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CHAPTER 1
INTRODUCTION

1.1 Introduction
We consider the following Dirichlet problem for the divergence form elliptic

equation

—(aijtig, )o, = —div(A(z)Vu(z)) = divf = (f),, inQ
(1.1)
u=>0 on OS2

where (2 is an open and bounded subset of R”. Throughout this thesis we assume

that the n x n matrix A = Zz é(AiXQi is defined on R” where Q!, ... QF are open

subsets of 2 with flat boundary (see definition 1.1.2), Q° := Q \ UiIZKQ! and A”’s for
i=0,...,K are in the John-Nirenberg space BMO [17] of the functions of bounded
mean oscillation with small BMO seminorms.

This problem arises from the underground water flow through composite media
with closely spaced interfacial boundaries, by which the coefficient matrix A has
discontinuity across the boundaries of subdomains. There have been many results to
prove C® regularity for a weak solution in [28], [27] and [2] by Y. Li, L. Nirenberg,
M. Vogelius, F. Almgren and L. Wang. In this thesis, I proved WP regularity for

Elliptic Dirichlet problem with singular coefficient matrix A under some necessary

conditions.

Definition 1.1.1. (Small BMO seminorm Assumption) We say that the matrix A of



coefficients is (0, R) — vanishing in ) if

1 _
sup sup / |A(y) — Ap, (w)nal’dy < 6.
0<r<R xz€R" |Br’ r(2)NQ

Definition 1.1.2. (Reifenberg Flat Domain Assumption) We say that a domain €2 is
(0, R)-Reifenberg flat if for every x € 9 and every r € (0, R], there exists orthonormal

coordinate system (yi,...,%,) with origin at x so that in that coordinate system
B,(0)N{y, >rdé} C Q,
B, (0) N {y, < —rd} C Q°.

From this definition, we can see that if a domain Q is (J, R) — Rei fenberg flat,
then for any x € 02 and every r € (0, R}, there exists an (n — 1)-dimensional plane
P(x,r) such that

1
-D[0Q2N B, (x),P(z,r) N B,(x)] <,
,
where D denotes the Hausdorff distance; namely,
D[A, B] = sup{dist(a, B) : a € A} + sup{dist(b, A) : b € B}.

We will get WP estimate for the classical weak solution of a divergence form

elliptic equation (1.1). The following is the definition for a weak solution.

Definition 1.1.3. Let 1 < p,q < o0, ]lo—l— é = 1. Then a weak solution of (1.1) is a

function u € Wy () such that

/AVqupda: = —/ fVodr Yo e W(Q).
Q Q



The following is the main result of this thesis.

Theorem 1.1.4. Let p be a real number 1 < p < oo. Then there is a small
§ = 6(A,p,n,R) > 0 so that for all Q@ = UZEQ where Q° = Q\ UZFQY and
Q and disjoint subdomains Q'’s for i = 1,..., K are (8, R)-Reifenberg flat, for all
A= Zizé{ Alxqi where A'’s are (8, R)-vanishing in Q' and uniformly elliptic for
i =0,...,K, and for all f with f € LP(Q2,R™), the Dirichlet problem (1.1) has a

unique weak solution with the estimate

/|Vu|pdx < C’/ | f|Pdx, (1.2)
Q Q
where the constant C' is independent of uw and f.

Let us just mention here that the constant C' above does not depend on the
distance between the subdomains, which allows the domains to touch each other.

Before our work, in the parabolic case, Fred Almgren and Lihe Wang proved
the C1“ estimates for heat flows across an interface under reasonable further assump-

tion on A in [2]. If u is a weak solution of

B(z)u; = div(A(x)Vu) + divF in 2
(1.3)

u=20 on 0}
where B(z) and A(z) have singularity along the Hélder continuous boundaries of sub-
domains, they proved |Vu(z,s) — Vu(y, s)| < Clz — y|* and |Vu(y, s) — Vu(y,t)] <

Cls —t|2.



In the elliptic case, in [28], Y. Li and M. Vogelius considered an elliptic equation

div(AVu) = h + div(g) (1.4)

on a bounded domain D which has a finite number of disjoint subdomains D,, with
C1 boundary and allowed the matrix A to have discontinuity across the boundaries.
They proved a O regularity for the solution under reasonable Holder continuity
assumptions on A, h and ¢;. Later in [27], Y. Li and L. Nirenberg extended the result
in [28] to general second order elliptic systems with piecewise smooth coefficients,

which arises in elasticity. They established stronger C1“ estimates.

1.2 Organization of thesis
In chapter 2, we state preliminary notations and assumptions throughout this
thesis. Mathematical background and main tools are given in chapter 3. In the first
section of chapter 4, we discuss the interior W» regularity and in the second section
of chapter4, a global WP regularity is derived for a weak solution of (1.1). Finally

some future directions of this research are mentioned in chapter 5.



CHAPTER 2
DEFINITIONS AND NOTATIONS

2.1 Geometric Notation
(1) A typical point in R™ is x = (2/,x,). A typical point in R” x R is (z,t) =

(2, xp, t).

(2) R} = {x € R";x,, > 0} and R = {z € R"; 2, < 0}.

(3) B, = {x € R": |z| < r} is an open ball in R" centered at 0 and radius r > 0,
B,(x) = B, +z, B} = B,N{x, > 0}, Bf(z) = Bf +z, T, = B, N {z, = 0},

and T,.(z) =T, + x.

(4) Q. =QNB,, Q.(z) =2N B,(x).

(5) 09, is the boundary of €., 9,,Q, = 0Q N B, is the wiggled part of 01,, and

0.8, = 00\ 0,2, is the curved part of 91),.

(6) P?(y) is the (n—1) dimensional plane which is translated hyperplane at y € 9§

by § along the normal direction toward €.



2.2 Matrix of Coefficients
Definition 2.2.1. We say that A is uniformly elliptic if there exists a positive

constant A such that
AP < A(x)E-€ < AJE)* ae. z€R",VEER™

(1) We write A = (a;;) to mean an n x n matrix with the (i, j)-th entry a;.

) [Al = /(A= A) —1 055 and [| Al = sup, [A(y)].

(3)

- 1
A:—/A:de
" g Jo A

is the average of A over (2.

(4) A is supposed to be A = 32K AN where A”s are assumed to be uniformly

elliptic and (8, R) — vanishing on Q' for any i =0, ..., K.
(5) Ap, == 15y Algixa:-

2.3 Notation for Derivatives

(1) Vu = (ug,, ..., ug,) is the gradient of u.
(2) Multiindex Notation:

(a) A vector of the form a = (ay,...,a,), where each component «; is a

nonnegative integer, is called a multiindex of order



(b) Given a multiindex a = (a, ..., a,), define

ledy(a
D%u(z) :== 0 u(z)

= — = 8041 .. .8‘1"“.
Oxi* - - O0xon b n

n

i=1
is the divergence of f = (f', ... f").
2.4 Notation for estimates

We employ the letter C' to denote a universal constant usually depending on

the dimension, ellipticity and the geometric quantities of 2.

2.5 Notation for Function and Function Spaces

(1) If f: Q — R", we write f(z) = (fY(z),..., f"(x)) for z € Q.
(2)

- 1

o= o [ @lds

is the average of f over (2.

(3) C5°(R2) = {u € C*(R) : u has compact support in 2}.

(4) LP(Q) = {u : ||u||Lr(q) < oo}, where [|u||rr@) = (/ |u]pdx) " for any 1 <p <
0

Q.

(5) L>(Q) = {u: |Jul| () < 00}, where ||ul|ze(q) = ess supg |ul.



(6) Let u and v be two locally integrable functions. Then we say that v is the it

weak derivative of u if for any ¢ € C5°(Q),

/uagpdx:—/mpdx.
o Oz Q

We denote by % the i'" weak derivative of u. Then we say that u is in the

space WHP(Q) if u has weak derivatives g—; € LP(Q) and v € LP(Q). WP is a

Banach space equiped with the norm

Ju
(HUH]ZP(Q) + Z ||@—xin£p(Q)>

In the case p = 2,H' = W'? is a Hilbert space. We say u € W,*(Q) if

B =

Eu € WIP(R™), where Eu is the 0-extension of u to R™.



CHAPTER 3
PRELIMINARY TOOLS AND MATHEMATICAL BACKGROUND

In this chapter we recall standard facts from measure theory and functional
analysis which will be needed in the sequel. We will present the proof for less familiar

facts.

3.1 The Hardy-Littlewood Maximal Function and Related
Mathematical Background
Lemma 3.1.1. [/ Suppose that f is a nonnegative measurable function in a bounded

domain Q. Let 0 > 0 and m > 1 be constants. Then for 0 < p < oo,

FerX(Q) iff S=) mP{zeQ: f(z)>0m*} < oo

k>1

and
1

5 < Ul < CU2I+5)

where C' > 0 1s a constant depending only on 8, m and p.

One of our main tools will be the Hardy-Littlewood maximal function. The

maximal function controls the local behavior of a function in an analytical way.

Definition 3.1.2. For a locally integrable function f on R™. Let

(Mf)(x) = sup ——

d
=0 |B7«(.73)| B.(2) ’f(y)‘ Y

be the Hardy-Littlewood maximal function of f. We also define

Maf = M(xaf)
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if f is not defined outside (2.
The basic theorem for the Hardy-Littlewood maximal function is the following:
Theorem 3.1.3. [25] We have
(a) If f € LP(R™) with p > 1, then M f € LP(R"). Moreover,
IMFllr@ny < ClFllze @)
(b) If f € LY(R™), then

C
{z € R (MF)(@) > M| < 51l

Here C' depends only on p and the dimension n. (a) is called a strong p-p estimate
and (b) is called a weak 1-1 estimate. This theorem says that the measure of {z :
|IMf(z)| > ¢} decays roughly as the measure of {z : |f(x)| > §} does. Since the
value of L? function at a particular point does not make good sense in a qualitative
way even though the point is a Lebesgue point, we will employ the Hardy-Littlewood
maximal function, which makes sense at a certain point. Let us also remark that the
maximal funciton is invariant with respect to scaling. Hence [{z : [Mf(z)| > 0}| is

more stable and geometric object.

3.2 Vitali Covering Lemma

Another main tool is the Vitali covering lemma:

Lemma 3.2.1. [25] Let E be a measurable set. Suppose that a class of balls B, covers

E:

Ec|/JB..
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Suppose the radius of B, is bounded from above. Then there exist disjoint { B, }32, C
{Bu}a such that

E c | J5B.,
where 5B, is the ball with five times the radius of B,, and the same center. Conse-

quently, we have
Bl <5" ) |Ba.
i
For the discussion of interior W'? regularity, we will use the modified version

of the Vitali covering lemma:

Lemma 3.2.2. [26] Assume that C' and D are measurable sets, C C D C By, and

that there exists an € > 0, such that
Cl <elBi,
and for all x € By and for all r € (0,1] with |C N B,(x)| > ¢|B,.(z)],
B.(zr)NB; C D.

Then

IC| < 10%|D].

We will use another version of the Vitali covering lemma for the global estimate

on a (9,1)— Reinfenberg flat domain.

Lemma 3.2.3. [3] Assume that C and D are measurable sets. C' C D C Q with )

(0, 1)- Reifenberg flat, and that there exists an € > 0 such that

O] < €| By (3.1)
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and for all x € By and for all v € (0,1] with |C' N B,.(x)| > ¢|B,(z)],
B.(x)nQ C D. (3.2)

Then

10
< (——)" .
O] < (+—)"=ID|

Proof. From (3.1), there exists a small r, > 0 such that
|CNB,, (z)] =¢|B,,(z)], |CNB,(x) <e|lB.(x)], Vre (rg,l1]. (3.3)

Since {C'N B, (z) : © € C} is a covering of C' with r, < 1, by the Vitali covering

lemma, there exists a disjoint {C' N B, (z;) : z; € C'}$°, such that

C | JBsn (), 1C]<5") By, (xi)l. (3.4)
Then, by (3.3), we see that
|C'N By, ()] < e|Bsy, (:)| = 5| By, ()| = 5"|C'N By, (). (3.5)

Now we claim that

|Br(2)] 2
sup su < n 36
0<r£1xeg |B.(x) N Q| — (1_5> (3.6)

To do this, choose any r € (0,1] and any x € €. The case dist(z, 9€2) > r follows form
the fact B,.(x) C €. So suppose that dist(x, 0§2) < r. Then there exists a y € 99 so
that

dist(x,0Q) = dist(z,y) < r. (3.7)
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Since 0 is (d, 1)-Reifenberg flat, without loss of generality we may assume
B.(z) n{z, >} C B,(x)NQ C B.(z) N{x, > —0}

in some appropriate coordinate system in which y = 0. then from the geometry and

an easy computation, we see that

1B,(2) B,(x) >
B () 0] = [Bo@) N (e > 6] = T3

which shows (3.6).

Finally, by (3.2), (3.5), and (3.6), we get

cl = |U(B5n(l’z‘) nao)l

which completes the proof. O]
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CHAPTER 4
REGULARITY FOR ELLIPTIC EQUATIONS

4.1 Interior Estimates
In this section we investigate the interior WP estimates for a solution of
—div(A(z)Vu) =divf inQ. (4.1)

Our assumption is that € is bounded open set in R™ and the coefficient matrix
A = sz Alyqi is defined on R™ where Q!,... QF are open subsets of Q with
flat boundary (see definition 1.1.2), Q0 := Q\ UZFQ and A”s for i = 0,..., K are
uniformly elliptic and also (§, R)-vanishing on Q with small BMO seminorms for
1=0,..., K.

WP estimate without discontinuity in A was done by S. Byun and L. Wang
in [3]. Here we consider the case that A has discontinuity along the boundary of
subdomains Qs in Q fori =1,..., K.

The main result of this section is the following:

Theorem 4.1.1. There is a constant Ny so that for any € > 0, there exists a small

6 = 6(¢) > 0 such that for all f € L*(By;R™) and for all A=Y= Alxq: where A;’s

are uniformly elliptic and (0,4)-vanishing for i = 0,...,Kand Q'’s fori=1,..., K

and 2 are (8,9)-flat, if u is a weak solution of —div(AVu) =divf in Q D By and if
Hz € Q: M(|Vul*)(z) > N2} N B,| > ¢|B,| for all r € (0,1],

then

B, c {z € Q: M([Vu)(x) > 1} U{z € Q: M(|f]*)(z) > 6%}
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Definition 4.1.2. We say that u € H'(Bg) (R > 0) is a weak solution of (4.1) if

/ AVuVpdr = — fVodr for Yy € H}(Bg).
Br

Br

Lemma 4.1.3. [3] Assume that u is a weak solution of (4.1) in By. Then

/ ©*|Vul|?dr < C(/ (pQ\fIQd:L’—l—/ |Vol?|ul?dx) for any ¢ € C°(By). (4.2)
Bo B> Ba

Proof. First note that p?u € Hi(By). Then by the Definition 4.1.2, we have

/ AVuV(*u)dr = — | fV(¢*u)dz,
B>

By
and write the resulting expression as
L =15+

where

]1—/ ©* AVuVudz,
B>

I, = —/ (2pufVp + @ fVu)dz,
Bs

I3 = —/ 20uAVuV pdzx.
B>
Estimate of I;: The uniform ellipticity condition implies

L :/ ngAVuVudsz_l/ ©*|Vul|?dz.
BQ BZ



Estimate of I5: The Cauchy inequality with 7 implies

I, = —/ (2pufVip + * fVu)dr
Bo
< [ @lesluvel+ @17 Vuds
B>
1
< [ PRI+ WPV + 7 Vu + Py

1
< (1+—)/ g02|f\2d:r;+/ |u|2|Vg0\2d:c—|—7'/ ©*|Vul*dx.
47— Bg Bz BQ

Estimate of I3: The condition A € L* and the Cauchy inequality with 7 imply

I3 = —/ 20uAVuV pdx
B>
< 2||Al| L= / loVul|[uVplde
By
2 2 c 2 2
<Ct | ¢ |Vul*de + = | u*|Ve| dz.
BQ T BQ
Now we combine the estimate [;, (i = 1,2, 3) to discover
A_l/ §02|VU|2d$ = Il = IQ + 13
Bs

1
< (1+—)/ O fIPdx + |u|2]Vgo|2dx+T/ ©*|Vul|*dx
477 Jp,

B2 B>

+C’7‘/ <p2|Vu|261lx+(—j w?|Vl2d
By T

Bo

4T

1 1
< CT/ ©*|Vul?dr + (1 + —)/ O fIPdx + (1 + —)/ u?|V|*dr.
B 41" /B, By

We finally choose 7 = ﬁ to deduce

16

/ ©*|Vul?dr < C(/ O°| f|?dx —i—/ IV|*|ul*dz) for any ¢ € C5°(By). (4.3)
By By B>

]
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We want to control the gradient of the weak solution of (4.1) using the gradient
of the weak solution of the related homogenous equation. The following lemma shows

that one can bound the gradient of homogenous solution by L2-norm.

Lemma 4.1.4. If v is a weak solution of div(AVu(z)) = 0 in By for a piecewise

constant matriz A = Axp,n(ensay + AN Bin{en<ay for any a € (—1,1), then
IVollegsy) < Cllvliz,)-

Proof. First assume a = 0. Let DMv(z) = WLW, for h >0,i=1,...,n—1.

Since the jump of the coefficient matrix A occurs across {w,, = 0},
div(AV D! (z)) =0

for sufficiently small A > 0. Also

/ \VDM(z)Pda < C’/ | DMo(z) | dae (4.4)
Pid brhed
< C’/ |Vo(z)Pdx (4.5)
Bhidebeds
<C [ |v(x)|dx (4.6)
By

for 0 < h < %. Here we used the Lemma 4.1.3 for the first and the third inequality.

So v,, € H(Bs) fori =1,...,n — 1. Similarly, we can apply this method to v,,, i.e.

3
1

using D;Lvm(x) fori,j=1,...,n—1. S0 vy, € Hl(B%+1) fori=1,...,n—1. Let

8
S = [§] + 3. For any tangential vector a = (a,...,a,_1,0) such that |a] < S, we

can iterate |a| times and get

Dav(l')EHl(B%+ 1 )

2S+1
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Since div(AVD%(x)) = 0, we can use the De Giorgi-Nash theorem to say that D%

is Holder continuous. So there is a constant C' such that
[1D*0|ls, . o ) < CID[ 25, ) (4.7)
275512 2t 3551
< Cllollzasy) (4.8)
Now consider the vertical direction. Define

g(xy,29,...,2,) = v(x1,...,2,1,0) in BL L
2 2S+1

We can see that g,, = 0 and also by (4.7),

Dg = D*v € HY(B}

1
atgsTr

)

1D%gllLes,y, o ) = [Dllrew,, , )< Cllvllzs)
2t5572 2t5572

for o = (a1, ..., 05-1,0) such that || < S. Let

0(xy, ..o ) = 0(T1, .y xn) — g(T1, .o, ).

Note that o € Hl(BTJr . ) and 9|,,—o = 0. Since div(AV(? + g)) = 0,

2 T 55+1

div(AV?) = —div(AVy)

= Z(Z C_Lijgwi)fbj
i=1 j=1

n—1 n—1
== ijgs.)s, € HH(BY) = HETY(BY)
i—1 =1 2 2

Furthermore, by Theorem 5 in Section 6.3 and the Trace Theorem, see Section 5.5 in

[11], also by Lemma 4.1.3,

1ol s— 51y < CUlvllzam) + 10lz2))) < Cllvllzam), (4.9)
2
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We can combine (4.9) and Sobolev inequality to get

||€7||CS—[%]—2,’Y(BJ{) < C“@HHS—l(BJIr) < O||U||L2(Bl)-
2 2

Thus 0 is C*Y Holder continuous. Finally we can say that |Vo| is bounded in B_I
2

Similarly |V3| is also bounded in By . So |V4| = |[Vv — V§| is bounded in Bi. Thus
2

||Vv||Loo(B%) S O||U||L2(Bl)~ (410)

Assume |a| > 2. Then A has no discontinuity in B s. So there is a constant C'

such that

HVUHLOO(B%

) < Cllvllzmg) < Clivllzaay. (4.11)

Assume 0 < |a| < 3. Say L :={z € R" : z,

a}.

(a) When lal < 3/4

(b) When |a| > 3/4

Figure 4.1: Covering methods for the case a # 0

For any x € Bs N L, Bi(x) C By. By above case for a = 0, there exists a constant C'
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such that
HVUHL‘X’({:UEB%:dist(x,L)<%}) < mesl;l%me HVUHLM(B% (@) (4.12)
< CHUHL?(B%@)) < CHUHL?(Bl)- (4.13)

For any x € {x € B : dist(z,L) > £}, Bi(x) C By and A has no discontinuity in

ool

B%(a:) So there exists a constant C' such that
sup VUl @) < Cllvllzzs, @) < Cllvllzsy- (4.14)
{zeB%:dist(m,L)Zé} 16 8
By taking the maximum C in (4.10), (4.11), (4.12) and (4.14), we are done. O

Lemma 4.1.5. For any € > 0, there is a small § = 6(¢) > 0 such that for any weak

solution w of (4.1) in By where for any l,m =0...K and any |a| <2,

Bon{z, >a+06}CcQ,C BynN{x, >a—4} (4.15)
Bon{z, <a—0} CQF C BoN{z, <a+d} (4.16)
and

! |Vul?dr < 1 (4.17)

—_ ul*dx <1, :

| Be| /s,
1 .

Bl (If? + |A = Ap,|*)dx < 6%, (4.18)

it _ A . . . . . . ~b ~b _
where Ap, = >, Algs Xqi, there exists a piecewise constant matriz A'p, as A’p, =

W%XBQQ{MM} + A_mggnxgm{xn@} and for a corresponding weak solution v of

—div(A%5,Vv) =0 in B, (4.19)

such that

lu — v|*dz < €.
By
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Proof. Tf not, there exists go > 0,{Ar} = {30, Aixair}, {un}, {fi}, {O5*} and

{(Q™k)y} for some I,m = 0...K and some |a| < 2 such that wuy is a weak solu-

tion of
—div(AxVuy) =divfy, in By (4.20)
with
Bgﬂ{xn>a+E}C (Q° )QCBQQ{In>G_E}
1 _— 1
Bgﬂ{xn<a—E}C (Qm )QCBgﬂ{xn<a+E
but
lup — vi|Pdr > &) (4.21)
B>
for any weak solution v of
—div(Al, Vo) =0 in By (4.22)

where 14%32 = A%(Ql,k)QXBgﬂ{Z’n>a} + A_?(Qm,k)QXBQQ{xn<a}'
By (4.17), {ux — Urp, }3>, is bounded in H'(By), and so {uy — Urp,} has a

subsequence, which we denote as {uy — Uy}, such that
up — U — ug in H'(By), up—ug — ug in L*(By). (4.23)
Since A? 5, 18 bounded in L, there is a subsequence {A%} such that
|AL — Agllee — 0 as k — oo, (4.24)

for some piecewise constant matrix Ay. Since f[i — App, — 0in L*(B,) and Ayp, —

Ak — 0 in LQ(BQ> Thus Ak — AO in L2<BQ>
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Next we will show that ug is a weak solution of
— div(ApVug) =0 in By (4.25)
To do this, fix any ¢ € H}(By). Then by (4.20),

/ ArVupVedr = — feVdz. (4.26)
Bs

Bs
Since Vug — Vug and A, — Ag in L?(Bs), AyVup — AgVuy in  L?(Bs). Then by
letting k — o0,

/ AoVuyVpdr = 0. (4.27)
By

This shows (4.25). Note that

—div(AVug) = —div((AL — Ag)Vug) — div(AgVug)

in By. Let h; be the weak solution of

—div(AbVhy) = div((AL — A9)Vug) in By

(4.28)
h, =0 on 0By
Then ug — hy, is a weak solution of
div((ALV (ug — b)) =0 in Bs. (4.29)

Furthermore, by (4.28),
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il 2y < ClIV Rl L2(8y) < Cll(AL = Ag) V|| 12(5,)
< O||(AL — Ao) |l 1= Vol z2(5)

< Oll(A — Ag) (.
So now

|ur — (uo + e — hy)||L2(y) < Uk — U — uol|z2(By) + 1Pkl z2(By)

< Jux — @ — ol r2(my) + Cll (A — Ao) || L= (Bs)-
This estimate, (4.23) and (4.24) imply that
e — (w0 + 1 — hi)||L2(By) — 0 as k — oo.

But this is a contradiction to (4.21) by (4.28).

]

Corollary 4.1.6. For any ¢ > 0, there is a small § = §(¢) > 0 such that for any

weak solution u of (4.1) in By where for any l,m =0... K and any |a| <2,

Bon{z,>a+0}CcQyC Bon{x,>a—0} (4.30)
Bon{z, <a—0} CQF C BoN{x, <a+d} (4.31)
and
1 2
— | |Vul'dz <1, (4.32)
|Bs| J,
1 .
(1> + [A = Ap,|*)dz < 6°, (4.33)

| Ba| J,
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where Ap, = 3, AlgiXqi, there exists a piecewise constant matriz A’p, as A’p, =

AleQXBQQ{InM} + FQ?XBQQ{:B”<Q} and for a corresponding weak solution v of

—div(Abp,Vv) =0 in By (4.34)

such that

/ IV (u —v)Pdr < &2
B

3
Proof. By the Lemma 4.1.5, for any n > 0, there exists § = d(n) > 0, a piecewise
constant matrix Ab B, = WQQ X Bon{zn>a} —1—@9? X Ban{azn<a} and a corresponding weak

solution v of —div(A?g,Vv) =0 in By such that

lu — v’ dz < n?.
B>

First we see that u — v € H'(Bs) is a weak solution of

— div(AV(u —v)) = div(f + (A — Ab5,)Vv)  in B, (4.35)
Now, by (4.2),
/B |V (u—v)]* < C’(/B |lf 4+ (A— AbBZ)VUP + |u — v|*dzx) (4.36)

4 3
3 2

gC(/ |f|2dx+/ |(A—AbBQ)Vv]2da:+/ lu — vf2dz) (4.37)

3 3 B3
2 2 2

<c(| |fP+ [ |A=AvpPde+ [ |u—v|?ds) (4.38)
Bs

Bg Bs

Here we used the fact that v is lipschitz, which we showed in Lemma 4.1.4, and (4.32).
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Also,
1P+ A = A, [Pda < 2/ (IFF + 1A= Ap, ') + [ Ap, = Ap, | (4.39)
B2 B2
< 2(|By]6® + C(A)0) (4.40)
< (6 for a small 6. (4.41)

So [[V(u = v)[|72(5,) < C(6 +1?) = £ by taking n and 4§ satisfying the last identity.

This completes our proof. O

We can control the measure of the set where |Vu| is quite big as the following

lemma.

Lemma 4.1.7. (c¢f. [3]) There is a constant Ny > 0 so that for any € > 0, there
exists a small 6 = 6(e) > 0 such that for all A with A = Zfio Alyqi, where A%’s are
uniformly elliptic and (0, 4)-vanishing on Q' fori=0...K and for anyl,m =0... K

and any |a| < 4 in appropriate coordinate system
Byn{z,>a+0yCcQcB,n{x,>a—0} (4.42)

Bin{z, <a—-06}C Q) C Bin{zx, <a+d}, (4.43)

and if u is a weak solution of —div(AVu) =divf in Q DO By and if
{z € By : M(|Vul*) <1} n{x € By : M(|f]?) <8} #0, (4.44)

then

Hz € Q: M(|Vul]*)(z) > N2} N By| < ¢|By. (4.45)
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Proof. By (4.44), there is a point xy € B; such that for all » > 0,

1 1
Vul?dr <1, fIPdz < 6% (4.46
B e B e )
Since B3(0) C Bs(z), we have by (4.46),
1 | Bs| 1 2 3\ 52
Y e 2z < (2)"62, (4.47)
|Ba| Jp, |Ba| | Bs| J By (wo) 2
Similarly, we see that
1 3
— Vulrdr < (2)™ 4.48
oy, 1Vede < ) (4.43)

In view of (4.47) and (4.48), and from the assumption on A, we can apply Corollary
4.1.6 with u replaced by (%)”u and f replaced by (%)" f, respectively, to find that for

any n > 0, there exists a small §(n) and a corresponding weak solution v of

—div(Abg,Vv) =0 (4.49)
in B, such that
[ - opar < (4.50
By
provided that
1 -
= [P+ 1A = Ap, P)de < 6°. (4.51)
| B| /3,

By the interior W1 regularity that we proved in Lemma 4.1.4, we can find a constant
Ny such that

IVollo=(zg) < No. (4.52)

Now we will show that

{v € By : M|Vu|* > N}} C {x € By : Mp,|V(u—)|* > N;} (4.53)
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for N? := max{5",4NZ}. To do this, suppose that
z1 € {x € By : Mp,(|V(u—v)|)*(z) < N3} (4.54)
For r < 3, B,(z1) C B3, and by (4.52) and (4.54), we have
1 2 2 2 2 2
— IVu|*de < — [ (|V(u—2)|"+|Vv|?) < 4Nj. (4.55)
|BT| Br(z1) |BT‘ B%

For r > %, B,(x1) C Bs,(20), and by (4.46), we have

1 o"
|Vul?dz < |Vul2dz < 5™ (4.56)
1B:| JB, () |Bsr| J Bs, (20)n02
Then (4.55) and (4.56) show
z; € {z € By : M(|Vu|)* < N7} (4.57)

Thus assertion (4.53) follows from (4.54) and (4.57).

By (4.53), weak 1-1 estimates and (4.50), we obtain

{a € By : M(|[Vul)* > N} < [{z € Bi : Mp,(IV(u—v)|)* > N§}

C
< F/B V(u - v)lPda
3
C
S Fglrf = €|B1’7

by taking small n satisfying the last identity above. Now Corollary 4.1.6 gives the

desired 9. O

Corollary 4.1.8. There is a constant Ny > 0 so that for any e,r € (0,1], there

exists a small § = §(c) > 0 such that for all A with A =31 Aixqi, where A'’s are
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uniformly elliptic and (3, 4)-vanishing on Q' fori=0...K and for anyl,m =0... K

and any |a| < 4r in appropriate coordinate system

By N{z, >a+6r} C Q. C By N{x, >a—0r}

By N4z, <a—94dr} C Q) C By N{z, <a+dr}

and if u is a weak solution of —div(AVu) =divf in Q DO By, and if

{z € B, : M(|Vu|*) <1} n{x € B, : M(|f]?) < §*} # 0,

then

H{x € Q: M(|Vul*)(z) > N2} N B,| < €| B,

Proof. The proof is given by Lemma 4.1.7 and a scaling argument.

(4.58)

(4.59)

(4.60)

(4.61)

]

To use the modified vitali covering lemma, we need to show Theorem 4.1.1

holds for any ball B,.(z) for r € (0,1] and = € Q. If B.(z) intersects with only one

subdomain Q' then the proof of Theorem 4.1.1 comes directly from Lemma 4.1.8 for

| = m. If B,(z) intersects with two subdomains Q' and °, then the proof of Theorem

4.1.1 also comes directly from Lemma 4.1.8 for m = 0.

Then next natural question would be how many subdomains can intersect with

B,.(z) for r € (0,1] and x € Q when 9Q"s are flat enough. Next lemma will be used

to show that a ball can intersect with at most three subdomains.

Lemma 4.1.9. H;’s fori =1,..., K are half spaces. If {H;N\By}; are disjoint. Then

at most two half spaces can intersect with Bj.



29

Proof. Assume there are three half spaces, say Hy, H, and H3 such that Bo N H;’s are
disjoint and H; N By # 0 for i = 1,2,3. Let p; € H; N By for i = 1,2,3.. Note that
since half spaces are disjoint in B, these points are not collinear. Let 7 be the two
dimensional plane containing py, ps, p3. For j = 1,2 let D; = 7 N B; which are indeed
two dimensional balls. Let r; = radius of D; for j = 1, 2. Note that ry > 2r;.

Let h; ;=7 N H; and [; := 7 NOH; = Oh;. We have
(1) pp € ,ND; fori=1,2,3
(2) h;N'Dy’s are disjoint for i = 1,2, 3.

Pushing [;’s into h; by §; > 0, we may assume that [;’s are tangent to the D; and
p; € 0D, for i = 1,2,3. Let also A; and B; be the points where [; intersects 0D, for

i=1,2,3 Let hy N Dy —A;B;.

Figure 4.2: H;N7T on T
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Note that A;B; for i = 1,2, 3. are disjoint on 0D,. Since ry > 2r; and [;’s are

tangent to Dy,

length of AjBi S 1
length of 0D, — 3’

for i = 1,2,3. (4.62)

The above is a strict inequality if 7o > 2r;, which is a contradiction to the fact that
A;B;’s are disjoint on 0Dy. If 7y = 21y, (4.62) is an equality. In this case [;’s end
points meet each other. So we cannot push [; outward from h; which means §; = 0

fori=1,2,3. O

So now we consider the case that a ball intersect with three subdomains €)',
Q% and Q™ for any I,m = 1... K. To prove Theorem 4.1.1 for this case, our goal is
to show Lemma 4.1.7 holds for this case as well. Roughly there can be two different
cases; The first case is when Q! and Q™ are quite close and the second case is when

Q! and Q™ are not so close.

Lemma 4.1.10. There exists a constant Ny > 0 so that for any € > 0, there exists
a small 6 = 6(¢) > 0 and for all Q D By and subdomain Q' for alli=1,..., K and
Q are (6,9)-flat and for all A where A'’s are uniformly elliptic and (5,9) vanishing

on Q, and if u is a weak solution of —div(AVu) = divf in Q D By and if

{x € By : M(|IVul®) <1}yn{z € By : M(|f]?) < 6°} #0, (4.63)

then

Hx € Q: M(|Vul*)(z) > N2} N By| < €| By (4.64)

Proof. It B, intersects with two subdomains, then we are done by Lemma 4.1.7.
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Suppose By intersects with three subdomains, say €, QY and Q™. First assume
that dist(92), Q™) < « in By for some small v > 0. Since dist(€2!, Q™) < « in By, there
exist p; € 00 N By and p,, € 9Q™ N By such that dist(p;, pn) < 7. Also assume that
QL Q™ are (4,9)-Reifenberg flat for a § with v < § << 1. So for each p;, i = [, m,

there exist (n — 1) dimensional hyper plane P; such that
D[(‘?QZ N Bg(pi), 'Pz N Bg(]%)] < 9(5, for i = l, m (465)

where D denotes the Hausdorff distance. In other words, the boundary of Q' is
squeezed between P; and PP which is the translation of P; by 9§ in the normal
direction of P; inward Q° for i = [,m. We can choose a coordinate system such
that the normal direction of PJ? is the m,, axis. Let us say y; is the intersection point
between P and vertical line of P passing through p; for i = [, m. Then the distance

between y,,, and P}° is less than v + 185 < 196 by (4.65). Since P’ N PX N B, = 0,

on PP

‘8xn|< v+ 186 - 190
Or; 3—~—180 3 —195

<70 foranyy<d<<1, andi=1,...n—1.

So max,eposnp, dist(y, P N By) < C§ + v where C depends on the dimension n.
The above is nothing but harnack inequality. Since distance function between P

and P2 in B, is nonnegative harmonic, we can apply Harnack Inequality.

max  dist(P?,y) < C; min dist(P,y) < Cdist(y;, ym) = C(195 + ) (4.66)

yePANB; yePANB;

where C' depends on the dimension n.

Since the Hausdorff distance between PP, P% is less than C(§ + «), we can
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choose small §y and vy such that C(5y+1p) is less than ¢ in Lemma 4.1.7. By Lemma
4.1.7, we can conclude.

Now suppose dist(9Q!, 9Q™) > v, in B for above yo. If y € S; = {x € By| z €
O NON™ }, then B.,(y) has only two subdomains. From (4.63), there exists zq € B;
such that

M([Vul*)(zo) <1 and M(|f]*)(zo) < 6%

For any y € 51, by weak 1-1 estimate in Theorem 3.1.3,

C
{z € Bxu(y) : M(I[Vul’)(z) > A} < /\—/ Vul*da
1 J Ba(zo)

Ky

C 1
< )\—1|BQ($0)| < §|Bm ()|

when A\; > CQSZH. Similarly for this Aj,
"

0

€ By ) MU > 001 < g [ (st

From above two inequalities, one can find a z, € B 20 (y) such that

M(IVul*)(zy) <A and M(|f*)(z,) < 6%

By Lemma 4.1.8, there is a constant N; so that for any € > 0

{z € @ M(IVul*)(2) > \iN?} N B (y)| < e|Bxw (y)]- (4.67)
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If y € Sy = {z € By| min_y,, dist(z,00") > 1%}, B (y) C QO for i = 0,1, m.

Similarly as above, there is a z,, € Bg% (y) such that

M([Vul*)(z,) < Ao and M(If]*)(zy) < 6"X.

when Ay > % By Lemma 4.1.8, there is a constant N; so that for any € > 0

0

{z € Q: M(IVul*)(z) > XoN{} N B (y)] < e[ B (y)]. (4.68)

SoU = {B,(y)|r = %,y € S1 } U{B.(y)|r = gi%s,y € 52} covers B;. Then by
Vitali Covering Lemma, there exist disjoint balls {B,,(y;)}3°, C U C By such that

By C U;Bs,,(y;). Let Ny to be max(yv/ A\ N1, v AaN1). Then by (4.67) and (4.68),

Hz € Q: M(|Vul*)(z) > N2} N By

< Z {z € Q: M(IVul*)(x) > N{} 0 Bs, (1)

<e) |Bsr(y) < 5" ) By, (v:)

< eb"|By| < e(10)"|By|.

Since Q%s for i = 0,...,n are (9,9)-flat, B, does not intersect more than three
subdomains. To see that, assume that B, intersects with Q° Q! Q2 Q3. For any
pi € O N By, for i = 1,2,3, there exists a hyperplane P; such that 9Q° N By is
between P; and PP where P is translation of P; into €’ in the normal direction

3 (2

by 94 since Vs for i = 0,...,n are (9,9)-flat. Then for any ¢ < 1—18, on the plane 7°
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containing pi, ps, p3, H; for ¢ = 1,2, 3 intersect with Bg but they are disjoint in By,
which is a contradiction to Lemma 4.1.9.

]

The proof of Theorem 4.1.1 The proof follows from Lemma 4.1.10 and
scaling argument.

The following is an interior regularity theorem.

Theorem 4.1.11. Let p be a real number with 1 < p < oo. There is a small
§ = §(\,p,n, R) so that for all Q = UE Q" where Q° :== Q\ UL Q" and Qs for
i=1,...,K and Q are (,9)-flat and A = Zzzé( Alxqi where A;’s are uniformly
elliptic and (8,9)-vanishing on ' and for all f € LP(By;R™) , if u is a weak solution

of the elliptic PDE (1.1) in By, then u belong to W' (By) with the estimate

IVull ez < CUlullemy + 1 les0),
where the constant C' is independent of u and f.

Proof. The proof follows from the global regularity theory in the next section with u

replaced by ¢u for an appropriately chosen cutoff function ¢. O]

Remark 4.1.12. We can change the ball B, in Theorem 4.1.11 to any ball By for

R>1.

4.2 Global Estimates

Definition 4.2.1. We say that u € H}(f2) is a weak solution of (1.1) if

—/AVquodx:/ngodx Y € Hi(Q). (4.69)
0 Q
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In this section our interest is the following case.
Qr D TR with D(Qg, Tr) small,

where D denotes the Hausdorfl distance. We consider weak solution of

—div(A(z)Vu(z)) = divf in Qg
(4.70)

u=>0 on 0,g
Here the n x n coefficient matrix A is A = S2/=5 Alyqi where Q0 := Q \ Ui=kQ
and A”s fori = 0,--- , K are in the John-Nirenberg space BMO [17] of the functions of

bounded mean oscillation with small BMO seminorms and Q and Q%’s are Reifenberg

flat domains for7=1... K.

Definition 4.2.2. v € H'(QR) is a weak solution of (4.70) in Qg if

/ AVuVedr = — fVodr forany ¢ € Hj(QR)
Qr Qr

and u’s O-extension is in H'(Bg).

In ([3]), the following Lemmas were proven for A without discontinuity.

Lemma 4.2.3. [3] There is a constant Ny > 0 so that for any ¢ > 0, there exists a
small § = §(g) > 0 with A uniformly elliptic and (0,4)-vanishing, and if v € HJ(2)

is a weak solution of (4.70) with By C Q4 C ByN{z, > —0} and
{x € M(Vul’) <130 {z € Q: M(|f]>) <6} #0, (4.71)

then

{z € Q: M(IVul)(z) > N2} 0 B < €| By (4.72)
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Corollary 4.2.4. [3] There is a constant Ny > 0 so that for any e,r > 0, there exists
a small § = 6(g) > 0 with A uniformly elliptic and (0, 4r)-vanishing, and if u € H} ()

is a weak solution of (4.70) with By, C Q4 C By, N {x, > —dr} and

{z€Q - M(Vul*) <1}n{z € Q: M(If]F) <8} #0, (4.73)

then

{a € Q: M(|Vul)(z) > N2} N B,| < €| B,|. (4.74)

Now we consider how to control the measure of the set where |Vu| is big for

the case that A has big discontinuity along the subdomains.

Lemma 4.2.5. There is a constant Ny > 0 so that for any € > 0, there exists a
small 6 = 6(¢) > 0 with A;’s are uniformly elliptic and (6,9)-vanishing on Q' for
i=0...K and Q and Q’s are (§,9)-flat fori=1... K, and if u € H}(Q) is a weak

solution of (4.70) with B C Q4 C ByN{z, > —4} and

(r€ Q0 M([Vul?) <1} {z e Qr: M(|f]2) < 6% £0, (4.75)

then

{z € Q: M(|Vul?)(z) > N2} N By| < €| Byl (4.76)

Proof. If B, intersects with only Q°, then this lemma is nothing but what Lemma
4.2.3 says. Note that B4 cannot intersect with more than two subdomains by the
same argument in the proof of Lemma 4.1.10. (considering Q¢ as (9,9)-flat for any

sufficiently small §). Assume that By intersects with Q° and Q! for any [ =1... K.
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First suppose dist(0Q,0Q) < ~ in By for some v > 0. Then there exist
p € 00 N By and p € 9Q N By such that dist(p,p) < 7. Since Q! are (,9)-flat,
PP (p) N By C QF where P (p;) is the (n — 1) dimensional plane which is translated
hyperplane at p; by 6 along the normal direction toward Q!. Let us say ¥; is the
intersection point between PP and vertical line of PP’ passing through p;. Then the
dist(y;, {x € By : 1, = —45}) < 96 + v + 45 = 135 + . Note that P?° N B, C QL.
Since distance function between P’ N B, and {x € B, : z,, = —44} is nonnegative

harmonic, we can apply Harnack Inequality.

max dist(y,{z € By : x,, = —44})

yEPYNB,

<C min dist(y,{z € By:x, = —40})

yEPYNBy4

< Cdist(y;, {z € By : x,, = —4d})

= C(130 +7)

where C' depends on the dimension n. Omne can choose small 7y and Jy so that
C(1360 + o) < ¢ for § in Lemma 4.2.3. We conclude by Lemma 4.2.3.

Now suppose dist(99,9Q) > ~, in By for the vy above. For any y € S =
{z € Bi|z € 00"}, B,,(y) has two subdomains and B.,(y) N 902 = (). From (4.75),

there exists xy € {2y such that
M(|[Vul?)(z0) <1 and M(|f[*)(z) < &°.

As we showed in the proof of Lemma 4.1.10, there is a constant N; so that for any

g > 0, there exists 6 > 0 so that
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o € Q: M(Vul)(@) > MNZ} 1 Ban ()] < | B (y)]. (4.77)

where \; > C2j:+1. Also for any y € Sy = {z € Bilz € 00}, Bf C Q° C
0
B,, N{x, > —d} in appropriate coordinate system. By applying Corollary 4.2.4,

there is a constant N; so that for any € > 0, there exists 6 > 0 so that

{z € Q: M(IVul)(@) > MNZ} N B (y)] < €[ B (y). (4.78)

For any y € T = {z € By| min(dist(z,9Q"), dist(z, 0Q)) > 2% }, Bu(y) C Q' for
1t = 0,l. Then by Lemma 4.1.7 there is a constant N; so that for any ¢ > 0, there

exists & > 0 so that

{z € Q: M(IVul’)(x) > \2N{} N B_w (y)] < | B (v)| (4.79)

bn+1len
where \y > €27_5°

Since B C U :={B,(y)|r < 1%,y € S1U Sy } U{B,(y)| 7 < ga%s,y € T }, by Vitali

Covering Lemma, there are disjoint set {B,,(y;)}5°, C U C By s.t. By C U;Bs,.(y;)

{z € Q@ :M(|Vul|?)(z) > N7} N By|

< Z {z € Q: M(|Vul*)(z) > N2} N Bs,. ()]

< gz |B57’z<yl>| < 65”2 |B7‘z(y2)|

< eb"|By| < £(10)"| By .

Here we used (4.77), (4.78) and (4.79). O
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Corollary 4.2.6. There is a constant N1 > 0 so that for any € > 0, there exists
a small § = §(g) > 0 with A;’s are uniformly elliptic and (6,9)-vanishing on 2 for
i=0...K and Q and Q'’s are (6,9)-flat fori=1...K, and if u € H}(Q) is a weak

solution of (4.70) with By, C Q4 C By, N {x, > —46r} and

{r €Q: M(|Vul?) <1}n{z € Q. : M(|f|?) < 6°} #£0, (4.80)

then
{x € Q: M(|Vul*)(z) > N2} N B,| < €| B,]. (4.81)
Proof. Then proof is given by Lemma 4.2.5 and scaling argument. O]

The following lemma shows that same result of Lemma 4.2.5 holds for any ball

intersecting with 2.

Lemma 4.2.7. There is a constant N1 > 0 so that for anye > 0 and 0 < r < 1, there
exists a small § = §(g) > 0 for all Q@ = UK Q" where Q° := Q\ UK, Q! and Q and
disjoint subdomains Qs fori = 1,..., K are (8,45)-flat and for any A = Zif Alxqi

where A;’s are uniformly elliptic and (6,45)-vanishing on Q', and if u € H}(Q) is the

weak solution of —div(AVu) = divf in Q D By, and if the following property holds:
{x €Q : M(|Vul?) <1}n{z € Q. : M(|f|?) <6} #£0, (4.82)

then

Hz € Q: M(|Vul*)(z) > N2} N B,| < €| B,|. (4.83)

Proof. If By, N 0Q = (), then by an interior estimate 4.1.1 we can conclude. Assume

that By, N0 # 0. Note that B, C Bs,(y) for some y € 99Q. By (4.82), there exists
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zg € B, C Bs,.(y) such that M(|Vul?)(zo) < 1 and M(|f|*)(xo) < 62 Since Q is

(0,45)-Reifenberg flat, we have, in appropriate coordinate system,
B;r[)r C QQOT C BQOT N {fl?n > —205T}
Here we use the corollary 4.2.6 to the ball Bs,.(y) with ¢ replaced by =. Then
{z € @ M(IVul*)(z) > Ni} N B, < [{z € Q: M(|Vul*)(z) > N} N Bs, (y)]
€
< 5_n|B5’"| = ¢|B,|.
[

Corollary 4.2.8. (cf./3]) Suppose thatu € Hj () is the weak solution of —div(AVu) =
divf in Q. Assume Q = UK Q" where Q0 := Q\ UL Q% and Qs fori=1,...,K
and Q are (0,45)-flat and A = Ziié( Alxqi where A;’s are uniformly elliptic and

(8,45)-vanishing in Q. Assume that
Hx € Q: M(|Vul?) > N2} < ¢|By|. (4.84)
Let k be a positive integer and set e = (%)”5. Then we have
{z € Q: M(|Vul?) > N7*}| (4.85)
< Yl €0 MUT) > BN 4 e € 05 MIVa(o) > 1)

i=1

(4.86)

Proof. We prove by induction on k. For the case k = 1, set

C = {z € Q: M(|Vu’)(x) > N}}
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and
D ={re€Q: M(|f*)(x) >3} U{r € Q: M(|Vu*)(z) > 1}.
Since €2 is (9, 45)-Reifenberg flat, 2 is (9, 1)-Reifenberg flat. Then in view of (4.84),
Lemma 4.2.7 and Theorem 3.2.3, we see |C| < 1| D|, and so our conclusion is valid
for k = 1.
Assume that the conclusion is valid for some positive integer k£ > 2. Set u; =

u/N;y and corresponding f; = f/Nj. Then u; is the weak solution of

—div(AVu,) = divf; in Q
(4.87)

u; =0 on 0f2

and the following inequality holds:
H{x € Q: M(|Vu[*)(z) > N2} < | By).
By the induction assumption and from a simple calculation, we deduce the
following estimates:
[{z € Q: M(IVuf)(z) > N{ETY|
= [{z € Q: M(|Vu[*)(z) > N{*}

k
<Y iz e Q@ M AP (@) > N

=1

+ef{z € Q: M(|Vuy*)(z) > 1}
k+1

<Y ez e Q: M(IfP)(x) > 2NFEHTY
=1

F e e @ M(IVul?)(2) > 1).

This estimate in turn completes the induction on k. O
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Finally we are ready to prove the main theorem.

Theorem 4.2.9. Let p be a real number 1 < p < oo. Then there is a small § =
§(A,p,n, R) > 0 so that for all Q = UIZKQ! where Q° == Q\ UZFQ and Q and
disjoint subdomains Q’s for i = 1,...,K are (8§, R)-Reifenberg flat, for all A =
Zié{ Alxqi where A'’s are (0, R)-vanishing in Q' and uniformly elliptic for i =
0,..., K, and for all f with f € LP(Q2,R™), the Dirichlet problem (1.1) has a unique

weak solution with the estimate

/ |VulPdz < C/ |f|Pdx, (4.88)
Q Q
where the constant C' is independent of uw and f.

Proof. First we will consider the case p > 2. The case p = 2 is classical and the case

1 < p < 2 will be proved using duality. Without loss of generality, we assume that
| fllzr () is small enough (4.89)

and

Hx € Q: M(|Vu?) > N2} < ¢| By
by multiplying the PDE (1.1) by a small constant depending on || f{| z2(q) and || Vul|z2(q)-
Since f € LP(Q), M(|f|?) € LP?(Q) by strong p-p estimates. In view of Lemma 3.1.1,
there is a constant C' depending only on ¢, p, and N; such that

> Nz € @ M) (@) > NP} < CIMUL 1)1 (4.90)

Lr/2(Q)
k=0
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Then this esitmate, strong p-p estimates, and (4.89) imply

[e.9]

> NPz e Q: M(IfP)(x) > 8°NPF < 1. (4.91)

k=0
Now we will claim that M(|Vu|?) € LP/? by using Lemma 3.1.1 when f =

M(|Vul?) and m = NE. Let us compute

Y NEHa € M(IVul’)(z) > Ni*Y|

k=0

IN

NP¥ (Zen{x € Q: M(IfP)(x) > PNE + b l{z € @ M([Vu?)(2) > 1}|>

I:IM8 i M8

(NPzy)! (ZNP e @ M(f ><>>62Nf<’““}|)
+ Y (VPe)) [z € Qs M(IVul)(2) > 1}]
k=1
< Ci(]\ffel)k < 400,

where we used Corollary 4.2.8 and (4.91). Also we can choose &1 so that NVe; < 1
since Vi is a universal constant depending on the dimension and ellipticity. So we
can take €, and find the corresponding 6 > 0, also £;. By this estimate and Lemma
3.1.1, M(|Vu|?) € LP/?(Q). Thus Vu € LP(Q).

Now suppose that 1 < p < 2. For any g € LY(Q,R") and AT, a transpose

matrix of A, consider the following equation.

—div(AT (2)Vu(z)) = divf in Q
(4.92)

u=0 on 0f
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Then

der = — [ divfvder = | div(A d
/9va$ /Qlfvx /le( Vu)vdx
:/(AVU)(Vv)dx: —/VU(ATV’U)CZZE
Q

Q

:/udiV(ATVU)dm:/u(—divg)dx:/Vugdx.
Q Q Q

By above, note that ||Vvl||z« < C| f]lLs,

[ vuol ) [ ver

[Vullr@) = sup <
ozgera@) 19llza — llgllze@
Vv
|| ”LquHLP < CHfHLPa
9]l e

which completes the proof. Il
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CHAPTER 5
FUTURE DIRECTIONS OF THIS RESEARCH

Finding LP estimates is indeed one of the fundamental problems in analysis. Our

intermediate goal is to generalize our estimates into more general settings.

1. It is the subject of an upcoming paper to extend the methods and techniques
developed here to the parabolic case. If this is done, one should be able to obtain

similar results for parabolic systems as well.

2. It is very interesting to see whether these lines of ideas can be applied to obtain

some of the regularity theory under Reifenberg flat condition of the free boundary.

3. It seems plausible to utilize our methods and also use Kelvin transformation to

obtain weighted W? estimate for the case of bounded domain.

4. Tt is interesting to see whether the idea developed above can be applied to obtain
WP estimate for a weak solution of degenerate equation like p-Laplacian equation

and non-local operators, which plays an important role in financial mathematics and

other fields.

5. The conditions in Theorem A seem to be optimal. It is interesting to verify this.

6. The method that was applied to prove theorem A above can be pushed further in

order to obtain LP estimate for elliptic system.
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