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In this thesis, we study different scheduling policies in service networks. In Chapter 2, we
consider two service level (SL) measures in a two-server tandem queue system: the average
sojourn time and the probability of long waits. We demonstrate that a family of Threshold
Based Policies (TBP) can reduce the probability of long waits while maintaining sojourn times
that are only slightly higher than those of a non-idling policy. In Chapter 3, we present a case
study for improving the operations of a healthcare provider that has an open-shop queueing
network. We propose an effective implementation of Dynamic Scheduling Policies (DSPs) and
a generalized TBP to improve the SL in an open-shop queueing networks. Using a simulation
model we demonstrate that an open-shop queueing network can be managed in a systematic
fashion to deliver improved SL. In Chapter 4, we study the waiting time distribution of two
different priority classes in an M/M/c queue with different service times. For the ¢ = 2 case, we
provide closed form expression of the Generating Function (GF) of the number of low-priority
jobs in the system, which can lead to the waiting time distribution. For ¢ > 2 case, we present
an efficient numerical algorithm for deriving this GF. We discuss several insights gained from
numerical results. Both Chapter 2 and 3 were supervised by Professors Opher Baron, Oded

Berman, and Dmitry Krass. Chapter 4 was supervised by Professors Opher Baron and Alan

Scheller-Wolf.
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Chapter 1

Introduction

In this thesis, we study different scheduling policies in service networks.

In Chapter 2, Using Strategic Idleness to Improve Customer Service Ezxperience in Service
Networks, we focus on the probability of long waits as a service level measure. The mostly
common measure of service quality is the overall expected waiting time for service. However, in
service networks the perception of waiting may also depend on how it is distributed among dif-
ferent stations. Therefore, to better capture customers’ perception of service quality managers
should also consider the probability of long waiting times in each station. We simultaneously
consider two objectives in a service network, the expected sojourn time and the probability of
long waits at any one station.

In a single-station queue it is known that the policy that minimizes the expected sojourn
time and the probability of long waits is non-idling. However, in a queueing network with several
stations, a policy that allows some idling may reduce the probability of long waits before any
specific station. We present a family of Threshold Based Policies (TBP) that Strategically Idle
(SI) some stations. We demonstrate the advantage of SI by applying TBP in a network with two
single-server queues in tandem. We develop efficient algorithms to calculate the distribution of
waiting time for each station and the system sojourn time under the TBP. These algorithms
use an elegant analysis of the waiting time faced by specific customers. Using these results we
present trade-off curves between the probability of long waits and the expected sojourn time.
For the asymptotic case when p; = 0o, we derive closed form expressions for the performance

measures.
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We compare the performance of TBP policies to this of Kanban polices that are well studied
idling policies in the manufacturing settings. We show that TBP policies often achieve better
perform on both service level measures in the queuing networks considered.

In Chapter 3, Dynamic Scheduling and Strategic Idling in an Open-shop Queueing Network:
Case Study and Analysis, we present a case study for improving the operations of XYZ Inc.
(the real name of the company is removed for confidentially reasons). Their flagship service
is the Comprehensive Health Assessment (CHA), which is composed of 10-20 different medical
tests that provide customers with a complete evaluation of their current state of health and
allows them to actively manage their health care. Because XYZ’s customers may visit most of
the stations in different orders, XYZ actually operates an open-shop queueing network.

Currently XYZ measures Customers’ waiting time using three complementary Service Level
(SL) measures: (i) system time—the average total time since customers register with XYZ at
the beginning of the day until they finish their last exam and are free to leave, (ii) probability
of system time longer than four hours, and (iii) number of red faces —the number of times
(tests in a particular station) that customers have to wait more than 20 minutes. XYZ’s stated
SL objective targets are: mean system time of less than four hours, probability of system time
longer than four hours of less than 50%, and at most five red faces per day.

The focus on the number of red faces implies that what affects service quality is indeed
not just the overall waiting time, but also how this time is distributed between stations. This
gives justification of considering the probability of long waits (which is a similar measure to the
number of red faces) as a service level measure in Chapter 2.

In this paper, we propose an effective implementation of Dynamic Scheduling Policies
(DSPs) and a generalized TBP to improve the SL in an open-shop queueing network. Us-
ing two months of data from XYZ we programmed and calibrated a detailed simulation model
of XY7Z’s operation. Using this simulation model we demonstrate that an open-shop queueing
network can be managed in a systematic fashion to deliver improved service level by jointly
using DSPs and SI.

In Chapter 4, M /M /c Queue with Two Priority Classes, we study the waiting time distri-
bution of two different priority classes in a M /M /c queue. We assume that Class-1 customers

have preemptive priority over Class-2 customers. In many industries there is a growing usage
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of prioritization: Companies often prioritize certain groups of customers in order to improve
market segmentation, service levels, and profitability. For example, banks prioritize business
customers over individual customers; websites prioritize paid users over free users; car rental
companies prioritize customers with reservations over ”walk-in” customers.

While the distribution of waiting times is well known for quite general single-server queues
with priority such as the M/G/1 (see, e.g., Takagi 1991), finding this distribution is much more
complicated in the multi-server setting. To the best of our knowledge, no exact solutions for
the waiting time distribution in a multi-server queueing system serving multiple priority classes
with different service rates has appeared in the literature.

The main difficulty in analyzing the M /M /c queue with two priority classes is the need
to track the number of jobs from each class. Thus, the state of the system is expressed in
a 2D-infinite continuous-time MC, which is very difficult to analyze. We apply an innovative
method to simplify the 2D-infinite continuous-time MC to a 1D-infinite discrete-time MC that
is much easier to analyze. We then analyze the 1D-infinite discrete-time MC by observing the
system state embedded at Class-2 departures, expressing these using a similar process to the
one used in analyzing the M/G/1 queue. The complexity of deriving the GF increases with the

number of servers, ¢; thus, we also provide a numerical algorithm to derive this GF for ¢ > 2.



Chapter 2

Using Strategic Idleness to Improve
Customer Service Experience in

Service Networks

2.1 Introduction

Multi-stage service networks, where customers must visit several stations during a single service
encounter, abound in modern economy. Examples range from call centers, where a typical
service path may include an automated response system, followed by a generalist call-taker,
and eventually (and if required) a specialist, to hospital emergency rooms, where the initial

triage stage may be followed by any number of medical tests and procedures.

While there are many determinants of service quality, the link between customer waiting
times and the perceived service quality is well-recognized (Friedman and Friedman, 1997; Tay-
lor, 1994). Waiting times have long been the focus of much of the queueing literature. The
most common measure of waiting time is the overall expected waiting time for service (see e.g.,
the survey by Gans, Koole, and Mandelbaum, 2003). A related measure is the probability that
the total waiting time exceeds a certain pre-defined threshold. These measures take a macro

view of the network, treating it as a one-stage system.

However, considering only such macro-level measures might not be sufficient to measure
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service quality and may even be misleading. There is a strong body of evidence showing that it
is also important to consider what happens within the network. A poor level of service received
at a particular station may not be compensated by an exceptional service at another station,
even if the overall measure appears to be acceptable. The adverse impact of long waiting time
at a particular station is further supported by marketing literature, e.g., Soman and Shi (2003),
and by the psychology of queueing literature, e.g., Larson (1987). Baron, Berman, and Krass
(2008), Baron and Milner (2009), de-Vericourt and Jennings (2011) and references therein also
focused on the probability of long waiting time as a service level measure.

Several other papers looked beyond the traditional mean waiting time measures. de-
Véricourt and Zhou (2005) analyzed a call-routing problem while considering both the call
resolution probability and the average service time in the overall service level measure. Mehro-
tra et al. (2012) considered a similar problem with heterogeneous servers. Saghafian, Hopp,
and Van Oyen (2012) analyzed the service policy in Emergency Departments while considering
the weighted average of the expected length of stay and the expected time to first treatment.

We recently encountered an explicit example of focusing on the probability of overly long
waits at any single station at a company we call XYZ (name changed to protect confidentiality),
one of the leaders in preventive healthcare services in North America. The company’s primary
clientele are executives and busy professionals, so it’s primary focus is on providing excellent
customer service experience. XYZ operates a service network with 15-20 stations. In addition to
closely tracking macro-level measures, the company also records all instances where a customer
waits longer than 20 minutes at a station. Any such incident results in an “red face” flashing
on the manager’s screen, who takes immediate steps to expedite the customer. All “red face”
incidents are regarded as service failures, irrespective of whether customer’s overall waiting
time in the system was acceptable or not. We note that this example is not unique, e.g., the
proportion of customers waiting longer than a specified time at a station is a common key
performance indicator in call centers. The focus on long waits implies that service quality is
affected not only by the overall waiting time, but also by the distribution of waiting among
stations.

The focus of this paper is to simultaneously consider two objectives in a service network, one

based on some macro-level measure and one based on the probability of excessive wait at any



CHAPTER 2. STRATEGIC IDLENESS IN SERVICE NETWORKS 6

one station. The difference in managing these two objectives can be rather dramatic. Indeed,
the macro-level service measures are typically minimized by using work-conserving policies,
where system resources are not idled as long as there is work in the system. Such policies are
optimal with respect to minimizing overall service times and are the focus of most studies of
queueing networks (see, e.g., Chen and Yao 2001 and reference therein). However, using a work-
conserving policy is not necessarily a good idea when it comes to the second objective. Consider
a situation where one station in the network accumulates a long queue, while the waiting times
are low at the upstream stations. In such a case, continuing to operate upstream stations at the
normal rate may increase the probability of excessive waits at downstream stations. A better
idea may be to temporarily reduce the service rate or idle the upstream stations, allowing the
downstream queue to dissipate. By intentionally idling some resources we are effectively re-
distributing the waiting times more evenly within the network. As long as such redistribution
does not significantly increase the overall system times (i.e. the first objective), it may well
improve the overall customer service experience.

Our objective is to propose and analyze a class of scheduling policies that intentionally idle
some resources in order to reduce the probability of excessive waits at any one station. We refer
to such intentional idling of resources as strategic idleness (SI). Note that the classical way of
reducing waiting time and probabilities of long waits is to add resource capacity to the system
(e.g., adding a doctor in the healthcare setting), which is often quite expensive. On the other
hand, changing the scheduling rules to intentionally idle some resources can often be done at a
negligible cost. Thus, a switch to an SI policy may be very cost-effective of improving customer
service experience. Indeed, we establish that in contrast to the single station queue, where a
non-idling scheduling policy minimizes both the sojourn time and the probability of long waits,
for a multi-stage queueing network policies with SI may significantly reduce the probability of
long waits while only slightly increasing the overall time in the system. To the best of our
knowledge, ours is the first paper to systematically study SI as a mechanism for reducing the
probability of excessive waits and improving the customer service experience.

In service networks, long waits can be measured in a variety of ways. For example, consider
a two-station tandem queue with Station 1 as the upstream machine and Station 2 as the

downstream one. The specific measure we consider is PW (t) = %2?21 P{W,; > t}, where W;
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is the steady state customers’ waiting time for station ¢, and ¢ is the time threshold designating
an “excessive wait”. We interpret PW (t) as the frequency with which customers experience
excessive waits. We note that in place of PW (t) one can use other related measures, e.g.,
1—P{Wy < t, Wy < t}, i.e., the probability that a customer experiences at least one excessive
wait.

There are many possible policy classes that involve SI. Our primary focus is on a specific
family of Threshold Based Policies (TBP). The idea behind the TBP is simple, it compares
the difference between queue lengths at different stations and idles some upstream stations if
this difference is larger than a predetermined threshold. For example, consider the two-station
tandem queue described above: let q1,¢2 be the lengths of queues in front of the respective
stations. A TBP, defined by the value of the threshold T H, idles Station 1 whenever the
difference go—q1 > T H (we only consider TH > 0 as using T'H < 0 is clearly counterproductive,
e.g., with TH = —1 when ¢; = 1, g2 = 0, Station 1 would be idled).

We note that, assuming Poisson arrivals to Station 1 and exponentially distributed and
independent service times at both stations, the performance of the non-idling (NI) policy is easy
to analyze (see e.g. Ross 2000, Chapter 8). However, such an analysis for the system operating
under the TBP is quite challenging for several reasons. First, the process is not reversible,
so arrivals to Station 2 do not follow a Poisson process. Second, as explained in Section 2.3,
customer’s waiting time for Station 1 depends on future arrivals, so Little’s Distributional Law
(see e.g., Bertsimas and Nakazato (1995) and Bertsimas and Mourtzinou (1996)) does not hold.

We develop efficient algorithms to calculate the distribution of waiting time for each station
and the system sojourn time under the TBP. These algorithms use a novel analysis of the wait-
ing time faced by specific customers. Using these results we present trade-off curves between
the probability of long waits and the expected sojourn time. (Note that the distribution of the
system sojourn time can provide other measures than the mean, but the trade-offs between
PW (t) and these measures are similar to the trade-off between PW (t) and the mean sojourn
time.) For the asymptotic case when p; = 0o, we derive closed form expressions for the perfor-
mance measures. We derive interesting insights that also hold in the case of finite processing
capacity for both stations.

Our results show that TBP can significantly reduce the probability of long waits (as ex-
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pressed by PW (t) or similar measures) versus the NI policy as long as the waits of length ¢ are
sufficiently rare in the system. If, on the other hand, the frequency of such “excessive” waits
is high under the NI policy (indicating that they are not, in fact, excessive), then the TBP is
unlikely to provide an improvement - the only way to decrease such waits is by adding capacity.

We also consider the class of TBPs in a tandem queue network with three stations. By
developing a simulation model, we show that a TBP can reduce the probability of long waits
while only slightly increasing sojourn times. A comparison with Kanban policies indicates that
the TBP perform significantly better in this case.

We note that service systems, such as XYZ, do not always reach steady state before the end
of a business day. Moreover, such systems often operate a non-serial queueing network. How-
ever, the results for the serial system under the steady state assumption still provide valuable
insights for such systems. Specifically, polices with SI such as the TBP can improve customers’
perception of the service level with little cost. In Baron et al. (2013), we tested a generalized
TBP with a simulation model of the open-shop operation of XYZ; we indeed established that
TBP can be effective in improving customers’ perception of the service level.

The outline of the paper is as follows. In the next section, we provide a brief discussion of
other policies with idling. After introducing the TBP for the 2-station network in Section 2.3,
we consider the asymptotic p; = oo case in Section 2.4l In Section 2.5 we analyze the case of
finite processing rate for both stations. In Section 2.7 we discuss generalization of the TBPs,

to n-station serial queues and list several open questions. All proofs are in Appendix 2.9.1]

2.2 Literature Review - Other Policies with Idling

Note that the main idea behind TBP - idling an upstream station when a downstream station
is facing a large workload - can be achieved by other policy classes. We next briefly review
classes of policies that are discussed in the literature of manufacturing systems.

Masin, Herer, and Dar-el (2010) developed a unified model that encompasses and compares
a wide range of production control policies. We follow their exposition focusing on a serial
manufacturing system with M stations, and each station ¢ has an input pile, I P;, and an output

pile, OF;, for i =1, ..., M. OPF, represents an ample pile of raw materials, i.e., OFPy = co. Each
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part waits in I P; before being processed at station ¢ and then transferred to OP;; and stays in
OP; until it can be transferred to I P;41.

There are four well known static control policies (i.e., controls that are independent of
the system state) are: Fized Buffer policy (see, e.g., Conway et al. 1988) places a finite
buffer F'B;;1 between stations ¢ and ¢ + 1, i.e., IP| < FBy and OP; + IP;y1 < FB;4 for
i=1,..., M —1; Kanban policy, implemented by Toyota (Sugimori et al. 1977), places an upper
bound K B; on the total number of parts associated with station i, i.e., IP; + OF;, < KB;
for i = 1,..., M; Constant work in process (CONWIP) policy, first presented by Spearman
et al. (1990), places an upper bound CW on the total number of parts in the system, i.e.,
Zj]\/il (IPj 4+ OP;) < CW (For a recursive calculation of several performance measure in a
resulting closed queueing network see Sloberg (1977)); Base-stock policy (see, e..g., van Ryzin
et al. 1993), places an upper bound BS; on the total number of parts at the downstream of
station i, i.e., Y210, (IP; + OP;) < BS; fori=1,..., M.

More sophisticated dynamic control policies where controls depend on the state of the system
were also studied. Weber and Stidham (1987) considered a general model for control of service
rates (u; € [0, f1;]) in a serial or closed queueing network, where control policies depend on the
entire state vector ¢ = (q1, q2, .., qar) where g; = OP;_1 +1P;. They considered the sum of total
inventory holding cost and stations operating cost as the objective function. They provided
necessary conditions, called the “monotonicity result”, for any control policy to be optimal: 1)
the optimal service rate at station ¢ does not decrease as a customer finishes service at another
station; 2) the optimal service rate at station i does not increase as a customer finishes service
at station 7. They apply their monotonicity result to models where stations can only be turned
on or off (u; = 0 or fi;) and show that it is optimal to turn an off-station on as the numbers
of customers at its downstream stations decrease, or as the numbers of customers at upstream
stations increases. Note that the four control policies discussed above and TBP all satisfy this
monotonicity result. Veatch and Wein (1994) considered the optimal control of a two-station
tandem production/inventory system with a similar objective function. They compared these
four policies, gave conditions under which certain simple controls are optimal, and computed
the dynamic optimal controls using dynamic programming.

There are several conceptual differences between the control policies discussed above, tai-
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lored to manufacturing systems, and the TBP, tailored to service systems. First, the main
motivation behind developing policies in manufacturing setting is the control of expected in-
ventory costs. This motivation is different for service systems focusing on the effect of the
distribution of waiting time on customers’ experience. As we demonstrate below, this different
motivations also leads to a different analysis. In fact, to the best of our knowledge, no analysis
of the distribution of waiting times under the policies mentioned above is available; such an
analysis appears to be subject to many of the challenges as in the analysis of the TBP. Second,
another important modeling difference is that the control for manufacturing systems is often
modeled as a make-to-stock system, whereas the control for service systems must be modeled
as a make-to-order system. Third, from a modeling perspective, the supply and demand models
are also different in a service system: the service at a first station is initiated by an exogenous
arrival process and customers leave the system as they complete service at the last station,
whereas in manufacturing the exogenous demand arrives to the last station. A final difference
is with respect to admission control. In contrast to our model, where all customers are accepted,
models for manufacturing system often operate with admission control where not all arriving
orders are fulfilled. (Note that IP; is bounded in the four policies above, so not all arriving
customers are admitted. Still, if all customers need to be admitted, I P; can be removed from
all constraints. For example, a CONWIP policy could place an upper bound C'W on the total
number of parts without considering I Py, i.e., OP; + Z]Niz (IP;+0P;) <CW.)

Despite these differences, the control policies developed for manufacturing systems can be
applied in service systems (sometimes with a few modifications). When applied in a two-station
tandem queue service system without admission control, the Fixed Buffer, Kanban, CONWIP
and Base-stock policies can all be shown to be equivalent. To illustrate the equivalence of
Kanban policy and Fixed Buffer policy note that a Kanban policy with KB; and KBy is
equivalent to a Fixed Buffer policy with buffer size FBs = KBy + KBy between the two
stations; and a Fixed Buffer policy with buffer size F'Bs is equivalent to a Kanban policy with
KB; =1and KBy = FBy—1. Thus, in the 2-station tandem queue service system we consider
in the paper, we focus on a Kanban policy that idles Station 1 whenever g > BS, where B.S
is the size of the buffer between the two stations.

In this paper, we compare our TBP with the Kanban policy. Note that in the 2-station
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case, our TBP is a more sophisticated dynamic control policy, where the upper bound of ¢ is
a linear function of ¢, i.e., Station 1 is idled whenever ¢o > ¢; + TH; and a Kanban policy
idles Station 1 based only on gy > BS irrespective of the value of ¢, and thus - intuitively
- it provides less flexible control than a TBP. This intuition appears to be supported by our
results. For the asymptotic case when Station 1 has infinite processing capacity we derive closed
form expressions for the PW (t) measure under a Kanban policy, allowing us to make analytical
comparisons to a TBP. For the finite capacity case we use Monte Carlo simulation to compare
TBP and Kanban policies. Our results indicate that, similar to TBP, Kanban policy allows
for the trade-off between the PW (t) measure and expected service times. However, this policy
appears to be less efficient than the TBP.

In closing this section we note that (i) the idea of intentionally idling a capacitated resource
has also been considered by Afeche (2013). In the revenue management context, he showed
how such delays can allow a seller to differentiate between customer types and thus improve the
overall profit. His motivation and analysis are much different than ours. (ii) Recent polices for
control of manufacturing systems often considered prioritization among several customer classes,
but are focused on a single stage system. Ha (1997a, b) was the first to discuss inventory
rationing problems in a centralized make-to-stock system. He focused on base stock level
production control. (iii) In the revenue management context, Caldentey and Wein (2006)
developed a diffusion approximation for profit maximization with two classes of customers.
They show that a dynamic control policy based upon the inventory or backlog level is effective.

Finally, we are aware that there are other policies that consider the entire system state. This

paper serves as a stepping stone motivating the analysis of such policies in service systems.

2.3 Two Queues in Tandem - Preliminary Analysis

Consider the two-station tandem queueing network with two sequential single server stations
and infinite buffer space discussed before. We define a simple TBP for this network as follows:

upon completing service, Station 1 is idled and will not admit the next customer to service if

Mq1,92) =q2—q1 > TH.
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Station 1 will resume work once 6(q1,q2) < TH. When no ambiguity arises, we will use ¢
instead of §(q1,q2). We denote TBP(TH) as the TBP with threshold TH. We say that a
customer is stopped (at Station 1) if this customer is waiting at Station 1 while this station is

idled.

Three events can occur in this tandem queueing network:

1. Arrival - arrival to the network decreases § by 1. Arrivals occur with rate A\ at any state.

2. Completion 1 - service completion at Station 1 increases § by 2. This happens with rate

p1,if 1 > 1 and 6 < TH (when Station 1 is not idled).

3. Completion 2 - service completion at Station 2 decreases by 1. This event has rate uso,

if qs Z 1.

Note that since § decreases when Station 2 completes service or when a new customer arrives
to Station 1, either of these two events may cause Station 1 to resume work.

From these three events, we conclude that there are two situations when Station 1 is idled:
0=THord=TH+1. When § =TH + 1, Station 1 is idled, so only Arrival or Completion
2 can happen in the network. After a time period, which is distributed ~ exp (A + us2), one
of these events happen, reducing § to TH. Note that Station 1 remains idled. This sequence
repeats and after another time period ~ exp (A + p2), 0 is reduced to TH — 1, at which point
Station 1 resumes work, and its idle period ends. We define stoppage as the time period from
the moment when the value of § changes and Station 1 becomes idled until the moment when
either Arrival or Completion 2 happens. With this definition, when § = T H + 1, customers in
Station 1 experience two stoppages before Station 1 resumes work; when 6 = T'H, they only
experience one stoppage.

Let Q;(t), i = 1,2 be the random variable denoting the total number of customers at Station
i (in queue and in service) at time ¢. Given TH, the process (Q1(t), Q2(t)) is a continuous time
Markov Chain (MC). Let 7y, 4, denote the steady state probability of MC(Q1,Q2). Let S be
the sojourn time for any customer, i.e., S = total waiting time + total service time.

To investigate the trade-off between PW (t) and E[S] under the TBP, we first characterize

the distribution of three steady state service measures: the waiting time at Station 1, W7; the
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Figure 2.1: MC when p1 = co and TH > 0.

waiting time at Station 2, Ws, and the sojourn time, S. We can calculate the distributions of
these three measures by conditioning on the state (g1, ¢2) seen by a random arrival. Let X992
be any one of these three measures experienced by a tagged customer (TC) who arrives in state

(q1,42). Then, the steady state distribution of X can be calculated as

P{X >t} = Z P{X%™% >t | TC sees (q1,q2) at arrival} P {TC sees (¢1,g2) at arrival}
1,92

= Z P{X™% >t | TC sees (q1,q2) at arrival} mg, 4o, (2.1)
q1,92

where the second equality follows by PASTA.

Similar to (Z1), the Laplace Transform (LT) of X can be written as

Lx (h) =Y Lxuas (h | TC sees (q1,q2) at arrival) mg, g,. (2.2)
q1,92

2.4 Asymptotic Case: Station 1 Has an Infinite Service Capac-
ity

We next calculate the steady state performance measures under the TBP and compare them
with the measures for the non-idling network and the Kanban policy when Station 1 has infinite
capacity. For convenience, we denote quantities related to this asymptotic case with a”, e.g., W,
is the waiting time at station 4. A full list of notation can be found on Table in Appendix

2.9.9

The MC for the u; = oo case is depicted on Figure 2.l As described in Section 23] three
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events occur in this MC: Arrival, Completion 1, and Completion 2. However, since Completion
1 happens instantaneously, only two events are shown on the figure: Arrival (at rate A) and
Completion 2 (at rate pz). Consider the state (0, 7H), where Station 1 is idled under the TBP.
An Arrival momentarily bring the MC to state (1,7H), where 6 = T'H — 1 and thus Station
1 resumes work, instantaneously bringing the MC to state (0,7H + 1), and idling Station 1
again. At the next Arrival the MC transitions to state (1,7H + 1) where § = TH and thus
the newly arrived customer is stopped. This stoppage lasts until either a new Arrival, which
allows the system to process the first customer from Station 1 and sends the system to state
(1, TH + 2), or Completion 2, which also releases the customer from Station 1 and sends the
system to (0, TH). In general, whenever ¢; > 0, Station 1 is idled and the system is either in
state (q1,q1 + TH) or (q1,q1 + TH +1).

The steady-state distribution of this simple Birth and Death MC (similar to the solution of

M/M/1 queue), for ¢ = 0,92 =0,...,TH + 1 and for ¢ > 0,90 =q1 + TH,q1 + TH + 1, is:

Tq1,q2 = P§1+QQ(1 - P2)- (2.3)

Remark 1 If we consider q1 + qo as the total queue length, this network has the same steady
state probability distribution as a M /M /1 queue with py = %2 Because Station 2 works as long
as there are customers in the network, the sojourn time is the same as the sojourn time in the
system with @y = oo operating under a non-idling policy. Thus, in the asymptotic case the TBP

does not increase the sojourn times and we can focus solely on the PW (t) measure.

Remark 2 Suppose the system is in state (q1,q1 + TH + 1) for ¢ > 0 (Station 1 is idled).
The next Arrival (Completion 2) event sends the system to state (g1 + 1,q1 + TH + 1) (state
(q1,q1 + TH)), with § = TH, and Station 1 is stopped again. Thus, the next event must be
another Arrival or Completion 2. Similarly, suppose the system is in state (q1,q1 + TH) for
q1 > 0 (Station 1 is idled). The next event must be Arrival or Completion 2, which will trigger
a Completion 1 event and send the system to (q1,q1+TH+1) or (g1 —1,q1 +TH), respectively,
with § = TH 4+ 1 in both cases. Thus, as long as g1 > 0, between any two Completion 1 events

there are always two other events. This leads to the following Proposition.
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Proposition 1 Let M9 be the number of stoppages TC sees before entering Station 2, given
she arrives in state (q1,q2). Then either go < TH and Mz = 0, orqe € {n+TH,q1+TH+1}
and M2 = q+q —TH.

2.4.1 Distribution of Wl, Waiting Time at Station 1

In general, the TC’s waiting time for Station 1 is composed of two parts: the service time of
customers in front of her in Station 1 and the stoppages of Station 1. However, when u; = oo,

the service time of Station 1 is zero, and thus W; is only caused by stoppage.

Let W% denote the TC’s waiting time at Station 1, given that she arrives at state (q1, g2).
From Proposition [, if ¢; +¢2 < TH, TC sees no stoppage and W% = 0; similarly, if ¢, +qo >
TH, then M%% = gy 4 go — TH, so that W% is distributed as Erlang(\ + 2, ¢1 + g2 — TH).
Thus, using (Z2) and (Z3) the LT of W, is

TH o0 At i—TH
Ly, (h) = > ph(l—pa)+ Y ph(1—p2) (72)
Wi 2 2
' i=0 i=TH+1 Atpzth
— Ap2)
- (1-— TH+1) 4 pTHH1 (12 . 9.4
(1= P2 Tz —pa) +h 24

From the transform of W; we conclude that there is no waiting in Station 1 with probability
(1 —plH +1>, and the waiting is distributed as an exp(us — Apa) R.V. with probability p2 1.
Hence,

P {Wl > t} = pQTHHe_(”Q_’\pQ)t. (2.5)

Note that given waiting (i.e., with probability ng ) Wi is distributed as the waiting time

given waiting in an M/M /1 queue with arrival rate Aps and service rate ps.

As intuition suggests P {Wl > t} is a decreasing function of TH. When T H decreases,
customers see more stoppages, and thus wait more in Station 1. When TH increases, the
TBP’s effect on the network is reduced and customers’ wait in Station 1 is also reduced. The
extreme case when T'H = oo results in a non-idling network, so customers do not wait for

Station 1.
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2.4.2 Distribution of the Waiting Time W, and Service Measure PV (t).

We next derive WQ‘“"”, the TC’s waiting time at Station 2 given that she arrives at state
(q1,42), and then use ([22) to calculate the LT of Wa. Let K be the R.V. denoting (we omit the
dependency in g1, ¢2) the number of customers in Station 2 when the TC enters this station;

thus W% is distributed as Erlang(us, K).

From Proposition(l] if g1 +¢2 < TH, then ¢; = 0 and the TC gets into Station 2 immediately
implying that K = q1 + g2 = ga. Thus, for q + ¢o < TH the distribution of Wy is

Erlang(ua,q1 + g2) with the LT given by

12 q1+q2
LWQ‘IL‘& (h) = (HQ T h) . (2.6)

Now suppose the TC arrives at state (q1,q2) with ¢1 + g2 > T'H, implying that the number
of stoppages M®49 = gy + g5 — TH. In this case, M99 Arrival or Completion 2 events
are required to end these stoppages, and g1 + g2 — K of these are Completion 2 events, so
K € [TH,q + g2]. Since the probability that the next event is an Arrival (Completions 2) is

A (+£2-), it follows that g1 + g2 — K has the binomial distribution:

Ao N Atpo
ql—i—qg—TH)( Y )Q1+q2—TH—n< 11 >n

P +qp—K=n}= ,n=0,..,q+q—TH.

{Ch q2 } ( n At o X+ 0 q1T14q2
Thus

k—TH q1+q2—k
C]1+Q2—TH> ( A ) ( H2 >
P{K =k} = , k=TH,..,q1 + q.
{ J (q1+q2—k X+ 12 A+ i n

Therefore, for ¢ + g > TH the LT of W% is

. B q1t+q2 a1+ g — TH A k—TH 112 q1+q2—Fk 1o k
) =3 D i
2 P qg1+q—k A+ o A+ o po2 +h

_ < 2 >TH( P2 A 2 >q1+q2TH
p2 +h At g A+ p2p2+h

q1+q2 A h q+q—TH
_ < p2 > <7+ p2 + > . (2.7)
po +h A+ p2
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The second equality follows Binomial Formula. The third equality follows because for ¢; + g9 >

TH,
( 11 >TH( Ao N 112 >q1+q2TH( A+ po >q1+q2TH:< 12 >q1+q2
p2 +h A+ p2)(p2+h) A+ po A+ p2+h po + h '
(2.8)
We can now write the LT of Wy using 2.2), 23), (Z8) and 7):
TH-1 u i
Ly, (h) = 51— 3 2. 2.9
W= 3 i (22) 3 aog (225) . e

1=0 1=TH

From the LT of W5 we know that W is distributed as a Erlang(ua,q1 + g2) R.V. with
probability p3 B9 (1 _ py), for 0 < q1 4 g2 < TH, (i.e., when the TC experiences no stoppages);
and as the sum of an Erlang(ue, TH — 1) R.V. and an exp(u2 — Ap2) R.V. with probability
pdH. Using (Z9), we can derive the Tail Distribution of Wy under the TBP with threshold

TH:

P {VT/Q > t} (2.10)

5 THe=(a=2e2)t jf TH = 0,1
. P2 f (2.11)

pr THe=(m2=Ap2)t 1 ) o= uthTH 2 (uzt) pk — ple—rat s TH ZTH 2 (

Using (23] and (2.I1J), the distribution of our main service level measure under the TBP

with threshold T H is

1 N A~
PWTBP(TH) (t) = 5 (P {Wl > t} + P{WQ > t})
%p% —(p2—Ap2)t —i—%pge (h2—=Ap2)t if TH=0,1
k
_ %Pg +1e*(,u2*)\p2)t + %p2eﬁu2t 255072 % (2.12)
12 THe—(pa—Apa)t _ Lp2=TH o—puzt ST H--2 (“if 2kif TH > 2

We observe that under the non-idling policy all waiting happens at Station 2 and thus

1
PWNI(t) = 5;}26—(“2—”2 t>0. (2.13)
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Here, py represents the probability of waiting and exp(—(u2 — A\)t) is the conditional proba-
bility of a waiting more than ¢ given an M /M /1 queue with parameters (A, 2). In the expression
for PWTBP(t) when TH = 0,1 we see the same structure as in (ZI3]). The first term, essen-
tially has the probability of waiting reduced to p3 from ps and the arrival rate reduced to paA
from A. The Second term, is just the probability of wait longer than ¢ in an M/M/1 queue
with arrival rate poA. Thus, the TBP effectively operates two M /M /1 stations with parameters
(p2\, p2), where the probability of wait at one of these stations is further reduced by p2. The
slower arrival rate (and the additional reduction in probability of waiting) brings the probabil-
ity of wait longer than ¢ at Station 2 to below the level experienced at this Station under the
non-idling policy. However, customer now has two chances to experience a long wait - once at

each station.

2.4.3 Insight 1: Comparing TBP and Non-Idling Policy for the Asymptotic

Case

Based on Remark [I] above, it suffices to compare PWTBP(t) with PWN!(t) since expected
service times is the same. From our earlier discussion, it is obvious that the number of stoppages
is increased when T H is reduced. Thus, setting TH = 0 corresponds to the most aggressive
redistribution of the waiting time from Station 2 to Station 1 achievable by a TBP (from
@I2)). On the other hand, PWTBP(®) () = PWN! () since when TH = oo, Station 1 is
never intentionally idled.

For any “excessive wait” value t > 0 let TH*(t) = arg minpy PWTBP(TH) (1) be the thresh-

old value that minimizes PW (t). This value is characterized in the following result.

Proposition 2 For any t, the threshold TH*(t) € {0,00}. Specifically, let t* = 1)1\1((11j522)) (note
1
that PWTBPO) (1) = £ (py + 1) 72 ). Ift < t*, then TH* (t) = oo, and if t > t*, then

TH*(t) = 0.

This Proposition indicates that the optimal TBP is to idle Station 1 as much as possible
when ¢ is sufficiently large (i.e., use TH* = 0 when t > t*), or to not idle it at all when ¢ is
small (i.e., ¢ < t*). The intuitive explanation behind this is that reducing the queue sizes at

Station 2 via the TBP reduces P(W; > t) but introduces P(W; > t) > 0 (which is 0 under the
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NI policy). When ¢ is large, the reduction in P(Ws > t) is substantial, while the increase in
P(W1 > t) is small, and thus TBP outperforms the NI policy. However, if ¢ is small, the waits
longer than ¢ are quite common at Station 2 even if some customers are re-allocated to Station
1, while the increase in P(Wl > t) may be substantial. Thus TH* = oo and TBP is equivalent
to the NI policy. In this case the re-allocation of waiting time will not solve the problem of
excessive waits - the only solution is adding more capacity to the system.

From (2.12)) and (2.13), the reduction in PW (¢) due to TBP for ¢ > ¢* is:

PWNI (t) o PwTBP(O) (t)

—1 _ —A(1—p2)t
PV (1) 1—(14p2)e .

Thus, the relative improvement in PW (¢) increases with ¢, and approaches 100% as ¢ increases.
This shows that the TBP can dramatically reduce the incidence of excessive waits, but only
if the designation of an “excessive” wait is used correctly, i.e., a wait is “excessive” if it is
uncommon in the system.

The implications for the decision-maker are clear: if waits of at least ¢t adversely affect
customer service experience, and ¢ > t*, TBP can be used to improve PW(t). If ¢t < t*, then
the only way to improve PW (t) is by adding capacity to the system (i.e., increasing us). Most
of the behaviors observed for the pu; = oo case will also hold for the p; < co case discussed in

Section

2.4.4 Insight 2: Comparing TBP and Kanban Policy for the Asymptotic

Case

For the 2-station tandem queue a Kanban policy is defined by the buffer size (BS > 1) in
front of Station 2: Station 1 is idled and will not admit the next customer to service whenever
g2 > BS.

Observe that in the 1 = oo case, under Kanban(BS) policy Station 2 operates as long as
there are customers in the system for any BS > 1. Thus the expected sojourn time for any
Kanban policy is the same as for NI policy. Therefore, as in the TBP case, we focus only on
PW ().

Using similar analysis as for the TBP, we have:
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Proposition 3 For BS > 1,

%pge_("?_’\)t if BS=1

PWKanban(BS) (t) — (214)

k
LpfSe(namNt 4 femmat 73 B802 (e phtt if BS > 2

Note that PWKanban() () = pyNI(t) = pwKanban(0) (#) This is because when BS = 1,
the Kanban policy shifts all waiting time to Station 1 without changing the distribution of
waiting times. This shows that by optimizing the buffer size, a Kanban policy can outperform
NI with respect to the PW(t) measure. The second equation holds because when BS = oo,

Station 1 is never idled.

0.4 \
PN .
035 "\. —TBP with TH*=0
03 KB‘:I\_‘.\..- —x- Kanban W/ BS*(t)
N Kanban w/ BS=1
0.25 KB*=2 k\ \
- X --- Kanban w/ BS=5
E 0.2 '3
o

Figure 2.2: PW (t) as a function of ¢ under TBP versus Kanban policy.

In Figure 22 we compare PWTEPO) () with PWKaenban (1) under different BS values, when
A = 0.85 and pg = 1. Note that t* = 4.82 in this case and thus TBP(0) outperforms the NI
policy for t > 4.82. Recalling that Kanban(1) policy is equivalent to NI, we see that this is
indeed the case on Figure 1, with the relative gap growing with ¢t. Comparing TBP(0) with
Kanban(5) we see that TBP has lower PW (¢) for ¢t > 9.28, while Kanban performs better for
lower values of t.

Furthermore, using a similar analysis to the one in the proof of Proposition Bl we can obtain

the buffer size BS* (t) that minimizes PWKoan(B5) (t) for any t. (Specifically, the function

BS—1
94 = (@2—1)!

the smaller zero point of g4, otherwise BS*(t) = 1.) The resulting Kanban(BS*(t)) policy

— (1 — p2) e has one or two zero points; if g4 has two zero points, BS* (t) is
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is plotted on Figure along with the associated BS*(t) values. This policy achieves lower
PW (t) values than the TBP(0) for ¢t < 9.96 and slightly higher values for ¢t > 9.96.

For the asymptotic case the Kanban policies perform competitively with TBP(0), particu-
larly when the buffer size is optimized for a given t value. We note that the TBP is more robust
- as the same optimal threshold TH* = 0 value applies over a wide range of ¢ values, while
the optimal buffer size BS*(t) is sensitive to ¢. More importantly, the performance of Kanban
policies in the asymptotic case are somewhat misleading, we will see in the following sections

that the performance in other cases may be significantly worse than that of the TBP.

2.5 Analysis of The Tandem Queue: General Case

In this section, we begin by analyzing the TBP for the tandem queueing network when p; < oc.

Figure 2.3lillustrates the MC of the tandem queueing network under the TBP with TH = 1.
Recall than under the TBP it is not possible to reach a state (g1, g2) such that go—q1 > TH +1.
As illustrated in the figure, the states can be classified into three groups, depending on whether
customers waiting for service at Station 1 experience stoppage before they enter Station 2. For
example, if the system is currently in state (2,0), neither customer at Station 1 can possibly
experience any stoppages before entering Station 2. The same is true for all the other states
above the dashed line in the top left corner of Figure 2.3l On the other hand, in all states to
the right of the dashed boundary line, Station 1 is idled, thus all customers at this station will
experience one or more stoppage before entering Station 2; state (2,3) is an example of this
type.

Finally, customers at Station 1 in all the states below and to the left of the dashed line
may or may not experience a stoppage before entering Station 2. Consider, for example, state
(3,0). While the first two customers at Station 1 will not experience a stoppage, the situation
is less clear for the last customer. We refer to this customer as “TC”. If the next two events
are both “Completion 17, the system will move to state (1,2) and TC will be stopped. If, on
the other hand, at least one of the next two events is Arrival or Completion 2, the TC will not
be stopped.

This discussion illustrates why the analysis of the TBPs is challenging. The number of
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Figure 2.3: The MC (Q1,Q2) for TH = 1.

stoppages experienced by the TC (and thus the distribution of her waiting time) depends on
queue lengths at both stations and on customers arriving after TC, i.e., this number depends
on future events. The latter dependency prevents us from using Distributional Little’s Law.
Furthermore, the distribution of waiting time experienced by a customer depends not just on the
state of the system, but also on the customer’s position in the line at Station 1. As discussed in
the example above, the customer immediately in front of TC will not experience any stoppages,
and thus his distribution of the waiting time is clearly different from that for the TC. This
implies that the observed state (g1, g2) of the system is not sufficient to uniquely express the

distribution of W{%.

To overcome this difficulty, we augment the state space with a position indicator for each
customer. Specifically, for each TC, in addition to the queue length indicators we also include
the position of the TC in Station 1; we denote this position s for s > 1. Note that each TC
now generates a new MC upon arrival, which we name TCMC.

This TCMC has three dimensions. When the TC arrives in state (q1,g2), she joins Station 1
and becomes the st = (¢ 41)" customer, so that the first state of TCMC is (1 + 1, ¢2,q1 + 1).
If we consider all states with the same s as one layer, each layer looks similar to the MC in

Figure 23] except that there are no states with ¢ > s. The same three events discussed in
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Section [Z3] may occur in the TCMC as well. Their effect on state (g1, g2, s) is as follows:

1. Arrival: TCMC transitions to state (¢1 + 1, g2, s). Arrivals occur with rate A in any state.

2. Completion 1: TCMC transitions to state (q1 — 1,¢2 + 1,s — 1). This happens with rate

w1, if @1 > 0 and 6 < TH (when Station 1 is not idled).

3. Completion 2: TCMC transitions to state (q1,q2 — 1,s). This event occurs with rate g,

if q2 Z 1.

When s > 1, the TC is waiting in Station 1. When s = 1, the TC is either in service or is
the first in line to enter service when the stoppage of Station 1 ends. Since A < p1, the TCMC
(¢q1,92,s) will be absorbed in some state with s = 0, when the TC moves to Station 2. Let
X 7:925 yrepresent the TC’s performance measure, given the network is in state (g1, g2, s).

To obtain the performance measure using (2.2)) we can keep track of the TCMC starting
from the state (q1 + 1,¢2,¢q1 + 1) and calculate the conditional performance measure according
to all possible paths the TC may take until an absorbing state is reached. However, because the
TCMC is three-dimensional, the required computational effort grows rapidly using this intuitive
approach. We thus simplify the problem as shown below.

We first show that, similarly to the u; = oo case, the number of stoppages can be bounded.

Lemma 1 If the TCMC is in state (q1,q2,s), then the mazimum number of stoppages the TC
may see, M99 45

M®92% = max{2s — TH + §(¢q1,92) — 1,0} .

Specially, if 5(q1,q2) < TH—2s+1, there will be no stoppage for the TC. Thus, the performance

measure experienced by a customer that reaches such states are independent of future arrivals.

It is easy to see that M99 = Matbaa+l je  Temma [ shows that, the number of
stoppages the TC sees in the u; = 0o case is the mazimum number of stoppages the TC may
see in p; < oo case. The reason is that when p; = 0o, the service time of Station 1 is zero, so
the set of sequential events: Completion 1=-Arrival(or Completion 2)=-Arrival(or Completion

2) repeats for sure; when p; < oo, this set of sequential events repeats only in the worst case.
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We define a no-stoppage state to be a state in TCMC s.t. §(q1,q2) < TH —2s + 1, i.e.,
M®-22% = (). For example, consider again state (3,0) in the MC on Figure 23] As previously
discussed, states (3,0,1) and (3,0,2) in the corresponding TCMC are no-stoppage. On the
other hand, by Lemma [I, M3%3 = 1, so stoppage may occur in state (3,0, 3).

Observe that once the TCMC reaches a no-stoppage state, the network acts like a non-idling
tandem queueing network for the TC and the distributions of the three steady state service
measures can be calculated directly (see below). In the following sections, we treat no-stoppage
states as absorbing states and use a recursion method to develop all three performance measures

as follows:

o If state (¢1,q2,s) is a no-stoppage state, i.e., § < TH — 2s + 1, then the distribution of

X1:92:% can be calculated from Propositions 4 and [l below.

e If Station 1 is stopped, i.e., § = TH or TH + 1, both Arrival (w.p. r)‘m) and Completion

2 (w.p. )\fﬁu) can happen in the TCMC. Using conditional probability, the distribution of

X195 can be recursively calculated from the distributions of X%1+142:8 and X91:42—1s,

e For states (qi,qo,s) such that TH —2s+1 < § < TH — 1, Arrival (w.p. m),
Completion 1 (w.p. m), and Completion 2 (w.p. m) can all happen in the
TCMC. Using conditional probability, the distribution of X9!:92:% can be calculated from

the distributions of X¢1thaezs xa—latls—l and x9.92-1s

Calculating the LT of X995 similarly to (2.2]), requires the steady state probability vector
of the MC (Q1,Q2). It is easily seen that this MC is irreducible and aperiodic and has
equilibrium probabilities, 7, 4,- The balance equation for the (Q1,Q2) MC are (these are
easier to follow when looking at Figure 2.3]):

1) When § < TH and ¢1 = g2 = 0, we have Amg o = pamo,1;

2) When 6 < TH and ¢; > 0, g2 = 0, we have (A 4 p1)mg, 0 = Mg —1,0 + H2Tq,.1;

3) When § < TH and g1 > 0, g2 > 0, we have (A4 1+ p2) g1 g0 = ATg1—1,g0 F 11T g1 +1,g0—1F

H2Tqy,q2+15

4) When 6 <TH and ¢1 =0, 0 < g0 <TH, we have (A + [12)70 gy = [11T1,q0—1 + H270,go+1;
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5) When § = TH and ¢; > 0 (then g2 = g1 + TH), we have (A + 12)7g, g0 = Mgi—1,40 +
M1 g 4+1,q0—1 + H2Tgy go415

6) When § = TH + 1 and ¢; > 1 (implying g2 = ¢1 + TH + 1), we have (A + p2)7mg, .40 =
H1Tq1+1,q2—15

7) We also require » . 7g, 4, = 1.

To solve these balance equations, we approximate 7, 4, by assuming that Station 1 has a fi-
nite waiting room of size Limit. For any finite value of Limit, we can calculate an approximation
of m4, .4, by solving the balance equations numerically. When Limit goes to infinity, the approx-
imation approaches m,, 4,. In our numerical experiments we found that P{g; = 100} < 1075,

so Limit = 100 appears to be an adequate value for our parameter choices.

2.5.1 Distribution of Waiting Time for Station 1: W;

In this section, we consider the TC’s waiting time for Station 1, Wj. Note that there are
two components of Wi: the time spent waiting for s — 1 Completion 1 events, and the time
spent when Station 1 is idled. The first component depends only on s, and the second one is
determined by s and § = g2 — g;. Thus, given s and §, W7 does not depend on the values of
g1 and go. Indeed, from Lemma [I] we see that the maximum number of stoppage M71:92:% only
depends on s and ¢; thus, we will next use M*° to denote the maximum number of stoppages
for a customer that is at a position s in queue 1 when g5 — g1 = . A revised TCMC, with the
state description (s,¢), is illustrated on Figure [24] for the case TH = 1; this simplified TCMC
will be used to compute W7.

Arrival or Completion 2 events do not affect s; these events only decrease the value of § by
1. Completion 1 decreases the value of s by 1, and increase the value of § by 2. If 6 = TH or
TH + 1, Station 1 is idled, so that the next event can only be Arrival or Completion 2.

In Figure [Z4] the column on the right-hand side, starting from (1,0), represents the no-
stoppage states established in Lemma [II The states above the doted line are states where
Station 1 is idled, i.e., with § > TH = 1.

Let Wf’(S be the TC’s waiting time for Station 1 while the network is in state (s,d), and
denote its LT by Lwls,a(h). wy 0 s composed of two parts. The first part is the service

time of the s — 1 customers in front of the TC in Station 1. This service time distribution is
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Figure 2.4: The revised TCMC (s,d), when TH = 1.

Erlang(s — 1, u1). The second part consists of stoppages in Station 1. As in the u; = oo case,
the length of each stoppage is exp(A + p2).
Let Bf’é denote the actual number of stoppages the TC will experience if she is in state

(s,6). Thus, the LT of W is

m VU 5 Atpz
Lo .s(h) = p{psd =\ [ ATH2 ) 2.15
Wl’é( ) (H1+h> 2 { 1 7’} ()\+H2+h> ( )

where M*° can be found from Lemma [I] and Zi‘iié P {va‘s = z} =1.
Thus, finding L;ss(h) is equivalent to finding the distribution of Bf’é, for any s > 1,
1
0 <TH 4+ 1. This can be done as follows:

e If (s,0) is a no-stoppage state, i.e., § < TH — 2s + 1, then B‘f"s =0 from Lemma [Tl

e If Station 1 is stopped, i.e., for states with 6 = TH or TH + 1, Bf’é has the same

distribution as 1+ Bf’éil.

e Otherwise, for states (s,d) such that TH —2s+1 < 6 < TH — 1, the TCMC will go
to state (s,0 — 1) (w.p. ﬁ), or to state (s — 1,6 +2) (w.p. 3355). Therefore,
Bf’é is distributed the same as Bf’éil or Bffl"sw, depending on which state the TCMC

transitions to.
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Since s € {1,...,Limit} and § € {—Limit,...,TH + 1}, the distribution of Bf’5 can now

be computed iteratively; see Algorithm [Ilin Appendix 2.9.2] for details.

2.5.2 Distribution of Waiting Time for Station 2: W,

In this section we calculate Wi"%*® — the TC’s waiting time for Station 2, given that the
network is at state (qi1,qa,s). Let K925 be the number of customers the TC sees when she
enters Station 2. Given K995 =k we know that Wy"?* ~ Erlang(us, k). So once we know

the distribution of K%-92% the LT of WJ"%"® can be expressed as

g2+s—1
s(h) = M2 \k 41,42,5 _
Lyymazs(h) = kzzo (uz+h) P{K =k}, (2.16)

We next derive the distribution of K992 first for no-stoppage states and then for states

with stoppages.

Distribution of W5 at No-stoppage States

First, assume that the network is currently in a no-stoppage state, i.e., (¢1,¢2,s), and § <
TH — 25 + 1. Given Lemma [ Station 1 will not be idled before the TC enters Station 2.
Thus, the arrival process does not affect the network, and we need to only consider the service
processes of Stations 1 and 2. Still, it is possible for Station 2 to be starved, i.e., go = 0,
before the TC enters this station. We next discuss how to consider the starvation periods when
calculating the distribution of K992,

We represent the service operation of the TC by a Random Walk (RW) process in a two
dimensional lattice graph, where the x and y axes represent the number of customers served by
the first and second servers, respectively. Let the TC be the N** arrival to the original tandem
queue. Denote the total number of customers served by stations 1 and 2 before TC’s arrival by
Xy and Yy, respectively. Note that Xy € [0,..., N — 1], Yy € [0,..., Xy] and ¢o = Xy — Yn.
The RW process is depicted on Figure Obviously, the RW cannot go above the line z =y
(service 1 must finish before service 2). When Station 1 completes service the RW moves to the

right, and when Station 2 completes service the RW moves up. Because both service completions

p1

TR and

are exponentially distributed, when both stations are busy, P { RW moves right} =
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Figure 2.5: Lattice Graph of number of customers served by each station.

P {RW moves up} = ulfuz' Any point on the line £ = y means that Station 2 is starved and
the next possible move for the RW is only to the right. We call points on the line x = y points

with Station 2 starved and other points in Figure points with Station 2 working.

For any TC, we can ignore Yy, because these customers have already left the network.

Therefore, upon arrival of the TC we reset the starting point of the RW to (Xy,Yn) = (¢2,0).

When the TC arrives to state (¢1,¢2,s) , there are go customers in Station 2, which cor-
responds to the point (g2,0) on Figure When the TC finishes service in Station 1, this
station has finished s customers, which represents the RW moving right s steps and reaching
the line x = ¢2 + s. By this time, Station 2 has served n customers, where 0 <n < g+ s — 1.
Thus, the sojourn time of TC at Station 1 corresponds to the time the RW moves from point

(g2,0) to a point on the line (g2 + s,n), with 0 <n < ga +s— 1.

Let BJV%® the number of times Station 2 is starved from when the TC arrives to the
network and until she finishes service at Station 1. The joint distribution of n and BJ"%** can

be calculated using the result from Milch and Waggoner (1970). This gives us the marginal
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distribution of n. Since the number of customers TC sees upon entering Station 2 is K992 =

g2 + s — 1 — n, this also provides the distribution of K91:92:5;

Proposition 4 For any state (q1,q2,s) with § <TH — 2s + 1, the distribution of K992% js:

P{K™®" = k} (2.17)
[(23?32173) B (2;;21;:13)} (Hlljrllm)sfl (Hlljflm)qwrsfl
+Z§:2 [(23;;;27‘2—2) o (25‘:](122?‘1—2)] (M1TM2>S_i (Mllfm)qﬁ-s—l k=0

s s—k—1
= e - e () ()" (2.18)
+Zf;f [(23-{—5(]42_(1—212—2@'—2) N (23-:(]_‘2_;;:_—5—2)} (m)s—z (ﬁ

+s—1—k
q2+2s—2—k H1 s H2 a2
\ (Q2+sflfk) <H1+H2) (H1+H2) s—1<k SQQ+S_1'

qa+s—k—1
) O0<k<s-—-1

Distribution of W5 for States with Stoppages

To calculate K925 for state with stoppage, observe:

e If Station 1 is stopped, i.e., § = TH or TH + 1, both Arrival (w.p. ?)\uz) and Completion

2 (w.p. /\jﬁm) can happen in the TCMC. So K792 will be distributed as K¢ T192:5 or

K1:22=15  depending on which event happens.

e For states (qi1,qo,s) such that TH —2s+1 < § < TH — 1, Arrival (w.p. m),
Completion 1 (w.p. /\ﬂfﬁ), and Completion 2 (w.p. %) can all happen in the
TCMC. So K91:92% will be distributed as K¢ +12:s  ai—laxtls—1 anq Ka.92—1s  with

these probabilities respectively.

Notice that the distribution of K9-92:% only depends on which no-stoppage state the process
finally reaches, and is independent of the other details of the service process before that. Algo-
rithm 2], given in the Appendix [2.9.2] uses these three conditions and Proposition [ to express

K925 for any state (g1, ¢z, s). The distribution of Wi/"%** can now be computed from (2.10).

Remark 3 It may be of interest to compute the distribution of the total wait in the system for
the TC, Wt:42:5 = W12 L WIS - Birst note that WV%® and Wi"%*® are not independent:

since Station 2 is mever intentionally idled, the longer the TC stays in Station 1, the less
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customers she will see, on average, when she enters Station 2. Still, in a similar way to

Algorithms [l and[2, one can calculate the distribution of Wit:92:5,

2.5.3 Distribution of Sojourn Time: S

In this section, we calculate the LT of sojourn time, which is the sum of waits and services in

both stations, for the TC. This derivation allows us to express both E [S] and P{S > t}.

We focus on Station 2. The TC’s sojourn time, S992:%  is between her arrival to the network
and her departure, i.e., the time when Station 2 finishes serving ¢o + s customers. We note that
if there are customers in the network, Station 2 always serves customers when Station 1 is idled;
and Station 1 always serves customers (if there are any customers in Station 1) when Station 2
is starved. Thus, the TC’s sojourn time is composed of two parts. The first part is the service
time of the g2 + s customers at Station 2, which is Erlang(usa, g2 + s). The second part is the
total time that Station 2 starves until it serves the TC. This time may depend on the behavior

of the network after the TC’s arrival and is therefore more challenging to characterize.

We know that the number of times Station 2 is starved B§"%® < s, because in the worst
case Completion 2 happens g2 times and then {Completion 1, Completion 2} sequence repeats

until the TC is served at Station 2, so that > 7 P {B§""** =i} = 1.

Similar to (ZI6]), the common form of the LT of S%:92% ig

q2+s S i
H2 41,92, : A+ pio )
Lgai.az.s(h) = E P{B = . 2.19
§91,492 () <N2+h> £ { 2 Z}<)\+u2+h ( )

»42,8

This transforms the problem to finding the distribution of BJ"%*, for any state (q1, g2, 5).
We first consider no-stoppage states. As in the proof of Proposition @] for the no-stoppage states
we use the joint distribution of gg+s—1—K%%2% and B"*° P {qy + s — 1 — K19 = n  BI"?*

Using this distribution and the Law of Total Probability, we get:

—i}.
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Proposition 5 For any state (q1,qz2,s) with § < TH — 2s + 1, the distribution of B§"%?* is

L i=1

( q2—1 (n+sfl) 251 s M2 "
n=0 n p1+p2 w1+
q2+s—2 s+n—1\ _ (s+n—1 [75 5 12 " L
+Zn=tp |:( s—1 ) (S+q2—1)] (ul—l—ug) n1+pe » U= 0
Zq2+572 (s+n72) . (s+n72) 5 s—1 12 n
P{Bq1,q2,s o n=qz s+q2—2 s+q2—1 p1tpe p1tpe
2 - Z} - s—1 qa+s—1
+ (2s+q2—3) _ (2s+q2—3) J151 2
s—1 s+q2—1 p1tp2 ptpe
Zq2+372 (s+n7i71) . (s+n7i71) 5 st 12 n
n=qz s+qo2—2 s+qo2—1 mﬂml p1+p2
+ (28+q2—i—2) _ (2s+q2—i—2) Q1 st H2 P2Fs—1
s+q2—2 s+q2—1 p1tpe p1tp2

We can now calculate B"%* for any state (g1,q2, s) as follows:

,2<i<n—q+1
(2.20)

e If the state (q1,¢2, s) is in a no-stoppage state, i.e., § < TH — 2s + 1, the distribution is

given by Proposition [l

e If Station 1 is idled, i.e., § = TH or TH + 1, both Arrival (w.p.

P2
Ap2

2 (w.p.

q1,92—1,s
32 .

A
A-p2

)

and Completion

) can happen in the TCMC. So B will be distributed as BI*tH%* or

e For states (g1, q2, s) such that TH —2s+1 < 6 < TH —1 and g2 = 0, there is no customer

in Station 2. Arrival (w.p.

A

Ap1

) and Completion 1 (w.p.

TCMC. So Bgl’o’s is distributed as B‘211+1’0’8 or Bgl_l’l’s_l +1.

A

g

) can happen in the

e For states (q1,q2,s) such that TH —2s+1 < 6 < TH — 1 and ¢o # 0, Arrival (w.p.

#)
Atp1+p2

, Completion 1 (w.p. m) and Completion 2 (w.p. m) can all happen

in the TCMC. So BI"%* will be distributed as BJ*TH%° pp—heths=l o piie—ls,

Algorithm B in Appendix 2.9.2] use these four conditions to compute the distribution of

BIV®™*® for any state (q1,q2,s).

from (Z.19)).

2.6 Insights for p; < oo Case

The LT of the sojourn times S§992 can then be computed

In this section, we compare the performance of TBP, non-idling policy, and Kanban policies

with respect to the expected sojourn time, F [S], and the probability of excessive waits, PW (t).
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2.6.1 Insight 3: Comparing the TBP and Non-Idling Policy

First, we compare the performance of TBP and the non-idling policy. The key questions are:
(1) what degree of improvement can be achieved by the TBP for the PW (¢) measure, and (2)
by how much do sojourn times have to increase to achieve this improvement. We note that
service measure P {S > ¢’} could be used in place of E[S]. Numerical results show that the
trade-off curves of PW (t) and P {S > t'} behave the same as the trade-off curves of PW ()

and E[S], so only E[S] is considered in our numerical results.

The expressions for the service measures for the non-idling policy are determined by A, u1,

2, and ¢, and can be obtained from e.g., using Burke’s theorem (Burke, 1956):

21 1<~ A
EBSN = ——; PwN(1) = 5 > ;e—w—k)t.
1 K

1=1 1=

To illustrate the trade-off between PWTBF (t) and the expected sojourn time under the
TBP, £ (STBP) we proceed as follows. We initially set A = .85, 41 = 1 and po = .9. Thus,
Station 2 is the bottleneck, and the system utilization ratio p = ps = .85/.9 ~ 94%. Next we
select ¢ such that PW™N!(t) = 10% - from the expressions above this value is t = 31.78 and
E[SNT] = 26.67.

We calculate the performance measures E[STBFP] and PWTBP(t) using TH = 100, 99,
...,0. For TH = 100 the performance measures (E[STBF], PWTBF(31.78)) = (26.67,0.1) are
identical to these measures for the non-idle system. The results in Figure 2.6(a) present the
trade-off curve of the TBP for different thresholds. The points corresponding to selected T'H

values are labeled on the curve (they decrease from left to right).

From the figure, we observe that the average sojourn times along the r—axis increase as
TH values are decreased from 100: the lower the threshold the more the TBP departs from
the non-idling policy, with the incidents of idling of Station 1 increasing. At TH = 0 the
E[STBP] = 30.5 - a 14.4% increase over E (S7), the expected sojourn time under the non-idle
policy. Initially, as T'H is decreased from 100, the PW (t) values are reduced, indicating that the
TBP is achieving the desired trade-off between the two performance measures. The PWT5P(¢)

is minimized at just over 7%, corresponding to TH* = 13 (labeled with a star). For this TH
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value, E[STPP] = 27.31. Thus, a TBP with TH = 13 achieves a nearly 30% improvement in
the PW (t) measure (7% vs 10%) at the cost of increasing the expected sojourn times by about
2% (from 26.67 to 27.31) - a trade-off that may be quite attractive. Reducing T'H below 13
turns out to be counter-productive, thus, from the point of view of bi-objective optimization,
the T'H values below 13 are Pareto-inferior. However, all T H values greater than or equal to
13 are Pareto-optimal.

To gain additional insight, in Figure 2.6(b), we plot P(W; > 31.78) for ¢ = 1,2 under the
TBP. Since Station 2 is the bottleneck in this case, the probability of wait longer than ¢ is much
greater there under the non-idling policy. This is shown on the extreme left of the plot where
TH = 100 and the TBP is essentially identical to NI policy. For very high T'H values most of
the contribution to PW () comes from Station 2. As TH is reduced, P(W; > t) is increasing
and P(Wy > t) is declining. Eventually, when T'H decreases below 10, there is a much higher
probability of long waits at Station 1 than at Station 2. It is interesting to note that PW (t)
is minimized at TH* = 13 when the values of P(W; > t) and P(Wy > t) are approximately

equal. We have observed similar behavior with other parameter settings as well.

A=.85pul=1,n2=.9,p=.94,t=31.78 A=.85pul=1,p2=.9,p=.94,t=31.78
0.20 0.20
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Figure 2.6: Trade-off curves corresponding to excessive wait probabilities of 10% (under non-
idling policy). Non-idling policy corresponds to the left-most point on each curve.

We have observed from numerical results with different parameter settings that P (W5 > t) is
a concave increasing function and P (W3 > t) is a convex decreasing function of £ [S], as on Fig-

ure[ZBi(b). However, for different values of ¢, the behavior of PW (t) = 1 (P (W > t) + P (W2 > t))

as a function of F [S] varies, typically being convex in some regions and concave in others.
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Figure 2.7: Trade-off curves of TBP corresponding to excessive wait probabilities of 20%,
15%, 10%, and 5% (under no-idling policy) for different system parameters. Non-idling policy
corresponds to the left-most point on each curve.

To illustrate the improvements that can be achieved with TBP compared with the NI policy
for different values of ¢, we plot the relative change in PW (t) versus the relative change in E[S]
for four different values of ¢ on Figure 27 Here 100% on both axes relates to corresponding
values for the NT policy (or, equivalently, TBP(100) policy). Thus, on the z—axis the values
increase from 100% since introducing SI can only hurt the expected service times, while on the
y — axis we have values above and below 100% since the TBP can improve or hurt the PW (t)
objective. The three values of t = 45.11,31.78,24.44, and 19.58 were selected to correspond to

“excessive wait” probabilities of 5%, 10%, 15%, and 20% under the NI policy, respectively.

For the case where excessive waits are rare (¢t = 45.11), TBP provides very attractive trade-
offs: decreasing PW (t) by close to 60% at the cost of increasing E[S] by just 2%. Moreover,
most of the decrease in PW (t) occurs for even smaller values of E[S], corresponding to thresh-
olds higher than the PW (t)-minimizing value of TH* = 13. Thus, the value of TH that
minimizes PW (t) may not be the best choice. The reduction in PW(t) provided by TBP for
t = 31.78 case is a bit smaller, but is also quite substantial at nearly 30%, while the increase in

E[S] is just over 2%.

The TBP is much less successful for the ¢t = 24.44 case where “excessive waits” occur 15%
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of the time under the NI policy. Here, as the threshold is decreased from 100, both objectives
are initially hurt, with PW (¢) rising sharply. This is because the decrease in P(Wy > t) is
very small, while P(W; > t) increases rapidly. For lower TH values, the PW (t) begins to fall,
eventually falling about 5% below the value for the NI policy around TH* = 12. The cost of
this improvement is the 3% increase in E[S]. Thus, the trade-offs offered by the TBP are much
less attractive in this case. We also observe that here PW (¢) is not a convex function of E[S].

As the probability of excessive waits is increased to 20%, the Pareto-optimal trade-offs
disappear: while the behavior of PW (t) as T'H values are increased is similar to the previous
case (first an increase, then a slight decrease, followed by another increase), the level never gets
below the value achieved for T'H = 100, i.e., the value for the NI policy.

Thus, we observe similar patterns to the ones derived analytically for the asymptotic 1 = oo
case: the TBP reduces PW (t) when the “excessive waits” are sufficiently rare in the system.

Since the TBP redistributes some waiting times from Station 2 to Station 1, intuitively it
should be most effective when Station 2 is the system’s bottleneck. This intuition is supported
by Figure 2.8 The four curves presented on four panels correspond to ¢* (dashed line) and
values of ¢t such that the probabilities of long waits are 1% (lower solid), 5% (middle solid),
and 10% (top solid) under the NI policy. Figure Z8(a-b) present results for cases where the
processing rates of Stations 1 and 2 are identical. Figure 2.8(c-d) present cases where the
processing rate of Station 2 is reduced to .95, making it more of a bottleneck. We see similar
patterns to those described for the previous figure: the TBP reduces the PW (¢) in all cases
at the cost of a small increase in E[S]; the relative improvement in PW(t) is increasing in ¢.
Moreover, we see that the improvements provided by TBP is greater when Station 2 is more of
a bottleneck (Figure 2.8(a) v.s. (c) and (b) v.s. (d)); even under similar utilization levels but
different arrival rates (Figure 28(b) v.s. (¢)).

Figures 2.7 and 2.8 provide some intuitions on identifying t*s and T H*s for different pa-
rameter settings. We notice that T'H* is relatively stable for similar arrival rates, and that
PWNI(t*) is relatively stable for similar utilization level at Station 2. Specifically, comparing
Figure 2.7 with Figure 2.8(a,c), TH* € [11,15] is stable for the same arrival rate, A = .85. This
is also supported by comparing Figure Z8(b,d), where TH* € [16,23]. Similarly, PW "1 (*) is

stable under similar utilization levels. For example, when p = .95 (Figure 2.8(d) and Figure
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27), PWNI(t*) is about 15%; and when p = .9 (Figure 28(b) and (c)), PWN!(t*) is about
12%.
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Figure 2.8: Trade-off curves of TBP corresponding to t* and excessive wait probabilities of
10%, 5% and 1% (under non-idling policy) for different system parameters. Non-idling policy
corresponds to the left-most point on each curve.

2.6.2 Insight 4: Comparing the TBP and Kanban policies

As the analytical derivation of the waiting time at each station is not available and is beyond
the scope of this paper, to compare the performance of Kanban and TBP, we constructed
a simulation model using MATLAB. We simulated one million customers under the Kanban
policies with BS = 100,99, ...,1 and the TBPs with TH = 100,99, ...,1. (Despite having
analytic results for the TBP we use simulation so that we compare both policies under the
same sample path.) The results are presented on Figure for a system with ps = .9 on the
left panel and ps = .95 on the right. In both cases the value of ¢ was chosen to correspond to
10% probability of long wait under the NI policy. With BS = 100, the Kanban policy performs

identically to the NI one, which gives us the starting point on each panel. We then decrease
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the value of the buffer size BSS in steps of 1 and plot the values of PW (t) and E[S] for each

BS. We plot the TBP curve in a similar fashion.

First consider the panel on the left. While the TBP generally outperforms the Kanban
policy (recall that the Pareto-optimal points are the ones on the south-western frontier), when
Relative E [S] > 101.54, the Kanban policy outperforms the TBP, achieving lower PW (t) values
for the same sojourn times. We note that selecting the right BS value is very important - values
that are too high or too low may lead to performance worse than the NI policy. In fact, our
numerical experiments show that the BS* that minimizes PW (t) appears to be very sensitive
to t, while the TBP is much more robust in this respect (see Table 21]). This lack of robustness
presents a challenge for implementing Kanban policies, as the exact value of ¢t may differ among

customers.

Now consider the right panel, where pus = .95. Here the TBP clearly dominates Kanban
(which produces very few Pareto-optimal values). The intuition behind poor performance of
the Kanban policy in this case is that Kanban policy ignores the queue size in front of Station
1. While this is not a major issue when Station 2 is the main bottleneck in the system (as
on the left panel), when the processing rates of Stations 1 and 2 are similar (as on the right
panel) and Station 1 is idled even when facing a long queue, long wait times occur. Thus, while
Kanban policy performed very well for the asymptotic p; = oo case, the performance under
more realistic conditions appears to be significantly worse. The additional flexibility afforded
by the TBP, which takes both ¢; and ¢o into account, is apparently important in case of a more

balanced system.

t TH* PWTBP(TH*)(t) ETBP(TH*)[S} BS* PWKanban(BS*)(t) EKanban(BS*)[S] PWNI(t) ENI[S]
15 100 0.2663 26.20 100 0.2664 26.20 0.2662 26.20
20 100 0.1930 26.20 100 0.1931 26.20 0.1930 26.20
25 12 0.1329 26.86 22 0.1243 27.76 0.1437 26.20
30 12 0.0810 26.86 25 0.0764 26.99 0.1082 26.20
35 12 0.0485 26.86 27 0.0470 26.71 0.0828 26.20
40 13 0.0284 26.74 31 0.0293 26.41 0.0630 26.20
45 12 0.0158 26.86 34 0.0180 26.30 0.0482 26.20
50 11 0.0079 27.00 37 0.0109 26.24 0.0371 26.20

Table 2.1: Performance of TBP and Kanban policies for different values of ¢.
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Figure 2.9: Trade-off curves corresponding to ¢t = 31.78 under the TBP and the Kanban policy.
2.7 Summary and Open Questions

In this paper we studied strategic idling - i.e., purposefully idling some upstream stations when
the downstream stations become too busy, in a two-station tandem queue network. The purpose
of ST is to reduce the incidence of excessive waits and thus improve customer service experience
in queueing networks. Numerical results indicate that TBP can be quite effective in reducing
the incidence of excessive waits, without significantly increasing system sojourn times. Thus,
TBP makes it possible to improve the service experience of customers without adding any
capacity to the system (by, instead, idling some of the existing capacity). A comparison with
Kanban policies indicates that the TBP is more efficient.

We demonstrated that these insights hold in more general settings. Specifically, in Appendix
2.9.3] we present a simple example that illustrates possible TBPs and Kanban policies for a
3-station serial queueing network with exponential service time at each station and Poisson
arrivals; and in our working paper, Baron et al. (2013), we consider an open-shop queueing
network that does not reach steady state. Both studies used simulation. The results indicate
that the managerial insights listed earlier for the 2-station system likely hold in other more
general settings as well. A generalization of TBP to n-station tandem queue system is presented

at Appendix 2.9.41

Clearly, this paper undertakes only an initial study of the TBPs and SI and much work
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remains to be done. It would be interesting to inspect the effect of the TBP in an Emergency
Department setting and compare the result with Saghafian et al. (2012). It would be very
beneficial to extend our analytical results to more general settings (n-station networks, non-
stationary arrival rate, general service time etc.), though this appears to be quite difficult. In
particular, the structure of the optimal TBPs (i.e., the specification of § functions and the T'H
values) needs to be investigated.

There are several other possible directions for future research. An analysis of waiting time
distributions under either of the control policies developed for manufacturing settings is an
obvious one. It would also be interesting to further investigate the application of TBP and
other policies with SI in additional settings such as open-shop queueing networks. Also, the
trade-offs between other service level measures can be explored. Finally, in practice there is
value to adequately define excessive wait and acceptable average sojourn times. Both measures

should be related to customers patience and may be evaluated using customers’ surveys.
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2.9 Appendix

2.9.1 Proofs
Proof of Proposition 1l

From Figure[2.lwe have two observations. If the TC arrives at a state (g1, g2) s.t. ¢1+¢2 < TH,
then ¢; = 0. The TC enters Station 2 without being stopped in Station 1, i.e., M = Q. If
the TC arrives at a state (q1,¢2) with g1 > 0 then g = ¢1 + TH or ¢ = ¢1 + TH + 1, and the

TC is stopped in Station 1. By Remark 2, every Completion 2 event will be followed by two
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Arrival /Completion 2 events. Moreover, every time Arrival or Completion 2 event occurs, the
value of § changes, thus increasing the number of stoppages experienced by TC by 1. Therefore,
the number of stoppage until the TC enters Station 2 will be:

e _ ) 20 if 6 =TH

2%1+1 if6=TH+1
= q1+q—TH.

Proof of Proposition

We first denote the set of zero points of any discrete function f (z) as {z | f () f(z + 1) <0},
i.e., zero points of f(z) are those points where f (z) switches sign. Let z* denote a zero
point of the forward difference of f(z) denote as f(z+1) — f(z). Using analogy between
the forward difference of a discrete function and the first order derivative of a continuous
function, we know z* is the point where extremum of f (z) may be reached. Specifically, if
f(z*4+1)— f(z*) >0and f(2*+2) — f(2*+1) <0, then z* is a local maximum point of
fzif f(z"+1)—f(2*) <O0and f(2*+2)— f (2" +1) >0, then z* is a local minimum point
of f(2).

To find the minimum points of PWTBP(TH) (1) we investigate the zero points of the forward
difference of PWTEP(TH) (1). ¢/ (t, TH) = PWTBP(TH+L) (4 _ pyyTBP(TH) (¢)

We know from (2.12)) that ¢} (¢,0) =0, so TH = 0 is a zero point of ¢} (¢,0). Furthermore,
we know that limp g0 PWTBPTH) (1) = PWNI (t). Therefore, if we can show that g1 (t,TH)
has either no zero points in [1,00) or one zero point in [1,00) which is a local maximum point
of PWTBP(TH) (1) we can conclude that the minimum point of PWTBP(TH) (t) can only be at

TH =0 or co.

Using ([2.12) we write ¢} (¢, TH) for TH > 1:

% (1 —po2) e~ (h2=Ap2)t (1 — e~ A2t _ p%) iof TH =1

g1 (t,TH) = 1-TH TH-1 (A\p2t)®
(1= p2) py~ THem (2 Ar2)t (1 —e YT P - P%TH> if TH > 2

k
Denote go (t, TH) = 1 — e~ 2! ngo_l % — p3TH for TH > 1, so that g} (t, TH) has the
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same zero points as gs (¢, TH).

k
It is obvious that 1 — e~*r2¢ Zgﬁ;l (Ao ,j!t) > 0 and p3™ > 0. We state without proof that

k
1—e~2pat 32 TH-1 Qg TH—1 (Apat)*
: k= T _( ; —Apat 1 (Ap2t)
limrg oo rd =L B =0,ie,l1—e"3 " 7 ( 7 converges to zero faster than

p3TH . Thus, imry o0 go (t, TH) = 07, i.e., g2 (t, TH) converges to zero from below (so does
g (t,TH)), when TH — oo. Thus PWTBP(TH) (1) decreases with TH when TH — oo for any
t.

Next, to find the zero points of go (¢,TH), we investigate the zero points of the forward
difference of go (t,TH):

TH
/ ()T oy apat ) —Apet 2TH
g (t,TH) =~ | =~ (1—p3)e e Py - (2.21)
TH!
TH
Denote g3 (t,TH) = — (% - (1-p3) e)")?t) , so that ¢, (t,TH) has the same zero

points as g3 (t,TH). Because % is a bell shape function, g3 (¢,7H) has at most two zero
points.
When g5 (t,1) # 0, we prove by contradiction that go (t,7H) has either no zero points in

[1,00) or one zero point in [1,00) which is a local maximum point of PWTBPTH) (¢).

e For the case when gs (¢,1) > 0, assume that g, (¢t,TH) has two or more zero points in
[1,00). Because limry o0 g2 (t,TH) = 0=, we know that g, (¢t,TH) switches sign for
at least three times in [1,00), i.e., g2 (t,TH) has at least three zero points in [1,00).
Therefore, go (t,TH) have at least three local extremum points in [1,00), i.e., g5 (t,TH)
have at least three zero points in [1,00). This conflicts with that g3 (¢,TH) has at most
two zero points. Therefore, g9 (t,TH) has one zero point in [1,00) and gs (t,TH) switches

sign from positive to negative at this point. This point is thus a local maximum point of

PwTBP(TH) (t)
e For the case when go (£,1) <0 (i.e., (1 — p3) e’2" < 1), we consider two sub-cases:

1. For ¢} (t,1) < 0, assume that g (¢t,7H) has two or more zero points in [1,00). Then,
using a similar discussion as the previous bullet point, we know that ¢4 (¢, TH) have
at least three zero points. This conflicts with the fact that g3 (¢, 7H) has at most two

zero points. Therefore, go (t,TH) has less than two zero points. Because gs (t,1) < 0
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and imypp o0 g2 (£, TH) = 0~ are both below zero, we can conclude that g9 (¢,TH)

has no zero points.

2. For gh (t,1) > 0 (i.e., pat < (1 — p3) e*2?), we have pot < (1— p3) eM2! < 1. Let

g4 (t,TH) be the forward difference of g3 (¢, TH), i.e., g4 (t, TH) = (”%%T!H (TI;J;J)FI””.
Because TH > 1, we have TH + 1 > pust, so g4 (t, TH) > 0 for any TH > 1. Using
g3 (t,1) > 0 (because g5 (t,1) > 0), we get g3 (t,TH) > 0 (i.e., g5 (t,TH) > 0) for

any TH > 1, i.e., g2 (t,TH) is a monotone increasing function in [1,00). Then, from

lmrr 00 92 (t, TH) = 0~, we know that gs (¢,7H) has no zero points in [1,00).

To conclude, go (t,TH) has either no zero points in [1,00) or one zero point in [1, 00) which
is a local maximum point of PWTBPTH) (¢),

For the case when gy (t,1) = 0, we have PWTBPO) () = pwTBPQ) (1) = pWwTBP2) (¢),
then the same discussion as g3 (¢,1) # 0 case on go (t,TH)’s zero points in [2,00) leads to the
same conclusion.

Then, solving PWTBPO) (1) = PWNI (1) gives t*.

Proof of Proposition

The stead-state distribution of the MC of the system under Kanban(BS) is the same as the

distribution under TBP(TH), i.e., mq, 4, is given in (23).
Let W% denote the TC’s waiting time at Station i (i = 1,2), given she arrives at state

(q1, q2):

e If g +¢qo < BS—1, then no one is waiting for Station 1 and TC directly enters the waiting
room for Station 2. Therefore, W{% = 0. Her waiting time for Station 2 is distributed

as Erlang (p2,q1 + q2). Of course, when g1 + g2 = 0, TC does not wait for Station 2.

e if g + go > BS, then there are q; + g2 — BS customers waiting for Station 1 and BS
customers waiting for Station 2. The TC should wait for Station 1 first. When the
number of customers in Station 2 reduces to BS — 1, she can enter Station 2’s waiting

room where BSS — 1 customers are waiting there. Therefore, TC’s waiting time for Station
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1 is distributed as Erlang (p2,q1 + g2 — BS + 1) and her waiting time for Station 2 is
distributed as Erlang (u2, BS —1).

Thus, using (2:2]), [23]) and the above discussion, we can now write the LT of Wi

BS—1 A o0 ‘ gy \BSH
Loy = X W-psbt 3 (- (2)
i=0 i=BS H2
—A
— 11— pBS 4 ,BS H2 .
P2 P2 Lo — Y + h
From the transform of W; we conclude that there is no waiting in Station 1 w.p. 1 — pQBS , and
the waiting is distributed as an exp (us — A) R.V. w.p. p¥. Hence,
P{W1 >t} = pfSe . (2.22)

In a similar fashion, we get the LT of W, the TC’s waiting time at Station 2,

BS—-1 112 7 0 112 BS—1
Lo (h) = 1—py+t 1—po) ph (2 & 1= ) ol [ 22—
W, (1) p2 Z; (1— p2) ph (u2+h) ngs( p2) Pl <u2+h)

BS—1 1 i 1 BS—1
= 1—py+(1— 5 + BS( > .
p2 + ( p2) ; P2 <M2+h> P2 ta 1 h

From the LT of W5 we know that there is no waiting in Station 2 w.p. 1 — pa2; the wait-
ing is distributed as a Erlang (u2,i) R.V. w.p. (1 —p2)ph for 1 < i < BS — 1; and as a

Erlang (uo, BS —1) R.V. w.p. pBS. Thus we can derive the tail distribution of Wo:

0ift BS=1

P {Wz > t} - (2.23)

k
e H2t 2550—2 (Hzf) péi-f—l if BS > 2

Using (2.22)) and (2.23]), we obtain (2.14]).

Proof of Lemma [

There are three possible events: Arrival, Completion 1, and Completion 2. Note that only
Completion 1 increases d(q1, g2), while the other two events decrease 6(q1, g2). Specifically, after

any Completion 1 the system’s state changes to (g1 — 1,92+ 1,s—1), so that §(¢g1 —1,q2+1) =
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d(q1,q2) + 2. In the worst case, all the events until stoppage are Completion 1 events. Then,
from state (q1,¢q2,s), R19° times consecutive Completion 1 events would lead to a stoppage
at Station 1, where R%%-° is given by

RIL42:5 %(qup) if TH —6(q1,92) is even,

THEIZ0@a2) ¢ TH — §(q, q2) is odd.

Specially if 6 < TH — 2s + 1, then s < R%9° and the TC gets into Station 2 before any
stoppage could happen. There will be no stoppage for the TC.

Otherwise, if § > TH — 2s + 1 the TC may be stopped once (or more). In the worst case,
after Station 1 starts working again the system experiences a repeating set of sequential events:
Completion 1=-Arrival(or Completion 2)=-Arrival(or Completion 2). Each set of sequential

events has two stoppages. So we get

—(q1, . .
s 2(s — THN@w) 1) 41 if TH — §(q1,q2) is even,
2(s — TEPAE) 1) 2 if TH ~ 6(q1,2) is odd,

= 2s—TH+(q1,92) — 1.

Proof of Proposition [4]

(1) If 0 < n < g9, the random walk cannot visit any points on the line z = y where starvation

occurs; thus P{BJ"%* = 0} = 1. The sample path with solid line in Figure 2.5l is an example.

The number of paths from (g2,0) to (g2 +s—1,n) is (”+Z_1). In any one of these paths, s — 1

moves should be to the right and n moves should be up, so each path occurs with probability

s—1 n
2 p g .
(m Jrlm) (m me) . Thus, the probability that the random walk starting from (g2,0) ends

s—1 n
in (g2 + s — 1,n) is Binomial (n; n+s—1, mffm) — (n+Tsl—1) (m/ﬁu2> (m/fm) The last

move must always be to the right, so that for 0 < n < g9,

P{gz +s—1— K% = n B = 0} = P{ga +5 — 1 — K™% =n}

) G
n p1 + p2 B+ p2
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Eq. (224) corresponds to a Negative-Binomial distribution with parameters n, n + s — 1 and

2
p1tpe”

When the TC enters Station 2, she will then see k = g3 + s — 1 — n customers there, so from

@224), P{K®%* = [k} for s — 1 < k < g2 + s — 1, can be written as in the corresponding

expression in (2.18).
(2) If g2 <n < g2+ s—1, the RW can visit some points with starvation. The sample path with

dashed line in Figure 2.5]is an example. Assume the number of points with starvation on this

42,8

random walk is BJ' = 4. Then, the number of points with no starvation on this random

walk is s +n — 1 — 7. Each path occurs with probability (Ml’fm)s*i (mlfug)n'

Next, we calculate the number of lattice paths connecting (g2,0) and (g2 + s — 1,n) that do
not cross the line x = y but have exactly ¢ points in common with it. This number equals the
number of lattice paths connecting the origin and (s — 1,n) that do not cross the line y = z+ ¢
and have exactly ¢ points in common with it and can be calculated by applying Corollary 1 in
Milch (1970):

() - () ifi=o,

staa-l (2.25)
(s+n—i—1) _ (s+n—i—1) ’Lf i>0
s+q2—2 s+qz2—1 .
Thus, the probability that a path starts from (g2,0) and ends at (g2 + s — 1,n) is:
P{gg+s—1— K% =n, B;}MIQ,S =i}
s+n—1\ _ (s+n—1 ui 8 n2 " s
_ |:( s—1 ) (s—i—qg—l)] (ul—l—ug) (Ml‘f/ﬂ) 1= 07 (226)

s+n—i—1 s+n—i—1 M1 s H2 n .
[( s+qo2—2 ) o ( s+q2—1 )} <H1+H2) <H1+H2) l<i<n-— a2+ L.

Because P{K192% = k} = S5 K Py 45 —1— K925 = gy + 5 — 1 — k, BJ"%® = i}, using
([2:26]), the corresponding expression in P{K 9% =k} for 0 < k < s — 1, in (2.I8]]) follows.

(3) If n = g2+ s — 1, the only path to the point (g2 + s,¢2+ s — 1) from the line x = go +s—1 is
via (g2+s—1,q2+s5—2),to (g2+s—1,q2 +s—1) and then to (g2 + s,q2 + s —1). This can be
seen as the sample path with pointed line in Figure So the number of possible paths from

(g2,0) to (g2 + s — 1,g2 + s — 1) is the same as the number of paths to (g2 + s — 1,92 + s — 2),
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which can be calculated from ([225]) for n = qo + s — 2:

() - (o) " =0
e B G I BT

where, i* is the number of times the random walk touches the line x = gy until it gets to
(g2+s—1,q2+s—2). Then, the number of times the random walk touches the line x = y until

it gets to (g2 + s,q2+s—1)isi =14" —1; so

p{q2 +s5—1— K% =, Bgl,qzs — 2}
s+n—2\ _ (s+n—2 u1 s—1 u2 " s
[( s—1 ) (s+q2—1)] (M1+M2> (HH—/@) i=1

s+n—i—1 s+n—i—1 Q1 s H2 n .
|:( s+qo2—2 ) - ( s+q2—1 )} <H1+H2) <H1+H2) 2<i<n-— 9+ L.

(2.27)

Because in this case when n = g3 + s — 1 the TC sees no customer when she enters Station 2, we
have P{K%%2% = 0} = 7 | P{ga+s—1— K®%5 =gy + s — 1, B§"®*® = i}, from which,
we get the corresponding expression in P{K%9% = k}, for k = 0, in (2.I8)).

It can be verified that Z?i”gs_l P{K =i} =1.

Proof of Proposition

Using the Law of Total Probability:

q2+s—1
P{BSLCIQ,S = ’L} = Z P{q2 + s — 1-— Kq17QQ75 =n, Bglvfhvs — ’L} i = 0’ 1’ ey 8,
n=0
we can get P{B$"?* =i} by conditioning on the value of i: When i = 0, using ([2:24) and
[220) , we get the corresponding expression in ([2.20). When i = 1 and i > 2, using (2.26]) and

221) , we get the corresponding expression in ([2:20]).

2.9.2 Algorithms

Algorithm 1 : Calculate the distribution of B‘f’(s, the number of stoppages experienced by a
TC from a state (s,0) for each s =1,2,..., Limit and 6 = —Limit,—Limit+1...,TH + 1.

Step 1: Let s =1, § = —Limit.
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Step 2: If§ <TH — 25+ 1, set P {Bfﬁ _ o} —1.
Step 8: If 6 = TH or TH + 1, set P{va‘S - z} - P{va‘“ —i— 1} Ci=1,.., M,

Step 4: If TH —2s+1 < § < TH — 1, set P{Bf"s:z‘} _ /\J;\;*fWP{B‘f"S_l :i} "
s—1,6+2 _ . . ¥

mP{Bl —Z},’L—O,...,MS .

Step 5: Let § =56+1. If § <TH+ 1, then go to Step 2; else let s = s+ 1. If s < Limit, then

let 6 = —Limit and go to Step 2. Otherwise, Stop.

Algorithm 2 : Calculate the distribution of K995 the number of customers the TC sees
when she enters Station 2 fors = 1,2, ..., Limit, g1 = s,s+1,..., Limit and g, = 0,1, ..., Limit.
Step 1: Let s =1, q1 = Limit, go = 0.

Step 2: If 0 <TH — 2s+ 1, calculate the distribution of K195 gecording to (2I8]).

Step 3: If 0 =TH orTH+1, set P{K9%° =i} =

_Z}+)\ =

i}a (S [0,(]2 +s— 1]
Step 4: If TH—2s+1 <6 <TH-1andqy =0, set P {K™%% =i} =

>\+M1P (KOt =i} +

o P{KO b =) e (0,5 — 1]

Step 5: IfTH—2s+1<0 <TH-—1 and g2 # 0, set P{K1%* = i} = P{Ka 1425 —

)\Jrul +u2

i+ s PAKT T Laatls—l — 1 4 i, DK™ s =i} ie[0,q2+s—1].
Step 6: Let g9 = qo + 1. If go < Limit, then go to Step 2; else let ¢ = q1 — 1. If g1 > s, then
let go = 0 and go to Step 2; else let s = s+ 1. If s < Limit, then let ¢ = Limit, go = 0 and

go to Step 2; else Stop.

Algorithm 3 : Calculate the distribution of Ba9®, the number of times Station 2 waits since
the TC arrives to the network and until she finishes service at Station 1 for s =1,2,..., Limit,
q =s,s+1,...,Limit and g =0,1,..., Limait.

Step 1: Let s =1, g1 = Limit, ¢o = 0.

Step 2: If 6 <TH — 2s+ 1, calculate the distribution of B3""° using (2.20).

Step 3: If0 = TH or TH+1, set P {BI®° =i} = - A_p {Bgﬁl:%s - ¢}+ _p {qu Ls _ z} :

/\+,u2 A+

i€[0,1,...,s].

Step 4: IfTH—2s+4+1 <6 <TH—1 and g = 0 set P {Bgl,o,s - z} = AP {Bglﬂvovs - i}—l—
1,1 1 .
Ame{BCﬂ 5= —1},16[1,2,...,3].

Step 5: If TH—2s+1 < d <TH-1and gy #0, set P{BJ"?* =i} = WP {Bgﬁ_l’qw = i}-i—
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Step 6: Let g0 = qo + 1. If go < Limit, then go to Step 2; else let ¢ = q1 — 1. If g1 > s, then

let gg = 0 and go to Step 2; else let s = s+ 1. If s < Limit, then let ¢ = Limit, go = 0 and

go to Step 2; else Stop.

2.9.3 Example: Tandem Queue Network with Three Stations

We define the following TBP: 61 = g2 — q1, 62 = g3 — g2. Thus for given values of thresholds
TH;, station i is idled if ¢;+1 — ¢; > TH;, i = 1,2. To test the performance of this TBP we
constructed a simulation model for a system with A\ = .85, u; = 1, us = .95, u3 = .9. Station
3 is the bottleneck and the system utilization is p = p3 = .85/.9 = .94. Note that this simply

inserts an intermediate station into the network with p = .94 analyzed on Figure 27 in Section
261

We simulated 500, 000 customers under the non-idling policy and the TBP with all possible
combinations of THy and T Hs, ranging from 5 to 100. For ¢ = 32, we plot the lower envelope
of the performance measures (E [STBF] PWT5BF(32)) in Figure 210 as the solid curve. We
observe that it has the similar behavior as the trade-off curves in Figure .71 The TBP with
TH; = 10 and THy = 14 achieves the maximum improvement of 42% in PW(t) (6.43% vs
3.73%) at the cost of increasing the E[S] by about 5.73% (from 34.46 to 36.44). Note that for the
non-idling policy, the theoretical values for both E[S] and PW¥1(¢) can be calculated. These
values closely matched the values observed in our simulation, which validated the simulation
model. Most of the observations made for the 2-station system earlier appear to apply to the
3-station system as well: the improvement in PW (t) achieved by the TBP strongly depends
on the value of ¢. Below certain ¢ (the critical value is around 10 in this example), the TBP
cannot improve over the NI policy at all. Above this critical value, the level of improvement
grows with ¢.

Next, we compare the performance of Kanban and TBP for this system. The Kanban policy
is defined by the values of buffer sizes B.S; and BS,; station ¢ —1 is idled if ¢; > B.S;_1, i = 2, 3.
We simulated the system for all combinations of values of BSy, BSs € {1,...,100}. The lower

envelope of the performance measures (F [SK ‘mb‘m] , PWW&anban(39)) for the Kanban policy is
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A=.85,pl=1, p2 =95, u3=.9, p=.94, t = 32

110%

Non-idle policy

Relative PW(t)

Lower envelope of TBP’s performance

100% 101% 102% 103% 104% 105% 106% 107% 108%
Relative E[S]

Figure 2.10: The lower envelope of the TBP’s and Kanban policy’s performances.

plotted in Figure 210l as the dashed line. The largest reduction in PW (¢) under the Kanban
policy is 37.69% and occurs for buffer sizes (BS1, BS2) = (24,27).

We note that in this example, the TBP dominates the Kanban policy: for every feasible value
of E[S] the TBP achieves greater reduction in PW (¢) than the (optimized) Kanban policy. This
performance was also observed in a number of runs with different parameter settings. We also
observed that the TBP appears to be more robust: while the TBP with (T'H;, THs) = (10, 14)
performs well for a wide range of values of ¢, the optimal buffer sizes under the Kanban policies

are quite sensitive to t. More detailed results are available upon request.

2.9.4 Generalization of TBP to n-station Tandem Queue Systems

Next, we give a generalization of TBP in a n-station tandem queue system. Consider a se-
rial queueing network consisting of n stations, and let PW (¢) = 13 P(W; > t). To de-
fine a general TBP we specify for each station j = 1,...,n — 1 a function 0;(gj,...,qn) and
9;(0,...,0) = 0. (It is sensible to choose a function that is decreasing in ¢; and increasing
in g for all n > k > j. Then, when g is large or g; is small, Station j is idled, and when
qr is small or ¢; is large, Station j resumes working.) We also specify a threshold TH; > 0
for all 7 = 1,...,n — 1. The TBP is now defined as follows: station j is idled whenever
TH; <0i(qj,---,qn), j=1,...,n—1. In the previous two sections we used d1(q1,¢2) = g2 — 1

that clearly satisfies the definition above. The general idea of the TBP remains the same: idle
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an upstream station when the queues downstream are too long. However the definition above
allows for a great deal of flexibility: the function d; could be more heavily weighted towards the
bottleneck stations, taking into consideration all downstream queues, or only the immediate
successor to the current station, normalize the queue at each station by the expected service

time and or the number of servers at this station, etc.
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2.9.5 Notation

Tq1,92
M‘Z1 »q2

T/ 91-92
Lx(h)
X 11,92,8

M‘Z1aQ2as
RQI7‘1275

5,0
Wl:s
s
By
91,92,5
W
K‘Z1 »42,S

q1,92,8
B

2
§91,92,5

The steady state probability of the MC(Q1,Q2).

The number of stoppages the TC will see, given she arrives at state (q1, g2).

The TC’s waiting time for Station ¢ (¢ = 1,2), given she arrives at state (¢, g2).

Laplace Transform of a R.V. X.

The TC’s performance measure in the future, given the TCMC is now in (g1, g2, ).

The maximum number of stoppages the tagged customer will see, given the TCMC is in (¢1, g2, $).
Number of sequential times Completion 1 needs to occur, until Station 1 would be idled

given the TCMC is in (g1, g2, 8).

The TC’s waiting time for Station 1, given the revised TCMC is in (s,0).

Number of stoppages in Station 1 the TC may experience, given the revised TCMC is in (s,9).
The TC’s waiting time for Station 2, given the TCMC is in (q1, g2, 5).

Number of customers the TC may see when she enters queue 2, given the TCMC is in (q1, g2, 5).
Number of times that Station 2 is starved, given the TCMC is in (g1, g2, $).

The TC’s sojourn time, given the TCMC is in (g1, g2, $).

Table 2.2: Notation



Chapter 3

Dynamic Scheduling and Strategic
Idling in an Open-shop Service

Network: Case Study and Analysis

3.1 Introduction

The primary goal of this paper is to develop effective dynamic scheduling policies for stochastic
open-shop processes operating under multiple objectives. The system objectives may include
a combination of the more traditional “macro-level” measures (such as minimizing total sys-
tem time and minimizing total tardiness) with the “micro-level” objective seeking to limit the
number of incidents where a customer experiences an “excessively long” wait at a workstation
within the process. This combination of objectives is motivated by the understanding that

customer’s perception of service quality is affected by both “macro” and “micro” level factors.

Open-shop service networks, where customers need to visit a set of stations without a specific
service order (other than some possible precedence constraints), are quite common in modern
service industry in both, the “brick and mortar” and “virtual service” operations. Exam-
ples of the former include retail stores, where customers may visit several departments before
proceeding to the cashier, and hospitals, where patients often go through several diagnostic

and treatment stations. Examples of virtual systems include contact centers, where calls may

54
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be served by a mixture of automated response units and human agents with different levels
of expertise, and on-line websites, where customers typically visit a number of pages before
proceeding to the checkout page.

This paper was motivated by the example of an open shop in the healthcare service indus-
try operated by XYZ (the real name of the company is removed and relevant data has been
disguised for confidentially reasons) — one of the leaders in preventive healthcare services in
North America. Their flagship service is composed of 10-20 different medical tests, each test
performed in a different station. This service provides customers with a comprehensive evalua-
tion of their current state of health and allows them to actively manage their health care. The
order in which customers take most of these tests is immaterial (there are only a few precedence
constraints), so XYZ actually operates an open-shop service system. XYZ’s service is primarily
targeted towards busy professionals who are willing, for a fee, to have a complete assessment of
their health performed in just a few hours. It should be noted that under the Canadian medical
system, most of the tests can be done for free, but would likely take days or even months to
schedule and complete. Thus, convenience is the main selling feature, and delivering excellent
customer service is of paramount importance for XYZ. Tight management of customer waiting
time in the system is deemed to be essential. While, due to the inherent variability of the
times it takes to perform the different tests and procedures, some waiting time is unavoidable,
the goal is to minimize waiting times and maximize customer perception of service quality. To
study the waiting times in XYZ we interviewed their key personal and collected two months
of data, comprising 41 business days with just over 2000 customers and about 24,000 station
visits.

While there are many determinants of service quality in service networks, the link between
customer waiting times and the perceived service quality is well-recognized (Friedman and
Friedman, 1997; Taylor, 1994). Waiting times, that are easily quantifiable, have long been the
focus of much of the queueing literature. The most common measure of waiting time is the
expected overall waiting time for service. A related measure is the probability that the total
system time or the total waiting time exceeds a certain pre-determined threshold. XYZ uses
both of these service level measures (SLMs) with the following stated targets: mean system

time of less than four hours, and the probability of system time longer than four hours of less
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than 50%.

The two SLMs described above take a “macro” view of the service network, essentially
treating it as a one-stage system and looking at the overall system or waiting time. Such SLMs
may be sufficient in the manufacturing context, where customers, after placing an order, remain
“outside the system” and essentially view the system as a “black box”. However, in service
contexts the customer is not just an outside observer: they experience the internal performance
of the system as well, i.e., waiting times in front of individual workstations. A poor experience
at a given workstation may lead to a poor perceived service quality, even when the macro-level
SLM (e.g., the overall waiting time) does not indicate a problem.

In fact, XYZ’s senior management noticed that there have been two types of complaints
about the service experience: the first one is with respect to the total time customers spend in
the system and the second, more prevalent one, is with respect to a long wait for a particular
station. Specifically, from customer satisfaction surveys XYZ found that customers whose wait
for service at any station exceeded 20 minutes were substantially less satisfied with their service
than others. This led XYZ to define a “micro-level” SLM: the waiting time in front of any
station should not exceed 20 minutes. This measure is taken very seriously: when a customer
wait time at a station reaches 15 minutes an anxious “yellow face” appears on process schedulers’
screens, alerting them to a potential issue. Once the waiting time reaches 20 minutes, an angry
“red face” appears, and a service breakdown is considered to have occurred. The total number
of red faces is carefully tracked: the goal is to keep this number below 100 per month.

The importance of such micro-level measures has been observed in other settings. For ex-
ample, Bouch, Kuchinsky and Bhatti (2000) show that for an on-line service, when a single web
page takes longer than 8 seconds to load, customer service quality ratings fall off dramatically.
The adverse impact of long waiting time at a particular station is further supported by the
marketing literature, e.g., Soman and Shi (2003) show that, given the total system time and
price, people prefer a situation in which they are constantly making progress towards their
goal; and by the psychology of queueing literature, e.g., Larson (1987) shows that customers’
perception of the queueing experience may vary nonlinearly with the delay.

Nevertheless, the systematic treatment of such micro-level SLMs in queuing literature is

relatively new. The only prior paper we are aware of is Baron, et al. (2013), where it was
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demonstrated analytically for a two station tandem queue network, that a scheduling policy
with Strategic Idling (SI) might be helpful in reducing the probability of long waits. The idea
behind SI policies is that when a downstream station accumulates a long queue, continuing
to operate upstream stations at the normal rate may lengthen the queues downstream and
increase the probability of long waits (i.e., the expected number of red faces). A better idea
may be to idle the upstream stations (or to temporarily reduce their service rate), allowing the
downstream queues to dissipate. A wise use of such idling effectively re-distributes the waiting
times more evenly among the stations and reduces the number of red faces. We note that
the scheduling policies employing SI violate one of the more common assumptions in queuing
analysis: the “work conserving” property, which states that a workstation should continue to
operate as long as there are customers waiting to be served. However, the potential payoff of SI
may be very attractive. Indeed the “classical” way of reducing probabilities of long waits is by
adding capacity to the system (e.g., adding a doctor in the healthcare setting), which is often
quite expensive. However, using a dynamic scheduling policy with SI can potentially achieve
the same objective at a negligible (or even a negative) cost: by simply idling some resources in
the system.

Given the results from Baron et al. (2013) discussed above, and the fact that the number
of red faces is used as part of performance evaluation for process schedulers at XYZ, one
may expect that the schedulers will use the SI strategy. While our interviews with XYZ’s
management team indicate that such use of SI is not company’s policy, our analysis of the
empirical data points to convincing statistical evidence that XYZ’s schedulers in fact do employ
SI quite effectively to manage the number of red faces - simulation results indicate that the
current scheduling rules without the use of SI would likely result in more than twice the current
number of red face incidents.

Our primary interest is to study the benefit of dynamic scheduling policies (DSPs) and SI
for open-shop service networks, such as the one operated by XYZ. We start by developing a
framework that allows us to represent and implement general dynamic scheduling policies as
simple scoring rules. A variety of different DSPs based on intuition and known theoretical
results for stylized systems are proposed to address the macro-level SLMs. We then show how a

threshold-based policy approach can be used to intelligently inject SI into a given DSP, resulting
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in a policy that can potentially address both macro and micro-level objectives simultaneously.

To test our policies we develop a simulation model for the XYZ process. The need for the
simulation-based approach is driven by both, the complexity of stochastic open-shop networks,
making analytical results very hard to obtain, and by the transient nature of real-life systems,
such as the one operated by XYZ: since the system starts each workday with an empty queue
and ends it in the same state after seeing relatively few customers, the steady-state regime may
never set in. We use the empirical data on arrivals and service times to first understand the
service process at XYZ and then to calibrate a detailed simulation model. Using this model
we investigate the performance of several DSPs with and without SI and compare them to the
performance of the empirical scheduling policies used in XYZ. We show that the automated
policies achieve very promising results: the best DSPs are able to significantly outperform the
actual schedules with respect to the macro-level measures. While without the use of SI the
DSPs tend to perform poorly on the micro-level measures (the same effect is demonstrated
for the actual scheduling policies), after the SI modification, DSPs are able to perform very
competitively on the micro-level SLM, while maintaining their advantage with respect to macro-
level SLMs.

To summarize, the paper makes several key contributions: (1) we narrow the gap between
theory and practice on scheduling in open-shop service networks; (2) we shed light on the
need for effective and systematic implementation of DSPs and SI to improve the SLM in such
networks; (3) we provide a framework for developing algorithms for the joint usage of DSPs and
ST in open-shop service systems; (4) using such algorithms and the simulation model of XYZ
we demonstrate that an open-shop service network can be managed in a systematic fashion to
deliver improved service level by jointly using DSPs and SI; and (5) we establish the usage of
SI in practice (using statistical tests).

The plan for the remainder of the paper is as follows. In Section 3.2 we provide a brief liter-
ature review, focusing on known results for open-shop systems. In Section B3] we introduce the
frameworks for using DSPs and SI in a stochastic open-shop service network. Then, using these
frameworks, we propose several stylized DSPs and SI policies that are likely to be successful in
practice. In Section B4l we analyze the empirical data provided by XYZ and present evidence

for the usage of SI in XYZ. In Section 3.5 we use a simulation model to demonstrate the effect
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of ST and evaluate some of the DSPs and SI policies suggested in Section B3l In Section [B.0]

we present conclusions and suggestions for future research.

3.2 Literature Review

Open shops were studied extensively in manufacturing settings (see, e.g., Roemer 2006), such
as airplane maintenance, fire engine assembly, just-in-time systems, supply chain assembly
systems, paper processing, and part kitting. A few papers consider service systems, such as
accounting services, but they still consider common manufacturing measures as the service
objective.

Open-shop problems are typically NP-hard and only consider macro-level measures (i.e.,
see Pinedo 2012 and reference therein). For the deterministic open shop with preemptions,
polynomial time algorithms are available for the makespan objective, and maximum lateness
objective. Without preemptions, for the makespan objective, only open shop with m = 2
stations has the polynomial-time optimal policy (the Longest Alternate Processing Time first
policy), and open shop with m > 3 stations is known to be NP-hard. For the maximum lateness
objective, open shop with m = 2 stations is already strongly NP-hard. Furthermore, very little
can be said about the total completion time objective > ;" | Fj; open shops with this objective
is NP-hard for all m > 2 cases, with or without preemptions.

For the stochastic open shops, theoretical results are limited to the m = 2 case. Pinedo
and Ross (1982) proved that the Longest Expected Remaining Processing time first (LERP)
policy minimizes the expected makespan of a stochastic two-station open shop. Pinedo (1984)
showed that the preemptive Shortest Expected Remaining Processing time first (SERP) policy
minimizes the total expected completion time in a two-station open shop within the class of
preemptive dynamic policies.

Alcaide et al (2006) developed a predictive-reactive approach to minimize expected makespan
in an open shop with m > 3 stations; the approach is based on dynamically modifying a heuristic
schedule, based on Alcaide et al. 1997, whenever an unexpected event occurs.

A vast literature is focused on the analysis, design, and control of queueing networks; see

Stidham (2002) for a thorough survey of this research. Another important stream of queueing
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literature is focused on scheduling policies, which assign priorities to customers (or jobs) based
on the current state of the system and the attributes of all customers. Scheduling policies can
be categorized into two classes: static and dynamic. Static scheduling policies assign priority to
each customer by a static rule which does not change while the customer is in the system. For
example, to minimize customers’ average waiting cost in a system with linear waiting cost rates,
the cu rule (see, e.g., Smith 1956) assigns static priority levels to customer k in an increasing

order of ¢y, where ¢ is the cost of waiting and !

is the expected service time. Dynamic
scheduling policies, in contrast, assign priorities that may be changed while customers are in
the system. For example, to minimize customers’ waiting cost in a system with convex waiting
cost, the generalized cu rule (see, e.g., Van Mieghem 1995) assigns dynamic priority levels to
each customer k according to ¢, (W (t)) py (t), where Wy, (t) is customer k’s waiting time at
time ¢, and ¢} (-) is the first derivative of ¢ (-).

Harrison (1996) used fluid models to provide asymptotically optimal scheduling heuristics
under different objectives. This approach was extended by Maglaras (2000) who proposed
discrete-review policies to translate the solution of the fluid optimal control into an imple-
mentable control policy in the stochastic network. For the job-shop scheduling problem with
holding cost objective, Bertsimas et al. (2003) provided an efficient algorithm to round an
optimal fluid solution such that the resulting schedule is asymptotically optimal. Dai and Lin
(2005) proved that maximum pressure policies are throughput optimal in a class of stochastic
processing networks. We do not use asymptotic approaches and directly consider scheduling in
the stochastic network.

By far, the most popular objective in the literature employs is the total system time (see
e.g., the survey by Gans, Koole, and Mandelbaum, 2003). A related measure is the probability
that the total system time or the total waiting time exceeds a certain pre-determined threshold.
Baron, Berman, and Krass (2008), Baron and Milner (2009), de-Véricourt and Jennings (2011)
and references therein also focused on the probability of long waiting time SLM.

Several other papers looked beyond the traditional measures. For example, de-Véricourt
and Zhou (2005) analyzed a call-routing problem while considering both the call resolution
probability and the average service time in the macro-level service level measure. Mehrotra

et al. (2012) considered a similar problem with heterogeneous servers. Saghafian, Hopp, and
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Van Oyen (2012) analyzed the service policy in Emergency Departments while considering the
weighted average of the expected length of stay and the expected time to first treatment.

The systematic study of the micro-level SLM focusing on the instances of excessive waits
originates with Baron, et al. (2013), who demonstrate the advantage of policies with SI by
applying a Threshold Based Policy (TBP). The idea behind the TBP is to compare the difference
between queue lengths at different stations and to idle some upstream stations if this difference
is larger than a predetermined threshold. They demonstrate the exact potential advantage of
applying TBP in a tandem queue system with two servers.

There are two other settings where intentionally idling a capacitated resource has been
previously considered. Strategic delays were first discussed in the literature in Afeche (2013),
who showed how such delays can allow a service provider to differentiate between customer types
and thus improve the overall profit. The manufacturing process control literature also considers
intentional idleness. The most prominent example is the Kanban manufacturing system where
the total inventory between two stations is restricted to be lower than a threshold - for further
details see Masin, Herrar, and Dar-el (2010) and references therein. In this case the motivation
for idling is the need to control inventory and its cost without sacrificing too much capacity.
In both cases, the motivation for intentional idling is significantly different from the current
paper, which is motivated by improving the customer service experience. This difference leads

to completely different analysis and implementation challenges.

3.3 Dynamic Scheduling Policies and Strategic Idleness Modi-

fication

We start by introducing stochastic open shop with precedence constraints in Section [B.3.1
We next develop a framework of completely reactive Dynamic Scheduling Policies (DSPs) that
allow us to represent different DSPs in terms of simple scoring rules in Section Using
this framework, in Section [B.3.3] we propose several simple DSPs that have the potential to
perform well in practice with regards to the macro-level Service Level Measures (SLMs). In
Section B.3.4] we show how any completely reactive DSP can be modified to “inject” Strategic

Idleness (SI), allowing the policy to take into account our micro-level “red faces” SLM.
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3.3.1 Stochastic Open Shop with Precedence Constraints

We consider a general stochastic open-shop problem with precedence constraints described
as follows: a set of m customers C' = {1,...,n}, who arrive at (possibly random) release
dates r{,...,rS, wish to finish service within 7° time units after arrival (i.e., their due dates
are r{ + T°,...,r5 + T°). The customers need to obtain service from a set of m stations
S ={1,...,m} that open at pre-scheduled release dates 7§, ..., r} and close when all customers
have finished service. For simplicity, we assume that r{ < r¢ ,, for i = 1,...,n — 1, and
Ty < Tl for j =1,...,m — 1, i.e., this implies no batch arrivals or stations openings at the
same time. Customer 7 requires service from some subset S; C S of stations, and she must visit
every station in S; exactly once. The order in which customer ¢ receives services from stations
in S; is immaterial, as long as it satisfies precedence constraints U; = {(h,k),...|h,k,... € S;},
where constraint (h, k) means that customer ¢ must visit station h before becoming eligible
for station k, i.e., station h is a precedent station of station k£ in U;. For example, U; =
{(1,2),(1,3),....,(1,m)[1,2,...,m € S;} means that customer i needs to visit station 1 before
visiting any other stations. Note that, if U; = () for all ¢, the problem becomes a classic open-
shop problem (see, e.g., Pinedo 2012). Customer i’s service time at station j (for j € S;), Xi;,
is a continuous random variable with distribution G;. We assume that X;; are independent
and identically distributed for all j. The realization x;; only becomes known upon service
completion. We consider the problem without preemptions (i.e., customers are not allowed to
leave the service at the current station before completion, nor is a station allowed to accept new
customers before finishing the service of the current customer). The time customer ¢ finishes

service and exits the system is denoted by F;, which is also a random variable.

We treat the scheduling problem as a multi-objective problem. Specifically, we consider two

macro-level SLMs as our objectives: minimize the expected total lateness,

n

S (Fi— (5 +T9)

i=1

E : (3.1)
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and minimize the expected number of tardy customers,

E Zn:1(ﬂ>(rg+T0)) : (3.2)

Note that since r{ and T are independent of the scheduling policy, the expected total lateness
objective is equivalent to the more typical expected total system time objective, E [Y " | (F; —rf)],

or the expected total completion time objective, E [> " | F;].

In addition to the macro-level SLMs above, we consider a micro-level SLM as our third
objective: minimize the expected number of “red faces” (i.e., the number of instances of

unacceptably long waits),

E|> 1(Wy;>T%|, (3.3)
1,JES;

where T is the threshold used to identify “red faces” and W;; is the random variable denoting

the time customer ¢ spent in the waiting room before entering station j.

In the manufacturing literature, DSPs that consider unexpected real-time events (e.g., sta-
tion breakdown, defective material, job cancelation, etc.) have been classified into three cat-
egories (see, e.g., Ouelhadj and Petrovic, 2009): (1) a completely reactive scheduling policy
generates no firm schedule in advance and makes decisions locally in real-time; (2) a predictive-
reactive scheduling policy develops a schedule first and revises it in response to real-time events
following some scheduling/rescheduling methods; and (3) a robust pro-active scheduling policy
follows a pre-set schedule that satisfies performance requirements predictively in a dynamic en-
vironment. Note that this taxonomy can also be applied in stochastic scheduling models with

uncertainties caused by stochastic service times, as well as other of unexpected events.

Since, as we detailed in the literature review above, polynomial time algorithms for deriving
the optimal scheduling policy in open shops are not available, it is hard to generate any firm
schedule in advance. Therefore the advantage of predictive-reactive or robust pro-active DSPs
is difficult to see for the open-shop service network we are interested in. Thus, we focus our
investigation on completely reactive DSPs. We will initially consider only work-conserving DSP,

i.e., a customer cannot be waiting for a station which is currently idle.
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3.3.2 Work-conserving Dynamic Scheduling Policies in Open Shops

The completely reactive work-conserving DSPs in an open-shop environment take actions at
three types of events: service completions, customer arrivals, and station openings. At these
points, either a customer, or a station, or both, free up and must be “matched up” with the
available customers/stations for the next stage of processing. In fact, by introducing dummy
stations and customers, it suffices to only consider service completion events. We can imagine
that the system starts with n dummy stations serving n customers with service completion

times equal to customer arrival times r{,..., 7y,

, 75, and m stations serving m dummy customers

with service completion times equal to station opening times r{,...,r;. Henceforward, we only

consider decisions at service completions events.

Following a common simplifying assumption in queueing and stochastic scheduling litera-
ture, we assume that no two service completions happen at the same time, i.e., there exists
an € > 0, such that the time interval between any two service completions is at least e. This

assumption fits XYZ and simplifies the discussion and rules below.

Consider a service completion involving customer ¢ and station j occurring at some time
t. We assume that at this time customer i enters the “waiting room” (either physical or
virtual) and station j becomes idle. Let €; C C be the set of eligible customers (i.e., satisfy all
precedence constraints) that still require service from station j and who are in the waiting room
at time ¢, and W; C S; be the set of idle stations at time ¢ whose services are still required by
customer 4. Since any customer ¢ only visits stations in S; once, we have j ¢ ¥; and i ¢ §; at
time ¢. Also, for any waiting customer h other than customer i, Uy, is either () or equal to {j},
so we have ¥; N¥;, = ) (note that if k € ¥, for some k # j then customer h was waiting while
station k was idle, violating the work-conserving assumption). Similarly, for any idle station
k # j, Q is either 0 or {i}, so we have ; N Q) = 0. This indicates that, at each service
completion, the DSP needs to perform at most two assignments: assign a customer h € €2 to
station j (assuming §2; # () and assign a station k € ¥; to customer i (assuming ¥; # ()); no

other assignments are possible.

These observations allow us to represent a DSP with two scoring rules, where higher is

better. We assign a score, PT} > 0, to customers h € ;, and a score, PT;; > 0, to stations
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k € ¥;. To make PT{ and pPT? general enough, we define them as arbitrary non-negative

functions of the history of the system up to time t.

Definition 1 Completely reactive and work-conserving DSP in stochastic open-shop networks
is defined by scoring rules PTf and PT} as follows:

Suppose customer i completes service on station j at time t:

1) For the station assignment, if Q; # 0 we assign customer h* = arg maxpeq; PT}; to be the
next customer of station j; let station j stay idle if Q; = (.

2) For the customer assignment, if U; # 0 we assign station k* = arg maxyey, PT} to be the
next station of customer i; let customer i join the waiting room if ¥; = ().

Once these two assignments are made, the service process continuous until the next service

completion event; then similar assignments are taken.

Note that the assumption that no two service completions occur simultaneously ensures
that the definition above is complete. If, instead, several service completions occur at once,
we can no longer assume that customer ¢ is the only eligible waiting customer for any station
in ¥;, nor that station j is the only idle station needed by any customer in €2;; there may be
several customers “competing” for the same station and several stations “competing” for the
same customer. Therefore, in addition to scoring rules, one must provide tie-breaking rules in
order to specify the DSP in this case.

From Definition [Il we see that any DSP is completely determined by the selections of PTf

and PT}. We next discuss different choices of these scoring rules that result in different DSPs.

3.3.3 Dynamic Scheduling Policies

To describe a DSP (or, more precisely, the scoring rules defining the policy) formally, we
introduce the following notation (we omit ¢ for convenience):
SZF : the set of stations customer ¢ has visited by time ¢;
SZ-U : the set of stations customer ¢ still requires service from at time ¢;
(Note that SI" (t) U SY (t) = S;, Vt.)
uj: the number of customers who still need service from station j at time ¢, ie., u; =

Z?:ll(j € Sz‘U)3
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TS

%

Ts

w; ”: customer 4’s total system time until time ¢, i.e., w; ” =t —rf;

wiTW: customer ¢’s total waiting time since she entered the system until time ¢;
wj: customer 4’s current waiting time (i.e., the time since the last service completion of customer
i and until time ¢);
5j: the average service time of station j;
n;: the number of servers at station j.

Using the definitions above, for any & € W;, the quantity ”;;—j’“ represents the remaining
average workload of station k. Since stations with the higher remaining average workload at

time ¢t can be thought of as “bottlenecks” over the remainder of the process, it seems reasonable

to perform customer assignment so as not to keep more valuable resources idle. Thus, all DSPs

UkSk

ny o assigning customer ¢ to the

we consider employ the same station scoring rule: PTkS =
station with the highest remaining workload.
Our DSPs do differ with respect to station assignment rules (i.e., deciding which customer

should be assigned next to the freed-up station j).

1. Longest System time first (LS) policy assigns to station j the customer in 2; who has

the longest system time among all waiting customers who still require service from this

TSs

station, i.e., PT{ = w; ~.
This rule is motivated by the idea that the customer who has already accumulated a long
system time (because of waits or long processing times) is more likely to be tardy, and

thus should be prioritized.

2. Longest Mean QOverage Processing time first (LMOP) policy assigns to station j the
waiting customer in {2; who has the longest mean overage service time, i.e., PTS =
,T}‘ 2 kesr (Tik = 8k)-

Similar to the LS policy, LMOP policy prioritizes the customer who experienced longer
than usual service times (represented by a longer mean overage service time). This cus-

tomer thus has a higher risk of being tardy.

3. Longest Accumulated Waiting time first (LAW) policy assigns the waiting customer in €2;

TW

who has accumulated the longest waiting time, i.e., PT; = wj
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This policy is also motivated by prioritizing customers who have a higher risk of being
tardy. By counting only waiting time we are giving preference to customers who have

already been “victimized” by long waits.

4. Longest Current Waiting time first (LCW) policy assigns the waiting customer in §2; who

has the longest current waiting time, i.e., PT; = w;.

This policy follows the spirit of first-come-first-serve policy and prioritizes customers who

enter the centralized waiting room earlier.

5. Shortest Expected Remaining Processing time first (SERP) policy assigns the waiting

customer in £2; who has the shortest total expected remaining processing time, i.e., PT} =
-1

(ZkeS}J gk) :

This policy is motivated by the optimality of preemptive SERP policy in a two-station

open shop with the total expected completion time objective (see, e.g., Pinedo 1984).

6. Longest Ezpected Remaining Processing time first (LERP) policy assigns the waiting cus-

tomer in 2; who has the longest total expected remaining processing time, i.e., PT} =
2kesy Sk-
This policy is motivated by the optimality of LERP policy in a two-station open shop

with the expected makespan objective (see, e.g., Pinedo and Ross 1982).

3.3.4 Strategic Idleness Modification - Generalized TBP

Recall that in addition to the two macro-level objectives (SLMs), the total lateness and the
total number of tardy customers, we are also interested in the micro-level objective: the total
number of “red faces” (incidents of long waits). Since such incidents often occur at bottleneck
stations, one strategy to reduce their number is to intentionally delay service at stations that
are upstream from the bottlenecks when there is already a long queue in front of the bottleneck
station. We call such intentional delays “Strategic Idleness” (SI). The overall idea is to modify
a given work-conserving DSP so that when the DSP assigns a free customer to a free station,
instead of starting the service immediately, they both stay idle for a certain time period (which

is determined by the SI policy and could be zero) prior to the service start. Note that with
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this modification the station remains assigned to a customer during SI period; thus customer
and station assignments can be implemented using the same rules that are used to specify the
original work-conserving DSPs. Note that non-idle policy can be thought of as a special SI
modification where the idling time is always zero.

There are many possible policy classes that may involve SI. Baron et al. (2013) introduced
a specific family of Threshold Based Policies (TBP). As mentioned earlier, the idea behind the
TBP is to compare the difference between queue lengths at different stations and to idle some
upstream stations if this difference is larger than a predetermined threshold.

While defining a TBP in the two station tandem queue setting is straightforward, as there
is only one upstream and one downstream station, it is already more difficult for a n-station
tandem queue. The difficulty grows further in an open-shop service network, where not every
customer may need to go through every station, and each customer may take a unique path
through the network. Thus the “upstream” and “downstream” stations may not be clearly
defined. To extend the definition of the TBP to this setting, we proceed as follows. Recall that
at each time period, ux gives the number of customers still requiring service from station k.
For station j and customer i we define d;; to be a function of u1,...,u,, which is decreasing
in w;, non-increasing in wuy, for all k € {1,...,m}, k # j, and 9;;(0,...,0) = 0. To make 0;;
customer-specific, we allow it to depend on the set SZ-U . For every station j, we also define a

non-negative threshold T'H;.

Definition 2 Modified policy DSP+TBP
When customer i is ready to enter station j under DSP, delay the service starting time as long

as 5Z~j(u1, N ,’U,m) > TH]'.

We say that customer i is stopped (at station j) if this customer is assigned to station j
while this station is idled. Intuitively, the TBP modification will idle station j if the number of
customers who still require this station is low compared to other stations in the system. Several
examples are presented below.

When customer i is stopped at station j under the TBP, there are, in principle, two options:

(1) we can serve the next customer waiting for station j, allowing this customer to overtake
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customer i (provided this customer is not stopped under the TBP) - we call this “TBP with
overtaking”!; (2) we can simply idle station j until the block is released under the TBP - leading
to “Overtake-free TBP” (note that the latter option is more in line with the goal of minimizing

excessive waits for the current customer).

The definition of TBP above is very flexible. The following specification of TBP will be

used in the numerical experiment in Section B.5.3k

Maximum workload TBP: the difference between the number of customers who need
service from station j and the number of customers who need service from the busiest station

still required by customer i, i.e., § (U1, ..., U, 1, J) = max;cgu u; — u;.
Of course, there are many other possible specifications of TBP. For example:

Mazimum workload Kanban: the number of customers who need service from the busiest

station still required by customer i, i.e., § (U1, ..., Upm,1,J) = max;e gu -

For stations with more than one server, we can also consider the number of servers in the

specification:

Normalized Mazimum workload TBP: the difference between the number of customers who
need service from station j and the number of customers who need service from the busiest
station still required by customer ¢ normalized by the number of servers at the respective

1 Uy

stations, i.e., § (U1, ..., U, 1,]) = max; ¢ gu Z—l -k

It is also possible to normalize either of the above rules by the expected service time required
at each station. Moreover, we may also take precedence constraints into account by considering
the location of each customer in the process and how likely they are to affect the workload
of station j during the relevant period. For example, u; can be calculated as the number
of customers who still need service from station j and have finished all station j’s precedent
stations. However, exact rules that quantify how likely these customers to affect the workload
at station j and what is the relevant period are not simple. Thus, we do not consider such rules

when inserting SI.
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3.4 Case Study - Data Collection and Analysis

In the previous section, we defined a number of different dynamic scheduling policies (DSPs) for
a stochastic open shop and showed how they can be modified to incorporate the threshold-based
strategic idleness delays. We next apply these ideas to the case of the medical clinic operated
by XYZ Inc. The background of this case study and the data used in our analysis is described

in the current section.

3.4.1 Company Background and Description of Data

The clinic operated by XYZ consists of up to 21 different medical tests. These include a
series of routine diagnostic tests, including blood and urine lab tests, chest X-ray, Abdominal
Ultrasound, Fitness Test, Treadmill Test, Physician Exam, Audio Visual Test, Nutrition and
Review with doctors. While the stations above are required by almost every customer, there
are add-on assessments that can be requested, such as Optometry, Echocardiogram, Genetic
Risk Assessment, etc. Each test is conducted at a specific station with possibly multiple (up to
8) servers.

On average, each customer visits 10 stations, including all nine routine diagnostic tests and
one add-on. The incoming customers are directed through the process by specially trained
schedulers. Every time a customer finishes a test she is led to the waiting room from which she
will be picked up for the next test.

As discussed above, XYZ considers three SLMs as their objectives: the expected average
total system time, the expected number of tardy customers, and the number of red faces, given
by BIH33), respectively. The company’s goal is to complete the service in four hours (i.e., in
B2) T° = 4 hours) and a “red face” is defined as a wait exceeding 20 minutes at any given
station (i.e., in (3.3]) 7° = 20 minutes).

We first focus on obtaining a detailed picture of XYZ’s actual service and waiting time
performance. We obtained two months of data from XYZ. For each customer visit, the data
contains the basic information of the appointment, such as the customer’s appointment time,
arrival time, and departure time. For each specific test, the data also contains the customer

number, station number, starting time, ending time, and service time. During these two months,
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there were 41 business days, in which just over 2000 customers visited the clinic, and about
24,000 tests were performed. The number of customers who visited the clinic each business day

ranged from 25 to 61 (with a mean of 49 and a standard deviation of 7.2).

3.4.2 The IT System at XYZ

XYZ’s main selling point is convenience: instead of having to wait for weeks or months for all
tests to be scheduled and performed, the customer can have the full assessment completed in
a matter of a few hours, and have the results reviewed by the doctor who has a comprehensive
view of the customer’s current state of health. XYZ’s clients are mostly busy executives and
professionals who are willing to pay several thousand dollars for this convenience.

Not surprisingly, XYZ is extremely customer-focused, promising to complete the assessment
in four hours. “Red face” incidents are regarded as significant service failures and are carefully
tracked by the IT system. When a customer’s wait reaches 15 minutes at any station, an
anxious “yellow face” appears on the schedulers’ screen, alerting them to bring this customer
into service. When a customer’s wait reaches 20 minutes, an angry “red face” flashes on the
scheduler’s screen, which typically triggers an immediate response - the customer is offered
an apology, and the customer’s service is expedited as much as possible. The number of red
faces that occur during each day is tracked and used as part of performance reviews for process

schedulers and their supervisors.

3.4.3 Operational Procedures at XYZ

XYZ schedules the arrivals of its customers at different times throughout the morning of each
day. The clinic opens at 7:00am, and closes when all customers leave, typically around 16:00pm.
Figure Bdlillustrates the histograms of average daily scheduled arrivals alongside the histogram
of average daily realized arrivals. Note that, the resulting arrival pattern is not stationary
(contrary to the assumptions of traditional queueing models). On average, XYZ schedules
5 customers every half hour starting from 7:00am and typically until 10:30am. Then, from
10:30am to 12:00pm, the number of scheduled arrivals is gradually reduced.

We next investigate the order of service. While the order in which services are performed

differs by customer, some dominant flows can be ascertained. To this end, we define p; ; as the
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Figure 3.1: The Histogram of Average Daily Arrivals.

probability that a customer visits station ¢ before station j, given that station 7 and j are both

visited by this customer:

Number of times station ¢ is visited before station j

Pig = Total number of visits containing both station i and j

For example, suppose that three customers, A, B and C, visit the clinic. Customers A and
B visit station ¢ before station j, while customer C visits station j before station ¢. In this
example, we have p; ; = 67%, p;; = 33%.

Table 3.1] presents p;; for the nine routine stations. These values allow us to identify some
dominant work flows For example, the 98% in the first row (Lab Work) and second column (Ab-
dominal Ultrasound) means that 98% of the time Lab Work is completed before the Abdominal
Ultrasound.

Note that p; j + pj; = 100% may not always hold, because of the occasional need to re-do
a test (this affects less than 1% of all customers). The same reason causes the non-zero items
on the diagonal. In addition, some customers may choose not to perform all tests, resulting in
pij + pji < 100% for some stations i and j.

There are three main observations from Table 3.1t

1. The two tests Lab Work and Abdominal Ultrasound are visited before any other stations
in almost all cases. Since these two tests need to be performed on an empty stomach,

the schedulers attempt to put them at the beginning of each customer’s visit, so that
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Labwork | Ab Ultra | PhyExam | Treadmill | Nutrition | FitnessTest | Xray | AuViTest | ReviewDr.
Lab Work 1% 98% 99% 99% 100% 100% 95% 100% 100%
Ab Ultra 3% 1% 73% 84% 100% 98% 82% 96% 100%
PhyExam 2% 27% 1% 69% 64% 68% 59% 69% 100%
Treadmill 1% 16% 29% 1% 59% 67% 55% 73% 99%
Nutrition 1% 0% 34% 37% 0% 56% 49% 58% 2%
FitnessTest 1% 3% 31% 32% 40% 1% 44% 52% 85%
Xray 5% 14% 31% 35% 38% 44% 9% 46% 63%
AuViTest 1% 5% 30% 26% 37% 46% 41% 1% 93%
ReviewDr. 0% 0% 0% 0% 13% 14% 19% 7% 1%

Table 3.1: The Service Order Matrix

customers can have a snack as soon as possible. Note that Lab Work, which is faster, is

done before Abdominal Ultrasound 98% of the times.

2. The procedure “Review with a Doctor” is typically done after the customer finishes most
tests. In this station, the doctor receives reports from all other stations and thus have
a comprehensive view of customer’s health situation. Although customers are given the
option to skip this step and receive the test results via email, most of XYZ’s customer

choose to attend this station.

3. The order of customers’ visits to all other stations is quite random - substantiating the

view of this system as a open shop with only a few precedence constraints.

In view of these three observations, the network operated by XYZ can be loosely separated
into three parts: starting with Lab Work, Abdominal Ultrasound and breakfast; continuing
with the other required or optional tests in some random order; and concluding with reviewing
results with the doctor. The network is illustrated on Figure B.2} all three triangles marked

with “W?” represent the same centralized waiting room.

3.4.4 Waiting Time Distribution

Figure 3.3] illustrates the histogram of waiting times with bin interval of a minute. The label
above each column represents the relative frequency of waiting times in the bin [t — 1,¢), for
t =1,2,...,30. The mean and standard deviation of the waiting times are 5 and 7 minutes
respectively.

Observe that the frequency of W decreases with ¢ smoothly, except at two points: ¢t = 16

and 21. At t = 16, the histogram of W breaks the decreasing pattern and showing an unusual
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Figure 3.2: Typical Service Order at XYZ.

3000
2500

2000

Frequency
I
=
3

1000

500

L &
NI IR .Q §
ST S S &y S ﬂm, SRS
TFITF TS w“ QQ n\ m\ 0\ u\ Q\ ~\ n\ n\ 0\ u\ Qq' QW n'\' NN Q"j'

Duration

Figure 3.3: The Histogram of Waiting Times.
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peak. At ¢t = 21, the histogram decreases steeply to 0.1% (from 0.5% at ¢ = 20), and it stays
at a fixed level 0.1%. These two sudden changes in Figure B.3] appear to be related to the
appearance of yellow faces (at 15 minutes) and red faces (at 20 minutes) on the schedulers’
screen.

The schedulers try their best to keep the number of red faces low. Our hypothesis is that
these sudden changes in the histogram of W are reflections of these two alarm signals. No
special action is taken before the first alarm. Once a yellow face appears, schedulers attempt to
expedite, causing density concentration at 15 minutes. From this point, the customer is watched
very carefully, and, for the most part, not allowed to get beyond 20 minutes. This causes the
dip at 20 minutes. Discussions with the personal at XYZ further supports this hypothesis.

These observations demonstrate that the schedulers manage the waiting time to control not
only the macro-level SLMs, like the total system time, but also the micro-level SLM, i.e., the

number of red faces.

3.4.5 Performance Analysis

In this section, we analyze the performance of XYZ’s open-shop network focusing primarily on
the nine routine stations. To calculate the utilization of each station, we first focus on each
of its servers, and calculate the average starting time (when the first customer arrives) and
the average closing time (when the last customer leaves). Then, for each station, based on the
statistics of its servers, we derive the average time span (the time between starting and closing)
and the average busy time in it. At last, each station’s utilization is obtained as the ratio of
its average busy time and its average time span. We attribute the waiting time to the station
that immediately followed the wait.

Table B.2] sorted by utilization, summarizes the performance of these nine routine stations
over the two months. The table also provides the three main SLMs and average total waiting
time.

Based on the empirical data, the service levels were already quite good. The current average
total system time is just over four hours. The average total waiting time is about an hour, i.e.,
less than a quarter of the total time a customer spends in the system. The incidence of red

faces (waits more than 20 minutes) is 456: with 10 stations per visit on average (9 routine
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Stations\Ave. # Servers/day | Waiting Time | Service Time | Utilization | # Red Faces
FitnessTest 7.4 5:46 20:28 8% 45
PhyExam 7.7 4:50 32:45 73% 59
Doc Review 7.7 7:06 14:36 73% 173
Treadmill 4 4:48 21:50 2% 20
Ab Ultra 4 5:23 16:16 1% 10
Nutrition 3.9 4:42 19:49 69% 18
AuViTest 3.9 6:57 16:51 63% 55
Xray 1 5:23 6:14 50% 6
Labwork 1 4:19 3:23 48% 2
Ave.SystemTime 4:04:26
SystemTime>4hrs 52.5%
Ave.TotalWait Time 1:01:08
# Red Faces 456

Table 3.2: Summary of CHA Stations in the Empirical Data.

stations and 1 “add-on” station), this corresponds to less than 2.5% of all tests and about 25%
of customers experiencing a “red face”.

From Table B:2], we see that the overall utilization, between 48% and 78%, and the waiting
time, averaging between 4-7 minutes per station, are not high. In a service network with
moderate variability (observed coefficient of variations were between 0.24 and 0.6 and close to
0.5 on average), we expect relatively low utilizations to be required to maintain short waiting
times. This confirms the customer-centric emphasis of XYZ.

We also observe that Review with Doctor, Fitness Test, and Audio Visual Test account for
most of red faces incidents; these stations also have the longest average waiting times. The
Review with Doctor is the one contributing the largest number of red faces (38% of the red
faces). Although it seems like a good idea for XYZ to hire more doctors to improve the SLMs,
the cost of this action may be prohibitive.

The Fitness Test and Audio Visual Test together generate 100 red faces (21%) in total. The
main problem at these two stations appear to be late starting times. On average, the Fitness
Test and the Audio Visual Test start 2.5 hours and 1.5 hours, respectively, after the clinic
opens. Moreover, they are often not at full capacity as some operators arrive even later.

We note that while the Fitness Test and Review with Doctor may be considered bottleneck
stations of the network, since they both have high capacity, utilization and large associated
waiting times. The Audio Visual Test, with a relatively low utilization, does not meet the

standard definition of a bottleneck station. Therefore, for lack of a better name, we call Fitness
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Test, Review with Doctor, and Audio Visual Test problematic stations, and other stations

“non-problematic”.

3.4.6 Evidence of Strategic Idleness in Practice

As discussed earlier, Baron, et al. (2013) demonstrated analytically, in a two-station tandem
queue network, that a scheduling policy incorporating Strategic Idleness (SI) might be helpful
in reducing the number of red faces. The basic idea is that when a long queue accumulates at
the downstream station, it may be better to idle the upstream stations to allow the downstream
queues to dissipate. However, in service operations, we are not aware of any empirical evidence
of the use of SI in practice. As discussed below, the data obtained from XYZ strongly suggests
that this technique is, in fact, practiced by XYZ’s process schedulers (largely without the
knowledge of management).

From the empirical data provided by XYZ, we discovered a number of instances where a
customer was waiting for a station that was free and waiting for this customer. In other words,
certain part of customers’ waiting time is spent waiting for an idle station that appears to be
waiting for this customer; we call such period an Overlapped Waiting (OW) time.

Initially, we thought that the existence of OW is a data error, but OWs are quite abundant
and accompany 78.7% of services. Figure[3.4depicts the histogram of the OW with bin intervals
of one minute. The average OW is 2.5 minutes with a Standard Deviation of 4.5 minutes. About
50% of the OWs are less than one minute. However, 16.3% of OWs are more than five minutes,
i.e., more than the average waiting per station.

One explanation is that OW might be a result of routine procedures, like room cleaning,
writing reports, etc. However, as verified by our partner at XYZ, room cleaning or report
writing typically do not take that long, so while these may explain the shorter OWs observed,
they do not explain OWs of over 1-2 minutes.

As discussed earlier, SI can be an effective strategy for reducing the occurrence of long waits
within the process. Thus given the importance placed by XYZ on minimizing the number of
“red faces”, an alternative explanation is that longer OWs provide the evidence of the usage
of SI by the schedulers at XYZ. Of course, the mere presence of OW does not necessarily

indicate that SI is being used. However, the prevalence of longer OWs in situations where SI
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Figure 3.4: The Histogram of Overlapped Waiting.

policy would be most useful does provide support for this hypothesis. Below, we use statistical
hypothesis testings to demonstrate that the timing of longer OWs provides evidence for the
usage of SI at XYZ.

Statistical Evidence of the Use of Strategic Idleness

Based on our intuition and the earlier discussion, if SI is indeed used, we would expect this to
be reflected in OWs as follows. When station A is ready to serve customer i, and customer
i’s next station is station B, which is congested, station A would use longer OWs to balance
customer i’s waiting time at both stations. The congestion at station B can be indicated by
the fact that station B is a problematic station (Fitness Test, Review with Doctor, and Audio
Visual Test), or that station B’s previous customer (served just before customer i) experienced
a long waiting time (e.g., > 15 minutes) just before entering station B. In the later case, we say
that station A precedes a “potential long wait”. Similar logic suggests that to avoid wasting
capacity in problematic stations, these stations should use shorter OWs than other stations.

Specifically, we anticipate:

1. OWSs at problematic stations are shorter than OWs at non-problematic stations;

2. OWs at stations preceding problematic stations are longer than OWs at stations preceding

non-problematic stations;

3. OWs at stations preceding “potential long waits” are longer than OWSs at other stations.



CHAPTER 3. DYNAMIC SCHEDULING AND STRATEGIC IDLING IN SERVICE NETWORK 79

The statements above can be investigated using the standard t-tests. First, we test if

problematic stations have different mean OW than non-problematic stations:

Null Hypothesis (Hp): The difference between the mean OW at problematic stations and

the mean OW at non-problematic stations is zero;

Alternative Hypothesis (Ha): The difference between these two mean OWs is not zero.

The two-tailed t-test (with p-value 2.9 x 1071°) indicates that Hy is rejected, and the non-
problematic stations have significantly longer mean OW (with mean 2:42) than the problematic
stations do (with mean 2:13).

Second, we test if the last station preceding problematic stations have different mean OW

than stations preceding non-problematic stations:

Hy: The difference between the mean OW at stations preceding problematic stations and the

mean OW at stations preceding non-problematic stations is zero;

H 4 : The difference between these two mean OWs is not zero.

The two-tailed t-test (with p-value 1.3 x 107'®) indicates that Hj is rejected, and the stations
preceding problematic stations have significantly longer OWs (with mean 2:55) than the stations
preceding non-problematic stations (with mean 2:23).

Third, we test if stations preceding “potential long waits” have different mean OW than

other stations:

Hy: The difference between the mean OW at stations preceding “potential long waits” and the

mean OW at other stations is zero;

H 4 : The difference between these two mean OWs is not zero.

The two-tailed t-test (with p-value 3.2 x 1071?) indicates that Hy is rejected, and the
stations preceding ‘potential long waits’ have significantly longer OWs (with mean 3:38) than
other stations do (with mean 2:09).

Thus, the statistical results strongly suggest that the schedulers are indeed attempting to

reduce the number of red faces by using SI.
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3.5 Evaluation of Dynamic Scheduling Policies and Strategic

Idleness

The service system operated by XYZ, just as many real-life service systems, is inherently
transient (each day starts with an empty system and ends after processing 49 customers on
average) and it is not clear that the steady-state regime is ever achieved. Since analytical
methods run into significant difficulties when analyzing transient behavior, we developed a
simulation model of XYZ to gain better understanding of the system and to test the performance
of different policies described in Section B.3.3] and B34 above. The simulation model was
implemented in MATLAB and validated using the empirical data. Specifically, we used real
service and arrival times in the model. With the simulation model, we are able to: 1) Analyze
the transient behavior of XYZ’s service network. By simulating the system operations over
one day for 100 times (from arrival of the first customer and until the departure of the last
customer at the end of the day), we can ensure that the distribution of system’s performance is
captured by the simulation model. 2) Simulate scheduling decisions that depend on the state
of the system. Both the customer and station assignments rules can be replaced with one of
the policies described in Section B33l 3) Measure the macro-level and micro-level SLMs: the
expected average total system time, the expected probability of total system time longer than
four hours, and the number of red faces. 4) Simulate the performance of scheduling policies

that incorporate strategic idleness (as described in Section [3.3.4]).

The simulation recorded the resulting three SLMs for each scheduling policy. For each work-
ing day, we keep the available resources (station availabilities and opening times), customers’
service needs and customers’ service times at different stations the same as in the real data,

and only change the scheduling policy.

In Section B.5.1] we investigate the performances of DSPs without SI modifications (work-
conserving) to evaluate the benefit of automated DSPs with respect to the global performance
measures. In Section B.5.2] we compare the performance of the actual scheduling policies used
by XYZ with and without OWs. Next in Section B.5.3] we compare DSP+TBP policies with

the actual ones.
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3.5.1 Performance of Work-conserving Dynamic Scheduling Policies

The simulated performance of various dynamic scheduling policies described in Section B.3.3]
is presented in Table B3l The third row of the table contains the Empirical Data (ED), i.e.,
the results for the actual scheduling policy used by XYZ. We start by comparing the various
Dynamic Scheduling Policies (DSPs) without the Strategic Idleness (SI) modification introduced
in Section [3.3.4] - we call these the “non-idle” versions of the respective policies. The results for

all policies can be found in the second block of the table.

We first observe that the Shortest Expected Remaining Processing Time first (SERP) policy
dominates the LAW, LCW, and LERP policies: SERP has a lower average total system time,
a lower probability of spending more than four hours in the system, and a lower number of red
faces. Comparing SERP policy with the Longest System time first (LS) policy shows that LS
outperforms SERP with respect to the number of red faces, while SERP policy performs better

on the other two SLMs.

We also observe that all of the DSPs outperform the actual (ED) scheduling policy with
respect to both macro-level SLMs used by XYZ: they reduce the average total system time by
about 40 minutes (16%), and the proportion of customers experiencing total system times of

over four hours from 52.5% to around 21%.

However, for all DSPs the incidence of red faces is substantially higher than for the ED
policy. Even the best-performing Longest Mean Overage Processing time first (LMOP) policy
experiences an increase in this measure by 34.2% to 612 vs. the ED policy - a clearly undesirable
outcome. We suspect that the reason that the DSPs we proposed perform poorly with respect
to the number of red faces measures is that they are work-conserving (non-idle) policies, while,
as discussed in Section B.4.6] it appears that the XYZ’s schedulers are actively using Strategic
Idleness to manage the number of red faces. We further investigate this issue in the following

section.
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3.5.2 Effect of Overlapped Waiting Times: Another Indication of Strategic

Idleness

To investigate the usage of Overlapped Waiting (OW), we define the “non-idle” version of the
actual scheduling policy by eliminating the OWs. For example, suppose customer A finishes
service at station i. To find the next customer for station ¢, we examine the data and find
that customer B is the next customer of station ¢. If customer B is in the waiting room and
station ¢ is her next station (based on data), she is immediately taken to station i; otherwise,
station 4 stays idle until the arrival of customer B. We follow a similar rule when choosing
the next station for customer A. We call this non-idle version of the actual scheduling policy

“ED+Non-idle”. The corresponding results are presented on row 4 of Table 3.3l

Our simulation results indicate that if the clinic was operated under ED+Non-idle policy
during the two month in our data, the average total system time would drop by 18 minutes to
3:46:37, and the proportion of customers with system time of over four hours would decrease by
14.3% to 38.3%. Thus, both of the macro-level SLMs would improve substantially (though the
improvements still fall far short of those observed under the DSPs described earlier). However,
the total number of red faces would increase to 1094 (140% increase). Out of the 456 red faces
observed in the data, 217 disappear in the simulation under the ED+Non-idle policy, while 855
new ones emerge. Shorter waiting time at previous stations, i.e., elimination of SI in the form

of OW, causes 705 of these new red faces.

The mean and standard deviation of the waiting time from the simulation result for ED+Non-
idle policy are 3.5 minutes and 7.5 minutes respectively. Figure shows the histogram of W
(waiting time) for the ED+Non-idle policy alongside the histogram for the ED policy. We see
that the histogram of W from ED+Non-idle policy is much smoother than the histogram from
the actual scheduling policy. Those odd jumps at the ¢ = 16 or 21 minutes observed in the
empirical data disappear, while the number of waits of more than 15 minutes is at the same

level (about 2000) for both ED and ED+Non-idle policies.

Comparing the ED+Non-idle policy with the ED policy indicates that by intentionally
holding back customers at non-problematic stations when a customer is likely to experience

a long wait at the problematic station downstream, the ED policy effectively re-distribute
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Figure 3.5: Histogram of Waiting Times under Different Scheduling Policies.

the waiting times more evenly within the network. These observations further support the
conclusions from our statistical hypothesis tests that XYZ’s schedulers are using SI.

To summarize, the results above indicate that the reason that ED policy outperforms those
proposed policies in the number of red faces is that these policies are non-idle policies, while
the XYZ’s schedulers are using SI in their scheduling policy. However, the schedulers of XYZ
are using their own intuitions to insert OW. There were no official policies to this effect - as
discussed earlier, the upper management seemed to be unaware of this practice.

In the following section, we introduce SI into our proposed DSPs by using the Maximum

Workload Threshold Based Policy (TBP) as discussed in Section B.3.4] earlier.

3.5.3 Performance of DSPs with Strategic Idleness Modification

In this section, we add the SI to the different DSPs. Specifically, we use the generalized
TBP modification to the LAW, LS, LMOP, LCW, SERP and LERP policies. We demonstrate
that this modification can reduce the number of red faces substantially without a significant
deterioration in the values of the macro-level SLMs. We employed the “Maximum Workload
TBP”, described in Section [3.3.4], to the six proposed DSPs, and implemented the Overtake-free
SI. This ensures that, after the SI period, customers would not be delayed once station resumes
working. The results can be found in the third block of Table 33l

Comparing the second block to the third block reveals that in all six DSPs, the SI policy

results in a small 5-7% increase in total system times (by about 11 minutes in the LAW, LS,
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System Time Red Faces

Policies \ Measures Mean Stdev | >4hrs | #(> 15mins) | #(> 18mins) | #(> 20mins) | #(> 22mins) | #(> 25mins
Empirical Data 4:04:26 | 1:00:51 | 52.5% 1645 749 456 397 327
ED+Non-idle 3:46:37 56:53 38.3% 1846 1340 1094 880 645
LAW+Non-idle 3:23:53 49:55 21.3% 958 822 730 661 541
LS+Non-idle 3:24:21 47:44 21.3% 873 743 665 607 520
LMOP+Non-idle 3:24:28 52:01 20.4% 807 683 612 543 457
LCW+Non-idle 3:24:19 50:07 21.2% 972 816 729 653 554
SERP+Non-idle 3:23:17 50:57 20.6% 929 784 687 606 507
LERP+Non-idle 3:25:22 50:58 20.9% 926 791 705 633 528
LAW+MaxWrkldTBP | 3:34:32, 51:46 28.0% 828 647 551 477 393
LS+MaxWrkldTBP 3:35:03 51:29 28.2% 841 622 518 444 360
LMOP+MaxWrkldTBP | 3:35:55 53:40 28.9% 707 539 476 427 355
LCW+MaxWrkldTBP 3:37:17 52:54 30.7% 845 640 551 478 380
SERP+MaxWrkldTBP | 3:34:25 52:35 28.2% 792 618 525 464 380
LERP+MaxWrkldTBP | 3:38:58 53:16 31.7% 878 692 609 541 445
LAW+MaxWrkldKB 3:43:19 52:26 35.6% 875 683 567 481 385
LS+MaxWrkldKB 3:43:14 50:43 34.5% 829 622 538 459 370
LMOP+MaxWrkldKB 3:37:37 52:02 29.2% 745 593 520 465 377
LCW+MaxWrkldKB 3:43:14 50:43 34.5% 885 687 588 506 428
SERP+MaxWrkldKB 3:43:15 53:00 34.5% 904 671 557 461 358
LERP+MaxWrkldKB 3:40:09 53:07 30.8% 887 747 648 574 476

Table 3.3: Performance of Different Scheduling Policies with and without SI.

LMOP and SERP policies, and about 13 minutes in LCW and LERP policies) and 8-10%
increases in the probability of experiencing total system times of over four hours versus the
non-idle version of these policies. However, the red face measure (i.e., the number of waits over
20 minutes) is reduced by around 24%. This is in line with the theoretical analysis presented
in Baron et. al. (2013): the SI policy is able to significantly reduce the probability of long
waits (an equivalent measure to red faces), while only slightly increasing the total system times.
Note that the SERP+TBP policy again dominates LAW+TBP, LCW+TBP and LERP+TBP
policies.

While the numbers of red faces under our DSPs with TBP modification are greater than
under the ED policy (476 vs. 456), a significant reduction in total system times, as well as an
automated DSP without any supervision presents an attractive trade-off to the decision-maker.
Incidentally, the difference in the number of red faces versus the ED policy may be due to the
fact that in real system expediting action appears to be taken by process managers somewhat
before the waiting time reaches 20 minutes (which is natural, given that red faces incidents are
used in performance reviews). If we redefine “excessive waits” to be 15 or 18 minutes, rather
than the current 20 minutes, the incidence of such waits under all six DSP+SI policies falls

below that in the empirical data.
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Our main finding from this comparison is that the use of strategic idleness in conjunction
with the dynamic scheduling policies, such as our LS, LAW and SERP policies, can be used
to improve the SLM in practice. Moreover, due to the simple and transparent structure, the
cost of implementing such policies should be low. In addition to supporting the main theme of
the paper on the joint usage of DSPs and SI, this finding is also encouraging for the usage of

decision support systems for managing service network in practice.

3.5.4 Comparison of Generalized Threshold Based Policy to Kanban Policy

In this section, we compare the TBP with the Kanban policy - a widely applied policy in
manufacturing setting. Specifically, we use the Maximum Workload Kanban policy, described
in Section B.3.4], to add SI to different DSPs and compare the result (the fourth block in Table
B.3) with the performance of these DSPs with TBP modification (the third block in Table B.3]).

The result suggests that, when combined with any DSP, the TBP clearly dominates the
Kanban policy. This is in line with Baron et al. 2014 that shows that the Kanban policy is
less effective when different stations have similar service rates and there is no clear bottleneck.
The Kanban policy focuses only on the waiting at the bottleneck but ignores waits at other
stations. Thus, it performs well in systems with a simple structure when the bottleneck is clear.
In the case of XYZ, the TBP for introducing SI has more flexibility and therefore dominates

the Kanban policy in all of these examples on all the measures depicted in Table B3l

3.6 Summary and Open Questions

In this paper we investigated the performance of Dynamic Scheduling Policies in a stochastic
open-shop service network. The unique feature of the system we examined is the need to
balance between the more traditional “macro-level” service level measures, such as the total
system time, and the customer-focused “micro-level” measure related to excessive waits within
the system. The incidence of excessive waits can be managed by introducing “strategic idleness”
where intentional (small) waits are introduced in upstream stations to prevent (longer) waits
at busy downstream stations. Our work was motivated by the data from a real-life medical

clinic. Through process analysis and statistical hypothesis tests we demonstrate that (largely
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unbeknownst to management), system schedulers appear to use strategic idleness to minimize
instances of excessive waits.

We developed a flexible framework allowing us to represent “completely reactive” dynamic
scheduling policies by defining simple scoring rules. We also showed how a given policy can
be modified with a “strategic idleness” component allowing it to account for both micro- and
macro-level measures. By developing a simulation model based on the real data for the XYZ
system we showed that these automated scheduling policies appear to be quite promising:
achieving substantial improvements on the macro-level measures while essentially matching the
performance of actual policies on the micro-level measure.

Due to the complexity of the underlying system, our results are mostly computational.
Analytical substantiation of some of our conclusions would be quite interesting. A step in this
direction was taken by Baron et al. (2013) who investigated policies with strategic idleness
analytically for a tandem queue. An extension of their results to more complex stochastic

networks remains open.
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Chapter 4

M/M/c Queue with Two Priority

Classes

4.1 Introduction

In many industries there is a growing usage of prioritization: companies often prioritize groups
of customers in order to improve market segmentation, service, and profitability. For example,

emergency departments prioritize more seriously injured patients; websites prioritize paid users

4 PN

over free ones; and car rental companies prioritize customers with reservations over “walk-in
customers. A key consequence of this prioritization is that different customer classes experience
different response (sojourn) times, the time from the arrival of a customer until her departure.
(A related measure is the waiting time, the time from a customer’s arrival until her service
begins, whose distribution can be derived from the distribution of response and service times.)
Not surprisingly there is a vast literature that investigates prioritization in queueing systems.
Much of this literature uses queueing theory to derive and analyze different prioritization poli-
cies in services (i.e., Maglaras and Zeevi 2005 and references therein), inventory settings (i.e.,
Abouee-Mehrizi et al. 2012 and references therein), and dynamic scheduling (i.e., Van Mieghem

1995 and references therein). This literature typically focuses on characterizing the distribution

of the response time of different priority classes.

While this literature has been able to establish the distribution of response times for single-

89
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server priority queues such as the M/G/1 (see i.e., Takagi 1991), finding this distribution is
much more difficult in the multi-server setting. Much of the multi-server literature has focused
on the M/M/c queue. The M /M /c queue with multiple priority classes was first investigated
by Davis (1966), who considered a non-preemptive system with the same service rate for all
priority classes, finding a closed-form expression for the Laplace Transform (LT) of any priority
class’s waiting time. For the same setting, Kella and Yechiali (1985) elegantly derived the LT.
Buzen and Bondi (1983) gave a simple approximation for each priority class’s mean response
time in a preemptive system with different service rates for each priority class. Maglaras and
Zeevi (2004) used a diffusion approximation to solve a similar problem with impatient high
priority customers in a heavy-traffic regime. Finally, Harchol-Balter et al. (2005) used PH
distributions to approximate the response time of a preemptive M/PH /c queue with different
service rates. They also provide a taxonomy of relevant literature; we refer the reader there for
a more detailed literature review.

To the best of our knowledge, no exact solution for the response time distribution in a
multi-server queueing system serving multiple priority classes with different service rates has
appeared in the literature. In this paper, we consider the M /M /c queue with two preemptive
priority classes. Class-i jobs arrive according to a Poisson process with rate A;, i = 1, 2. Service

times for Class-i jobs are exponentially distributed with parameter p;, ¢ = 1,2. For stability,

2 A

i—1 s < C (We assume preemptive resume for Class-2 jobs.)

we require »

This paper’s main contribution is to characterize the Generating Function (GF) of the
distribution of the number of Class-2 jobs in steady state: we derive a closed-form expression
for this GF for ¢ = 2, and provide an exact numerical method to calculate this GF for ¢ > 2.
Since that Class-1 jobs have preemptive priority, their analysis is straightforward.

We derive these GFs using a new approach for the analysis of continuous-time Markov
Chains (MCs): the main difficulty in analyzing the M /M /c queue with two priority classes is
the need to track the number of jobs from each class. Thus, the state of the system is expressed
as a 2D-infinite continuous-time MC. We apply a new method to simplify this MC to a 1D-
infinite discrete-time MC that is more tractable. We then analyze this discrete-time MC by

observing the system state embedded at Class-2 departures, expressing these using a similar

process to the one used in analyzing the standard M/G/1 queue. Since the complexity of
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deriving the GF increases with the number of servers, ¢, we also provide a numerical algorithm
to derive this GF for ¢ > 2. Using this algorithm, we derive insights on how system performance
changes as the characteristics of the jobs or servers change. Our methodology can also be applied
to similar problems: in Section [£7], we explain how to apply it to an M /M /c queue with two
priority classes, where the first class is completely impatient, as considered by Maglaras and

Zeevi (2004). We believe that our methodology can be used in additional applications as well.

The paper proceeds as follows: After introducing the model and background results in
Section [£2] we present the key ideas of our methodology in Section 3l We demonstrate
the methodology using the single-server case in Section [£.4l. We provide exact expressions for
the two-server case, and discuss generalization for ¢ > 2 in Section We provide an exact
numerical method with good computational efficiency to solve systems with ¢ > 2 in Section
Numerical results, insights, and extensions are given in Section .7l We summarize the

paper in Section 8. All proofs are in the Appendix.

4.2 Model and Preliminary Results

We consider an M /M /c queue with two priority classes. Let ¢;, i = 1,2 be the number of Class-i
jobs in the system, and R; and W;, i = 1,2 be the Random Variables (R.V.s) representing the

steady state response and waiting time of Class-i jobs in the system respectively.

For the p1 = po case, the response time distribution of each priority class is given in e.g.,
Buzen and Bondi (1983). We, however, consider this problem when Class-1 and Class-2 have
different service time requirements (i.e., p1 # p2). Figure dIlillustrates the MC for the number
of jobs in the system and their classes. The state (g1, g2) represents that there are ¢; Class-1 jobs
and g2 Class-2 jobs in the system. Note that the MC is infinite in two dimensions, complicating

the analysis.

From Figure L], we see that Class-1 jobs’ service rate is puq min(qp, c); this service rate is
independent of g2, because Class-1 jobs have preemptive priority over Class-2 jobs. Thus, the

distribution of Class-1 jobs’ response time is (e.g., Section 3.4, Buzacott and Shanthikumar
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Figure 4.1: MC of the M /M /c queue with two priority classes.
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Therefore, this paper focuses on deriving the response time for Class-2 jobs.

Let rq, 4, be Class-2 jobs’ service rate when the MC is at state (g1, ¢2). From Figure A.T]

we observe

Tqi.q = M2 min(c —min(q1, ¢), g2), (4.1)

where ¢ —min(gi, ¢) is the number of servers that are free to serve Class-2 jobs when the system
is in state (q1, ¢2). Let SP(q2) = (70,49, - - - s Te—1,q,) b€ the vector of Class-2 jobs’ Service Pattern
(SP) when there are g, Class-2 jobs in the system, for ¢ = 0,...,c—1; when ¢; > ¢, Class-2 jobs
are not served. Notice that, for any g2 > ¢, we have SP(q2) = (cua, (¢ — 1)ua, ..., uz). Before
discussing Class-2 jobs, further we recall several results and define several special matrices that

are used extensively in the paper.

Let ¢ be a random time interval with LT, LT?(s); let X be the number of Poisson arrivals
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with rate A during ¢, and Gx(z) be the GF of X. We then have:

P{X =2} = (_x—);)zLTt(x)()\); (4.2)
Gx(z) = LT'\—)\z2), (4.3)

where, LT t(m)()\) denotes the x'" derivative of LT(s) evaluated at A. Both ([&2) and (&3
are well known results, see e.g., (3.58) and (3.67) respectively in Buzacott and Shanthikumar
(1993).

Throughout this paper, we write any column vector as the transpose of a corresponding row
vector to save space. Let 0;x; and 1;4; denote i X j matrices with all elements zero or one,

respectively, and I denote the identity matrix. The following Lemma is important in Sections

44 and EH

Lemma 2 Assume a MC’s state space is composed of two sets: a transient set, T and an
absorbing set, A. Let T'r_sp and I'r_, o be the one step transition matrices from T to T and
T to A respectively. Then, PA; | T;, the absorbing distribution matriz, which represents the
probability that the system starts from a state T; € T and eventually reaches a state A; € A,
i.e., the probability of the system to be absorbed in state A; once starting at state Tj;, can be

expressed as

[P{A; | Ti¥pera,en = = Pror) " Trosa. (4.4)

4.3 Simplification - The 1D-Infinite MC

Finding the distribution of R is challenging because the MC in Figure [£1] is 2D-infinite. We
apply an innovative method to simplify the 2D-infinite continuous-time MC in Figure 1] to
a 1D-infinite discrete-time MC. This method first simplifies the system by aggregating the
behavior during a Class-1 busy period (BP), which starts when there are ¢ or more Class-1 jobs
in the system (i.e., once ¢; increases to ¢) and ends when the number of Class-1 jobs drops to
¢ —1 (i.e., once gq; decreases to ¢ — 1).

During each BP the service rate of Class-1 jobs is cu; (because g1 > ¢ during the entire

BP) and the arrival rate of Class-1 jobs is A;. Thus, during this BP, the MC of Class-1 jobs
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is identical to the BP of an M /M /1 queue with arrival rate A; and service rate cuy (see e.g.,

Harchol-Balter et al. 2005). Thus, the LT of this BP is (see Takagi 1991, Chapter 1)

1

LTBP —
(s) o

(M 4 cpr + 5 — /(M1 + cpn 4 8)2 — dedip). (4.5)

Next, using ([£.2]), we express the probability of | Class-2 jobs arriving during the BP

EEVRY
alBP _ (ZL!Q)LTBP(”()\Q)’ [=0,1,2,.... (4.6)

Let G,5r(z) be the GF of o; then from (&3),
GaBP (Z) = LTBP()\Q — )\22). (4.7)

During the BP, no Class-2 jobs are served; all Class-2 arrivals join the queue: When the BP
is over, g1 becomes ¢ — 1 and the distribution of the number of Class-2 jobs in the MC can be
calculated from (4.3]) and (£6]). Specifically, if the MC enters a BP from state (c — 1, g2), then

when the BP ends, the MC is in state (¢ — 1, g2 + j) with probability (w.p.) afp, for 7 > 0.

It is important to point out that we are not approximating Class-2 arrivals during the BP
with a batch arrival at the end of the BP. Instead, we calculate the distribution of the number
of Class-2 arrivals during the BP at the end of the BP. Indeed, we lose the information on
when those Class-2 arrivals occurred, but we will establish next that this information is not

necessary.

Using the BP, we simplify the MC: Let v(q1,¢2) denote the total rate at which the MC

moves out of state (q1,¢2). Then
v(q1,92) = A1 + A2 + pg min(q, ¢) + po min(e — min(qq, ¢), g2). (4.8)

Let BP; denote a BP that started from state (c—1,4), i = 0,1,.... After aggregating the BP’s
in the MC into the BP;’s, we get a 1D-infinite discrete-time MC with ¢ rows: The first (¢ — 1)
rows are identical to the first (¢ — 1) rows in the original MC, and the c¢** row is composed of

the BP;’s. When the MC leaves BP;, it may enter any state (¢ — 1, g2) with go > i. Figure



CHAPTER 4. M/M/c QUEUE WITH TWO PRIORITY CLASSES 95

Az Az

v(0,i—1 v(0,1)
i1 N 0 .. T Oq
iy Ha
v(0,1) v(0,42) A
A s v(0,4
w(,i—1) /17(0, i)
-1
(- D EEC — i"j) R (=D
vic—1,i—1) Az ! ﬁ v(c—1,q,)
v(c—l,i—%! vie— 1Lt
c—1i—-1 c—1,i > c—1,q;
<5 < <
v(c—1,i) v(c—1,q2)
A
-in| |« CAREET
BP;

Figure 4.2: The Simplified MC.

illustrates this 1D-infinite discrete-time MC.

Still, to the best of our knowledge, there are no known closed-form solutions for this ladder-
like 1D-infinite discrete-time MC. We overcome this problem by observing the system state
at departure epochs of Class-2 jobs. Using the memoryless property, the distribution of the
system state seen by the (k + 1)*¢ Class-2 departure is determined by the system state seen
by the k" Class-2 departure, so it is indeed a MC. This MC is called the embedded MC
(EMC). To determine the steady state distribution of this EMC, we will follow the three steps
used to analyze the EMC of the standard M/G/1 model (see e.g., Section 3.3.2, Buzacott and
Shanthikumar 1993): 1) derive the one-step transition matrix of the EMC, 2) characterize the
GF of the number of jobs seen by a departure in steady state, and 3) derive the unknown

constant in the expression of this GF.

From the proof of poisson arrivals see time average and departures see what arrivals do in
Section 5.1.3 of Gross et al. (2008), we know that the GF of the number of Class-2 jobs observed
by a Class-2 departure in steady state is identical to the GF of the number of Class-2 jobs in
the system in steady state, go. From this latter GF, the moments of g9, such as E [¢2], can be
derived. Then, using Little’s Law, we can calculate the expected response time of Class-2 jobs,
E [Ry)]. If we further assume that the service order of Class-2 follows the FIFO rule (e.g., when

items are made to orders), we can use Distributional Little’s Law from Bertsimas and Nakazato
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(1995) to get the response time distribution of Class-2 jobs. This assumption is reasonable in
a manufacturing setting; if ¢ parallel machines work on orders simultaneously, when a product

is finished it may be distributed to the first order in the queue.

4.4 The Single-server Case

To develop some intuition for our analytical procedure, we first demonstrate it in the single-
server setting. The solution for the response time of Class-2 jobs in this case is (see e.g., Takagi

(1991)):

LTRQ(S) _ 2(A1p2 + Aoy — pap2) (4.9)

(12 — 2p1)s + Mpiz + 2hap1 — piapiz — pio/(s + M+ p1)? — Ay

Our methodology provides an alternative proof and, more importantly it can be used in the
multi-server case. For convenience, we denote quantities related to the ¢ = 1 case with a “hat”
().

Let ﬁi be the state of the MC seen by the k* Class-2 departure, i.e., the state of the EMC.
in

—L2

We define the EMC’s infinite dimensional transition matrix, M: let the element 1 2
k k+1

M denote the probability that the (k + 1)%t Class-2 departure leaves I:% 41 Class-2 jobs in the
system, given the k* Class-2 departure left f)i Class-2 jobs in the system, i.e., the one-step
transition probability of the EMC.

We next derive an equation relating f)i to ﬁi 41- Let Dy be the kth inter-departure time
of Class-2 jobs (i.e., the time between the k' and the (k + 1)** Class-2 departure). Let the
R.V. aP* be the number of Class-2 arrivals, i.e., the number of arrivals from an independent
Poisson process with rate Ao, during Dy. As in the M /G/1 model, the number of Class-2 jobs
seen by the (k + 1)* Class-2 departure is equal to the number of Class-2 jobs seen by the k"
Class-2 departure minus one (the (k + 1) Class-2 departure) plus the number of Class-2 jobs
that arrived during Dj:

L2, =12 —1+aP (4.10)

From (410]), we know that ﬁ%+1 > ﬁ% — 1, so M, is zero, if j <i—1.

Thus, the transition matrix has the form illustrated in (@I1]). Each row and column is
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labeled by the corresponding state I:% All elements of the lower triangle below the second row

in M are zero.

0 | Mmoo | Mos1 | Mos2 | M3 | M4

1| miso | Mist | Mise | Tisg | Mi1og

M= 2 0 Ma—s1 | Mo | Moy | Moy | -+ - (4.11)
3 0 0 M32 | M353 | M354
4 0 0 0 M43 | M4y

For n > 0, let d, = P {ﬁQ = n} = limg_,oo P {I:% = n}, ie., L? is the time-stationary
limiting random variable of f)i and d,, is the steady state probability that the number of Class-

2 jobs observed by a Class-2 departure is n. Let G;.(z) = > 7 dnz" be the GF of L2

4.4.1 Transition Matrix of the EMC

The distribution of L7 41 given L2 (ie., iz ﬁiﬂ) is closely related to the SP (Service Pattern,
which by (&I is only defined when no Class-1 jobs are in the system) in Dy. The derivation
in this section is based on the observation that the SP depends on Class-2 arrivals during Dy

as follows:

o If ﬁz > 1: The SP remains s until the (k+1)% Class-2 departure. The SP is independent

of Class-2 arrivals during Dy.

o If I:% = 0: The SP is zero until the next Class-2 arrival, and then it becomes ;.

The Transition Probabilities for ﬁi >1

We know from (£I0) that the transition probabilities of the EMC are determined by af)k,
which depends on Dj. Thus, we first derive the LT of Dy, LTDx (s). Then, using LTf)k(s)
and (4.2]), we express the distribution of abk, and then write the transition probabilities of the
EMC using (4.10).

Figure 3] illustrates the service process of the (k + 1) Class-2 departure at the MC (not

the EMC). At the k' Class-2 departure, the MC enters state (0,[:%). Because IA/% > 1, the
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Figure 4.3: MC for the single server case where f)i >c=1.

rate of exiting from state (0, f)i) is v(0, f)i) = A\ + A2 + o, thus after an exp(A1 + A2 + u2)

distributed time interval, the MC would go to one of the following three states:

e State BPE,%? w.p. v((;\,},%)' The MC stays in the BP for a time period with a LT of
LTBP(s). After this BP, the MC goes to state (O,ﬁ% + 1) (with I > 0 the number
of Class-2 arrivals during the BPﬁi’ which can be calculated from (@.6])). Due to the
memoryless property and the fact that the SP stays the same, the LT of the time period

from when the MC enters (O,I:i + 1) until the next Class-2 departure is identical to

LTP #(s). Therefore, w.p. —21— LTDx (s) is identical to the LT of the sum of the time

v(0.L3)
until the next event, the length of a BP, and Dj: %LTBP(S)LTDIC (s).
- Ao . .. . X Ao
e State (0,L; + 1), w.p. 0,57 Here, using similar reasoning to above: w.p. 0.7
) s Aot )
LTPx(s) is W%LTD’“ (s).

o State (O,I:i — 1), wp. —£2—. The (k + 1)* Class-2 departure occurs and here, w.p.

v(0,L3)
k2 Dy (o) ja _Aitdatpus
v(0,L2)’ LT™(s) s ArtA2tpets”

Using the Total Probability Theorem and multiplying by (A1 + A2 + p2 + s), we get
(M + Ao+ pio + $)LTPk(s) = A LTBP ($)LTPx(5) + Mo LTP*(5) + pio. (4.12)

Solving (£I12]) gives

LTPx(s) = = .
(8) AL+ o+ s — AlLTBP(S)

5 5
We now return to the EMC. To simplify the notation, we let alD’“ = (7l—!2)lLTD’€( )()\2).

Then, using (Z2) and @I0), we get the transition probabilities of the EMC from L? > 1 to
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Transient States Absorbing States

Figure 4.4: MC for the single server case where ﬁi = 0.

any f)iﬂ > 0:

72 72
VIR ) = . .
Ls—L ~ ~
BTRR ok for L2 > 1% —1
L2, —L34+1 +

Note that ([@I3) characterizes the rows of M in (@II) corresponding to any i > 1.

The Transition Probabilities for ﬁ% =0

If f)i = 0 when the k** Class-2 departure occurs there are no Class-2 jobs in the system, thus
the Class-2 event that happens next must be a Class-2 arrival. The next Class-2 arrival may
occur during BFy, and there may be other Class-2 arrivals during BFPy. Taking this possibility
into account, assume that when the service of the next Class-2 arrival is initiated, there are
[ > 1 Class-2 jobs in the system, i.e., the MC enters state (0,1) for [ > 1. Note that there are

no transitions in the EMC until then.

Due to the memoryless property, the distribution of I:i 41 given the MC is in state (0,1)
is the same as the distribution of ﬁ% 41 given 12 = [, as given in ([@I3]) for [ > 1. Thus, to
find the one-step transition probabilities of the EMC, we first find the first-passage probability
distribution from state (0,0) to the set of states {(0,1) | I > 1}. To do so, we think of the MC
after the k' Class-2 departure as a MC with a transient set: {(0,0), BPy}, and an absorbing
set: {(0,1) | 1 >1}. Let I'g_,0 and ['y_,;+ be the one-step transition matrices from {(0,0), BPy}
to {(0,0), BRy} and {(0,1) | I > 1}, respectively.

In Figure [£4] we use v(0,0) = A; + Ao, depict the arrival process of jobs in (0,0), and omit

details that are not relevant to the development of this case. From Figure [L.4] we can get f0_>0
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and fO*)l'F:
Loso= (0,0)| 0 |, Tosir= (0,0)| 22 0 0
BPy | off 0 BPy | aPP  oBP  obP

Let Wo; be the 1 x 0o absorbing distribution matrix from {(0,0)} to {(0,7) | I > 1}. Using

Lemma[2] we can calculate Wy as:

o1 = [1 0] (Taxa — Doo) ' To - (4.14)

Then, we use conditional probability to calculate the transition probabilities for ﬁ% =0

L3, +1
S 2 : S T2
mOHI:%H - = mlaﬁiJrlP{(Ovl) ’ (070)} for vLkJrl >0, (4'15)

in which 7, , iz, is given by [@I3]), and P {(0,1) | (0,0)} is the corresponding probability of
absorption in {(0,1) | I > 1} given in (&I4). Note that given the (k + 1) Class-2 departure

sees IA/%_H Class-2 jobs, [ can be at most ﬁ%+1 + 1; thus [ € [1,ﬁ%+1 + 1].

Using (£15), we can write mo%iﬂ for I:%H > 0 as the product of two matrices:

. . R T
S . _ Dy, Dy Dy
Mo 22, = Uy %, ot ag” Oryeo| - (4.16)
k1

Note that (EI6) characterizes the i = 0 row of M in (@II). Thus, using @I3) and @I6),
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we obtain the transition matrix of the EMC in (£I1)) as:

0 1 2 n
— . - a,r?k
Dy,
N Oé2
Dy,
R o) R
Dy, Dy
. ag b . o) . b
0| Yo Yor | ag* Wor 5 Yor | ar*
Ooox1 ) . D
Ooox1 )
~ Ooo><1
M = B B 0<>o><1
1 aé)’“ a?’“ aQD’“ alx
D D D
2 0 ag” a’* a,F,
D D
3 0 0 ay” a,’,
4 0 0 0

(.4.17)

4.4.2 Generating Function Approach

In this section, we derive the steady state distribution of the EMC: cin, for n > 0. The

equilibrium equations are given by [czo,cfl, .. } M= [cfo,dl, .. ] Hence, from ([@I7]) we get
; G 5§ D Dy D r
d, = ([dl,dg,...} —i—do\I}()l) |:Oénk Oélk Oéok leoo} for Vn > 0. (4.18)

Note that (I8 has an infinite number of unknowns appearing in an infinite (identical)
number of equations. To find these unknowns, we calculate the GF, as in the standard M/G/1
model (see e.g., Buzacott and Shanthikumar (1993), Section 3.3.2). Multiplying the n'"* equa-

tion in (£I]]) by 2" and summing over all n gives

~ ~ ~ A 0 ~ ~ N T
Gp(z) = ([dl,dg,...] -I—do\l’()l)z [Osz Oéf)k CMODk 01x00 2",

n=0

Let G _p, (z) be the GF of P that can be calculated from @3) as: G _p, (2) = LTbk()\g -
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A2z). Then, after some matrix algebra (see Appendix [L10.1] for details), we get:

] A+ A2 — 20 — MGorr(2))G 5, (2
Gja(2) = — o 5P Qut X >~ MGorr(2))Cp, ). (4.19)
(M +X—ag"\) z—G_p,(2)

Note that, other than dp, all expressions in (#19) are given in closed form. Therefore, all
that is required to express Gj»(2) in closed form is a closed-form expression for cio, which is

derived next.

4.4.3 Finding the Idle Rate: do

To obtain dy, we let z — 1 in (@I9) and get (note that z — G b, (2) is zero when z — 1, so we

need to apply L'Hopital’s rule to calculate the limit on the right-hand side of (£.19))):

2d A
1= 0 211 H2 (4.20)

_)\1 + X — 1+ \/()\1 +p1 + A2)? — Ay Aipe + Aapn — pafie

Solving (20) gives us do:

5o Apg + Aop — pape

do = 2o 41 4o A1+ A2 = + \/()‘1 + Ao+ p1)? — 4\ ).

Substituting do in @I9) gives us G 72(2) in closed form:

Gia(z) = 2(A1p2 + Ao — papiz)
2 - .
r (A1 + Ao — 1) + Ao (21 — p)z — pan/ (M 4 Ao + 1 — Aoz)? — 4y
In a single-server queue, the service order in each priority class follows the FIFO rule, so
we can use Distributional Little’s Law (Bertsimas and Nakazato 1995) to get the LT of Class-2

jobs’ response time: LTRQ(S) =Gia(1 - )\%), which, of course, leads to (4.9]).

4.5 General case: ¢ > 2

In this section we return to the multi-server case and follow the same three steps used in
Section 4] to get the GF of the number of Class-2 jobs in steady state: we give preliminary

results in this subsection, establish the transition matrix of the EMC in Section E.5.1] apply
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the Generating Function approach in Section £.5.2] and derive the constant d_é in Section [£.5.3]

We provide a summary in Section [£.5.4]

We know from (4I]) that the number of Class-1 jobs in the system affects the service rate
of Class-2 jobs. Therefore, we need to track the number of Class-1 jobs seen by a Class-2
departure. Let (Li, L?) denote the state of the EMC; L} and L? are the number of Class-1 and

Class-2 jobs seen by the k" Class-2 departure, respectively.

To display the infinite dimensional transition matrix of the EMC for ¢ > 2, we define the
ordering of the states as {(0,0),...,(c—1,0), (0,1),...,(c=1,1),...,(0,n), ...,(c—1,n),...},
i.e., we first list all states with L% = (, then all states with L% =1, etc. Let S, be the set of
states with L = n in the EMC, i.e., S, = {(0,n),...,(c —1,n)}. These states also appear in
the MC, when no confusion arises we also use .S, to denote the set of states with ¢go = n in the

MC.

Using the ordering of the states defined above, we specify the infinite dimensional transition

matrix of the EMC, M. Let the element m LLI2)—(L in M denote the probability that

L

1 2
k+1k41

the (k + 1)** Class-2 departure sees (Lj,,,L?,,) given the k" Class-2 departure left behind
(L/,E;7 Li), i.e., the one-step transition probability of the EMC. Let M;_,; be the ¢ X ¢ transition
matrix in the EMC from S; to S;. We illustrate M;_,; here (each row and column is labeled by

the corresponding state for easy reference):

(0,4) M(0,i)—(0,5) M) =15 |~ | M(04)=(c—1,)
M;; = (1,1) M(1,:)—(0,5) M(1,i)—(1,5) T mMa,i)—=(c—1,5) | (4.21)
(c—1,4) M(c—1,0)=(0,7) | M(c—1,9)—=(1,5) | " | "c—1,0)—(c—1,5)

Because Class-2 jobs are only served when there are fewer than ¢ Class-1 jobs (i.e., ¢1 < ¢)
in the system, transitions in the EMC only occur when the MC is in a state (g1, ¢2) with ¢; < c.
Therefore, the number of Class-1 jobs observed by the k¥ Class-2 departure must be smaller
than c, i.e., Li € [0,¢—1]. Similar to Dy, and oP* in Section A4, we denote Dy, as the k"

inter-departure time of Class-2 jobs and o”* as the number of Class-2 arrivals during Dj,. Using
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the same logic as that used for deriving (£I0), we have
Li =L —1+aP~ (4.22)

The transition matrix, M has the form illustrated in (£23]). Each row and column is labeled by
the corresponding set S;. Every block M;_,; is as illustrated in (@21)). Given (£22), we have
that M;_,; = Ocx. for j < i —1, i.e., all blocks of the lower triangle below the row S7 in M are

Zero.

St | Mo | M1y, | Misg | Mio3 | Miy

M= Sy | Ocxe | Masy | Moy | Mayg | Moy | -+ - (4.23)

S3 | Ocxe | Oexe | M3—o | M3z | M3y

S4 0c><c chc 0c><c M4—>3 M4—>4

Fori=0,...,c—landn >0,let dj, = P {(L',L*) = (i,n)} = limy_0o P {(L}, L}) = (i,n)},
so that (L', L?) is the time-stationary limiting random variable of (L}, L?), and d;, is the steady
state probability that the number of Class-1 and Class-2 jobs observed by a Class-2 departure

is ¢ and n, respectively.

Let d,, = (dons - -+ dc—1yn)5 1-€., d,, is the 1 x ¢ row vector of steady state probabilities that
the EMC is in S,. Let d= [d_é dy ds ], ie., d is the 1 x oo row vector composed of an
infinite number of row vectors, d,, for n > 0. Let G,12)(2) = 2onzgdinz™ be the GF of L?
when L' = i, i.e., of the joint event L? = n and L' =i (not of the event L? = n given L' = i),
for i € [0,¢—1]. So Y 17, dp 2" = (Go.02)(2), - - ,G(C_l,Lg)(z)] is the 1 x ¢ row vector of GF of

L% for L' € [0,¢ — 1].
Because a Class-2 departure can only see 0,...,c — 1 Class-1 jobs, once we get G(ing)(z),

using the total probability theorem, we have the GF of the number of Class-2 jobs at Class-2

departures:

GLQ(Z) = iG(z,LQ)(Z) (4.24)
1=0
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As in Section £4.J] we derive the transition matrix of the EMC based on the observation

that the SP depends on Class-2 arrivals in D;, as follows:

e If L2 > ¢: The SP remains SP(c) at least until the (k+1)** Class-2 departure, independent

of Class-2 arrivals during Dj,.

o If Li € [1,¢ — 1]: If no Class-2 arrivals happen before the (k + 1)t Class-2 departure, the
SP remains SP(L?) until the (k + 1)** Class-2 departure. Otherwise, the SP is SP(L3)
until the next Class-2 arrival, and then the SP becomes SP(L? +1). (As the next Class-2
arrival may happen during BPLi together with other [ Class-2 arrivals, when the MC
leaves BPpz2, the SP would be SP(L}+1+1),1>0.)

e If L? = 0: The SP remains SP(0) until the next Class-2 arrival, and then the SP becomes

SP(1) (or SP(l+1), 1> 0, see the discussion in previous bullet point.)

For simplicity, we next demonstrate the use of the ideas above to derive M, for the special
case of ¢ = 2. The general case with ¢ > 2 can be analyzed in similarly. However, ¢ = 2 is the
only case for which we derive a closed-form expression for the number of Class-2 jobs in steady

state.

4.5.1 Transition Matrix of the EMC

In Section LZ1] we derived the LT of Dy, TP k. expressed the distribution of oD using (4.2)),
and then wrote the transition probabilities of the EMC, at the moment of the (k + 1)5 Class-2
departure using ([#22]). We follow the same process here, for ¢ = 2. We first derive LT"* while

considering the SP when L% > 2, and then Li =1, and finally Li = 0.

The Transition Probabilities for Li > 2

Notice that, because 74, 4, depends on the number of Class-1 jobs in the network, Dy depends
on the values of L,l€ and L,l€ 41+ For every L% > 2, there are four feasible combinations of L,ﬁ
and Li +1:0—-0,0—1,1—0and 1 — 1. In contrast to the single-server case where we had

one possible inter-departure time distribution, here we have 22 different inter-departure time
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S.2 Ssz U S;

Li=1 i=L3+1

A2

#o min(2, L)
0, Li -1 v(0, L2) /0‘@ v(0,12) 0, Li +1

1
v(0,12) v(1,12)

Ha Ay

@\ o) 1,L§c> W) L2410 ..

A
v(1,L%)

Figure 4.5: MC for the ¢ = 2 servers case where Li > 1.

distributions in the EMC. (For general ¢ > 2 we have ¢? different inter-departure times when
L >c)

Let LTL}C’L}CH(S) be the LT of Dy, conditioning on L}, and Lj ,, given L} > 2 (we omit the
latter dependency for notational convenience). For example, LT%(s) is the LT of Dj, when the
k' and (k + 1)® Class-2 departures see no Class-1 jobs in the network at their departures.

Figure illustrates the service and arrival process of the Class-2 jobs in the MC after the
k" Class-2 departure where Li > 1, omitting details that are not relevant.

We next discuss the possible steps of the MC after the k** Class-2 departure to express
LTY(s), LT ' (s), LT'%(s), and LT'!(s). Consider LT'%(s) for example. The rate of exiting
from any state (1,Li) is v(l,Lz) = A1 + A2 + p1 + peo, thus after an exp(A; + Ao + 1 + po)

distributed time interval, the MC would move to one of the following four states:

e State BPLi, w.p. v(fii)’ Similar reasoning as in Section ELZAT] gives that w.p. #}%),
10(.) e AMtAetpitp BP 10
LT'(s) is o LT (s)LT(s).
e State (1,L% + 1), w.p. v(l)\—i,%) Similar reasoning gives that w.p. v(l/\,QLi)’ LTY(s) is

A1 +HAo+p1+pe 10
A1+A2+p1+pe+s LT (8)

e State (0, L%), W.p. U(l’“ 75 From the memoryless property, the LT of the time from when
ik

the MC enters state (0,L7) until the next Class-2 departure occurs (with Ly, = 0) is
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00 10( ) jq _AMFAotpi+ 00
LT™(s). Thus, w.p. U(%lLi)’ LT(s) is WMI]T (s).

e State (1, L% —1), w.p. v(l"—ii) Here, the next Class-2 departure occurs, but L,ﬁ_H is not 0,

so in this case, a transition in the EMC from Li =1to Li +1 = 0 is infeasible. Therefore,

w.p. v({fQ%), LT1(s) is 0.

Using the Total Probability Theorem and multiplying by A1 + A + p1 + po + s, we get
(A4 Ao+ g1+ po + 8) LT (s) = M LTBP (8) LT (s) + Mo LT (s) + u1 LT (s).  (4.25)

Using similar logic, we derive the following three additional equations:

(A + Ao+ 20 + 8)LTO(s) = MLTY(s) + Ao LTY(5) 4 2p0; (4.26)
(A + Xo +2u0 4+ 8) LT (s) = MNLTH(s) 4+ A LT (s); (4.27)
(M + Ao+ p1 + po + s)LT Y (s) = MLTBY(s)LT™(s) + Mo LT (s) 4+ iy LT (s5) + [4.28)

Thus, [{#25-{4.28)) give four equations with four unknowns, which can be solved in closed form.
Using © = (A1 + 2u2 + ) (A1 + p1 + p2 + 5 — MLTPP(s)) — Ajpa) ™!, we get:

LTY(s) = 2us(M + p1 + po + 5 — MLTPP(5))0; LT (s) = A\ p2©;

LT (s) = po(A + 2us + 5)6; LTY(s) = 241 1120.

Li,L} _ ! '
We let o " = (l—f)lLTLllv’Lllﬂrl( )()\2), then using (£2) and [@22), we get, for L} > 2,

the transition probabilities of the EMC:

OforL%+1<L%—1

Myr1 72 1 2 = . 4.29
(LEL3)=(LE, L3 ) Li,LE,, for I2 > I2 1 (4.29)
Ly —LE+1 ktl = Tk
00 01
ot q

Letting o] = be the 2 x 2 matrix of the probability that a”* = [, as a function

10 11
Q- o
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of the four different Dy, we get the matrices MLiHLiH for L? > 2 and L%H > 0:

Ogxo if L2, | < L2 —1
My | = . f““ ) k ) . (4.30)
ﬂLi+1—L§+1 if Ly > L =1

Note that (£30) characterizes the rows of M in ([A.23]) that correspond to any S; with ¢ > 2.

The Transition Probabilities for Li =1

Here, since we assume Li =1, when the k" Class-2 departure occurs, the MC moved into S;.
Before the next Class-2 arrival or departure, there may be many Class-1 arrivals and departures,
so the MC may move among states in S; U BP;. When the MC leaves S; U BPj, it may move
to Sy (Class-2 departure occurs first) or to U°,S; (Class-2 arrival occurs first). In both of
these cases we can establish the conditional distribution of (L} H,Li +1)- Thus, finding the
one-step transition probabilities of the EMC is reduced to finding the first-passage probability
distribution from Sy to Sp and U2, S;.

We again think of the MC after the k*" Class-2 departure as a MC with a transient set:
S1 U BPy, and absorbing sets: U2,5; U Sy. In the MC, let I'1—q, I'is0 and I'y_,5+ be the
one-step transition matrices from S U BP; to S1 U BP;, Sp, and U2, S;, respectively.

From Figure [4.5] we can see that I'11, I'1—0 and I'y_,9+ are:

(0,1) | 0 Al 0 0,1) | £~ 0
I = v(0.1) N Iso= v0.1) ;

(1’ 1) U(ﬁlbfl) 0 v(l?l) (1’ 1) 0 U(ﬁfl)

BP, | 0 o&FF 0 BP, | 0 0
(0,2) (1,2) (0,3) (1,3)

0,1) | 22~ 0 0 0

and F1*>2+ _ ( ) v(0,1)
(LD 0 g 0 0
BP, 0 aff 0 off

To derive the one-step transition probabilities of the EMC, we next discuss the possible

steps of the MC, when it leaves the set S; U BP;.
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e If the MC moves to Sy, then the (k + 1) Class-2 departure happens before the next
Class-2 arrival. Using Lemma [2l and an algebra software such as MAPLE, the probability

of absorption in Sy (starting at S1) is

10 0 B
Vi = “(Isx3 —T'151) " Thso (4.31)
01 0
A+ A2+ p1 + p2 —aBP N A
12

M1 A1+ A2+ o
— . 4.32
(M1 + Ao+ p2 — aBPA) (M + Ao+ pa) + Ao + pa o (4.32)

At this absorption time the EMC moves into a state (L}H_I,L%H) € Syp. Thus, the

transition matrix from S; to Sy in the EMC, M;_ is Wqp.

e If the MC moves to U2,S;, then a Class-2 arrival happens before the (k + 1) Class-2
departure. (Note that this Class-2 arrival may have occurred during the BP; and it may
not be the only Class-2 arrival during the BP;; the number of Class-2 arrivals during
the BP; can be calculated from (£6]).) From Lemma [2] we can calculate the absorbing

distribution matrix from S to U2, S;:

1 00 .
Uy = “(I3x3 = T1s1)” Tt (4.33)
010
After the MC enters states within U2,S;, there are more than one Class-2 jobs in the
system and the SP is identical to the one for Li > 2. Using the memoryless property,
the distribution of (L,lg 1 Li 4+1) given the MC is in U$2,S; is identical to the distribution
of (L}, +1,L% 41) given (L}, L}) € U2, S;, (E29). Then, we use conditional probability to

calculate transition probabilities of the EMC:

1
ML 1)L, L2, ) = Z m(ql,qg)%(L}Hl,LiH)P{(Q17Q2) | (L, 1)}, (4.34)
L2, +1
(Q17Q2)€Ui:k;1 Si

in which mg, oy is given in @29) and P {(q1,¢2) | (L}, 1)} is the correspond-

1 2
k+1’Lk+1)
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ing probability of absorption in U32,S; given in (33). The upper bound of go is L? atL
because for the (k + 1)*¢ Class-2 departure to see L% 41 Class-2 jobs, g2 can be at most

L%_H + 1. The lower bound of g3 is 2, because (g1, ¢2) is in U2,.S;.

From (£32) and (£34), we get matrices M, _, 12, for L., > 0, expressing the S; row of
M in (£23)

\:[110 for L2 =0
M, s (4.35)

= T
k+1 \1/12 ’Q{ZQC_F . %T %T 02><OO] for L%_’_l Z 1

;-1

The Transition Probabilities for Li =0

Using a similar analysis as in Section L5.I] we obtain the matrices M,_, 2, for L7, > 0,

characterizing the Sy row of M in ([@.23]) (the detailed procedure is given in Appendix [£T10.2]):

\1101\:[/10 for L%—f—l =0

]\4OHL§7L1 = (4.36)

T
(oW1 + Vo2) [l - Al Oguo]” for LT, >1
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Thus, using (£30), (£35) and ([@386), we obtain the transition matrix of the EMC in (£23) as:

S, S, S,
Mn,1
7
So | Y010 | (Wo1Wio + Po2) | (U1 Wi + Vo) | A
0<>o><2
)
0oo><2
efyn—l
M =
2
S1 Yo 4D Vig | oA
0oo><2
oy
L 0oo><2 |
Sa 0 7 1
Sg 0 0 dn—2
Sy 0 0

@

4.5.2 Generating Function Approach

We now derive the steady state distribution of the EMC for the case of ¢ = 2. Recalling that

d is the row vector of the steady state distribution of the EMC, the equilibrium equations are

given by d- M = d, so from ([@37)

» (di + doWo1) V1o if n=0
7o 7 7 T T g7 r .
({d27d37 ] +d1 P12+ do(Po1Pia + Uoo)) [ - AT A 02xoo) if n>1
(4.38)
Note that (£38), just as (£.18), has an infinite number of unknowns appearing in an infinite

(identical) number of equations. To find these unknowns, we calculate the GF as in the standard
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M/G/1 queue. Multiplying the n'* equation in (@38) by 2" and summing over all n:

[G0,22)(2), G(1,22)(2)]

[e.e]
- - o - - T
= do+ ([dz,da,-n} + di V12 + do(Po1 P12 + Po2)) Z [y - A Ognoo]” 2™
n=1
With some matrix calculations (see Appendix [L10.1] for details), we get:

[G0.2)(2), Ga12y(2)] = do2(2), (4.39)

where Z(z) is given in closed form in Appendix AT0.T1

Therefore, if we can express dy in closed form as well, we could use (£39) to express

[G(Osz)(z), G(LLQ)(Z)] in closed form. Then, we get the GF of L?:
GLQ (Z) = G(O,LQ)(Z) =+ G(l,LQ)(z)' (440)

If we further assume that the service order in each priority class follows the FIFO rule, we
can use the Distributional Little’s Law (Bertsimas and Nakazato 1995) to get the LT of Class-2

jobs’ response time:

S S

R _
LT 2(5) = G(O,LQ)(l — )\2) + G(l,LQ)(l - )\—2)
The next section is devoted to deriving do.
4.5.3 Expressing d:) in Closed Form
To obtain dy, we let z — 1 in (39) and get
(G002 (1), Ga,py (V)] = o - limy 9(2). (4.41)

Notice that the denominator of Z(z) is zero when z — 1, so we need to apply L'Hopital’s rule
to calculate lim,_,1 Z(z). The value of lim,_,; Z(z) is determined by G 5r (2), Gyo0(2), Goi1(2), Gao1(2), Gy,
and their first order derivatives, which can all be calculated from (£7)) and (4.62)).

Note that (£.41I]) is composed of two equations with four unknowns: G g 2y(1), G(1,12)(1),
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doo and dyg. Another equation is the normalization requirement
G(O,LQ)(l) + G(LLQ)(l) =1. (4.42)

Thus, to find a closed-form expression of [G(O, 12)(2),Gq, Lg)(z)}, we need another linearly

independent equation of these four variables. To find this equation, we focus on the value of

_ __dio
Y1 = Tiotdoo

Let a Level-j Class-2 busy period (j = 0,1,...) start once a Class-2 job arrives at the system
when j Class-2 jobs are present (but not necessarily in service), and terminate at the first time
the number of Class-2 jobs in the system drops to j. Let “a Level-j Class-2 busy period starts
with ¢ Class-1 jobs” denote that the first Class-2 arrival in this Level-j Class-2 busy period sees
1 Class-1 jobs, similarly “a Level-j Class-2 busy period ends with ¢ Class-1 jobs” denote that
the Class-2 departure that ends this Level-j Class-2 busy period sees ¢ Class-1 jobs. Recall
that, in our M/M/2 queue, a Class-2 departure sees either zero or one Class-1 job. With these
definitions, 7 is the probability that a Level-0 Class-2 busy period ends with one Class-1 job.

Let II; be the probability that a Level-0 Class-2 busy period starts with ¢ > 0 Class-1 jobs.
Let F; be the probability that a Level-0 Class-2 busy period that started with ¢ > 0 Class-1
jobs ends with one Class-1 job. Note that, in the ¢ = 2 case, the probability that a Level-j
Class-2 busy period (j = 1,2,...) that started with a fixed ¢ > 0 Class-1 jobs ends with one
Class-1 jobs is the same for any Level-j Class-2 busy period for any j = 1,2,.... Let B; be this
probability.

Using the Total Probability Theorem, we have

oo
1= ZHiFi - (4.43)
i=0

Thus, if we can find F; and II; in closed form, we can also express ¢; in closed form.

We then discuss the next possible events, and use the memoryless property to write recursive
expressions for F; and B;. For example, if a Level-0 Class-2 busy period starts with no Class-1
jobs (i.e., a Class-2 job arrives at an empty system), then three events may happen in the

system:
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1. Class-1 arrival, w.p. )\1+k1 . Thus, one Class-1 job is in the system. Then, due to the

Az+p2
memoryless property, Fy is identical to F}, the probability that a Level-0 Class-2 busy

period that started with one Class-1 job ends with one Class-1 job.

2. Class-2 arrival, w.p. T . A Level-1 Class-2 busy period is started. It ends with one

A2
Ao+

Class-2 job and either zero or one Class-1 job:

(a) One Class-1 job, w.p. By. Then, due to the memoryless property, a Level-0 Class-2
busy period starts with one Class-1 job, and it will end with one Class-1 job w.p.
Fy.

(b) No Class-1 jobs, w.p. 1 — By. Then, due to the memoryless property, a Level-0
Class-2 busy period starts with no Class-1 jobs, and it will end with one Class-1 job

w.p. Fp.

3. Class-2 departure, w.p. >\1++§+ug A Level-0 Class-2 busy period ends with no Class-1

jobs. That is, it ends with one Class-1 job w.p. 0.

Using the Total Probability Theorem and multiplying by A1 + As + po, we get
()\1 + Ao + ,LLQ)FO =\ + )\Q(BOFl + (1 — Bo)Fo) + w2 - 0. (444)
Similar logic yields

M FX+m+p)Fi = ME+X(BiFy+ (1 — By)Fy) + i Fo + poe, (4.45)

M F+X+2m)F; = MFip+ (B + (1 — By)Fy) + 2u1 Fi— for i > 2, (4.46)

for a Level-0 Class-2 busy period; and

()\1 + Ao + 2M2)B0 = MB1+ )\Q(BOBl + (1 — BQ)B()) + 2us9 - 0, (447)
(M + X+ +p2)Br = MBa+ X(Bi1B1 + (1 — B1)By) + 1By + pe, (4.48)
()\1 + Ao + 2,[1,1)31‘ = MBi1+ )\Q(BZ‘Bl + (1 — BZ)BO) + 2u1B;—q for i > 2, (4.49)

for Level-j Class-2 busy periods, j = 1,2,....
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Note that B; is independent of F;, but F; depends on B;. Therefore, we first express B;.

Lemma 3 B; is given by

>\1AOB
B
Bi _ 20— >\2A

- >\1A B
72/1,2)\AB+A + kT " fori>1

forz':()

)

B _ —2ui+ghi+glo+2gui—g /\1 _ 1 . BYAB ___MimAf
where A0 ghe k= Alg(()‘l + A2+ pa +p2 )‘2AO )AO i —Ao A /1’2)7

and g 1is the only root in (0,1) of the following quartic function:
ATg AL (2p2— A= Ao —4p1) g° +2(p1 (21 +H4N1 + A2 —2p12) — A1 pr2) g°+4p (2 — A1 — Ao —3p1) g+87

Then, using the same technique, we can express Fj.

Lemma 4 F; is given by

2)\1u2Ag C_
Fi= ,, taleoe) fort=0 (4.50)
—12”2“32:3 CAE + & 2= +§2 = for i>1

where h = ﬁ(()\l + Ao+ 2u1) — \/()\1 + Ao+ 201)% — 8A\1p1), and

3 e
_ g1
&L | =H (2 = sop2(A 4 A2 + 2u1)) ’
AF ()\%,U«LUQ + A%(Mz — xp2(A1 + A2+ 201)) (A1 + A2 + 21))
in which
hog _ >\1+/\2+u1)\-tu2—/\2A63
= h? g2 ”1+“§\jg'€)‘2 — A1+>‘2+2M (A1 + A2+ p1 + p2 — )\QAOB) + 72#23%\22A63
B3 3 2“1()\1+>\2+M1+u2—)\2A0)+>\2/\—'€1f
g

+AEREEIL (o iz + grd — ML (A X + i+ 2 — MAG) + 5 22

The MC in Figure tracks the number of Class-1 jobs present when a Level-0 Class-2

busy period starts; II;,Vi > 0 is the solution to this MC. To find the II;, we write down the
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Figure 4.6: The MC when there are no Class-2 jobs.

Balance Equations:

)\2(1 — Ho) = Ay — pI1y + Aoy (451)

)\2(1 — HO — Hl) == )\11_[1 - 2,[1,1]12 (452)

)\2(1 - Z H]) = )\11_[2 - 2M1Hi+1 (453)
7=0

Again, using the same technique, we can express II;.

Lemma 5 II; can be expressed as a function of p1:

p1(A—f)+Aa(1—p1) o
I, = Ar+Ao+p1—fur fori=0 ’ (4.54)

(A=f)AtAep1) £i—1 :
)\1+/\2+1M1*2f/111 fl fO?“ i>1

where f = ﬁ()\l + X2+ 201 — /(A1 + Ao+ 201)% — 8Aipu1).

Substituting ([A50) and [@54) in (£43) gives us an equation of 1, from which we can get

$1:
M(f=DE+ A5 2w (Vs + i — fin) (455)
901 = 9 °
“Xo(f = DE + Af 5 29085 + (A + Ao+ 1 — f)
_ 1 ¢ he AL (@M1 +2u2—A2AP) ¢ h¢
where B = —5 (5% + 724 — =0 2/12—>\22A632 )+ 75— T Tt

Hence, ([d41)), (d.42) and ([@.55) give four equations with four unknowns whose solution gives

-

do.
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4.5.4 Summary and Guidelines for ¢ > 2 case

The process to get G2(z) can be easily extended to ¢ > 2 case. We summarize the main steps

here:

o Transform the 2D-infinite continuous-time MC (in Figure [L]]) into a 1D-infinite ladder-

like discrete-time EMC (with the transition matrix in (£23))) by:

1. using the Class-1 busy period to simplify the original MC to the MC in Figure

2. deriving the transition matrix of the EMC by observing the system state at Class-2
departures; deriving M;,; (1 < i < ¢+ 1) for three cases: L2 > ¢, L? € [1,c— 1]

and L7 = 0 as done in Section 5.1} and inserting M;_,; into M according to ([22]).

e Derive the closed-form expression of the GF of the number of Class-2 jobs in the system.
The matrix in ([@23]) has a nice structure and we can apply the GF approach to express
(Go,02)(2); -+, Ge—1,12)(2)) as the product of a row vector dy = (doo, .-, de—1,0) and a
(¢ x ¢) matrix Z(z). Then, we use linear recurrence sequence (matrix difference equations
if ¢ > 2) to get equations like (£43]). The solution of these equations gives ¢; for i =
1,...,c — 1. Once we obtain G(; 12)(z) in closed form for i € [0,c — 1], we use (d.24)) to

derive the GF of L2.

4.6 Numerical Method

While it is theoretically possible to get the Gr2(z) in closed form for any ¢ > 2, the expressions
of Gy2(z) are not simple even for ¢ = 2, and become more complicated when ¢ increases,

because:

1. Expressing the transition matrix for Li > c requires deriving the LTs for ¢? different Dy,

depending on ¢? different combinations of L,ﬁ and L,ﬁ 41
2. Expressing Z(z) as in ([A.6]]) requires an elaborate derivation.

3. Deriving a closed-form expression for ; for ¢ = 1, ..., c—1 requires solving matrix difference

equations.
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We next propose an easily implementable numerical algorithm to calculate E [LQ] which
overcomes these difficulties. For generality, we focus on E [L?] and E[R,] instead of the
distribution of Ry, which requires the FIFO assumption.

To overcome difficulty 1, we give a numerical algorithm to calculate <%, the probability of
i =0,1,... Class-2 arrivals during different inter-departure times, in Section 5.1l Then, the
techniques in Subsections 5.] and A5.T] can be used to derive the transition matrix of the
EMC for Li > c.

We demonstrate the algorithm for expressing <% in Appendix by deriving the tran-
sition probabilities of the EMC for Li > ¢ = 2. The general case with ¢ > 2 can be analyzed
similarly.

Once we get <7, using ([4.30), we obtain the rows of M in (£23]) that correspond to any S;
with 7 > 2 numerically. Then, using (£35]) and (£36]), we can compute the transition matrix
in (423).

Since we cannot practically store an infinite number of matrices, we store up to Limit x (c+1)
matrices of dimension ¢ X ¢, given that the maximum element of @7} ;,,;; is less than the accuracy
tolerance, i.e., max(imit) < Tolerance. Therefore, these matrices accurately capture the
behavior of the whole system when the T'olerance is small enough.

Likewise, for any ¢ > 2, we can derive the transition matrix of the EMC in (£.23]) numerically,
by discussing the three cases: L} > ¢, L € [1,c— 1], and L} = 0. In this way, we efficiently
derive the transition matrix for Li > ¢, which requires expressing the LTs for ¢? different Dy,.

To overcome difficulties 2 and 3, we use numerical methods to solve the 1D-infinite EMC in
(#23). Riska and Smirni (2002) gives an exact aggregate method to derive different moments
of the number of Class-2 jobs in the system. This method is easy to implement using their
Theorem 3.1, (18) and (21). As an example, we derive the first moment. See Algorithm [] in

Appendix 104l This numerical procedure is the basis for our results in Section 7]

4.7 Numerical Results and Extensions

This section reports on a set of numerical results using Algorithm @ (denoted by V). We will

validate our results in two cases where exact results are available (i.e., when ¢ = 2 and when
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w1 = p2) and show that the relative errors are small. (We denote the exact results generated
in these two cases by £X .) Next, we will apply our numerical results to answer questions of
interest for multi-server queue with prioritization. Finally, we apply our methodology to the
problem in Maglaras and Zeevi (2004) by replacing Class-1 BP in our model with Class-1 jobs’
exponential service time.

Throughout this section, we use A\; = cp;u; for i = 1,2, so that p; + p2 < 1 is each server’s

occupation rate in the M /M /c queue. Thus once ¢, p1, p2, p1 and uo are given, the system is

determined.

4.7.1 Accuracy and Complexity of the Proposed Numerical Method

Potential inaccuracies in Algorithm (] arise from two main sources. The first is that alBP
requires numerical inversion of the probability GF. Abate and Whitt (1992) gave an efficient
inversion algorithm with a controllable error bound. We use the suggested error bound: 10~8
in Algorithm [@ The second inaccuracy is controlled by the tolerance we choose when assuming
a finite waiting room for Class-2 jobs: Limit = min {i | max(<%) < Tolerance} where <7s are
given in (Z66). We use Tolerance = 1076,

We demonstrate the accuracy of Algorithm @] by comparing the expected L?, generated
using Algorithm @, EV[L?], with the exact results for ¢ = 2 and for 3 = s = 1. We denote

|BFX[L2)-EN[L)|
EBEX [LQ] .

In the ¢ = 2 case, we calculate EXX[L?] using the closed form G2(z) from Section E5, for

the relative error of EV[L?] in comparison with EXX [L?] as %Error =

p1 =1 and pup = 2. In the uy = pg = 1 case, we calculate EFX[L?] using Buzen and Bondi

(1983):
EEX [L2] B ()\1 + )\2)c+1 )\c+1
TGRS S 2 L I3 P VO Y BT o R TP

for ¢ = 2,10,50. In both cases, we vary p = p1 + p2 (from 0.90 to 0.99 in steps of 0.01) and

p1

11 2 3 4
E (as g,z,g,l

5 T %) In total, we exam 280 different parameters settings, and all %Errors

in these experiments are less than 0.001%, outperforming the approximation in Harchol-Balter

et al. (2005), which is to our knowledge the best approximation, with a % Error within 2%

compared to simulation.
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Next, we discuss the complexity of Algorithm [ regarding the combination of parameters,
ie., ¢, p1, p2, p1, and po (note that, A; and A2 are determined by these parameters: \; = cp;p;
for i = 1,2). Specially, we discuss how the time for Algorithm @l to generate E™V[L?] changes

when we solely increase one of the parameters.

The complexity of the algorithm increases with c¢. Recall that the size of each block matrix
in (37) is ¢ x ¢. When c¢ increases, the algorithm needs more storage space and computing
power to handle a larger matrix. For ¢ < 50, it only takes several seconds. The processing time
of Algorithm M increase with ¢. For ¢ = 100, it may take several minutes. Detailed numerical

results are available upon request.

Increasing p; raises the complexity of the algorithm. As we know, the expected Class-1 busy

period is see, e.g., Adan and Resing 2002). Thus, a larger p; causes a stochastically

— L
cpa (1—p1)

longer Class-1 busy period, within which more Class-2 customers may arrive. If we imagine
different arrows in Figure 4.2l as liquid flows, we could expect a higher probability of seeing the
Markov Chain at a state with larger ¢o. Then, our algorithm needs more iterations to reach
a given tolerance. The above discussion also demonstrates that E[L?] increases with p; too.

Similar discussion will lead to that increasing p; reduces the complexity of the algorithm and

E[L?] at the same time.

It is straightforward that the complexity of the algorithm and E[L?] both increase with

p2. Again a busier system implies that more iterations are required to reach a given tolerance.

A2

However, it is not obvious that the complexity of the algorithm increases with po. Since ps = s

is fixed, we need to raise Ao when increasing us to keep ps the same. A higher Ao leads to more
Class-2 arrivals in the Class-1 busy period. The rest of the discussion is exactly the same as

the case of increasing p;.

Given the accuracy of Algorithm M we next use it to derive insights on the operation of
multi-server queueing systems with two priority classes. None of these insights were available
before due to the lack of exact numerical algorithms for this preemptive system with different

service rates for each priority class.
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Figure 4.7: The effect of improving p;,7 = 1,2 on E[Rs] under different combinations of \; for
i=1,2.

4.7.2 Insight 1 - How Changing y; or uy; Affects F [R;]

Consider a company that operates an M /M /2 system to serve two priority classes where Class-1
has preemptive priority over Class-2. The company receives complaints of long response times
from Class-2 customers. When the manager is able to improve the service rate of either one
priority class, her first reaction may be to improve the service rate of Class-2 customers, pus.
However, this decision may not be optimal: Consider the example with A\; = 1.1, Ay = 0.8
and py = po = 1. Figure d7(a) illustrates the effect of improving p; or pe on E[Ry]. The
solid line shows how E [Rs] changes when improving poe while keeping 1 = 1 and the dashed
line shows the effect on E'[Rs] of improving uq while fixing ps = 1: for the same service rate
improvement, upgrading p; is more effective in reducing E [Rs]. In other words, when Class-2
customers complain about the long response time they experience, it is better to improve the

service rate of Class-1 customers. The intuition is as follows.

Any Class-2 customer’s response time is dictated by its interaction with customers of both
types. Class-1 customers affect this time by the service time of Class-1 customers seen upon a
Class-2 customer’s arrival, those Class-1 customers who arrive during her waiting time if she
does not enter service immediately, and those Class-1 jobs who interrupt her service. Class-2
customers affect this time via both the service times of customers at her arrival and her own
service time. Increasing p; reduces the first part, while increasing po reduces the second part.
Which of these effects dominates (and which service rate is preferable to improve) depends on

the relation between A\; and Ao. In Figure [£7(a), the first part of response time dominates,
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Figure 4.8: The effect of improving p;,7 = 1,2 on E [Rs] under different numbers of servers.

so it is better to improve p;. In contrast, when A\; = 0.8 and A\ = 1.1, as in Figure @7))(b),
improving po is better. Finally, when A\; = 1 and Ay = 0.9, from Figure [L7(c), we see that
it is better to improve pq, if the maximum service rate the company can achieve is below 3.5;
otherwise it is better to improve ps. Therefore, we need an accurate calculation of E[Rs] to

decide which service rate to improve.

Next, we examine how the number of servers may affect the manager’s decision. In Figures
1.8 (a) and (b), we keep the initial service and congestion rates for both classes the same (i.e.
w1 = p2 =1, pp = 0.55, and ps = 0.4), and change ¢ (i.e., ¢ = 1 in L8(a), ¢ = 2 in [L1(a),
and ¢ = 3 in[L8(b). We see that when ¢ increases, the two E[Ra] curves get closer, and when
¢ = 3, they cross. This example illustrates that managers cannot decide on which service rate
to improve by approximating an M /M /c system as an M /M /1, because the number of servers

affects this decision.

Other objective functions besides E [Rg| can also be considered by our algorithm. For
example, we can consider a weighted average of E [R;] and E [Rp]. Because we can calculate
E[Rs] quickly and accurately, comparing different service rates of different priority classes is
straightforward. Likewise, it is very simple to incorporate different marginal costs of improving
different service rates. Of course, we could also consider the case where the company can

improve p; and po simultaneously.
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Figure 4.9: The Marginal Effect of pooling servers on expected waiting times of both priority
classes, under different p; for ¢ = 1,2 when p; = py = 0.475.

4.7.3 Insight 2 - The Marginal Effect of Pooling Servers

In this section, we consider the effect of increasing ¢, while keeping the occupation rates p; and
service rates of both priority classes p; (i = 1,2) the same, i.e., the marginal effect of pooling
servers. In Figures[4.9] (a-c), we illustrate the effect of pooling ¢ servers together on the expected
response times of Class-2 jobs, under different ps’s. We use p; = pg = 0.475 in this section.
The first observation is that pooling servers always reduces expected response times of both
priority classes; this is no surprise. As more servers are added, the response times approach
i, respectively, for Class-1 and Class-2 jobs; in the infinite servers case, the response times are
simply i Note though that adding servers always benefits Class-2 jobs more than it benefits
Class-1 jobs. The intuition is that due to their preemptive priority, Class-1 jobs already have
the highest access to servers, while Class-2 jobs’ access is restricted. Also, comparing Figures
[49 (a-c) reveals that when us increases, the relative improvement in F [Ry| is reduced. The
reason is that shorter Class-2 jobs have a greater chance to finish before being interrupted by a
Class-1 arrival. Therefore, pooling servers aids long Class-2 jobs more than short Class-2 jobs.

The same insight holds for different p’s and %’S.

4.7.4 Insight 3 - Few Fast Servers v.s. Many Slow Servers

In this section we compare systems with different numbers of servers, while keeping the arrival

rates A\; and the occupation rates p; (i = 1,2) the same (i.e., increase ¢ and reduce p; while

holding cu; = % constant). That is we investigate the effect of having many slow servers
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Figure 4.10: The effect of ¢ on expected waiting times of both priority classes, under different
Niyi=1,2.

compared with having fewer fast servers. We again use p; = py = 0.475.

In Figure 10, we fix Ay = 1 and illustrate the effect of having more slow servers on the
expected response times of Class-2 jobs, under different Ay’s. Note that within each figure as ¢
increases, both p; and py decrease. Between figures, because we keep c/\TQQ = p2 = 0.475, for the
same ¢, a smaller Ay results in smaller po and vice versa.

We see that in (almost) all cases jobs prefer fewer fast servers, which might be expected, as
the service times are exponential (cv = 1). But we also see that the number of servers affects
E[Rs] in different manners for different values of A\y. When Ao = %, Class-2 response times
increase faster than Class-1 jobs’ as ¢ increases. In contrast, when Ao = 3, Class-2 response times
increase slower than Class-1 jobs’ as ¢ increases. The intuition is that even though reducing
uo increases Class-2 response times due to Class-2 service time, higher ¢ provides Class-2 jobs
more access to servers, so they have a higher chance to finish before being interrupted by a
Class-1 arrival. When Ay = 1, these two factors balance and the response times of both priority

classes increase with ¢ at similar rates. When Class-2 jobs are short, the increased access is

more beneficial as they are more likely to finish before being interrupted.

Another observation from Figures 10| (a-c) is that when A\; = 1 and A2 = 3, the Class-2
jobs’ average response time may decrease with ¢, when c is small. This trend is more obvious in
Figure L10] (d) when A; = 1 and A2 = 10: the E [R3] decreases by about a third (12 vs 8) when
¢ increases from 2 to 14. In this case, the effect of improved access to servers benefits Class-2

jobs so much that it overcompensates for the negative effect of decreasing ps. This result has
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Figure 4.11: The MC of an M/M/c queue with two priority classes where the first class is
completely impatient.

also been shown in Wierman et al. (2006). Our numerical algorithm strengthens their result
and gives an accurate estimation of the optimal number of servers for low-priority customers.

The same insights hold for different p’s and %’S.

4.7.5 Extension to Impatient Class-1 Jobs

Maglaras and Zeevi (2004) considered an M /M /c queue with two priority classes where the
first class is completely impatient, i.e., if not served at arrival, they leave the system. They
applied diffusion approximations to the problem in the asymptotic Halfin and Whitt (1981)
regime. The MC of their problem is given in Figure [£11], and is similar to the MC in Figure
[41] except that it is truncated at g1 = ¢ and is a 1D-infinite MC.

Our methodology can be applied to this system by directly replacing the Class-1 BP in our
model with the exp(cpuq) distributed busy periods caused by Class-1 jobs. Therefore, we can
obtain a closed-form expression of the GF of L? when ¢ = 2; and we have an efficient numerical
algorithm to calculate the distribution of L? when ¢ > 2.

Table ATl illustrates the accuracy of the two approximations (2D diffusion and perturbation)
in Maglaras and Zeevi (2004) and of Algorithm [ in our paper, compared with simulation under
different settings in their paper. For simulation, 2D diffusion and perturbation approximations,
we generate the E[L' 4+ L?] from the distribution of L' 4+ L? (i.e., the total number of jobs
in the system) in their results. (Unfortunately, the confidence intervals of the simulation was
not provided.) We generate E[L' + L?] from the sum of E[L!], obtained using a single-class
M/M/c/c model (page 81, Gross et al. 2008), and E[L?], obtained using Algorithm @ The

results of our algorithm are well within the margin of errors of their simulation and are typically
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closer to the simulation than their two approximations. The noticeable errors of our algorithm
may be within the inaccuracy of the simulation. Note that Maglaras and Zeevi’s approximations
are only accurate in the Halfin and Whitt regime, i.e., for high p and ¢, whereas our method is
accurate for all such combinations. However, the time consumption of our algorithm increases

with ¢. When ¢ = 150, the processing time of our algorithm raises up to 30 minutes.

Simulation | 2D Diffusion Perturbation Our Algorithm
(¢, p, 1, p2) E[L'+L?] | E[L'+ L% | %Error | E[L'+L?] | %Error E[L' + L7 % Error
(100,0.95,1,2) 108.22 109.28 1.0% 112.34 3.8% 108.42 0.2%
(50,0.95,1,2) 65.71 64.88 1.3% 66.82 1.7% 64.57 1.7%
(150,0.95,1,2) 154.49 154.30 0.1% 158.63 2.7% 153.58 0.6%
(100,0.925,1,2) 99.64 98.02 1.6% 102.50 2.9% 98.13 1.5%
(100,0.975,1,2) 140.36 136.57 2.7% 139.77 0.4% 138.42 1.4%
(100,0.95,1,5) 120.46 120.02 0.4% 119.43 0.9% 118.97 1.2%
(100,0.95,2,1) 102.74 103.24 0.5% 111.39 8.4% 102.60 0.1%
(100,0.95,5,1) 101.49 101.16 0.3% 115.83 141% 101.31 0.2%
(100,0.95,20,10) 103.44 103.39 0.1% 112.27 8.5% 102.60 0.8%

Table 4.1: 2D Diffusion and Perturbation in Maglaras & Zeevi 2004 v.s. Algorithm M in terms
of E[L' + L? for different settings with p; = ps = &.

4.8 Summary

This paper analyzed an M/M/c queue with two preemptive-resume priority classes. This
problem is usually described by a 2-dimension infinite MC, representing the two class state
space. We introduced a new technique to reduce this 2D-infinite MC into a 1D-infinite MC,
from which the Generating Function (GF) of the number of low-priority jobs can be derived
in closed form. We demonstrate this methodology for the ¢ = 1,2 cases. When ¢ > 2, the
closed-form expression of the GF becomes cumbersome. We thus derive an exact numerical
algorithm to calculate different moments of the number of Class-2 jobs in the system for any
c> 2.

Interesting insights are derived using our algorithm: We first showed that for a company
serving two priority classes and receiving complaints of long response times from Class-2 cus-
tomers, the manager may wish to improve the service rate of Class-1 customers under certain
conditions. Secondly, we showed that pooling servers always benefits Class-2 jobs more than

Class-1 jobs, and aids long Class-2 jobs more than short Class-2 jobs. Thirdly, we demonstrated
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that even though in the single-class system a few fast servers are always preferred to many slow
servers, in a system with priority Class-2 jobs may prefer many slow servers to a few fast servers.
Finally, we applied our methodology to the problem considered by Maglaras and Zeevi (2004),
and demonstrated that our algorithm is more accurate than their approximations.

For future research, it would be very beneficial to extend our methodology to more than two
priority classes, though this appears to be quite challenging. As priority queues have a direct
application in information and communication services, it would be interesting to incorporate

pricing and system design into the model and try to maximize profit.
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4.10 Appendix

4.10.1 Calculations

Calculation for G;,(2)

The following result will be used in the calculation for G;.(z). The derivation of them is straightforward,

so we skip all the details.

oo ) R R T T
Z [ agk Ole" a()Dk 0120 } SN = [ 1 2 22 3 ... Gaf)k (2).
n=0
With the help of these results, we derive G';,(2):
PO R ad X N X T
Gi/g(z) = ([dl,dg,...} —l—dO‘I/Ol)Z { agk Olek aODk 01xoo } 2",
n=0
o T L T
Gia(2) = [d1,d27--~} [ 1 2 22 23 ... } GaDk(Z)JFdO\I/Ol[ 1z 22 28 .| G_p,(2),
GI:Q (Z) — CZO CZO 29 + AlGaBP(Z) — agp)\l
Gl = =G @+ T m Ty, Can ()

We move G, (z) to the left-hand side and get (£.19).



CHAPTER 4. M/M/c QUEUE WITH TWO PRIORITY CLASSES 129

Calculation for G;2(z)

The following results will be used in the calculation for Z(z). The derivation of them is straightforward,

so we skip all the details.

[} T
Z { gl A A O } 2t =2TGy, (4.56)
i=1
. . ) T G 00 (Z) G0 (Z)
in which T = [ Ixs zlaxs 2%Iaxs 2%Iya - ] and Gor =
Galo (Z) Gall (Z)
- 1 L
[dz, ds, } T = S(Gralz) — do — di2) (4.57)
di = do(¥iy — V1) (4.58)
2‘11_1 )\2()\1 + )\2 + M1 + Mo — Oé?)\l) %)\1 (Z)\Q + )\1GQB (Z) - Oég>\1)
2" ¥10
- Ao by %()\1 —l—)\g+M2)(2)\2+)\1GO¢B(2)—O£§)\1)
z =
1o 12 (A1 + A2+ p2) (M + Ao+ po — Mad) + ur (Mg + p2)
22% 0
_ . (4.59)
| 0 u—i(z)\g + MGus(2) —ag A1)
[ 0 L? 2 2 )\?éG%B (Z)iagiza?) B
_ z k1+)\2—0(0 )\1+2)\1)\2+)\2;¢1—a0 A1 A2
Yo X 0 L_ MOu+)(Gop()=af —zaf) (4.60)
z2 /\f+)\§—a§)\f+2)\1)\2+)\2;¢1 —Cugkl Ao

With the help of these results, we derive Z(z):

oo
- S - - T
[Go,02)(2), G,12)(2)] = d0+([d2, ds, } +d1W1o4do(Po1 W12+¥o2)) Z (@] A 0] 2"

n=1
From (£E5M), we have
(G0,2)(2), G102 (2)] = do + 2 { {d; ds, } +d1 U 1s + do(Wor Tyo + ‘1102)} TG
From (€X7), we have
Glo.02)(2), Gy ()] = ot~ (G 1) (2), Gt 2y (2)] o 2) G+ 2(dy Wra i (Won Va4 W02) TGl

Moving [G(OyLz)(z), G(LLz)(z)} to the left side of the equation gives

[G(o,m)(?«’), G(I,L2)(2)} (2I2x2—Go) = d_é(22(‘1101‘1’12+‘1’02+)TGM—Gdﬁ-ZIsz)—i—dz (22U15YG oy —2G o).
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From (£58), we have

[G(O,p)(z), G(I,LQ)(Z)} (ngngGd) = d_E) {(ZQ\I/;Ol\IIQT —+ 22\1102T — IQ><2 — Z(\Iffol — \1101))Gg¢ + ZIQXQ} .

From (£59) and (£60), we have

[G0,02)(2),G1,12)(2)] (2lax2 — Gr)

2y (G (2)—af —zaP)
H2 IXNZ402—al N2 +2X 1 A+ X1 —aB A X2
—1

= dy M%(zAQ + MGas(2) —af ) G — 2V — V01)Go + 2lax2).

Matda)(Gop(H)—af—zaf) 4
)\%Jrkg*aég A%+2)\1)\2+A2M170£63)\1A2

+

Gall(Z) —z —Ga(n (Z)

—Go0(z2)  Gaoo(z) — 2

-1 _ )
We know, (zlax2 — Gor)~ ' = T G 0T (G e = SO We have:

22& 1 )\?(GaBp(z)—afP—zafP)
12 YNy 22 5 VI W VS Wy Ry L WO WS
—1
0 i(Z)\Q + MGynr(z) — ozgp)\l) C(z) — 2(Vy — Yo1)€(2)
+ >\1(>\1+>\2)(Ga5p(z)fafpfzafp 1
N2 —alP AT+ 221 Aot he s —al P A Az

—(z — Ga1(2)) —Gyo1(2)
—Gqr0(2) —(z2 = Guoo(2))
2G 00 (2) + 2Ga11(2) — Gao0(2)G 11 (2) + G o1 (2)Ggro(z) — 22

(4.61)

in which
Gaoo(2) Guo(2) Gaui(2) — 2z  —Gan(z)

Galo (Z) Gall (Z) 7Ga10 (Z) Gaoo (Z) —Zz

AL+ A2+ po -1

T 4 can be calculated from @32) as ¥y = - , and

2
’ — 1 A+ Ao+ pg + ope — af PN

G 111y, (2) is the GF of aFkLiti Tt can be calculated from E3) as:

«

G 1y up., (2) = LTF0 Bk (hg — Ap2), (4.62)
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So UiZ1 Si

Figure 4.12: MC for the ¢ = 2 servers case where L% =0.

4.10.2 Transition Probabilities

The Transition Probabilities for Li =0 when ¢c=2

As in Section L4.T] to find the one-step transition probabilities of the EMC, we first express the first-

passage probability distribution from Sp to U2, S;.

We think of the MC after the k' Class-2 departure as a MC with transient set: Sy U BP,, and
absorbing sets: S; and U2, S;. (Defining S7 and US2,S; instead of U2, S; is for the computational
convenience.) Let T'g_,0, T'o—1 and T'y_,o+ be the one-step transition matrices from Sy UB Py to Sy UB Py,

S1 and U2, S;, respectively.

In Figure T2 we illustrate the arrival process of Class-2 jobs omitting details that are not relevant

to the development of this case. From Figure d12] we get I'g_0, I'g—1 and T'y_9+:

0,00 0 A 0 (0,0) | =22~ 0
Foso = . »(0,0) \ y o1 = #(0:0) \ ;

(1’ 0) 71(1?0) 0 v(lfO) (1’ O) 0 71(1?0)

BPO 0 aéBP 0 BPO 0 OL{BP

(0,0) 0 0 0 0
and g0+ =

(1,0) 0 0 0 0

BPFy 0 aBf 0 P

Let Wp; be the absorbing distribution matrix from Sy to S7. Let Wpo be the absorbing distribution
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matrix from Sp to U2, S;. Using Lemma [2] we calculate gy and Uy, as:

)\2()\1 + Ao+ p1 — Oégp)\l) A1 ()\2 + OélBP)\l)

" 1 00 (I Too)-'T Aafi1 (A1 + X2) (A2 + aPP )
" 010 e . A+ A3 — af AT 4+ 20000 + Aopn — af P AN ’
(4.63)
and
1 00 o
Voo = : (IS><3 - F0%0) To_o+. (4.64)
0 1 0

When the MC goes to U2,S;, there are one or more Class-2 jobs in the system and there are
no transitions in the EMC. As in Section .41} we use conditional probability to calculate transition
probabilities of the EMC:

TU(LL0)—(LL, L3, ,) = Z m(ql,q2)ﬂ(L}c+l,Li+l)P{(‘ha‘h) | (L}, 0)}, (4.65)

k410
L2 . +1
(1117112)€Ui:kl+1 Si

in which M (g1,q2) (LY, 1, L2, ) is given in [@34) and P {(ql, q) | (L}, 0)} is the corresponding probability

of absorption in S7 or UX,S; given in ([63) and ([@64) respectively. Similar to ([@34), we must have

g€ [1,L7,, +1].

From (£.63]), we get the matrices Moz, in (@30) for L, > 0.

The Transition Probabilities for L% > c when ¢ =2

As in Section @5.1], we first think of the MC after the k** Class-2 departure as a MC with transient set:

SLi U BPLi, and absorbing sets: S’Li,l and UfiLchSi' Let T'y9, I'oy1 and I'y_,3+ be the one-step

transition matrices from SL% U BPLz to SL% U BPLz, SL§—1 and U;’ELQHSi, respectively. From Figure
7k
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43 we get I'ay2, I'oy1 and I'y_,3+:
(OaLi) (17[%) BPL% (OvLif 1) (17[%71)
2 A1 2 2
T, = (0,L3) 0 .57 0 Ty = (0,L3) y(ofthi) 0
- 9 —1 = ’
(171’%) y({f}‘i) 0 v(l/\,lLi) (171’%) 0 U(foLi)
BPy; 0 aBP 0 BPy 0 0
(0,L2+1) (L,Li+1) (0,L2+2) (1,L2+2)
2 A2
and [y_3+ = (0, %) v(0,L3) 0 0 0
A
(1,L%) 0 11(1—2L’;;) 0 0
BPr2 0 PP 0 PP
Then, with similar reasoning as in Section [£.5.1] we calculate <7 from:
Wy fori =0
o, = T , (4.66)
| AT AT Ogyne | fori>1

where
202 (M + A2+ p + p2 — o) ALfi2
v 100 (- Tyon) T 241 a2 pa(A1 4 A2 + 2u2)
“Tlo 1o ) T T O e+ i+ 2 — aBTA) (M + Az + 203) — Mg
(4.67)
and
100 )
\1123+ = . (I - F2_>2) F2~>3+' (468)
0 1 0

Notice that <7 only depends on <, &, ...,
(which is Uq; in ([A6T)).
4.10.3 Proofs

Proof of Lemma

The one step transition probability of the MC can be written in matrix form as

T A

T Tror Troa | o

A 0 I

a7; 1. Thus, & can be calculated recursively from .o,
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where I is the identity matrix. Then, P™ represents the n step transition probabilities for the MC. Using
induction, we obtain
U Z?:O F%“HTFT%A

0 I

P =
By letting n go to infinity and noting that > (T4, = (I —Tr—7) "', the probability that the system

eventually reaches a state A; € A is as given in the Lemma.

Proof of Lemma
After some algebra, we can write (L4171 —{479) as:

(A1 + 2p2 + A2Bo)Bo

By = , 4.69
! A1+ A2 By (4.69)
1
By, = )\—(()\1 + Ao+ p1 + pi2 — Ao(By — Bo))B1 — (A2 + p1)Bo — p2), (4.70)
1
1
Bi-i—l = )\—1(()\1 + )\2 + 2/_}4 — )\Q(Bl — BQ))BIL — 2”131'_1 — )\QBO) fOI‘ 7 Z 2. (471)

Let AP = B;i1 — B; for i > 0, be the step difference of the sequence B;. So, we have
i—1
Bi=Bi+)Y AP fori>2. (4.72)

j=1

From the definition of AP and [@69), we get AP = (2280 Similarly, we get from (@69 471

X1+ 2 Bo
AP = i(()\1 + Xo + p1 + p2 — AAF)AF - LAOBB — Hz2), (4.73)
A1 212 — A2 g
AE = O ek - XaARIAR — g+ f - )
AiB _ (A1+A2+iﬂ1—A2A5)A£1_%A£2 for i > 3. (4.75)
1 1

We notice that AP is a linear homogeneous function of AB | and AP , | so AZ is a linear homogeneous
recurrence sequence (see e.g., Green and Knuth (1990) Chapter 2). The solution to the recurrence
sequence takes the form AiB = fﬁg{ + Kgg%, 1 > 1, where g; and go are roots of the Characteristic

Polynomial: CP(g) = A1g? — (A1 + A2 + 211 — A2 AF)g + 2. Note that because B; € [0, 1], we have

lim AP =o0. (4.76)

1—00

For AP to satisfy [@10), i.e., converge to zero, either g; < 1 or x; = 0 for both j = 1,2.
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Because By,B; € [0,1], we have AF < 1, so we have CP(1) = X\2(AF — 1) < 0. Thus, CP(g) has only

one root that is smaller than one:

g )\1 + )\2 + 2”1 — )\gAg — \/()\1 + )\2 + 2”1 — )\QAOB)Q — 8)\1”1) (477)

1
= o

(It is also easy to verify that g is greater than zero.) For the other root that is greater than one, the

corresponding x; must be zero. Thus, AP takes the form

AP = kgl i > 1. (4.78)

P =

Notice that g is a function of A, so in the expression of A” we have two unknowns: » and AZ.

Substituting (@78 into [@73) and (@74 gives

kg = i(o\l+)\2+M1+,LL2*)\2A§)A§*M*,LL2), (4.79)
)\1 2/_L2 — )\QAOB
1 A MQAB
2 = (M 4 Aa 4201 — MABAB — AB 21220 . 4.80
Kg )\1((1+ 2+ 201 — AAG)AT — (1 + p2)Ag 2#2—>\2A§+M2) (4.80)
Dividing (£R0) with (£19) gives:

ABABY Z A2(2M1 + 200 + 31 + 3u2) AE®
+ A2 (A7 + 22102 + A3 42X 11 + 3Aip2 + 3hopr + 6Xapo + 2u? + 8uipe + 2u%)A§2
1 —12(303 + 81 + 4dapo + 3N Aa + 4ud + dpgpo + 20 p1) AF + 2p3 (A2 + 2p1)

9= 3 2
A1 MAEPT — Aa(A2 + A1+ p1 4 3p2) AT + pa(2u2 + A1+ 3Xa + 2u1) AP — 243 (481)
4.81
Substituting AF = —)‘192_()‘1"’;\2;'2“1)9”’“ into ([@8]]) gives a polynomial equation of degree six: 0 =

N (1 — p2) g% — A3 (643 +2u3 + 2A1 1 — A iz + 2Xopi1 — Aopio — 8pap)g® + (A3 pn +2M3 Aoy + 16X 3 —
14X 1 + 220303 4+ MA3p1 4+ 8N dopd — 6X1 Ao g + 120043 — 20 A1 pf g + 8Aypap3)g* — (14M7pf —
6AT i1 2 + 161 Ao T — 6A1 Nopia pig 4 40N 1§ — 44N p3 o — 8N i3 + 20507 + 8Aapd — 8Aapf po + 8y —
16403 110 + 813 113) g% + 4pd (A2 + 201 Ao + 111 1 — 6X1 a0 + A3 + 6 o1 — 3Xapio + 81 — 10u1 pio + 213) g% —
(40p1 + 160113 + 16Xopf — 2403 p2)g + 1641

If 1 # po, then we have several possible solutions:

g = M(A1+)\2+2M1—2M2—\/()\1+)\2+2M1 — 242)? — 8A1 (1 — p12)),
Jg = L(A1+)\2+2M1—2M2+\/()\1+)\2+2M1 —2p2)% — 8A1(p1 — p2)),
22X (1 — p2)

and roots of O(g) = asz* + azx® + azx? + a1x + ag, where ag = X2, az = A\ (2u2 — Ao — 4u1 — A1), ag =
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2(2u% 4+ 4N 11 — Az + Aapin — 2p1fa2), a1 = dpy (e — A1 — Ao — 1), ag = 8u?. It is easy to check that
g > 1;if uy > po, then § > g so g > 1; if p1 < pe, then g < 0. So, g cannot be ¢ or §, and g must be
one of the four roots of O(g).

The four roots of a quartic function are well known. Let A = a% —3asa; +12a4a9, Ay = 2a§ —9aszasaq +

3 3/ Agd+/—4A3 L A2
27a4a? + 27a3ag — T2asaz2a9, and A = V24, + 2 75 172
a4 VA2+,/—4A§+A§ 3V2a4

, then the four roots of

O(g) are
1 [a} 2 1|a 4 A
_ as asz ao as a9 a® a aq
e TR 7 B T T\ b A my ity e
2 " Bar T
a3 4asasg 8ai
. 1 (3 2 @ A
2= g e e A g e AT T (483)
a a a a a a 2
4 4 4 4 4 4 gz — 5 TA
al 4, 8
az 1 [ad?2  2a 1| a2  4as —at aagiaz ~ar
S it ad se AT e N O
1 B T
a3 4azas 8ay
1 2 2 1 2 4 7_34’—2*_
T4 = —4a—3+§ %—S—LLQ—FA—%Q %_S_W—A-f— a42 =t . (4.85)
aq aj aq ay aq 4 %,@JFA
ay 3aa

Because O(1) < 0 and limg_,o O(g) = 0o, O(g) has at least one root in (1,00). Because O(0) = 8u? > 0
and O(1) = —Xa(A\1 + 2u1) < 0, O(g) has at least one root in (0,1). Because O(0) = 8u? > 0 and
limg_, o O(g) = 00, O(g) has either two or no roots in (—o0, 0). Next, we prove O(g) has only one root
in (0,1).

From Zle % < 2, we get that pus > 2}%_‘% Then we discuss the following three cases:

, then ps >

1. If Q2 > >‘2+/\é+4“1 , 1.6, a3 = A1 (22 — A2 —4p1 — A1) > 0. Note from

A2+A1+4p1
21— — 2

#32) that, in this case, z; is either a complex root or a negative real root:

(a) If x; is a complex root, because of the Complex Conjugate Root Theorem (i.e., Jeffrey 2005),
xo must be the other complex root. Obviously x4 > 3, so we know z4 € (1,00) and

T3 € (O, 1).

(b) If 2 is a negative real root, because O(g) has either two or no roots in (—o0,0), O(g) must

have two negative real roots. Therefore, O(g) has only one root in (0, 1).

2. If 22‘125\1 < )‘2+’\§+4“1 and po > )‘2+”\§+4 ‘L then as in the first case, we know z4 € (1,00) and

T3 € (O, 1).

Ao i1 Ao+ +4py Agpi1 Ao+ +4py _ AetMiH4pn :
3. 1F 572 < 5 and 52255 < pp < 3 , we let € = 5 pa (e, 0 <e<
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2 e,
MPRMIIAN I ) 0, (g) = —2X1g% 4+ 2(A1 + 201) g% — dag and Oa(g) = A3g* + (= A2 + 211 —

2(A172/J,1)
M1 — 4p2) g% — 2u1 (211 + A1+ A2)g + 8u?, so that O(g) = eR1(g) + O2(g).

O1(g) and O2(g) have some properties that are easy to derive that can be used to identify the

root we want.

e O;(g) is a convex function on [0, 1] and O1(0) = O4(1) = 0.

e O3(g) is a decreasing function on [0, 1], O2(0) = 8u% > 0 and O2(1) = —Aa(A\; + 241) < 0.

To prove O2(g) is a decreasing function on [0, 1], we just need to prove the first derivative of
0O2(g) is negative, i.e., O4(g) = 4X\2g3+ (4X1 1 — 273 =2 0 \1 — 813 ) g — (Ap3 +2X1 i1 +2X o 1) <
0, for Vg € [0,1].

Obviously, O4(0) = —(4u? + 2\ 1 + 2Xopu1) < 0 and O4(1) = —2(4p? — A\3) — 2u1 (201 —
A1) — 2221 — 2X\ou1 < 0. We know the second derivative of Oz(g) is OF(g) = 12M\3g% +
(4A1p1 — 222 — 20001 — 8p2) and OF(0) = —4pu1 (211 — A1) — 202 — 2221 < 0. If there exists
a point g in [0, 1] such that O5(g) > 0, then O%(g) must have two critical points in [0, 1],
i.e., OY(g) must have two roots in [0, 1]. However, we know O} (g) has one negative root and

one positive root. Therefore, O5(g) < 0 for Vg € [0, 1]. Then, we know Os(g) is a decreasing

function for Vg € [0, 1].

It seems obvious that for Ve > 0, O(g) = eR1(g) + O2(g) has only one root in (0, 1).

Hence, we proved O(g) has only one root in (0,1). Then, we just need to pick up the root in (0,1)

from the four roots of O(g), which is not difficult. Once we get g, solving [E77) and ([ET9) gives the

corresponding AF and « as given in Lemma [3l

Proof of Lemma [

As in the Proof of Lemma Bl we write (£441{4.46]) in another form:

(M 4 g2+ X2Bo)Fy  2X\1 + 2u2 — M Af

o= = O R, 4.
! A1+ A2 By 2\ 0 (4.86)
1
By, = )\—1(0\1 + A2+ p1 + p2)Fir — (A2 + pa) Fo — Ao Bi(F1 — Fo) — pa2), (4.87)
1
E+1 = )\—(()\1 + )\2 + 2/-111)Fz — 2M1E_1 — )\gBi(Fl — Fo) — )\QFO) fOI‘ 7 Z 2. (488)
1

Let AZF = F;11 — F; be the step difference of the sequence F;. So, we have

i—1
E:F1+ZAffori22.

j=1
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Because F; € [0,1], we have lim; ,., A = 0. Using ([@36), we get AL = /\—1%"30. Similarly, from

(4.6 {4.88), we get

1

AP = )\—1(()\1 + X2+ + p2 — MRAG)AL — o),
1

Al = )\—((Al + X2+ 201) AT — (Aakg + p1 + p2) AL — (A1 + A2 Bo) AL + p2),
1
)\ —+ )\2 —+ 2‘LL1) 2#1 )\QHAF : .

AP — (M1 TEPUNANE ZPLAE 720 i g G > 3,

7 )\1 1—1 )\1 1—2 )\19 g =

Note that Al is a linear non-homogeneous function of AF ; and A", so A is a non-homogeneous

recurrence sequence (see e.g., Green and Knuth (1990) Chapter 2), with solution of the form

AF =610t + &Rl 4 &4°,

where ¢ is given in Lemma B h; and he are roots of A\{h? — (M 4+ A2+ 2u1)h +2p1 = 0. We know one of
the two roots is greater than one. Because A" converges to zero, with the same discussion in the proof

of Lemma [3] we get that A" has the form:

AF —ghi+ &g, i >1

where h = ﬁ(()q + Ao+ 2u1) — \/()\1 + Ao +2p1)2 — 8A1p1). To find &1, & and A}, we solve three

equations

Al =&h+ &g, AL = &R+ &g®, AL =GR + &4°

Notice that AF i = 1,2,3 are all linear functions of A}, so it is not hard to get the expression for &,

& and Al in Lemma[dl

Proof of Lemma

Subtracting the (i — 1)** equation from the i*" equation given in ([EE2HES) yields

2/.1111_[1 = ()\1 + )\2 + 2/_1/1)1_11‘_1 - )\1Hi_2 for 4 Z 3.

This means that II; is a linear homogeneous recurrence sequence. The solution to the recurrence sequence
takes the form

IL; = w1 fi +wafs, i >1,
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where w; and wsy are roots of

2p1f% — (A + A2 +2u1) f + A = 0. (4.89)

Because II; € [0,1], we know either f; < 1 or w; = 0 for both j = 1,2. Equation (£89) has one root
greater than one and the other root smaller than one. For the root greater than one, the corresponding

w; must be zero. Thus, II; takes the form

I; = wf® fori>1, (4.90)

where f = ﬁ(}q + Ao +2u1 — \/()\1 + A2 + 2u1)% — 8A1141), which is the root smaller than one.

Substituting II; in (£90) gives w = % From (LX), we get

1

H1 = ‘u,_(()\l + )\Q)HO — )\2(1 — (pl))
1
Therefore, from
> 1T, (A + )Tl — Ae(1 — 1)
1= II; = + 11y = +1II
; 1—f p(1—f) ’

_ p(A=f+Aa(d—p1)

we get Iy = I JEREvET T Therefore, II; can be expressed as a function of ¢ as in (£54).

4.10.4 Algorithms

Algorithm 4 Calculate the transition matriz of the EMC for ¥Ye > 2.

Step 1: Let Ucye, e y(c—1) and U'c_s(cq1)+ be the one-step transition matrices from ScUBP. to S.U
BPe, Sc—1 and U2 ., | S;. Set W,y = [ TIowe Ocxi }'(I_Fc—w)_lrcﬂ(cfl) and Veo = [ Iexe Ocxi
(I —=Tese) 'Desyeqry+- Set oty =Wy and let i = 1.

Step 2: Set of; = \I/CQ[ !Q{’Lj_—‘l Y A/ A | J }T.

Step 3: Let i =i+ 1. If max(«) > Tolerance, then go to Step 2; else set Limit =i and i =c—1,
and go to Step 4

Step 4: Let ', Ui (i—1) and T';_,;41)+ be the one-step transition matrices from S; U BP; to S; U
BP:, i1 and U 1S5 Set Wi = | oo 0wt |- (= Tind) Ty, and Wio = [ Lo 0o
(I =Tisi) 'Tisyipny+. Let j=0.

Step 5: If j < i—1, then set M;—,; = Ocx.; else if j = i — 1, then set M;—,; = W;1; else if

T
1 < j<c—1, then set M;_,; = Wy [ MEH—U‘ MCT_2_>J, McT—1—>j Ocxoo ] ; else set M;_,; =
T
Wi Miﬂl%j Mchlﬁj "Q{jT—cH oy Oexoo } ’

Step 6: Let j = j+ 1. If 5 < Limit, then go to Step 5; else leti =1 — 1. Ifi > 1, then let 7 =0

and go to Step 5; else let i =0 and go to Step 7.
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Step 7: Let I'o—o and L'y, 1+ be the one-step transition matrices from SoUBFy to SoUBFy, U2, S;.

Set Ug = { Ixe Ocx1 } (I =To0) 'yt Let j=0.
T

Step 8: If 0 < j < c—1, then set My_,; = ¥y [ 1—>J MCT - McT—1—>j 0o ; else
T

Zf MO_U - lI/O |: Mz+1~>] T M::T 1—j djq;chl T MOT OCXOO

Step 9: Let j =j+ 1. If j < Limit, go to Step 8; else set G = % and go to Step 10.

Step 10: Set G = X" w,Gl.

Moo
Step 11: If max(G— ZL"”” ,GY) > Tolerance, then go to Step 10; else set L =
M. 150
Mo_s;
B=| 0,01 } RO — : fori=c,...,Limit, B =y, FO =L = o/, F) = o7,
Mcflﬂi

fori>1,80 = S RO GIT fori > 1 and 8 = ST FOGIT for i > 0, and go to Step 12.
Step 12: Solve [ ) €] (x)

1xe2  Tixe Tixe
r O Limit i Limit (4 Limit &(4
12y, L FO - Z _j,” SV @G Zj:“; FO) Zji’;” SWa
loa B LY st SEM R 4 R SDG | = [1,01x(c2420) -
1c><1 0<,><<, B— ZL’Lm’Lt S(J)G ZLimit F(J) + L+ ZLimit S(])G
Step 13: Set F[k i = ZL"mt *EO) fori > 1 and k =0 or 1, Fii = ZL"mt iFFG) for i > 1,
il = —®) SH (4 DEG — x D@Lt LI 4+ 2FD) — 7 (L T+ DFD), and el =

A,

Limit . Limsi * Limit .
’/T(O) Zj:Q t]F[O,j]lT — 7'('(1) Z] t( + 1)F[07J]1T — ’/T( ) Zj:l t]F[OJ‘] ]_T.

Step 14: Solve rltl . {B +L+ S TRD (B - B)1T} = [b[ll .

T
Step 15: Let [LQ} - iox)c? |: Oixe lixe - (C_ 1)1><c ] +7T§><)c' [ Cixc ] +(T[1] + (cf
1)7T§X)C) 1T and Stop.
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