DEVELOPMENT OF PERFECTLY MATCHED LAYER
NUMERICAL BOUNDARY CONDITION IN
A GENERALIZED COORDINATE SYSTEM

A Dissertation by
Srinivasa Perumal Velu
Master of Science, Wichita State University, 2010

Bachelor of Engineering, Bharathiar University, 2001

Submitted to the Department of Aerospace Engineering
and the faculty of the Graduate School of
Wichita State University
in partial fulfillment of
the requirements for the degree of
Doctor of Philosophy

December 2013



© Copyright 2013 by Srinivasa Perumal Velu

All Rights Reserved

Note that this dissertation work is protected by copyright, with all rights reserved.
Only the author has the legal right to publish, produce, sell, or distribute this work.
Author permission is needed for others to directly quote or to summarize significant
amounts of this information in their own work. A limited amount of information that

is cited, paraphrased, or summarized from this work may be used with proper

citation of where to find the original work.




DEVELOPMENT OF PERFECTLY MATCHED LAYER
NUMERICAL BOUNDARY CONDITION IN
A GENERALIZED COORDINATE SYSTEM

The following faculty members have examined the final copy of this dissertation for form and
content, and recommend that it be accepted in partial fulfillment of the requirement for the
degree of Doctor of Philosophy with a major in Aerospace Engineering.

Klaus A. Hoffmann, Committee Chair

Kamran Rokhsaz, Committee Member

Walter J. Horn, Committee Member

Myose Y. Roy, Committee Member

Victor Isakov, Committee Member

Accepted for the College of Engineering

Vish Prasad, Interim Dean

Accepted for the Graduate School

Abu S. M. Masud, Interim Dean



DEDICATION

To my beloved brother

Muthu Pattavarayan Velu



ACKNOWLEDGEMENTS

I would like to take this opportunity to thank the Department of Aerospace Engineering at
Wichita State University for allowing me to carry out this research. | express profound gratitude
to my advisor, Klaus A. Hoffmann, for his many years of thoughtful, patient guidance and
suggestions throughout my studies, his undaunting encouragement, and his support in various
ways, without which this dissertation effort would have remained only a distant dream of mine. |
am very grateful for Jean-Francois Dietiker for providing me with resources to begin this work. |
sincerely thank my committee members for their helpful comments and suggestions during all
stages of this work, and | especially thank Kristie Ann Bixby for her assistance in editing my
technical documents and conference publications.

| also acknowledge my family for their constant support and confidence in me. | sincerely
thank my brother Muthu Pattavarayan Velu, who bore the great responsibility of taking care of
my family and freed me from indispensable familial duties without which I would not have had
peace of mind to dig deeper into my research so many miles away from my homeland. | express
genuine gratefulness to my friends Lakshmi Narayanan Subramanian and Joshua Thomas for
their magnanimous financial support during my journey through rough waters.

| extend deep gratitude to my most sincere friend Amy Haight and her children, who
treated me like family on this foreign soil and offered me the opportunity to learn and appreciate
the values of a Christian family unit. My earnest thanks go to Walter and Jean Walden for their
generosity and moral support. I must acknowledge the enormous support and selfless help of a
special friend, Debbie Wadman, who was always there for me with motherly care. And finally, |
wish to thank all my friends and colleagues who directly or indirectly helped me throughout this

process.



ABSTRACT

The research activity leading to this dissertation focused on the boundary treatment for
computational fluid dynamics problems, especially those with unbounded domains. This
involved a rigorous literature survey of boundary treatment techniques. The primary interest of
this effort was on one of the emerging concepts of nonreflecting boundary treatment for
numerical schemes, namely the perfectly matched layer (PML) absorbing technique. The need
for an appropriate space-time transformation for a stable PML emphasized in previous efforts
was the starting point for this developmental research activity. Based on this, unsplit PML
equations were constructed for Euler equations linearized over a uniform mean flow with a
proper space-time transformation. Dispersion analysis was carried out to demonstrate the
effectiveness of the space-time transformation in terms of stability of the PML formulation.
Numerous numerical simulations were carried out to investigate the stability of the PML
formulation for long-term integration of various combinations of time-step size and PML
parameters. The major focus of this research was to extend the construction of the PML for
nonlinear Euler equations in a generalized coordinate system to widen its application in uniform
and nonuniform grid structures. Emphasis was placed on the application of conventional
numerical schemes without employing any form of artificial dissipation or numerical filtering.
With this objective in mind, the split-form PML equations for nonlinear Euler equations were
constructed. Various numerical simulations were carried out to validate the PML formulation

and demonstrate its effectiveness as an absorbing boundary condition.

Vi



TABLE OF CONTENTS

Chapter Page
1. INEFOAUCTION ...ttt bbbttt et bbbttt be et ne e 1
1.1.  Perfectly Matched Layer Boundary Condition.............cccccvevveiveresiieneene e 3
2. GOVErNING EQUALIONS .....cveiiiiiiece ettt te et ebe e e sraenne e e e sneenneans 8
2.1.  3-D Euler Equations in Cartesian Coordinates ...........ccccevverrereereereseeseereeseesnnan, 8
2.2.  3-D Euler Equations in Generalized COOrdinates...........ccccevuereierenenesesieeeeenen, 8
2.3, 2-D EUIEr EQUALIONS......cuiiieiiecie ettt 10
2.3.1. Linearized Euler Equations over Uniform Mean Flow.............c.cccceouenee. 11
3. Numerical Scheme and Solver Details .........cccoooeiiiiiiiiiie e 13
3.1, Spatial DISCIrEtiZAtION ........ccuiiuiiiiiieiieieee e 13
KT | TN L1 0=To T LA o] PRSP S 13
3.3, NONdIMENSIONAHZATION ......ooiiieiiiieciee e ens 16
3.4. Work Station SPecCifiCatioNns .........c.cccveiiiiieiieiice e 16
4. PML for Linearized Euler Equations over Uniform Mean FIOW.............c.ccccoeivveiiiienen, 17
4.1.  Linearized EUler EQUALIONS..........cccooviiieeie ettt 17
4.2.  PML Equations Using Two-Component SPHtting..........ccccevererencienienicieeen, 18
4.3.  Three-Step PML ProCEAUIE ......c.ccoviiiiiieccie ettt 20
4.3.1. PML Equations with Transformation in Unsplit Form...........c.cc.ccoovennnen. 21
4.4, NUMENCAl RESUIS.....cueiiiiieee e 23
4.4.1. Effect of Space-Time Transformation for High Subsonic Flow
and Long-Time INtegration ............ccceieeieeie i 30
4.4.2. Stability Analysis Using Dispersion Relation...........cccocooeiiienniiininnen, 35
4.4.3. Effect of Time-Step Size on Stability of PML Formulations.................... 38
5. PML for Nonlinear EUler EQUAtIONS ..........cccvoiuiiieiieie e 42
5.1.  2-D Nonlinear Euler EQUALIONS.........cccvoiieiieeiie et 42
5.2 PSEUdO MEAN-FIOW .......couiiiiiieie e 43
5.3.  PML for Nonlinear Euler Equations in Split FOrm...........cccccoovvvviiiicvieccec e 45
5.4, NUMEIICAI RESUITS.....ccveiiiieiieie et enes 50
5.4.1. Extrapolation Boundary Condition .........ccccoceeiiiiiiieiie e 52
5.4.2. Advection of ISENtrOPIC VOIEX .....cceevverueiieriiriiiisieieniesie s 58
5.4.3. PIreSSUIE PUISE ....cueiiiiiiiii e 65
5.4.4. Acoustic Radiation from Oscillating PiSton ...........cccocvviiiiiiinniicien, 72

vii



TABLE OF CONTENTS (continued)

Chapter Page
5.4.4.1 Rectangular Domain with Uniform Grid Spacing ............c.c.cec...... 72

5.4.4.2 Tapered Domain with Nonuniform Grid Spacing ............cccceevenee. 85

5.4.5. ROH-UP VOITICES ....c.eeiiieiicie ettt 98

6. Conclusions and FULUIE WOTK .........couiiiiiiiieieie et 103
REFERENCES ..ottt bbb e 105

viii



Figure

11

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

LIST OF FIGURES

Schematic of computational domain showing interior domain and PML domain on
boundary with absorption coefficients in the PML domain.............cccooevvniininienin e 4

Square physical domain for uniform grid: (a) grid structure, (b) PML domain (shaded
region in olive green) and physical space. Number of PML layers (NPML) = 10............ 24

u-velocity contours at values of £0.1, £0.05, £0.01, £0.005, and +0.001 showing
acoustic and vorticity pulses: M =0.5 at (a) t = 50, (b) t = 100, (c) t = 150, and
(d)t=200, withom =0 =2 and NPML = 10 .......cccceiciniiiiniiiiniiie e 25

u-velocity along line y = 0 for M = 0.5 at t = 200: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with o =0 =2 and NPML = 10.......cccecvevviiiriiinnrciennn 27

Pressure along line y = 0 for M = 0.5 at t = 200: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with o =0a=2 and NPML = 10........cccccevvrvieiveirrciennn, 28

u-velocity along line y = 0 for M = 0.5 at t = 600: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with o =0=2 and NPML = 10.......ccccovevvriiriiienriinnnnn 28

Pressure along line y = 0 for M = 0.5 at t = 600: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with o =0 =2 and NPML = 10......ccccccevviviiiinnieienn, 29

u-velocity as a function of time at Euler and PML domain interface at selected point
(100, 0) for M = 0.5: (a) analytical vs. split PML, (b) analytical vs. unsplit PML,
WIth 6m = 00 =2 aNd NPML = 10 ..eiieeiiiieiiee ettt et e e s e e e s e st e e e s s ebaeeeseanes 30

u-velocity contours, obtained using split PML formulation at values of +0.1, +0.05,
+0.01, +£0.005, +£0.001, and +0.0005 showing acoustic and vorticity pulses for M = 0.8:

(@) t =150, (b) t =350, (c) t =550, and (d) t = 700, with 6, = 1.5, a.= 2, and

NPIML Z 00 ittt ettt n b et b e 31

u-velocity contours, obtained using unsplit PML formulation at values of +0.1, +£0.05,
+0.01, £0.005, £0.001, and +0.0005 showing acoustic and vorticity pulses for M = 0.8:
(@) t =150, (b) t =350, (c) t =550, and (d) t = 700, with o, =1.5, o = 2, and

NPIMIL = 10 oottt bbbttt et be st beeneene et e 32

Comparison of split-form PML solution with analytical solution along liney =0
for M =0.8 att = 700: (a) u-velocity and (b) pressure, with oy, = 1.5, 0 =2,
ANA NPML = 10 oottt sttt e r e nes 33



Figure

411

412

4.13

4.14

4.15

4.16

4.17

4.18

5.1

5.2

5.3

5.4

LIST OF FIGURES (continued)

Page
Comparison of unsplit-form PML solution with analytical solution along liney =0
for M =0.8 att = 700: (a) u-velocity and (b) pressure, with o, = 1.5, 0 =2,
ANA NPML = 10 .ot b bbb 34
u-velocity as a function of time at Euler and PML domain interface at selected point
(100, 0) for M = 0.8: (a) analytical vs. split PML, (b) analytical vs. unsplit PML,
With om = 1.5, 00 =2, @GN0 NPML = 10 ....ooiiiiiiiiiieiee e 34

Contours of maximum Sw, imaginary part of o, of four roots solved numerically
from equation (4.37) with M = 0.5: (a) ox=2.0 and 6y =0, (b) 6x=0 and 6y=2.0.......... 36

Contours of maximum Sw, imaginary part of o, of four roots solved numerically
from equation (4.38) with M = 0.5: (a) ox=2.0 and 6y=0, (b) 6x=0 and 6y=2.0.......... 37

Contours of maximum Sw, imaginary part of o, of four roots solved numerically
from equation (4.37) with M = 0.8: (a) ox=2.0 and 6y=0, (b) 6x=0 and 6y = 2.0.......... 37

Contours of maximum Sw, imaginary part of o, of four roots solved numerically
from equation (4.38) with M = 0.8: (a) ox=2.0 and 6y =0, (b) 6x=0 and 6y = 2.0.......... 38

Pressure obtained with unsplit PML: (a) along line y=0 at t = 600 and (b) at a selected
point (100, 0) as a function of time, for M = 0.8, with At = 0.05, 6, = 1.5, a.= 2,
AN NPIML = 20 oottt et e et e e sre et e e s br e e te e saeeenes 40

Pressure contours at values of £0.1, £0.01, and £0.001, for M = 0.8 at t = 600:
(@) split-form PML solution and (b) unsplit-PML solution, with At = 0.05, o, =1.5,
0=2, N0 NPML Z 10 ...ttt e e st be e ne e snee s 41

Schematic showing total pseudo mean-flow variables and absorption of
fluctuations iN PML dOMAIN .........coiiiiiiciiccce ettt 43

Square physical domain with uniform grid: (a) grid structure, (b) PML domain (shaded
region in olive green) and physical space. Number of layers in PML domain =20 ........ 50

Tapered physical domain with nonuniform grid: (a) grid structure, (b) PML domain
(shaded region in olive green) and physical space. Number of layers in
PML dOMAIN = 20 ...ttt e e e be e s e sraeaeeneessaeneeneenreas 51

Arbitrary physical domain with nonuniform grid: (a) grid structure, (b) PML domain
(shaded region in olive green) and physical space. Number of layers in
PML dOMAIN = 20 ...ttt e e e teaseesnaeaeeneenseenneeneenres 51



Figure

5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

LIST OF FIGURES (continued)

Page

Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5, (c) t =1.0, and (d) t = 1.5 with levels from 0.65 to 0.9 and in steps
of 0.02 obtained with zero-order extrapolation..............cccccvveieeieiiciecc e 54

Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5, (c) t=1.0, and (d) t = 1.5 with levels from 0.65 to 0.9 and in steps
of 0.02 obtained with TVD scheme and zero-order extrapolation............ccccceeevvcvevvenenne. 55

Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5, (c) t =1.0, and (d) t = 1.5 with levels from 0.65 to 0.9 and in steps
of 0.02 obtained from large computational domain............ccccceveviiiiicic s 56

Comparison of pressure along line y =0 at t = 1.5 obtained from reference case
and small computational domain with simple extrapolation on boundaries...................... 57

Comparison of pressure along line y = 0 at t = 2.0 obtained from reference case
and small computational domain with simple extrapolation on boundaries...................... 57

v-velocity contour levels from +0.02 to +0.24 with step of 0.02: (a) t = 0.0,
(b)t=1.0,(c)t=15(d)t=2.0,(e)t=25and ()t =3.0u0ccecceieriiiirerrrceeee 60

v-velocity contour levels from +0.02 to +0.24 with step of 0.02: (a) t = 0.0,
(b)t=1.0,(c)t=15,(d)t=20,(e)t=25and ()t =3.0.ccccriiririirirercrceee, 61

v-velocity contour levels from +0.02 to +0.24 with step of 0.02: (a) t = 0.0,
(b)t=1.0,(c)t=15(d)t=2.0,(e)t=25and ()t =3.0ucccccieriiriiecrer e 62

Comparison of analytical solution with PML solution for v-velocity along y = 0:
@t=0,(b)t=05,(c)t=1.0,(d)t=15(e)t=20,(f)t=25and (9) t=3.0, ........... 64

Comparison of PML solution with reference solution for v-velocity at Euler-PML
interface at point (1, 0) as funNCtion Of tIME.........ccoiiiiiiii e 65

Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5,(c)t=0.7,(d)t=1.0, (e) t = 1.5, and (f) t = 2.0 with levels from
0.6510 0.9 and SteP OF 0.02.......ooiuiiiiiiieiieeee s 66

Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,

(b)t=0.5,(c)t=0.7,(d)t=1.0, (e) t = 1.5, and (f) t = 2.0 with levels from
0.6510 0.9 and SteP OF 0.02.......ooiuiiiiiiieiieee s 67

Xi



Figure

5.17

5.18

5.19

5.20

5.21

5.22

5.23

5.24

5.25

5.26

5.27

5.28

5.29

LIST OF FIGURES (continued)

Page
Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5,(c)t=0.7,(d)t=1.0, () t = 1.5, and (f) t = 2.0 with levels from
0.6510 0.9 and Step 0F 0.02.......cviiieieeie et 68
Pressure alongy =0: (@) t=0, (b)t=0.5,(c)t=0.7,(d) t=1.0, (e) t = 1.5,
(Ft=2.0,(9)t=2.5,a00 (N) 1= 3.0 ccoeieiiirceceeee e 70
Comparison of PML solution with reference solution for pressure at Euler-PML
interface at point (1, 0) as function of tiMe...........cc.ccv e, 71

Rectangular domain with uniform grid structure showing piston (blue line) and wall
(hatched section). Number of layers in PML domain = 10 ......ccccceeviinvienenieniene e 73

Rectangular domain showing physical space and PML domain (shaded region in olive
green). Number of layers in PML domain = 10.......ccccceveiieiieiii i 73

Pressure contours over period of piston oscillation: (a) t = 200, (b) t = 210, (c) t = 220,
(d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02 foru=0.0......... 76

Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(©)t=220, (d)t=230,and () t =240 fOr U=0.0 ...cccecoviriereeeee e 77

Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
() t=220, (d)t=230,and () t =240 fOr U= 0.0 c..coeviiiiiereeeecee s 79

Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),
(b) (100, 0), and () (=100, 0) FOr U= 0.0 ..ccieieiieieee e 80

Pressure contours over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02
FOT U = 0D bbb 81

Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
() t=220, (d)t=230,and () t =240 fOr U=0.5 .cecccioiiiirerreereece e 83

Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(©)t=220, (d)t=230,and (&) t=240TOr U=10.5....cooiiiieiiiiece e 84

Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),
(b) (100, 0), and () (=100, 0) TOr U= 0.5 ..iiieeeieceee e 85

xii



Figure

5.30

5.31

5.32

5.33

5.34

5.35

5.36

5.37

5.38

5.39

5.40

541

542

LIST OF FIGURES (continued)

Page

Tapered domain with nonuniform grid structure showing piston (blue line) and wall
(hatched section). Number of layers in PML domain = 10 ......ccccccovviiniieneniinnienccee s 86

Tapered domain showing physical space and PML domain (shaded region in
olive green). Number of layers in PML domain = 10.........cccccveveiiiiieicsiese e 86

Pressure contours over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02
£{0 GV I SRS 88

Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c)t=220, (d)t=230,and () t =240 fOr U= 0.0 ...coeieiiiiirereeeeee s 90

Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(©)t=220, (d)t=230,and () t =240 fOr U=0.0 ...cccccvirrerrceceece e 91

Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),
(b) (100, 0), and (C) (=100, 0) fOr U= 0.0 ...eccieeeieieieieee e 92

Pressure contours over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02

10 QU I 8 TSRS 94
Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,

(©)t=220, (d)t=230,and () t =240 for U=0.5...ccciiiiiieeeeeeeee e 95
Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,

() t=220, (d)t=230,and () t =240 fOr U= 0.5 ...coiieiiiiieceeeee s 97
Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),

(b) (100, 0), and () (=100, 0) FOr U= 0.5 ..ciiiiceeee e 98
Rectangular domain showing physical space and PML domain (shaded region in olive
green). Number of layers in PML domain = 10........cccocviiiininiiniieee e 98
Initial velocity profile, along x = 0, defining the mixing layer...........c.ccoccovnnininnenn. 100

Vorticity contours at progressive times: (a) t = 40, (b) t = 45, (c) t =50, (d) t = 55,
and (e) t = 60 with levels from —2.2 to 0.2 in steps of 0.2 and at level +0.2 ................. 101

Xiii



LIST OF FIGURES (continued)

Figure Page
5.43 Pressure as function of time at selected point (8.75, 0) .....ccocveveiieieere i, 102
5.44  Fluctuating pressure as function of time at selected point (8.75, 0) .......ccceevvevvivieiieennenn, 102
5.45 v-velocity as function of time at selected point (8.75, 0).....cccceevvvieieeieiie i, 102

Xiv



LIST OF ABBREVIATIONS/NOMENCLATURE

Abbreviations

CAA

CFD

LEE

NPML

NRBC

PDE

PML

TVD

Computational aeroacoustics
Computational fluid dynamics
Linearized Euler equation
Number of PML layers
Nonreflecting boundary condition
Partial differential equation
Perfectly matched layer

Total variation diminishing

Roman Symbols

a

A

Speed of sound

Flux Jacobian

Flux Jacobian

Distance of grid point in PML layer from Euler-PML interface
Width of PML domain

Total energy per unit mass
Internal energy per unit mass
Flux vector in x-direction (physical space)

Flux vector in & -direction (computational space)

Flux vector of pseudo mean-flow in x-direction (physical space)

XV



)] 7| 7| 7| T mi|
© o =]

0]

O]

Q

LIST OF ABBREVIATIONS/NOMENCLATURE (continued)

Flux vector of pseudo mean-flow in & -direction (physical space)

Flux vector in y -direction (physical space)
Flux vector in 7 -direction (computational space)

Flux vector of pseudo mean-flow in y -direction (physical space)

Flux vector of pseudo mean-flow in 7 -direction (computational space)
Flux vector in z -direction (physical space)
Flux vector in £ -direction (computational space)

Specific enthalpy

Damping term associated with PML in physical domain

Damping term associated with PML in computational domain
Imaginary number
Jacobian of grid transformation

Wavenumber

Reference length

Mach number

Fluid pressure

Auxiliary variable used in PML formulation
Conservative variable

Generalized conservative variable

Amplitude vector of plane wave

XVi



LIST OF ABBREVIATIONS/NOMENCLATURE (continued)

Q Conservative fluctuation variable

QP Conservative pseudo mean-flow variable
Q Conservative variable in frequency domain
t Time

u Cartesian velocity or velocity vector

U, Cartesian mean velocity

v Cartesian velocity or velocity vector

Vv, Cartesian mean velocity

w Cartesian velocity or velocity vector

X,Y,2 Cartesian space variables

Greek Symbols

o Damping rate inside PML layer

B Parameter used in space-time transformation

A Step-size

/4 Ratio of specific heats

Yol Density

o Damping coefficient used in PML

O Maximum value of damping coefficient used in PML

T Generalized time variable

XVii



LIST OF ABBREVIATIONS/NOMENCLATURE (continued)

w Wave frequency

&En g Generalized space variables

Subscripts

0 Signifying initial condition

p Pseudo mean-flow

ref Reference length

[ Index of a grid point in x- or &-direction
j Index of a grid point in y - or 7-direction

Superscripts

~ Signifying frequency domain variable
Signifying generalized coordinate variable

1 Signifying sub-component

2 Signifying sub-component

Signifying fluctuating term or perturbation quantity

Xviii



CHAPTER 1

INTRODUCTION

The potential of computational fluid dynamics (CFD) techniques has evolved into many
dimensions in the past few decades, with tremendous technological growth in areas of numerical
computing. It is well known that a numerical simulation usually requires truncation of the
physical domain and introduction of an artificial boundary due to the limitation of a finite
computational domain. Also, one must specify appropriate initial and boundary conditions to
obtain a unique and accurate solution for a system of partial differential equations (PDE). This is
a challenging and vital issue, since the imposed boundary conditions can seriously impact the
computed solution. The boundary conditions implemented on artificial boundaries are very
critical to successful numerical simulations. If these artificial boundaries are not transparent to
the out-going disturbances, then reflections of large spurious waves from these artificial
boundaries will contaminate the solution in the interior domain, which is certainly undesirable.
Therefore, the truncated boundaries should be nonreflecting in order to obtain time-accurate
solutions. A detailed discussion on spurious waves and the artifacts of numerical discretization
can be found in the review of computational aeroacoustics (CAA) by Lele [1]. There is
extensive literature on the nonreflecting boundary treatment, and a variety of methods has been
proposed by several researchers in order to treat many computational problems [1-4]. These
include out-flow boundary conditions based on characteristics, radiation boundary conditions
based on far-field asymptotic solutions, and the absorbing zone or buffer layer technique.

Hoffmann and Chiang [5] group these boundary treatments into three major categories:
simple extrapolation schemes, methods based on characteristics, and artificial/buffer zone

techniques. The simple extrapolation scheme requires a larger computational domain for



reflection-free solutions, thus leading to increased computational effort and cost [6, 7]. Methods
based on characteristics of multidimensional flow involve complicated procedures and make the
boundary treatment difficult.

Tam [3] reviewed, in detail, the advances in numerical boundary conditions for CAA.
Nizampatnam [6] and Nizampatnam et al. [8] carried out extensive investigation work on
boundary conditions for computational aeroacoustics and development of the perfectly matched
layer (PML) for aeroacoustic applications in time frequency domains. The development and
application of the PML technique that falls into the category of an absorbing layer or buffer zone
in a generalized coordinate system is the central focus of this research. The concept of PML was
originally proposed by Berenger [9] for solving electromagnetic problems involving Maxwell
equations in unbounded domains. The basic strategy of the PML absorbing technique is to
introduce additional grid points, or layers, to surround the truncated physical domain so that the
out-going disturbances are attenuated in the added zones. Inspired by the success of Berenger’s
PML method, Hu extended the PML technique to an aeroacoustic problem to solve linearized
Euler equations (LEEs) for perturbation [10, 11]. A detailed literature review on the PML
absorbing boundary condition has been provided in the work of Velu [7]. The originally
proposed split-form PML equations was shown to be only weakly well-posed by Abarbanel and
Gottlieb [12] through their detailed mathematical analysis of electromagnetic PML equations.
Hesthaven [13], through his similarity transformation analysis, showed that both original unsplit
and split-form equations proposed by Hu [10, 11] lost the symmetry and were weakly well-
posed. A filtering technique was used by Hu [11] to overcome the instability. However, it is not
an easy process to know a priori when one should apply filtering in a particular application. Tam

and Auriault [14] extended the stability analysis through the dispersion relations of the PML



equations, and considered the role of phase signs and group velocities. They used artificial
damping in order to obtain a stable solution. This is accomplished by absorbing only the short
waves, which does not adversely affect the long waves. Subsequently, the concept of conserving
the dispersion relation of the physical space equations was explored.

Several studies on the PML indicate that it can be viewed as a complex change of
variables, and this idea was extended to Euler equations in constructing unsplit PML equations.
Abarbanel et al. [15] used a coordinate transformation in such a way that the transformed
coordinates preserved the dispersion relation. But their method can be applied in a situation
where a rotation is used to align the mean flow with the computational grid. However, when the
mean flow is not aligned to one of the axes, which is the case in general situations, an
appropriate transformation will be required. Hu [16] attributed the exponential growth of the
reflections to the angle of the wave-front normal vector and proposed the need of a proper space-
time transformation to obtain a stable PML in order to align the group and phase velocities in the
same direction. Following the concept of Abarbanel et al. [15], Hu [16] applied a complex

change of variables for x and y, where the governing equations are expressed in frequency

domain. Subsequently, he obtained the unsplit formulation in the time domain by introducing an
auxiliary variable. This procedure produced a reflection-free solution, and a similar complex
variable transformation with PML boundary treatment to Euler and Navier-Stokes equations was

developed [17, 18]. The concept of PML is introduced in section 1.1.

1.1  Perfectly Matched Layer Boundary Condition
The PML is a nonreflecting boundary condition also called the absorbing boundary

condition or buffer zone technique. It is a region with a width of a few grid points appended



adjacent to artificial boundaries called the PML domain. The common goal of the PML method
is to dampen disturbances entering the PML domain in order to eliminate any physical or
nonphysical reflections that contaminate the interior solution. A typical computational domain
with a PML is shown in Figure 1.1. The governing equations in the PML domain are obtained in
such a way that out-going waves are absorbed without reflection, when they impinge on the

interface between the PML and the interior domain.

Figure 1.1. Schematic of computational domain showing interior domain and PML domain on
boundary with absorption coefficients in the PML domain.

PML equations can be developed by splitting the dependent variables into sub-components [10]

as well as in unsplit form [16], which does not involve splitting variables. The absorption

coefficients, o, and o, are introduced for the absorption of waves in the PML domain as

complex change of variables [16]:



X—>X+LIXGXdX , y—>y+ijyaydy (1.1)
%o Yo

where o, >0 and o, >0 are the absorption coefficients, and x, and y, are the locations of the
Euler PML interface. The absorption coefficients are varied across the layer in such a way that
they are zero at the interface between the PML domain and the interior domain, and maximum at

the outer boundary of the PML domain. The variation of o, and o, in the PML is governed by

the following relation:

o=0, (Eja (1.2)

where D is the width of the PML domain, d is the distance from its interface with the interior
domain, o, is the maximum value of o, and « is the damping rate. Alternatively, the PML
domain can also be viewed as consisting of layers with constant o, which varies linearly [10].

The absorption coefficients, o, and o, are assumed to be greater than or equal to zero. The

coefficient o, is zero in a layer parallel to the x-direction, and the coefficient o, is zero in a

layer parallel to the y -direction.

Both coefficients are greater than zero in the corner regions. Also, the larger the
thickness, D, of the PML, the better the wave absorption. However, as thickness increases, the
computational time and effort required also increase. At the end of a PML domain, certain
boundary conditions, such as a solid-wall condition or other radiation boundary condition, can be
applied. In numerical cases investigated in this research, extrapolation at the PML boundaries,
i.e., the outer boundaries of the computational domain, is utilized. Parameters of the PML
domains can be adjusted for desired absorption. They can also be determined independent of the

size of the interior domain.



It has been shown that the theoretical reflection coefficients for incident linear waves at
an interface between the interior domain and a PML domain are zero [11]. Thus, the amplitudes
of waves that enter the PML domain decrease exponentially. In reality, the solution in the PML
domain has no physical significance, since it only helps to prevent the contamination of the
solution in the interior domain.

Up to the present time, research activities have shown that the PML technique is a
powerful tool. The application of this scheme will greatly reduce the computational cost, since a
small computational domain will suffice to solve the numerical problem.

This research effort focuses on the construction of a PML formulation based on the
complex change of variables and space-time transformation for unbounded problems governed
by linearized and nonlinear Euler equations in a generalized coordinate system. The split-form
PML equations for linearized Euler equations over a uniform mean flow without and with space-
time transformation and complex change of variables are constructed and investigated for their
effectiveness in terms of stability. The main objective is to investigate the PML formulation for
domains which are of a nonrectangular shape using generic/conventional numerical schemes for
spatial discretization and temporal integration without employing any form of numerical filtering
or artificial dissipation. For this purpose, the split formulation of a PML based on the complex
variable transformation for unbounded problems governed by nonlinear Euler equations is

constructed and applied in a generalized coordinate system. This enables the user to solve

nonlinear Euler equations in physical domains that are nonrectangular in shape (x,y,z)or with

nonuniform grid spacing by mapping the nonrectangular physical space or the physical space

with nonuniform grid spacing, which is the case when grid clustering is used, to a rectangular

uniform grid spacing (5,77,;) in the computational space [19]. A stability analysis on the PML



formulation can be carried out by analyzing the dispersion relation following the procedure used
in the work of Velu and Hoffmann [20]. For nonuniform shear flows in the absence of an
arbitrary mean-flow profile, a generalized procedure based on the spectral collocation method
can be used for the stability analysis and the calculation of the PML parameter introduced in the
space-time transformation [21].

This dissertation is organized as follows: Chapter 2 presents the governing equations in
Cartesian and generalized coordinate systems. Chapter 3 describes the details of the numerical
scheme and solver used for the numerical simulations. Chapters 4 and 5 are dedicated to the

PML for linear and nonlinear Euler equations, respectively.



CHAPTER 2

GOVERNING EQUATIONS

2.1  3-D Euler Equations in Cartesian Coordinates
Euler equations in the physical space are given by

@+§+ﬁ+§:0 (2.1)
ot ox oy oz

where
(p ] pu ] v ] ow ]
puU pu+p PV PWU
Q=|pv |; E=|puv . F=|pvi+pl|; G=|pwv (2.2)
PW PUW PVW PW +p
| P8 | phu | | phv |  phw |
and

u? +vi+w? u? +vi+w?
h=et+£; et=ei+#; p=pe (y-1); p=(7—1)p(et—#J(2.3)

in which u, v, and w are the velocity components in the X-, y-, and z -directions,

respectively; p is the pressure; p is the density; h is the enthalpy; e, is the total energy per

t

unit mass; e, is the internal energy per unit mass; and y is the ratio of specific heats and equals

14.

2.2  3-D Euler Equations in Generalized Coordinates
If all CFD applications dealt with physical problems where a uniform, rectangular grid

could be used in the physical plane, then the appropriate finite difference formulations of the

governing partial difference equations could be applied in rectangular (x,y,z,t) space with



uniform values of Ax, Ay, Az, and At. Unfortunately, the majority of physical domains of

interest are nonrectangular in shape. To enhance the efficiency and accuracy of a numerical

scheme and to simplify implementation of boundary conditions, a transformation from a

curvilinear grid (x, y, z) in physical space to a rectangular grid in computational space (&,7,<)

is performed. This requires the governing physical equations to be recast so as to apply them in

the transformed, rectangular grid. This transformation is accomplished using the following

relations [5]:

=t

£=4(txy.2)

n=(tXY,2)

4

(t,xy,2)

(2.4)

(2.5)

(2.6)

2.7)

Using equations (2.4)—(2.7), partial derivatives in the physical space are related to the

partial derivatives in the computational space by applying the chain rule of partial differentiation

to obtain the following expressions:

9
ot

0 0 0 0
= +§t_+771_+§t

0 0 0 0
_:§X_+77X_+§X_
ox o Mon **ac

ngyi'i' yi_'-é/yi
oy og 0 og
0 0 0 0

- = —+ —+ -
p o¢ 772677 Czag

or Toe Mop T‘o¢

(2.8)

(2.9)

(2.10)

(2.11)

By applying equations (2.8)—(2.11) to equation (2.1), Euler equations in the physical

space can be transformed to the computational space as

9



@+§+ﬁ+§=0 (2.12)
or 0¢& on of

where
=92 (2.13)
J
E:%(;Q+§XE+§VF +£,G) (2.14)
If:%(ntQ+77XE+77yF +nZG) (2.15)
G:%(g“tQ+§XE+§yF +¢,G) (2.16)

where &, &, ¢, &m0y, m,, 6L Gy, 6y, and £, are the metrics of transformation, and

J is the determinant of the Jacobian of the transformation. Equation (2.12) is solved in the
computational domain with step-sizes of A&=An=A¢ =1.0. A reverse transformation is
carried out to compute the values in the original physical space. Only two-dimensional problems

with subsonic flow are considered in this research.

2.3  2-D Euler Equations
In conservative form in Cartesian coordinates, two-dimensional Euler equations are written
as

Q E F_

Y 0 2.17)

where

10



u 2 uv
Q:p . E= puU +|0; F=’02 (2.18)
ol puv PVe+p
o) phu phv
and
u? +v? u? +v?
h=et+£; e =e+——: p=pe(r-1); p=(7—1)p£et— ] (2.19)

in which u and v are the velocity components in the x- and Y -directions, respectively; p is

the pressure; p is the density; h is the enthalpy; e, is the total energy per unit mass; e, is the

t

internal energy per unit mass; and y is the ratio of specific heats and equals 1.4.

Euler equations, equation (2.17), in generalized coordinates are given by

@4_@4_@:0 (220)
or o0& 0n
where
- Q = 1 =1
G-2iE-ersE s FliF - LnQenEenF] e

2.3.1 Linearized Euler Equations over Uniform Mean Flow
By assuming that acoustic values are a small, linear, unsteady perturbation upon a steady
mean flow, linearized Euler Equations, equations (2.22)—(2.25), are derived directly from Euler

equations, equation (2.17). A detailed derivation is presented in Appendix | of the work of Velu

[71.

@1+MX@1+M @g+ @i+§l =0 (2.22)
ot OX Yoy \ox oy

MomMom MR g (2.23)
ot ox Yoy ox
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Nom XM m @-ﬁuo (2.24)
ot OX Yoy oy
PP ( } (2.25)
ot 8x

in which u" and v’ are the velocity perturbations in the x- and y -directions, respectively; p is
the perturbation pressure; p is the perturbation density; and M, and M, are the mean flow

velocity components in the x-and Y -directions, respectively, normalized by the acoustic speed.

The LEE in conservative form in Cartesian coordinates is written as

N , E F

=0 (2.26)
ot ox oy
where

Yo, _Mxp'+u'_ _Mypl+vl_
u Mu+p M u

Q=| |} E=| * p; F=| (2.27)
v M,v My +p
p  M,p +u | (M,p'+V |

Here, Q, the solution vector, represents the aeroacoustic perturbation in density, velocity, and

pressure. Using equation (2.20), the LEE, equation (2.26), in generalized coordinates is obtained
and solved in the computational domain. As discussed in section 2.2, a reverse transformation is

employed to calculate the values in the physical space.

12



CHAPTER 3

NUMERICAL SCHEME AND SOLVER DETAILS

3.1  Spatial Discretization

Recalling the 2-D Euler equations, equation (2.17), presented in Chapter 2.3, equation
(2.17) is solved in the computational domain using equation (2.20). The convective terms in
equation (2.20) are approximated by sixth order compact difference scheme [5, 7] for LEEs and

second-order central difference expression [5], equation (3.1), for nonlinear Euler equations:

E + f — Ei+1,j — Ei—l,j +Ei,j+1—Ei,j—1 (3.1)
66 i,j 677 ij 2A§ 2A77

where i and j represent the indexes of a grid point in the & and 7 directions, respectively.

3.2  Time Integration

A modified fourth-order Runge-Kutta scheme is used for temporal integration as

=@ =0
Qi,j :Qi,j (32)
=\ =\
—(2) = Ar|(0E oF =@
Q|J =Qi,j T ~ +| — +Hi,j (3.3)
4 ({0 i n);;
[ A=\ =\(2) i
=3 =m Ar|(0oE oF —(2)
Qi=Qii——=Il==| +=— | +Hii (3.4)
3 ] ¢ )i ; n);; |
[ =\ =\(3) ]
—=(4) =) Art|[OoE 0 —(3)
=00, —— —_— 4| — +Hi,' 35
QI’J QH 2 (8 )i,j [6771,1' J 49
=\(4) =\(4)
Q) Qf,"R—A{(Z—Ej +[a—f7 +Hf‘2’] (36)
ij ij
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where the superscripts n and n+1 refer to the time levels, and the superscripts within

parentheses refer to the values at the intermediate stages. The term H is the damping term that
appears in the PML formulation.

A method that is second-order accurate has a tendency to produce dispersion errors. A
second-order central difference scheme used in this numerical solver is no exception, and in
order to reduce the dispersion error, a total variation diminishing (TVD) scheme is employed by
amending equation (3.6). Among the various available TVD schemes, the Davis-Yee symmetric

TVD scheme [5], equation (3.7), is used in the numerical solver.

—(n+1)  —(n) 1Az n n n n
Q" -0 -3 3E e, (@) =06 (0., |

1A n n n n
___T|:(XB)i,j+; +(CDT7 )i,j+% _(XB)i,j—% +(CD’7 )i,j—;':|

2 An

3.7)

where X, and X, are the eigenvector matrices of the flux Jacobian matrices 6E/6Q and

oF/2Q, respectively, and ®, and @, are the flux limiter vectors given by equations (3.8)-

(3.12).
R T L LY e [CR N [ARAR RN e
[ B [CR R [  [E3 WO I e
@2 @) [ @ v @), e, | e
@) (@), Jlon 2@ ]f e
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where a.and «, are the eigenvalue vectors corresponding to X, and X, respectively. In the

expressions given by equations (3.8)—(3.11),

(@)H;,-:(XA);E,,. J%j (Qu;-Q,) - JH;J_:E(JHLﬁJ”) (3.12)
(@).;,-Z(XA)LE,,- J%j (Q;-Qy) - Ji;j:%(\]i“+‘]i’j) (3.13)
(5n)i,,-+;=(Xs)i,1,-+;(3[jl+1 (Qin—Qu) JLH;:%(JLJ.HHLJ.) (3.14)
(5”)i’j_;=(XB)Llj;(Jifj_l_l (Q.-Q,;) . Ji'j_;zg(\]i,j_lui,j) (3.15)

(3.16)
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}
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In equations (3.8)—(3.11), the term  represents the entropy correction term which is

given by
{‘agy‘ for ‘ag‘Zg
V=1 g2 42 (3.20)
< for ‘a§‘<8
2¢
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The positive constant ¢ is selected within the range of 0.0 <& < 0.125. The numerical

simulations shown in this research use a value of 0.0001. A global time-step size is used in all

numerical simulations.

3.3 Nondimensionalization

Calculations in the computational domain are carried out in nondimensional form.

Among the many choices available, L, a,, L /a,, p,,and p,aZ are used as length, velocity,
time, density, and pressure scales, respectively, in this research effort, where L, is a reference

length, a, is the speed of sound, and p, is the mean flow density.

3.4  Work Station Specifications
All simulations were run on the DELL Precision WorkStation T3400 powered with
an Intel (R) Core (TM) 2 Extreme CPU Q6800 @ 2.93 GHz (4 CPUs). All calculations were

made with double precision of accuracy.
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CHAPTER 4

PML FOR LINEARIZED EULER EQUATIONS OVER UNIFORM MEAN FLOW

4.1 Linearized Euler Equations

The LEEs given by equations (2.22)—(2.25) are written in vector form as

@+ @+ B@:O (4.1)
ot OX
where

P M, 1 0 0 M, 0 1 0

u 0 M 0 1 0 M 0 0
= ’ A: X ; B: y 42
=1y 0 0 M, 0 o 0 M, 1 *.2)

0 0 1 0 M, 0 0 1 M,

in which u and v’ are the velocity perturbations in the x- and y -directions, respectively; p is
the perturbation pressure; p is the perturbation density; M and M, are the mean flow velocity

components in the x- and Yy -directions, respectively, normalized by the acoustic speed; and Q,

the solution vector, represents the aeroacoustic perturbation in density, velocity, and pressure.

The LEE for a uniform mean flow in the x direction is

@+A@+B@:O (4.3)
ot OX oy
where
P M, 1 0 0 0010
u 0 M, 0 1 0000
Q=| . [ A= ; B= (4.4)
v 0 0 M, O 0001
N 0 1 0 M, 0010
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Providing the mean flow Mach number (M,), the perturbation quantities can be solved in a

straight-forward manner from equation (4.3).

4.2  PML Equations Using Two-Component Splitting

For the implementation of the PML, p, u’, v, and p in equation (4.4) are split into
subcomponents in coordinate directions as p,, p,, U;, U,, V;, V,, p;, and p,. Following the

concept of Berenger’s PML technique [9], the original system of four equations is rewritten into

a system of eight equations, equations (4.5)-(4.12), with the introduction of absorption

coefficients, o, and o,, in the coordinate directions [10]. Equations (4.5)—(4.12) are the

y i)

governing perfectly matched layer equations of the linearized Euler equations, equation (4.3).

0 0
Py g p = Outt)_yy oatpr) (4.5)
ot OX OX

op (v, +V,)

EZ—'_GypZ =—# (46)
Ay o PR O ry) @4.7)
ot OX OX

ou
a—t2+0yu2: (48)

U (. Gl Y; (4.9)

ot oy

Y2 v, =M, a(vla“’Z) (4.10)

X
d d
%+0Xp1:— (ul+u2)—|le (Pt P2) (4.11)
t OX OX

18



op, 0 (Vl +V, )

Aty

(4.12)
The PML damping coefficients are zero in the interior domain (see Figure 1.1). It is to be noted
that, when o,=0,=0and p =p,+p,, U =U+U,, V =V, +V,, and p =p,+p,, equations
(4.5)—(4.12) are reduced to LEEs, i.e., equation (4.3).

In generalized coordinates, & and 7, the conservative form of the PML equations for

uniform mean flow, take the following form [7]:

@+£+£+ﬁ:0 (4.13)
ot oF o7
where
o _gx(Mxp'+u')+§y(v')_
P . '
U, gx(qu +p)
=~ |U, _ __i 0
Q_ Vl ’ E_J )
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Py §X(Mxp'+u')+.§y(v')
L P2 |
_0 -
o N | - op]
nX(MXp +u)+ny(v) 0,0
0 o\,
-1 nX(MXuI+p) | Follom 414)
Jn,(My)+n,(p) I oV
0 oV,
0 o: P
7 (Mp U )+, (V) o, P
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The source term, H , in equations (4.13) and (4.14) represents the damping term associated with

the PML layers. Equation (4.13) is solved in the computational domain.

4.3  Three-Step PML Procedure

The procedure for the construction of a stable PML formulation with a space-time

transformation essentially involves three steps [17, 18]:

A proper space-time transformation is determined and applied to the governing
equations. This is a crucial step in the construction of an effective PML equation. The
main purpose of applying a space-time transformation is to ensure that in the
transformed coordinates all linear waves supported by Euler equations have
consistent phase and group velocities. Inconsistency in these two velocities inside the
PML domain will result in amplification instead of damping of the waves. This will
be demonstrated through a dispersion analysis for acoustic waves and numerical
simulations in section 4.4.2 for the LEE.

A PML complex change of variables is applied in the frequency domain as per
equation (1.1). After writing the equations in the frequency domain, they are split in
coordinate directions to obtain a split-form PML or retained as is to obtain the PML
in an unsplit form, and then simplification and reorganization of the equations is
performed.

The time domain absorbing boundary condition is derived from the frequency domain
equations. This is the last step in which the equation in the frequency domain is
written back in the time domain in the transformed coordinates. Finally, the PML

equation is obtained in the original coordinates through a reverse transformation.
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4.3.1 PML Equations with Transformation in Unsplit Form

Now, by introducing new variables x, y, and t as used in the work of Hu [16],

X=X, y=+1-M?y, f=t+1_MM2x (4.15)

the LEE, equation (4.3), with the new variables is found to be

(|+ M 2Aj@+A£+ -mzs X2 _g (4.16)
1-M?2 Jat ox oy

where | is the identity matrix. Then, by applying the PML complex change of variables as per

equation (1.1),

X =(1+ lo, ji, y = (1+ 5)9 (4.17)

w w

in the frequency domain, the LEE, equation (4.16), takes the form of

1 oQ 1

—|g)(| +L2AJQ+—_A——+—.
1-M (H@j ox [Hmyj

1-ms X2 _g (4.18)
oy
) w

where « is the frequency in the transformed equation, which is equal to @. Subsequent to
multiplying equation (4.18) by(1+i0%j(l+la%j, the LEE in the frequency domain is
w w

rewritten back in the time domain as

[I + M A]Q[%+(O‘X+O'y)Q+O'XO'yq:|+A£+O'yAa—9

1-M?
) o o ) (4.19)
N-mM B2 6 immB M g
ay ay
where ¢ is an auxiliary variable given by
a_ Q (4.20)

ot

21



Finally, in terms of the original variables x, y, and t, the new formulation of the PML

equations is expressed as

@+ @ Q+ JA—
ot OX 6y OX

+axBa—q+(Gx+0'y)Q

(4.21)

+0,0,4+0,

A -
1-M? (@+c9)

Equations (4.21) and (4.20) are the governing PML equations of the LEE, equation (4.3), in

unsplit form. The auxiliary variable g needs to be calculated only within the PML domain where
o, or o, is anon-zero value. Thus, it is not necessary to calculate g within the interior domain,

where the absorption coefficients are zero.

In generalized coordinates, & and 7, the conservative form of the PML equations for
uniform mean flow takes the following form:

Q,%E F 7 g (4.22)
or oz o

where

- 3 P +U) (qup+qu))+§y(vl+‘7¢qv)
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Il
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E(MYV +o quv)+5 (p+0.0,)
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T <. €.

(M,p+u)+o (qup+qu))+§y(v'+a§qv)_

)+77y (v' +a§qv)

(M )
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(

KA

Xp +u ( Xq +qU

; (4.23)
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Il
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(M,p'+u)+o (qup+qu))+ny(v'+a§qv)_
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and
1-q (4.24)

In equation (4.23), the subscript of g represents the corresponding physical variable

associated with the vector q. The source term, H , in equations (4.22) and (4.23) represents the

damping term associated with the PML layers. Equations (4.22) and (4.24) are solved in the

computational domain.

4.4  Numerical Results

The split-form of PML formulation, equation (4.13), and the unsplit formulation,
equations (4.22) and (4.24), are validated by considering an initial value problem with two-
dimensional acoustic and vorticity disturbances, equations (4.25)—(4.28), as provided by category

three of benchmark problems of computational aeroacoustics [22]. The mean flow is in the
direction of the x-axis, with M = M, = 0.5. The square physical domain, [-110, 110] x [-110,
110], is a uniform grid with spacing of Ax=Ay =1 which includes a PML domain of ten grid
points on the four sides, as shown in Figures 4.1(a) and (b). In the computational domain,

A& =An=1. The values of o, =a =2 are selected.
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Figure 4.1. Square physical domain for uniform grid: (a) grid structure, (b) PML domain
(shaded region in olive green) and physical space. Number of PML layers (NPML) = 10.

p=A exp[—(ln 2)(()(_)(a)2 +Hy- ya)Z H+C0 exp[—(ln 2){()(_)%)2 +Hy- yb)z )] (4.25)

9 25
pA)exp[—(lnz)[(x_xa)zg(y_ya)zj] (4.26)
u=Bo(y—yb>exp[—<ln2)[(“")2;5”_yﬂ] 40
_ (x- )2+( - b)2
v_—Bo(x—xb)exp[—(an){ % 25y Y J] (4.28)

These equations include an acoustic pulse centered at ( Xy, ya), and vorticity and entropy
pulses both centered at (X,, Y, ), with amplitudes of Aj=1, B;=0.04, and C,= 0.1. Initially, the
acoustic pulse is located at the origin, (xa, ya):(O, 0), and the vorticity and entropy pulses are

located at (xb, yb) =(67, 0). A time-step size of 0.1 is used for time integration.
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It is found that both split and unsplit formulations produced identical results, and the
unsplit-formulation solution is presented here in this section. The u velocity contours obtained
using the unsplit-PML formulation at various time levels are presented in Figure 4.2. It can be

seen that the waves are absorbed in the PML domain with no reflection.

-100 -50 0 50 100

d)

Figure 4.2 u-velocity contours at values of £0.1, £0.05, £0.01, £0.005, and +0.001showing
acoustic and vorticity pulses: M= 0.5 at (a) t =50, (b) t = 100, (c) t = 150, and (d) t = 200, with
om =0 =2 and NPML = 10.
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The analytical solution [22] for this initial value problem with an acoustic pulse, vorticity

and an entropy pulses is given by equations (4.29)—(4.32):

o0 75
=7je4“1 cos(&t)J, (En)Ede (4.29)
10
—az[(x—67—Mt)2+y2]
p=p+0.le (4.30)
-2 2a7 f ¢ sin (£0)3, (&n)€dé + 004y & AT (431)
1 0
= j e“‘”l sin(&t)Jd, (&) £déE — 0.04(x—67—Mt) g (-] (4.32)
1
where
Jo( )and J,( )are Bessel functions of order 0 and 1.
In(2 In(2
a, = (2) , Oy = 2(5) (4.33)
1

M =0.5, and n:[(x—Mt)2+y2]2 (4.34)

Figures 4.3 and 4.4 show a comparison of the PML solution with the analytical solution along
line y =0 at t =200 for u velocity and pressure, respectively. Figures 4.5 and 4.6 show a similar
comparison at t =600 for u velocity and pressure, respectively. The u velocity as a function of
time at a selected point (100, 0) on the Euler and PML domain interface is shown in Figure 4.7.

The numerical solution compares very well with the analytical solution.
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Figure 4.3. u-velocity along line y =0 for M = 0.5 at t = 200: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with o= o = 2 and NPML = 10.
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Figure 4.4. Pressure along line y = 0 for M = 0.5 at t = 200: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with o= o = 2 and NPML = 10.
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Figure 4.5. u-velocity along line y =0 for M = 0.5 at t = 600: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with 6,= a =2 and NPML = 10.
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Figure 4.6. Pressure along line y = 0 for M = 0.5 at t = 600: (a) analytical vs. split PML,
(b) analytical vs. unsplit PML, with o= o = 2 and NPML = 10.
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Figure 4.7. u-velocity as a function of time at Euler and PML domain interface at selected point
(100, 0) for M = 0.5: (a) analytical vs. split PML, (b) analytical vs. unsplit PML, with o= 0. =2
and NPML = 10.

4.4.1 Effect of Space-Time Transformation for High Subsonic Flow and Long-Time
Integration

Now, both split- and unsplit-PML formulations are simulated with the same initial
conditions given by equations (4.25)—(4.28) for a mean flow along the x-axis with M =0.8. The

values of o, = 1.5 and « =2 are selected with a time-step size of 0.1. Figure 4.8 shows the u

velocity contours obtained using the split-form PML.

Reflections that appear predominantly from the right side boundary are visible at a time
level of around t =550. These reflections result in a spurious solution and subsequently lead to
divergence. On the other hand, it is observed from Figure 4.9 that the unsplit formulation, which
involves a space-time transformation with complex change of variables, provides a stable
reflection-free solution. The waves not only leave the Euler domain smoothly but also are

effectively damped in the PML domain before hitting the outermost boundaries.
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Figure 4.8. u-velocity contours obtained using split PML formulation at values of £0.1, +0.05,

+0.01, +£0.005, +£0.001, and £0.0005 showing acoustic and vorticity pulses for M = 0.8:
(@) t =150, (b) t=350, (¢) t =550, and (d) t = 700, with 6, = 1.5, a.= 2, and NPML = 10.
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Figure 4.9. u-velocity contours obtained using unsplit PML formulation at values of +0.1, +£0.05,

+0.01, £0.005, +£0.001, and £0.0005 showing acoustic and vorticity pulses for M= 0.8:
(a) t =150, (b) t =350, (c) t = 550, and (d) t = 700, with 6y, = 1.5, a =2, and NPML = 10.

Figures 4.10(a) and (b) present a comparison of the split-form PML solution with the
analytical solution along line y =0 at t=700 for u velocity and pressure, respectively. These
plots clearly show the growing solution due to the reflections from the boundaries in the split
formulation. Hu [16] attributes this instability of the split formulation to the amplification of the
acoustic waves that have a positive group velocity but a negative phase velocity in the direction

of the mean flow. It has been shown that this growth rate increases with M and o, for a

uniform mean flow along the X-axis, and it would be difficult to suppress the instability
occurring in flows with a high Mach number [16]. With the transformation, the convective
acoustic waves are made nonconvective with the group velocities of all linear waves in the same
direction as that of the phase velocities in order to obtain stable PML equations. A comparison of
the unsplit-form PML solution with the analytical solution is presented in Figure 4.11. It is
observed that the numerical solution matches well with the analytical solution, thus

demonstrating the stability of the unsplit-PML formulation. The u velocity as a function of time
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at a selected point (100, 0) on the Euler and PML domain interface is shown in Figure 4.12. The
diverging solution from the split-form of the PML formulation is clearly seen in Figure 4.12(a).
It is also observed in Figure 4.12(b) that the unsplit-PML formulation predicts a solution that

compares very well with the analytical solution.
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Figure 4.10. Comparison of split-form PML solution with analytical solution along line y = 0 for
M = 0.8 att = 700: (a) u-velocity and (b) pressure, with 6= 1.5, 0. = 2, and NPML = 10.
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Figure 4.11. Comparison of unsplit-form PML solution with analytical solution along line y = 0
for M =0.8 att = 700: (a) u-velocity and (b) pressure, with 6, = 1.5, a =2, and NPML = 10.
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Figure 4.12 u-velocity as a function of time at Euler and PML domain interface at selected point
(100, 0) for M = 0.8: (a) analytical vs. split PML, (b) analytical vs. unsplit PML, with
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4.4.2 Stability Analysis Using Dispersion Relation

To investigate the instability issue, it is necessary to carry out a dispersion analysis

ikyx+iky y—iot -

according to Hu [16]. When a plane wave solution of the elementary form Qe IS

assumed, the disturbance governed by the LEE can be considered a superposition of vorticity,
entropy, and acoustic modal wave fields [11, 23, 24], where k and k are the wave numbers in
the x- and Yy -directions, respectively; wis the angular frequency; and Q, is the amplitude of
the wave. To satisfy the governing equations, k,, k,, and o must be related by an equation
called the dispersion relation. The dispersion relations for the LEE, equation (4.3), are
(0-Mk,)* ~k2-k2=0 (4.35)
for the acoustic waves and
(0—Mk,)=0 (4.36)

for the vorticity and entropy waves [16, 25]. With the complex change of variables, equation
(4.17), the dispersion relations for the split formulation and the unsplit formulation with a space-

time transformation for the acoustic waves are given by equations (4.37) and (4.38) respectively,

as
2 2 2
k
w—-M klx kix L | =0 (4.37)
142 14-2x 142y
w w w

(w+io,) (a) +io, )2

(1-m?)

2
_(a)+iay)2(kx+l MMZa)] (oo ki=0 (438)

Equations (4.37) and (4.38) are solved numerically for the frequency for real values of

the wavenumber. The exponential solutions will be stable provided the imaginary part (Sw) of

35



the four roots of ® is negative. The angular frequencies are calculated for a chosen range of

wavenumbers |kx| <5and ‘ky‘ < 5. Figures 4.13—4.16 show the maximum Sw obtained from the

dispersion relations. Solid and dashed lines represent contours of positive and negative
imaginary roots, respectively. Even though imaginary roots of lower values with a positive sign
are shown in Figure 4.13(a), the dominant negative roots result in a stable accurate solution for

the split formulation, as shown previously in Figures 4.2—4.7 for M = 0.5.
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e Y Y T T 3 5

(b)

1

Figure 4.13. Contours of maximum So, imaginary part of ®, of four roots solved numerically
from equation (4.37) with M = 0.5: (a) ox=2.0 and 6, =0, (b) ox=0 and oy = 2.0.

In Figure 4.14, negative imaginary roots are shown for equation (4.38) of the unsplit
formulation, resulting in a stable solution. However, for a high subsonic number, M = 0.8, the
split-form dispersion equation, equation (4.37), has a positive S, as can be seen in Figure
4.15(a), thus leading to exponential growth of the solution in the PML domain. This follows the

trend between the Mach number, M , and the damping parameter, o, , as discussed in section

4.4.1. On the other hand, the dispersion equation, equation (4.38), has all negative imaginary
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roots, as shown in Figures 4.16(a) and (b), which eventually lead to a decaying solution in the

PML domain.

1 o] 1 2 3 4 5

b)

Figure 4.14. Contours of maximum S, imaginary part of ®, of four roots solved numerically
from equation (4.38) with M = 0.5: (a) ox=2.0 and oy =0, (b) ox= 0 and oy = 2.0.

Figure 4.15. Contours of maximum So, imaginary part of ®, of four roots solved numerically
from equation (4.37) with M = 0.8: (a) ox=2.0 and 6,= 0, (b) 6x=0 and 6, = 2.0.
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Ky
(a)
Figure 4.16. Contours of maximum S, imaginary part of ®, of four roots solved numerically
from equation (4.38) with M = 0.8: (a) ox=2.0 and o, = 0, (b) ox=0 and oy = 2.0.
4.4.3 Effect of Time-Step Size on Stability of PML Formulations

Most unsteady fluid-flow analyses are carried out with a smaller time-step size in order to
provide a stable accurate solution. Since PML formulations are a function of multiple variables,
viz., the number of layers used in the PML domain, the maximum value of damping and its
distribution rate in the PML domain, and the error associated with the numerical approximations
of the schemes used in the computations, it is a challenging task to identify an appropriate
combination of the PML parameters for a given flow problem. Moreover, with regard to
stability, the time-step size plays a key role in the long-time behavior of the computational
scheme. Simulations with a large time-step size resulted in a diverging solution for both split and
unsplit formulations for the initial value problem considered in section 4.4. Thus, it was
necessary to investigate and verify if the time-step size used in the simulations could be a
possible cause of the instability associated with the PML equations. Furthermore, this
investigation provides the range of time-step size and PML parameters for which numerical

schemes produce accurate results with an effective PML.
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An unsteady acoustic source case is found to be a well-suited candidate for this
investigation. The LEE, equation (4.3), is solved with the source term, equation (4.39), added to

the energy equation [26]:

2 2

p(X, y,t):%exp{—(ln Z)X ;y }sin(a)t) (4.39)

where the frequency of the source is @ = 2w/30, and the mean-flow Mach number is M = 0.8.
Due to the presence of mean flow, acoustic waves have a larger wavelength at the downstream
boundary than at the upstream boundary. The following example is used to illustrate the
effectiveness of PML equations for both long and short waves: The Euler domain is
[-100, 100] x [-100, 100]. A PML domain with ten layers on all four sides of the interior domain
is used. The source is located at the origin. Several numerical simulations are carried out using
the unsplit formulation for a wide range of PML parameters with various time-step sizes. Time-
step sizes of 0.5, 0.2, 0.1, 0.05, 0.01, and 0.001 are used. The PML parameters, o and «, are
varied from 0.5 to 4.0 in steps of 0.5, thus providing various combinations of time-step size and
PML parameters.

Figure 4.17(a) shows the pressure along line y =0 at t = 600. The PML region is shown
by the hatched section. The damping of the solution from the Euler-PML interface to the
outermost boundary of the PML domain is clearly observed on both sides of the physical space
i.e., the solution is reduced to nearly zero as it approaches the outermost boundary of the PML. It
is also observed that the solution obtained from the unsplit-PML formulation compares very well
with the reference solution obtained from a large computational domain. The pressure as a
function of time at a selected point on the Euler and PML domain interface shows a clear

sinusoidal wave in Figure 4.17(b).
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Figure 4.17. Pressure obtained with unsplit PML.: (a) along liney =0 at t = 600 and (b) at a
selected point (100, 0) as a function of time, for M = 0.8, with At =0.05, 6,= 1.5, a =2,
and NPML = 10.

Figure 4.18(a) shows the pressure contours at t = 600, along with reflections, obtained
with the split formulation. From various numerical simulations, it was found that reflections arise
around the time level of t =450 in the split-formulation solution, and the scheme fails even for a
very small time-step size. These reflections grow with time and eventually spoil the entire
solution. On the other hand, a clean solution is seen in Figure 4.18(b), an unsplit formulation
with a proper space-time transformation. It is further found that the unsplit PML formulation
produces excellent results for small time-step sizes. However, in order to perform effectively, it
must be ensured that the PML domain is provided with sufficient damping, which is a necessary

condition for any PML formulation. From the investigations, it was found that the unsplit PML

formulation performs well for PML parameters of o and « ranging between 1.5 and 4.0, with a
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time-step size ranging between 0.001 and 0.1. Although the unsplit-PML formulation converges
for a solution for PML parameters of values lower than 1.5, results indicate inaccuracies in the

solution.

Figure 4.18. Pressure contours at values of £0.1, £0.01, and +0.001, for M = 0.8 at t = 600:
(@) split-form PML solution and (b) unsplit-PML solution, with At =0.05, o = 1.5, a =2,
and NPML = 10.
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CHAPTER 5

PML FOR NONLINEAR EULER EQUATIONS

5.1  2-D Nonlinear Euler Equations
Recalling the two-dimensional Euler equations discussed in section 2.3, in a conservative

form, the two-dimensional Euler equations are written in Cartesian coordinates as

xQ + & + oF_ 0 (5.1)
ot ox oy
where
P pu ol
u 2 VU
Q=" | e TP BT (5.2)
o puv PVE+p
o) phu phv
and
u? +v? u? +v?
h=%+£;<%=%+ o p=pe (r-1); p=U=Qp£%— 5 J (5.3)

in which u and v are the velocity components in the x- and y -directions, respectively; p is
the pressure; o is the density; h is the enthalpy; e, is the total energy per unit mass; e is the

internal energy per unit mass; and y is the ratio of specific heats and equals 1.4.

The two-dimensional Euler equations, equation (5.1), in generalized coordinates are
given by
aQ +8E oF

i % o0 (5.4)
or  0F  on
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where

Q-3 E-3[4Q+EE+EF]iF - [nQnE+nF] (55)

and J is the Jacobian of transformation.

5.2 Pseudo Mean-flow

In a nonlinear simulation, the total variable Q could be quite large and may not be most

efficient absorbing it completely in the PML domain. Therefore, a pseudo mean-flow, as shown
in Figure 5.1, is introduced in the PML domain as equation (5.6), and only the fluctuation needs

to be absorbed in the PML domain [17].
Q=Q,+Q (5.6)

where Qp is the time-independent pseudo mean-flow, and Q is the time-dependent fluctuation.

:‘/ /
K
o

Eule

Figure 5.1. Schematic showing total pseudo mean-flow variables and absorption of
fluctuations in PML domain.
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The only requirement of this pseudo mean-flow is that it satisfies steady-state Euler equations, as
given by equation (5.7), in order to carry out the linearization of the nonlinear Euler equations
inside the PML domain and construct the PML formulation in such a way that only the time-
dependent fluctuations need to be reduced to nearly zero inside the PML domain.

aa—EXp +%|Ep =0 (5.7)
It may not be possible to find an exact pseudo mean-flow for a given flow problem. For example,
in the case of a wall-bounded compressible flow governed by Navier-Stokes equations, the
solution near the boundaries may not be known at the beginning of the numerical simulation, in
which case, a similarity solution can be used as the pseudo mean-flow [27]. But, these
approximate solutions may not define an accurate pseudo mean-flow. Therefore, the pseudo

mean-flow should be judiciously chosen according to the problem at hand. Hence, the choice of
Qp is not unique. But any known solution or a parallel flow that satisfies the steady Euler
equation, equation (5.7), appropriate to the actual flow problem can be used as a pseudo mean-
flow in the construction of PML equation. Once a suitable pseudo mean-flow is identified, PML
equations are constructed in such a way that the nonlinear fluctuations, Q ', are absorbed in the
PML domain. These fluctuations inside the PML domain depend on the choice of the most
appropriately selected pseudo mean-flow, Qp. It must be reemphasized here that the solution
inside the PML domain has no physical significance, and the foremost objective is that the
fluctuations are reduced to nearly zero inside the PML domain, thus guaranteeing a nonreflecting

outer boundary.

The Euler equations in terms of fluctuations can be written using equations (5.1) and (5.7) as
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an_i_a(E_Ep)_'_a(F_lfp):O (58)
ot Ox oy '

5.3  PML for Nonlinear Euler Equations in Split Form
A three-step PML procedure, as presented in Chapter 4.3, is used for the construction of
the PML equation for nonlinear Euler equations as well, in terms of fluctuating terms as given by
equation (5.8). In order to preserve the dispersion relation of the waves supported by equation
(5.8), a proper space-time transformation needs to be identified before applying the complex
change of variables [17, 21]. Therefore, a dispersion analysis needs to be performed to identify
the proper space-time transformation. In other words, the proper space-time transformation is
identified in order to correct the dispersion relation with consistent phase and group velocities in
the transformed coordinates. But the analysis is more challenging than the procedure involved in
the dispersion analysis of the LEE. The PML equations in unsplit form for Navier-Stokes
equations obtained using the space-time transformation, equation (4.15), required the
introduction of an advection term to improve the stability of the PML formulation [27]. In this
research effort, a proper space-time transformation of the form
t =t+pBx (5.9)
is used [17, 21]. Here, S is a function of phase speed. For uniform mean flows, there exists an
exact dispersion relation for the acoustic wave, and the value of /S can be evaluated. The phase
speed is obtained from the dispersion diagram by identifying the zero group velocity points for
the chosen number of acoustic modes. The slope of the line formed by these zero group velocity

points is the phase speed and £ is the negative inverse of this phase speed. But for nonuniform

shear flows (for jets, shear layers, wakes, and boundary layers, for example) in the absence of an

explicit and direct relationship between the phase speed and the arbitrary mean flow profile, the
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spectral collocation method provides a general way of determining the dispersion relations for an
arbitrary mean flow [21], and the values of the phase speed and S are extracted from the
spectral collocation method for flows with nonuniform arbitrary mean flow. The idea here is to
find an appropriate value of A in such a way that the phase and group velocities of the waves
supported by non-linear Euler equations are consistent [21] for the problem at hand. Thus, the
value of /S is very critical for the stability of the PML.

It has been shown that Euler equations support entropy, vorticity, and acoustic waves.
The entropy wave consists of density fluctuations alone, whereas the vorticity wave consists of
velocity fluctuations alone. Both entropy and vorticity waves are convected downstream by the
uniform mean flow without distortion [28]. Acoustic waves involve fluctuations in all physical
variables, and due to their dispersive nature, they are given major emphasis. For cases where a

linearization is carried out over a uniform mean-flow, it has been shown [21] that for cases
where the mean density is constant, i.e., the non-dimensionalized mean density o(y)=1, the

expression given by equation (5.10) can be used as an empirical formula to calculate the value of

B.

Um — 1 b__
ﬂzl—L_Jﬁ where Um:b_—llu(y)dy , yel[ab] (5.10)

The transformation given by equation (5.9) changes the partial derivatives of equation (5.8) to

a—>i_; g—>£+ﬂi;and gai (5.11)
o ot OX  0OX ot oy oy

Thus, applying the transformation, equation (5.9), to equation (5.8) results in

aa?_ +'86(Ea;_Ep)+a(Ea;Ep>+a(F_Fp):0 (5.12)
oy
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Consider equation (5.12) in the frequency domain by replacing % with —i@. Then
equation (5.12) in the frequency domain can be written as

_iw(j'_iwﬁ(é—ép)+ ——+ ay":o (5.13)

a(E—Ep) a(ﬁ_ﬁ)

where a tilde denotes the time Fourier-transformed quantity. Now, by applying the PML

complex change of variables obtained as per equation (1.1)

x:(1+ iaxjx, y:£1+ﬂjy (5.14)

() ()

in the frequency domain, equation (5.13) takes the form

. a(E—Ep) . a(ﬁ—ﬁp)

(—iw)(@+ﬂ(l§—l§p))+[+i6j — +(1+i"j 5

=0 (5.15)

a
where o is the frequency in the transformed equation, which is equal to @. The Q can be split

into sub-components Ql' and Q;, and equation (5.15) can be written in the frequency domain in

split form as

=0 (5.16)

(5.17)

igx |O'y

j and equation (5.17) by (1+ inelds
w

Now, multiplying equation (5.16) by (1+

w
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(—iw)(él'w(é—Ep))mx(dﬁﬂ(é—ﬁp)%@=0 (5.18)
-ioQ, +0,Q, +a(ﬁa—;ﬁp):0 (5.19)

Equations (5.18) and (5.19) can be written in the time domain as

oQ, a(E—E) , _ G(E—E)

e +0X(Q1+ﬂ(E—Ep))+Tp=O (5.20)
X, o AFR)
40,0+ 50 (5.21)

Equations (5.20) and (5.21) form the PML equations for absorbing Q in the PML domain.

Adding equations (5.20) and (5.21) and replacing Q, with Q —Q, yields

0 _Qz)wa(E_E")wx(Q'—Q;+ﬂ(E—Ep))+ (£
ot ot ox
_ (5.22)
Q a(F_Fp)
—240,Q,+——=0
T oy

Using the fact that Qp satisfies the steady Euler equations as given by equation (5.7), equation

(5.22) is rewritten in the original x and t variables as

o oE OF
%m(q -Q,)+0,Q,+0,8(E-E,)+ Tl (5.23)

By introducing an auxiliary variable q in such a way that q = Q, and by equation (5.6),
equation (5.23) can be written as

oQ 0Q, 6E oF — -
E_Ep+&+g+o-x(Q—Qp—q)+ayq+ax,6’(E—Ep)=0 (5.24)
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Thus, the pseudo mean-flow is defined as time independent and satisfies the steady-state Euler

equation as given by equation (5.7). Applying this fact, equation (5.24) is written as

@+6—E+8—F+H=O (5.25)
ot ox oy
where
H:aX(Q—Qp—q)+ayq+axﬂ(E—I§p) (5.26)
And from equation (5.21),
o(F-F
@ﬂyyq +u:0 (5.27)
ot oy

Equations (5.25) and (5.27) are the governing split-form PML equations of the nonlinear Euler
equations in a Cartesian coordinate system. Based on equation (5.4), the PML formulation in the

Cartesian coordinate system can be transformed into the generalized coordinate system as

@+8—E+8—F+I—_|:O (5.28)
or 0& oOn
where
I-_I=J§(Q—6p—G)+aﬂq+aéﬂ(|§—|§p) (5.29)
and
- o(F-F
A, (T+—( p)=O (5.30)
or " on

Equations (5.28) and (5.30) are solved in the computational space. By a reverse-
transformation, the physical variables are calculated in the Cartesian coordinates. In this split

formulation, only one auxiliary variable needs to be calculated within the PML domain, where
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o, or o, is a non-zero value. Thus, it is not necessary to calculate this auxiliary variable within

the interior domain, where the absorption coefficients are zero.

54 Numerical Results

In order to demonstrate the effectiveness of PML in a generalized coordinate system,

three physical domains of different shapes are considered: the physical domains, viz., square

domain with uniform grid spacing, tapered domain, and arbitrary-shaped domain with

nonuniform grid spacing in Cartesian coordinates, as shown in Figures 5.2, 5.3, and 5.4,

respectively.
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@

= »5
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05

-1 05

05 1

(b)

Figure 5.2. Square physical domain with uniform grid: (a) grid structure, (b) PML domain
(shaded region in olive green) and physical space. Number of layers in PML domain = 20.
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Figure 5.3. Tapered physical domain with nonuniform grid: (a) grid structure, (b) PML domain
(shaded region in olive green) and physical space. Number of layers in PML domain = 20.

Figure 5.4. Arbitrary physical domain with nonuniform grid: (a) grid structure, (b) PML domain
(shaded region in olive green) and physical space. Number of layers in PML domain = 20.
The square domain with a uniform grid is of the size [-1.2, 1.2] x [-1.2, 1.2]. The non-
rectangular physical domain tapered on the top and bottom boundaries is obtained by changing
the lower and upper-right vertices of the square domain as (-1.2, -0.6) and (1.2, 0.6). The
physical domain of arbitrary shape is obtained by using a third-order polynomial for the top and

bottom boundaries and a second-order polynomial for the left and right boundaries. The physical
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domains include a PML domain, the region shaded in olive green in Figures 5.2(b), 5.3(b), and
5.4(b), with 20 grid points appended on the four sides. Thus, the square domain uses a uniform
grid spacing of Ax=Ay=0.01, the non-rectangular tapered domain uses a grid spacing of
AXx=0.01 and a varying grid spacing of Ay in the physical space, and the physical domain of
arbitrary shape has a varying grid spacing of both AX and Ay . For all three physical domains,
the grid spacing is uniform in the computational space, i.e., generalized coordinates, and is
Aé=An=1.0.

A reference length of 0.01 m, speed of sound of 340.26855 m/s, and mean-flow density
of 1.225813 kg/m* are used in arriving at the length, velocity, density, and pressure scales for
nondimensionalization. Unless otherwise specified explicitly, a global nondimensional time-step
size of 0.001 is used in the calculations. For a mean-flow velocity of u, =0.5, using the

empirical formula given by equation (5.10), the parameter A is calculated to be 0.66667.

5.4.1 Extrapolation Boundary Condition

Benefits of the PML formulation will not be realized until the solution is compared with
that of other techniques. For this, a computational domain with four open boundaries is
considered. An initial value problem with a two-dimensional strong acoustic pulse [17]
analogous to category three of benchmark problems of computational aeroacoustics [22] is used,
and the Euler domain is initialized with the initial conditions as given by equations (5.31)—(5.34).

These equations include a strong acoustic pulse, initially located at the origin, (xa, ya) =(0, 0).

The values of o, =500.0 and o = 2.5 are used in the computational domain.

p=10 (5.31)
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p%+exp[—(ln2)[(xxa)z+(yya)zﬂ (5.32)

u=U, =05 (5.33)
V=V, =0.0 (5.34)

The pseudo mean-flow inside the PML domain is initialized by equations (5.35)—(5.38).

p, =10 (5.35)
- 1

p,=— (5.36)
4

Up =05 (5.37)

vy =0.0 (5.38)

Figure 5.5 shows the pressure contours obtained from a small computational domain
without a PML layer, [-1.0, 1.0] x [-1.0, 1.0], with zero-order extrapolation on the outermost
boundaries. It can be seen from Figure 5.5(b) that the outgoing waves are not smooth closer to
the right boundary. At t = 1.0, shown in Figure 5.5(c), these ripples have spread into the domain
and have affected the solution almost everywhere, subsequently resulting in a contaminated

solution at t = 2.0, as can be seen in Figure 5.5(d).
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Figure 5.5. Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5, (c) t =1.0, and (d) t = 1.5 with levels from 0.65 to 0.9 and in steps of 0.02 obtained
with zero-order extrapolation.

In order to reduce the dispersion, the same case was simulated again with a TVD scheme,
and the solution is shown in Figure 5.6. Even though the solution appears to be oscillation-free, it
is quite evident from Figures 5.6(c) and (d) that the waves are not smooth due to reflections from
the outflow boundaries. In order to verify the effect of a simple extrapolation scheme on a small

computational domain, a reference solution is obtained by computing the flow with the same

spatial and temporal resolution but in a much larger domain in such a way that for the time levels
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considered, the waves do not reach the boundaries so that the numerical solution is not affected
by the boundary condition. The pressure contours obtained from the reference simulation is
shown in Figure 5.7. For clarity, only the region of interest is shown in Figure 5.7. A clear

solution is observed at all time levels.

@

05 1

X
(d)
Figure 5.6. Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,

(b)t=0.5, (c) t=1.0, and (d) t = 1.5 with levels from 0.65 to 0.9 and in steps of 0.02
obtained with TVD scheme and zero-order extrapolation.
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Figure 5.7. Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5, (c) t=1.0, and (d) t = 1.5 with levels from 0.65 to 0.9 and in steps of 0.02
obtained from large computational domain.

The comparison of pressure at t= 1.5 and t= 2.0 along line y =0 obtained from both
the small computational domain with the zero-order extrapolation scheme and the reference
solution is shown in Figures 5.8 and 5.9, respectively. In Figure 5.8, although the solution
appears to differ only by a small amount at t = 1.5, it is clearly visible that the solution obtained
from the small computational domain without TVD is oscillating due to reflections as well as

dispersion.
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The application of TVD has reduced the dispersion error and is observed in both Figures
5.8 and 5.9. Although the difference in the solution obtained with TVD and the reference
solution appears to be small, it is inevitable that the error due to reflections from the boundaries
will grow with time and eventually result in a spurious solution. This demonstrates that a simple
extrapolation boundary treatment requires a large computational domain for accurate results, but
at the cost of increased computational time and effort.

This can be avoided by appending a PML domain on the four sides of the smaller
computational domain in such a way that the PML domain absorbs the incoming waves and thus

prevents any reflection back into the domain from the boundaries.
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a Yoy
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0.65
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
X-Location
— Small Domain without VD ~ ----- Small Domain with TVD Reference Solution

Figure 5.8. Comparison of pressure along line y = 0 at t = 1.5 obtained from reference case and
small computational domain with simple extrapolation on boundaries.
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Figure 5.9. Comparison of pressure along line y = 0 at t = 2.0 obtained from reference case and
small computational domain with simple extrapolation on boundaries.
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5.4.2 Advection of Isentropic Vortex
Advection of the isentropic vortex is considered in this case, where the initial conditions,

equations (5.39)—(5.42), are given by the work of Hu [17] as

1 1_ﬁ Y(r-1)
p(x,t){l—z(y—l)u;axe sz (5.39)
1 1 L 7/(r-1)
p(x,t);[l—i(y—l)uriaxe DZ} (5.40)
! E 1_ﬁ
u(x,t):UO—U%rez[ szsin6? (5.41)
' 1 1_ﬁ
v(x,t)=V, + Uga" rez[ sz cosé (5.42)
where
r=J(X=Ugt)’ +(y-Vit)’, U}, =0.25,b=0.2 (5.43)
and
[U,Y, ]=[05,0] (5.44)

The values of o, = 50.0 and o = 2.0 are selected. The v-velocity contours at

progressive time frames are shown in Figures 5.10, 5.11, and 5.12, obtained from domains with
uniform and nonuniform grid structures. The contour plots clearly demonstrate that the PML

formulation effectively dampens the waves entering the PML domain, with no reflections seen.

In order to validate the results obtained from the PML formulation, the numerical
solutions are compared with that of the analytical solution, whereas the analytical solution is
obtained in a straight forward manner for the advection of the given wave form as a function of

time. The comparison of the v-velocity profile along line y = 0 plotted at various time levels is
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shown in Figure 5.13. The solution obtained from both tapered and arbitrary-shaped domains
with nonuniform grid spacing compared very well with the reference solution, and the solution
from the tapered domain is used in the comparison. These plots clearly demonstrate how well the
numerical solutions match the analytical solution in the Euler domain. The hatched regions
shown in Figure 5.13 represent the PML domain. The damping of the wave entering the PML

domain can be clearly seen in Figures 5.13(d)—(g). It is also observed that the numerical solution
approaches the proposed v, as the wave approaches the outermost boundary of the PML domain

on the right. In this case, the entire v-velocity of the wave entering the PML domain is
comprised of the time-independent fluctuation and is effectively absorbed by the PML domain. It
must be noted that the solution inside the PML domain is non-physical and is of no significance

as long as it is not reflected at the boundaries and does not contaminate the interior solution.
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Figure 5.10. v-velocity contour levels from + 0.02 to + 0.24 with step of 0.02:
(@t=0.0,(b)t=1.0,(c)t=1.5,(d)t=2.0,(e)t=25,and (f) t = 3.0.
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Figure 5.11 v-velocity contour levels from + 0.02 to + 0.24 with step of 0.02:
(@t=0.0,(b)t=1.0,(c)t=1.5,(d)t=2.0,(e)t=25,and (f) t = 3.0.
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Figure 5.12 v-velocity contour levels from + 0.02 to + 0.24 with step of 0.02:
(@t=0.0,(b)t=1.0,(c)t=1.5,(d)t=2.0,(e)t=25,and (f) t = 3.0.
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Figure 5.13 Comparison of analytical solution with PML solution for v-velocity along y = O:
@t=0,(b)t=05(c)t=1.0,(d)t=1.5(e)t=2.0,(f)t=25,and (g) t =3.0.

Figure 5.14 shows a comparison of the PML solution with the reference solution for
v-velocity at a point (1, 0) on the Euler-PML interface. It can be seen that the PML solution
matches well with the reference solution, clearly demonstrating the PML as a nonreflecting

boundary condition.
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Figure 5.14 Comparison of PML solution with reference solution for v-velocity at Euler-PML
interface at point (1, 0) as function of time.
5.4.3 Pressure Pulse
The initial conditions for this strong pressure pulse case are the same as those provided in

section 5.4.1, but the major difference is that the nonlinear Euler equations are numerically
solved with PML boundaries. The values of o, =500.0 and & = 2.5 are selected. Figures 5.15,

5.16, and 5.17 show the pressure contours at various time levels obtained from domains with
uniform and nonuniform grids. At all time levels, the pressure wave is seen to travel smoothly
through the nonlinear regime and absorbed effectively in the PML domain with very minimal
reflection.

The pressure profile along line y = 0 at various time levels is presented in Figure 5.18.

The solutions obtained from the tapered domain and the domain with an arbitrary shape matched
the reference solution very well, and only the solution from the tapered domain is presented as a
nonuniform grid solution in Figure 5.18. The hatched region represents the solution in the PML

domain. It can be seen that the acoustic pulse entering the PML domain is dampened, and the
solution approaches 1/, the proposed Bp, in the PML domain, thus indicating the damping of

the fluctuation term appearing in equation (5.32). It is observed that the solutions obtained with
PML boundary conditions match well with that of the reference solution.
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Figure 5.15. Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5,(c)t=0.7,(d) t=1.0, (e) t = 1.5, and (f) t = 2.0 with levels from 0.65 to0 0.9
and step of 0.02.
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Figure 5.16. Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5,(c)t=0.7,(d)t=1.0, (e) t = 1.5, and (f) t = 2.0 with levels from 0.65 to0 0.9
and step of 0.02.
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Figure 5.17 Pressure contours: (a) t = 0.0 with levels from 0.65 to 1.75 in steps of 0.02,
(b)t=0.5,(c)t=0.7,(d) t=1.0, (e) t = 1.5, and (f) t = 2.0 with levels from 0.65 to 0.9
and step of 0.02.
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Figure 5.18 Pressure alongy =0: (@) t=0, (b) t=0.5, (c)t=0.7, (d) t=1.0, (e) t = 1.5,

(ft=20, (g)t=25,and () t = 3.0.

70




A point (1, 0) is chosen on the Euler-PML domain interface to appraise the effectiveness
of the PML boundary condition. The solution for pressure obtained using the PML boundary
condition is checked with that of the reference solution at this interface and is shown in

Figure 5.19. A good match between the solutions is observed.
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Fig. 5.19 Comparison of PML solution with reference solution for pressure at Euler-PML
interface at point (1, 0) as function of time.
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5.4.4 Acoustic Radiation from Oscillating Piston
5.4.4.1 Rectangular Domain with Uniform Grid Spacing

In this case, acoustic radiation from an oscillating piston in a wall is simulated to
demonstrate the effectiveness of the PML boundary condition. The boundary condition defining
the piston and the wall used in this case is analogous to problem 2 of the category 4 benchmark
problem found in a NASA Conference Publication [22]. The rectangular physical domain, Figure
5.20, used in this simulation is of the size [-105, 105] x [0, 105] with a uniform spacing of
Ax = Ay =0.5. The physical domain includes a PML domain with ten layers, the region shaded in
olive green in Figure 5.21, appended to the three sides of the physical space. The piston, blue

line in Figures 5.20 and 5.21, is located at -10 < X < 10, Y = 0. Hatching defines the wall for
-105 < X < -10 and 10 < X < 105, Y= 0. In the computational space, i.e., generalized
coordinates, the grid spacing is A =An =1.0. A nondimensional global time-step size of 0.01 is

used.

The entire domain is initialized with the conditions as given by equations (5.45)—(5.48).

p=1.0 (5.45)

p=1 (5.46)
v

u= UO (547)

v=00 (5.48)

Two numerical simulations are carried out for u=U,=0.0 and u=U,=0.5. Simple

extrapolation is used on the outermost boundaries of the PML domain. The velocity of the piston

is defined by equation (5.49). The wall boundary condition is enforced by specifying the zero
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normal component of velocity along Yy = 0. Zero-order extrapolation is used to calculate the
other physical variables on the wall and the piston.
v = Asin(t/20) (5.49)

where A is the amplitude and equal to 0.2.
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Figure 5.20. Rectangular domain with uniform grid structure showing piston (blue line)
and wall (hatched section). Number of layers in PML domain = 10.
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Figure 5.21. Rectangular domain showing physical space and PML domain (shaded
region in olive green). Number of layers in PML domain = 10.
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The pseudo mean-flow inside the PML domain is initialized by equations (5.50)—(5.53).

p,=10 (5.50)
- 1
4

Up =U (5.52)

vy, =0.0 (5.53)

The parameter S is appropriately calculated based on the chosen u, using the empirical
formula given by equation (5.10). The values of o,, = 50.0 and & = 2.0 are used for the PML
parameters in the computational domain.

Figures 5.22 and 5.26 show the pressure contours over a period of oscillation, from
t =200 to t =240 in steps of ten, for u=0.0 and u=0.5 respectively. The damping of the
perturbation of the pressure induced by the oscillating piston is clearly shown in the contour
plots. A comparison of pressure along x=0 (Figures 5.23 and 5.27) and along y =0 (Figures
5.23 and 5.28), obtained with the PML boundary condition and from a reference case for u=0.0
and u=0.5, respectively, shows a clear match between the two solutions. The rectangular
domain used for the reference case is of the size [-315, 315] x [0, 315]. Over a period of
oscillation of the piston, it is observed that the solution obtained with PML compares very well

with the solution from the reference case. Because the perturbation is dampened inside the PML
domain, it can be seen that the solution for pressure approaches 1/y, the proposed Bp, as per

equation (5.50). Figures 5.25 and 5.29 show a comparison of the PML solution with that of the

reference case for pressure as a function of time at the Euler-PML interface for u=0.0 and
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u=0.5, respectively. Clear agreement between the solutions demonstrates that the PML

boundary condition is an effective nonreflecting boundary condition.
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Figure 5.22. Pressure contours over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02 for u = 0.0.
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Figure 5.23. Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 for u = 0.0.
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Figure 5.24. Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,

(c) t =220, (d) t =230, and (e) t = 240 for u = 0.0.
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Figure 5.25. Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),
(b) (100, 0), and (c) (-100, 0) for u = 0.0.
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Figure 5.26. Pressure contours over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02 for u = 0.5.
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Figure 5.27. Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 for u = 0.5.
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Figure 5.28. Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 foru = 0.5.
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Figure 5.29 Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),
(b) (100, 0), and (c) (-100, 0) for u = 0.5.

5.4.4.2 Tapered Domain with Nonuniform Grid Spacing

In order to demonstrate the PML in a generalized coordinate system, a tapered domain

with nonuniform grid spacing, Figures 5.30 and 5.31, is chosen. Except the taper introduced in

the shape of the physical domain on the left and right side boundaries, all other parameters

remain the same as that in section 5.4.4.1. The physical domain includes a PML domain with ten

layers, the region shaded in olive green in Figure 5.31, appended to three sides of the physical

space. In the computational space, i.e., generalized coordinates, grid spacing is A =An=1.0. A

nondimensional global time-step size of 0.01 is used in the numerical simulations. Two cases,

viz.,, u=U,=0.0 and u=U, =0.5, are carried out in this tapered domain with nonuniform grid

spacing for the oscillating piston.
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Figure 5.30. Tapered domain with nonuniform grid structure showing piston (blue line)
and wall (hatched section). Number of layers in PML domain = 10.
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Figure 5.31. Tapered domain showing physical space and PML domain (shaded region
in olive green). Number of layers in PML domain = 10.

Figures 5.32 and 5.36 show the pressure contours over a period of oscillation, from

t=200 to t=240 in steps of ten, for u=0.0and u=0.5, respectively. The comparison of

pressure along x=0 (Figures 5.33 and 5.37) and along y =0 (Figures 5.34 and 5.38), obtained

with PML boundary condition and from a reference case for u=0.0 and u=0.5, respectively,
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shows a clear match between the two solutions. Over a period of oscillation of the piston, it is
observed that the solution obtained with the PML compares very well with the solution from the
reference case. Figures 5.35 and 5.39 show a comparison of the PML solution with that of the
reference case for pressure as a function of time at the Euler-PML interface for u=0.0 and

u=0.5, respectively.
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Figure 5.32. Pressure contours over period of piston oscillation: (a) t = 200, (b) t =210,
(c) t =220, (d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02 for u = 0.0.
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Figure 5.33. Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 for u = 0.0.
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Figure 5.34. Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 for u = 0.0.

91



0.80000

/TN

A\

/

A\

AN

()
5 0.75000
: ANIVIANIVIANV ANV IANN
[
= 0.70000
* NS NSNS NS NS
0.65000
20 40 60 80 100 120 140 160 180 200 220 240 260 280 300
Time
— PML Solution ¢ Reference Solution
(a)
0.80000
£ 0.75000
ol AANEVANEANNAN
£ 0.70000
0.65000
20 40 60 80 100 120 140 160 180 200 220 240 260 280 300
Time
— PML Solution ¢ Reference Solution
0.80000
Q
= 0.75000
>
/] / /1N ) /
& 0.70000
0.65000
20 40 60 80 100 120 140 160 180 200 220 240 260 280 300
Time
—— PML Solution ¢ Reference Solution

(©)

Figure 5.35. Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),
(b) (100, 0), and (c) (-100, 0) for u = 0.0.
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Figure 5.36. Pressure contours over a period of piston oscillation (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 with levels from 0.5 to 0.95 in steps of 0.02 for u = 0.5.
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Figure 5.37. Pressure along x = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 for u = 0.5.
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Figure 5.38. Pressure along y = 0 over period of piston oscillation: (a) t = 200, (b) t = 210,
(c) t =220, (d) t =230, and (e) t = 240 for u = 0.5.
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Figure 5.39. Pressure as function of time at Euler-PML interface at locations: (a) (0, 100),
(b) (100, 0), and (c) (-100, 0) for u = 0.5.
5.4.5 Roll-Up Vortices
In this case, a source term in a mixing layer is simulated with a PML boundary condition.
The rectangular physical domain used in this simulation is of the size [-1.5, 9.5] x [-1.1, 1.1] with
a spatial-step size of Ax=0.05 and Ay =0.01. In the computational space, i.e., generalized

coordinates, the grid spacing is A¢ =An=1.0. The physical domain includes a PML domain

with ten layers, the region shaded in olive green in Figure 5.40, appended to all four sides of the
physical space. A fairly large rectangular domain of size [-18, 26] x [-4.4, 4.4] is used for the

reference case. A nondimensional global time-step size of 0.001 is used.
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Figure 5.40. Rectangular domain showing physical space and PML domain (shaded
region in olive green). Number of layers in PML domain = 10.
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The initial conditions in primitive variables are given by equation (5.54):

PY (p(y)
ul_|U(y)
\Y; 0

p Yy

(5.54)

where the mean velocity profile is obtained by equation (5.55). Figure 5.41 shows the velocity

profile along x = 0 as defined by equation (5.55).

— 1

U (Y)=E{(U1+U2)+(Ul—Uz)tanh(%yﬂ

(5.55)

The mean density, equation (5.56), is obtained from the mean temperature, equation (5.57),

determined by the Crocco relation for compressible flows [17] as

)=
where
e e A DR UG

The parameters that appear in equations (5.55)—(5.57) are given by equations (5.58)
U, =08 U,=02, §=04, T,=08, T,=08, y=14
A source term of the form, equation (5.59), is added to the equation of energy.
S(x,y,t) =5sin (a)t)ef(m2)[(X7)(°)2+(y7y°)2]/r°2
where

w=7/2, (%,Y,)=(-0.5,0) and r,=0.03
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Figure 5.41 Initial velocity profile, along line x = 0, defining the mixing layer.

This source term will induce an exponentially growing Kelvin-Helmholtz instability wave which
will result in roll-up vortices [17, 18]. The PML boundary condition is used on the four sides to
absorb the vortices at the outflow boundary as they convect with the mean flow and the acoustic
waves at all four artificial boundaries as they travel in all directions at the speed of sound. The
pseudo mean-flow inside the PML domain is assumed to be the parallel flow as given by

equation (5.54), and for this shear flow, the parameter £ is found to be approximately 1/1.4 as
per the linear wave analysis [17, 18, 21]. The values of o, =200.0 and « = 2.5 are used for the

PML parameters in the computational domain.
The vorticity contours at progressive time levels are presented in Figure 5.42. The vortices
convecting downstream along with the flow and their absorption as they enter the PML domain

are clearly seen in the contour plots.
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Figure 5.42. Vorticity contours at progressive times: (a) t = 40, (b) t = 45, (c) t = 50,
(d) t=55, and (e) t = 60 with levels from —2.2 to 0.2 in steps of 0.2 and at level +0.2.

The comparison of pressure, fluctuating pressure, and v-velocity obtained from the PML

-based solution and a reference case at a selected point close to the outflow boundary,

(X, y)=(8.75,0), is provided in Figures 5.43, 5.44, and 5.45, respectively. A good agreement in
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these two solutions reveal that PML boundary condition can be effectively used for flows

involving shear layers and instability waves.
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Figure 5.43 Pressure as function of time at selected point (8.75, 0).
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Figure 5.44 Fluctuating pressure as function of time at selected point (8.75, 0).
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Figure 5.45 v-velocity as function of time at selected point (8.75, 0).
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

A rigorous literature survey on the boundary conditions of unbounded problems of
computational fluid dynamics revealed that there is an emerging concept of a nonreflecting
boundary condition known as perfectly matched layer. The evolution of PML was studied
carefully, especially the instability of the PML for high subsonic flows. On that basis, PML
equations were constructed for linearized Euler equations, with and without the application of
space-time transformation and a complex change of variables. Investigation was carried out on
the stability aspect of the PML formulation for LEEs in terms of long-time integration and a
combination of PML parameters that affect the absorption capability of the PML. Furthermore,
analysis on the dispersion relation of the acoustic waves governed by LEEs was carried out
numerically to demonstrate the benefits of space-time transformation to the stability of the PML.

Following a similar procedure, PML equations for nonlinear Euler equations were
constructed and demonstrated for their effectiveness as an absorbing boundary condition. The
concept of pseudo mean-flow and its associated advantages in the performance of the PML
boundary condition were also demonstrated. The main objective of this research effort was to
enable these equations to be applied in a generalized coordinate system so that nonrectangular
physical domains and domains with nonuniform grid spacing could be handled by a single
numerical solver. This was accomplished by constructing appropriate equations of
transformation from physical space to computational space. Also, the idea of developing a
numerical solver with generic/conventional numerical schemes without employing numerical
filtering or artificial dissipation was accomplished, and numerical examples were shown to

demonstrate the effectiveness of the solver and the PML formulation.
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It is also found that the space-time transformation used in the construction of perfectly
matched layer equations was exclusively meant for flows with mainstream direction parallel to
the horizontal axis in Cartesian coordinates. The space-time transformation must be modified in
such a way that it supports flows in an arbitrary direction which is an essential criterion for an
effective boundary condition in generalized coordinates.

There is no doubt that the perfectly matched layer could be used as an effective
nonreflecting boundary condition. But a great deal of research is needed for those cases
involving high subsonic flows, transient flows, and supersonic flows governed by Navier-Stokes
equations. Also, a complete mathematical stability analysis of the PML formulation must be

carried out.
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