 100 I'ZE 1to1y0vou dradpépel T ABI.

¢mi O¢ TG eEMhelpemg 1) TavTov €0t 1O H T E 1)
g¢omtéom happPdavetor tod E- nal dfhov, 6t apddtepan

oi TQAAANAOL LETOED TECODVTOL TV A, Z, 10G EXEL

&V IO ONTO. £l 08 EEwTéow AndOTf) to H to E, nai

1 &’ ovtoD ) EZ mopdhhnhog peta&v méon tov Z,
I, 10 O© onpelov moLel TTMOELS TEVTE: 1] YOO UETAED
TV A, B mimttel 1) €mi 10 B 1) peta&l tov B, Z i)

¢ 10 Z 1) petaky tdv Z, . éav 8¢ 1) dua tov H

) naTnyuévn mapdAiniog €mi to I' xévrpov mime,
TO O AAYV oNuUELOV O OEL AANAGS TEVTE TTMOELS
®oaUTWG ®al Oel €7l TOVTE onuelwoocBar, dtL To
V70 TOV oeaAMAwy taig EA, EZ yryvouevov tol-
yovov ioov yivetor T ABI toryove- émel ya oy,
g T0 &m0 EZ mog 1o amo HI', 10 EAZ toiywvov
100¢ 0 HOTI™ dpota ydo- g d¢ 10 dmmo EZ mpog

t0 amo HI', 1o vmo BZA mpog to vmo BI'A, tovut-
¢otL t0 amo BI', og dpa 10 EAZ tolywvov mog 1o
HOT', 16 v710 BZA mog 10 amo BT'. wg d¢ 10 Vo
BZA mp0¢ 10 amo BIT, ovtwg €deiyOn €xov 10 ABZE
teTRdmAevoov mpog 1O ABI tolymwvov: nai mg doa to

EAZ totywvov mpog to HOT', 1o ABZE tetpdumhev-
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ooV 1p0og 10 ABI toiymwvov. nat évaALEE. xal dAhwg O
taOtog duvatov OetEal Aéyovtag, OTL Em TV duTAaciwV
QUTOV TOQOAANAOYQAUUMY TODTO OESERTAL €V TQ OYO-
A tod por Bemofpartoc.

¢av 0¢ 1 dwa tod H 1) EZ mopdhhnhog dyopévn
ueto&V méon v I', A, éxfinOfoeton pév, Eng ote 1)

I'E attf) ovuméon, t0 0¢ © onuelov oL oeL TTMOELS

T 1] Yoo petaly tdv B, A i) émi 1o B mimred i) pe-
ToEV TV B, Z 1) €7 10 Z 1) petaky tov Z, T 1)
ém 1o [ 1) peta&y tov I, A- »al ém tovTtov TV
mwoewv ovpPaivel Tv dwadpooav thv ABT, HOK
TOLYOVOV 2OTOTEQW ovviotaoBou tg AB ev0eiog VO
g AT éxfalhopévng.

¢av 0¢ 10 H €mi ta €tepa pépn Ao T topdic,
nal 1) amo to0 H tf) EZ mapdiinhog petagu iy
TV B, Z, éxpAnOnoeton pev did TV AmddelELy, €mg
ov tépn v AT, 10 8¢ © onusiov mouoeL TThoelg
T 1) petald Ov tdv B, Z i) ¢m 10 Z mimrov i) petay
tov Z,T 1) émi 1o I 1j petakv tdov I, A 1) € to
A 1] éEmtépm tod A. €arv 8¢ 1) o tod H ) EZ
T QUAMNAOG £t TO Z sy, hote piav edOgiav elva
™v EZH, 10 © onuelov mouoeL TTMOoELS € 1) Yo
peta&V 1v Z, I meoeiton 1) €m 10 T 1) petakv tohv
I', A1) émi to A 1) éEmtéom toD A. éav 8¢ ) HK
UETOEY mimen T Z, I, 10 O motoel Trdoels € 1)
Yo peta&v Tov Z, I' meoeiton 1) €mi 1o I 1) petaky

tov [, A1) ém 10 A 1] ¢Ewtéom ToD A. €V O€ M)

153

20

10

15

20



264

154

HK émi 10 I' »évtpov mimren, 10 © onuetov motoel
TTMOELS TEELS 1) peTaly misrov tov I, A 1) émi 10

A 1) €EEmTéQw TOD A- %Ol €L TOUTWV TV TTOOEWMV
ovupnoetor waiy 10 HOK toiymvov loov yivesBou

5\

@ ABT toryove. éav 8¢ 1) HK petalv mimen tov
I', A, 10 © onpelov 1) petaky tov I, A meoeiton i)
emi 10 A 1) éEwtéom ToD A.

ovpfaiver 00V &l Tivog EAAelpemg TAS TACAC TTHD-

oelg elvol uf xol £m g Tod nindov 8¢ mepupepeiog

T00a0TAC, M EIVAL TOC TAOOC TTMOELS TOVTOV TOD
BemonuoTog 4C.
Eig to ud’.

[Emel ovv avturetpeval eiowy ai ZA, BE,
oV dudpetoog 1) AB, 1) 8¢ d1d Tod ®évipou 1
ZT'E nal ¢pamropeval v toudv ai ZH, AE,
TaedAMAOg oty 1) ZH i) EA] émel yap vmepol)
gotv 11 AZ noi épastropévn 1) ZH nol ratnypévn 1)
720, {oov ¢otL 10 V7to OT'H 1@ dmo T'A dud 1o AL
Bemonpor opoimg 01 xai to V7o EI'A 1@ Vo I'B
¢otv loov. €0ty dpa, mg To Vo OI'H meog To Ao
AT, o0twg 10 V710 ET'A 1p0g 0 drwo BT, xai éval-
MGE, g 10 Vo OT'H mog to Vo ETA, 10 dmo AT
7eO¢ T Ao I'B. {oov 6¢ 10 dmo AT 1 dmo I'B-
toov dipa nal o Vo OTH td® v7o ETA. nat €0t 1)
OT ) I'Z {on: nai 1 HI dpa tf) T'A €otuy Ton €0t
0¢ nwo M) ZI' T TE d1a 1o V- ai oo ZI'H oo giot

taig ETA. nai yoviog toag megiéyovot tag meog td I
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1aTA XOQUPNV YaQ. Wote ral 1) ZH i) EA éotuv Ton
nai 1 Vo I'ZH ywvia T Vo TEA. »atl elowv éVoAGE:
nagdhinhog doa €otiv 1) ZH i) EA.

ai Trdoel avTod 1 giowy, xabdsep ém THC Vmeo-
BoAfic év T wy” €xet, nol 1) AmoOdelELS 1) avTH).
Eig 1o ne’.

"Emuotijoo xon t@ Bemonpatt Tovtew mhelovg £xovTt

TTWOELS. €T PEV YOO THS VIeQPOATC €xeL % TO YOQ

avti tod B AapPavopevov onuelov 1) tadtov €0t T

A 1) TavTtov @ I 1o1e Yo ovpPaiver To amo T AO
Tolywvov duotov Td TAA tadTov elvar T¢) do-
TEUVOUEV®D TOLYDV® VIO TOV TAQoAANAwV Taig AAT .
gav 0¢ puetatv Angof to B onuelov tov A, T, nol

10 A, A dvoTtéom OOt TOV TEQGTWV THS devTéag
OLOUETQOV, YiVOovTaL TTMOoELS TOELS Ta Yoo Z, E

1] AvOTEQW TOV TEQATWV GEQOVTOL 1] €T’ ALVTA 1)
ROTOTEQW. £AV 08 TA A, A €mi T méQaTa MOL THG
Oevutépag dLlapéToov, Ta Z, E natmtéow éveydnoovtal.
opolmwg 8¢ nal T €av éEwtéow A¢OT) Tod I' 10 B,

[nai] ) O émi to I' éxfAnOnoetan, ovpPaiver 6 ovtng
yiveoOau dAhag mrmoelg Toels: ToD Yoo A onueiov 1)
AVOTEQM GEQOUEVOV TOD TTEQATOG TG OEVTEQAS OLOLLE-
TQOV 1] €77 AVTO 1] HOTOTEQW %Ol TO Z OUOImG PpeQO-
LEVOV TIOLTOEL TAG TOELS TTMOELS. €AV O ML TA ETEQQL
uéom tig topfic Andom to B onueiov, 1) uev I'o
exPAnOnoetol ém 10 O S TV AddelELY, ai d¢ BZ,

BE mowotol ttdoelg Toeis, Emeldn To A €71l TO TEQOLS
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270

déoeTon TS OeVTEQAS SLALUETQOV 1) AVIITEQW 1) XATWTEQW.
émi 0¢ T EMAeipemg nal THg ToD ®VUrAOL TEQLPEQELNS

oVd&V mowihov égouev, AL Ooa &V T TEOAAPOVTL

Oewoefuatt EAExON: MG eivon Tag TTdoelg Tod Oewe)-

LOTOC TOVTOV Q9.

dvvatal 8¢ Ta TG TeoTdoews delnvvobal xal em

AVTIXELUEVDV.

Eigto ng’. Todto 10 Oedonuo mrmoelg €xel mhetovg, g deio-
UEV TTQOOEYOVTES TOLG TTMOECL TOD Uf’ .

VIodelyuatog 8¢ xaoLv, €éav To Z émi to B mimrotto,
oUTto0ev ¢gotpev- €mel 10 BAA {oov éoti 1 ©OBAM,
#nowvov adpnonodw 1o NMAB- howov doa 10 ANM
©® NOB ¢otiv {oov.

émi O¢ TG Aoumig égodpev- émeldn 10 AEA 10
OBAM é¢otwv {oov, tovtéott 1 KHAM ol t® HZE,
toutéott T ZKN nal 1 NEAM, nowvov ddpnenodw
10 NEAM:- nal Aowtov doa 1o ANM 1@ KZN ioov.
Eig to ut’.

ToDto T0 BewEnua €7t eV TH)G VITEQPOATIS TTMOOELS

gy, oag TO TEO ATod & ThC TAEAPOAS ElyeY, TAC

0¢ AmodelEels avT®V momooueda TEOoE OVTES Talg
TTOOEOL TOD Py BewNUaTog, ®al €m ThG EAAelPemg
8¢ 1A AmodeiEels £ TV mTdoswv Tod Yy’ , olov £m
ThS Vmoxepuevng norayeadis tod H onuelov éntog
eiAnppévou, émeldn toov €oti 10 AAT tolywvov toig
OHQ, QI'M, tovtéott toic OOT", OHM torydvolg,

™ 0¢ AAT {oov ¢oti 16 te EINT toiywvov xat 1o
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AATIE tetpdmievgov, tovtéott 1o NOII toiywvov
oL Ta dederypéva v Td py’ Beworpatt, ot to EIT,
NOII doa tolywva toa ¢oti toig OOI', OMH 101
Y®OVOLG. ®OLvoOV adnefobw 10 OOT tolywvov: houtov
doa 1o ZON 1@ HOM ioov éotiv. nal mogdAinrog

1 NE tf) MH: {on doa 1 NO tf) OH.

Eic to uy’.

Kai tottov ai mtmoelg doaitmg €xovot Tolg TQOELoT-

PEVOLS €M TOD UL ®oTd TV ThG VIEQPOATIC ®aTa-
Yoadiv.
Eig to no’.

[Aoutov doa to KAN toiywvov 1@ AATIT
QoMLY E0TLV {00V, nal on 0TV 1)
o AAIT yovia tf) Vo KAN yovig: duthdolov
doa €otl 10 V10 KAN 101 1710 AATT] énxneioBm

ya xweig 10 KAN toiywvov roat 1o AATIT mooah-

MAOYoappov. rat émel ioov €otl 10 KAN tolymwvov

@ AIT magarinhoyodppw, fix0w dia tod N ) AK
napdAiniog 1 NP, dua 6¢ tod K tf) AN 1) KP-

o QoAMAOYQOo oV doa 0Tl TO AP nal dtmhdolov Tod
KAN toryovou: wote xai tov AT mogarlinioyoduuov.
exPeprobwoay O ai AT, Al émi ta 2, T, nat

neloOw th AT ton 1) I'Z, i) 8¢ AIT W IIT, not

emeCelyOw 1 2T magahAnroyoappov doa €oti to AT
outhdioov tod ALl dote {oov 10 AP 1 AZ. ot 8¢
QTG %Ol LI00YDOVIOV AL TO TAS OGS T A Ywviag ®otd

®oQuPNV oboag (oag elvar Tdv 8¢ {owv xail iooywvinv
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TOQOAMAOYQAUUMV AVILTETTOVOOOLY al TTEQL TAS T0aS
yoviag mhevoai: €0ty doa, g 1 KA mpog AT,
TouTéoTL TROG AZ, 1] AA mpog AN, »ai to vito KAN
{oov €0Ti T VO AAZ. nai €mel OUTAT) oty 1] AZ
g AL, 10 Vw0 KAN duthdiodov ot tod AAT.

gav o¢ 1 uev AI' i) AIl éom mopdAAnhog, 1) 6¢
I'TI ©)) AA pi) €éotL mapdAANAOG, TEATECLOV pev dnhov-
otL €0ti T0 AT'TIA, %ol oUtwg 0¢ P, OTL TO VIO
KAN {oov €0ti T V710 AA %ol ovvopdoTéQOU TG
I'A, AIL. éav yap 10 pev AP avaminow0i), wg
mooelpnta, ExPAnOdot 6¢ nai ai AL, AIT, xat te0f)
™ pev Al ton 1 I'Z, ) 6¢ AL 1 IIT, noi émi-
Cevy 01 1 2T, maparinhoyoappov €éotor 1o AT di-
mhaolov tod AIT, xal 1) AmodelELg 1) AT AQUOOEL.
YONOLUEVOEL O TODTO €ig TO EET|C.

Eicto v'.

Al mtdoelg TovTov 1o BemwENUOTOg MoOVTMS EYoVal

TOig ToD py’, Opoimg 0¢ ral €m Tod var.

Eig tov émiloyov.

Ty éx g yevéoewg dudpeTQov AyeL TV
YEVAUEVNV €V TQ XDV HOLVIV TOUNV TOD TEUVOVTOG
EmEdov ral Tod A Tod AEovog TELYDVOoL: TOUTNYV

0¢ nal aQywnv dudpuetoov Aéyel. xat dpnoiv, OTL TavTa

TA OEOELYUEVO CUUTTTOUOTA TOV TOUMV €V TOLG TIQOELQT)-

pévolg Bemenuaoty VITOOEUEVMV NUDV TOG AQYLRAG

OLopéTEOoVg ovpPaivery dvvavtol xol TOV AAAWV TUohV

OLOPETOMV VITOTIOEUE VIV,
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159

Eic 1o vo’.

[Kai dveotdtm amo tiig AB énimedov 0000V
QOGS TO VTTOXEIUEVOV ETUTTEDOV, AL €V QVTD
mel TV AB yeyoddpOmw winhog 6 AEBZ, ote
TO TUAMA THS SLapéTEOU TOD HURAOV TO €V TO
AEB tunpatt meog to tufua Thg dtapéToou To
&v T AZB tpnuot pun pelCova Aoyov €yev
oD OV €xeL ) AB mpog BI'] éotwoav dvo evBeion
aoi AB, BT, xal d¢ov €otm mepl v AB winlov
yodpat, MOTE TV OLAUETQOV aUTOD TéuveoHaL VIO THG
AB oltwg, wote 10 mog T I' péog avTi|g ToOg TO
Aowtov ) peilova Aoyov €xewv tod g AB mpog BT,
VITOREOOW pEV VOV TOV avTdv, nal TeTuobm 1)
AB 0diyo nato o A, »al 6L’ 0vTod 1o 06000s TH)

AB 1x0w 1 EAZ, nai yeyovétw, mg 1) AB mog

BT, ) EA mpog AZ, nai diya tetunobw | EZ-
ofjhov o1, Ot €i pev 1 AB tf) BI' éotwv {om nai 1)
EA 1) AZ, dvyotouia €otan thig EZ 10 A, €l 8¢ 1)
AB tiic BI' peiCov nai 1 EA ti)g AZ, 1) diyotopia
ROTMTEQW €0TL TOD A, €i 0¢ 1) AB tiic BI' éAdoowv,
AVITEQW.

€0t 0¢ VOV TEwg naTwTEQM MG TO H, nol ®EvTQ
©® H drootipott td HZ widnhog yeyoddpOm: det o)
o Tv A, B onuetov nEewv 1j éomtéom 1) EEwTéQm.
%ol €L eV 0L Tv A, B onueiwv €gyotto, yeyovog
av €in 10 émtayBév- VegmuTéT™ 8¢ TaL A, B, %ol

exPAnOcioa €’ exdrega 1| AB ovpmmtétm tf) meoupegeiar
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rota ta 0, K, xal émeCetybwoav ai 20, OF, EK,KZ,
nal i Ow owa tod B 11| pev ZK mapdrinrog 1 MB,

™) 0¢ KE 1 BA, nai éneCevyOwoav ai MA, AA:
g€oovtal 01 xai avtal TagdAiiniol tais ZO, OF dia 1o
tonv elvon Tv pgv AA ti) AB, T)v 8¢ A® Tf) AK

wal TTROG 000as elvan Ty ZAE i) OK. ai £mel 606
gotwv 1) og T K yovia, xot magdhinior ai MBA
taig ZKE, 6001 doa nai 1 moog Td B- da ta avta

o1 %ol 1 OGS TM A. oTe O meQL TV MA wlnhog
yoadpouevog 1EeL dua tdv A, B. yeyoddpOw g 6
MAAB. nal €mel moedAAnAiog oty ) MB 11} ZK,
€otv, mg 1 ZA mpog AM, 1) KA mpog AB. opoimg

on nai, og N KA mpog AB, 1) EA mpog AA. »al

EVaMAE, wg 1 EA moog AZ, tovtéotv 1) AB m00g
BT, 1 AA mpog AM.
opoimg ¢, »Av 0 yoadbouevog mepl Tv ZE ninlog
téuvol Ty AB, t0 avto deryOnoeton.
Eig 1o ve’'.
[Kai € thg AA veyeddOm NMurirALoV TO
AZA, nol 0w Tig €ig TO NURVAALOV TTOQAA-
AMhog ) A® 1) ZH mowooo tov tod dmo ZH
7100g 10 Vo AHA Adyov tov avtov td tig 'A
7QOg TV dumhaciov Thg AA] €0Tm HurrAMOV TO
ABT émi dwapétoov tijg AT, 0 6¢ 000¢ig MOYOG O THg
EZ mpoc ZH, nai 8¢0v €0Tw moLfjoot To mooxeipeva.
relobw tf) EZ lon 1 Z0, noi tetpunodm 1 OH

Otxo nata 1o K, nai 0w €v 1d funvriio Tuxodoa
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ev0eta 1 I'B év yovig ) Vo AT'B, »ai 4o tod
A #€vtoov MxBw €’ avty vdbetog | AZ nai ExPAn-
Oeloa ovpPariéto th) mepupepein nata To N, nol did
o0 N tf) I'B magdiinrog )x0w  NM- édpdaypeton
doa ToD nunAov. nai memotobw, mg 1) ZO mpog OK,
1N ME mpog EN, nal xetoOw tf) EN fon 1 NO, xoi
emeCetybwoav ai AZ, AO tépvovoor TO NurOrAov
rata ta 11, P, not émelevybw 1) TTPA.

¢mel ovv {om gotiv 1) EN 1) NO, %owvi) 8¢ nai
1e0og 000ag 1 NA, ion doa zal ) AO tf) AE. oL
0¢ noi M) AIT ) AP noi Aowm) épa 1) I1O T P=

280 gotv ton. mapdiiniog doa éotiv 1) ITPA tf) MO.
rol €0y, mg 1 Z0 mpog OK, 11 ME mpog NE- mg
0¢ 11 OK mpog OH, 1) NE mpog EO- & loov dpa,
wg 1) OZ mpog OH, 1) ME mpog EO- avdamohiy, g
1N HO mpoc ©Z, 1 OE mpog EM: ouvOévTL, mg 1)
HZ mpog 720, tovtéot mpog ZE, 11 OM mpog ME,
tovtéotv 1 ITA mpog AP. g d¢ 1 TTA mpog AP,
10 V7o [TAP 7p0g 10 dmo AP, ioov &g 10 Vo TTAP
™ Vo AAT™ g dpa | HZ mpog ZE, 10 Vo AAT
7OOG TO Ao AP. avdamaiy doa, g ) EZ mpog ZH,
T0 a0 AP moog 10 V7o AAT.

Eig 1o viy’.

[Kai ¢ thig AE yeyoddOw uridxAlov 1o
AEZ, nai tf) AA magdhinhog Mx0w €v avtd 1)
ZH \oyov morotoa Tov Tod amo ZH mpog 1o

v1t0 AHE tov tiig T'A moog v duthaciov g
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AE] éoto nuxirnlov 1o ABI ol év avt® ev0etd
g 1 AB, nai xeioBwoav dvo evBeial dviool ai AE,
EZ, nai éxPePfinobmw ) EZ ém to H, nat t)) AE

ton »etobw 1 ZH, ot tetpnobm 6An 1 EH oiya
1OTO TO O, %ol EANPO® TO nEVTIQOV TOD RUKRAOV

t0 K, nai &’ atod ndBetog ém v AB 1))0w

nal ovpPoariéto T meQupepela nota TO A, nal oL

o0 A tf) AB apdAinrog 0w 1 AM, »al €xAn-

Ocloa 1 KA ovpforrétom ) AM »ata to M, xol
nemomobw, mg 1 OZ mpog ZH, 1 AM mpog MN,
nal T AN {on €éotm 1) AZ, nal €nelevyOmwoav ai
NK, KE nai éxpepAnobmoav, nal dvaminombeig o
r0nAOG TEPVETM aUTOS notd Ta [T, O, natl émeCeliybw
1 OPIL.

¢mel 0OV oy, g 1) ZO meog ZH, 1) AM meog
MN, ovvOévti, g ) OH mpog HZ, ) AN mpog
NM: avamoiv, og  ZH mpog HO, 1) NM mpog NA,
g 0¢ 1 ZH mpoc HE, 1 MN mpog NE- diehovTL,
wg M ZH mpog ZE, 1 NM mpog ME. nai émel {on
gotiv 1] NA tf) AZ, nouwvr) 0¢ »al mpog 0p0og 1 AK,
lon dpa ol 1 KN 1) KE. £ot 6¢ »ai 1) KO T
KII {on- mapdiiniog doo 1 NE tf) OII. dpolov
doa 1o KMN toiywvov td OKP torydrvem xoi to
KME 1¢ ITPK. €0ty doa, g 1) KM mpog KP,
1 MN mpog PO. drha rat, g oty 1) KM mog KP,
1 MZE mpog ITP- »al wg doa 1 NM mpog PO, 1 ME
7o0g TP »at évailaE, mg ) NM mpoc ME, 1) OP
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mo0g PIT. &AL’ g pev 11 NM mpog ME, 1 HZ

mp0g ZE, toutéoty 1) AE mpog EZ, g 6¢ 1) OP
7p0g PIT, 10 dmo OP mpog to vmo OPIT nat wg doa
N AE mpog EZ, 16 dmo OP mpog to vmo OPII. ioov
0¢ 10 V1o OPII t® V7o APT'. wg dpa 1) AE moog
EZ, 10 dmo OP mpog to vmo APT.

Efontow pev €v toig peta 1o v Bemonua oyoiiolg

O OXOTIOG TMV 1Y TODOTMWV BEWENUATOV %Ol €V TOlg

eig 10 exnadératov 6 TV £Efg ToLV, del &¢ eidévau,
OTL &V pev T 1L pnotv, 6tL 1) dud Ti)g noQU TS

TOQOL TETAYUEVIS RATNYUEVNV AYOUEVT] EXTOG TUITTEL,
&v 08 TQ 11y dnotv, Ot N mapdAiniog Tf) dwoodv
EPATTOUEVT £VTOG TG TOUTS AYOUEVT) TEUEL TNV TOUNV,
&V T 107, OTL 1) Ao TLVOG oMpelov TG OLapETEov

TOLQOL TETOYUEVIG RATNYUEVTV CUUIIITTEL T) TOUA), €V
TO N NOL KA TOG RATAYOUEVAS TNTEL TOV TOUDV, OTTWG
€Y0oV0L TEOGS AMNAOG ®Ol TA THS OLAUETQOV VIT AVTOV
YLWVOUEVOL TNUOTOL, €V TO %P nol 1wy’ AEYeL eQl TG
ev0elag Thc nota dvo onuela Tf) Topf) ovumTTovoNg,
&v T nd” nol ne” meQl Thig ev0eiog Thg ©ad’ Ev T

TOWf] CUUTITTOVOTG, TOUTEOTLY EPATTOUEVNC, EV T KC
meQL TG Aryouévng moQolhhov tf) StopéTow T oo
Boliig »al Tiig VeQPOATIC, v TO nT' meQL THS TEUVOVONG
TNV OLAUETQOV TS TAQOPOATIC, OTL AT’ AUPOTEQX LEQT
ovptirtTeL T ToUm), €v TQ %1’ TEQL THG AYOUEVNS
naQahAhov T Epostropévn ag TOV AVTLRELUEVDY,

&v T 10’ meQl TG Ol TOD REVTEOU TAV AVILLELUEVOV
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enParlopévng, €v Td A pnouv, Ot dyotopeitar 1 dud

oD ®EVTQOU EXPalhopévn Thg EMENPEMS ROl TOV AVTIXEL-

LEVOV, €V T Ao dnolv, Ot &ml ThS VregBoAfis 1

EPAITTTOUEVT) TV OLAUETQOV TEUVEL LETAED TG HOQUPTC 25
nal ToD ®EVTEOU, €V TO AP’ nal v nal O nol € nal

¢’ mEeQL TV EPOTTOUE VWV TIOLELTAL TOV AOYOV, €V TQ

AT meQl TV EHATTOUEVOV ROL TOV ATTO THS DTS

rATNYUEVOV TG EAAePES ®al TS VIEQPOATC, &V TO

M) eQl TV €dpamTopévmy TG VIEQPOATNS nal THS

EMAelpemg, Ommg Exovol TROS TNV SEVTEQAV OLAUETQOV,

&V TO MO nal W meQl TOV UTOV ToLeiToL TOV AOYOV 5
TOVG OUYREWEVOUG €x TOUTWV AOYOUS EINTAOV, &V T

Lo TTEQL TMV AVOLYQADOUEVWV TTOQOAAAMAOYQAUUMDV GITO

THS RATNYUEVNC RO THS €% TOD #EVTQOUL THS VIteQPOATIS

rnal TG EMelpemg, v T PP’ ém Thg mapaPfolijc Aéyel

{oov elvar 1O VO TS EPamropévne ®ol T roTyuévng 10
ratohapfavouevov Tlymvov Td icovpel avTd maQah-

AMAoyodupm, nuiogiav &’ Exovit fAaoty, &v Td Wy’

gmi Th)g Ve PoATc nal TG EMAelPemg Tnrtel, g

€Y0oV0L TEOS AAANAC TA VITO TOV EPATTOUEVOV RAL

TOV ®oTNYREVOV dmolapPavopeva Tolywva, &V Td 15
KO’ TO AVTO €V TOlG AVTLRELPEVOLS, £V TQ UE” TO

oUTO €7 TN 0EVTEQAS OLOUETQOV THIC VITEQPOATIC

nal TG EMelPemc, v TO PG TEQL TOV PETA TNV

aQy Vv dudiuetoov TS TaRafolilg ETéowv, v T nt’

TEQL TV £TEQWV LALUETQWV TG VIIEQPOATNG Ol TG 20

EMAePemg, €V TQ W TEQL TOV £TEQMV JLAPETQWV TOV
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AVTXELUEVDV, €V T UO” TeQl TV maQ’ dg OUVavTaL
ol #oToyOUeEVOL £TTL TOG £TEQAS OLOLUETQOVGS THG TTALQOL-
BoAfg, €V T® v mmeEL TOD aTOD THS VITEQPOATIS ®al
TG éMelpemg, €V T Vo TEQL TOD AVTOD TV AVTLXEL-

PEVOV. TODTO €TV ROl TQOOOELS TOIG ElENUEVOLS

EniAOYOV TLvaL €V TO VP nal vy dewmvieL TeoPAnua,

Mg duvaTOV €V EmIEdQ Yool TNV TOQAOAV, &V

™ v nol ver AéyeL, g del yodpol TV vegPoANv,
&V TQ VG ®ol VT nol vy, i Oel yodpor v EMhenLy,
&V T VO AéyeL, TG Oel YOAPELY AVTIHELUEVAG, EV

™ & meQl TV ovTUYWMV AVILLELUEVDV.

25
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APPENDIX B
PASSAGES ON COMPOUND RATIO

B.1 From Eutocius' Commentary on Archimedes' On the Sphere and the Cylinder

"Emtel ovv 6 tiic PA mpog AX Adyog cuvijmron
& te ToD, OV €xeL 1 PA mpog AA, nal 1) AA mpog
AX 6t pev 1 ovvBeoig TV AOYWV Aapufdvetol Thg
AA pgong hapPovopévng, mg vAv Tf) ZTOLXELDOEL EALUL-
Béveto, pavedv: el 8¢ TO AeyOueVOV AdL0QOQMTWG
WG ROl VY, OVTWGS, HOTE TNV EVVOLOLY ATOTANQMOL,
Aélenta, g oty eVEely evruyydvovtag TTamm te nol
Oftwvi xot Agrodip v TOALOIG CUVTAYHOOLY OVX ATTO-
derTindg, AAA’ Emaywyf) TO AeYOUEVOV TTAQLOTAOOLY, OV-
08V dtomov mEOg Poayl évolatoiyavtas Td AOY® TO oo-
PEOTEQOV TTOQALOTHOL.

dnuL toivuy, dtL, €av d10 AQLOUMYV fToL peyeBdV pueécog
g 6005 AndOT), 0 TV £ dEyNs AndOEvTmv dolBudv
AOYOG oUYrELTaL €x TOD MOYOU, OV €XEL O TTQMTOS YOG TOV
PETOV, rol TOD, OV €xeL O LECOG TTQOG TOV TOITOV.
VITOUVNOTEOV O1) TROTEQOV, TDG EAEYETO AOYOG €X AO-
YoV ouyreloOat. wg yap €v tf) Zrouxelmoel dtav ai Thv
MOYwV lndTTES €09 EavTag ToANATAQOL00gioaL TTOL-
Moty Tva, INMrOTNTOG ONAOVOTL AeYOUEVNS TOD AQLO-
uod, oU AEMVVUOC £0TLy 6 SLddUEVOC AOYOC, (O paoty
drhot te not Ninopayog év 1@ mpmte el povouxig
raoi Hodvog €v T vmopviuatt T eig tv Aguuntinnv

eloayoynyv, Tovtov 0¢ eimetv nal Tod aplOpod Tod molha-
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TAOOLACOUEVOU T TOV EMOUEVOV OQOV TOD AOYOU Rl
TOLOVVTOG TOV TYOUUEVOV. ROl XUQUDTEQOV UEV €T TOV
TOANATTAQOLOV 1] TNAROTNG OV AapPdvorto, Eém 0€ TOv
EmuoQimv 1) EmMUeEQ®V OVKRETL TNV TNAMXOTNTA dUVATOV
hapPaveoBon ddlogétov pevotiong g povadog: wot’ e’
Exelvarv OLoLEETEOV TNV LoVAdQ, O €l ®Ol ] RATA TO TTQOO-
fnov ) aeOunTef) dALG T AoyLotird) Tuyydivet. dvou-

ogltan 88 1) HOVAGS xaTd TO u€QOG 1) TO péon, AP’ MV AdVO-

paotow O Moyos, HoTe elval Mg £V 00peoTéw TO Méyewv
toD pév Nuoliov Adyov nrdTNTA TEOG TH) LOVADL ROl
10 fov Thg povddog, Tod d¢ emteitov mEOg T povadt
TO TOlTOV, WOTE, HOOA ROl AVOTEQW EIPNTAL, TNV TTNAL-
2OTNTO TOD AOYOU €T TOV EMOUEVOV OQOV TTOAMATTALOLAL-
Copévny moLety TOV 1Yo ueVOV. ToD Y €VvEa TROG TA

£E Nuwoliov TIxrOTNE 0Voa 1] HOVAS %od TO fjuov ToAAa-
mhaoooBetoa € TOV € moLet Tov 0, xal € TV AAAWV

0€ 1O aVTO £EEO0TL HATAVOELV.

TOVTWV O1] TEOOAPNVIOOEVTMV EMAVARTEOV €TTL TO TTQO-
tebév. Eotwoav yaQ ol dobévtes do aglBuol oi A, B,
peoog d¢ auTMV eiMPOm Tig 6 I dewntéov 01, OTL O
To0 A 110¢g TOV B MOYOC ouvijrttan €% ToD, Ov €xel 6 A
710G Tov I, wal 6 I mpog tov B.
elANPOw yap oD pev A, I' Adyov mlxdtng 6 A, T0D
0¢ I, BO E- 0 dpa I' tov A mohhamhaotdoag Tov A
motet, 6 8¢ B tov E molamhaowdoog tov . 6 on A
tov E molMamhaoidoag tov Z moleitw. Aéym, 0t 6 Z

TINAMROTNG €0TL TOD ToD A 11ROg TOV B AOYOUL, TOVTEOTLY,
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011 0 Z tov B molamhaoidoog tov A molel. 0 Yoo B

1oV Z mohhamhaotdoac tov H moweitm. €émel obv 6 B tov

pev Z morlamhooldoog tov H memoinxev, tov 8¢ E molha-

mhaotdoog Tov I, éotv doa, g 0 Z mpog tov E, 0 H
p0g Tov I'. v, émel 0 A 1OV pev E mohhamhooidoog
TOV Z memoinxrev, tov 0¢ I' molamhaoidoag tov A me-
moimxev, €0ty doa, wg O E mpog tov I, 6 Z mpog tov
A. évohhAE, g 6 E mpog tov Z, 6 T mpog tov A, »ai
avamoy, wg 6 Z mpog tov E, oltwg 6 A moog tov I
AAN” g 0 Z mog tov E, €0eix0n 6 H mpog tov I' xnai
wg dpa 6 H mpog tov I', 6 A mpog tov I' ioog dpa 6

A t® H. &AM\ 6 B 10v Z molhamhaoidoag tov H me-

moinxev: zot 0 B doa tov Z mohhamhaoidoag Tov A
motel: 0 Z oo nMxdtng €0Ti ToD ToD A TEOg Tov B
Aoyov. nat oty 0 Z tod A €m tov E moAlamhaolao-
0évtog, TovtéoTt TG TArOTNTOoS ToD A, I' AMOYOUL €L
™V InArotnTa tod I', B Aoyou: 0 dpa tod A mpog TOV
B AOyog olUyrerton €x te ToD, OV €xeL 0 A mpog tov I,
»not 0 I mpog 1oV B- Omeg €deL det&au.

tva O¢ nal émi VIodelyHaTOS paveQov YEvVNTOL TO €i-
OQNUEVOV, TTOLQEWTITTETM TOV 1P %ol TOD B uéoog Tig oL-
KOG 0 9. Aéyw, OTL 6 ToD Iy TROG TOV B AOYOGS, TOVTEDTLY
0 ¢Eaumhdiolog, oryrertal €x te Tob TELTAaCiov ToD 1f3

7OOG TA O ®al TOD dLITAaotov ToD & OGS TA f.

5\ \

€AV YOQ TAG TNAROTNTAS TOV AMOYWV TOAOITAOLOLG- CWUEV €T AAATIAOLS,

TOVTEOTL TOV Y €71 TOV [, YiveTal O

C TAROTNG WV ToD I EOGS Ta B AMOYoUu, »al éoTy £Ea-
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TAAOLOG, OVITEQ O TIQOERELTO VITOAEIEL.

el 0€ nal O PE0OG TOQEUTLITTWV UT) VITAQYN TOD HEV
petCovog éNdtTmv, ToD 0¢ EMdTTOovVOoG HelCwv, AAL’ 1) TO
AVATTOALY 1] AUDPOTEQWV LEC™V 1] AUPOTEQWV ENATTMV, RAL
oVTWg 1) 01UVOEOLS 1) TROELENUEVN AxohovOT|oeL. TOD O
%20l TOD € HECOC TIG TTOLQEUTTITTETM AUPOTEQWV HEICWOV O
. AMéyw, Ot €x 1e ToD VmemTitov ToD O mMEOS TOV 1
MOYoL %ol ToD duthaoiov ToD Iff mEOG TOV € olyreLToL
O MWohog Tod 0 TEOGS T C.

1 Y00 TNMxOTNG TOD O 1ROC TOV I AOYOUL €0TL Tl
TETAQTA, TOUTEOTLY OV KAl TETOQTOV, 1) O€ TINAROTNG
10D 1 TOOC TOV € &0ty O B. €0V 0VV TOAOTAOOLAOMUEV
TOV [ €7l TO IOV KAl TETOQTOV, YIVETAL LOVAS O RO
Nov, NTig INMxOTNG €0TL TOD MoAiov AOYyou, OV €xeL
7ol 0 0 TEOC TOV €. OUoiwg 0€, »Av TOD O %Al C pécog
EUITEON O O, €% TOD O POG O OUTAAOLETTETAQTOV KAl TOD
0 EOS C VONOAIOV oUyreELTOL O NOMOS MOYOS. TTAMY
YaQ TV INMxOTNTA TOD OLITAoLETITETAQTOU TA 3 O &

™V IAMxoTNTO Tod VPNOoAiov, TovtéoTt Ta OO TOlTA,

moAhathaoldloavteg EEoPeV TO €V Iov TNMxOTNTO TOD
NwoAiov, mg elpntat, AOYov. xai £ T vVTmV O¢ OUoiwg
0 AVTOg AEUOOEL AOYOG.

OVULPAVES O €n TV ELENUEVOV, OGS, EAV dVO O0OEV-
TV AEOUMV fTol ueyeddv oV w) eig péoog, mhetovg
0¢, MOQEUTUTTOOLY OQOL, O TOV ArEWV MOYOS OUYHRELTOL
&% TAVTOV TOV AMOYWV, OV £XovoLy ol ®otd TO £E7C nel-

pevol 6QOoL AQYOUEVOL GITO TTIRMTOV KOl AYOVTES €ig TOV
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£0y0TOV Tf) ROTA TOVS €YOUEVOUG TAEEL.

000 yaQ Oviwv 6pwv TOV A, B mogepmmtétmwoay
mheiovg évog ol I', A. Aéyw, 6t 6 Tod A mpog tov B
AOYOG oVyreLTal €x Te ToD, OV €xel 6 A meog tov I, xai
0 ' mpog tov A, nal 6 A mpog Tov B.

gmel yo 0 Tob A mog tov B olyxretton €x te To, Ov
€xeL 0 A mEOg TOV A, nail 6 A mpog tov B, og dvmtéom
etonrat, 0 8¢ Tod A mEOg TOV A MOYOG OUYHELTOL EX TE
ToD, OV €xeL 6 A mpog Tov I, »al 6 I' mpog tov A, o
doa oD A mog tov B AOyog ouvijmron €x te ToD, OV
gxeL 0 A mpog tov I', nai 0 I mpog tov A, ot 0 A 10g
oV B. 0poimg d¢ nal ¢m tdv Aowdv deryBnoeton.

B.2 From Eutocius' Commentary on Apollonius' Conics
To 6¢ amo tiic BI' mpog to vmo BAT Aoyov
gxeL Tov ovyreipevov éx tod ov €yeL 1 BI' mpog
I'A nai M) Bl moog BA- 0édetntan pev év td €t
BpAlw ThHc oTouELwoemS €V TQ €in00Td TElTW OEWET)-
pate, Ot T LooYmh VLA TTOQOAMAOYQO LD TTOOS AAANAQL
AOYOV €YEL TOV OUYREIUEVOV €1 TOV TAEVQDV- £TTEL O
EMAATIROTEQOV LAMAOV ROl OV RATA TOV AVAYHOIOV
TQOTOV VIO TMOV VITOUVNUATIOTAOV ELEYETO, ECNTNOAUEV
aUTO nal YEyQaurtol £V Tolg €x0edopuEVoLg MLV eig TO
tétaptov Oedonua tod devtégou Piriov TV AQyLun-
00vg mepl odaipag nal *VAIVOQOU ral €V Tolg 0y OAIOLS TOD
mowTov PifAiov g ITtolepaiov ovvtdEemg: ov xeigov
0¢ ol évradOa ToUTo yoadfvor OLd TO P TAVIWS TOVUG

AVOYLVDOROVTIAS RAKEIVOLS EVTUYYAVELY, ROl OTL OYESOV
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TO OAOV GUVTAYLO TOV ROVIXDV REXQNTOL QVTO.

MOYOG éx MOYmV ovyreloBal Aéyetal, dtav ai Thv

MOYWV TIAMrOTNTES €0 EAVTAS TTOALATAQOLACOEITL TTOL-
MOt TLvaL, INAROTNTOS ONAOVOTL Aeyouévng Tob aQLo-
uo®, oV TAEMVUUOE £0TLY O AOYOC. £ ugv oDV TMV
moAMamhaoinv Suvatdv 2oty doLOuov OAORANEOV Eival
TV TINAROTNTA, €71 € TV AOLTTOV OYECEWV AVAYHY
TV IAOTNTA AELOUOV ElvaL xoi pOELOV 1) HoELAL, i )
doo Tig £€0éhoL xal dpENTOVS Eival oy£oeLs, olal elowy

ol %oTo TO dAhoya peyEdn. em maomv 08 TV oXEoEWV
OfNAov, 6TL TN 1) TINAMROTNG TOAQTTAOCLALCOUEVY ETTL
TOV EMOUEVOV GQOV TOD AOYOV TOLEL TOV T YOUUEVOV.

£€0Tw Tolvuv AOYOS O ToD A mROg TOV B, nal €i-

220 MO TIg avTdV pécog, og Etuyev, O I, nal €éotm
o0 A, I' Moyou mnhundtg o A, tod 0¢ I, BO E,
»ot 0 A 10v E molamhaoidioog TOv Z moteitw. Aéyw,
OtL ToD AOYOoU TV A, B ilnotNg €0Tiv 0 Z, TOUT-
€0ty 6tL 0 Z 10v B mohhamhaotdoog Tov A motel.
0 &1 Z tov B mohamhaoidoag tov H moteltm. émel
o0V 6 A 1OV pgv E mohhamhaoidoog TOv Z memoinxey,
tov 0¢ I' mohamhaoitdoag Tov A memoinxev, €0ty
doa, g 0 E mpog tov I, 0 Z mpog Tov A. il
émel 6 B tov E mohMamhaoidoag tov I memoinuev,
TOoV 0¢ Z moAlamhaoldoog Tov H memoinxev, Eotiv
doa, g 6 E mpog tov Z, 6 T mpog tov H. évalraE,
¢ 6 E mpog tov I, 6 Z mpog tov H. v 8¢, ig

0 E mpog tov I, 6 Z mpog tov A- ioog doa 6 H
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™ A. ®ote 6 Z tov B mohamhaoidoag tov A 15
TETMOINKEV.

U1 TOQATTETMW OE TOVS EVIVYYXAVOVTOS TO OLA TMV
agLOunTrd®v dedelyBon ToDTO" Of TE YOQ TTOAOLOL %E-
YONVTOL TS TOLVTOLS ATodelEeot padnuatinais paAhov
ovoalg 1) apLdunTnaig dd Tag dvaroyiag, ol Ot 20
T0 CnTovpevov dEBUNTXOV €0TLV. AOYOL YOQ ROl
TINAMROTNTES AOYWV ROl TOALATAOOLALOUOL TOLS GLLOHotg
TOMOTWS VITAQYOVOL ®al OL” ATV TOlg peyEDeot, xaTa
TOV elmdvTar TadTA Y00 TO podfjpuata S0xodVTL Elpey
AdeNPAL.

B.3 From Theon's Commentary on Ptolemy's Syntaxis

Afjupa.

Eic hoyog €# 800 Moywv 1) nai mhetdvarv ovyreioOo Méyetan, dtav ai
TOV AOYOV TINMKROTNTES TOAALATAOLALODELOML TTOLDOT TLVAL TTNAROTITOL
AOYOU.

‘Eyxétw yoo 10 AB mpog 10 TA Aoyov dedouévov, nai 10 T'A mpog T

EZ Moyov: Méyw Ot 6 Tod AB mpog EZ Aoyog ovyrertan €x te Tob AB
m0¢ I'A nai tod I'A pog EZ, tovtéotiv 6t éav 1) tod AB mpog to I'A
AOYOU TAnOTNG ToAahaolao0T) i v Tod I'A mpog EZ, tod Aoyou
Aot TO Tolel Ty tod AB mpog v EZ.
"Eotw ya mpdtegov 1O puev AB tod AT peiCov, 1o 6¢ T'A tod EZ.
nol 5
£€otm tO pEv AB 100 T'A dumhdoov, To 8¢ I'A tod EZ touthdolov. émel
ovV 10 uev I'A tod EZ touthdoov éotiv, 10 8¢ AB 100 T'A dumhdolov,
10

doa AB 100 EZ éoTiv €éEamhdiolov, Emel nal €AV TO TQUIAAOLOV TLVOG
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Autha-

OoLdowUEV, YiveTal avToD EEATAAOLOV. TODTO YAQ 0TIV ®UQIMWS OUVOEDLS.

"H ovtwot. émei 10 AB 100 T'A €0tiv dumhdotov, dinenobm 10 AB eig
0. 1) 'A Toa ta AH, HB. »al €nei 10 I'A tod EZ €otiv toumhdoov, oo
Ta avtda 01 »al To HB 100 EZ ¢otiv toumAdolov. dhov doa 10 AB to
EZ

gotiv EEamhdolov. 0 doa tod AB mog t0 EZ Adyog ouvijrtan did Tod
A

péoov 6pov ovyxeipevogs éx te Tod AB mpog I'A Aoyov nai tod I'A mpog

EZ.

AN dpotmg ¢ »al €av EhatTov n énatégov Tdv AB, EZ 10 TA, 10

aUTO

ovvayOnoetot. €0tm Yo Gy TO pev AB tod I'A touthdolov, 1o 0
I'A

Huov tod EZ. xai émel 1o I'A ot oty tod EZ, toh 8¢ I'A toumhdolov

0 AB, 10 AB dpa MuoMmov ¢otv tov EZ: éav yag to 1ot tivog
TOLITAQL-

oldlowpuev, €EeL AT Ao ®ol NUodxLS.

"H »ai oVtwe. £mel 10 pev AB tod T'A £otiv Toumhdotov 1o 0¢ TA tod

EZ fjuov, olwv ¢otiv 10 AB lowv td I'A toudv toovtov éotiv 1o EZ
dvo.

mote Nuoiov €otor To AB 100 EZ. 6 dipa tod AB mpog 10 EZ Moyog

ovvijrtal O Tod I'A péoov 6pov ovyxreipevog éx te Ttod AB mpog I'A

Aoyou nai tod T'A mpog EZ.

AlAa 01 wdhv €otm TO T'A éxotégov v AB, EZ peifov: »ai €0tw

10 pév AB 100 T'A fuov pépog, 10 8¢ TA tod EZ émitoitov. émel oty
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olwv ¢otiv 10 AB dU0 Totovtwv 10 I'A Tecodowv, olwv 0¢ 10 I'A te0od-
owVv ToloUTmV 10 EZ 1010V, 20l 0lmv doa 10 AB dvo toovtwv 10 EZ
TOLDV.
ovvijxtal da mdAv 6 To0 AB mpog EZ Aoyog dua tod I'A pécov 6gov
0
TMV OV0 TROG TA TE(O TOD TE VITOATAALGIOV R0l TOD £TUTOITOV, O VPN O-
MOG. Opoimg 01 ®al €7l TAELOVMV KAl €T TOV AOLTTDV TTTMOOEMV.
Kol §fhov g 8Tt v Gmd Tod ovyrelpuévouv Adyou gig OToLocodV ThV
oUVTOEVTWV APaLeedT), £VOg TOV drpwv ddpovioBévtog, 6 Aoutog TV

ovvTIOEVTOV nOoTalerpOnoeTaL.
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