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The image captured by an imaging system is subject to constraints imposed by the
wave nature of light and the geometry of image formation. The former limits the resolving
power of the imager while the latter results in a loss of size and range information. The
body of work presented in this dissertation strives to overcome the aforementioned limits.
The suite of techniques and apparatus ideas disclosed in the work afford imagers the unique
ability to capture spatial detail lost to optical blur, while also recovering range information.

A recurring theme in the work is the notion of imaging under patterned
illumination. The Moir¢ fringes arising from the heterodyning of the object detail and the
patterned illumination, are used to improve the resolving power of the imager. The
deformations in the phase of the detected illumination pattern, aid in the recovery of range

information.
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The work furnishes a comprehensive mathematical model for imaging under
patterned illumination that accommodates blur due to the imaging/illumination optics, and
the perspective foreshortening observed at macroscopic scales. The model discloses the
existence of a family of active stereo arrangements that jointly support super resolution
(improvement of resolving power) and scene recovery (recovery of range information).

The work also presents a new description of the theoretical basis for super
resolution. The description confirms that an improvement in resolving power results from
the computational engineering of the imager impulse response. The above notion is
explored further, in developing a strategy for engineering the impulse response of an
imager, using patterned illumination. It is also established that optical aberrations are not
an impediment to super resolution.

Furthermore, the work advances the state-of-the-art in scene recovery by
establishing that a broader class of sinusoidal patterns may be used to recover range
information, while circumventing the extensive calibration process employed by current
approaches.

The work concludes by examining an extreme example of super resolution using
patterned illumination. In particular, a strategy that overcomes the severe anisotropy in the
resolving power of a single-lens imager is examined. Spatial frequency analysis of the
reconstructed image confirms the effectiveness of lattice illumination in engineering a

computational imager with near isotropic resolving power.
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Chapter 1

INTRODUCTION

Imaging systems such as the camera, the microscope and the telescope enable us to observe and reason about
the physical world that surrounds us. Modern day imagers accomplish the task by employing sophisticated
optical architectures that share the burden of image formation with equally sophisticated signal processing
algorithms. The image in Figure 1.1, is representative of the image acquired by a modern day imager.
Inspection of the image exposes two limitations: the loss of spatial detail in select areas, and the loss of
absolute size & shape information. The loss of spatial detail is evidenced in the inability to resolve the spokes
in the innermost portion of the spoke target. The text in 3-point “Times Roman” font shares a similar fate.
The loss of absolute size is evident in the mismatch of the image heights of identical rooks placed on opposite
sides of the chessboard. The loss of shape information is evident in the mismatch of the true and apparent
shapes of the chessboard.

The loss of spatial detail is attributed to the limited resolving power of the imager, while the loss of
absolute size & shape is attributed to the loss of dimensionality arising during image formation. The
traditional approach to improving resolving power has been to increase the numerical aperture (NA) of the
imager while keeping aberrations in check. Common criticisms of the approach include the failure to
accommodate large working distances at higher NA, the nagging presence of residual aberrations, and
increased design complexity. Setting aside the aforementioned issues, one finds that diffraction is an

inescapable phenomenon that ultimately limits the resolving power of an optical imager.
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Figure 1.1 Image of a chessboard and Kodak imaging test chart obtained using a Sinar P3 camera
equipped with a 48.8 MP digital back, and a 180mm F/5.6HR Rodenstock lens.

The quest to surpass the diffraction limit without incurring a significant penalty in cost, form and
complexity, has produced a wealth of solutions [10-35]. The celebrated approaches rely on the use of

patterned illumination to effect an improvement in resolving power. But, these approaches are not without
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limitations. Their use remains limited to microscopes observing specimens tagged with a fluorescent dye.
Discounting the need for fluorescent labels, one finds that the approaches are focused on improving the
resolving power of well-corrected optics characterized by space-invariant blur, an assumption that is seldom
valid for macroscopic imagers. An added source of frustration is the perspective foreshortening evidenced at
macroscopic scales. The present work recognizes the opportunity, and proposes to assimilate space-variance
and perspective foreshortening into a cohesive framework aimed at overcoming the resolution limit. The task
of improving the resolving power of an imager will henceforth be referred to as “super resolution”, in keeping
with convention.

The recovery of surface/scene topography remains a fertile ground for research and innovation. Devices
that recover topographic information find use in fields as diverse as such as industrial process control, aerial
photogrammetry and natural user interaction. The leading candidates for recovering topographic
information, rely on the fact that a camera observing a scene under patterned illumination, notices
deformations in the projected pattern that encode topography [52-73]. The Microsoft Kinect and the
increasingly popular 3D scanners are prime examples of devices that exploit the above notion.

It is evident from our discussions thus far that the leading candidates for super resolution and scene
recovery share a common affinity for patterned illumination. Despite the correlation, no attempt has been
made to unify the seemingly unrelated tasks of super resolution and range recovery. The likely explanation
is the independent evolution of these problems in diverse engineering disciplines.

The recognition that patterned illumination may be used to simultaneously super resolve and recover
topography information is a key contribution of this work, and distinguishes it from prior art. The insight is
afforded by a unified treatment of super resolution and scene recovery in a single mathematical framework.
A list of additional contributions is included below, albeit in no order of importance

e Development of a comprehensive model for imaging under sinusoidal illumination that accommodates
e space-variance in the blur induced by the imaging and illumination optics, and
e perspective foreshortening encountered at macroscopic scales.
Our model offers unique insight into the mechanics of super resolution and scene recovery. Further

analysis divulges the existence of a family of active stereo arrangements that jointly support super



1.1

resolution and scene recovery. The associated findings hint at the possibility of using commercial
structured light scanners to super resolve texture, in addition to recovering topographic information.
Advancement of the state-of-the-art in super resolution, by assimilating perspective foreshortening
and space-variance into a boarder super resolution framework. The framework improves our current
understanding of super resolution, by establishing the hitherto unknown fact that “linearity” and not
“space-invariance” is the principal requirement for super resolution using active illumination. The
associated experiment provides evidence in support of our claim.

The proposed framework for super resolution revisits the mathematical principles that underlie
super resolution using active illumination. It is observed that super resolution is effected by
computational engineering of the optical blur. The notion is used to examine the prospect of
engineering an optical blur with the desired qualities.

Existing approaches to super resolution have overlooked the loss of temporal resolution that
accompanies the gain in spatial resolution. Our work examines a strategy for illumination pattern
design that minimizes the number of images/patterns needed to realize a prescribed gain in the
resolving power of expertly designed optics.

Examination of the limits of super resolution using patterned illumination. The associated experiment
seeks to offset the abysmal image quality of a single lens imager using pulse train illumination.
Existing approaches to active scene recovery limit their attention to periodic sinusoidal patterns, and
require extensive calibration to determine the parameters associated with the stereo setup. In contrast,
our method for scene recovery employs a broader class of sinusoidal patterns that are obtained using

minimal calibration.

Organization

The reminder of this dissertation is organized as follows: Chapter 2 discusses the origins of the resolution

limit in optical imaging and reviews key developments in overcoming the limit. The chapter also reviews

popular approaches for recovering topographic information. Chapter 3 develops a rigorous mathematical

model for imaging under patterned illumination. Chapter 4 describes the proposed approach to overcoming

the resolution limit imposed by the wave nature of light. Chapter 5 describes the proposed approach for



recovering topographic information. Chapter 6 provides experimental evidence supporting the findings

reported in previous chapters. Chapter 7 discusses advanced topics in super resolution and scene recovery.

1.2 Terminology

The term resolution is used frequently in this dissertation, and warrants definition. It is defined as the ability
to discriminate objects/ features with a prescribed spacing. A spatial resolution of 1um is to be interpreted
as the ability to discriminate objects in space, whose transverse separation exceeds 1um. An axial resolution
(range resolution) of 1um is to be interpreted as the ability to discriminate objects in space, whose axial

separation exceeds 1um.



Chapter 2

BACKGROUND

Historically, the study of optical imaging has relied on geometric principles centered on the rectilinear
propagation of light. These principles adequately describe the loss of size and shape information that arise in
the course of imaging. However, they fail to explain the pattern of light produced by the passage of light
through an aperture whose size is comparable to the wavelength of the light. The inadequacies of geometric
optics are remedied by the wave theory of light propagation. Valuable insight into the wave nature of light
can be gleamed by recasting results from wave theory in terms of linear systems theory [2-3]. The result is
the ability to characterize the effect of imaging elements such as lenses and stops by their combined response
to a point stimulus, a construct that is appropriately dubbed as the point spread function (PSF). A notable
feature of the PSF is its use in ascertaining the imager’s ability to resolve stimuli with a prescribed spacing.

The remainder of this chapter is devoted to a discussion of the origins of the resolution limit in optical
imaging, a review of key developments in surpassing the optical resolution limit, and a review of popular

approaches for recovering topographic information from one or more images of a scene.

2.1 Origins of the resolution limit in optical imaging

Our inquiry into the origins of the resolution limit begins with a study of the response of an ideal imaging
system to a single point stimulus, namely a monochromatic point source. The apparatus of Figure 2.1 is used
to introduce the relevant concepts.

The point-source produces diverging spherical wavefronts that propagate towards the optics. The “Ideal
Optics” transforms the diverging hemispherical wavefront, into a converging hemispherical wavefront
centered at the geometric image point. The transformation is exact only in the case of infinitely large optics,
signifying that the construct is a mathematical idealization. The terminals labelled “Entrance/Exit Pupil
Plane” represent the apertures though which light must proceed en-route to the detector. The light distribution

at these terminals fully describe the passage of light through the optics.
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Figure 2.1 Evaluating the response of an ideal imager to a point source.

Intuition suggests that the ideal imager must possess infinite resolving power. But, experiments suggest
otherwise. Insight into this behavior can be gleamed by examining the “linear systems” embodiment of
monochromatic imaging, depicted in the lower portion of Figure 2.1. In accordance with the principles of
linear systems theory, one may derive the end-to-end transfer function of the imaging chain by cascading the
transfer functions of its constituents, namely “Ideal Optics” and free-space propagation (FSP). This notion is
explored further in subsequent paragraphs.

The expression for the transfer function of the FSP blocks is provided in Figure 2.3. The expressions
and the plots are consistent with those found in literature [2-4]. Inspection of the FSP magnitude response
indicates that it resembles an ideal low-pass filter, with a radial cutoff frequency of 171 (depicted by the
magenta circles). Inspection of the phase response indicates that FSP imparts a quadratic phase shift upon
the frequencies {(£,7) | €2 + n% < 172}, contained within the passband. Further, the phase shift varies

linearly with the propagation distances Dy, D;.



Figure 2.3 Transfer function of the free-space propagation blocks in Figure 2.1

The reader will recognize that the “Ideal Optics” need only compensate for the quadratic phase
accumulated by free-space propagation in order to reproduce spatial detail at the detector. The corresponding
expression for the distribution of light at the detector may be obtained by evaluating the Fourier integral in
Figure 2.2. The result is a bright disk surrounded by concentric dark and bright rings that are spaced apart

by 1/2. A formal derivation of the result is available in [5].
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Figure 2.2 Identifying the impulse response of the ideal imager of Figure 2.1



The discussion thus far suggests that the origins of the resolution limit can be traced to the band-limited
nature of the free-space propagation (FSP). In addition, it establishes that
1. The image of a point object is not a single point, but a bright disk surrounded by concentric dark and

bright rings that are spaced apart by 1/2.

2. The resolving power of an optical instrument (ideal or otherwise) is fundamentally limited to one-half

the wavelength of the light.

2.2 Resolution limit in non-ideal imagers

Physically realizable imaging systems are non-ideal in the sense that the diameters of the entrance and exit
pupils are finite. This implies that the entrance pupil can only intercept a portion of the incident hemispherical
wavefront. Figure 2.4 depicts the situation for an optical system with an acceptance angle of 2 * 14.47° as

opposed to 2 * 90°.
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Figure 2.4 Evaluating the response of a 50mm focal length diffraction limited imager to a point

1

source. The object and image distances satisfy the Gauss equation for imaging viz. 5—10 = Di +-
(1] i

Intuition suggests that truncation of the incident wavefront should result in a loss of spatial resolution.

Ernst Abbe [7-8] formally established this fact and postulated that the resolving power of an optical

y! . . !
2oy °1 the object side, and Z5n(8)

on the image side. The angles 6,,, 8; represent

instrument cannot exceed

the half-angle subtended by the spherical wavefront at the entrance and exit pupil, respectively. Abbe coined

the term numerical aperture to designate the trigonometric function of the angles 8,, 6;. It can be shown that
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the resolving powers on the object side and the image side are related by the product of the geometric

def def  Diameter of exit pupil

. . D . . .
magnification & D—° and the pupil magnification &
i

Diameter of entrance pupil”

The precise role of the “Optics” in Figure 2.4 is to compensate for the quadratic phase accumulated by
spatial frequencies restricted to the interval \/fZTnZ < NA; 171, This entails a transformation of the
diverging spherical wavefront incident at the entrance pupil into a (truncated) converging spherical wavefront
at the exit pupil. In literature, the term “diffraction limited optics” is used to designate optical systems with
such characteristics.

Insight into the Abbe resolution limit can be gleamed by interpreting the imaging chain of Figure 2.4
as a cascade of the linear systems, just as depicted in Figure 2.5. The circ(...) function plays the role of an
ideal low-pass filter and serves to truncate the incident spherical wavefront. The impulse response of the

diffraction limited imager of Figure 2.4 is obtained by evaluating the Fourier integral in Figure 2.5.
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Figure 2.5 Identifying the PSF of the diffraction limited imager of Figure 2.4

Inspection of the expressions for h(x,y) in Figures 2 & 3 suggests a similarity in the integral form of

the PSF’s for the “ideal imager” and the “diffraction limited imager”. It is worth noting that the expressions
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are in perfect agreement for the limiting case of sin(6;) — 1, which occurs when the diameter of the entrance
and exit pupils approach infinity.

Thus far, our study of spatial resolution has restricted its attention to a point-source positioned along
the optical axis. But in practice, it is necessary to examine the spatial resolution at other field locations. The
reason is that the PSF is likely to change in functional form as the point-source explores the object volume.
Imaging systems characterized by such spatially varying impulse response are referred to as space-variant
imagers. Figure 2.6 provides an example of transverse space-variance in the diffraction limited imager of
Figure 2.4. Closer inspection of the PSF indicates that the diameter of the central lobe of the off-axis PSF
exceeds the diameter of the on-axis PSF. This is indicative of a loss of spatial resolution as one moves away

from the optical axis. The behavior is more pronounced for imagers with higher numerical aperture.

D, = 100 mm EnP ExP D; = 100 mm

Object Plane

Finite aperture
diffraction limited optics

Object-side Numerical Aperture Image-side Numerical Aperture

NA, =sin(6,) = 1/4 NA; =sin(6;) = 1/4

On-Axis intensity PSF Off-Axis intensity PSF

Figure 2.6 Transverse space-variance in the PSF of the diffraction limited imager of Figure 2.4
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.But that is not all. For higher numerical apertures, it is observed that the functional form of the PSF changes
appreciably as the point-source is displaced in the axial direction. The change is attributed to blurring due to
defocus. Figure 2.7 provides an example of axial space-variance in the diffraction limited imager of Figure

2.4.

h(x,y) h(x,y) h(x,y)

On-Axis intensity PSF On-Axis intensity PSF On-Axis intensity PSF
under zero defocus under positive defocus under negative defocus
(Dy = 100 mm) (Dg = 99.5mm) (Dy = 100.5 mm)

Figure 2.7 Axial space-variance induced by defocus blurring in the

diffraction limited imager of Figure 2.4

The analysis thus far has assumed that the converging wavefront emerging from the exit pupil has a
spherical profile, and is centered on the geometric image point. Any deviation from the said behavior
introduces additional degradation in image quality, and a subsequent loss in resolving power. A detailed
derivation of this result is available in [2]. The term aberrations is used in literature to describe non-idealities
in the wavefront emerging from the exit pupil.

Our inquiry into the PSF of a non-ideal optical imager concludes with the following comments

e The image of a point object is not a single point, but a blurry spot

e  The limiting resolution of an optical imager varies linearly with the wavelength of light, and varies

inversely as the numerical aperture.

e Diffraction and aberration play an important role in the distribution of light in the image volume

(region between the exit pupil and the detector).
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e The impulse response may exhibit transverse and axial variation on account of aberrations,
diffraction and defocus.
Sections 2.1-2.2 examined the origins of the resolution limit in optical imaging. The upcoming sections

examine accepted methods for improving the resolving power of an imager.

2.3 Improving optical resolution: a case study

The traditional approach to improving resolving power has been to increase the numerical aperture of the
imager while keeping aberrations in check. Common criticisms of the approach include the failure to
accommodate large working distances at higher NA, the nagging presence of residual aberrations, and
increased design complexity.

Nevertheless, it is useful to examine the “Cost versus Resolution” tradeoff for a popular class of imagers
such as photographic cameras. In the present study, the Leica M-series of lenses is chosen for its reputation
to deliver the highest image quality in the 35mm form factor. It is crucial that the lenses share the same focal

length (50mm in this case) to ensure parity in the geometric magnification.

Numerical
Aperture

0.5263 Leica Noct.llux — M 0.95/50mm ASPH
e 8lenses in 5 groups

Price

Leica Summicron — M 1.4/50mm ASPH
e 8lenses in 5 groups

0.3571

Leica Summicron — M 2.0/50mm ASPH
* 6 lenses in 4 groups

1
0.2000 LelcaSum?narlt—MZ.S/SOmm
* 6 lenses in 4 groups .

Figure 2.8 Resolution versus Cost tradeoff for 50mm Leica photographic lenses.

0.2500

$1495

Please note that the lens images are not drawn to scale.
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The data in Figure 2.8 yields a quadratic relation between the achievable resolution and cost. Please
note that the data discounts the fact that optical aberrations tend to grow disproportionately as the aperture
diameter increases. The quadratic trend in Figure 2.8 reveals a disproportionate increase in the cost for a
modest resolution gain of 0.5263 =+ 0.2 = 2.63. A similar argument can be made for the tradeoff between
resolution and the remaining criteria (size, weight and design complexity).

The quest to improve resolving power without incurring a significant penalty in cost, form factor and
design complexity has produced a wealth of approaches aimed at circumventing the resolution limit. The
term “Optical Super Resolution” has been used in literature to describe these approaches. The upcoming

section presents a selection of techniques that represent the state-of-the-art in “Optical Super Resolution”.

2.4 Pathways to super resolution

A recurring theme in literature on Optical Super Resolution is the idea of improving resolving power by
exclusively manipulating the distribution of light in either the object volume or the image volume. This
distinction may be used to classify existing super resolution techniques into one of two categories:
1. Super resolution by PSF engineering
2. Super resolution by object space coding
a. Super resolution by heterodyning
b. Super resolution microscopy

The following paragraphs examine each category in detail.

2.4.1 Super resolution by PSF engineering

The first set of techniques for improving the resolving power of an optical instrument are inspired by the
observation that the optical PSF may be manipulated by engineering the wavefront that emerges from the
exit pupil. The wavefront is engineered by varying the transmittance of the exit pupil. The apparatus of Figure
2.9 is used to demonstrate the principle. The aperture stop in Figure 2.9 controls the numerical aperture of

the imager by limiting the angular extent of the bundle of light that passes through the optics.
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Object-side NA= 0.0528 Image-side NA= 0.0546

Figure 2.9 Apparatus for demonstrating PSF engineering using pupil filtering

Following the linear systems approach to optical imaging introduced in Section 2.1, one may aggregate
the lens elements in Figure 2.9 into a single unit, whose behavior is solely defined by its terminal properties.
The entrance and exit pupil planes serve as the terminals of the unit. The transmittance of the exit pupil may
be modified by positioning amplitude and phase masks at the aperture stop. Figure 2.10 illustrates the
influence of a binary amplitude mask, and a binary phase mask on the impulse response of the imager.

Inspection of the PSF insets hints at the possibility of engineering a PSF with a smaller central lobe, a
prerequisite for super resolution. In a seminal paper [9] on super resolution using pupil filtering, Toraldo di
Francia postulated that an impulse response of arbitrary shape may be engineered by dividing the pupil into

concentric annular zones with constant complex amplitude.
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Figure 2.10 PSF engineering using pupil filtering

Unfortunately, pupil filtering techniques for super resolution are beset with issues:
1. A reduction in the support of the central lobe is always accompanied by a reduction in the height of

the central lobe, in comparison to the unobscured pupil.
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2. Pupil filtering has no bearing on the numerical aperture of the imager, and consequently does not
influence the spatial frequency bandwidth of the imager. This behavior is evident in the MTF insets
of Figure 2.10.

In view of these limitations, the use of super resolving pupil filters remains confined to the problem of

y!
resolving a sparse collection of point emitters whose spacing is smaller than A

Over the years, the subject of super resolving extended objects has attracted significant interest in the
scientific imaging community. The following section reviews two of the most significant developments, in

chronological order.

2.4.2 Super resolution by heterodyning

Lukosz & Marchand [10] were the first to recognize the potential use of heterodyning in extending the spatial
frequency bandwidth of an imaging system. They observed that modulating the spatial detail in an object by
a sinusoidal pattern produces replicas of the object spectrum, about the frequency of the sinusoidal pattern.
The net result is a shifting of unresolved portions of the object spectrum into the optical pass-band. Figure

2.11 illustrates the principle underlying their technique.

Object Sinusoidal Modulated Spatial
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Figure 2.11 Principle underlying “super resolution by heterodyning”
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Panel-1 represents an object containing spatial detail that is partially resolved by the camera. The
corresponding camera image is shown in Panel-4. The camera is unable to resolve the fine spatial detail in
the object due to the band-limited nature of its optics. Modulation of the object by a sinusoidal pattern (using
either active or passive techniques) produces Moiré fringes that arise from the multiplicative superposition
(amplitude modulation) of the two spatial patterns. The superposition produces sum and difference frequency
components, the latter of which is resolved by the camera. This is illustrated in Panel-6 of Figure 2.11.
Demodulation of the camera image containing the Moiré fringes confirms the presence of spatial frequencies
beyond the optical cutoff. The demodulated image when combined with the traditional camera image yields
a super resolved image containing spatial frequencies that exceed the support of the optical pass-band.

Although the illustration in Figure 2.11 suggests that a single sinusoidal pattern is sufficient to realize
Optical Super resolution, in practice multiple phase-shifted sinusoidal patterns are needed to unambiguously
recover spatial detail past the optical cutoff.

Lukosz & Marchand’s novel insight into super resolution has paved the way for optical microscopes
that can resolve features smaller than the wavelength of light [11-22]. Their insight has also spawned an
extensive body of work comprising active [23] and passive [24-29] techniques for super resolving extended
objects. However, innovations have focused exclusively on improving the resolution of well corrected optics
characterized by space-invariant blur. The assumption of space-invariance limits the scope of these
techniques as it contrasts the space-variance observed in practice. In addition, the objects are assumed to be

strictly planar and plane-parallel to the pupil planes of the imager.

2.4.3 Super resolution microscopy

Unlike photographic cameras, the resolution of optical microscopes has already reached the theoretical limit
of 0.54. At these scales the use of optical microscopes remains confined to analyzing supra-cellular
phenomena (> 200 nm). Attempts to study molecular phenomena (< 20nm) must overcome the
diffraction barrier. Until a few decades ago, it was firmly believed that the resolving power of an optical

microscope cannot be improved past the theoretical limit.
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The development of organic compounds called fluorophores that absorb light energy of a specific
wavelength and re-emit light at a longer wavelength provided the much needed breakthrough. Fluorophores
have afforded the opportunity to probe biological structures and processes using optical microscopes. The
three most celebrated approaches for overcoming the diffraction barrier are STED, PALM/STORM and SIM.

The principle behind each method is illustrated in Figure 2.12.
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Figure 2.12 Super resolution Microscopy at a glance

Image borrowed from “A guide to super resolution fluorescence microscopy” [30]
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In STED (Stimulated Emission Depletion) microscopy [31-33] the specimen is scanned with two
overlapping laser beams that are pulsed with a small time offset. The first beam excites fluorophores in a
diffraction limited region, while the second beam drives fluorophores at the edge of the excited spot back to
the ground state using the process of stimulated emission. A spiral phase plate included in the light path of
the depletion laser generates a donut-shaped PSF distribution with a zero intensity at the centre, leaving only
a small volume from which light can be emitted and subsequently detected.

PALM (Photo Activated Light Microscopy) [34] and STORM (Stochastic Optical Reconstruction
Microscopy) [35] are instances of super resolution techniques that provide enhanced resolution by localizing
single molecules separated by distances exceeding the diffraction limit. Localization involves the
identification of the center of a molecule from the image of its PSF, with a precision better than the diffraction
limited resolution. In order for molecules to be localized with high precision, it is imperative that they are
well separated. This is achieved by the use of photoactivatable or photoswitchable fluorophores that can be
switched between the bright and dark states, thereby providing control over the fluorescent properties of the
sample. The super resolved image is assembled by accumulating the positions and intensities of thousands
of localized molecules, yielding a map of the distribution of those molecules with an effective resolution
limited by the localization precision and labeling density.

Structured-illumination microscopy (SIM) and its variants [ 11-22] represent an array of super resolution
techniques that combine linear fluorescence with the heterodyning principles discussed in the previous
section. In this method, the specimen is imaged under a series of periodic illumination patterns. Each
illumination pattern is comprised of one or more spatial frequencies that cause portions of the specimen
frequency spectrum to be shifted into the optical passband of the microscope objective. By phase-shifting the
pattern, the contributions of the different portions can be separated and computationally restored to their true
position in frequency space. A drawback of SIM is the fact that the set of spatial frequencies that can be
incorporated into the illumination pattern is itself limited by diffraction. This imposes a restriction on the
achievable resolution.

The single biggest limitation of Super resolution Microscopy is the need for fluorescent labelling.
Labelling may not be an issue for biological specimens, but presents serious challenges when trying to extend

the scope of these methods to natural subjects.
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Our review of super resolution techniques concludes with the following observations

e The use of super resolving pupil filters is confined to the problem of super resolving a sparse

collection of point emitters.

e The scope of active heterodyning techniques is confined to improving the resolution of well

corrected optics, and plane-parallel objects.

e The use of fluorescent labels limits the scope of Super resolution Microscopy to imaging

biological specimens.

It is obvious that existing super resolution techniques are neither designed to accommodate space-
variance in the optical blur, nor deal with scenes that exhibit significant topographic variation. The present
work recognizes the opportunity and proposes to assimilate these requirements into the framework of super
resolution.

Discussions thus far have focused on overcoming the loss of resolution due to optical blur. The

remainder of this chapter is devoted to the study of techniques for recovering topographic information.

2.5 Pathways to recovering topographic information

Optical imaging and computer vision are rife with examples of techniques that recover topographic
information at a variety of scales. The prominent techniques that deal with objects at the macroscopic scale,
may be classified into three categories

e  Depth from focus/defocus

e Ranging by PSF engineering

e Stereoscopic imaging
Techniques in each category may be further subdivided into active and passive approaches, contingent on the
use of patterned illumination.

Our review of the techniques in each category is by no means exhaustive and detailed. A conscious

choice has been made to limit the scope of the discussion to key developments in each category. Further,

attention to detail is sacrificed in favor of an intuitive explanation of the underlying principle.
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2.5.1 Depth from focus/defocus

These methods recover topographic information by exploiting the blur diversity that is inherent in the axial
response of a diffraction limited imager (evidenced in Figure 2.7). It is observed that objects at a distance
mandated by the Gauss equation for imaging appear sharp and focused, whereas farther objects appear
increasingly blurred.

The observation suggests a simple scheme for recovering topographic information at each pixel namely:
find the focus setting that maximizes the contrast of the higher frequencies. The search is conducted over a
range of focus settings afforded by translating the object/detector with respect to the entrance pupil [36-37].
It is standard practice to use derivative filters to monitor the high frequency content in a small neighborhood
surrounding each pixel. The process assumes that the object shape may be locally approximated by planes
parallel to the detector, so that the defocus blur is space invariant over the neighborhood.

The above technique is referred to as “Depth from Focus” (DfF) in computer vision literature. Theory
[37] suggests that a minimum of 3 images are sufficient to recover topographic information. But in practice
ten or more images are needed to achieve a reasonable range resolution.

Researchers [38-39] recognized that the per-pixel search for the optimal focus setting may be avoided
by directly quantifying the severity of the defocus blur at each pixel, using a two dimensional Gaussian
function. The analogous problem dubbed “Depth from Defocus” (DfD) is concerned with the unambiguous
recovery of topographic information from two or more differently focused images of the scene. At first
glance, the use of multiple images may seem unnecessary. But it is required to disambiguate the defocused
image of a strong edge from the focused image of a weak edge. Focus diversity is achieved by changing the

aperture diameter or the distance to the detector.

The DfF and DD techniques described above are not without drawbacks. The important ones are listed below

inability to recover topographic information for objects with weak or no texture
inability to handle abrupt depth discontinuities

confusing illumination edges with high frequency spatial detail (reflectance edges)

22



In view of these drawbacks, the use of these techniques is restricted to scenes that are uniformly lit and visibly
rough [37]. The term “visibly rough” is used to describe surfaces whose roughness exceeds the instantaneous
field of view of a single camera pixel. Its relevance to DfF & DfD is evident when one considers the fact that
the image of a visibly rough surface exhibits discernible intensity variations that aid in monitoring defocus
blur.

Later incarnations of DfD [40-43] have tried to tackle drawback , by using a controlled illumination
source to impart a known texture on objects that are visibly smooth. The imaging and illumination arms in
these methods are designed to share the same optics and/or same viewpoint, to avoid phase distortion in the

camera image of the illumination pattern.

2.5.2 Ranging by PSF engineering

DfF & DD techniques indirectly exploit the variation in the pupil transmittance of an imager that results
from defocus. The next set of techniques take the idea a step further by attempting to directly encode range
information into the pupil transmittance, and thereby the defocus blur.

Dowski et.al [44] proposed to manipulate the complex transmittance of a square pupil such that the
defocused MTF’s of scene points at different distances, occupy distinct portions of the imager bandwidth.
The net result is that the spacing between the side lobes of a defocused PSF encodes range information. Levin
et.al [45] observed that the nulls in the above coded MTF’s result in a permanent loss of spatial detail in the
acquired camera image. They attempt to alleviate the problem by examining aperture codes whose defocused
MTEF’s are devoid of nulls, while still occupying distinct portions of the imager bandwidth. This allows the
authors to computationally reconstruct a high quality camera image, besides recovering topographic
information.

An undesired quality of the above approaches is the non-uniform range resolution that stems from the
manner in which the PSF shape evolves with defocus. Greengrad et.al [46] attempt to remedy the problem
by engineering PSF’s that continuously rotate with defocus while trying to maintain its shape and form. It is
observed that the orientation of the PSF encodes range information with a sensitivity that is roughly uniform

within the working volume [47].
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An attractive quality of these techniques is the ability to recover topographic information from a single

image. But, the technique is not without drawbacks. The important ones are listed below

inability to recover topographic information for objects with weak or no texture

confusing illumination edges with high frequency spatial detail (reflectance edges)

In view of these drawbacks, the use of these techniques is restricted to scenes that are either comprised of a

sparse collection of point emitters, or are uniformly lit and visibly rough.

2.5.3 Stereoscopic imaging

Techniques in this category are among the oldest and most widely used approaches for recovering
topographic information. The common theme that binds the wealth of stereoscopic techniques found in
literature is the notion of recovering range from multiple views of a scene, specifically the apparent motion
experienced by static objects across multiple views. It is observed that a change in viewpoint causes nearer
objects to experience a larger apparent motion, in comparison to farther objects in the scene. This may be
verified by comparing the apparent motion in the tip of Venus’s nose in Figure 2.13.

The aforementioned observation suggests a simple scheme for distinguishing nearer objects from farther
ones. It also forms the basis of the most effective techniques for recovering range information in areas as
diverse as industrial process control and aerial photogrammetry.

The task of inferring the depth of the scene points P, Q from its pixel projections (py, 41, P2, q2) in the
two views reduces to one of solving algebraic and trigonometric identities; a process referred to as
“triangulation” in computer vision literature. The process is well understood and documented in textbooks
such as [48-49], and the references therein. The following paragraph provides an intuitive interpretation of

the triangulation problem.

The pixel coordinates of the point P in view-1, helps localize its heading to the direction ﬁ/ ||m5||
The remaining ambiguity in the location of the point P is resolved by intersecting the unit vector m’) / ||0—115||
with its counterpart ﬁ/ ||ﬁ|| from view-2.

It is standard practice to extend the above scheme to multiple views spanning distinct viewpoints.

Reasons include noise accommodation in the pixel coordinates, and coping with occlusions. Lightfield
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cameras such as the Lytro [50] and the PiCam [51] examine a variant of the multi-view triangulation problem,

in the hope of recovering qualitative depth information.
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Figure 2.13 Principle behind stereoscopic imaging

It is common knowledge that the success of triangulation hinges on accurately identifying matching

points (correspondences) over multiple views. Block matching algorithms using image correlation are

extensively employed to

identify corresponding points in the various views. Despite advances in

correspondence matching, the process is easily frustrated by issues such as the lack of texture, repetitive

structures and significant change in viewpoint. The net result is the inability to recover range information at

each pixel. Interpolation algorithms and regularization schemes are routinely used to fill-in the missing range

information.

A second wave of innovation quickly followed early attempts to recover range by triangulation. It was

inspired by the observation that the mathematics of triangulation is not restricted to cameras, and may be

extended to light sources. The insight paved the way for active stereoscopic approaches aimed at recovering

the topography of a variety of surfaces including visibly smooth surfaces. The term “Active Scene Recovery”
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is frequently used to designate these techniques. They remain the leading candidates for recovering
topographic information at small-moderate standoff distances of up to 10 m [52].

The simplest of these active stereoscopic techniques employs a laser spot scanner that is laterally
displaced from the camera [52-55]. The pixel coordinates of the detected light spot and the instantaneous
orientation of the laser beam are sufficient to recover range, provided the displacement between the laser
pivot and the camera center of perspective (COP) are known. It was quickly observed that the speed of range
acquisition may be significantly improved by replacing the laser spot scanner with a laser stripe scanner [56-

58]. The idea is illustrated in Figure 2.14.

Laser light sheet

Axis of
rotation

Camera field of view

Detector

Camera image

deformed stripe

Figure 2.14 Laser stripe scanning apparatus

It is evident from the camera image that the deformations in the red laser stripe closely match the
topography of the scene. It is observed that the deformation is induced by the lateral displacement of the light
sheet with respect to the camera. The pixel coordinates of points on the deformed laser stripe and the
instantaneous orientation of the laser beam are sufficient to recover the range of each illuminated pixel. The
process assumes knowledge of the displacement between the laser pivot O),.., and the camera center of

perspective O,
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Intuition suggests that the above process may be expedited by illuminating the scene with multiple
stripes, instead of a single stripe. This allows for the possibility of using spatial light modulators to create the
light stripes, thereby eliminating the need for moving parts in laser scanning systems. But, it is observed that
the use of multiple stripes introduces ambiguities in the orientation of the light sheet that is associated with a
deformed stripe. Such ambiguities arise at depth discontinuities and are attributed to excessive parallax.
Researchers [59-62] have attempted to alleviate the problem by leveraging ideas from coding theory to design
illumination patterns with attractive properties. A few examples are discussed below.

The spatial pattern that impinges on the scene may be designed to exhibit a unique signature over a
small patch/neighborhood. In such cases, the task of correspondence matching reduces to a search for a patch
in the camera image with a matching signature. The spatial shift in pixels between corresponding patches
encodes the range of the underlying object. The Microsoft Kinect [ 63-64] exploits the above notion to recover
range information using an infrared light source and camera. An extensive list of coded illumination patterns
that find use in stereoscopic ranging are compiled in [65].

The family of techniques described above, are collectively referred to as “single shot structured light
ranging” in literature. A known drawback of these techniques is the ambiguity in identifying patches with
matching signature. The ambiguity stems from the undesired intensity variations induced by surface texture.
In view of this drawback, the use of single shot structured light ranging is confined to surfaces with diffuse
reflectance.

A second set of active stereoscopic ranging techniques have explored the use of temporally varying
illumination, to improve the robustness of correspondence matching to the intensity variations induced by
surface texture. These schemes seek to assign a unique illumination code to each scene point, such that the
code word encodes its spatial position in the projected pattern. The subsequent task of correspondence
matching reduces to a search for the camera pixel that shares the same code.

The simplest of the aforementioned schemes involves the use of binary stripe patterns, and is depicted
in Figure 2.15. Its development is credited to Altschuler et.a/ [66]. The idea is to illuminate the scene with a
sequence of binary stripe patterns, such that the code assigned to a projector pixel encodes its spatial position

(row/column) in the illumination pattern. In the example shown in Figure 2.15, pixels in the 26t column
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share the 10 bit code 0000011010. The finest illumination pattern has alternating black and white stripes

that are a single pixel wide.
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Figure 2.15 Recovering range information using binary coded structured light

The key steps in the recovery of topographic information are enumerated in the lower half of Figure 2.15.

The process begins with the decoding of the camera images acquired under the binary stripe patterns. This is
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followed by an attempt to binarize the stack of camera images, by thresholding the images on a pixel-by-
pixel basis. This is followed by a search for pairs of projector and camera pixels sharing the same code. The
pixel-by-pixel search is restricted to the epipolar line corresponding to each projector pixel. The disparity
between corresponding points in the projector and camera images, is sufficient to recover the depth of each
camera pixel.

A shortcoming of the above scheme is that dense range recovery over an image with W X H pixels,
demands the use of [log, (W)] & [log, (H)] patterns in the principal orientations. It has been observed [67]
that illumination patterns with M distinct gray levels (M-ary codes) may be used to achieve a significant
reduction in the number of illumination patterns needed for dense range recovery.

The schemes discussed above have a serious drawback that increases the uncertainty in the estimated
depth. It is observed that the projector’s optical response to each illumination pattern is vastly different, on
account of the variation in the spatial frequency content of each illumination pattern. The difference
introduces decoding errors that increase the uncertainty in the estimated depth. The above problem is
circumvented by exploiting the illumination diversity afforded by phase-shifting a single periodic pattern

[68-73]. Figure 2.16 illustrates the concept.

L Active Stereo Setuy,
{llumination pattern P

Projector Camera

Camera image . .
image plane image plane

Figure 2.16 Examining the use of periodic sinusoidal illumination in recovering
topographic information

It is evident that the deformations in the detected illumination pattern match the topographic variation in the

scene. This simple observation serves as the basis of a numerical scheme for recovering range information
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from the camera images acquired under phase-shifted illumination. The process is described in great detail
in Chapter 5, and is the preferred method for recovering topographic information in this dissertation.

The active stereoscopic method discussed above is known to yield dense topographic maps, whose
resolution exceeds those of its counterparts. The reason is the method avoids an explicit search for
correspondences, and in the process eliminates the uncertainty in the stereo disparity estimated by matching
correspondences.

But, active stereoscopic methods are not without drawbacks, chief of which are the limited standoff
distance and the assumption that scene points are strictly illuminated by the light source. The latter presents
problems when trying to recover the shape of objects such as marble, wax, fur and velvet to name a few.

These topics remain an active area of research in structured light imaging.

Our review of ranging techniques concludes with the following observations

e Passive DfF & DfD techniques are best suited for recovering the topography of visibly rough

surfaces.

e Attempts to encode range information into the defocus PSF are best suited for recovering the range

of a sparse collection of point emitters, albeit from a single image.

o Single shot structured light techniques are best suited for recovering the topography of visibly

smooth surfaces, whereas multi shot techniques work with a wide variety of surfaces.

e A subset of multi shot structured light techniques circumvent the correspondence matching
problem by exploiting the illumination diversity afforded by phase-shifting a single periodic
pattern. These methods recover high resolution range maps by examining the deformations in the

detected illumination pattern.

2.6 Quest for apparatus that can super resolve spatial whilst recovering
topographic information

The independent evolution of super resolution and scene recovery techniques has hindered attempts to unify
these approaches. Our review of these techniques hints at the possibility of a unified treatment, when using

sinusoidal illumination. The Moir¢ fringes that arise from the heterodyning of the illumination pattern with
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spatial detail in the scene may be used to improve the resolving power. The phase deformation of the detected
illumination pattern may be used to recover topographic information. Subsequent chapters in this dissertation
explore the notion in great detail, with the express intention of finding an apparatus that can super resolve

whilst recovering topographic information.
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Chapter 3

MODEL FOR IMAGING UNDER PATTERNED ILLUMINATION

The notion of imaging under patterned illumination is a recurring theme in this work. The present chapter is
devoted to the development of a rigorous mathematical model for imaging in an active stereo setup such as
Figure 3.1. The goal is to derive the relationship between the detected intensity and the scene radiance due

to patterned illumination.

Camera Entrance
Pupil Plane

Projector Exit
Pupil Plane

[er bYrbZ] XW

Projector Camera
Image Plane xy Image Plane xy

Figure 3.1 A camera in an active stereo setup observing a scene under patterned illumination. The
camera and projector optics are illustrated as thin-lenses purely for illustrative purposes. Please

refer to Table 3.1 for a description of the elements in Figure 3.1

32



Table 3.1 Description of elements in Figure 3.1

Xw¥wZy

3D Cartesian world coordinate system aligned with the camera coordinate
system centered at O_,,. It is obtained by rotating a right handed Cartesian

coordinate system by —180°, about the X-axis.

Ocamn = (0,0,0)

Camera center-of-perspective

Oy = (by, by, by)

Projector center-of-perspective

Pixel coordinate system that is aligned with the camera image plane. The origin

xy

of the coordinate system is at the top-left corner of the image plane.
L, Pixel coordinate system that is aligned with the projector image plane. The origin
xy

of the coordinate system is at the top-left corner of the image plane.

(cx, cy), (Cy» éy)

Point of intersection of the camera & projector optical axes with respective image

planes

3D Rotation matrix that aligns the World Coordinate System with the projector

Coordinate System centered at Oy

b = [by , by, by]"

Baseline vector representing displacement between the camera and projector

viewpoints

In the interest of clarity, the derivation is broken into three units. The first unit derives the geometric relation
between a scene point and its pixel coordinates in the camera and projector image planes. The second unit
extends the geometric model to accommodate blurring due to the imaging and illumination optics. The final
unit assimilates the relations into a single expression for the detected intensity under patterned illumination.

At first sight, the notion of a pixel in the illumination module may appear to restrict the scope of our
model to devices comprised of individually addressable light modulators. Examples include LCOS (Liquid

Crystal on Silicon), LCD (Liquid Crystal Display) and DLP (Digital Light Projector) projectors. But, this is
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not the case. The projector could be any device that effects a change in the distribution of the light incident
upon a scene. Examples include a laser projector that paints an image by rapidly scanning a light beam, or a
pattern projector based on diffractive optics such as the Microsoft Kinect.

In an effort to minimize the loss of generality while accommodating the diversity in the mechanics of
illumination, the term pixel is used to refer to the smallest feature in the projected spatial pattern.

The mathematical expressions presented in this chapter can at times appear convoluted, as there will be
simultaneous consideration of spatial and spatial-frequency coordinates. To minimize confusion, a standard
notation has been adopted. For example, accented/unaccented coordinates denote points in the

projector/camera image planes respectively. A more exhaustive list is compiled in Table 3.2.

Table 3.2 Mathematical notation

3D Coordinates Spatial coordinates of a scene point eg:(X,Y,2)

Unaccented 2D Coordinates | Pixel coordinates of point in camera image plane e.g.: (x,y)

Accented 2D Coordinates Pixel coordinates of point in projector image plane | e.g.: (X, )

Uppercase Boldface Matrices M;; : element in row-i, column-j of matrix M
Lowercase Boldface Column vectors
F{..} Fourier transform operator

Catigraphic Typeface | Fourier transform of a spatial pattern or 2D function

Greek symbols &, Spatial frequency coordinates expressed in — pincl

[1b]| L2 norm of vector
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3.1 Modeling image formation in the imaging and illumination paths

Our derivation begins with the assumption that the camera and projector optics are thin lens elements, as

illustrated in Figure 3.1. The assumption is relaxed at a later stage in the derivation.

Z =1, Z=0 Z=-1,

ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff Cx, C
optical axis (e cy)

D = (x0,¥0)

Object Entrance | Exit Detector
pupil plane

Figure 3.2 Geometric model for imaging in a thin lens

Suppose that the thin lens imager in the apparatus of Figure 3.1 observes the scene point P & (X, Y;, Z,) as
illustrated in Figure 3.2. The relation between the scene point and its transverse image coordinates p &f

(%9, ¥o) is disclosed in Eq.(3.1). The term A represents the pixel pitch in the image sensor, while the term Z,

represents the perpendicular distance from the camera center-of-perspective to the sensor plane.

12,
x0= _ZZ_XO +Cx
o
3.1
7 G.1)
y(): _ZZ_OYO +Cy

The above relation is based on the paraxial image model for thin lenses found in standard texts [2, 48]. It is
derived by recognizing that the direction cosines of the incoming ray AO.,, in Figure 3.2, are identical to
those of the outgoing ray O.,,4;. The negative sign in the expressions accommodate the image reversal
experienced at the sensor.

With minimal effort, the relation disclosed in Eq.(3.1) can be formulated as the matrix product shown below

|:.7C0:| 1 _Zd/A 0 CX XO
Yo| =7 0 —Za/A ¢, || Yo
Z Y 32
1 °L o 0 111Z, 32)
K

35



In subsequent chapters, the above matrix formulation is used to leverage known principles in projective
geometry and computer vision. The matrix K in Eq.(3.2) is frequently referred to as the camera intrinsic
matrix in computer vision literature.

The geometric model disclosed above may also be used to identify the relation between the scene point
(X, Yy, Z,) and its transverse image coordinates (X, ¥,) in the projector image plane. The result is expressed

as the matrix product shown below

%o ~Za/A 0 Ce|[fir Tz i3] [Xo — bx
Yo| =7 0 —Z4/A ¢y fa1 Toa Tas||Yo — by (33)
1 0 0 1|1 Tay Fy3dlZy— by
k R
1

here y =
WHETEY = 51X — by) + 7o (Y — by) + f53(Z — by)

The term A represents the pixel pitch of the light sensitive element in the projector, while the term Z,
represents the perpendicular distance from the projector center-of-perspective to the light sensitive module.
The matrix K is referred to as the projector intrinsic matrix, in conformance with computer vision literature.

The relation disclosed in Eq.(3.3) is derived by transforming the world coordinates of the scene point
into a hypothetical Cartesian coordinate system centered at Oy, such that its Z-axis is aligned with the optical
axis of the projector. The vector [X, — by, Yy — by, Zy — b;]T accommodates the displacement in the origin
of this hypothetical coordinate system relative to the world coordinate system. Multiplication by R
accommodates the difference in the orientation of the world coordinate system and the hypothetical
coordinate system centered at Oy),.

A shortcoming of the thin-lens model discussed above is that it expects the direction of the incoming
ray AOQ.,, to match that of the outgoing ray O_.,,4;. This may not be valid for imagers with multiple lens
elements and apertures. In such cases, the standard practice is to aggregate the optical elements into a single
unit, and describe the passage of light through the optics using the paraxial model for thick-lenses [72-75].
The aggregate unit is comprised of two terminals: an “entrance pupil” representing a finite aperture through
which light-rays enter the imaging elements and an “exit pupil” representing a finite aperture through which

light-rays exit the imaging element en-route to the image sensor.
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The thick-lens equivalents of the relations disclosed in Eqs.(3.2) & (3.3), are included below

[xo 1 —myZy/A 0 x| 1Xo
}’o] = 0 -m,Zy/A ¢, ||Yo

7 P y (3.4)
1 0 0 0 112

K
X _mpZd/A 0 Ce[[M1 Tz T3] [Xo — bx
Yo| =V 0 —th,Zg/A ¢, ||T2r Taz Tas||Yo— Dby (3.5)
1 0 0 11731 fap  T33llZy — by
K Rr
) 1
wherey =

31(X — by) + 732(Y — by) + 733(Z — by)
The terms m,, 11, represent the pupil magnification of the camera and projector optics respectively. The
subscript p signifies the association with the pupil.

In the aforementioned thick-lens model, the camera’s center-of-perspective is located at the center of
its entrance pupil, while the projector’s center-of-perspective is located at the center of its exit pupil. Also,
the distances Z; and Z; now represent the perpendicular distance from the entrance/exit pupils of the

camera/projector, to the respective image planes.

3.2 Coordinate mapping between corresponding points in the camera and

projector image planes

The coordinate mapping between the corresponding points (X, ¥) & (X4, Vo) is of greater relevance to this
effort, as opposed to the individual expressions for (xq, Vo) & (%g, Vo). As a first step toward identifying the

coordinate mapping, we manipulate Eqs.(3.4) & (3.5) to obtain the following identities,

%o Xo by
[y'o =yZ,KRK™! [yo] — ¥KRKK | by (3.6)
1 1 b,
Yol 11
[yo] =-—KRTK™?! +— K[ l (3.7)
ZO

The non-singular matrices KRK™', KRTK~! define a bi-linear mapping between the image
coordinates (xg, Vo) & (%o, o), for objects strictly at infinity (Z, — o). Consequently, the matrices are

dubbed the “infinite homography” in computer-vision literature. The vector K[by, by, b;]" represents the
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camera coordinates of the projector’s center-of-perspective, and is referred to as epipole in computer-vision
literature.

In the interest of notational simplicity, the matrices KRK~1, KRTK~! and the vector K[by,by,b;]"
will henceforth be abbreviated as H*, H* and t respectively. The abbreviations allow us to express Eqs.(3.6)

& (3.7) in the following compact form

Xo Xo tx

[3’/0 =yZ,H” [yo]—)?Hm [tyl (3.8)
1 1 tz

ilsze ) 2l

Yo| =55 H” |yo| + - |tr (3.9)
1 124 1 Zy ty

Equating the third element on either side of Eq.(3.8), yields the following expression for y

1

Y =1% = = (3.10)
h31(Zoxo — tx) + h33(Zoyo — ty) + h33(Zo — t7)

Substituting the expression for y obtained in Eq.(3.10) into Eq.(3.8), yields the following coordinate mapping

4= hi5(Zoxo — tx) + hi3(Zoyo — ty) + hi3(Zy — t5)
O R (Zoxo — tx) + h(Zoyo — ty) + h53(Zo — tz)

G.11)
$o = h31(Zoxo — ty) + h33(Zoyo — ty) + h33(Zo — tz)
O T RS (Zoxo — tx) + h(Zoyo — ty) + R (Zo — t2)

Alternately, one can equate the third element on either side of the vector-identity of Eq.(3.9), to obtain the

following expression for y

1 ZO_tZ
S T T (3.12)
Y h3iXo +h3ye + hiy

Substituting the expression for ¥ ~lobtained in Eq.(3.12) into Eq.(3.9), yields the following relations

- (ZO - tz) (ﬁ;’;;&o +h%y, + ﬁ;‘g) 1
0= "o "o "o - lx
Zo h3i%o + h33ye + h3y Zo (3.13)

0 Z, hS ko + hSy0 + K5 Zo ¥

The relevance of the above relations to Optical Super resolution and Active Scene Recovery will be evident

in upcoming chapters. For the moment, it suffices to know that Eqs.(3.11) & (3.13) help determine the

38



functional form of the spatial pattern in the camera image plane, given the functional form of the illumination
pattern.

A shortcoming of the imaging model derived thus far is that it disregards blurring due to the imaging
and illumination optics. As a consequence of blurring, one can neither resolve nor independently illuminate
closely spaced points in the scene. In other words, blurring imposes a firm limit on the resolving power of
the illumination and imaging devices. It is evident that attempts to develop a mathematical model for imaging
under patterned illumination must accommodate optical blur. The topic is explored further in the upcoming

section.

3.3 Modelling optical blur in the imaging and illumination paths

It is common knowledge that the optical image of a point-source/object is a blurry spot, appropriately dubbed
the point-spread function or PSF. It accounts for the wave nature of light propagation, and encapsulates the
effect of diffraction, optical aberrations and defocus blur. The spatial extent of the PSF limits our ability to
resolve and independently illuminate closely spaced points in the scene.

Previous work in Optical Super Resolution has mostly focused on space-invariant PSF’s. The present
work relaxes the requirement of space-invariance while examining a model for imaging under sinusoidal
illumination.

Suppose that the camera in the apparatus of Figure 3.1 observes a point source located at (U,, Vo, W,)
in the object volume. Suppose that (ug, v,) represent the transverse coordinates of the geometric image of
the scene point (U,, Vy, Wy). A real-valued function of the form h ., (x — gy, ¥ — vy; Ug, Vo) is adequate to
describe the intensity at the (x,y)®™ pixel, in response to the point source at (Uy, Vy, Wy). The arguments
(ug, Vo) In hegr (X — Uy, ¥ — Vg; Uy, V) capture the field dependence of the PSF, with respect to the location
of the point source. Lohmann & Paris [76] extended the above notion to an arbitrary collection of point

sources, by using the super-position integral. The result is summarized below

ix,y) = ff p(u, v)hegm(x — w,y — v;u,v) dudv (3.14)

The term p(u,v) represents the intensity of a point source at (U,V,W) with the transverse image

coordinates (u, v).
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Notice that the superposition integral of Eq.(3.14) reduces to the familiar convolution integral, when
the PSF is space-invariant, i.e. Ry (X — V, ¥V — v; U, V) = Agym(x — u, ¥y — v). In such cases the PSF changes
in location but not in functional form, as the point-source explores the object volume. Previous work in super
resolution has focused exclusively on such PSF’s. Unfortunately, the assumption of space-invariance
contrasts the space-variance observed in practice. The present work relaxes the requirement of space-
invariance while examining a model for imaging under sinusoidal illumination.

Without loss of generality, the expression for the detected intensity disclosed in Eq.(3.14), may be
repurposed to yield an expression for the incident intensity at the scene point (X,Y, Z). The expression is

included below

S(X,Y,2) o f Po (W, D)y (£ — 1, — 031, ) duidv (3.15)
X,Y,2) 3D coordinates of the geometric image of the (%, y)" projector pixel
pe (1, V) intensity of the (i, )" pixel in the illumination pattern

hiyyCGc —w,y — v;4,0)  spatially varying blur induced by the illumination optics

The reader will recognize that the expression is applicable to any illumination pattern. But, the present work

restricts its attention to the sinusoidal patterns shown below

1. pe(%,y) = A+ Bsin(2n (&% +1n,y) + 0)

. . ' . %o +hSYo+hSS RS %o +hSYo+h3S
2. (% )=A+Bsm(21'[( 10 1270 13 4 gy a0 22 ,3)+9)
PotX.y ) A 2o thS o thS | 10 R %0 T A Y0 +h

&0, Mo frequency of the illumination pattern expressed in cycles/pixel
A average intensity of the illumination pattern ( DC component )
B peak excursion in the intensity of the sinusoidal component
(7] phase-shift in the sinusoidal component

hf;’ (i, /)t entry of the infinite homography H* = KRTK~1
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Pattern-1 is the pattern of choice in Super resolution Microscopy and Phase Measurement Profilometry.
Pattern-2 is a warped sinusoidal pattern whose usage is unique to this work. The pattern is the outcome of a
combined effort to recover scene geometry and spatial detail lost to blurring.

The expressions for the incident and detected intensities disclosed in Eqs.(3.14)-(3.15) serve as a

starting point for the design a comprehensive model for imaging under sinusoidal illumination.

3.4 Expression for the detected intensity under periodic sinusoidal illumination
The model disclosed in Eq.(3.15) may be used to identify the incident intensity at the scene point (X, Y, Z), in

response to the illumination pattern A + B sin(2m (&% + noy) + 6). The result is provided below
S(X,Y,Z) = A%, ) + |B(&,9)| sin (2m (& + noy) + arg (B(£,7)) +6) (3.16)

blur induced amplitude deviation in
At y) « 4 ﬂ hyy (& — 4,y — 3 1, %) dudv
the DC component of pg (X, J7)

. o 4 a_ blur induced amplitude deviation in
B(a&)’/)ﬂ:efB’jf {eXp( j2m(So(i = &) + (9 ”)))}dadﬁ

X hy(X =4,y — 0;4,7) the sinusoidal component of py (%, y)

A formal derivation of Eq.(3.16) is included in Appendix-A.1.

A fraction of the light incident at (X, Y, Z) reaches the (x, y)t" camera pixel, following albedo loss and
optical blur. The expression for the intensity of the (x,y)*" pixel is obtained by integrating the contribution
of every scene point (U, V, W) to the (x, y)t" pixel, just as in Eq.(3.14). The resulting expression is included
below

ip(x,¥)
2n(égu + V) +
= ff (A(L’t, v) + |B(12, 13)| sin <arg (B(u, 13)) + 9>> r(u, V) hegm(x — w0,y — v; u,v) dudv (3.17)
The term 7(u,v) in Eq.(3.17) represents the geometric image of the scene obtained under uniform
illumination.

The reliance of Eq.(3.17) on both camera and projector coordinates impedes its use in super resolution

and scene-recovery. The issue is resolved by incorporating the coordinate mapping (X, y) — (x,y) disclosed
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in Eq.(3.11), into Eq.(3.17). For the benefit of the reader, the mapping is expressed in (u,v), (i, V)

coordinates, as follows

oo o o 3.18
5= hsi(Wu —ty) + hj,(Wv — ty) + h3s (W —t;) (3-18)

With the aid of Eq.(3.18), one can recast the terms A(%, ¥), B(, ¥) and 2m (&t + o?) in Eq.(3.17), in
camera coordinates. The resulting expression for the detected intensity ig(x, y)is provided below

ie(x,)/)

= ff (A(u, v) + |B(u,v)| sin <+(Z§:(Z)(: 5)))) r(w, v) hegm(x — u, ¥y — v;u, v) dudv (3.19)

o(u,v) & 21 (&t + 1)

_ g, MW= t) + WY — &) + W W — £) dtortion due o el
Oh?l(Wu_tX)+h§OZ(WU—ty)+h§%(W—tZ) phase distortion due to paraliax

4 g MW= ) AW — 1) + RGO — 1)
M0 he Wu — ty) + h(Wv — ty) + ha(W — t)

arg(B(u,v)) & arg (B @, ﬁ)) ' -
blur induced phase distortion in the

_a A/ 2 __ 7 '11 1 t' tt " Y
= arg <ff {exp ( j2m(&o(t — ) + no (v v)))} dad&) illumination pattern pg (%, V)

X by (t — 44, 0 — & 44, ©)

blur induced amplitude deviation in
Aw,v) & A(,v) = 4 ff hy(@ — 4, v — 0; 4, 4) dadd
the DC component of py (%, y)

[B(u,v)| &

B(w, )|

blur induced amplitude deviation in

_p Uf {exp (—jZn({o W — ) +no(¥ — v)))} dids ‘ the sinusoidal component of pg (%, y)
X hy (4 — 4,0 — ;4,7)

) . . Eq.(3.18)
The integrals in the table are evaluated under the change of variables (i, ¥) S (u,v).

It is evident from Eq.(3.19) that the camera observes a scene-dependent amplitude and phase variation in the

incident illumination pattern. The finding is consistent with practical observations.
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3.5 Expression for the detected intensity under warped sinusoidal illumination

The model disclosed in Eq.(3.15) may be used to identify the incident intensity at the scene point (X, Y, Z), in

response to the illumination pattern

&%+ h%y + hS 3% + hSy + hSy
Sl s g R B g
h3i% + h3yy + hsy h3i% + h3y + hay

(&)

pe(%,y) = A+ Bsin| 2r <§0

The result is provided below
s(X,Y,Z) < A(%,9) + |B(%, )| sin (<p(92. y) + arg (B(ae. 3’1)) + 9) (3.20)

blur induced amplitude deviation in
A(x,y) « Aﬂ. han(t =1,y — v;u,v) didv
the DC component of pg (X, y7)

exp(—jo (it — i, b — ) blur induced amplitude deviation in
B(ae,y')défs'ff{ s = o= }dadﬁ
X hin(l =, ¥ = &5 4, &) the sinusoidal component of py (%, )

A formal derivation of Eq.(3.20) is included in Appendix-A.2.

A fraction of the light incident at (X, Y, Z) reaches the (x, y)t" camera pixel, following albedo loss and
optical blur. The expression for the intensity of the (x,y)t" pixel is obtained by integrating the contribution
of every scene point (U, V, W) to the (x, y)t" pixel, just as in Eq.(3.14). The resulting expression is included

below

ig(x,¥)
. , u,v)+6
= ff (A(a, 1) + |B(, ¥)| sin (+(Zf'g(l§’)(11, 1})))) r(w,v) heg(x —u,y —v;u,v) dudv (3.21)
The reliance of Eq.(3.21) on both camera and projector coordinates impedes its use in super resolution and

scene-recovery. The issue is resolved by incorporating the coordinate mapping (x,y) + (%, y) disclosed in

Eq.(3.13), into Eq.(3.21). The coordinate mapping is expressed below, for the benefit of the reader

(W - tz) <ﬁ;°1a0 + hS 0, + ﬁ;‘g) 1
u

W J\Rgixo + k90 +h%)  Zo
o o - (3.22)
(W - tz) <h21x0 + h3%¥0 + h23) 1
v= " "o - — |t ty
w h3i%o + h3yY0 + 33 Zo
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With the aid of Eq.(3.22), one can recast the terms A(a, ?), B(4, V) and ¢(%, %) in Eq.(3.21), in camera

coordinates. The resulting expression for the detected intensity ig (x, y)is provided below

ie(x,Y)

= ff (A(u, v) + |B(u,v)| sin <+§:§g,(ll;)(: 5»)) r(w,v) hegm(x — u, ¥y — v; u, v) dudv (3.23)

o, v) € @i, v)

phase distortion due to parallax

=2m <W _ tz) (Sou +mov) — (

W (Sotx + Moty)

21 )
W_tZ

arg(B(u,v)) & arg (B(l’t, 13))
blur induced phase distortion in the

_ arg ff exp(— jo(t — 41,0 — /[y)) S illumination pattern pg (%, y)
X hill(a - ’Li,'l;' —’l;',’ll,’l;')

blur induced amplitude deviation in
Alw,v) & A, v) = A ﬂ hoy (G — 44, — ;44 ) died
the DC component of py (%, )

|B(u,v)| & |B(%, )|
blur induced amplitude deviation in
_p f J’ exp(—,jq)(a, - uv —v)) dhds the sinusoidal component of pg (%, V)
X hy (U — 4,0 — 0;41,4)

. . . Eq.(3.22)
The integrals in the table are evaluated under the change of variables (i, ¥) A (u, v).

It is evident from Eq.(3.23) that the camera observe a scene-dependent amplitude and phase variation in the

incident illumination pattern. The finding is consistent with practical observations.

3.6 Summary
Our analysis of imaging under sinusoidal illumination concludes by noting that the expression for the detected
intensity assumes the following functional form

ip(x,¥)

= ff (A(u, v) + |B(u,v)| sin <+Z§g(g)(: 5)))) (U, V) heam(Xx — U,y — v; u, ) dudv (3.24)
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It is worth emphasizing that Eq.(3.24) furnishes a comprehensive model for imaging under sinusoidal
illumination that accommodates

space-variance in the optical blur of the imaging and illumination paths, and

topographic variation in the scene.
The astute reader will recognize that the proposed model can be readily extended to illumination patterns that

are expressible as a superposition of sinusoids or warped sinusoids.

3.6.1 Relevance of the model to scene recovery

Scene recovery in an active stereo setup is predicated on the prospect of observing depth dependent distortion
in the instantaneous phase of the detected sinusoidal pattern. The phase distortion due to parallax ¢(u, v)
serves this purpose, and permits recovery of depth information W from ¢(u,v). The additional phase
distortion arg(B (u, v)) induced by the illumination blur, results in an over/under estimation of the absolute
depth W. The amplitude deviation arising from the terms A(u, v) and |B(u,v)| diminish the modulation
strength of the detected sinusoidal pattern and results in a loss of range resolution. These issues are examined

in detail in a subsequent chapter.

3.6.2 Relevance of the model to super resolution

Super resolution using patterned illumination is predicated on the prospect of observing unresolved spatial
frequencies in the camera image ig (x, y). But, it is not evident from Eq. (3.24) that the camera image contains
frequencies lost to optical blur. The presence of these frequencies may be confirmed by analyzing the Fourier

o(u,v)+6

transform of the product term {A(u, v) + |B(u, v)| sin <+ arg(B(u, v))

)}r(u, v). The amplitude deviation

arising from the terms A(u,v) and |B(u,v)| diminish the modulation strength of the incident sinusoidal
pattern, and thereby limit our ability to modulate increasingly fine spatial detail.

It should be noted that the phase distortion due to parallax makes it impossible to unambiguously restore
the modulated frequencies to their true position outside the optical passband. A subsequent chapter in this

dissertation examines camera + projector arrangements that eliminate the phase distortion due to parallax.
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Chapter 4

MECHANICS OF OPTICAL SUPER RESOLUTION

The allure of surpassing the diffraction limit has drawn considerable attention to the topic of “Optical Super
Resolution”. Existing attempts share the notion that the resolving power of an imager may be improved by
manipulating the distribution of light in either the object volume or the image volume. A subset of the
techniques [68-71] rely on the “sinusoidal modulation” of the light distribution in the object volume. The
sinusoidal modulation produces sum and difference frequencies, the latter of which survives optical blurring.

The process is illustrated in Figure 4.1.

Active Stereo Setup

True image of

sinusoidal illumination uniform illumination Log-Frequency Chart

]

<N

s
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»
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N

N

g
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]

<

s

3

¥

E Projector Camera
§ image plane image plane
g

]

Figure 4.1 Moiré¢ fringing due to imaging under sinusoidal illumination
NOTE: For illustrative purposes, the frequency of the spatial patterns in the “Active Stereo Setup”

inset is deliberately smaller than that used to generate the camera image insets on the left.

Inspection of the camera image under flood illumination indicates that it is incapable of resolving the

fine spatial detail in the Log-frequency test chart. But under sinusoidal illumination, the camera observes a
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low frequency beat pattern (Moiré fringes) in the previously unresolved areas of the test chart (highlighted
in red). The beat pattern is attributed to the heterodyning of the fine spatial detail in the test chart, with the
sinusoidal illumination pattern.

At first sight, it may appear that the heterodyned frequencies can be restored to their true position outside
the optical passband, using a standard AM (amplitude modulation) receiver. But in practice, unambiguous
restoration is only supported by select camera + projector arrangements. The inconsistency stems from the
fact that the detected sinusoidal pattern exhibits phase distortion, due to the difference in the viewpoints of
the camera and projector. Such distortions are evident in the chess pieces of Figure 4.1, and at the interface
of the vertical planes and the ground plane.

The present chapter is devoted to the study of camera + projector arrangements that support

unambiguous restoration of the heterodyned frequencies, and subsequently super resolution.

Our study begins with a recapitulation of the expression for the detected intensity in an active stereo setup.
Attention is restricted to the periodic and warped sinusoidal illumination patterns, in view of their relevance

to this work.

Illumination pattern

Po(%,9) = A + Bsin(2r(§ox + 1o¥) + 6)

., h2 % + A%y + A hS% + A3y + hS
paCi ) = Ak rsin (2 g g i g GO )
h3i1% + h3yy + hgy h3i% + h33y + hgy

Expression for the detected intensity

ou,v)+6

ig(x,y) = ﬂ <A(u, v) + |B(w,v)]| sin <+ arg(B(w,v))

)) r(u, v) hegm(x —u, y — v; u, v) dudv 4.1)

o(u,v) phase distortion due to parallax

blur induced amplitude deviation in the DC and sinusoidal components
A(u,v), |B(u,v)|
of the illumination pattern

arg(B(w,v)) blur induced phase distortion

hem(x —u,y —v;u,v) spatially varying blur due to the imaging optics
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hy (@ — 4, — 4;41,4)  spatially varying blur induced by the illumination optics

. 2 2 q . cycles
&0 Mo spatial frequency of the illumination pattern expressed in —

h3 (i, )™ entry of the infinite homography H* = KRTK~!

It is obvious by now that super resolution using sinusoidal illumination is predicated on the prospect of
observing unresolved spatial frequencies in the camera image ig(x,y). Fourier analysis of the product
{A(u, v) + |B(u,v)| sin((p(u, v) + arg(B (u, v)) + 9)} r(u,v) in Eq.(4.1) confirms that sinusoidal
modulation shifts the object spectrum prior to optical blurring. But it remains to be proven that the modulated
spatial frequencies can be unambiguously restored to their true position outside the optical passband. Failure
to do so produces aliasing like artifacts in the reconstructed image.

The upcoming section examines a demodulation strategy that utilizes rudimentary trigonometric
relations to process the images acquired under sinusoidal illumination. The strategy is inspired by attempts

to demodulate the acquired imagery in Structured Illumination Microscopy (SIM).

4.1 Restoration of heterodyned spatial frequencies

The expression for the reconstructed image disclosed in Eq.(4.2), neatly encapsulates the demodulation

strategy adopted in this work

def

irecon(x: Y) = ibb(x: }’) + <

cos(2mr, (€ox +1oY) + @5) icos (X, y))
(4.2)

+sin(2mic, (§ox + M0Y) + @5) Lsin(x,¥)
The term iy, (x,y) referred to as the “baseband image”, represents the image of the scene under flood
illumination. The terms i.os (%, y), isin (X, ¥) represent images of the scene acquired under strictly cosine and
sine illumination. The scale factor k, accommodates differences in the transverse magnification of the
illumination and imaging paths. The phase offset ¢, accommodates differences in the sampling phase of the
detector pixel grid and the projector pixel grid.

The images iy (X, V), icos(X, ¥), isin(x,y) are  derived from the camera images iy(x,y),
ln2(6,Y),i7(x,¥) ,i3z/2(x,y) that are acquired under the uniformly phase-shifted illumination

patterns {py (%, y) : 6 € [0,m/2,m,31/2] }. A formal definition of these quantities is included below
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ipp(x,y) & 'ﬂ A(u, v)r(u, v) heym(x —w,y — v; 4, v) dudv

1 (4.3)
= 7 [l Cey) + inj2 (0 y) + in(0,) + a2 (6, )]
() & J' IB(w,v)| cos(p(u,v) + arg(B(w,v))) r(u, v) hean(x — u,y — v;u, v) dudv
(4.4)
1
= = [ime (8 9) = fsmp2 (6,
i (6, y) j |B(u,v)| sin(g(u,v) + arg(B(w,v))) r(u, v) heyn(x — u,y — v;u,v) dudv 4.5)

1
= 5 lioGey) = in ()]

Egs.(4.3)—(4.5) may be combined to obtain the expression for the reconstructed image irecon(%,y). The
resulting expression may be simplified by utilizing the trigonometric identity cos(P — Q) = cos P cos Q +
sin P sin Q. The simplified expression for the reconstructed image irecon (X, ¥) is disclosed below

irecon (x' y)

- .ff r(u’ v) {A(u’ U) + |B(ur U)l COS< ZTEKO("on * noy) + Po

—p(u,v) —arg(Bw,v))

>} hcam(x —-u,y—vu, 17) dudv (46)

The above expression for ipecon (%, y) fails to provide further insight into the restoration of the heterodyned
frequencies. Hence, we digress to investigate the mechanism by which SIM restores the heterodyned
frequencies to their true position. The mechanism is evidenced in the expression for the reconstructed image
shown below

irecon-sm (%, ¥)

= ff r(u,v) [A + |B| cos(2méy(x — w) + 2mno(y — v) —arg(B))] heam(x —u,y — v) dudv (4.7)

o(x—u,y-v)

Notice that the reconstructed image iecon_sim (X, ¥) bears a strong resemblance to the image acquired under

the computationally engineered PSF,

Renga(x,¥) = A + |B| cos(2m(§ox + 1oy) —arg(B)) heam(x,y)
o(x,y)

Bl .
= Honga 61D = A Hoam (§11) + 578D Hean (8 £ 80,1 £ 10)

(4.8)

It is evident that the bandwidth of the engineered optics exceeds the bandwidth of the imaging optics. The

increase in bandwidth confirms that the heterodyned frequencies have been restored to their true position

outside the optical passband.
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In subsequent discussions, the pattern o(x,y) & A + |B| cos(2m(éyx + noy) — arg(B)) that
modulates the optical PSF h,, (x,y) will be referred to as the “oscillatory pattern”, in view of its repetitive
nature.

The specific trait of SIM that permits unambiguous restoration remains to be identified. But, insight

may be gleamed by comparing Eqgs.(4.6) & (4.7), which confirms the following
® Phase distortion due to parallax is non-existent ((p (u,v) = 2n(&u + nov))

® The relative magnification of the imaging and illumination paths is unity
(Ko =10 =0k =x,7 =)
® The PSF’s of the imaging and illumination optics are space-invariant
ReamX —w,y —v;u,v) = hegm(x —uw,y — v)
hyCGe —w,y — 0,4, 0) = hy (X — 4,y — 0) so that A(u,v) = A, B(w,v) =B
It is evident that the absence of phase distortion in SIM is an important ingredient in the restoration of
heterodyned frequencies. However, it is not apparent if space-variance of the PSF’s impedes the restoration
process. The impact of space-variance is examined by substituting ¢(u,v) = 2w (éyu + nev) + @, in
Eq.(4.6). The resulting expression for the reconstructed image is provided below

irecon (X, ¥)

= ﬂ r(u,v)|A(u, v) + |B(u, v)Icos<

—arg(B(w,v)) hem(x —w,y —v;u,v)dudv  (4.9)

o(x-uy-v;uv)

21, (Eo(x —u) + 1o (y — U)))

It is evident that the reconstructed image i.con (X, ¥) bears a strong resemblance to the image acquired under

the computationally engineered PSF

Renga (6, 5 u,v) = A(u,v) + |B(u, v)| cos(2mr, (§ox + 1oy) —arg(B(w, v))) heam (x, y; 4, v) (4.10)

o(x,y;uv)

The principal difference between Eqs.(4.8) & (4.10) is the space-variance of the optical blur and the
engineered PSF. In addition, the space-variance in the illumination blur appears to introduce further field
dependence in the engineered PSF through the terms A(w, v), |B(u, v)| and arg(B (u, v)).

The discussion thus far supports the notion that space-variance in the illumination and imaging blur
does not serve as an impediment to super resolution. But it remains to be confirmed that the resolving power

of the imager may be improved. The topic is examined in succeeding paragraphs.
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It is observed that the terms A(u,v), B(u,v) in Eq.(4.10) assume fixed values for a fixed field
location (u, v). Likewise, the functional form of the optical blur hg,,(x,y; u, v) remains fixed, for a fixed
field location. The deterministic nature of these terms allow us to associate a field dependent transfer function
to both the optical imager and the computationally engineered imager. The standard practice of identifying
the transfer function by computing the Fourier transform of the PSF, may be employed to obtain the following
result

F{henga (x, ¥; 1, )}
= Flo(x,y;u,v)} @ Flheam (x, y;u,v)}

= F{A(w,v) + |B(u, v)| cos(2mr, (&gx + 1oy) —arg(B(w, 1))} ® F{heam (x, 5 u,v)} (4.11)

The operator F{g(x,y)} & [[g(x,y) exp(—j2m(&x + ny)) dxdy denotes the 2D Fourier transform, while
® denotes the convolution operator.

It is evident that the convolution operation in Eq.(4.11) produces replicas of the camera Optical Transfer

Function (OTF), centered at the frequencies (0,0) & + (K";O , K‘ZIO) %::S The replication in the frequency
domain serves to increase the bandwidth of the engineered OTF. The extended bandwidth of the engineered

OTF confirms that the heterodyned frequencies have been restored to their true position outside the optical

passband, and the resolving power of the optical imager has indeed improved.

4.1.1 Bound on resolving power

Intuition suggests that an increase in the bandwidth of the computationally engineered OTF is accompanied
by a reduction in the size of the resolvable spot. An accepted criterion for identifying the size of the resolvable
spot is the width of the central lobe. It is identified as the physical separation of intensity minima situated on
either side of the intensity maximum. The multiplicative structure of Eq.(4.10) guarantees that the engineered
PSF shares the minima of the camera PSF and the oscillatory pattern. The oscillatory pattern is a real non-
negative function, whose adjacent intensity minima are separated by the spatial period A ;! (5(2) + 77(2))_1/2 um.
Super resolution results when two or more minima of the oscillatory pattern o(x, y; u, v) can be squeezed

into the central lobe of the camera PSF h,,,(x, y; u, v).
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For a fixed field location (u, v), it is observed that

periodicity of the oscillatory pattern o(x, y; u, v) given by A k51 (é2 +n2) V2% <
width of the central lobe of the engineered PSF h,gq(x, y; 4, v) in any direction (4.12)

< width of the central lobe of the PSF h.,,(x, ¥; u, v) in the direction (&,,7,)

The reader will recognize Eq.(4.12) as a bound on the physical size of the resolvable spot, subsequent to
super resolution. The lower bound is satisfied with strict equality, in the direction of modulation. The upper
bound is satisfied with strict equality in directions that are nearly orthogonal to the direction of modulation,
since the illumination pattern fails to exhibit intensity variations in these directions. Figure 4.3 provides a

visual interpretation of these bounds.

The key insights to be gleamed from this section are detailed below
e space-variance in the imaging and illumination blur does not serve as an impediment to super
resolution using patterned illumination
e The heterodyned spatial frequencies in the camera image acquired under sinusoidal illumination
may be restored unambiguously, provided
o ¢@(u,v) is independent of scene depth W, and
o ¢(u,v) is expressible as the linear phase 2mx,(Equ + nov) + @
e super resolution using sinusoidal illumination is effected by the computational engineering of

the transverse PSF h.,,,(x, y; u, v)

The notion that active super resolution is effected by computational engineering of the transverse PSF is
unique to our work. It is also central to our discussion on PSF engineering using patterned illumination, in

Chapter 7. Hence, in the interest of clarity, we proceed to illustrate the notion by means of an example.
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4.2 Illustrating super resolution by computational PSF Engineering

The field dependence of the terms A(u, v), B(u, v) in Egs.(4.9) & (4.10) complicates the visual interpretation
of super resolution by PSF engineering. Hence, in the remainder of this section, we assume that the
illumination blur is space-invariant so that A(u, v) = A, B(u, v) = B. Further, it is assumed that x, = 1 and
¥, = 0.

Figure 4.2 illustrates the prospect of super resolving a diffraction limited imager, using sinusoidal
illumination. The inset labeled “PSF” depicts an Airy disk with a cutoff frequency of p, = 193.69 cyc/mm.
The yellow lines in the inset depict the spacing between the first two nulls of the airy disk (12.6 um). The
inset labeled “engineered PSF” demonstrates the effect of modulating the diffraction limited PSF with a
raised-cosine pattern whose frequency &, = 0,717y = py = 193.69 cyc/mm, and A = B = 1.

Inspection of the PSF slices in Figure 4.2 confirm the absence of resolution gain in directions nearly
orthogonal to the orientation of the illumination pattern. The resolution gain in the direction of modulation
manifests as a reduction in the width of the central lobe of the engineered PSF. Closer inspection of the left
inset in Figure 4.3 indicates that 4 consecutive intensity minima of the oscillatory pattern fit into the central

lobe of the airy disk. Note that, each minimum marks the beginning of a side lobe in the engineered PSF.

Figure 4.2 Super resolving a diffraction limited imager by

engineering its PSF using sinusoidal illumination

53



Engineered PSF hengd (x,v;0,0)

Optical PSF hcam(x,y;0,0)

7 N

J

slice of PSF slice of PSF in direction perpendicular
in the direction of modulation to the direction of modulation
Width of central lobe of hcgm (%, ¥; 0,0) 12.6 um
Period of oscillatory pattern in "x" direction -
Period of oscillatory pattern in "y" direction 5.2 um
Direction of modulation "y" direction
Width of central lobe of hengd (x,y;0,0) in "x" direction 12.6 um
Width of central lobe thengd(x' ¥;0,0) in "y” direction 5.2 um

Figure 4.3 Bounds on resolvable spot size for the example described in Figure 4.2

Intuitively, one expects to observe a larger resolution gain when several intensity minima of the
oscillatory pattern are accommodated into the central lobe of the airy disk. But, it is disclosed in a later section
that the side lobes accompanying the central lobe induce ghost artifacts in the reconstructed image. The
problem is aggravated by the oscillatory nature of the sinusoidal illumination pattern.

Figures 4.5 & 4.6 illustrate the prospect of PSF engineering in a space-variant imager comprised of a
detector and a 19 mm biconvex lens. The PSF and MTF insets in Figures 4.5 & 4.6 highlight the severity of
space-variance. The color-coding scheme employed in Figure 4.5 designates field locations relevant to this
example.

The on-axis PSF is a diffraction limited Airy disk with a cutoff frequency of p, = 193.69 cyc/mm.
The engineered PSF’s are obtained by modulating the optical PSF’s with a raised-cosine pattern whose

frequency &, = 0,19 = 125 cyc/mm, and A = B = 1.
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Figure 4.5 PSF’s & MTF cross-section’s of an exemplar space-variant imager

Figure 4.4 Space-variance in the imager used to illustrate super resolution by PSF engineering.
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Inspection of the engineered PSF slices in Figure 4.6 confirm the absence of resolution gain in directions
nearly orthogonal to the orientation of the illumination pattern. The resolution gain in the direction of
modulation manifests as a reduction in the width of the central lobe of each engineered PSF. Closer inspection
of the engineered PSF’s reveals pronounced side-lobes in the off-axis engineered PSF’s. The source of this
unusual behavior is the increase in the number of cycles of the oscillatory pattern o(x, y; u, v) that can be fit
into the central lobe of the off-axis PSF, as one moves away from the optical axis. Each zero crossing of the
oscillatory pattern that is contained in the central lobe of the PSF h ,, (x, y; u, v) marks the beginning of a
new side lobe in the engineered PSF. It is not difficult to imagine that that the side lobes induce ghost artifacts

in the reconstructed image, a fact corroborated by experiments.

Figure 4.6 Super resolving a space-variant imager by

engineering its PSF using sinusoidal illumination

The examples discussed thus far support the notion that active super resolution is effected by
computational engineering of the transverse PSF. The notion generalizes the viewpoint espoused in [77] for

space-invariant blurs, and is an original contribution of this work.
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By now, it should be evident to the reader that unambiguous restoration of the heterodyned frequencies
is central to the notion of super resolution by PSF Engineering introduced in this chapter. In Section 4.1, we
identified the following conditions as being essential to the unambiguous restoration of heterodyned
frequencies in an active stereo setup:

Phase distortion due to parallax ¢ (u, v) is independent of scene depth W
@ (u, v) is expressible as the linear phase 27k, (Equ + nov) + @,
The aforementioned conditions guide our immediate efforts to identify active stereo embodiments that

support Optical Super Resolution.

4.3 Super resolution in an active stereo setup using periodic sinusoidal
illumination

In Section 3.4, we derived the expression for the camera image acquired under the periodic sinusoidal

illumination pattern A + B sin(2m(&,% + 1,¥) + 6). The expression is repeated here for the benefit of the

reader

ou,v)+86

ig(x,y) = ﬂ <A(u,v) + |B(u,v)| sin <+ arg(B(u, v))

wherein

)> r(u,v) hegm(x — w, ¥y — v; u, v) dudv

(p(ur v) = 271’50 hoo (W [ %)
aWu —ty) + h5(Wv — ty) + hgs(W —t5)

+ 2 h,(Wu — ty) + R (Wv — ty) + h3s(W —t) (4.13)
OhS (Wu — ty) + RS (Wv — ty) + h55(W — tz)
P Eq.(3.18)
o Aluv) = A ﬂ hy(h — 4,0 — &4, 4) dadé replace (1, V) —— (u, v)

. —j 1 — 1 ) — 1 Eq.(3.18
. Blwy) Bﬂ {exp( j2m(&o( — ) + o (¥ U)))} dadé  replace (4, ¥) Eq.3.18) (u, v)
X hlll(a_a!ﬁ_/l}';a!/l})

The intuitive meaning of the numerous terms in Eq.(4.13) is provided in Table 4.1.
Armed with the expression for ig(x,y), we proceed to tackle the question of camera and projector
placement that renders ¢(u, v) invariant to scene depth, while imparting a linear phase profile. The task

amounts to a judicious selection of the entries of the infinite homography H”, and the epipole [ty, ty, t;].
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o(u,v)

A(u,v), |B(u,v)|

arg(B(w,v))
hcam(x -—u,y—-vu, 17)

hy (6 — 42, — &; 40, 4)

Table 4.1 Description of terms in Eq.(4.13)

phase distortion due to parallax

blur induced amplitude deviation in the DC and sinusoidal components

of the illumination pattern
blur induced phase distortion
spatially varying blur induced by the imaging optics

spatially varying blur induced by the illumination optics

&0 Mo spatial frequency of the illumination pattern
w depth of scene point (U, V, W) that maps to the (u, v)*" camera pixel
e (i, )™ entry of the infinite homography H® = KRK~1
[tx, ty, t7] epipole in the camera image plane

It is evident from Eq.(4.13) that an affine transform (h3; = h35 = 0) allows us to express ¢ (u, v) as a
strictly linear function of the image coordinates (u,v). The choice of the epipole that renders ¢(u, v)

invariant to scene depth is a lot less obvious. Luckily, direct substitution can be used to verify that the
following choice of the infinite homography H and the camera epipole [ty, ty, t;] satisfies conditions

& | 2| enumerated at the end of Section 4.2.

[hi1 hiy K%
H® @ |hY hSy hS
|hs1 h3y h3
K R K1
[—1h, 24/ 0 &ITT 0 o][—A/mpZa 0 cxb/myZy
= 0 —h,Zq/h ¢,[|0 1 0 0 —A/myZg  cyA/myZ,
L 0 0 1]t0 0 1 0 0 1
[(1h, Z4 A hy, Z4 A
<—p—d7> 0 C"x + (_p_d7> Cx]l
my, Zg A mp Za A (4.14)
= My Zg A\ ,  (thpZgA '
0 — === ¢ +|—==]c
mpZdA y mpZdA y
0 0 1



Sotx + Moty =0 = |fobx + noby =0

4.15
tr=0=[b=0] e
Incorporating the above choices into Eq.(4.13), yields the following expression for ¢ (u, v)
@, v) = 21K, (§ou + nov) + ¢, (4.16)

wherein

def Thp Zd A
K, = mp Zd A
(po = Zﬂ(fo(éx + Kocx) + no(éy + Kocy))

Clearly ¢ (u, v) is a linear function of the image coordinates (u, v) that is also independent of the scene depth.

The reader will recognize that Eqs.(4.14) & (4.15) impose constraints on the relative displacement
[by, by, b;]" between the centers of perspective of the camera and projector, and the relative rotation R
between their optical axes. The complete set of constraints on camera projector placement, and their intuitive
meaning is tabulated in Table 4.2. In subsequent discussions, the term “collocated” is used to refer to stereo

arrangements for which b, = 0.

Table 4.2 Constraints on camera and projector placement supporting super resolution using

periodic sinusoidal illumination

The optical axes of the camera and projector are parallel. The
1 0 0
R=|0 1 0] phrase “canonical stereo setup” is frequently used to
0 0 1
designate such stereo arrangements.
The camera’s optical axis oriented along [0,0,1]7 is
bZ = 0
perpendicular to the baseline [by, by, 0]7.
1 0 0 The entrance pupil plane of the camera and the exit pupil
b,=0,R=10 1 o]
0 0 1 plane of the projector are coplanar.
The orientation of the periodic sinusoidal pattern is identical
So| _ by
Sobx +moby =0 or |—| = b
Mo X' | to the orientation of the baseline vector.
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Figure 4.7 illustrates two canonical stereo arrangements that support unambiguous restoration of the
heterodyned frequencies. The image insets were generated using a publicly available ray-tracing program
called POV-Ray [78]. Inspection of the camera image insets in Figure 4.7 confirms that the detected

sinusoidal pattern does not exhibit phase distortion due to parallax.

4.3.1 Limitations of the “Canonical stereo setup”

Canonical Stereo Setup - Horizontally Collocated by # 0,by = 0,b; =0

Periodic Sinusoidal Illumination Camera image of scene
$o=0,1m>0
Canonical Stereo Setup - Vertically Collocated by =0,by # 0,b; =0
Sobx +noby =0
II—
Periodic Sinusoidal Illumination Camera image of scene

$>01m9=0

Figure 4.7 POV-Ray simulation of canonical stereo arrangements that support super resolution

The principal limitation of the canonical stereo setup is the inability to super resolve in orientations that are
not aligned with the baseline vector. The inability is attributed to the presence of phase distortion in the
detected sinusoidal pattern when £ by + 1nyby # 0. This behavior is evident in the expression for ¢ (u, v)

disclosed in Eq.(4.17).
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1
u,v) = 2mK u+nev) + + — 27k by + nob
o(u,v) 0(&o MoV) + @ W a(§obx + noby) (4.17)

wherein

K. ot _mpZ_dé K d_efmpZd
° my Zy A d A

A

(po = Zﬂ(fo(éx + Kocx) + no(éy + Kocy))
The aforementioned limitation may be overcome by employing multiple canonical stereco arrangements that
share a central imager, as illustrated in Panel-1 of Figure 4.8. Each stereo arrangement in the apparatus
supports super resolution in one orientation (horizontal/vertical/diagonal). Alternatively, one could rotate a

single canonical stereo arrangement about a fixed point as illustrated in Panel-2 of Figure 4.8.

b

bX=b
8, = 0° by =0
P
Ve N
/ N\
/ \
/ \
/ \
[ \
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\ bY 0
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N 7/
N 7
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~—>——

Figure 4.8 Super resolution in multiple orientations using a canonical stereo setup

A second limitation of the canonical stereo setup is that does not support the large baseline needed for
improving the range resolution of active scene recovery techniques. Attempts to increase baseline in a
canonical stereo setup are prone to failure because of the limited overlap between the illuminated volume

and the imaged volume, as evidenced in Figure 4.10.
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4.3.2 Additional Comments

At first sight, the collocation requirement (b, = 0) appears to be overly restrictive. But, examination of top
of the line Structured Light Scanners such as the Brueckmann smartSCAN-3D and ATOS-III Triple Scan

indicates that the imaging and illumination systems are mounted on a single arm and possibly collocated.

Camera-1

" — ey "
”@ ‘ smert SCANIOHE.

Prajec

Camera-2

Camera-1 Projector

Camera-2

Brueckmann smartSCAN-3D ATOS-1II Triple Scan

Figure 4.9 Top of the line Structured Light Scanners employing sinusoidal illumination

The finding has valuable practical implications in that it hints at the possibility of using Structured Light
Scanners to super resolve spatial detail in addition to recovering topographic information. The principal
difference between the “canonical stereo setup” described in the present section and the stereo arrangement
favored by Structured Light Scanners, is the use of large baselines and crossed optical axes. The prospect of
super resolving spatial detail in such Structured Light Scanners serves as the motivation for our investigation

into other active stereo arrangements that support super resolution.

.

small baseline large baseline
poor range resolution + improved range resolution
— limited field-of-view overlap
— limited scope for OSR

Figure 4.10 Impact of stereo baseline on super resolution using a “canonical stereo setup”
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4.3.3 Special case: super resolving a planar facet using periodic sinusoidal patterns

Under special circumstances, the constraints b, = 0 and &{yby + 1nyby = 0 needed to eliminate phase
distortion in a canonical active stereo setup may be relaxed to accommodate "non-collocated" stereo
arrangements and arbitrary pattern orientations. These circumstances arise when imaging scenes comprised
of a single planar facet that is plane-parallel to the camera and projector pupil planes. In such cases R =
identity matrix, and the infinite homography H*® reduces to KK~1. Further, the planar facet does not exhibit
any topographic variation from the standpoint of the camera or projector, so that the absolute depth of each
scene point (W in) is expressible as the constant W, for all image coordinates (u, v).

Incorporating the aforementioned values of H®, W into Eq.(4.13) yields the following expression for

phase distortion ¢ (u, v)

o, v) = 21K, (§ou + Mov) + ¢, (4.18)
wherein
K, g %éé _WO
o= mp Zd A WO - tZ

& 21 '+m’”Z,"lA +2 ’+m”Z"le 2020 (£0ty + Toty)
Po = 4Gy | Cx mpZdA Cx TN | Cy mpZdA Cy T[Wo olx T Noly

Notice that the linear phase profile of ¢(u,v) is consistent with that needed to realize Optical Super
resolution. This confirms that periodic sinusoidal patterns may be used to super resolve planar targets that
are plane-parallel to the camera and projector pupil planes. In subsequent discussions, such targets will be

referred to as 2D scenes, since they fail to exhibit topographic variation from the standpoint of the camera.

4.4 Super resolution in an active stereo setup using warped sinusoidal illumination
In Section 4.3 it was observed that periodic sinusoidal patterns exclusively support super resolution in a
canonical stereo setup. Our interest in super resolving spatial detail in other stereo arrangements such as those
employed in Structured Light Scanners, compels us to examine alternative sinusoidal patterns. In subsequent
paragraphs, we establish that sinusoidal patterns pre-warped by the infinite homography H® =

KRTK~1 support super resolution in other stereo arrangements.
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We being by recalling the expression for the camera image acquired under the warped sinusoidal pattern

. h% % + h%y + hS h2% + hSy + A
A+Bsin<2n<€0,;1, zy ,g+n0,§, i:y ,f>+9)
h3i% + h33y + h3y h3i% + h33y + h3y

The expression is repeated here for the benefit of the reader

,v)+ 6
ig(x,y) = ff <A(u, v) + |B(u,v)| sin <+({a)£g(;)(u, v)))) r(u,v) hegm (x — u, vy — v;u,v) dudv (4.19)
wherein
wW—t 21
e ouv) 27T( Z) (fou+7’lov)—(w_t )(fotx+770ty)
z
. Eq.(3.22)
o Alu,v) = A ff hy(d — 4,0 — 4;4,4) didd replace (i, V) —— (u, v)
) P Fa.(3.22
SCOEY] | exp(~Jo =t =) 44 replace (f, ) ) (u, v)
X hy(h =4, v — 0;4,4)

The intuitive meaning of the numerous terms in Eq.(4.19) is provided in Table 4.3.

Table 4.3 Description of terms in Eq.(4.19)

o(u,v) phase distortion due to parallax

blur induced amplitude deviation in the DC and sinusoidal components
A(u,v), |B(u,v)|
of the illumination pattern

arg(B(w,v)) blur induced phase distortion
hem(x —u,y —v;u,v)  spatially varying blur induced by the imaging optics

hy (& — 14,V — 4;41,4)  spatially varying blur induced by the illumination optics

&0, Mo spatial frequency of the illumination pattern
w depth of scene point (U, V, W) that maps to the (u, v)* camera pixel
h3 (i, )™ entry of the infinite homography H* = KRTK™!
[tx, ty, t7] epipole in the camera image plane
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Armed with the expression for ig(x, y), we proceed to tackle the question of camera and projector placement
that renders @ (u, v) invariant to scene depth, while imparting a linear phase profile. The task amounts to a
selection of the epipole [ty, ty, t;], and pattern orientation (&,,7,). Direct substitution can be used to verify
that the following choice of the epipole and pattern orientation satisfies the conditions |1| &|2]| enumerated

at the end of Section 0

Sotx + Moty =0= |fobx + 1noby =0

4.20
ti=0=[5=0 0
Incorporating the above choices into Eq.(4.19), yields the following expression for ¢ (u, v)
@, v) = 21K, (o +10V) + @,
(4.21)

wherein k, €1, ¢, €0

Clearly ¢ (u, v) is a linear function of the image coordinates (u, v) that is also independent of the scene depth.
The reader will recognize that Eq.(4.20) imposes constraints on the relative displacement [by, by, b;]T
between the centers of perspective of the camera and projector, and the relative rotation R between their
optical axes. The complete set of constraints on camera projector placement, and their intuitive meaning is

tabulated in Table 4.4.

Table 4.4 Constraints on camera and projector placement supporting super resolution using

warped sinusoidal illumination

The projector’s center-of-perspective lies in the entrance pupil
b, =0 plane of the camera. The camera’s optical axis oriented along

[0,0,1]7 is perpendicular to the baseline [by, by, 0]7

The orientation of the periodic sinusoidal pattern is identical

So

Mo

by
by

$oby +Moby =0 or

to the orientation of baseline vector.

Figure 4.11 illustrates two active stereo arrangements that support unambiguous restoration of the

heterodyned frequencies. The image insets were generated using a publicly available ray-tracing program
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called POV-Ray [78]. Inspection of the camera image insets in Figure 4.11 confirms that the detected

sinusoidal pattern does not exhibit phase distortion due to parallax.

Active Stereo Setup - Horizontally Collocated by #0,by =0,b; =0
Sobx +1moby =0
[
Warped Sinusoidal Illumination Camera imageﬁof Scee )
$o=0,1m>0
Active Stereo Setup - Vertically Collocated by =0,by #0,b; =0
Sobx +1moby =0 ||||||||
— |
|
Warped Sinusoidal Illumination Camera image of scene
$0>0,1m0=0

Figure 4.11 POV-Ray simulation of active stereo arrangements that support super resolution

4.4.1 Practical considerations

The analysis presented thus far assumes knowledge of the infinite homography H®. Modern approaches for
identifying the infinite homography rely on explicit identification of the intrinsic matrices K, K, and the
relative rotation R. The process is tedious and entails calculation of more quantities than the number of entries
in the homography H®. In addition, assembling the infinite homography H® = KRTK~! from the estimates
of K, K, R is prone to increasing the uncertainty in the estimate of H®. In an effort to mitigate the influence
of measurement uncertainty, we examine the implications of illuminating the scene with the sinusoidal

pattern

(4.22)

T X + MY + T3 Ty X + My + 7723) n 9)
’ ’ ’ ’ ’ 0 - ’ ’ s ’
31X + M3y + 33 31X + T3y + 133

A+ Bsin (Zn (fo

in lieu of the sinusoidal pattern
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A+B (4.23)

S0z

) hyik + hipy + s ha1k + had + hos
sin ZT[ w0 , s00 , ) 770 s00 , s00 , ) +9
h31% + h3oy + has hz1% + h3oy + has
Our study begins with an attempt to derive the expression for the projector to camera homography induced
by a planar facet. Suppose that the planar facet has unit normal n = [ny,ny,n;]"and perpendicular

distance d, from the origin of the world coordinate system. Any point (X, Y, Z) on the planar facet satisfies

the following equation for the plane in point-normal form

X
Y
Z

T

n =d, (4.24)

Algebraic manipulation of Eq.(4.24) yields the following result

X —_ bX bX
Y — byD =1 wherein b % [b (4.25)
Z — by b

# nT
dJ__nTb

The vector [X — by, Y — by, Z — b;]T in the above expression may be recast in projector image coordinates

Y
Z

using the relation disclosed in Eq.(3.5) of Section 3.2. The resulting expression is shown below

1 1 I
1

Post-multiplying both sides of Eq.(4.26) by the vector Kb yields the following expression

1(—) nTRTR1 ; Kb = Kb (4.27)
7\d, —n’b
1

Suppose (x,y) & (X, y) are the coordinates of the geometric image of the scene point (X,Y, Z) in the camera
& projector image planes. The mapping between the coordinates (x,y) & (%, y) is disclosed in Eq.(3.7) of

Section 3.2, and repeated here for the benefit of the reader
1 11,
M 1l e (4.28)

The term Kb in the above equation may be replaced with the left-hand-side of Eq.(4.27). The resulting

expression is provided below

x %

= 22 [y o () KRR 4.29
vz U IRZAY T n (4.29)
y —11(H°°+ ! Kb TRTK‘1> (4.30
Y17vz d—nb " 30)
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The sum of the matrices enclosed in round brackets represents the homography induced by the planar facet.
In the special case that the planar facet is plane-parallel to the projector exit pupil, the normal vector of
the planar facet assumes the formmn = R[0 0 1]7. Substituting n = R[0 0 1]7into Eq.(4.30) yields the

following expression for the homography

0 0 by
Meg°+—[0 0 by where dyy & d, — a,by — Fapby (4.31)
mlo o b,

The following identities follows directly from the definition of IT

b
70,0 foo __ .z foo __ .z X
hyy = 113 h{, =11, his =13 _d_
n
b
70 s foo __ .z foo __ .- Y
hy1 = 151 h3, =13, h33 = Ty3 s (4.32)
n
b
70 s foo _ .z foo _ .z Z
h3; = 731 h33 = 1t3; h33 = 1i33 _d_
n

These identifies may be incorporated into the expression for the warped sinusoidal pattern disclosed in
Eq.(4.23). Care must be taken to accommodate the conditions b, = 0 and &,by + nyby = 0, required for

unambiguous restoration of the heterodyned frequencies. The end result is disclosed below

., Ry % + b,y + hy, hoyk + by y + hye
A+Bsin<2n<§0,lj, 2 ,ff)+9>
h31x + h3y + has h31x + hagy + has (4.33)
T X+ 1 + Ty X+ 1 + 1
sin <27‘[< 11 12V 13 21 22Y 23) n 9)

A+ B

$o7—

gk + g +fr3g Ty k o+ Frgpd + g
It is evident from Eq.(4.33) that sinusoidal patterns warped by the homography IT induced by a planar facet
that is plane-parallel to the projector exit pupil, may be used to super resolve spatial detail in a collocated

active stereo setup. The experiments in Chapter 6 exploit the above result.

4.4.2 Limitations of the “Collocated Stereo Setup”

The principal limitation of the collocated stereo setup is the inability to super resolve in orientations that are
not aligned with the baseline vector. The inability is attributed to the presence of phase distortion in the
detected sinusoidal pattern when éyby 4+ 1oby # 0. The limitation may be overcome by adopting a strategy
similar to that discussed in Figure 4.8. The idea is to use multiple collocated stereo arrangements that share

the same imager or a single collocated stereo arrangement that rotates about the camera optical axis.
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A second limitation of the collocated stereo setup is that does not support arbitrarily large baselines.
Increasing the stereo baseline while attractive from a range-resolution standpoint, must be accompanied by
a rotation of the projector’s optical axis so as to improve the overlap between the illuminated volume and the
imaged volume. As the angle of rotation increases, it is likely that the warped sinusoidal pattern that is used
to illuminate the scene, will appear aliased on account of the finite pixel size of the light sensitive elements

in the projector.

4.4.3 Additional comments

To the casual reader, it may appear that the “collocated stereo arrangement” discussed in this section is
sufficiently different from the “canonical stereo arrangement” discussed in Section 4.3. But, inspection of
Tables 4 & 4 confirms that the “canonical stereo arrangement” is a special instance of the “collocated stereo
arrangement”, which arises when R = identity matrix. The difference between the arrangements lies in the
warped nature of the illumination pattern employed in a collocated stereo arrangement.

For the purpose of this discussion, one could explicitly pre-warp the periodic sinusoidal illumination
pattern employed in a “canonical stereo arrangement”. It soon becomes apparent that pre-warping amounts
to compensating for the difference in the relative magnification of the camera and projector, and also the

difference in the sampling phase of the camera and projector sampling grids.

4.5 Super Resolution in multiple orientations using a coincident stereo setup

The principal limitation of the collocated stereo arrangements of Sections 4.3 & 4.4 is the inability to improve
the spatial resolution in multiple orientations. The limitation stems from the inability to cope with the phase
distortion of the detected sinusoidal pattern, under select pattern orientations. In resource constrained
environments, it is highly desirable to use a single stereo arrangement to super resolve in multiple
orientations. The following paragraphs outline a special instance of the “canonical stereo setup” that

eliminates the phase distortion due to parallax, for all pattern orientations.
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Suppose that the imaging and illumination paths share the same optical axis so that R =
identity matrix, by = by = 0. Now suppose that the imaging and illumination systems are also collocated
so that b, = 0. The net result is that the imaging and illumination paths share a single viewpoint, such that

o the center-of-perspective of the imaging and illumination systems coincide

e the entrance pupil of the imaging system and the exit pupil of the illumination system are coplanar
The stereo arrangement described above is illustrated in Figure 4.12, and is referred to as a “coincident stereo
setup”. It is comprised of a camera and a projector that share a common viewpoint, with the aid of a 45° beam

splitter.

towards
scene
A

o &

RN
Q

>

Camera T

\| light
" absorber

— Incident light path
— Reflected light path

Figure 4.12 Coincident active stereo setup that supports super resolution in multiple orientations

Incorporating the aforementioned choice of R into the expression for the infinite homography H®, indicates

that it reduces to the upper-triangular matrix shown below
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My, Z4 A 1y Z4 A
(—p—d7> 0 Cy + (—p—dv) Cy
mpZdA mpZdA

H® = KRK™! =| . <@z’_dé) ) +<@Z—dé)c‘ (4.34)
mpZulA Y mpZdA Y
0 0 1
ihﬁzh%’}:(ﬂz—dé> and h =1,h% =h =hE =h% =0
mpZdA

It addition one finds that the camera epipole [ty,ty,t;]T = K [by, by, b;]T reduces to the zero
vector [0,0,0]7since by = by = b, = 0.
Incorporating the above values of the infinite homography and the camera epipole into Eq.(4.13), yields the

following expression for ¢ (u, v)

o, v) = 21K, (§ou + nov) + @,

wherein

K, & (ﬂﬁé) (4.35)
mp Zd A

o = 2”(60(695 + Kocx) + no(éy + Kocy))

Notice that ¢ (u, v) is independent of the scene depth and is always a linear function of (u, v), no matter the
value of &, 11,. This suggests that a coincident stereo setup is the perfect candidate for super resolving spatial
detail in multiple orientations. The expression for the detected image intensity in this stereo arrangement is

disclosed below

ig(x,y)

= ff (A(u, v) + |B(u,v)| sin (gofixoe(iozr;(go(];), :)))) (W v) Roam (x — W,y — v; u, V) dudv (4.36)

wherein

o K, ﬂz—dé @0 2m(&o(Ex + KoCx) + M0(Ey + KoCy))
myZg A

. U=K,(u—cy)+¢
o A(u,v) ¥ A || hylt — 4,0 — 4;4,4) dddé replace , _ o x) >
v=kK,(v—cy) +¢

e Buv) =B exp (_jzn(%(a — )+ (b - U))) didé  re lacea = Koo (U =Cx) + 6
V= L p vV=K,(v—ocy)+¢
X hy(t — 4,0 — o;4,4) y %

The intuitive meaning of the various terms in Eq.(4.36) is provided in Table 4.5.
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Table 4.5 Description of terms in Eq.(4.36)

blur induced amplitude deviation in the DC and sinusoidal components of
A(u,v), |B(u,v)|
the illumination pattern

arg(B(w,v)) blur induced phase distortion
heam(x —u,y —v;u,v) spatially varying blur induced by the imaging optics
hy(@ — 4, v — 4;41,4)  spatially varying blur induced by the illumination optics
Ko relative magnification between the imaging and illumination paths

Do difference in the sampling phase of the detector and projector sampling grids

4.5.1 Practical considerations

At first sight, the task of calibrating a coincident stereo arrangement may seem daunting. Luckily, it is
observed that the camera images in these stereo arrangements, are free of cast shadows due to the projector
illumination. This unique characteristic of the coincident stereo arrangement is exploited in the experiments

of Chapter 6, to ensure that the camera and projector share the same viewpoint.

4.5.2 Limitations of the “Coincident Stereo Setup”

The lack of phase distortion due to parallax in a coincident stereo setup means that scene recovery techniques
that rely on parallax can no longer be utilized to recover topographic information. This forces us to examine
alternative methods for recovering scene geometry in a coincident active stereo setup. The topic is examined
in an upcoming chapter.

The material presented thus far has restricted its attention to the study of camera and projector
placements that support super resolution. The strategy used to recover unresolved spatial detail from images

acquired under sinusoidal illumination, remains to be examined. It is the subject of the upcoming section.
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4.6 Optical Super Resolution: reduction to practice

The expression for the reconstructed image disclosed in Eq.(4.2) provides the blueprint for a super resolution

scheme that recovers unresolved spatial detail from images acquired under sinusoidal illumination. The

complete workflow is disclosed in Figure 4.13.

l'37n' 22 I (%, )
ig(x,y) iO(x!.Y)
1 1 1
2 4 2
icos(*, ) iph (X%, ¥) isin (X, ¥)
= [dentify carrier frequency Aliasi = [dentify carrier frequency
K0S o Kol man;asmg K0S o Kol
gement

* Identify phase offset @, i * Identify phase offset ¢,

cos(2mg(yx + 1Y) + @) sin(2mio(§gx +1y¥) + @)

Aliasing _@ @_ Aliasing |
management management

l

iosr(%,y)

Figure 4.13 Optical Super Resolution workflow

NOTE: The image insets in the flow diagram were obtained from experimental data.
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The process begins with the acquisition of images under phase-shifted sinusoidal illumination. The frequency
of each illumination pattern is set to &, 7, cyc/mm. The camera images acquired under sinusoidal
illumination are recombined according to Eqs.(4.3)-(4.5), to obtain the images iy,(X,¥)
and i.os(x, ¥), isin(x, ¥). This step is followed by an attempt to identify the frequency of the modulating

pattern k,&,, K,1o, and the phase offset ¢,. The next step in the process is the construction of the cosine and
sine demodulation patterns namely: Cos(Zn(fox + r)oy)) and sin (ZH(fOx + noy)). This is followed by the

demodulation of the cosine and sine images, as indicated below

ipp (%, ¥) & cos(2mic, (§ox + MoY) + @p) icos(x, ¥) + sin(2mrc, (§ox + 1Y) + @5) isin(X, ¥) (4.37)
The image iy, (x, y) dubbed the “bandpass image” corresponds to the second term in Eq.(4.2). It is comprised
of spatial frequencies that are lost to optical blurring.

The final step in the reconstruction process is the recombination of the baseband and bandpass images,

according to Eq.(4.2). The end result is the image i econ (X, y) with improved resolution.
It should be noted that the quantities k,, ¢, reduce to the constants 1,0 for collocated stereo arrangements
employing warped sinusoidal patterns (disclosed in Eq.(4.21)). In the case of canonical /coincident stereo
arrangements these quantities may be derived from the entries of the infinite homography H* defined in
Egs.(4.14) & (4.34). The infinite homography is itself estimated using standard calibration routines in
computer vision.

The workflow in Figure 4.13 includes a block labelled “Aliasing Management” whose role remains to
be described. This block accounts for the possibility that some of the demodulated frequencies may exceed
the sensor Nyquist frequency, and in the process introduce aliasing artifacts in the reconstructed
image irecon (%, ). This issue was observed and reported by the author in [79]. It was found that resampling
the image prior to demodulation resolves the issue. The idea is to resample the images iy (X, V), icos (X, ¥)
and i, (x,y) with an inter-sample spacing that is smaller than the current pixel pitch, but large enough to
accommodate the highest demodulated frequency. Spatial domain interpolation techniques such as Lanczos

interpolation may be employed for the purpose of resampling.
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4.6.1 Extensions

e The trigonometric identity sin(P + Q) = sin(P) cos(Q) + cos(P) sin(Q) may be used to expand the
expression for the camera image acquired under sinusoidal illumination (Eq.(4.1)), as shown below

ig(x,y) = ipp(x, y) + sin(6) icos (%, y) + cos(6) isin(x,¥) (4.38)

It is evident that the camera image is a linear combination of the baseband image iy, (x,y) and the
cosine/sine modulated images i..s(x,y) & isin(x,¥). The acquisition of images under phase shifted
illumination allows us to solve for each component, individually. Intuition suggests that it must be
possible to solve for the components using precisely 3 phase shifts (such as 0°,120°,240°), as opposed
to the 4 phase shifts (0°,90°,180°,270°) employed in this work. Our motivation for choosing the latter
set of phase shifts is the ease of interpretation.

e The baseband and bandpass images may be weighted independently, prior to combining them according
to Eq.(4.2). The weighting may be used to tailor the shape of the engineered PSF. A variant of the

problem is examined in Chapter 7.

e  With suitable modification, the imaging model of Eq.(4.1) and the reconstruction algorithm disclosed in
Eqgs.(4.2)—(4.6), may be extended to support a wider class of illumination patterns that are expressed as
a linear combination of sinusoids. The problem has been studied in the microscopy community [12-13],
albeit in the context of space-invariant imaging. The space-variant counterpart of the problem is

examined in Chapter 7.

4.6.2 Highlights of proposed reconstruction algorithm

An attractive feature of our reconstruction algorithm is that it does not require knowledge of the optical blur.
This is unlike methods in active super resolution that employ inverse filtering to shape the transfer function
of the engineered PSF. Knowledge of the blur limits the scope of the approach to fixed working distances
and fixed object geometry. Also, it is not obvious that a space-variant counterpart of inverse filtering is up to
the task of shaping the engineered transfer function. In view of these limitations, Chapter 7 examines a

complimentary approach to shaping the engineered transfer function.
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A highly desirable feature of our reconstruction algorithm is that it is agnostic to the form of space-
variance, and also its severity. This feature is exploited in Chapter 7 to realize near isotropic resolution gain,

throughout the image field.

4.6.3 Practical limitations

Intuitively one expects to observe the largest resolution gain when illuminating the scene with the highest

frequency sinusoids. From this standpoint, it appears that one should illuminate the scene with a sinusoid at
the Nyquist frequency iﬁ, where A is the size of the smallest feature in the illumination pattern. This

choice of frequency restricts the set of realizable phase shifts to the two values 0° and 180°. Unfortunately,
two shifts are not sufficient to disambiguate the baseband image iy, (x, y) from the cosine and sine modulated
images, namely i.s(x,y) and ig,(x,y). The problem may be overcome by illuminating the scene with a
Loe pLroc

r——— , which affords us a maximum of three and four shifts

sinusoid of lower frequency such as —
3A mm 4A mm

respectively. The larger of the two frequencies may be incorporated in Eq.(4.12) to bound the size of the
super resolved spot to 3A k;* um. Chapter 7 of this dissertation examines an alternative demodulation

strategy that allows us to reduce the size of the super resolved to its limiting value of 2A x;*um.

4.7 Summary

Our inquiry into the mechanics of super resolution concludes with the following key observations

e Space-variance in the imaging and illumination blur does not serve as an impediment to super
resolution using active illumination.

o The heterodyned frequencies in the camera image acquired under sinusoidal illumination may be
restored unambiguously, if and only if the phase of the detected sinusoidal pattern is linear and
independent of scene depth.

e Every collocated active stereo arrangement (b, = 0) supports super resolution using sinusoidal
illumination patterns. But, the improvement in resolving power is confined to a single orientation.

e A coincident active stereo arrangement (by = by = b; = 0) supports super resolution in multiple

orientations.
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e Improvement in the resolving power of the camera is effected by the computational engineering of the

camera PSF.

4.8 Advanced topics in super resolution

Our study of super resolution is by no means complete. The itemized list included below, describes an
assortment of issues that deserve to be examined:
1. How to minimize the loss of temporal resolution that accompanies the gain in resolving power?
A common limitation of active super resolution techniques is the loss of temporal resolution that
accompanies the gain in resolving power. Despite the tradeoff, improvement of the resolving power
remains the main thrust of these schemes. A problem that merits investigation is the determination
of the minimum number of sinusoidal illumination patterns that is needed to realize a prescribed
improvement in resolving power. A variant of the problem is examined in Chapter 7.
2. Artifacts in the super resolved image
The reconstructed image is far from perfect. Inspection of Eq.(4.9), indicates multiple issues. The
repetitive nature of the sinusoidal illumination pattern introduces side lobes in the engineered PSF,
which manifest as ghost artifacts in the reconstructed image. The appearance of side lobes is
exaggerated by the space variance in the camera optical blur.

The space variance in the illumination blur makes matters worse by introducing undesired field
dependence in the engineered PSF. The result is spatially non-uniform improvement in resolution.
There may be a complete loss of resolution gain at extreme field points where the modulation
strength of the illumination pattern approaches zero. The phase distortion arg(B (u, v)) introduces
spatial misalignment between edges in the baseband image iy, (x,y) and the bandpass image
Ipp(x, ¥). The misalignment varies spatially on account of the field dependence of arg(B (u, 17)).

In Chapter 7, we discuss a novel super resolution strategy, which among other things, produces
imagery devoid of ghost artifacts.

3. Are sinusoidal patterns the only patterns suited for Optical Super Resolution?
Existing approaches to super resolution rely on sinusoidal patterns due in large part to the simplicity

of the reconstruction algorithm and the highly accessible mathematical interpretation. But intuition
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suggests that all spatial patterns have the innate ability to heterodyne unresolved portions of the
object spectrum into the passband of the imaging optics. It is not obvious that there is always
reconstruction scheme that can unambiguously restore the heterodyned frequencies to their true

position outside the optical passband. The issue is examined in Chapter 7 of this dissertation.
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Chapter 5

MECHANICS OF PHASE MEASUREMENT PROFILOMETRY

The term Active Scene Recovery (ASR) designates techniques that recover topographic information from
images of a scene captured under patterned illumination. A particularly attractive approach to ASR involves
the use of sinusoidal patterns [68-71], and has come to be known as Phase Measurement Profilometry within
the optics literature. PMP is a measurement technique that recovers densely sampled topographic information
from images of a scene illuminated by one or more periodic sinusoidal patterns. The illumination pattern as

perceived by the camera, exhibits phase distortion on account of parallax. Figure 5.1 illustrates the idea.

Active Stereo Setup

Hllumination pattern

(lf

“ // I (o

Projector Camera

Camera image . .
image plane image plane

Figure 5.1 Phase distortion due to parallax in an active stereo setup

Our study begins with a review of the expression for the detected intensity under the periodic
illumination A + B sin(2m (&1t + no¥) + 6), which is the pattern of choice in PMP. The expression is

repeated below for the benefit of the reader

o(u,v)+0

ig(x,y) = ff <A(u, v) + |B(u,v)| sin <+ arg(B(u' v))

wherein

))r(u,v) Ream(X —u,y — v; u, v) dudv (5.1)

79



hii(Wu — ty) + h5(Wv —ty) + hS(W —t5)
(p(u, U) = 2”50 [ [ [
h (Wu —ty) + h(Wv — ty) + A3 (W — t5)
h (Wu — ty) + h35(Wv — ty) + h53(W — ty)

2
2T o Wi — t) + RS, (Wo — &) + RS (W — &)

o(u,v) phase distortion due to parallax

blur induced amplitude deviation in the DC and sinusoidal
A(u,v), |B(u,v)|
components of the illumination pattern

arg(B(w,v)) blur induced phase distortion
heam(* —uw,y —v;u,v)  spatially varying blur induced by the imaging optics
&o: Mo spatial frequency of the illumination pattern

absolute depth of scene point (U,V,W) that maps to the (u,v)™"

w
camera pixel
h3; (i, /)" entry of the infinite homography H® = KRK~!
[tx, tv, tZ] epipole in the camera image plane

In PMP, it is common practice to ignore the effect of blurring due to the imaging optics. This practice is
admissible when one of two conditions is satisfied

o the primary objective is to identify qualitative( not quantitative) topographic information, or

o the support of the camera PSF is tighter than the physical size of a camera pixel.
However, blurring due to the illumination optics cannot be ignored. The reason is projectors tend to have a
shallow depth of field on account of the large apertures sizes needed to produce bright images over a large
area.

The present work restricts its attention to qualitative topographic information, so that the reference to
the camera PSF h,,,, may be dropped from Eq.(5.1). In addition, the phase arg(B (u, v)) may be set to zero
under the assumption that the illumination optics is diffraction limited. The above constraints may be

incorporated into Eq.(5.1), to yield the following simplified expression for the detected intensity
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lg(x,y) = {A(w,v) + |B(w,v)| sin(@(x,y) + 0)}r(x,y)
wherein
h7(Wx = ty) + h;(Wy — ty) + hi3(W —t,)

D(x,y) &2
PCy) e e~ ) + KWy — ) + KW =)

- h3i (Wx — ty) + hy(Wy — ty) + haz(W — t)
Oh3y (Wx — ty) + h5;(Wy — ty) + hszs(W — t;)

(5.2)

+2

5.1 Scene Recovery using Phase Measurement Profilometry

The standard approach to recovering topographic information in PMP is neatly summarized in the following

expressions
Pwrapped (6, y) = tan? <in/:0 ((;c }3}1)) - il:,,(/t'( z?y)) (5.3)
(x,y) = unwrap (Purappea (1,3 (5.4)
[@Cx, y)hsy — 2m(§ohiy + nohzi)]tx +
[@Cx, y)hzy — 2m(§ohis + noh32)]ty +
7 _ \[PGr,y)h%; = 2m(§oh; + Moh$)]e 55)

[@(x,y)hg, — 2m(§ohsy +noh3)]x +
[p(x, y)h3y — 2m(§ohTs + nohy)]y +
[@(x, y)hgy — 2m(§ohis + nohss)]

The images 1o(x,¥), Ir/2 (%, ¥), iz (x,¥), 137/ (%, y) listed in Eq.(5.4) represent images of the scene
captured under the phase shifted illumination patterns A + Bsin(2m(&yit +no0) +6) with 8 =
0,7/2,, 31 /2 respectively. The expression for the unknown depth W disclosed in Eq.(5.5), is obtained by
rewriting the expression for the phase @(x, y) (Eq.(5.2)) in terms of the depth .

It is paramount that the phase-map @yrapped (%, ¥) be subject to unwrapping as the tan~"(...) function
exhibits a 2 ambiguity with its output restricted to the interval (—m, ). The image inset bearing the label
®nign (%, y) in Figure 5.2 illustrates wrapping in the phase-map of Eq.(5.4). Regrettably, Eq.(5.4) does not

provide hints on unwrapping the phase-map @yrapped(---) in an unambiguous manner.
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5.1.1 Phase Unwrapping in Phase Measurement Profilometry

An elegant solution to the unwrapping problem was proposed by [71], and is illustrated in Figure 5.2.

{To (x,y)} . {io(x,y)} u

lo(x, ) — I (x, y) lo(x,y) — I (x, y)
ln(x y) — l37-[(x y)

u Prow(x,y)
i

ln(x y) = l3n(x y)

Phigh (V) |

Phase . F §row(x,¥) — Pnign(x, )
Unwrapping (ph,gh(x y) + 27 round( o=
@unwrapped (. y) Qualitative Depth Map

Figure 5.2 Phase Measurement Profilometry Workflow
The phase-maps and the depth map have been individually normalized for display purposes.

The method involves illuminating the scene with two sets of sinusoidal patterns whose spatial frequencies
are related in a harmonic fashion. The first set of sinusoidal patterns with spatial frequency (&ow, Mow) are
designed to yield a phase-map @), (x,y) that is free of wrapping artifacts. The second set of sinusoidal
patterns with spatial frequency (§nigh = F&iows TThigh = Féiow) yield a second phase-map @p;gn (X, ) that is

unwrapped using @jow (X, ), as shown below

(5.6)

F @row(%,¥) — Pnign (%, }’))

@unwrapped (x,y) = @high (x,y) + 2m round < T
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round(...) round argument to the nearest integer

_ Shigh _ Mhigh

F harmonic ratio relating the spatial frequencies of the sinusoidal illumination patterns

flow Mow

The unwrapping scheme disclosed in Eq.(5.6) relies on the fact that the phase distortion induced by parallax
varies linearly with the spatial frequency of the illuminating pattern (Eq.(5.2)). The unwrapped phase-map

obtained using Eq.(5.6) may be used to identify a topographic map of the scene, in accordance with Eq.(5.5).

The scene recovery technique outlined so far, does not impose constraints on the position/orientation
of the camera and projector. But, a previous chapter on super resolution disclosed that only select stereo
arrangements support super resolution. The undeniable allure of super resolving spatial detail while
recovering topographic information, encourages us to restrict our attention to stereo arrangements that
support super resolution. A list of these stereo arrangements is enumerated below:

1. Canonical stereo setup using periodic sinusoidal illumination (Section 4.3)

A+ Bsin(2m (&t + 1) + 6)

b, =0 — The optical axes of the camera and projector are parallel.
— The camera’s optical axis oriented along [0,0,1]"is perpendicular to the

baseline vector [by, by, 0]7.

’ 1 0 0] — The entrance pupil plane of the camera and the exit pupil plane of the
R=|0 1 0
0 0 1 projector are coplanar.
2. Collocated stereo setup using warped sinusoidal illumination (Section 4.4)

A b oy e o
A+ Bsin (21‘[ (EO 7,T11Jf 7:512317 7,T13 + 07?1175 7?123/’ 7?13)_'_6)
31 X+132Y+1733 31 X+1T32Y+133
— The projector’s center-of-perspective lies in the entrance pupil plane of
the camera.
bZ = 0

— The camera’s optical axis oriented along [0,0,1]7is perpendicular to the

baseline vector [by, by, 0]7.
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3. Coincident stereo setup and periodic sinusoidal illumination (Section 4.5)

A+ Bsin(2mu (&t + no?v) + 6)

— The optical axes of the camera and projector are parallel.

— The entrance pupil plane of the camera and the exit pupil plane of

the projector are coplanar.

— The camera and projector share the same viewpoint.

At first glance, the collocation requirement (b, = 0) may seem overly restrictive. But, examination of top-
of-the-line Structured Light Scanners such as the Brueckmann smartSCAN-3D and ATOS-III Triple Scan
indicate that the imaging and illumination systems are almost always mounted on a single arm and possibly
collocated. The above finding has valuable practical implications in that it hints at the possibility of using
Structured Light Scanners to super resolve spatial detail in addition to recovering topographic information.

Subsequent paragraphs examine the topic of scene recovery in each of the stereo arrangements disclosed

above.

Camera-1
om =

Camera-2

‘ smart SCAN2HE |

ojec

Camera-1 Projector

Camera-2

Brueckmann smartSCAN-3D ATOS-1II Triple Scan

Figure 5.3 Top of the line Structured Light Scanners that employ

sinusoidal illumination for recovering topographic information

5.2 Scene recovery in a canonical stereo setup using periodic sinusoidal
illumination

In a canonical stereo setup, the infinite homography H® ¢ KRK ™! reduces to the upper-triangular matrix

disclosed in Eq.(5.7).
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He = |hg kg kG| = i 2o\ | (5.7)
R RS A H(22)e,

© ) ) 7 Cy t+ 7 | Cx
hy: hiS A3 | my Zy A m,Zg A

-MmpZq

. . . -myZ T
Likewise, the camera epipole [ty, ty, t;]7 & K [by, by, b;]" reduces to the vector [ bx,%by, 0] ,

under the constraint b, = 0. The definition of the various terms in the expression for the infinite homography
and the epipole, are included in the table beneath Eq.(5.1). Substituting the aforementioned values of h{; and

the epipole [ty, ty, t;] into Eq.(5.2) yields the following expression for the camera image

ig(x,y) = {A(x, ) + |B(x,y)| sin(@(x,y) + )} r(x,y)

~ o 1 (5.8)
P(x,y) & 21K, (§ox +1oy) + @ + Zﬂf’cd(fobx + noby)

e 7oA scalar that accommodates the difference in the transverse magnification of the
ger _P2d

K, & -
m,Z .
pZal  camera and projector

Ky m?’TZd transverse magnification of projector (expressed in the units of pixels)
®o difference in the sampling phase of the detector and projector sampling grids
Z depth of a scene point whose geometric projection in the detector is the pixel (x, y)

Topographic information can be recovered from the phase-map @(x,y) by eliminating the linear phase
term 21k (§gx + 1Y), and the phase offset . The process begins with the acquisition of images under
phase-shifted sinusoidal patterns of frequency &,,7,. The camera images are then digitally recombined to

obtain the cosine/sine modulated images of the scene, as follows

1
icos(x' Y) E |B(x,J’)| COS((?)(JC, Y))r(x' )’) = E [in/Z(x' )’) - i31‘[/2(xl J/)]
(5.9)

=

iSin(x’ Y) d=8f |B(xl Y)l Sin((f)(x, Y)) r(xl )’) = E [io(x; Y) - iﬂ?(x’ y)]
The trigonometric identity disclosed in Eq.(5.10) may be used to decouple the depth-dependent

phase 27k, % (&obx + noby), from the phase @(x,y).
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tan-1 <sin(Q - P)) — (sinQ cos P — cos Q sin P) — mod(Q — P, 2m) (5.10)

cos(Q — P) cos Q cos P —sin Q sin P
Substituting P = 27k, (&gx +1noy) + ¢ and Q = $(x,y) = P + 21Ky % (éoby + ngby) into Eq.(5.10),
yields the following expression for the depth-dependent phase 2mk, % (éobx + ngby), albeit up to

modulo 2.

(ﬁwrapped (X, Y)
1
¢ mod (27‘[1{,1 7 (éobx +noby), 27T)

— -1 (Sin(ZTL’KO(SOX + WOY) + (Po) icos(x: 3/) - COS(ZT[KO(fOx + 770}’) + (Po) isin(x: }’))
cos(2mr, (§ox + MoY) + Po) Leos(x, ¥) + sIn(27K, (§ox + 10Y) + @o) Lsin (%, ¥)

o
o

(5.11)

The phase unwrapping strategy described in Section 5.1 can be employed to unwrap the phase
map Pyrapped (X, ), in an unambiguous manner. A topographic map of the scene can be obtained from the

unwrapped phase-map, as shown below

. 1
Z X ———— 5.12
(punwrapped (x, J’) ( )

Figure 5.4 illustrates the process of scene recovery in a canonical stereo arrangement relying on periodic
sinusoidal patterns.

Please note that inversion of the unwrapped phase-map in Eq.(5.12) may be avoided if only qualitative
topographic information is sought. On select occasions (eg: 3D rendering, display purposes), it might be of
interest to identify a normalized topographic map as opposed to absolute depth information. Such a map may

be obtained from the unwrapped phase-map, as follows

@unwrapped (x, y) — min (@unwrapped (x» y))

_ (5.13)
max ((/A’unwrapped (x: Y)) — min (@unwrapped (x: 3’))

For reasons discussed below, compensation of the phase ¢, in Eq.(5.11) may be avoided during the

computation of a normalized topographic map. In the absence of phase compensation it can be shown that

the phase map @unwrapped(*,y) assumes the form ZHKd%(fhighbX +nhighby) + ¢,. The phase ¢, is

common to the terms @unwrappea (x,y), max ((;D\unwrapped (x, Y)) ,min (@unwrapped (x, J/)) so that the ratio

in Eq.(5.13) remains unaffected.
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{Te(x, )}

» [dentify images 1.05(x,¥), lsin (%, ¥)
= [dentify carrier frequency ky&gy, KoM

= [dentify phase offset ¢,

= [dentify images 1.os (%, ¥), lsin (%, ¥)
= [dentify carrier frequency Koy, Kofo

= [dentify phase offset ¢

o (sin(cho(fox +1,) + 9p) leos (%, ¥) — cos(2mro(Eyx + 1Y) + @) Lsin (X, y))
COS(ZﬂKO(fox + 7703’) + (po) fcos(xv Y) + sin(27tx0(<fox + 770}’) + ‘po) zsin(x:}’)

Phnign (%, ¥) »l« Prow(x, y) »l«

~ F alow(x' y)— (’ﬁhigh(x, y) Phase
(phigh (x, y) + 27 round ( o Unwrapping

(ﬁunwrapped (xy) ¢

1

—_—
Punwrapped ()

Depth Map

Figure 5.4 Active Scene Recovery in a canonical stereo setup

NOTE: The images used in the flow diagram are from an experiment.

5.2.1 Range resolution

The range resolution of a topographic map is an important figure-of-merit that quantifies the smallest

difference in scene depth (AZ) that may be discerned. The range resolution of our technique is derived by

examining the difference in the intensity of camera pixels (x,y) & (x + Ax,y + Ay) that are observing
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closely spaced scene points (X,Y,Z) & (X,Y,Z + AZ). A formal derivation is included in Appendix B. The

final expression for range resolution is disclosed below

Az > { noise floor }{ 72 } (5.14)
T UB(x, ) |r(x, ¥)) (rq(Eobx + noby) .

It is evident from Eq.(5.14) that the range-resolution of a canonical stereo arrangement may be improved by

tuning the following parameters

increasing the spatial frequency of the illumination pattern T (&0,M0)
increasing the baseline T (by, by)
improving the projector’s depth-of-field T|B(x,y)|
reducing the noise floor ! noise floor
increasing the transverse magnification of the projector T kg

Closer inspection of Eq.(5.14) that a complete loss of range resolution (AZ — o0) results when one or more

of the following conditions is satisfied:

by = noby =0

Sobx + noby =0

r(x,y) = 0

|B(x,y)| = 0

The imaging and illumination paths share the same optical axis (since R =
identity matrix). Also the center-of-perspective of the camera and projector

coincide (since b; = 0 in addition to by & by).

The orientation of the periodic sinusoidal pattern is identical to the orientation
of baseline vector. Such a pattern is better suited for super resolving spatial

detail lost to optical blurring at the camera.

The scene point has zero albedo. In other words, the scene point (X,Y,Z)

does not reflect the incident light in the direction of the (x, y)t" camera pixel.

The modulation strength of the projected pattern approaches zero on account

of the projector’s optical blur.

The scene point is infinitely far away.
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5.2.2 Limitations of the “Canonical stereo setup”

e  (Cast shadows impede the recovery of topographic information at each camera pixel.
Despite the fact that the camera and projector share a common volume, not every scene point in the
common volume receives light from the projector. The camera perceives these regions as shadows. Their
impact on scene recovery can be made apparent by substituting A(x,y) = |[B(x,y)| = 0 in Eq.(5.8). It
is evident from Eqs.(5.11) & (5.12) that one cannot recover topographic information in regions that are
buried in a shadow.

e Limited range resolution of the topographic maps owing to the small baseline.
Attempts to improve the range-resolution by increasing the baseline are prone to failure, because of the
limited overlap between the illuminated object volume and the imaged object volume. Figure

5.5illustrates the problem.

-l

small baseline large baseline
poor range resolution + improved range resolution
— limited field-of-view overlap
— limited scope for OSR

Figure 5.5 Impact of stereo baseline on scene recovery in a “canonical stereo setup”

The key difference between the canonical stereo setup described in previous paragraphs, and the stereo
arrangements favored by Structured Light Scanners is the use of large baselines and crossed optical axes.

The following section examines a stereo apparatus that is inspired by Structured Light Scanners.

5.3 Scene Recovery in a collocated stereo setup using warped sinusoidal

illumination

Our study of scene recovery in a collocated setup begins with a review of the expression for the camera image

under the sinusoidal illumination pattern
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. he % + h%y + hS h2% + hSy + A
A+Bsin<2n<€0,;1, zy ,g+n0,§, i:y ,f>+9)
h3i% + h33y + h3y h3i% + h33y + h3y

The expression for the camera image is repeated here for the benefit of the reader

ig(x,y) = ff {A(u, v) + |B(u,v)| sin (;ngé;)(;ve)))}r(u, V) hegm(x —w,y —v;u,v) dudv 5.15)
06, v) # 2 () ot o) = 2 (=) ot + o) |
o (u,v) phase distortion induced by parallax
A(u,v), |B(u,v)| amplitude distortion induced by blurring due to the illumination optics
arg(B (u, v)) phase distortion induced by blurring due to illumination optics

heam(x —u,y —v;u,v)  space-variant PSF of the imaging optics
Eor Mo spatial frequency of the illumination pattern

depth of the scene point (U,V,W) whose geometric image in the

camera image plane is the pixel (u, v)

[tx, tv, tZ] epipole in the camera image plane

The present work restricts its attention to qualitative topographic information, so that the reference to the PSF
h.(...) can be dropped from Eq.(5.15). In addition, the phase arg(B (u, v)) is set to zero under the assumption
that the projector optics is free of aberrations. The resulting approximation is provided below

lg(x,y) = {A(x,y) + |B(x,y)| sin(@(x,y) + )} r(x,y)

S 1 (5.16)
P(x,y) & 2m(&ox +1moy) + Zﬂf(fobx + noby)

Topographic information can be recovered from the phase-map @(x,y) by eliminating the linear phase
term 27 (&yx + noYy). The workflow of Figure 5.4 can be employed for this purpose.

At first glance, it is not apparent that the workflow of Figure 5.4 may be used to recover scene geometry
in a collocated stereo arrangement. But a comparison of the expressions for the phase distortion @(x,y) in

the two stereo arrangements (Eqs.(5.8) & (5.16)), indicates that they share the same mathematical structure.
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1
P(x,y) = 2mrc, (§ox + noy) + @ + 21Ky E(fobx + noby) (5.17)
wherein Kk, =1 , ¢ 20 , k&1
Consequently, we can reuse the workflow of Figure 5.4, and the expression for range resolution disclosed in

Eq.(5.14). In addition, insights gleamed from Eq.(5.14) may be used to improve the range resolution of the

collocated stereo apparatus examined in this section.

5.3.1 Practical considerations

The analysis presented thus far assumes knowledge of the infinite homography H*. Existing approaches for
identifying the infinite homography rely on computing the intrinsic matrices K, K, and the relative rotation R.
The process is tedious and entails the calculation of more quantities than the number of entries in the
matrix H®. In addition, assembling the infinite homography H® = KRTK~! from the estimates of K, K, R
is prone to increasing the uncertainty in the estimate of H®. In an effort to mitigate the influence of

measurement uncertainty, we seek to examine the implications of illuminating the scene with the sinusoidal

patterns
P T X+ Ty + 7 T X + Ty +7
A+ Bin (2 (g T g I EI) 4 ) (5.18)
31X + M3y + 733 31X + 30y + 133
in lieu of the sinusoidal patterns
. h& % + Ay + h$ % + by + hS
A+Bsin<2n<go,;;, Y TR | A Ry m) e) (5.19)
h3i% + h3%y + h3s h3i% + h3%y + hss

In Section 3.4 it was established that the homography IT induced by a planar facet that is plane-parallel to the

projector exit pupil, is of the form

0 0 by
17 = I:IOO +— 0 0 byl where dn et d_L - f'31bX - f'32by (520)
nlo o b,

With the aid of Eq.(5.20), it can be shown that the following approximations hold true for a collocated stereo

arrangement (b, = 0) in which d > by, by

foo __ .z foo __ .z foo .

h{y = 1tyq h{ = 1ty his ~ 1ty3

foo __ .z oo __ .z [oo . .z

h3i =15, h3, = 15, h33 = 153 (5.21)
foo __ .z oo __ .z oo __ .z

h3i =13, h3, = 13, h3y =133
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Armed with the above approximations, one can attempt to rewrite the warped sinusoidal pattern of Eq.(4.23)

in terms of 7;;. The resulting expression is provided below

L h% % + A%y + hS hS % + hSy + hS
A on (an (gl Ty SR )
h3i% + h3yy + hss h31% + h3yy + h3y

;o ;0 / , 00 ;00 7 , 00/ , 00
- . T11X + Ty + T3 T11X + T2y + T3

zA+BSIrl ZT[ 501001 , 00 s ,oo+n(),oo, ;00 7 , 00 +6
31X + T30Y + 733 31X + T32Y + 733

(5.22)

It follows from Eq.(4.33) that sinusoidal patterns warped by the homography IT induced by a planar facet

that is plane-parallel to the projector exit pupil, may be used to recover topographic information in a

collocated active stereo setup.

5.3.2 Limitations of the “Collocated stereo setup”

Cast shadows continue to pose difficulties to our efforts to recover topographic information at each
camera pixel.

The range resolution of a collocated stereo arrangement cannot be made arbitrarily small by merely
increasing the baseline.

The astute reader will recognize that that an increase in baseline is always accompanied by a
corresponding increase in the projector’s angle of rotation, so as to ensure substantial overlap between
the illuminated and imaged volumes. It is observed that for large rotation angles, the warped sinusoidal
patterns of Eqs.(5.18) & (5.19), exhibit aliasing artifacts on account of the finite size of the light
sensitive elements in the projector. At first glance, it appears that the problem may be circumvented by
employing periodic sinusoidal patterns in conjunction with the technique outlined in Section 5.1. But it
is observed that the camera image of the periodic sinusoidal pattern exhibits aliasing, on account of the

perspective deformation induced by the infinite homography.

5.3.3 Comments

Structured Light Scanners relying on sinusoidal illumination have traditionally restricted their attention to

periodic sinusoidal patterns. The use of warped sinusoidal patterns is unique to this work, and presents new

avenues for research in Active Scene Recovery.
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Figure 5.6 demonstrates the potential benefit of projecting warped sinusoidal patterns in a collocated stereo
arrangement. Panel-1 illustrates the camera image under periodic sinusoidal illumination. Panel-2 illustrates
the camera image under warped sinusoidal illumination. It is worth emphasizing that the spatial frequency of

the illumination pattern is (§y,7,) in both cases.

Illumination pattern :A + B sin(Zn(foﬁ + nol'i) + 9)

Panel

XA +ATS 7T11x+1T12y+7T13

Illumination pattern :A + B sin (271: (fo P s 0 7T31X+n32y+n33

Figure 5.6 Fringe aliasing in a collocated stereo arrangement that relies on periodic

sinusoidal illumination (Panel-1) and warped sinusoidal illumination (Panel-2).

It is evident from the camera image in Panel-1 that the fringes in the captured illumination pattern
bundle together, and begin to alias at one point. The fringe aliasing introduces errors in the estimates of scene
depth. In stark contrast, the camera image of the illumination pattern in Panel-2 does not exhibit fringe

aliasing. The difference in behavior may be attributed to the presence/absence of perspective deformation

93



when using periodic/warped sinusoids respectively. A quick comparison of the expressions (Eqs.(5.2) &
(5.17)) for ¢ (x,y) corroborates our claim.
The reader is cautioned against concluding that pre-warping eliminates fringe aliasing. It is to be

understood that pre-warping mitigates the effect of fringe aliasing in the captured illumination pattern.

5.4 Scene Recovery in a coincident stereo setup

The scene recovery techniques discussed thus far are predicated on the observation of phase distortion in the
camera image acquired under sinusoidal illumination. The reader will recall that the phase distortion stems
from the difference in the viewpoint of the camera and projector.

The fact that the camera and projector share the same viewpoint in a coincident stereo arrangement,
suggests that it may not be possible to recover topographic information in such stereo arrangements. Our
suspicions are confirmed by noting that the camera image of the illumination pattern does not exhibit phase
distortions on account of topographic variations in the scene. The behavior is verified by substituting by =
by = 0 in Eq.(5.8) & Eq.(5.16). As a matter of fact, a complete loss of range-resolution results when using
the techniques outlined in Sections 5.2 & 5.3. The latter may be confirmed by substituting by = by = 0 in
Eq.(5.14).

The undeniable allure of recovering topographic information while super resolving spatial detail in
multiple orientations, compels us to examine an alternative approach to recovering topographic information
in a coincident stereo arrangement. Our solution is inspired by the findings of Zhang and Nayar [43], and
relies on the analysis of images acquired under a broader class of periodic illumination patterns. A detailed

examination of this approach is deferred until Chapter 7.

5.5 Summary

Our inquiry into the mechanics of scene recovery concludes with the following key observations
e Active scene recovery is predicated on the observation of parallax induced phase distortion in the
camera image acquired under sinusoidal illumination.
e Any active stereo apparatus may be used to recover topographic information, from the camera images

acquired under sinusoidal or warped sinusoidal illumination.
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e A single collocated stereo apparatus (b, = 0) supports the joint recovery of topographic information

and spatial detail lost to the camera optical blur.
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Chapter 6

EXPERIMENTAL VALIDATION

The present chapter is devoted to the experimental verification of super resolution and scene-recovery
techniques discussed in Chapters Chapter 4 & Chapter 5 respectively. The experiments are organized
chronologically, and in increasing order of complexity.

1. 2D Scene, parallel stereo setup and periodic sinusoidal illumination

A+ Bsin(2u(&yti + o) + 6)

e optical axes of the camera and projector are parallel.

P (1) (1) 8 e scene is comprised of a single planar facet that is plane parallel to
0 0 1 the entrance pupil plane of the camera and the exit pupil plane of

the projector.

optical super resolution ) ) ) ) ) ) )
spatial resolution may be improved in any orientation. (Section 4.3)

any &o,7o
2. Arbitrary scene, canonical stereo setup and periodic sinusoidal illumination
A+ Bsin(2r(&yti + no?v) + 6)

e optical axes of the camera and projector are parallel.

e camera’s optical axis oriented along [0,0,1]7 is perpendicular to

oo
R=10 1 0|,b;=0 the baseline [by, by, 0].
0 0 1

¢ entrance pupil plane of the camera and the exit pupil plane of the

projector are coplanar.

optical super resolution = orientation of sinusoidal pattern is identical to the orientation of

Eobx +1noby =0 baseline vector. (Section 4.3)
active scene recovery orientation of sinusoidal pattern is different from orientation of
Eoby +noby # 0 baseline vector. (Section 5.2)
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3. Arbitrary scene, collocated stereo setup and warped sinusoidal illumination

L h& % + h%y + hS he % + hSy + hS
A+ Bsin (27_[ <€ 11 12Y 13 n 21 22Y 23)+9)

07w o 70 "M 7 . 7o 1o
hgi% + h3;y + h3y h3i% + h33y + h3y
e projector’s center-of-perspective lies in the entrance pupil plane
of the camera.

e camera’s optical axis oriented along [0,0,1]7 is perpendicular to

the baseline [by, by, 0]7.

optical super resolution = orientation of sinusoidal pattern is identical to the orientation of

Eoby +noby =0 baseline vector. (Section 4.4)
active scene recovery orientation of sinusoidal pattern is different from the orientation of
Eobx +noby # 0 baseline vector. (Section 5.3)

4. Arbitrary scene, Coincident stereo setup and periodic sinusoidal illumination

A+ Bsin(2r(&yti + o) + 6)

e optical axes of the camera and projector are parallel.

by =0
k= (1) (1) 8] bX — °® entrance pupil plane of the camera and the exit pupil plane of the
= by =
0 0 11 b,=0 projector are coplanar.

o center-of-perspective of the camera and projector are coincident

optical super resolution ) ] ) ) ) ) )
spatial resolution may be improved in any orientation. (Section 4.5)

any &g, 7o

Each section in the chapter is devoted to a detailed examination of one of these stereo arrangements.
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6.1 Super resolving a planar facet using a parallel stereo setup and periodic
sinusoidal illumination

The following experiment is the first in a series of experiments that demonstrate the use of sinusoidal

illumination in improving the resolving power of an imager. The parallel stereo apparatus of Figure 6.1 is

used to super resolve the USAF (US Air force) target mounted on the white-board. The success of the

experiment hinges on orienting the whiteboard so that its normal vector is parallel to the optical axes of the

camera and projector. The task is accomplished using the two-pass calibration scheme outlined below.

Stereo Arrangement Imaging System

= 1/2“CCD sensor
Qlmaging Corp.,
P/N: QICAM mono 10-bit
= Pixel pitch = 4.65um
= Jmage size = 1360 x 1036

i

R

i

110 mm lens, Computar Corp.
P/N: TEC-M55

i
i

Integration time = 40 ms

[llumination System

= LCD Projector
Panasonic Corp.,
P/N: AE3000
= Pixel pitch = 8.5 pm
= Native resolution 1920 X 1080

Image size = 1400 x 1050
(VGA mode)

= Distance from projector to target = 1.8 m
= Distance from camera to target =~ 7.0 m

Figure 6.1 Super resolution in a parallel stereo apparatus

6.1.1 Calibration

In the first pass, the projector illuminates the whiteboard with a series of 1-pixel wide concentric rectangles
centered at row= 1050/2, column= 1400/2 in the projector image plane (center pixel in projected image).
The orientation of the projector is manually adjusted until the projected rectangles are devoid of keystone

artifacts. In the second pass, the orientation of the camera is manually adjusted until the image of the projected
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rectangles is perfectly aligned with the scanlines in the camera image plane. It is imperative that both the
camera and projector are focused on the whiteboard during calibration.

Following calibration, the “camera image of the concentric rectangles” and the “projector image of the
concentric rectangles” are related by a 2 X 2 similarity transform [48]. The diagonal entries of this similarity
transform represent the relative magnification k, (defined in Eq.(4.18)) between the imaging and
illumination paths. Alternately, the ratio of the image height of each rectangle in the projector and camera

images may be used to identify the relative magnification k, between the devices.

6.1.2 Super resolution

The process of super resolution begins with the acquisition of images ig(x,y) under the phase-shifted

illumination patterns shown below

_ 1 cyc

o x=12,3..1400

T4 pixel

0.5+ 0.5sin( 2wy + 60 )
6 = 0°,90°,180°,270° ¥ = 12,3..1050

_ 1 cyc
4 pixel

Mo x=12,3..1400

0.5 + 0.5sin( 2wnyx + 6 )
6 = 0°,90°,180°,270° ¥ = 12,3..1050

It is likely that the projected pattern exhibits grid artifacts on account of the sampled description of the
projector input image, and the fill-factor of the LCD module in the projector. The artifacts may be mitigated
by adjusting the dynamic range of the illumination patterns, and imparting a small defocus blur so as to
smooth the boundaries of adjacent pixels in the projected image.

The camera images acquired under the aforementioned illumination patterns may be processed using
the super resolution workflow of Figure 4.13, to obtain a super resolved image of the USAF target. The
frequency of the patterns used to demodulate the cosine/sine modulated images, is identified as the product
of (&, 1m0) and the relative magnification k.

The outcome of super resolution is disclosed in Figure 6.2. A comparison of the bars in the red insets

confirms the effectiveness of sinusoidal illumination in improving the resolving power of an imager.
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Figure 6.2 Super resolving a planar facet that is plane parallel to the entrance

and exit pupil planes of the camera and projector respectively

Closer inspection of the super resolved image inset indicates the presence of a grid-like artifact. The artifact
is attributed to deviations from the 90° phase-shift that the illumination pattern is expected to exhibit in
successive camera images.

A visual assessment of the number of resolvable bars in the USAF target, hints at a resolution gain of
5 — 6 elements. The knowledge that successive elements of the USAF target differ in resolution by a factor
of 2%/¢ may be used to ascertain the empirical resolution gain as being in the interval 1.7818 — 2.0.

The Spatial Frequency Response plots of Figure 6.3 aid in the quantitative assessment of the resolution
gain. The notion of “optical cutoff frequency” is central to the assessment, and is defined as the spatial

frequency for which the modulation strength falls to 0.02. In view of this definition, it is observed that the

cyc

— in the (¢,n) directions. Following super

“optical cutoff frequency” of the camera is limited to 62.435
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resolution, the “optical cutoff frequency” increases to 120.6359 ﬁ suggesting a gain of 1.9322 in the (¢,1)

directions. It is worth noting that the gain in resolution is consistent with that obtained by visual assessment.

Spatial Frequency Response
1 T T

e (E(i) Lljasell)anrl SFR]
—Hosr(£,0)  [Super-resolved SFR]
0.9-1 e H (0,77) [[Ba.s(\ha.ml SFR| -

Hoor(0 0} [Super-resolved SFR]

08

0.7

0.6

05—

0.4

0.3-

0.2

0.1-

L ‘
60 o 00 120 140 160
Spatial Frequency in image space (cyc/mm)

Figure 6.3 Spatial Frequency Response of the imager before and after super resolution

6.2 Super resolving a 3D scene using a canonical stereo setup and periodic

sinusoidal illumination

The present experiment serves the dual purpose of demonstrating super resolution and scene recovery in a
single stereo apparatus. The canonical stereo arrangement of Figure 6.4 is used to this effect.

The orientation of the illumination patterns best suited for super resolution and scene-recovery, are
illustrated in the panels labelled “Optical Super resolution” and “Active Scene Recovery” respectively. The
presence/absence of phase distortion in the camera image of the illumination pattern, is consistent with the

claims made in Section 4.3.
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Canonical Stereo Arrangement ( Vertically Collocated )

Projector (‘L‘&\
p
110 mm baseline —
1.905m ‘1‘ Y
Camera L ‘
Imaging System [llumination System

= 1/2.5“CMOS sensor = LCD Projector

Imaging Source Corp., P/N: DMK72BUC02 Panasonic Corp., P/N: AE3000
= Pixel pitch = 2.2um = Pixel pitch = 8.5 um
= [mage size = 2592 X 1944 = Native resolution = 1920 X 1080
16 mm lens Image size = 1400 x 1050
Computar Corp. P/N: M1614-MP (VGA mode)

Integration time = 125 ms

! ]
T
Optical Super- [ : E |
Resolution | 3 ' |
: 1 .
AL
I I
e ———— ] —:-—'YI-—‘.'L.I_ v — . _
= Active Scene — ||
—————————— Recovery ?
Periodic Sinusoidal Camera image of scene under
Hllumination Pattern periodic sinusoidal illumination

Figure 6.4 Canonical stereo arrangement used to demonstrate super resolution

and scene-recovery using periodic sinusoidal illumination

6.2.1 Calibration

The success of the experiment hinges on the coplanarity of the camera entrance pupil and projector exit pupil

planes. It is realized using the two-pass calibration scheme outlined below.
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6.2.1.1 Calibration: first pass

The singular objective of the first pass is to ensure that the optical axes of the camera and projector are

parallel. It is accomplished by observing the following steps

1.

2.

4,

Line up the entrance/exit apertures of the camera and projector in the direction of the desired baseline.
Position a uniform albedo planar facet (such as a poster board) at the desired working distance. It is
recommended that the planar facet is roughly parallel to the entrance/exit apertures of the camera and
projector.

[lluminate the scene using a family of 1-pixel wide lines whose orientation is consistent with the
desired baseline orientation (= lines for by # 0, by = 0 and ||| lines for by # 0, by = 0).

Adjust the orientation of the camera until the lines appear parallel in the camera image.

The above process relies on the notion that straight lines in the projector input image map to straight lines in

the camera image, due to the homography induced by the planar facet.

6.2.1.2 Calibration: second pass

The singular objective of the second pass is to ensure that the camera and projector satisfy the collocation

requirement (b, = 0), which is to say that the projector’s center-of-perspective is contained in the entrance

pupil plane of the camera. The collocation procedure described in subsequent paragraphs is inspired by the

findings of [80], and leverages two important conditions:

In a collocated stereo arrangement, the epipolar lines in the camera image plane are aligned with
the baseline orientation.
The shadow of a scene point that corresponds to a depth discontinuity, is constrained to lic on

the epipolar line that passes through the camera image of the scene point.

The relevance of the aforementioned conditions to collocation is illustrated in Figure 6.5. It is observed

that collocation in the horizontal /vertical direction is achieved when the tip of the pencil and its shadow

are row/column aligned.

The sequence of operations comprising the second pass are enumerated below

1. Position one or more sharp tipped objects in front of the planar facet used in the first pass

2. Flood illuminate the scene using a spatially uniform pattern
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3. Displace the camera until the line joining the tip of each object to its shadow, is aligned with the

baseline

Horizontally Collocated Veryically Collocated
Stereo Arrangement Stereo Arrangement
bx¢0,by=bz=0 by¢o,bX=bZ=0

Figure 6.5 Calibrating a canonical stereo arrangement using the shadow of a sharp tipped object

Following calibration, the relative magnification x, (defined in Eq.(38)) between the imaging and
illumination paths can be identified as follows: repeat Steps-1 to 3 from the first pass, determine k, as the

ratio of the image height of corresponding lines in the projector and camera images.

6.2.2 Super resolution

The process of super resolution begins with the acquisition of images ig(x,y) under the phase-shifted

illumination patterns shown below

& =2 £=123..1400

T4 pixel

0.5+ 0.5sin( 2wy + 0 )
6 = 0°,90°,180°,270° ¥ =12,3..1050

The camera images acquired under the aforementioned illumination patterns may be processed using the
super resolution workflow of Figure 4.13, to obtain a super resolved image of the scene. The frequency of
the patterns used to demodulate the cosine/sine modulated images, is identified as the product of (&y,7¢)

and the relative magnification .
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The outcome of super resolution is disclosed in Figure 6.6. Inspection of the insets confirms the ability
to super resolve spatial detail in a canonical stereo arrangement. Closer inspection of the red-inset in Figure
6.6 confirms that the gain in resolution is confined to the vertical bars, which are oriented in the direction of

modulation.

Baseband image Super-resolved image

Baseband image

Super-resolved image

Figure 6.6 Super resolving a 3D scene using a canonical active stereo setup

The Spatial Frequency Response (SFR) plots of Figure 6.7 aid in the quantitative assessment of the resolution
gain. Comparison of the red/blue plots in Figure 6.7 suggest a marked/marginal resolution improvement in
the direction of modulation and its orthogonal complement. But, the latter is an artifact of the dynamic range
adjustment of the super resolved image, which is used to match its visual appearance to the baseband image.
In conclusion, the gain in resolution is confined to the direction of modulation and is consistent with the

claims made in Section 4.1.
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Spatial Frequency Response

H(£,0) Bascband SFR]‘ :
Hosz(£.0)  [Super-resolved SFR]
0.9 o H (0, 1) Baseband SFR) -
Hose(0,17) [Super-resolved SFR]
0.8 _
0.7 _
0.6 -
0.5 _
04
0.3 _
02
0.1+ -
4] 50 250

100 150 200
Spatial Frequency in image space (cyc/mm)

Figure 6.7 Spatial Frequency Response of the imaging system before and after super resolution

The notion of “optical cutoff frequency” is central to the quantitative assessment of resolution gain. It is
defined as the spatial frequency for which the modulation strength falls to 0.02. The SFR plots of Figure 6.7
may be used to identify the “optical cutoff frequency” before and after super resolution, and are disclosed

below

_ cyc _ cyc
cutoff frequency of baseband imager Scutott = 123.9669 o’ Meutoff = 129-87015

e e = 170.6122%, Neutor = 137.2441 2

cutoff frequency of super resolved imager o

The ratio of the cutoff frequencies suggests a resolution gain 0f1.3763, in the direction of modulation.

6.2.3 Scene Recovery

The process of scene recovery begins with the acquisition of images ig(x,y) under the phase shifted

illumination patterns shown below

1 cyc

Mo = 175 pixel x=12,3..1400

0.5 + 0.5sin( 2oy + 6)
6 = 0°,90°,180°,270° ¥ =123..1050
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1 cyc
Mo = T

™ 10 pixel x=1,2,3..1400

0.5 + 0.5 sin( 27n,y + 6)
6 = 0°,90°,180°,270° ¥ =12,3..1050

The camera images acquired under the aforementioned illumination patterns are processed using the scene-
recovery workflow of Figure 5.4, to obtain a topographic map of the scene. The frequency of the patterns
used to demodulate the cosine/sine modulated images, is identified as the product of (§,, 1) and the relative
magnification k,. No attempt is made to compensate for the phase offset ¢ in the workflow of Figure 5.4,
as we restrict our attention to the computation of normalized topographic maps.

The first set of sinusoidal patterns with spatial frequency (0,1/175 ) yield a phase-map @ (%, y) that
is devoid of phase wrapping artifacts. The second set of sinusoidal patterns with spatial frequency (0,1/10)
yield a second phase-map @pgn (x,y), which may be unwrapped using @ow (x,y). A topographic map of
the scene may be derived from the unwrapped phase-map @ynwrapped (%, ¥). The reader is referred to Section
4.2 for additional details on recovering scene geometry in a canonical stereo setup.

The topographic map Z(x,y) obtained in the previous step may be texture mapped using the intensities
of the baseband camera image. The process entails the assignment of a gray level to each point in the
topographic map. The gray level of the (x, )" point is identified as the intensity of the (x,y)®" pixel in the
baseband camera image. The result is a 3D rendering of the scene from the camera vantage point, as illustrated
in Figure 6.8. Inspection of the rendering confirms that our scene recovery algorithm succeeds in recovering

the cylindrical shape of the poster tube and the planar profile of the cardboard carton.

Baseband image of scene 3D rendering of scene

Figure 6.8 Texture-mapping the topographic map recovered in a canonical active stereo setup
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6.3 Super resolving a 3D scene using a collocated stereo setup and warped

sinusoidal illumination

The present experiment serves the dual purpose of demonstrating super resolution and scene recovery in a
single sterco apparatus. The canonical stereo arrangement of Figure 6.9 is used to this effect. The experiment
has valuable practical implications in that it hints at the possibility of using commercial Structured Light

Scanners to super resolve spatial detail, in addition to recovering topographic information.

Horizontally Collocated Stereo Arrangement Imaging System

= 1/2.5“CMOS sensor
Imaging Source Corp.,
P/N: DMK72BUC02

= Pixel pitch = 2.2um

= [mage size = 2592 X 1944

16 mm lens, Computar Corp.
P/N: M1614-MP

Integration time = 125 ms

1llumination System

= LCD Projector
Panasonic Corp.,
P/N: AE3000
= Pixel pitch = 8.5 pym
= Native resolution 1920 X 1080

Image size = 1400 x 1050

77 [oo= 000
/ 0, = (24,0,0)
/ Q =(18,0,6V3)

/
06412\/5 0 £Q0,0, = 30°

Qg 12 Xy x—axis WCS
Zy:z—axisWCS

Figure 6.9 Apparatus used to demonstrate super resolution and scene-recovery

using warped sinusoidal patterns
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6.3.1 Calibration

The success of the experiment hinges on meeting the following requirements: the camera strictly rotates
about its center-of-perspective, which is contained in the exit pupil plane of the projector. The two-pass

calibration scheme outlined below is used to meet the requirements.

6.3.1.1 Calibration: first pass

The singular objective of the first pass is to ensure that the camera rotates about its center-of-perspective. To
this end, we borrow ideas from panoramic stitching wherein one assembles a panoramic image from images
that are acquired by rotating the camera about a fixed point. It is understood that the fixed point must be the
camera center-of-perspective, if one is to avoid the displacement of static objects (motion parallax) during
camera rotation.

Figure 6.10 provides close-up view of the camera assembly in Figure 6.9. The rotation stage allows us

to rotate the optical axis of the camera about a pivot point that is adjusted using the X, Z translation stages.

Axis of rotation

X-translation

Z-translation

Rotation\ ‘
stage \ <

Figure 6.10 Close-up view of camera assembly in Figure 6.9 (left) and center-of-perspective

calibration using optical posts and motion parallax (right)
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If the pivot point coincides with the camera center-of-perspective, then static objects such as optical posts
(contained in the yellow rectangle) do not exhibit motion parallax during camera rotation. The behavior is
better illustrated in Figure 6.11. The vertical streaks on the optical posts represent light from a laser level

mounted on the camera.

Panel-1 Panel-2

Camera rotation about pivot point # COP Camera rotation about pivot pint = COP

p=-11°  ¢=0  ¢=11° ¢=-11° $¢=0  ¢=11°
Figure 6.11 Using motion parallax to ensure camera rotation about its center-of-perspective. The

vertical streaks on the optical posts represent light from a laser level mounted on the camera.

Inspection of the images in Panel-1 of Figure 6.11 confirm that camera rotation about an arbitrary point
causes static objects such as the optical posts to experience an apparent motion that depends on their
proximity to the camera. The behavior is corroborated by the discontinuity in the laser line as it strikes the
optical posts at different depths.

The images in Panel-2 of Figure 6.11 confirm the absence of motion parallax when the camera rotates

about its center-of-perspective. The behavior is corroborated by the continuity of the laser line as it strikes
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the optical posts at different depths. The accuracy of calibration may be improved by increasing the separation

between the optical posts, so as to induce maximal displacement due to parallax.

6.3.1.2 Calibration: second pass

The singular objective of the second pass is to ensure that the camera and projector satisfy the collocation

requirement (b, = 0), which is to say that the projector’s center-of-perspective is contained the entrance

pupil plane of the camera. The collocation procedure described in Section 6.2 may be used for this purpose.

The sequence of operations that comprise the second pass are enumerated below

1.

Adjust the position & orientation of the camera and projector assemblies until their optical axes are
parallel, and their entrance apertures are separated by the desired baseline

Rotate the camera about its center-of-perspective by the desired amount (30° in this experiment)
Position one or more sharp-tipped objects in the scene volume common to the camera and projector
Flood illuminate the scene using a spatially uniform pattern

Displace the camera using the XY Z-translation stage, until the line joining the tip of each object to

its shadow, is aligned with the baseline.

Figure 6.12 illustrates the result of collocating the camera and projector in the stereo apparatus of Figure 6.9.

Figure 6.12 Demonstrating collocation using a sharp tipped object such as a mechanical pencil

6.3.1.3 Calibration: Identifying the warping matrix

Attempts to super resolve spatial detail and/or recover topographic information in the stereo apparatus of

Figure 6.9, calls for illuminating the scene with the warped sinusoidal patterns shown below
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The terms h;; represent entries of the infinite homography H® = KRTK~!. Identifying H® requires
computation of the intrinsic matrices K, K, and the relative rotation R. The process is tedious and entails the
calculation of more quantities than the number of entries in the matrix H®. In addition, assembling H* from
the estimates of K, K, R is prone to increasing the uncertainty in the estimate of H®.

Sections 4.4 & 5.3 examined the use of other homographies in mitigating the influence of measurement
uncertainty on super resolution and scene-recovery. It was established that the homography IT induced by a
planar facet that is plane-parallel to the projector exit pupil, can be used in lieu of the infinite homography.
The facet labelled 7 in Figure 6.9 represents one such planar facet.

The computation of the homography IT begins with the projection of a grid of 3 x 3 squares onto the
planar facet . This is followed by an attempt to identify feature points (center of each square) in the camera
image by thresholding and morphological processing. It is observed that overexposing the camera image aids
in the identification of feature points. The next step in the process involves matching of corresponding feature
points in the projected pattern and the camera image.

The repetitive nature of projected pattern makes it exceedingly difficult to match corresponding feature
points in the projected pattern and the camera image. The ambiguity is resolved by using a coarse estimate
of IT to improve correspondence matching. The outermost squares labelled TL, TR, BL & BR in Figure 6.13
are used to identify a coarse estimate of IT. Matching correspondences in Figure 6.13 share the same label.

Following correspondence matching, one proceeds to obtain a refined estimate of the homography IT
using the Taubin estimator proposed in [81]. The estimated homography is used to illuminate the scene with

the warped sinusoidal patterns shown below

P T X+ 1T,y + 7 Ty X + Ty + 1T
A+Bsin<2n<§0 X Ty T At T 2 ,23>+0) (6.2)
Tr31X + M3y + 33 31X + M3V + Ti33
In the present experiment,
T;, = 0.5796 ,, = —0.0064 1113 = 402.1404
11,, = 0.0780 1,5, = 0.5555 1,5 = 138.4791 (6.3)
ﬁ31 = 0.0001 7%32 = _0.0000 ﬁ33 = 0.5911
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Pattern that illuminates the plane T
(Grid of dots)

Camera image of projected pattern
(Grid of dots)

Figure 6.13 Estimating the homography induced by the planar facet  in Figure 6.9.

The orientation of the illumination patterns best suited for super resolution and scene-recovery, are disclosed
in the panels labelled “Active Scene Recovery” and “Optical Super resolution”, in Figure 6.14. The dashed
lines in yellow are reference lines representing true vertical and horizontal in the camera image. The
presence/absence of phase distortion in the camera image of the illumination pattern is evident in the
departure of the pattern from true vertical and horizontal. The observations are consistent with the claims

made in Section 4.3.
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Optical Super
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Warped Sinusoidal Camera image of scene under
{llumination Pattern warped sinusoidal illumination

Figure 6.14 Exemplar patterns suited for recovering topographic information and

super resolving spatial detail in the collocated stereo apparatus of Figure 6.9.

The rectangles and lines in red represent true vertical and horizontal in the projector image space. The
warp in the illumination pattern for scene recovery is evident upon comparison of the number of bars in the
red rectangles. The warp in the illumination pattern for super resolution is evident in the departure of the

pattern from true horizontal.

6.3.2 Super resolution

The process of super resolution begins with the acquisition of images ig(x,y) under the phase-shifted

illumination patterns shown below

_ 1 cyc

Mo %=123..1400

Ty X + 70p) + 7%23) o 9) 6 pixel
31X + T35 + T33

0.5 + 0.5 sin (271110 (
6 = 0°,90°,180°,270° ¥ = 12,3..1050

An undesired consequence of warping is that adjacent rows of the illumination pattern may exhibit phase
differences in excess of 90°, when examined one column at a time. If unaccounted, these columns are
expected to introduce artifacts in the super resolved image. In an effort to mitigate artifacts, the gray values

of these columns is set to 0.5, prior to projection.
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The camera images acquired under the aforementioned illumination patterns are processed using the
super resolution workflow of Figure 4.13, to obtain a super resolved image of the scene. The frequency of
the sinusoidal pattern used to demodulate the cosine/sine modulated images is identical the frequency of the
illumination pattern (&,,1,). The similarity stems from the fact that pre-warping accounts for differences in
the magnification of the imaging and illumination paths, whereby x, = 1.

The outcome of super resolution is disclosed in Figure 6.15. Inspection of the insets confirms the ability
to super resolve spatial detail in a canonical stereo arrangement. Closer inspection of the red and green insets

confirms that the gain in resolution is confined to the horizontal bars, which are oriented in the direction of

modulation.

Baseband image Super-resolved image

Baseband

Super-resolved

Figure 6.15 Super resolving a 3D scene using the collocated stereo apparatus of Figure 6.9

The Spatial Frequency Response (SFR) plots of Figure 6.16 aid in the quantitative assessment of the
resolution gain. Comparison of the red/blue plots in Figure 6.16 suggest a marked/marginal resolution
improvement in the direction of modulation and its orthogonal complement. But, the latter is an artifact of

the dynamic range adjustment of the super resolved image, used to match its visual appearance to the
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baseband image. In summary, the gain in resolution is confined to the direction of modulation and is

consistent with the claims made in Section 4.1.

Spatial Frequency Response of collocated stereo arrangement
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Figure 6.16 Spatial Frequency Response of the imaging system before and after super resolution

The notion of “optical cutoff frequency” is central to the quantitative assessment of resolution gain. It is
defined as the spatial frequency for which the modulation strength falls to 0.02. The SFR plots of Figure 6.16
may be used to identify the “optical cutoff frequency” before and after super resolution, and are disclosed

below

cutoff frequency of baseband imager Eeutorr = 110.1928 <=, 1o = 125.2203 2

mm mm

= » Ncutoff = 205.8128%

mm mm

cutoff frequency of super resolved imager  $cutorr = 123.9669

The ratio of the cutoff frequencies suggests a resolution gain of 1.6602, in the direction of modulation.

6.3.3 Scene Recovery

The process of scene recovery begins with the acquisition of images ig(x,y) under the phase-shifted

illumination patterns shown below
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The camera images acquired under the aforementioned set of illumination patterns are processed using the
scene-recovery workflow of Figure 5.4, to obtain a topographic map of the scene. The frequency of the
sinusoidal pattern used to demodulate the cosine/sine modulated images is identical the frequency of the
illumination pattern (&,, 7). The similarity stems from the fact that pre-warping accounts for differences in
the magnification of the imaging and illumination paths, whereby x, = 1.

The first set of sinusoidal patterns with spatial frequency (0,1/2592) yield a phase-map oy, (x, V)
that is devoid of phase wrapping artifacts. The second set of sinusoidal patterns with spatial
frequency (0,1/18) yield a second phase-map @pigh (x, ¥), which may be unwrapped using @jow (x,y). A

topographic map of the scene may be derived from the unwrapped phase-map @ynwrapped (X, ¥), as shown in

Figure 6.17.

Baseband image Qualitative depth map

nearest farthest

Figure 6.17 Recovering topographic information in the collocated stereo apparatus of Figure 6.9

The range resolution of a topographic measurement technique is a valuable figure of merit that quantifies the
smallest discernible difference in scene depth (AZ). The images in Figure 6.18 are intended to provide a

visual assessment of the range resolution of the stereo apparatus of Figure 6.9. The red stripe overlaid on the
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camera image depicts one of the many isophase contours of the sinusoidal illumination pattern. Inspection of
the blue inset confirms the presence of phase distortion in a single stripe pattern, as it strikes a 1mm thick

LEGO fence placed at a distance of 1m.

Camera image of scene under Back-to-back Single
warped sinusoidal illumination LEGO fences LEGO fence

Figure 6.18 Range resolution of collocated stereo appartus of Figure 6.9 < 1mm @ distance of 1m

6.3.4 Additional Comments

Figure 6.19 provides additional examples of super resolution using the collocated stereo apparatus of Figure
6.9. Inspection of the fourth row suggests that object translucency does not affect the ability to super resolve
spatial detail. Inspection of the vertical barcode in Figure 6.20, and the horizontal barcodes in Figure 6.21
confirm that the gain in resolution is confined to the direction of modulation.

Figure 6.22 provides additional examples of recovering topographic information using the collocated
stereo apparatus of Figure 6.9. Inspection of the fourth row suggests that object translucency does not affect

the ability to recover topographic information.
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Baseband image Super-resolved image

Figure 6.19 Super resolving 3D scenes using the collocated stereo apparatus of Figure 6.9
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Figure 6.20 Closer Super resolving 3D scenes using the collocated stereo apparatus of Figure 6.9
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Baseband 1 Super-resolved 1 Baseband 1 Super-resolved 1

Figure 6.21 Super resolving 3D scenes using the collocated stereo apparatus of Figure 6.9
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Figure 6.22 Recovering topographic information in the collocated stereo apparatus of Figure 6.9
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6.4 Super resolving a 3D scene using a coincident stereo setup

The experiments discussed so far have focused on improving the resolving power of well-corrected optics
characterized by a predominantly space-invariant blur. The present section examines the harder problem of
improving the resolving power of an imager afflicted with aberrations. The experiment serves the dual
purpose of demonstrating that space-variance does not impede super resolution, and that a coincident sterco
apparatus supports super resolution in multiple orientations. The stereo apparatus of Figure 6.23 is used to

this end.

Coincident Stereo Arrangement

i
i t

10 x 11 arJay of USAF targets " Beam splitter

i I 3D targets a3

Camera

212 meters

Beam splitter
Projector

Imaging System [llumination System
= 1/2.5“CMOS sensor = LCD Projector
Imaging Source Corp., P/N: DMK72BUC(?2 Panasonic Corp., P/N: AE3000
= Pixel pitch = 2.2um = Pixel pitch = 8.5 pym
= [mage size = 2592 X 1944 = Native resolution = 1920 X 1080
19 mm Bi-convex lens Image size = 1920 x 1080

Newport Corp. P/N: KBX043
Illuminated area = 1.57 m x 0.88 m

Integration time = 125 ms at distance of 2.12 m from projector

Figure 6.23 Apparatus used to demonstrate super resolution in a space-variant imaging system

The objective is to improve the resolving power of an imager comprised of a single 19mm Bi-Convex lens

and a 1/2.5” monochrome sensor with a pixel pitch of 2.2 pm. The use of a singlet as opposed to a multi-
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element lens helps us study the impact of aberrations on super resolution. The imager observes a scene

comprised of multiple resolution targets at an average standoff distance of approximately 2.12 m.

6.4.1 Calibration

The success of the experiment hinges on the constraint that the camera and projector share the same viewpoint
(center-of-perspective). The two-pass calibration scheme outlined below is used to meet the coincidence

requirements.

6.4.1.1 First pass

The objective of the first pass is to ensure that the orientation of the pellicle beam splitter (Thorlabs P/N:
BP245B1) bisects the angle between the projector’s optical axis and image plane. A laser level aids in this
effort. The laser level is mounted on the projector and its position & orientation adjusted until the laser light
sheet is aligned with the projector’s optical axis. Now, the position & orientation of the beam splitter are
adjusted until it occludes the laser light sheet. At this stage, the beam splitter is oriented perpendicular to the
projector’s image plane, as illustrated in the left half of Figure 6.24. The final step in the process involves a
rotation of the beam splitter by 45°, so that a portion of the incident light is directed towards the scene and
the remainder is directed towards a light absorber comprised of a Neutral Density filter and black velvet
paper.

The accuracy of calibration may be verified by installing a mirror in the incident light path such that the
mirror is plane parallel to the projector image plane. If calibrated correctly, the reflected laser beam must

align perfectly with the incident laser beam.

6.4.1.2 Second pass

The singular objective of the second pass is to establish that the center-of-perspective of the camera and
projector are in alignment. It is accomplished by observing the following steps

1. Adjust the position/orientation of the camera so that its optical axis is perpendicular to the

projector’s optical axis. It can be realized by reorienting the beam-splitter (—45°) so that the

incident laser beam is directed towards the camera instead of the light absorber. The laser beam

heading in the direction of the camera represents the desired orientation of the camera optical axis.
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2. Position one or more sharp-tipped objects in the scene volume common to the camera and projector
3. Flood illuminate the scene using a spatially uniform pattern
4. Displace the camera using the X,Y & Z-translation stages (red, green & blue rectangles in Figure

6.23) until the camera image of the objects are devoid of shadows.

towards
scene
A A
i
2
3 &
S 07 W
‘i ‘BQ\
S
=
9y
I beam towards / | light
splitter camera / absorber

— Incident light path
— Reflected light path

Figure 6.24 Beam-splitter calibration using a laser level (and optional mirror)

6.4.2 Space-variant PSF

The image of Figure 6.26 illustrates the severity of space-variance in the camera PSF. The image represents
the response of the imager to a grid-of-dots (size of each dot ~ 270 pm X 270 pm) displayed on a 24" LCD
monitor. The monitor is positioned at a distance of 2.12m from the camera, and oriented parallel to the
projector image plane. It is observed that the geometric image of a single dot spans 2.44 pm in the camera
image, which is comparable to the detector pixel pitch of 2.2 pm. The entire image spans 1471 X 911 pixels

(3.24 mm X 2 mm), and provides a useful description of the camera optical blur at various field locations.
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Figure 6.26 PSF of the singlet measured within the area to be super resolved.

(-0.6,-0.33) mm (0,-0.33) mm (0.48,-0.33) mm
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(Bt i on-axis spot

(0.48,0) mm
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(-0.6,0.52) mm (0,0.52) mm (0.48,0.51) mm

Figure 6.25 PSF measured at the extreme field locations designated by diamonds in Figure 6.26
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The yellow diamond in Figure 6.26 represents the on-axis portion of the image field, where the spot size is
minimum. The red diamonds represent the outer edges of the field-of-view where the spot size is maximum.
The image insets in Figure 6.25 provide a closer look at the shape and support of the nine PSF’s designated

by the diamonds in Figure 6.26.

6.4.3 Super resolution

The process of super resolution begins with the acquisition of images ig(x,y) under the phase-shifted

illumination patterns shown below

& = %ﬁ %=123..1920
0.5 + 0.5 sin( 27ty + 6)

6 = 0°,120°, 240° y=123..1080

Mo = %pyel %=123..1920
0.5 + 0.5sin( 2tn,y + 6 )

0 = 0°,120°, 240° y=123..1080

It is likely that the projected pattern exhibits grid artifacts on account of the sampled description of the
projector input image, and the fill-factor of the LCD module in the projector. The artifacts may be mitigated
by adjusting the dynamic range of the illumination patterns, and imparting a small defocus blur so as to
smooth the boundaries of adjacent pixels in the projected image.

The camera images acquired under the aforementioned illumination patterns are processed using the
super resolution workflow of Figure 4.13, to obtain a super resolved image of the scene.
Subsequent discussions are organized into two sections, in accordance with the two distinct scene
topographies examined in our experiments

1. aplanar facet that directly faces the camera & projector

2. ascene with abrupt depth discontinuities
The primary source of space-variance in the first case is transverse aberrations. In the latter case, defocus
blur also contributes to the space-variance.

Please bear in mind that the experiments discussed below are designed to study the impact of severe

aberrations on super resolution, and not to demonstrate significant resolution gains.
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6.4.3.1 Super resolving a planar facet that directly faces the camera and projector
In this experiment, the camera observes an array of custom designed USAF targets. The finest & coarsest
spatial frequencies in each target are 1.667 & 0.4677 cyc/mm. The camera perceives these spatial
frequencies as 184.3 & 51.7 cyc/mm respectively.

The outcome of super resolution is documented in Figure 6.27 & 6.28. Inspection of the insets confirms
that space-variance does not serve as an impediment to super resolution. A visual assessment of the resolvable
number of bars in each USAF target, hints at a resolution gain of 4 elements. The knowledge that successive
elements in the USAF target differ in resolution by a factor of 2/¢, may be used to ascertain the empirical

resolution gain as being 1.5874.
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Figure 6.27 Improving the resolving power of a singlet

observing a planar target using sinusoidal illumination
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Baseband image insets

Super-resolved image insets

Figure 6.28 Additional examples of improving the resolving power

of a singlet using sinusoidal illumination

A comparison of the modulation strength of element-6 in each USAF target confirms the field dependence
in the resolving power of the engineered imager. The most visible improvement appears closer to the optical
axis (blue & magenta insets), while the least visible improvement appears to be at the edge of the image field
(red, green, yellow & cyan insets). The variation in resolving power can be traced back to the field
dependence in the resolving power of the baseband PSF.

In conclusion, space-variance in the optical blur introduces undesired field dependence in the resolving
power of the computationally engineered imager. In a subsequent chapter, we discuss methods for

overcoming the issue and realizing near isotropic resolving power throughout the image field.

6.4.3.2 Artifacts in the super resolved image

Closer inspection of the super resolved image reveals the presence of three artifacts: uneven brightness, ghost
artifacts and grid artifacts.

The grid artifacts are attributed to deviations from the 60° phase-shift that the illumination pattern is
expected to exhibit in successive camera images.

The uneven brightness artifact is the least obvious of the three artifacts. Its presence may be confirmed

by comparing the brightness of the central portion of the super resolved image to its surroundings. Clearly,
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the former appears to be brighter than the latter. This behavior may be traced back to an undesired
characteristic of the aberrated baseband PSF, namely the field dependence of its DC (zero-frequency)
response. It is observed that the image of a constant albedo target is not uniformly gray as one would expect,
but exhibits variation in intensity. The behavior is likely accentuated, when one modulates the baseband PSF
with an oscillatory pattern such as a sinusoid.

The adverse effect of ghosting on the quality of reconstruction is most apparent in the yellow and cyan
insets of Figure 6.28. The artifacts make it harder to discern individual bars in each element of the USAF
target. It appears that the severity of ghosting increases with increasing distance from the optical axis. In
addition, the direction of ghosting seems to depend on the orientation of the illumination pattern. It is worth
noting that the aforementioned observations are in agreement with the findings reported in Section 0. The
discussion in the section identifies the side lobes in the engineered PSF as the source of the ghost artifacts. It
is found that the side lobes result from accommodating multiple cycles of the sinusoidal illumination pattern
within the central lobe of the baseband PSF.

Incidentally, the issue of ghosting is not unique to our super resolution strategy. Techniques for
improving the axial resolution of a confocal microscope, such as 4Pi-microscopy, are also plagued by ghost
artifacts [82]. The accepted method for suppressing these artifacts is the de-convolution of the engineered
PSF. At first glance, space-variant de-convolution seems like an attractive solution to our predicament. But,
its efficacy hinges on the non-trivial task of identifying the spatially varying PSF, and also coping with nulls
in the engineered OTF.

Chapter 7 of this dissertation examines an alternate approach to mitigating ghost artifacts. The approach
tries to strike a balance between resolution gain and ghosting by employing periodic illumination patterns
with large period and small duty cycle. The illumination patterns are comprised of multiple sinusoids in

several orientations, which is in complete contrast to the current experiment.
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6.4.3.3 Super resolving a scene with abrupt depth discontinuities

In this experiment, the camera observes a scene comprised of objects at varied distance & orientation. The
reader is encouraged to re-examine Figure 6.23 for a brief description of the objects contained in the scene.
The abrupt change in depth (= 10cm) between the farthest planar facet and the objects in front of it, is
designed to help study the impact of spatially varying defocus blur on super resolution. The titled orientation

of the text and spoke targets with respect to the farthest planar facet, is designed to help study the impact of

perspective foreshortening on super resolution.
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Figure 6.29 Super resolving a scene with abrupt depth discontinuities.
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The outcome of super resolution is documented in Figure 6.29. Inspection of the baseband and super resolved
images indicates the absence of cast shadows, a distinct feature of the coincident stereo arrangement. The
effect of foreshortening is evident in the image of the spoke target, which resembles an ellipse instead of a
circle. A blue ellipse is overlaid on the baseband image of the spoke target to illustrate the behavior.

Inspection of the super resolved image insets confirm that neither aberrations, nor perspective
foreshortening are a deterrent to super resolution using active illumination.

Closer inspection of the red inset in Figure 6.29 confirms that our super resolution strategy is not
affected by the defocus blur at depth discontinuities. The region highlighted in pale blue denotes an abrupt
transition in depth between the farthest planar facet and the target in front of it. It is difficult to miss the gain

in resolving power observed on either side of the depth discontinuity.
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Chapter 7

ADVANCED TOPICS

The exposition on super resolution in Chapter 4 and the supporting experimental evidence in Chapter 6,
served the dual purpose of improving our understanding of super resolution and advancing the state-of-the-
art. But, these chapters do not concern themselves with issues that serve as a deterrent to the adoption of
active super resolution by optical design engineers. The present chapter is devoted to tackling a few of these
challenges.
Conversations with experts in SMU’s computational imaging group provided two design challenges
that are expected to draw the attention of optical design engineers
1. engineer a prescribed PSF using the fewest illumination patterns
2. produce high-quality imagery using a single biconvex lens element
The first challenge aims to augment the capabilities of expertly designed optics that conform to time honored
traditions in optical design. The objective is to surpass the diffraction limit while minimizing the loss of
temporal resolution, and the occurrence of artifacts. The second challenge takes a complementary approach
to optical design, and aims to produce high quality imagery without incurring a steep penalty in cost, form
factor or design complexity. To this end, the challenge employs a single lens element that guides light towards
the detector.
It is obvious that attempts to meet these challenges must strive to improve resolution in multiple
orientations. Previous chapters established that the following stereo arrangements support super resolution

in multiple orientations

e multiple canonical stereo arrangements that share a common imager (Section 4.3)
e single canonical stereo arrangement mounted on a rotating arm (Section 4.3)
e coincident stereo arrangement (Section 4.5)

In each case, the illumination pattern is a sinusoid of the form py (%, y) = A + B sin(2m (&% + 1Y) + 6),

wherein
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&0, frequency of the illumination pattern expressed in cycles/pixel
A average intensity of the illumination pattern ( DC component )
B peak excursion in the intensity of the sinusoidal component

0 phase-shift in the sinusoidal component

In the interest of simplicity, we restrict our attention to the coincident stereo arrangement. The expression for
the detected image intensity in this stereo arrangement (Eq.(4.36)) serves as the starting point for our

investigation. It is repeated below for the benefit of the reader

ig(x,y)

(s ety O

wherein
def Thp Zd A def . ,
o K,H m_pZZ , P, ZH(EO(CX + Kocx) +10(¢y + KOCy))
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The intuitive meaning of the various terms in Eq.(7.1) is provided in Table 7.1.

Our response to the two design challenges is centered on the observation that any spatial pattern besides
flood illumination will smear the object-spectrum across the optical passband. The challenge in super
resolution lies in undoing the smearing due to heterodyning.

In Section 7.1, we attempt to undo the smearing by exploiting the modulation diversity afforded by the
use of a single periodic/almost periodic pattern and a continuum of phase-shifts. A super resolved image is
assembled by carefully demodulating the temporal sequence of images captured under the continuum of

phase shifts.
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Table 7.1 Description of terms in Eq.(7.1)

blur induced amplitude deviation in the DC and sinusoidal
A(u,v), |B(u,v)|

components of the illumination pattern
arg(B(w,v)) blur induced phase distortion
heam(x —u,y —v;u,v)  spatially varying blur induced by the imaging optics
hy(d — 4, v — 4;41,4)  spatially varying blur induced by the illumination optics
K, relative magnification between the imaging and illumination paths

difference in the sampling phase of the detector and projector
Po
sampling grids

7.1 Super resolution using periodic illumination patterns with translational

symmetry

Any real-valued illumination pattern that is continuous/piecewise-continuous, and periodic with

period ({i, ni)’ admits the following Fourier series expansion
0 0

X,L
p(%,9) = Ao + z Ay cos(2m(kEot + £169)) + By g sin(2m(kéo + £109)) (1.2)
k=1
s‘ono 0.5 0.5
g0 € —— || p(,¥) dadv D: |u|<€— o < —
0 0

Ag,p = EoMo ff p(, %) cos(2n(kfou I {’1700)) dadv . PARS 0_ o] < — &=

0

b & &no ﬂ p(i, %) sm(Zﬂ(kEOu + {’nov)) dado . 4] < = ¥ < 0.5

EO Mo
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The limits of the summation namely XK, £ represent the order of the highest harmonic that survives blurring

. o . . - . 1 2 1 2 .
due to the illumination optics. It is observed that the limits satisfy X < ———, and L < — , wherein
o 2N Ay 7o 2N A

NA;, denotes the numerical aperture of the illumination optics and A is the wavelength of the illumination

source.
Suppose &, & k&,, n, & €n,, Ak,,e o C’k‘{; cos(d)k_g) , Bk'g oo (fk_g sin(d)k_{;). These definitions may be

incorporated into Eq.(7.2), to obtain the following compact expression for p(X, ¥)

K.L
P = Coo+ D Copcos(2m(Et +1e3) = bi) (7.3)

k=1

def

It is not hard to establish that the translated illumination pattern p, ,(%,y) & p(% — o,y — 7), admits the

following Fourier series expansion

Doa(£,9) = Cop + f <[C’k.e cos(2m (o -+ 1,0)] cos(2n(Sit + .9 + i) _>
e . k=1 [Cresin(2m(§xo +n,0))] sin(2m (§ck + 169 + bie)

%L & | | s
= 5L T [Ce cos(2m(§ro + n,0))] cos(2m(§ct + 1e9) + i)
k=1

KL
C -
n z % + [Crp sin(2m (&0 + n,0))| sin(2m (&t + npY) + Pre)
K2=1

Notice that each term in the summation is a raised cosine/sine pattern. This implies that one may use Eq.(7.1)
as a template to predict the expression for the camera image i, .(x,y), under the illumination pattern of

Eq.(7.2). The resulting expression for i, ;(x,y) is shown below

XL X,.L (7.5)
ig(,y) = ipp(x,y) + Z cos(2m(&eo + 1)) il e, y) + Z sin(2n(&eo + n,7)) i (x, )
Ko=1 k=1

wherein
o ipp(x,y) ﬂ Coo(, v) 7(w, 1) heam(x —u,y — v; 4, v) dudv

2mic, (St + 1pv) + @

o it # [[letnleon(" e o)

) (W, V) heam (X — w4,y — v; u, v) dudv

21, (§xu + 1pv) + @

o ifntoy) & fflck-"(u’ v)|sin< +arg (Ck,#(u, v))

) r(w, V) heam(x — w,y — v;u, v) dudv
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U=K,(u+cy)+ ¢

o Coou,v) ¥ Cop ff hyy(t — 40,0 — &; 4, &) dddd replace b =KoV +cy) + 6y (7.6)

Cp,(u,v)
“ D o b= (Ut ) +é
¢ Copemitue J‘f {exp (—}2n(§k(u —4) +n,(v — v)))} dids replace b= Ko+ Cy) + 6 (7.7)
' X hy (@ — 4,0 — 4;4,4)

The intuitive meaning of the various terms in Eq. (7.5) is provided in Table 7.2.

Table 7.2 Description of terms in Eq. (7.5)

ipp (X, ¥) camera image acquired under flood illumination
i (x, y) camera image acquired under the cosine illumination cos(27t(f X+ ny) + @ k,f)
i, y) camera image acquired under the sine illumination sin(2m (&% + 7,¥) + ¢r.r)

blur induced amplitude deviation in the DC components of the periodic
CO,O (ul 17)
illumination pattern p (X, y) (real number)

blur induced amplitude deviation in the (k, £)t"sinusoidal components of the

Ck,{’ (ul 17)
periodic illumination pattern p (%, y7) (complex number)

blur induced phase distortion in the (k, #)*"sinusoidal components of the periodic

arg (Ck_{’ (w, 17))
illumination pattern p (X, y)

Inspection of Eq. (7.5) confirms that the camera image can be expressed as a linear combination of the

k.t

baseband image iy, (x,y), and the cosine/sine modulated images if(‘f;(x, y) &igh

(x,y) acquired under
harmonic illumination. Close inspection confirms that there are (2K L + 1) such images. In subsequent

paragraphs, we outline a simple strategy for identifying and demodulating these component images.
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Using elementary linear algebra, one can express the detected intensity at the (x,y)pixel as the inner

product shown below

[ibb(ff' }’)]

k4

[ ¢
io-(6,y) =[1 .. cos(2n(éo+n,7)) sin(2n(§o +n,1)) . lifgf;(m y)‘ (7.8)
Isin (%, )

x,.L
The matrix formulation of Eq.(7.8) may be used to solve for iy, (x,y), {if(’f;(x, y),i% (x, y)}k ooy DY

sin
assembling the intensities of the (x,y)*" pixel under (2K L + 1) uniquely phase shifts of the illumination
. . , kb ke X.L .. . .
pattern p(%,¥). The images iy, (x, ¥), {idss (%, ), iais (x, y)}k ,_, may be digitally recombined using the

strategy outlined in Section 4.6, to yield the following expression for the reconstructed image

KL cos(2mc (5 x + y) +o ) ikt (x,y)
[ def 7 n ,
irecon(,¥) & ipp(x,y) + E < o\ >k [ o) lecos )

. ) (7.9)
k=1 + Sm(ZT[KO (Ekx + ney) + 900) ls,,(i}{:(x: y)

The expression for the reconstructed image may be simplified by incorporating the definition of the images

K,L x.L JOT . L. .
ipp (x, ), {ifgf; (x, y)}k s, and {lflﬁ (x, y)}k ,_,» and utilizing the trigonometric identity cos(P — Q) =
cos P cos Q + sin P sin Q. The simplified expression for the reconstructed image iyecon (X, y) is disclosed

below

irecon (%, ¥)

< 21 [£1(x — 1) + ey — )]
= 'U r(w,v)|Coo(u,v) + Z |Cree(u, )] cos( —karg (th,(u i)) ) heam(x —w,y —v;u,v) dudv  (7.10)
k=1 e

o(x—u,y-vu,v)

It is evident that the reconstructed image i.con (X, ¥) bears a strong resemblance to the image acquired under

the computationally engineered PSF,

hengd (x' yu, 17)

X.L

= Cop(w ) + ) 6o, v)] cos (2micy G + 129) = arg (Ce 1)) heam(rysw,w)  (7:11)
kt=1

o(x,y;u,v)
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It is observed that the terms Cyo(u, v), {C e (U, v)}f'f:l in Eq.(7.11) assume fixed values for a fixed field

location (u, v). Given the deterministic nature of these terms, one can associate a field dependent transfer

function to the computationally engineered imager, which is obtained as follows

T{hengd (x, y;u, V)}
XL

D [Ceew,v)] cos (2 G + mey) = arg (G, v)))} ® Flhcan(x, y;u,0)}

kt=1

=F {Co,o(u. v) + (7.12)
The operator F{g(x,y)} & [[g(x,y) exp(—j2m(&x + ny)) dxdy denotes the 2D Fourier transform, while
® denotes the convolution operator.

It is evident from Eq.(7.12) that the bandwidth of the engineered optics exceeds the bandwidth of the
imaging optics. The increase in bandwidth confirms that the heterodyned frequencies have been restored to
their true position outside the optical passband.

Eqgs.(7.11) & (7.12) jointly establish that the heterodyning induced by a periodic illumination pattern
may be undone with the aid of the modulation diversity afforded by translating the illumination pattern. The
above finding generalizes the viewpoint espoused in [77] for space-invariant blurs, and is an original
contribution of this work.

A special case of Eq.(7.11) is of great relevance to the first design challenge. It involves the use of well
corrected optics characterized by diffraction limited PSF’s. In such cases, the expression for the

computationally engineered PSF reduces to the special form shown below

XL
hengd(x' y) = CO,O + z Ck,{’ COS(ZnKo (ka + 77{’)’) - arg(Ck,f)) hcam(x' Y) (7'13)
k=1
wherein
o Coo = K3Cao [[ hnCicoCu = 10, o (0 = ) duedvr = Cog ¥y (0,0) (7.14)

Cro = K2Cyp eI Pht ﬂ {exp (_jzn(K"Ek(u — W) Freome(v - UD) dudv
kit — Mobk, !
X ki (1o (u — 1), 16, (v — 1)) (7.15)

= C’k{, e_jd’k'f’?-[m (E_k'ﬂ)
’ KO KO
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Eqgs.(7.14) & (7.15) are obtained by dropping the field dependence of the terms Cy o (u, v) and Cy, p(u, v) in

Egs.(7.6) & (7.7), followed by a change of variables from (i, 7,4, 4) = (u,v,u,v). The terms

H;,(0,0) & Hy, (fk W) capture the behavior of the projector’s OTF at DC and ("rk ,ﬂ) ades

Ko Ko/ pixel
Additional insight into the structure of engineered PSF is gleamed invoking the definition of the
terms Ay 4, & By 4, and utilizing the trigonometric identity cos(P — Q) = cos P cos Q + sin P sin Q. The
resulting expression is disclosed in Eq.(7.16).
hengd(x:Y)

) (fk 7)#) <Ak,{’ cos(2mr, (Exx +1,Y)) +) () (7.16)

= 1652] Ao oH(0,0) + Z ,
0“1 A0,0Hin(0,0) ya Ko Ko/ \ By psin(2mi, (Ex +15y))

1

Eq.(7.16) may be simplified further by absorbing references to the projector’s OTF into the

scalars AO 0 {A K g} and {Bk g} . The simplified expression disclosed in Eq.(7.17), defines the relation

kt=1 k£=1"

between the intensity PSF of the camera and its super resolved counterpart.

X.L

I Ay cos(2mr, (& x + 1)) +
hengd(x;y) = Koz AO,O + z ( . ( oK )
K

By, p sin(2mic, (&x + 1Y)

oscillatory pattern o(x,y)

hcam (x' y) (7 17)
baseband PSF ’

x,L .
It is obvious that judicious selection of the scalars AO o {Ak {;}k Py {Bk"’}k 1 enables us to tailor the shape

of the engineered PSF. The topic is explored in detail in Section 7.3.

7.2 Super resolution using almost periodic illumination patterns

In literature, the term “almost periodic pattern” is used to designate patterns that are a strong approximation
of a sum of trigonometric polynomials. A specific parameterization of these patterns is relevant to our effort,

and is disclosed below

P() = Co+ ) Cicos@(Eik + M) — bi) (7.18)

k=1
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&M frequency of the k" sinusoidal component of the illumination pattern,

expressed in cycles/pixel
K  Number of sinusoidal components in the illumination pattern
C, Mean intensity of the illumination pattern
C,  peak excursion in the intensity of the k" sinusoidal component
¢, phase-offset of the kt" sinusoidal component
A comparison of Eqs.(7.18) & (7.3) confirms that periodic and almost-periodic patterns share the same
mathematical description. Consequently, we can reuse Egs. (7.5)-(7.16) and extend the claims of Section 7.1

to include almost-periodic patterns. The counterpart of Eq.(7.18) that is applicable to almost-periodic

patterns, is disclosed below

X p
N Ay cos(2mic, (Epx + 1Y) ) +
hengd(x»y) = KOZ{AO + Z < ,f ( oK ‘ ) hcam(xﬁy) (7.19)
k=1 Bk sm(2mco (ka + nky)) baseband PSF ’

oscillatory pattern o(x,y)
The difference between Eqs.(7.19) & (7.18) stems from the arbitrary choice of the frequencies that make up

the almost-periodic illumination patterns. In other words &, # k&, & n, = kn, Vk € Z*.

The key insights to be gleamed from Sections 7.1 & 7.2 are as follows

o the heterodyning induced by a periodic/almost-periodic illumination pattern may be undone

using the modulation diversity afforded by translating the illumination pattern

o the shape of the engineered PSF may be tailored by judicious selection of the amplitudes and

frequencies of the sinusoids that make up the periodic /almost-periodic illumination pattern

The above insights form the basis of our solution to the first design challenge examined below.
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7.3 Design Challenge-1: Parsimony in PSF engineering using patterned

illumination

It is common knowledge that active super resolution schemes sacrifice temporal resolution while attempting
to surpass the diffraction limit. The primary motivation for this design challenge is to minimize the number
of temporal observations needed to engineer a prescribed PSF. A second motivation is the mitigation of
artifacts in the super resolved image that stem from the side-lobes in the engineered PSF (Figures 5 & 6).
Empirical evidence suggests that these artifacts may be greatly reduced by engineering PSF’s whose side-
lobes match those of a diffraction limited PSF or a Gaussian apodized PSF.

With the aforementioned motivation in mind, we seek a solution to the following optimization problem:

“Given a diffraction limited imager, identify the minimum number of illumination patterns required

to engineer a prescribed PSF”

x
hcam (x, ¥) Z ay cos(2m (§xx + 1Mk y)) hprescribed % Y)
k=1
Baseband PSF .Unknown Prescribed PSF
Oscillatory pattern

? y

X &
Find

]Cr {ak, {k! nk}i(':l

2 . . .
A (% [x2 + yz) = minimize X A (Z;Tbb [x2 + yz)

= minimize MSE 2

T 2 2 T2 2
Pbb ¥ty 2ppp ty

2

Figure 7.1 Identify the minimum number of illumination patterns

required to engineer an Airy disk with twice the bandwidth.

The problem is illustrated in Figure 7.1 for an Airy disk with a cutoff frequency of py,, c:];xl:ls It is not a

coincidence that the mathematical formulation of the design problem outlined in Figure 7.1 is identical to the
model outlined in Eq.(7.19). The reader will recognize that Eq.(7.19) may be used to synthesize a prescribed

PSF, by replacing the engineered PSF hepeq(x,y) with the prescribed PSF hppeseribea (X, ¥). But, it is not
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apparent that the optimization problem always admits a solution. The problem is alleviated by minimizing
the MSE (mean squared error) between the engineered PSF and the prescribed PSF.

The discrete counterpart of Eq.(7.19) forms the basis of our numerical framework for PSF engineering,
and is disclosed in Eq.(7.20). It is obtained by recasting the PSF’s as discrete measurements (€ RV*V) on

an oversampled grid, and expressing the oscillatory pattern as a sum of discrete trigonometric functions.

X
He [p’ q] — Hb [p’ q] O |:Z afk'nkll)fk'nk[p, q]l fOI‘ {lp! ql € {0,1,2 ONSENl}_ 1)} (720)

engineered PSF baseband PSF fk’ Me € {0,1,2’
©) element-wise product of the operands ( Hadamard product )
N XN number of samples in the baseband and engineered PSF ( N is an odd integer )

YenePal | [p, 1™ sample of the k™ component of the oscillatory pattern | Y, 5, [P, q] € (=1,1)

Given our interest in minimizing the MSE, it seems natural to express the oscillatory pattern as a
superposition of orthonormal basis images that span the set of real illumination patterns. A survey of literature
confirmed that the basis images of the Type-1 DCT [80] are best suited for our task. The definition of the
Type-1 DCT basis images had to be modified to accommodate a distinct feature of diffraction limited PSF’s
namely: symmetry about the central sample (p, g = 0) that doubles up as the intensity maximum. The precise

definition of the basis images ¥y, ;. is included below,

N-1 p.q=0
2 &k TNk q Ip,ql <0.5(N —1)
N-1 COS( )COS (N ) &:even,n:even
nép kg Ip, gl < 0.5(N —1)
Venp,al = N -1 ( )sm (N 1) &:even, n:odd (7.21)
2 _
Sin( ka> (ﬂnkq) Ip,ql <0.5(N —1)
N-1 &x:odd, ng:even
2 mép\ . TMkq Ip, gl < 0.5(N —1)
N—1°" <1v - 1) st (N - 1) £e:0dd, n,:0dd

The model outlined in Eq.(7.20) may be used to synthesize a prescribed PSF H,, by replacing the engineered

PSF H, with the prescribed PSF, and solving the resulting system of equations, disclosed below

h, = h, & ¥ a or h, =diagth,) ¥ a
N2x1  N2x1 N2xN2 N2x1 N2x1 N2xN2 N2xN2 N2x1

The expression represents a transcription of the matrix identity of Eq.(7.20) using lexicographically ordered
PSFs and DCT basis images. The quantities in small boldface letters represent vectors. The operation
diag(h,,) yields a diagonal matrix whose diagonal entries match the entries of the baseband PSF h;,. Each
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column of the matrix W represents a lexicographic ordering of a single basis image of the modified Type-I
DCT. The non-zero entries of the vector a represent the spatial frequencies of the sinusoidal patterns that
will be used to illuminate the scene.

The deceptively simple structure of Eq.(7.22) hides the fact that the linear system is ill-conditioned
(condition number of diag(h;) = o). The ill-conditioning stems from the zero entries in the baseband PSF
that contribute an entire row/column of zeroes to the matrix diag(hy). The problem is exaggerated by a
mismatch in the intensity of the central lobe of the PSF, in relation to its tails. Intuitively, it may seem that
dropping the offending samples from Eq.(7.22) will alleviate the problem. But the strategy is bound to fail,
since the resulting system of equations is under determined (fewer equations than unknowns).

In any case, the linear system of Eq.(7.22) admits infinitely many solutions. The least-squares estimator
attempts to find a unique solution by sifting through the infinitely many solutions, in search of the vector a
that minimizes the energy in the oscillatory pattern Wa. The corresponding optimization problem is disclosed

below

Qo,0
(LS): main [lall, subjectto diag(hy) [Woo - IIJN-1,N-1][ : l= h, (7.23)

p ayN-1,N-1
e
a

The solution to the above optimization problem is given by a,s = [diag(h,)¥]Th,, wherein the matrix
operator T represents the Moore-Penrose pseudoinverse. It is obtained as the intersection of the spherical £2
ball (|la]l; = constant) with the hyperplane diag(h,)¥a = h,,.

Although the LS estimator excels in its simplicity, it is hopelessly flawed in its attempt to engineer

PSE’s. The estimator fails to identify a sparse solution to the system of equations diag(h,)¥a = h,, even

p’
when one exists. The failure is attributed to the fact that minimizing ||a||, has no bearing on the number of

frequencies in the oscillatory pattern, a quantity that one would like to minimize. Figure 7.2 illustrates the

problem for a diffraction limited square pupil in which the prescribed PSF Apescribed (X, ¥) = heam (g,%)
Theory suggests that a 2 X 2 grid of uniformly distributed frequencies are all that is needed for an exact

realization of 2X improvement in resolution. But, the LS estimator recommends the use of several

frequencies. To make matters worse, there is no universal mechanism with which to distinguish the true set
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of frequencies from clutter. A quick comparison of the “True oscillatory function” and the “LS estimate” in

Figure 7.2 highlights the shortcomings of the LS estimator.

Baseband PSF Unknown Prescribed PSF
Oscillatory pattern

x D =

2

sinc sinc
2ppp 2ppp

“1so 100 -100

-50, q 50 100 =50 . Q 50 100 50 q 50 100
Units of wavelength Units of wavelength Units of wavelength

True oscillatory function LS estimate L1 estimate

Figure 7.2 Doubling the resolving power of a diffraction limited square pupil

using Least Squares and L1 estimators

The proposed strategy for PSF engineering outlined in Eq.(7.24), explores the solution space in search of a
vector a that has the fewest non-zero entries (exactly sparse) or one whose entries decay rapidly when sorted
by magnitude (compressible).

(L1): min [lall; subjectto |k @ hj —¥Tal|, <€ (7.24)
The operator @ in Eq.(7.24) represents an element-wise ratio of the operands. The vector h; @ hj, and the
matrix W* represent rows of hy, @ h;, and W that correspond to numerically reliable entries in the baseband
PSF (ones that exceed t). The strategy outlined in Eq.(7.24) draws inspiration from recent work [84] in

identifying sparse/compressible solutions to linear systems. The motivation behind minimizing ||al|, is to
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reduce the number of illumination patterns needed to engineer the prescribed PSF. The quadratic constraint
|5 @ R} — ‘P’a”2 <€ is a convex relaxation of the constraint hj = h; ® ¥*a, designed to

accommodate prescribed PSFs whose zeroes lie between the zeroes of the baseband PSF. Such scenarios
arise in attempts to improve the resolving power of the baseband PSF by non-integer amounts.

An attractive feature of the L1 minimization problem of Eq.(7.24) is that it is guaranteed to find a sparse
solution, provided one exists. This is evidenced in the L1 estimate of the oscillatory pattern, in the example
of Figure 7.2.

It is quite likely that the minimization problem of Eq.(7.24) may not always admit a sparse solution.
The issue arises when trying to engineer PSF’s h,, ¢ range(diag(h;,)W¥). Figure 7.3 provides an example,
in which we wish to improve the resolving power of a diffraction limited circular pupil by a factor of 2.
Trouble is the Airy disk is not separable unlike the basis images g, ;. . Luckily, the sorted entries of the
vector a that solve the optimization problem of Eq.(7.24) decay very rapidly, as evidenced in the plot of

Figure 7.3. This behavior may be exploited to identify a sparse solution to the above PSF engineering

Baseband PSF @ Prescribed PSF
5
8 e
& .
. Unknown
5 . Oscillatory pattern
Q 30
S
;. 9. _
3 :
S .
p=
2 .
)
o] 5
“ : 2
h(ﬁ‘/m) o i
— +— 0, .
% N é % sparsity

Figure 7.3 Example illustrating the need for pruning when engineering PSF’s using Eq.(7.24)

problem. The plan is to prune the result of L1 minimization, so as to find a subset a. of frequencies that

minimize the mean squared error MSE &£ |hp — diag(h,)%a, ||2 to a desired accuracy.

The pruning algorithm adopted in this work is inspired by an iterative variable selection algorithm
termed “Backward Stepwise Regression” [85]. The algorithm iteratively discards a frequency with the least

influence on the instantaneous MSE, until all frequencies have been discarded. In each iteration, care is taken
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to re-estimate the weights a. and a record of the instantaneous MSE is maintained. Finally, the subset of
frequencies that jointly minimize MSE and ||a||y, is declared as the solution to the PSF engineering
problem.

Unfortunately, pruning by itself may not be sufficient to produce a sparse solution to the PSF
engineering problem. The issue arises when trying to improve the resolving power of a square/circular pupil,
by non-integer factors. In such cases, the zeroes of the prescribed PSF may never line up with the zeroes of

the baseband PSF. The problem is illustrated in Figure 7.4.

1+ . —= Baseband PSF
* Prescribed PBSF

gl i |

f=]
o

(=]
[}
T
1

(esessssse siitissensiniilinin .-LIL-I."L i hL‘.i. 28l ii0sseesinitiisssssisinie

| I | I
-50 -40 =30 -20 -10 0

| I
20 30 40 50

Figure 7.4 Mismatch in the position of the intensity minima when improving the

resolving power of a diffraction limited square pupil by a factor of 2.5

The astute reader will recognize that the multiplicative structure of our PSF engineering framework
makes it impossible to align the zeroes of the engineered PSF with the zeroes of the prescribed PSF. The
problem may be remedied by employing a digital filter dubbed “post-factum filter” to reposition the zeroes
of the engineered PSF, and adjust the height of the side-lobes until the MSE falls below a desired level of
accuracy. The post-factum filter is most effective when the bandwidth of the engineered transfer function
matches/exceeds the bandwidth of the prescribed OTF. The benefit of post-factum filtering is evident in

Figure 7.5.
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Figure 7.5 Benefit of post-factum filtering when improving the resolving power
of a diffraction limited square pupil by a factor of 2.5

The remainder of this section is devoted to the validation of the proposed PSF engineering strategy. The
experiments are organized into two categories based on the shape of the aperture (square/circular). The
examples in each category are further sub-divided into two categories. The former is concerned with the
improvement of resolving power by integer factors, whereas the latter is concerned with non-integer gains.

The results are tabulated in Figures 7.6-7.9.

7.3.1 Experimental Setup

The baseband and prescribed PSF’s supplied to the optimization algorithm are intensity normalized such that
the central value is unity. In addition, entries of the baseband PSF whose intensities are smaller than 7 =
107*, are ignored when computing the ratio hy, @ hy,. Lastly, the number of samples drawn from the
baseband and prescribed PSF’s are carefully chosen to mitigate the effect of spectral leakage during

optimization.

7.3.1.1 Optimization Algorithm

The SPGL solver developed by Van Den Berg and Friedlander [86] is used to solve the optimization problem

of Eq.(7.24). The result of L1 minimization is pruned using the algorithm discussed earlier. This is followed
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by a post-factum filtering step that is designed to fine-tune the shape of the engineered OTF to match the

prescribed OTF.

7.3.1.2 Analysis

The dotted green/blue contours in Figures 7.6-7.9 represent the zero-level set (limiting resolution) of the
baseband/prescribed MTF’s respectively. The solid cyan contour represents the zero-level set of the

engineered MTF. Each plot of the MTF is accompanied by a pseudo-color image of a Siemens star target that

is blurred by the matching PSF.

1

Normalized Intensity PSF ] Normalized MTF ] Star target ]

1 Baseband

Prescribed

| Engineered 1

RMSE = 9.52¢-8 Num. of Frequencies =16

Figure 7.6 4x improvement in the resolving power of a diffraction limited square pupil

Number of samples in the PSF = 101, Inter Sample Spacing = 1um, Wavelength = 0.5um
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Normalized Intensity PSF ] Normalized MTF ] Star target ]

]

Baseband

|

Prescribed

| Engineered 1

RMSE = 5.99e-4 Num. of Frequencies =4

Figure 7.8 2.5X improvement in the resolving power of a diffraction limited square pupil

Number of samples in the PSF = 101, Inter Sample Spacing = 1um, Wavelength = 0.5um

Normalized Intensity PSF ] Normalized MTF ]

1

Star target ]

Baseband

|

Prescribed

| Engineered 1

RMSE = 3.58e-4

Num. of Frequencies =6

Figure 7.7 2X improvement in the resolving power of a diffraction limited circular pupil

Number of samples in the PSF = 151, Inter Sample Spacing = 1um, Wavelength = 0.5um
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Normalized Intensity PSF 1 Normalized MTF ] Star target ]

]

Baseband

Prescribed 1

} Engineered 1

RMSE = 2.75e-4 Num. of Frequencies =11

Figure 7.9 2.833 X improvement in the resolving power of a diffraction limited circular pupil

Number of samples in the PSF = 121, Inter Sample Spacing = 1um, Wavelength = 0.5um

The examples provided thus far highlight specific capabilities of the proposed PSF engineering strategy. But,
they fail to provide a broader assessment of its effectiveness in minimizing the number of temporal
observations needed to realize a prescribed resolution gain. This behavior is neatly captured in the plots of
Figure 7.10. The plot on the left is concerned with improving the resolving power of square pupils, while the
right panel is concerned with improving the resolving power of circular pupils. The red points in the left plot
depict the case of integer resolution gain, for which an analytical solution exists. The solution calls for using
K = G? frequencies, wherein G is the prescribed resolution gain. Intuitively, one expects a similar trend for
non-integer resolution gains. The data in Figure 7.10 supports our intuition. The sub-optimality of the pruning
algorithm is most evident in the significant deviations from the quadratic curve.

Interestingly, the plot of G vs. X for diffraction limited circular pupils also reveals a quadratic trend. It

should be emphasized that none of data points in the plot admit an analytical solution, unlike the case of

square pupils.
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Figure 7.10 Plot of resolution gain versus number of frequencies used to realize prescribed gain.

The resolution gain increases from 1 to 28/6 in increments of 1/6.

In summary, both plots support the narrative that the resolving power of an expertly designed optics may be

improved while using a minimal number of illumination patterns. This concludes our response to the first

design challenge.

7.4 Design Challenge-2: High quality imaging using a single lens element

The overarching goal of this design challenge is to explore the limits of active super resolution. The aim is
to produce high quality imagery using an imager comprised of a single lens element. It is common knowledge
that the resolving power of a single lens element is severely limited by optical aberrations. Figure 7.11
provides an example of an image acquired with an off-the-shelf double convex lens (Edmund Optics Stock

No. #63-672-INK). Despite the imager’s seemingly large numerical aperture, it appears to be difficult to

discern spatial detail in the resolution chart.
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Figure 7.11 Image of an ISO12233 resolution chart acquired using a single 25 mm bi-convex lens.

Lens diameter = 15 mm, working distance = 2350 mm

Attempts to improve the resolving power of such an imager using patterned illumination, appear misguided,
on account of the dismal image quality. The notion is bolstered by the fact that active super resolution
techniques sacrifice temporal bandwidth for an increase in spatial bandwidth. But, if the claims in Chapter 4
are to be believed, it must be possible to improve the resolving power of the singlet, by processing images
acquired under patterned illumination.

The limited success of our attempt to super resolve a singlet in Section 6.4 supports the notion that
aberrations are not a deterrent to super resolution. But, the same experiment identified a serious issue with
our super resolution strategy. The reconstructed image is afflicted with ghost artifacts whose impact is
aggravated by field dependent aberrations. It was observed in Sections 0 & 6.4 that the severity of ghosting
increases as one moves away from the optical axis. The behavior is attributed to an increase in the number
of oscillations of the sinusoidal pattern that can be fit into the central lobe of an off-axis PSF.

Troubling still is the fact that only two frequencies in orthogonal orientations are employed in the
experiment of Section 6.4. This confines the gain in resolution to the two orthogonal orientations. One can
only hazard a guess as to the consequence of illuminating the scene with several sinusoids of varying
periodicity and orientation.

Judging by these shortcomings, our quest to produce high quality imagery using a single lens element
appears destined to failure. But, an obscure detail in our recently concluded effort to engineering the PSF of

a diffraction limited square pupil, comes to our rescue.
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Figure 7.12 depicts the structure of the periodic oscillatory pattern that is needed to improve the
resolving power of a diffraction limited square pupil by a factor of 4. Our interest in this example stems from

the fact that the choice of the oscillatory pattern is exact, and does not involve numerical optimization.

resolving power
of baseband imager

(resolution gain)™*
spot diameter of
engineered imager

units of wavelength (1)

-20 0 _ 20
units of wavelength (1)

Figure 7.12 Structure of the oscillatory pattern required to realize a 4x

improvement in the resolving power of a diffraction limited square pupil

Inspection of Figure 7.12 indicates that the oscillatory pattern bears a strong resemblance to a periodic pulse
train. The period of the pulse train (T') corresponds to the limiting resolution (spot radius for square pupil)

of the baseband imager, while the pulse width (§) corresponds to the spot diameter of the engineered imager.

As the prescribed resolution gain % increases, one observes that the duty cycle of the pulse train decreases
by a proportional amount.

Insight into the mechanics of super resolution can be gleamed by examining the consequence of
multiplying a broad intensity PSF with a periodic pulse train. It is observed that the resulting PSF resembles
a damped pulse train, whose central lobe width matches the pulse width of the pulse train. The spacing
between adjacent pulses in the pulse train, affects the onset of side-lobes in the engineered PSF. Lastly, the
severity of the optical blur influences the side lobe height, with broader PSF’s producing taller side lobes.

The multiplication of the baseband PSF with the oscillatory pattern may be effected by processing
images acquired under periodic illumination, as reported in Section 7.1. The ability is attributed to the
periodic nature of the oscillatory pattern.
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The relevance of the above example to the second design challenge is obvious when one recognizes
that a periodic pulse train may be used to engineer the PSF of any imager, not just diffraction limited square
pupils. Further, the strategy may be extended to accommodate space-variance in the camera PSF, by choosing
the pulse period (T) in accordance with the spot radius of the PSF at the edge of the image field. Empirical
evidence suggests that the side lobes may be eliminated by choosing a period in excess of the half width of
the 92% encircled energy contour.

The key insights afforded by the discussion thus far are enumerated below:
o the product of the baseband PSF with a periodic pulse train may be used to fashion a PSF with a tighter
central lobe
o the pulse shape influences the shape of the engineered PSF
o the pulse width () limits the spot size of the computationally engineered imager
o the spacing between adjacent pulses (T) controls the onset of side lobes in the engineered PSF
o the multiplication of the baseband PSF with the periodic pulse train may be effected by processing
images acquired under the pulse train illumination.
An issue that has been overlooked so far is the shape of an individual pulse. The obvious choice for pulse
shape when using a pixelated illumination device such as an LCD projector is a rectangular pulse. It can be
established that that the maximum improvement in resolving power results when the pulse width (§) matches
the feature size (A) of the illumination module.

It appears from our discussions that one convert a singlet with a worst case spot size of S yum into a
high-quality imager with a spot size of § um, by processing images acquired under pulse train illumination,
with pulse width m,8 um and period > 0.5 m,S um. The scalar m, represents the relative magnification
between the imaging and illumination optics.

It should be noted that the above claim overlooks two important issues: blurring due to the illumination

. . - . oA
optics, and the sampled nature of the projected pattern. The former limits the spot size § to Z\‘;—A um, and the
ill

0.5myS
0.5my6

harmonic order (X, £) of the periodic illumination pattern to l J — 1. The latter limits the maximum

number of phase shifts admitted by the sampled illumination pattern.
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The limited number of phase shifts could make it impossible to derive the baseband image iy, (x, y) and

.. Ny k¢ KL . . .
the harmonic images {LCOS (x, ), ign(x, y)} i pet’ from the set of 2K L + 1 images acquired under uniquely

phase shifted illumination. The loss results when

lO.SmOS

2 2
S .
3 J <2 <ng - 1) +1 | A : feature size of the illumination pattern (7.25)

The term on the left hand side of Eq.(7.25) represents the number of unique phase shifts admitted by the
periodic illumination pattern. The term on the right hand side represents the number of harmonic images
required to engineer the PSF with the desired resolving power.

For the second time, it appears that our quest to produce high quality imagery using a single lens element
has hit a roadblock. We tackle the issue by examining an alternative strategy for demodulating the camera

images acquired in a coincident stereo apparatus, such as Figure 7.13.

towards — Incident light path

scene — Reflected light path
A

0{‘\ Mapping between projector
and camera pixel coordinates

A
X=my—(x —cy) + ¢y
Camera T A

3 A
m \| J'/=moz(y—cy)+éy

i(x,y)

| A detector pixel pitch

light A feature size of illumination pattern

absorber relative magnification between the
¢ imaging and illumination optics

Periodic pulse train illumination
(00

P =| Y P66 —ky— 0 | @ rect(h, )
k,f=—c0
where Y[k + mP, € + nQ] =y[k, £] for k, £,m,n,P,Q € Z

Figure 7.13 Coincident stereo arrangement employed in design challenge-2

Subsequent discussions assume the following:
e The projected pattern is expressible as a weighted combination of non-overlapping light spots of size A x

A um. Each spot may be interpreted as a physical pixel in the projected pattern.
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e The projected pattern has a periodicity of P & Q pixels, or PA ym & QA pm in the horizontal and vertical
directions, respectively.
¢ The intensity distribution in each light spot is assumed to follow a 2D rect(... ) function, whose definition

is included below

L %], 1y] < 0.5
rect(x,y) £10.5, %[, [y] = 0.5
0, otherwise

e The camera image has been resampled so that its inter-sample-spacing matches A, and the sampling grids
of the resampled image and the illumination pattern are aligned.
Bearing these assumptions in mind, one may attempt to derive the expression for the resampled camera image

in the stereo apparatus of Figure 7.13. The expression is disclosed below

i(x,9) = Kk;*? ff p(u, v) (i, v) flcam(ﬁ -,y —v;u,v) dudv (7.26)
p(G,0) = ( Z Plk, €] 8 — k0 — f’)) ® rect(d, v) periodic pulse train
k{f=—c0
illumination

where Y[k + mP, € + nQ] = [k, ¥] for k,¢, m,n,P,Q € Z

geometric image of
Fla,b) € r(k; (a—é) + oot (b —¢,) +¢y) scene under unit

illumination

Ream (@, b; ¢, d) & heam (k5 a, k5 b k51 (e — &) + k51 (d — ¢é)) +¢,)  PSF of the singlet

The term k, = m,AA™" represents the relative magnification between the pixel coordinates of the imaging
and illumination paths. The terms (cx, cy) and (c’x, éy) represent the coordinates of the principal points of
the camera and projector respectively.

Super resolution using patterned illumination is predicated on the prospect of observing unresolved
spatial frequencies in the camera image i(X, ¥). Fourier analysis of the product p (&, v)7(t, ¥) in Eq.(7.26)
confirms that modulation smears the object spectrum across the passband of the optics. The challenge lies in

undoing the smearing induced by amplitude modulation.

157



The proposed solution attempts to exploit the modulation diversity afforded by translating the periodic
pulse train p(X, ¥). A super resolved image is obtained by demodulating the temporal sequence of images

acquired under integer translates of the periodic pulse train.
The expression for the translated illumination pattern follows from the definition of p(%, y), and is given by

ps,t(x'},]) = ( Z w[k - S,‘E - t] 6()2 - k!}’] - f)) ® rECt(X!}’])
v (7.27)

Z Ylk — s, —t]rect(x — k,y — £) ’ where s, t € Z*

kf=—c0

The expression for the camera image acquired under the translated illumination pattern pg . (X, y), is disclosed

below

is (£,9) = k52 ff Ds.c (0, D) F(1, V) hegm (X — 4,7 — 934, 9) diudv (7.28)
The reconstructed image i...,n(%X,7) is assembled by demodulating (multiplying) the sequence of camera
. , ., \\P-Le-1 . .. N ., P 1e-1 .
images {lS,t(x, y)}S o with the respective illumination patterns {psjt(x, y)}s o and accumulating the

product. The mathematical expression for the reconstructed image is shown below

P-1,0-1
reon 69D = 1657 " DG ) [[ el 83 7 9) P G = 9 = 050,9) )
5=0,t=0
P-1,0-1
= i;? J J D Pl D@ 9) |7 9) R (= 6,9 = 03, 6) dids (7.29)
s=0,t=0

The summation in Eq.(7.29) may be simplified as follows

P-1,0-1

D aelh e 9)

s=0,t=0

P-1,0-1
= (Z Y[m—s,n—t]rect(t —m,y — n)) (Z Ylk —s,f —tlrect(t —k, v — f’))

s=0,t=0 \m,n k.t

P-1,0-1

= Z Z Ylk — s, —tlY[m —s,n—t] | rect(xt —m,y —n) rect(d — k, v — ¥)

kfmn \ s=0,t=0
= Xyylk —m, £ —n] rect(x —m,y —n) rect(tt — k, v — £) (7.30)

k

=~

mmn
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The definition of the periodic auto-correlation of a discrete sequence [87] is invoked in deriving Eq.(7.30).
The term ), denotes the periodic auto-correlation of the discrete image Y[..., ... ]. Imparting structure on
Xy allows us to simplify Eq.(7.30), and subsequently, the expression for the reconstructed image.

In the special case that the periodic illumination pattern is a pulse train with a pulse width of 1 pixel,
that is to say P [p, q] = X, 8[p — kP, q — £Q], one finds that the auto-correlation sequence )y, resembles a
bed of nails with a spacing of P& Q pixels in the horizontal and vertical directions. In other
words Yy [p, q] = Xk 8lp — kP, q — £Q].

In the interest of mathematical lucidity, the remainder of this derivation assumes that the period P, Q —
0, s0 that . is a Dirac-delta function. The choice may be incorporated into Eq.(7.30) to obtain the

following result

P-1,0-1

Z ps,t(-’ei .}’/)pS,t(l’l’l ]3) = Z 6[k -m, t— n] reCt(Jé -m, },’ - n) reCt(ﬁ - k; v— f)

$§=0,t=0 ktmn

= Zrect(a’c—m,)’/—n) rect(t —m, v — m) (7.31)

mn

The above result may be substituted into Eq.(7.29), to obtain the following revised expression for the

reconstructed image
irecon (‘X"’ }I/)

=K;? ff (Z rect(t —m,y —n) rect(d — m, v — m)> (i, V) R (X — 1,y — 0;1, ¥) didv
mmn

= K2 Z ff 7(u, ¥) rect(* —m, ¥ — n) rect(t — m, ¥ — m) Ay (¥ — 0, ¥ — ¥; 0, ¥) dudv (7.32)
mn

The above expression for the reconstructed image may be simplified by recognizing the following constraints

1. the rectangular pulse rect(x — m,y — n) is non-zero in the interval

(m—-05)<x£<(m+0.5) n m,n € Z* 733

(m—05)<y<(@m+05) | "I ¢ yeRr (7.33)
2. the rectangular pulse rect(t — m, ¥ — m) is non-zero in the interval

(m—-05 <u<(@m+0.5) mn€Z*

(n-05)<v<®+05 | "™ 4peRr (7.34)

The first constraint may be used to reduce the infinite summation in Eq.(A.6) to the finite summation of Eq.
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(7.35). The second constraint may be used to reduce the indefinite integral in Eq.(A.6) to the definite integral
of Eq.(7.35).

irecon (‘)2’ },])

m=[%], n=[y]

= k;? Z f f #(i, 9) Feam Ck — 1,y — 3 1, ) didv
m=|x], n=|y]e(m-0.5,m+0.5), v€(n—0.5,n+0.5)
=x,2 ﬂ 7, D) oy (X — 10,y — 0; 1, ¥) ditdv 5
1e(|%]-0.5,[%]+0.5), v€(|y]—0.5,[y]+0.5) (7.35)
=Ky° f f F(W, 0) heam (X — 0,y — 0;%,0) dudd (7.36)

u-%e(-1,1), v—-ye(-1,1)

The transition from Eq.(7.35) to Eq.(7.36) employs the following properties of the floor and ceil operators:
f—=1fl<05and[f]—f <0.5.
The definition of the rect(...) function may be used to rewrite the definite integral of Eq.(7.36) as the

indefinite integral shown below

. .. o X—uy—-v\.
lrecon(x’y) = K(;Z ff 7(, V) rect (—2 — )hcam(x—u,y—v; 1, 0) dudv (7.37)

It is evident that the reconstructed image bears a strong resemblance to the image acquired under the

computationally engineered PSF

- X Y\ -~
henga (X, ¥; 1, V) = rect <§%) Ream (%, 73 1, ) (7.38)
It should be emphasized that the above expression for the computationally engineered PSF is obtained under

the assumption that the period of the pulse train p(%, y) is infinite. The assumption may be relaxed to yield

the following expression for the computationally engineered PSF,

Flengd (-72' 3,/; u, ﬁ)

t—kP §—£Q\) .
(Zrect(x 5 ’y 5 Q))hcam(i,)'/;ll,ﬁ)

Kkt

(7.39)

£ 9 i}
rect (E)EI) Py (£ — 1§ — 31, ) + Z rect —) Fooam (5, 93 11, B)

central lobe

side lobes

The first term in the above expression corresponds to the central lobe of the engineered PSF. Each term in

the infinite summation of Eq.(7.39) introduces a side-lobe in the engineered PSF. These side-lobes if
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untreated manifest as ghost artifacts in the reconstructed image. Empirical evidence suggests that the side
lobes may be eliminated by choosing the period P & Q in excess of the half-width of the 92% encircled
energy contour of the PSF at the edge of the image field. In such cases, the expression for the computationally
engineered PSF reduces to Eq.(7.38).

In subsequent discussions, it is assumed that the period P & Q have been chosen to mitigate the

onset/appearance of side-lobes in the engineered PSF.

7.4.1 Intuition

Suppose that § is the spot size of the desired computational imager. As a consequence of optical blurring,
light from multiple resolution elements of size § each, gets integrated into a single camera pixel. [lluminating
the scene with integer translates of a periodic pulse train assigns a unique binary code to each resolution cell,
such that the light from multiple resolution cells that is integrated into a single camera pixel, may be

disambiguated.

7.4.2 Bound on resolving power
It can be established from the expression for the engineered PSF (Eq.(7.38)) that the

. ; o ' . Xy ; 1.22 1
spot SIZe( engd (6, V3 1, v)) = min | spot size | rect (E'E) XA , m, _ZNAcam

1.22 /1)

2h m —22 7.40
MooNa,, (7.40)

= min (
The first argument of the min(...) function represents the width of the rectangular pulse rect (g,%), which
by definition is 2 pixels or 2A ym. The second argument of the min(...) function represents the on-axis spot
size of the resampled camera image. The term m,, represents the relative magnification between the imaging
and illumination optics. It is evident from Eq.(7.40) that the resolving power of the computationally

engineered imager is bounded by 0.5A~! corresponding to the Nyquist frequency of the projected pattern.

In the special case that A < mo% one finds that the resolving power of the computationally

engineered imager (2A pm) is uniform across the image field. The behavior is unlike the singlet, which

exhibits severe anisotropy in resolving power.
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7.4.3 Super resolution workflow

The expression for the reconstructed image disclosed in Eq.(7.29) provides the blueprint for a super
resolution scheme that recovers unresolved spatial detail from images acquired under sinusoidal illumination.

The complete workflow is disclosed in Figure 7.14.

Geometric , Camera
h, X, V; U,V :
image r(x,y) —> % )—>‘ cam (X, y; 4, v) i b—‘ls,t(x y) image
w—l

w .
*,y) = (x,y) (x,y) — (%,3) Resampling

Projector
ls,e(%,¥)

Periodic
pulse train

{pee e} 0

Reconstructed

irecon (i" 5/) image

Figure 7.14 Super resolution using coded illumination

P-1,0-

1 . . .
im0 under integer translates of the periodic

The process begins with the acquisition of images {is,t(x, y)}

pulse train illumination {p (%, )’1)}2;16(2_1. The camera images acquired under patterned illumination are

resampled using the geometric warp W™ that relates the camera image coordinate system to the projector
image coordinate system. The geometric warp accommodates

e differences in the transverse magnification of the imaging and illumination paths

e geometric distortion in the imaging and illumination paths (if any)

o difference in the sampling phase of the illumination and imaging grids

. . . P~ Le-1 T . . . . .
The resampled camera images {ls‘t(x, y)}st:OQ are multiplied with the respective illumination

P-1,0-1 . . . ;.
patterns {ps ; (%, y)}SFOQ , and the product accumulated to yield the reconstructed image iqcon (%, V).
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7.4.4 Extensions

The success of our approach may be attributed to a special property of the illumination pattern p(x,y) =

(Z Ylk, €16 —k,v — {’)) ® rect(1t, ¥) namely: compactly supported auto-correlation of the pulse
k£

amplitudes 1,
P-1,0-1
Xyplp gl & Z Ylp, qlplp + mq +n] = Z 8lp — kP,q —£Q] (7.41)
p=0,q=0 k£

The illumination pattern employed in the present section restricts its attention to a periodic pulse train with a
pulse width of 1 pixel, i.e. Y[p,q] = X, 8[p — kP, q — £Q]. But, in the broader scheme of things, one may
employ any non-negative spatial pattern with a compact auto-correlation. Examples include CDMA

spreading codes and perfect binary sequences.

7.4.5 Potential artifacts

Our solution to the second design challenge is not devoid of problems. It is expected that the reconstructed
image will exhibit undesired brightness variations on account of the variation in the peak intensity of the
engineered PSF across the image field. The variation stems from the field-dependence in the peak intensity
of the baseband PSF. It is anticipated that the problem can be overcome by borrowing ideas from single

image vignette correction techniques proposed in computer vision [90].

The remainder of this chapter is devoted to the validation of our recently concluded discussion on high quality

imaging using a single lens element.
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7.5 Experimental validation of high quality imaging using a single lens element

The apparatus of Figure 7.15 is tasked with the objective of producing high quality imagery using a 25 mm
double convex lens, and periodic pulse train illumination. The single lens imager is comprised of multiple
optical components, as disclosed in Figure 7.15. The extension tube and spacers aid in controlling the position
of the plane of sharp focus. The diameter of the iris mounted in front of the lens controls the severity of

aberrations in the camera image.

Laser  Glass
Camera Projector plate

IS012233 test chart

Laser Projector

l Vertical Stage
CMOS Detector

: Spacer
e Extension tube
Brass spacer ring

Thin lens mount

1 Iris diaphragm

Imaging system Tlumination system (Class 2 laser product)
= 1/2.5"CMOS sensor, Imaging Source = Microvision Show WX+

Corp., P/N: DMK72BUC02 laser beam scanning (LBS) projector
= Pixelpit.ch = 2.2 um = Jmage size = 840 X 480
* Image size = 2592 X 1944 = Brightness = 15 laser lumens
25 mm focal length double convex lens * Throw ratio = 1:1
Edmund Optics, P/N: 63-672-INK * Refresh rate = 60 Hz

= MEMS Mirror diameter =~ 1 mm
= Wavelength of the laser diodes
440 nm, 526 nm and 632 nm

10 mm clear diameter iris diaphragm
Edmund Optics, P/N: 03-623

Integration time = 2000 ms

Figure 7.15 Stereo apparatus used to demonstrate high quality imaging using a singlet

The reader will recognize that the LBS projector in Figure 7.15 is different from the LCD projector employed

in the experiments of Chapter 6. The change is motivated by the criticism that high quality projection optics
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is being used to improve the resolving power of poorly designed imaging optics. It begs the question: why
not replace the singlet with the well corrected projection optics to produce high quality imagery?

The use of a scanned laser beam dispenses with the need for high quality projection optics. The LBS
projector of Figure 7.15 operates by modulating the intensity of red, green and blue laser beams incident on
a tiny mirror that raster scans the beam, as it assembles the projected image. The narrow divergence of the
laser beam causes the projected image to remain focused over a wide range of distances.

Inspection of the apparatus image in Figure 7.15 confirms that the camera and projector are widely
separated and nowhere close to sharing the same viewpoint. The separation is designed to accommodate the
large difference in the instantaneous field of view (IFOV) of a single projector /camera pixel. The problem
may be alleviated by employing LBS projectors with a mirror diameter comparable to the aperture diameter
of the singlet.

It should be emphasized that the optical axes of the camera and projector are parallel, and significantly
displaced in the vertical direction. The displacement is attributed to the offset projection that is intrinsic to
the LBS, and designed for tabletop use.

The experimental apparatus includes additional components that are either invisible in Figure 7.15, or
are omitted in the interest of clarity. The first of these components is a thin circular polarizer film that is
placed over the projector and the camera. The film is used to mitigate the observation of light reflected from
the glass plate and the resolution target, at normal incidence. The second component is a moving diffuser
(3M screen protector P/N: NVAGS829233) that continually slides over the glass plate during image
acquisition. The diffuser motion minimizes the occurrence of speckle artifacts in the camera image. Speckle
artifacts are produced when coherent laser light is incident on a surface whose roughness exceeds the
wavelength.

It should be noted that the images displayed in this section are obtained with the diffuser in constant

motion over the integration time of the camera.
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7.5.1 Space-variant PSF

The image of Figure 7.16 illustrates the space-variance in the PSF of the single lens imager, over the
illumination field. The image spans 499 x 925 pixels (1.1 mm X 2.03 mm), and represents the response of
the single lens imager to a grid-of-squares (size of each square = 3 X 3 projector pixels) projected by the
LBS. It can be observed that the blur spots are asymmetrically distributed about the center of the image field.
The asymmetry is attributed to the offset projection of the LBS. The yellow line represents a vertical line

passing through the center of the image field.

Figure 7.16 Severity of space-variance in the camera PSF over the illuminated area

The central red inset in Figure 7.16 represents the blur at the center of the illuminated field. The remaining
insets represent the blur at the edges of the illuminated field. Each red square spans 13 camera pixels
Inspection of the first/last row and column of spots confirms the presence of geometric distortion. It is
observed that the single lens imager exhibits barrel distortion while the LBS projector exhibits pincushion
distortion [91]. As a consequence of distortion, straight lines in the projector input image appear as curved
lines in the projected pattern. Likewise, straight lines in the resolution target appear as curved lines in the

camera image.
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7.5.2 Calibration

The success of our experiment hinges on the knowledge of the geometric mapping between the camera and

w
projector pixel coordinates (%, y) = (x, y). Intuition suggests that the perspective warp induced by the planar

facet m should suffice to describe the mapping between the pixel coordinates of the camera and projector.
But it is observed that the perspective warp is incapable of accommodating the geometric distortion (radial
ad tangential) that afflicts the projected pattern and the camera image. A survey of literature [88-89]
established that the bilinear model espoused in Eq.(7.42), is sufficient to describe the mapping between two

perspective devices afflicted with geometric distortion.

;2 ;o ;2 , ,
W X7+ WXy +wigyt +wiaX +wisy + wyg

W3y X2 + Wap XY + Wiz Y% + WauX + WasY + wag
(7.42)
_ Wy X% + Wy XY + Wos? + WauX + Wosy + wog

W31 X2 + W3 XY + Wiz Y% + WauX + Wasy + Wae

The above system of equations may be recast as a linear system of equations in the 18 parameters w4 ... Ws¢.
Nine or more pairs of corresponding points may be used to estimate the 18 parameters using standard least
squares estimators.

The calibration scheme outlined below describes the mechanism with which we identify matching
correspondences in the projector and camera images, and subsequently estimate the bilinear warp W.

The process begins with the projection of the grid of 3 X 3 squares depicted in the upper panel of Figure
7.17, onto the planar facet . Blurring due to the camera optics causes the projected pattern to be perceived
as a set of blobs, just as illustrated in the lower panel of Figure 7.17. Image thresholding and binary
morphological processing operators are used to identify the centroid of each blob (dubbed feature point) in
the camera image of Figure 7.17. The camera image is deliberately overexposed to simplify the identification
of feature points.

The next step in the process involves the matching of corresponding points in the calibration pattern
and the camera image. It is observed that the periodic nature of the calibration pattern makes it exceedingly
difficult to match feature points in the two images. The ambiguity is resolved by using a coarse estimate of
the warp W to localize the position of matching points. The outermost grid points in the calibration pattern

and the camera image are used to identify a coarse estimate of the bilinear warp W.
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The outcome of correspondence matching is evidenced in Figure 7.17. Notice that corresponding points
in the two images share the same label. The pixel coordinates of the corresponding points in the two images
may be used to obtain a refined estimate of the warp W. A repurposed version of the Taubin estimator of

[81] is used to this end.

Calibration pattern that illuminates plane
(Grid of dots)

Camera image of projected pattern

Figure 7.17 Matching correspondences used to estimate the geometric warp

relating the camera and projector pixel coordinates

7.5.3 Super resolution

A previous section in this chapter disclosed the strategy for producing high quality imagery using a single
lens imager. Herein, it was established that camera images acquired under integer translates of a single pixel
wide periodic pulse train, may be used to improve the resolving power of a single lens imager. It was observed

that the period of the pulse train must exceed the radius of the worst case blur spot for unambiguous
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reconstruction. Our lack of knowledge of the worst case spot size (S um) of the single lens imager, and the
relative magnification (m,) between the camera and projector optics, compels us to determine the pulse
period in an empirical manner. It is observed that a periodicity of 21 projector pixels in the horizontal and

vertical directions is adequate for our purposes.
. . . [ . . 20,20 .
The process of super resolution begins with the acquisition of images {lslt(x, y)}s =0 under integer

translates of the periodic pulse train illumination disclosed below

Yk, €] & §[ mod(k, 21),mod(#,21) |

848,480
po (6, ¥) = z Wk — 5,2 — t] rect(% — k,§ — £) 1, %1, 1y] < 0.5
k=1,¢=1 reCt(-’%:),’) dér 051 |"2|l |3"'| = 05

0, otherwise

The discrete sequence 1) represents a grid of single pixel squares with a periodicity of 21 pixels in the
horizontal and vertical directions. The rect function describes the top-hat profile of the light spot produced
by the laser beam scanner. It should be emphasized that the rect function may be replaced without loss of
generality, by any function that accurately describes the shape of the light spot produced by the laser beam
scanner.

The camera images acquired under the aforementioned illumination patterns, are resampled using the
geometric warp W that relates the pixel coordinates of the camera and projector. Figure 7.18 provides an

example of such an image.

Figure 7.18 Exemplar warped camera image under periodic pulse train illumination
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. .. \72020 . . . . L
The resampled camera images {ls,t(x, y)}S oo Are multiplied with the respective illumination

patterns {pslt(aé, )’/)}jijz, and the product accumulated to yield the super resolved image.

The outcome of super resolution is documented in Figure 7.19 & 7.20. Inspection of the insets confirms
that the super resolution strategy proposed in Section 7.4 may be used to produce high-quality imagery with
a single lens element. Further inspection reveals that the reconstructed image is free of the annoying ghost

artifacts that afflicted our previous attempt (Section 6.4) to super resolve a single lens imager.

Baseband

1

Figure 7.19 Super resolving the single lens imager in the stereo apparatus of Figure 7.15
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Baseband ” Reconstructed H Baseband ” Reconstructed W

Figure 7.20 Super resolving the single lens imager in the stereo apparatus of Figure 7.15

It is evident from the red and magenta insets of Figure 7.19 & 7.20 that the computationally engineered
imager can resolve element-4 of the [ISO12233 resolution target. It is known from the target specification

[92] that element-4 corresponds to a frequency of 2 % or a feature size of 0.5 mm.

7.5.4 Artifacts in the super resolved image

Closer inspection of the super resolved image reveals the presence of two artifacts: uneven brightness, and
an overlaid high-frequency spatial pattern. The latter arises from the poor quality circular polarizer film that
is used to mitigate specular reflection in the apparatus of Figure 7.15. It is anticipated that the use of optical
quality circular polarizers will eliminate the spatial pattern.

The uneven brightness artifact is the least obvious of the artifacts. Its presence may be confirmed by
comparing the brightness of the central portion of the super resolved image to its surroundings. Clearly, the

former appears to be brighter than the latter. This behavior may be traced back to an undesired characteristic
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of the aberrated baseband PSF, namely the field dependence of its DC (zero-frequency) response. It is
observed that the image of a constant albedo target is not uniformly gray as one would expect, but exhibits
variation in intensity. The behavior is accentuated when one modulates the baseband PSF with the periodic

pulse train.

7.5.5 Resolving power of computationally engineered imager

It remains to be confirmed that the resolving power of the computationally engineered imager is near isotropic
as predicted by the theory in Section 7.4. The Spatial Frequency Response (SFR) plots of Figure 7.22 & 7.21
aid in the assessment. The filled and colored rectangles in the image insets of Figure 7.22 & 7.21 represent
regions of interest containing high contrast slanted edges that are used to compute the SFR. The colored
rectangles in Figure 7.22 span 71 rows and 21 columns, while the ones in Figure 7.21 span 21 rows and 71
columns. It must be noted that attempts to identify the SFR of the baseband imager over the same regions of
interest are prone to gross inaccuracies as the baseband PSF changes appreciably within these regions.

The notion of “practical cutoff frequency” is central to our numerical assessment of resolving power. It
is defined as the spatial frequency for which the modulation strength falls to 5% of its peak value.

A comparison of the SFR plots in Figure 7.22 suggests that the limiting resolution of the
computationally engineered imager in the vertical direction, remains largely unchanged over the image field.
Likewise, a comparison of the SFR plots in Figure 7.22 suggests that the limiting resolution of the
computationally engineered imager in the horizontal direction, is also remains largely unchanged over the
image field. Differences in the shape of the SFR plots is attributed to the variation in the shape of the
underlying baseband PSF’s. The asymmetry in the horizontal and vertical resolving powers is attributed to

the elliptical (as opposed to circular) shape of the laser light spot.
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Figure 7.22 Spatial frequency response of the computationally
engineered imager in the vertical direction
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Figure 7.21 Spatial Frequency response of the computationally

engineered imager in the horizontal direction

The symbol A in the SFR plots of Figure 7.22 & 7.21 represents the inter sample spacing of projector image.

Following magnification, it could be interpreted as the laser spot size on the resolution target.
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7.5.6 Summary

The results of our experiment are encouraging and reaffirm the notion that images acquired under periodic
pulse train illumination may be used to improve the resolving power of a single lens imager.

In the remainder of this chapter, we switch gears to revisit the problem of recovering topographic
information in a coincident stereo apparatus. The treatment of this topic was deferred until now as it required

the analysis of images acquired under periodic illumination patterns.

7.6 Recovering topographic information in a coincident stereo arrangement

The absence of phase distortion in the camera image of the sinusoidal illumination pattern, impedes our
efforts to recover topographic information in a coincident stereo apparatus. The following paragraphs
disclose an alternate strategy for recovering topographic information in a coincident stereo apparatus.

The method is inspired by the findings of Zhang & Nayar [43], and exploits the limited depth of field
of COTS projectors to recover topographic information. The idea is to process images acquired under
temporally varying patterned illumination. The temporal variation in illumination is produced by uniformly
translating a single spatial pattern that is not only periodic but also comprised of multiple frequencies. It is
observed that the modulation strength of the harmonic components in the projected pattern, encodes
topographic information. The observation is consistent with the fact that higher harmonics in the projected
pattern appear increasingly blurred, when defocused.

Additional insight into the mechanics of scene recovery may be gleamed by examining the expression

for the camera image acquired under the even symmetric illumination pattern disclosed below

p(%,9,8) = Cy + Z C, cos(2mkéy (£ — £)) (7.43)
k=1
o 0.5
= p(h, ) dadd D: o < —=
ﬂ 4] < g = o
def 0-5
JIES =,

The term % is used to manipulate the instantaneous phase of the illumination pattern. The term K represent

the order of the highest harmonic that is contained in the periodic illumination pattern. The value of X is

174



upper bounded by %m, wherein NA;, denotes the numerical aperture of the illumination optics and A is
0 ill

the wavelength of the illumination source.
It is observed that Eq.(7.43) bears a strong resemblance to the expression for the camera image
disclosed in Eq.(7.3). Consequently, one may use Eq.(7.5) as a template to predict the expression for the

camera image i,(x,y), under the illumination pattern of Eq.(7.43). The resulting expression is provided

below
X (7.44)
(6,3, 6) = i (6,9) + ) thos(6,y) cos(@kéot)
k=1
wherein
o ipp(x,y) & ff Co(u,v) r(w, v) hegm(x —u,y — v;u, v) dudv
) 2mkky,éou + @
o ifos(x,y) f |G (u, v)| cos ( N argECk(u V)S 7, v) Ream (X — w0,y — v; 4, v) dudv
o Cow) # G [ ha— s — 60, 6) i eptace © = Ko+ 6 6,
v=K,(v+c)+¢,
Gl G [[{ PCTTGE D) g replace = Kol + 6 + 6,
X hy(t — 4,0 — &4, 4) v=k,(v+c,)+¢

The intuitive meaning of the various terms in Eq.(7.44) is provided in Table 7.3.
In Eq.(7.44), the reference to the camera PSF h,q,, (...) may be dropped, when the blur spot is small
and only qualitative topographic information is sought. The simplification permits us to approximate the

expression for the instantaneous camera image, as follows

2kk,&0x + @,

+ arg(ck (x, y))) cos(2mkéyt) } (7.45)

K
G,y 8) = (6,) [co(x.y) + )16 y)| cos<
k=1

The reader will recognize Eq.(7.45) as a 1D periodic discrete signal in the variable £. It is observed that the
signal has a fundamental frequency of &,, an average intensity of r(x, y)Co(x,y), and a peak excursion of
7(x,¥)|Ci(x,y)| in the k" harmonic.

For expertly designed illumination optics, it is observed that the modulation strength of the harmonic

components of i (x, y, £) varies strictly with defocus, thereby encoding topographic information. Zhang and
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Table 7.3 Description of terms in Eq.(7.44)

iy, (X, y) camera image acquired under flood illumination
ik Cx,y) camera image acquired under the cosine illumination cos(2mké,x)

spatially varying blur induced by the imaging optics
heam(X —u,y —v;u,v)

(accommodates blur due to diffraction/aberrations and defocus)

spatially varying blur induced by the illumination optics
hin(t — 4,V — &; 4, %)

(accommodates blur due to diffraction/aberrations and defocus)
Ko relative magnification between the imaging and illumination paths

Difference in the sampling phase of the detector and projector

Po
sampling grids

blur induced phase distortion in the k*sinusoidal components of the

arg(C,(w,v))
periodic illumination pattern p (X, )

:gz gz;: is sufficient to recover high quality depth maps. The ratio is determined
1(x,

Nayar observed that the ratio

by computing the Discrete Fourier Transform of the uniformly sampled signal i(x, y, ).

For the purpose of scene recovery, one assembles a lookup table that maps the ratio :té_z: for different
1

standoff distances. To this end, one may use a tilted planar target whose topography spans the desired range
of working distances. It is recommended that the projector be focused on a reference plane at the farthest
working distance, to avoid defocus ambiguity.

Our discussion concludes by noting that the success of the above method hinges on the defocus blur
diversity afforded by the illumination optics, and the absence of scene dependent phase distortion in the

camera image of the illumination pattern. The latter suggests that the scope of the method is by no means
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restricted to coincident stereo arrangements. As a matter of fact, the above strategy for scene recovery may
be extended to canonical and collocated stereo arrangements, provided the orientation of the illumination

pattern matches that needed for super resolution.
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Chapter 8

CLOSING THOUGHTS

The images captured by a camera are subject to constraints imposed by the wave nature of light and the
geometry of image formation. The former limits the resolving power of the camera while the latter results in
a loss of absolute size and shape information. The suite of methods and apparatus ideas presented in this
dissertation, afford cameras the unique ability to capture unresolved spatial detail while recovering
topographic information. The common thread that binds these approaches is the notion of imaging under
patterned illumination. Chapter 3 disclosed a model for imaging under patterned illumination that serves as
the theoretical basis for our work on super resolution and scene recovery. There are three key aspects that
distinguish our model from prior art. These include
o unifying the seemingly unrelated tasks of super resolution and scene recovery
e accommodating the space-variance in the blur induced by the imaging and illumination optics, and
e accommodating the perspective foreshortening encountered at macroscopic scales
The model also provided the following unique insights into the mechanics of super resolution and scene
recovery
o the Moiré fringes arising from the heterodyning of the illumination pattern and object detail, may be
used to improve the resolving power of the imager
o the deformations in the phase of the detected illumination pattern may be used to recover topographic
information
The aforementioned insights are confirmed by the mathematical exposition in Chapters 4 & 5, and
corroborated by the experiments in Chapter 6.

The exposition on super resolution in Chapter 4, served the dual purpose of identifying the fundamental
principles that govern the use of patterned illumination in super resolution, and advancing the state of the art.
Section 4.1 established the hitherto unknown fact that space-variance in the imaging blur is not an
impediment to super resolution. The associated analysis identified two requirements for the unambiguous

restoration of heterodyned frequencies
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o the absence of phase deformations in the detected illumination pattern, and

e modulation diversity afforded by phase-shifting the illumination pattern
The analysis advanced the notion that super resolution using sinusoidal illumination is effected by
computational engineering of the transverse optical blur. It is observed that the resolution gain manifests as
a reduction in the spot size of the engineered PSF, albeit in the direction of modulation.

The analysis disclosed that the engineered PSF may be obtained as the product of the baseband PSF
and a high-frequency raised cosine pattern. It is observed that the engineered PSF exhibits pronounced side
lobes when multiple cycles of the raised cosine pattern are accommodated into the central lobe of the
baseband PSF. It was speculated that the side lobes will manifest as ghost artifacts in the reconstructed image.
The experiments in Section 6.4 confirmed our suspicions.

The analysis also bounded the spot size of the computationally engineered PSF. It observed that the
maximal and minimal improvement in the resolving power result in the direction of modulation and its
orthogonal equivalent.

Sections 4.3-4.5 established that super resolution is supported by select group of active stereo
arrangements. These include the collocated stereo arrangement wherein the imager optical axis is
perpendicular to the stereo baseline, and the coincident stereo arrangement wherein the imager and the
illumination system share the same viewpoint. It was established that the former supports super resolution in
a single orientation, whereas the latter supports super resolution in any orientation.

The exposition on scene recovery in Chapter 5, established the hitherto unknown fact that select active
stereo arrangements support super resolution in addition to recovering topographic information. The
associated analysis identified the expression for the range resolution of an active stereo arrangement. It also
established that a broader class of sinusoidal patterns may be used to recover topographic information. The
use of these patterns allowed us to sidestep the extensive calibration process in the traditional scene recovery
workflow, and mitigate the occurrence of fringe aliasing in the detected sinusoidal pattern.

It was also observed that the imager and the illumination system in commercial Structured Light
scanners are possibly collocated, suggesting that these devices may be used to realize super resolution, with

minimal modification.
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The exposition on super resolution in Chapter 4, failed to provide any insight into the design of the
illumination pattern. Furthermore, it overlooked the loss of temporal bandwidth that accompanies the gain in
resolving power. The material in Sections 7.1-7.3 addressed these shortcomings. The associated analysis
established that

o the heterodyning induced by any periodic/almost periodic illumination pattern may be undone with the
aid of the modulation diversity afforded translating the illumination pattern
o the shape of the engineered PSF may be tailored by judicious election of the amplitudes and frequencies
of the sinusoids that make up the periodic/almost periodic illumination pattern
The above findings served as the basis for an illumination pattern design strategy that minimizes the number
of images/patterns needed to realize a prescribed gain in the resolving power of expertly designed optics.

Section 7.4 sought to explore the limits of super resolution using patterned illumination. The super
resolution strategy discussed therein sought to offset the abysmal image quality of a minimalist imager, using
patterned illumination. Section 7.5 demonstrated that the aberration limited resolving power of a singlet could
be significantly improved, by processing images acquired under integer translates of a single pixel wide
periodic pulse train.

This concludes our review of the contributions of this dissertation. But our inquiry into super resolution
is incomplete as the dissertation overlooked a few issues that could hinder the widespread adoption of super
resolution by the imaging community. These issues are examined in the itemized list included below:

e impact of aliasing on super resolution
The super resolution strategies outlined in this dissertation implicitly assume that the camera images
are oversampled. The reason is that the spectral replicas produced by subsampling are likely to interfere
with our efforts to demodulate the heterodyned spatial frequencies. Although intuition suggests that the
above claim must be valid for all illumination patterns, it is not the case. It is observed that illuminating
the scene with integer translates of a periodic pulse train results in the assignment of a unique binary
code to each illuminated spot, such that the light from multiple spots may be disambiguated even after
integration onto a single detector pixel. In theory, unambiguous reconstruction is possible so long as
the size of a detector pixel is limited to 2X period of pulse train — worst case spot size of the camera

PSF.
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impact of noise on super resolution

It is obvious that the use of active illumination improves the Signal-to-Noise ratio (SNR) of the
reconstructed image, at low light levels. Beyond that, our analysis fails to provide any insight into the
SNR or number of photons needed to improve the resolving power by a prescribed amount. Answering
the question requires knowledge of the incident irradiance at a single spot in the projected pattern, and
the identification of the image irradiance at a single detector pixel. Both tasks entail a significant amount
of effort, even in the simple case of a coincident active stereo setup observing a diffuse reflecting
surface. The first task is further complicated by the fact that standard radiometric analysis is designed
for homogeneous illumination and not patterned illumination.

super resolution in color

A highly desirable feature of the super resolution strategy outlined in this dissertation is its ability to
cope with any optical PSF, no matter the space-variance. This is the singular reason that our experiments
with polychromatic illumination (Section 6.3), succeeded in improving the resolving power of the
camera. At first glance, the neutral appearance of the acquired images may seem to contradict our claim
of imaging under polychromatic illumination. But it must be noted that each detector pixel integrates
photons over a wide band of wavelengths, as opposed to a single wavelength.

In view of the above argument, it appears that our super resolution strategy could be used to improve
the resolving power of a color camera equipped with a spectrally sensitive detector. Preliminary
experiments have confirmed the ability to improve the resolving power of a Canon EOS60D DSLR.
Care was taken to accommodate the subsampling of the color samples in the detected image.
super resolving moving objects
The success of our super resolution strategy hinges on the ability to acquire images under phase-shifts
of a single illumination pattern. It is evident that object motion during image acquisition impedes our
ability to super resolve. The issue may be addressed by borrowing ideas from high-speed scene
recovery, wherein a high speed camera acquires images under rapidly strobed binary pattern ([93] and
references there in), or a rapidly scanned light stripe [94-95].The loss of photons resulting from the

short detector exposure times is offset by the use of patterned illumination.
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Alternatively, one may attempt to super resolve the images of a moving object acquired under a

fixed illumination pattern. Preliminary analysis suggests that unambiguous reconstruction is possible

when the camera optical blur is space-invariant, and the object pose does not change appreciably during

its motion.

The remainder of this chapter is devoted to the examination of research avenues that are inspired by the

findings of this work. An assortment of these problems is presented below, in no specific order of importance

combining PSF engineering by pupil filtering with PSF engineering using active illumination

Sections 2.2 & 2.3 discussed the notion of engineering the transverse and axial response of an imager,

by manipulating the light distribution in the image volume. Section 4.1 advanced the notion that the

transverse PSF may be computationally engineered, by manipulating the light distribution in the object

volume. Intuition suggest that there may be some merit to combining the two approaches. The following

examples examine two possibilities

build a computational imager with improved resolving power and extended depth of field
(EDOF)
It is common knowledge that EDOF imagers sacrifice spot size for an improvement in the depth
of field. Consequently, the transverse PSF of an EDOF imager is not compactly supported. The
super resolution strategy outlined in Section 7.4 may be used to engineer compactly supported
transverse PSF’s without sacrificing the depth of field of the EDOF imager. Care must be taken
to ensure that the illumination system does not have a shallow depth of field. A laser beam
scanning illumination system is the perfect candidate for the task as the outgoing laser beam has
narrow divergence.
simultaneously recover a dense range map whilst improving resolving power
A unique characteristic of the super resolution strategy outlined in Section 7.4 is that it is agnostic
to the structure of the PSF and also the severity of space-variance. This means that one can
encode range information in the baseband PSF, albeit at the expense of spot size and space-
variance.

The space-variance in the PSF presents serious challenges when attempting to recover the

topography of extended objects. But, the use of a single pixel wide periodic pulse train
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illumination, allows us to accommodate the space-variance in the PSF and recover range
information at each camera pixel, in an independent manner. An added benefit of using patterned
illumination is that one can improve the resolving power of the baseband imager, whilst
recovering range information.

Care must be taken to ensure that the illumination system does not have a shallow depth of
field. A laser beam scanning illumination system is the perfect candidate for the task as the
outgoing laser beam has narrow divergence.

optical analogue of the engineered PSF when using periodic pulse train illumination

An attractive feature of super resolution using a periodic pulse train is that it guarantees near isotropic
resolving power in the reconstructed image, in spite of the fact that the resolving power in the baseband
image is severely limited by aberrations. Readers familiar with wave optics will recognize that the
above guarantee necessitates the balancing of aberrations at the exit pupil of the computationally
engineered imager. It would be of immense value to understand the mechanism with which our super
resolution strategy balances aberrations, while also identifying a closed form expression for the
transmittance of the computationally engineered pupil.

Regrettably, the expression for the computationally engineered PSF disclosed in Eq.

(7.39), fails to provide an answer to either of the above questions. But, it appears that one can

answer these questions by examining the connection between the PSF engineered by pupil replication
[96-96] and those engineered using periodic illumination.

when is the active super resolution problem well posed ?

Existing approaches to super resolution rely on sinusoidal patterns, due in large part to the simplicity
of the reconstruction algorithm and the highly accessible mathematical interpretation. But intuition
suggests that all spatial patterns have the innate ability to heterodyne unresolved portions of the object
spectrum into the passband of the imaging optics. However, it is not obvious that there is always a
reconstruction scheme that can unambiguously restore the heterodyned frequencies to their true position

outside the optical passband.
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From this standpoint, it can be argued that the super resolution problem is well-posed, if there exists
a modulation + reconstruction scheme that can unambiguously restore the heterodyned frequencies to
their true position outside the optical passband.

The super resolution strategies outlined in this dissertation exploit the modulation diversity afforded
by translating a single illumination pattern, to ensure that the problem is well-posed. A single broadband
illumination pattern lacks the modulation diversity needed to restore the heterodyned frequencies to
their true position outside the optical passband. Consequently, the single image super resolution
problem is ill-posed.
minimizing the range ambiguity due to fringe aliasing
In Section 5.3 it was observed that the fringe aliasing stemming from the phase deformations in the
detected illumination pattern introduce ambiguity in the estimated range information. It was also
observed that the use of a warped sinusoidal pattern mitigates fringe aliasing in the detected illumination
pattern, albeit at the expense of aliasing in the projected pattern. The use of a periodic sinusoidal pattern
helps avoid aliasing in the projected pattern, but introduces fringe aliasing in the detected illumination
pattern. It remains to be seen if the two patterns may be combined to yield a range estimate with

minimum ambiguity.
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Appendix A

BLURRING DUE TO THE ILLUMINATION OPTICS

The portion of the appendix investigates the effect of the illumination blur on the detected intensity under
patterned illumination. Our investigation begins with a review of the expression (Eq.(3.15)) for the incident
intensity at the scene-point (X,Y, Z) in the object volume, in response to the illumination pattern pgy (x', y").

The expression is repeated below for the benefit of the reader

s(X,Y,Z) = jf pe (W, V)hy (X — U,y — U; 4, V) didv (A.1)
X,Y,2) 3D coordinates of the geometric image of the (%, y)" projector pixel
po (11, 0) intensity of the (i1, )" pixel in the illumination pattern

hy(% —w,y —v;u,v)  spatially varying blur induced by the illumination optics

Notice that the superposition integral of Eq. (A.1) reduces to the familiar convolution integral, when the PSF
is space-invariant, i.e. hy (X — @,y — 0; %, ¥) = hy (X — 1,y — ¥). In such cases the PSF changes in location

but not in functional form, as the point-source explores the object volume.

A.1 Effect of illumination blur on a periodic sinusoidal pattern
The model disclosed in Eq.(A.1) may be used to identify the incident intensity at the scene point (X,Y, Z), in
response to the illumination pattern A4 + B sin(2m (&% + no¥) + 0). The result is included below

s(X,Y,2) = J [4 + B sin(2r(&o% + noY) + O) |hny(* — 4,y — ¥; 4, V) dud (A.2)

Using Euler’s formula, the term sin(2m (&% + nov ) + 6) may be expressed as the sum of the conjugate

sinusoids exp(+j6) exp(+j2m (&t + 1y¥ ) ). The resulting expression for s(X,Y, Z) is included below

( Aﬂ hy(t — 4,y — 031, 0) dido )

s(X,Y,2) = ! +j 0.5Be/? f f e~ 12t nod p (% — 1,y — 0;10,) dudv (A.3)
I . B |
| 0.5Be*/? f f eti2rottnod p (% — 41,y — 0; 0, V) dudv ]
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Algebraic manipulation of Eq.(A.3) yields the following expression for s(X,Y, Z)
s(X,Y,2)
A ﬂ. hy(t — 0,y — 0;4,0) dadv
, b, —j0 ,—j2m(EgX+n0Y) +j2 (g k—)+ ('_')) . ;. P ;o (A.4)
=1 +j 0.5Be /eS0T M0y e tIemeoX—WHnoY=v))p, (% — i, y — v; U, V) dudv
—j 0.5Bet/0 g ti2n(§oX+n0y) ﬂ. e—1'27T(<§’o(92—11)+?70(3"—1'J))hm(32 — 0,y — 0;10,0) dud?

The above expression for s(X,Y,Z) may be simplified by recognizing that the illumination blur
hiy (e — 1w,y — ¥; 1, D) is a real non-negative function for incoherent illumination. Consequently, the second

& third terms in Eq.(A.4) are complex conjugates of one another, i.e.

conj([[ expli2mCsoCé = @) + o = ) G = .y 951,9) )
(A.5)
— || exp(=znteai =+ oG = 9)) b = 3 — b3, 9) diics

The above equation when used in conjunction with the definitions of Eq.(A.7), yields a compact expression

for the incident intensity at the scene-point (X, Y, Z). The result is disclosed below
s(X,Y,2) = A%, 9) + ’5 (Bt y)e I es2nEot+nod — conj (B (%)) e/fe/2Coi*m09))  (A.6)

blur induced amplitude deviation in the
At y) = A ﬂ Ry — 4,y — 3 1, ¥) dudv
DC component of pg (X, ¥)

(A.7)
o= i2n(Ea G- D4 10(7-5)) blur induced amplitude deviation in the
B(x,y) = ﬂ - }dzldﬁ
X n (% = =80 sinusoidal component of pg (X, y7)
Using Euler’s formula, the expression for s(X,Y,Z) may be further simplified, as follows
S(X,Y,Z) = A%, ) + |B(&,9)| sin (21 (& + noy) + arg (B(£,7)) +6) (A8)

Inspection of Eq.(A.8) confirms that the light distribution in the object volume bears the same functional
form as the input illumination pattern pg (%, y). Closer inspection indicates that the illumination blur induces
field dependence in the phase and modulation strength of the sinusoid. This behavior is consistent with

practical observations.
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A.2 Effect of illumination blur on a warped sinusoidal pattern

The model disclosed in Eq.(A.1) may also be used to identify the incident intensity at the scene point

(X,Y,Z), in response to the illumination pattern

© i oo i co Mo { oo .z i co i oo
h3i% + h3y + hy h3i% + h33y + hsy
o(Ey)

L &% + h%y + hS he % + hSyy + hS \
pe(£,¥) = A + B sin \27_[ <€0 ,11 12Y 13 n 21 22Y 23> n 0/

The result is included below
s(X,Y,2) = f [A + Bsin(p(%,7) + 9)]hm(92 — U,y —v;u,v)dudv (A.9)

Using Euler’s formula, the term sin(¢(%,y) 4+ 6) may be expressed as the sum of the conjugate
sinusoids exp(+;0) exp(i Jjo(x, y)) The resulting expression for s(X, Y, Z) is included below

s(X,Y,Z2)
Aﬂ hy(f — 4,y — 031, ¥) dudo )
(A.10)

(
=4 +j 0.5Be /0 ¢ Jeli) j f e HloG@N-e@dpy (% — 4,y — 0;1,9) dadv
|~ 0.5Betifetioy) j f e JloGN-e@dIp (£ — 1,y — v;0,0) dudv )

The above expression for s(X,Y,Z) may be simplified by recognizing that the illumination blur
hyy (¢ — 1w,y — ¥; 4, D) is a real non-negative function for incoherent illumination. Consequently, the second

& third terms in Eq.(A.10) are complex conjugates of one another, i.e.

conj ([ explo(s.5) ~ oG DD ha (¢ = .5 — 5:16,9) i)
(A.11)
- f f exp(—jlo(h 9) — @i D) by Gk — 1, — 031, 5) ditdv

The above equation when used in conjunction with the definitions of Eq.(B.2), yields a compact expression

for the incident intensity at the scene-point (X, Y, Z). The result is disclosed below
= A ) + L (B p)eT0 oo i(B(%,9)) e/0 /o)
s(X,Y,2) = A(%,y) +§ (B(x,y)e e J9&Y) — conj (B(x,y))e el® y) (A.12)

blur induced amplitude deviation in the

At Y) %Aff han( =4,y — 0;4,9) dudv (A.13)
DC component of pg (%, y7) '
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o, blur induced amplitude deviation in the
B(4,y) = B’ﬂ {eXp(_]"’(” —re "))}dadf;

X hllh— 4o D — &t . . o
ha(l = 4,0 — 634, ¢) sinusoidal component of pg (%, y)

Using Euler’s formula, the expression for s(X, Y, Z) may be further simplified, as follows

s(X,Y,2)

o 06,50 + 809 sn| 2n (g0 e by g IR E ) oy (1)) 40 | (A1
h3i% + h33y + h3s h3i% + h33y + h3s
(%)
Inspection of Eq.(B.3) confirms that the light distribution in the object volume bears the same functional

form as the input illumination pattern pg (X, ¥). Closer inspection indicates that the illumination blur induces
field dependence in the phase and modulation strength of the sinusoid. This behavior is consistent with

practical observations.
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Appendix B

THE RANGE RESOLUTION OF A CANONICAL STEREO SETUP

The following derivation for range resolution examines the difference in the intensity of camera pixels
(x,y) & (x + Ax,y + Ay) that observe the scene points (X,Y,Z) & (X,Y,Z + AZ) respectively. The
derivation assumes that the scene points (X,Y,Z) & (X,Y,Z + AZ) lie on the same surface, so that
e the albedo (reflectance) varies smoothly in the immediate vicinity of the scene point (X,Y,Z). This
implies that r(x + Ax, y + Ay) = r(x,y).
o the contrast of the projected pattern does not vary in the immediate vicinity of the scene
point(X, Y, Z). This implies that A(x + Ax,y + Ay) = A(x,y), |B(x + Ax,y + Ay)| = |B(x, y)|.
The above assumptions can be incorporated into the expression for the camera image in a canonical stereo
setup (Eq.(5.8) in Section 5.2). The resulting expressions for the intensity of the (x,y)™ & (x + Ax,y +

Ay)™ camera pixels are included below

to(x,) = {A(x, ) + IB(x, )| sin(@Cx, )} (x, )

(B.1)
fg(x +Ax,y + Ay) = {A(x, y) + |B(x,y)| sin(q“;(x + Ax,y + Ay))}r(x, y)

It is obvious from Eq.(B.1) that the difference in the intensities of the camera pixels , stems solely from the
difference in their respective phase terms, i.e.

lg(x + Ax,y + Ay) — ig(x,y) (B.2)
= 1B, )I{sin(@Cx + Ax,y + 4y)) = sin((x,3))}r(x,y) '

For small perturbations in scene depth, a 1%-order Taylor series expansion of the phase @ (x + Ax,y + Ay)

)th

is sufficient to describe its behavior in the immediate vicinity of the (x, y)""* camera pixel. In other words

0Z 09 (x, 0Z 09 (x,
Plx + Ax,y + Ay) = p(x,y) + Ax — A y)+Ay—M

—_— (B.3)
ox 0Z dy 0Z

The geometric relation between a scene point (X, Y, Z) and its projection (x,y) in the camera image plane

. . . . .. 37 3z
can be used to identify the expression for the derivatives 723y 8 shown below

0z 1 —Z 0z 1 —Z

ox (g_;)z(x—cx) © By <g_§>=(y_cy) (B.4)
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Likewise, the geometric relation between the scene point (X, Y, Z + AZ) and its projection (x + Ax,y +
Ay) in the camera image plane can be used to identify the perturbation (Ax, Ay) in the spatial coordinates

induced by a small perturbation in the scene depth (AZ). The result is provided below

AYA —-AZ
Ax ~ —— (x—c) , Ay= — —c) (B.5)

Incorporating Egs.(B.4) & (B.5) into Eq.(B.3) yields the following expression for @(x + Ax,y + Ay)

P(x +Ax,y + Ay) = @(x,y) + 2AZ %

02Y) i1 the above expression can be readily identified from Eq.(5.8), and given by

The derivative

99(x,y) —2m
az Z?

Kq
(Sobx + Moby) (B.7)
Substituting Eq.(B.7) into Eq.(B.6) yields the following simple expression for @(x + Ax,y + Ay)

AZ
P(x +Ax,y + Ay) = ¢(x,y) — 47T'€dﬁ(fobx + Noby) (B.-8)

A little trigonometric manipulation reveals that

sin(@p(x + Ax,y + Ay) + 0) —sin(@(x,y) + 6)

AZ .
~ {amy S b +nob) ) cos(@(x,) +6) 2

Substituting Eq.(B.9) into Eq.(B.2), yields the following expression for the difference in the intensity of
the (x, y)™ & (x + Ax,y + Ay)™ camera pixels,

26 (x, ) = Tg(x + Ax,y + Ay)|
( AZ
{ 41TK(1 <ﬁ (fObX + nObY)) |B(x1 Y)lr(x: )’) COS(@(X, Y)) ’ 0= O:T[

(B.10)
B AZ PR m 3m
k47-”€d —z Gobx +noby) | 1BCx, y)Ir(x, y) sin(@(x,y)), 6= e
It follows from Eq.(B.10) that
. R AZ
0, y) = B e+ A,y + M) < 4t {77 Gobx + mob)} 1B G 91 G, ) (B.11)

As the gray level difference |ig(x,y) — ig(x + Ax, y + Ay)| approaches the noise floor, AZ approaches the

range resolution of the canonical stereo setup. The resulting expression is disclosed in Eq.(B.12).

Az > 1 { noise floor }{ Z? } (B.12)
~Amrg UB(x, y)|r(x,y)) (Sobx + Moby '
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