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ABSTRACT

In the context of moment maps and diffeomorphisms of Kéahler manifolds,
Donaldson introduced a fully nonlinear Monge-Ampere type equation. Among the
conjectures he made about this equation is that the existence of solutions is equivalent
to a positivity condition on the initial data. Weinkove later affirmed Donaldson’s
conjecture using a gradient flow for the equation in the space of Kéahler potentials of
the initial data. The topic of this thesis is the case when the initial data is merely
semipositive and the domain is a closed Kahler surface. Regularity techniques for
degenerate Monge-Ampere equations, specifically those coming from pluripotential
theory, are used to prove the existence of a bounded, unique, weak solution. With
the aid of a Nakai criterion, due to Lamari and Buchdahl, it is shown that this solution

is smooth away from some curves of negative self-intersection.
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CHAPTER 1
INTRODUCTION

1.1 The Problem
Let (M, w) be a closed Kéhler manifold. Suppose that x € H*(M;R) is another
positive (1, 1)-form. In the context of moment maps and diffeomorphisms Donaldson

[12] suggested the study of

w A (X + Eaégo)n_l =c (x + Ea&a)n. (1.1)

2T 2

Equation (1.1) is a fully nonlinear elliptic PDE of Monge-Ampere type. In local

coordinates,

v—1 , - v—1 ; 3
w = ?gzjdzz ANdz)  and x = ?hﬁdz’ Ndz.

Suppose Y = x + %859@ solves (1.1), then in normal coordinates at a point equation

(1.1) has the form

~ 1
nc = E o (1.2)
j=1"7

where {);} are eigenvalues of [h;; + ¢;;]. Dropping all but one of the terms in (1.2)

yields

ncAj —1>0 foreach j=1,...,n (1.3)

Inequality (1.3) is equivalent to the class condition [necx —w] > 0. In the interior

of the cone determined by this class condition, Weinkove [32] proved the so-called



J-flow of (1.1) converges to a smooth solution. Not long after, Song and Weinkove

[30] proved the same result when there is a x’ ~ x for which

m—1 m—2

nex' T —(n—1)x" " Aw>0; (1.4)

essentially they showed that the J-flow converges to a smooth metric in a larger
cone of admissible metrics. When n = 2 class conditions (1.3) and (1.4) coincide. It
is worth noting that Fang, Lai, and Ma [16] have used a flow in a cone of positive
(1,1)-forms to obtain smooth metrics y that satisfy

k= X" wherek=1,...,n

WA X
if and only if the initial data, y and w, satisfies a certain class condition. Furthermore,
this class of fully nonlinear equations includes equation (1.1) and, in fact, both the
J-flow and condition (1.4) are identical to the k = 1 flow and class condition which
appear in [16].

Song and Weinkove [30] also proved that on Kéhler surfaces the J-flow blows
up over some curves of negative self-intersection, as conjectured by Donaldson [12].
The purpose of this thesis is to prove equation (1.1), with degenerate initial data, has
weak solutions on Kahler surfaces which admit curves of negative self-intersection, and

to investigate the regularity properties of these solutions. Specifically, the following

is proved.



Theorem 1.1.1. Let M? be a closed Kahler surface with two Kdhler classes [w] and

[x]-

is a constant of integration. If [2cx — w)| is semipositive and not Kdhler, then

V-l ﬁaau)Z (1.5)

1 _ —
w A <X+—88u> :c<x—l——

27 2

has a unique bounded solution, u, in the sense of currents that is smooth away from

E C M, a finite unton of irreducible curves of negative self-intersection.

E:UEj and E;-E;j=—-1 for j=1...m.
j=0

The conditions imposed on [2c¢xy — w]| by theorem (1.1.1) guarantee that it is
numerical effective and not Kédhler—-meaning that it lies in the boundary of the Kahler
cone. On Kéhler manifolds Nef(M), the numerically effective cone (nef cone), is the
closure of K(M) C H“'(M;R), the Kihler cone: Nef(M) = K(M), see [27] and
[11]. Requiring [2cx — w] ¢ IC(M) is necessary because, as stated earlier, Wienkove
[32] has already proved that (1.5) has a smooth solution when [2cxy — w] is Kéhler.
Due to Lamari [26] and Buchdahl [6] there is a more geometric characterization for
semipositive classes in K (M) C H"(M;R) on compact complex surfaces. Namely,

[X — w] must vanish on some effective divisor. A slightly more detailed discussion of

this appears in lemma (.0.4) of the appendix.



1.2 Overview

Nondegenerate Monge-Ampere equations serve as a prototype for the kind of
degenerate Monge-Ampéere equations studied in this thesis. The C? estimate for equa-
tion (1.5) is essentially the C? estimate that appears in the nondegenerate setting.
Existence and regularity of solutions for nondegenerate complex Monge-Ampere equa-
tions is the content of chapter 2. The Calabi conjecture, a now classical application for
nondegenerate Monge-Ampere equations, asserts that Kéhler-Einstein metrics exist
for manifolds with definite first Chern class; and it is also covered in chapter 2.

Theorem (1.1.1) is proved in chapter 3. By converting (1.5) into a degenerate
Monge-Ampere equation we have access to the pluripotential techniques which are
used to obtain L> estimates for such equations. On Kéhler manifolds, Kotodziej [24]
used pluripotential theory to prove L* estimates and solve the Dirichlet problem
on domains in C” for Monge-Ampere equations with non-negative and LP bounded
right-hand-side. Later Demailly, Eyssidieux, Guedj, Pali, Zeriahi, and others adapted
Kotodziej’s ideas for Monge-Ampere equations with semipositive initial data. In chap-
ter 3 relevant concepts from pluripotential theory are reviewed and used to obtain

L estimates for equations of the later type.



CHAPTER 2
NONDEGENERATE MONGE-AMPERE EQUATIONS

Consider the class of Monge-Ampere equations

v—1 - \"
<a + 2—88u> = F(u, Vu), (2.1)
T
on (M, w), a closed Kéhler manifold.  is a smooth volume form and [o] € H"!(M;R).
The initial data is the class [« and function F. An equation in the class of equations
(2.1) for which [«] is Kéhler, meaning it can be represented by a Kéhler form, and F

is positive and at least C3, is called a nondegenerate Monge-Ampere equation.

A necessary condition for there to be solutions to (2.1) is

/M (w+ \/2—__185u)n _ /M Flu, Vu)Q. (2.2)

™

So we assume that the initial data, F' and w together satisfy (2.2). Suppose that u
solves (2.1). It is not necessary for w + %8514 to be positive definite; if n is even,
a negative definite metric would also solve. Nevertheless we seek a positive solution
metric because the linearization of the Monge-Ampere equation at w + ‘é—?@gu >0
is elliptic. In fact this is true everywhere in the open set of positive metrics that are
cohomolgous to w. Together these positive metrics form the cone of Kahler metrics

in [w],

Ka(w]) := {w+—_185u w—l——_105u>0 and / uQ:O},
2T 2m M



which is an open and convex set within [w]. The normalization condition [, u Q=0
is included to ensure uniqueness—more on this in section (2.2). Modulo constants the
space of Kéahler potentials,

H = {go c C*Y(M) ‘ w+ %8&0 > 0},
is in one-to-one correspondence with the Kéahler cone. A quick calculation shows that
the linearization of (2.1) is elliptic in Ka([w]). Let ¢(s) : (—¢,¢) — Ka([w]) be a

C' curve so that ¢(0) = u and v = ¢(0), then

= A,.
In this chapter the following theorem is proved.

Theorem 2.0.1. (Yau) Suppose F € C*(M) (k > 3) is positive and ) is a smooth

volume form on M. Then

et

(w+ %Oau)” =exp{F + cu}Q), ¢ >0 is a constant, (2.3)

has a unique solution u € C**1(M) for any a € [0,1).
Equation (2.3) is perturbed in order to prove existence of solutions, this is the
method of continuity, and it is described in section (2.5). To make the argument work

a priori estimates up to the second order are derived, section (2.3). The bootstrap-

ping technique, section (2.5.2), provides the higher regularity needed to show that



the perturbed solutions are compact in C***(M). Various applications of theorem
(2.0.1) are presented in section (2.6); in particular, existence of Kahler-Einstein met-
rics for Kahler manifolds with nonpositive Ricci curvature is proved. The following

presentation is based primarily on material from Yau [33] and Siu [29].

2.1 Preliminaries
(M"™, w) is a compact Kéhler manifold of complex dimension n. w is a positive

(1,1)-form and given locally as

A/ —1 ) =
w=——g;; dz' Ndz’.
2m

Here and throughout repetition of indices denotes summation. Both © and w, are

defined to be
VI,

W =W, = w+ ——00u.
2m
Locally, they have the following form
V _]_ . = \/ —]_ . =
W= ——g;dz'Ndz)  and w=-——g;dz' Nd.

2 2T

Metrics that solve the Monge-Ampere equation will be in the Kéhler cone of [w]. Its

definition is repeated below.

Ka([w]) = {wu

wy, >0 and /UQ:O}.
M

The Riemann curvature tensor and its traces (Ricci curvature tensor and scalar
curvature) when written in local coordinates with respect to w are
Rz (resp. R;; and R). Anything different is dependent on @. Again suppose v € H.

Metric Laplacians associated to w and w, act on C*(M) functions and are denoted



respectively. The Laplacian associated to w,,, where u is a solution to equation (2.3),

is denoted

2.2 Uniqueness
Solutions to equation (2.3) are unique up to constants. To see this suppose

u,v € C*(M) and w? = w!.

v

ld n
—wr—w = | S tw,+(1—t v) di
0=w —w /Odt<w + ( Jw

= {n /01 (twu +(1- t)wv>n_1 dt} A \/2—__185(10 — ). (2.4)

™

Since w, and w, are known and positive definite, (twu+(1—t)wv> " is positive
as a (n —1,n — 1)-form V ¢ € [0,1]. Furthermore, (2.4) is a linear elliptic equation.
By the maximum principle for linear elliptic equations, sup,; u — v = supy,; v — v,
otherwise it achieves its maximum in the interior which implies © — v is constant.
OM = () so u — v is constant. If u and v are mean zero, then the integral of u — v
over M is zero, so necessarily u = v. Therefore, a mean zero potential which solves

(2.3) is unique.



2.3 (C? Estimates
To prove the existence of a solution, u, to (2.3), a priori estimates up to C*®
are needed. The uniform C*“ estimates of Evans and Krylov require uniform esti-
mates of the real second partials of u. Instead of directly estimating all n? mixed
second partials, {u;;}, it will suffice to bound the eigenvalues of w + %85% the
solution Kahler form. Essentially, this is a consequence of the Cauchy-Schwarz in-

equality.

Lemma 2.3.1. Suppose A = [a;;] € GL(n,C) is Hermitian and positive. Also,

there is a positive constant A > 1, so that A1 < tr{A} < A. Then |aj| < A* for

ii=1,...,n.

Proof. Suppose that {ej,--- ,e,} is an orthonormal frame of T)(M). Let g(e;, e;) =
a;;. Because A is Hermitian, positive, and bounded, g(v,w) := [w]*A[v] is a nondegen-
erate inner product on 7, (M). If v,w € T)(M) are unit vectors, the Cauchy-Schwarz

inequality and bounds on A imply that

0 < lg(v,w)> < g(v,v) - g(w,w) < A%

In particular,

0< |az‘j’2 <ag-a;; < A%,
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2.3.1 C? Lower Bound
The right-hand-side of (2.3) is smooth and M is compact so by the extreme
value theorem Je > 0 so that @™ = n! - det(g;;) > ¢ Vp € M. Letting {\;} denote

the eigenvalues of g and the statement becomes:

n
n! H A > €.
i=1

Suppose there is a global constant C' > 0 so that C' > \; for = 1,...,n. Then

€ .
/\Z>W for i=1...n.

So, a uniform C? lower bound would follow naturally from a uniform C? upper

bound.

2.3.2 C? Upper Bound
So far the task of estimating the mixed second partials of the solution to (2.3),
u, has been reduced to estimating the supremum norm of the largest eigenvalue of
O0u. Equivalently, we can uniformly bound tr{g~'g} = n + Au. Before proceeding
the method is briefly outlined.

Af(n+ Au), where f € C*(M) is

Af(n+Au) =|1st Order in u 4+ 2nd Order in u |+ 3rd Order in u |+ 4th Order in u|,

(2.5)

Application of a suitable Laplacian to equation (2.3) yields an expression with
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a fourth order term identical to the one which appears in (2.5). Then subtracting this
second expression from A f (n + Au) eliminates the fourth order terms. A Schwarz
inequality is used to handle the third order term of (2.5) and the maximum principle
for Laplacians finishes the estimate.

To simplify the ensuing calculations normal coordinates at an arbitrary point
p € M are taken so that g = 0g = 0 at p € M. This property of Kihler of metrics

is proven in lemma (.0.3) of the appendix. Two derivatives of the logarithm of the

Monge-Ampere equation (2.3) are taken.

85{ logdet(g) — F' — cu — log det(g)} = Otr {g;légu} — O0F — c00u — Otr {g_lég}

= tr {897:1 A égu} + tr {g;lﬁégu} —00F
—_————

A

—c00u —tr{ dg ' Ndg » —tr {g_lﬁég} .
—_———

=0

00tr {g’lgu} =tr {gpﬁég’l —9g ' NOg, + g AN Dg, + gflﬁégu}

=tr {85gflgu} +tr {g’lﬁégu} .
—_——

B

A and B are fourth order terms. Note
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§' By = g™ BytryiAy:
Then,
trkl-{gulaa‘tr {97 9.} } =t {9, 'tr {9,009 } } + trg {9, ' B}
= trkl{gultr {9.0097"} } + AF + cAu

- trkl{gltr {97009} } - trkl{gl {09, N Dg.} }
In local coordinates the above formula becomes

A (n+ Au) = 53R+ AF + cAu — g"0u570,35 + 97 " Ry

= M3 o+ AF + cdu+gM5 0005 + R (26)

Since there are no fourth order terms in (2.6), the only thing left to do is handle the

third order term; this is facilitated by the following lemma.

Lemma 2.3.2.
IV Aul?
n+ Au’

9" 5" 3" 03301955 > (2.7)

Proof. The following proof is contained in chapter 2 of Siu [29]. In normal coordinates
for g so that g is diagonal at p € M (see lemma (.0.3)), the right-hand-side of (2.7)

can be rewritten so the Cauchy-Schwarz inequality can be applied.
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VAu? = §70r(g7'g)95tx (97 9)
_ giitr(g—laig)tr(g‘l(?;é% because 0.9, = Ocgap = 0,
= gal;gcg‘éijaigcczajgag

1

1 — —
< g° (g 0i9.a0; gcd) g <§kl(9k§a58;§a5> *. by Cauchy-Schwarz inequality,
o 12
ab ~ija‘ T, 2
g g i9ab jgab

(S V(S 0u50)"), e g3 g,
= (X Vau(onat)’)’
(
(

IN

Z g,m> (Z 3*|0Gaal? ) by Cauchy-Schwarz inequality ,

IN

n+ Au) g5 0,500

In the last step a property of the Kahler metric @ is used:
do=0 = OuGrc = Ofac and  JaGrc = OcGpa-

Now, Lemma (2.3.2) is used to compare third order terms which appear in the right



14
hand side of (2.6).

A(n + Au) B IV(n+ Au)?
n+ Au (n + Au)?

1 S
- (gklgin” T AF +cAu

Alog(n + Au) =

n+ Au

+ "5 Ok 401955 —

.

n+ Au

V(n + Au)P? +R>

~~

>0

1 ~kl~ _pij
> T Au (g gﬁR]kl——kAF—nchR).
The curvature term R” .7 18 bounded so 3C" > 0 so that RV 2 —Cqi g,

Also, the extreme value theorem and smoothness of f and R imply that they are

both bounded. All constants used in this section are dependent on w and M.

Alog(n + Au) >

n_l_Au(—C-(n—l—Au)-gklgquLianF—nc—i-R)

inf{AF — nc+ R}

Kkl
=—-Cg" g+ "t Au (2.8)
D
~ 7 inf{AF —nc+ R
= (O 0+ (C 4 DAt gy MHEL LR
(2.9)

In the last step the formula

gkigk[ +Au=n

is used to rewrite term D of equation (2.8). At p € M, g;; = 0;; and §;; = (1 +uig) 0;5-
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So,

1 inf{AF —nc+ R}
+ .
14w n+ Au

Alog(n + Au) = —(C + )n + (C + 1)Au + Z
=1

After using

1

- ~ Do L +ug o
> _ == %
Alog(n + Au) = —(C+ 1)n + (C + 1)Au + ( M1+ uy

inf{AF — nc+ R}
_|_
n+ Au

_1
n—1

F—I—cu)
n—1

2—(C+1)n+(0+1)Au+(n+Au> -exp(—

inf{AF — nc+ R}
n+ Au '

The Monge-Ampere equation (2.3) is used in the last line. At the maximum point of

log(n + Au) — (C' + 1)u we have

inf{AF —nc + R} = F + cu
_ > . —
(C+1)n n+ Au _(n—i—Au) exp( n—1> -

BHAE 3 D) o) o (- £2)

2 - max{(C + 1)n,

(2.10)

This implies that either

1 1

2(C+1)n~exp<};tclu> > (n—i—Au)m or 2|mf{Af+_§5+R}| > <n+Au>m.
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The left-hand-side of the first inequality is a prior: bounded because potential func-
tions of metrics in Ka(|w]) have a priori supremum bounds, this fact is proved in
section (2.4). Both inequalities are upper bounds for (n + Au)(p). Suppose the

maximum of log(n + Au) — (C' + 1)u occurs at p € M. Then,

(n+ Au) exp{ —(C+ l)u}(q) <Cy- exp{ —(C+ 1)9012]\f4u} Vge M. (2.11)

And

O<n+Au§CleXp{(C+1)<u— inf u)}

xeM
Therefore, the eigenvalues of g are uniformly bounded above in terms of known
constants and inf; v and sup,, u. To complete the C? estimate for (2.3), sup,, |u/ is

estimated.

2.4 L Estimate

The C? estimates derived in the previous section are incomplete without uni-
form estimates of the supremum norm of solutions to (2.3). In this section L> esti-
mates for solutions are derived. The strategy employed is a Moser-iteration argument
due to Aubin [2], Bourguignon [1], and Kazdan [20]. An a priori L' estimate of u
is needed for the iteration to work, so we’ll first calculate this estimate. Let G(p, q)
denote the Green’s function of A. Since M is compact there is a constant K > 0 so
that G(p,q) > —K. For more information about Green’s functions on Riemannian

manifolds see Aubin [3]. u is mean zero so we have
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u(p) = —/MG(p, q)Au(q) w"(q) = —/M(G(p, q) + K)Au(q) w"(q)

< / (G(p,q) + K)-nw"(q), because n+ Au > 0.
M

Therefore,

supu(p) < n-swp [ (Glpa)+ ) (o). (2.12)

peEM peEM

By using (2.12), ||u||; can be estimated. Note that u mean zero implies

O:/u:/u+—u_ — /u+:/u_.
M M M M

Then,

/]u|w":/ (u++u_)w”:2/ ut W
M M M

< 2[w]™ sup u
xeM

< 2n[w]" - sup /M(G(p,fJ)JrK) w"(q).

peEM

So, there is a constant C' = C'(M,w) for which [Jul|; < C.

Lemma 2.4.1. Suppose that u € C* is a solution of
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(

<w + %83@” = f(xz,u)Q

{ L>0, >0, and f € C*(M x R) (2.13)

AC > 0 so that || f(z,u)|le < C.
\

Then there is a constant C' = C(Vol(M),w,sup,crryr f) so that
ulls < C.

Proof. Equation (2.3) fits into the class of equations defined by (2.13). Suppose
h : R — R is an increasing function, to be defined later. Then by Stokes’ theorem

we derive,

Oz/@(hwgu_l/\(?u /8h/\w” 1/\8u+/hw”_1/\85u —
M

/hw”l/\aﬁu— /8h/\w” YA Ou. (2.14)
M

Furthermore,

/Mh(u)w—w // \/__1_)”}d5
oA e

O0u ds
T
n—1 A/ —
:—n/ / h'(u) 35)+(1—s)w> A Ou A !
0o Jm s
by (2.14),

:n/OI/Mh’(u)<sw+(1—s)d))n_lAau/\ \/?

aa A

ou ds,

Ou ds.
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n—1
Because the Kéhler cone is convex, (sw +(1— s)d)) is positive as a (n —

1,n —1)-form Vs € [0, 1].

O<<sw+(1—s ) =

5 3
1M1

1 S .
(" ) — )il A i, (2.15)

Each term in the left-hand-side of (2.15) is positive because s € [0, 1], and w and @

are positive. Moreover,

n—1
(sw+ (1 —3)(1}) AnAG > st A A

Then,

/h(){w —w" >n//h’ )s" WA Ou A 8uds
M
:/ B (w)w™ ' A Ou A !
M 2

_1 / 2. n
—n/Mh(u)|Vu|w.

Ou, after integrating in s,

(2.16)

Define h := u|u|®. By the hypothesis of lemma (2.4.1), the left-hand-side of (2.16) is

bounded above and

/Mh(u){wg—w ‘/ | < supdly - 11y /]u\““ C@a17)

Differentiating h yields
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a—+1

W (u Vu2w”:a+1/ uo‘Vuzw":éL—/ Vaulul3]® W (2,18
/M()|| ( )M|||| (a+2)2M\||| (2.18)

By combining equation (2.17) and equation (2.18) with inequality (2.16),

a-+1 o
4—— 32 <n- — 1} - ||tk 2.19
<a+2)zllvulu| 3 <n s&p{lf |} Nullats (2.19)

Now, we proceed with the iteration part of the argument. The Sobolev em-

bedding theorem for k = p = 2 states
W22(M) — Lw1 (M).

When written as an inequality it is

o 22 < c(nwng + ||v||2> where C'=C(n) >0

Set v = u|u| in the Sobolev inequality above. When the Cauchy inequality is applied,

see [14],

a+2)
el % %20 <202<HW\U!2H2+H [l )

a+2
<202<n sup(lf = 1} {2l + \ura+2ﬂ), by (219).

4a+1)
at1l

<20 n-sup{|f — 1|} - (a + 2)Vol (M) &+ - ( \uwa) "7 (2.20)
M M

+/ ]u\‘HQQ).
M
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Holder’s inequality is used in the last line. To simplify expression (2.20) define
C(f,Vol(M)) = n - sup, {|f — 1\}V01(M)%+2. It is assumed that C' > max{4C?,1}.
Also, set § = “andp:=a+22>2. After noticing that z° < x + 1 Vz > 0 and for

each ¢ <1, we get

ol [P, = Nl < ép(l -/ \um)

< 2épmax{1,/ luPQ}. (2.21)
M

When w is replaced by v°" " in inequality (2.21), for each k € Z*

1|15 < 2Cpmax{1, /M PP ). (2.22)

After the logarithm of the p3*~1th root of each side of (2.22) is taken, for each k € Z7T

1 ~ 1
log max{1, |||z} < BT log 2C + YT logp + log max{1, ||ul[,ge-1}.  (2.23)

By inductively applying inequality (2.23) and summing,

k—1 k—1
1

log max{1, ||u|l,z} < ]—)<Zﬁﬁ> log 2C + %(ZB_J) log p + log max{1, ||ul|,};

Jj=0 Jj=0

the limit as k — oo and p = 2 is

log max{1, ||u|le} < 2log Cp + log max{1, ||ul[,}.
p

So, it suffices to find a uniform upper bound for ||u||>. Because u is mean zero,
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u is not in the kernel of —A. Let A\; > 0 be the smallest non-zero eigenvalue of —A.

Then integration-by-parts yields

(Vu,Vu) = —(Au,u) > M(u,u) = /M|Vu|2 > )\1/M|u|2. (2.24)

For a = 0, equation (2.19) is

/ Vul <n-supllf — 1} - flull (2.25)
M M

After combining (2.24) with (2.25) and using Hélder inequality (with p = ¢ = 1),

suppeflF — 11} supye {17 — 11} :
/M|u|2 <n- M)\1 -/M|u|Q§n-VOl(M) M)\1 </M|u|2> .

Finally,

supy {1/ — 1[}
A ’

ulla < n - Vol(M)3

and ||u]|s is uniformly bounded. O

2.5 Existence of a Solution to Equation (2.3)
With the C? estimate for solutions to (2.3) in hand we can now describe
the continuity approach used to prove the existence of a solution. The method of

continuity associates a family of Monge-Ampere equations,

(w * 2—_138ut>n = A(t)e'rew" for ¢ > 0and t € [0,1], (%)
™
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to equation (2.3). Where

-1
etF—l—cu wn)

A(t) = Vol() - ( /

M

is a compatibility constant for each ¢. It will eventually be shown that (x;) is solvable
Vt, so it is necessary that integrals over M of both sides of (x;) be equal for each
t € [0,1]. Note the equation at ¢t = 1 is (2.3), the equation we want to solve. By
showing S = {t € [0,1] | (%) hasa solution} is nonempty, open, and closed the
existence of a solution is established. S # () because uy € R a constant solves the

equation at t = 0.

2.5.1 S is Open
Suppose ty € S; then uy, solves equation x;,. Let By = {v € Crkrha(p) |
vw'=0and w, >0p and D, = € Ck=bte(pM w™ = Vol(M) ¢. Define
Ju v

MA : B, — D, to be

MA (u) := log det(gij + uij) — log det(gﬁ) — Cu.

MA is a map of Banach spaces and it has a differential. We will show that its
differential at uy,, the solution to %4, is an isomorphism of T, (Bx) with Thvia (u,,)(Dk)-

To compute the differential of MA at wy, consider a C'' curve in By,

¢(s) : (—e,€) — By, so that ¢(0) = uy, and ¢(0) = v € Ty, (Bi)-

It is not important to completely characterize the tangent space of By, but we will
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need one fact; namely, gb(s) is in B}, for each s. By the definition of By

0—/Mq§(s)w

Then taking the derivative of both sides shows that

and v € T, (By) is mean zero. By a similar argument w € T, (Dy) is mean zero:

Let 3(s) : (—e,€) — Dy be a C* curve so that 3(0) = w. Then by differentiating

Vol(M) — /M Bs) w
0= [ b6 o= [ war

With our minimal characterization of the tangent spaces of By and Dy we can

proceed. The linearization of MA is:

D, MA(v) = d%{ log A\ (9:7 + ¢(s);7) — log det(g;7) — C¢(S)}

J=1

(/_\ 9%j+¢ )A¢(>

det(gzj + u
—_— =+ ut.9> A vi5 — cv
det(g” + u ( /\ K /

= A%y — cv
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The w,, -Laplacian has negative spectrum and c is positive, so the spectrum
of A"™o — ¢ is negative; moreover it is a bijection on mean zero functions. Then
the linearization of MA, as claimed, is an isomorphism and we can use the implicit
function theorem for Fréchet differentiable maps, see [17], to show that S is open.
When this implicit function theorem is applied to MA at u;, we get an open set
U C By with u;, € U, and another open set V' C Dy with log A(tg) + toF € V,
for which MA : U — V is a bijection. Furthermore, there exists a 6 > 0 so that
log A(t) +tF € V' ¥Vt € (ty — 6,1y + 6). Using the just established fact that MA is

invertible on U, we see that

MA *(log A(t) + tF) = u,

solves (%) for t € (to — d,tp + 9). Therefore, S is open.

2.5.2 S is Closed
Uniform ellipticity and convexity of (2.3), and uniform C? estimates for so-
lutions imply uniform C%“ estimates for solutions {u;}, see Evans [13]. Therefore,
S C C**(M) is a bounded set. Repeated applications of Schauder estimates show
that S is uniformly bounded in C**1(M). Take a sequence of solutions {u;} C S.
Around a point in M there is an open set U C M for which w = %851} and

v e C®(U). On U the logarithm of equation (%) is

a2ut
021071

0 = log det (vij + ) — logdet(v;;) — cuy — tF — log A(t). (2.26)
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Differentiating (2.26) in the z; (or %) direction (this is okay because we have assumed

that u; € C*(M)) yields

~O0(v+u) Ou , Ov S04 u)  O(v+ )
=A—~——c——-A——tFfF, = A — = Auy;— F.
0 0zt “o1 0zt i 07! o u=curtts

This calculation is very similar to the linearization of the Monge-Ampere op-
erator in section (2.5.1). The regularity assumption made in theorem (2.0.1) for the
right-hand-side of equation (2.3) implies that F; € C*~*(M). Also, the linear oper-
ator A — ¢ has uniformly bounded coefficients in C%*(M), because u; is uniformly
bounded in C**(M). Then by Schauder interior estimates, theorem 6.2 of [17], we

have the following C?“-norm estimate of O;u;:

[0l c2o ) < C(HalUtHLw(M) +[[tF + A — CUIHCC*(M))» (2.27)

where C' = C(w, U, M, «). Furthermore, (2.27) is a C**(U) estimate of w;, and the
coefficients of A — ¢ lie in C' La(U), which is one derivative higher than its previously
established regularity. k—2 more applications of Schauder interior estimates to (2.27)
show that [|u||cr+1.e@y < C(|F ||k ary, w,U). M is compact, so it can be covered by a
finite number of open sets on which Schauder estimates are valid. Therefore, the local

estimates derived above can be made global; u; is uniformly bounded in C**12(M).

Suppose C' > 0 is the C*¥*1%(M) bound for S, then for any f € S

|DPf(z) — DPf(y)| < C-d(z,y)* where 3C {1,...,n} and |3|=Fk+1.
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Consequently, for each € > 0 thereis a 6 = (5)a for which |D? f(x) — D f(y)| < € for

every f € S and d(z,y) < d. This is precisely the definition of equicontinuity. Then
by Arzeld-Ascoli S C C*1(M) is sequentially compact, and thus compact and closed.
Suppose u = lim;_,; u; € C**1(M) N S solves equation (2.3). Another application of

Schauder estimates shows that u is uniformly bounded in C**1(M).

2.6 Kahler-Einstein Metrics
In this section theorem (2.0.1) is applied to prove the Calabi conjecture when

c1(M) is negative definite and ¢; (M) is cohomologous to zero.

Theorem 2.6.1. Let (M,w) be a compact Kihler manifold. If T' € H"(M,C) rep-

resents ¢1(M), then there exists a unique Kdhler metric @ € [w| so that Ric(w) =T.

Proof. [Ric(w)] = ¢1(M) , see Griffiths and Harris [18]. Suppose there is a metric @

for which Ric(w) =T'. Then,

I'ec (M) <= Ric(w)—Ric(w) ~0.

By the 00-lemma, Griffiths and Harris [18], there is a function F' € C*(M) so that

DOF = Ric(w) — Ric(@) = —ddlog det(g;5) + 00 log det(gi5).

In the last line, the local representation of Ricci curvature is used, see

Kobayashi and Nomizu [23].
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85{}7 + log det(g,7) — log det(gij)} =0

/=1 _

— A{F—I—logw"—logw”} =0.

M is compact so by the maximum principle '+ logw™ —log @", a harmonic function,
must be a constant, say b € R. Therefore, finding a Kédhler metric, @ € [w] so that

I' = Ric(@) is equivalent to solving a Monge-Ampere equation:

n _ eF—bwn

&

(2.28)
(D:w+\/2—?85u>0 and [, efw" = Vol(M).

The normalization [, ew" = Vol(M) and Stokes’ theorem implies that b = 0:

Vol(M) = /

ef by = eb/ efw" =e’'Vol(M) = b=0.
M M

By Theorem (2.0.1) with ¢ = 0, equation (2.28) has a unique mean zero

solution u € C*(M). O

If ¢;(M) is positive definite, then it has positive representative I' € ¢1(M).
By theorem (2.6.1) there is a metric @ € [w] for which Ric(w) = TI' > 0; so w can
be deformed in its class to @, a metric of positive Ricci curvature. A theorem due
to Kobayashi [22] states that Ricci positive compact Kéhler manifolds are simply

connected. Composing theorem (2.6.1) with Kobayashi’s theorem we get:
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Theorem 2.6.2. If (M,w) is a closed Kdhler manifold with positive first Chern class,

then M 1is simply connected.

Another application of theorem (2.6.1) is the following result.

Theorem 2.6.3. (Calabi’s Conjecture) (M,w) is a closed Kdhler manifold. If ¢,(M)

is cohomologous to zero or negative definite, then M is a Kahler-FEinstein manifold.

Proof. Suppose ¢1(M) < 0 (resp. ~ 0) then there is a (1,1)-form I' > 0 so that
c1(M) = ¢ [I'] where ¢ = —1 (resp. ¢ = 0). I' is a positive (1, 1)-form. Moreover,
(M, T') is a Kéhler manifold with ¢, (M) = ¢- [I']. So it can be assumed that ¢, (M) =
¢ - [w]. By theorem (2.6.1) there is a positive form, © = w + §8gu > 0, so that
Ric(w) = cw. In the case ¢ = 0, Ric(@) = 0 and @ is a flat Kahler-Einstein metric.
To understand the ¢ = —1 case start by deriving the associated Monge-Ampere

equation from the curvature relation Ric(w) = cw.

Ric(w) — Ric(w) = Ric(w) — c@

_185u

= Ric(w) —aw — ¢
T

= 00(F —cu).

(2.29)

The assumption that cw € ¢;(M) is used in the second line of (2.29). From the local

formulas of Ric(w) and Ric(w) we get the following Monge-Ampere equation:
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~n eF—cuwn

&

(2.30)
G=w+YL0du>0 and [, e w" = Vol(M).

By Theorem (2.0.1), equation (2.30) has a unique mean zero solution u € C*°(M)
when ¢ = —1.

]

Remark. In addition to formulating the conjecture, Calabi also proved that solutions
to the associated Monge-Ampere equation are unique. Little progress was made until
Aubin [2] and Yau [33] ci(M) independently proved the negative definite case. Yau
proved the ¢1 (M) ~ 0 case [33]. In both instances there is an alternative proof due to

Cao [7], that uses Ricci flow to deform the initial metric, w, to a solution metric weo.

When ¢ (M) is positive the Calabi conjecture is false, because there are known
examples of Kahler surfaces with positive first Chern class that do not admit Kahler-
Einstein metrics (e.g. CIPQ#W). In fact, the continuity method and a priori es-
timates derived in the previous sections fail in this case. When ¢ (M) > 0 the

Monge-Ampere equation is

Q" = e/ 7"w"  and it is assumed that / " = / el T, (2.31)
M M

A uniform supremum bound for

/M@" = /M (ef_“ - 1>w" (2.32)
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is a required element of the Moser iteration technique used in section (2.4). Since
there is no a priori infimum estimate for u, e/~* does not have an a priori supremum
bound-without which there is no upper bound for the right-hand-side of (2.31). Also
there is no bound on the right-hand-side of (2.32), so the Moser iteration technique
fails. Since the C? estimates obtained in section (2.3) require a priori estimates for
||t]| 0, the regularity and existence arguments described in this chapter do not work.
Though, the failure of the continuity method when ¢;(M) > 0 does not necessarily
preclude the existence of Kéahler-Einstein metrics for certain subclasses of Kéahler

manifolds with positive first Chern class.
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CHAPTER 3_
DEGENERATE MONGE-AMPERE EQUATIONS

Let (M,w) be a Kédhler manifold. Again consider the class of Monge-Ampere
equations:
(o

1 _\"
a+ 78610) = F'(u, Vu)Sd. (3.1)

Equations of the type (3.1) for which [«] is merely non-negative and F' € LP(M),
for p > 1, will be called degenerate. Lately there has been much interest in such
equations, especially in connection with finding canonical metrics; for instance, con-
structing singular Kahler-Einstein metrics via Kahler-Ricci flow. The main focus of
this chapter will be to apply known regularity and existence techniques for degenerate

Monge-Ampere equations to find a singular canonical metric determined by

1 /1 \2
WA <X + faau) = C(X -+ ?1881;) and [2cxy —w] > 0. (3.2)

Our analysis begins by converting (3.2) into a Monge-Ampere equation. Set

X =X+ %85% In terms of x, (3.2) is

2

9 5 . w\?2 w
0=cy —w/\X:c(X—%> I

after completing the square. Scale w by i so the new w is 32 and we arrive at

Vo1 - \2
(X —w+ ?13871) =w? where [y —w] > 0. (3.3)
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Equation (3.3) is a degenerate Monge-Ampere equation, because the initial data,
X — w, is semipositive. Put another way, the eigenvalues of Y — w lie in the boundary
of the cone of ellipticity of equation (3.3). In this chapter the following result is

proved.

Theorem 3.0.4. Let M? be a closed Kahler surface with two Kdhler classes [w] and

[x]-

is a constant of integration. If [2cx — w| > 0 is semipositive and not Kdhler, then

Jv—1 _ V=1 _ \2
w A (X n —aau) - c(X + —aau) (3.4)
2 2
has a unique bounded solution, u, in the sense of currents that is smooth away from

E C M, a finite unton of irreducible curves of negative self-intersection.

E:UEj and B - E; = -1 for j=1...m.
j=0

As stated in the introduction much of the proof rests on techniques from
pluripotential theory, which were originally used to study degenerate Monge-Ampere
equations. These newer ideas are used to prove existence and uniqueness of weak
solutions. In chapter (2) a compactness result, Arzeld-Ascoli, was used to prove ex-

istence. By contrast, something like the Perron method ( see [21] or [17]) is used
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to prove existence for degenerate equations of the type studied in this chapter. Es-
sentially the unique solution will be constructed by taking the upper envelope of a
set of plurisubharmonic functions. Also, in this chapter a very different L> estimate
is proved; it facilitates the proof of existence for weak solutions and is used later to
obtain higher regularity. All of these ideas are the content of sections (3.1) and (3.2).

The same strategy employed in chapter (2) to obtain higher regularity for
solutions, C? estimates plus Evans-Krylov and Schauder estimates (the bootstrap
technique) is used here; and this is covered in section (3.3). As was the case for non-
degenerate Monge-Ampére equations the C? estimates require a priori L* estimates.

Therefore, sections (3.1) and (3.2), and section (3.3) are highly dependent.

3.1 L* Estimates
In this section we review the known methods for estimating the L* norm of
solutions to Monge-Ampere equations with semipositive initial data. The following
material has been drawn from Demailly and Pali [10], Eyssidieux et al. [15], and
Kolodziej [24]. Suppose v is a smooth, semipositive, and big (1,1)-form and € is a
smooth volume form on M. Instead of working directly with (3.3), we will consider
degenerate Monge-Ampere equations of the type:

<7 + ga&)n = Q. (3.5)

Equation (3.3) falls into this class of equations. Here the initial data, -, lies in the

boundary of the cone of positive (1,1)-forms. Instead of assuming that u € C*(M),
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as was the case in chapter 2 we consider weak solutions. Equation (3.5) is perturbed

with w, a positive (1, 1)-form. The resulting family of equations is

(7 +tw + ‘é—?@@uty = F,Q

Fi= [y (1) [ [0

By Yau [33], these equations admit smooth solutions, which are denoted w;. As

(*t)

pluripotential theory plays a necessary role in the derivation of L* bounds for so-
lutions to (%), the relevant concepts and theorems from this theory are reviewed

below.

Definition 3.1.1 (Currents). A continuous linear functional on Alrpnep )(M ), the
space of smooth and compactly supported (n — p,n — p)-forms, is a current of type
(p,p) or bidegree (n — p,n — p). T, a current, is real if T(p) = T(p) for all ¢ €
Alrpner )(M ). A real current is positive (resp. non-negative) if

v—1

P
<7> T(n A7) >0 (resp. >0) VYne APY,

Let I,J C {1,2,...,n}. I¢ and J¢ are complements of I and J, respectively.

T, a current, has the following local representation.

T= ZT]JdZI A d,?].
I,J

Each coefficient

Trs(@) :=T(pdz"" Adz’™), where p € C>*(M),
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is a distribution. The space of (p, p)-currents is equipped with the weak™ star topology.

So, lim; T; = T iff lim; T;(¢) = T'(¢) for each ¢ € ATPrP (6,
Ezamples.

1. Any smooth form on M is a current. In particular, w™ P is a smooth current of

bidegree (p,p).
2. On C", Y199 1log|2|? is a (1,1)-current.

3. V C M is subvariety of dimension k& < n.

AER (M) 5 o s / .
1%

is a current of integration, and it is sometimes denoted by [V].

£ |

1
PSH(y) := {u : M — [—o0,00) us.c. | v+ 2—88u > 0 as a current
m

is the set of vy-plurisubharmonic functions.

Remark. Currents can be approximated by smooth forms. This is done by mollifying
the coefficients of T. Suppose that p € C°(B,.(0)) is a radially symmetric function
and [, p = 1. Define p(2) := ¢"p(%) and Tc(2) := T(pe(z — w)). The smoothed
coefficients of T, {T5,}, are decreasing sequences and T, — T in the sense of currents.
The value of smoothing T is that many times statements about currents can be proved

by working with sequences of smooth forms and taking limits.
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The next lemma establishes two important a priori estimates for plurisubhar-

monic functions which will be used later.
Lemma 3.1.1.

1. There are constants a > 0 and C' = C(M,w) so that

/M exp{—a(y —sup ) }u" < C Vo € PSH(w). (3.6)

zeM

2. Suppose that v,w € Hgll%(M) and v is semipositive and w is strictly positive.

Then all v-plurisubharmonic functions are uniformly bounded above.

Proof. The first estimate is due to Tian, lemma 2.1 of [31], which is an extension of
lemma 4.4 in Hormander [19]. The statement in [31] is for C*, w-plurisubharmonic
functions. To show that (3.6) holds for all functions in PSH(w) take a sequence of
smooth functions {p.} C PSH(w) so that ¢, \, ¢ as € — 0, see [5]. Then by Tian’s

L' estimate for C?, w-plurisubharmonic functions,

/ exp{—a(p. — sup ) }w" < C  Ve> 0.
M

xeM

The Lebesgue monotone convergence theorem (see [28]) implies

iy [ exp{-a(p,  sup )} = [ expl-alp—sup )} < C.
=0 Jar zEM M zEM

Proof of #2: Again consider the smooth sequence ¢, ~\, ¢ with the added

property that each ¢, is mean zero. By the hypothesis v,w € Hll)’}%(]\/[ ) and 7 is
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semipositive and w > 0 is strictly positive. Then ¢, € PSH(v) implies A“p, >
— Sup,ep tr{w ™y} = —=C". G(p, q) is the Green’s function of A¥. Since M is compact
G(p, q) has a minimum: there is a constant K > 0 for which G(p,q) > —K for all

(p.q) € M x M.

©e(p) = —/MG(p, )A%pc(q) dV(q) = —/M(G(p, q) + K)A%¢(q) dV (q)

< C// (G(p,q) + K) dV(q)  because — A¥p, < C".
M

Since @, \ ¢ pointwise,

(p) = lim g (p) < C"-sup /M(G(p, q) + K) dV(q).

peEM

The right-hand-side of the inequality above is a uniform supremum estimate for func-

tions in PSH(7). O

Comparison Principle. If v € HBE(M) is big and semipositive, and @, 1 €

PSH(vy) on M, then

v—1 - \" v—1 - \"
/ (’y+ —881/1) < / (7+ —8890) .
(o<} 2 (o<t} 2

Proof. For a proof of the comparison principle see Demailly and Pali [10]. ]

Currents have an intrinsic (local) norm. Suppose E is a Borel set in a chart

(U, z), where z = (z1,...,2,) are local coordinates on U. Then
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1705 = 31Tl

1,J

where |T7;| is the total variation of T;; as a measure.

Lemma 3.1.2. Let T be a positive (p,p)-current and K CC (U, z) be a compact set.
Then

[Tl <C [ TAB™ uhere = 08]:P
K

and C = C(n,p).

Proof. The Riesz representation theorem associates a measure, pyy, to Tr;. The

measure of compact sets, such as K, by py; is
pry(K) = inf {T(fd="" Adz") | f€ C>(U) and supp(f) C K and 0 < f <1},

see the proof of the Riesz representation theorem in Rudin [28]. xx is the indicator

function for K.

1Tr| = ZMU(K) < ZT(XK dz" A dZJC)
I1,J 1,J

()
< /K TAB.

Here, T'A 5"7P is interpreted to be its associated measure given by the Riesz repre-

sentation theorem. O
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Chern-Levine-Nirenberg. Suppose K CC (U, z) is compact and U is a bounded
domain with compact closure. Also, uy, ..., u, € PSH(y)(\L>*(M) forp <n, and T
is a closed and positive current and v > 0. Then the following inequalities are valid

for some constant C' = C(K,U).

(a)

e

1

Jaaul/\@@u@/\.../\@@u AT K
D

< C||U1||L°°(U)||U2||L°°(U) T ||Up||L°°(U)||T||U
(b)

e
o5

p85U1A85U2A.../\85U AT K
T D

< CHUOHLI(U)||U2||L°°(U) T ||Up||L°°(U)HTHU

Proof. Choose p € C3°(U) so that 0 < p < 1 and K C supp(p) € U. Also choose

an increasing sequence of compact sets K = K; C Ky C ... C K,, C U. Again,

B = 00|z)>.

J—1 v—1 -
||2—88u1 AT < / p2—88u1 AT A B P71 by lemma (3.1.2),
7T K s

1 _
< / U 00p NT A P71, by Stokes’ Theorem for currents,
U T

< Cllualoe@n I T

Here C'is dependent on the second derivatives of p. Repeating the above argu-

ment p times yields inequality (a). Cover K with a finite number of balls { Bg, (a;)};<n
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contained in coordinate patch (U, z). For notational convenience set B; = Bg,(a;)
for 7 < N. An exhaustion function of B; is a plurisubharmonic function A with
the property lim,_,pp, h = +oo. For example, h = —log{R; — |z — a;|*} is of an
exhaustion function for B;. In general, any domain in C" that admits an exhaustion
function is called pseudoconvex. Let h € C*°(B;) be an exhaustion function for B;.
The functions uy,...,u, are bounded, so after subtracting a suitably large constant
from each function it is assumed that each wu; is non-positive. Since h blows up near
the boundary, & restricted to Beg, (a;) € B; for some e < 1, will take its maximum on
OBcg,(aj). his known, so a suitably large constant subtracted from h ensures that
h <wu; Vi <pon Beg(a;) C Bj. After setting u; = max{h,u;}, h = u; near the

boundary of Bj, because i blows-up at the boundary.

B P~ by lemma (3.1.2),

1 _
88u1/\T||BjﬂK< /
B,

||U0 27
< [ W
J

—h)ANT A B

\/_
2m

Bj
< —/ (uy — h)—”_laéuo AT AB Pt
B 2m

\/_
2m

anqfl

IA

Bj
/ =
B 27

In the last line we used the fact that 0 < v < —+v/—=100u and uw; — h > 0 on
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B;. Successive applications of the above inequality give

—/ uo( '2;1)’?8(%1/\---AaéupAT/\B“‘p‘q
B

=" L““(§>p(é?85h>p ATAB™ < C Ty /Umw.

Here C' is dependent on the second derivatives of h and the supremum norms of u;

for each i < p. After summing over j, inequality (b) is obtained. O

Definition 3.1.2. The Monge-Ampére capacity of a Borel set K’ C M with respect
to 7, a semipositive and big (1, 1)-form, is
=1 _
Cap, (K) := sup {/ (v + 2—88u)” | we PSH(y) and 0 < u < 1} :
K i

The next proposition collects some facts about this capacity.

Proposition 3.1.1.

Suppose A and B are Borel sets in M.
(a) If A C B, then Cap,(A) < Cap,(B).
(b) Cap, (AU B) < Cap,(A) + Cap.(B).
(¢c) Suppose {E;} is an increasing sequence of Borel sets and E = J;2, E;, then

Cap.(E) = jli)rgo Cap. (E;).
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Proof. Let v € PSH(y) and 0 < v < 1. By the definition of capacity and A C B,

/A(’H—%@év)nﬁ/B(’y—F%@év)n = Cap,(A) < Cap,(B).

Similar reasoning proves (b).

/AUB (7+§85U)HS/A(7+§65v)n+/3<7+§85v)n

implies,

J—1 - \"
Cap,(AUB) = sup/ ('y + 2—881}) < Cap,(A) + Cap, (B).
AUB n

v

The following proves (c):

v—=1_- v—1 -
Cap, (E) = SUP/ (v + ~—00v)" = sup/ (v + =5 —00v)" = lim Cap,(E;).
E E;

v 27T j, v g J—00

]

Proposition 3.1.2. If ¢ € PSH(7) is normalized so that supyp < 0, then there is

a constant C = C(n,~y, M) for which

¢
S

Cap., ({p < —s}) < where s € R,

Proof. M has a finite pseudoconvex cover: M is covered by coordinate charts
{(Uy, %) }pens for which z,(p) = 0. Assume that B;(0) C Img(z,) for every p € M.
The preimage of By(0) under z,, hereafter denoted V,, is pseudoconvex. To see this

compose a plurisubharmonic exhaustion function for B;(0) (i.e. h = —log{1 — |z|*})
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with z,; then h, := h o z, is an exhaustion function for V,. Under biholomorphic
changes of coordinates h, remains plurisubharmonic, because positivity of currents is
invariant under bi-holomorphic coordinate changes. By compactness of M there is a
finite subcover {V,} of {V,}. We may further stipulate that v = é—?@éua and u, =0
on 0V, for some u, € C*(V,). Let v € PSH(y) and 0 < v < 1, and normalize ¢ so
that sup,; ¢ = 0. Further suppose K C {¢ < —s} is compact and {V} is another

cover of M, subordinate to {V,} for which V. C V,,, then

o2 ) <2 [ or

o @

KNV C{p< —s} implies

/Krm (%)” (99 (ua +v))" < % (g)nfw —(00 (uq +v))"

lpllzrcany n

The proof of part (b) of the Chern-Levine-Nirenberg inequalities justifies the

last inequality. Summing over « gives

Jv—1 _\"
/ <7 1 —882}) < 01—”“0”1.
K N{p<—s} 2 s

T

Here C is dependent on v and the cover {V,}. Monge-Ampére capacity is

inner-regular [8], so
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Cap,({¢ < —s})= sup Cap, (KN{p < —s}).
Kc{p<—s}

Because the constant (] is independent of K, we immediately get

Cap, ({p < —s)) < ¢, 17

The proof is completed by an application of Jensen’s inequality to (3.6),

log C' > log (/ eXp{—a ((p— sup@)}’y”) > / —a ((,0— supgp) .
M zeM M xeM

When combined with the hypothesis sup,c,, ¢ < 0 we get an a priori L'

bound,

1
4%@2/—wﬂﬂwh
« M

Proposition 3.1.3. Let ¢ € PSH(v)(L>(M), then for all s >0 and 0 <r <1

(7 + Ea&p)n .

" Cap,({e < —s —1}) < / 5

{p<—s}

Proof. Suppose v € PSH(y) and 0 <wv < 1.

r" / <’y + —_18511)
{p<—s—1} 2m

/ (r’y + —_1057"11)

{p<—s—r} 2

/ (7 + —_1(957’U> ,
{p<—s—1} 2m

IN
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because ry < 7. Since {¢ < —s —r} C{p < —s —r + rv},

/ (’V+—_18(97“v) < / <7+—_188(rv—3—r)) :
{w<—s—r} 2 {p<—s—r+rv} 2

By the comparison principle,

/ (7 + —_185(rv —5— 7’)) < / (7 + —‘_la&p) .
{e<—s—r+rv} 2 {p<—s—r+rv} 27

Finally, {¢ < —s —r 4+ rv} C {¢ < —s} implies

v—1 - \" v—1 - \"
/ (7 + —88@0) < / (7 + —a&p) )
{p<—s—r-+rv} 2m {p<—s} 2m

O

Proposition 3.1.4. Suppose U C M is an open set and ) is a smooth volume form.

foseor{ el )

Here o = a(M) is the a invariant of M and C = C(«, PSH(7y), M).

Then

Proof. Consider the following extremal function:

Uy (z) :=sup{p(z) | ¢ € PSH(y) and ¢|y < 0}.

Uy > 0 everywhere on M and Wy = 0 on U, because 0 € PSH(7). The supremum
of a collection of plurisubharmonic functions is plurisubharmonic, so Wy, € PSH(7).
By lemma (3.1.1) ¥y is bounded, so Wy € L>®°(M). However, Uy may not be upper
semicontinuous. Instead consider the upper semicontinuous regularization of Wy,

which is defined ¥}, := limsup,_,, ¥y(y). V7 is non-negative and Wy, € L>(M).
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Also, Wy, is a ~y-plurisubharmonic function, because it satisfies a maximum
principle. Let v be a smooth potential function for + in some open set V C M and
h + v is harmonic with respect to the metric Laplacian. Wy is a vy-plurisubharmonic
function iff for every compact set K CC V and every harmonic function v + h, the

following is true:

v+Vy <h+v ondK — v+¥y<h+v on K. (3.7)

The usually maximum principle for C?(M) (| PSH(v) is equivalent to condition (3.7),

see Klimek [21]. By the definition of ¥y,

v(a) + ¥} (a) = limsup (v(z) + ¥y (z)) <wv(a)+limsup h(z) =v(a) + h(a)

T—ra r—a

= v+ VY, <h+w.

So, the inequalities stated in (3.7) are preserved by lim sup, and ¥}, € PSH(7).
For a more detailed discussion of ¥y and its upper semicontinuous regularization see
Klimek [21]. A well known corollary to a theorem of Bedford and Taylor [4] shows
that Wy, is the homogeneous solution to: (7 + %8511)” =0on M — U. We may
now proceed with the proof of the proposition. By equation(3.6) of lemma (3.1.1)

there are two positive constants C' and « so that
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/ Q= / exp{—aV¥}} Q, because ¥}, =0 on U,
U U

<exp {—a sup \II*U} . / exp {—a (\If"(} — sup \II*U>} Q
xeM M xeM

< C-exp {—04 sup \IJ}}} . (3.8)

zeM

Set A :=sup,cy V5. If A > 1, the definition of Monge-Ampere capacity and

the identity (7 + %85‘11*[])” =0on M — U lead to

_ —1,-0\" /1" V=T 5.\
> v - U — - X vy - *
Cap, (U) _/U(v—l— o 00 A) (A) /U(A7+ o 88\IJU>
vV=1_-_.\" 1\" V= .- \"
S reows )+ (5) (v oo )

Then

[]" "
sSup ¥y =2 <C )

which implies

. h]" r
exp —asup Uy, » <e”-expl —a | —— ;
p{ serr } = p{ [Cam(U)

which, when combined with (3.8), proves the lemma. Consider the other case, A < 1.
By Stokes’ theorem [y]™"Cap, (U) < 1. Again, using the definition of capacity we

have



49

’ V-1, - ) ! [y
. Ca U)>P™ + ——00VY7 =1 — —=1.
oI Ca, (0) 2 01 [ (v Y5to0w; S )
Furthermore, e*4 < 1 implies
exp {—a sup \Il’{]} <e*-expq —« {Lﬂ_} B ,
zeM Cap'y(U)
which, when combined with (3.8), gives the proposition. ]

We now have the tools to uniformly bound {u;}, the solutions to (%;). The

following lemma is crucial.

Lemma 3.1.3. f : Rt — R™" 4s a decreasing right-continuous function with the

following properties:

1. limg .o f(s) = 0.

2. Ja, A >0 so that rf(s+r) < Af(s)'™ Vs>0and0<r<1.

Then there ezists a constant S, = Seo(, A, 1) so that f(s) =0 for all s > Sy.

Proof. After taking the logarithm of the inequality in #2 of the hypothesis,

log f(s+71) <logA—logr+ (1+ «)log f(s). (3.9)
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Fix r < 1 and iterate inequality (3.9) to get

k—1
log f s+er <log A —klogr+ (1+ «)log f( s+27“]
7=1 7j=1

<1+ (1+a)logA—[k+(k—1)(1+a)llogr

k-2
+(1+a)log f(s + ZN)
j=1

?‘?‘
—_
S
—_

(1+a)logA—[(1+ @) ) (k=) + a)’~'logr

<
Il
o

.
Il
o

+(1+a)*log f(s).

The final inequality is the one of interest, so it is repeated below.

k—

1
log f 3+Zr7 Zl+a)jlogA

7=0
k
[(1+ ) Z — N +a)Nlogr + (1 + a)flog f(s).
7=0

(3.10)

The summations in the first two terms of equation (3.10) have closed form

expressions. Recall the following formula.

I+1 1

l
R — 3.11
;Ox — (3.11)




ol

Also,
!
d(i: (Zﬂ) =2 v
=0 =0

has the same form as the coefficient of logr in inequality (3.10). By differentiating

the left-hand-side of (3.11),

l o d =1y (I D2l (e - 1) = (o = 1)
;jx _%( r—1 )_ (x —1)2

-+ )2t +1

(z—1)2
Letting x = 1 4+ o we get
’“‘I(HQ)]. _(tato1 % (14a)-1 = (k= 1)(1+a)f — k(1 + ) +1
, n a J B a2 ’
Jj=0 7=0
from which we calculate
k—1 k—1 k—1
k=—NA+a) =k> 1+a) —(1+a)) jl+a)!
=0 §=0 j=1
:k(1+a)k—1 (k=D + )M k() fat]
a a2 ’

Then (3.10) becomes

k
(1
log f( s—i—Zr] Llogfl

=1

E—1)(1 k(1 k 1 1 k1
(G-Darart—kAra)rarl Qraf-t),,
« [0

<.

+

+ (1 + a)"log f(s).



52

Finally,

k
, (1+ a)* 1+«
] N < 2 Jog A+ al — ]
0gf(8+;7")_ = og A + alog f(s) ——logr

k+1 1
+ ﬂlogr— —log A.
o)

(3.12)

a, A, and r are constant, so by #1 of the hypothesis there is a sy € RT so that

1
{logA—l—alogf(so)— +a10gr} < 0.
By (3.12),
i r
li 1) = — :
kgilof(SO‘f';T) f(s0+ 1—7‘) <0
Therefore, f(s) =0 for all s > S, = 50 + - O

Lemma 3.1.4. {w} are solutions to (x;). There is a constant C' = C(w,~y, M,n) so

that ||uy — supzente]loo < C independent of t.

Proof. Set v := v+ tw. If

3=

fi(s) == [Cap% ({u; < —3})}

satisfies the hypothesis of lemma (3.1.3) uniformly in ¢, then the lemma is proved.
Right continuity of f; follows from (c¢) of proposition (3.1.1). Note PSH(y;) € PSH(y+

w) implies Cap., (K) < Cap, ,,(K) on any Borel set, which in turn shows that f;(s) <
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fi(s) for each ¢t € [0,1]. Since u; € PSH(w + ) for all ¢ € [0,1] and sup,¢,; us is
uniformly bounded independent of ¢, by lemma (3.1.1), proposition (3.1.2) implies
C
fils) < fi(s) < 3
where C' = C(vy,w, M). Therefore, lim,_,o fi(s) = 0 uniformly in ¢, and f; satisfies
#1 of lemma (3.1.3) uniformly.

Now, property #2 of lemma (3.1.3) for f;(s) is verified. Let 0 < r < 1 and

s > 0, then

[rfi(s+m)]" = r"Cap,, {uy < —s—r})
J—=1 - \"
< / <% + —88ut) , by proposition (3.1.3),
{ut<—s} 2m
= / FQ), because u; solves (x¢),
{ut<—s}

< / 0,
{ur<—s}

because F; < 1 for each t € [0, 1]. Proposition (3.1.4) implies

Cap,, ({ur < —s})

The constant which appears in (3.13) is independent of ¢. Also, the right-hand-side

s+ )" < C-exp {—a [ il } ’11} | (3.13)

of (3.13) looks like exp{—2} where 2 ~ Cap,, ({us < —s}). There is a constant B for
which Bz™ > exp{—1} and m > 0, for a proof see lemma (.0.2). Note that B has no

relation to t. With this fact, inequality (3.13) becomes

rfi(s+71) < C- fi(s)H* Vs >0.
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C is independent of ¢. The hypothesis of proposition (3.1.2) is verified, therefore the
set of solutions to (%;) is uniformly bounded in L>(M).

]

With uniform L*° estimates it is now possible to prove existence of solutions,
in the sense of current for equation (3.5). We close this section with an existence

argument which is based on Kolodziej [25], and a proof of uniqueness.

Lemma 3.1.5. (Existence) Set v; := v + %w. By Yau [33] there are functions u; €

PSH(~;) (YC™(M), which solve the equations
(3.14)

The sequence {G;} is bounded below by 1 and lim; ., G; = 1.

Then u = (lim SUP; 00 uj)* s a bounded solution of

(’y + Eaéu>n =Q.

27
Proof. Define a new set of functions, ¢, := (supkgj uj)*. If I > k then % > % So,

w; € PSH(~y) for each | > k. It follows that ¢, € PSH(~,) and ¢, — u uniformly as

k — oo. Moreover,

n

™ v

Given ~-plurisubharmonic functions f and g, their associated Monge-Ampere mea-

sures satisfy
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V=1 _ "
(’yk + ——00 max{uy, uk+1}>
2
v=1 - \" _ "
2 X{up>up41} (71? + ?887% + X{ups1>ur} (7’6 + aauk+1) 2 Gl

by theorem 1.8 of [25]. The later inequality follows from (3.15). Using induction it

can be shown that

(% + gaa@wk)n > Q. (3.16)

By lemma (3.1.4) the set {1 }rez+ is uniformly bounded. It suffices to show

that u is a local solution. Locally a decreasing sequence of potential functions {v;} can

be produced from the potential functions of v so that v; = 851}]-. Furthermore, these

potential functions are uniformly bounded and the sequence {vy + ¢} is uniformly

bounded and decreasing. Then the Bedford-Taylor [4] monotone convergence theorem
combined with the measure inequality (3.16) yields

Q< lim (%a@ (on +41))" = (%a@ (Voo +u) )"

And the notion of convergence used here is weak convergence. The integral compati-

bility condition and Stokes’ theorem imply €2 = <”y + %Béu) .

3.2 Uniqueness
Lemma 3.2.1. If u,v € PSH(y) (| L>®(M) both solve (3.5) for n = 2, then u and v

differ by a constant.
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Proof. Set 6 := u — v. Recall

k-1

of — pF = /\Zoﬂ/\ﬁk i1, (3.17)

In the case k = 2, Stokes’ theorem for currents implies

0= [ 06212 = [ 03520008 (9. by (37,
M

/V 80 A OO A vy + /V 90 A OO A .

Both ~, and 7, are semipositive, so each term in the second equality is zero,

0_/ —89/\89/\% and 0_/ —80/\80A% (3.18)

/—89/\89/\ /—89/\89/\% /—80/\80/\08u
/—89/\8u/\880

/—80/\8 /\8(‘91}—/ —89/\8u/\88u

/—89/\8uA’yv /—89/\8u/\%

In the last line | o %89 A Ou A v is added and subtracted. Let f be w or v. Then

the Schwarz inequality [25] implies

/\/_aeAau/wf (/ \/_80/\89/\%) (/M\é?au/\éuAyf)zo.

Identity (3.18) is used to get the later equality. Therefore,
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/—aeAaemf_o

¢ is semipositive so %89/\59/%” = 0. However, vy may be zero on a set of nonzero
measure. By lemma 4.1 of Demailly [10], we can assume that v, is a Kéhler metric
away from Z, a complex analytic set (codimension > 1). Z is necessarily pluripolar
and measure zero. Plurisubharmonic functions have unique extensions over pluripolar

sets [9], so @ is constant everywhere on M. O
3.3 (? Estimates & Higher Regularity

To begin, perturb (3.3) by adding tw to x — w,

V15 )2:C’tw2

(x + (t = 1w + X —00u, (3.19)
2

Determine C; by integrating both sides of (3.19),

/M<X+(t_1)w+§35u>2:/M<X_w+§aéu>2

Jv—1 _
+/ 2<X—w+—88u>/\tw+t2w2
M 2

:/(1+t2)w2+/ Q(X—w+—_185u)/\tw,
M M 2m

by (3.3),

:/M(1+t2)w2+2t/M(x—w)/\w>

by Stokes” Theorem.
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Then,

Gy = (1412) + X =1 _[5]]2' J
_ 2 [ 1
=(t-1) —l—tW, because ¢ = 5

And the perturbed equations are

_ 2
(x+ (= D+ 5200u) =Gy w?

C} are constants which are uniformly bounded in ¢ € [0, 1].

On Kéhler surfaces Donaldson [12] remarked that [2cx — w] > 0 (since ¢ = 1 was
chosen earlier, [y — w] > 0) is equivalent to the existence of curves of negative self-
intersection. It is due to Lamari [26] and Buchdahl [6] that there must exist curves
of negative self-intersection when the initial data is semipositive and not Kahler.
Furthermore, they also prove that there exists a finite number of irreducible curves
of negative self-intersection, E, for which the difference of the first Chern class of
E and [2cxy — w] is a Kéhler class, see also Song and Weinkove [30]. Moreover, the

proposition which appears in [30] facilitates the estimation of the second derivatives

of weak solutions to (3.4), away from FE.

Proposition 3.3.1. (Buchdahl-Larmari) Let M? be a Kdihler surface with a Kdhler

class € HY'(M,R). If « € H"(M,R) satisfies

a’>0 and «o-F>0,
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then either a is a Kdhler class or there exists a positive integer m and curves of

negative self-intersection Ey, ..., E,, and positive real numbers aq, ..., a,, so that

a—Y a;- PDIE;] >0

Jj=1

is a Kdhler class. PD[E}| represents the Poincaré dual of Ej;.

Equations (x;) for t # 0 are nondegenerate Monge-Ampere equations, so by
Yau [33] each has a unique solution u, € C*°(M) Vt > 0. The calculation below
shows that o = [x — w] satisfies the hypothesis of proposition (3.3.1) with 5 = [x].

As stated earlier [y — w] is big, so a? > 0.

=2 [XEX]LW] [x]? = [w] - [x], by the definition of ¢ = =,
= [w]-[x] >0

Also,

a-f=N"~[w-[x anda®=[x]*—2w][x]+ W
Then by proposition (3.3.1),

Fact 1. There is a m € Z% and irreducible curves of negative self-intersection

FEy, ..., E, and positive real numbers aq, ..., a,, so that

X —w] — Z a; PD[E;] > 0.

Jj=1
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1s Kahler. For notational convenience let D and E be

D—iajEj and E = OEJ
j=1

j=1

c1(E;) = PD[E}], for a proof see proposition 1 of chapter 1 in Griffiths and
Harris [18]. In particular, there are sections o; € [E}], each necessarily vanishing on
E; with Hermitian metrics h;, so that

V-1 _-
ajcl(Ej) = 78810@0’”%]

as smooth (1,1)-forms on M — E and currents everywhere on M. By fact (1) there

is a Kahler form s > 0 so that

S [X — (,U] — Zajcl(Ej) > 0.

j=1

Moreover, the 90-lemma implies that there is a unique f € C°(M), which is

only dependant on &, Y, w, and F so that

V-1 V=1 _-
KR = —W—Z o 8610g|0'J|h 788]6

—~ V-1 V-1, V=15
zx—w—z o ~—00log|o; ;. + o 8810g|01|i1+78810gef
=2
/T

=X W= dd1lo g|‘7g|h +—8010g€f|01|h

ZF

Set hy := efhy to be the Hermitian metric on E,, therefore
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m /—_1 B )
X—Ww=kK+ Z ?8610@0]-\,”
Jj=1
as smooth (1,1)-forms on M — E and currents everywhere on M. Equations (x;) can

be rewritten with x:

V155 m : 2
(/i—FtOJ—F ﬁ&@{ut —|—ij1 IOg’Jj‘inj}) - Ft(/i—i_tw) (3 20)

2
F, = C’th/ (Ii + tw) uniformly bounded in ¢ € [0, 1].

Here equality is as smooth forms on M — E and currents everywhere on M. Be-
fore the required estimates are stated and proved, the notation to be used is codified.
Let

. V=1 5
ki=kK+tw and R =r+tw+ 785{% + log H|0j|ij},

j=1
then there are real constants A, A > 0 so that
A<k <A Vte|o1].
Locally, k; and k; are
V _1 . = —1 . =
Ky = ——¢gbdz' ANd?)  and Ry = ——§hdz' Ad.
2 Y 2 Y

The Laplacians that we will encounter are
Af =g /ViIVif and A, f =g VIVLY.

In normal coordinates at ¢ € M, Viu = dju := u; and u; = 9;05u = VfV%u.
All covariant derivatives are taken with respect to V?, the unique connection on 7'M,

which is compatible with the Hermitian metric g%dzi (0% d=.
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R, R%, and R%kl— denote the scalar curvature, Ricci curvature, and Rie-
mannian curvature tensors determined by k;, respectively. The k;-curvatures are
completely dependent on k; up to its second partials and continuously dependent on
t € [0,1]. Furthermore, the {x;} are known and have positive eigenvalues which are
uniformly bounded for all ¢ € [0, 1]. Tt follows that RY, R%, and R%kl_ are uniformly

bounded, which is collected as a fact to be used later.

Fact 2. (Curvature Bounds) There is a constant Cy = C(\,A), for which

sup| Rizy |, sup|R|, sup|R'| < Cy VYt e[0,1].
M M M

Lemma 3.3.1. Suppose that u; s a weak solution to

_ 2
(5 + 5200{u +10g I o3} ) = Fus?
F, = ftw2//<;§ is uniformly bounded in t € [0, 1].
Then on a compact set K C M — E, there is a constant

C = C(K, A\, A, sup .1y F SUP o1 V2F,), independent of t, such that

24+ A (ut+log H|0j|ij> < C’exp{s]L&p ut—iﬁfut} 5111(p ‘ H|0j|ij‘ /i%f <H|Uj|ij> :
j=1 =1

j=1
Proof. For notational convenience u; will simultaneously denote itself and

u;+log H;n:l o |,%J Also, t subscripts and superscripts are suppressed with the under-
standing that ¢ is fixed. By lemma (.0.3) there are normal coordinates for g at ¢ € K

for which g;; = (1 + u;;)d;; and 0 = Org;; and 0 = Ozg;;. We begin by differentiating
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the term to be estimated,
0id;trig™'g} = tr{0:0;(97")3 + 97 0:0;} = R" 551 — 9" Ryi.
Differentiating the Monge-Ampere equation twice gives

0;0;log(F;) = 0;0;logdet(g) — 0;0; log det(g)
= 0tr{g~'0;9} — tr{g™'9:9;(9)}
=tr{=g7'0:(9)57'0;(9) + 97 0:0;(9)} — tr{9~'0:0;(9)}
= —3"19"0i(Gpq)05(Jas) + §"10:0;(Gpg) + Rij

= _gaqugai@pti)a} (Gas) — gquptiﬁ + Rj;.

After setting i = k, j =1, p =1, q = j, and taking the trace of V?log(F})

and V2tr{g~'g}, we have

Alog(Fy) = —g"59 5" 0:(3;5)0(Ges) — 95" Ripa + 9" Rig
and
Atr{g™ g} = 57 R 59 — 579" Ruziy
Summing the previous two formulas eliminates the fourth order terms and we get
Atr{g g} = §7R" 5 + Alog(Fy) + 9757 501(3,7)01(Ges) — R

The curvature term R’Ji; is bounded, so Rk[ﬁ > —Cog™gy; for some Cy > 0.
Similarly, the extreme value theorem and smoothness of F; and R imply that they
too are bounded. Applying lemma (2.3.2) to the 3rd order term of Alogtr{g—'j}

gives



~ 1 - -
Al gy > —— _JGYRM G+ Alog(F) — R
ogtr{y g}__tr{glg}{g 70 + Alog(F) }
>_ | Coi” g"g:0,; + Alog(F,) — R Y, by fact(2
_m{— 097 9" 9i; g1 + Alog(Fy) — }7 y fact(2),
~ 1
> _Chgig~4r —— _
> —Chg g,]—l—tr{glg}{Alog(E) R}
=-%Cb+ﬂJN+(Cb+ﬂJA{w-%ngIbﬂi}+§Mmf
j=1

inf {Alog(Ft) — R}

+ _
tr{g=1g}

In the last step the formula below is used.

g7+ Muc +log [ Tloyli, } = n.
j=1

g = pjd; and g = 6;; at ¢ € K. Also,

kI p+pe  tr{g g}
g = ot

T e det(y)
tr{g~'g}
= ———, by (3.20
Faeig) (3.20),
tr{g—'g
= T{ng}, because det(g) =1 at ¢ € K.
t

Then we arrive at

A{ log tr{g~13} — (Co + 1){us + log H|aj\zj}} > —(Cy+1)n

J=1

tr{g~1g} inf,en {Alog(Ft) — R}
+

Fy tr{g='g}
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Suppose that the maximum point of the term on which A acts occurs at ¢ € K, then

we have

inf ey {Alog(Ft) — R} tr{g~'§

9~ 'g}
mCo+1) - tr{g=1g} TR —
Sty

tr{g~'g}

ZE-me{n«%—%U, };3m{g4g} (3.21)

Because F} is uniformly bounded in t and fact (2), there is a constant

C1 —max{l, sup F, sup |Alog(F}) —R‘},

yeEM x[0,1] zeM
independent of ¢, so that either
2nC, (Cy + 1) > tr{g~ g},
or

sup,; |Alog(Fi) — R
tr{g'g}

207 2F; - > tr{g 'g}.

T _1~1 Z

trig~'g}
In either case t7{g~'g}(¢) has an upper bound C' > 0, where

C = C(n,\, A, K,sup F;, V*F}) that is independent of ¢ € [0, 1]. Also for convenience

assume that C' > Cp+ 1. At ¢ € K we have

m c m c
trg gt (TTlost,) < e (TTlosl,) -
j=1

J=1

Hence, everywhere on K
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tr{gflg}eCme Ut xlgff( ( H‘O-]|}2l]> S Cecut ( H|0'j |f2L]>
j=1 =

, ik c ik c
— tT‘{gilg]} < C'eClsupny ue—infas ue} sup <H|O-J‘}2LJ) /mlg[f( <H’O-]|ij)

zeK j=1

Jj=1

Then,

m C m e}
tr{g™'g} < Cexp { Sup u; — wigﬂgut} - sup <j1;[1|0j!ij> /;g,f( (EI%@) - (3.22)

zeM

]

The L* estimate of lemma (3.1.4) uniformly bounds the term sup,., u; —
inf,cps ug; therefore, the eigenvalues of K; are uniformly bounded uniformly in ¢ by
lemma (3.3.1). These uniform C?*(K) estimates for solutions imply uniform C**(K)
estimates via Evans-Krylov [13]. The bootstrap technique described in chapter (2)
provides uniform C*(K) estimates for all k > 0. By Arzeld-Ascoli there is a sub-
sequence of {u;} which converges to u in C*(K) for every k € Z*. Therefore, u is a

smooth function on K.
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_ APPENDIX
KAHLER COORDINATES

In chapter 2 the following inequality was used in the proof of lemma (3.1.4).

Lemma .0.2. There is a constant B > 0 so that

Bx™ > e for m> 0. (23)

1
Proof. We will show that f = < has a maximum on R*.

f is increasing on (0, =) and decreasing on (=, +00). Therefore, f(+) =m™e ™ is a
maximum for f on R*. Any B > m™e™"™ would make inequality (23) true. O

In this thesis Kihler coordinates are used to simplify calculations for C? esti-
mates of nondegenerate and degenerate Monge-Ampere equations. Below is a proof

of their existence.

Lemma .0.3. Let (M,w) be a Kdihler manifold. In local coordinates w = %gijdzi A

dzi. Then at a point p € M coordinates can be found so that

(a) gz’j(p) = 0jj-
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(b) Okgi5(p) = Orgi;(p) =0 for k=1...n.

(c) Gi5(p) = (1 + uz)d;.

Proof. Let z = (2',...,2") be holomorphic coordinates around some point p € M for
which z(p) = (0,...,0). We can always change coordinates linearly at a point so that
gi7(0) = d;5, these are called normal coordinates. Hermitian form g;; = g;; + u;; can
be diagonalized, because Hermitian matrices are unitarily diagonalizable. Suppose

O € U(n) diagonalizes 9du at a point, then the new coordinates are z; = (9;2’Z and
7 (0X,07) (0) = (OY)*(I + [u;])OX = Y*(O*O + O [u;5]0)X = 6§;5(1 4 uz) X Y.

To prove (b) consider a linear change of coordinates z = F(w', ..., w") defined

1 o
Fl(w) = w' + §A§jwzw].

Here the coefficients Aﬁj are constant and Alij = Agl The derivatives of this change

of coordinates are

OF! ‘
Fi= owk o + Ai,jw] and F}, =A .
Define vector fields
0 0
i = = d ZZ = .
W, ow' an 0zt
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These vector fields are related by W; = F'Z,.

g (WZ, W]) (FZZI, FS ) (5l + Al ) ((5; + A;ch)g (Zl, 73)

:g(Zz-,?)—l—ASwg(Zl,Z)—i—Albwg(Zl,Z)—i-Al Aswwg(Zl,Z).

In particular, g (VVi,Wj) 0)=g (Zi, Zj) (0).

0 = 0 = 0
559 Wi Wy) = Fio=9 (2, Z;) + Bw' o9 (2, Zs) + Aig (2, Z5)

0
+A’bw”Fka -9 (21, Z;) + AL A wty (20, Z,)

. 0 _
+ A{ibA;cwbwcFli@g (2,Z,) .

At z = 0 the first derivatives of the metric in the w—coordinates are

0

0
3wk9(

Wi, W;) (0) = 5@@9(

g
~ oY

Zi,ij) (0) + Ai’k(glj

(Z:,Z;) (0) + Al

If Agk = —a%kg (ZZ-, 7j) (0), then the first derivatives of ¢ in the w— coordinates
vanish at z = 0. A similar conclusion is reached for the anti-holomorphic derivatives
of g. Note the condition Al = Al is natural because dw = 0 implies that drg;; = J;gy;
and Jgg;; = 059;%-

O

Lemma .0.4. Suppose (M,w) is a closed Kdhler surface and x is a positive and
(1,1)-form. Further suppose [x —w] is semipositive and [y —w]|* = [w]?. Then [x —w]

is not Kdhler if and only if it there is an effective divisor, D, for which [x —w]-D = 0.
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Proof. The product on cohomology classes which appears in the hypothesis is called
the intersection product. It is defined o - § = fM aApBifa, B € H*(M;R)-so it is
well-defined. This product is symmetric, bilinear, and nondegenerate (a- 5 = 0 Vf3
implies « is exact). By Poincaré duality it is possible to define the intersection of
divisors and line bundles. For instance, if L € Pic(M) is a line bundle and D is a
divisor then - L = [, a Aci(L), a-C = [, o, and D - L := [, e1(L).

The lemma follows directly from a Nakai criterion proved independently by

Buchdahl [6] and Lamari [26].

Theorem .0.1. Let (M? w) be a closed Kahler surface and p € HM'(M;R) satisfies

the following conditions:

(a) p-p>0.

(b) p-[n] >0, forn a closed positive (1, 1)-form.

(¢) p-[D] >0 for every effective divisor D C M.
Then p can be represented by a closed positive (1,1)—form.

Integrating both sides of (3.3) shows that [y — w]®> > 0. By the hypothesis
of theorem (1.1.1) [y — w] - [x] = [w] - [x] > 0 when ¢ = %. Since [x — w] is at most
semipositive and it satisfies (a) and (b) of theorem (.0.1), there is a curve D for which
[x —w]- D = 0. Implicit in this statement is that every representative of [x — w]

vanishes on D. To see this suppose that x’ ~ (x —w) and y — w is semipositive. By
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the d0-lemma there is a smooth function f so that ' — (x — w) = %85 f. Stokes’

theorem and compact support of f imply

/X/_/X—w—i——_l@af—/x—w—o.
D D 2T D

So, x’ is a most semipositive, and every representative of [y — w| must vanish
on some divisor. The class conditions [y —w]| > 0 and not Kéhler, imposed by theorem
(1.1.1), are equivalent to the more geometric restriction: [y — w] is semipositive and

it vanishes on some effective divisor D.
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