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Abstract
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at The Chinese University of Hong Kong in August 2013

This dissertation is aimed to study the queueing behavior of communication sys-
tems with time-varying service rates. The system may change its service rate sev-
eral times while serving a customer subject to the condition of external environment.
The time-varying server is modeled as a Markov modulated service process (MMSP)
and the communication system is modeled as an M/MMSP/1 queue. The exist-
ing performance analyses of Markov modulated service process are almost all based
on the on the matrix-geometric method, which provides little physical insights for
system design. By contrast, we focus on deriving closed-form analytic expressions
with physical interpretations in terms of system parameters of interest. Our main

contribution is to derive the generalized Pollaczek-Khinchin (P-K) formula of the



M/MMSP/1 queue from the start service probability to explore the impact of chan-
nel state transitions on the queueing behavior of the system. This generalized P-K
formula reveals that the performance of M/MMSP/1 queue can be fully charac-
terized by a newly defined system parameter, called state transition factor g, which
clearly explains the reason that the system with slow state transition rate owns a
larger delay for the same system/channel capacity. In the extreme case when the
state transition factor 5 approaches 0, we show that the system under consideration
can be approximately modeled as an M/G/1 queue. Both the two-state and the
finite-state M /MMSP/1 queues are studied in details.

The wireless fading channels with finite input buffer, Poisson arrivals, and two-
state Markov modulated service processes (MMSP) are modeled as M/MMSP/1/K
queues. We first obtain the buffer overflow probability and its large-deviation ap-
proximation with an exact asymptotic constant from generating functions. The state
transition factor 3 is given in a simple expression and the start-service probabilities
are obtained in closed-form expressions. The generalized P-K formula is derived
based on finite buffer capacity which gives the exact value of the mean waiting time.
We use a Type I Hybrid ARQ system with a fixed data-rate as a running example
to illustrate our results with two-state MMSP.

We then extend our generalized P-K formula for Markov channels with two states
to general Markov modulated service process with finite states. For a special three-
state Markov channel with no service rate in one state, we show that a simple closed-
form expression of the state transition factor is available. For a N-state MMSP,
it is impossible to obtain closed-from expression for the start-service probability
and we propose two approximations: Linear Approximation for small N and CDF
Approximation for large N. The approximate generalized P-K formula can well
predict the mean queue length as verified by simulation results through a general

queueing model for peer-to-peer file-sharing systems.
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Chapter 1

Introduction

1.1 Statement of the Problem

With the development of communication networks, systems with time-varying ser-
vice rates have received more and more attention in the field of wireless communi-

cation systems and sharing systems with limited resource.

1.1.1 Wireless Channels

Most newly emerging real-time telecommunication services are deployed over wireless
networks. The challenge of providing stringent quality of service (QoS) guarantees
is how to cope with the time-varying service rate that is subject to the radio propa-
gation characteristics of wireless channels [23]. The impact of variations of channel
service rate on the queueing behavior of input buffer is vital to the design of wireless
system for delay-sensitive traffic [4,54].

The variations of the fading channels are commonly estimated by the normalized
Doppler frequency, which is the product of the maximum Doppler frequency fp

and the symbol period. It is widely known that slower fading channels own larger
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loss probabilities or longer delay, which can only be intuitively explained by the
normalized Doppler frequency [4,29,46,64]. There is no rigorous analysis in current
literature that explores the effect of slow/fast fading on the delay performance of
Markov channels.

The performance of wireless fading channels is widely studied by using the
Markov chain method invented and pioneered by Wang and Moayeri in [50], which
explicitly established the link between the physical parameters of wireless channels
and the states of the finite-state Markov channel (FSMC). In particular, each chan-
nel state corresponds to a range of the received signal-to-noise ratio (SNR), which,
in return, determined a constant error probability in that state. The state transition
rates are calculated from the level-crossing rate at the physical layer, which are linear
functions of the Doppler frequency fp. With the help of FSMC modeling, system
performance metrics such as packet error probabilities and throughput of the system
can be analyzed and improved. For delay-sensitive systems, the analyses of packet
queueing delay and buffer overflow probabilities in the literature are almost all based
on the matrix-geometric method [35], which was developed in the 1980s. However,
those results expressed as functions of matrices provide little physical insights for

system design, and we do not know the range that they are bounded.

1.1.2 Markov modulated service processes in different

fields

Besides in the wireless communications systems, systems with time-varying service
rates are studied in different fields in the literature, by modeling the service process
as a finite-state Markov chain:

A general P2P queueing model is proposed by Li et al. [27], where the system
has independent Poisson job and server arrivals (with rates \. and A respectively),

and independent exponentially-distributed job service time and server life time (with
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rates p. per server and ps respectively). Li et al. [27] prove the P2P system stability
conditional is A\./pe. < As/ps, and observe that systems with higher server dynamics
lead to lower waiting time.

Perel and Yechiali [37] analyze a similar queueing systems of Markov models
with applications in computer networks, where the system is comprised of two con-
nected M/M/ — /— type queues with customers of one queue, Qs, act as servers
for the other queue, Q.. Qs operates as a finite buffer M/M/1/N system and Q.
operates as an infinite-buffer, single-server M /M /1/oo queue with Poisson arrival
rate A\, and dynamically changing service rate u.Ls, where L denotes the number
of customers in );. They derive the generating functions of the systems’s steady
state probabilities and calculate numerically the mean total number of customers in
the second queue.

Another example is the parallel processes [32], where a Central Processor Unit
(CPU) runs multiple processors in parallel. A software agent submits tasks to the
CPU continuously throughout the day according to a Poisson process and each
task has exp(u) work in it. If there is only one process running on the CPU, it
receives all the CPU speed. However if there are few other processes running at the
same time, each of those processes shares a fraction of the CPU speed. Then the
service rates vary according to an external environment process which is modeled as
a Continuous Time Markov Chain (CTMC). The author analyzed the conditional
moments of service time and obtained the queue length and delay using Matrix
Geometric Method (MGM).

The Markov modulated service rates model is also used to study the service
systems with human servers [61], where employee learning and turnover cause the
sequence of service-time distribution to exhibit systematic non-stationary. A new
employee may lean and advance to a higher skill level with a pre-specified probability;

a skilled employee may also turn over with another probability and the position is
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usually replaced by another new person with lower skill level. Such a system is
modeled as a M/MMPP/1 process and obtained a complete characterization of
the system’s behavior using a matrix difference equation approach when considering
only two states.

In the field of transportation, If an incident occurs on a road segment all the
vehicles on the road have to lower their speed. Consider a section of a road subject
to incidents. The space occupied by an individual vehicle on the road segment
represents one queueing server, which starts its service as soon as a vehicle joins
the link and carries the service (the act of traveling) until the end of the link is
reached. A two-mile roadway section contains hundreds or thousands of such servers,
and Baykal-Gursoy and Xiao [3] consider an M /M /oo queueing system subject to
random interruptions of exponentially distributed durations.

A system with Markov modulated service rates is also a Quasi-birth-death (QBD)
process. All the previous system performance analysis concerning queueing length
and delay is carried out by applying MGM. MGM is so powerful to solve all those
models. However, the computing complexity considerably increases when the num-
ber of service states is large. What’s more, only numerical results can be obtained
which implies little physical insights on the relationships between the system per-

formance metrics and the system parameters.

1.1.3 Purpose of the Study

In this dissertation, we study the queueing performance of communication systems
with Markov modulated service rates. We focus on deriving analytic expressions with
clear physical interpretations in terms of system parameters of interest, that is, the
closed-form physical laws that govern the system behavior. The results we obtained
based on Markov channels could also be applied to other related applications with

Markov modulated service time in different fields.
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1.2 Owur Methodologies

In this dissertation, we study on the performance analysis of Markov channels by
modeling the channel as a Markov modulated service process (MMSP). We consider
Poisson arrivals, and the channel systems are modeled as M/MMSP/1 queues. We
introduce the sate transition factor 3, which indicates how fast the channel state
changes in comparison with service rates, to characterize the performance of the
M/MMSP/1 queue. From the generalized P-K formula for the M/MMSP/1 queue
derived by using the start-service probability, we show that the queueing delay is
very sensitive to this state transition factor §. When this factor is close to 1, the
queueing delay of the wireless channel becomes extremely large. On the other hand,
the performance of the M/MMSP/1 queueing system can be approximated by an
M/G/1 queue when this factor f is close to 0.

The state transition factor 3 is derived by studying the channel state transition
progress during one service time of a random packet. Purdue [39] analyzed the
similar process by studying the busy period of an M/M/1 queue embedded in an
N-state irreducible continuous-time Markov chain. He obtained a so called busy-
period matriz, corresponding to the state transition matrix Q in this dissertation,
from which he derived the stability condition of the queueing system by obtaining the
extreme value of the start-service probability when the arrival rate goes to infinity.
We define the state transition factor 8 from this matrix Q and show it is essential to
the queue length of the M/MMSP/1 queue by deriving its generalized P-K formula.

The derivation of the generalized P-K formula is based on the residual service
time similar to the method described in pages 141-144 of [5] for proving the tradi-
tional P-K formula for the M/G/1 queue. We obtain the mean waiting time from
the start-service probabilities and the state transition factor, by invoking to the

conditional moments of service time [32]. Mahabhashyam and Gautam [32] derived
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the expressions of conditional moments of service time of queueing systems with
Markov modulated service process to analyze the first and second moments of ser-
vice time. He also studied the start-service probability under two extreme cases
when the arrival rate goes to 0 and infinity.

We first analyze a Markov channel with two-state. The wireless fading channels
with finite input buffer, Poisson arrivals and two-state Markov modulated service
processes (MMSP) are modeled as M/MMSP/1/K queues. We derive the closed-
from expressions of buffer overflow probability and queueing delay from conditional
generating functions. A simple expression of state transition factor 3 is derived and
closed-form expressions of start-service probabilities are provided. The closed-form
expression of the generalized P-K formula is derived based on finite buffer capacity.
We use the Type I Hybrid ARQ system with a fixed data-rate as an example to
illustrate our results for two-state channels.

We then extend our generalized P-K formula for Markov channels with two
states to general Markov modulated service process with finite states. For a special
three-state Markov channel with no service rate in one state, we show that a simple
closed-form expression of the state transition factor is available. We provide a Linear
Approximation method to approximately calculate the start service probability. For
Markov channels with large number of states, we propose a CDF Approximation
method to approximately calculate the start service probability. We take a P2P
system with the M /M /(M /M) model defined in [27] as an example to illustrate our

results for Markov channels with large states.

1.3 Contributions

In this dissertation, we consider the wireless channel as a Markov modulated service

process (MMSP). Assuming Poisson arrivals and exponential service time in each
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channel state, we obtain the following results:

1. We derive a closed-form expression of buffer overflow probability of the M/MMSP/1/K
queue with two states from conditional generating functions. We also provide
the exact expression of the asymptotic constant for the large-deviation ap-

proximation of buffer overflow probability.

2. We define a key parameter, called state tramsition factor, to completely de-
termine the start-service probability first introduced in Mahabhashyam and
Gautam’s approach [32]. The state transition factor indicates how fast the
channel state changes with respect to service rate. Based on this generalized
start-service probability, we obtain the closed-form expressions of the first and
second moments of service time and mean delay. For a Markov channel with
N states, we provide an Linear Approximation method for small N and a
CDF Approximation method for large N to approximately calculate the start

service probability.

3. We derive a generalized P-K formula for M/MMSP/1 from conditional mo-
ments of service time and start-service probability which reveals that the
queueing delay is highly related to the state transition factor. For wireless
channels with the same channel capacity, we show that the mean delay of
a channel with a slow state transition rate is longer than the one with fast
channel state transition rate, simply because the former owns a larger state
transition factor, say close to 1, than the latter. Thus, this state transition
factor should be reduced as much as possible for delay-sensitive wireless sys-
tems. Furthermore, we show that the M /M MSP/1 can be approximated by
an M/G/1 queue with the same first and second moments of service time

when this factor approaches 0.
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1.4 Dissertation Overview

The dissertation is organized as follows:

Chapter 2 provides an extensive review of the related research works in the
literature, including a) Markov channels, b) Queues with Markov modulated service
rates, ¢) Delay analysis on Hybrid ARQ systems, and d) Delay analysis on Peer-to-
peer systems.

In Chapter 3, we study the queueing performance of Markov channels with two
states. We first derive the closed-from expressions of buffer overflow probability and
queueing delay from conditional generating functions. A simple expression of state
transition factor § is derived and closed-form expressions of start-service probabili-
ties are provided. The closed-form expression of the generalized P-K formula method
is derived based on finite buffer capacity and the impact of the state transition factor
on queue length is discussed.

In Chapter 4, we extend our generalized P-K formula method derived in Chap-
ter 3 to Markov channel finite states. We define state transition factor for finite-state
Markov channel from state transition matrix Q The results are illustrated in details
through a three-state Markov channel model and a finite-state P2P model. We pro-
vide two approximation methods, Linear Approximation and CDF Approximation,
to approximately calculate the start service probability for small and large number
of channel states respectively. The impact of the state transition factor on queue
length of M/MMSP/1 with finite states is discussed and verified by simulations.

Chapter 5 will give the summary of this dissertation, together with several further

research directions.



Chapter 2

Review of Related Literature

In this Chapter, we provide an extensive review of the literature and research related
to the queueing analysis over Markov channels. The chapter will be divided into
four sections that include a) Markov channels, b) Queues with Markov modulated
service rates, ¢) Delay analysis on Hybrid ARQ systems, and d) Delay analysis on

Peer-to-peer systems.

2.1 Markov Channels

The study of communication channels dates back to the work by Shannon in [47],
where the channel is defined as “merely the medium used to transmit the signal from
transmitter to receiver” and the capacity of a channel is defined relating to informa-
tion entropy. In 1960, Gilbert [17] introduced a Markov chain with Good and Bad
states to model a burst-noise channel, where each channel state is associated with a
discrete memoryless channel and is statistically independent of the channel inputs.
In 1963, Elliott studied the error rate performance of error correcting and error de-
tecting codes over Gilbert’s model in [11]. In the original version of Gilbert’s model,

the transmission over channel with Good state is error-free; Elliott later modified
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the model to allow error probabilities in both states and the error probability in the
Good state is smaller than that in the Bad state [44]. The Gilbert-Elliott channel,
which models the channel by a two-state Markov chain, is widely used for modeling
wireless fading channels over the past 60 years for its simplicity.

Meanwhile, researchers are trying to extend the Gilbert-Elliott model from two
states to finite states since 1960s, so as to model much complicated channels. Fritch-
man [14] studied a N-state Markov channel, which is partitioned into a group of Ng
Good states and N — Ng Bad states in 1967. For the special Markov channel with
only one Bad state, Fritchman well derived the channel error statistics and showed
the Gilbert-Elliott as an extreme case. Gallager [16] further explored the informa-
tion theoretical aspect of finite-state Markov channels (FSMCs) in 1968, by provid-
ing standard definitions, coding theorems and error exponents. The applications of
these Markov channels were limited to model error bursts in digital wireline circuits
or wireless links between fixed stations until the commercial success of digital cellu-
lar networks in the 1990s, after which the demand for modeling of fading channels
was arising. Wang and Moayeri [50] explicitly established the fading channel models
by using finite-state Markov chains in 1995. They explicitly established the link be-
tween the physical parameters of wireless channels and the states of the FSMC. In
particular, each channel state corresponds to a range of the received signal-to-noise
ratio (SNR), which, in return, determined a constant error probability in that state.
The state transition rates are calculated from the level-crossing rate at the physical
layer, which are linear functions of the Doppler frequency fp. An improved method
to partition the received SNR into finite states for Rayleigh fading channels was
proposed in [60], and the level-crossing rate for general Nakagami fading channels
was analyzed in [22]. Higher order Markov modeling of Rician fading channels was
investigated in [38]. The packet transmission process over Rayleigh fading channel

is adequately modeled three-state Markov model with one Good state and two Bad
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states [64]. Due to their simplicity, the proposed Markov chain modeling [50] and its
variations [22,60] are still used by researchers today to determine model parameters

and to analyze system performance.

2.2 Queues with Markov Modulated Service

Rates

The queueing analysis of Markov modulated service rates traces back to the early
work of queueing problems where the service of a customer may breakdown and
resume according to different rules [51]. By considering Poisson arrivals and a single
server with service rate varying between p and 0, the moments of the queue length
distribution are found by a generating function approach in [51]. A multi-server
queue where each server may be down independently of the others for an exponential
amount of time is analyzed in [34], where the explicit from of the moment generating
function is obtained when there are two servers. Eisen and Tainiter [10] studied a
single-server queue with the arrival and service rates alternate according to two
external environment states, and each state corresponding to an arrival and service
rate in 1963. Analytic expressions are obtained for the generating functions, the
mean queue length, and the mean waiting time. Apparently unaware of the work
done by Eisen and Tainiter, Yechiali and Naor [57] also obtained similar steady-
state results for the same model in 1971. The work is generalized to a queue whose
arrival and service rates are changing according to a continuous-time N-state Markov
chain in [56]. Purdue [39] studied the busy period of this queue by defining busy —
periodmatriz and obtained its generalized equilibrium conditions with Yechiali’s
result [56] as a special case.

Neuts [36] generalized the service distribution of queueing model in [57] from

exponential distribution to general distribution, where he assumes that the service
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state only changes only at the beginning of the service. There are followed analysis
on queues with general distributed service time which depends on the underlining
finite-state Markov chain [6,41,49].

In general, the queueing models with Markov modulated service rates can be
represented as quasi-birth-and-death (QBD) processes [15] and their analysis can
be solved by the matrix-geometric method [35]. However, the matrix-form solution
requires complicated computations but provides little physical insights for practical
system operation. A novel approach based on conditional moments of service time
is proposed by Mahabhashyam and Gautam in [32], in which the moments of service
time are evaluated by conditioning on the start-service state of the server. However,
the analysis in [32] is incomplete because the start-service probability is only avail-
able for two extreme cases, packet arrival rate approaches zero or infinity, which are

not in the region of interest in the practical operation of wireless channels.

2.3 Delay Analysis on Hybrid ARQ Systems

Automatic Repeat reQuest (ARQ) and Forward Error Correction (FEC) are com-
monly used to improve the quality of digital data delivery over wireless channels.
ARQ detects error bits and requests a retransmission of the current packet, while
FEC corrects error bits at the receiver with additional redundant bits. The former
guarantees transmission reliability and the latter is more suitable for delay-sensitive
applications. However, ARQ technology may cost large delay for multiple retrans-
missions for the same packet. On the other hand, FEC consumes excessive band-
width, especially under good channel condition, in order to improve transmission
reliability over time-varying channel.

The Hybrid ARQ scheme designed for delay-sensitive wireless systems comprises

a stereotypical class of Markov fading channels [2,12,19,24-26,43,46]. It combines
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conventional ARQ with Forward Error Correction (FEC) to reduce the number of
retransmissions and improve the throughput by correcting some error bits at the
receiver [28]. The receiver first corrects received packets with FEC bits and requests
a retransmission if there are remaining errors. There are two types of Hybrid ARQ
systems. For the Type I Hybrid ARQ scheme, the transmitter retransmits the same
packet. For the Type II Hybrid ARQ scheme, the transmitter sends additional re-
dundancy bits, along with the erroneous packets previously received, to help decode
the original message [31].

The packet delay analyses of different Hybrid ARQ schemes have been well stud-
ied in the literature. Packet transmission delay of SR ARQ systems with Markov
channels was derived based on heavy traffic assumption in [43]. For a Type I
Hybrid ARQ wireless system with infinite buffer capacity, the packet delay and
buffer overflow probability were derived from tail distribution analysis by Kim and
Krunz [24,25]. The queueing behavior of a Type II Hybrid ARQ system over a
Markov channel was analyzed in [46] with a resort to matrix-geometric method. As-
suming that packets are discarded after limited timeslots instead of buffer overflow,
the packet loss probability of a Type I Hybrid ARQ wireless system with batch
arrivals was obtained in [26]. A wireless channel with Type II Hybrid ARQ was
modeled as a three-state continuous-time Markov process in [19], which provides
average delay analysis from the tail asymptote buffer overflow probabilities. Various
approximations of buffer overflow probability were obtained in previous work based
on the theory of large deviations. Due to the infinite buffer assumption, however,
the asymptotic constant in these approximate overflow probabilities has never been
exactly determined. Under the finite input buffer assumption, an approximation of
the overflow probability of a Hybrid ARQ system was obtained from the first and
second moments of service time of an M/G/1/K queue in [12], while we directly

calculated this probability from the generating functions of M/MMSP/1/K queue
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in [21]. The analyses in [2,24-26,43] assume that the channel condition does not
change during the transmission of a packet. However, for fading channels, channel
variations are independent of the packet transmission. In this dissertation, our anal-
ysis allows channel variations during the packet’s transmission and reveals how the

channel variations (slow or fast) affecting the delay performance.

2.4 Delay Analysis on Peer-to-peer Systems

Typical file sharing systems, peer-to-peer (P2P), are widely used to for distribution
of resources over Internet, including video downloads, online storage and media
streaming. In a P2P network, a connected customer operates as a user downloading
a file and as a server uploading the file at the same time.

Stochastic models have been used to analyze P2P file sharing systems where
the number of servers is greatly correlated to the number of jobs. In [55], the
service capacity of a P2P system is modeled in two regimes, the transient phase by
a brunching process and the steady state by a Markov model. A fluid model is used
in [40] to characterize the performance and efficiency of BitTorrent like networks in
terms of average downloading time. In [13], the fluid model is supplemented obtain
the analytical expressions of system performance with higher accuracy. [48] studied
the population dynamics of system by a deterministic fluid model and adopted a
more detailed Markov chain to estimate the life time of a P2P file sharing system.
The Markov model approximates to M /M /oo when the mean service times are very
small.

With the development of P2P technology, such as streaming, the server arriving
process tends to a random process and less correlated to the job dynamics. Idle
Internet resources are leveraged to act as additional servers provide a scalable solu-

tion to P2P Video-on-Demand (VOD) systems [58]. A new View-Upload Decoupling
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(VUD) design for multi-channel P2P streaming systems is proposed in [53], where a
user might be assigned to one or more unwatched channels to contribute the upload
bandwidth. [27] developed queueing models for P2P service systems where the server

dynamics may or may not correlate to the job dynamics.
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Generalized Pollaczek-Khinchin

Formula for the M/MMSP/1/K

Queue — Two-state

Although the two-state Markov model has been widely used in [8,21,24-26,33,63],
the analysis of wireless channels is still incomprehensible because of the dependent
service time distribution. In this chapter, we use generating function methods to
compute the buffer overflow probability and introduce the generalized P-K formula

method to complete the queueing analysis on two-state Markov channel.

3.1 Two-state Channel Model

The aim of this paper is to analyze the performance of Markov fading channels with-
out resorting to the matrix-geometric method. We are interested in the physical laws
that govern system behavior, and parameters that characterize the impact of wire-
less channel variations on the queueing delay. There is an inherent trade-off between

the accuracy of modeling and the complexity of analysis. Our analysis focuses on

16
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Markov channels with two service states, which are mathematically tractable, and
enables us to capture the essential characteristics of wireless fading channels. The
parameters and assumptions of the system are introduced in this section to facilitate
our discussions. We expect that the results obtained by the two-state model will

shed some light on the analysis of general Markov channels in the future research.

3.1.1 Markov model of fading channels

The two-state Markov chain of a wireless fading channel is shown in Fig. 3.1, which
is called Markov modulated service process (MMSP) in this paper. The state j =0
(7 = 1) represents the channel is in Good (Bad) state, respectively. The transition
rate from state j to j is denoted as f;, where j is the complement of j. The state
transition rate f; is determined from level-crossing rate at the physical layer, which
is a linear function of the maximum Doppler frequency, i.e. f; o fp, as shown
in [50,60] for Rayleigh fading channels and in [22] for general Nakagami fading
channels. Thus, the steady-state probability that the channel is in state j is given
by

fj
fo+ fi

We assume that the channel service rate is a constant during one symbol in-

(3.1)

T =

terval, but it may vary during the transmission period of a packet. The channel is
in state j = 0 (j = 1) if the received signal-to-ratio (SNR) is above (below) some
predetermined threshold. Each channel state is associated with a constant error
probability of received symbol, which is averaged over all probabilities in that chan-
nel state [50,60]. For a specific FEC coding scheme, the probability of having one
or more uncorrectable error symbols in the received bits in each state is reported
in [26,64], from which the net data-rate (symbols of the original message transmit-
ted per unit time) in each state j of the channel can be determined along with the

specific coding rate.
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Figure 3.1: Two-state Markov model.

3.1.2 Parameters of M/MMSP/1/K queueing model

We assume that the channel under consideration is a non-adaptive wireless system
that employs an ideal Type I Hybrid ARQ scheme with a fixed data-rate, and there
is an error-free feedback channel [62], through which an ACK/NACK will be sent
back immediately after each transmission. If a packet is transmitted successfully,
the next packet in the queue will be served; otherwise, the same head-of-line (HOL)
packet will be retransmitted until it is successfully received. For the tractability
of our model, we further assume that the stream of packets input to a finite first-
in-first-out (FIFO) buffer is a Poisson process with mean rate A packets per unit
time, and the packet lengths are independent and identically distributed exponential
random variables. The packet length, along with the net data-rate, determines the
service rate p; in each channel state j € {0,1}. That is, packets are successfully
transmitted with mean service rate p; (packets per unit time), and the service rate
1o in Good state is larger than p; in Bad state. In this paper, we show that the
queueing behavior of the system can be described by closed-form expressions under
these assumptions.

At time ¢, the state of the system X (¢) is defined as the number of packets in the
system, including the one in service, while the channel state is denoted by V'(t). The
process {(X(¢),V(t)),t > 0} is a Continuous Time Markov Chain (CTMC) with a
finite state space {(¢,7),i = 0,1,2,...,K,j = 0,1}. We denote this queuing model
as M/MMSP/1/K with the state transition diagram shown in Fig. 3.2.
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Figure 3.2: Rate transition diagram with finite buffer K.

The steady state probabilities of the M/MMSP/1/K are defined by:
Pij = tle Pr{X(t)=14,V(t) =7}, (3.2)

where ¢+ = 0,1,2,..., K and 5 = 0,1. Thus, the probability that there are ¢ packets

in the system in steady state is given by:
P, =pio + pia (3.3)

The following set of Kolmogorov forward equations, or so called balance equations,

can be directly derived from the state transition diagram shown in Fig. 3.2:

A+ fi)poj = [P0 + 1ip1, (3.4a)
A+ fj + p)pig = f3pi5 + Api-1j + pjpit1, (3.4b)
(f; + )i = [Pk 5 + APr—1, (3.4c)

forall: =0,1,2,..., K and j = 0, 1. The balance equation with respect to the dashed

line of the state transition diagram is given by
APio +Pis1) = popi+1,0 + 1Pit1,1- (3.5)
Summing equation (3.5) over index i , we obtain

A1 = Pg) = pomo + p117m1 — [10P0,0 — H1P0,1- (3.6)
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The left-hand side of (3.6) is the net packets input rate, denoted as X = \(1 — Pg),
while the right-hand side is the system throughput, or the mean number of packets
transmitted by the system per unit time. Thus, the capacity of this channel can be

defined as follows [18]:

fi = mopto + T1p1, (3.7)

which is the maximum of the right-hand side of (3.6) when py ; approaches 0, mean-
ing that the system is busy with probability 1. Detailed discussions on channel

capacity ji are presented in subsection A of Section 3.4.

3.2 M/MMSP/1/K Queue

In this section, we derive the buffer overflow probability and queueing delay of the
M/MMSP/1/K queue from the conditional generating function G;(z), which is

defined as
i=K

Gj(z)=> 2Py, |2/<1, j=0,1
=0

Multiply 2(i = 0,1,2, ..., K) on both sides of (3.4) appropriately, and sum over all

1, we arrive at

i 1
(A + fi + 15)Gi(2) = £;G5(2) + A2Gj(2) + ij(Z) + (njPoj — AP 2" (1 - 2)
(3.8)
Solving the equation set (3.8) for j = 0,1, we get
G‘ _ 1 - _ Y K+1 _
i(2) _@(fj(ﬂjpmj — A" g s)et
(P05 = A" Tpics) (A2 + (A + 5 + f3)7 — 115) ) (3.9)

where

9(2) = (2 = DAz = po)(Az — 1) — 2(Az — 1) (fo + f1) (3.10)
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Define the system generating function G(z) = Zi{f #' P;, whose closed-from expres-

sion can be obtained from conditional generating functions G;(z), as
G(z) = Go(z) + G1(2)
= ( = A =M1 = Pg))z" = popa Po + (A + fo + f1) (i = A1 = Px)) + po Po) 2

= AT (= APr2? — popra — mipko + (A + fo + f1) Pk + pop,1 + 1Pk ,0) Z))7
(3.11)

The function g(z) in the denominator processes three roots zp, 21 and zo (20 < 21 <
z9 by default) which locate at the three points of intersections of the following two

curves [10], as plotted in Fig. 3.3:
y1(2) = (z = D(Az — po)(Az — pa)

and

y2(2) = z(Az — ) (fo + f1)-

For positive A\, uo, p1, fo and fi, it has been proved in [10] that the following

relationship always holds:

0 < zg <min(l,5) and 2z > maz(1,5). (3.12)

3.2.1 Buffer overflow probability

Since zp, z1 and zy are the three roots of g(z), (3.11) can be expressed as

1— Z*lz K+1 1— Z*lz K+1 ZK o Z*lzK-i-l
1(_1 _3 + B 1(_2 _3 + Cl 0 - 0
21z 29 " Z 2y %

G(z) =A (3.13)
The probability that there are ¢ packets in the system

Py =Az" + Bzy '+ C2f (3.14)
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Figure 3.3: zp, z; and 25 locate at the three points of intersections of y; and

Y2.

can be obtained by taking the inverse z-transform of G/(z). The probability p; ; that
there are ¢ packets in the system while the wireless channel is in state j can be
derived from P;. Due to the assumption po # p1, from (3.3) and (3.5) we have

for i = 1,2,3..., K. Substituting (3.14) into (3.15), it yields
pig = ATy N TG A0 T g (3.16)
Ky — 15 Hj — 1y My — M5
It can be verified that (3.16) is also satisfied under the condition i = 0.
Since zg € (0, 1), the last component of (3.14) is given as C2{ ¥ instead of C'z;".
A general form for the stationary probability distribution of M/G/1-type Markov
chains is presented in [1], where the authors decompose the generalized system into
forward and backward subsystems using Matrix-geometric method. Although our

system model is different from M/G/1, the component Czé( ~* in our expression



CHAPTER 3. 23

corresponds to the backward subsystem defined in [1]. For the special case when
1 = 0, there does not exist zg. However, our analysis are still valid if we take zg = 0
under this environment and the discussion is detailed in Appendix A.

Parameters A, B and C can be derived from the initial conditions (3.4a), the end
boundary conditions (3.4c¢), and the property that the summation of all probabilities

goes to unity, specifically,
1 1,1 K+1
A R Azliﬂ (1 - (%) ’
1 1,71 K+1
B =g xatn ((ZJ) -1

. (K (K
C =f it (5 - 5 ) (3.17)

where R is a normalization coeflicient

R _1_Z;(K+1) 1_ (= K+1 n 1_Z;(K+1) 0 K+1 _q 1—25”1 Z_(K_H) B z_(K+1)
T Azi—p 29 Azo—[L 21 Azo—[L 1 2 :

From the relationships of zp, 21 and z3 shown in (3.12), we conclude that coefficients
A, B and C are all positive values. In this derivation, we use (3.15) which are based
on pg # p1. However, the expressions of A, B and C' we obtained are still valid
under the special case pg = 1.

Now that we have the stationary probability distribution of the M /MMSP/1/K

with two states, its buffer overflow probability is given by
_ _ -K -K
P =pro+pr1=Az " + Bz +C. (3.18)

Here the buffer overflow probability is derived based on that a new arrival is
blocked when there are already K packets in the system. For some real systems,
the buffer is estimated by memory capacity instead of number of number of packets.
With the random packet length assumption, the buffer may not be full if the sizes
of all those K packets in the system are small and additional new packets can be

stored in the buffer. The analysis of buffer overflow probability by tracking the sizes
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of packets in the buffer is much complicated and is beyond our interest. However, our
Py still provides a good estimation with respect to average packet length, especially

when K is large, if those packet lengths are independent and identically distributed.

3.2.2 Large-deviation approximation

Due to (3.18), expressing K in terms of Pk as a simple expression does not seem to
be possible. It is also common to estimate the buffer overflow probability from the
tail distribution of infinite queue by using the theory of large deviations. Let X (o)
denote the number of packets in the system when the system is stable. According

to the theory of large deviations, for large values of K, we have
P{X(c0) > K} ~ ae K (3.19)

where 6 = log z; is the asymptotic decay rate and « is the asymptotic constant
[9,19,32]. When K is not too large, an approximation by setting a ~ P{X (0c0) > 0}
is commonly adopted to analyze the wireless system performance, and is given in

[24,54] as follows:
P{X(00) > K} ~ P{X(00) > 0}e K, (3.20)
with parameters defined in [54] as follows:
P{X(00) > 0} =1~ lim P,

A comparison between the exact buffer overflow probability (3.18) and the ap-
proximation (3.20) obtained from the large deviation method with o ~ P{X (c0) >
0} is shown in Fig. 3.4. These curves show that the exact buffer overflow probabilities
agree with the simulation results, which are upper bounded by the approximation
(3.20) when K > 1. Thus, the approximation obtained from the large deviation
method can only serve as a conservative estimate of the overflow probability, which

agrees with the observation reported in [9]. An alternate approach was proposed
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Simulation
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Figure 3.4: A comparison between approximations and exact values of buffer

overflow probability.

in [30] to improve the large-deviation bound given in (3.20). Actually, a much more
improved asymptotic constant « in expression (3.19) can be simply determined from
our exact expression of buffer overflow probability (3.18). Substituting the constant

C given in (3.17) into (3.18), we have

_ 11—z -K 11—z —-K R ) -K
Pk = <A+ R Az —ﬂ) 2T <B T Re e —ﬁ) 2 <A+ Rz Azo—,&> I

(3.21)

We know from (3.12) that 0 < z; < 2. It follows that a theoretically sound

estimation of the constant « in (3.19) for large value of K should be given by

— 11—
O/ = A + Riz’l )\Z()ioﬂ' (322)

The approximation curve with o’ is also plotted in Fig. 3.4. It fits well with the exact

overflow probability (3.18) when K > 10. Due to the limitation of the theory of
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large deviations, however, both approximations failed to predict the buffer overflow

probability for small values of K (K < 10), as shown in Fig. 3.4.

3.2.3 Queueing delay

The mean queue length L = Zizé( 1P; can be directly derived from the generating

function (3.11) and is given as follows:

_ AMI=(K+1)Pg) | (A=pr 1) \o+(1—pr,0) A1 —Ni—pou1p
L= A=A * (Fot ) (A=) ; (3.23)

where p = 1 — Py is the server utilization. If we take the limit K — oo, then
limg oo Pk = 0, limg 00 prj = 0, and limg 0o A = A. From (3.23), the mean

queue length of the system with infinite buffer capacity becomes:

] — A A(MO+U1_ﬂ)—M0u1p
KlgnooL TEA T T (ot )N (3.24)

which agrees with the result presented by Eisen and Tainiter [10] and Yechiali and

Naor [57]. The mean waiting time is obtained from Little’s Law as follows:
W = (L-p)/N. (3.25)

With respect to different channel varying rates, the trade-off between buffer overflow
probability and delay is shown in Fig. 3.5. The wireless channel alternates between
Good and Bad states with frequencies fo = 0.1f and f; = 0.3 f respectively, where f
is a parameter representing different state-varying speeds, or different Doppler fre-
quencies fp, of the wireless channel. We consider a fixed channel capacity g = 0.65
with three different values of f, 0.0001, 0.01 and 1, corresponding to three differ-
ent channel state-varying speeds. Our results demonstrate that the buffer overflow
probabilities and delays of M/MMSP/1/K queue are very sensitive to the value of
f. As shown in Fig. 3.5, the buffer overflow probability gradually decreases as the
mean waiting time increases in all three cases. With the same channel capacity

and buffer size, a slow varying channel (small f) generates a much larger delay and
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Figure 3.5: Buffer overflow probability versus mean waiting time for different

channel varying rates.

a larger buffer overflow probability. In the following sections, we will concentrate
our discussion on this phenomena based on the start-service probability and the

generalized P-K formula of the M/MMSP/1/K queue.

3.3 Start-service Probability

The channel state at the beginning of the service of a head-of-line (HOL) packet is
called the start-service state of this packet. The start-service probability 7; of an
HOL packet is defined as the probability that the start-service state of this packet
is j. Note that the probability 7; is different from 7;. The latter is the probability
that the channel state is in j and it is also the probability that a newly arrived
packet sees the channel in state j due to PASTA [52]. That is, the probability 7; is

averaged over all HOL packets whereas 7; is averaged over time. It should be noted
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that the difference between 7; and m; was first studied in [43]. It is shown in [32]
that the probability 7; is not only a function of 7; but also dependent on the packet

arrival rate A\. However, only the following two extreme cases

j when A — 0
(3.26)

T =
J N )
i = wofi+ifo

when A — oo

were known. The impact of the arrival process on the service time was first inves-
tigated via start-service probability in [2], where the Markov channel is bound to
change only after each packet transmission. Unfortunately, the authors concluded
from numerical results that the service time is insensitive to the packet arrival rate.

In the next theorem, we show that the state transition factor 5 € (0,1) defined as

follows:

Mol
= 3.27
& fopa + po f1 + pafo (3:27)

is the key to derive the start-service probability 7;. Furthermore, we prove that
the service time is insensitive to packet arrival rate only for small 3, as depicted in
Fig. 3.11.

Suppose that a new arrival sees ¢ packets in the system. If ¢ = K, then this newly
arrived packet will be blocked. If i < K — 1, then we assume that these packets in
the FIFO buffer are sequentially numbered by m = 0,1,--- ,i, the one in service is
numbered 0 and the new arrival is numbered 7, as shown in Fig. 3.6. Let 7;(i,m)

be the conditional start-service probability of m!" packet defined as follows:

7j(i,m) = P{start-service state of m'™ packet is j
| an arrival sees i packets in the system}
for 0 < m < i, and j = 0,1. The start-service probability 7; of an HOL packet

expressed in terms of state transition factor 5 is derived from the conditional start-

service probability 7;(i,m) of m‘* packet in the following theorem.
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Figure 3.6: A new arrival sees i packets in the system.

Theorem 3.1. The probability that the service of an HOL packet starts with channel

state j is given by:
5 =i + =p (5(G5(B) — B prcj) = nj(G5(8) — B%pi7)) » (3.28)
for 5 =0,1.

Proof. The channel may change its state during the service of a packet. We first con-
sider the transition probability of two consecutive start-service states. Let P{j'[j}
be the probability that a packet starts the service in channel state j and finishes
the service in channel state j. Define the following conditional state transition

probabilities during the service of a packet:

q; =P{next state transition occurs before service

completion | channel is in state j} = }L]']—ci 7
for j = 0,1. Then we have
3 3 fof " f
./ .
P{j =0j =0} = Z(quﬂn(l —d0) = Z ((MoJrfO(j(!ltlJrfl)) Mo@fo = (1 * #711> )
n=0 n=0

Similarly, we can obtain:
P =10 =1} =Y (a0a)" (1) = B (1+ L),
n=0

P{j' =11j = 0} =1 - P{j = 0]j = 0} = L2,

Py =0lj =1} =1 = P{j = 1]j = 1} = L.
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We then establish the following set of equations from the definition of 7;(i,m):
Foliym + 1) =roi, m)P{j’ = 0]j = 0} + 71 (i,m) P{j’ = 0]j = 1},

w1(i,m+ 1) =ro(i,m)P{j' = 1|7 = 0} + 71 (i, m)P{j’ = 1|5 = 1}.

Solving the above set of difference equations together with the condition 7o(i, m) +

m1(i,m) =1, for all 0 < m < i, we get
(i, m) = B™ (75(i,0) — ;) + 1j- (3.29)

From the probability P; that a newly arrived packet sees ¢ packets in the system
and p; ; that a newly arrived packet sees i packets in the system while the current

channel is in state j, we obtain the following initial state probability:
ﬁj(i,O) :pi,j/Pi‘ (330)

Since an arrival that sees ¢ packets in the system starts the service in state j with
probability 7;(i,4), we then obtain the following start-service probability by com-

bining (3.29) and (3.30):

K—1

= 1=p >, Py (i, i) = mj + =5 (0 (G4(B) = BXprcj) — i (G5(8) — B¥pic 7)) -
=0

(3.31)

O

As we mentioned before, the probability 7; is averaged over all HOL packets
whereas 7; is averaged over time. In contrast to the expression (3.31) of 7;, the

probability 7; that the channel is in state j can be expressed from (3.30) as follows:

K K
7Tj = Zpi’j = ZPN}J(I’ 0) (332)
=0 i=0

If the loading is very low, meaning Py — 1, then it is clear that both expressions

of 7; and m; approach 7;(0,0), which is consistent with (3.26) that 7; = 7; when



CHAPTER 3. 31

A — 0. On the other hand, if arrival packets always find a large number of packets
waiting in the buffer, then (3.29) and (3.31) reveal that the transmission of a packet
is started in state j with a probability close to 7;, which is again consistent with
(3.26) that 7; = n; when A — oo. Thus, the expression (3.31) of the start-service
probability 7r; covers the two extremes originally derived in [32] as special cases.
The expression (3.29) implies that the state transition factor § indicates how
fast the channel state probability tends to be stable. This point can be illustrated

by the following two extreme cases:

1. B — 1, when the state transition rate f; is very small, corresponding to
a system with very slow changes of channel rate. The probability 7;(i,m)
reaches 7; only after a large number m of packets have been served in a busy

period.

2. B — 0, when the state transition rate f; is extremely large compared to service
rate f1j. According to (3.29), the probability 7;(i, m) reaches n; after a small
number m of packets have been served. In this case, the M/MMSP/1/K queue
behaves as an M/G/1/K queue with the same first and second moments of
service time, because the dependency among service times becomes insignif-
icant and, therefore, can be ignored. A detailed discussion of this point is

provided in subsection D of Section 3.4.

In the next section, we show that the state transition factor 5 also plays an essential

role in the derivation of queue length distribution.
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Figure 3.7: Waiting time of an arrival seeing ¢ packets in the system.

3.4 Generalized Pollaczek-Khinchin Formula for

the M/MMSP/1/K Queue

In this section, we derive the generalized P-K formula for the M/MMSP/1/K queue,
which shows that the queueing delay is proportional to ﬁ It should be noted that
the analysis described in this section is independent of the number of states of the
Markov channels. The waiting time analysis is based on the residual service time

similar to the method described in [5]. As illustrated in Fig. 3.7, we define
e (). = The number of packets in the system seen by an arrival (0 < Q. < K).

e W; = Waiting time of an arrival seeing i (0 < ¢ < K —1) packets in the system.
An arrival that sees K packets in the system is blocked with probability P,

in which case there is no waiting time.

e R; = Residual service time of an arrival that sees i (1 < i < K — 1) packets in
the system. That is, R; is the remaining time until the completion of current
service. If ¢ = 0, then the system is empty and there is no residual service

time.

e X,, = Service time of the m* (1 < m < i — 1) packet in the queue, starting

from the first packet behind the head-of-line (HOL) packet, which is in service.
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According to the above definitions, the waiting time of an arrival is given by

R+ X, 2<i<K -1,
W; = R; 1 =1,
0 i=0

1 K-1 1 K-1 i—1
W= PW; =R+ PY EX,Q. =1, 3.33
1_PK§ 1_},}(; mZ:l[ Qe =] (3.33)

where W is the average waiting time and R = ﬁ Zfi Il P;R; is the mean residual
service time. In the rest of this section, we will derive the generalized P-K formula

of M/MMSP/1/K queue from the expression (3.33).

3.4.1 Moments of Service time

The derivations of the mean residual service time R and the service time of the m!"

waiting packet X,, require the first and second moments, E[T] and E[T?], of the
service time of the M/MMSP/1/K queue. They can be obtained from the first and
second conditional moments E[Tj] and E[T}] (j = 0,1) defined in [32] as follows:

E[T] =) #E[Ty), (3.34a)
j=0,1

E[T? =) #E[T}], (3.34b)
j=0,1

where E[T;] and E[T}] are the first and second conditional moments of service

time given that the service begins with state j. According to [32], the closed-form

expressions of E[T;] and F [sz], expressed in terms of ug, i1, fo and f1, are obtained
as following:

Consider an arbitrary packet whose service starts in channel state j. Let Tj

be the random variable denoting the total service time for this packet. During the

service of this packet, the channel state j may change to j after time Ty when
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the serve speed alternates, or even stay at j until the serve is finished after time
T),. Conditioning on steady state, T, and T are exponentially distributed with

parameters p; and f; respectively. Then, T can be calculated as

0  with probability —£i-
T; = min(Ty, T,) + wo s

L .y fi
Tj with probability T

where 7 =0, 1.

Taking the Laplace Stieltjes transform (LST) on both sides, we get

Ble—sTiy - Mt i ( 1 fip sTj>'
) stm b \m+h  mth o

Arranging terms, we have
(5 + pj + [ E(e™T5) = pj + fB(e™*h). (3.35)

Solving (3.35) at both j = 0,1 states, and substituting u; + f; = p; + f;, we get

(e ) = pjs + pop + pof1 + pafo (3.36)

s2+ (po + pa + fo + f1)s + popn + pofr + pafo

Taking the first and second derivatives of (3.36) with respect to s, and substituting

s = 0, we have

1 ps + fo+ f1

BTl = pop1 + pofi + pafo’ (3:37a)
2 _ M%+2“3f?+fj(ﬂo+ﬂl)+(f0+f1)2

i) =2 (mop1 + pof1 + w1 fo)? ' (3.37b)

When the arrival rate goes to infinity, the mean service time becomes 1/i, as shown

in the following expression:

lim E[T] =Y lim #E[T] = nE[Tj] = £, (3.38)

A—00

which can be obtained by combining (3.26), (3.34a) and (3.37a).
The channel capacity ji defined in (3.7) is also the bound of the maximum arrival

rate input to a stable M/MMSP/1 queue. With an infinite input buffer, the server
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Figure 3.8: Derivation of the mean residual service time (page 143-144 in [5]).
utilization can be readily obtained from Little’s Law as follows:
p= \E[T]. (3.39)

The server utilization is also the probability that the channel is busy, or p =1 — F.

From (3.17) and (3.10), we obtain the following expression after extensive algebra:

~ z0 M1—z
p=1—(j— N 2U=mthth (3.40)

Since zp € (0, 1), the stability condition (p < 1) of the M/MMSP/1 queue implies

A< fa.

3.4.2 Residual service time

We need the mean residual service time R to complete the derivation of the P-K
formula for the M/MMSP/1/K queue. There is no general expression of the mean
residual service time R for finite buffer size K. In the case of infinite input buffer,

the following expression of mean residual service time

R = I\E[T?] (3.41)

of M/MMSP/1 queue can be derived in the same manner as that of the M/G/1
queue, which was described in pages 143-144 of [5]. Fig. 3.8 illustrates the relation-

ship between the residual service time and the arrivals. Suppose X, is the service
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Figure 3.9: Simulations of mean residual service time R and %)\E [T?] of the

M/MMSP/1 queue.

time of the n'" customer, then its residual service time r(7) at time 7 must fall
linearly (with slope -1) to 0. A simple derivation of (3.41) given in [5] is displayed
in Fig. 3.8. Since this fact has nothing to do with the property whether the service
time is independently distributed (in the M/G/1 model) or state dependent (in our
M/MMSP/1 model). Thus, the same proof of (3.41) can also be applied to our
model, which is also firmly verified by the simulation result shown in Fig. 3.9. Note
that, due to the state dependency of service time, the mean residual service time
R of an M/MMSP/1/K queue cannot be obtained by simply extending (3.41) to
tA(1—Pg)E[T?). The derivation of a general expression of the mean residual service

time R of the M/MMSP/1/K queue remains open.
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3.4.3 Generalized P-K formula of Mean Waiting Time

Suppose that for an arrival seeing ¢ packets in the system with probability F;, the
mt" packet in the queue will start its service after the previous m packets (including
the one in service) were served, as demonstrated in Fig. 3.7. From Theorem 3.1, we
know that the m!* packet will start the service in state j with probability 7 (i, m).
Then, its averaged service time X,,, under the condition that there are ¢ packets in

the system when a new packet arrives is given by

1
BE[Xp|Qe =i =) E[T}] . (3.42)
7=0

Theorem 3.2. The mean waiting time of an M/MMSP/1 queue is given by

%E[T]"‘l gZ] OE[ ]( —7TJ>

1_T
L

W =

(3.43)

Proof. Substituting (3.29) into (3.42), the total time for all i — 1 packets in queue

that have been served is given by the unconditional (3.38):

i—1 1 i—1
S E. -3 B Y
m=1 7=0 m=1
1 1
:ﬁz 7[']7,0 j( 71 Z 71']20 T]j).
=0 j=

(3.44)

Averaging over all possible 7, we obtain the following averaged time to serve all

packets in queue seeing by an arbitrary arrival:

K—-1 1—1

Z B E[Xm|Qc = Z]

1=2 m=1
K—-1 1

=113 E[T;] (Pi#t; (i, 0) — Pit;(i, i) +

i=2 j=0

K—-1 K-1 1
Pt — > E[Ty) (Pit;(i,0) — Pin;)
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1
A Ly—(K-1)P
=tl5 D BT (m5 — picg = 75(1 = Pi)) + =
0

1
— Y EITy] (7 — Prj — (1 = Px)) +
=0

1
E[T;](po,; — Pony), (3.45)
7=0

where the second equation is obtained from (3.30), (3.31) and (3.32) and L, =
Zf;(z — 1)P;. From Little’s Law, we have

Ly = M1 — Pg)W. (3.46)

Substituting (3.45) and (3.46) into (3.33), we obtain the following mean waiting time
of the M/MMSP/1/K queue:

1
: : ! 5 (K=1)P
T1-Pg1- Q{R(lpf‘Hl—ﬁjz;E[Tj] (mj — Prj — 7;(1 — P)) — B2
! 1
E[T;] (mj — PK,j — n;(1 — Pk)) + ZE[TJ] (po.j — Pom;) } (3.47)
J=0 s

Taking the limit of K — oo, we obtain the following mean waiting time from (3.47):

W R+ 15 3 BT (m5 — #5) = Xj0 EITj](mj — ) + Xj—0 B3] (poj — Pony)

1-—2
I

(3.48)

Using the mean residual service time R of M/MMSP/1 given in (3.41) and after
some algebra, the expression (3.48) can be simplified to (3.43). To prove the two
expressions (3.43) and (3.48) are equivalent, we need to show that the following

identity holds:

1

1
R~  B[Tj](m; —nj) + Y ET] (po — Pony) = 3 E[T]. (3.49)
j=0 J=0

From the closed-form expressions of 7, E[T};] and E[Tf], previously derived in (3.28)

and (3.37) respectively, it is straightforward to obtain each term of (3.49) as follows:
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e The residual service time R = $AE[T?] is given by (3.41), where the second

moment of service time is obtained from (3.28), (3.34b) and (3.37b) as follws:

2] _ op potritfotfi—Ap
E[T } B 2>\ pop1+po fi+pifo (3'50)

e From (3.1), (3.37a) and (3.38), we have

1 1
. _ potmtfotfi—p 1
Y BT\ — ) =Y BlTj)m; — ;= fertett b — 4 (3.51)
j=0 j=0

e From (3.30) and (3.38), we have

1 1 1
ZE pO,] P077] ZE pOJ _POZE ZE p07j %7
7=0 = 7=0

7=0
(3.52)

where

1
Toe o — wotmtfot )(1=p)=(i=A)
> ElTjlpo, = ettt (3.53)

J=0

can be obtained from (3.6) and (3.37a).

Collectively, we establish the identity (3.49) by substituting (3.41), (3.50), (3.51),
(3.52) and (3.53) into the left-hand side of (3.49), and (3.34a) and (3.39) into the
right-hand side. O

Alternately, from (3.24) and (3.25), the mean waiting time of the system with

infinite buffer capacity can be expressed as follows:

1 fo + p1 — fi — popiip/ A
fo—A (fo+ fu)(p—A)

From (3.1), (3.34a), (3.37a) and (3.39), it can be readily proven that the mean

W= — B[T). (3.54)

waiting time (3.43) obtained from the generalized P-K formula is the same as (3.54),

the one derived from the generating function.
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Figure 3.10: Mean queue length of M/MMSP/1 and M/G/1 with different

state transition factor 5.

3.4.4 The impact of state transition factor on queue

length

The generalized P-K formula explicitly expresses the impact of the state transition
factor on the performance of wireless channels. For a given fixed channel capacity
i1, the generalized P-K formula (3.43) reveals that the mean waiting time is greatly
affected by the state transition factor 8. This point is illustrated in Fig. 3.10 by the

following mean queue length for different 5:
L=XE[T)+W).

Note that different values of state transition factor  in Fig. 3.10 correspond to
different parameters f shown in Fig. 3.5. Both analytical and simulation results

show that this mean queue length of M/MMSP/1 is very sensitive to the state
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transition factor 8 when the arrival rate is larger than the service rate in a Bad
channel state (A > p1). Because some packets arriving in the Bad state cannot be
transmitted until the channel changes to the Good state, resulting in a long queue
of backlogged packets. The P-K formula shows that the state transition factor

can be used to characterize the following two extreme cases:

1. B — 1, for slow varying channel systems. It can be readily seen from (3.27)
that 3 is close to 1 when the channel state transition rate f; is much smaller
than the service rate ;. Since the factor ﬁ becomes extremely large when 3
is close to 1, there is a large mean waiting time of the M/MMSP/1 queue due
to the dominating term ﬁ Z;:o E[T;](m; — 7j) in the nominator of (3.43).
In Fig. 3.10, the mean queue length at 8 = 0.9998 (f = 0.0001) is much longer
than the one at § = 0.9840 (f = 0.01).

2. B8 — 0, when the channel state transition rate f; is extremely large compared
to the service rate pj. According to (3.27), 3 is close to 0 and ﬁ is close to

1. Furthermore, from (3.29), the conditional start-service probability of m®"

packet 7j(i,m) ~ n; for m > 1, which results in X, ~ i (E[T] = i) and

S, P X, = % Then the mean waiting time of M/MMSP/1 queue

m=

(3.48) can be approximately given as:

R AE[T?]

W%1_%N1—AE[T]'

(3.55)

The right-hand side of (3.55) corresponds to the mean waiting time of an
M/G/1 queue, which sometimes is used to approximately model a wireless
channel [7,12]. The expression (3.55) indicates that this approximation is
valid only when £ is close to 0. As an example, the mean queue length of the
M/G/1 queue plotted in Fig. 3.10 almost coincides with that of M/MMSP/1
queue when 3 = 0.3810 (f = 1).
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Figure 3.11: Mean service time E[T] of M/MMSP/1 with different state tran-

sition factor f3.

Note that a relative smaller state transition factor [ corresponds to a smaller
E[T] and Z}:OE[Z’j](ﬂj — ;) in the nominator of (3.43), as depicted in Fig. 3.11.
We know from (3.26) that Z;:o E[T}j]n; is the first moment of service time when A
approaches 0, and the lower bound (0.1538 in Fig. 3.11) is given by 2]1-20 E[T;ln; =
1/f1 when A approaches co. It is obvious that the first moment of service time E[T]]
is bounded by + < E[T] < 3;_ E[Tj;.

Our analysis clearly explains the reason that a wireless communication system
with a smaller state transition factor 8 owns a smaller queueing delay. For a given
Hybrid ARQ coding scheme, an increase in the packet length leads to a smaller
;5 while an increase in the Doppler frequency fp leads to a larger f;. From the
definition of state transition factor 8 given in (3.27), we know that either of them
will generate a smaller £, consequently, a smaller queueing delay. This property also

explains the results depicted in Fig. 2 ~ 4 in [46].
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Generalized Pollaczek-Khinchin

Formula for the M/MMSP/1/K

Queue — Finite-state

The only available method to analyze the average queue length of finite-state Markov
channels in the literature is the Matrix Geometric Method [36]. In this chapter,
we extend the generalized Pollaczek-Khinchin formula developed in Chapter 3 to

Markov channels with finite states.

4.1 Finite-state Markov Model

A N-state Markov chain of a wireless fading channel, Markov modulated service
process (MMSP), is shown in Fig. 4.1. The state j7 (j = 0,1,2,..., N) represents
that the channel is in state j where the service rate is exponentially distributed with
mean /;. The state transition rate from state j to j 4 1 is denoted as f; ;11 (> 0).
Here the channel states could only change to its adjacent states, because the channel

quality of our interest is continuously varying. However, the following derivations

43
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Figure 4.1: Finite-state Markov model.

are still established under the assumption that the channel state could jump to any

state 5’ out of the N states. Then, the infinitesimal generator matrix Q is given by

~fo fu O O 0 0
fio —fi fiz O 0 0
0 fou —fo fo3 0 0
g-| O B R o
0
0 0 0 - fyoin—2 —fn-1 fNoinN
0 0 0 0 fnn—1 —fN
where we denote
5= Z figr (4.2)

J'#3
At time t, the state of the system X (t) is defined as the number of packets in the
system, including the one in service, while the channel state is denoted by V'(t). The
process {(X(¢),V(t)),t > 0} is a Continuous Time Markov Chain (CTMC) with a
finite state space {(4,7),7 =0,1,2,...,5 = 0,1,..., N}. We denote this queuing model
with infinite buffer capacity as M /M MSP/1. The steady state probabilities of the
M/MMSP/1 are defined by:

pij = lim Pr{X(t) =4,V (t) = j}, (4.3)

t—o00
where?=20,1,2,... and j = 0,1, ..., N. Thus, the probability that there are ¢ packets

in the system in steady state is given by:

N
Pi=>Y pij. (4.4)
j=0
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4.2 Start-service Probability

For a system with finite-state Markov channels, suppose that a new packet arrives
into a FIFO buffer and sees ¢ packets in the system. Those packets are sequentially
numbered by m = 0,1, --- , 4, the one in service is numbered 0 and the new arrival is
numbered 7, as shown in Fig. 3.6. The definitions related to start-service probability
7; of finite-state Markov channels are independent of the number of channel states
and are the same as the ones in two-state Markov channels described in Section 3.3,

except that we extend the channel states from 2 to NV as following;:

e m; = the steady-state probability that the channel is in state j, for j =
0,1,2,..., N. If we denote 7; as a column vector w = [mg, 71, ..., Tv]T where
the superscript 7' means the transpose of the matrix, 7; can be obtained by

solving

and

Jj=0

Then we define the channel capacity [, as

N
p= mu. (4.7)
§=0
Detailed discussions on the channel capacity can be find in Section 4.3.1.

e 7; = the probability that an HOL packet’s start-service state is in channel

state j, for j = 0,1,2,..., N. According to the analysis in [32], the following
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two extreme cases

j when A — 0
Ty = iH b ) (48)
i = =x2— when A — o0
i Z;V:o ]
are still established for Markov channels with finite states. However, there is
no present expression of 7; in the literature. Here, we express 7; in forms of
m; and 7;(i,m) in Theorem 4.1 and from which we define the state transition

factor B € (0, 1) for finite-state Markov channel. We denote the corresponding

column vector as 7 = [#g, 71, ..., 7nx]7 and 9 = [no, N1, ..., nn]" -

e 7j(i,m) = the conditional start-service probability of mt" packet, which is

defined as follows:

#j(i,m) = P{start-service state of m' packet is j

| an arrival sees ¢ packets in the system}

fori=0,1,2,... and j =0,1,2,..., N. We denote the corresponding column

vector as # (i, m) = [7o(i,m), 71 (i,m), ..., 7n (3, m)]T.

e P{j'|j} = the probability that a packet starts the service in channel state
j and finishes the service in channel state j'. We denote the corresponding

matrix, called state transition matrix Q in this paper, as

p{ojoy P{oj1} --- P{O|N}
g | PUOr P PN o
P{N|0} P{N|1} --- P{N|N}

4.2.1 State transition matrix

For a packet starts its service in channel state j, the Markov channel may change

to its adjacent state before the packet is transmitted or stays in the same channel
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state till the end of the packet’s transmission. For different values of channel state
7, the channel state transition during during one packet’s service time is given by

the following set of equations:

e =0,
- fo,1
p{0[0} = (@+u0;‘ﬁﬂ4mp{0“} (4.10a)
pL7 # 00} = ()
o 1 §] g N — 17
L R Jij—1 — Ji+1
pli"=3li} = g3 + papll = B+ gl + 1 (4.10b)

p{i' # 313} = $Ep{3'15 — 1} + £5p{5]i + 1}

g o INN-1 _
p{j'= N[N} = fN+NMN T fN+MNp{N|N 1} (4.10¢)

p{i' # NIN} = 2221050 N — 1)

Multiplying f; + p; on each side of the equations in (4.10) and expressing (4.10) in

forms of matrix, we have

p{y'|0}

p{7'1}
M|’ = ej, (4.11)

(7N} |

-/th

where e;; = [0,0, ..., iy, ...|]T is a vector with the j*" element be p;/, and

fot+w —for 0 0 0 0

—fio fitm —fiz O 0 0

M = : : : : 0
0 0 0 - —fnoanN—2 fyn-1tpun-1 —fN-in
0 0 0 0 —FNN_1 v+ o

(4.12)



CHAPTER 4. 48

Comparing (4.12) with (4.1), we have
M=D-Q, (4.13)
where we denote

D:dia‘g(:u()vulu"w,U’N)' (414)

Then P{j'|j} is obtained from Cramer’s rule, as

s Ml
P{j'li} = |J\’/_,|”, (4.15)

where | M| is the determinant of the matrix M and Mj ; is a matrix obtained from

M by replacing the j** column by ej. After some development, |Mj ;| is given by
| Mo 5| = 1150 Cir s (4.16)

where Cjs ; is the cofactor of the (j’, §)t element of matrix M. The corresponding

cofactor matrix C' = [Cy j]nxn is key to compute the inverse of M, as

CT

M 1'=—.
| M|

(4.17)

Considering all possible j',7 = 0,1,2,..., N of (4.15), we obtain the state transition
matrix Q by resorting to (4.16) and (4.17)

~

Q=DMT) L, (4.18)

4.2.2 Start service probability

Theorem 4.1. The probability that the service of an HOL packet of M/MMSP/1

starts with channel state j is given by:

wj =Y Pi(i,i),  j=0,1,..,N, (4.19)
i
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where
#(i,m) = Q" #(i,0) (4.20)
and
7;(i,0) = pi;/ P;. (4.21)
Proof. From the definition of #;(i,m) and P{j'|j}, we establish the following rela-
tionship between 7;(i, m) and 7;(i,m + 1), as
#(i,m + 1) = Q# (4, m) (4.22)

From the probability P; that a newly arrived packet sees ¢ packets in the system
and p; ; that a newly arrived packet sees 7 packets in the system while the current

channel is in state j, we obtain the following initial state probability:
7(2,0) = pij/ B (4.23)

Solving recurrence relationship (4.22) for all possible m > 0 along with the initial

condition (4.23), we get
#(i,m) = Q" #(i,0) (4.24)

Since an arrival that sees ¢ packets in the system starts the service in state j with
probability 7;(4,7), we then obtain the following start-service probability by com-

bining (4.22) and (4.24):
#p = Piy(ii) (4.25)
O

Theorem 4.2. The stationary probability vector of the Markov chain characterized

by the state transition matriz Q ism. That is

n=Qn. (4.26)
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Proof. From the definition of inverse matrix, the following equation always hold
I=(M")"'MT, (4.27)

where I is the identity matrix. Substituting (4.13) into (4.27) and multiplying 7 on

both sides of (4.27), we arrive at

m=(M")HD - Q)x
—_ (MT)—IDﬂ_ _ (MT)_IQT’IT

= (M 'Dn (4.28)

where DT = D since D is a diagonal matrix and the last equation is due to (4.5).

Notice that 7; given in (4.8) could be expressed in forms of 7, as

D~r

n

where |Dm|; is the 1-norm of the vector Dm and |Dw|y = . With (4.29), (4.18)

and (4.28), we finally establish the relationship between 1 and Q as follows:

. 1
Qn=-DM") 'Dn
il
1
= TDTF
il
=n. (4.30)
O

If arrival packets always find infinite number of packets waiting in the buffer,
then (4.24) and (4.25) reveal that the transmission of a packet is started in state j
is approximately given by

lim # = lim #(é,4) = lim #(co,m) = lim Q" #(co,0) (4.31)
A—ro0 1—00 m—00 m—00

Theorem 4.2 shows that 1 is the stationary probability vector of the Markov chain

characterized by the state transition matrix Q. From the property of Markov chain,
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we have

lim 7 (oo, m) =n. (4.32)

m—r0o0

Both (4.31) and (4.32) lead to result that 7; = n; when A — oo, which is again
consistent with (4.8).
On the other hand, in contrast to the expression (4.25) of 7, the probability 7;

that the channel is in state j can be expressed from (4.23) as follows:
T = Zpi’j = ZPZﬁ'](Z, 0) (433)

If the loading is very low, meaning Py — 1, then it is clear that both expressions
of 7t and m; approach 7;(0,0), which is consistent with (4.8) that 7; = m; when
A — 0. Thus, the expression (4.25) of the start-service probability 7; covers the two

extremes originally derived in [32] as special cases.

4.2.3 State transition factor

The state transition factor S indicates how fast the channel state probability tends
to be stable, which is the convergence rate for the Markov chain characterized by
the state transition matrix Q. If p; >0 forall j =0,1,2,..., N, from the definition
of p{j'|7} we have p{j’|5} € (0,1). It follows that Q is ergodic. Rosenthal [42] shows

the following properties related to Q:
e Property 1. The state transition matrix Q has one and only one eigenvalue
equaling to 1 and the absolute value of every other eigenvalue is less than 1.

Without loss of generality, we write down the eigenvalues of Qasl= & >
|€1] > [&2] = |&3] = -+ > |€n]|. Theorem 4.2 implies that n is an eigenvector

of Q corresponding to the eigenvalue &.

e Property 2. For any initial distribution #(¢,0) and j = 0,1,2,..., N, there is
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a constant C; > 0 such that
|7 (i,m) — ;| < Cym? gy | (4.34)

where J is the size of the largest Jordan block of Q In particular, if Q is

diagonalizable, J = 1.

The property 2 shows that the converge rate of the Markov chain is highly related
to |£1]. There is a related work [45] which also studies the importance of the second
largest eigenvalue on the convergence rate of Markov chain. Here, we define the

state transition factor as
B =&l (4.35)

If one of the service rate in channel state j equals to 0, such as py = 0, we have
p{0|7} =0 for all j =0,1,2,..., N since the packet’s service will not end in channel
state j = 0. Then, the whole first row of @ will become all 0s and &y = 0.
The aforementioned two properties are still established, so is the definition of state
transition factor 5.

We develop a possible approximation of 7;(i,m) from the property 2 by com-

bining (4.24), (4.34) and (4.35) as
ity (i, m) m m” =BT (7 (0, 0) — 1) + 0y (4.36)
If m >>J or J =1, (4.36) could be simplified to
7y (i, m) &= 57 (7(4,0) = ;) +1;- (4.37)

The approximation ignores those components contributed by the other eigenvalues
£,2<j < N.If N=1 with no components ignored, then (4.37) exactly holds,

which is (3.29) of the two-state Markov channel.
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4.3 Generalized Pollaczek-Khinchin Formula for
the M/MMSP/1 Queue

In this section, we derive the generalized P-K formula for the M/MMSP/1 queue
with finite channel states, which shows that the queueing delay is approximately
proportional to ﬁ It should be noted that the waiting time analysis described in
Section 3.4 is independent of the number of states of the Markov channels and we
could easily extend the analysis from two states to finite states. Here we reproduce

those definitions related to waiting time defined in Section 3.4, as:
e (). = The number of packets in the system seen by an arrival (Q. > 0).
e W; = Waiting time of an arrival seeing i (i > 0) packets in the system.

e R; = Residual service time of an arrival that sees i (i > 1) packets in the
system. That is, R; is the remaining time until the completion of current
service. If ¢ = 0, then the system is empty and there is no residual service

time.

e X,, = Service time of the m'» (1 <m <i — 1) packet in the queue, starting

from the first packet behind the head-of-line (HOL) packet, which is in service.

According to the above definitions, the waiting time of an arrival is given by

R+ X i>2,
Wl: RZ Z:l,
0 =0

Taking expectation, we have

0 00 i—1
W=> PWi=R+> Py E[XnQ =i, (4.38)
1=0 1=2 m=1
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where W is the average waiting time and R = > %) P;R; is the mean residual
service time. In the rest of this section, we will derive the generalized P-K formula

of M/MMSP/1 queue from the expression (4.38).

4.3.1 Moments of Service time

The derivations of the mean residual service time R and the service time of the m!"

waiting packet X,, require the first and second moments, E[T] and E[T?], of the
service time of the M/MMSP/1 queue. They can be obtained from the first and

second conditional moments E[7}] and E [TJQ] (j =0,1,2,...,N) defined in [32] as

follows:
N
E[T) = #E[T}], (4.39a)
J;O
E[T% =Y #E[T7], (4.39Db)
j=0

where E[T;] and E[Tf] are the first and second conditional moments of service time

given that the service begins with state j. If we denote

E[T] = {E[Ty), E[T%], E[T%], ..., E[TN]}T

E[T?) = {E[1§), BIT3], E[T3), ..., EIT}]},
then E[T}] and E [TJQ] are obtained from

E[T] =M1, (4.40a)

E[T? =2M'E[T], (4.40b)

where M is defined in (4.12) and 1 is an all-ones vector.
According to [32], E[T}] and E [TJZ] are obtained as following: Consider an arbi-
trary packet whose service starts in channel state j. Let T be the random variable

denoting the total service time for this packet. During the service of this packet,
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the channel state j may change to j + 1 (or j — 1) after time 77 ;41 (or 7} j—1) when
the serve speed alternates, or even stay at j until the serve is finished after time
T),. Conditioning on steady state, T),, T} j+1 and T} j_1 are exponentially distributed

with parameters p;, fjj+1 and f;;—1 respectively. Then, T} can be calculated as

0 with probability -

T; = min(Ty, Tj j+1, Tjj-1) + T; j+1 with probability l{;:ﬁ
T;j—1 with probability ;{j-’ffl‘

J J

where j =0,1,2,...,N.

Taking the Laplace Stieltjes transform (LST) on both sides, we get

pj + £ ( P fijrE(e™Ti) + fj,j—lE(€STj1)>
s+ i+ fi \uj+ fj i + [

E(e*Ti) =
Arranging terms, we have
(s+ i+ [HEED) = pj + fi e Ble”* ) + fj 1 B(e” 1), (4.41)
Taking derivative of (4.41) with respect to s and substituting s = 0, we have
(i + [)ET] = fi501 B[] = fij1E[Tja] =1 (4.42)

By solving (4.42), we get the conditional first moment of service time E[Tj] for every
channel state j. Taking the second derivative of LST in (4.41) with respect to s and

substituting s = 0 and (4.42), we get
(wj + f)E[T}] = fi 1 BTF 0] — i1 E[T] ] = 2E[T}) (4.43)

By solving (4.43), we get E[TJZ] for every j = 0,1,2,..., N. Reorganizing (4.42)
and (4.43) in forms of matrix with (4.12), it is straightforward that (4.40) are the
solutions of E[T}] and £ [Tf]

When the arrival rate goes to infinity, from (4.8) we have

N N
lim E[T] = Jlim 7 B[T;] = > nB[T)). (4.44)
j=0 =0

A—00
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The following we show that

n; B[T5] = (4.45)

=

M-

j=0

always holds. Resorting to the matrices,

nTE[T) =n" M1

1
= _(Dm)M11

| — =

= (MTm)TM™11

— =

= -a'MM11

Il
— =

3

!

-

=l o

(4.46)

where (4.40a), (4.29) and (4.28) are used sequentially.

4.3.2 Residual service time

The comparison on residual service time between M/MMSP/1 and M/G/1 pre-
sented in Section 3.4.2 is independent of the Markov channels states. For M/MMSP/1
with finite channel states, the mean residual service time is also given by the follow-

ing expression of

R = i\E[T?]. (4.47)

Except that here the second moment of service time E[T?] is obtained from (4.39b).
Although the equations to compute E[T?] are all present, the probability P; that
there are ¢ packets in the system is not easy to obtain for N > 2. One possible way
in the literature is using the Matrix Geometric Method, which need large extensive

calculation and is not under our consideration.
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For the concerned M/MMSP/1 queueing system, the packets arrive in Poisson
process and the service time in each channel state j is exponentially distributed.
If a new arriving packet see i (i > 0) packets in the system with probability with
probability P;, the residual service time of the packet under service (refer to the 0"

0" packet will restart the

packet in Fig. 3.6) will renew. From Theorem 4.1 the
service in state j with probability 7;(7,0). Then, we get another expression of the

mean residual service time

00 N N
R=3% PR} ET})7,0) =3 BT~ poy), (4.48)

where (4.23) and (4.33) are used.

4.3.3 Generalized P-K formula of Mean Waiting Time

Suppose that for an arrival seeing ¢ packets in the system with probability F;, the
m" packet in the queue will start its service after the previous m packets (including
the one in service) were served, as demonstrated in Fig. 3.7. From Theorem 4.1, we
know that the m!" packet will start the service in state j with probability (i, m).
Then, its averaged service time X,,, under the condition that there are 7 packets in
the system when a new packet arrives is given by
N
E[Xm|Qe =i =Y _ E[Tj|z;(i,m). (4.49)

Jj=0

Theorem 4.3. The mean waiting time of an M/MMSP/1 queue is approximately

given by
A 1 N ~
SET+ 75> .o E\T;)|(m; — 75
i o AP 5 Sl BT = ) a0
1_T
[

Proof. The 7j(i,m) given by (4.24) need the computation of Q" , which provides no

physical interpretations of the M /M MSP/1. Hence, we adapt its approximation as
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shown in (4.37). Substituting (4.37) into (4.49), the total time for all i — 1 packets

in queue that have been served is given by the unconditional (4.45):

(4.51)

Averaging over all possible i, we obtain the following averaged time to serve all

packets in queue seeing by an arbitrary arrival:

00 i—1
DoPY ] ElXmlQe =]
Z:j TO?IN i—1 oo N
zliZZE[TJ] (Pﬂrj(i,o)_Pﬂrj(Z,l))—FZ G _ZZE[Tﬂ] (P#;(i,0) — Pinj)
i i=2 =2 j=0
1 I N N
= Y EIL) (my — 75 + =L = > BIT}) (5 — )+ Y E[L] (o — Pony),
j=0 j=0 ]:O
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where the second equation is obtained from (4.23), (4.25) and (4.33) and L, =

>24(i — 1) P;. From Little’s Law, we have
L, = AW. (4.53)

Substituting (4.48), (4.52) and (4.53) into (4.38), the mean waiting time W given

by the following equation

al N
=0 j=0 K
J
N N
_ZE[ +ZE (po,j — Pony)
Jj=0 j=0
1 N N
11— ZE[T]} (mj — ) + — —I—ZE[T]]W—ZE[T}P(WJ
J=0 Jj=0 j=0
N N
1 AW
=15 2 B (m = 75) + == + (1= o) )_ ElT3n,
: fi
1 & W 1
=1-3 ;E[Tﬂ (mj — 7tj) + o7 (1- Po)ﬁ (4.54)

Solving (4.54) for W, we obtain the following mean waiting time of the M/MMSP/1

queue:

W) S BT (- 7y)
b .

W~ (4.55)

i}
In fact, the 1 — Py in the nominator of (4.55) is the server utilization p = 1 — P.

From Little’s law, we have
p = AE[T]. (4.56)

Substituting (4.56) into (4.55), we have (4.50). O

4.4 Three-state MMSP Systems

A three-state Markov modulated service rates model is used to analyze the perfor-

mance of Hybrid ARQ system [19], where the instantaneous throughput from the
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source to the destination depends on the current quality of the physical channel.
The channel system has three possible states corresponding to every Markov state:
a good state with high speed data-rate where packets are transmitted successfully
on first attempts, a moderate state with lower data-rate where packets are trans-
mitted with retransmissions, and a bad state with no data-rate where no packets
get through. The delay performance is analyzed in [19] by resorting to conditional
generating functions methods, similarly to the method we presented in Chapter 3.
The performance of the two-state Gilbert-Elliot model is improved by accounting
a diversity of order by deploying two antennas [63]. The signals received at the two
antennas fade independently and the channel can be modeled by three states: both

channels are good, only one of the channels is good, and both channels are bad.

4.4.1 Model description

The three-state queueing model we analyzed in this paper is proposed in [19]. The
system has independent Poisson job and server arrivals (with rates A. and As re-
spectively), and independent exponentially-distributed job service time and server
life time (with rates p. per server and us respectively). The service policy allows
only one job in the queue to get served by all servers simultaneously with a First
Come First Service (FCFS) manner. The maximum number of servers is 2.

Let n.(t) and ng(t) are the number of jobs and servers in the system at time ¢
respectively. Then the process {n.(t),ns(t)} is a two-dimension birth-death process
with a infinite state space {(7,7),i =0,1,2,...,7 = 0,1,2}. At any time ¢, a job will
be served with rate ngs(t)u.. The server arrival and depart processes are independent
on the number of job process in the system and can be studied by an M /M /2/2
process. Fig. 4.2 shows the steady-state rate transition diagram. Let {p;;} be the

steady state probabilities, that is

pij = Jim Prin.(t) = i,ns(t) = j}, (4.57)
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Figure 4.2: Steady-state rate transition diagram for three-state model

wherei =0,1,2,....,7 = 0,1,2. The probability that there are ¢ packets in the system

at steady state, P;(i = 0,1,2,...), is given as

2
Pi=> pij (4.58)
§=0
We have the set of balance equations from the state transition rate diagram shown
in Fig. 4.2, as
(Ae + As)poo = pspo,1 (4.59a)
(A + As)Pio = AcPi—1,0 + Hspit (4.59b)
(Ae + As + s)po,1 = AsPo,o + 214sP0,2 + feP1,1 (4.59c¢)
(Ae + As + pis + Jte)Pin = AsPio + AePi—1,1 + 205052 + 1ptepitin (4.59d)
(Ae + 24)po,2 = Aspo,1 + 24ep1,2 (4.59)
(A + 25 + 2pe)pi2 = Aspil + AePio1,220cPit1,2 (4.59f)

i=1,2,3,..
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The probability that system is in state j (there are j servers in the system), m; , is

given as

[e.e]
T = Zpi7j' (460)
i=0
From the state transition diagram in Fig. 4.2, 7; can be solved as

2
I
2(1+ ps + p2/2)

- B N
1+ ps+ p2/2’ 1+ ps + p2/2

0 and Ty = (4.61)

where ps = As/us. The balance equation with respect to the dashed line cut 2 is

2
AePi = jHepit, (4.62)
=0
for all i = 0,1,2,.... Sum all these equations together over 7, we get

co 2 2
Ae= YD jpepiti = pe Y i(mj = poj)- (4.63)
i=0 j=0 j=0
The left hand side of (4.63) means the net input mean arrival rate, while the right
hand side is the system throughput. Let
2
=D miie (4.64)
j=0

be the channel capacity. Then (4.63) can be rewritten as
[ — e = e + 2. (4.65)

For steady state, all the probabilities p;; should be positive. From (4.65), the

necessary condition for system stability is:

Ae < fi- (4.66)

4.4.2 Start-service probability

With respect to the general M/MMSP/1 model we proposed in Section 4.1, for

the three-state Markov modulated queueing system we have A\ = A., pu; = jpue,
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fij+1 = As and f; ;1 = jus. the infinitesimal generator matrix @ is given by

— g As 0
Q = s —AS — U )\s . (467)
0 215 2ps

The probabilities related to start-service probability 7; of M/MMSP/1 are listed

as following;:

o T = p—j? And the channel capacity

1+ps +p§/

3
%m1+m)
= 4.68

e 7; = the probability that an HOL packet’s start-service state is in channel

state j, for j = 0,1,2. And its two extreme cases

j when A\, — 0
= it Jhe; (4.69)
n; = ST = when A\ — o0

specifically, the values of n; are

Hs As
=0, = , and = . 4.70
0 m= S "= (4.70)

e P{j'|j} = the probability that a packet starts the service in channel state
j and finishes the service in channel state j'. We denote the corresponding

matrix, called state transition matrix Q in this paper, as
pP{ojo} P{o[1} P{O[3}

Q= | P{1j0} P{11} P{1]3} |- (4.71)
P{3|0} P{3]1} P{3/3}
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State transition factor

The diagonal matrix D of the three-state Markov modulated queueing system is

From (4.13), we have the matrix M, as

M=D-Q

From (4.15), we solve all those values of P{j’|j}, listed as following:

p{0j0} =

| M|

| Mo
| M|

p{O[1} =

| Mo
| M|

p{0[2} =

| M

pl110} = Ty

= — He
| M|

0 0 2puc

)\5+N5+,U/c

| Mol
= 0 As + s + pe

)\3+M5+Mc

As + s + pe

B As + s + e

(4.72)

(4.73)

(4.74a)

(4.74b)

(4.74c)

(4.74d)
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As 0 0
M 1
papy=Mul_ Lb (4.74¢)
| M| | M|
0 0 2(us + pe)
A 0
He § 2 fhe + ps
= = = 4.74f
ML 0 20 + po) M N s e (4.740)
A — g 0
| M2 1
p{l2} = D M| M AsHhs e e (4.74g)
0 — 241, 0
As  —A
e S 8 He Hs
= - = Cio=—""" 4.74h
M| —241s M7 N+ e+ e ( )
0 — s 0
| M2 1 .
p{2|0} = M| = M As + s + fhe —Xs (4.741)
2fhe =25 2(ps + pre)
2 —A 0 2
=t ’ W N— (4.74])
|M| )\s"‘ﬂs"‘ﬂc _)\s |M| )\s+ﬂs+ﬂc
As 0 0
M| 1
p{2[1} = ] | M O s (4.74K)
0 241 2(ps + Nc)
e | As 0 2pc As
= - = C0y = — T (4.741)
(M _ o | 1M As + fs + fe
As —As 0
| M2 1
p{2)2} = M| = M —ts As+ s+ pe O (4.74m)
0 —2/g 2c
A —-A
= 24t s 5 — %02 9 = M (4.7411)
| M| |M| 757 A+ ps + pe

—Ms As + s + fe
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(4.740)
where
As — A 0
’M| = | —Ms )\s + s + phe _As = QASHC()\S + s+ MC)' (475)
0 _2N5 2(MS + :U’C)
Then we have the state transition matrix
0 0 0
A 1
Q= M| 1eCio  peCip peCip
2ucCo0 2pcCo1 2pcCa2
0 0 0
— Hetps Hetits Us
>\s+Ms+Mc )\s+ﬂs+ﬂc >\3+M5+Mc (476)
As As >\s+ﬂc

Astls+ite  Astpstpe  Astpstie
which is consistent with (4.18). Denote the three eigenvalues of Q as 1 = & > |&;| >
|€2], which can be obtained from (4.76), as
e
S =1, fl=r"T-—7—, and & =0.
As + s + pe
From (4.35), we define the state transition factor

e
_ = Fe 4.77
f=lal As + phs + phe (4.77)

Start service probability

The Theorem 4.1 provides expressions to calculate exact value of the start service

probability. However, the initial channel state probability 70

; which is essential

to compute the start service probability 7; is unknown variables. It could only be
calculated by resorting the Matrix Geometric Method in the literature. Here we

introduce a Liner Approximation method to approximate 7;.
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e Linear Approzimation. [32] shows that simple expressions of 7; can be ob-
tained under two extreme cases as shown in (4.69): 7; = m; when A\, — 0
and 7; = n; when A\, — oo. We take an linear approximation that if a packet
arrives when system is idle (with probability 1 — p), it will start its service
in state j with probability 7;; if a packet arrives when system is busy (with

probability p), it will start its service in state j with probability n;. That is
7j~ (1 —p)mj+ pn;, forj=1,2. (4.78)

Because there is no service rate in channel state j = 0, a packet will start its

service in state j = 0 only if it arrives in state 0 while system is idle. That is

ﬁ'j = poy[), (479)

which could be confirmed from (4.76) since the first element of D is 0. In
order to handle the special case when j = 0, we have to introduce another

approximation
poj ~ Cj(1 —p)mj, forj=1,2. (4.80)

where C} is a normalization constant decided by

3
L—p=> po. (4.81)
=0

If the arrival rate A\ — 0, there is no packet in the system. It follows pg ; — 7;
and p — 0, which is (4.80); If the arrival rate A, — oo, both py; and 1 — p
tends to be 0, as pp; — 0 and p — 1. The left and right sides of (4.80) are
balanced. From (4.94a), (4.81) and (4.80), we have

As
Ae + As

Poo ~ - Ci(1—p)m = C;(1 — p)mo. (4.82)

Ae + As

For simplicity we assume that all C; have the same value, which gives the
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following one possible approximation of pg ;, as

As

Poo & —2e—(1— p)mo
R (4.83)
~ 1 .

By combining (4.78) and (4.83), we finally establish the Linear Approximation

of the start service probability

Ac

1—
A _ Ac+A
Ty = ﬁ(l — p)To
XetAas 10

(4.84)
ity = m—— (L= p)mj +pny, forj=1,2.

T XetAs 10

where the server utilization p is analyzed during service time analysis in Sec-

tion 4.4.3.

4.4.3 Delay analysis

The Linear Approximation of the start service probability 7; requires the server
utilization p. In the following sections, we first show how to obtain the p from
conditional moment of service time E[T;] and analyze the delay on different server

variations, which is verified by simulations.

Moments of service time

In Section 4.3.1, we show that the closed form expressions of the first and second

conditional moments of service time, E[T;] and £ [TJZ], are derived from (4.40) as

ElTy] :Ai + B[T] (4.852)
Hs _As
BT =~ + iy (pa T 1) = 5 (4.85D)

He ,uc()\c + pe + Ms)

1 s
E|\Ty| = + E|T 4.85¢
[ 2] 2(,“0 + Ns) e + s [ 1] ( )

and

E[T?] :2%E[To] + E[T?] (4.86a)
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Figure 4.3: Mean service time of three-state queueing model for different arrival

rates with different state transition factor 8

_ e T s Hs As
E[T?] ST G ——— (As B[Ty] + B[N + 57— R E[Tg]) (4.86b)
B[T2 ——— B[] + — By (4.86¢)

Mc + ,Us :LLC + :u‘s
Then the first and second moments, E[T]| and E[T?], of the service time of the

three-state Markov modulated queueing model is obtained from (4.39) as:

2
E[T) =) #E[T}), (4.87a)
j=0
2
E[T?] =) #E[T}],. (4.87h)
j=0

The first and second moments of service time calculated from our Linear approxi-
mately start-service probability fits the simulation results as shown in Fig. 4.3 and

Fig. 4.4. The arrival rate A, cannot exceed the channel capacity ji for the stability of
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Figure 4.4: The second moment of service time of three-state queueing model

for different arrival rates with different state transition factor g

queueing system. As depicted in Fig. 3.11, a relative smaller state transition factor
corresponds to a smaller F[T] and Z;:O E[T;](m;j—m;) which is essential to the mean
waiting time as shown later in (4.91). We know from (4.69) that Z}:o E[Tjn; is
the first moment of service time when . approaches 0, and the lower bound (0.1538
in Fig. 4.3) is given by Z;:OE[Tj}nj = 1/t when A, approaches oco. It is obvious
that the first moment of service time E[T] is bounded by i < ET] < Zjl':o E[T}|n;.
The second moments of service time diverge from each other for different start tran-
sition factor 8 and will not converge to the same lower bound as the arrival rate A.

increases.
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Server utilization p
The server utilization p is derived from the Little’s Law, given as
p = AE[T]. (4.88)

With the Linear Approximation 7; given in (4.84), we have the mean service time

from (4.39), as

3
E[T| =) E[T)|%;
j=0
3 3
1—0p A
vl DL ey w2 O} BT DR
ActAs 7=0 =0
3
L—p Ae 1
=T | 2Bl - mE[T] | +p= (4.89)
vl DO
1- Aot s ] =0 )\c + )\3 I

where Y3, BIT,ln; = 1/
Solving the joint equations (4.88) and (4.89) for p with , we get an approximation

of the server utilization
3 c
i (X0 BTl — s moElT))

3 c
t e (Eh BT, — x2smoBIT]) -

(4.90)

==

Mean queue length

From Theorem 4.50, the mean waiting time of the three-state Markov modulated

queue model is approximately given by

2BIT] + 115 37 BT (n; — #;
— il 1512]_;10 T} — 7). (4.01)
TR

The generalized P-K formula explicitly expresses the impact of the state transition
factor on the performance of wireless channels. For a given fixed channel capacity

i1, the generalized P-K formula (4.91) reveals that the mean waiting time is greatly
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Figure 4.5: Mean queue length of three-state queueing model and M/G/1 for

different arrival rates with with different state transition factor

affected by the state transition factor 5. This point is illustrated in Fig. 4.5 by the

following mean queue length for different 5:
L=X(E[T)+W)

Similarly as the results obtained in two-state Markov channel, both analytical and
simulation results show that this mean queue length of M/MMSP/1 with three-state
Markov channel is very sensitive to the state transition factor 8. When 8 — 1, the
mean queue length is dominated by the term ﬁ Z?:o E[T;)(mj—7;). When 8 — 0,

the mean queue length is approximately given by

% E[T|
W = i

which is close to the mean waiting time of an M/G/1 queue with mean service time

.
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4.5 Peer-to-peer Systems

A general P2P queueing model is proposed by Li et al. [27], where the system has
independent Poisson job and server arrivals (with rates A, and \s respectively), and
independent exponentially-distributed job service time and server life time (with
rates . per server and pus respectively). Perel and Yechiali [37] analyze a similar
queueing systems of Markov models with applications in computer networks, where
the system is comprised of two connected M/M/ — /— type queues with customers
of one queue act as servers for the other queue.

In this section, we apply our generalized Pollaczek-Khinchin formula methods
to study the Markovian queueing model proposed in [27,37]. We show that the
relationship between server dynamics and waiting time can be characterized by the

state transition factor f3.

4.5.1 Model description

Here we reproduce the P2P queueing model proposed by [27,37], as: The system
has independent Poisson job and server arrivals (with rates A, and As respectively),
and independent exponentially-distributed job service time and server life time (with
rates p. per server and pus respectively). The service policy allows only one job in
the queue to get served by all servers simultaneously with a First Come First Service
(FCFS) manner. Let n.(t) and ns(t) are the number of jobs and servers in the system
at time ¢ respectively. Then the process {n.(t),ns(t)} is a two-dimension birth-death
process with a infinite state space {(¢,7),i =0,1,2,...,5 =0,1,2, ..., N}. The server
number ng(t) is limited by N, because in a real network system the service rate is
constrained by downlink capacity limitation of end users. At any time t, a job will be
served with rate ngs(t)u.. The server arrival and depart processes are independent

on the number of job process in the system and can be studied by an M /M /oo
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Figure 4.6: Steady-state rate transition diagram for P2P model

process. We model the queueing system of this p2p system as M/MMSP/1 and
the corresponding steady-state rate transition diagram is shown in Fig. 4.6. The

steady state probabilities of the M /MM SP/1 are defined by:
pij = im Princ(t) = i,ns(t) = j}, (4.92)

where : = 0,1,2,... and j = 0,1, ..., N. Thus, the probability that there are i packets

in the system in steady state is given by:

.Pi = Zpi7j' (493)
j=0
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The set of balance equations is given by

()\c + /\s)po,o = HsPo,1 (494&)
()\c + )\s)pi,O = )\cpi—l,O + WsPil (4.94]3)
(Ae+ s+ d1s)poj = Aspoj—1 + (J + 1) fespoj1 + Jiepr,j (4.94¢)

(A + As + dps + Jpee)pij = AsPij—1 + Acbi—1j + (J + 1) pesPij1 + JleDit1,

(4.94d)
(Ae + Nps)po.ny = Aspo,n—1 + Npep1, v (4.94e)
(Ae + Nps + Npie)pi N = AsDiN—1 + AePi—1,N + Npepit1,n (4.94f)

i=1,2,3,...,7=12.,N—1.

Let 7; be the probability that system is in state j (there are j servers in the system),

we have

= me. (4.95)
=0

From the rate transition diagram shown in Fig. 4.6, the balance equation with

respect to the dashed line cut 1 is
Asmy = (J + Dpsmjta, (4.96)

for all 7 =0,1,2,..., N. With Zév m; = 1, m; can be solved and given as

— — S
mo=e€ " and mj=e psej—',

(4.97)

where ps = A\s/ps. For convenience, we have assumed a large N such that 7y — 0
in the following analysis. If N is a comparative small number and 75 can not be
ignored, we only need to add a normalization constant to 7; given in (4.97). (4.97)
is the probability distribution for M /M /oo process. The average number of servers

E[Lg] in the P2P system is

E[LJ] =) jmj = ps. (4.98)
=0



CHAPTER 4. 76

The balance equation with respect to the dashed line cut 2 is

N
AP = ZJVCPH—LJ‘, (4.99)
7=0
for all © = 0,1,2,.... Sum all these equations together over i, we get
oo 00 00
Ae = Z Zjucpiﬂ,j = He Zj(ﬂj — Poj)- (4.100)
i=0 j=0 =0

The left hand side of (4.100) means the net input mean arrival rate, while the right
hand side is the system throughput (the mean number of jobs served by this P2P

system per unit time). Substituting (4.98) into (4.100), it yields
o0
pe=ps = Poj- (4.101)
§=0
For steady state, all the probabilities p; ; should be positive. Then, we can deduce
from (4.101) that the following relation must hold:

Pe < Ps, (4.102)

which is the necessary condition for system stability. [27] shows it is also the sufficient

condition.

4.5.2 Start-service probability

With respect to the general M /M M SP/1 model we proposed in Section 4.1, for the
p2p queueing system we have A = A¢, pj = jpe, fjj+1 = As and fj ;1 = jus. the

infinitesimal generator matrix @ is given by

—As s 0 0 0 0
fs  —As — [hs As 0 0 0
Q- 0 25 — g f 25 As 0 0
: 0
0 0 0 (N=Dps —As = (N =Dps  As
0 0 0 0 N, — Ny,
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The probabilities related to start-service probability 7; of M/MMSP/1 are listed

as following;:

o T = e‘psg’.—%. And the channel capacity
N
=" Tty = st (4.104)
§=0

e 7; = the probability that an HOL packet’s start-service state is in channel

state 7, for j =0,1,2,..., N. And its two extreme cases

j when A\, — 0
= - in; (4.105)
nj = 72?,:]0 :rj”j = p—; when \. — 00

e P{j'|j} = the probability that a packet starts the service in channel state
j and finishes the service in channel state j'. We denote the corresponding

matrix, called state transition matrix Q in this paper, as

p{ojo} P{o|1} --- P{O|N}
o= | PO PO PO 106,
P{N|0} P{N|1} --- P{N|N}
State transition factor
The diagonal matrix D of the p2p queueing system is
D = diag(0, ptc, 2/t -y Nptc). (4.107)

From (4.13), we have the matrix M, as

M=D-Q-=
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As —As 0 0 0
—ls  As s + e As 0 0
0 —2/g As +2(ps + pe) —As 0
0 0 0 SN =gy s+ (N = 1) (s + )
0 0 0 0 —Nps
(4.108)
Then the state transition matrix @ is given by (4.18)
Q=DmMmT) L. (4.109)

If we write down the eigenvalues of Q as 1 = & > |&| > || > [&] > -+ > |En].

From (4.35), we have the state transition factor

B =& (4.110)

and an approximation of 7;(i,m), as

#j(i,m) =~ ™ (7;(4,0) — ;) + nj. (4.111)

Start service probability

The Theorem 4.1 provides expressions to calculate exact value of the start service
probability. However, the initial channel state probability 7T](-0) which is essential
to compute the start service probability 7; is unknown variables. It could only be
calculated by resorting to the Matrix Geometric Method in the literature. Hence,
we seek some simple approximations to compute 7;. The Linear Approximation
method proposed in Section 4.4.2 is the simplest among all possible approximations
but only suitable for small ps. If p tends to be large, e.g. p = 500, then the mean

service time will always be a number close to 1/500u, with little variations. That is

p is approximately a linear function of the arrival rate A.. However, the start service
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probability is not linear with A.. Besides the Linear Approximation method, here
we introduce the Cumulative Distribution Function (CDF) Approximation, which
is applicable to different values of ps, especially when p; is large, such as ps > 100.

A comparison of the two approximations is provided in Section 4.5.3.

e Linear Approzimation. [32] shows that simple expressions of 7; can be ob-
tained under two extreme cases as shown in (4.105): 7; = m; when A\, — 0
and 7; = n; when A\, — oo. We take an linear approximation that if a packet
arrives when system is idle (with probability 1 — p), it will start its service
in state j with probability 7;; if a packet arrives when system is busy (with

probability p), it will start its service in state j with probability n;. That is
7j~ (1 —p)mj+pn;, forj=1,2,.., N (4.112)

Because there is no service rate in channel state j = 0, a packet will start its

service in state j = 0 only if it arrives in state 0 while system is idle. That is
Tj = P00, (4.113)

which could be confirmed from (4.109) since the first element of D is 0. In
order to handle the special case when j = 0, we have to introduce another

approximation
po; ~ Cj(1 —p)mj, forj=1,2,..,N, (4.114)

where C} is a normalization constant decided by

N
L—p=" po;. (4.115)
j=0

If the arrival rate A\ — 0, there is no packet in the system. It follows pg ; — 7;
and p — 0, which is (4.114); If the arrival rate A, — oo, both pg; and 1 — p

tends to be 0, as pp; — 0 and p — 1. The left and right sides of (4.114) are
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balanced. From (4.94a), (4.115) and (4.114), we have

As
Cj(l - p)ﬂ'l = )\C T )\st(l - p)ﬂ’o. (4.116)

~ s
Po,o =~ Mo A

For simplicity we assume that all C; have the same value, which gives the

following one possible approximation of pg ;, as

(4.117)
Po,j = +(1 - p)ﬂ-] for .] = 1727 "'7N7

T Xetxs 10

By combining (4.112) and (4.117), we finally establish the Linear Approxima-

tion of the start service probability

1—52e—
o = === (1= p)mo
Act+As (4.118)
;= _+(1 —p)mj +pn;, forj=1,2,...,N
=%

where the server utilization p is analyzed during service time analysis in Sec-

tion 4.5.3.

e Cumulative Distribution Function (CDF) Approzimation. The steady state

probabilities

are discrete variables. Define a continuous function based on the distribution

of m;, as

flz) = e_psé. (4.119)

z!

It is the probability dense function of the channel state if the channel state
changes continuously with x instead of j. Define the cumulative distribution

function (CDF)

P = [ s,
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and a variable

(4.120)

All those packets arriving into the system are approximately divided into two
groups: 1 —+ of them start their service in channel state j with probability 7;
and 7 of them start service in channel state j with probability 7;. To derive
the approximation of the start service probability & based on ~ is similar to
the ones conducted in the Linear Approximation, except that we replace the

p by v.That is
;= (1 —~)mj+9m;, forj=1,2,..., N (4.121)

The channel state j = 0 in which there is no service rate should also be handled
separately. A packet will start its service in state j = 0 only if it arrives in

state 0 while system is idle.
’f(j = po,o, (4.122)

which could be confirmed from (4.109) since the first element of D is 0. In
order to handle the special case when j = 0, we have to introduce another

approximation
po,; ~ Ci(1 —~)mj, forj=1,2,...,N, (4.123)

where C} is a normalization constant decided by

N
L=y =) po, (4.124)
=0

If the arrival rate A\ — 0, there is no packet in the system. It follows pg ; — 7;
and v — 0, which is (4.123); If the arrival rate A\, — oo, both pp; and 1 —~
tends to be 0, as pp; — 0 and v — 1. The left and right sides of (4.123) are
balanced. From (4.94a), (4.124) and (4.123), we have

As
Ae + As

Poo R~ Cy(1 — y)my = Cj(1 = y)mo. (4.125)

Ae + As
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For simplicity we assume that all C; have the same value, which gives the

following one possible approximation of pg ;, as

As
P0,0 & ﬁ(l — )70
Rt v (4.126)
Po,j ~ — L (1- y)m; for j=1,2,...,N,

__Ac
=535

By combining (4.121) and (4.126), we establish the CDF approximation of the

start service probability

Ac

1_7
o = 52 (1 = )mo
Xe+Ag 10 (4.127)
;= #(l —y)m; +9m;, forj=1,2,.. N
L v vl

4.5.3 Delay analysis

The Linear Approximation of the start service probability 7; requires the server
utilization p. In the following sections, we provide reasonable expressions of E[T}]
and show how to obtain the p from conditional moment of service time E[T}]. The

delay on different server variations are discussed, which is verified by simulations.

Moments of service time

In Section 4.3.1, we show that the first moments of service time E[T}] could be
obtained from (4.40a), which requires solving the reverse of the matrix M. However,
we are trying to provide expressions of interested performance metrics with physical
interpretations on system parameters throughout our analysis. We state a theorem

to obtain the moments of service time in series expansions.

Theorem 4.4. The first and second moments of service time conditional on the

channel state being j at the beginning of service, are given by

E[To] = 1]

E[T;
s

T+
s

1o L Ry TR R 7 L (mstAs | GuE—BAeps 4 643
BITj] Gue T3 +j3< T c>+j4< w2 T nd +u‘é>+

(4.128a)
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B[T§] = £ B[Ty] + B[T7]

6 1 (8Sus—6Xs |, 22u2
E[T?] = -2 Dbt f(i Zhe
[J] VR LI T we - % T

(4.128D)

forj=1,2,3,...,N.

The prove of the Theorem 4.4 is provided by Prof. Tony LEE, as detailed in

Appendix B. The simplified approximations with only the first-order component are

given by:
E[Ty] = + + E[T;
(o] = 5, + EIT) (4.129a)
ElT;] = Jllt
E[T? = L E[T,| + E[T?
[ 0] s [ 0] [ 1] (4.129D)
BT} = 7,2

for j =1,2,3,..., N. Numerical results show that there are little differences between
the full series expansion (4.128) and the first-order approximation (4.129). The

latter is enough for this p2p model, which is adapted in the following simulations.

Server utilization p

The server utilization p is derived from the Little’s Law, given as
p = AE[T]. (4.130)

With the Linear Approximation 7; given in (4.118), we have the mean service time

from (4.39), as

BT =Y BT )4,

J=0
1—0p ol A al
S v > E[T)|m; - 3 J:A mE[T)] | +p > E[T)]n;
- )\c+)\5 7T0 j:() ¢ s JZO
N
1—p Ae 1
= ET;|nj — ————moE|Th) | + p= 4.131
1 )\c)jﬁ)\s’ﬂ'o ‘YZO [ ]] J )\c"_)\s 0 [ 0] p,LL ( )
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Figure 4.7: Mean queue length of p2p queueing model and M /G/1 for different

arrival rates with different state transition factor

N .
where Y2 o E[Tyln; = 1/
Solving the joint equations (4.130) and (4.89) for p with , we get an approxima-

tion of the server utilization
1 N A
e (Z o BT, — 32 mo Bl

N c
A% + 1 : (Zj:OE[Tj]Wj - Ac):ms ”OE[TOD -

(4.132)

=

Mean queue length

From Theorem 4.50, the mean waiting time of the p2p queue model is approximately

given by
A 1 N .
“BT|+ 75 o E\Tj](mj — 7;
o EE ol E B = ) s
1—=2¢
[

The generalized P-K formula explicitly expresses the impact of the state transition

factor on the performance of wireless channels. For a given fixed channel capacity
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i1, the generalized P-K formula (4.133) reveals that the mean waiting time is greatly
affected by the state transition factor 5. This point is illustrated in Fig. 4.7 by the

following mean queue length for different 5:
L=MX(E[T+ \W)

With the assumption that the number of channel state N — 0, we fix the p; = 0,
and adjust the value A\g and ps proportionally to form several systems with different
server dynamics [27]. Both analytical and simulation results show that this mean
queue length of M/MMSP/1 is very sensitive to the state transition factor 5. When
B — 1, the mean queue length is dominated by the term ﬁ Z;V:o E[T}|(mj — 7j).

When S — 0, the mean queue length is approximately given by

% BT
W = o
i

which is close to the mean waiting time of an M/G/1 queue with mean service time
1. Our state transition factor and the generalized P-K formula can well explain that
observation that a job would spend less time in systems with high server dynam-
ics than in systems with low server dynamics conditional on fixed average service
capacity [27].

The mean queue lengths (4.133) with respect to different approximations of the
start-service probability 7; when p, = 200 are shown in Fig. 4.8. The Linear Ap-
proximation failed to predict the mean queue length while the CDF Approximation
fits the simulation results well. Because the Linear Approximation (4.112) is a func-
tion of the server utilization p. For large ps, the mean service time is almost a
constant, as shown in Fig. 4.9. It follows that ps is a linear function of the arrival
rate A., which appears as a linear mean service time in Fig. 4.9. However, the mean

waiting time is not linearly decreasing with the increasing of ..
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Chapter 5

Summary and Future works

In this chapter, we will first summarize the main achievements of this dissertation
which based on the proposed generalized Pollaczek-Khinchin formula to analyze the
queueing systems with Markov modulated service process. We hope this methodol-
ogy can be extended to more general queueing systems, which can be considered as

the future directions of our work.

5.1 Contribution Summary

In this dissertation, we concentrated on the performance analysis of the wireless
channel by modeling the channel as a Markov modulated service process (MMSP).
The main contribution is to characterize the performance of the M/MMSP/1 queue
by introducing the sate transition factor §, which indicates how fast the channel
state changes in comparison with service rates. From the generalized P-K formula
for the M/MMSP/1 queue derived by using the start-service probability, we show
that the queueing delay is very sensitive to this state transition factor 5. When this
factor is close to 1, the queueing delay of the wireless channel becomes extremely

large. On the other hand, the performance of the M/MMSP/1 queueing system can
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be approximated by an M/G/1 queue when this factor j is close to 0.

We derived the exact expressions of those performance metrics for Markov chan-
nels with two states, by taking an ideal Type I Hybrid ARQ scheme as an example.
We illustrate the procedure to obtain the service rate in each channel state and
model the queueing system as an M/MMSP/1/K queue. We first derive the closed-
from expressions of buffer overflow probability and queueing delay from conditional
generating functions. A simple expression of state transition factor g is derived and
closed-form expressions of start-service probabilities are provided. The closed-form
expression of the generalized P-K formula method is derived based on finite buffer
capacity.

We extend our generalized P-K formula for Markov channel with two-state to
Markov modulated service process (MMSP) with finite-state. The definitions of the
start-service probability and the state transition factor are well established, and an
approximation of the generalized P-K formula for mean waiting time is derived. For a
special three-state Markov channel with no service rate in one of the three states, we
show that a simple closed-form expression of the state transition factor is available.
We provide a Linear Approximation method to approximately estimate the start
service probability. With the approximate start service probability, the generalized
P-K formula provides a good approximation to the mean waiting time, as shown by
simulations. For Markov channels with large number of states, we illustrate our work
through a general model in peer-to-peer systems. Besides the Linear Approximation
method for channels with small number of states, we propose a CDF Approximation
method to approximately calculate the start service probability for channels with
large number of states. Our generalized P-K formula is a good approximation of the

mean queue length of the P2P model, as verified by simulations.
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5.2 Future Work

In this dissertation, we have established the generalized Pollaczek-Khinchin formula
method to analyze the queueing systems with Markov modulated service process.
Throughout those listed examples we most concerned, the Markovian service state
could only change to its neighbor states. However, our derivations of the state
transition factor, start-service probability, conditional moments of service time and
the generalized P-K formula are still valid if the channel is allowed to jump to any
random state. The closed-from expressions of delay and the state transition factor
are obtained under the assumptions of Poisson arrivals and exponentially distributed
service time. Hence, extending this approach to general queueing models, such as
with renewal arrival process and generally distributed service time, will be our future
directions.

We have proposed two methods, the Linear Approximation and the CDF Ap-
proximation, to approximate the start-service probability for Markov channels with
small number and large number of states separately. A general approximation for
start-service probability is expected to fit all Markov channels.

The analysis curves shown in Fig. 4.7 are a little higher than those simulation
curves. Because the state transition factor is defined as the second largest eigenvalue
of the state transition matrix Q and those contributions of other eigenvalues on the
generalized P-K formula are ignored. Just like the large-deviation approximation
[9,19,32] for buffer overflow probability as we shown in Fig. 3.4 with a = P{X (c0) >
0}. We expect an adjustment constant on the approximate generalized P-K formula,
similar to the asymptotic constant in large-deviation approximation, to provide a
more accurate mean waiting time.

We do believe that the generalized Pollaczek-Khinchin formula for Markov chan-

nels is a compliment of the finite-state Markov channel model proposed by Wang
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and Moayeri [50] which will benefit the queueing analysis of system models based
on [50]; and the state transition factor is essential to characterize the performance of
communication systems over Markov channels which will bring convenience to the

design of different communication systems when the delay is considered.



Appendix A

Two-state Markov Channel with
No Service Rate in Bad State

Here we study the two-state Markov channel with one of its service rate is 0. We
derive the interested performance metrics with different methods and show that it

is consistat with our general two-state model analyzed in Chapter 3.

A.1 Model Discription

For a fixed service rate (when the channel is in Good state), the corresponding service
rate distribute exponentially with parameter pg. There is no service rate when the
channel is in Bad state. That is u; = 0. Figure A.1 shows the state rate transition
diagram of M/MMSP/1/K with p; = 0, from which we derive the following set of

Kolmogorov forward equations

(A+ fo)po,o = fipo1 + pop1o (A.1a)
(A+ f1)po,1 = fopo, (A.1b)
(A + fo+ po)pio = fipi1 + Api—1,0 + HoPi+1,0 (A.lc)
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A
0,0
o
fol | fa
0,1 A

Figure A.1: Rate transition diagram with finite waiting rooms K and p; = 0

(A+ fU)pia = fopio + Api—1,1 (A.1d)
(fo + MO)pK,O = flpK,1 + /\pK_Lo (A.le)
Jipk1 = fopk,o + ApK—1,1. (A.1f)

forall i =1,2,..., K — 1. From the rate transition diagram shown in figure A.1, the

balance equation with respect to the dashed line cut is given by
A(Pio +Pii) = [oPi+1,0 (A.2)
for all i = 0,1,2,..., K — 1. Summing (A.2) over i, we obtain
AL = Pr) = pio(mo — po,o)- (A.3)
Corresponding to (3.7), the system capacity when p; = 0 is given by
fi = mopo, (A.4)

which is the average serve rate when the system is always busy. Then (A.3) can be

rewritten as i1 — X = popo 0.
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A.2 Generating Functions

The system generating function

i=K
G(z) =Y 2P, |2|<1,j=0,1
=0

is obtained by applying p1 = 0 to (3.11) as follows
G(2) = == ((AA =)+ fo+ f1) (7= A1 = P))
A (uoprea(1=2) = A1 = 2) + fo+ f)Px2) ). (A5)
where
9(z) = X2 = XA+ fo+ f + 1)z + po(A + fr)-

The function g(z) in the denominator processes two roots z; and zy (21 < z2 by

default), as

_ A fo+ fi+uo+ VA + fo+ fi + po)? — dpo(A + f1)

21
2\
by At fo+ fi+po— vV N+ fo+ fi+ 10)2 — dpo(A + f1)
N 2\

After extensive mathematical development, it turns out that both z; and zo are
larger than 1 under the system stability condition A < fi. Otherwise, rearrange the

function g(z) as

9(2) = AAz = po)(z = 1) = (Az = @) (fo + f1)- (A.6)

It follows that the both of the roots of g(z) locate at the two points of intersections

of the following two curves, as plotted in Fig. A.2:

y1(2) = AAz —po)(z — 1)

and

y2(2) = Az = @1)(fo + f1)-
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A

Y2

Y1

>

Figure A.2: z; and 2, locate at the three points of intersections of y; and ys.

For positive A\, uo, fo and fi, the following relationship always holds under the

system stability condition A < ji:

K Ho
1<21<>\<)\<22. (A7)

A.3 Buffer overflow probabilities

In the following we show an alternative method to obtain the blocking probability
of the finite queueing systems based on the probabilities of queueing systems with

infinite waiting rooms.



CHAPTER A. 95

A.3.1 Infinite waiting rooms

Taking the limit K — oo in (A.5), we obtain the generating function for system

with infinite waiting rooms as follows:

“Aa=Nz+ A+ fo+ f)A—N)

G(z) = . A8
(2) A222 = XA+ fo+ fi + po)z + po(A + f1) (A.8)

The probability that there are ¢ packets in the system
Pi=Az'+ Bz, i=0,1,2,.. (A.9)

can be obtained from G(z) expressed as follows:

A B

= 1 —1_
1—2"2 1—25"2

G(z)

where A and B can be easily derived from (A.8), as following

A L_)\ Zl_l <@—2’2>

A Z1 — %9 A
~ -1
p=A 2z (Mo )
B=E_C= Bo_ ).
A zZ9 — 21 A “1

More specifically, we could express both parameters A and B in forms of channel

model parameters

mu+ﬁ—m—u+m+hf>

VO fo+ fi+p0)2 —dpo(A + f1)
M+h+ﬁf—m@+ﬁ—h))_

VOt fo+ fi +p0)2 = 4uo(A + f1)

()\+f0+f1+

B:(ﬁ_)\()\+fo+f1+

Taking the inverse z-transform of G(z), we get (A.9). It follows that the following

probabilities p; o and p;; can be calculated from (A.9) along with (3.3) and (A.2):
A ;A ~
pip = —Az '+ =Bz (A.10a)
Ho Ho

A A A ,
pin=(1——2)Az;"+ (1 — —29)Bz" (A.10b)
Ho Ho
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The server utilization is given as follows:

B A X+ fo+ fitpo—
p=1—Py= 2 .
Ho A+ fi

For system to be stable, the server utilization must satisfy p < 1. From (A.11), the

(A.11)

stable condition implies A < fi. It is the system stability condition for the infinite

queue and it is why f is defined as the system capacity.

A.3.2 Finite buffer capacity K

An arriving packet will be blocked if there are K packets in the system. The following

theorem gives the blocking probability.

Theorem A.l. For finite queueing system with K waiting rooms, the blocking prob-

ability is given by
Py =——— (A.12)

where

o AK B K .

1—27 L - 2y !
Proof. Comparing the balance equations of both finite and infinite queueing systems,
the first K — 1 equations are the same. Hence, we assume the ratios between the

first K — 1 state probabilities are constant. Then the first K — 1 state probabilities

can be expressed as

1 /A DY .
i0 = — Azl_’—l—le_Z) A.13
Bi0 So <M0 ! po 2 ( )
1 A : A .
i1=— | (1 ——2z)Az7"+(1 - —2 Bz_’> A.14
pa=g (0= 2aas+ (- 2a)ps; (A14)

i=0,1,2,., K —1,

where Sy is a normalization constant. For the state (K,0), probabilities should

satisfy (A.2) when i =K — 1,

APr-10+PK-1,1) = HOPK 0,
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which yields
1
PK,0=<>\A1K+>\BZ ) (A.15)
So \ ko @
For the state (K, 1), the balance equation (A.1f) gives

1
PK,1 = jT (fork,0 + APr—1,1)

A
1K
" Soft <f0< Az +

Bz > +A <(1 - :zl)Az%K +(1- )\ZQ)BZ%K>>
0

Ho

A - _—
— SoFusio ((fo + po — )\z1)Az% + (fo + po — )\Zz)Bz% K)
1 b\ A A\
= 1+ ) (1= =) Az " + (1= =2)B " ). Al
So( + fl) (( MOZl) 2+ ( MOZQ) 25 > (A.16)

The normalization constant Sy is determined from the property that the sum-

mation of all the probabilities goes to unity:

K

Z(pz‘,o +pia) =1. (A.17)
i=0

We have all the probabilities in state j = 0 from (A.13) and (A.15), as

K+1 —(14K
Z LAy <1_21(+))+Bzz(1_22(+)>
plo_SoMo 1—2t 1— 2"
-K K
L h A AaT Bl (A.18)
So\fot+tfi po\l1—2"" 1-2

and all the probabilities in state j = 1 from (A.14) and (A.16)
K K1
sz',l = Z Pig tPKA
i=0 i=0

1 A 1— 27K A 1— 2K
= Q- A—2L— + (1 - Zz)B—2—
So <( o v 1—21_1 ( o 2) 1—22_1

A
fi ((fo + po — Az1) Azt 4 (fo 4 po — AZQ)BZ%_K>
Mo [ AK n Bzy &
f0+f1 Cpofi \1— 1=t

?
Ji K
7 ZO (A.19)
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Substituting (A.18) and (A.19) into (A.17), we have

K -K -K
1 fot+ f1i A Azl B,2’2
Y (i +pin) = [1- = +
(p ,0 p ,1) SO < fl < 1 1— 22—1

‘=0 o \ 1 — 2z

which results in

fi o \1—2' 11—zt
K K
:1_5 Az Bz,
s l—zl_l 1—,22_1

The blocking probability that packets arriving when there are K packets in the

system is given by

P =pko + pr,1

! A A ~K A A Lk

To simplify the expression of Pp, we need the following equations:

A A a-x 1
1+—1-—z)=——. A.2la
fl( 1o 2 foo1—zt ( )
A A p—X 1
1+ —(1——2)=—7———. A.21b
fl( 1o 2) fo1—zyt ( )
Substituting (A.4) into (A.21a), we have
pofi = Afo+f1) 1
+ Mg — N2z1) = , A.22
po f1 (o1 4 Ano ) o f1 127t ( )
Reorganizing (A.22), it gives
Nz — AN+ po+ fo+ f1) + oA+ fi)zy " =0. (A.23)

Please note that (A.23) always holds since z; is one of the two roots of g(z). Similarly,
(A.21D) is derived since 23 is the other root of g(z). Substituting both (A.21a) and
(A.21Db) into (A.20), we have (A.12). O
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A.3.3 Large-deviation approximation

K

The blocking probability Pk is a combination of two exponential series z; and

zz_K. Since 0 < 22_1 < ANp < 21_1 as shown in Fig. A.2, Sy is dominated by zl_K for

large K (approximately > 10), or specifically, we have Sy ~ A

-K
L Tt follows that
1—2;

K can be approximately given by

n <é + LA%) + In—A
K~—t P E L (A.24)
Inzy

In practice, the lagging bound can be approximately determined by expression (A.24)

for a given blocking probability.

A.4 Delay analysis

Comparing infinite and finite queueing systems, the only difference is the net arrival
rate changing from A to \'. Hence, the server utilization p for finite queueing system
can be obtained by replacing A in (A.11) by A. Let E(T) be the mean service time

of the system. From Little’s Law, p = N E(T'), we have

Nt fotfitpo—f
E(T) = to(N + f1)

The mean number of packets in the system (the mean queue length) L =

S2=KiP; can be derived from (A.5) and given as follows:

M1 = (K+1)Pg) (1 —=pra)Ao — i
i = A (fot+ fo)(a—A) "

where pg 1 is given in (A.16). From Little’s Law, we obtain the following expression

L=

of mean waiting time:

L XN+ fo+ fi+po—p

Ry o + f1)

The service time is the time that starts from the moment packet is at the head

of the queue till the service is finished. For those packets arrived when the server
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is idle and the channel state is Bad, we include the time between the arrival and
the channel state changes to Good in their service time. However, this interval is

considered as waiting time in [59].

A.5 Consistency with M/MMSP/1/K

The two-state system with no service rate in Bad state is a special case of the
M/MMSP/1/K system previously analyzed in 3.2, by replacing p; = 0. Similarly,
the steady state probabilities can be obtained by taking the inverse z-transform of
the generating function G(z). The function in the denominator of the generating
function, g(z) in (A.6), is consistent with the one in (3.10), if we consider the third
root of (3.10) to be zero, as zp = 0. If the service rate at bad state reduces to zero,
we will have zg = 0. Then the probability that there are ¢ packets in the system is

given by

Az{"+ Bzy" fori=0,1,..,K—1
P = (A.25)

Az"+ Bz '+ C fori=K

The expression of the buffer overflow probability (when i = K) is different from
other ones (when 0 < i < K — 1). There exists an additional component C' in Pk

and this agrees with [20]’s work.

A.6 Numerical and simulation results

For all simulations presented in this paper, packets arrive according to Poisson
process with parameter A and we generate a large enough number of arriving packets
to make sure that the system reaches steady state. The wireless channel changes
between two states Good and Bad alternatively with parameters fo = 0.002 and

f1 = 0.02 respectively.
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Figure A.3: Blocking probability with lagging bound K = 20

We first consider the case of channels with constant lagging bound K. If there
are K packets in the system including the one in service upon the arrival of a packet,
then the packet will be blocked. The mean system service rate at Good state is 2.
The total time that the channel is in Good state (with probability 7o = 10/11) is 10
times longer than that of the Bad state (with probability 73 = 1/11), from which
the system capacity should be 1 = 1.82.

Figure A.3 shows the corresponding blocking probability curve versus A. Our
analysis is confirmed by the simulation results. In general, the blocking probability
increase with respect to A and in the practical range 0 < A < fi of interest, Pk
increases slowly.

Figure A.4 shows the blocking probabilities at different lagging bounds and arrive
rates. All other parameters remain the same as before. When A < fi, the blocking
probability will decrease to 0 if given large enough lagging bound K. On the other

hand, the blocking probability always exists for any K when A > . At this time,
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Figure A.4: Blocking probabilities at different K and .

the blocking probability will decrease to 1 — fi/A when K goes to infinity.



Appendix B

Series expansions of service

time Moments in P2P model

We derive the expressions of the conditional first and second moments of service

time, E[T}] and E[Tj?], given that the number of server at the beginning of the

service is j, by serial expansion.

B.1 First moment of service time

We have the conditional first moment of service time E[T}] from (4.42) as

(As +Jps + jpe) E[Tj] = 14+ NE[Tj1] + jus E[Tj ).

Applying the following Taylor series approximations to (B.1)

dE(T; dE[T:
E[Tj+1] ~ E[TJ] + d[j] and E[Tj,ﬂ ~ E[Tj] . [ J]’
lj d
we have
. (dRE|T.
JeE[T;) =14+ (Ns — jps) d[j il

103

(B.1)

(B.2)
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When j = 1, the combination of (B.2 and (B.3) yields:
peB[Th] = 1+ (As — ps) (E[T] — E[T1]). (B.4)
Also (B.1) becomes
(As + jtts + j1) BT = 1+ A E[T3] + jus E[To] (B.5)

If there is no server available at the beginning of the service, j = 0, then the mean

service time is given by:

BITy] = 5 + EITi]. (B.6)

s

Solving (B.4 ), (B.5) and (B.6) simultaneously, we have

Hs + fe
E[Ty] = B.7
(1) =25 (B.72)
E[Ty] = Hs (B.7b)
Asthe
E[T] :“;_M“C (B.7¢)

From (B.1) and (B.7), we can recursively calculate E[T}],j = 3,4, ..., N. For large
7, the conditional mean service time can also be obtained by the series expansion:
N
BIT] =3~ 5
k=1
The coefficients 74, in the above series are the solution of a set of linear equations.

We need the following identities to establish those equations:

1 1 1 _1(1 L, 1. >
j+1 G\1+5) J i3t
111 1
= =4+ = — — 4+ B8a)
VA E A b |
SR (N N Y I R S
i—1 g\1=-1) 2P
11 1 1
VAR A A b
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1 d 1 2 3 4
-4 - _ T _ A 22 B.S
(j+1)? dnj+1 52 J3+J4 j5+ (B.8¢)
1 d 1 2 3 4
S T AT B.8d
(j—1)? dnj—1 32+J?’+J4+J5+ (B-8d)
1 1d 1 1 3 6 10 15
: = S T A B.8e
G+1)3 2dn(j+1)2 3 4755 46747 (B-8e)
1 1d 1 1 3 6 10 15
. =0T 3= 3t gt sttt (B.8f)
(G—13 2dn(j—1)2 g3 4755 467 47
1 1d 1 1 4 10 20 35
G+DI~ Bdn(j+1p 4 50 5158 (B-8¢)
1 1d 1 1 4 10 20 35
s S e B.8h
G-D' " Bdn(-1p i p @t (B-8h)
Substituting (B.8) into (B.1), we have
. 2 T3 T4
()‘ +]/Ls+]ﬂc)|:+].2+j3+j4+ :|
IO R
1 _ 2.3 _ 4,5 .
14 )\S +72 (F 53 + I 35 + 6 )
1 3 [§] 10 15
+T3(T3_T4+75_T+j - )
+ .
n(ttdrhrdekeo) |
J 21y
1,2 .3 45 ..
e +79 <j2 + 73 + I + e + e + ) (B.9)
s (B E+ S+ R+ 8+
_|_.

which holds for all j > 3. Comparing coefficients of (B.9),

set of equations:

71 (Ns + ,uc) =1+ T1ls

TiAs + T2 (,us + /~Lc) =TiAs + T1ls + Tolls

ToAs + T3 (,U's + Nc) = —T1As + Tos + T1fts + 2Topis + T3[Ls

7—3/\5 + 74 (:us + ,Uc) =TiAs — 272 s + 7—3As + Tips + 37’2,Us + 37‘3:“/3 + Tapls

we obtain the following

(B.10a)
(B.10b)
(B.10c¢)

(B.10d)
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Solving this set of linear equations (B.10), we obtain:
1
T =—
He
-
e
— X 2u2
T3 :Ms 2 z + MP’S
He He
s T As 6M§ — BAstts 6:“?
W= 5t 3 1
He He He
It follows that
1 1 —As 202\ 1 + X5, 6u2 —5A 63
E[T}] = — -l;sz 's(ﬂs 2 -+ Mss)"'-zl (MS 2 -+ = 3 SHS"’ lff T
Jbe  J7He ) He He J He He He

for j =3,4,5,.... N

B.2 Second moment of service time

From (4.43), the conditional second moment F [Tf] satisfies the following equation:

(As + s + jue) E[T?) = 2B[T3] + N E[T? ] + jus BT ]

Applying the following Taylor series approximations to (B.12)
dE[1?] dE[1?]

E[T? 1~ E[T?
(T3] [T5] + dj P

J J

and E[T} ]~ E[T}]

we have
dE[1?]
dj

When j = 1, the combination of (B.13 and (B.14) yields:

chE[TjZ] = QE[TJ] + ()\s - jﬂs)

neB[T?) 2 2B(T1] + (As — o) (E[T3] — E[T?]).
Also (B.12) becomes

(As + jpts + jpe) ETY] = 2E[T1] + A E[T5] + jus E[T3).

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)
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If there is no server available at the beginning of the service, j = 0, then the mean

service time is given by:

2 2E[TY]
E[Tg]:FJr 3

S

+ E[T}). (B.17)

Solving (B.15 ), (B.16) and (B.17) simultaneously, we have

2 2 202 — N2) 4 202 (s — A
B[f] =55 + 50 ps (2105 Ag+ Ho(fts = As) (B.18a)
s she sHsHe
202 — A2) 4 202 (s — A
E[T}] —taps SlJr 50(“5 o) (B.18b)
)‘SMSMC
202 — N2) 4+ 202 (ps — A 2 2
E[T3] —talps SZ+ 56(“5 ) _ — - s (B.18c)
)‘sus:uc )‘s )‘SIU’C
For large j, we can assume
> v
BT =% -F (B.19)
=2/

Substituting identities (B.19) into (B.12), we have

. . V2 U3 U4
(As + Jitts + Jpee) [2 +=+ 5+ ] (B.20)
A A
(i prdo)
tos (h-F+5-R+l-.)
=BT+ s J1 J4 io ]20 ;5 (B:21)
+v4<j—4—j—5+7—j—+j——---)
. —I_. -
v2<J%+j%+j%+J%+j%+ )
+v3(%+%+%+%+%+~-)
44 J J J J J . B.22
ol (e 10 20 s 222
\FFrptEtitET
- +. -

Comparing coefficients of (B.20), we obtain the following set of equations:

va (s + fe) = 271 + vopus (B.23a)

Vas + U3 (s + fe) = 272 + Vo g + 2v2pts + V3L (B.23b)
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108
Vs + U3 (s + phe) = 272 + Vo s + 2vap1s 4 V3 4Ls (B.23c)
v3As + Vg (s + fe) = 273 — 209 \s + V35 + Bvapis + 3U3fs + Vs (B.23d)
Solving this set of linear equations (B.23), we obtain:
2
vy =
e
U3 :6lus
i
(B =6 | 2202
It e
It follows that
2 6s 1 [8us—6As 2242
ET?—— + o= + - ( + =2 ) 4 B.25
& }]2.1@ e gt 1T (58.25)

. i
for j = 3,4,5,...N



Bibliography

1]

N. Akar, N. Oguz, and K. Sohraby. Matrix-geometric solutions of M/G/1-type
Markov chains: a unifying generalized state-space approach. Selected Areas in

Communications, IEEE Journal on, 16(5):626 —639, Jun. 1998.

L. Badia, M. Rossi, and M. Zorzi. SR ARQ packet delay statistics on Markov
channels in the presence of variable arrival rate. Wireless Communications,

IEEE Transactions on, 5(7):1639 —1644, Jul. 2006.

M. Baykal-Gursoy and W. Xiao. Stochastic decomposition in M /M /oo queues
with Markov modulated service rates. Queueing Syst. Theory Appl., 48(1-2):75—
88, Sept. 2004.

R. Berry and E. Yeh. Cross-layer wireless resource allocation. Signal Processing

Magazine, IEEFE, 21(5):59 — 68, Sept. 2004.

D. Bertsekas and R. Gallager. Data Networks. Prentice Hall, second edition,

1992.

O. J. Boxma and I. A. Kurkova. The M/G/1 queue with two service speeds.
Advances in Applied Probability, 33(2):pp. 520-540, 2001.

I. Cerutti, A. Fumagalli, and P. Gupta. Delay models of single-source single-
relay cooperative ARQ protocols in slotted radio networks with poisson frame

arrivals. IEEE/ACM Trans. Netw., 16(2):371-382, Mar. 2008.

109



CHAPTER B. 110

8]

[14]

[15]

J. Chamberland, H. Pfister, and S. Shakkottai. First-passage time analysis
for digital communication over erasure channels with delay-sensitive traffic. In
Communication, Control, and Computing (Allerton), 2010 48th Annual Aller-
ton Conference on, pages 399 —405, Oct. 2010.

G. Choudhury, D. Lucantoni, and W. Whitt. Squeezing the most out of ATM.
Communications, IEEE Transactions on, 44(2):203 —217, Feb. 1996.

M. Eisen and M. Tainiter. Stochastic variations in queuing processes. Opera-

tions Research, 11(6):922-927, 1963.

E. O. Elliott. Estimates of error rates for codes on bursty-noise channels. Bell

System Tech. J., 42(9):1977 —97, Sept. 1963.

N. Ewald and A. Kemp. Modelling the performance of a cross-layer TCP
NewReno-HARQ system. Int’l J. of Communications, Network and System

Sciences, 3(1):19-31, Jan. 2010.

B. Fan, D.-M. Chiu, and J. Lui. Stochastic differential equation approach to
model bittorrent-like p2p systems. In Communications, 2006. ICC '06. IEEE

International Conference on, volume 2, pages 915 —920, Jun. 2006.

B. Fritchman. A binary channel characterization using partitioned Markov

chains. Information Theory, IEEE Transactions on, 13(2):221 —227, Mar. 1967.

L. G. and R. V. Introduction to Matrix Analytic Methods in Stochastic Modeling.

Society for Industrial and Applied Mathematics, 1999.

R. G. Gallager. Information Theory and Reliable Communication. John Wiley
& Sons, Inc., New York, NY, USA, 1968.

E. N. Gilbert. Capacity of a bursty-noise channel. Bell System Tech. J.,
39(9):1253 —65, Sept. 1960.



CHAPTER B. 111

[18]

[20]

[22]

[26]

A. Goldsmith and P. Varaiya. Capacity of fading channels with channel side
information. Information Theory, IEEE Transactions on, 43(6):1986 —1992,
Nov. 1997.

N. Gunaseelan, L. Liu, J.-F. Chamberland, and G. Huff. Performance analysis
of wireless Hybrid-ARQ systems with delay-sensitive traffic. Communications,

IEEE Transactions on, 58(4):1262 —1272, Mar. 2010.

L. Huang and T. Lee. Performance analysis of two-state wireless channel with
lagging bound. In Communications and Mobile Computing (CMC), 2011 Third

International Conference on, pages 246 —249, Mar. 2011.

L. Huang and T. Lee. Queueing behavior of Hybrid ARQ wireless system with
finite buffer capacity. In Wireless and Optical Communications Conference

(WOCC), 2012 21st Annual, pages 32 —36, Mar. 2012.

C.-D. Iskander and P. Takis Mathiopoulos. Analytical level crossing rates and
average fade durations for diversity techniques in Nakagami fading channels.

Communications, IEEE Transactions on, 50(8):1301 — 1309, Aug. 2002.

W. C. Jakes and D. C. Cox, editors. Microwave Mobile Communications. Wiley-

IEEE Press, New York, 1994.

J. G. Kim and M. M. Krunz. Bandwidth allocation in wireless networks with
guaranteed packet-loss performance. IEEE/ACM Trans. Netw., 8:337-349, Jun.
2000.

M. Krunz and J. G. Kim. Fluid analysis of delay and packet discard performance
for QoS support in wireless networks. Selected Areas in Communications, IEEE

Journal on, 19(2):384 395, Feb. 2001.

K. Lee and S. Chanson. Analysis of a delay-constrained Hybrid ARQ wireless

system. Communications, IEEE Transactions on, 54(8):1514, Aug. 2006.



CHAPTER B. 112

[27]

[28]

[29]

[30]

31]

32]

[33]

[34]

[35]

[36]

T. Li, M. Chen, D.-M. Chiu, and M. Chen. Queuing Models for Peer-to-peer
Systems. In 8th International Workshop on Peer-to-Peer Systems (IPTPS '09),
Mar. 2009.

S. Lin, D. Costello, and M. Miller. Automatic-repeat-request error-control

schemes. Communications Magazine, IEEFE, 22(12):5 —17, Dec. 1984.

Q. Liu, S. Zhou, and G. Giannakis. Queuing with adaptive modulation and
coding over wireless links: cross-layer analysis and design. Wireless Commumni-

cations, IEEE Transactions on, 4(3):1142 — 1153, May 2005.

Z. Liu, P. Nain, and D. Towsley. Exponential bounds with applications to call
admission. J. ACM, 44(3):366-394, May 1997.

C. Lott, O. Milenkovic, and E. Soljanin. Hybrid ARQ: Theory, state of the
art and future directions. In Information Theory for Wireless Networks, 2007

IEEE Information Theory Workshop on, pages 1 =5, Jul. 2007.

S. Mahabhashyam and N. Gautam. On queues with Markov modulated service
rates. Queueing Systems, 51(1-1):89-113, Oct. 2005.

J. McDougall and S. Miller. Sensitivity of wireless network simulations to a
two-state Markov model channel approximation. In Global Telecommunications
Conference, 2003. GLOBECOM ’03. IEEFE, volume 2, pages 697 — 701 Vol.2,
1-5 2003.

I. L. Mitrany and B. Avi-Itzhak. A many-server queue with service interrup-

tions. Operations Research, 16(3):628-638, 1968.

M. Neuts. Matriz-geometric solutions in stochastic models: an algorithmic

approach. Johns Hopkins University Press, Baltimore, 1981.

M. F. Neuts. A queue subject to extraneous phase changes. Advances in Applied
Probability, 3(1):pp. 78-119, 1971.



CHAPTER B. 113

[37]

[38]

[41]

[44]

E. Perel and U. Yechiali. Queues where customers of one queue act as servers

of the other queue. Queueing Syst. Theory Appl., 60:271-288, Dec. 2008.

C. Pimentel, T. Falk, and L. Lisboa. Finite-state Markov modeling of cor-
related Rician-fading channels. Vehicular Technology, IEEE Transactions on,

53(5):1491 — 1501, Sept. 2004.

P. Purdue. The m/m/1 queue in a Markovian environment. Operations Re-

search, 22(3):pp. 562-569, 1974.

D. Qiu and R. Srikant. Modeling and performance analysis of bittorrent-like
peer-to-peer networks. SIGCOMM Comput. Commun. Rev., 34:367-378, Aug.
2004.

G. J. K. Regterschot and J. H. A. d. Smit. The queue M/G/1 with markov
modulated arrivals and services. Mathematics of Operations Research, 11(3):pp.

465-483, 1986.

J. S. Rosenthal. Convergence rates for markov chains. STAM Review, 37(3):pp.
387-405, 1995.

M. Rossi, L. Badia, and M. Zorzi. On the delay statistics of SR ARQ over
Markov channels with finite round-trip delay. Wireless Communications, IEEE

Transactions on, 4(4):1858 — 1868, Jul. 2005.

P. Sadeghi, R. Kennedy, P. Rapajic, and R. Shams. Finite-state Markov model-
ing of fading channels - a survey of principles and applications. Signal Processing

Magazine, IEEE, 25(5):57-80, 2008.

F. Schmitt, F. Schmitt, F. Rothlauf, and F. Rothlauf. On the importance of
the second largest eigenvalue on the convergence rate of genetic algorithms.
Technical report, Proceedings of the 14th Symposium on Reliable Distributed

Systems, 2001.



CHAPTER B. 114

[46]

[51]

[52]

J.-B. Seo, S.-Q. Lee, N.-H. Park, H.-W. Lee, and C.-H. Cho. Queueing behav-
ior of a Type-II Hybrid-ARQ in a TDMA system over a Markovian channel.
In Wireless Networks, Communications and Mobile Computing, 2005 Interna-

tional Conference on, volume 1, pages 362 — 367 vol.1, Jun. 2005.

C. Shannon. The mathematical theory of communications. Bell System Tech-

nical Journal, 27:379-623, 1948.

R. Susitaival, S. Aalto, and J. Virtamo. Analyzing the dynamics and resource
usage of p2p file sharing by a spatio-temporal model. In V. Alexandrov, G. van
Albada, P. Sloot, and J. Dongarra, editors, Computational Science ICCS 2006,
volume 3994 of Lecture Notes in Computer Science, pages 420-427. Springer
Berlin / Heidelberg, 2006.

T. Takine. Single-server queues with Markov-modulated arrivals and service

speed. Queueing Systems, 49(1):7-22, 2005.

H. S. Wang and N. Moayeri. Finite-state Markov channel-a useful model for
radio communication channels. Vehicular Technology, IEEE Transactions on,

44(1):163 ~171, Feb. 1995.

H. White and L. S. Christie. Queuing with preemptive priorities or with break-
down. Operations Research, 6(1):79-95, 1958.

R. W. Wolff. Poisson arrivals see time averages. Operations Research, 30(2):223-
231, 1982.

D. Wu, C. Liang, Y. Liu, and K. W. Ross. View-upload decoupling: A redesign
of multi-channel p2p video systems. In IEEE INFOCOM, pages 27262730,
2009.



CHAPTER B. 115

[54]

[58]

[59]

D. Wu and R. Negi. Effective capacity: a wireless link model for support of
quality of service. Wireless Communications, IEEE Transactions on, 2(4):630

— 643, Jul. 2003.

X. Yang and G. de Veciana. Service capacity of peer to peer networks. In
INFOCOM 2004. Twenty-third AnnualJoint Conference of the IEEE Computer

and Communications Societies, volume 4, pages 2242 — 2252 vol.4, Mar. 2004.

U. Yechiali. A queuing-type birth-and-death process defined on a continuous-
time Markov chain. Operations Research, 21(2):pp. 604—609, 1973.

U. Yechiali and P. Naor. Queueing Problems with Heterogeneous Arrivals and
Service. Operations research, statistics and economics mimeograph series. De-

fense Technical Information Center, 1969.

H. Zhang, J. Wang, M. Chen, and K. Ramchandran. Scaling peer-to-peer video-
on-demand systems using helpers. In Image Processing (ICIP), 2009 16th IEEE

International Conference on, pages 3053 —3056, Nov. 2009.

L. Zhang and T. Lee. Performance analysis of wireless fair queuing algorithms
with compensation mechanism. In Communications, 2004 IEEE International

Conference on, volume 7, pages 4202 — 4206 Vol.7, 20-24 2004.

Q. Zhang and S. Kassam. Finite-state Markov model for rayleigh fading chan-
nels. Communications, IEEE Transactions on, 47(11):1688 —1692, Nov. 1999.

Y .-P. Zhou and N. Gans. A single-server queue with Markov modulated service
times. Center for financial institutions working papers, Wharton School Center

for Financial Institutions, University of Pennsylvania, 1999.

M. Zorzi and R. Rao. Arq error control for delay-constrained communications
on short-range burst-error channels. In Vehicular Technology Conference, 1997,

IEEE 47th, volume 3, pages 1528 —1532 vol.3, may 1997.



CHAPTER B. 116

[63] M. Zorzi and R. Rao. Lateness probability of a retransmission scheme for error
control on a two-state Markov channel. Communications, IEEE Transactions

on, 47(10):1537 —1548, Oct. 1999.

[64] M. Zorzi, R. Rao, and L. Milstein. Error statistics in data transmission over
fading channels. Communications, IEEE Transactions on, 46(11):1468 —1477,

Nov. 1998.



	Abstract
	Acknowledgement
	Contents
	List of Figures
	List of Abbreviations
	Introduction
	Statement of the Problem
	Wireless Channels
	Markov modulated service processes in different fields
	Purpose of the Study

	Our Methodologies
	Contributions
	Dissertation Overview

	Review of Related Literature
	Markov Channels
	Queues with Markov Modulated Service Rates
	Delay Analysis on Hybrid ARQ Systems
	Delay Analysis on Peer-to-peer Systems

	Generalized Pollaczek-Khinchin Formula for the M/MMSP/1/K Queue — Two-state
	Two-state Channel Model
	Markov model of fading channels
	Parameters of M/MMSP/1/K queueing model

	M/MMSP/1/K Queue
	Buffer overflow probability
	Large-deviation approximation
	Queueing delay

	Start-service Probability
	Generalized Pollaczek-Khinchin Formula for the M/MMSP/1/K Queue
	Moments of Service time
	Residual service time
	Generalized P-K formula of Mean Waiting Time
	The impact of state transition factor on queue length


	Generalized Pollaczek-Khinchin Formula for the M/MMSP/1/K Queue — Finite-state
	Finite-state Markov Model
	Start-service Probability
	State transition matrix
	Start service probability
	State transition factor

	Generalized Pollaczek-Khinchin Formula for the M/MMSP/1 Queue
	Moments of Service time
	Residual service time
	Generalized P-K formula of Mean Waiting Time

	Three-state MMSP Systems
	Model description
	Start-service probability
	Delay analysis

	Peer-to-peer Systems
	Model description
	Start-service probability
	Delay analysis


	Summary and Future works
	Contribution Summary
	Future Work

	Two-state Markov Channel with No Service Rate in Bad State
	Model Discription
	Generating Functions
	Buffer overflow probabilities
	Infinite waiting rooms
	Finite buffer capacity K
	Large-deviation approximation

	Delay analysis
	Consistency with M/MMSP/1/K
	Numerical and simulation results

	Series expansions of service time Moments in P2P model
	First moment of service time
	Second moment of service time

	Bibliography

