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ABSTRACT

An increasing number of applications ranging from multi-vehicle systems, large-
scale process control systems, transportation systems to smart grids call for the de-
velopment of cooperative control theory. Meanwhile, when designing the cooperative
controller, the state and control constraints, ubiquitously existing in the physical sys-
tem, have to be respected. Model predictive control (MPC) is one of a few techniques
that can explicitly and systematically handle the state and control constraints. This
dissertation studies the robust MPC and distributed MPC strategies, respectively.
Specifically, the problems we investigate are: the robust MPC for linear or nonlinear
systems, distributed MPC for constrained decoupled systems and distributed MPC
for constrained nonlinear systems with coupled system dynamics.

In the robust MPC controller design, three sub-problems are considered. Firstly,
a computationally efficient multi-stage suboptimal MPC strategy is designed by ex-
ploiting the j-step admissible sets, where the j-step admissible set is the set of system

states that can be steered to the maximum positively invariant set in j control steps.



v

Secondly, for nonlinear systems with control constraints and external disturbances, a
novel robust constrained MPC strategy is designed, where the cost function is in a
non-squared form. Sufficient conditions for the recursive feasibility and robust sta-
bility are established, respectively. Finally, by exploiting the contracting dynamics
of a certain type of nonlinear systems, a less conservative robust constrained MPC
method is designed. Compared to robust MPC strategies based on Lipschitz conti-
nuity, the strategy employed has the following advantages: 1) it can tolerate larger
disturbances; and 2) it is feasible for a larger prediction horizon and enlarges the
feasible region accordingly.

For the distributed MPC of constrained continuous-time nonlinear decoupled sys-
tems, the cooperation among each subsystems is realized by incorporating a coupling
term in the cost function. To handle the effect of the disturbances, a robust con-
trol strategy is designed based on the two-layer invariant set. Provided that the
initial state is feasible and the disturbance is bounded by a certain level, the recur-
sive feasibility of the optimization is guaranteed by appropriately tuning the design
parameters. Sufficient conditions are given ensuring that the states of each subsys-
tem converge to the robust positively invariant set. Furthermore, a conceptually less
conservative algorithm is proposed by exploiting x o § controllability set instead of
the positively invariant set, which allows the adoption of a shorter prediction horizon
and tolerates a larger disturbance level.

For the distributed MPC of a large-scale system that consists of several dynami-
cally coupled nonlinear systems with decoupled control constraints and disturbances,
the dynamic couplings and the disturbances are accommodated through imposing new
robustness constraints in the local optimizations. Relationships among, and design
procedures for the parameters involved in the proposed distributed MPC are derived
to guarantee the recursive feasibility and the robust stability of the overall system.
It is shown that, for a given bound on the disturbances, the recursive feasibility is

guaranteed if the sampling interval is properly chosen.
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Chapter 1
Introduction

This chapter conducts the literature review on model predictive control (MPC) and
distributed MPC. First, MPC, a control method widely adopted in cooperative con-
trol, is reviewed. Second, the state-of-the-art in distributed MPC, a specific form for
MPC-based cooperative strategies, is recalled. A brief summary of the motivations
and the main contributions of the dissertation ends the chapter.

MPC and distributed MPC have been extensively applied to cooperative control
field. On the other hand, the increasingly expanding applications of cooperative
control call for further studies on MPC and distributed MPC. In the following section,

some background on cooperative control is presented.

1.1 Cooperative Control: Overview

Cooperative control is beneficial for large-scale systems in which the control objective
is achieved by coordinating several subsystems. In recent years, the applications of
cooperative control have increased steadily [5,14,94]: the formation control of flying
UAVs each equipped with a sensor to form a synthetic aperture radar which can
provide high resolution pictures [43,115]; spatially distributed subsystems interacting
with each other through heat, contact, etc. [14]. These promising applications have
led to strong interest in the theoretical analysis of cooperative control methods.
Starting from the pioneering work in [114], a surge of research activities can be
observed in the control community on cooperative control [24,96,97]. A first attempt
is to apply centralized cooperative control to large-scale systems. However, when the

number of subsystems becomes large, the implementation of centralized cooperative



control becomes challenging because: 1) it is not easy to have access to system-
wide information; 2) it is time-consuming (and prone to failure) to compute the
control signal for all the subsystems at one computing unit; 3) the overall system
scales poorly when the number of subsystems increases [100]; 4) it is more difficult to
identify the dynamics of a large-scale system than it is to identify the dynamics of one
subsystem [35]. Distributed cooperative control is a promising alternative because:
1) each subsystem needs only neighboring information and its own information; 2)
the control strategy is designed locally, and thus the computational time is reduced.
These attractive features make cooperative control a popular strategy for large-scale
systems.

Because physical constraints, like maximum actuator torques, or like state con-
straints due to the safety consideration always exist, they have to be considered when
designing the controller. MPC can handle control and state constraints explicitly.
Therefore, cooperative control using MPC is studied in this thesis.

The following section presents the practical and theoretical issues of MPC. The
section after it summarizes the current research on distributed MPC, the specific form

of MPC implemented in cooperative control.

1.2 Model Predictive Control (MPC)

1.2.1 Design Strategy

This section presents the basic framework of MPC for systems subject to control and

state constraints. Consider the following discrete-time system model:
2(k+1) = f(a(k),u(k)),  2(0) = o, (1.1)

where z(k) € R"™ is the state and u(k) € R™ is the control input. The system state

and the control signal are subject to the constraints
reX, wel, (1.2)

where X, U are compact, convex sets which contain the origin.
Assume that the system state can be measured, and that the system is stabilizable.
The control objective is to design an MPC controller to steer the system state to the

origin and to satisfy the state and control constraints. The design procedure is as



follows.

O At each successive time k, define the cost function

N—

H

Js(z(k +ilk), u(k +ilk)) + Je(z(k + NIk)), (1.3)

1=0

where x(k + ilk) is the state at time k + i predicted at time k; N is the
prediction horizon; J,(-,-) is the stage cost; J¢(-) is the terminal cost; and
= (u(k|k),u(k + 1]k), -+ ,u(k + N — 1|k)) is the control sequence computed

at time k.

O Solve the optimization

minJy (x,u), (1.4)
st. x(k+1)= f(x(k),u(k)),z(0) = x,
reX,
uelU
to obtain the optimal control sequence ud(x) = (ud, u?, - ,u%_;).
O Define the implicit state feedback controller as
Kn(x) = ul() (15)

and apply the control signal in (1.5) to the system in (1.1).

The above MPC strategy can be implemented successfully if and only if: 1) the
optimization in (1.4) is recursively feasible; and 2) the closed-loop system is stable.
The following section reviews in detail the methods developed to fulfill these two

conditions.

1.2.2 Literature Review

MPC has been successfully implemented in industry [70], and thus is an attractive
control method in the control community. The advantages of MPC are that: 1) it

incorporates the system model information; 2) it handles control and state constraints



explicitly; 3) it facilitates the design of compensation strategies for networked con-
trol systems (NCSs) because it computes a control sequence at each time instant.
Henceforth, the investigation of MPC has gained a lot of attention in academia [31].
Early work demonstrates the need for the theoretical analysis of MPC. The ex-
ample in [6] shows that a closed-loop system may not be stable even if the state
and control are unconstrained. The relationship between stability and the length of
the prediction horizon is studied in [78,83]. For a linear system with/without state
and control constraints, the MPC control law with a large enough prediction horizon
provably stabilizes the system. However, if the prediction horizon is very large, the
computational complexity associated with the MPC strategy increases significantly.
Thus, MPC strategies with tractable computational complexity are of great value.
Various techniques have been proposed for the design of stabilizing MPC con-
trollers. We review some of the results in two categories: MPC controller design for
linear systems and for nonlinear systems.
MPC controller design for linear systems. For deterministic linear systems,
a first MPC strategy is designed by optimizing an infinite horizon cost function with
finite decision variables [92,106]. In [92], the stability of the closed-loop system is
guaranteed by permitting violations of the state constraints for the first few time steps.
An alternative, and time-consuming, MPC method is proposed in [106] by solving a
set of finite-dimension quadratic programming problems. The typical approach to
design stable constrained MPC is to use fixed horizon N and to modify the cost
function of the optimization [105] and to introduce additional state constraints [13,18].
Modifications of the cost function include adding a terminal cost [12], a terminal
equality constraint and/or a terminal constraint set [69, 74]. Introducing a terminal
equality constraint degrade performance and the equality constraint can be satisfied
only asymptotically [18]. Introducing additional state constraints is suitable only for
controllable plants [13]. A distinct class of MPC strategies adopts the economic cost
function [2,3,19]. The feasibility of an MPC for a deterministic linear system is trivial
because the actual state at the next time instant is the same as the predicted state.
The design techniques for robust MPC for linear systems with disturbances can

be classified into two categories.

- Tube-based MPC [49,68,71,89]. Tube-based MPC methods compute the con-
trol action by solving an open-loop optimal control problem for the associated
nominal system (i.e., the system without disturbances) with tightened state

and control constraints. If the nominal system with tightened state and control



constraints is stable, then the system with disturbances is also stable.

- Min-max MPC [42,104]. Min-max MPC strategies incorporate the disturbances
explicitly into a min-max optimization and compute a control sequence which
minimizes the maximum performance index due to all possible disturbance real-
izations [42]. Alternatively, feedback min-max MPC strategies include feedback
into the min-max optimization [104] and derive a less conservative control law
which selects the control action based on the disturbance realization. Feedback
in the min-max optimization suppresses the effect of disturbances at the price

of significantly increased computational complexity:.

The existing robust MPC strategies for linear systems with disturbances are de-
signed for the worst-case scenario. Therefore, the system state needs to be mea-
sured fast, and the control signal needs to be updated frequently. However, be-
cause the worst-case scenario does not always occur, the state updating and the
re-computation of the control sequence at each time instant may not be necessary.
Therefore, event-triggered MPC has been proposed recently to reduce the computa-
tional load [26,34,52]. Instead of updating the control periodically, the optimization
which computes it is triggered by the violation of some pre-defined conditions. For
systems with soft state constraints, i.e., state constraints which can be violated for a
short period of time, soft constraint MPC [117] and stochastic MPC [47] have been
introduce to reduce the conservativeness.

MPC controller design for nonlinear systems. In contrast to the well-
developed MPC schemes for linear systems, research on MPC strategies for nonlinear
systems remains challenging. Early work on MPC of nonlinear systems can be traced
back to [69], where an equality constraint in the optimization guarantees the recursive
feasibility of the optimization. The recursive feasibility further implies the nominal
asymptotic stability of the closed-loop system. A general state equality constraint
in [28] enlarges the feasible region for a fixed prediction horizon, but its robustness
is difficult to analyze. A quasi-infinite horizon MPC scheme is proposed in [12],
where an appropriate design of the terminal weighting matrix in the cost function
leads to a cost which serves as a quasi-infinite horizon cost. Initial feasibility implies
both recursive feasibility and asymptotic stability of the nominal closed-loop system.
Because the disturbances and uncertainties are ubiquitous,, it is necessary to design
the robust MPC for nonlinear systems.

In [32,33], the inherent robustness of nonlinear MPC is analyzed, but the recur-



sive feasibility of the optimization in the presence of disturbances, which is a key
factor in successive implementation of MPC is not investigated. In [116], the in-
herent robustness properties of quasi-infinite horizon nonlinear MPC are established.
The established recursive feasibility and robust stability results depend only on the
persistent disturbances. The inherent stability of nonlinear MPC for discrete-time
nonlinear systems is investigated in [67,91]. The robustness results are established by
showing that the cost function is continuous and, thus, in the presence of small distur-
bances, the state trajectory remains in a tube with respect to the reference trajectory
pre-designed at the initial time instant. A recent review on min-max MPC explicitly
takes into consideration the effect of the disturbances in [85], and the robustness of
nonlinear MPC under the input-to-state stability (ISS) framework is reviewed in [17].
In special cases when a Lyapunov function and a pre-designed constrained control
strategy are available, a Lyapunov-based MPC strategy [72,73] is designed by taking
advantage of the existing Lyapunov function, thus improving the system performance.
For contracting systems, contractive MPC strategies are designed by imposing sta-
bility constraints on the magnitude of the first predicted state vector [13] and on
the final predicted state vector [18], respectively. For general nonlinear systems, a
dual-mode robust constrained MPC is designed in [74] whose stability is guaranteed
by requiring that the prediction horizon at the next time instant be shorter than
that of the current time instant. In [66], robust stability is analyzed for nonlinear
discrete-time systems by introducing the ISS concept. However, since the conven-
tional quadratic cost function does not satisfy the conditions proposed in [66], the
stability is established based on the assumption that a control Lyapunov function can
be constructed.

Table 1.1 summarizes the main centralized MPC strategies.

1.3 Distributed MPC

Centralized MPC becomes impractical due to communication needs, computational
complexity, lack of scalability and the system identification issues mentioned in Sec-
tion 1.1. A straightforward extension which overcomes these difficulties is decentral-
ized MPC, where each subsystem solves its local optimization independently without
communicating with other subsystems. Decentralized MPC has been implemented
successfully when the coupling among subsystems is weak [65, 76, 86]. However, as

pointed out in [16], neglecting the interaction results in severely degraded system



Linear MPC
Infinite horizon [92,106]
Finite horizon:
Without disturbance Terminal cost [12]
Terminal constraints [69, 74]
Economic MPC [2,3,19]
Tube-based MPC [49,68,71,89]
Min-max MPC [42,104]
Nonlinear MPC
Equality constraint [69]
Inequality constraint [12,28]
Inherent robustness [32,33,67,91, 116]
ISS framework [17, 66]
With disturbance Lyapunov-based MPC [72,73]
Contractive MPC [13, 18]
Dual-mode strategy [74]

With disturbance

Without disturbance

Table 1.1: The main centralized MPC strategies.

performance or even instability when the coupling is strong.

Distributed MPC is a promising alternative which can take into account the in-
teractions among subsystems and can have computational and communication re-
quirements similar to decentralized MPC. In distributed MPC, the optimal control
signal is computed locally by solving an optimization which takes into account the
couplings among subsystems. However, the recursive feasibility of the optimization
and the stability of the closed-loop system with distributed MPC are not trivial to
guarantee [43]. Starting with the pioneering work in [114], increasing research effort
has been dedicated to distributed MPC [22,23, 75,94, 103, 107-109, 115]. Compre-
hensive reviews of the state-of-the-art research on distributed MPC can be found
in [1,15,77,102]. Based on the interaction among subsystems, existing distributed
MPC research results can be classified into: distributed MPC for dynamically coupled
systems and distributed MPC for dynamically decoupled systems.

1.3.1 Distributed MPC of Dynamically Coupled Systems

Distributed MPC of dynamically coupled systems [20,108,109] can be found in numer-
ous control scenarios. A typical example of coupled systems is the control of processes

for which the overall plant is spatially distributed into a number of subsystems [35].



According to the information that can be acquired by each subsystem, the control
strategies can be divided into cooperative distributed MPC and non-cooperative dis-

tributed MPC.

e Cooperative distributed MPC: In cooperative control strategies [108,109,
112], each subsystem obtains and uses the state information of the overall sys-
tem to compute its MPC signal. In [108, 112], the cooperation is achieved
through iteratively and cooperatively optimizing the system-wide cost function.
The strategy in [109] is extended to dynamically coupled nonlinear systems
in [112]. The shared limitation is that each subsystem needs to communi-
cate with all other subsystems. The communication requirement is relaxed
in [107] through a hierarchical cooperative distributed MPC scheme. In low
level, the subsystems communicate with their neighbors at each iteration, while
the leaders of the low levels exchange information asynchronously in the high
level. For systems with pre-designed Lyapunov-based controllers, Lyapunov-
based distributed MPC strategies [37, 53-55] are designed to improve better

performance.

e Non-cooperative distributed MPC: In non-cooperative distributed MPC,
each subsystem can communicate only with its neighboring subsystems and,
thus, computes its control based on only limited information. The interaction
of the subsystem dynamics: 1) the dynamical interaction is treated as external
disturbances [11,39,40,65]. In [40], the min-max distributed MPC is applied to
discrete-time nonlinear systems by treating the effect of the system state inter-
action as additional disturbances. Similarly, by treating the state trajectory of
neighboring subsystems as bounded disturbances, contractive based distributed
MPC [65], stability constraint distributed MPC [11, 39] are investigated, re-
spectively; 2) the feasibility and stability results established rely heavily on
the consistency constraints that the predicted state trajectory at time instant
k + 1 should not deviate too much from the state trajectory predicted at time
k. In [29,30], by restricting the difference between the future reference trajec-
tory and the actual one in a certain bound, the distributed MPC of a group of
dynamically coupled linear systems is investigated. Further extensions to the

nonlinear counterpart are studied in [24].



1.3.2 Distributed MPC of Dynamically Decoupled Systems

Distributed MPC of dynamically decoupled subsystems finds applications in many
practical problems, including the multi-vehicle formation problem. When the subsys-
tems have decoupled dynamics, their cooperation is promoted through coupled state

and/or control constraints and/or cost functions.

e Distributed MPC of dynamically decoupled systems coordinated via
coupled state and/or control constraints: Guaranteeing the satisfaction
of the couple constraints is the main problem in distributed MPC of decoupled
subsystems with coupled constraints. In [95-97], the coupled constraints are
guaranteed by requiring the subsystems to solve their local optimizations in
sequence and then to send relevant information about their control action to all
subsystems following them in the sequence. In [110], the coupled constraints are
satisfied by designing robust tightening tubes around the ideal trajectory and
by maintaining the subsystems in those tubes through local control. In [111],
the approach in [110] is extended by including hypothetical state and control

information about neighboring subsystems in the local optimizations.

e Distributed MPC of dynamically decoupled systems coordinated via
coupled cost function: In this category, the cooperation among subsystems is
promoted through coupling terms in the cost function [23,24]. The distributed
MPC strategy requires in [24] that each subsystem not deviate too much from
its previously predicted state trajectory. The algorithm is implemented for sta-
bilizing a leader-follower formation of unmanned aerial vehicles (UAVs) in [21].
The distributed MPC for dynamically decoupled systems with coupled state
constraints and coupled cost function in [43] demands the prediction error be
small enough and the updating frequency be fast. The distributed MPC scheme
in [90] considers the delays with which the subsystems exchange information.
For a class of systems satisfying the controllability conditions [113], an easily-
verifiable constraint is imposed in the optimization solved by each subsystem.
The practical distributed MPC for linear systems in [99] enables plug-and-play
operations, i.e., only the controllers of the successor subsystems are re-designed
when removing a subsystem, and only information from the predecessor sub-

systems is used by the controller of an added subsystem.
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To reduce the communication burden and the computational complexity, recent

studies have applied event-triggered strategies to the distributed MPC of large-scale

systems [25,27]. Table 1.2 summarizes the main strategies used in distributed MPC.

Distributed MPC of dynamically coupled systems

Cooperative distributed MPC

Linear systems [108,112]

Nonlinear systems [109]

Hierarchical structure [107]

Lyapunov-based MPC
[37,53-55]

Non-cooperative control

Interaction treated as
disturbances [11, 39,40, 65]
Consistency constraints [24,29, 30]

Distributed MPC of dynamically decoupled systems

Coupled through state/control constraints

Sequential updating [95-97]
Tightening constraints [110,111]

Coupled cost function

Consistency constraint [21,24]
Additional constraint [113]
Plug-and-play [99]

Table 1.2: The main distributed MPC strategies.

1.3.3 Challenges and Motivations

MPC has been successfully implemented in a wide range of applications [84], and

its theoretical analysis advanced significantly [70]. As stated in [47], the developed

theories on MPC' have seldom been applied to the practical applications. Motivated by

this observation, this dissertation aims to reduce the existing gap between the theory

and the industrial implementation of MPC by addressing several current challenges

as follows.

e MPC strategies for linear systems need to have a large feasible region and lim-

ited computational complexity to be practical for implementation in industrial

applications. A larger feasible region can be obtained by using a longer predic-

tion horizon. However, a long prediction horizon increases the computational

complexity of the optimization which yields the control signal. In other words,

a larger feasible region is obtained at the cost of increasing the computational

load. Chapter 2 seeks to overcome this current trade-off between the region of

feasibility and the computational load of MPC for linear systems.
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e While many research results exist for MPC of deterministic nonlinear systems,
only a few guaranteed recursively feasible and robustly stable strategy have
been reported on the robust MPC design of nonlinear systems to date. One
obstacle facing the development of practical and provably feasible and robust
stable MPC strategies is the conventional adoption of a quadratic integrand in
the optimization which yields the control signal. Specifically, cross terms arise
in the change of a cost with quadratic integrand at successive time instants and
consistency constraints or robustness constraints are added to the optimization
to bound the cross terms. The additional constraints increase the computational
complexity of the optimization and make the MPC strategy conservative and,
thus, impractical for applications. To avoid the need for consistency and/or
robustness constraints in the optimization, Chapter 3 proposes a robust MPC

strategy with non-quadratic integrand.

Another obstacle to the development of practical robust MPC methods for
nonlinear systems is the conventional reliance on only Lipschitz continuity in
feasibility and continuity proofs. This reliance leads to general but conservative
MPC strategies which seldom are practical for implementation. The Lipschitz
continuous property makes the proofs conservative in two ways: 1) the value of
Lipschitz constant used in the theoretical analysis is its maximum value over a
certain state-space region; 2) in the evaluation of the discrepancy between the
predicted and actual system state trajectories, we assume that the discrepancy
is always expanding, which is not always the case. Incorporating some intrinsic
properties of the nonlinear system into the design of the controller should yield
less conservative robust MPC strategies. Chapter 4 investigates this conjecture

for a class of nonlinear systems with contracting dynamics.

e For the large-scale systems, centralized MPC control strategies are impractical
because their central processing unit requires the access of all the state infor-
mation and solves an optimization with respect to a large number of decision
variables. Alternatively, distributed MPC can reduce the computational and
communication burden of centralized MPC and, thus, can potentially accommo-
date the practical requirements of a controller for large-scale systems. However,
the recursive feasibility of the optimization and the stability of the closed-loop
system are challenging to guarantee for distributed MPC. For large-scale sys-

tems with coupled cost function and disturbances, the few existing results are
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based on the robustness constraints and are conservative. To develop a less
conservative distributed MPC for cooperating nonlinear systems with decou-
pled dynamics, Chapter 5 adopts a non-squared integrand in the coupling cost

and takes advantage of a two-layer invariant set.

Furthermore, in the field of process control, large-scale systems usually consist of
many dynamically coupled nonlinear systems. Therefore, the economic demand
of distributed MPC strategies for large-scale systems with coupled dynamics
and external disturbances is great. However, most research treats the dynamic
couplings as external disturbances and, inevitably provides conservative results.
Intuitively, distributed MPC methods are expected to be less conservative if
they account for the dynamic couplings explicitly. Chapter 6 investigates this
hypothesis.

1.4 Objectives and Contributions of the Disserta-
tion

The objectives of this dissertation are two-fold: i) to design centralized MPC strate-
gies which are less conservative than existing methods; and ii) to present novel dis-
tributed MPC strategies. In particular, for centralized MPC, the goals are to enlarge
the feasible region, to reduce the computational demand of the optimization and to
allow the closed-loop system to tolerate larger disturbances. For distributed MPC,
the goal is to ensure cooperation through the coupling cost or in the presence of cou-
pled dynamics. The main contributions of this dissertation are summarized in the

following.

e Design of a multi-stage MPC strategy with increased computational
efficiency. A multi-stage MPC strategy which has a larger feasible region with
similar computational complexity to conventional MPC for a given horizon N
is obtained. Equivalently, the new strategy has numerical efficiency similar to
conventional MPC with a smaller horizon. Therefore, it can benefit applica-
tions that demand the control action to be derived on-line and with limited
computational effort. The proposed multi-stage MPC requires a pre-computed
sequence of j-step admissible sets, where the j-step admissible set is the set
of system states that can be steered to the maximum positively invariant set

in j control steps. Given the pre-computed admissible sets, multi-stage MPC
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first determines the minimum number of steps I required to drive the state to
the terminal set. Then, it steers the state to the (I — N)-step admissible set if
I > N, or to the terminal set otherwise. The off-line computation of the ad-
missible sets is presented. The feasibility and stability of the multi-stage MPC

for systems with and without disturbances are analyzed.

Design of novel robust MPC methods for constrained nonlinear sys-
tems. First, a novel robust constrained MPC method for nonlinear systems
with control constraints and external disturbances is proposed whereby the con-
trol signal results from optimizing an objective function with an integral non-
squared stage cost and a non-squared terminal cost. The terminal weighting
matrix is designed such that: i) the terminal cost serves as a control Lyapunov
function; and ii) the resultant finite horizon cost can be treated as a quasi-
infinite horizon cost. Provided that the Jacobian linearization of the system to
be controlled is stabilizable and the optimization is initially feasible, sufficient
conditions for the recursive feasibility of the optimization and for the robust
stability of the closed-loop system are established. The sufficient conditions are
shown to rely on the appropriate design of the sampling interval with respect
to a certain given disturbance level. Second, a novel robust constrained MPC
strategy that exploits the contracting dynamics of a nonlinear system is pre-
sented. The proposed technique can be applied to the class of nonlinear systems
whose dynamics are contracting in a tube centered around the nominal state
trajectory predicted at time t;. Compared to robust MPC strategies based
on Lipschitz continuity, the method proposed in this thesis: 1) can tolerate
larger disturbances; and 2) is feasible for a larger prediction horizon and can
potentially enlarge the feasible region accordingly. The maximum disturbance
that can be tolerated by the proposed control strategy is explicitly evaluated.
Sufficient conditions for its recursive feasibility and for its practical asymptotic

stability are also derived.

Design of robust distributed MPC strategies handling coupling and
disturbances. First, a robust distributed MPC of constrained continuous-time
nonlinear systems coupled by cost function is proposed whereby each subsystem
communicates only with its neighbors exchanging the assumed system state tra-
jectory. The cooperation among subsystems is achieved through incorporating

a coupling term in the cost function. To handle the disturbances, the strat-



14

egy is designed based on the two-layer invariant set. Provided that the initial
state is feasible and the disturbance is bounded by a certain level, the recur-
sive feasibility of the optimization is guaranteed through appropriate tuning of
the design parameters. Sufficient conditions are derived for the states of each
subsystem to converge to the robust positively invariant set. Second, a robust
distributed MPC strategy is designed for a large-scale system which consists
of several dynamically coupled nonlinear systems with decoupled control con-
straints and with disturbances. In the second strategy, all subsystems compute
their control signals by solving local optimizations constrained by their nom-
inal decoupled dynamics. The dynamic couplings and the disturbances are
accommodated through new robustness constraints in the local optimizations.
Relationships among, and design procedures for, the parameters involved in the
proposed distributed MPC strategy are derived to guarantee its recursive feasi-
bility and the robust stability of the overall system. For a given bound on the
disturbances, the recursive feasibility is guaranteed by properly selecting the

sampling interval.

1.5 Organizations of the Dissertation

The remainder of the dissertation is organized as follows. Chapters 2, 3 and 4 present
novel robust MPC strategies which are less conservative than existing methods. Chap-
ter 2 proposes a multi-stage MPC strategy suitable for both the deterministic and the
robust cases. Chapter 3 designs a robust MPC controller for constrained continuous-
time nonlinear systems with a non-squared integrand in the cost function. Chapter
4 studies the robust MPC strategy for contracting nonlinear systems.

Chapters 5 and 6 address the distributed MPC design problems. Chapter 5 in-
troduces a robust distributed MPC strategy for dynamically decoupled nonlinear
systems which handles disturbances based on the two-layer invariant set. Chapter 6
investigates the distributed MPC controller design for nonlinear systems with weakly
coupled dynamics..

Finally, Chapter 7 summarizes the dissertation and discusses some future research

directions.
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Chapter 2

Multi-stage Suboptimal Model
Predictive Control with Improved

Computational Efficiency

2.1 Introduction

Existing research has proven the stability of unconstrained MPC [78], and of con-
strained MPC [83] with sufficiently large and fixed receding horizon N. However,
a fixed horizon N is not trivial. A large N (long horizon) generally increases the
computational complexity of the optimization and makes the implementation of con-
strained MPC impractical for applications which require the on-line computation of
the control action. In contrast, a small limited N (short horizon) may not be able
to generate a controller that can stabilize a plant in the absence of state and control
constraints [6,106]. Therefore, the selection of a fixed horizon N remains a non-trivial
problem.

For deterministic systems, guaranteed stable constrained MPC with fixed horizon
N has been achieved through modifying the cost function of the open-loop optimiza-
tion [105,106] and through introducing additional state constraints [13,18,69,74]. For
systems with disturbances, tube-based MPC [49,68,71,89] and min-max MPC [42,104]
strategies have been employed to guarantee the stability of constrained MPC with
fixed horizon N.

Feasibility is another important issue for constrained MPC with fixed horizon N

because the optimization which generates the control action may not have a solution
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for some system states for a given N. The set of feasible system states (i.e., the
operating region of constrained MPC) can be enlarged by incorporating N as an
additional decision variable in the open-loop optimization [71]. However, selecting
N at each step is computationally demanding, and leads to an optimization with
unpredictable computational time. Therefore, for applications that need to compute
the control action on-line, optimizing N at each step may be impractical. In such
applications, the operating region of constrained MPC with fixed horizon N needs to

be enlarged without sacrificing its numerical performance.

2.1.1 Objective, Contributions and Chapter Organization

This chapter proposes a multi-stage constrained MPC strategy which, for a given
horizon N, has larger feasible region than, but similar computational complexity to,
conventional constrained MPC. Equivalently, the proposed strategy has numerical
efficiency similar to conventional MPC with smaller horizon. Therefore, it can benefit
applications which demand the control action to be derived on-line and with limited
computational effort. The proposed multi-stage constrained MPC requires a pre-
computed sequence of j-step admissible sets, where the j-step admissible set is the
set of system states that can be steered to the maximum positively invariant set
in j control steps. Given the pre-computed admissible sets, the proposed technique
first determines the minimum number of steps I required to drive the state to the
terminal set. Then, it steers the state to the (I — N)-step admissible set if I > N,
or to the terminal set otherwise. This chapter presents the off-line computation of
the admissible sets, and shows the feasibility and stability of multi-stage MPC for
systems without and with disturbances.

In the remainder of this chapter, Section 2.2 summarizes preliminary results. Sec-
tion 2.3 presents the off-line computation of the admissible sets. Sections 2.4 and 2.5
discuss the feasibility and stability of multi-stage constrained MPC for systems with-
out and with disturbances, respectively. Section 2.6 validates the analysis in Sec-
tions 2.4 and 2.5 through a numerical example. Section 2.7 concludes the chapter
with a discussion of the limitations of the technique.

Notation: Given the sets G;, i = 1,--- .9, G1 ® Gy = {91 + g2|q1 € Gy, g2 €
Go} (set addition), Gy & Go = {g1]g1 + 92 € G1,Vg2 € Gy} (set subtraction), and
@G =G ®Gy® -+ ®G,. The superscript “T” denotes matrix transposition.
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2.2 Preliminaries

In this section, relevant definitions and results for MPC with fixed horizon N are

presented for systems without disturbances and with disturbances, separately.

2.2.1 Deterministic MPC

Consider the system modeled by:
z(k +1) = Az(k) + Bu(k), x(0) = z, (2.1)

where x(k) € R" is the state vector, u(k) € R™ is the control input, & is the index of
the current time step, and A and B are system matrices with appropriate dimensions.
For simplicity, assume that the system state can be measured accurately. The state

and the control input are subject to the constraints:
reX, uwel, (2.2)

where X, U are convex compact sets and each set contains the origin in its interior.
The control constraints are due to physical limits of the actuator, while the state
constraints arise from the physics of the system to be controlled and/or from safety
considerations [83].

Without loss of generality, the control problem for the system in (2.1) is to steer
the system state to the origin. Tracking problems can also be reduced to problems of
steering the state to the origin through appropriate state transformation [48].

For a given receding horizon N, MPC solves the following optimization at each

time step:

manN (x,u, k) ZJ (k+ilk), u(k + ilk)) (2.3)

+ Je(z(k + Nk)),
subject to: z € X|
uwel

where z(k+1i|k) is the state at time instant k4 predicted at time instant k, Js(x(k+
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ilk), u(k + 1|k)) is the stage cost, i = 0,1,--- , N — 1, Jp(x(k + N|k)) is the terminal
cost, and u(k) = (u(k|k), u(k+1|k), -+ ,u(k+N—1|k)) is a sequence of control inputs
computed at time instant k. The solution of (2.3) yields the minimum cost J¥(z, k)
and the optimal control sequence u’(k) = (u°(k|k),u®(k+1|k), -+ ,u(k+ N —1]k)),

and only the first control action will be implemented:
Kn(z(k)) = v (k|k). (2.4)

Equation (2.4) is an implicit state feedback control law.

Definition 2.1. [7] A set Xy C X is a controlled positively invariant set for the
system in (2.1) if there exists a local state feedback Kyx C U such that x(k+1) € X;
for all z(k) € X;.

Definition 2.2. A set Xy; C X is the mazimum positively invariant set for the
system in (2.1) if it is the union of all controlled positively invariant sets of the
system in (2.1).

If the state and control constraints in (2.2) are convex, then the maximum pos-
itively invariant set can be characterized by a convex polyhedron or by a convex
ellipsoid [7], and can be computed using Algorithm 6.2 in [46].

If the local state feedback control law K is linear, and the stage and terminal

costs are:
Jo(z(k +i|k), u(k +ilk)) =(1/2)[x(k +i|k) " Qz(k + ilk) (2.5a)
+u(k +ilk) T Ru(k +i|k)],
Ji(x(k+ N|k)) =(1/2)z(k + N|k)" Pz(k + N|k), (2.5b)

with @, R and P positive definite, and if the following properties are satisfied [70]:
o Al: (A+ BKf)Xf C Xf, Xf C X, Kfo c U,
o A2: Ji((A+ BKy)x) + Js(z, Kpz) < Jp(z), Vo € Xy,

then, JY(z,k) is monotonically non-increasing and provides a Lyapunov function
which shows that the control in (2.4) can stabilize the system in (2.1) with the con-
straints in (2.2).
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With additional weak conditions that there exist constants c¢o > ¢; > 0 such that:

alle(®)I? < I (2, k), Va(k) € Ly,
T,k +1) < Ty, k) — erlJa (k)| P, Var(k) € T,
Ty, k) < eal (k)| P, Va (k) € Xy,

the system is exponentially stable [71], as shown in [70, 71].

2.2.2 Robust MPC

Consider the system described by:
x(k+1) = Az(k) + Bu(k) + w(k), z(0) = =, (2.6)

where z(k) € R™ is the state vector, u(k) € R™ is the control input, A, B are
system matrices with appropriate dimensions, and w(k) € R" is the additive system
disturbance. The state, the control input and the system disturbance are subject to
the constraints:

reX, uwel, weWw, (2.7)

where X, U are convex compact sets and each set contains the origin in its interior,
and W is closed and bounded, and all three sets contain the respective origins in their
interior.

The nominal model of the system in (2.6) is:
z(k +1) = Az(k) + Bu(k). (2.8)

For the feedback control strategy u(k) = u(k) + K(xz(k) — z(k)), where K is a static

feedback gain, the error dynamics of the system in (2.6) become:
e(k+1) = (A+ BK)e(k) +w(k), (2.9)

where e(k) = x(k) — z(k).

Definition 2.3. [88] A set S C X is a robust positively invariant set for the system
in (2.9) if (A+ BK)S® W CS.

Definition 2.4. A set Sy C X is the mazimum robust positively invariant set for the
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system in (2.9) if it is the union of all robust positively invariant sets of the system

Definition 2.5. [88] A set Z C X is the minimum robust positively invariant set for
the system in (2.9) if it is a robust positively invariant set that is contained in every

robust positively invariant set of the system in (2.9).

Solving the optimization:

N-1
minJy(z,0,k) = > &k + ilk) QT (k + ilk)
1=0
+u(k + i|k)T Ru(k + ilk)]
+z(k + N|k)TPz(k + N|k), (2.10)
subject to : z(k+ilk)eXezZ, i=0,1,--- /N —1,
u(k+ilk)eUeKZ,i=0,1,--- ,N —1,
(k+Nlk)eX; CXoZ

&I

yields the optimal control sequence u’(k) = (u°(k|k), u’(k + 1|k), -, a°(k + N —
1|k)). Then, the control strategy Ky (z(k)) = u°(k|k) + K (x(k) — Z(k)) can steer the
state in (2.6) to the maximum robust positively invariant set Sy while satisfying the
constraints in (2.7) [68].

2.3 The j-Step Admissible Sets

The implementation of the multi-stage MPC strategy proposed in this chapter re-
quires a pre-computed sequence of j-step admissible sets. This section presents the

admissible sets and their off-line computation.

Definition 2.6. The j-step admissible set for the system in (2.1) is the set I; C
X which contains all system states that can be steered to the maximum positively

invariant set Xy for the system in (2.1) in j steps while satisfying the constraints

From this definition, it follows that MPC with horizon N = j is feasible and can
stabilize the system in (2.1) for any z(0) € L.
The j-step admissible set can be computed recursively, as shown conceptually in

Algorithm 1. Algorithm 1 is similar to the computation of the admissible sets for
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the infinite horizon optimal control problem in [83], but starts from the maximum

positively invariant set Xy instead of starting from the origin.

Algorithm 1 Recursive Computation of the j-Step Admissible Set
1: procedure COMPUTING THE j-STEP ADMISSIBLE SET ({I,I5,---,I;})
2 Compute the maximum positively invariant set Xy;.
3 Set ]IO = Xf[.

4: fori=0toj—1do

5

6

T

Ly ={x: 2z e X Ju,ue U Az + Bu € [,}.
end for
end procedure

Remark 2.1. If the maximum positively invariant set X;; and the state and control
constraints in (2.2) are convex, then the j-step admissible sets are convex. In partic-
ular, if the terminal set and the state and control constraints are convex polytopes,

then the j-step admissible sets are convex polytopes.

Remark 2.2. The maximum positively invariant set X;; is a subset of any j-step
admissible set, i.e., X;r C I;, V5 > 0.

Theorem 2.1. The sequence of j-step admissible sets of the system in (2.1) is mono-

tonically nondecreasing, t.e., it obeys[; CI, C--- CL; C---.

Proof. The proof is through induction. From I, = Xy, it follows that, for any
x(k) € Iy, there exists a control action u(k) such that Az(k) + Bu(k) € I,. Then,
Ip € I . Assume that I;_; C I, and consider a state x(k) € I;. Then there exists a
feasible control u(k) such that Az(k) + Bu(k) € I;. Then I; C I,,4. This completes
the proof. O

Define -
I = [ T (2.11)
i=0
Similar to [83], the following theorem is given:

Theorem 2.2. Let J(x) denote the infinite horizon linear quadratic cost and assume

that the system in (2.1) is stabilizable. Then x € I, < Jy(x) < 0.

Proof. © € I, = Joo(z) < oo. The proof differs from [83] in that, after k steps,

the state will enter the maximum positively invariant set X¢; instead of reaching the
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origin. In this set, by implementing a local feedback control law, the state will be
steered to the origin asymptotically with a finite cost. This implies that the cost
Joo() is finite. This completes the sufficient part. The necessary part of the proof
readily follows from [83]. O

Remark 2.3. The sequence of admissible sets is upper bounded, since the system

state belongs to a compact set, i.e., [, C X.

In this chapter, the conceptual Algorithm 1 is implemented as shown in Algo-
rithm 2. Algorithm 2 is a modification of the algorithm given in Theorem 4.1 in [41].
Algorithm 2 computes the j-step admissible set accurately, but the number of inequal-
ities in (2.13) grows large as the dimension of the system and j grow. A large number
of inequalities leads to a computationally expensive optimization that is impractical
for applications. To reduce the numerical complexity of the optimization, this chap-
ter limits the number of inequalities in (2.13) and computes inner approximations of
the admissible sets. Efficient algorithms for computing an inner approximation of a
convex polygon or a convex polytope are presented in [62,63].

The number I, of admissible sets that need to be pre-computed is determined

in two steps:

Step 1 : A shrinking factor @ € (0,1) is computed such that Vz € X,Ju € U,
Ax 4+ Bu € oX. This chapter uses the binary search with a pre-defined number
of steps to determine a sufficiently accurate ae. The shrinking factor a guarantees

that Vo € o'X, Ju € o'U such that Azr + Bu € o™X for any positive integer i.

Step 2 : A factor 3 is determined such that X € Xyp. Then, the maximum
number [, of admissible sets that need to be pre-computed is log, f < Ihax <
log, B+ 1.

2.4 Multi-stage MPC

Given the fixed receding horizon N, the initial state x(0), the maximum positively in-
variant set X;; and the sequence of pre-computed j-step admissible sets {I;,--- , I, },

multi-stage MPC drives the initial state to Xy, in two steps (see Algorithm 3):

Step 1 : Determine I;, the smallest j-step admissible set which contains the initial

state.
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Algorithm 2 Recursive Computation of the j-Step Admissible Set (Implementation)

1:
2:

10:

procedure COMPUTING THE j-STEP ADMISSIBLE SET ({Io,I;,--- ,I;})
Write the system state and control constraints X and U in the form

Ex+ Fu+ <0, (2.12)

with F, F' constant matrices and A\ a constant vector, all with appropriate di-
mensions.
Set ]Io =X fI-
fori=0toj—1do
Express [; in the form
Pz +~ <0, (2.13)

with P a constant matrix and ~ a constant vector, both with appropriate dimen-
sions.

Remove the redundant rows of [P v]. If needed, use an inner approximation
to limit the number of inequalities to a given maximum number.

Let

. E F A
Z—{(x,u).{PA}er{PB}qu{W]SO}. (2.14)
Solve (2.14) through Fourier-Motzkin elimination [41] to get
Ly = {z: (z,u) € Z}. (2.15)

end for
end procedure
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Step 2 : Apply MPC to steer the state to I;_n if I > N, or to X;; otherwise.

Algorithm 3 Multi-stage MPC Strategy
1: procedure MULTI-STAGE MPC
2 Determine I; s.t. z(0) € I; and z(0) ¢ ;.
3: if I > N then
4
5

for k=0tol — N do
Solve

minJy (2, u, k) = SN [k + k)T Qu(k + il k)
+u(k + k)" Ru(k + i|k)]
+I(/{Z+N|]{Z)TPI(/€+N|/€), (2.16)
subject to: x(k+ilk) eX, i=0,1,--- N —1,
u(k +1ilk) €U, i=0,1,--- ,N —1,
.Z'(k’ + N‘k’) el_n_k

6 Apply u°(k|k).

7 end for

8: end if

9: Apply MPC with fixed horizon N to steer the state to Xj.

10: end procedure

The smallest j-step admissible set that contains the state x is the set I; such that
x € Iy and = ¢ ;. This chapter considers admissible sets represented by convex
polytopes:
I; = {:L’|a3;5(] < bj,,i5 = 15,25, , ki,

and implements the computation of I; through binary search and linear program [9].

Specifically, introducing one slack variable 1 leads to the linear programming;:

min 7, (2.17)
subject to: aj x +n < by,

ay & +1 < by,

a;fjx—l—n < by,

whose solution indicates that x belongs to I; if n < 0. Binary search yields I, the

minimum j for which (2.17) admits a solution n < 0.
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The computation of I; guarantees that MPC with fixed horizon [ is feasible and
stabilizes the system in (2.1). As the following theorem shows, it also guarantees that
multi-stage MPC with fixed horizon N < [ is feasible and can stabilize the system
in (2.1).

Theorem 2.3. If the initial state x(0) belongs to an admissible set Iy, then multi-
stage MPC with fixed horizon N is feasible and can steer the state to the maximum

robust positively invariant set Xppy.

Proof. Feasibility: For xz(0) € I;, I < N, multi-stage MPC reduces to MPC with
fixed horizon N, whose feasibility and stability are ensured as in [70]. For z(0) € I,
I > N, the proof is by induction. At the initial time step k& = 0, according to the
definition of I;, the optimization in (2.16) is feasible, and yields a control sequence
u’(0) to steer x(0) to I;_n. Multi-stage MPC applies u°(0|0) and drives the state
to I;_;. Now consider that multi-stage MPC has steered the state to I;_; through a
sequence of feasible control inputs {u(0]0), u®(1]1),...,u(k — 1|k — 1)}, k < I — N.
According to the definition of I;_j, the optimization in (2.16) is feasible, and provides
a control sequence u’(k) to drive z(k) to I;_;_n. Multi-stage MPC applies u°(k|k)
and steers the state to I;_;_;. Hence, the optimization in (2.16) is feasible for all k =
0,...,I — N, and the control sequence {u®(0[0),u°(1]1),...,u’(I =N —1]I - N —1)}
drives the state to 1.

Stability: The feasibility proof shows that the system state enters Iy in I — N
steps, that is, x(I — N) € Iy. Therefore, after I — N steps, multi-stage MPC reduces
to conventional MPC with fixed horizon N, whose stability is guaranteed [70]. [

Remark 2.4. The convexity of the admissible sets together with the convexity of
the state constraints, of the control constraints and of the cost function guarantee the

global minimum of the optimization in (2.16).

Remark 2.5. At each time step, multi-stage MPC solves a similar optimization as
MPC with fixed horizon N, but uses a different terminal set. Because employing
a different terminal set does not affect the numerical efficiency of the minimization
problem compared with conventional MPC, the computational complexity of multi-
stage MPC is comparable to that of conventional MPC with fixed horizon N. The
only difference from the conventional MPC is the pre-computation required to eval-
uate the smallest admissible set I; which contains the initial state. The cost of this

computation is negligible given that I < [, and that [, has been pre-computed.
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2.5 Multi-stage Tube-Based Robust MPC

This section extends the admissible sets and the multi-stage MPC to linear systems
with disturbances. Consider the nominal system in (2.8), and the tightened con-

straints:
U=UcKZ, X=X02Z, (2.18)

where Z is the minimum robust positively invariant set with respect to the feedback
controller K. Based on the tightened constraints in (2.18) and the local feedback
controller K (to achieve the optimality, the unconstrained linear quadratic regula-
tor (LQR) controller is usually adopted), the maximum robust positively invariant
set Sy is calculated such that Sy @ Z C X. Thereafter, the sequence of admissible
sets {I1, Iy, - -+ , I, } is computed using Algorithm 2 with the tightened constraints
in (2.18) and with the maximum robust positively invariant set Sy.

Now, given a receding horizon N, the initial state x(0), the minimum robust posi-
tively invariant set Z and the sequence of pre-computed admissible sets {Iy,--- I .},

robust multi-stage MPC drives the state to Sy in two steps (see Algorithm 4):
Step 1 : Compute I;, the smallest admissible set which contains the initial state;

Step 2 : Apply robust MPC to steer the state of the nominal system to I;_ 5 if

I > N, or to steer the state of the uncertain system to Sy otherwise.

Theorem 2.4. If the initial state x(0) of the system with constraints and disturbances
in (2.7) belongs to the admissible set associated with the nominal system in (2.8) with
the tightened constraints in (2.18), the state x(k) of the system in (2.6) with the robust
controller in (2.20) will converge to the mazimum robust positively invariant set Sy

while obeying x(k) € X and Ky(xz(k)) € U for all k > 0.

Proof. For the nominal system, the state Z(k) satisfies T(k + 1) = Az(k) + Bu(k).
From Theorem 2.3, z(k) will converge to the origin as k — oco. As in [49,68,71], the
states of the uncertain system and of the nominal system obey x(k+1) —Z(k+1) =
(A+ BK)(x(k) — z(k)) + w(k), so z(k) € Z(k) @ Z. The convergence of (k) implies
the convergence of z(k) to Z. Moreover, since Z(k) € X© Z and u(k) € Ueo KZ,
then z(k) e XoZ & Z C X and u(k) = u(k) + K(x(k) —z(k)) e U6 KZ& KZ C U,
respectively. O]
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Algorithm 4 Robust Multi-stage MPC Strategy
1: procedure ROBUST MULTI-STAGE MPC
2 Determine I; such that z(0) € I; and z(0) ¢ I;_;.
3: if I > N then
4
5

for k=0tol — N do
Solve

minJy (7,0, k) = SN [E(k 4 R)TQE(K + k)
+a(k + k)" Ru(k + i|k)]
+Z(k + N|k)" PZ(k + N|k), (2.19)
subject to: z(k+ilk) e X, i=0,1,--- N —1,
u(k+ilk) €U, i=0,1,--- ,N — 1,
z(k+ N|k) € I;_n_k

6: Apply

Kn(z(k)) = ﬂo(k|k) + K(z(k) — z(k)). (2.20)
7 end for
8: end if

9: Apply robust MPC with fixed horizon NN to steer the state to Sy.
10: end procedure




28

2.5.1 Modified Multi-stage Tube-based Robust MPC

The minimum robust positively invariant set Z for the error system in (2.9) is usually

computed using:

Z = lim Z; = lim (@23 A,W). (2.21)

i—00 i—o0

Given that Z; C Z,Vi > 0, the state and control constraints in the optimization

in (2.19) can be replaced with X © Zy; and U © KZy;, respectively, to obtain the

modified multi-stage robust MPC in Algorithm 5. This modification allows the state

and the control to take values in larger sets, and potentially improves performance.

The sets Z; are generated during the off-line computation of Z, using (2.21) and
Zo = 0.

Algorithm 5 Modified Robust Multi-stage MPC Strategy
1: procedure MODIFIED ROBUST MULTI-STAGE MPC
2 Determine I, such that z(0) € I; and z(0) ¢ I;_;.

3: if I > N then

4

5

for k=0tol — N do
Solve

minJy (7, u, k) = SN [E(k 4 k) TQE(K + k)
+a(k + k)" Ru(k + i|k)]
+z(k + N|k)"Pz(k + N|k), (2.22)
subject to : Z(k+ i|k) e X&Zyyy, 1=0,1,--- N —1,
u(k+ k) e U KZky, 1=0,1,--- /N —1,
.Ci’(lf—{— N‘k’) cel;_n_k

6: Apply

Ky(z(k)) = a°(k|k) + K (z(k) — 2(k)). (2.23)
7 end for
8: end if

9: Apply robust MPC with fixed horizon NN to steer the state to Sy.
10: end procedure

Theorem 2.5. If the optimization in (2.22) is feasible for the initial state x(0), then

it 1s feasible for all time instants k > 1.

Proof. The proof is through induction. Assume that the initial state x(0) € I is
feasible. Then, there exists a control sequence u°(0), such that u°(i|0) € U & KZ;,
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z(i|0) € X & Z;, Z(N|0) € I;_n. The nominal system obeys z(0|1) = z(1]|0). From
Z(N|0) € I;_y and the definition of the (I — N)-step admissible set, it follows that
there exists a control signal v* € U & KZy that can drive Z(N|0) to I;_y_1. So
u(1) = (a°(1)0),a°(2|0),--- ,u’(N — 1]0),u*) can be used to drive Z(1) = z(0[1) to
I;_n—1 while obeying the state and control constraints. Similarly, it can be shown

that all successive optimizations are feasible.
m

2.6 Illustrative Example

To illustrate the effectiveness of the proposed multi-stage MPC strategy, this section
applies it to control the unmanned mini-hovercraft with system dynamics modeled
in [38]. Because the dynamics of the vehicle are decoupled and are the same along
the two directions of motion in the plane, this section considers the control of the
motion along a single direction. The control of the motion along the other direction
is similar to the one introduced here.

After zero-order hold discretization with the sampling period Ty = 0.1 s, the

discrete-time state-space dynamics of the mini-hovercraft can be written as:

_ [ 1.0000 0.0995 ] [xl(k) ] (224

0 0.9900 | | zs(k)

0.0050
0.0995

] u(k) +w(k),

where x; and x5 denote the vehicle position and velocity, respectively. The state and
control constraints are:
|z1] < 3, x| < 2, |u| < 10.

The disturbance is assumed bounded by w € W, where W := {w € R?|||w|| < 0.03}.

The control objective is to steer the mini-hovercraft from the initial state x(0) =
[—2.5 — 1.5]T to the origin. For this problem, the control parameters are selected as
follows: The local feedback gain is Ky = —[54.3 12.3] and is adopted when the state
enters the terminal set; the gain in (2.9) is K = [100.5 15.0], and is chosen to stabilize
the feedback matrix A+ BK; the weighting matrices in the cost function in (2.5) are

10
QZ[O 1]’P:

2 0
0 9 ] and R = 3, respectively.
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Given these control parameters, the terminal set X;; is calculated as the maximum
robust positively invariant set for the closed-loop system z(k + 1) = (A+ BKy)x(k);
the minimum robust positively invariant set Z is computed using Ay = A + BK
in (2.21); the tightened state and control constraints are derived as X©Z and Uo K'Z,
respectively; and the maximum number of j-step admissible sets that need to be pre-

computed is I, = 30.

Figure 2.1: The initial state z(0), the maximum positively invariant set Xy,,, and the
admissible sets I5, Ig, T4 for the mini-hovercraft without disturbances.

Figure 2.2: State evolution of mini-hovercraft without disturbances and controlled
using: multi-stage MPC with N = 5; multi-stage MPC with N = 8; and multi-stage
MPC with N = 14.

For the simulation of the mini-hovercraft without disturbances, MPC with mini-

mum horizon N = 14 is needed to drive the initial state [-2.5 —1.5]T to the maximum
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Figure 2.3: Control action of mini-hovercraft without disturbances and controlled
using: multi-stage MPC with N = 5; multi-stage MPC with N = 8; and multi-stage
MPC with N = 14.

positively invariant set Xy;, and provides the benchmark for multi-stage MPC with
N = 8 and with N = 5. The initial state x(0), the maximum positively invariant
set X¢; and the pre-computed j-step admissible sets I5, Ig, I;4 are depicted in Fig-
ure 2.1. As shown in Figure 2.1, the admissible sets are convex polygons. They are
computed without using inner approximation because 14 inequalities are sufficient to
characterize them. Note that z(0) is in I;4, but is neither in I5 nor in Ig. Hence, z(0)
is feasible for MPC with N = 14, but infeasible for MPC both with N = 8 and with
N = 5. Note also that the j-step admissible sets approach the set of state constraints
as j increases.

Figure 2.2 and Figure 2.3 depict the state evolution and the corresponding con-
trol action for the deterministic mini-hovercraft controlled using the multi-stage MPC
with N = 14; N = 8; and N = 5. The state trajectories validate that multi-stage
MPC with limited horizon can steer the state of the deterministic system to the
maximum positively invariant set. A limited horizon reduces the computational com-
plexity of the optimization and makes multi-stage MPC practical for implementation
in applications that demand the on-line computation of the control action. The price
paid for enlarging the feasible region of MPC with fixed horizon N without increasing
the cost of computing the control action is the larger overshoot (see Figure 2.2) and
larger oscillation of the control signal (see Figure 2.3).

For the simulation of the mini-hovercraft with disturbances, tightened state and

control constraints are required to guarantee robustness. Correspondingly, the ad-
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Figure 2.4: The initial state 2(0), the maximum robust positively invariant set Sy,
and the admissible sets I5, Ig, Iss for the nominal mini-hovercraft with tightened
constraints.

X

X
1
— — System with disturbance N=5

—-—- System with disturbance N =8
System with disturbance N = 22

= = Nominal system N =5
=== Nominal system N =8
Nominal system N = 22

Figure 2.5: State evolution of the mini-hovercraft with disturbances and controlled
using: multi-stage robust MPC with N = 5; multi-stage robust MPC with N = §;
and robust MPC with fixed horizon N = 22.

missible sets are smaller than for the simulation of the mini-hovercraft without dis-
turbances. Therefore, robust MPC with minimum horizon N = 22 is needed to steer
the initial state to the maximum robust positively invariant set S¢, and provides the
benchmark for multi-stage robust MPC with N = 8 and with N = 5. The initial
state, the maximum robust positively invariant set Sy and the pre-computed admis-
sible sets I5, IIg, Iyo for the nominal mini-hovercraft with tightened constraints are

shown in Figure 2.4. As Figure 2.4 illustrates, the admissible sets are convex poly-
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Figure 2.6: Control action for the mini-hovercraft with disturbances with N = 5.

Figure 2.7: Control action for the mini-hovercraft with disturbances with N = 8.
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gons. They are computed without using inner approximation because 23 inequalities

are sufficient to characterize them.

Figure 2.5 depicts the state evolution of the mini-hovercraft affected by distur-

bances and controlled using: multi-stage robust MPC with N = 22; multi-stage
robust MPC with N = §8; and multi-stage robust MPC with N = 5. The state trajec-

tories confirm that multi-stage robust MPC with limited horizon can steer the state

of the uncertain system to the maximum robust positively invariant set Sy.

Figures 2.6, 2.7 and 2.8 plot the control actions that determine the state trajec-

tories in Figure 2.5. Note that the control applied to the simulated mini-hovercraft

affected by disturbances satisfies the control constraints regardless of the horizon
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Figure 2.8: Control action for the mini-hovercraft with disturbances with N = 22.

selected for the multi-stage robust MPC strategy. The results in Figures 2.6, 2.7
and 2.8 validate that multi-stage robust MPC can enlarge the feasible region of con-
ventional robust MPC with fixed horizon N without increasing the cost of computing

the control action.

2.7 Conclusions

This chapter has proposed a multi-stage constrained MPC method which has larger
operating region than, but similar computational complexity to, conventional MPC
for a given horizon N. Equivalently, the proposed strategy has numerical efficiency
similar to conventional MPC with smaller horizon. Therefore, it is advantageous in
applications that demand the control action to be derived on-line and with limited
computational effort. The proposed strategy relies on a pre-computed sequence of
j-step admissible sets, where the j-step admissible set is the set of states from which
the system can be driven to the terminal set in j steps. Given the pre-computed
admissible sets, multi-stage constrained MPC first determines the minimum number
I of steps required to drive the state to the terminal set. Then, it steers the state to
the (I — N)-step admissible set if I > N, or to the terminal set otherwise. The off-line
computation of the sequence of admissible sets has been presented, and the feasibility
and stability of multi-stage MPC for systems without and with disturbances have
been shown. A numerical example has validated that multi-stage MPC with N =5

can stabilize a system that requires conventional MPC with N > 14 in the absence
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of disturbances, and requires MPC with N > 22 when affected by disturbances.
The limitations of the proposed multi-stage method are that the computation of
the admissible sets can be challenging, and that it cannot be extended to nonlinear

systems directly.
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Chapter 3

Robust Model Predictive Control
of Constrained Nonlinear Systems
— Adopting the Non-squared

Integrand Objective Function

3.1 Introduction

Various existing approaches have addressed the applicability of the finite horizon op-
timization and the closed-loop stability of a system with MPC. For linear systems
in particular, stabilizing MPC controllers and their synthesis have been studied ex-
tensively [42,49,68,70,71,89,92,104]. In comparison to the well-developed MPC
schemes for linear systems, research on MPC strategies for nonlinear systems remains
challenging. For deterministic nonlinear systems, the recursive feasibility of the op-
timization and the closed-loop stability of the system with MPC can be guaranteed
by introducing equality constraints [69] or terminal state constraints [12] in the opti-
mization.

For nonlinear systems with disturbances, some existing works have investigated
the inherent robustness of an MPC strategy which they first designed for the system
without disturbances [32,33,67,91,116]. Other existing works have proposed vari-
ous strategies for the design of robust nonlinear MPC, including min-max MPC [85],
input-to-state-stability (ISS)-based MPC [17,66], Lyapunov-based MPC [72,73], con-
traction based MPC [13,18]. However, those prior strategies need to introduce ad-
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ditional constraints to bound cross terms arising in the variation of the Lyapunov
function between successive time instants. The introduction of additional constraints

can be avoided by designing a Lyapunov function without cross terms.

3.1.1 Objective, Contributions and Chapter Organization

Inspired by [4,21,45], this chapter investigates the robust stability of nonlinear MPC
for continuous-time systems with control constraints and external disturbances by
adopting a non-squared cost function. Compared to [21] which uses a non-squared
stage cost and a stability equality constraint difficult to satisfy in practice [74], the
strategy proposed in this chapter uses an integral non-squared cost and a non-squared

terminal cost. The contributions of this chapter are three-fold.

e The proposed non-squared cost function provides robustness to disturbances
without imposing additional stability constraints on the state trajectory. Specif-
ically, the non-squared cost function is sufficient for robustness because no cross
terms appear when evaluating the cost variation between successive time in-

stants.

e The weighting matrix of the terminal cost function is designed to serve as a local
control Lyapunov-like function, and the invariant set is constructed accordingly.

As a result, the non-squared cost can be treated as a quasi-infinite horizon cost.

e A recursive feasibility and robust stability analysis establishes that, for a given
disturbance level, the appropriate design of the sampling interval can guarantee

that the system state enters and remains in a robust positively invariant set.

In the remainder of this chapter, Section 3.2 formulates the problem, recalls some
preliminary results and shows how to design the terminal weighting matrix associated
with the terminal cost. Section 3.3 derives sufficient conditions for the recursive
feasibility and for the robust stability of the proposed control strategy. Section 3.4
demonstrates the effectiveness of the proposed method through simulations.

Notation: The superscript “T” denotes the matrix transposition. For a matrix
A € R™™ X(A) and A(A) denote the maximum and minimum eigenvalues of A,

respectively. For a vector x € R™, ||z||p denotes the P-weighted norm of the vector z
and is defined as ||z||p = VaTPx.
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3.2 Preliminaries

Consider the nonlinear system with additive disturbances
w(t) = f(x(t), u(t)) + w(t), x(to) = o, t 20, (3.1)

where z(t) € R" represents the system state, u(t) € R™ the control input, and
w(t) € R™ the additive disturbances. The disturbances are bounded in a compact
set W, and 0 € W C R™. The control signal of the system in (3.1) is constrained as
follows

u(t) U, t>0, (3.2)

where U is a compact set containing the origin in its interior.

The nominal dynamics associated with the system in (3.1) are

z(t) = f(2(1), ult)). (3-3)

The following fairly standard assumptions [12,51] are imposed on the system
in (3.1).

Assumption 3.1. (a) The function f: R"xR™ — R"™ in (3.1) is twice continuously
differentiable and satisfies f(0,0) = 0; (b) For any initial condition xy € R"™ and any
piecewise right-continuous u : [0,00) — U, the function in (3.1) admits a unique

solution.

Remark 3.1. Assumption 3.1 implies that f(x,u) is Lipschitz continuous with respect

to x for x in a compact set. Specifically, given x € D, where D is a compact set, the

following holds: || f(x,u) — f(2',u)|| < L||x — 2'||.

Assumption 3.2. The linearized dynamics of the nominal system in (3.3) around
the origin are stabilizable, i.e., for (t) = Az(t) + Bu(t), where A = %(0,0) and
B = %(O, 0), there exists a matriz K with an appropriate dimension such that Ax =
A+ BK is stable.

Before presenting the robust constrained MPC strategy, we recall some definitions
from [7] that will be used throughout the chapter.

Definition 3.1. A set Q@ C R" is a positively invariant set for the system x(t) =
f(x(t)), if x(t) € Q, t > to, Ya(ty) € Q.
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Definition 3.2. A set QQ C R"™ is said to be a robust positively invariant set for the
system ©(t) = f(x(t)) +w(t), if x(t) € Q, t > to, V(ty) € Q and Vw(t) € W.

This chapter adopts the non-squared objective function

th T
s = | (nx(s;tk)uQ T Hu(s;muR) ds 4 2t + Tst)llps (3.4)

where 7' is the prediction horizon and @) and R are weighting matrices satisfying
@ > 0, R > 0. P is the terminal weighting matrix which is to be designed in

Lemma 3.1. At time instant t;, the following optimization is solved
t+T
a(s;tk)gg{g,tﬁﬂ J(t) :ﬂ(s;tk),rg*}éi[i,tk—i-ﬂ /tk (HCL‘(S, filllo + ffus: tk)HR) ds
+ ||Z(te + T t) || p, (3.5)
subject to :
(s;te) = f(z(s;tr), u(s;ty)), s € [te, tx + T,
(s;tx) € U,
T(ty + T5t) € Qqe.

S

Sl

Here, €). is a positively invariant set which will be designed in Lemma 3.1, and « is
a shrinking factor satisfying a € (0, 1) which will be determined in Section 3.3. After
computing the optimal control signal u*(s;tg), s € [tx,tx + T, the control signal
u*(s;ty), s € [ty tr+1) is applied to the system in (3.1). At the next time instant
tr11, the system state is updated, and a new optimization is solved.

To launch the optimization in (3.5), we need to know a priori the positively
invariant set (). and construct an appropriate terminal weighting matrix P. The
lemma below provides the design procedure for P and shows that the terminal cost

|Z(tx + T;tr)||p can be treated as a control Lyapunov-like function.
Lemma 3.1. For the nominal system in (3.3), if Assumption 3.2 holds, then,

(a) there exists a unique positive definite matriz P* for the following Lyapunov equa-
tion
(Ag + kD)TP* + P*(Ax + kI) = —Q*, (3.6)

where Q = 2(1 + az), /3@, a2 = /AT 1 e [0, —X(Ay);
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(b) a neighborhood of the origin
Q.={x eR": ||z||p <€} (3.7)

can be constructed with P = \(P*)P* such that

1. The state feedback controller u(t) = Kx(t) within the set . satisfies the
control constraints, i.e., Va(t) € Q., u(t) = Kx(t) € U;

2. Vx(ty) € €, for the nominal system in (3.3) equipped with the state feed-
back control law u(t) = Kx(t), we have x(t) € Q., Yt > to;

3. Vx(ty) € Q., the terminal cost ||xz(ty)||p can serve as a control Lyapunov-

like function in the sense that

ty+6
/ (lz()lle + l[u@®)r)dt < lz(ti)llp — |lz(te + )| p, (3.8)

173
or in the differential form

d

S Ule@llp) < =(llz®)llo + [[u(®)lr)- (3.9)

Proof. (a) By definition, we have @* > 0. From the definition of &, it follows that the
matrix Ax + I is stable, i.e., all the real parts of its eigenvalues are negative.
Thus, the Lyapunov equation in (3.6) admits a unique positive definite solution
P*.

(b) 1. Since the control constraint U is a compact set containing the origin in
its interior, and the state feedback control law wu(t) = Kxz(t) is a linear
mapping, we can always find a positive constant & such that within the
region specified by ¢ < & Q. = {x € R" : ||z]|p < e}, Kz(t) € U for all
z(t) € Q.. This completes the proof.

2. The proofs of the remaining parts are provided hereafter. Differentiation

of the terminal cost with respect to t gives

do _ ()T (AR P+ PAg)a(t) + 22(t) " Po(x(t))
Z(z®)]e) eI ,

(3.10)
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where ¢(x(t)) = f(z(t), Kz(t)) — Agx(t). Denote

Js = lle@llq + llu®)l 7
= [lz®llq + [l®) k7 k-

Note that
MKTRK)
lot0lcrr < >3 lol0le (3.11)
and
e (®) i > A(f(—gmua:(w@, (3.12)

and combine (3.11) and (3.12) to yield

MKTRK) MKTRK)
(1 T W) lz(t)]lo < Js < (1 + W) [zl q-

For the simplicity of presentation, denote

o — A(KTRK) o — X(KTRK)
VX 0 TN @

(14 a)llz(@)lle < Js < (1 + ag)llz(t) e,

then,

—(I+a)lz(t)]lo < =Js < =(1+ ar)[lz(t) -

Thus, Inequality (3.9) holds if the following relatively conservative inequal-

ity holds
d UlE®lp) < =1+ as)llz(t)llo- (3.13)

From (3.10), Inequality (3.13) can be further replaced by

r(t)T(ALP + PAg)z(t) + 2x(t) " Po(x(t))
2||lz()l
—(1 4 )z (?) |- (3.14)
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Inequality (3.14) is equivalent to

v(t) (A P+ PAg)x(t) 4+ 22(t) T Po(x(t))
< =2(1 + ag)[z(8)llllx ()] p- (3.15)

Considering that

2L 2 )l < l®)]lp < %nx(wn@

Q)

the right-hand side of (3.15) is upper and lower bounded by

Therefore, Inequality (3.15) holds if the following inequality holds

()N (AR P+ PAg)z(t) + 22(t) T Po(x(t))
(3.16)

< _2(1 + O{Q) )\(Q)w(t)Tng(t)

Inequality (3.16) can be rewritten as

P AK> () + 22(8)"

T T P
i C“Km AP

< —2(1+az), A(lQ)x(t)TQm(t). (3.17)

P and Q* = 2(1 + ay), /@Q. Since —H‘ﬁ;“z%)“)ﬂp -0

Denote P* = 7T
as ||z(t)||p~ — 0, there exists a neighborhood around the origin such that

l¢@@)llp* < k holds.

(&) p=
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Moreover, the left-hand side of Inequality (3.17) can be further written as

r()Y(ALP* + P*Ag)x(t) + 22(t) " P*o(x(t))
=a(t) [(Ag + k)T P* + P*(Ag + kI)]z(t)
—22(t) ka(t) + 22 ()T P*o(x(t))
= ()T Q x(t) + 2z ()" P p(x(t)) — 2k (t) " P*a(t). (3.18)

The last two terms in (3.18) are upper bounded as follows

22(t) T P*¢(x(t)) — 262 ()T P*a(t)
< 2[(P*)2a(t)] [(P*)26(x(t))] — 2w (t)T P a(t). (3.19)

Substituting % < k into (3.19) leads to

2(llx(@)llp-llp(x(t)l|p- — r(t) Pra(t)]
< 2[kx(t)" P*a(t) — ka(t)" P*a(t)]
= 0.

l[¢C(E)] P

Therefore, provided that the condition 120 pe

(3.17) holds. This completes the proof.

< k holds, Inequality

]

Remark 3.2. Note from (3.8) that, Va(ty) € Q., we have [, ([[z(t)llo+[[u(t)]|r)dt <

\|x(te)||p, Y(tx). In other words,when starting from a feasible initial point x(ty), the

proposed state feedback controller effectively upper bounds the infinite horizon cost.

Therefore, the cost function in the optimization in (3.5) can be regarded as a quasi-

infinite horizon cost function.

Remark 3.3. The results in Lemma 3.1 are sufficient conditions, and thus, are most

likely conservative. To make the conditions in Lemma 3.1 less conservative, the fol-

lowing procedure is applied to enlarge the invariant set.

Given ), compute Q* as

AMKTRK)

Q" =2(1+ ay) LQ, where ay = @)

A@)
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Step 2: Choose k from [0, —\(Ak)), then compute P* using (3.6), and thus P. In-
troduce a shrinking factor ~v. Decrease v from 1, and at the same time, compute

the corresponding € as follows.

Denote P = vP, and find the mazimum € such that the optimal value of the

following optimization is negative

Jy = max {Z‘Tpf(% Kz) + [zl p(l=llq + IIKIUIIR)}, (3.20)

subject to :

lzllp <,

where Equation (3.20) is obtained using (3.9) and (3.10).

Through simulations, we observe that as vy decreases, € also decreases. Thus, a
tradeoff is required between vy and €. The criteria we take are: 1) € should be as large
as possible, to increase the disturbance level that can be tolerated; 2) the eigenvalues of
v P should not be too large to make the results less conservative. We select an € in the

feasible region such that a change in € induces a negligible change in the eigenvalues
of 7P.

At each updating time instant ¢, the associated trajectories for the nonlinear
system in (3.1) are defined as follows: x(s;t)) represents the actual state of the
system at time s with the control signal u*(s;ty); z*(s; ) is the optimal state of the
nominal system at time s with the optimal control signal @*(s;tx); 4*(s;tx) is the

assumed control signal generated as

u*(s;tk—1), s € [ty t1 +71),
(s 1) = (s5th-1) e, o1+ T) (3.21)
Ki“(s;tk), S € [tk,1 + Tt +T],

where 2%(s;t;,) is computed using 2(s; t;) = f(2%(s;tr), 4%(s;ty,)) with 29(t: t,) =
x(tg)-

Due to the disturbances, the optimal nominal system state will deviate from the
actual system state. The following lemma which is used in [51] provides an upper

bound of the deviation.

Lemma 3.2. 1. The discrepancy between the optimal nominal system state and
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the actual system state is upper bounded by
z(s:ts) — 25 (s te) |l p < MP2)p(s — ty)eXC) | s € [ty, tr + T, (3.22)

where p is the maximum disturbance level, i.e., max;>q ||w(t)||p < p, and L is

the Lipschitz constant of f(x,u) within the compact state space of interest.

2. The discrepancy between the assumed system state and the optimal nominal

system state is upper bounded by

1% (83 thea) — T (s3k) | P

“(
< MP2)pdeldelts—tir), (3.23)

where d is the sampling interval and L is the Lipschitz constant.

x(t, +T;t,.,)

---------- )’&a (tk+l + T’ tk+l)

Figure 3.1: A robust MPC diagram.

Before presenting the main results, the main idea of the proposed robust MPC
strategy is illustrated in Figure 3.1. Suppose that an optimal control signal w*(s;ty),
s € [tr,ty + T, given at time instant ¢ can steer the nominal system in (3.3) into
the positively invariant set €2,.. Due to the disturbances, the optimal control signal
u*(s;ty), s € [tg, tx + d] will steer the state of the system in (3.1) x(tx41), instead of
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T*(tky1; tr) at time fx41. An assumed control signal a®(s;tx41) as in (3.21) can be
constructed. The assumed control signal will be feasible if the following conditions
hold: 1) at time instant ¢ + 7', the assumed system state (¢ + T';t1) enters the
positively invariant set €2.; 2) within the positively invariant set €. (contracting set),
the system state enters the terminal set {2, imposed in the optimization in (3.5)

during the time interval [ty + T, ¢, 1 + T).

3.3 Main Results

Successful implementations of robust MPC require repeatedly solving the optimiza-
tion in (3.5). This section derives sufficient conditions for the recursive feasibility
of the proposed MPC with a non-squared cost function. It also shows that, under
some mild conditions, the system state will enter and remain in the robust positively

invariant set.

3.3.1 Recursive Feasibility

Lemma 3.3. For the system in (3.1), if the optimization in (3.5) is feasible at time
instant ty, then it is also feasible at time instant ty.q, provided that the sampling

interval satisfies the following condition

(1—-a)e

A (3.24)
pelTA\(Pz2)

1
——lha<i<
B

where = (\/)‘(Q) + \/A(KTRK)> , and that the disturbances are upper bounded by

A(P) A(P)
max — _(1 B a)e/B . (3‘25)
eLTA(P2) In o
Proof. In the constrained optimization in (3.5), the terminal state satisfies
127 (tk + T )| p < e (3.26)

According to Lemma 3.2, the discrepancy between the assumed system state and the

optimal nominal system state is upper bounded as in (3.23). Substituting s =t + T
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into (3.23) gives
12%(ts + T tos1) — 2 (ts + T te) |l p < A(P2)poe". (3.27)
Combining (3.26) and (3.27) leads to

12%(tk + 15 trg)| P
<||z*(tx + T3 ty)|| p + /_\(P%)pdeLT
< as + A(P2)psetT.

(1 a)e
A(Pz)

Considering the condition < , it follows that

A(P2)pse™” + as < e. (3.28)
Inequality (3.28) implies that %(tx+7'; tx11) enters the positively invariant set. Using
Lemma 3.1 together with the Lyapunov function V (2%(t)) = ||2%(t)||p yields

V(@(1)) = %(Hi’”(t)llp)

(llg + 1t ||R)

< \/ \/ KTRK HA%)HP (3.20)

For the simplicity of notation, let § = (\/A(Q) + \/ KTRK ), then V(i%(t)) <
—BV(%(t))-

From the comparison principle and (3.29) it follows that

IN
|
—

V(2% (s tr41)) < V(@ (tk + T tigr))e 70700,
and if § > —% In o holds, that
V(2 (thgr + T tgsr)) < e. (3.30)

Inequality (3.30) indicates that the terminal state of the assumed state trajectory sat-

isfies the terminal inequality constraints in the optimization in (3.5). This completes
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the proof. O

Lemma 3.3 shows that the proposed MPC with non-squared cost is guaranteed
recursively feasible if the sampling interval satisfies (3.24) and the disturbances are

upper bounded as in (3.25).

3.3.2 Stability

As pointed out in [70], recursive feasibility does not necessarily ensure stability. This
section analyzes the stability of the proposed control strategy. The following theorem
states the conditions under which the state of the nonlinear system in (3.1) with the

control scheme proposed in (3.5) converges to a positively invariant set.

Theorem 3.1. Given the system in (3.1) with the control generated in (3.5), if As-
sumptions 3.1 and 3.2 hold, the sampling interval satisfies (3.24), the disturbance is

X

upper bounded by p™** as in (3.25), and there exists a positive constant pair (e, ()

satisfying € + ¢ < 1 such that the following conditions hold

MQ) (1 —a)e A
P I <(1—e€—Q)y | == ade, (3.31a)

(3.31h)

then, the system state converges to the positively invariant set Q. in finite time.

Proof. The change of the cost function along the system trajectory between time



instants ¢ and ¢, is evaluated as

I (k1) = T () < J(tgr) — I (k)

tpp1+T

(||-fa(5;7fk+1)||cz n Ha%s;tkH)HR) s

+ 12 (s + T trg) | p

tk+T
-/ (||az*<s;tk>||Q+ |ra*<s;tk>||R)ds
173

totT
-/ (||aea<s;tk+1>||Q sl
lkt1

tet1

(s b e — ||u*<s;tk>||R) s

tk+1+T
-/ (uf“(s;tkmucg T ||aa<s;tk+1>||R)ds
totT

+ 12" (thgr + Titera) |lp — |27 (8 + T3 ti) || p

tet1
- / (17 (s ) o + 1 (5: ) | ) ds.

123

Term (3.32a) is upper bounded as follows

tp+T
/ <||55a(3;75k+1)||Q sl
tkt1
(s b — ||u*<s;tk>||R) s

tp+T
-/ (uws;tkan - W(s;tmu@)ds
tet1

tp+T
< / 185 i) — 7 (3 1)l ods.

lkt1

According to Lemma 3.2, the right-hand side of (3.33) is upper bounded by

12985 trsr) — T () || p < AN(P2)pdeldels—trrn),
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(3.32a)

(3.32b)

(3.32¢)

(3.33)

(3.34)
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Substituting (3.34) into (3.33) yields

tp+T
/ |2%(s5tht1) — Z7(s5 k)| ods

tkt1

tk+T
|| (s;tpr1) — T*(s;tg)|| pds
tk+1
tk+T
|3 /t,m

The bound on (3.32a) can be simplified as follows

t\.’)\»—‘

P3)pdellel =t s, (3.35)

tp+T )
/ A(P2)pdeltsHo=tert) g

tet1
e+ T
)p(S/ el(s+—tit1) g g

te+1
oLT _ Lb

w\»—'

AP

(3.36)

Therefore, Term (3.32a) is upper bounded by

te+T
/ (Ilr%“(s;tm)HQ s )l
tkt+1
(s b — ||u*<s;tk>||R) s

MQ) (1 - a)e
< P L (3.37)



For Term (3.32b), according to Lemma 3.1 and (3.8), we have

teyp1+T
/ QMWamHnm+wm%amﬂnm)ﬁ
t

ot T

N2 (e + Tster)llp = 12 (6e + T i) || p
<2t + Titis) lp — |2 (Etn + Tt [ P

12 (e + Ts o)l p — 127 (8 + T te) || p
= [|&°(tk + T trr)llp — |27 (8 + T t0) || p
< |[|2* (s + T tpsr) — 25 (b + T i) | -

In light of Lemma 3.2, Term (3.32b) is bounded by

Ttk + Tstpn) — 2" (e + T )|l p
/_\(P%)péew.

Term (3.32¢) is upper bounded by

tet1
- / <llf (siti)lo + [lu (s;tka) ds
12
tea1
<= [ st s
122
Considering
lz(site) — T (site) || p < M(P2)p(s — ty)eb 57t
it follows that

1Z*(s:te)||p = € — A(P2)pde™ for s € [ty tra.
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(3.38)

(3.39)
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Therefore, Term (3.32¢) is evaluated to be upper bounded as

- /t'kkJrl 15 (s: ) lods < — % /tkHl |1Z* (55 te) || pds
A(Q) T/l L
< _\/;((€ — M(P2)péet)s

AQ)
< — maég, (3.40)

where the last inequality follows after using (3.28).
Finally, the difference of the cost function between J*(t;41) and J*(t;) satisfies

T (tgs1) — J(tgs1) —

1/ ,/ L= e S phypsel™  (3.41)

Substituting (3.31a) and (3.31b) into (3.41) gives

J*(tk+1) — J*<tk) S —C %&58. (342)

Using (4 /%aée > 0, it follows that any trajectory of the system in (3.1) starting
from a feasible initial point will enter the set €). in finite time. This completes the

proof. n

Remark 3.4. The positively invariant set ). characterized by € plays an important
role in proving stability, recursive feasibility and convergence to a set. However, an
extremely small positively invariant set (as in the case of [92]) could result in a small
domain of attraction, which would restrict the applicability of the proposed control
strategqy. A possible remedy is to exploit the idea introduced in [36]. In [36], in order
to steer the system with initial state xq to the target domain Dy, the authors developed
the expansion sets By (Do, €), E3(Do,€), -+, (See Sections 3.1 and 3.2 in [36]), and
derived the controller by solving a set of inequalities obtained directly from the system
equation. Using the expansion sets constructed in [36], the terminal constraint Q).
in the optimization in (3.5) can be replaced with By (Q,€) at time to. For the suc-

cessive optimizations, the terminal set can be updated continuously with E}_I(QE, €),
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El}_Q(QE,E) until E?(Qg,e) = Q.. Recursive feasibility, stability, and convergence of

this strategqy deserves further research.

After the system state enters the positively invariant set ()., the fixed state feed-
back control law u(t) = Kxz(t) will be adopted. The following theorem guarantees
that there exists a robust positively invariant set where the state will stay if the

disturbance is bounded in a certain level.

Theorem 3.2. For the system in (3.1), assume that the system state has entered the
positively invariant set Q., and the state feedback control law u(t) = Kx(t) is adopted
within the positively invariant set.. Then, for any positive constant B € (0,1), if the
disturbance level is further bounded by p < %—

2A(P)A(P2)
proposed in this chapter, the set Qz. = {x € R" : ||z|[p < Be} will be a robust

, using the robust MPC' strateqy

positively invariant set for the system in (3.1).

Proof. Based on (3.6), the differential form in (3.10) is

d —2()TQ*x(t) + 2z(t)T Pw(t)

(3.43)

For any /8 € (0,1), if z(¢) is not in the set Qp. = {x € R" : ||z||p < Be}, in view
of lw®)|| < p= %, the numerator in the right-hand side of (3.43) is upper
2
bounded by

—2() ' Q* x(t) + 2z(t)T Pw(t)

< _A;g )> le(®)lI + 205 PH - [IpH] - ()]

<0.

Therefore, the system state will asymptotically converge to the set (24..
Once the state enters the set (24, the line of thought in [74] can be followed to
show that, the system state will stay within this set. This completes the proof. [

Algorithm 6 summarizes the implementation procedure for the proposed robust
MPC strategy.

Remark 3.5. When the system state enters the positively invariant set 2., it is
still valid to implement the MPC' strategy, instead of using the dual-mode controller
u(t) = Kx(t). The robustness to disturbances of the MPC strategy relies on the
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Algorithm 6 Robust MPC-Adopting the non-squared integrand objective function
Initialization:
The system dynamics in (3.1), the control constraints u(t) € U, and the
disturbance bound w(t) € W; the weighting matrices @), R in the optimization
in (3.5), and the prediction horizon 7.
Step 1:

Compute the terminal weighting matrix P and the associated positively in-
variant set (). according to Lemma 3.1.

Step 2:

Use (3.24) to compute the values that the sampling interval § can take; further-
more, use Theorem 3.1 to choose a sampling interval § compatible with (3.24)
and with (3.31). In this process, determine a shrinking factor c.

Step 3:

At each time instant ¢, solve the optimization in (3.5) with the P, «, €. and
0 computed above. Apply the resulting optimal control signal to the system
in (3.1) from t to ¢ + 9.

Step 4:

Repeat Step 3 until the system state enters the positively invariant set €)..
Then, apply the state feedback control law u(t) = Kx(t).

continuity property illustrated in [32], where it is shown that small disturbances can
be tolerated.

Remark 3.6. When the continuous-time MPC controller proposed in this chapter is
implemented in a sampled-data fashion, several stability issues may arise as pointed

out in [79]. These issues will be addressed in further research work.

3.4 Illustrative Example

To demonstrate the effectiveness of the proposed robust constrained MPC scheme,
the results developed in Section 3.3 are applied to the numerical example adopted

in [12,69]. The system dynamics are

7a(t) + () (u + (1 — ) (1)), (3.44a)
1 (8) + ult) (1 — 401 = pa(t)) + w(t). (3.44b)

(1)
(1)

Il
8

It can be verified that, for p € (0,1), the linearization of the nominal system
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in (3.44) around the origin is stabilizable, which satisfies Assumption 3.2. The control

constraints are

U= {u(t) € R': —=2.0 < u(t) < 2.0}. (3.45)
The weighting matrices @) and R in the cost function of the optimization in (3.5) are
set as
05 0
- ., R=10. 3.46
o= 0] 040

In the following simulation, pu is chosen as 0.9, and then the corresponding linearized

nominal model of the system in (3.44) is

i(t) = [ ? (1) ] 2(t) + [ 81 ] u(t). (3.47)

The stabilizing state feedback control law is obtained by solving the linear quadratic

regulator problem for the system in (3.47) with the weighting matrices in (3.46)
K=|-13030 ~13030 |,

Then, the eigenvalues of the matrix Ax = A+ BK are A\; = —1.0000, Ay = —1.3454.
Choosing k£ = 0.95 ensures that the Lyapunov equation in (3.6) admits a unique

positive definite solution

p_ | 49633 —00367
| —0.0367 4.9633 |

According to Lemma 3.1, the positively invariant set is a ball with radius € = 0.6,
ie.,

Q. ={z eR?: ||z||p < 0.6}. (3.48)

Following the method in [44], the Lipschitz constant is calculated as L = 1.4181.
Based on (3.25), the maximum disturbance level that the system can tolerate is
w(t) < p™®* = 0.004, and the sampling interval should obey 0.3332 < ¢ < 1.2234 for
guaranteed recursive feasibility. The remaining parameters are selected as T'= 1.2 s,
0 =0.34 s and a = 0.9, to satisfy Lemma 3.3 and Theorem 3.1 with ¢ = 0.2870, { =
0.4876.
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Figure 3.2: The control trajectory with initial point (0.4 0.55).
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Figure 3.3: The state trajectory with initial point (0.4 0.55).

The effectiveness of the proposed MPC with non-squared cost is demonstrated by
applying Algorithm 6 to two initial points: (0.4 0.55) and (0.9 0.55). The simulated
optimal control trajectories associated with the two points, depicted in Figures 3.2
and 3.4, show that the control constraints in (3.45) are satisfied. The corresponding
simulated state trajectories, shown in Figures 3.3 and 3.5, illustrate the convergence
to the origin of the nonlinear system in closed loop with the MPC with non-squared
cost.

Figures 3.3 and 3.5 also contrast the proposed nonlinear MPC strategy to the
strategy in [74] which guarantees stability by requiring that the prediction horizon
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Figure 3.4: The control trajectory with initial point (0.9 0.55).
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Figure 3.5: The state trajectory with initial point (0.9 0.55).

be shorter at time ¢, than at time t;_;. These figures illustrate that the algorithm
proposed in this chapter converges faster than the algorithm in [74] because it imple-
ments an MPC strategy that exploit a control effort which is initially high and then
rapidly decreases to zero.

For the deterministic case, Figures 3.6 and 3.7 compare the MPC strategy pro-
posed in this chapter to the strategy introduced in [12]. These figures show that MPC
with non-squared cost generates a higher initial control effort and therefore, converges
faster than the MPC in [12].

Since the derivations in Lemma 3.3 and Theorem 3.1 rely on the Lipschitz continu-
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Figure 3.6: The state trajectory with initial point (0.9 0.55).
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Figure 3.7: The control trajectory with initial point (0.9 0.55).

ity of the system dynamics, the results are likely conservative. The conservativeness
of the proposed method can be shown by setting the disturbance level p = 0.05. Sim-
ulation results show that the state trajectory of the closed-loop system converges to

the origin although ¢ is larger than the upper bound computed in Lemma (3.3).

Remark 3.7. Although the Lipschitz condition is commonly used in [24,32,33,67, 91,

116] [74], the results established are conservative mainly due to the following reasons:
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1) the Lipschitz constant is estimated to be the mazimum value over a certain state-
space region; the analysis always uses the mazimum value; 2) the derivations assume
that the discrepancy between the predicted and the actual state trajectories is always
expanding which is not always the case.

Some promusing directions that may lead to effective algorithms without exploiting

the Lipschitz continuous condition are as follows.

- For contractive nonlinear dynamics [58, 101], a robust MPC' strategy can be

designed exploiting this contractive property.

- The optimization associated with the MPC strategy is solved in an open-loop
fashion, although the implementation of the strateqy is essentially in a closed-
loop form. Therefore, for (locally) constrained controllable nonlinear systems,
their controllability can possibly be used to design a closed-loop form of MPC' as
in the case of [104].”

3.5 Conclusions

This chapter has proposed a new robust MPC strategy for general constrained non-
linear systems with control constraints and additive disturbances. The cost function
in the optimization associated with the proposed MPC strategy includes an integral
non-squared stage cost and a non-squared terminal cost. Provided that the Jacobian
linearization of the nonlinear system around the origin is stabilizable, proper design
of the terminal weighting matrix ensures that the terminal cost is a control Lyapunov
function. Moreover, the resultant cost function serves as a quasi-infinite horizon cost.
The chapter has established sufficient conditions for the recursive feasibility of the
optimization and for the robust stability of the closed-loop system with the proposed
MPC strategy. It has shown that, for a given disturbance level, appropriate design
of the sampling interval guarantees that the system state enters and remains in a
robust positively invariant set. The effectiveness of the proposed MPC scheme has
been demonstrated through a simulation example. Because the derivations use the
Lipschitz continuity property of the nonlinear system dynamics extensively, the es-
tablished results are conservative. Strategies to reduce the conservativeness of the

proposed method will be pursued in future work.
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Chapter 4

Robust Constrained Model
Predictive Control Using

Contraction Theory

4.1 Introduction

The MPC theory for linear systems has been developed systematically. However, the
MPC methods for nonlinear systems are still ad hoc. In [69], the closed-loop stabil-
ity of a deterministic nonlinear system has been guaranteed by adding an equality
constraint to the optimization that yields the control signal. This equality constraint
is difficult to satisfy given the iterative nature of the optimization, and has been re-
placed with an inequality constraint in [74]. In [12], the closed-loop stability has been
ensured through a terminal weight matrix design which transforms the resulting cost
of the optimization into a quasi-infinite horizon cost. The strategies in [12, 69, 74]
are not suitable for nonlinear systems with disturbances. For such systems with an
available control Lyapunov function, the existing control Lyapunov function has been
incorporated into the optimization that yields the control signal [72,73]. A common
assumption in nonlinear MPC is that the system has Lipschitz continuous dynam-
ics [50,57,74]. The Lipschitz continuity condition property is then used to upper
bound the deviation between state trajectories with different initial states, and, thus,
to ensure feasibility and stability. However, the upper bound on the trajectory devi-
ation grows exponentially with the receding horizon. Therefore, conventional robust

nonlinear MPC based on Lipschitz continuity is applicable to systems with small dis-
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turbances and short prediction horizon and, thus, may have limited the feasibility

region.

4.1.1 Objective, Contributions and Chapter Organization

This chapter proposes a novel robust MPC which exploits the contractive property
of a class of nonlinear systems. The new strategy aims to overcome the drawbacks
of the general Lipschitz continuity property by taking advantage of the contracting
system dynamics. Motivated by fluid mechanics, the contraction theory of nonlinear
systems has been introduced in [58], and has been extended to nonlinear distributed
systems in [61] and to resetting hybrid systems in [98]. Contraction has also been
used to analyze the stochastic incremental stability [80]. Applications of contraction
theory have been illustrated for mechanical systems in [59], and for networked systems
in [101]. This chapter assumes that there exists a tube-like region along the nominal
state trajectory predicted at time ¢y and designs a robust MPC strategy which relies
on the contracting system dynamics within this tube. The contributions of this

chapter are three-fold:

- It develops a novel robust MPC method for nonlinear systems contracting in a
tube-like region along the nominal state trajectory predicted at ty. It also upper
bounds the deviation between the nominal and the actual state trajectories,

when they are both within the contraction region.

- It establishes two conditions which together are sufficient for the recursive fea-
sibility of the proposed MPC: (i) the nominal state trajectory and the assumed
state trajectory should be within the contraction region; (ii) the optimization
at time instant ¢;;; should be feasible given that it is feasible at time instant
tg.

- It shows that the recursive feasibility of the control signal is sufficient for guar-

anteed stability of the contracting nonlinear system with MPC.

The remainder of this chapter is organized as follows. Section 4.2 introduces the
proposed robust MPC strategy, and upper bounds the deviation between the actual
and the predicted state trajectories. Section 4.3 establishes sufficient conditions for

the recursive feasibility of the optimization that yields the MPC signal. Section 4.4
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shows that the proposed robust MPC strategy asymptotically stabilizes the closed-
loop nonlinear system with disturbances. Section 4.5 illustrates the proposed method
through a simulation example. Section 4.6 draws the conclusions of this work.

In this chapter, the superscript “T” stands for matrix transposition; R” denotes
the n-dimensional Euclidean space; for a matrix P, P > 0 (P > 0) means that P is
real symmetric positive definite (positive semidefinite); for a vector x € R", ||z||2 is
its Euclidean norm and ||z||p = V2T Pz is its P-weighted norm.

4.2 Robust MPC for Contracting Systems

Consider the nonlinear system with additive disturbances
#(t) = F((t), ult)) +w(t), 2(to) = 30, t > 0, (4.1)

where x(t) € R" is the system state, u(t) € U C R™ is the constrained control
input and w(t) € W C R” is the bounded additive disturbance satisfying pmax =
max; ||w(t)||ar. The sets U and W are both compact and contain the origin in their

interiors. The nominal dynamics of the system in (4.1) are

2(t) = f(2(1), u(t)), (4.2)

and obey two assumptions in this work.

Assumption 4.1. The linearization around the origin of the nominal dynamics
in (4.2) is stabilizable, i.e., a matriz K with appropriate dimensions exists such that
(A+ BK) is stable, where A = %kom and B = %ko,o)-

Assumption 4.1 is fairly common in nonlinear MPC [12, 20], and the following

lemma follows if Assumption 4.1 holds for the nominal dynamics in (4.2).

Lemma 4.1. A control positively invariant set Q, = {x : ||x||p» < a} with respect to
a matriz M > 0 exists for the nominal nonlinear dynamics in (4.2) with the static
feedback control u(t) = KZz(t).

Assumption 4.2. An MPC signal exists that, over the prediction horizon T, steers
the nominal dynamics in (4.2) to Q. along a trajectory *(t) = f(z*(t),u*(t)), z*(ty) =

Tg, such that
of T 0
—J_C M—I—M—J_CS—BM, Vz € 6, (4.3)
ox ox
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with constant 5 > 0, constant | > 0, O, =: {Z : ||z —Z*(s;to)||amr < 1, Vs € [to, to+ T},
and Q, and M given in Lemma 4.1.

Assumption 4.2 replaces the typical nonlinear MPC requirement that f(x,u) be
Lipschitz continuous with respect to x and u. This assumption guarantees the exis-
tence of an MPC strategy that, over the prediction horizon T, can steer the nominal
system in (4.2) to Q, along a trajectory z* which is the medial axis of a tube-like
region ©; of the state space of (4.2). Given Assumption 4.2, Theorem 2 in [58] guaran-
tees that any nominal state trajectory which starts in the tube ©; remains in ©; and
converges exponentially to z*. Assumption 4.2 uses a particular type of contraction
region, obtained from the generalized contraction region defined in [58] for a constant
metric M. The extension of the robust MPC strategy introduced here to nonlinear
systems contracting with respect to a uniformly positive definite metric M (x,t) [58]
is a topic of future work.

Given the system in (4.1) with Assumptions 4.1 and 4.2, this chapter proposes a
robust MPC control strategy whereby:

1. At the initial time instant ¢, the control signal is obtained by solving

u*(t; to)
to 4T
—argmin / (Iz(s: o)l
+ l[als: to)llr ) ds + 1 (to + T to)ll (4.4a)
subject to:
z(s;to) = f(2(s5t0), u(s;t0)), T(to;to) = 2(to),
s € [to, to+ 11, (4.4b)
u(s;to) € U, s € [to,to + T,
%TM + M% < -BM, 7 €0, (4.4c)
T(to + T;tg) € Qa, (4.4d)

where T is the prediction horizon, Z(s;tg), s € [to,to + T is the nominal state
trajectory predicted at time to, @(s;tg), s € [to, Lo + T is the control trajectory
predicted at time ty, Q > 0 and R > 0 are the stage cost weighting matrices,

and P > 0 is the terminal cost weighting matrix;
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2. At the k-th time step tx, & > 0, the control signal is obtained by solving

w* (t; ty)
t+T
—arg omin / (1220l
o+ las; ) 1) ds + |a(t + T3 )l (4.59)
subject to:
T(s;ty) = f(Z(s;tr), u(s;ty)), Tt tn) = x(ty),
s € [tr, tr + T, (4.5b)

I_L(S;tk) el se [tk,tk +T],
1
|Z(tk + 73 tk) — 2(te + T5t0) | < 5(11 +1),

T € [0, 9], (4.5¢)
|Z(te + T3 tk) — T(tk + 73 t0) [ < 1y, 7€ [0,T], (4.5d)

where the constant [; > 0 is designed in Proposition 4.2, and the sampling

interval ¢ is designed in Proposition 4.2 and Theorem 4.1.

Compared to existing robust MPC strategies, the optimizations in (4.4) and (4.5)
include new constraints in (4.4c), (4.5¢) and (4.5d). The constraint in (4.4c) guar-
antees that the optimal nominal state trajectory predicted at time instant ¢y is in a
tube-like region ©;, which is a contraction region with respect to M for the nominal
system in (4.2) and is centered at this trajectory. The constraints in (4.5¢) and (4.5d)
bound the deviation of the nominal state trajectory predicted at time ¢; from the
nominal state trajectory predicted at time ¢y and, thus, provide robustness for the
proposed MPC strategy.

Because the optimizations in (4.4) and (4.5) rely on the nominal dynamics and
ignore disturbances, the state x(t;,1) of the nonlinear system in (4.1) will deviate
from the predicted state Z(tg,1;tx). This deviation is upper bounded in the following

proposition.

Proposition 4.1. Let the optimizations in (4.4) and (4.5) be feasible with x(ty),
k > 0, and let the system state x(t) be in the contraction tube ©; for allt € [ty tp+T).
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Then, the deviation between x(t) and Z(t;ty) satisfies

2 e
Fpm(l—c plE=th)y, (4.6)

Proof. Let V(t) = (z(t) — z(t; t.)) " M (x(t) — Z(t; tx)). Given that

lo(t) — @ (s t) 13, <

f(tk; tk) = x(tk),

(f (@), alt; t)) — (2t 1), (t tk)) w(t)).

According to [58], a state T € [Z(t;tx), z(t)] can be found such that

Oz
(2(t) — Tt 1)) + 2w(t)™M (x(t) — T(t: 1) . (4.7)

V(t) = (a(t) — z(t;ty))" (af oot )

Since both trajectories lie in the contraction region ©;, they obey

() = 2t to) lar <1,

1
It ) = #(t:to) Iy < 5(h+1) < 1.

where the last inequality is obtained after using (4.5¢) and (4.5d). It then follows
that

l(t) — Z(; te) [ 1
< l(t) = z(t; to)l[ar + 12t k) — Z(t; to) [lar < 21, (4.8)
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and

w(t) M (x(t) — 2(t; ti))
w(t) VMV M(x(t) - 2(t; )
< II\/Mw(t)IIz VM ((t) — 2t 1) 2
< @l - () = 2(& )|
< 20 flw(®)lar, (4.9)

where (4.9) is obtained after using (4.8). Combining (4.4c) and (4.7) leads to

V(t) < =BV (t) + 20 [[w(t)]|ar
S —ﬁV(t) + lemax-

From the comparison principle and V' (t;) = 0, it follows that

2
V<t> S épmax(l - e_ﬁ(t_tk))a

and

|2(t) — 2(t: 1) ar < \/2“’5‘“3"(1 — eBlt=t)),

This completes the proof. O

4.3 Feasibility Analysis

This section presents sufficient conditions for the recursive feasibility of the optimiza-
tion in (4.5) given that the optimization in (4.4) is feasible at the initial time. The
section first establishes sufficient conditions to bound the nominal and the actual state
trajectories in the tube-like region ©; in Proposition 4.2. Then, it exploits ©; as a
contraction region of the nominal closed-loop system with the MPC in (4.4) and (4.5)
to derive sufficient conditions for recursive feasibility in Theorem 4.1. The analysis

in this section requires the assumed control signal u(7; ), 7 € [trs1, ter1 + T, which
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is defined by

u*(1;tg), T E |tpar, te + T,
W(Tites) = ( ) 7 € ke, B 1] (4.10)
K:C(Tv tk+1)a TE [tk + T: tk+1 + T]?

where u*(7;ty), T € [tpr1, te+7T] is the optimal control signal computed at time ¢, and
(73 tgs) is the assumed nominal state, given by Z(7; tyi1) = f(Z(7: tper), 4(T; teg)),
T € [ty + T, tgs1 + T with &(ty + T tgr1) the state of the system in (4.2) with initial
state x(tx) by applying @(7;tge1), T € [tra1, te + 1.

Proposition 4.2. Let the system in (4.1) start from a state x(ty) for which the
optimizations in (4.4) for k =0 and in (4.5) for k > 0 are feasible. If the sampling

interval 6 satisfies

1 Bl —1y)?
§<——1In(l— 22—
- B a( 81 pmax

with Iy <l a positive constant, then both the state trajectory x(ty,+7) and the nominal

), (4.11)

state trajectory T(ty + T; 1)) lie in the contraction region ©; for all T € [0, 4].

Proof. Applying the predicted control trajectory u(t; ) to the system in (4.1) with
initial state x(t;) during the time interval t € [tg, t; + J] leads to

oty +7) — Z(te + 75 t0)|| 1
= llw(te +7) — (e + 73 i)

+ Z(ty + 75tk) — Tt + 75 t0) |1
< 2(te +7) = Z(tk + 75 t0)

+ ||Z(te + 73 tk) — Z(te + 75 t0) || 0

From Proposition 4.1 and the constraint in (4.5¢), it follows that

lx(te + 7) — Z(tx + 75 t0) |11

. \/M a—e+ laan, el (1.12)

where the right-hand side increases with 7 and, thus, attains its maximum at 7 = §
over the time interval [0, §]. Then, the substitution from (4.11) into (4.12) yields

2ty +0) — Z(ty + 85 to)|lar < 1,
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and
llx(tr + 7) — Z(tr + 75 t0) || 11
< |w(ty +0) — 2(te + 63t0) ||
<, V1 €[0,4].
This completes the proof. O]

Theorem 4.1. Let the system in (4.1) start from an initial state xo for which the
optimization in (4.4) is feasible and the sampling interval 0 satisfy (4.11). Then, the
optimization in (4.5) is feasible for all ty with k > 1 if the following conditions hold

2

e : ;rllll, (4.13)
N2 2

BU—L) & (4.14)

<
Pmax = TQ1(12 = 12)

Proof. The proof is divided into two steps. The first step shows that, if the optimiza-
tion in (4.4) is feasible at time ¢, starting from z, and the conditions in (4.11), (4.13)
and (4.14) hold, then ||z (t1) — Z(t1;to)||m < 51+ L).

From (4.6), it follows that

21
() = 2t to)|ar < \/EHU}(t)HM (1 —e=),
which together with (4.11) leads to
_ 1 1

Equation (4.15) shows that the results established in Proposition 4.1 can be used.
The second step of the proof aims to show that for any state x(tx) € Q%(Hll) ={z:
|z — Z(te; to) |l < 5(I+ 1)}, the optimization in (4.5) is feasible and the successive
state z(txr1) € Q14q,) = {z: ||z — Z(tegr; to) e < 5L+ 1)}-

Since x(tk) € Q1 4qy) = {2 lo—2(tr; t0) [ < $(I+11)}, the contraction property
holds by applying the control signal predicted at time instant ¢y, so the constraint
in (4.5¢) always holds. Define V (t) = (z(t;tp) —Z(t;t0)) " M (Z(t; tx) —Z(t; t9)) over the
interval ¢t € [ty, tx + T with V(t) = (Z(tx; te) — T(tr; o)) T M (Z(tg; tr) — Tty to)) <
L+ )P,
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Similar to the derivation in Proposition 4.1, it follows that

1
V(t) < =BV (t), with V() < [5(1 +1)]?.
Using the comparison principle, it follows that

V(t) < e PV (1)

1
< eI+ )P

and

Vte +6) = ||zt + 65 t) — z(te + 85 t0) |34

1
< e*ﬁ‘s[g(l +1)]% (4.16)
Together with (4.13), Equation (4.16) implies that
| Z(te + 05 tn) — Z(te + O5t0) |0 < 11, (4.17)

i.e., the predicted state Z(ty+0; tx) is in the region Q;, = {x : ||[x—Z(tx+0; to)||ar < 1}
After implementing the assumed control signal in (4.10) and using the contraction
property in (4.4c), the predicted state satisfies the constraint in (4.5d).

In view of Proposition 4.1 and the condition in (4.11), it follows that

le(tesr) — Z(tksasto) | ar
< |w(terr) — Z(tkrr; te)||
+ [|Z(tht1: tk) — T(trsas o)l

1
< 5(l +1h). (4.18)
Equation (4.18) shows that the successive system state xz(txy1) falls in the region
Qi) = {z ¢ lz — Z(teri;t0) |l < 5(1+ 1)}, To satisfy (4.11) and (4.13) si-
multaneously, the maximum disturbance needs to satisfy (4.14). This completes the

proof. O]
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4.4 Stability Analysis

This section proves the stability of the system in (4.1) with the robust MPC ob-
tained by solving the optimization in (4.4) at time ¢y, and obtained by solving the

optimization in (4.5) at all consecutive time steps tx, k > 0.

Theorem 4.2. Let the sampling interval § satisfy the conditions in (4.11) and (4.13)
and the disturbance be upper bounded by (4.14) for the system in (4.1) with As-
sumption 1 and Assumption 2. Then, for any given initial state xqo for which the
optimization in (4.4) is feasible, the state of the closed-loop system with the proposed
MPC strategy will enter a neighborhood of the origin Qe = {x : x|y < 1+ €}
for any infinitesimal value € > 0 in finite time and then remain in this neighborhood
thereafter.

Proof. Since Z(ty + T;ty) € €, and the control u (t;ty)) = Kz (t;to) stabilizes the
nominal system to the origin for any state x € {2,, any such z € €, will shrink to the
set € in finite time. Without loss of generality, assume that, at time t*, the system
state enters and remains within the set €, for ¢ > ¢*, that is ||z (¢; to) || < €, Yt > t*.
At time ¢t > t*, the constraint (4.5¢) guarantees that

1
|Z(t;tr) — z(t;to) || m < 5([ + 1),
which, combined with Proposition 4.1, leads to
[z(t) — 2(t; to)lne < L.

It then follows that ||z(¢)|[ar < ||(t) — Z(t;t0)||ar + [|Z(E;t0)||ar < 1+ €, which means
that, from ¢ > t*, the state of the system in (4.1) remains in the neighborhood of the
origin Qe = {2 : ||zl < 1+¢€}. In fact, as t — oo, ||Z(t;to)||ar — 0, the closed-loop
system state asymptotically approaches the set €2;. This completes the proof. O
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4.5 Simulation Example

In order to demonstrate its effectiveness, the proposed algorithm is applied to a

numerical example used in [60]. The system dynamics are

i1(t) = ki (t) + kox? (t) + kawo(t) + u + w, (4.19a)
do(t) = —qua(t) + nyxi(t) — nozi(t). (4.19Db)

The Jacobian matrix of the dynamics in (4.19) is

ofi  Of
J_af_[a—xi —]

T ox | o2 o
ox el
k1 + 2k (t k
_ | Ft Zlem(t) 3 . (4.20)
ny —q — 2noxo(t)
nq 0 . . .
For M = 0 , the contractive constraint in (4.4c) becomes
—K3
oft af
o 2L
ox * ox
0 —2]{33(—(] — 2712&72@))
The numerical values of all parameters are chosen as follows: k1 = —0.5, ks = 0.05,

ks =—1,q=0.5n =1, nyg = 0.05. The weighting matrices in the objective function

10 1
0 1| R=1,and P = Ll Since the Jacobian matrix

in (4.20) is stable, the state-feedback controller is selected as K = 0 and the control
positively invariant set €, is characterized by o = 1. The radius [ and the contraction
rate 8 of the contraction tube ; are [ = 0.3 and 8 = 0.5740. The design parameters
are chosen as [; = 0.25, and py. = 0.0032. Then the upper bound for the sampling

are chosen as () =

interval is ¢ < 0.3603 s from Proposition 4.2, and the lower bound for the sampling
interval is 0 > 0.3321 s from Theorem 4.1. In the simulation, the sampling interval
is chosen as 6 = 0.36 s, and the receding horizon is T' = 4 s. The state trajectory of
the closed-loop system in (4.19), with the proposed robust MPC in (4.4) and (4.5)
and starting from the initial state (1.90,1.55), is shown in Figure 4.1. Also shown
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in Figure 4.1 is the nominal state trajectory predicted at ¢y, using the optimization
in (4.4). The control signal applied to the system and the nominal control signal
generated by the optimization in (4.4) at time ¢y are depicted in Figure 4.2. Note
in these figures that the control signal satisfies the control constraints and that the

closed-loop system converges to the origin.

Remark 4.1. The system in (4.19) can be steered to the origin using a robust MPC
strategqy based on the Lipschitz continuous condition instead of contracting systems.
For the same initial state and the same prediction horizon, the Lipschitz constant is
L = 2.018, and the mazimum disturbance that can be tolerated is 0.00029.

\ — - —real state trajectory: X,
—— real state trajectory: x
150 ' jectony: X,
\ - - - nominal state trajectory: x
)} nominal state trajectory: x
2
1% |
i}
M
A}
0.5F kY
h
.
»
0 »
.
-0.5} Ry

0 0.5 1 15 2 25 3 3.5 4
time \sec

Figure 4.1: State trajectories starting from the initial state (1.90 1.55).

Remark 4.2. The system in (4.19) with the robust MPC' strategy designed via the
Lipschitz condition can tolerate the same maximum disturbance pmax = 0.0032 as the
system in (4.19) with the robust MPC proposed in this chapter if the prediction horizon
is selected as T = 2.82 s (this value results from the feasibility and stability conditions
in [57]). Typically, a larger receding horizon leads to a larger feasible region. Since the
feasible region of a nonlinear system is not trivial to compute, this work has evaluated
the feasibility of robust MPC with T = 4 s heuristically, for different initial states
of the system in (4.19). The investigation has shown that the state (4.95, —5.05)
is feasible for the system in (4.19) with the proposed robust MPC, but it is not in
the feasible region of the system in (4.19) with the robust MPC derived based on the

Lipschitz continuous condition. This result indicates that exploiting the contracting
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- = — real control trajectory
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Figure 4.2: Control trajectories.

dynamics of a system as proposed in this chapter could enlarge the feasible region of
the robust MPC.

4.6 Conclusion

This chapter has introduced a novel robust constrained MPC strategy for nonlinear
systems whose dynamics are contracting in a tube centered around the nominal state
trajectory predicted at ty. The proposed strategy exploits the contracting dynamics
instead of the common Lipschitz continuity. The chapter has derived sufficient con-
ditions for the recursive feasibility of the optimization which generates the proposed
control signal, and has also shown that the recursive feasibility of the proposed robust
MPC guarantees that the state of the closed-loop system converges asymptotically
to a neighborhood of the origin. Simulation results indicate that, compared to the
robust MPC strategy based on Lipschitz continuity, the new technique: 1) can prac-
tically stabilize nonlinear systems with larger disturbances; and 2) could enlarge the

feasible region of the closed-loop system.
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Chapter 5

Robust Distributed Model
Predictive Control of
Continuous-Time Constrained
Nonlinear Systems Using A

Two-Layer Invariant Set

5.1 Introduction

Cooperative control has a wide range of applications in multi-vehicle systems [94],
large-scale chemical processes [14], transportation systems [5], and so on. MPC strate-
gies are a natural selection because they provide a control signal which satisfies the
state and control constraints that arise in such applications, for example due to the
physical limitations of actuators. For cooperative large-scale systems, distributed
MPC strategies are preferred to centralized MPC schemes for several reasons: (i)
they have smaller computational complexity because each subsystem solves a local
optimization with a small number of decision variables; (ii) they require less com-
munication bandwidth because each subsystem exchanges information only with a
subset of the other subsystems; and (iii) they are more robust because the large-scale
system may achieve its task even when one of its subsystems malfunctions.
Large-scale systems composed of subsystems with decoupled dynamics, like multi-

vehicle formations, cooperate either through state and /or control coupling constraints,
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or through coupled cost functions. When the subsystems are coupled through con-
straints, the recursive feasibility and stability are ensured by sequential algorithms
for solving the optimization [95-97] or by tightening methods [110,111]. When the
cooperation is achieved through coupled cost functions, additional consistency con-

straints [21] or robustness constraints [50] are introduced in the optimization.

5.1.1 Objective, Contributions and Chapter Organization

This chapter presents a robust distributed MPC strategy for constrained continuous-
time nonlinear systems coupled by the cost function. In the proposed strategy, the
subsystems communicate only with their neighbors exchanging their assumed system
state trajectories. The cooperation among the subsystems is achieved by incorporat-
ing a coupling term in the cost function. The disturbances are handled by designing
a robust control strategy based on the two-layer invariant set. Provided that the
initial state is feasible and the disturbance is bounded by a certain level, the appro-
priate selection of the design parameters guarantees the recursive feasibility of the
optimization. The chapter also derives sufficient conditions for robust stability. A
conceptually less conservative algorithm is finally proposed which exploits x o § con-
trollability set [81] rather than the positively invariant set and thus, allows a shorter
prediction horizon and tolerates a larger disturbance level.

The contributions of this chapter are three-fold.

e In contrast to [50], the subsystems are coupled through a non-squared integrand
cost function. As a result, no cross terms appear when evaluating the Lyapunov

function and therefore, no additional constraints are needed to bound them.

e The disturbances are addressed through a novel control strategy based on the
two-layer invariant set. The chapter also analyzes the recursive feasibility of
the optimization and the robust stability of the distributed system in closed-
loop with the proposed MPC strategy. As the simulation results illustrate,
the method proposed in this chapter leads to a stronger cooperation than the

technique in [50].

e The conservativeness of the initial robust distributed MPC strategy is reduced
by taking advantage of the k o 0 controllability set. The less conservative
distributed MPC algorithm uses a shorter prediction horizon to stabilize a

continuous-time constrained nonlinear system affected by larger disturbances.
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In the remainder of this chapter, Section 5.2 formulates the problem and presents
some preliminaries. Section 5.3 establishes the main recursive feasibility and robust
stability results. Section 5.4 presents the conceptually less conservative strategy. Sec-
tion 5.5 illustrates the developed algorithm through a simulation example. Section 5.6
summarizes this chapter.

Notation: The superscript “I” stands for the matrix transposition. For a matrix
P, P > 0 denotes that the matrix P is positive definite. For a matrix A, \(A)
represents the largest eigenvalue of A; A(A) represents the smallest eigenvalue of
matrix A; || Al|p represents the P-weighted norm of the matrix A, defined by || Al|p =
VATPA. For a given ¢ > 0, B(c) denotes a closed ball centered at the origin and of

radius c.

5.2 Preliminaries

Consider a nonlinear system consisting of S decoupled subsystems A;, 1 =1,2,---,S.

The dynamics of the subsystem A; are

where z;(t) € R”, u;(t) € R™ and w;(t) € R™ are the system state, the control signal
and the additive disturbances, respectively. Assume that the control input and the

external disturbances are bounded as follows
’U/,L(t) (- Ui, Cdl(t) c Wi, (52)

where U; and W; are compact sets containing the origin in their interior.

By ignoring the disturbances, the nominal dynamics of the system in (5.1) are

561(75) = fz'(fci(t), ﬁz(t)) (5-3)

The following two fairly standard assumptions [12,24,50] are imposed on the system
in (5.1).

Assumption 5.1. For each subsystem A;, fi(x,u) is Lipschitz continuous with re-

spect to x with Lipschitz constant L;, i.e.,

| fi(w1,u) — fi(wa,u)

P, < Lszl — Zo||p;, L; > O7 P, > 0. (54)
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Assumption 5.2. For each subsystem A;, the linearized system of the associated
nominal subsystem in (5.3) of each subsystem A; is stabilizable, i.e., for z;(t) =
A;z;(t) + Biu(t), where A; = gﬁ (0,0) and B; = gﬁi (0,0), there exists K; such that
A; + B, K; is stable.

Instead of adopting a quadratic integrand in the cost function [12,24,29], inspired
by the work in [21,66], this chapter adopts the non-squared integrand

Ji(Zi(s5 ), Ui(s; te), 22,(s; tr))

t+T
-/ (Hin-(s;tk)l
ty

where Q);, R; and Q;; are positive definite matrices with appropriate dimensions, 7" is

o F (st m + Y rillis; tn) — (55 )|

JEN;

Qij)ds, (5.5)

the prediction horizon, and r;; is a design parameter which decides the cooperation
strength among subsystems; N; is the set of indices of all neighbors of the subsystem
A;; 2% ,(s; 1) is a compact notation for the assumed state trajectories of all subsystems
who are neighbors of the subsystem A; and whose indices are in Ny, i.e., 2%,(s;tx) =
(oo 2%(s5tk), -+ ), J € Ny with 25(s; 1) being the assumed state trajectory obtained
by

:ﬁ?(s;tk) = fi(25(ste), U5 (s tk)), 25 (tw; te) = 25(tr), (5.6)

where 1§(s; ;) is generated using (5.9); #;(s;tx) is the predicted nominal state tra-

jectory of the subsystem A;
Zi(sitn) = fild@i(site), (s th)), 2t te) = mi(t), (5.7)

and z;(ty) is the actual state of the subsystem A; at time .

Remark 5.1. The stability of the strategy proposed in this chapter is based on Lya-
punov theory. However, unlike typical distributed MPC strategies for decoupled large-
scale nonlinear systems [12, 24, 29] the strategy proposed in this chapter uses a non-
squared integrand in the coupling cost. Compared to a conventional quadratic cost
function, the cost function with non-squared integrand does not introduce cross terms
in the variation of the Lyapunov function from one time step to the next. Thus, it

sidesteps the need to compensate for such cross terms [20)].

For the subsystem A; in (5.1) with Assumption 5.2, the following lemmas holds.
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Lemma 5.1. [12,50] If the linearization around the origin of (5.3), then a constant
e; > 0 and a matriz P; > 0 exist, such that: (1). The set Q;(g;) = {2:(t) : Vi(2:(t)) =
12:(t)||3, < €7} is a control invariant set for the nominal subsystem in (5.3) with
the static state feedback control law 0;(t) = K;2;(t); (2). For any &;(t) € Q;(e;), the
inequality Vi(2;(t)) < —||3 (1)) 22? holds, where Qf = Q; + K} R;K;.

Lemma 5.2. Given that Q;(s;) is a control invariant set for the nominal subsystem
in (5.3), then, for any constant 1 > o > 0, Q;(ag;) is also a control invariant set
for the nominal subsystem in (5.8) with the static state feedback control law u;(t) =
K;2;(t).

Considering the subsystem, at each sampling instant ¢, each subsystem A; solves

the constrained optimization

w;(s;t) = arg min J;i(Z;(s;tk), wi(s; te), 2%;(85 tk)), (5.8)

ai(tity)
subject to :
Ti(sity) = fil@i(sity), Gi(s;te), s € [tr ti + T,
2 (sitk) = f(&5 (s ta), @5 (s58)), s € [t b + T,
i(s;tr) € Ui, s € [t tx + T,
[2i(s; tx) — 27 (sit)llg, < 08,
[2:(tk + T3 t0)l P, < auig,

where 8 and ay; are parameters designed in Section 5.3; ; specifies the positively
invariant set in Lemma 5.1 for the subsystem A;; 0 is the sampling interval. The
constrained optimization in (5.8) yields the optimal control sequence @} (s;t), s €
[tk, t + T, and the associated optimal cost J;(¢x). The assumed control sequence is

obtained as follows

08 (s: ) = i (s;ty), if s € [tper, te + 17, (5.9)
Kz (s;tgs1), s € [te + T, tpsr + T,
where T8 (tgy1; 1) = i(tha1)-
Let the system state trajectory obtained by applying the optimal control trajectory
U;(s;tg) to the actual system in (5.1) be x;(s;t;). Due to the disturbances, the
optimal predicted state trajectory differs from the system state trajectory z;(s;tx).

The following lemma upper bounds the difference between two trajectories.
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Lemma 5.3. [50] The discrepancy between the optimal predicted state trajectory and
the state trajectory x;(s;ty) is upper bounded by

=

|z (s5tk) — Zi(s;te) || P, < 5\(13Z Ypi(s — tk)eLi(S’t’“), s € [ty ty + T1, (5.10)

where p; satisfies maxy>o ||w;(t)||p, < pi.

5.3 Main Results

The proposed distributed MPC strategy relies on the feasibility of the optimiza-
tion (5.8). The following lemma shows that the recursive feasibility of the optimiza-

tion depends on the disturbance level and on the sampling interval.

Lemma 5.4. For the subsystem A; in (5.1), Let the constrained optimization in (5.8)
be feasible at time tj, and the sampling period 0 for 1 > ag; > ay; > 0 and the

disturbance bound satisfy

A(P, i R
L MP) i g  (omi = awes (5.11)
AMQ7) o pieliT\(P?)
LT~ 1 )\(Q) Q9;
l< max:_2 /e i 1 LlT)\ P-2 1? : 1 : 5 512
pi < pi (o2 — ang)eie™ " AM(P?) A(R-*)/(nom) (5.12)
then the constrained optimization in (5.8) is feasible at time tyi1.
Proof. At time ty, it follows from (5.8) that the terminal state satisfies
12:(te + T te) || P, < e, (5.13)

and that

15 (83 tha) — 5 (s k)

P;

= ||wi(thr1; thsr) + fil@i(T; tigr), 0" (75 tx) )dT

tei1
S

— @i (theastn) = [ i@ (i), 4 (i) )dr

tet1

P;

< [l@i(teas terr) — 25 (Ceas te) PmLLz'/ |i(7; tisr) — 27 (T3 6) [ pdr. (5.14)
tet1



From Lemma 5.3,
1
(55 t41) = & (530l < M(PF)pideldetimtur),
SO
1
i (tk + T trgr) — 25 (s5 1) |, < A(P?)pide™ ™.

From
|27 (te + T ) ||, < aic,

it follows that

— 1
|z:(tk + T t) || p, < anies + A(P?)pide ™.

After requiring

AP

(2

1
2 L; T
2)pide”t 4 e < Qe

it can be shown that ( )
Qug; — (V14)E;
5 <

pie T A(P?)

Thus ||z} (ty + T’ tkt1)
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(5.15)

p, < agig; < g; is in the control invariant set of the nominal

system in (5.3) with the state feedback control law @;(s;tx11) = KiZi(s;tpr1), s €

[tk + T, tr+1 + T]. The associated Lyapunov function satisfies

V(&i(siti)) < —[12i(s5 )

Q7
MG rn
< —WW(%(&%H))-

From the comparison principle, it follows that

R . _ @) (s—tp—T)
Vi(Zi(s; terr)) < Vi(@i(te + Titger))e @D

A(Q7)
— S5 (s—te—T
< ajeje sy 7T

After

- 2 2 —A;((Llf)(s—tk—T) 2 2
Vi(Zi(s; 1)) < ageie X < aqEr,

(5.16)
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it can be proven that

a2 e A(Pz:) < i
_A@QD a%
S e M) _ZZ
Qg;
MNP, o
0> -2 ( i) In —2%
A(Qz) Qr2;
This completes the proof. O

The following proposition will be useful for evaluating the variation of the cost

function from time ¢ to time tg,q.

Proposition 5.1. For each subsystem A; satisfying Assumptions 1 & 2, let the con-
ditions in (5.11) and (5.12) hold ensuring the recursive feasibility of the optimization
in (5.8), then the following inequality holds

/tk+T
tet+1

JEN;

Ql] Z zg T 5 O-/Qz alz &; + Z Tij
JEN JEN;
+ )

JEN;

<|Ii’i(8;tk+1) (s )y — 182 t) — :e;<s;tk>||%)ds

55(T 3)

T 5)(052]' — alj)ej. (517)
Proof. Algebraic manipulations using the triangle inequality lead to

/'tk+T
trt+1

JEN;

Qij — ‘|‘i‘j<57tk> - ‘i‘?(s;tk)’

Tij (“fz(sa thy1) — 56?(8; trs1)]

Qij) dS

tp+T
< / > riglldi(siten) — & (sste) + 25 (53 k) — 29(55tern)|

Qz‘de
tht1 JEN;
te+T
/ Z il wi (85 tesr) — o7 (55 k)]| Q”d (5.18a)
te+1 jeN;

te+T
+/ ZTwa (site) — 25 (85 trrn)l @i, ds- (5.18Db)

bet1 jen;
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After substitutions from (5.15), Term (5.18a) becomes

t+T
/ Zﬁj”i‘i(s'tk—i—l) _‘%*(8 tk’)HQide

tkt1

Q tk—‘rT 1
z] / rzg z)pZ(SGL(S Li(s— tk+1)d8
v e+l jen;
t +T
Q’Lj . % 5 S+(5 tk+1)d
T'ij P?)pide S
lpt1

< (Q” S (T — ) (0 — ang)es. (5.19)

JEN;

Term (5.18b) can be transformed to

te+T
/ ZTU”‘T 55 t/f a’(s;tk-i-l)HQide

te+1 jen;

e+ T
_/ S rilla (s t) — 5 (ss 1) + (55 84) — 9053 by

Qi;d5
tk+1  jeN;
thtT
/ D rillag(site) — &5 (si 1) llg, ds (5.20a)
tk+1 jeN;
to+T
+ / D rillEg(site) — &5 (s i) gy ds. (5.20b)
k1 jEN;

From the constraints imposed in the optimization in (5.8), it follows that the integrand
in (5.20b) obeys
125 (55 k) — 5 (55 2 )|

;\(QZ]) A% ~al . _
NN 125 (55 k) — 25 (55 1) [l o,

Qij

AN@y)

Qi) po.
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Term (5.20a) obeys

te+T
/ ZTUHLZ‘?(S;M) _‘%;(S;tk)||Qide

te+1 jen;

<) oy B(S(T 5), (5.21)

JEN;

while Term (5.20b) obeys

tp+T
/ ZwHi}f(S;tk) — 25(85trg1)|

tr4+1 JEN;

Qij ds

ty+T
S /tk+l ZT@ ((Qz]))HA*<S tk> q<8;tk+1)||deS

tk+T . 5L :
sz P?) L;j6 oLy (s—tn
< E Tij / P?)pjde +1ds
JEN; brt1

Qi)
< Z Tij A(Pj) (T —6)(ag; — aqj)e;- (5.22)
JEN;
Combining (5.19), (5.21) and (5.22) yields (5.17). This completes the proof. O

The following theorem provides the conditions under which the subsystem 4; with

the MPC in (5.8) enters the positively invariant set €2;(g;) in finite time.

Theorem 5.1. For the subsystem A; in (5.1) with Assumptions 1 & 2, let conditions
in (5.11) and (5.12) hold. Then, the subsystem A; with the optimization in (5.8) will

enter the positively invariant set Q;(e;) if the following three conditions are satisfied

1.
— A(Q;
Z 12 < (14 ay — o — 0i — 6 — G) ?(Q )peiT, (5.23)
: A(F)
JEN;
where g;, i, ¢; are positive constants satisfying 0; + s; + ¢ € (0,1 + ag; — ;)
and p = %;

Qi) MKTRK;) Q) Q)
[(\/A(B)+\/ AP p)azi— A(H)(l—p)ali] < 0 /_\(R)p’ (5.24)
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3. There exists 5 > 0 such that

holds, where

= (QU) (Qw)

)

(1 _p)(a% Qg 52T+

/ Qz Qz
j Q2;€; + ] 2]6]

Proof. At time instant t;, each subsystem will independently solve a constrained

~5y (1= p)(ag; — ayy)e;T

optimization based on its nominal system model, and obtain the optimal control
sequence and its optimal nominal state trajectory. At time instant t;,;, the cost

function by employing the assumed control signal is

Ji(@i, Ui (85 thg1), 225 (85 try1))

ter1+T
- [ (bt
tr41

Since Jf(txr1) < Ji(tgsr), it follows that J*(txs1) — J5(te) < Ji(tks1) — Ji(tx). The

asiten) = a5t ).
JEN;

(5.26)

Qi+ Hal( )
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change in the cost function between the successive time instants ¢, and t5,q is

Ri) ds

Ji(tisr) — J7 (t)

t+1T
-/ <|r@-<s;tk+1>|
tet1

Qi+ laa(s; tera) e = 1125 (55 k) Qi = 1167 (s, taga)|

(5.27a)
tep1+T
+/ (H;%Z-(s;tkﬂ)\ Qi + 1G(s3 trr)| Rz-)ds (5.27Db)
th+T
tet+1 A R
- [ (1t e + s el s (5.27¢)
t
)lek+T
+/ >, rij(Hif?i(S;tkH) — % i)l — 85 (s5 ) — 3%(s; ta)| Qij)ds
tk-{—l ]eNz
(5.27d)
tgp1+T
+ / Z il i (83 thyr) — 25 (85 ths1) @i ds (5.27¢)
tet T JEN;

tkt+1
_/ S il (s: te) — 24(s: 1)y, ds. (5.27f)

b jen;

Because J;(tr41) is computed using the assumed state trajectory, combining the tri-

Ri) ds

angle inequality with Term (5.27a) leads to

tp+T
/ (u@i(s;tkmr
tet1

tp+T
< [ atsitn) - disllo.ds

tet1

Qi + l[ti(si tipa) |l re = 125 (s: th)ll @i — 147 (s, tagn)|
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After substitution from (5.15), Term (5.27a) is upper bounded by

te+1
/ (HL siter1) @ + 16 (s; tesa) | ry — 127 (s )@, — ||ﬁf($,tk+1)||Ri)d8
trt1

tk+T 1
< / p? P2)pidekide Li(s—tr1) g
Tt
tk+T 1
< / P? pzéeL T s
tet1

— A(R)(T S)MNP?)pioet™

@)

<

Lemma 5.2 provides sufficient conditions for the assumed states @%(t + T’ t41)
and 2% (tgy1 + T;ter1) to be in Q;(age;) and in Q;(ay;¢), respectively. Because the
state feedback control law @;(s;tx+1) = K;Z;(s;tg41) keeps the nominal state within
the control invariant set, Z¢(s; tx41) will always be in the control invariant set §2;(aq;€;)
for s € [ty + T, tpr1 + T).

Using [|z]|3, < MQ)z|]* < %Hx”%, Term (5.27b) is upper bounded by

tp1+T
/ @a +W$tmﬂh)
tk—‘rT
tk+1+T Qz KTR K
. Hmz Hﬁz ds
tk—‘r
X MKFIRK;

Term (5.27¢) is bounded by ignoring the second term in the integrant:

tet+1 A
-/ @ﬁ@uﬂ
173

Qi + 147 (s; )|

tet1
w)ts<— [lasle. G0

ty



If the actual system state z;(s;tx) ¢ Q;(¢), from Lemma 5.3, it follows that

[SII=

127 (s t)llm = [12i(ss t) | e — A(P2)pils — ti)et )

— 1
> &= AP (s = t)eb

Y

and that Term (5.27¢) is upper bounded as

/tk+1
tk+1

< ,/ Q@ PH)pils — ) =) ds
tk+1

< / (P2 pide™®)]ds

[51' — (i — ayy)ey]

Q.ds

N\»—A
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- S‘(Pi)
A(Qs)
—(1+ ay; — ;)04 [ = €. 5.31
(1+ a1 — o) NP (5.31)
Term (5.27d) has been addressed in Proposition 5.1.
Term (5.27¢) is bounded by
ter1+T
[ S rlisitin) — 8505t o,
tk+T jGNi
tk+1+T
< [ S s, + 185t ll, )ds
e+ T JEN;
Lemma 5.2 leads to
127 (s; ter )| P < migs, for s € [ty + T, tyr + T7;
125 (55 tey1) |l < e, for s € [ty + T tpyr +T).
Therefore, ||27(s;trq1)|q,; < Q” L4 (st |lp < A((QP”)) ag;e; and
129(s; tes1) @, < z(%?'))||:f:j(s;tk+1)||pj < z(gjj))agjsj hold, and Term (5.27¢) is
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finally upper bounded by

tpy1+T
/ Zﬁj”ii(s;tkﬂ) — 25(s5trt1) @i ds

tpyp1+T tp1+T
<3yl / és(s tasn)llguds + / 13951t gy ds]
t

JEN; tp+T +T

Qg€ 1+5

2J€J (532)

Z]
]eN

Term (5.27f) is non-positive and can be ignored.

Letting 6 = pT, the change in the cost function between time instants ¢, and tz,
is

Hlteon) = (0 = = (1+ s — oy [ 82 pe 7

Substituting of (5.23), (5.24) and (5.25) to the above inequality yields

A@s)

Ji(thr1) — Ji (tr) < =G j\(p)

pe;T. (5.33)

Thus, the state of each subsystem A; will converge to the positively invariant set
;(g;) in finite time. O

Once the state of the subsystem A; enters the positively invariant set, the state



89

feedback controller will be implemented. The following theorem shows that if the
disturbance level satisfies (5.34), the state of each subsystem A, converges to a robust

positively invariant set.

Theorem 5.2. If all conditions in Lemma 5.1 are satisfied, the sampling interval
satisfies (5.11) and the disturbance bound satisfies p; < p; < pi"®*, where

)

2A(PHA(P)
then the system state asymptotically converges to the set Qi (v/Bre1)x- - - xQs(v/Bges).
Proof. The proof is similar to the Theorem 2 in [50]. O
Remark 5.2. The mazimum disturbance that can be tolerated in Theorem 5.2 can be

relaxed through the following procedure

max

Step 1: Set p} = p***, p2 =0, set p; = %(,011 + p?), and set a tolerance x = 0.001;

Step 2: Solve the optimization

max V;(z;(t)) = — 2 Qrxi(t) + 22;(t)T Piws(t) (5.35)
subject to :
i ()]l p, < &,

lwi@)l2 < pi;

Step 3: If the solution of (5.35) is less than 0, then set p? = p;, else set p! = p;;

Step 4: If [p} — p?| < x, then set p; = p?, terminate, else, set p; = 2(p} + p?), go to
Step 2.

Remark 5.3. Given a disturbance level that is less than p; calculated in Remark 5.2,
Remark 5.2 can be used to determine a less conservative robust positively invariant
set ||z;i(t)||p, < €;. Furthermore, 3; and p; in (5.84) can be calculated using binary

search.
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5.4 A Conceptually Less Conservative Distributed
MPC Strategy

For some nonlinear systems as in [74], the robust positively invariant set is very small,
and algorithms in Section 5.3 is conservative, in the sense that it computes a small
allowable disturbance level and small feasible region. A possible remedy, suggested
by [36] and [81], is to replace the terminal set by the x o § controllability set defined
in [81].

Definition 5.1. (ko é Controllability Set to =) For the nominal subsystem in (5.3)
with the control constraints u;(t) € U;, a positively invariant set = and a time interval
§, the ko d controllability set to Z, (C.(Z)) is

Ci(Z) = {x;(0) € R", Fu[0, s —1] € U'xU’x---x U, such that &;(kod|z;(0)) € Z}.

Thus, C.(Z) includes all nominal states that can be steered to = in x o § time.
Note that = is a positively invariant set, i.e., for any state x € =, there exists a state
feedback control u(t) = Kx(t) which keeps the successive state of the nominal system
in (5.3) in Z. Then, it follows that C,_1(Z) C C.(Z), for k > 1, where (Cy(Z)) = =.

Remark 5.4. The procedure to compute the kod controllability set for a specific class
of nonlinear systems illustrated in [87]. A numerical approximation algorithm for the
same class of systems is proposed in [10]. However, a systematic way to compute the

ko controllability set is not available yet for an arbitrary nonlinear system.

Due to disturbance, the actual state trajectory deviates from the predicted state

trajectory, as characterized in (5.10). In the sequel, the robust x o § controllability

set Cy(Z) is defined.

Definition 5.2. (Robust ko d Controllability Set to =) For the nonlinear subsystem
in (5.1) with the control constraints u;(t) € U;, a positively invariant set =, and a

time interval 0, the robust ko d controllability set to Z, (C.(Z)) is given by:

Cu(2) = {xZ(O) € R", 3u[0,k—1] € U' xU’x - --x U’ such that z;(kod|z;(0)) € E}
(5.36)

According to Lemma 5.2, o, X is a positively invariant set has been found. Then,

the robust x o ¢ controllability set C,,(c1;X ) can be determined as follows.
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o Let Co(a1:Xf) = a1;Xs. Suppose a positive scalar ¢ > 0 such that C,(ay; Xy) is

non-empty.

e Compute C;(ay;X;) using Definition 5.1. Then set Ci(a1;Xs) = Ci(a1; Xf) ©
B(c).

e For k > 2, compute C,(a1;Xy) iteratively using

CR(Oélin) = Cl (C,{_l (Oélin)).

Assumption 5.3. For each subsystem in (5.1) with the weighting matriz P;, the

disturbance level p; and the prediction horizon T', the following inequality holds

NPTl < . (5.37)

Given Definition 5.2 and Assumption 5.3 above, the following modified distributed
MPC algorithm can be defined.

Remark 5.5. Note that the optimization in (5.38) is implemented iteratively, in the
sense that at time instant ty, and for k > 1, the constraint in (5.38c) is Cx(on; Xy). At

time ti,+1, the robust (k—1)od controllability set C,,_1(cn; X ) provides the constraint
in (5.38).

Because the robust xod controllability set is computed using the constraint tight-
ening technique, the initial feasibility of the optimization is sufficient to guarantee
the recursive feasibility of the optimization in (5.38). The following theorem states

the robust stability property when implementing the proposed algorithm.

Theorem 5.3. For the nonlinear subsystem in (5.1) with the control constraints
u;(t) € U; and the initial state x;(0), let there exist a robust k o § controllability set
Ci(1;X ) such that the optimization in (5.38) is feasible. Then, by implementing
Algorithm 1, the system state will finally converge to a robust positively invariant set

i finite time.

Remark 5.6. The distributed MPC in Algorithm 7 is less conservative than the
strategy in Section 5.3. A state of the subsystem A; in (5.1) can be steered to the robust
positively invariant set by the proposed distributed MPC using a prediction horizon T,
and by the optimization in (5.38) with a prediction horizon T —k§. Because the largest
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Algorithm 7 Modified distributed MPC
Initialization:
For the nonlinear subsystem 4; in (5.1), the weighting matrices @Q;, R;, Qij,
the robust xo¢ controllability set C,,(c;X ), and the given prediction horizon
T, let the optimization in (5.38) is initially feasible.

Step 1:
Solve
w;(s;ty) = arg néltn) Ji(Zi(s5tn), wi(s;tk), 2%, (s tk)), (5.38a)
Us k
subject to :

Z(s, k) = fi(Zi(s;te), Ui(s;tx)), s € [t, tx + T;

;L(S tk) ( (S tk) (S tk)), S € [tk,tk —|—T],

Z'(S;tk) € Ui, S € [tk,tk + T]7 (53813)
Step 2:

At the next time instant, measure the updated state information.
If k> 1, update kK £ k — 1.
Solve the optimization in (5.8) with the updated system state and apply the

first control signal to subsystem A;. Only the first control signal is applied to
the system. Go to Step 1.

else
Go to Step 2.

Step 3:

Update the terminal constraints to Co(a1;Xf). Apply the distributed MPC
strategy proposed in Section 5.3.

possible deviation between the predicted state trajectory and the actual state trajectory
increases exponentially, a shorter prediction horizon guarantees stability for a tolerate
larger disturbance level, which is especially useful for the cases when the disturbance

is state dependent as in [82].

5.5 Illustrative Example

In this section, the distributed MPC in (5.8) is applied to the constrained nonlin-

ear system from [50], which consists of three cart-spring-damper subsystems. The
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dynamics of subsystem ¢, ¢ = 1,2, 3, are

k
Tin(t) = —Ee_x“(t)%l(t) — Emﬂ(t) + o + " (5.39Db)

where z;; and x; are the cart displacement and the velocity, respectively; u;(t) and
w;(t) are the control signal and the external disturbance, respectively; k, h and m are
the cart stiffness, damping and mass, respectively. The cart parameters are constant
and their values are selected as: k = 1.05 N/m, h = 0.3 Ns/m, m = 1.5 kg. The
control signal is assumed to be restricted to u;(t) € [—4 4]. The parameters in the
optimization in (5.8) are: @); = diag([1.5 1.5]), R; = 0.1, Q;; = 0.1/. Placing the
eigenvalues of A; + B;K; at [-1 — 0.95], the corresponding control law is K; =
3.1639 —0.9084

[—0.3750 — 2.6250]. The associated P, = is computed by
—0.9084 1.1161

using the LQR method. The Lipschitz constant is calculated as L; = 2.1982.

The receding horizon is chosen as T' = 0.8 s. Then, to ensure recursive feasibility
and robust stability, the following parameters are computed according to Lemma 5.4
and Theorem 5.1. o, = 0.74, ¢; = 0.1340, ; = 0.014, ay; = 0.18, ay; = 0.20,
ri; = 0.20, and 8 = 1.3561; we take 0 = 0.6 s , because its computed bounds are
0.4929 s and 1.6431 s; the maximum disturbance level from (5.12) is 0.0050.

The initial states of the three subsystems are (0.5 — 0.6), (—0.6 0.5) and (0.65 —
0.4), respectively.

The linearized cart dynamics around the origin are

a)= | E e | w0+ | g )
0 1 0
) 1.00 0
| —0.70 —0.20 0.6667

The relationship between the parameters 8 and the parameter r;;, for all 7,7 =
1,2,3, is illustrated in Figure 5.1. Note that a stronger cooperation, a larger r;; is
required to strengthen the cooperation, and, a larger S permits the state trajectory

predicted at the current time step to deviate more from the state trajectory predicted
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0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

Figure 5.1: Relationship between r and .

at the precedent time step. A larger deviation between successive predicted state
trajectories, i.e., a larger 3, can be tolerated if the monotonic decrease of the cost
function is ensured through selecting a smaller r = r;;, Vi, 5 € 1,2, 3,7 # j. Figure 5.1

shows the tradeoff when selecting £ and r.

0o \ --=X usir;g the propoéed strategy

0.4} ‘\ X, using the proposed strategy |-
. --=X using the strategy in [50]

0.2r DR x, using the strategy in [50]

state

0.05

0 1 2 3 4 5
t[s]

Figure 5.2: The state trajectories of cart 1 controlled using the distributed MPC
strategies proposed in this chapter and in [50].

The state trajectories of the three carts coupled by the distributed MPC proposed
in Section 5.3 are shown in Figures 5.2, 5.3 and 5.4 together with their state trajecto-
ries when coupled through the algorithm proposed in [50]. The corresponding control
trajectories are plotted in Figures 5.5, 5.6 and 5.7. Lastly, the difference between the
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0.6 : . .
--—X using the proposed strategy
0.4 X, using the proposed strategy |
-—=X using the strategy in [50]
0.2 X, using the strategy in [50]
o O LaeeEE
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¢ -0.1 Lz z-
’ .z°
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08 ‘ 14 .16 18 2
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Figure 5.3: The state trajectories of cart 2 controlled using the distributed MPC
strategies proposed in this chapter and in [50].

0.8 T T T
--=X using the proposed strategy
0.6 }\ X, using the proposed strategy|
N . .
LN - - =X, using the strategy in [50]
<
0.4r S o x, using the strategy in [50]
~' &> N
Sso
o 021 Tesl
E = L s -
» | 93/ —— e
0 0.35
I N
-02r 025) TS ISa
N
-0.4 0.2 Iz
06 1.4 16 18 2
"0 1 2 3 4 5
t[s]

Figure 5.4: The state trajectories of cart 3 controlled using the distributed MPC
strategies proposed in this chapter and in [50].

trajectories of two carts under decentralized MPC and under the distributed MPC in
this chapter and in [50] are depicted in Figures 5.8 and 5.9. As can be seen that com-
pared to the method in [50], the strategy proposed in this chapter allows a stronger
cooperation. The stronger cooperation is enforced by larger initial control efforts

applied to carts 2 and 3, as shown in Figures 5.6 and 5.7.

Remark 5.7. According to the recursive feasibility conditions in (5.11) and (5.12),

and the robust stability conditions in Theorem 5.1 and Theorem 5.2, if ; which speci-
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control of agent 1 using the proposed strategy
12} = = = control of agent 1 using the strategy in [50]
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t[s]

Figure 5.5: The distributed MPC signal for cart 1, computed using the strategies
proposed in this chapter and in [50].

control of agent 2 using the proposed strategy
= = = control of agent 2 using the strategy in [50]

£ -1
=

_ZM /

-3

-05
14 16 18 2
_4 i i i i
0 1 2 3 4 5

t[s]

Figure 5.6: The distributed MPC signal for cart 2, computed using the strategies
proposed in this chapter and in [50].

fies the positively invariant set is enlarged, then the sampling interval 6 can be chosen
larger and a larger disturbance level can be tolerated. This indicates that by adopting
the modified distributed MPC in Section 5.3 potentially yields less conservative results.
However, a systematic way to compute the kod controllability set is not available yet.

The development of a technique for determining this set will be pursued in the future.
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control of agent 3 using the proposed strategy
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Figure 5.7: The distributed MPC signal for cart 3, computed using the strategies
proposed in this chapter and in [50].

- ® - using the proposed strategy
0.018r A —+— using the strategy in [50]

Figure 5.8: Difference between the states of cart 2 under decentralized MPC and
under distributed MPC computed via: (i) the strategy proposed in this chapter; and
(ii) via the strategy in [50].

5.6 Conclusions

This chapter has proposed a distributed MPC for constrained continuous-time non-
linear systems whose subsystems have decoupled dynamics and cooperate with each
other through a coupling term in the cost function. Because each subsystem solves a
local optimization using the state information from its neighboring subsystems only,

the proposed strategy has reduced the communication burden compared to the cen-
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et W -o-n | - ® - using the proposed strategy
—— using the strategy in [50]

Figure 5.9: Difference between the states of cart 3 under decentralized MPC and
under distributed MPC computed via: (i) the strategy proposed in this chapter; and
(ii) via the strategy in [50].

tralized control. The recursive feasibility of the optimization and the robust stability
of the proposed strategy are analyzed. Sufficient conditions for the recursive feasi-
bility and robust stability have been derived which rely on the appropriate tuning
of several design parameters. The required tuning leads to a small terminal set and,
thus, makes the proposed strategy relatively conservative. A conceptually less conser-
vative strategy can be designed by exploiting the ko controllability set. Its potential
advantages are that its prediction horizon can be smaller and that it can tolerate a
larger disturbance. The proposed distributed MPC has been illustrated through a
numerical example. In this numerical example, the fact that the simulated subsys-
tems converge to their invariant sets even without terminal constraints indicates that
the proposed distributed MPC is relatively conservative. Future research will seek to

make the proposed method less conservative.
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Chapter 6

Distributed Model Predictive
Control of Constrained Weakly

Coupled Nonlinear Systems

6.1 Introduction

For nonlinear systems, the existing distributed MPC approaches [20, 109] can be
classified into cooperative and non-cooperative strategies, based on the topology of
the communication among subsystems.

In cooperative distributed MPC, all subsystems use the state information of the
overall system and solve system-wide optimizations constrained by the nonlinear dy-
namics [109]. The requirement that all subsystems communicate with each other
imposes a heavy communication burden. One approach to relaxing the communi-
cation burden has been presented in [107], through a hierarchical cooperative dis-
tributed MPC scheme that collects all subsystems into several groups, each with its
own leader, and divides the communication into two layers. In the lower layer, the
subsystems communicate with other subsystems from the same group at the rate of
their local control. In the higher layer, the group leaders communicate with other
group leaders at an asynchronous and slower rate. Another Lyapunov-based ap-
proach to relaxing the computational burden of cooperative distributed MPC has
been introduced in [56]. The Lyapunov-based approach accounts for disturbances
and time-delayed and asynchronous measurements, but assumes that a pre-designed

Lyapunov controller is available which makes the origin of the nominal closed-loop
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system asymptotically stable.

In non-cooperative distributed MPC, all subsystems have access only to their
neighbors’ information and they use this information in two different ways. In the
first approach, all subsystems treat their dynamic interactions with their neighbors as
disturbances and compute their local control signals using a min-max strategy [40],
a contractive-based strategy [65], a stability constraint strategy [11,39], or an input-
to-state stability (ISS) strategy [86]. In the second approach, subsystems with de-
coupled dynamics use their neighbors’ information to add constraints [20,24,90] or
cost terms [50] to their local optimizations. The role of the added constraints is
to limit the deviation between the trajectories planned by the subsystems and their
trajectories assumed by their neighbors [20] and, thus to ensure global stability [90]
and global string stability [21]. The role of the added terms in the local cost is to
distribute the global control objective to the local controllers [50]. The additions
of a terminal constraint in the local optimizations offers robustness by guaranteeing

decreasing local costs regardless of disturbances [50].

6.1.1 Objective, Contributions and Chapter Organization

This chapter proposes a distributed model predictive control (MPC) strategy for
large-scale systems whose subsystems have weakly coupled nonlinear dynamics and
decoupled control constraints, and are affected by additive disturbances. In the pro-
posed strategy, all subsystems compute their control signals by solving local opti-
mizations constrained by their nominal decoupled dynamics. The dynamic couplings
and the disturbances are accommodated through new robustness constraints in the

local optimizations. The contributions of this chapter are three-fold.

e [t proposes a new constraint to provide robustness to dynamic couplings among
neighbors and to disturbances, and computes an upper bound on the discrep-

ancy between the actual and predicted state trajectories of each subsystem.

e [t analyzes the recursive feasibility of the optimization for each subsystem, and
shows that, for a given disturbance level, recursive feasibility can be guaranteed

through appropriate design of the sampling interval.

e Sufficient conditions for the state of the large-scale system to converge to a

robust positively invariant set are derived.
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In the remainder of this chapter, Section 6.2 formulates the problem and upper
bounds the discrepancy between the actual and predicted state trajectories of each
subsystem. Section 6.3 analyzes the recursive feasibility of the local optimizations
which yield the control signal for each subsystem. Section 6.4 establishes sufficient
conditions for the convergence of the overall system state to a robust positively in-
variant set. Section 6.5 illustrates the proposed MPC strategy through applying it
to a system which consists of three weakly coupled cart-(nonlinear) spring-damper
subsystems.

Notation: The superscript “T” indicates matrix transposition. Given a matrix
A: A(A) and A(A) are its maximum and minimum eigenvalues, respectively; A > 0
(A > 0) shows that A is real symmetric and positive definite (positive semidefinite).
Given a vector z: ||z| is its Euclidean norm; and ||z| 4 = V2T Az is its A-weighted
norm. For a set N, Card{N} denotes its cardinality. diag{---} indicates a block-

diagonal matrix.

6.2 Problem Formulation and Preliminaries

Consider a large-scale system consisting of S interconnected nonlinear subsystems
with decoupled control constraints and affected by additive disturbances. The dy-

namics of the i-th subsystem A; are

where z;(t) € R™ is the state of the subsystem A;; u;(t) € U; is its constrained
control signal; w;(t) is the additive disturbance; and z_;(¢) concatenates the states of

all subsystems A; that are neighbors of the subsystem A;, i.e.,
a_i(t) = (-, zi(t), ) € R=en™

A subsystem A; is a neighbor of A;, ie., A; € N,, if the dynamics of subsystem
A; depend on the state of subsystem 4;. The disturbance w;(t) is assumed to be
bounded in a compact set W, W = {w : ||w||2 < p}.

The linearized dynamics of the subsystem A; around the origin are

Ei(t) = Agi(t) + ) Aya;(t) + Biua(t) + wilt), (6.2)

JEN;
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where An = (8f1/8:cl)(0, O), Aij = (8]‘1/835])(0, O) fOI"j € Nl’, and Bl = (8fl/8ul)(0, O)
The following assumptions [12] are imposed on the subsystem dynamics in (6.1)

and on their linearization around the origin in (6.2).

Assumption 6.1. a). For each subsystem A; in (6.1), the vector field f; is twice
continuously differentiable and satisfies f;(0,0,0) = 0.

b). Each subsystem A; in (6.1) has a unique absolutely continuous solution for any
initial condition (x1(to), xa(to), -+ ,xs(to)) and any piecewise control u; : [to,00) —
U;.

c). The control constraints U; are a compact subset of R™ that contains the origin

mn its interior.

Assumption 6.2. For each linearized subsystem in (6.2), the pair (Ay, B;) is stabi-
lizable, i.e., there exists a matriz K; such that Ay = Ay + B; K; is Hurwitz.

By definition, the nominal decoupled dynamics of subsystem A; are
z;(t) = fi(zi(t), wi(t)), ZTi(to) = @i, t > to. (6.3)
The dynamics of the overall constrained coupled nonlinear system are
#(t) = Fla(t),u(b) +w(t), (6.4)

where z(t)T = [ ()Y o xg(t)T ]T, w(t)t = [ wi®)T o ws(t)T ]T, and

T
flx(t),u(t)) = [ fila (), 21 (), ur ()T - fo(as(t), v_s(t), us(t))t ] , and the lin-
earized dynamics of the overall system around the origin are

i(t) = Ax(t) + Bu(t) + w(?), (6.5)
Ay A oo Agg B, 0 -+ 0
Aoi Aoy - A 0 B, --- 0
where A = .21 _22 _ ?S , B= ) .2 . )
As1 Age -+ Ass 0 0 --- Bg

By definition, the nominal decoupled dynamics of the overall system are
z(t) = f(z(t),u(t)), z(to) = zo, t > to. (6.6)

Instead of steering the state of the constrained coupled nonlinear system, which
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consists of all subsystems in (6.1), to the origin through a centralized controller,
this chapter adopts a distributed MPC strategy which computes the control for each
subsystem A; by solving

min Ji(tr, 24t
Ui (T5tk), TE [ttt T (T, i(tr))

tp+T
= min / (”@(ﬂtkﬂ
ui(T;tk),TE[tk,tk+T] tr

+ 17 (te + T3 tw) ||

@ + 1w th)|

Ri) dT

subject to:
Ti(Tite) = fi(@(Tstn), (75 t8)), Tty te) = xi(ty), T € [ty te + T, (6.7a)
ﬁz(Tytk) S Ui) T C [tkatk + T]7

T .

_T—tk_

where Q; > 0 and R; > 0 are given state stage and control stage weighting matrices,
respectively; P; is the terminal weighting matrix designed as in Lemma 1 [57]; T is the
prediction horizon; e; is a positive constant that characterizes the positively invariant
set (2 that will be designed in (6.14); and o is a shrinking factor that will be designed
in Théorem 6.1. In the distributed MPC strategy in (6.7), all subsystems predict their
trajectories based on their decoupled nominal dynamics, and the constraint (6.7b)
imposes a monotonically decreasing bound on the predicted system trajectory. This
bound is needed for the recursive feasibility of the distributed MPC controller in (6.7),
as well as for the stability of the constrained weakly coupled nonlinear system with

this controller.

Remark 6.1. The constraint in (6.7b) is inspired by the robustness constraint

|z (75 t) || o, < #(116;, T € [tys1, te + T in [50], but serves a different purpose and
therefore, has a different form. The robustness constraint in [50] accommodates dis-
turbances, whereas the constraint in (6.7b) provides robustness to dynamic couplings
and to disturbances simultaneously. Therefore the constraint in (6.7b) upper bounds
the predicted state trajectory by - ozze over 7 € [ty ty + T, as 0pp086d to the
robust constraint in [50], which upper bounds the predicted trajectory by —= T G e over
T € [tryr, t + T

For the reader’s convenience, Lemma 1 in [57] is presented below.

Lemma 6.1. [57] For the nominal decoupled subsystem in (6.3) with Assumption 6.2:
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(a) there exists a unique positive definite matriz P} which solves the following Lya-

punov equation (Ag + k)T PF + Pr(Ag + ki) = —QF, where QF = 2(1 +
1 _ JAMEIRE) N _
arz;) m@m Q2 =\ 3@y and k; € [0, —=\(Ag)),

(b) a neighborhood of the origin Q., = {x € R™ : ||z

A(PF) P such that

)

p, < &} exists with P, =

1. the state feedback controller u;(t) = K;z;(t) satisfies the control constraints
U; for any state z;(t) € Q.,, i.e., u;(t) = K;z;(t) € U;, Vz;(t) € Q.,;

2. Qe is a control positively invariant set for the nominal decoupled subsystem
in (6.3) with the state feedback control u;(t) = K;z;(t), i.e., T;(t) € Q.,,
\V/Zf’z(t()) € Qei; YVt > to;

3. the terminal cost ||Z;(tx)|| p, serves as a control Lyapunov-like function for

any state T;(t;) € S, in the sense that

ti+6
/t (lzi(T)ll@. + lw()l|r,) dr < |Zi () lp, — [[Zi(tk + O) P, (6.8)

or, in differential form

d, _
%(Hxi(t)

) < = ([7:(0)]

Q.+l (®)llr.) - (6.9)

Let

Q" = diag{Q7 Q3 - Qs},
P* =diag{P; Py --- P},
D, = diag{riI kol --- rgl},

where Q, P and k;, i = 1,2,---, S are defined in Lemma 6.1. Then the following

(2

Lyapunov equation holds for the overall nominal decoupled system in (6.6)
(Ag+ D )'P* + P*(Ay+ D) = —Q*. (6.10)

Lemma 6.1 has provided the method to determine both the terminal weighting
matrix P; for the optimization in (6.7) and the positively invariant set 2., for the
nominal decoupled subsystem in (6.3). Lemma 6.2 will establish the existence of

a positively invariant set (). for the constrained weakly coupled nonlinear system
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in (6.4) with the state feedback control u(t) = Kx(t), K = diag{K; Ky --- Kg}.
Lemma 6.2 and the derivations in Sections 6.3 and 6.4 use the following standard

assumptions [20].

Assumption 6.3. The inequality A P* + P*Ay < %Q* holds, where Ag = A, — Ay,
with Ad = diag{Ad1 Adg s Ads}, Ac =A -+ BK.

Assumption 6.3 limits the strength of interconnection among subsystems.

Assumption 6.4. For each subsystem A; in (6.1), the vector field f; satisfies the

Lipschitz condition

| filws(Tith), 2 (T3 th), Ui(T5 tx)) — fil@a(T5 k), (T3 8k)) |2

< Ly [loi(rs te) — Zi(T3 ) [|2 + Z Bijlla; (75 te) 12
JEN;

where Ly, > 0 and §;; > 0.

Lemma 6.2. For the constrained weakly coupled nonlinear system in (6.4), with
Assumptions 6.1 and 6.3 and with the state feedback control u(t) = Kux(t), there

exists a neighborhood of the origin €.
Q. ={z € REE1m |z]|p < e}

such that:
e . is a control positively invariant set for the system in (6.4);
o u(t) is admissible everywhere in €., i.e., u(t) = Kz(t) € U,Vz(t) € Q..

Proof. In view of (6.9), 2. can be shown to be a positively invariant set of (6.5) with
the feedback control u(t) = Kz(t) by showing that

d . N ()Y (AT P* + P*A)x(t) + 2x(t) Y P*o(x(t))
i1 Ole) 20D

<0 (6.11)

holds for Vz(t) € Q., where ¢(z(t)) = f(x(t), Kz(t)) — Acx(t). Using A. = Ag + Ao,
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the numerator in (6.11) can be written as

o) (AT P* + P*Ag)x(t) + 20(t) " P*o(x(t)) + x(t) T (Ay P* + P*Ag)x(t)
= —2(t)TQ*x(t) — 22(t) " D P*x(t) + 22(t) " P*¢(x(t))
+ x(t)T(AgP* + P*Ap)x(t)

< —%m(t)TQ*w(t) —22(t)T D P*x(t) + 2x(t)T P*p(z (1)), (6.12)

where Equation (6.12) follows after applying Assumption 6.3.

Let k = min,(k;), then

—2x(t)" D P*x(t) < —2x(t) kP x(t). (6.13)

Since ”‘ﬁf((% — 0 as ||z(t)|]|pr — 0, an € > 0 can always be found such that

% < k holds when ||z(t)||pr < e. After substitution from (6.13), Equa-

tion (6.12) yields

- %x(t)TQ*:c(t) — 22(t)" Do P x(t) 4 2x(t)" P*¢(x(t))

1 .
< 5o Q7w(t) — 20(t) wP () + 26l|x(t) || p- 2 ()] p-
1
= —5:17(t)T *z(t) <0
This completes the proof. n

The control positively invariant set (2. can be computed as follows:

Step 0: Set € a large enough value to include the feasible €, ¢ = 0 and the tolerance

‘tol’ to satisfy the system performance;

Step 1: Set € = £(£ +¢), and compute

fmin = min (—f(%(t)))

z(t)ENe

= x(rf)lé% (%:p(t)TQ*x(t) +22(t)' D P*a(t) — 2x(t)TP*¢(x(t))) ;

Step 2: If fui, > 0, set € = ¢; otherwise, set & = ¢;

Step 3: If € — ¢ > tol, go to Step 1. Otherwise, terminate and output € = €.
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p. < €;} required in (6.7b)

Now, the positively invariant set Q_ = {& € R™ : ||z

can be computed using [20]

£, = min (5 %\/ﬁ> : (6.14)

and € = QE/I X Qs; X e X ng becomes a positively invariant set for the overall
nominal decoupled nonlinear system in (6.6) with the control u(t) = Kz(t).

The distributed MPC signal in (6.7) is generated using the nominal decoupled
subsystem dynamics in (6.3) as the prediction model. However, the couplings among
the subsystems and the external disturbances lead to deviations of the state trajec-
tories of the subsystems A; from their predicted state trajectories z;(t; tx) employed

in (6.7). Lemma 6.3 bounds these deviations.

Lemma 6.3. For each subsystem A; in (6.1) with Assumption 6.4, the deviation of
its state trajectory from the predicted state trajectory of its nominal and decoupled

dynamics in (6.6) is upper bounded by
st t) — Zo(ts ti) [l < A(E — ) e, (6.15)

where

_ _Tac
p=1L+BN, \= (mN 2‘5 —|—p), (6.16)
afndL =max;{L}, B = max; ;{B;}, o = max;{q;}, & = max;{e;}, ¥ = max;{, /ﬁ}.
N is the number of neighbors that each subsystem has in the symmetric super-graph
G’ [8] of the graph G which encodes the topology of the inter-subsystem couplings,
and, N > max; Card{N;}.

Proof. Let: w;(t;tx) be a feasible control trajectory; u;(¢;t;) be the optimal control
trajectory computed in (6.7); Z;(¢; 1) be the state trajectory predicted by applying
w;(t;tx); and ZI(t;tg) be the state trajectory predicted by applying @} (¢;t). After
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substitution from (6.1) and (6.3), (6.15) yields

lzs(t; t) — Zi(t5 ) |2

t
< / (Lfi”l“i(ﬂtk) — ()l + Y Biglle (75 te) — (75 1) |12
12

JEN;

£ Byl st + ||wi<f>||2)dr, (6.17)

JEN;

and after substitution from (6.7b), Equation (6.17) becomes

i (t; tr) — T (t; L) |2

t
< / (LH%’(T; te) — (75 ) |2 + BN ||za( 75 tr) — Za(7T3 te) |2
ty

_ Tae
+ BIN— +Om
T —lg—1
! = _ . Tae
:/ (L + BN) (75 t) = Zi(T3 ta) ]2 + BIN - —+p)dn (6.18)
tg — lg—1

After substitution from (6.16), Equation (6.18) yields
s
D il te) =zt )2
i=1
t 8 ~
g/(L+mw§:mmﬁ@—@ﬁ¢mmh+QﬁN&h@m+S@@—@)
bk i=1
t S
:i/u}jhﬂﬂm)—@ﬁJQM&ﬁﬁﬂQ—m) (6.19)
=1
Applying the Gronwall-Bellman inequality to (6.19) leads to
S
> it te) = Tt ta)lla < SA(E— t) et ). (6.20)
i=1

From (6.20), (6.15) follows based on symmetry. This completes the proof. O
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6.3 Recursive Feasibility

To successfully implement the proposed distributed MPC strategy, the optimization
in (6.7) should be recursively feasible, i.e., the feasibility of the optimization in (6.7)
at time ¢, should indicate its feasibility at time ¢;,;. This section establishes suffi-
cient conditions for the recursive feasibility of (6.7) after first determining sufficient
conditions for the satisfaction of the terminal constraints in (6.7b). The derivations

use the assumed control trajectory w;(t; ;) which is defined by

Wt tyor), t € [t +T),

Gt ty) = (itia), t € [t oo +T) (6.21)
Kifi(t;tk), te [tk—l + Tt + T],

where fi(t;tk) = fi(@;(t; tr), u(t; ty)) with Z;(ty; te) = xi(tx).

Theorem 6.1. For the subsystem in (6.1) with the control in (6.7), if the sampling

interval 6 satisfies

QG E < — ’
>0 INP) | By T :
7132 AP) (ﬁnyTozg /6 + ,0)6 : (6.22a)
(A

22
T+~ ’ (6.22b)

where n; = (\/’}\((?3)) + \/A(Ii—\igg&)) , then the assumed control signal u;(t; ty) in (6.21)

steers the assumed state trajectory &;(t;tx) of the nominal decoupled dynamics of the

subsystem A; to the positively invariant set Q_r__ o+ within the prediction horizon T
T+o Y€

Proof. From (6.15), it follows that

i (s te) — 2i(tste) 7 < f AP [l 1) — Tt 1) 2

< AR (BYNTae /6 + p)(t — ty)e =), (6.23)

The substitution ¢ = ¢, in (6.23) leads to

b < A/NP)(BYNTae /6 + p)der, (6.24)

@i (trs1: te) — Ti(togas L)
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and further to

12:(7s tr) — @5 (75 t) | e < A AP) (T3 trr) — 7 (73 1) |2

AP >(sz<tk+l,tk+1> St )l

+ Lfi/ |Zi(s; thsr) — jj(s;tk)Hgds). (6.25)

tet1
After applying the Gronwall-Bellman inequality and using (6.24), Equation (6.25)
yields

b <A/ AMP)(BYNTag /5 + p)derdels(T—tisn), (6.26)

14(75 tegr) — 27 (75 L)

The constraints in (6.7b) together with (6.26) lead to ||z} (tx + T;tx)||p, < TTQ—J:?,

and further to

| Zi(tk + T3 tysn)
- _ , T
/30D A~ 5 Ly, (T—6)
<A/ AP)(BYNTae /6 + p)oete™s A 5(1162
- _ , T ,
_ T
<A/ AP)(BYNTas /6 + p)oet” + T 5% (6.27)

p, < ||Z; (b + T te) || p, + |26 (tx + T trgr) — 5 (G + T3 te) ||,

If (6.22a) holds, then

& (te + T trs) |l p, < cuey, (6.28)

which shows that the assumed state @;(tx + T’ try1) of the nominal and decoupled
dynamics of the subsystem .A; are steered to the positively invariant set 2, -. When
ity + Titig) € Q. Z

From (6.9), it follows that

the state feedback control u;(t) = K;z;(t) is implemented.

S OR) <~ e, + Ia(t))
( KTRK>
<=y zi(t)
il (6.29)
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where n; = <\/ %\(Q?) + \/ A(If\’igi)Ki)) . Applying the comparison principle [44] to (6.29)

yields

< @it + T trp)||pe ™Dt € [t + Totpyr +T). (6.30)

|2 (t; tit)
Combining (6.28), (6.30) and (6.22b) leads to

6

Ti(tpr + 151 < ais;e_m QE;,
it + Tt e, < < s
which shows that the terminal state &;(¢y+1 +T'; tx41) of the assumed state trajectory

Z;(t;tp41) enters the positively invariant set Q_r . This completes the proof. [J
T+o Y€

Theorem 6.1 establishes sufficient conditions for the assumed control u,(t; ;)
in (6.21) to steer the assumed state of the nominal decoupled dynamics of the sub-
system A; to the positively invariant set within the prediction horizon T'. Sufficient

conditions for the feasibility of the assumed control ;(t;x) are provided next.

Theorem 6.2. Given a feasible initial state for the subsystem A; in (6.1), the op-
timization in (6.7) is recursively feasible if the sampling interval & satisfies (6.22a)
and (6.22b), and if

Tn—1=0. (6.31)

Proof. Assume the optimization in (6.7) is feasible at time t;. To determine its
feasibility at time #1, the assumed state trajectory ;(¢;tx1) will be investigated
over two time intervals, [txi1,tx + 1] and [ty + T, tgs1 + T1.

Consider the time interval [tx1, ¢ + 7. From (6.26), it follows that

A'(T’tk_H) — f*(’i"tk) P;

12373 ts1)
T
o Toie VAP (BYNTae /6 + p)derdels T—tis), (6.32)
T —th—1
In view of (6.27) and (6.28), when 7 = ¢, + T, the last term on the right-hand
side of (6.32) is bounded by
50(7; ’

Tt (6.33)

MP)(BYNTag /5 + p)serdels =) <
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After substitution from (6.33), Equation (6.32) yields

Toye, (55'04Z
.f%' T t ) v eLfi (T_tk-‘rl)
|| Z( ki+1)||P1 —_ _tk,‘ 1 (T+5> Lf T (5)
_ Tave; 0c;; oL (T=tis1+6=T)

T_tk—l T+5

Considering :::6 — TTi; -~ = = ti)T(C;ﬁk_l), the recursive feasibility of (6.7) is guaran-
teed if
50{7;87; 6Lfi(T_tk+l+6_T) S 5Tal€z ) (634)
(T—F(S) (T—tk)(T —tkfl)

From 7 —t, < T and 7 — ty_; < T + § over the interval [tyi1,tx + T, it follows
that
§Toue; 6T oye, Save,

(T - tk)(T — tk,l) = T(T_|_ 5) - T+6 (6.35)

and that (6.34) holds if

Saie; | Saye;
7 £ (7‘ tk+1+(5 T) < Tt 636
T+4° ST (6.36)
In summary, Equation (6.36) holds because eXs: "t+14+9=1) < 1 for Vr € [tgyq, ti+
T) and the feasibility of @(t;txy1) over the interval [ty 1, ¢, + T is ensured.
Now consider the time interval [ty + T, g1 + T]. Define

TO(Z‘
T — tk ’

Ti(r) = ae” =01 T2(r) =

)

It follows that T?(r) — Ty(7) = L8 — qem(r—in-T) = Lue b oaCoti) ang the
substitution of 7 = t; + T leads to T?(ty + T) — T;(tx + T) = 0. After defining
AT(t) = Taze"t — q;(t +T), t € [0, 0], it follows that dAT( ) = Tayme™t — a;. Then,
if dAg;(t) = Ta;nm;e"' — a; > 0 over the interval t € [0, 4], that is, if Tm; — 1 > 0, then
AT(t) is increasing along [0, t].

From (6.31), it follows that T2(7)—T;(7) > 0, and using (6.30) that ||Z;(7;tx+1) ||,

5;aie_77i(7_tk_T) < Tal . The feasibility over the interval [t + T, tx11+ 7] is also guar-

p <

anteed. This Completes the proof. O
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6.4 Stability

This section establishes sufficient conditions for the distributed MPC signal in (6.7)
to steer the state of the overall constrained weakly coupled nonlinear system in (6.4)
to the origin.

The optimal state cost for subsystem A; is

Qi + 1@ (75 1)

Ri)dT—i‘ Hi’j(tk +T; tk) P

Jtw) = [ (lei(n)

ti

at time tj. Using the assumed control trajectory ;(¢; tx41), the optimal cost at time

tr+1 can be upper bounded by

I (e, Ti(ter)) < Ji(tesr, ©i(tee1))

tk+1—|—T
_ / (2073 trss)|
tet1

and the difference between the optimal cost J(tgy1, zi(tr+1)) and J;(tx, x;(tx)) can

r) AT + |25 (teq1 + T3 thyr)

Qi 1%i(7; tey)| Pis

be upper bounded by

i (s, Ti(trg)) — J7 (te, wi(te)) < Ji(trgr, altera)) — Ji (Ek, a(te))

te+T
- / U2 trs)llar — 1250 t)llgr + Nis(rs tern)lm, — 12 (7 60)l1m,) dr
tr4+1
(6.37a)
tet1
- / (12 (s t0)llgs + 11 (s )l ) dr (6.37D)
ty
tp1+T
+ / (s trsn)llgs + las(rs b)) dr
tp+T
it + T ter)lles — 125+ Ts 80l (6.37¢)

Upper bounds on (6.37a), (6.37b) and (6.37c) are derived in the following propo-

sition.

Proposition 6.1. For the subsystem A; in (6.1), with Assumptions 6.1 and 6.2, with
a sampling interval § that satisfies the conditions in (6.22a) and (6.22b), and with
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the condition in (6.31), the terms in (6.37a), (6.37b) and (6.37c) satisfy

tp+T
/ Wi (7s ter )l = 123 (75 bl @i + 11 (75 tes) |y — (165 (75 1) | i)

tkt1
< ;\(QJ (50éi€; 1-— eLfi(‘s_T) .
S\Vap) T+ L,

k3

tr4+1
—/ (123 (75 te)ll s + 16 (75 )| i) dT

tg
< %(Qz‘)s{ AMQi) 8a; £l eln(6=T).
N ANP)T+46"

tg41+T
/' (a7 trsn)llgr + lis(rs b)) dr
tp+T

(6.38a)

(6.38D)

+ ||f,(tk+1 + T; tk—i—l) ||JI (tk + T, tk) (638C)

Proof. The integral term in (6.37a) is upper bounded by

tp+T
/ (s )|

tit1

tp+T
/‘ 18473 tarn) — 25 (7 ) udr

tkt+1

tp+T
1/ / VAP (BFNTag /6 + p)derdelsnT=trgr, (6.39)
k+1

In view of (6.27) and (6.28), it follows that

Q= 175 (73 ti)|

Qi+ 11 (7s tea) |l my = llwi (75 1))

Ri) dT

VAP (BYNTag' /8 + p)derd < dae, i =Ly (T=0), (6.40)

T+6

Together, Equations (6.39) and (6.40) yield

totT
Q / i (73 tegr) — T (T3 ) || i dT
1

to+1
t+T L¢ (6—T
Saze;, [ oLt +9-T) g Sae; 1 — ks 0=T) (6.41)
STis beit — T+ Ly ’

and Equation (6.41) together with (6.39) leads to (6.38a).
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The integral term in (6.37b) is upper bounded by

- [ e

ty

tet+1
o+ 1 (s 00 ) dr < — / l# (s t)llgdr. (6.42)

173

From (6.20), it follows that

b <A/ MP)(BYNTag [ + p) (T — ty,)e! Tt (6.43)

ls(75 tx) = %7 (75 5)

If 2;(6, tx) does not enter the positively invariant set €2, during the sampling interval
[tk, tgr1], then (6.43) guarantees that

1Z5 (75t )lle, = &; = \/A(P) (BINTag /8 + p)der”. (6.44)

After substitution from (6.44), Equation (6.42) leads to

tet+1
- / 2 (s )l g.dr

173

=7 %595 ) % / VAP)(BINTaE 5+ p)setdr.  (6.45)

Together, Equations (6.27) and (6.28) imply that

VAP (BYNTae' /6 + p)oerd < %g;e% (6-T) (6.46)

and, after integration over [ty, tx,1], that

to+1 — _ ,
/ JMPY(BINTE /5 + p)deridr
ty

tpa1 5&‘ , 5204' /
< T el 0T g — 2T oLy (6T 6.47
_/tk Tt+6 TT Tt (6.47)

Together, Equations (6.42), (6.45), (6.46) and (6.47) imply (6.38b).

Equation (6.38¢c) can be shown to hold starting from Lemma 6.1, which guarantees
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that

tgr1+T
L astrstunnlo, + Ns(rs )
t

k+T

+ |2 (ter + 15 thtr)

P, — ||Z; (te + T t0) || A

< @it + T tpgr) — 27 (b + T tw)||p (6.48)
Together, Equations (6.26), (6.27) and (6.28) yield
Nz (tk + Titgrr) — T5 (b + T te) || oy < Laia;,
T+96
which implies (6.38¢) when combined with (6.48). O

Theorem 6.3. Let the overall constrained weakly coupled nonlinear system in (6.4)
with the distributed MPC' controller in (6.7), with a sampling interval § that satis-
fies (6.22a) and (6.22b), and with the condition in (6.31) start from a feasible initial
state. If there exist ¥ > 0, € > 0 satisfying ¥ + & < 1 and if

A@Q:) e bultOT

G
- T Lf (1-p)T
T+p A(R)p ‘ AP,

H Q) d =pT with p e (0,1) (6.49)

holds, then the state of subsystem A; converges to the positively invariant set €.

i

Proof. Together, Equations (6.37) and (6.38) lead to

i (tegr, Ti(trgr)) — J7 (te, 7i(te))
R AQi)
AMP)T+6 Ly AP

5 Oé / L (S T 6 !
v 7,(6=T) o
“ T—|—6 g;€ + T g% (6.50)

After substitution from (6.49), Equation (6.50) yields

oo 2@

Q)
AP “0

Ji (et wi(tegn)) — J7 (B a(te)) < — 0= ¢ A(P) o
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Hence, the system state x;(¢) will enter the positively invariant set {2 in finite time.

K3

This completes the proof. O

Within the positively invariant set €2, the state feedback controller K; is im-
plemented. The following theorem establishes sufficient conditions for the state of
the constrained weakly coupled nonlinear system in (6.4) to enter a robust positively

invariant set.

Theorem 6.4. The state of the weakly coupled nonlinear system in (6.4) with As-
sumptions 6.1 and 6.3, with the control (6.7) and with the disturbance

A(@)oe
=) 2€

lw(®)]2 (0,1), (6.51)

converges to the robust positively invariant set €1 s

Proof. From Lemma 6.2, it follows that

V(z(t) = 2(t) (AT P* + P*A)x(t) + 2x(t) T P*p(x(t)) + 22(t) T P*w(t)

< — a0 Q"x(t) + 2 (P) () (P ol (652)

After substitution from (6.51), Equation (6.52) leads to V (z(t)) < 0. The remaining
of the proof is similar to the proof in [50]. O

Remark 6.2. A distributed MPC strategy for a fully coupled nonlinear system has
already been proposed in [55]. If a Lyapunov-based controller exists, the strategy
in [55] has been designed by incorporating a contractive constraint in the optimization.
In [53], the results in [55] have been extended to sequential and iterative architectures
for distributed MPC' for nonlinear systems in which several distinct sets of inputs
are used to requlate the process. The strategqy proposed in this paper does not directly
lend itself to sequential or to iterative implementations like those introduced in [53].
The investigation would require the appropriate reconfiguration of the communication

topology, and the redesign of the optimization associated with each subsystem.

Remark 6.3. For general coupled nonlinear systems, particularly in the presence
of strong couplings, the distributed MPC' strategy proposed in this chapter would be
conservative because the recursive feasibility condition depends on how close the state

trajectory of the coupled nonlinear system stays to the trajectories of the linearized
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and of the decoupled systems. Nonetheless, the proposed approach is useful for weakly
coupled nonlinear systems, for which it distributes the centralized optimization to

several smaller optimizations with reduced computational burden.

6.5 Simulation Example

This section verifies the feasibility and the stability of the proposed distributed MPC
strategy through applying it to steer to the origin a simulated system that consists
of three similar cart-(nonlinear) spring-damper subsystems connected to each other
with similar linear springs [50,64]. The schematic diagram of the system is shown in

Figure 6.1. The dynamics of the three carts are

32(t),
k (ZEH(t) — l’gl(t)) + wl(t),
ke(x21(t) — 211(t))

211(t) = 212(t), To1(t) = T20(t), Ta1(t) =
ml‘lg(t) = Uy — k? €_m11( )ZEH( ) hdl‘m(t)
(

21

mxgg(t) = Uy — ]{506 l‘gl( hdﬂfgg t)

) =
— k(o (t ) — 231(1)) + wa(t)
) hd$32(t) kc($31( ) — T921 (t)) + (J.J3<t).

m.ﬁlfgg(t) = Uz — koe a1 3331 (t

Here, x;; and x;5 are the displacement and the velocity of cart i, i = 1,2, 3, respec-
tively; ko is the steady-state stiffness of the local nonlinear spring of each cart; k. is
the stiffness of the interconnecting linear springs; hy is the local damping of each cart;
m is the mass of each cart; u;(t) and w;(t) are the control signal and the disturbance
for cart 7, respectively. The numerical values selected for these system parameters are:
ko = 1.05 N/m, k. = 0.01 N/m, hg = 0.3 Ns/m, m = 1.5 kg, u;(t) € [-2 2] N. The
initial states of the three carts are x1(0) = (0.5 m 0 m/s), 22(0) = (—0.6 m 0 m/s)
and x3(0) = (0.65 m 0 m/s).

The numerical values selected for the control parameters are: @); = Diag([1.5 1.5]),
R; = 0.1; the eigenvalues of the matrix A; + B;K; are A\(A4; + B;K;) = —1 and
Ao (A; + B;K;) = —0.95, respectively; x; = 0.90 by Lemma 6.1; T =3 s and 6 = 0.6 s
by Theorem 6.3; a; = 0.90 in (6.7b). Using these selections, the remaining control
3.0321  —0.8706 ] -

—0.8706  1.0696
2.5329, for i = 1,2,3. = 0.01, ||wnax||2 = 0.005, ¥ = 0.2, £ = 0.75.

The displacements, velocities and control signals of the three simulated carts are

parameters become: K; = [-0.3750 — 2.6250], P, =

depicted in Figures 6.2, 6.3 and 6.4, respectively. Figures 6.2 and 6.3 illustrate that
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Figure 6.1: The schematic diagram of the simulated system.
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Figure 6.2: The displacements of the three carts.
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the proposed distributed MPC drives the states of all carts to the origin despite the
dynamic couplings among them. Figure 6.4 confirms the feasibility of the proposed
distributed MPC controller. It also shows that the control effort for each cart de-

creases as the cart state approaches the neighborhood of the origin.

-~ -Cartl
—=—Cart 2]
Cart 3

0 0.5 1 15 2
t[s]

Figure 6.4: The control signals of the three carts.

6.6 Conclusion

This chapter has proposed a distributed MPC strategy for a group of dynamically
weakly coupled subsystems with decoupled control constraints and external distur-
bances. In the proposed strategy, all subsystems need to compute their control signals
by solving local optimizations constrained by their nominal decoupled dynamics. The
dynamic couplings and the disturbances are accommodated through new robustness
constraints in the local optimizations. The bounds on the deviation between the ac-
tual and predicted system state trajectories have been computed and analyzed. It
has shown that, for a given bound on the disturbances, the recursive feasibility of the
proposed distributed MPC strategy depends on the appropriate choice of the sam-
pling interval. Sufficient conditions were established for the robust stability of the
overall system. The effectiveness of the proposed control strategy has been verified

by applying it to three weakly coupled cart-(nonlinear) spring-damper systems.
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Chapter 7
Conclusions and Future Work

The work concerned in this thesis can be summarized into two parts. The first part of
this thesis has investigated the MPC theory. Specifically, a few strategies aiming to
reduce the conservativeness of MPC is proposed. After the theoretical study of MPC
in the first part, the second part of the thesis has investigated distributed MPC as a
means to address the heavy computational and/or communication loads of centralized

MPC for large-scale systems.

7.1 Conclusions

The dissertation has proposed a computationally efficient multi-stage MPC strategy
in Chapter 2. Conventionally, a larger feasible region of an MPC strategy is enlarged
by lengthening the prediction horizon. However, a long prediction horizon indicates a
heavy computational load. The proposed multi-stage MPC enlarges a larger feasible
region without increasing the computational complexity for a given prediction horizon.
The recursive feasibility of the optimization and the stability of the closed-loop system
have also been analyzed in Chapter 2.

To guarantee the recursive feasibility and stability, robust MPC strategies for
nonlinear systems typically require additional constraints to be added to the opti-
mization. In turn, the added constraints increase the computational complexity of
the controller and lead to conservative feasibility and stability results. Chapter 3 has
sidestepped the need for additional constraints in the optimization by proposing a
novel robust MPC for constrained nonlinear systems whose cost function consists of

an integral non-squared stage cost function and a non-squared terminal cost. The
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proposed strategy has the advantage that its cost function serves as a quasi-infinite
horizon cost.

Most existing research results on nonlinear MPC assume only that the nonlinear
system to be controlled is Lipschitz continuous and ignores any additional proper-
ties which the nonlinear dynamics might have. This approach leads to general but
conservative results. Taking advantage of specific system properties can yield more
practical MPC strategies for certain classes of nonlinear systems. Following this
reasoning, Chapter 4 has proposed a robust MPC strategy for contracting nonlin-
ear systems. Compared to a Lipschitz continuity-based MPC, the proposed strategy
maintains closed-loop stability for larger levels of disturbance and has larger feasible
region.

For cooperating systems, distributed MPC strategies are preferred to central-
ized strategies because the computational and communication demands of centralized
MPC schemes make them impractical for implementation. Therefore, for nonlinear
systems with decoupled dynamics, Chapter 5 has developed a robust distributed
MPC which ensures their cooperation through coupling terms in the optimizations
that yield their control signals. The new technique exploits the two-layer invariant
set theory to handle the disturbances. Compared to existing results, the proposed
strategy imposes stronger cooperation among subsystems.

For large-scale systems with coupled dynamics, most prior work treats the dynam-
ical interactions as disturbances and therefore, presents results which are conservative.
Chapter 6 has proposed a novel robust distributed MPC strategy by imposing a ro-
bustness constraint in the local optimizations. Suitable for weakly coupled nonlinear
systems, the new strategy uses the robustness constraint to explicitly evaluate the
effect of the dynamical couplings. Its recursive feasibility of the optimization and the

closed-loop stability have also been investigated.

7.2 Future Work

The work presented in this dissertation has addressed some theoretical problems fac-
ing distributed MPC strategies and has developed algorithms for implementing such
algorithms. However, the results have been illustrated only through simulation ex-
amples and their experimental validation needs to be carried out in future work.
Furthermore, there are many open problems ahead in the implementation of dis-

tributed MPC strategies. Specifically, the following topics are possible directions for
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future work.

1. As pointed out in [47], theoretically developed MPC strategies have seldom
been implemented in practice. This is mainly because the theoretical algorithms yield
results which are often conservative and impractical. For example, the computational
requirement or the ability to tolerate only very limited disturbances are two key
factors which typically hinder the use of theoretically developed MPC algorithms in
applications. Future research effort will be dedicated to understanding the sources of
conservativeness and to designing less conservative MPC algorithms.

2. Another research direction is the decomposition of a centralized optimization
into several small-sized optimizations. Centralized MPC for large-scale systems is
not proper to implement either because of its the computational load or because of
its communication burden. Existing work typically proposes distributed MPC as a
remedy for centralized MPC. However, a distributed MPC strategy steers the overall
system to a Nash Equilibrium [93] rather than to the equilibrium of the centralized
MPC strategy. It would be interesting to consider how a centralized optimization, for-
mulated for the large-scale system according to the performance requirement, could be
decomposed into several small-sized optimizations whose solutions collectively yield a
good enough approximation to the solution of the centralized optimization. Such an
approach: 1) would have reduced the computational time since all subsystems would
solve small-sized optimizations in parallel; 2) would steer the large-scale system to

the same equilibrium as the centralized controller.
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Appendix A

Publications

e Refereed journal papers that have been accepted

J1.

J2.

J3.

J4.

Jb.

J6.

X. Liu, D. Constantinescu, and Y. Shi, “Multi-stage suboptimal model pre-
dictive control with improved computational efficiency,” ASME Journal of Dy-
namic Systems, Measurement, and Control, vol. 136, no. 3, Article Number:
031026, May 2014.

X. Liu, D. Constantinescu, and Y. Shi, “Robust model predictive control of
constrained nonlinear systems adopting the non-squared integrand objective
function,” IET Control Theory & Applications, DOIL: 10.1049 /iet-cta.2013.1078,
2014. (in press)

X. Liu, Y. Shi, and D. Constantinescu, “Distributed model predictive control
of constrained coupled nonlinear systems,” Systems & Control Letters, vol. 74,
no. 12, pp. 41-49, December 2014.

M. Liu, X. Liu, Y. Shi, and S. Wang, “T-S fuzzy-model-based Hs and H.,
filtering for networked control systems with two-channel Markovian random
delays,” Digital Signal Processing, vol. 27, no. 1, pp. 167-174, April 2014.

H. Li, X. Liu, and Y. Shi, “Output feedback H ., control of stochastic nonlinear
time-delay systems with state and disturbance-dependent noises,” Nonlinear
Dynamics, vol. 77, no. 3, pp. 529-544, August 2014.

H. Zhang, X. Liu, J. Wang, and H. Karimi, “Robust H., sliding-mode control
with pole placement for a fluid power electrohydraulic actuator (EHA) sys-

tem,” International Journal of Advanced Manufacturing Technology, vol. 73,
no. 5-8, pp. 1095-1104, July 2014.
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¢ Refereed conference papers that have appeared or been accepted

C1. X. Liu, D. Constantinescu, and Y. Shi, “Hy controller design of networked
bilateral teleoperation system with Markovian time delays,” The 2012 Haptics
Symposium, Vancouver, BC, Canada, March 4-7, 2012.

C2. X. Liu, Y. Shi, and D. Constantinescu, “Robust distributed model predictive
control of constrained continuous-time nonlinear systems using two-layer in-
variant set,” The 2014 American Control Conference, Portland, Oregon, USA,
June 4-6, 2014.

C3. X. Liu, Y. Shi, and D. Constantinescu, “Robust constrained model predictive
control using contraction theory,” The 53rd IEEE Conference on Decision and
Control, accepted, Los Angeles, California, USA, December 15-17, 2014.
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