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ABSTRACT

ON THE GENERALIZED INCE EQUATION

Ridha Moussa

The University of Wisconsin - Milwaukee, 2014

Under the Supervision of Professor Hans Volkmer

We investigate the Hill differential equation,
(0.0.1) (L+A0) Y () +B )y (&) + (A +D 1)y (t) =0,

where A (t), B (t), and D (t) are trigonometric polynomials. We are interested in
solutions that are even or odd, and have period 7 or semi-period 7. Equation ((0.0.1))
with one of the above conditions constitute a regular Sturm-Liouville eigenvalue
problem. Using Fourier series representation each one of the four Sturm-Liouville
operators is represented by an infinite banded matrix. In the particular cases of Ince

and Lamé equations, the four infinite banded matrices become tridiagonal. We then

iii



investigate the problem of coexistence of periodic solutions and that of existence of

polynomial solutions.
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CHAPTER 1

Introduction and Preliminary Concepts

The Ince and Lamé equations reside in the “land beyond Bessel”, they are (conflu-
ent) Heun equations when brought into algebraic form. The equations have periodic
coefficients, so they are Hill equations with spectral parameters A and h, respectively.
Ince’s equation has three additional parameters a, b, d, whereas Lamé’s equation has
two, v and k. Employing Jacobi’s amplitude ¢ = am z, Lamé’s equation is transformed
to its trigonometric form, and this is a particular Ince equation. Mathieu’s equation is
an instance of Ince’s equation (a = b = 0) but not of Lamé’s equation. Lamé [37, 38]
discovered his equation in the 1830’s in connection with the problem of determining
the steady temperature in an ellipsoidal conductor with three distinct semi-axes when
the temperature is prescribed on the surface of the conductor. By introducing ellip-
soidal coordinates he found formulas for the temperature in terms of doubly-periodic
solutions of Lamé’s equation, called Lamé polynomials. Throughout the remainder
of the nineteenth century the best analysts of their time worked on the theory of
Lamé’s equation, among them Heine [21], Hermite [23], Klein [36] and Lindemann
[44], the latter being famous for his proof that is a transcendental number. In the
twentieth century, Ince [31], B2] introduced simply-periodic Lamé functions. The well
known Handbook of Higher Transcendental Functions, Volume III, by Erdélyi et al.
[1] contains a very readable overview of the results of Ince and others. Strutt [65]
gives applications of Lamé functions in engineering and physics. Jansen [34] treats
simply-periodic Lamé functions and applies them to antenna theory. In the second
half of the twentieth century, Arscott was the leading expert on Lamé’s equation. He
wrote several papers [4, [5l, [6, [7] on Lamé polynomials and dedicated one chapter of

his well known book [8] to the Lamé equation.
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The first known appearance of the Ince equation is in Whittaker’s paper [83]
Equation (5) | on integral equations. Whittaker emphasized the special case a = 0,
and this special case was later investigated in more detail by Ince [27), [30]. Magnus
and Winkler’s book [45] contains a chapter dealing with the coexistence problem for
the Ince equation. Also Arscott [8] has a chapter on the Ince equation with a = 0.
Arscott points out that the Ince equation was never considered by Ince and should
be called the generalized Ince equation. We use the name Ince equation following the
practice in [45]. A large part of the theory of Lamé’s equation carries over to the Ince
equation, and, in fact, becomes more transparent in this way. For one thing, working
with Ince’s equation does not require knowledge of the Jacobian elliptic function
appearing in Lamé’s equation. For instance, Jansen [34] preferred to work with the
trigonometric form of Lamé’s equation. The Ince equation has another advantage over
Lamé’s equation. The formal adjoint of Ince’s equation is again an Ince equation. The

adjoint equation is found by the parameter substitution
(a,b,\,d) = (a,—4a — b, \,d — 4a — 2b).

If we apply the corresponding substitution to the trigonometric form of Lamé’s equa-
tion, then, unfortunately, the adjoint equation is not a Lamé equation anymore. This
leads to a somewhat awkward theory of Lamé’s equation, for example, there are two
different Fourier expansions for a simply-periodic Lamé function; see [1, Page 65 |.
Actually, one expansion suffices if we work with Ince’s equation. An important fea-
ture of the Ince equation is that the corresponding Ince differential operator (whose
eigenvalues are \) when applied to Fourier series can be represented by an infinite
tridiagonal matrix. It is this part of the theory that makes the Ince equation particu-
larly interesting. For instance, the coexistence problem which has no simple solution
for the general Hill equation has a complete solution for the Ince equation; see Section

2.0l
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Lamé functions were originally introduced to solve certain problems in applied
mathematics “by hand”. Unfortunately, these computations are involved and never
became very popular. Today, however, Lamé and Ince functions excel on modern
computers, and so it is not surprising that Lamé and Ince functions enjoy a renais-
sance in applied mathematics. For example, Lamé functions are used in biomedical
engineering [33], and Ince functions are used in thermodynamics [2]. In addition,
symbolic manipulation software makes working with the Ince and Lamé equations so
much more enjoyable than it used to be.

This dissertation is an investigation of the theory of Ince and Lamé equations.
When studying the Ince equation, it became apparent that many of its properties
carry over to a more general class of equations “the generalized Ince equation” .
These linear second order differential equations describe important physical phenom-
ena which exhibit a pronounced oscillatory character; behavior of pendulum-like sys-
tems, vibrations, resonances and wave propagation are all phenomena of this type
in classical mechanics,(see for example [57]). while the same is true for the typical
behavior of quantum particles (Schrodinger’s equation with periodic potential). Be-
fore considering the Ince and Lamé equations and generalization in more detail, we
include a summary of some important concepts that will be used throughout this

thesis.

1.1. Sturm-Liouville Spectral Theory

Consider the Sturm-Liouville equation

(1.1.1) —p@®y®) +a®y ) =M )y), a<t<b

We assume that p : (a,b) — (0, 00) is continuously differentiable, r : (a,b) — (0, 00) is
continuous and q : (a,b) — R is continuous. In Coddington and Levinson [10] it is as-

sumed that 7 (¢) = 1 but this can be always be achieved by the Sturm transformation.



We choose ¢ € (a,b) and set

= [r@dn yO=Y©.

Then we obtain
—(PEOY' () + QY (& =AY (€),

where

q (1)
P =rt)p(t), Q&= "0

,
In Titchmarsh [67] it is assumed that p(t) = r(t) = 1. If p(¢)r(t) is twice
continuously differentiable then we can achieve this by Liouville transformation. We

choose ¢ € (a,b) and set

Then we obtain

where
)
Q(n) = ) + k()
and
F=mOro), k)= %

ExAMPLE 1.1.1. Consider
1
(1.1.2) —y =AMy

so that p(t) =1, ¢ (t) = 0, r (t) = 1. We take the interval (a, b) = (0, co) . The Sturm

t
§:/@:lnt.
LT

PE)=;=c*

transformation is

Then



For Y (§) = y (t) we obtain the differential equation
e (YY) —ar
The Liouville transformation (we can take ¢ = 0) is

! - -1 —1/2 3 _
n:/ v Pde =207 f(n) =t = (g> . Q) =-m"
0

We obtain the differential equation

31
-Y'+ =Y =)Y.
4n?

1.1.1. Regular Sturm-Liouville Problems. The end point a is called regular
if a € R and the functions p, ¢, r : [a,b) — R satisfy the same assumptions as before

but now on [a,b) . If a is not regular, it is called singular. Similar definitions apply to

b. Suppose that a and b are regular end points. Then we impose boundary conditions

(1.1.3) cosay (a) =sina (p') (a),
and
(1.1.4) cos By (b) = sin S (p') (b),

where a, § € R. A complex number A is called an eigenvalue if there exists a non

trivial solution y (eigenfunction corresponding to \) of (1.1.1)), (1.1.3), (1.1.4). In

the case of regular Sturm-Liouville problems eigenvalues are real and eigenspaces are

one-dimensional.

THEOREM 1.1.2. The eigenvalues form an increasing sequence \,, n € Ny, con-
verging to infinity. An eigenfunction ¢, (t) has exactly n zeros in (a,b) . If the eigen-

functions are normalized according to

b
/ F () | () dt = 1,
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then the sequence ¢, (t), n € Ny, forms an orthonormal basis in the Hilbert space

L% (a,b).

If A € C is not an eigenvalue, then the Green’s function is

Ui (N (2, A) ifa<t<ax<b
Gt @ A)‘{wiu,wf(m) ifa<z<t<b’

where 1 (t,\) is a solution of (1.1.1]), (1.1.3)) and 5 (¢, A) is a solution of (|1.1.1)),
(1.1.4)) such that

o (6N p () Y5 (8 A) =¥ (A p(B) Y5 (8, A) = 1.
If f:[a,b] — C is a continuous function, and A is not an eigenvalue then
b
y(t) = / G (t,2,\) f (x) do
is the solution of the inhomogeneous differential equation
—(®y) +at)y—Ar(t)y=f(t)

which satisfies the boundary conditions (1.1.3), (1.1.4). If we set y = ¢,, and f (¢) =
(= )7 (8) 60 (1), then

bn (1) = (A — )\)/ r(2) G (£ 2, \) 6 (2) da.

1.2. Introduction to the Theory of Hill’s Equation

1.2.1. Hill’s Equation. The Hill equation is the linear differential equation of

the second order

(1.2.1) o)y (&) +a @y @) +ea)y)=0
with continuous coefficients ¢; : R— C with period w > 0,

Cj (t+W):Cj (t) VtER,
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and ¢o (t) # 0 for all t € R. If y (¢) is a solution then also (Ty) (t) = y (t + w) is
a solution. This defines a linear map 1" from the two dimentional linear space of
solutions into itself. Therefore, there exists a nontrivial solution y (¢) (called Floquet

solution) and a complex number p (called multiplier) such that

y(t+w)=(Ty)(t) =py ().

When p = 41 we obtain solutions with period w or semi-period w

yt+w) =yt), ylt+w) =-y(t).

We choose a fundamental system of solutions y;, y» determined by the initial

conditions
y1(0)=1, 5(0)=0, % (0)=0, v (0)=1

Then

(Ty) () = yi(t+w)=zny (t) + 22192 (),
(Tya) (t) = yo(t +w) = T12y1 (1) + Ta2y2 (1) .

From the initial conditions for y;, y» we obtain the matrix representation of 7" with

respect to the basis vy, yo

(1.2.2) T — R (W) y2 (w)

To1 T2 Y (W) vh (W)

By Abel’s formula for the Wronskian

Det T = exp <— /Ow ;1) Egdt) .

Therefore, the multipliers p are the roots of the equation

(1.2.3) p* = (1 (w) + 95 (W) p+detT =0.
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This quadratic equation has the two non zero solutions p;, ps. The corresponding

characteristic exponents m1, ms are defined by p;, = €™, There are two cases.

(1)

p1 7 p2. Let y1, y2 be Floquet solutions with multipliers p;, ps respectively.

They form a fundamental system of solutions. If we define

P (t) = e "™y (t),

then

pk(t+w):pk(t)>

therefore we can write
yr (1) = ey (1), k=1,2.

p1 = p2. There are two possibilities. If p; is an eigenvalue of T with geometric
multiplicity 2 then we can proceed as in the first case. If p = p; = py = ™
has geometric multiplicity 1, let y; be the corresponding Floquet solution,

and let yo be a linearly independent solution. we have

Ty =pyr, Tys=dys+pys, d#0.

If we define

P () = ™y (8), pa (1) = ey (1) — wiptpl (t

then

and we can write

yi(t) =e™pi(t), y2(t) =™ (tpr () +p2 (1))
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Equation is called stable if all solution are bounded in R. Otherwise it is called
unstable. The equation is stable if and only if |pg| = 1 for k = 1,2, and the geometric
multiplicity of p; is 2 when p; = ps.
Next, we add the assumption that the coefficients in are real-valued and
that

(1.2.4) /w al) o

Co (t)

Assumption (|1.2.4) implies detT' =1 and so p1p2 = 1. We define the discriminant
D =traceT = y; (w) + 95 (w) .

If p = e“™ then equation ((1.2.3) becomes
(1.2.5) D=p+pt=e“"+e ™" =2cos(wm).

Since D is a real number there are these possibilities:

(1) D > 2 or D < —2. Then py, py are distinct, real and one of them is larger
than 1 in absolute value. Thus is unstable.

(2) =2 < D < 2. Then py,py are distinct, conjugates of each other and have
absolute value 1. Thus is stable.

(3) D =2. Then p; = pa = 1 and there exists a Floquet solution with period w.
The equation is stable if and only if all solutions of have period w.

(4) D = —2. Then p; = ps = —1 and there exists a Floquet solution with semi-
period w. The equation is stable if and only if all solutions of have

semi-period w.

In the case where all solutions have period w, or all solutions have semi-period w we

speak of coexistence of Floquet solutions with period w or semi-period w.

ExaMPLE 1.2.1. We consider the Fourier equation

(1.2.6) y' +Ay=0, A=c* c>0.
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We can choose w > 0 arbitrarily. Let us take w = m. We obtain

y1 (t) = cos(ct), yo (t) = %sin (ct)

and

cos(cm) ¢ lsin (cm)

T —
—csin (em)  cos (em)
The discriminant is

D = 2cos (cr) .

Therefore, p = e*". The equation is stable for all ¢ > 0 but unstable for ¢ = 0.
Floquet solutions with period 7 exist for ¢ = 2n with n = 0,1,2,..., and Floquet
solutions with semi-period 7 exist for ¢ = 2n + 1 with n = 0,1,2,... We have
coexistence of Floquet solutions with period w or semi-period w for ¢ = n, n =

1,2,3,..., but not for ¢ = 0.

1.2.2. Hill’s Equation with Spectral Parameter. We consider Hill’s equa-

tion with parameter A

(1.2.7) —(p®)Y) +qt)y=xr(t)y,

where p, ¢,r : R — R are functions with period w, ¢ continuous, p continuously
differentiable and positive, and r continuous and positive. Note that assumption
holds.

The discriminant D (A\) becomes real analytic function of the real parameter A
which sometimes is called a Lypanov function. In general we can prove the following

properties of D ()).

THEOREM 1.2.2. The discriminant D (\) has the following properties,
(1) lim D (\) = oo
A——00

(2) D" (X) # 0 whenever —2 < D (\) < 2;
(3) if D(\) = =£2 and D' (X\) =0 then £D" (\) < 0;
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(4) there is a sequence 0 — 0o such that D () < 2,

For the proof see Chapter 8, Section 3 in Coddington and Levinson [10].

It follows from this theorem that the A’s for which admits a Floquet solution
with period w form a non decreasing sequence \,,, converging to infinity. Values of A
for which there is coexistence of Floquet solutions with period w are counted twice.
Similarly the A’s for which admits a Floquet solution with semi-period w form
a non decreasing sequence u,, n = 0,1,2,..., converging to infinity. We have the
inequalities

Ao <o Spp <AL <A <pp <z < A3 < A<

If A € (—o0, )\ then equation is unstable. The interval (—oo, \g] is
the zero-thinstability interval. The intervals [pom, ftom+1], [Aom+1, Aams2] are the
(2m 4+ 1) th and (2m + 2) th instability intervals, m = 1,2,..., with the exception,
if these intervals shrink to one point [A, A] (in the case of coexistence) then ((1.2.7)
is stable at this value A. If A lies in one of the intervals where D (\) € (—2,2) then

equation (|1.2.7)) is stable. We call these intervals the stability intervals.

1.2.3. The Even Hill Equation. Consider equation (1.2.1)) and suppose that

Co, Co are even functions and ¢ is an odd function:
co(—x)=co(x), co(—x)=c2(x), c1(—2)=—c(x).

This implies that detT = 1. If y (¢) is a solution then also y (—t) is a solution. If
y (t) is a Floquet solution with multiplier p then y (—t) is a Floquet solution with
multiplier 1/p. In particular, a Floquet solution with period or semi-period w must

be even or odd unless all solutions have period or semi period w.

By inverting the matrix 7" in ((1.2.2) we get

i (t) =y (W) (t+w) =4 (W) g (E+w).
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If we substitute t = —w we obtain y; (—w) = y; (w) = ¥4 (w) . Therefore the discrimi-

nant simplifies to

D =2y, (w).

Now consider the Hill equation with spectral parameter A under the as-
sumptions of Subsection [[.2.2] In addition we assume that p, ¢, r are even. Then
for every A we have an even Hill equation. In this case it is customary to intro-
duce a slightly different scheme of notation for the solutions of D (\) = £2. Let
g, n = 0,1,2,... denote the increasing sequence of those \’s for which there ex-
ists an even Floquet solution with period w. Let ag,y1, n = 0,1,2,..., denote the
increasing sequence of those A’s for which there exists an even Floquet solution with
semi-period w. Let fo,11, n = 0,1,2,..., denote the increasing sequence of those
A’s for which there exists an odd Floquet solution with semi-period w. Let (a0,
n =0,1,2,...,denote the increasing sequence of those \'s for which there exists an
odd Floquet solution with period w. The n—th instability interval is then the interval

between «,, and (,. Note that «,, < 3, a,, > (., and «,, = 3, are possible.

1.3. Outline

In this first chapter we briefly outlined the subject of interest. We discussed
the form and basic properties of the Sturm-Liouville problem and the properties of
Hill’s equation that are needed for the remainder of the thesis. In the remaining
chapters, some specific techniques are considered for the analysis of the Ince and
Lamé differential equations and their generalization. These chapters are organized as
follows.

Chapter two. Introduces a generalization of Ince’s equation. The main proper-
ties of Ince’s equation apply to a more general class of equation that we called the

generalized Ince equation.
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Chapter three. Discusses in detail the Ince equation, in particular the problem of
coexistence of periodic solution, and that of the existence of polynomial solutions in
trigonometric form.

Chapter four. investigates Lamé’s equation The substitution { =  — am z trans-
forms Lamé’s to an Ince equation, in this way a large part of the theory of Lamé’s
equation carries over to the Ince equation.

Chapter five. Generalizes Lamé’s equation using the so called generalized elliptic
functions. When transformed to its trigonometric form, this equation becomes a
generalized Ince equation.

Chapter siz. Discusses the technique of separation of variables applied to the wave
equation in some special coordinate systems. This precess leads to Ince and Lamé
differential equations.

Chapter seven. Presents mathematical and physical applications, and special re-
sults, in particular a section on the instability interval of the generalized Ince equation.

Chapter eight. Concludes the thesis.
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CHAPTER 2

A Generalization of Ince’s Differential Equation

2.1. The Differential Equation

We consider the Hill differential equation

(2.1.1) 1+AW)Y" ) +BO)y ) +N+D()y(t)=0
where
A(t) = Zaj cos (2jt) ,

B(t) = ij sin (2jt) ,

D(t) = Zdj cos (2jt) .

Here 7 is a positive integer, the coefficients a;, b;, d;, for j = 1,2, ...,n are specified
real numbers. The real number )\ is regarded as a spectral parameter. We further
assume that Zn: la;| < 1. Unless stated otherwise solutions y (t) are defined for t € R.
We will at ti]nzlés represent the coefficients a;, b;, d;, for 7 = 1,2...,n in the vector
form: a = [a1, a9, ...,ay], b=[b1,bs,...,0,],d =[dy,ds,...,dp].

The polynomials
d;

(2.1.2) Qj (1) i= 205" =bjp = =, j=12,....m,

will play an important role in the analysis of (2.1.1). For ease of notation we also

introduce the polynomials

(2.1.3) Q) = Q;(n-1/2), j=12....n.
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Equation (2.1.1)) is a natural generalization to the original Ince’s equation
(2.1.4) (1+acos(2t))y” (t) + (bsin (2t)) 3/ (t) + (A + dcos (2t)) y (t) = 0.

Ince’s equation by itself includes some important particular cases, if we choose for

example a = b = 0, d = —2q we obtain the famous Mathieu’s Equation
(2.1.5) v (t) + (N —2qcos (2t)) y (t) = 0,
with associated polynomial

(2.1.6) Q (1) =q.

If we choose a =0, b = —4q, and d = 4q (v — 1), where ¢, v are real numbers, Ince’s

equation becomes Whittaker-Hill equation

(2.1.7) y' (t) —4q (sin2t) y' (t) + (A +4q (v — 1) cos2t) y (t) = 0,
with associated polynomial

(2.1.8) Q) =2¢q2u—v+1).

Equation (2.1.1)) can be brought to algebraic form by applying the transformation

¢ = cos?t. For example when = 2, and a = b = 0, we obtain

d2y 1 1—25 dy 1 8d2€2+(2d1—8d2)€—d1+d2+)\ .
210 s (aa) @il £0-9 Ju-o

2.2. Eigenvalues
Equation (2.1.1) is an even Hill equation with period m. We are interested in
solutions which are even or odd and have period 7 or semi period 7 i.e. y(t +7) =

+y (t) . We know that y (¢) is a solution to (2.1.1)) then y (¢t + 7), and y (—t) are also

solutions. From the general theory of Hill’s equation we obtain the following lemmas:
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LEMMA 2.2.1. Let y(t) be a solution of (2.1.1)), then y (t) is even with period
if and only iof

(2.2.1) Yy (0) =y (7/2) = 0;

y(t) is even with semi period 7 if and only if

(222) Y (0) =y (n/2) =

y(t) is odd with semi period 7 if and only if

(2:2.3) y(0) =y (m/2) = 0;

y(t) is odd with period 7 if and only if

(2.2.4) y(0) =y (7r/2) =0.
For the proof see [14], Theorem 1.3.4 |

LEMMA 2.2.2. Equation (2.1.1)) can be written in the self adjoint form

(2.2.5) — (I +A®)w®)y @) =D H)w )y () = o)y (1),
where
(2.2.6) w(t) = exp (/ %dt} :

H—A'(?)

Note that w(t) is even and w-periodic since the function Bl ‘A s continuous,

odd, and m-periodic.

PROOF. Let r(t) = (1 + A(t)) w (t). (2.2.5) can be written as,

(2.2.7) (=r(®)y' (1)) = DO)w(t)y(t) = Aw(t)y(t),
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which is equivalent to

(2.2.8) — () () — r(t)y" (t) = DO)w(t)y(t) = Aw(t)y(t).

Noting that
and

we see that

Therefore, (2.2.8) can be written as

(2.2.9) — B(t)w(t)y'(t) — (1 + A(t)w(t)y" (t) — D()w(t)y(t) = Aw(t)y(t).

Since w(t) is strictly positive, the lemma follows. 0

In the case of Ince’s equation ([2.1.4)), we have the following formula for the function

(1+acos2t) P2 ifq +£0,
(2.2.10) w(t) =

exp (%b coS 2t) ifa = 0.

When n > 2, the function can be computed explicitly using Maple. For example, let
us consider the case n = 2, with a = [}l, %} b =[1,1]. Applying (2.2.6)), we obtain

1
w(t) = 3
(7 + 2cos 2t + 2 (cos 2t)7)

Equation (2.1.1) with one of the boundary conditions in Lemma is a regular
Sturm-Liouville problem. From the theory of Sturm-Liouville ordinary differential
equations it is known that such an eigenvalue problem has a sequence of eigenvalues

that converge to infinity. These eigen values are denoted by as,,, aomi1, Soms1, and
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Bomaa, m = 0,1,2,... to correspond to the boundary conditions in lemma [2.2.1] re-

spectively. This notation is consistent with the theory of Mathieu and Ince’s equations

(see [45] [79]). Lemma implies the following theorem.

THEOREM 2.2.3. The generalized Ince equation admits a nontrivial even solution
with period 7 if and only if X = oy, (a, b, d) for some m € Ng; it admits a nontrivial
even solution with semi-period 7 if and only if X = agyq (a, b, d) for some m € Ny; it
admits a nontrivial odd solution with semi-period 7 if and only if X\ = Poy1 (2, b, d)
for some m € Ny; it admits a nontrivial odd solution with period m if and only if

A = Bomao (a,b,d) for some m € Ny.

ExXAMPLE 2.2.4. To gain some understanding about the notation we consider
the almost trivial completely solvable example, the so called Cauchy boundary value

problem
(2.2.11) y" (t)+ My (t) =0,

subject to the boundary conditions of lemma [2.2.1] We have the following for the
eigenvalues A in terms of m =0,1,2...

1. Even with period 7 we have A = a,, = (2m)%.

2. Even with semi-period m we have A = agq1 = (2m + 1) 2

3. Odd with semi-period m we have A\ = fa,,11 = (2m + 1) 2

4. Odd with semi-period ™ we have A = By,10 = (2m + 2) 2.

The formal adjoint of the generalized Ince equation is

(2.2.12) (T+AD)y 1) = (BOy (1) +A+D(1)y(t)=0.

By introducing the functions

Md

B* (t) = 2A" (t — (2ja; + b;) sin (25t)

J=1
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D*(t)y=D(t)+ A" (t) — B"(t) = i — (45%a; + 2jb; — d;) cos (2jt)

j=1
we note that the adjoint of (2.1.1) has the same form and can be written in the

following form:
(2.2.13) (1+ A@)y"(t) + B*(t)y' (t) + (A + D*(t))y(t) = 0.

LEMMA 2.2.5. If y(t) is twice differentiable defined on R, then, y(t) is a solution

to the generalized Ince equation if and only if w(t)y(t) is a solution to its adjoint.

PrRooOF. We Know that

B*=2A'"-B, D'=D+A"-B I =
9 + ? w 1+Aw7
and
(B A (14 A) = A (B &)+ (B A
a (1+ A)? '
For ease of notation, let
_B-A _(B’—A”)(l—l—A)—A’(B—A’)%—(B—A’)2
P=97a 17 (1+ A)?2 ’

then

(1+ A) (wy)" + B* (wy) + (A + D*) (wy)
= (1+A) (W'y+ 20y +wy’) + B (Wy +wy) + (A + D7) (wy)
= (1+ A) (quy + 2pwy’ + wy") + B* (pwy + wy') + (A + D*) (wy).

Substituting for p, ¢, B*, and D* and simplifying we obtain

(1+A) (wy)" + B* (wy)' + (A + D*) (wy)

=w((1+A)y" + By +(A+D)y).
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From lemma we know that if y is twice differentiable, y is a solution to
the generalized Ince’s equation with parameters A, a, b, and d if and only if wy is a
solution to its formal adjoint. Since the function w is even with period 7, the boundary

condition for y and wy are the same. Therefore we have the following theorem.

THEOREM 2.2.6. We have for m € Ny,

(2.2.14)  ap, (aj,b5,d;) = am (aj, —4ja; — by, d; — 45%a; — 2jbj) . i=1,2,...n,

(2215) Bm+1(aj, bj, d]) = ﬂm+1(aj, —4jaj — bj dj — 4j2aj — 2jbj), ] = ]_, 27 e ’I’]

From Sturm-Liouville theory we obtain the following statement on the distribution

of eigenvalues.

THEOREM 2.2.7. The eigenvalues of the generalized Ince equation satisfy the in-

equalities
2.2.16 <{O‘1}<{O‘2}<{0‘3}<---
(22.16) <18, <18 <15,

The theory of Hill’s equation [45] gives the following results

THEOREM 2.2.8. If A < ayg or X belongs to one of the closed intervals with distinct
endpoints ,, Bm, m =0,1,2, ..., then the generalized Ince equation is unstable. For

all other real values of A the equation is stable. In the case
(2.2.17) an, (a,b,d) = 5, (a,b,d)

for some positive integer m and the parameters a, b, d the degenerate interval [, )

15 not an instability interval: The generalized Ince equation is stable if

A =an,(ab,d)=4,(a,b,d).
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2.3. Eigenfunctions

By theorem the generalized Ince’s equation with A = aw,, (a, b, d) admits a
non trivial even solution with period 7. It is uniquely determined up to a constant fac-
tor. We denote this Ince function by Ico,,(t) = Icapm (t;a,b,d) when it is normalized

by the conditions /¢y, (0) > 0 and

/2 T
(2.3.1) /0 (Icom (1)) 2dt = T

The generalized Ince’s equation with A = g, 11(a, b, d) admits a non trivial even
solution with semi-period 7. It is uniquely determined up to a constant factor. We
denote this Ince function by Icoy41 (t) = Icama1 (t;a, b, d) when it is normalized by

the conditions I¢g,41 (0) > 0 and

w/2 T
(2.3.2) /0 (Feamnsn () %t = 7

The generalized Ince equation with A = fs,,,41 (a,b,d) admits a non trivial odd
solution with semi-period 7. It is uniquely determined up to a constant factor. We
denote this Ince function by Isg;,11 (t) = Isgma1 (t;a,b,d) when it is normalized by

d
the conditions Elsgm_i_l (0) > 0 and

/2 -
(2.3.3) /O (Fsomsr (1) = 7.

The generalized Ince equation with A = fs,,42 (a,b,d) admits a non trivial odd
solution with period 7. It is uniquely determined up to a constant factor. We denote
this Ince function by Isonio (t) = [Somyio (t;a,b,d) when it is normalized by the

d
conditions El Som+2 (0) > 0 and

™

/2
(2.3.4) /0 (o (1))t =

From Sturm-Liouville theory [10, Chapter 8, Theorem 2.1] we obtain the following

oscillation properties.
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THEOREM 2.3.1. Fach of the function systems

(2.3.5) {Ueambm—o

(2.3.6) {Leams1}m—o
(2.3.7) {Isomi1}omy
(2.3.8) {Isam+2} 0

is orthogonal over [0, /2] with respect to the weight w (t), that is, for m # n,

(2.3.9) /F/Qw (t) Icom (t) Leam, (t) dt =0,
(2310) /7T/2 w (t) ICgm_H (t) [C2m+1 (t) dt = 0,
(2.3.11) / ™ () Ismmen () Isomer () dt = 0,
(2312) /7T/2 w (t) ISQm—i—Q (t) I$2m+2 (t) dt = 0.

Moreover, each of the previous system is complete over [0, 7/2].

Using the transformations that led to Theorem [2.2.6] we obtain the following

result.

THEOREM 2.3.2. We have

(2.3.13) Icy, (t;a,b*,d*) = ¢, (a,b,d)w (t;a,b) Icy, (t;a,b,d)

(2.3.14) Is,, (t;a,b*,d") = s, (a,b*,d")w (t;a,b) Is,, (t;a,b,d)
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where ¢, (a,b,d) and s, (a,b,d) are positive and independent of t, and
b* = [0}, 65,00, df=[did . d)]

with

by = —4ja; —bj,  dj=d; —4j%a; - 2jb;, j=1,2,....0.

The adopted normalization of Ince functions is easily expressible in terms of the
Fourier coefficients of Ince functions and so is well suited for numerical computa-
tions; However, it has the disadvantage that equations and require
coefficients ¢, and s,, which are not explicitly known.

Of course, once the generalized Ince functions Ic,, and Is,,, are known we can
express ¢, and s,, in the form

1 Ic,(0;a, b, d¥)

2.3.1 m(a,b,d) = ’
(2.3.15) en(@ b, d) = D) Tem(0: b, d)

1 I5,(0;a,b*, d*)
w(0;a,b) Is,,(0;a,b,d)

(2.3.16) sm(a,b,d) =

If we square both sides of (2.3.13)and (2.3.14))and integrate, we find that

w/2
(2.3.17) cil/ (w(t;a,b)lc,(t;a, b, d))*dt = /4,
0
w/2
(2.3.18) sfn/ (w(t;a,b)Is,(t;a,b,d))*dt = 7 /4.
0

If w(t; a, b) is very simple, then it is possible to evaluate the integrals in (2.3.17)),
(2.3.18]) in terms of the Fourier coefficients of the generalized Ince functions. This

provides another way to to calculate ¢, and s,,.
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Once we know ¢, and s,,, we can evaluate the integrals on the left-hand sides of

the following equations

/2
cm/ : w (t;a,b) (Ic, (t;a,b,d))dt
(2.3.19) 0
:/Icm (t;a,b,d) Ic, (t;a,b*,d") dt.
/2
Sm w (t;a,b) (Is,, (t;a,b,d)) *dt
(2.3.20)

—

Is,, (t;a,b,d) Is,, (t;a,b*, d")dt.

The integrals on the right-hand sides of (2.3.19) and ([2.3.20)) are easy to calculate

once we know the Fourier series of Ince functions.

2.4. Operators and Banded Matrices

In this section we introduce four linear operators associated with equation (2.1.1)),
and represent them by banded matrices of width 2n—1. It is this simple representation
that is fundamental in the theory of the generalized Ince equation. We assume known
some basic notions from spectral theory of operators in Hilbert space.

Let H; be the Hilbert space consisting of even, locally square-summable functions

f: R — C with period 7. The inner product is given by

/2 L
(2.4.1) (frg) = / F(t)g @yt

By restricting functions to [0,7/2], H; is isometrically isomorphic to the standard

L?(0,7/2). We also consider a second inner product

/2 L
(242) (f,9), = / w(t) £ (£) g (D),

We consider the differential operator

(2.4.3) (Siy) (1) == (L+AW)y" (t) = B)y (t) — D)y (t).
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The domain D (S) of definition of consists of all functions y € H; for which y and
y'are absolutely continuous and y” € H;. by restricting functions to [0,7/2], this
corresponds to the usual domain of a Sturm-Liouville operator associated with the
boundary conditions . It is known 35, Chapter V, Section 3.6] that S is self-
adjoint with compact resolvent when considered as an operator in (Hy, (, )_), and its
eigenvalues are ag, (a,b,d), m =0,1,2,.... All eigenvalues of S; are simple. If we
consider Sy as an operator in the Hilbert space(Hy, (, )), then its adjoint S} is given

by the operator

y—=—((1+A®)y @) + BBy ®) —DH)y (),

on the same domain D (S;); see [35, Chapter III, Example 5.32]. The adjoint S is
of the same form as S; but with b, d replaced by b*, d*, respectively. By Theorem
2.2.6, we see that S7 has the same eigenvalues as S;. Let % (Ny) be the space of

square-summable sequences z = {x,} 22, with its standard inner product (, ). Then

Zo

(Tlflf) = \/§

+ Z Ty, cos (2nt) ,

n=1
defines a bijective linear map T} : ¢? (Ny) — H;. Consider the operator M; := Ty 'S, T}
defined on

(2.4.4) D (M) =T (D(S))) = {w € L7 (Np): Y ntlaa|” < oo} .

n=0
Let e,, denotes the sequence with a 1 in the n'* position and 0’s in all other positions,

we also define w,(t) := (T1e,)(t), i.e ug(t) = \/Li and u,(t) = cos(2nt) forn =1,2,...

We find that the operator M; can be represented in the following way,

U
Z\/iqgej iftn=0,
(2.4.5) Mie, = 7=

il n
Tnén + qu_n&l_jqn_ﬂ + Zqﬁlenﬂ- ifn > 1,
Jj=1 7=1
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where 6y = v/2 and 6, = 0 if k # 0, and r, = 4n?, n € N. Note that the factor V2
should appear only with eg.

M, is self-adjoint with compact resolvent in £2(Ny) equipped with the inner prod-
uct (Tyz,Tiy),, . This inner product generates a norm that is equivalent to the usual
(*(Ny). The operator M; has the eigenvalues as,, (a,b,d) and the corresponding
eigenvectors form sequences of Fourier coefficients for the functions Ica,,.

Now consider the operator S, that is defined as S; in but in the Hilbert
space H, consisting of even functions with semi-period 7. This operator has eigen-
values ag,,11 (a, b, d), with eigenfunctions Icap, 11 (t), m = 0,1,2,... Using the basis

cos (2n + 1)t, n € Ny, then,

(Trx) (t) == Z zpcos (2n+ 1)t

n=0
defines a bijective linear map 75 : 2 (Ng) — Hs. Consider the operator M, := T2_152T2
defined on

D (M) =Ty, 1 (D (Sy)) = {m € *(Np) : Zn4 |z, < oo} .

n=0
Let w, (t) := (Tye,) (t) = cos(2n+1)t, for n = 0,1,2,..., we get the following
formula for M,
(2.4.6) Mse, = rpe, + qune’n_ﬁﬂ_% + qufﬂenﬂ, n >0,
j=1

J=1

where

, 1 1+q7  ifn=0,
qL]:Qj (n——), j=12....n, r,=

2
(2n+1)* ifn > 1.

Now consider the operator S3 that is defined as S; but in the Hilbert space
Hj consisting of odd functions with semi-period 7. This operator has the eigenval-

ues fomi1 with eigenfunctions 19,41 (t), m = 0,1,2,.... Using the basis functions
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sin (2n + 1) t, n € Ny.
(Tzx) ( an sin(2n+ 1)t

defines a bijective linear map Ty : £* (Ny) — H3. Consider the operator My := T3_153T3
defined on
D (M) =T;' (D (S3)) = {x €7 (No): Y ntlaa|” < oo} .
n=0
Let un(t) := (T3e,)(t) = sin(2n+1)t, for n = 0,1,2,..., we have the following
formula for Ms,
(24.7) Myey = rien + Zq“ nECln—jri|-1 T anﬂ@nﬂv
7=1

where

o
1 1—gq ifn =0,
T]_Qj<n__)aj:1727"'7777 r;fl:

(2n+1)* ifn>1,

and

1 ifn >
Ej: .
-1 ifn<y

Finally, consider the operator S, that is defined as S; but in the Hilbert space Hy
consisting of odd functions with period 7. This operator has the eigenvalues 55,12
with eigenfunctions Isg;, 12, m = 0,1,2,... Using the basis sin (2n + 2) ¢, n € Ny,

(Tyx) (t Z Tpsin (2n +2)t
n=0
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defines a bijective linear map Ty : ¢*(Ny) — H,. Consider the operator M, :=

T, 18,T, defined on

D (M) =T, (D (Sy)) = {m € *(Ny) : Zn4 |z, < oo} .

Let u,(t) := (Tye,)(t) = sin (2n 4+ 2) ¢, for n = 0,1,2,...Then, the formula for My is

min(n,n) n n
(248) M4€n = Tpén + Z q]_n_lgjen—j - Z qj_n_lej—n—Q + Zqﬁb+1en+ju
j=1 j=n+2 J=1

where

= 02n+2)?% n=012,....

ExAMPLE 2.4.1. For the Whittaker-Hill equation (2.1.7) in the following form
[22]

(2.4.9) y"+ (M +4dascos2t + 207 cosdt)y =0, a€R, seN,

the function w (¢) from (2.2.6]) is equal to 1, therefore the operators S;, j = 1,2, 3,4,
are self-adjoint on the Hilbert spaces (Hi, (, )), j = 1,2, 3,4, respectively. Hence the

infinite matrices S;, j = 1,2, 3,4, are symmetric. They are represented by

0 —2\/5048 —/2a2 0

—2/2as 4 —a? —2as —a?
—\/§a2 —2as 16 —2as
0 —a? —2as 36
(2.4.10) My = )
0 0 —a? —2as
0 0 0 —a?
0 0 0 0




(2.4.11)

(2.4.12)

(2.4.13)

M,

M3

1—2as

—a(2s + a)

o O O O

1+ 2as

—a(2s — a)

—a?

o o O O

—2as

—a?

My =

o o o o

4—qa?

—a(2s+a) —a? 0

9 —2as  —a?
—2as 25 —2as
—a? —2as 49
0 —a?  —2as
0 0 —a?
0 0 0
—a(2s—a) —a? 0
9 —2as  —a?
—2as 25 —2as
—a? —2as 49
0 —a?  2as
0 0 —a?
0 0 0
—2as  —a? 0
16 —2as  —a?

—2as 36 —2as

—a? —2as 64

0 —a?  —2as
0 0 —a?
0 0 0

29
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2.5. Fourier Series

The generalized Ince functions admit the following Fourier series expansions

(2.5.1) Teom(t) = f}% + iAm cos (2nt) ,
(2.5.2) Teomin(t) = nio% Ay cos (2n+1)t,
(2.5.3) Isomy1(t) = ni:; Boyyiisin (2n+ 1) ¢,
(2.5.4) Isomaa(t) = g Bonosin (2n + 2) t.

We did not indicate the dependence of the Fourier coefficients on m, a, b, d. The

normalization of Ince functions implies

2.5.5 A2 =1, ) Ay, >0,

( ) ; 2n \/§ ; 2

(2.5.6) Z A=1, > Ay >0,
n=0

(2n + 1) BQn+1 > O,

NE

(2.5.7) ZanH =1,

3
I
o

hE

(2.5.8) Z Bi .,=1, (2n 4 1) Bapys > 0.

N
I
o

Using relations (2.3.13)) and ([2.3.14)), we can represent the generalized functions

in a different way

(2.5.9) Icm (a,b,d) = (w(t;a,b) e (a,b,d)) " Ic,, (a,b*, d¥),
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(2.5.10) Is, (a,b,d) = (w(t;a,b) sy, (a,b,d)) ' Is,, (a,b*,d*),
where

b = —4ja; —b;, i =d; —45%a; — 2jb; j=12,....n.

Therefore, we can write

(2.5.11) Itom (a,b,d) = (w(t:a,b))”! %+§:C’gncos(2nt)>,

n=1

n=0

(25.12)  Icymsr(a,b,d) = (w(t;a,b))™ ZCMH cos (2nt)> :

(2.5.13)  Isgmyy(a,b,d) = (w(t;a, b)) iDgnH sin (2nt)> :

n=0

(2.5.14)  Isymia(a,b,d) = (w(t;a, b)) io:DgnJrg sin (2nt)> :

n=0
where

Con = (em (@ b,d) " Ay Dy = (5 (a,b,d)) " B,

and the Fourier coefficients A,, and B,, belong to the parameters a, b*, d*. Properties
of the coefficients C,, and D,, follow from those of A,, and B,,.

A generalized Ince function is called a generalized Ince polynomial of the first

kind if its Fourier series (2.5.1)), (2.5.2)), (2.5.3)), or (2.5.4) terminates. It is called

a generalized Ince polynomial of the second kind if its expansion (2.5.11)), (2.5.12)),
(2.5.13]), or (2.5.14]) terminates. If they exist, These generalized Ince polynomials and

their corresponding eigenvalues can be computed from the finite subsections of the

matrices M;, j = 1,2,3,4 of Section [2.4]
ExAMPLE 2.5.1. Consider the equation

(2.5.15) (1 + cos 2t + cos4t) y" + (sin 2t + sin4t) y' + Ay = 0,
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one can check that if we set A = 0, then any constant function y is an eigenfunction
corresponding to the eigenvalue ay = 0. The adopted normalization of Section

implies that Icy(t) = \/Li It is a generalized Ince polynomial (even with period 7).
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CHAPTER 3

Ince’s Equation

The first known appearance of the Ince equation is in Whittaker’s paper [83]
Equation (5)] on integral equations. Whittaker emphasized the special case a = 0,
and this special case was later investigated in more detail by Ince |28, [30]. Magnus
and Winkler’s book [45] contains a chapter dealing with the coexistence problem for
the Ince equation. Also Arscott [8] has a chapter on the Ince equation with a = 0.
Arscott points out that the Ince equation was never considered by Ince and should
be called the generalized Ince equation. We use the name Ince equation following the
practice in [45].

one of the important features of the Ince equation is that the corresponding Ince
differential operator when applied to Fourier series can be represented by an infinite
tridiagonal matrix. It is this part of the theory that makes the Ince equation particu-
larly interesting. For instance, the coexistence problem which has no simple solution
for the general Hill equation has a complete solution for the Ince equation.

In this chapter we further investigate the four infinite matrices of Section [2.4]in the
case of Ince’s equation . It is their structure that will allow a rigorous discussion of the
problems of coexistence of periodic solutions and that of the existence of polynomial

solutions.
3.1. Operators and Tridiagonal Matrices

Recall that Ince’s equation is:

(3.1.1) (1+acos(2t))y" (t) + (bsin (2t)) 3/ (t) + (A + dcos (2t)) y (t) = 0.
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In this case relation (2.4.5)) reduces to

ro€o + Qoe1 ifn=0
Mlen = )
q-nn-1+TnCy + queny1  ifn>1
where
V2Q (n) ifn=—1,0,
(312) T'n = 47[,2’ qn =

Q (n) otherwise.

We may represent M; by an infinite tridiagonal matrix:

To q—1 0 0 0

G ™M g2 0 0
(3.1.3) M,

I
o

q1 ro g3 0

o o o O

0 0 q2 s (q—4

For x € D (M), Myz can be computed by the usual multiplication of matrix by
column vector. Note that M is self-adjoint with compact resolvent in £2 (Ny) equipped
with the inner product (Tix,T1y),. This inner product generates a norm that is
equivalent to the usual /2-norm. The operator M; has the eigenvalues as,,(a, b, d) and
the corresponding eigenvectors form sequences of Fourier coefficients for the functions
Icopm; see Section [2.5] .

The matrix representation of S, from Section [2.4]is

7‘8 qT_1 0 0

0
¢ a0 0

o o o O

0 0 ¢ r 4,
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where

1+Q(-3) ifn=0,

(3.0.5) 4 =Q (n - 5) e
(2n—|—1)2 if neN.

The matrix representation Mz of S is the same as M; except for replacing rg by
1-Q" (~1/2) . Finally, the matrix representation M, of S, is the same as M; except
that the first row and column in have to be deleted.

The matrices M; are instances of the following type of diagonally dominant ma-

trices. Consider the infinite tridiagonal matrix:

Og T1 0 0 0
pr o 2 0 O
(3.1.6) 0 p2 o0 73 0

o o o O

0 0 P3s 03 T4

defined by given real sequences {0, },_,, we assume that the diagonal sequence tends
to infinity
(3.1.7) lim o, = 400

n—oo

and that the diagonal is dominant in the following sense: there are § € (0,1) and

no € N such that

3.1.8 2max (72, + p2, 72+ p2.,) < 0%02, n>mng
+1 ny'n n+1

n n’

The matrix(3.1.6) induces an operator M in the Hilbert space H = (* (Ny). The
domain of definition D (M) of M is

D (M) := {{wn}zozo € H: Zai |z, < oo},

n=0
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and, for x € D (M) (po =19 = 0)
(Mx)n = PnTn-1+ OnTn + Tnp1Tny1-

By assumption (3.1.8]), Mz € H is well defined.

LEMMA 3.1.1. Suppose (3.1.7) and (3.1.8)) hold. The operator M is closed and
has compact resolvent. The adjoint M*of M 1s is the operator defined in the same

manner as M but with p, and 7, interchanged. The eigenvalues of M and M*agree.

PROOF. Let F be the “diagonal part” of M, that is, F' is the self-adjoint operator
defined by F'(z), = oz, on D (F) = D (M). Let G = M — F be the “off-diagonal
part” of M. By replacing o, by o, + w with sufficiently large w we may assume,

without loss of generality, that ¢, > 0 and that (3.1.8)) holds for all n > 0. Then
(3.1.9) |Gz|| <O ||Fzl,  VzeD(F).

Since 0 < 0, — 0o, F'~! exists and is a compact operator. Let T = GF~': H — H.
By (3.1.9), ||T]| < 6 < 1. Hence M~' = F~! (T +1)"" is a compact operator; see
[35 p. 196]. Therefore, M is a closed operator with compact resolvent.

Define N in the same manner as M but with p,, 7, interchanged. It is easily
checked that (Mz,y) = (x, Ny) for all x,y € D (F). Since M~! and N~! exist and
are bounded operators on H, we conclude that N = M. By [35] Section II1.6.6], the
eigenvalues of M are the conjugates of the eigenvalues of M. Since the entries of M

are real, this implies that the eigenvalues of M and N agree. 0

Eigenvectors of M and M* are related as follows.

LEMMA 3.1.2. Suppose (3.1.7), (3.1.8) hold, and p, # 0, 7, # 0 for all n € N. If
{xn}.2, defined by

(3.1.10) Y = 2T

= ‘CETL
P1pP2 - - Pn

1s an eigenvector of M* belonging to the same eigenvalue.
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PROOF. It is easy to verify that formally M*y = y, so it remains to show that y is

in the domain of M*. By Lemma there is an eigenvector {z,} of M* belonging
to the eigenvalue A . Since 7, # 0 for all n, xg # 0, and, since p,, # 0 for all n, z5 # 0.
Therefore, we may assume that zyg = x¢. Then y, = z, for all n which shows that y

lies in the domain of M*. O

For a general theory of operators defined by infinite tridiagonal matrices we refer
to [35], Chapter VII]. The eigenvalue problem for tridiagonal matrices is closely related
to the theory of continued fractions and three-term difference equations. We present
the definitions and results of these theories that we need in the following section; see

also [56].
3.2. Three-Term Difference Equations
For given complex sequences {a, } -, and {b,} _,, consider the three-term recur-
sion

(3.2.1) Tpi1 = bpxy + anxy_1, n =1,

A solution {z,, } -, is uniquely determined by its initial values z and x;. The solutions
of (3.2.1) form a two-dimensional linear space. We say that a nontrivial solution {u, }

of is recessive if there is a second solution {v,} such that v, # 0 for large n and

If {u,}, {v,} are like this, then they form a fundamental system of solutions: every
solution {x,} has the form

T, = au, + Pu,.

In particular, a recessive solution (if it exists) is uniquely determined up to a constant

nonzero factor.



38

Let {Cy}" o, {Dn},—, be the solutions determined by

Then the finite continued-fraction

by + @ b+ bo+ bn_1 n

a1 ay a2 Ap—1 Ch
D

is meaningful if D,, # 0. The infinite continued-fraction

a; a9 as
3.2.2 _— ...
( ) b1+ bQ+ b3+

is called convergent ([56]) with value (€ C if D,, # 0 for large n and

THEOREM 3.2.1. The continued-fraction (3.2.2) converges if and only if (3.2.1)

admits a recessive solution {u,} with uy # 0. In this case

a]p Qo as (751
3.2.3 —_— ... = .
( ) bl+b2+b3+ Ug

The continued-fraction (3.2.2)) diverges unessentially if and only if (3.2.1)) admits a

recessive solution {u,} with uy = 0.

PROOF. Assume that (3.2.2)) converges to &. Define u,, := C,, — {D,,, v, := D,,.
Then $* — 0 and uo = 1. If (3.2.2) diverges unessentially then define u, := D,
and v, := C,. Then = — 0 and uy = 0. For the converse statement, let {u,}

n

be a recessive solution of (3.2.1). Let v, be another solution so that #* — 0. Let
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w = viug — vouq # 0, and

and

Cn = au, + va Dn = YUp + YVn-

If ug # 0, then ¢ # 0 and

c, a2+p B (3

=

D, yi2+4 4] Ug
Ifuozo,thencS:O,ﬁ#Oandg—:—)O O

Equation shows that continued-fractions may be used to find recessive solutions.

THEOREM 3.2.2. Assume that
(3.2.4) |br| > |a,| + 1 forn > 1.

(a) The continued-fraction (3.2.2)) converges to & € C with |§| < 1. (b) The difference
equation (3.2.2)) admits a recessive solution {u,} with |ui| < |ug| # 0. (¢) For every
solution {x,} of (3.2.1)) there is ng such that x,, = 0 forn > ng or x, # 0 for n > ny.

PROOF. (a) Define
E, ::H|aj|, Ey :=1.
j=1

By Induction on n we show that

(3.2.5) |Dyt1| > |Dp| + E,,  forn > 0.
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Since Dy = 1, Dy = 0, and Ey = 1, (3.2.5) is true for n = 0. Assume (3.2.5) is true
forn =m — 1> 0. We have
Dyl 2 b |Din| = |am| [Dpn—1
> (Jam| + 1) [ D] = |am| [Dm| + |am| Em-
- ‘Dm| + |am’ Em—l
and so
‘Dm+1| 2 |Dm’ + Em'

This proves (3.2.5)). Define the Wronskian

Wy, = n+1Dn - CnDn—H-

We have
Wy = Cn+an - OnDn-l—l
= (bncn + a'nCn—l) Dn - On (ann + anDn—l)
= —an (Cnanl - Cnlen)
= —apWp—
and

n

(3.2.6) w, = (=1)"" [ as.

j=1

We obtain from
CnJrl Cn o Wn,
DnJrl Dn B Dn+1Dn

and (3.2.5), (3.2.6) that

Dy Dn| — ‘Dn-i-an‘ - ’Dn+1Dn’ N ‘Dn| ’Dn—i-l'.




Hence, for m > n,

Cn C, 1 1
3.2.7 /1< -
( ) ‘Dm Dn| = |D,| | D,
Thus
= lim ﬁ
ey Dn

exists and [¢] < 1.(b) Follows from (a) and Theorem [3.2.1}(c) Let {x,} be a solution
of (3.2.1). if z,, = xyy1 = 0, then z,, = 0 for all n > m. If x,,, = 0, z,,41 # 0, then

x, # 0 for all n > 0.
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0

If (3.2.4) holds for all n > ng and a,, # 0 for all n > 1, then we have a recessive

solution with |u,| < |u,11| # 0 for n > ny.

If we assume

(3.2.8) bn| < |an| + 6, n>1

with a constant # > 1, then

|Dpi1| 2> [bn] | Dol = an| |Dn-1] > (lan| +0) |Dy| — |an| |Dn| > 0Dy 4],

gives
(3.2.9) |D,| > 6"' forn > 1.

In particular, from (3.2.7)) we obtain the error estimate

1
Qn—l

(3.2.10) '%—{’ < forn > 1.

THEOREM 3.2.3. Assume (3.2.8)) holds with 6 > 1, and 0 # a,, — a € C,b, — b €

C. Then z* = bz + a has two solutions u, v with |u| <1 < |v|. If {z,} is a recessive

solution of (3.2.1)) then

. xn+1
lim = u.
n—00 XL,



For every nontrivial solution {x,} which is not recessive

n—oo fL’n
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PROOF. Let {z,} be a recessive solution, and define g, = *2. Since |z,| <

|z, 11| ,we have that |y,| < 1. Setting b = u + v, a = —uv, we get

‘yn+1 - u‘ > |yn| |yn+1 - u|
- |yn(bn_b)+an_a+v(yn_u)|
> vl |y — ul = [by = b| — |a, — a] .

Since |y,| < 1 this shows that vy, — u.
Set y, = F=L, by (3:23), [yn| > 1. Then

anp — @

u
+ — (yn - U)
Yn Yn

< ullyn = o[ + 160 = bl + [an — a

|yn+1_v| = |bp—0+

Since |ynt1| < |bu| + |an|, {yn} is bounded. Hence y, — v. The statement of the

theorem follows.

3.3. Fourier Series

O

We already know by Section[2.5]that the Ince functions admit the following Fourier

series expansions

Ag -
3.3.1 Teop(t) = — + Ag, cos (2nt)
(3.3.1) om (1) NG nzl 2n COs (2nt)
(332) ICQm+1(t> = Z A2n+1 COS (2n + 1) t,
n=0
(3.3.3) Isyms1(t) = Bonyrsin (2n + 1)t,

n=0
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(334) ]ng+2 (t) = Z B2n+2 sin (2n + 2) t.

n=0

The normalization of Ince functions implies

o A [o¢]
(3.3.5) AL =1, 2+ Ay >0,
n=1 \/§ n=1

(3.3.6) ZA%H =1, > Ay >0,
n=0

WE

(3.3.7) Z Bi .. = (2n + 1) Bapyq > 0,

i
o

NE

(3.3.8) Z B, o=

(2n 4 2) Bapyz > 0.

3
I
o

We know from Section that {As,} —, is an eigenvector of the infinite matrix
M, belonging to the eigenvalue ag,,. Similarly, {A,1}~, is an eigenvector of Mo,
{Bont1},- is an eigenvector of Ms, and {Bs,12} -, is an eigenvector of My. This

yields the following difference equations for the Fourier coefficients.

THEOREM 3.3.1. Using the matriz entries (3.1.3), (3.1.4) we have

(339) — Oégon + q_lAQ = 0,
(3.3.10) Gn1A2n—2 + (4n* — a2 Aop + qop1A2p2 =0, n > 1,
(3.3.11) (qg +1- a2m+1> A+ gt Ay =0,

(3.3.12) @ Azt + (20 +1)° = Qomi1) Aspgr + 11 Asnis =0, n > 1,
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(3.3.13) (b +1 = Bomsr) Br+ a1 By =0,

(3.3.14) ¢ Bon-1+ (20 +1)> = Bami1) Bong1 + 11 Bonsz =0, n > 1,
(3.3.15) (4 — Bomt2) Ba + q_2By =0,

(3.3.16) Gn—1Bon—2 + (4n° — Bam+2) Ban + q_p_1Bansa =0, n > 1

If Q or Q" admit integer zeros these difference equations may not allow forward
or backward recursion beginning with values for two consecutive Fourier coefficients.
Nevertheless, we know from the results in Section that the sequences of Fourier

coefficients are uniquely determined by the difference equations in Theorem [3.3.1} and

the normalizing conditions (3.3.5)), (3.3.6)), (3.3.7)), (3.3.8).

From Section (3.2)) we draw the following conclusions.

THEOREM 3.3.2. Let {x,} be any of the sequences {Aan}, {Aoni1}, {Bans1} or
{Bans2} of Fourier coefficients of Ince equation. There is ng such that either x,, =0

for alln > ng or x, # 0 for all n > ny. In the latter case, we have

1 (V1—a?2—1) ifa#0,

ifa=0.

(3.3.17) lim 2L —

n—o00 XL,

o

PROOF. Let a # 0. By Theorem we have for n > ny; > 1, {z,} satisfies a

difference equation of the form (3.2.1) with a,, # 0 for n > n; > 1. Moreover

(4n? — agy)

qn—1

A2n+2 = — A2n - A2n727

gd—n—-1 qd—n—-1

4n? — Bom Qn—1
Eﬁn+2::'_E________i_zfﬁn'_ Eﬁn+%

qd—n—-1 q—n—1

(2n+1)" — agmi ah
A2n+3::__( )/bn+l_'_?___/bnh

qin—l q 5,1
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.|.

((2n+ 1)? - Bom+1) q),

Bopys = — T Bont1 — 7 Boy,_1.
q,n,1 q,n,1
Moreover
4n? — 4n? 2
i AT 0m) A7 2
n—o00 Q—n—l n—o0 2an2 a
P (@n+ 1)? = tomp1) poo At 2
n—oo qinfl o n—00 2an2 a a’
lim —-I=L g
n—oo  (_p—1
T
lim — an — 1.
n—oo q
—n—1

Then {z,} satisfies a difference equation of the (3.2.1)) with a, # 0 for n > ny > 1,

and
lim a, = —1, lim b, = ——
n—00 n—00 a
The solutions u, v of 22 = —2z — 1 with |u| < 1 < |v| are

u:1<m—1>, v:—é<m+1>.

a

By Theorem [3.2.2] we must have x,, = 0 for all large n or z,, # 0 for all large n. In the
latter case since {z,} € ¢*(Ny), {z,} is a recessive solution of (3.2.1)), n > ny, and
thus x;—:l converges to u by theorem (3.2.3)). For a = 0, the proof uses the remark

after Theorem B3.2.3] O

The case z,, = 0 for large n will be considered in more detail in Section (3.4}

Let b*, d* be defined as in section[2.3] The Fourier coefficients { As,} of Iearm, (t; a, b, d)
form an eigenvector of M, whereas the Fourier coefficients { A%} of Icap, (¢; a, b, d*)
form an eigenvector of M; belonging to the same eigenvalue s, (a,b,d). Therefore,
up to a constant factor, the sequences {As,} and {A3,} are related according to
Lemma , where p; and o, are determined by identifying the matrices and
. We assumed that ) has no integer zero. Similar remarks apply to other Ince
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functions which yield the following relations

(3.3.18) Ay = g2 on y
qoq1 - - - Gn-1
Tt T
* q-149_9---4_,
(3319) A2n+1 — %AZTH-M
41493 - - - qn
Tt T
\ 9195545,
(3.3.20) Bypp1 = 55 Bans1,
193 - - - qn
4—29-3..-4—n—1
3.3.21 AS o= Ay,
( ) 2 q192 . . . Q4n ?

We now apply results from Section [3.2] to obtain continued-fraction equations for

the eigenvalues of Ince’s equation.

THEOREM 3.3.3. (a) Let Q (n;a,d,d) # 0 for all n € Z, and let k € Ny. The

eigenvalues A\ = o, (a,b,d), m € Ny, are the solutions of the equation

Pk Pr—1 P2 P1
3.3.22 — A= = —
( ) T Th—1 — A= Th—2 — A— = A= Tg— A

(3.3.23) _ Pr+1 Pr+2 Pr+3

?

Thl — A= Thg2 — A= T3 — A—
where

Pn ‘= q—nfgn-1,

with r,, ¢, from . The left-hand side of the equation s a finite
continued-fraction, and the right-hand side (3.3.23|) is an infinite continued-fraction.
If k € N, the eigenvalues A\ = fopni0(a,b,d) m € Ny, are the solutions of the
equation that we obtain by omitting the last fraction . p_1 X in (3.3.22). (b) Let
Q" (n;a,d,d) # 0 for alln € Z, and let k € Ny. The ez’ger?values A = agmq1 (a,b,d),
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m € Ny, are the solutions of the equation

T T T
(3.3.24) P R Poor P2
* 7"11—1 —A— 7”11_2 — - T’J{ — A\

(3.3.25) = - Phis T Phis : Phis
Thp1 = A= Thpg — A= Ty — A—
where

ph = qlag)
with 1, i from (3.1.5)). The eigenvalues X\ = Bopy1 (a,b,d), m € Ny, are the solu-

tions of the equation that we obtain by changing 7’8 by 1 — qg.

PROOF. (a) Consider the sequence z,, = Aj, of Fourier coefficients of Icy,,. By

Theorem {z, }satisfies

(3326) (7”0 — )\) To+ 9171 = O,
(3.3.27) Gn-1Tp—1+ (Th = A) Ty + ¢_p_1Tps1 =0, n € N.
Setting

Zn ‘= (4-14-2 ... q-nTn.

Substituting in (3.3.26)), we have
(TQ—)\)ZQ+21 :0,
then,

(3.3.28) 21 =—(ro — A) 2o.
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Substituting in (3.3.27)), we have

“n—1 ~n

1 + (Tn — )\)
q-19—2 .- -4—n+1 qG-19-2...4—ny+1q—n

an

Zn
+q-n—1 = =0, neN,
q-19-2 .- 4—n+19—nGn—-1

which is equivalent to

Zn Zn
Qn—lzn—1+(7”n—>\)q—+ q+1 =0, n€eN,

therefore, we have
(3.3.29) Zne1 = — (rn — A) 2 — Puzn_1, n € N

Since {z,} is a recessive solution of (3.3.29)), formula (3.2.3) applied to (3.3.29) for

n > k gives

Z
(3.3.30) Pr+1 Dr+2 Pr+3 ke
Thpl — A= Thp2 — A= T3 — A— <k

(3.3.29) also gives

(3.3.31) e N N

ZEr
V4
k Zk—1

From (3.3.28)) and (3.3.31)) for n = 1,2, ..., k, we obtain the finite continued-fraction

Zk+1 Pk Pr—1 P2 y4!
3.3.32 — A= o )
( ) 2k " Thol — A— Tjh_9 — A— rH—A—Tog— A

Now (3.3.30)), (3.3.32)) yield the desired equation. By retracing the steps, we see that

this equation has no other solutions than as,,, m € Nj. O

Using estimate (3.2.10f), one can show that the continued fractions appearing in
Theorem [3.3.3| are meromorphic functions of A.
If Q or Q' have integer zeros, then we may use Theorem 2.7.1 to derive continued-

fraction equations for the eigenvalues.
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3.4. Ince Polynomials

An Ince function is called an Ince polynomial (of the first kind) if its corresponding

Fourier series (3.3.1)), (3.3.2)), (3.3.3) or (3.3.4]) terminates. Clearly, such solutions

exist if and only if the corresponding infinite matrix M; has at least one zero in the

diagonal below its main diagonal. We now investigate this possibility in more detail.
For k € N, let M, j, be the principal k£ x k submatrix in the north west corner of

M, . Further, let L, be the principal submatrix of M; complementary to M, j, that

is

Ty q-k—1 0 0 0

% Tk+1 G-k—2 0 0

(3.4.1) Lij=
0 Gry1 Tiv2 q-r—3 O

We consider Ly, as an operator in 2 (N;,), Ny = {k,k + 1,...}, defined for sequences

{xn},2, with Zn4 ]xn]2 < 00. We may apply Lemma |3.1.1| to this operator. Simi-
n=k

larly, we define matrices M, L; for k = 2,3, 4.

We will need the following Theorem for the proof of the Theorem |3.4.2
THEOREM 3.4.1. The eigenvalues cv,, and 5, are real-analytic functions of (a,b,d) .

Proor. We already know by Lemma that Ince’s equation may be written

in the formally self-adjoint form
(3.4.2) —((14acos2t)w (t)y) —d(cos2t)w (t)y = Iw () y,

where

(14 acos2t) 7% ifa #£0,
w(t) =
exp (%b cos Qt) ifa=0.
Let y (t) = y (t;a,b,d) be the solution of Ince’s equation with y (0) = 1, 3/ (0) = 0.

By a theorem on analytic parameter dependence, f (A, a,b,d) =y (7/2; A, a,b,d) is
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a real-analytic function of its four variables. We have
f (agm (a,b,d) ,a,b,d) = 0.

Let z (t) := OX/OA If we differentiate (3.4.2)) with respect to A, we obtain a differential
equation for z. We multiply this equation by y and subtract equation ((3.4.2)) multiplied

by z. Then we integrate between 0 and /2 and obtain

/2
(1 —a)w(@/2) (yf (7/2) 2 (7/2) =y (7/2) 2’ (x/2)) —/O w () y (1)* dt.

This implies

/2
_(1—a)w(w/Z)%(azm(a,b,d),a,b,d) :/0 w () y ()2 dt £0,

where

y<t> = y<t7 Qom (CL, b? d) y by b7 d) .

Hence, by the implicit function theorem, ay,, (a, b, d) depends analytically on (a, b, d) .

In a similar way, we show that the other eigenvalue functions are real-analytic. [

THEOREM 3.4.2. (a) Let p be an integer zero of Q), and let k be defined by k =
% + ‘% +p‘ . The eigenvalues of My are agy (a,b,d), m = 0,1,2,....k — 1, and
The eigenvalues of Ly are asm (a,b,d), m = k,k+1,... Moreover if k > 2, The
eigenvalues of Myy are Bomia (a,b,d), m =0,1,2,...,k —2, and The eigenvalues of
Ly are Bomyo (a,b,d), m =k—1,k,... (b) Let p be an integer zero of Qt, and let k be
defined by k := |p|. The eigenvalues of May, are comiq (a,b,d), m=0,1,2,...,k—1,
and The eigenvalues of Loy are qomiq (a,b,d), m = k,k + 1,... The eigenvalues
of M3y are Bomir (a,b,d), m = 0,1,2,...,k — 1, and The eigenvalues of L3 are
Bom+1 (a,b,d), m =k, k+1,...

ProOOF. We only prove the statement concerning M, the proofs for the other
matrices are similar. One of the entries qx_1, ¢_ in M; is zero. We assume first that

gk—1 = 0. We abbreviate M := M, K := M, L := Ly .
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Observation 1) : K and L do not have a common eigenvalue.

Assume that Ky = Ay and Lz = Az with vy = (yo,v1,-..,yx—1) # 0 and z =
(2ks Zkt1,---) # 0. These vectors should be thought of as column vectors. Since
qx—1 # 0, the vector = = (yo,¥1,---,Yk—-1,,0,0,...) satisfies Mz = Az. Assume there
is a vector u = (ug, ..., ux_1) such that (k —X)u = h with h = (0,...,0, —q_g2) -
Then v = (ug, - .., Ug_1, 2k, Zk41, - - -) satisfies Mv = Av. This is impossible since z, v
are linearly independent and the eigenvalues of M are simple. On the other hand, if i
does not belong to the range of K — A, then there are 6 and a vector u = (ug, ..., ux_1)
such that (K — A)u = y + dh. Note that the rank of K — X\ is k — 1 because the
eigenspaces of M and thus of K are one-dimensional. It follows that the vector
v = (Ugy ..., Up_1,02K_1,02,...) satisfies (M — X\)v = x. This shows that the root
space of M corresponding to the eigenvalue A has dimension at least 2 which again
is impossible because the eigenvalues of M are simple.

Observation 2): The set of eigenvalues of M is the union of the set of eigenvalues
of K and the set of eigenvalues of L.

Let Mx = z with © = (z¢,x1,...) # 0. Then z = (2, 2k41, . ..) satisfies Lz = z.
If z, # 0 for some n > k, then )\ is an eigenvalue of L. If x,, = 0 for all n > k,
then (zg,x1,...,2x_1) is an eigenvector of K corresponding to the eigenvalue A . Let
Ky = My with y = (yo,vy1,---,4k-1) # 0. Then = = (yo,...,yx_1,0,0,...) satisfies
Mz = Az. Hence ) is an eigenvalue of M. Let Lz = Az with z = (2, 2k4+1,...) # 0. By
1), one can find a vector (2o, 21, . . ., 2x—1) such that z = (2o, 21, . . .) satisfies Mx = \x.
Hence is an eigenvalue of M. This completes the proof of 2).

Let ¢t € (0,1] Since @ (u;ta,tb, td) = tQ (u; a, b, d) , the zeros of Q (+;ta,th,td) are
independent of ¢. Hence we may use the results 1), 2) also for ta, tb, td in place
of a, b, d. Let K (t) be the matrix K with each element in its subdiagonal and
superdiagonal multiplied by ¢. For every ¢ € [0, 1], the eigenvalues of K (¢) lie in the
set {agy, (ta,tb,td) : m € Ny} . Moreover, the eigenvalues of K (0) are g, (0,0,0) =
4m?, m =0,1,...,k—1. By Theorem , the functions A9y, (1) = agp, (ta, th, td) are
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continuous, and we know that Ao (t) < Ay (t) < A2 (t) < ... Since the eigenvalues
of K (t) depend continuously on t [35, Chapter 2], we obtain that K (¢) has the
eigenvalues aw,, (ta,tb,td), m = 0,1, ...,k — 1. In particular, the eigenvalues of K are
Qo (a,b,d), m=0,1,....k— 1. By 1) and 2), it follows that the eigenvalues of L are
aom (a,b,d), m =k, k+ 1,... This completes the proof of the theorem if ¢;_; = 0.

If ¢_x = 0 then we consider M* in place of M. We complete the proof by using

Lemma [3.1.1] and the results obtained in the first part of the proof. O

We are now in a position to characterize all Ince polynomials (of the first kind.)

THEOREM 3.4.3. (a) If Q (p;a,b,d) # 0 for all p € Ny, then none of the Ince
functions Lcom, (t;a,b,d) and Soy+o (t;a,b,d) is an Ince polynomial. Ifa =b=d = 0,

all of these functions are Ince polynomials. Otherwise set
k:=max{pe Ny:Q(p) =0} + 1.

Then Icom (t;a,b,d) is an Ince polynomial if and only if m € {0,1,2,...,k — 1}, and
Isom (t;a,b,d) is an Ince polynomial if and only if m € {0,1,2,... . k—2}. (b) If
QT (p;a,b,d) # 0 for all p € Ny, then none of the Ince functions Icoy i1 (t;a,b,d) and
Isomy1 (t;a,b,d) is an Ince polynomial. If a = b =d = 0, all of these functions are

Ince polynomials. Otherwise set
k.= max{pEN:QT(p) =0}.

Then Icopy, (t;a,b,d) is an Ince polynomial if and only if m € {0, 1,2,... kt — 1} ,

and 1say, (t;a,b,d) is an Ince polynomial if and only if m € {O, 1,2,... kt — 1} i

PROOF. Since the proofs for o, Icomi1, ISomi1, ISomio are similar, we consider
only Icop,. If Ico,, is written in the form with a terminating series, then there is p € Ny
Such that Ay, # 0, and Ay, = 0, for n > p. By equation (3.3.10) of Theorem (3.3.1),

we have

qPAQP + (4 (p + 1)2 - an) A2p+2 + q—p—2A2p+4 = 07



53
which implies g, = @ (p) = 0, and gy, is an eigenvalue of M, 1. By Theorem (3.4.2))
m € {0,1,...,p}. By definition of of k& we have p < k. Thus m € {0,1,...,k—1}.
Conversely, assume @ (p) = 0 with p € Ny. By Theorem [3.4.2) the eigenvalues of

M piiare agy, m =0,1,...,p, if (zo,21,...,2,) is a corresponding eigenvector, then

p
Tcom(t) = i Z T, cos (2nt)

V2

up to a constant factor. So Icy,, is an Ince polynomial. O

n=1

Ince polynomials and their eigenvalues can be computed from the eigenvalues and

eigenvectors of a finite tridiagonal matrix M .

EXAMPLE 3.4.4. Let a < 1, b € R, p € Ny, by setting @ (p) = 0, and solving for
the parameter d, we can construct an Ince differential equation that have polynomial
solutions Ico,, and ISy, 2. Solving Q (p) = 0 for d gives d = 4ap? — 2bp. For example
when a = %, b =1, and p = 2 we get d = 4. By Theorem we have that

k =p+ 1= 3. The corresponding matrix M, j, is

0 0 0
M, 3 = —-2v/2 4 4 )
0 -2 16

with eigenvalues

Otoy = {o, 10 — 2v/7,10 + zﬁ} .

The entries of eigenvectors of M 3 are the coefficient of the associated Ince polyno-

mials Ic¢sy,,. That is,

ap =0, Icog=9+4 8cos2t+ cosdt,

0@:10—2\/7, Icy = cos 2t + cos 4t,

4
6 — 27

4
oy = 10+2ﬁ, Icy = 6—0082t+cos4t.

+ 27
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To find Ince polynomials Isg,,12, we consider the submatrix M, j_1,

4 4 0
Myo = -2 16 10 )
0O 0 36

then

Borrsa = {10 — V7,10 + 2\/?} ,

we find two more Ince polynomials

By =10 =27, Isy= sin 2t + sin 4t,

4
6 — 24/7

4
=10+ 2V7, Isy=———sin2t+ sin4t.
Pa 62T

Let M; have a zero in its superdiagonal and let k be defined as in Theorem
3.4.2] Then its adjoint M has a zero in its subdiagonal. Using Theorem [2.3.2]
eigenvectors of of MY, lead to Ince functions which are products of (w (t; a, d, d)) 'and
a trigonometric polynomial. Such Ince functions are Ince polynomials of the second
kind. For such solutions there holds an obvious analogue of Theorem [3.4.3] Moreover,
if we consider an eigenvector {x,, } -, of Ly ; and define z,, = 0 forn = 0,1,2,..., k-1,
then we obtain an eigenvector of M;. This leads to Ince functions with a Fourier
series whose first k& coefficients are zero. Similar remarks apply to the matrices M;,
j=2,34.

Let us look at some examples.

ExAMPLE 3.4.5. We choose

(3.4.3) a=1/2, b=0, d=2
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Then Q (i) = p? — 1, has zeros 1. From Theorem [3.4.3{(a) we find three Ince poly-

nomials of the first kind:

OéOZO,
062:4,

52:47

We know that

1
Ico (t) = 3 (24 cos 2t),
Icy (t) = cos2t,

Isq (t) = sin 2t.

1 2

w 72a7 _(

1+ 3cos2t) (24 cos2t)’

then Ic¢g is also an Ince polynomial of the second kind:

ICO (t) = -

(b))

3

EXAMPLE 3.4.6. Now consider

(3.4.4) a=1/V3,

b = 6a, d = —8a.

Then @ (1) = 2a (1 — 1) (n — 2) has zeros p = —1,2. By Theorem [3.4.3(a), there are

five Ince polynomials :

1
ag=—4, Ico(t) = 7 (\/§ — CoS 2t> :
1
g =8, [cg(t):\/—1_0<\/§+20082t),
1
=16, () = = (3 + 4v/3 cos 21t + 5cos4t) ,
Po =4, Isg(t)=sin2t,
1
By =16, Isy(t) = ﬁ (2\/§sin 2t + v/3sin 4t> .

There are no Ince polynomials of the second kind for the choice ([3.4.3).
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3.5. The Coexistence Problem

Ince’s equation admits two linearly independent solutions with period 7 if and
only if A = ag,, (a,b,d) = Pon, (a,b,d) for some m € N. Ince’s equation admits two
linearly independent solutions with semi-period 7 if and only if A = ag,41 (a,b,d) =
Bom+1 (a, b, d) for some m € Ny. In Theoremwe determine all values of m, a, b, d
for which a, (a,b,d) = B, (a,b,d) . More generally, we determine the sign of o, — f,,
in Theorem [3.5.4

THEOREM 3.5.1. If Q (p; a,b,d) has no integer zero then
Qo (a, b, d) # Pom (a,b,d) for allm € N.
If Qt (p;a,b,d) has no integer zero then

agmi1 (a,b,d) # Bomi1 (a,b,d) for all m € Ny.

PROOF. Since the proofs of the two statements are similar, it will be sufficient
to prove the first. Assume, if possible, that as,, = P2, for some m € N. Consider
the Fourier coefficients {As,}, {Ban} of Ica, and Iss,, respectively. By Theorem
the sequences x,, = A,, and y, = B,, satisfy the same difference equation of
the form for n > 3. By assumption a, # 0 for all n. Since both solutions are

recessive, there is a constant ¢ such that A,, = c¢B,, for all n € N. from Theorem

3.3.1} equations (3.3.10), (3.3.15) for n =1 yield

qoAo + (4 — agm) As +q2A44 =0,

(4 — Poms2) A+ q2A4 = 0.

So Ag =0, and Ay, = 0 for all n € N, which is a contradiction. O
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THEOREM 3.5.2. (a) Let Q (u;a,b,d) = 0 have at least one integer root u, and let
¢ be defined by

1 1
(3.5.1) E::§+min{'§+u' :,uEZwithQ(,u;a,b,d):O}.

Then

agm (a,b,d) # Po (a,b,d) if m=1,2,....0—1

aom (a,b,d) = Pop, (a,b,d) if m=00+1,...
(b) Let Qt (p;a,b,d) = 0 have at least one integer root u, and let £ be defined by
(3.5.2) 0" i=min {|u| : p € Zwith Q" (y;a,b,d) =0} .
Then

Qomat (a,b,d) # Bomsr (a,b,d) if m=0,1,2,... 00 —1

Aom+1 (CL, b, d) = 62m+1 (CL, b, d) ’lf m = [f’[f + 1, e

PROOF. (a) We apply Theorem. Since Ly g = Lyg—1, dop (a, b, d) = Pap, (a, b, d)
if m > ¢. The matrix M, ,_, is obtained from M;, by deleting the first row and the
first column. Since M, is a finite tridiagonal matrix with nonzero entries in its sub-
diagonal and superdiagonal, M;, and My, have no common eigenvalues. There-
fore sy, (a,b,d) # Bom (a,b,d) it m = 1,2,...¢—1. (b) Similarly by Theorem [3.4.2]
Ly ¢t = L yt, 80 Qo1 (a, b, d) = Pommi1 (a,b,d) if m > ¢1. The matrices My g and My 4t
are the same except for the first entree. Since both matrices are finite tridiagonal with

nonzero entries in their subdiagonals and superdiagonals, M, jrand M; 4+ have no com-

mon eigenvalues. Therefore a1 (a,b,d) # Bomir (a,b,d) if m =0,1,2,...01—1. O

ExAMPLE 3.5.3. Consider Mathieu’s equation

(3.5.3) y” (t) + (A —2qcos (2t)) y (t) = 0,
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where ¢ is a nonzero real number.

We have,
Q) =0Q" () =q

Both polynomials have no zeros. By Theorem|3.4.3] equation (3.5.3]) does not have any
polynomial solution. Applying Theorem [3.5.2] we see that g, # Bom and agy,1 #

Boma1 for all m.

We define signz for a real number x by —1,0,1 according to z < 0, z = 0, or

x > 0, respectively.

THEOREM 3.5.4. We have, for m € N,

m—1
(3.5.4) sign (g, (a,b,d) — Pom (a,b,d)) = sign H Q (n;a,b,d),
and, for m € Ny,
(3.5.5) sign (agmt1 (a,b,d) — Bam1 (a,b,d)) = sign H Q" (n;a,b,d).

PROOF. Since the proofs of (3.5.4) and (3.5.5) are similar, we will only prove
(3.5.4). If Q (n) = 0 for at least one n = —m, —m+1,...,m—1, then Theorem [3.5.2]

implies (3.5.4). Hence we assume that

(3.5.6) [T @sa.b,.d) #0.

n=—m

By Theorems [3.5.1) and [3.5.2] (3.5.6]) is equivalent to

agm (a,b,d) # Pom (a,b,d).
Since @ (p; ta, th,td) = tQ (u; a, b, d) , we obtain that

(3.5.7) F () = aap (ta, tb,td) — Bom (ta, tb, td)
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is either positive for all ¢ € (0, 1] or negative for all ¢t € (0,1] By Theorem ({3.3.3])(a)

with k& = m, the eigenvalue ay,, (ta,tb,td) satisfies the continued-fraction equation

(3.5.8) F) =g\,
where
t2pm z52pm—1 t2p2 t2p1
M) =T — A — = -
f( ’ ) " T’m_l—)\—Tm_Q—)\— 7’1—)\— 7’0—)\
q (/\ t) _ t2pm+l t2pm+2

Tmal — A= Tmgo — A—

Similarly, Ba, (ta, th, td) satisfies the continued-fraction equation

(3.5.9) fiht) =g\,

where
t2p,, 20— t?

rm_l_A_Tm_Q_)\_”' 7“1—)\.

Claim 1: There is 6 > 0 such that, for t € (0,0), f(\,t) —g (A t) and f1 (A1) —

g (A, t) are decreasing functions of A\ € I, where
I=1[r,—1,rm+1].

To prove Claim 1, note that f(\,t) =r, — X —t2fo (\,t), where fo (A, t) is analytic
for A € [ and t € (—9,9) if § > 0 is sufficiently small. Hence % — —last —0
uniformly for A € I. The same is true for f; (A, ¢). We have g (\,t) = t?go (A, t) , where
go (A, t) is analytic for A € I and t € (-0, ). Therefore, Cdl—i — 0 as t — 0 uniformly
for A € I. Hence, W — —1, and W — —1 as t — 0 uniformly for A € I. This
establishes Claim 1.

Claim 2: There is 6 > 0 such that, for ¢ € (0,9), and X € I,

sign (f (\,t) = f1 (A, 1)) = sign [ [ pn-
n=1
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To prove Claim 2, note that

) t*pr )
sign = —signp;.
o — >\

If m = 1, this proves Claim 2. Assume m > 2. For 0 < ¢t < ¢, with J sufficiently small

we have
t2
7“1—/\<07 7’1—>\—£<0.
To—x

Hence

t? ¢
sign b2 el P2 ) _ —sign (p1ps2) -
r—A— R — A

ro—

If m = 2, this proves Claim 2. Continuing in this way we obtain Claim 2 for every m.

We now prove . Choose § > 0 such that the statements of Claim 1 and
Claim 2 hold. Also choose § so small so that as,, (ta, th, td) and P, (ta,tb, td) lie in I
for t € (0,9). This is possible since ao,, (ta,tb, td) and P, (ta,tb, td) are continuous
functions of ¢ and their common value at ¢ = 0 is r,,. By Claim 1, for every ¢ € (0,4),
the functions f (A, t) —g (A, t)and fi (A, t) —g (), t) are decreasing for A € I. They have

the zeros agy, (ta, th,td) and P, (ta,tb, td), respectively. Now Claim 2 yields
sign F' (t) = sign H Dn
n=1

for t € (0,0) . Since F' (t) is either positive for all ¢ € (0, 1] or negative for all t € (0, 1],
we obtain ((3.5.4]). U
Note that Theorems [B.5.1] and B.5.2] are contained in Theorem B.5.4l Theorem

was proved in [78] based on previous results in [45].

ExXAMPLE 3.5.5. Choosing a = 1/2,b=0,d =1, m = 5. We obtain,

Sign(alo—ﬁlo) = -1,

sign (aq; — f11) = L
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For the Mathieu equation (3.5.3]), Theorem yields

m—1
Sign (a2m - ﬁ2m) = Sign H Q(Tl)

n=—m

= signg®™

= signg.?

m

sign (om+1 — Poms1) = sign H Q (n)

_ Sign q2m+ 1

= signg.

This is [48] Satz 12, page 119].
For the Whittaker-Hill equation ({2.1.7)), we obtain

m—1
sign (qgm — Bam) = sign H Q (n)
m—1
= sign H 2q2u—v+1)

m—1

= sign ¢° H Cu—v+1)

n=-—m

sign (azm+1 — Bam+1) = sign H Q (n)

= sign H 2u—v+1)

= signgq H u—v+1).

This result improves [45], Theorem 7.9).
We may summarize results on (nontrivial) Ince polynomials (of the first or second

kind) and coexistence of solutions with period 7 for the Ince equations as follows.
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(1) @ (u) has no integer zero. Then there are no Ince polynomials, and no
coexistence of solutions with period 7 occurs.

(2) @ (p) has exactly one integer zero. Define ¢ by Then coexistence
of solutions with period 7 occurs for A = as,, = P2, with m > ¢ and
Ince polynomials exist for A\ = g, m = 0,1,...,0—1 and for A = Sy,
m = 1,2, ...,£—1 These polynomials are of the first kind if the integer zero
of () is nonnegative and of the second kind if it is negative. In particular,
linearly independent Ince polynomials do not coexist, and an Ince polynomial
cannot be of the first and second kind simultaneously.

(3) @ (w) has precisely two integer zeros. Define ¢ by (3.5.1), and define & in
the same way but with min replaced by max. Then coexistence of solutions
with period occurs for A = ag,, = fom, m > £ and Ince polynomials exist
for for A = ag,,, m = 0,1,...,k—1 and for A\ = By,,. m = 1,2,....k—1. In
particular, if A = aw,,, = [o,, with m = £, £+ 1...,k — 1, then Ince’s equations
admits a fundamental system of solutions consisting of Ince polynomials. If
one of the zeros of () is nonnegative while the other is negative, there are
Ince polynomials which are of the first and second kind simultaneously but
such solutions do not coexist with another solution with period .

(4) a = b =d = 0. Then Ince’s equations is trivial. All solutions with period
7 are Ince polynomials, and there is coexistence for all eigenvalues except
A=qy.

We may summarize results on (nontrivial) Ince polynomials (of the first or second

kind) and coexistence of solutions with semi-period 7 for the Ince equations as follows.

(1) Q" (1) has no integer zero. Then there are no Ince polynomials, and no
coexistence of solutions with semi-period 7 occurs.

(2) QT (1) has exactly one integer zero. Define (T by Then coexistence of
solutions with semi-period 7 occurs for A = aami1 = Bomi1 With m > ¢ and

Ince polynomials exist for A\ = agmy1, m = 0,1,...,£1—1 and for A = Bopn1,
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m = 0,1, ...,/7—1 These polynomials are of the first kind if the integer zero
of () is nonnegative and of the second kind if it is negative. In particular,
linearly independent Ince polynomials do not coexist, and an Ince polynomial
cannot be of the first and second kind simultaneously.

(3) Q' (n) has precisely two integer zeros. Define (T by (3.5.2), and define k' in
the same way but with min replaced by max. Then coexistence of solutions
with semi-period occurs for A = agpi1 = Pomir, m > (" and Ince polyno-
mials exist for for A = agpyr, m = 0,1,...,kT—1 and for A = Bopyr, m =
0,1,...,k"—1. In particular, if \ = agmi1 = Bomer Withm = €1, 0141, kT —1,
then Ince’s equations admits a fundamental system of solutions consisting of
Ince polynomials. If one of the zeros of () is nonnegative while the other is
negative, there are Ince polynomials which are of the first and second kind
simultaneously but such solutions do not coexist with another solution with
semi-period 7.

(4) a = b = d = 0. Then Ince’s equations is trivial. All solutions with semi-

period 7 are Ince polynomials, and there is coexistence for all eigenvalues.

ExXAMPLE 3.5.6. We choose

Then @ (1) = (p+1) (v +2) has zeros p = —1, and p = —2. We find that ¢ = 1,

k = 2. We may draw the following conclusions:

(1) Coexistence of solutions with period occurs for A = ag,, = Bam, m > 1.

(2) Ince polynomials exist for A = ag,,, m =0, 1.

ap =0, Ico(t) = —1+ cos2t,

ag =4, Icy (t) = cos 2t.
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(3) Ince polynomials exist for A = fa,,, m = 1.
B =4, Isqy (t) = cos2t.

(4) The functions Icy () = cos2t and Isy () = sin2t coexist for the eigenvalue

A = ap = ff3 = 4, and constitute a fundamental system of solutions.

3.6. Separation of Variables

The partial differential equation describing vibrations of an elliptic membrane
whose density diminishes radially from the center can by solved by the method of
separation of variables in elliptic coordinates; see [29]. One is led to ordinary differ-
ential equations that can be transformed to Ince’s equation with a = 0.

We will obtain the Ince equation directly by considering the following partial
differential equation

*u  0*u ou ou
.6.1 —_— ——2 — 2du =
(3.6.1) 5 b( m“’a) du = 0,

where b and d are real constants. In elliptic coordinates
(3.6.2) x = cospcosh &, y = sin psinh &,

the equation assumes the form

2 2
(3.6.3) @ + gu +b (sm 2(,02— —sinh §—

e >+d(cos?g0—cosh§)u:

23

We separate variables u (¢, &) = u; (¢) us (€) , to obtain

d2U1 d
u2(§)(d¢ —2(bs 1ncp)%+2(dcosgo) >

3.6.4
(3.6.4) P,

+ uy (@) (d_§2 — 2 (bsinh¢) Czl—? +2(dcos§) u2> =0,
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which is equivalent to

(3.6.5) d@ + (bsing) 9 dul + (dcos ) uy - — (bsinh 5) du2 _ (dcosh &) uy

Uy (90) Uz (5)

Setting both sides equal to the separation constant —\, we obtain the following two

ordinary differential equations in each of the variables ¢ and &,

2

(3.6.6) Cfi:; + (bsin p) % + (A +dcosp)u; = 0,
2

(3.6.7) ‘25“2 (bsin hf)—g— (A +dcosh&)up — 0.

Equation (3.6.6]) is an Ince equation, and (3.6.7)) is a modified Ince equation. Using
the substitution ¢ = ¢ in (3.6.6)), we obtain

d*v dv d*v

d—SOQ—i—(bsingo)@%—()\%—dcosgo)v = _d_§*2+(bsmh§) f + (A +dcosh&)w
= (Z; (bsmhf)—g—(k—l—dcoshﬁ))
__—

then, equation (3.6.7)) is obtained by substituting ¢ = i€ in ((3.6.6]).
Ince polynomials lead to polynomial solutions of (3.6.1).

ExXAMPLE 3.6.1. Choose

b=+3, d=—2V3, A= —2,

then u; (¢) = v/3 — cos 2¢ solves (3.6.6)), so uy (£) = v/3 — cosh 2¢ solves (3.6.7),

and

(3.6.8) u= (\/3 — cos 290) (\/§ — cosh 2@) —24 (2 _ \/§> 2 (2 n \/§> 2

satisfies (3.6.1).
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To derive the Ince equation with a # 0 by the method of separation of variables

we proceed as follows. Consider the partial differential equation

(3.6.9) B

82u+82u+82u_ 1+b 10u
ox?  0y*> 022

where a and b are real constants with a and real constant with a € (—1,0). We

introduce sphero-conal coordinates in the half-space z > 0 by

(3.6.10) x = rkcospcosh,
k
(3.6.11) y=ry cos p cosh &,
_1_221/2_221/2
(3.6.12) =T (1 -k cos®p) " (1 —k*cos”E) ",
where
1
r >0, 0<p<2m, O<§<arcoshE.

The numbers k,k" € (0,1) are determined by

, E?=1— k2

The coordinate surfaces are spheres 224132+ 2% = r? and elliptic cones. In spheroconal

coordinates equation (3.6.9)) becomes

2 2
(14 acos2yp) 2l (14 acosh2f) Ou + bsin2g0%
Jy? 0&? Jdy
(3.6.13) ) . N
_ psinhocZ _ 20U L )
bsmh2§ag + a (cos2¢p — cosh 2¢€) (7" 52 + (1 a) T@r) 0.

We separate variables u = v (p, &) ug (r) to obtain

(1 + acos2p) 3%3 + (1 + a cosh 2¢) g%’ + bsin2g0§—f; — bsinh2§g—§
a (cosh 2 — cos 2¢) v

2 d%ug _ b duz
g + (1 a) " ar

(3.6.14)

us
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Using the separation constant %, (13.6.14)) separates into

0? 0?
(1+a0082¢)8—§+(1+acosh2§)6—§
3.6.15
( | + bsin 2 @—b inh2€@+d( 2¢p —cosh28)v =0
S gpa(p S oF cos 2¢ — cos v =0,
d*u b\ dus d
2 3 R I S PO
(3.6.16) U + (1 a)rdr U 0.

Next, we separate variables v = u; (@) uz (§) in equation (3.6.15)) to obtain

(1 4+ acos2yp) dz;” + bsin 290% + (dcos2p) uy

Uy
(14 acosh2€) T2 — bsinh 2622 — (d cosh 2€) uy

U2

(3.6.17)

Setting both sides of ([3.6.17)) equal to —\ we obtain

d2U1

d
i —l—bsin&pa%1 + (A + dcos2p)u; =0,

(3.6.18) (14 acos2yp)

d2u1

(3.6.19) (1 + acosh2¢) i

d
—bsinh2§d%01 — (A +dcos2€) uy; = 0.

The function u = uy (@) us (§) uz (r) will satisfy (3.6.9) if there are constants d and
A such that u; () solves the Ince equation (3.6.18)), ug (§) solves the modified Ince’s

equation (3.6.19)), and us (r) solves the Euler equation (3.6.16). If av* —bv — d = 0,
that is, @ ( ) , then equation (3.6.16)) admits the solution 7.

v
2

Ince polynomials lead to solutions of (3.6.9) which are homogeneous polynomials

inz,y, z.
ExaMPLE 3.6.2. Let,

a=-1/V3, b=6a, d=-8a, A= —4,
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then u; (¢) = V/3+cos 2¢ solves (3.6.18)), and so us (@) = v/3+cosh 2¢ solves (3.6.19).

Q (g) = 0, has solution v = 2, therefore usz (r) = r?solves (3.6.6)), and the function

u=r? (\/§+ congp) (\/§+ cosh2£) = (6 + 2\/5) z? + (6 — 2\/5) y? + 222

satisfies (3.6.9)).

Ince polynomials for a # 0 are related to special cases of Heun polynomials which
again are special cases of Heine-Stieltjes polynomials [66, Section 6.8], and, for Heine-
Stieltjes polynomials, the corresponding process of separation of variables is treated
in [77]. The homogeneous polynomials solving generalize classical spherical
harmonics, and a theory parallel to that for spherical harmonics can be created for

them.

3.7. Integral Equation for Ince Polynomials

We derive Whittaker’s integral equations for Ince polynomials [84].

Consider the differential operators

0*u . . Ou

(3.7.1) Su = — (1 + acos2s) 92 bsin 2s$ — d (cos2s) u,
0?u .., 0u

(3.7.2) Tu:=— (14 acos2t) o2 bsin 2t§ — d (cos 2t) u.

If uy (s) and uy (t) are solutions of the same Ince equation (2.1.4), then w (s, t) =

uy (8) ug (t) satisfies the partial differential equation
(3.7.3) Su = Tu.

We now apply a well known method to derive integral equations; see [59, Section
1.2]. The kernel of the integral equations will be suitable solutions of . Let
n € Ny be such that @ (n/2) = 0. We notice that (z + iy)" is a solution of the partial
differential equations and . Therefore, by transforming to elliptic and
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sphero-conal coordinates, respectively, we find that

(3.7.4) K, (s,t;a) = (\/ 1 —asinssintyv1 + acos s cos t)n
satisfies (3.7.3)). Now, consider the Fredholm integral operator
w/2
(3.7.5) (Fv) (s) := / w(t,a;b) K, (s,t;a)v (t)dt
—7/2
which is self-adjoint on the Hilbert space L? (—7/2,7/2) with the weight w from

(2.2.6)). The operator has rank n+1. Therefore, F' has exactly n+1 nonzero eigenvalues

counted according to multiplicity.

THEOREM 3.7.1. (a) Let Q (n/2)) = 0 with even n€ Ny. The Ince polynomials
Icoy (t;a,b,d), m=0,1,....,n/2, and 1soy, (t;a,b,d), m =1,2,...,n/2, are eigenfunc-
tions of the integral operator corresponding to monzero eigenvalues.

(b) Let Q(n/2) = 0 with odd ne Ny. The Ince polynomials Icomyi (t;a,b,d),
m = 0,1,...,n/2, and ISy, (t;a,b,d), m = 1,2,...,n/2, are eigenfunctions of the

integral operator (3.7.5)) corresponding to nonzero eigenvalues.

PRrROOF. We prove only (a), the proof of (b) being similar. Let v (t) be a solution
of Ince’s equation with period 7 . Since K, satisfies(]3.7.3]),

w/2 /2
SFuv(s) :/ SK, (s,t)w(t)v(t)dt:/ TK (s,t)w(t)v(t)dt.
—7/2 —7/2
Taking into account that K, (s,+), w and v have period 7, integration by parts gives.
w/2 N
SFv(s) = K, (s,t) T (wv) (t) dt,
—7/2

where T is the formal adjoint of T', that is, the operator we obtain from T by replacing
b and d by b = —4a—b and d = d—4a—2b, respectively. By Theorem , T (wv) =
Awv. Hence SFv = AFv which means that F'v solves the same Ince equation as v.
Clearly, F'v has period 7 and is even or odd when v is even or odd, respectively.

This shows that the functions Ico,, ISomi0, m € Ny, are eigenfunctions of F. By
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Theorem these functions form a complete orthogonal set of eigenfunctions for F’
in L2 (—7/2,m/2) . Moreover, F' maps these functions to trigonometric polynomials of
degree at most n. Therefore, the eigenvalues corresponding to Ics,, and Iss,, vanish

for m > n /2, and the eigenvalues are nonzero for the remaining n+1 Ince polynomials.

O

3.8. The Lengths of Stability and instability intervals

If o, < B or B, < v, then [y, B, or [By, @] is the n—th instability interval of

Ince’s equation (3.1.1)). For fixed a, b, d the signed length
(3.8.1) a, (ta,7b,7d) — B, (ta, b, Td) , n=123,...

of the nth instability interval is an analytic function of 7 € (—1,1) which can be be

expanded in a power series about ¢ = 0.

EXAMPLE 3.8.1. Consider the case a = b = 0, d = —2 (Mathieu’s equation) and

take n = 5. Then

1 11 1 37
o (ra,7h,7d) = 25 + — 12 ! ’ T
oy, (Ta, 7, 7d) +4gT + 774144 + 147456 +8918138887 *
1 11 1 37
L (ra, b, 7d) = 25 + — 12 f— ’ T
B (Ta, b, 7d) T RT Y rmanaa” T Tamase” Tsoisissss” ¢

The coefficients of these power series can be computed with software like Maple. We
see that power series expansions agree up to the term including t*. There are no
explicit formulas known for those coefficients of these power series.

For example, the signed length of the 5—th instability interval is given by the
difference

5 7

_ 7
= 737287 T 1gos60312” T

(3.8.2) as (0,0, —27) — B5 (0,0, —27)
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Levy and Keller [43] proved the following result for the leading term of the length

of instability intervals of example |3.8.1

2™

(3.8.3) 0 (0,0, =27) = B (0,0, =27) = ooy

1+0(7?)).

The goal in this section is to generalize the previous result to Ince’s equation.

3.8.1. Instability intervals for odd m. Let a, b, d be given real numbers with

la| < 1, and Consider as in Chapter 2 the Ince operator
Iy(t) = — (1 4+ Tacos2t)y” (t) — 7b (sin 2t) 3’ (t) — 7d (cos 2t) y (t) .

We represent the operator I by infinite tridiagonal matrices. If I is applied to to
Fourier series of the form
(3.8.4) z(t) = Z xcos (2n+ 1),

n=0

we obtain the matrix representation

ri+7rgd ¢ty 0 0 0 0
bl td, 0 0 0
(3.8.5) My (1) = 0 qt ol gty 00 :
0 0 qu 7‘; TqT_4 0
where
ri=0@n+1?%  n=0,1,2
1 d
G =Q0—3) Q) =2u"=bp—.
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The operator A (1), 7 € (0,1) defines an unbounded self-adjoint operator in the

sequence Hilbert space ¢ (Ny) equipped with the inner product

(T Y)ap = /02 w(t) (Z Ty cos (2n + 1) t> (Z Yn cos (2n + 1) t)

n=0 n=0

— N </ng(t)cos(2n+1)t) TnYn-

n=0

(3.8.6)

This inner product and the standard inner product

(z,y) = Z TnYn
n=0

generate equivalent norms. The operator A (7) is bounded below with compact re-
solvent and its eigenvalues are ag, 11 (7) := qopy1 (Ta, 70, 7d), n =0,1,2,...

Similarly, if the the Ince operator is applied to Fourier sine series of the form
(3.8.7) 2(t) = apsin(2n + 1)t,
n=0

we obtain the infinite matrix

.i,

ri—7¢b ¢ty 0 0 0o 0 -
qu rI 7'qT_2 0 o 0 -

(3.8.8) M; (1) = 0 TqI 7’5 Tqi3 0 - )
0 0 Tq; 7“;[,, rqt 4 0 -

note that the matrix Mj (7) is the same as M, (1) except ¢/, by —¢} in the upper left
corner. The operator Mj (1), 7 € (0,1) defines an unbounded self-adjoint operator

in the sequence Hilbert space £% (Ny) equipped with the inner product

(x,y) = /02 w(t) <Z Ty sin (2n + 1) t) (Z Yn sin (2n + 1) t)

- N </0gw(t)sin(2n+1)t> TnYn

n=

(3.8.9)
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This inner product and the standard inner product

o]
n=0

generate equivalent norms. The operator B (7) is bounded below with compact re-
solvent and its eigenvalues are [o,11 (7) 1= Sons1 (7@, 7b,7d) , n =0,1,2, ...

Now consider the eigenvalue oo, (7) for a fixed n, and a corresponding eigen-
vector u (1) = (ug (7),u1 (1) ,u9 (7),...). For small |7|, u, (7) # 0 and we adopt the
normalization u, (7) = 1. Then uy (7) is an analytic function of 7 in a neighborhood
of 7 = 0. Similarly, let v (7) = (v (7),v1 (7),v2(7),...) be an eigenvalue of B* (1)
corresponding to the eigenvalue (s, (7) normalized by v, (1) = 1. We obtain the
adjoint B* (1) by reflection at the main diagonal as usual. One can verify easily
that B* (1) is the same as B (7) but with a, b, d replaced by a* = a, b* = —4a — b,

d* = d — 4a — 2b, respectively.

LEMMA 3.8.2. For |7| sufficiently small, we have

(a2n41 (1) = Bangr (7)) (u (1), 0 (7)) = 2raduo (7) vo (7)
PROOF. We have
(My — M) u, v) = (Mau, v) — (Myu, v)
= (Myu, v) — (M;v, u)
= (a2nt1 — Bant1) (W, v) -

Since M, and M3 agree except in left upper corner, everything cancels in the left-hand

side except 27qlug (1) vo (1) . O

LEmMA 3.8.3. For k=0,1,...,n— 1, we have

—— T qt—j1 n—k+1
(3.8.10) ug (7) E o m e e
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and

n—1

| oy e S G )

PRrOOF. Since A (7)u (1) = agnt1 (7) u (7) we obtain that

(3.8.12) (Tpo + T(T) — Qopi1 (T)) uo (1) + Tp_quy (1) =0

and

(3.8.13) Tpju;_1 () + <T;L — Qo1 (7')) w; (1) +7p_j_uj (1) =0, j=1,2,3,...

We know that u; (0) = 0 for j # n. using (3.8.12)) and (3.8.13]) for j = 1,2,...,n—2 we

find that u, (7) = O (72) when k < n—2. In a similar way, we see that uy, (1) = O (73)

when k < n—3. In general, we obtain that uy (7) = O (T"*k) for k < n. Using u,, = lin

for j =n —1 (or (3.8.12) when n = 1), we get
<7"IL_1 — rL) Up—1 (T) + ¢, =0 (7'2)
which yields claim (3.8.10) when £ = n — 1. In a similar way, we find that
(7’272 - rL) Up—2 (T) + TqT,nHun_l (1) =0(7%).

Substituting the previous result on u,_; (7) this proves (3.8.10) when n = k — 2.
Continuing in this fashion we prove (3.8.10) for all k. The proof of (3.8.11)) is almost

the same. O

THEOREM 3.8.4. Let a, b, d € R with |a| < 1. Then, for fited n =0,1,2,...,

27_27’L+1 (1 + O
(3814) a2n+1 (Ta, Tb7 Td) - 5271—&-1 (Ta, Tb? Td) (2277, 277/' H qj,

j_f’n

where

d :=Q(j—1), Q () = 2ap” ~ by — 3.
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PROOF. Since
(u(r),v(r)) =1+0(7),
Lemma [3.8.3| and Lemma [3.8.3| give

(140 (7)) azas1 (7) = Bantr (1) = 274 (g (7) v (7)) (1 + O (7))

n—1 —
q_ 1 q+1
— 97 2n+1q J— J (1+O(7‘)).
OH@ +1)° = (25 +1)° H (2n +1)* — (25 + 1)

Since a1 (Ta, 7b, 7d) — Bop 1o (Ta, 7b, 7d) is an odd function of ¢, this yields (3.8.14)).
[l

3.8.2. Instability intervals for even m. If the operator I is applied to to
Fourier series of the form
(3.8.15) x(t) = xo + Z Ty cos 2nt,
n=1

we obtain the matrix representation

o Tq4—1 0 0 0
T 11 Tq—2 0 0
(3816) M1 = 0 Tq1 To Tq_3 0

o o o O

0 0 Tq2 3 Tq-4

where

rm=(2n), n=012...

G=Q),  Qn=2ap"—bp—.
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The operator M (1), 7 € (0,1) defines an unbounded self-adjoint operator in the

sequence Hilbert space ¢ (Ny) equipped with the inner product
(3.8.17)

@0~ |

This inner product and the standard inner product
oo

=D _wln
n=0

generate equivalent norms. The operator A (7) is bounded below with compact re-

(VB

w(t) (xo + i xpcos (2n + 1) t) (yo + i Yn cos (2n + 1) t)

n=1 n=0

solvent and its eigenvalues are aw, (7) := o, (Ta,7b,7d), n =0,1,2,...
Similarly, if the the Ince operator is applied to Fourier sine series of the form
(3.8.18) 2(t) =) xpsin(2n +2)t,
n=0
we obtain the infinite matrix M4 which is obtained from M; by deleting the first
row and the first column. The operator M, (1), 7 € (0,1) defines an unbounded
self-adjoint operator in the sequence Hilbert space % (Ny) equipped with the inner

product

wm

(z,y) :/0

n=0

(Zmnsm (2n +2) ) (Zynsm (2n +2) )

(3.8.19)
) sin (2n + 2) > TnUn

l

Mg

This inner product and the standard inner product
=D _wln
n=0

generate equivalent norms. The operator M, (7) is bounded below with compact

resolvent and its eigenvalues are fo, 1o (7) 1= Popio (Ta, 7b,7d), n =0,1,2,....
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The proof of the following theorem for the stability intervals for even m is similar

to that of odd m discussed above.

THEOREM 3.8.5. Let a, b, d € R with |a| < 1. Then, for fited n =1,2,3, ...,

2n—1 2
(3.8.20) oy (Ta, 70, 7d) — Bay (Ta, Tb, Td) = 2<22n_1((1 - Ol(T,)Z) H >

j=-—n
where

) 1
¢ =QU),  Qu)=2au"—bp—7d
3.9. Further Results

Following Eastham [14], Section 2.4], one can treat the eigenvalue problem

y(t+m) =e"y(t)

for the Ince equation, where the characteristic exponent is given. If v is real this
leads to self-adjoint operators and infinite tridiagonal matrices as for the eigenvalues
problems studied in this chapter. Mennicken [49] gives methods for the computation
of the characteristic exponent.

Ince [28, [30] investigates the asymptotics of Ince functions for a = 0. Moreover,
Ince’s papers also contain bounds for the eigenvalues and other interesting results.

Volkmer [70] studies the characteristic polynomials of the matrices M;; and uses
them to approximate eigenvalues of Ince’s equation.

When we substitute ¢ = cos 2t, Ince’s equation becomes

d%y 1(1 1 1 >dy A+d (26 —1)

(3.9.1) —+ + + d_§ K-8 (2af+1—a

ez £ 61 2at+1—a T

If a # 0, this is a Heun equation with regular singular points at 0, 1, % a—’l and oo. The
indices at 0 and at 1 are 0 and 1/2. The indices at £ are 0 and 1 —i— 5. and the indices
at infinity are the roots of Q (—p) = 0. If a = 0, then is a confluent form of
Heun’s equation. Therefore, results on the Heun equation are applicable to the Ince

equation. In particular, Ince polynomials are trigonometric polynomials which can be
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transformed to ordinary polynomials and then become Heine-Stieltjes polynomials;
see [66, Section 6.8]. Thus results on Heine-Stieltjes polynomials are applicable to

Ince polynomials.
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CHAPTER 4

The Lamé Equation

4.1. The Differential Equation

The Lamé differential equation is

d*w 5 9
(4.1.1) ﬁ—'— (h—v(v+1)k*sn® (2, k) w=0.

The number & denotes the modulus of the Jacobian elliptic function sn z = sn (z, k).
For the definitions and properties of the Jacobian elliptic functions sn, cn, dn, the
Jacobian amplitude am and the complete elliptic integrals K, and K’, we refer to
[86]. The most important formulas can be found in Appendix C of [7].

We will assume that v is real although we need only that v (v + 1) is real. Then,
without loss of generality, we assume that v > —%. The third parameter h is the
spectral parameter and will also be always real. The functionsn z is meromorphic on
C with simple poles at each point z = 2pK + (2¢ + 1)K"i, p, q € Z.

Since kusn (u +iK') — 1 asu — 1, we find that has regular singular points
2pK + (2¢ + 1) K'i, p, q € Z, with indices —v and v + 1. Unless stated otherwise we
will consider solutions of in R. These solutions can be continued analytically
to the horizontal strip —K' < &z < K.

The function sn?z has period 2K. Therefore, if w (2) is a solution of then
also w (z + 2K) is a solution. Hence Lame’s equation is a Hill’s equation with period
2K. Also note that sn?z is an even function. Therefore, if w (2) is a solution of (4.1.1)),
then w (—z) is also a solution. Hence Lamé’s equation is an even Hill’s equation. The
function sn?z has a second period 2iK’. Therefore, if w (2) is a solution of
defined on the vertical strip 0 < Rz < 2K then also w (z + 2iK”") is a solution. Hence

Lamé’s equation can also be considered as a Hill’s equation with period 2iK’. Since
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the two lines Rz = 0, Iz = K intersect at K, instead of asking for even or odd
solutions it is more natural to ask for solutions which are even or odd about K, that
is, w (K — z) = 4w (K + z) . Note that sn?z is even about K.

If we substitute
(4.1.2) t=——amz,

then
dt . 2 2 .2
d—:—dnz,snz:cost,cnzzsmt,dn z=1—k"cos”t,
z

and Lamé’s equation becomes

2

(4.1.3) (1 — Kk cos?t) C;TZU + k2 sintcost% + (h—v(v+1)k cos*t) w = 0.

Equation (4.1.3)) is equivalent to

k2 d*w K2 dw
1 cost | — + sin 2t—

2 k2 a2 2 — k2 dt

(4.1.4) 2h —v(v+1Dk* v(+1)k

( 512 T T g2 cos 2t> w = 0.
Equation (4.1.4) is an Ince equation with parameter

k? 2h —v(v+1)k? v(v+1)k?

(4.1.5) o=b=r T A e 2 )2
If we substitute
(4.1.6) ¢ =sn’z = cos’ t,

Lamé equation becomes a particular case of the Heun equation

w = 0.

d*w 1(1 1 1 )dw hk™2 —v(v+1)¢

(4.1.7) @ e\t e 1T e ) TEe - DE_ i
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We substitute

(4.1.8) g=(e1—e3)h+v(r+1)es,
(4.1.9) n=(e1—es) 7 (2 —iK'),
(4.1.10) C=p(n),

where g is the elliptic function of Weierstrass with corresponding constants e, es, e3.

Then Lamé equation becomes

d2
(4.1.11) d—;;]—i-(g—l/(u—i-l)p(n))wzo,
and
(4.1.12)
Fw 10 1 1 1\ dw g—v(v+1)¢ B
d42+2(g—€1 ¢—e C—63>dC+4(C—€1)(C—€2)(C—€3)w_0'

4.2. Eigenvalues

Consider the Lamé equation (4.1.1) with given values for & and v. A solution
w (z) is even about K and has period 2K if and only if w (2) satisfies the boundary

conditions
(4.2.1) w' (0) = w' (K)=0.

Lamé’s equation (4.1.1)) together with the boundary conditions (4.2.1)) pose a regular
Sturm-Liouville eigenvalue problem with spectral parameter h. Therefore, the cor-
responding eigenvalues h form a real increasing sequence that tends to infinity. We

denote these eigenvalues by a?™ (k?).
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Similarly, a solution y (z) of Lamé’s equation is even about K and has semi-period

2K if and only if
(4.2.2) w(0) =w' (K) = 0.

The corresponding sequence of eigenvalues is denoted by a2™ ! (k?).
A solution y (z) of Lamé’s equation is odd about K and has semi-period 2K if

and only if
(4.2.3) w' (0) =w (K) =0.

The corresponding sequence of eigenvalues is denoted by 2™ (k?).
A solution w (z) of Lamé’s equation is odd about K and has period 2K if and

only if
(4.2.4) w(0) =w (K)=0.

The corresponding sequence of eigenvalues is denoted by v*™+2 (k?).

All four sequences of eigenvalues are increasing and m = 0, 1,2, ... The eigenfunc-
tions belonging to these eigenvalues are the Lamé’s functions. They will be studied
in more detail in Section [4.3] .

The notation of the eigenvalues is chosen in such a way that an even or odd
superscript is associated with Lamé’s functions with period 2K or semi-period 2K,
respectively. The letter a denotes eigenvalues associated with Lamé functions which
are even about K, whereas the letter b denotes eigenvalues associated with Lamé
functions which are odd about K. Originally, Ince [32] had used the letters a and
b in connection with even and odd Lamé functions, respectively. We adopted the
notation introduced by Erdélyi et al. [I] which is of advantage in section about Lamé
functions with imaginary period. In order to compare with work of Ince one just
has to exchange a?"*! and b*™*!1. One should also note that a” (k?) is defined for

m = 0,1,2, ..., whereas b™ (k?) is defined only for m = 1,2,3, ... If we define a, b, d
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by (4.1.5)) the eigenvalues of Lamé’s equation can be expressed

(4.2.5) 2a)" (K*) =v (v + 1) k* + (2 — k*) a, (a, b, d)

(4.2.6) 20)" (K*) =v(v+ 1) k* + (2 — k) B (a,b,d) .
From Theorems [2.2.7] we obtain the following results.

THEOREM 4.2.1. The eigenvalues of Lamé’s equation interlace according to

al a? a;
ad< ¢ U< T h<d T b <,

b, by b,

We have, for m € N,
m—1

(4.2.7) sign (a2™ (k%) — b2 (k*)) = sign H 2n—v)2n+v+1),
and, for m € Ny,
(4.2.8) sign (a2 (k%) — b2 (k%)) = sign H 2n—1-v)(2n+v).

In particular, we have coexistence
ar (k;2) = (kQ)
if and only if v € {0,1,2,...,m —1}.

Using the relationships (4.2.5), (4.2.6)), Theorem [3.3.3 provides continued-fraction

equations for the eigenvalues of Lamé’s equation.
4.3. Eigenfunctions

The eigenfunctions of Lamé’s equation corresponding to the eigenvalues

(43 G (1), G (), B (), B (1)

v
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are denoted by
(43.2) Em (2,k2), BE™ (2,12), Bs2™ (2,k2) , Es2™ (2,k2) |

respectively. These are the (simply-periodic) Lamé functions. As eigenfunctions these

functions are only determined up to a constant factor. We normalize them by the

conditions
K ) -
(4.3.3) / dnz (EC) (2,k%)) " dz = T
0
K ) -
(4.3.4) / dnz (Es)) (2, k%)) dz = 1
0

To complete the definition, Ec™ (K, k?) is positive and %EST (K, k?) is negative.

Since dilz am z = dn z , this agrees with the normalization of Ince functions, and
we obtain
(4.3.5) Ec) (2,k*) = Icy, (t,a,b,d),
(4.3.6) Es) (z, /{2) = Is, (t,a,b,d),

where ¢, z are related by (4.1.2)), and a, b, d are given in (4.1.5)).

From Sturm-Liouville theory we derive the following property of Lamé functions.

THEOREM 4.3.1. Each of the Lamé functions (4.3.2)) has precisely m simple zeros
in the open interval (0, K). The superscript 2m, 2m+ 1, or 2m+2 equals the number
of zeros in the half-open interval (0,2K] .

The analog of Theorem for Lamé functions is the following

THEOREM 4.3.2. Fach of the function systems

(4.3.7) {E™ (2,k%)}

m=0"
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(4.3.8) {E™ (2, k%) }jzo ,
(4.3.9) {Es (2, k%))
(4.3.10) {Es™ (2, k) )

is orthogonal over|0, K|, that is, for m # n,

k
(4.3.11) / Ec™ (t) B2 (t)dt = 0,
0
k
(4.3.12) / B (1) B2 (t) dt = 0,
0
k
(4.3.13) / Es*™t (1) Es* ! (t)dt = 0,
0
k
(4.3.14) / Es2™ 2 () Es2"2 (t)dt = 0,.
0

Moreover, each of the system (4.3.7)), (4.3.8)), (4.3.9), (4.3.10) is complete over [0, K].

4.4. Fourier Series

By (4.3.5), (4.3.6)), the Fourier series from Section [2.5|give Fourier series for Lamé

functions

(4.4.1) Ec*™(z, k?) = A + Z Ay, cos (2nt) ,
\/5 n=1

(4.4.2) Bt (2, k?) = Z Agpqqcos (2n+1)t,
n=0
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(4.4.3) Es?m™ (2, k%) = Z Bopy1sin (2n+ 1) t,
n=0

(4.4.4) Es? (2, k%) = Z Bopyosin (2n 4 2) t.
n=0

Where ¢, z are related by (4.1.2). The coefficients satisfy the normalization relations

(2.5.5)), (2.5.6)), (2.5.7)), (2.5.8) and the three-term difference equations given in The-

orem with a, b, d from (4.1.5)). If {x,} denotes any of the sequences {Ay,},
{Aon+1}, {Bons1}, {Bansa}, Theorem yields that either x,, = 0 for large n, or

xn # 0 for all large n. In the latter case

n k?
(4.4.5) lim 2L — -,
n—oo I, (1 + k/)

where
(4.4.6) Ei=+v1—k2

is the complementary modulus.

Using relations (2.3.13]), (2.3.14)) we can represent Lamé functions in a second way

in terms of Ince functions. We first note that with a, b from (4.1.5))

N|=
[SIES

w(t:ia,b) = (1+acos2t) Z =273 (2 kQ)_% (1 —k*cos2t)”

(4.4.7) 1 1

=272 (2— k%) 2 (dn2)"".
(4.4.8) Bem(z, k) = 275 (2= k) "2 ¢ (a,b,d) dn 2 Iey, (8 a, b, d°)
(4.4.9) Es™(z, k%) = 272 (2- kz2)7% Sm (a,b,d) " dnz Is,, (t;a,b*,d"),
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where
. 3k? . —k?
Therefore, we can write
om (., 1.2 Co |«

(4.4.10) Ec"(z,k*)=dnz | —= + Z Cop cos (2nt) |,
\/E n=1

(4.4.11) Ec*™ (2, k*) = dnz (Z Cony1cos (2n + 1) t) )
n=0

(4.4.12) Es*™ (2, k%) = dn 2 (Z Dopyqsin (2n + 1) t) ,
n=0

(4.4.13) Es?™ (2, k%) = dn 2 (Z Doy yosin (2n + 2) t) ,
n=0

where

Co=2 (2= k) 2 ¢y (a,b,d) " A,

D,

275 (2= k) % ¢y, (a,b,d) ' By,

and the Fourier coefficients A,, and B, belong to the parameters a, b*, d*. Properties
of the coefficients C,, and D,, follow from those of A, and B,; see Section [2.5 For
example, we obtain also for the sequences {Cs,} , {Coni1}, {Dans1}, {Donsa}-

One should note that the sequence { Ay, } is an eigenvector of the matrix M; with
a, b, d from (4.1.5)), whereas {C5,} is an eigenvector of its adjoint. Both eigenvec-
tors belong to the same eigenvalue. In others words, {Ay,} and {Cs,} are right and
left eigenvectors of the same infinite tridiagonal matrix belonging to the same eigen-
value. Lemma connects these eigenvectors. Similar remarks apply to the other

sequences of Fourier coefficients.
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Because of the special form of the weight (4.4.7) we can express the normalization

of these sequences more directly as follows.

THEOREM 4.4.1. We have

k2 o k2 o

(4.4.14) (1 — ?> Z s — 5 (\/50002 + Z 02n02n+2> =1,
n=0 n=1

(4.4.15) (1 — —) Z 022n+1 — ( C?+ Z 02n+102n+3> =1,

o0 1 [e.e]
(4.4.16) (1 = —> ZD%H = <§D% -3 Dzn+1D2n+3> =1,

n=1

(4.4.17) (1 - —) i D — iD%DQn+2 =1,

n=1

C o0 (o)
(4.4.18) 72 +) Con >0, Y Chur >0,

2 n=1 n=0

(4.4.19) > (2n+1)Dayr >0, > (2n+2) Dyyyp > 0.

n=0 n=0
PROOF. Since
2 2
dn’z=1-— Cl ECOSQt,

we have

K
_ / dnz (B (2,k2))% dz
0

R R Co & ’
= l1— — — —cos2¢ — + Cy,, cos (2nt dt.
[o(55 ><¢§ 2 Cancos (2nt)

N
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Using 2 cos (2t) cos (2nt) = cos2 (n + 1)t +cos2 (n — 1) ¢, we obtain (4.4.14]). Formu-

las (4.4.15)), (4.4.16)), (4.4.17) are proved similarly, and (4.4.18)), (4.4.19) follow from

25.5), 25.6), 25.7), 2.5.3). O

4.5. Lamé Functions with Imaginary Periods

We consider Lamé’s equation as a Hill equation with period 2iK’ along the line

Rz = K. In order to transform to real variables, we set
(4.5.1) z=K+iK' —iu u€eR.

By Jacobi’s imaginary transformation,

dn (iu, k) 1 ,
k) = 28 D ()
su (2, k) ksn(iu, k) k n (v, k)

Hence

k*sn? (z,k) = 1 — k?sn? (2, k'),
and Lamé’s equation becomes

2
(4.5.2) ZTZ;) + (v (v+1)—h—v(v+1)k?sn’ (u,k)) w=0.

This is again Lamé’s equation with k replaced by k' and the spectral parameter

replaced by v (v + 1) — h. We have proved the following theorem.

THEOREM 4.5.1. Lamé’s equation admits a nontrivial solution which is
even about K and has period 2iK'if and only if h = v (v + 1) — a®>™ (k'?) for some
m € Ny. A corresponding eigenfunction is Ec?™ (i (z — K —iK') , k"?).

Lamé’s equation admits a nontrivial solution which is even about K and has semi-
period 2i K" if and only if h = v (v + 1) —a?*™! (k'?) for some m € Ny. A corresponding

eigenfunction is Ec2™ ™ (i (z — K —iK') , k'?).

v
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Lamé’s equation admits a nontrivial solution which is odd about K and has semi-

period 2iK'if and only if h = v (v + 1) =02+ (k') for some m € Ny. A corresponding
eigenfunction is Es*™ (i (z — K —iK') k).

Lamé’s equation admits a nontrivial solution which is odd about K and has

period 20 K"if and only if h = v (v + 1) —b*™+2 (k") for some m € Ny. A corresponding
eigenfunction is Es*™ 2 (i (z — K —iK') ,k"?).

v

Because of this theorem it is not necessary to introduce new notations for eigen-

values and eigenfunctions of Lamé’s equation with period or semi-period 2iK’.

4.6. Lamé Polynomials

A Lamé function is called a Lamé polynomial of the first kind if its Fourier series

(4.4.1), (4.4.2), (4.4.3)), or (4.4.4) terminates. It is called a Lamé polynomial of the

second kind if its expansion (4.4.10)), (4.4.11)), (4.4.12)), or (4.4.13) terminates.

From Theorem [3.4.3] and its analogue for Ince polynomials of the second kind,

and from (4.1.5), we obtain the following result.

THEOREM 4.6.1. The Lamé function Ec' is a Lamé polynomial if and only if v is a
nonnegative integer and m = 0,1, ...,v. The Lamé function E's)' is a Lamé polynomial
if and only if v is a positive integer and m = 1,2, ...,v. The Lamé polynomials are of

the first kind or second kind if v — m is even or odd, respectively.

There are the following eight types of Lamé polynomials
1) Ecyy (2,k7) 2) Beytly' (2, k%)
3) ES%?L%J:_II (Z7 kz) 9 4) EC;:LnJrl (Zv k2) )
(4.6.1)
5) Esgnmjf (z, k:2) , 6) Ecgnmj; (z, k2) ,
7) Esyiiy (2,k%) . 8) Esoitd (2, k%),

where n € Ny and m =0,1,2,...,n in each case.
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These Lamé polynomials and their corresponding eigenvalues can be computed
from the finite matrices M;,, j = 1,2, 3,4, of Section as follows. Recall that the

polynomial ) defining the entries of the matrices is given by

(4.6.2) Q) = —3 i Cu—v)2u+v+1).

2- )

1) Let v = 2n with n € Ny. Then

(4.6.3) azr (k%) = = (2— k) agm + %u (v+1) k2, m=1,2...,n,

N —

where ay, are the eigenvalues of M; ,,1;. The corresponding Lamé polynomials are

A n
(4.6.4) Ecy (2, k%) = 7% + Y Ay, Th,(snz),
1

—
where T}, is the Chebyshev polynomial of the first kind defined by 7, (cost) = cos (pt) .
The coeflicients (Ag, As, ..., Ag,) form a right eigenvector of M; ,, 11 belonging to the
eigenvalue as,,. The eigenvector is normalized according to (with Ay, = 0
forp > n.)

2) Let v = 2n + 1 with n € Ny. Then

1
(465) ag;njll (kQ) - (2 B kQ) Aomt1 + 5” (V + 1) k27 m = 07 17 s T

N | —

where agy,41 are the eigenvalues of My ,,11. The corresponding Lamé polynomials are

(4.6.6) Ecsit! (2,k%) = Agp1Topyn (sn 2),

p=0
The coefficients (Ay, As, ..., Agyp) form a right eigenvector of M, ,, 11 belonging to

the eigenvalue as,,11. The eigenvector is normalized according to (2.5.6)).

3) Let v = 2n + 1 with n € Ny. Then

1
(2—k32)ﬁgm+1+—u(y+1)k2, m=0,1,...,n,

(46.7) B () = .

DN | —



92

where (35,11 are the eigenvalues of Ms,, 1. The corresponding Lamé polynomials are

(4.6.8) Essitl (z,k%) = cnz Z Bop+1Uspyq (sn2)
p=0

where U, is the Chebyshev polynomial of the second kind defined by U, (cost) =
%. The coefficients (By, Bs, ..., Ba,11) form a right eigenvector of Ms,; be-

longing to the eigenvalue Bs,,.1. The eigenvector is normalized according to (2.5.7]).
4) Let v = 2n + 1 with n € Ny. Then

1
(4.6.9) azmyy () = = (2= k%) comyr + 37 (v+1) k2, m=0,1,...,n,

DN | —

where agy,41 are the eigenvalues of M; ,,11. The corresponding Lamé polynomials are

(4.6.10) Ecr, (2, k%) =dnz (% - Z CopThyy (s z)) :

p=0

The coefficients (Cy, Cs, . .., Cy,) form a right eigenvector of M ;1 belonging to the

eigenvalue aw,,.The eigenvector is normalized according to (4.4.14)), (4.4.18).

5) Let v = 2n + 2 with n € Ny. Then

1
(Z—kz)BQmH—i——l/(l/—i—l)kQ, m=20,1,...,n,

(4.6.11) bty (k) = 5

N | —

where (35,41 are the eigenvalues of My 1. The corresponding Lamé polynomials are

(4.6.12) Bty (2,k*) =cnz Z BopioUspir (cn z)

p=0
The coefficients (Bg, By, . .., Ba,t2) form a right eigenvector of My, belonging to
the eigenvalue [5,,12. The eigenvector is normalized according to .

6) Let v = 2n + 2 with n € Ny. Then

1
(4.6.13) azniy (k) = = (2= k) agpmgr + 3V (v +1) k2, m=0,1,...,n,

N —
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where ag,,41 are the eigenvalues of M ,,+1. The corresponding Lamé polynomials are

(4.6.14) Eciiy (2,k%) =dnz Z Copr1Top+1 (sn2)

p=0

The coefficients (Cy,Cs, ..., Coyy1) form a right eigenvector of M, 11 belonging to

the eigenvalue [3y,,12. The eigenvector is normalized according to (4.4.15)), (4.4.18)).

7) Let v = 2n + 2 with n € Ny. Then

1
(4.6.15) bart) (k) = (2—-k%/gm+1+-§y(u-+1)k{ m=0,1,...,n,

DN | —

where 35,41 are the eigenvalues of Ms,, 1. The corresponding Lamé polynomials are

(4.6.16) Esyit) (z,k%) =dnzenz Z Doy 1Us, (sn 2)

p=0

The coefficients (Dy, Ds, ..., Da,11) form a right eigenvector of M;,+1 belonging to

the eigenvalue [33,,11. The eigenvector is normalized according to (4.4.16]), (4.4.19).

8) Let v = 2n + 3 with n € Ny. Then

1
(2 = k) Bomga + =v (v + 1) K2, m=0,1,...,n,

(4.6.17) by (K7) = 5

N —

where (35,12 are the eigenvalues of My 1. The corresponding Lamé polynomials are

(4.6.18) Esyitl (2, k%) =dnzenz Z DoypioUsgpiq (snz),

p=0

The coefficients (Dg, Dy, ..., Da,12) form a right eigenvector of My ,1 belonging to

the eigenvalue [35,,42. The eigenvector is normalized according to (4.4.17)), (4.4.19).

EXAMPLE 4.6.2. Let n = 2, k = 1/2, and choose v = 2n, from equation (4.1.5)

we have



The matrix M ;11 is

3
Mis=| =22 4 -2 |,
b 7

with eigenvalues

4 4
CKOZQ—?\/lg, 042:24-?\/13, Ck4:16,

4 4
0z0:2—?\/13, 042:2%—?\/13, oy = 16,

and corresponding eigenvectors

__ V2 V2 _ V2

—7+V/13 7+v/13 1566

_ _ — 28

Vo= 1 , Vo= 1 , Va= | =3
0 0 1

We also find that the Lamé eigenvalues a3™(k?)

o 17—-2v13 o 17+2v13 4 33
ay = ———— ay = ——— a; = —
4 4 ? 4 4 ) 4 2 ?
with corresponding Lamé polynomials of type 1)
Ed (z, k2) = __ + cos 2t,
-7+ V13
1
Ec? (2, k*) = ——— + cos 2t,
1 (5 K) 7++/13
1 28
Ec; (z, k:2) = ——— + ——— cos 2t 4 cos 4t.

1566 783

94
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We have shown that the eight types of Lamé polynomials can be written as poly-

nomials in sn, cn, dn as follows.

Dw(z) =P (sn*z2) = w2K—2)= w(2K+2z2)= w(z+2K')
2)w (z) = snz P (sn’z) = WK -2 =-w@K+2) = w(z+2K)
4)w(z) = dnz P (sn2) = w2K —2)= w(2K +2z2)=—-w(z+ 2K")
5)w(z) =snz cnz P (sn’z) =—w(2K —2)= w(2K +z2)=—w(z+ 2iK’)
6)w (z) =snz dnz P (snz) = w(2K —2) = —w (2K + 2) = —w (2 + 2iK")

T)w(z) =cnz dnz P (sn’z) =—w2K —2)=—-w(2K +2)= w(z+2K')
8)w(z) =snzcenzdnzP (sn’z) = —w(2K —2)= w(2K +2)= w(z+ 2K

where P denotes a polynomial. If follows that Lamé polynomials are elliptic functions
with periods 4K and 4iK’ that solve Lamé’s equation. We now prove the converse

statement.

THEOREM 4.6.3. A nontrivial elliptic function with periods 4K and 41K’ that

solves Lamé’s equation is a constant multiple of a Lamé polynomial.

PROOF. Let w (z) be a nontrivial elliptic function with periods 2K and 2iK’, even
about K, which solves Lamé’s equation for some given h, v, k. The function w (z)
is also even about iK', so its Laurent expansion at iK’ contains only even powers
of z —iK’. Since sn z is odd about iK' and has a simple pole at iK', there is a
polynomial P such that P (z) := w (z) — P (sn®2) is analytic at K’ and g (1K") = 0.
Since ¢ (z) has periods 2K and 2iK’ and can have poles only at 2pK + (2¢ + 1) K4,
p, ¢ € Z, g(z) is an entire elliptic function, and thus w (z) = P (sn?z) by Liouville’s
theorem. Substituting (4.1.2)), we find that P (cos?¢t) is a solution of the Ince equation
that corresponds to Lamé’s equation. This solution can be written as a finite linear

combination of cos (2nt), n € Ny. Therefore, w (z) is a Lamé polynomial of the first
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kind. Arguing similarly, we see that the statement of the theorem is true if w (z) has
period or semi-period 2K, period or semi-period 2iK’, and is even or odd about K.

Now let w (2) be a nontrivial elliptic function with periods 4K and 4iK’ which
solves Lamé’s equation. By Floquet’s theorem, w (z) has period or semi-period 2K
and period or semi-period 2iK’. If w (2) is neither even nor odd, then all solutions are
of this form. It follows from the first part of the proof that the Lamé equation has
two linearly independent solutions which are Lamé polynomials. This is impossible.

Hence w must be even or odd and the proof is complete. O

The following result is due to Erdélyi [16].

THEOREM 4.6.4. Let v € Ny. Then
(4.6.19) al (K*)+a, ™ (k%) =v(v+1), m=0,1,...v,

and Ec™ (z,k?) is a constant multiple of Ect™™ (i (2 — K —iK') , k'*). Moreover,

(4.6.20) o (k) + 0N (K =v(v+ 1), m=1,12,...,
and Es™ (z,k?) is a constant multiple of Es’ "™ (i(z — K —iK') ,k?).

PROOF. Let v = 2n with n € Ny, and consider the Lamé polynomials Ec? (z, k?)
for p = 0,1,...,n. Employing the substitution (4.5.1) we find that the function
wy = Ec? (i (z — K —iK") , k'*) solves Lamé’s equation with by, == v (v +1)—
a?f (k'?) . Therefore, w, (z) is a Lamé polynomial of type 1), and it belongs to the
eigenvalue h,. By Theorem h, must equal a2™ (k?) for some m = 0,1,...n.

Taking into account the ordering of the eigenvalues, we obtain
v(v+1)—a ™ (K?) = ai™ (K?), m=0,1,...,n.

Moreover, Ec=2™ (i (z — K — iK') , k’*) must be a constant multiple of Ec*™ (z, k?).

The other seven types of Lamé polynomials are treated similarly. 0
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From Theorems|4.3.1]and 4.6.4) we obtain the following theorem on the distribution

of zeros of Lamé polynomials.

THEOREM 4.6.5. Let n € Ny and m = 0,1,...,n. Each of the Lamé polynomials
has m zeros in (0, K) and n —m zeros in (K, K +iK').
4.7. Lamé Polynomials in Algebraic Form.

Every Lamé polynomial can be written as
(4.7.1) w(z) = (s0%2)” (en?z2)” (dn’z)" P (sn’z),
where p, o, 7 are either 0 or % Using the identities
dn’?z =1 — k?sn?z, cn’z = 1 —snz,

and the substitution & = sn?z, we find that every Lamé polynomial (4.6.1)) can be

written as a quasi-polynomial

(472) £ (1- €7 (1-k%¢) P (6).

The polynomial P () is of degree n, and, by Theorem m it has m simple zeros
in (0,1) and n — m simple zeros in (1,k~2). The functions satisfy the Heun
equation (4.1.7). This shows that the functions are special cases of Heun
quasi-polynomials, or, more generally, of Heine-Stieltjes quasipolynomials

The existence of quasi-polynomial solutions of and various of their prop-
erties can be proved directly by the following method due to Stieltjes [64].

Let n € Ng, m=0,1,2,...n, k€ (0,1) and p, o, 7 € {0,1/2} be given. Let D be

the open convex domain in R™ consisting of (&1, &, . .., &,) satisfying

(4.7.3) 0<& <& <. . <€p<bpmp1<...<& <k
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Define the function

(474) (51 527 <o 7 <H |1 - ép 0+4 (1 o k2§p)7—+i) H (éq - gT)

q<r

for (&1,&s,...,&,) in the closure of D, that is , for (1, &2, .. .,&,) satisfying
(4.7.5) 0<E<ES . << <... <& <k 2

For (&,&,...,&,) € D, we calculate

n

dlng p+3 o+3 T+ 1
= + + + .
agp gp gp -1 gp — k2 Z gp - fq

(4.7.6)
p#q=1

If we calculate the Hessian matrix of second partial derivatives of In g, we see that
the entries in its main diagonal are negative, all other entries are positive and the
row sums are negative. By looking at Gershgorin circles, we find that the Hessian is
negative definite. It follows that In g is a strictly concave function on D. Since g is
defined and continuous on a compact subset of R™ it attains its absolute maximum.
Since g is nonnegative and vanishes along the boundary of its domain of definition,
the maximum is attained at a point in D. Since In g is strictly concave, this point is

uniquely determined. Therefore, the system of equations

+1 o +
477 PTag k2 0, p=12. ..
gp 5 gp - ptq= 1
has a unique solution (& 0,820, ..,&n0) € D. By direct calculation, one can show

that the system of equations (4.7.7) holds if and only if the function

(4.7.8) -8 (1=, T (€ &),

j=1
satisfies . The method proves that, given n, m, k, p, o, 7 there is a unique
vector (10,20, --,&n0) € D such that the function in (4.7.8) satisfies (4.7.6). The
system admits the following electrostatic interpretation: Given three point

masses fixed at £ =0, £ = 1, and £ = k=2 with positive charges p+ 1/4, 0 +1/4, and
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T + 1/4 respectively, and n movable point masses at &, ...&, arranged according to
(4.7.3]) with unit positive charges, the equilibrium position is attained for &; = ;o for

j=12...n.
4.8. Integral Equations

Let w; (2) and ws (2) be a pair of solutions of the same Lamé equation for some
given parameters h, v, k. Then the function
(4.8.1) v(z,y) = w () ws (y), x,y € R,
satisfies the hyperbolic partial differential equation
(4.8.2) Ov—0v — kv (v+1) (sn’z —sn’y) v =0.
We apply Riemann’s method of integration to this equation. Consider the symmetric
function g of four real variables defined by

g (z,y,x0,y0) := k% sn x snysn o sn o

(4.8.3) 2

k2

1
Cnxcnycnrycnyy + ﬁdnxdnydnxodnyo,

or, equivalently,

(f(+y) = fxo+y0)) (f (& —y) = f(xo — %))

(8A) gl o y0) = b2 S F o+ 0) (F (& — 9) T f (20 — 1))

where

f(z):=ksnz+dnz.

Equality of the right-hand sides of (4.8.3]) and (4.8.4]) follows from the addition formu-
las for the Jacobian elliptic functions. The calculation is lengthy but nowadays can
be carried out easily with mathematical software like Maple. The Maple command

expand forces application of the addition theorems, and then the difference of the
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right-hand sides simplifies to 0. Define the function

(485) R(x7y7x07y0) = V(g (x7y7‘r0’y0)) 7

where P is the Legendre function. Since f(z) > 0 for real z, the representation
shows that g (z,y, zo,%0) € (—1,00) On this interval, P, is real-analytic, so R
is a real-analytic function on R*. Another calculation shows that R as a function
of (z,y) solves for any (zo,yo). This may also be derived from Section 3.10
where equation is obtained by the method of separation of variables from
the Laplace equation. Formula shows that ¢ (x,y,x0,y0) = 1 on the lines
Yy — 1Yo = £ (x — xp). Since P (1) = 1, it follows that

(4.8.6) R(z,y0 £ (x — o), xo,%0) = 1.

Therefore, R is the Riemann function of the partial differential equation . Set
a:= RO,v — vOs R, b:= ROv — vO R,

where v is the function defined in . Since , we obtain 0;a = Oxb, we obtain

(4.8.7) /Ca (x,y)dx +b(z,y)dy =0

for for every closed rectifiable path C' in R2.
We choose the pentagonal path C' = C; + Cy + C5 + Cy + Cs, see Figure [£.8.1],
where xq, 19, y1 are arbitrary real numbers. By , R =1 on C;3 and CYy.
Evaluating the line integrals along C'3 and C using appropriate parameterizations,

we find

@88) [ alew)de+beg)dy = vlan) ~ vlzo+ 2K, 0+ 2K),
Cs
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(4.8.9) / 0 (2, ) dz + b (@, y) dy = v (30, yo) — v (0 — 2K, yo + 2K)
Cy

We now assume that w; has period 4K. Since R (., y, xq, yo) has period 4K, a (.,y)
and b (.,y) also have period 4K for all y. It follows that

(4.8.10) /c a(z,y)dx+b(x,y)dy = — /C a(z,y)dx+b(z,y)dy,

To+2K 2K

a(z,y)dx :/_ a(z,y;)dx.

2K

(4.8.11) /Ca(x,y)da:—i—b(x,y)dy:/

x0—2K

Combining (4.8.7)), (4.8.8]), (4.8.9), (4.8.10)), (4.8.11)), we obtain

wy (w0 + 2K) wy (Yo + 2K) — wy (20) w2 (Yo)

(4.8.12) .

2K
25/ (wh (y1) R (@, y1, %o, Yo) — w2 (y1) O2R (z, y1, To, Yo)) w1 (z) da.
oK

Now w; has period or semi-period 2K, that is, there is 0 € {—1,1} such that
(4.8.13) wy (4 2K) = ow; ().

Hence the left-hand side and so the right-hand side of (4.8.12)) vanish when wy = w;.
Therefore, multiplying (4.8.12)) by w; (y1), we obtain
(w1 (o + 2K) wa (yo + 2K) — w1 (o) w2 (Yo)) w1 (1)
(4.8.14) X -
= §W['LU1,U)2] R(%ZUl’anyO) w1 ('T) dSC,
9K
where W [wy, ws] denotes the (constant) Wronskian of wy, ws. If wy, we are linearly

dependent, then (4.8.14) is trivially true. So let wy, ws. be linearly independent. By

Floquet’s theorem, there is 7 such that

(4.8.15) wy (z + 2K) = ow; (x) + Tws () .
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Using (4.8.13)) and (4.8.15)) we rewrite the left-hand side of (4.8.14)) as
(w1 (2o + 2K) wy (yo + 2K) — w1 (20) wa (yo)) w1 (Y1) = w1 (20) w1 (Yo) w1 (Y1) -

We proved the following theorem.

THEOREM 4.8.1. Let wy be one of the Lamé functions Ec;or Es]} . Then there
exists a constant p such that, for all zo, yo, y1 € R,

2K

(4.8.16) piwy (zo) wi (yo) wi (Y1) = / R (x,y1, 20, y0) wi (z) dz.
—2K
The constant p can be written in the form
_ 20T
H W [wl, ’wg]

where wy 1s a solution of the same Lamé equation satisfied by wy, linearly independent

of wy and o, T are determined from (4.8.13), (4.8.15]).

As a corollary we obtain the following integral equations for Lamé functions.

THEOREM 4.8.2. The Lamé function w, (z) = Ec*™ (2, k?) satisfies
K 1
(4.8.17) wy (z)we (K) = /0 P, (E dnxdn z) wy (z)dz,
where wsy is the solution of (A.1.1)) with h = a*™ (k*) determined by ws (0) = 0, and
wy (0) =15

The Lamé function wy (2) = Ec™ (2, k?) satisfies
K 1
(4.8.18) wy (2)wy (K) = —k? sngc/0 snz P, (E dnzdn z) wy (2) dz,

where wo is the solution of (4.1.1)) with h = a®>™ ! (k?) determined by w, (0) = 1, and
wy (0) = 0;
The Lamé function wy (2) = Es*™ T (2, k?) satisfies

k? 1
(4.8.19) wy (2) wh (K) = " cnx/cnzPL (E dnzdn z) wy (2) dz,
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where wy is the solution of (A.1.1) with h = b*™ ! (k?) determined by wy (0) = 0, and
wy (0) = 1;

The Lamé function wy (z) = Es*™ 1 (2, k?) satisfies

4 K 1
(4.8.20)  wq (2)wy (K) = %snmcnx/ snzcnz P (E dnz dn z) wy (2)dz,
0

where wy is the solution of (A.1.1) with h = b*™ 2 (k?) determined by wo (0) = 1, and
wh (0) = 0.

ProOOF. To prove we use Theoremwith ro=2x,Y =0,y = K. We
have W [wy, ws] = wy (0), and, by with © = — K, 7wy (K) = 2w, (K) Then
(4.8.17)) follows by noting that the function under the integral is even with period
2K. The other equations follow similarly after differentiating equation (4.8.16]) with

respect to yo, y1, and y; and g, respectively. 0

We note that v € Ny for Lamé polynomials in which case the Legendre function P
becomes the Legendre polynomial of degree v. We also note that the factor of w; (z)
on the left-hand sides of the integral equations vanishes if and only if ws also has
period 4K, so if and only if odd and even periodic solutions coexist. By Theorem

this happens if and only if v € Ny and m > v. This section is based on [72, [74].

4.9. Asymptotic Expansions

As v — oo the eigenvalue function a!* (ko) has the asymptotic expansion
(4.9.1) al ~pk—To— Tk L — TR 2 — .
Where

(4.9.2) k=k(ww+1)",  p=2m+1.
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FIGURE 4.8.1. integration path
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The coefficients are given by

To %( + k%) (1+p%),

n %((1+k2) (p*+3) — 4k (P2+5))’

ry =5 (14 82) (1 = 17)’ (50" + 34p% +9)

7o =7 (14 K2)" (33p* + 410p° + 405)
(4.9.3)

~24k% (14 k)" (7p" + 90p° + 95) + 16k (9p" + 130p? + 173) ),
= 216 ((1+£2)" (63p° + 1260p" + 2043p* + 436)

— 8k (14 k2)* (49p° + 1010p* + 2493p? + 432)

16k* (1 + k%) (35p° + 760p* + 2043p* + 378)) .

The first three terms in (4.9.1]) were given by Ince [32] . The expressions for 73 and
74 are due to Miiller [50]. Additional terms can be derived using the algorithm from

[50] with the help of Maple.
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The asymptotic expansion (4.9.1]) also holds for 7 (k?) , since the difference b7 (k?)—

a™ (k%) becomes exponentially small as v — oo according to

_ p2ym—l2 , . v+1/2
(4.9.4) 87 (k) — a (17) = m’f\}% (8™ (h_’;) (140 (")

as v — oo. This formula was derived in [79] based on results from [82].

4.10. Further Results

Hargrave and Sleeman [20] investigate the asymptotic behavior of Lamé polyno-
mials as ¥ — 0o. Mueller [50} [51], 52] finds asymptotic expansions for solutions of
the Lamé wave equation. Erdélyi [18] and Sleeman [62] study expansions of Lamé
functions in series of Legendre functions. Volkmer [76] considers the expansion of
analytic functions of two variables in terms of products of Lamé polynomials. Triebel
[68] applies Lamé functions in the theory of conformal maps. Patera and Winternitz
[53] find bases for the rotation group. Erdélyi [17], Shail [60], 61], Whittaker [85]
and Volkmer [73), [75] study integral equations for Lamé functions. Sleeman [63] has
integral relations for Lamé functions involving double integrals. Lambe [39), 41] gives
additional results on Lamé polynomials. Volkmer |76}, [79] gives additional results on
the Lamé equation. Arscott and Khabaza [9] compute tables of Lam “e polynomials.
Jansen [34] computes Lamé functions. Ritter [58] and Dobner and Ritter [13] com-
pute Lam “e polynomials. If v — 1/2 is an integer, Lamé’s equation admits solutions
which are non-rational algebraic functions of snz cnz dnz. Erdélyi [I5], Ince [31]
and Lambe [40] investigate these algebraic Lamé functions. Maier [46], [47] obtains

interesting new results on the Lamé equation.
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CHAPTER 5

A Generalization of Lamé’s Equation

In this Chapter we discuss a generalization of Lamé’s equation due to Pawellek
[54]. This generalization is achieved by the use of so called generalized elliptic func-

tions [55].
5.1. The Generalized Jacobi Elliptic Functions

Let 0 < ky < k1 < 1. We now introduce generalized Jacobian functions s, ¢, dy, ds;

[55], [71]. We set

k’2 _ kQ 1/2
(5.1.1) K= ( 11 k:22) € (0,1), ky=1/1—k3, K =+V1—r2
— 3
and
(5.1.2) plu, by, ko) o= (K2 + k2sn2(Kyu, k)72

We have to specify the choice of root in (5.1.2). The function p is used only on
the lines Su = 0, kyRu = K := K(k) and k,Su = K’ := K(x'). On the first two lines
k% + k3 sn?(kbu, k) > 0 and we use the positive root to define p. On the third line we

define p as follows. We set u = u' + @f—,/ with ' € R. Then
2
kY + k3 sn®(kyu, k) = ki + ka2 sn 2 (k' k)

and we define

k/ / K/
plu, ky, k) = sk, 1) foru=u"+i—,u € R.
VEZsn2 (k! k) + k22 ks

Then p is an analytic function of u on each of the three lines.
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Now we set
s(u, ky, ko) = sn(kyu, k)p(u, ki, k),
c(u, k1, k2) = kj en(kyu, £)p(u, k1, k2),
(5.1.3)
di(u, k1, k2) = Ky dn(kyu, £)p(u, ki, k2),
dZ(uv kla k?) = kép(ua kla k?)

These functions satisfy
(5.1.4) s2rct=1, d=1-ks i=12

The derivatives of the elliptic functions together with definitions ((5.1.3)) gives the first

derivatives
'(2) = c(2)di (2)d2 (2),

d(2) = —=s(2)di (2) d2(2),
(5.1.5)
d) (2) = —kjs (2) ¢ (2) d2 (2),

dy (2) = —k3s (2) ¢ (2) du (2) -

From their properties, we can think of the functions as generalizations of
the usual Jacobi elliptic functions sn (z,k), en(z,k), dn(z, k), and they reduce to
them as ko — 0. From the doubly-periodic properties of the Jacobian elliptic functions
we can deduce that the generalized elliptic functions s(z), c(z), d; (2), and ds (2)
are quasi-doubly periodic

(5.1.6) s (z + 4[2”)) =5 (z 4 2K (“/)) = +5(2),

(5.1.7) c (z + %é(“)) —c (z | 2K (k) £ 2K (’i,)) — +c(2),

(5.1.8) d; (z + M) —d, <z 4 K (“/)) — +d, (2),
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(5.1.9) dy (z + %;'f)) =ds <z + %;ﬁl)) = +d, (2).

For more details on the generalized elliptic function see [55]. This section is based

n [54, 55].
5.2. A Generalization of Lamé’s Equation.

We consider the equation

d2
(5.2.1) d—;s+(h+V(z))w:O,
where
(5.2.2)

V (2) i= (akiki + Bk3) s* (2, k1, ko) — (v (v + 1) kT + k3 + 0kik3) s° (2, k1, ko) .

The number kjand ks are such that 0 < ky < k; < 1, and denote the moduli of
the generalized Jacobian elliptic function s(z) = s(z, ki, ka). We assume that the
parameters «, (3, v, 0, v are real. The parameter h is the spectral parameter and will
also be always real. Equation [5.2.2]is a natural generalization of the Lamé equation
[4.1.1] Also note that as ks — 0, reduces to the original Lamé equation.

If we substitute & = s? (2, k1, ko) , we get

Pw 1/1 1 1 1 dw
ol ot ee)E
(5.2.3) P
B hki?ky? + Az?> — Bz w—0
WE-D(E-R)(E-R2)
with

A=a+ Bk B=v(+1)k?+vk%+.

Equation (b is a generalization of the algebraic form of Lamé equation (5.2.3)). It

is of Fuchsian type with five regular singular points. The exponents are 0 and % for

z2=0,1, k% k% and 2 [li(l—l—omLﬁk: ) } for oo.
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By the substitution of t = a (z, k1, ka) , where a(z, ki, k) is defined by

(5.2.4) = \/ — k¥sin®*t) (1 — k3sin®¢),

(the function a (z, k1, k2) can be understood as the generalization of Jacobi’s ampli-

tude function am (z, k)) and using

Pt 150 0 oy Liogo
(5.2.5) 2= 35 (kTk3 — ki — k3) sin 2t — Z—lk’le sin 4t,
z

with w (z) = y (t), equation ([5.2.1)) becomes a generalized Ince equation with n = 2
(5.2.6)
(1 + ay cos 2t + ag cos 4t) y" + (by sin 2t + by sin 4t) y' + (X + dy cos 2t + dy cos 4t) y = 0,

where the coefficients a;, b;, d;, j = 1,2, and A are given by

K} + k3 — k3k3

5.2.7 _

(5.2.7) S N Ty o
1k2k2

5.2.8 = 4172

(5:28) RN Ve ey

(529) b1 = —aq,

(5210) b2 - _2a17

v(v+ 1)k +(y—B8) k3 — (6 — a) kik3

5.2.11 dy =
(5:2.11) ' 2+ 3k2k3 — k7 — k3 ’

i (ak?kS + BE3)
2+ 3R2hE — K — k2

(5.2.12) dy =

2h —v(v+ 1)k + (£ —7) k3 — (22 - 6) kK3
2+ 3k2k3 — kI — k3 '

(5.2.13) A=
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Note that coefficients ((5.2.7)), (5.2.8)), (5.2.9)), (5.2.10)), (5.2.11)), (5.2.12)), (5.2.13) re-
duce to (4.1.5)) as ko — 0.

From (5.1.6) we know that the function s? (z, ky, k2) has period 2K

(5.2.14) K =2k, 'K (k),

where & is defined by and K (k) is the complete elliptic integral of the first
kind. Therefore, if w (z) is a solution of then also w (z 4+ 2K) is a solution.
Hence the generalized Lamé equation is a Hill’s equation with period 2K. Also note
that s? (2) is an even function. Therefore, if w () is a solution of (5.2.1), then w (—=2)
is also a solution. Hence is an even Hill’s equation. The function s? () has a

second period 2iK’, where
(5.2.15) K =k 'K (K).

Hence, can also be considered as a Hill’s equation with period iK'. Since
the two lines Rz = 0, Iz = K intersect at K, instead of asking for even or odd
solutions it is more natural to ask for solutions which are even or odd about K, that
is, w (K — 2z) = +w (K + 2). Note that s*(z) is even about K. Solutions to (5.2.1)
with period 2K and 4K correspond to solutions to with period 7 and 27
respectively.

A solution w (z) is even about K and has period 2K if and only if w (z) satisfies

the boundary conditions
(5.2.16) w' (0) =w' (K) = 0.

Equation ([5.2.1)) together with the boundary conditions (5.2.16|) pose a regular Sturm-

Liouville eigenvalue problem with spectral parameter h. Therefore, the corresponding
eigenvalues h form a real increasing sequence that tends to infinity. We denote these

eigenvalues by

A2m = A2m (k%7 k%’a7577757 V) .
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Similarly, a solution w (2) of equation (5.2.1)) is even about K and has semi-period
2K if and only if

(5.2.17) w(0) =w' (K) =0.
The corresponding sequence of eigenvalues is denoted by
A2m+41 = A2m+1 (k'%7 k%u @, ﬁ7 s 67 V) :

A solution w (2) of equation (5.2.1)) is odd about K and has semi-period 2K if

and only if
(5.2.18) w' (0) =w (K) =0.
The corresponding sequence of eigenvalues is denoted by

b2m+l = b2m+l (klfa k%, «, ﬁa s 67 V) :

Finally, solution w (z) of equation (5.2.1)) is odd about K and has semi-period 2K

if and only if
(5.2.19) w (0) = w (K) = 0.
The corresponding sequence of eigenvalues is denoted by

b2m+2 = b2m+2 (kji k§7a767775a I/) :

All four sequences of eigenvalues are increasing and m = 0, 1, 2, ...The eigenfunc-
tions belonging to these eigenvalues are the generalized Lamé functions. The notation
of the eigenvalues is chosen in such a way that an even or odd subscript is associated
with the generalized Lamé functions with period 2K or semi-period 2K, respectively.

The letter a denotes eigenvalues associated with the generalized Lamé functions which
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are even about K, whereas the letter b denotes eigenvalues associated with the gen-
eralized Lamé which are odd about K.

One should also note that a,, is defined for m = 0,1, 2, ..., whereas b,, is defined

only for m = 1,2,3,... If we define a;, b;, d;, 7 = 1,2 by (5.2.7), (5.2.8), (5.2.9),

(5.2.10), (5.2.11)), (5.2.12)) the eigenvalues of the generalized Lamé equation can be

expressed as

3 3
Y (K2, K2) = v (v + 1) K2 — (Iﬁ _7> K2+ (Z‘”‘ —5) e

(5.2.20)
3 21.2 2 2
(2 ShEE — k2 — K2 ) e (2, b, ),
Yo (K2, K2) = v (v + 1) k2 — (% _ 7) K24 (%O‘ - 5> kK2
(5.2.21)

3
+ (24 2000 - 1) 5 (@b ),

where a;,,, B, are the eigenvalues of equation ([5.2.6)) corresponding to even and odd

eigenfunctions respectevily.

From Sturm-Liouville theory we obtain the following result.

THEOREM 5.2.1. The eigenvalues of Lamé’s equation interlace according to

aq Q9 as
ag < < < < ...

b1 by bs

The eigenfunctions of Lamé’s equation corresponding to the eigenvalues
(5-2-22) A2m; A2m+15 D21, Doamy2
are denoted by

(5.2.23) Ecom (z, k%, kg) , Bcomit (z, kf, k;%) , ESoma1 (z, k‘f, kg) , ESomao (z, kf, k%) ,
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respectively. These are the (simply-periodic) generalized Lamé functions. As eigen-
functions these functions are only determined up to a constant factor. We normalize
them by the conditions

(5.2.24) /0 di () da (2) (Ecp, (2, ki, k:§))2 dz = %,

(5.2.25) /0 01 (2)d (2) (s (2K, 1)) dz =

To complete the definition, Ec,, (K, k7, k3) is positive and L Es,, (K, k?, k3) is nega-

tive.

Since La (z) = d; (2) dz (z) , this agrees with the normalization of the generalized

Ince functions, and we obtain

(5.2.26) Ecp (2,k3,k3) = Icwm (t a5, b5, d;)

(5.2.27) Esy (2, k1, k3) = Isy, (t;a5,b5,d;)

where ¢, z are related by (5.2.4), and a;, b;, d;, j = 1,2 are given by (5.2.7), (5.2.8]),
(.2.9), (.2.10), (G.2.11), (5.2.12)

From [10, Chapter 8, Theorem 2.1 | we obtain the following oscillation properties.

THEOREM 5.2.2. Fach of the functions (5.2.23))has precisely m simple zeros in
the open interval (0, K). The superscript 2m, 2m + 1, or 2m + 2 equals the number

of zeros in the half-open interval (0,2K] .
The analog of Theorem for the generalized Lamé functions is the following

THEOREM 5.2.3. FEach of the function systems
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(5.2.28) {Beam (2 k1. k3) }

(5.2.29) {Ecomi1 (2, K, k3) ),
(5.2.30) {Esomir (2,51, K3) }
(5.2.31) {Esomia (2,1, K3) }-

is orthogonal over|0, K], that is, for m # n,

k
(5.2.32) / Eeom (2,2, k2) Eean (2,12, K2) dt = 0,
0
k
(5.2.33) / Eeomsn (242, k2) Begnsr (2, K2, 12) dt = 0,
0
k
(5.2.34) / Esomn (2 K2, k2) Esonsnr (2, k2, k2) dt = 0,
0
k
(5235) / E82m+2 (Z, k’%, kﬁ;) E82n+2 (Z, k%, ]{?g) dt = 0,
0

Moreover, each of the system (5.2.28)), (5.2.29), (5.2.30)), (5.2.31)) is complete over|0, K].




115

By (5.2.26)), (5.2.27)), the Fourier series from Section [2.5|give Fourier series for the

generalized Lamé functions

(5.2.36) Ecyn (2, k3, k3) = % + g Ay, cos (2nt) ,
(5.2.37) Ecomir (2, k3, k3) = nio% Agpyq cos (2nt) ,
(5.2.38) Esomy1(z, k2 k3) = ni;o Boy,iq cos (2nt) ,
(5.2.39) Esomio(z, k2, k3) = ni;o By io cos (2nt) .

With the function w (t;a;,b;), 7 = 1,2 from (2.2.6) and using the relations
(2.3.13)), (2.3.14), the functions (5.2.23)) can be represented in the following way

(5.2.40) Ecp(z, k1, k3) = (w (t; aj,b;) cm (az, by, d;)) " Tew, (a5,05,d3)
(5.2.41) Esm(z, k2 k2) = (w (t;a5,b;) Sm (a5, b5, d;)) " Tsp (a3,0%,d5),
where

bt = —4ja; —bj, d = dj — 45%a; — 2jb;,  j=1,2.

Therefore, we can write

(5.2.42) Ecom(z, k2, k2) = (w (t; a5, b)) " (% + f: Cop, cOS (2nt)> ,

n=1

(5.2.43) Ecom (2, k2, k) = (w (t:a;, b)) " (% + Z Cop COS (2nt)> ,
n=1



116

(5.2.44) Esomi1(2, k2, k2) = (w (t; a5, b)) " (Z Doy, 11 cos (2nt)> :
n=0

(5.2.45) EsSomi2(2, k2, k2) = (w (t; a5, b)) " (Z Doy, 19 coOs (2m§)> :
n=0

where

Cn = (Cm (az‘, b;, di)>_1 Am7

Dm = (Sm (ai7 bia di))il Bma

and the Fourier coefficients A, and B, belong to the parameters a;, b}, dj, j = 1,2.
Properties of the coefficients C,, and D,, follow from those of A,, and B,; see Section
2.5

A function from is called a generalized Lamé polynomial of the first kind
if its Fourier series (5.2.36)), (5.2.37)), (5.2.38)), or terminates. It is called a

generalized Lamé polynomial of the second kind if its expansion ((5.2.42)), (5.2.43)),
(5.2.44)), or (5.2.45)) terminates. If they exist, These Lamé polynomials and their

corresponding eigenvalues can be computed from the finite matrices M;;, j = 1,2, 3, 4,

where the matrices M; are The pentadiogonal infinite matrices

ro V24, V24, 0

V2gi it s Py

\/iqg q% T2 q53
0 q2 ql r e
(5.2.46) M, = ! 20 ,
0 A S
0 0 0 ¢

o

0 0 0




(5.2.47)

(5.2.48)

(5.2.49)

M,

re+al qh+ 4"
o' +a?
q’ a'
0 i’
0 0
0 0
0 0
r—a' " —q"
a —a
qi° a'
0 i
0 0
0 0
0 0

q T722 0
q T712 q T723
7"; q T—13
¢
@
0 qf
0 0
q T—22 0
q 112 qi23
7’; q il:a
¢
a’
0 qf
0 0

=’ ¢y ng 0
q ra gty 42y
@ B T3 gy
0 q% Q;% T4
0 @&
0 0 0 g
0 0O 0 0
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where

q% =Qj(n), r, = 4n?.

g =Qj(n—1/2),  rl=@2n+1)".

M, has the same form as M, except the first row and the first column are deleted
and the first entry in the upper left corner is replaced by r — ¢?,. Notice also that
M, and M3 have the same form except for the 3 entries in the upper left corner.

From the entries of the matrices M;, j = 1,...4, we deduce the five term recur-

rence relations for the coefficients A,,, B,, of equations (5.2.36)), (5.2.38), ((5.2.38]), and

(5.2.39)
(5.2.50) —am Ao + \/§QE1A2 + \/§q32A4 =0,
(5.2.51) V2q5 Ao + (4 + @21 — o) Az + @1y Au + ¢354 = 0,
(5.2.52) V2¢2 Ag + ¢t Ay + (16 — aigm) Ay + ¢ 5 Ag + ¢, Ag = 0,
qr2172A2(n—2) + q11171A2(n—1) + (rn - a2m) A2n
(5.2.53)
qinAQ(n—i-l) + qz(nJrl)AQ(nJ,_Q) =0 n> 2,
(5.2.54) (4 gt anH) Ay + (qT_l1 + qu) As +q2 A5 = 0,
(5.2.55) (qP + q$2> Ap 4 (9 — omyr) Ag + g A5 + g2 A7 = 0,
q:r?—lAZn—?) + it Aoy + (TL - 042m+1) Ayt
(5.2.56)

+ qil(n+1)A2n+3 + qiz(n+2)A2n+5 e 07 n 2 2’



(5.2.57)

(5.2.58)

(5.2.59)

(5.2.60)

(5.2.61)
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(1 - qél - 52m+1) B, + (qT_ll — C]T_Ql) Bs + qT—2QB5 =0,
(o' = al’) Bi+ (9 = Bona) By + q'Bs + B = 0,

ij_len—?, + /' Bypy + (7“:2 - 52m+1) Bony1

+ qT_l(n+1)BZH+3 + qT_Z(n+2)B2n+5 — O’ n Z 2’
(4 o q% o 627”"‘2) BO + quBQ + C]33B4 = O,

@1 Bo + (16 — Bops2) Bo + ¢ 3By + ¢° 4Bs = 0,

where a,,, 5, are the eigenvalues of equation ([5.2.6)) that correspond to even and odd

eigenfunctions respectively. Using (5.2.20)), (4.2.6), we can find recurence relations

for the eigenvalues a,,, b, of equation ([5.2.2)).
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CHAPTER 6

The Wave Equation and Separation of Variables

6.1. Elliptic Coordinates

In 1860 Mathieu encountered his equation when he solved the problem of the
vibrating elliptic membrane with fixed boundary (elliptical drum) [8]. Let the mem-
brane be bounded by the ellipse

.732 2
¥+‘Z—2:1, a>b>0.

The problem is to find non trivial solutions u (z,y) of the wave equation

defined inside the ellipse which vanish along ellipse. We consider elliptic coordinates
x = ccoshécosn, y=csinh&sing,

where ¢ = va? — b2, so (+£c¢,0) are the foci of the ellipse. The interior of the ellipse
is given by 0 < € < &, 0 < n < 27 where & is determined from a = ccosh¢,

b = csinh . Setting u (x,y) = v (£,n) we obtain

2 2
1
_(3612) - gnz - 50% (cosh 28 = cos 2n)v.

Separation of variables v (£,71) = vy (§) v2 () leads to the ordinary differential equa-

tions (see section

—vf +2ucosh (28) vy = Avy,

—vl +2pcos (2n) v = Ay,
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where \ is the separation constant and 4y = c?w. Since u has to be well-defined
function inside the ellipse we need v, to have period 27 which forces vy to have
period 7w or semi-period 7. So we arrive at Mathieu’s equation and we have to find

its solutions with period 7 or semi-period 7.

6.2. Sphero-Conal Coordinates in R**!

We introduce sphero-conal coordinates on R¥*!: see [71]; fix real numbers

(6.2.1) ap < a; < ag < --- < ag.

Let (zo,21,..., 7)) be in the positive cone of R**!

(6.2.2) xg>0,..., 2, > 0.

Its sphero-conal coordinates r, sq, ..., s, are determined in the intervals
(6.2.3) r>0, a1<s;<a, 1=1,...,k

by the equations

k
(6.2.4) rr=>"a

§=0
and
k Z‘Z
6.2.5 =0 fori=1,...,k.
( ) Z: Si — 4
7=0
The latter equation determines sy, sg, ..., si as the zeros of a polynomial of degree k
with coefficients which are polynomials in 22, ..., z3.

In this way we obtain a bijective (real-)analytic map from the positive cone in

R+ to the set of points (7, sy, ..., s.) satisfying (6.2.3). The inverse map is found
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by solving a linear system. It is also analytic, and it is given by

k
(6.2.6) 2= F]{izl(sz a;)
[ 1 i—0(ai — a;)

Sphero-conal coordinates are orthogonal, and its scale factors (metric coefficients) are

given by H, = 1, and

k 2 k
1 5 1 i#j=1\5% — Sj )
(6.2.7) H2 == —32:——r2nf il ]>, i=1,2,... k
4 =0 (si — ay) 4 [Tj—o(si — ay)

Consider the Laplace equation

k
82
(6.2.8) Au = 8—;2‘ =0
=0 g

for a function u(xg, 1, ...,x). Using (6.2.7) we transform this equation to sphero-

conal coordinates, and then we apply the method of separation of variables
(6.2.9) w(zo, T1, ..., ) = ug(r)ur(si)ua(se) . . . uk(sk).

For the variable r we obtain the Euler equation

k 4

(6.2.10) wy + ;wg +—gwo = 0

while for each of the variables sq, s9, ..., s, we obtain the Fuchsian equation

6.2.11 : g 1, HA =0

(6.2.11) jl;[o(s—aj) u+§j;5—aju + ;is ]u_ :

More precisely, if Ag,...,A\,_1 are any given numbers (separation constants), and

if ug(r), = > 0, solves (6.2.10) and w;(s;), a;i—1 < s; < a;, solve (6.2.11]) for each

i = 1,...,k, then u defined by (6.2.9) solves (6.2.8) in the positive cone of R**?
62.2).
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6.2.1. Special Case k = 2. Sphero-conal coordinates r, 3, v form an orthogonal

coordinate system in R®. They are connected with Cartesian coordinates z, v, z

(6.2.12) x = krsnBsnvy,

(6.2.13) Yy = igr cn Senvy,

(6.2.14) z= i%r dn S dn~y.

where

(6.2.15) r>0, f=K+if,0<f <2K' 0<~y<A4K.

The coordinate system depends on the modulus & € (0,1) of the Jacobian elliptic

functions. The coordinate surfaces are spheres and confocal cones given by

(6.2.16) T
72 y? 52
(6.2.17) ﬁ_l—bQ—l =y =0, b=snp,
72 y? 52
(6.2.18) 2T e e =0, c=snvy,
where
1<b? <k 0<c* <.
The wave equation
(6.2.19) Vu + w?u =0

transformed to sphero-conal coordinates takes the form
(6.2.20) k? (sn2 B — sn? fy) ((TQuT)T + w2r2u) — ugg + Uyy = 0.

This equation admits separated solution
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(6.2.21) u (r, B,7) = ua (1) ug (B) us (7),

where uq, us, us satisfy the differential equations

(6.2.22) (r*u}) + (wr? — v (v + 1)) uy = 0,
(6.2.23) uy+ (h—v(v+1)k*sn®B)up =0,
(6.2.24) uy+ (h—v(v+1)k*sn®v) uzs =0,

with separation constants h and v . We obtain the differential equation (6.2.22) of

spherical Bessel functions, and twice Lamé’s equation (4.1.1]).

m
v

Assume that v € Ny and consider the Lamé polynomials Ec*, m = 0,1,...,v,

Ecm

mom =0,1,...,v; see Section (4.6). Then the functions

(6.2.25) rEc) (B) Ecy (v),  r'Es) (B) Es) (7)
are solutions of (6.2.19)) with w = 0, so they are a harmonic functions of z, y, z.

THEOREM 6.2.1. The functions (6.2.25)) are harmonic polynomials in x, y, z ho-

mogeneous of degree v.

Proo¥r. Consider the Lamé polynomial £ = Ecj . m = 0,1,2,...n. Then E (z) =
P (sn?z), where P is the polynomial of degree n with simple real zeros:

(6.2.26) PE)=d]J-9).

Jj=1

From the definition of sphero-conal coordinates, we obtain

(6.227) 7% (sn*B—0) (sn*y—0) =0(0—1) (0 — k) (%+ 1y_9+0_zk—2>'
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By (6.2.26), (6.2.27)

n x2 y2 2’2
(6.2.28) 1™ E(B)E(v) =d[]0;0; — 1) (6; — k%) <9—j 1oy T - k—z)

j=1
which shows that r**E (3) E (v) is a (harmonic) polynomial inz, y, z which is homo-

geneous of degree 2n. The other types of Lamé polynomials are treated similarly. [

We note that the eight types of Lamé polynomials lead to harmonic polynomials

f(z,y, z) of the following parities:

1) f(&?,y,Z) = f(_iC,y,Z) = f(ﬂ?,—y,Z) = f(&?,y,—Z)
2) f(x,y, Z) = _f <_x7y7z> - f(l’, —y,Z) - f<x7y7 _Z)
3) f(x7ya Z) = f(_x>ya Z) = _f (JZ, —y,Z) = f(x,y, _Z)
4) f(xaya Z) = f(_xaya Z) = .f(xv_yv Z) = _f (l’,y,—Z)
(6.2.29)
5) f(x,y,z) = _f (_xa%z) = _f (x’_% Z) = f(l',y, _Z)
6) f(x7y7z) = - (-J?,y,Z) = f(l’, _y72) = _f (l’,y, _Z>
7) f(l’,y,Z) = f(-ZL’,y,Z) = _f (ZE,—y, Z) = _f (I7y7 _Z)

8) f(a:,y,z) == (_l',y, Z) = _f (:B7 —y,z) = _f ($7y7_z)

It follows from Theorem that, for every v € Ny the functions

(6.2.30)
EcM(B)EC (v), m=0,1,2,...v, EsT(B)Es) (y), m=1,2,...v,

are spherical harmonics of degree when considered as functions defined on the unit
sphere S in R3. Let L?(S) be the space of square-integrable functions defined on
S equipped with its natural inner product. The volume element in sphero-conal

coordinates is

r? (k2 sn? B — sn? 7) drdB'dy.
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Therefore, if two functions f, g € L?(S) are expressed in sphero-conal coordinates,

their inner product is given by

(6.2.31) (f,9) = /0 /0 (su® B — ) £ (8,7) 7 (Bo)df'dry.

THEOREM 6.2.2. The system of 2v + 1 spherical harmonics forms (6.2.30) an

orthogonal basis in the linear space of spherical harmonics of degree v .

PRrROOF. The linear space of spherical harmonic of degree v has dimension 2 + 1
Thus it is sufficient to show that the spherical harmonics E (8) E (v) and E (8) E (v)
are orthogonal for different Lamé polynomials F, E.If E, E have different types, the
spherical harmonics have different parities, thus they are orthogonal. So let E and E

be two different Lamé polynomials of the same type. By Theorem [4.3.2

(6.2.32) / E()E(y)dy =0,

and, by the remarks in Section [4.5

(6.2.33) /O E(B)E(B)dp = 0.

In (6.2.32), (6.2.33) we can replace K by 4K and K’ by 2K’, respectively. Then

orthogonality of E (3) E (v), E (8) E (v) with respect to the inner product (6.2.31))
follows. O

It is well known that spherical harmonics are complete in L? (S) that is, if an
orthogonal basis is selected in the space of spherical harmonics of degree v for every
v € Ny then the combined system of all these bases forms an orthogonal basis in

L*(S) . Therefore, we obtain the following theorem.

THEOREM 6.2.3. The system of all functions (6.2.30) with v € Ny forms an
orthogonal basis of spherical harmonics. Every function f € L*(S) can be expanded

in a Fourier series with respect to this basis which converges to fin L*(S).
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The corresponding expansion of analytic functions in series of the products
is investigated in [76].

So far we have considered solutions of built from Lamé polynomials.
Other Lamé functions also lead to solutions which are useful in applications. An
important example is the problem of the vibrating elliptic membrane M on the sphere
S treated in [34]. The set M forms a part of the sphere which in sphero-conal
coordinates corresponds to a rectangle in the (/3’,+) —plane. The problem is to find
eigenfunctions of the Laplace-Beltrami equation (equation (6.2.19)) with the radius
r separated off) with boundary conditions at the boundary of M. This problem is
analogous to the problem of the vibrating elliptical membrane in the plane which can
be solved using Mathieu functions. In a similar way, the corresponding problem on
the sphere can be solved with the help of simply-periodic Lamé functions.

Now we consider sphero-conal coordinates in the half-space z > 0 as in Section

[B.6] by

(6.2.34) x = rkcospcoshf,

k
(6.2.35) y = rycosgocoshé’,
6.2.36 = L (1Ko ) (1— K cos? )
(6.2.36) z—rg(—cosgo)(—cosf),
where

1
r >0, 0<p<2m, O<£<arcosh%, k. k' €(0,1), E?=1— k2

In this case equation (6.2.19)) with w = 0 becomes

k2 0%u k2 0%u k2 ou
2. 1+ —+ 2 — 1+ ———cosh2f | — + ———=sin2p—
(6.2.37) ( +2+kzcos (’0>8g02+( +2+k2cos 6)8£2+2+k2sm gpa(p
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i k2 0?u
P 25 85 3 j (€08 2p — cosh 2¢) TQW =0.

We separate variables u = uy (@) us (§) uz (r) using separation constants d and A to

obtain
k? d*u k? duy
(6.2.38) (1 + 5 2 OO 2g0> dgpl +— SENE sin 2g0d— + (A +dcos2p)u; =0,
2 dQ’LLQ k2 . dUQ
(6.2.39) (1 +3 e cosh 25) io a1k sinh 2§% — (A +dcos28) uy = 0.
d? d(2+ k?
(6.2.40) oAy dEHR)

T T w2
6.2.2. Special Case K = 3. Taking k = 3, sphero-conal coordinates in R* can
be written in terms of Jacobian elliptic functions (but this will not be possible in

dimension higher than 4.) Using a linear substitution s = ¢35 + d, we assume without

loss of generality that ag =0 a1 = 1, as = kl_2 and az = k‘Q_Q with 0 < ko < k1 < 1.

Then (6.2.6) becomes

x% = 7‘2k2k5315233,
k2k2
xf = kaQ(l s1)(s2 —1)(s3 — 1),
2
x% = TQLG — k%sl)(l — k’%SQ)(k%Sg - 1)
KRz — 1) |
k2
a2 = 2m(1 — k351)(1 — k2s9)(1 — k3s3).

We now substitut
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51282(061,]{?1,]{?2), 0<l€éOé1<K,

59 = 5% (an, k1, ko), « +iay, 0 < Kyah < K,

2 = %
K/
S3 = 52 (O./g,k’l,kfz), Q3 = Oég + ?, 0< kéag < K,
2
where K := K (k) and K’ := K (r’) are the elliptic integral of the first kind, with
and «’ defined the same way as in Section [5.1]

The maps a; — s; are bijections. Using (5.1.4)) , we obtain

g = Tk'leS(al,k‘l,k2>S(@Q,kl,kQ)S(Oég,kl,kQ),

kik
Ty = —T’kllkf()(afl,kl,kg)C(O&Q,kl,kg)C(Oég,kl,kQ),
172
ok
To = Wﬁdl (0617 k1, kz) d; (062, k1, kz) d; (063, k1, kz) )
1Rok
k
T3 = Tk,—;id2(0417/€1,k2)d2(@2,k1,k2)d2(043,/€1,k2)-
2

This representation is only valid for the positive cone R%. But now we can allow
0 < khoy < 4K, 0 < khaly < K', —K < ko, < K to cover (almost) the whole space

R4,
6.3. Ellipsoidal Coordinates

Ellipsoidal coordinates o, 3, ¥ form an orthogonal coordinate system in R?. They

are connected with Cartesian coordinates z, y, 2z by

(6.3.1) r=ksnasnfsny,
(6.3.2) Y= —gcnacnﬁcn%
(6.3.3) z= Ldnadnﬁdny.

kE'
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where
(6.34) a=K+iK' —d,0<d <K, =K~+if,0< 3 <2K' 0<vy<4K.

The coordinate surfaces are confocal ellipsoids and hyperboloids with one or two

sheets given by

22 2 2
(6.3.5) P e T 1, a=sna,
22 % 2
(6.3.6) b_2+172—1_k*2—b2 =1, b=snp,
2 2 2
(6.3.7) S =1, c=snv,

where

k2<a’<o0, 1<V<Ek™2 0<&<1.
The wave equation (??) transformed to ellipsoidal coordinates «, g, v is
(sn® B — sn®7) taa + (s0° 7 — sn® @) ugg + (sn” a — sn® B) u,,

(6.3.8)
+ w’k? (sn2 o —sn? B) (sn2 B —sn? ”y) (sn2 B —sn? fy) =0.

It admits solutions of the form

(6.3.9) u(a, B,7) = u1 () uz (B) us (7),

where uq, us, uz each satisfy the Lamé wave equation

(6.3.10) '+ (h—v(v+1)ksn® (2, k) + k°w’sn* (z,k)) u = 0.

When w = 0, this is the Lamé equation. For w # 0, (6.3.10) can be considered as a
generalization of Lamé’s equation.

If we substitute



(6.3.11) #:g—ama
then
dt . 2 2 .2
pr —dnz, snz=cost, cnz=sint, dn“z=1—k"cos"t,
z
and the Lamé wave equation (6.3.10)) becomes

(6.3.12)
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(1 — Kk cos®t)u” + k (sintcost)u' + (h — v (v + 1) k* cos® t + k*w? cos* t) u = 0.

Equation (6.3.12) is equivalent to the generalized Ince equation

(6.3.13) (14 ay cos2t) u” 4 by (sin 2t) v’ + (X + dq cos 2t + dy cos 4t) u = 0,
where,
k‘2
—a1 = bl = m)
dy = — k (v(v+1)—w?)
R ‘
(6.3.14) ; k20,2
2T 42— k)
2h — <y(l/+1) —%) 2
A =
2 — k2

Consider a Lamé polynomial £ and form the function

(6.3.15) E(a) E(B) E(v)

which is a harmonic functions of z, y, z.

THEOREM 6.3.1. Let E be a Lamé polynomial. Then (6.3.15)) is a harmonic poly-

nomial in x, 1y, 2.
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PROOF. The definition of ellipsoidal coordinates leads to the identity

(6.3.16)
(s = ) (su® 8 = 0) (su®y = 6) =06~ 1) (9 — &) (%+9y_1 t —1)'

Let E be a Lamé polynomial of the first type written as £ (z) = P (sn? z) with P as in

(6.2.26)). Then (6.3.16]) shows that the function (6.3.15)) is a (harmonic) polynomial.

The proof for the other types of Lamé polynomials is similar. 0J

The harmonic polynomials derived from (6.3.15]) are called ellipsoidal harmonics;
see [8, §9.8.1], [24, Chapter XI| and [86], Chapter 23]. The parities of these polyno-
mials for the eight types of Lamé polynomials are again given by (6.2.29). Ellipsoidal

harmonics can be used to solve boundary value problems for harmonic functions in-

volving ellipsoids.
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CHAPTER 7

Mathematical Applications

7.1. Instability Intervals

We consider the generalized Ince equation in the following form
(7.1.1) (1+eA@)y" (t)+eB )y (t)+ (A+eD(t)y(t) =0.

where A (t), B(t), D (t) are trigonometric polynomials defined the same way as in
Chapter 2 and

n
> ol < 1.
j=1

Equation ([7.1.1) contains the spectral parameter A and the perturbation parameter
€.

In this section we investigate the length L,, of the m-th instability intervals of
equation (7.1.1). Volkmer [80] finds The leading term in the expansion of L,, in terms
of €. These results are extension of earlier work of Levy and Keller [43].

From Chapter , we know that The eigenvalue problem of splits into four
problems with eigenfunctions that are even or odd, and have period or semi period
7. The eigenvalues A form two increasing sequences {a, (¢€)}_, and {5 (€)}_,
converging to infinity, where the eigenvalues «,,, B,, correspond to even and odd
eigenfunctions, respectively, and an even or odd subscripts m indicates that the cor-

responding eigenfunction have period 7, respectively. in the unperturbed case € = 0,

we have

(7.1.2) m (0) = By (0) = m?.
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The m-th instability interval of is the interval with end points «,,, 3, for
m > 1. The eigenvalue «,, may be the left or right end point of this interval. We
may call «,, — 3, the signed length of the m-th instability interval. The analytic
functions a,, (¢) and S, (¢) can be expanded of powers of €. In this expansion of the
signed length «,, — (,, many terms cancel, the goal is to find the term with lowest
power of € which does not vanish.

In the case A (t) = B(t) = 0, Levy and Keller [43] (see also Arnold [3]) proved

that

(7.1.3) W (€) = B (€) = W™ + O (e71?) e—0,
where

(7.1.4) m=p+q, q=1,2,...n, p=0,1,2,...

Moreover, Levy and Keller [43] gave an explicit formula for w,, when ¢ = 7. One
should note that that w,, may be zero for particular values of m and the coefficients
a;jb;, d;. Several of the improvements made by Volkmer [80] to the results found
in [43], are presented in this section. Our contribution to this discussion consists of
developing a Maple code capable of computing these instability intervals symbolically
and numerically (see Appendix A.) For additional results on the lengths of instability
intervals see also [11], 12}, 26]. For a general account of perturbation theory see Kato

[35]. All proofs of results presented in this section can be found in [80].

7.1.1. The m-th instability intervals for odd m. Let m be a given positive
odd integer. Let y be an eigenfunction of (7.1.1]) belonging to the eigenvalue A = a,.
it admits the Fourier expansion

(7.1.5) y = Z Agjpicos (2k+ 1)t

k=0
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where
Z A% (2k 4+ 1)

If e =0 then A,, # 0 and Agyy = 0 for 2k + 1 # m. If |¢| is small enough, A,, is

nonzero, and we are permitted to normalize by
(7.1.6) A, =1.

The Fourier coefficients Ayyq (¢) are defined uniquely, and they are analytic func-

tions of € in a neighborhood of € = 0. Substituting (7.1.5)) in (7.1.1)) and comparing

coefficients, we obtain the formula

kAn

(7.1.7) (om — (2k +1)%) Ay = € Y C; (25 — 2k — 1) Aypgjy
j=1
n—k—1
+€Z C 2] -+ 2k + ) A2k+2j+1 + € Z Cz+k+1 <2Z -+ ) A21+1
7=1 =1

where £ =0,1,2,..., and C} is the quadratic polynomial

(7.1.8) C;(p) = % (ajp® + bjpu — dj) .

If k£ > n then (7.1.7) contains the empty sum » /", "1 which is defined as 0.
The adjoint equation to (7.1.1]) ( see Section [2.2]) is

(7.1.9) (1+€A(t))2" +eB*(t)z' + (A\+ eD*(t))z = 0,

where

B*—24'—-B, D*=D+A"—B
We obtain ([7.1.9) from ((7.1.1)) by replacing b;, d; by

(7.1.10) b = —4dja; — b, d; =—4j%a; — 2jb; + d;.
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The polynomial CF () := 3 (ajpu® + bip — dj) is related to C; (u) by

(7.1.11) C5 () = C5 (25 — ).

J

Since ([7.1.1)) and its adjoint (7.1.9) have the same eigenvalues, there is an eigenfunc-
tion z of ([7.1.9) belonging to the eigenvalue A = f,,. It admits the Fourier expansion

(7.1.12) 2= Bgssin(2k+ 1)t
k=0

We again use the normalization

B, =1.

Substituting (7.1.12)) in (7.1.1)) and comparing coefficients, we obtain the formula

kAn
(7.1.13) (Bm — (2k +1)*) Bryr = € Y _ Cj(2k + 1) Ba—zjn
j=1
n n—k—1
+€> Cj(—2k — 1) Bopajur —€ Y Cipper (2k + 1) By,
j=1 i=1

where £k =0,1,2,...
From Standard methods from perturbation theory, we have the following estimate

on the domains of analyticity of the eigenvalues oy, (¢) and 3, (¢) .

THEOREM 7.1.1. If m is positive and odd then the eigenvalues functions ., (€)

and By, (€) are analytic in the disk |e| < 1, where

(7.1.14) . 2m — 2 2m + 2
1. = Imin
fm C(m)+C(m—2)Clm)+Cm+2) [’
and
1 ) n n n
C(p) =5 (a” +bp+d), a:=lagl, b:=>_|b;l, d:="_|dy|.
=1 =1 =1

If m = 1 the first term on the right-hand side of (7.1.14)) is to be omitted, and if

a=b=c=0 we set r, = co.
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EXAMPLE 7.1.2. Taking a = [1,0], b =[2,2], d = [2,1] in Theorem [7.1.1} with

the help of Maple we obtain the following formula for r,,

) 2m — 2 2m + 2
Ty = IMIN 1 2 ' 1 2 2 '
Lm2+(m—=2)7")+4m—1 2 (m>+(m+2)") +4m+7

The following formula will be essential to calculate w,, in (|7.1.3]).

THEOREM 7.1.3. For all positive add m, we have

9] n—1n—k—1
(7.1.15) (m — Bm) Z Aopy1Bogy1 = 262 Z Ciyir1 (20 + 1) Agiy1 Bojyr.
k=0 k=0 i=0

Next, define the sequence {uapi1},_o by Um =1, ugis1 := 0 for 2k +1 > m, and
the recursively, for £ =1,2,...,57=0,1,2,....n—1,

J

(7.1.16) Umgs2j = €mpri 3 Comii (Mot + 20) U, 12,
i=0

where

(7.1.17) me :==m — 2(n,

and

(7.1.18) e i ﬁ

Also, define u;,, the same way as ug,1but with C; replaced with C7.

THEOREM 7.1.4. Let
(7.1.19) m=2n+1,n=rn+q whereq=0,1,...,n—1,r=0,1,2,...

(@) If me < 2k+1 < my_y with€=0,1,2,...,7, then the Taylor expansions of Aski1

and Boyy1 in powers of € have the form

(7.1.20) Adjpsr = g’ + O (1)



138

(7.1.21) Bopi1 =ty 1€+ O (€77) .

(b) If k=0,1,...,g — 1 then

n—k—1
(7.1.22)  Agpyr = <U2k+1 + ok t1 Z Citrr1 (25 +1) U2j+1> et +0 (e17),
J=q
n—k—1
(7123) ng+1 = (u;k—&-l — €2k+1 Z Cj+k+1 (2] + 1) U;j+1> €r+1 + @] (€T+2) .
J=q

Wy, can be determined in the following result by combining theorems and
(1.4

THEOREM 7.1.5. Let m be of the form (7.1.19).(a) If 2g < n then (7.1.3|)holds
with p = 2r and

n—q—1n—k—1
(7.1.24) W =2 > Crapyr (204 1) ugiprudy .
k=q i=q
(b) If 2q > n then (7.1.3)holds with p = 2r + 1 and
n—1n—k—1
(7.1.25)  wp =2 Z Z Cirryr (20 + 1) ugiprugy g + Cigppr (25 + 1) tgpyrus;

k=q i=0

7.1.2. The m-th instability intervals for even m. We now consider eigen-
values «,,, By of for a given positive even integer m. Let y be an eigenfunction
belonging to eigenvalue A\ = a,. It admits the Fourier expansion

(7.1.26) y = Z Ay cos (2kt) .

k=0

We again normalize using equation (7.1.6)). Substituting (7.1.26)) in (7.1.1]) and com-

paring coefficients, we get

kAn

(7.1.27) (cm — (2k)%) Agi = €Y C; (2] — 2Kk) Ag—s

Jj=1
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n—k
+€ZC 2] -+ 2k) A2k+2] + GZ Cz+k+1 22) Agl
Jj=1 i=1
for k=1,2,..., and
U
(7.1.28) amyo = € Y C;(25) oy

j=1
Consider an eigenfunction z of (7.1.9) belonging to the eigenvalue A = 3,,. It

admits the fourier expansion

(7.1.29) 2= Bpysin (2kt).
k=0

Using the normalization

substituting ([7.1.29) in (7.1.1) and comparing coefficients, we obtain the formula

(7.1.30)
(k—1)An
(ﬁm - <2k>2> ng =€ Z Cj (2]1’) ng_gj
j=1
n—k
+EZC —2k) Bypioj — € Y Cip (2k) By, k=12,...
i=1

THEOREM 7.1.6. For all positive even m, we have

n n—k

(7.1.31) — Bm) ZA%B% = 262 > Cip (20) Ay By,

=1 1=0

The sequences {ug} and {ul, } are defined as in Subsection [7.1.1]

THEOREM 7.1.7. Let

(7.1.32) m=2n,n=1rn+gq whereq=1,2,...,n,r=0,1,2,...
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(a)Ifmy < 2k < my_y where £ =0,1,2,...,r, then the taylor expansions of Agyand

Bar in powers of € have the following form

(7.1.33) Agg = uge’ + 0 (1),

(7.1.34) Boy = uje’ + O ().
(b) Ifk=1,...,q— 1 then

n—k
(7.1.35) Ay, = (u% + eap Z Civx (29) u2j> et +0 (67,

J=q

n—k
(7.1.36) By, = (u;‘k — eag, Z Citr (29) u;‘j) e+ 0 (e77).

Jj=q
(¢) If k =0 then
(7.1.37) Ay = uper™ 4+ 0 (€77?).

The next theorem is the equivalent to theorem for even m.

THEOREM 7.1.8. Let m be of the form (7.1.32)).
(a) If 2q < n then (7.1.3) holds with p = 2r and

d

q 11—

(7.1.38) ZZ o (20) ugiily.

k=q

(b) If 2q > n then (7.1.3)holds with p = 2r + 1 and
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n n n—k
(7.1.39)  wm =2 Cr(0)uousy +2> > Cipp (20) upuyy + Cipr (2k) uzpuid,.
k=q k=q i=1

7.1.3. A matrix formula for w,,. Formulas (7.1.24)), (7.1.25)), (7.1.38)), (7.1.39)

are sufficient to compute w,,. However there is another formula for w,, in terms of
matrix algebra. This formula is the basis for our maple code to compute w,, ( see

Appendix [A])

Define the n x n lower triangular matrices

(7.1.40)
C, (my,) 0 0 0 0
Cﬁ*1 (mk) O’? (mk + 2) 0 0 R 0
Fy = Cn_z (mk) Cn—l (mk + 2) 077 (mk + 4) 0 0
and then x n diagonal matrices
Ey = diag (em,, €my+2s - - - s €mp+25-2) -
Then ([7.1.16) leads to
U, 1
Um,p+-2 0

(7141) == EgFg,lngng,Q e E2F1E1F0 . y

umg+2372 0
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TABLE 1. instability intervals example

m ] t ] 2 | 3 | 4 J 5 |
[ @, ]| 2:50000000 [ 0.62500000 ]| 0.04150391 ][ 0.00352648 ][ 0.00020829 |

where £ =1,2,3,... Let G be the same matrix as Fj, but with D; replaced by D;.

Then
Uy, 1
(7.1.42) u;ﬁ”f“  BGyaFyGrs. . FsGhEGo |
u:;’LZJrQSfZ 0

THEOREM 7.1.9. Let m be of the form (7.1.4), then (7.1.3)) holds, where w,, is the

entry in the first column and (n — q + 1)st row of the matrix
(7143) W .= 2FpEpr,1Ep,1 ce EQFlElFQ.

ExXAMPLE 7.1.10. In the case of the Ince equation, we have n = 1, which forces ¢

to be equal to 1 in ((7.1.4). Since we can write
m=p+1, p=20,1,2,...

we obtain the following for the Ince equation with coefficients a = 1/2, b = 1,

d = —1; see Table[]|

By writing out a product of lower triangular matrices explicitly, ([7.1.41]) can be

written in the alternate form

‘
(7.1.44)  ugm—9; = Z H em—1,, Di, (m — 1) for ({—=1)n <i<In

i1t+io+-Fipg=1 k=1

where the sum is taken over all (iy,4s,...,43) € {1,2,... ,77}6 with sum 4, and I, :=

2 z];: 1. Similarly we can formulate Theorem in the following way.
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THEOREM 7.1.11. Let m be of the form (7.1.4)), then (7.1.3) holds with

p p
(7.1.45) wm= Y. [lemsn I Dw(m-17),
o=0

Jitjat+tip=m k=1

where the sum is extended over all (o, j1,...,7p) € {1,2,...,n}""" with sum 4,

and I := 22153 Ju-

EXAMPLE 7.1.12. If m = 10, and 7 = 3, then according to (7.1.4)) we have p = 3,
q =1, and (|7.1.45)) reads

1

352800
1

Jr7268800
1

+-338688

5D (-4) Ds (2) Dy (8) D1 (10) +

1
258048

wio = Dj (—4) D5 (0) Dy (4) D3 (10) + D3 (—4) Dy (0) D3 (6) D5 (10)

268800

Dy (—6) D3 (0) Dy (4) D (10) + Dy (—6) D5 (0) D3 (6) D (10)

204800

Ds(—4) D3 (2) D1 (4) D3 (10) + D5 (—4) D5 (2) D2 (6) D2 (10)

258048
D3 (—4) D1 (—2) D3 (4) D5 (10)

338688

+ Dy (=6) D2 (—2) D3 (4) D5 (10) +

Tis15a Dt (=8) D3 (=2) Ds (4) Ds (10).

7.2. A Hochstadt Type Estimate

Consider the generalized Ince Equation
(7.2.1) (1+A®@)y" (t)+ Ay (t) =0,

where
n

At) = Zaj cos2jt, meN.

j=1
Dividing both sides of (7.2.1) by (14 A(t)), and letting w(t) = (14 A(t)) 'we

obtain
(7.2.2) y' () + o (t)y (t) =0.

We now follow Hochstadt [25] who gave estimate for the stability intervals using

the Priifer angle. Let y (¢) be a non trivial real solution of (7.2.1)) with A > 0. There
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are continuously differentable functions 6,7 : R — R such that

Aoty () =r(t)sinb(t), o (t)=r(t)cosb(t).

0 (t) is called the modified Priifer angle. Then r and 6 satisfy the differential equations

! 1w/ (t) 2
(7.2.3) r=5_ 0 rsin® 6,
;L 1w (t) .
(7.2.4) 0 =/ w(t) + 1o ) rsin (26).
Let

0§)\0<)\1§/\2<)\3...

denote the values of A for which ([7.2.1)) admits Floquet solutions with period 7, and

let

po < pn < plg < pg < ...

denote the values of A for which ((7.2.1)) admits Floquet solutions with semi-period 7
(this is the notation used in Section [1.2]) The stability intervals for (7.2.1) are

So = (Ao, o) , S1 = (1, M), S2 = (A2, pia) , - ..
and the instability intervals are
Iy = (=00,0], Iy = [po, ], L2 = [A1, Ao] ..

LEMMA 7.2.1. let A > 0. (a) A € I, if and only if there is a real solution 0 of
(7.2.4) such that

(7.2.5) 0 (r)—6(0) =kn.
(b) X € Iy, if and only if

(7.2.6) 6(m)—0(0) € (km, (k+1)m)



145

for every solution of (7.2.4)).

PROOF. (a) let X € Ij. There is a real Floquet solution y of such that
y(t+m)=py(t),
with p € R. Then the corresponding Priifer angle 6 satisfies
6 (r) —60(0) =mm,

where m is a non negative integer. Since y has m zeros in [0, 7) and using Theorem
3.1.3 in [8] , we obtain that m = k.

Conversely let 6 be a real solution of with . Then there is a real
solution y of that generates the Priifer angle 6 and this y satisfies y (t + 7) =
py (t) with real p. Than A must be in one of the instability intervals. Part (b) follows
from (a). O

THEOREM 7.2.2. Set
T 1 T / t
:/ Vo ()t v::—/ O] 4y
0 4 0

Suppose that v < w/2. Then for every k =0,1,2,...
kr+o0\° [((k+1)7—0\
u ’ u
PROOF. Integrating (7.2.4)) between ¢ = 0 and ¢ = w, we obtain

iy 1w (1)
/Oedt—/(\/ +4wt

< \/Xu—l—/o 4w((f))rsin(29)dt.

(727) € S.

) sin (29)) dt

And we see that every real solution satisfies

(7.2.8) 0 (r) —0(0) — \/Xu‘ < ‘/ ;lw/

@ .
0 rsin (26) dt’ < w.
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Equation ([7.2.8]) gives
(7.2.9) —v+VIu<0(x)—0(0) <v+Vu,

if \ is in the interval on the left hand side of ([7.2.7)) it follows that
(7.2.10) km < 6(m)—0(0) < (k+1)m7.

By Lemma[7.2.](b), A € Si. O

As an application, consider the the frequency modulation equation[45]
(7.2.11) (1+acos2t)y” (t)+ Ay (t) =0, 0<a<l.
From Theorem we obtain the following result.

THEOREM 7.2.3. The stability intervals S, k = 0,1,2,... of equation|7.2.11| sat-
1sfy
(7.2.12)
2 2

4(1+a) —a 41+ (k+1)7 — Ln (3£2)

“(Vi) “ (Vi)

Where K is the complete elliptic integral of the first kind.

km + %ln (}Jr—“)

€ .5;.

7.3. A Special Case
We consider the equation

(7.3.1) y" (t) + by (sin2t) y' (t) + (A + dy cos 2t + dy cos 4t) y (t) = 0,

where by, dy, ds are given real numbers and A\ is the spectral parameter. Equation
(7.3.1) is a special case of the generalized Ince equation with n = 2. Adding the

assumption b? + 8d, > 0, equation ([7.3.1)) can be transformed to the Ince equation

(7.3.2) 2 (8) + b (sin2t) 2' (1) + (X + dcos 2t> 2(t) =0,
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where

(7.3.3) b=—/b?+8dy, d=di—b —\/b>+8dy, A=A+do,

by mean of the transformation
by + /b? + 8d
(7.34) y(t) =z (t)exp < s 41 o oS 2t> :

The associated polynomials to equation ([7.3.2]) are

(7.3.5) Q(p) = \/b%+8d2u+% <b1—d1+\/b%+8d2),
1
(7.3.6) Q" (1) = /b7 +8dopu + 5 (i —dy),

whereas the associated polynomials to equation (7.3.1)) are

(7.3.7) Qi) = b~
(7.3.8) Q2 (n) = —%,

(7.3.9) QL = bt 0
(7.3.10) Qlw = -2

If by + 8dy > 0, define the real numbers p and p' by

(7.3.11) e _Lbi—di+ b+ 8dy co1 di—b

,  p= :
2 Vb3 + 8ds 2/ + 8d,

By Section [3.5| we have the following result on coexistence of solutions with period 7

and semi period 7 for equation (|7.3.1))

THEOREM 7.3.1.
(a) If p & Z, then no coexistence of solutions with period m occurs.

(b) If p' & Z, then no coexistence of solutions with semi-period © occurs.
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(¢) If p € Z, define { by

1 1
7.3.12 (= — —
(7312 5+ 3.

then coexistence of solutions with period m occurs for X = o3, = B2 with m > /.

(d) If p" € Z, define (T by

)

(7.3.13) 0= |pf

. . . . . . 2 o 2 .
then coexistence of solutions with semi-period m occurs for X\ = ag,, .1 = B3, with

m > (.

EXAMPLE 7.3.2. We consider equation ((7.3.1)) with b; = dy. We have p = —1/2

and p' = 0, therefore o3, # 83, and o3, = 2, form =0,1,2,...
In the case by = 0, dy = 260,, dy = 260,. Equation becomes
(7.3.14) y" (t) + (X + 260, cos 2t + 20, cos 4t) y (t) = 0.
Note that the substitution transforms to an Ince equation with
(7.3.15) a=0, b=—4v/0s, d=20,—4\/0s, X= )+ 20,.

Urwin and Arscott [69] investigate equation ([7.3.14). Lebedev and Pergamenceva

[42] find integral equations for periodic solutions of the same differential equation.

7.4. Nonlinear Evolution Equation

The combined KdV-mKdV equation is the is the nonlinear, dispersive partial

differential equation for a function u of two real variables, space x and time ¢
(7.4.1) —+(a+”yu)u—$+5— =0,

where «, (3, v are fixed real numbers.
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Equation is widely used in various branches of physics, such as plasma

physics, fluid physics, quantum field theory. It has been investigated thoroughly in
the literature as it is used to model a variety of nonlinear phenomena (see [81]).

Following [19], we seek a travelling wave solutions to (7.4.1]) of the form
(7.4.2) u:=u(f), E:=k(x—ct),

where k and ¢ are wave number and wave speed, respectively.

Substituting ((7.4.2)) into ([7.4.1)), we have

du 3
(7.4.3) ((oz+7u)u—c)d—€+ﬁ d;j ~0.

Integrating equation (|7.4.3)) with respect to £ and setting the integration constant to

zero, we obtain

2_ 7 3 2 _
(7.4.4) Bk d§2+ —u +2u cu = 0.

Next, we consider the perturbation method (see [35]) by setting

(7.4.5) u =y + eu + uy + .. .,

where € (0 < € < 1) is a small perturbation parameter. Substituting (7.4.5)) into

(7.4.4), we obtain the following zeroth-order and first-order equations

d2
(7.4.6) . Bk e +% 3+%u3—cuo _—
d?
(7.4.7) e BE? d;; + (yug + aug — c)u; = 0.

To solve the zeroth-order equation (|7.4.6)), assume a solution of the form
(7.4.8) Uy = ap + a; sn¢,

where the function sn¢ has modulus m (0 < m < 1). Substituting equation ([7.4.8])

into equation ([7.4.6)), the expansion coefficients ay and a; can easily be determined
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as
6
apg = —22, a; = + ——ﬁmk:,
(7.4.9) 7 S
. _oz_Q’ 12 a2 |
6y 12037~ (1 +m?)

and the zeroth-order solution is

(7.4.10) Uy = ST —%mk sné.
2y v

Substituting the zeroth-order exact solution ([7.4.10|) into the first-order equation
[TA7) yields

d2u1

(7.4.11) e

+ ((1 + m2) — 6m?*sn? f) uy = 0.
Equation ((7.4.11)) is a Lamé equation, one can check that its solution is
(7.4.12) u; = Acenédng,

where A is an arbitrary constant. Hence, equation ((7.4.12]) is the first-order exact
solution of combined mKdV-KdV equation (|7.4.1)).

7.5. Two Degree of Freedom Systems and Vibration Theory

Some dynamic systems that require two independent coordinates, or degrees of
freedom, to describe their motion, are called “two degree of freedom systems”. For a
two degree of freedom system there are two equations of motion, each one describing
the motion of one of the degrees of freedom. In general, the two equations are in
the form of coupled differential equations. Assuming a harmonic solution for each
coordinate, the equations of motion can be used to determine two natural frequencies,
or modes, for the system.

In many of such dynamical systems, one is faced with the concept of free vibra-

tions; this means that although an outside agent may have participated in causing
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an initial displacement or velocity, or both, of the system, the outside agent plays no
further role, and the subsequent motion depends only up on the inherent properties of
the system. This is in contrast to ”forced” motion in which the system is continually
driven by an external force.

As an example, Recktenwald and Rand [57] study autoparametric excitation in
a class of systems having the following very general expressions for kinetic energy T’

and potential energy V :

1, .
(7.5.1) T = 5902 + B (2, y) 77,
1 1
(7.5.2) vV = §x2 + §w2y2 + anr®y’ + anszy’ 4 sy’

with the assumption that the function 5 (z,y) has the form

(7.5.3) B (x,y) = Boo + Borz + Broy + Boza® + Puizy + Baoy’.
To investigate the linear stability of the z—mode

(7.5.4) x = cost, y =0,

set

r=cost+u, yYy=uv,

in Lagrange’s equations

%(mggw>_a@£V): 0
%<Ng;w)—8@iv)=(h

which gives

(7.5.5) i +u=0,
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and
(2500 + A%Bos + 2A8y; cost + A%Bys cos 225) ¥
(7.5.6) + (—2AB sint — 2A%Byy sin 2t)
+ ()\ + A209 + A%a9y cos 2t) v=0.

Equation ([7.5.6) can be put in the form of a generalized Ince equation
(7.5.7)

(1+ aycost + ascos2t) y” + (bysint + bysin2t) y' + (A + dy cost + dycos2t) y = 0

where the coefficients a1, as, b1, b, di, and dsy are given by

L 2ABy
' 2000 + A2Bp2’
Ay
Uy =5,
2P0 + A2 B2
bl = — 1
bg = — 2&2,
d, =0,
AQOZQQ
dy =2
2800 + A2 B2
\ = w2 + A2O[22
25800 + A?Bo2

In [57], the authors find sufficient conditions for the coexistence of solutions with

period and semi-period 27.
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CHAPTER 8

Conclusion

This dissertation is an attempt of a thorough investigation of Ince and Lamé
equations, and their generalizations. All of these equation are linear second order
ordinary differential equations with periodic coefficients. In particular, they are even
Hill equations with period w (with period 7 for Ince’s equation and 2K for Lamé’s
equation). We are interested in solutions which are even or odd and have period w
or semi-period w. From the general theory of Hill’'s equation the problem splits into

four regular Sturm-Liouville problems:

e Even with period w.
e Even with semi-period w.
e Odd with semi-period w.

e Odd with period w.

Using Fourier series representation of the solution, each one of these Sturm-Liouville
operators is represented by a banded infinite matrix.

When studying the Ince equation, it became apparent that many of the techniques
can be useful in treating a more general class of equation ”the generalized Ince equa-
tion”. In chapter two we introduced the general frame work and gave formulas to
calculate the entries of the banded infinite matrices associated with the generalized
Ince equation. For example in the case of Ince’s equation this process gives rise to
four tridiagonal infinite matrices, which were discussed in detail in chapter three, the
tridiagonal structure also allowed the investigation of the problem of coexistence of
periodic solution (Section and that of the existence of polynomial solutions in

trigonometric form.
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Chapter four was dedicated to Lamé’s equation. Employing Jacobi’s amplitude
t = amz, Lamé’s equation is transformed to its trigonometric form, and this is a
particular Ince equation. In a similar fashion we discussed a generalization of Lamé’s
equation found in [54], which is then transformed to a particular case (n = 2) of the
generalized Ince equation.

As in the case of Mathieu’s equation, Lamé and Ince equations appears in the
process of separation of variables of some partial differential equation problems in
certain special coordinate systems, such as sphero-conal coordinates. These ideas
were discussed in chapter six (in the case of the wave equation).

chapter seven was a collection of mathematical and physical applications that we
felt were relevant to the discussion. The analysis was supplemented by Maple codes
that can be found in the Appendix.

In section [6.3] we considered the problem of separation of variables for the wave
equation

Vu + w?u = 0.

In ellipsoidal coordinate system, the wave equation admits separable solutions of the

form

(8.0.8) u (e, B,7) = w1 (@) uz (B) us (7),

where uq, us, us each satisfy the Lamé wave equation

(8.0.9) u'+ (h—v(v+1)ksn’® (2, k) + k°w’sn* (2,k)) u = 0.

For future work, we would like to investigate equation (8.0.9) as another generaliza-
tion of Lamé’s equation. The transformation ¢ = 7 — am z, transforms (8.0.9) to a

generalized Ince equation of the form

(8.0.10) (1 + ay cos2t) u” + by (sin 2t) v’ + (X + dy cos 2t + dy cos 4t) u = 0,
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in particular, we would like to find condition for coexistence of periodic solutions.
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APPENDIX A

Maple Code

Infinite matrix M; (even with period 7 boundary conditions) of Section

Loading LinearAlgebra

# Functions A (t), B (t), and D (t)
A := proc (a, t)

local s; s := Dimension(a);
sum(a[i] *cos(2*i*t), i =1 .. )
end proc

B := proc (b::Vector, t)

local s; s := Dimension(b);
sum(’b[i] *sin(2*i*t), 1 =1 .. s)

end proc

# The generalized Ince operator

T := proc (a, b, d, y, t)

-(1+A(a, t))*(diff(diff(y, t), t))-B(b, t)*(diff(y,t))-A(d, t)*y
end proc

u := proc (n, t)

options operator, arrow;

cos(2*n*t)

end proc

# Coefficients aj, b;, d;, j=1,...,n
a := Vector([al, a2]);

b := Vector([bl, b2]);
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d := Vector([d1, d2]);
# Computation the entries Infinite Matrix M,
r := proc (n, j)
options operator, arrow;
simplify(4*(int(T'(a, b, d, u(n, t),t)*u(j, t), t =0 .. (1/2)*Pi))/Pi)
end proc
# Display of a finite section (upper left corner of M)
N:=10
Aevp := proc (a, b, d, n)
local A, k, 1, v, w;
A := Matrix(n, n, 0);
for k to n do
for l ton do w := k-1; v := 1-1;
if w=0orv=0then Ak, 1] := r(v,w)/sqrt(2)
else Ak, 1] := r(v, w)
end if
end do
end do;
A
end proc

B := Aevp(a, b, d, 7)

Infinite matrix M, (even with semi-period m boundary conditions) of Section

Loading LinearAlgebra
# Functions A (t), B (t), and D (t)
A = proc (a, t)

local s; s := Dimension(a);
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sum(a[i] *cos(2*i*t), i =1 .. s)
end proc
B := proc (b::Vector, t)
local s; s := Dimension(b);
sum(’b[i] sin(2%i*t), i =1 .. s)
end proc
# The generalized Ince operator
T := proc (a, b, d, y, t)
-(1+A(a, t))*(diff(diff(y, t), t))-B(b, t)*(diff(y,t))-A(d, t)*y
end proc
u := proc (n, t)
options operator, arrow;
cos((2*n+1)*t)
end proc
# Coefficients a;, b;, d;, 7 =1,...,n
a := Vector([al, a2]);
b := Vector([bl, b2]);
d := Vector([d1, d2]);
# Computation the entries Infinite Matrix M,
r := proc (n, j)
options operator, arrow;
simplify(4*(int(T'(a, b, d, u(n, t),t)*u(j, t), t =0 .. (1/2)*Pi))/Pi)
end proc
# Display of a finite section (upper left corner of M)
Aevp := proc (a, b, d, n)
local A, k, 1, v, w;
A := Matrix(n, n, 0);

for k to n do
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for 1 to n do
w = k-1; v = I-1;
Alk, 1] == 1(v, w)
end do
end do;
A
end proc

B := Aevp(a, b, d, 7)

Infinite matrix M3 (odd with semi-period 7 boundary conditions) of Section

Loading LinearAlgebra

# Functions A (t), B (t), and D (t)
A := proc (a, t)

local s; s := Dimension(a);
sum(’afi] *cos(2*i*t), 1 =1 .. 8)
end proc

B := proc (b::Vector, t)

local s; s := Dimension(b);
sum(’b[i] *sin(2*i*t), 1 =1 .. s)

end proc

# The generalized Ince operator

T := proc (a, b, d, y, t)

-(1+A(a, t))*(diff(diff(y, t), t))-B(b, t)*(diff(y,t))-A(d, t)*y
end proc

u := proc (n, t)

options operator, arrow;

sin((2*n+1)*t)
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end proc
# Coeflicients a;, b, d;, 7 =1,...,n
a := Vector([al, a2]);
b := Vector([bl, b2]);
d := Vector([d1, d2]);
# Computation the entries Infinite Matrix M;
r := proc (n, j)
options operator, arrow;
simplify (4*(int(T(a, b, d, u(n, t),t)*u(j, t), t = 0 .. (1/2)*Pi))/Pi)
end proc
# Display of a finite section (upper left corner of M)
Aevp := proc (a, b, d, n)
local A, k, 1, v, w;
A := Matrix(n, n, 0);
for k to n do
for 1 ton do
w = k-1; v := I-1;
Alk, 1] == r(v, w)
end do
end do;
A
end proc

B := Aevp(a, b, d, 7)

Infinite matrix M, (odd with period m boundary conditions) of Section

Loading LinearAlgebra
# Functions A (t), B (t), and D (t)
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A = proc (a, t)
local s; s := Dimension(a);
sum(a[i] *cos(2*i*t), i =1 .. )
end proc
B := proc (b::Vector, t)
local s; s := Dimension(b);
sum(’b[i] *sin(2*i*t), 1 =1 .. s)
end proc
# The generalized Ince operator
T := proc (a, b, d, y, t)
-(1+A(a, t))*(diff(diff(y, t), t))-B(b, t)*(diff(y,t))-A(d, t)*y
end proc
u := proc (n, t)
options operator, arrow;
sin((2*n+2)*t)
end proc
# Coefficients a;, b;, d;, 5 =1,...,n
a := Vector([al, a2]);
b := Vector([bl, b2]);
d := Vector(|d1, d2]);
# Computation the entries Infinite Matrix M;
r := proc (n, j)
options operator, arrow;
simplify(4*(int(T(a, b, d, u(n, t),t)*u(j, t), t = 0 .. (1/2)*Pi))/Pi)
end proc
# Display of a finite section (upper left corner of M)
Aevp := proc (a, b, d, n)

local A, k, 1, v, w;
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A := Matrix(n, n, 0);
for k to n do
for 1 ton do
w = k-1; v :=I-1;
Alk, 1] := (v, w)
end do
end do;
A
end proc

B := Aevp(a, b, d, 7)

Weight w in the self adjoint form of the generalized Ince equation

Loading LinearAlgebra

# Functions A (t), B (t), and D (t)
A = proc (a, t)

local s; s := Dimension(a);
sum(a[i] *cos(2*i*t), i =1 .. s)
end proc

B := proc (b::Vector, t)

local s; s := Dimension(b);
sum("b[i] *sin(2%i*t), i =1 .. s)

end proc

Loading PDEtools

# Coefficients a;, b;, d;, 7 =1,...,n
a := Vector([al, a2]);

b := Vector([bl, b2]);

d := Vector([d1, d2]);
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# w (t) formula
"r(t):=(B(b,t)-diff(A(a,t),t))/(1+A(a,t));”
7s(t):=&int;r(t) &DifferentialD;t;”
"omega(t):=(e) " (s(t) );”

”simplify( omega(t), ’size’ )”

Test for Ince’s polynomials and coexistence of solutions with period 7

Loading LinearAlgebra

Q := proc (a, b, d)

local T; T := Vector(1, 2, 0);

T :=[(1/4)*(b+sqrt(b"24+4*a*d)) /a, -(1/4)*(-b+sqrt(b"2+4*a*d)) /a]
end proc

Incepoly := proc (T)

local p, q, 1, k, ma, mi;

p := type(T[1], integer);

q :=type(T[2], integer);

if p = false and q = false then

print("There is no Ince polynomials,

no coexistence of solutions with period Pi occurs’)

elif p = true and q = false

then 1 := 1/24abs(1/2+T[1]);

if 1 = 1 then

print('Ince polynomials with eigenvalues as,, when m is equal to);
print(0)

elif

1 = 2 then

print('Ince polynomials with eigenvalues oy, when m is equal to’);



print(0, 1);

print('Ince polynomials with eigenvalues (s, when m is equal to’);

print(1)
elif ] = 3 then

)

print(’Ince polynomials with eigenvalues s, when m is equal to’);

b

print('Ince polynomials with eigenvalues (s, when m is equal to’);

(
print(0,1,2);
(
print(1,2);
else

)l

print(’Ince polynomials with eigenvalues s, when m is equal to’);

(
print(0, 1, () .. (), I-1);
(7
(1,

print('Ince polynomials with eigenvalues fs,, when m is equal to’);

00,1

print

print(’solutions with period 7 coexist, ag,, = Pom, for m equals’);
print(l, 14+-1, () .. (), infinity);

if T[1] < 0 then

print("All Ince polynomials are of the second kind polynomials’)
else

print("All Ince polynomials are of the first kind polynomials’)
end if

elif p = false and q = true then

1 := 1/24abs(1/2+T[2]);

if 1 = 1 then

print(’Ince polynomials with eigenvalues s, when m is equal to’);

print(0)
elif
1 = 2 then
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print('Ince polynomials with eigenvaluesas,, when m is equal to’);

Y

print(’Ince polynomials with eigenvaluesfs,,, when m is equal to’);

(
print(0, 1);
(
print(1);
elif ] = 3 then

b

print('Ince polynomials with eigenvaluesas,, when m is equal to’);

Y

print("Ince polynomials with eigenvaluesfs,,, when m is equal to’);

(
print(0, 1,2);
(
print(1,2)
else

b

print('Ince polynomials with eigenvaluesas,, when m is equal to’);

(

print(0, 1, () .. (), I-1);
(
(1,

b

print(’Ince polynomials with eigenvaluesfs,,, when m is equal to’);

print(L, () ..(), I-1)

end if;

print(’Solutions of period 7 coexist.’);

print('ae,, = Pa,, when m is equal to’);

print(l, 14+-1, () .. (), infinity);

if T[1] < 0 then

print(’All Ince polynomials are second kind polynomials’)
else

print("All Ince polynomials are first kind polynomials’)
end if

else 1 :=1/24min(abs(1/2+T[1]), abs(1/2+T[2]));

k := 1/24+max(abs(1/2+T[1]),abs(1/2+T[2]));
print(’Solutions of period 7 coexist.’);

print('ae,, = Pa, when m is equal to);

print(l, 14+1, () .. (), infinity);
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if k = 1 then
print(’Solutions of period 7 coexist.’);
print("ag,, = P when m is equal to”);
print(0)
elif k = 2 then

b

print('Ince polynomials with eigenvalues aw,, when m equals’);

Y

print(’Ince polynomials with eigenvalues (,, when m equals’);

(
print(0, 1);
(
print(1)

elif k = 3 then

)

print('Ince polynomials with eigenvalues aw,, when m equals’);

(
print(0, 1,2);

(

(

print('Ince polynomials with eigenvaluesfs,, when m equals’);
print(1,2)

else

print('Ince polynomials with eigenvaluesas,, when m equals’);
print(0, 1, () .. (), k-1);

print('Ince polynomials with eigenvaluesfs,, when m equals’);
print(1, () ..(), k-1)

end if

end if

end proc

Test for Ince’s polynomials and coexistence of solutions with semi-period 7

Loading LinearAlgebra
> Q := proc (a, b, d)
local T; T := Vector(1, 2, 0);
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T := [(1/4)*(b+sqrt(b"2+4*a*d))/a+1/2, 1/2-(1/4)*(-b+sqrt(b"2+4*a*d))/a]

end proc;

> Incepoly := proc (T)

local p, q, 1, k, ma, mi;

p := type(T[1], integer);

q := type(T[2], integer);

if p = false and q = false then

print("There is no Ince polynomials, and no coexistence of solutions with semi-
period 7w occurs’)

elif p = true and q = false then

1 := abs(T[1]);

if 1 = 1 then

bl

print('Ince polynomials with eigenvalues aw,,+1 when m equals’);

(

print(0);
¢
(

print("Ince polynomials with eigenvalues (33,41 when m equals’);

print(0)
elif ] = 2 then

b

print('Ince polynomials with eigenvalues aw,, 11 when m equals’);

(

print(0, 1);
(’Ince polynomials with eigenvalues (35,11 when m equals’);
0,

1)
elif ] = 3 then

print

print(Ince polynomials with eigenvalues as,, 11 when m equals’);

Y

print(’Ince polynomials with eigenvalues (33,11 when m equals’);

(
print(0, 1, 2);

(
print(0, 1, 2)
else

print('Ince polynomials with eigenvalues ao,,+1 when m equals’);



print(0, 1, () .. (), I-1);

print('Ince polynomials with eigenvalues (,,11 when m equals’);
print(0, 1, () .. (), I-1)

end if;

print(’Solutions with semi-period 7 coexist, aom+1 = Bam+1, when m equals’);
print(l, 141, () .. (), infinity);

if T[1] < 0 then

print("All Ince polynomials are second kind polynomials’)

else

print("All Ince polynomials are first kind polynomials’)

end if

elif

p = false and q = true then

1 := abs(T[2]); if 1 = 1 then

'Ince polynomials with eigenvalues ag,, 11 when m equals’);

print
print(0);

print('Ince polynomials with eigenvalues (,,11 when m equals’);

(
(
&
print(0)
elif | = 2 then

'Ince polynomials with eigenvalues aw,, 11 when m equals’);

print
print(0, 1);
Ince polynomials with eigenvalues fs,,11 when m equals’);

1)
elif ] = 3 then

print

(
(
&
print(0,

'Ince polynomials with eigenvalues ag,, 11 when m equals’);

print
print(0, 1, 2);

print('Ince polynomials with eigenvalues f2,,1 when m equals’);

(
(
¢
(

print(0, 1, 2)
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else

b

print('Ince polynomials with eigenvalues aw,,+1 when m equals’);

(
print(0, 1, () .. (), 1-1);
(7
(

print(’Ince polynomials with eigenvalues (33,41 when m equals’);

print(0, 1, () .. (), I-1)

print(’Solutions of period coexist with ag,, 11 = Same1 when n equals’);
print(l, I4-1, () .. (), infinity);

if T[1] < 0 then

print("All Ince polynomials are second kind polynomials’)

else print("All Ince polynomials are first kind polynomials’)

end if

else

1 := min(abs(T[1]), abs(T[2]));

k := max(abs(T[1]), abs(T[2]));

print(’Solutions of period coexist with ag,,+1 = Sams1 when n equals’);
print(l, 141, () .. (), infinity);

if k =1 then

Y

print('Ince polynomials with eigenvalues aw,,+1 when m equals’);

print(0);

print(’Ince polynomials with eigenvalues (33,41 when m equals’);

(
(
¢
print(0)

elif k = 2 then

b

print('Ince polynomials with eigenvalues aw,,+1 when m equals’);

(

print(0, 1);
(’Ince polynomials with eigenvalues (35,11 when m equals’);
0,

1)
elif k = 3 then

print
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b

print('Ince polynomials with eigenvalues aw,,+1 when m equals’);

Y

Ince polynomials with eigenvalues (33,11 when m equals’);

(
print(0, 1, 2);
print(

(

print(0, 1, 2)
else

b

print('Ince polynomials with eigenvalues aw,,+1 when m equals’);

(

print(0, 1, () .. (), k-1);
(
(0,

print("Ince polynomials with eigenvalues (33,41 when m equals’);
print(0, 1, () .. (), k-1)

end if

end if

end proc;

Transformation of Ince’s equation to algebraic form

Loading PDEtools
Ince := (1+a*cos(2*t))*(diff(diff(y, t), t))+b*sin(2*t)*(diff(y, t))
+(lambda+d*cos(2*t))*y = 0;
= y(t);
y = g(t);
tr := {t = arccos(sqrt(z))};
R := dchange(tr, Ince)

Transformation of the generalized Ince equation to algebraic form

Loading LinearAlgebra
A = proc (a, t)

local s;
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s := Dimension(a);
sum(’afi] *cos(2*i*t), i =1 .. s);
end proc
B := proc (b::Vector, t)
local s;
s := Dimension(b);
sum(’b[i] *sin(2*i*t), 1 =1 .. s)
end proc;
f:=y(t):
Loading PDEtools
a := Vector([al, a2, a3]);
b := Vector([bl, b2, b3]);
d := Vector([d1, d2, d3]);
Glnce := (1+A(a, t))*(diff(diff(f, t), t))+B(b, t)*(diff(f, t))
+(lambda+A(d,t))*f = 0;
tr := {t = arccos(sqrt(z))};
dchange(tr, GInce);

Instability intervals of Section A matrix formula for wy,

Loading LinearAlgebra

# Polynomials D;, =12 ....n
C := proc (j, t) local s;

s := Dimension(a);
(1/2)%alj*t"2-+(1/2)*Dlj]*-(1/2)d]j
end proc

# Coefficients a, b, d
a := Vector([al, a2, a3|)
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b := Vector([bl, b2, b3])
d := Vector([d1, d2, d3])
s := Dimension(a)
# Definition of m;: Equation ([7.1.17))
ml := proc (m, 1)
m-2*1*s
end proc
ek := proc (m, k)
1/(m"2-k"2)
# Definition of e;: Equation ((7.1.18])
end proc
Ek := proc (k, m)
local V| i;
V := Matrix(s, s, 0);
for i to s do
V[i, i] :=ek(m, ml(m, k)+2*i-2)
end do;
v
end proc
# Definition of matrix Fj: Equation (|7.1.40)
Fk := proc (k, m)
local V, mk, i, j;
V := Matrix(s, s, 0);
for i to s do
for j to i do
VIi, j] := C(s-i+j, ml(m, k)+2*j-2)
end do
end do;



\Y%

end proc

# Definition of m: Equation ([7.1.4])

m := proc (p, q)

p*s+q

end proc

# Matrix W : Theorem [7.1.9

W := proc (p, q) local V, i;

V = 2.%Fk(0, m(p, q));

for i to p do

V := Fk(i,m(p, q)).Ek(i, m(p, q)).V

end do;

v

end proc

# For example if m = 10, n = 3, then according to p=3,and g =1
T:=W(3, 1);

# wp, is the entry in the first column and (n — ¢ + 1) = 3 row of the matrix T
W= T[3, 1]
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Separation of variables in Section : Ince equation when a = 0

Loading PDEtools

pde := diff(u(x, y), x, x)+diff(u(x, y), y, y)-2*b*(x*(diff(u(x, y),x))
+y*(diff(u(x, y), y)))-2*d*u(x, y) = 0

# Change of variables to elliptic coordinates

tr := {x = cos(eta)*cosh(xi), y = sin(eta)*sinh(xi)}

pdel := dchange(tr, pde)

pdel := subs(u(eta, xi) = v(eta)*w(xi), pdel)
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pdel := simplify(pdel)
pdel := simplify(-pdel*(-cosh(xi)"2+cos(eta)"2))

pdel := combine(pdel, ’trig’)

Separation of variables in Section : Ince equation when a = 0

Loading PDEtools
Loading Student:-MultivariateCalculus
pde := diff(u(x, y, z), x, x)+diff(u(x, v, 2), y, y)
+diff(u(x, y, 2), z,2)-(1+b/a)*(diff(u(x, y, 2), z))/z = 0
# choose a and b in (-1,0)

b:="b
# Define k and k’ ( both are in (0,1))
k = sqrt(2*a/(a-1));
k1l := sqrt(1-k"2);
# change of variables to sphero-conal coordinates
tr := {x = r*k*cos(eta)*cosh(xi), y = r*k*sin(eta)*sinh(xi)/k1,
z =r*(1-k"2*cos(eta)"2)"(1/2)*(1-k"2*cosh(xi)"2)"(1/2)/k1}

pdel := dchange(tr, pde, {eta, r, xi}, simplify)
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APPENDIX B

Matlab Code

Infinite matrix M; (Even with period 7 boundary conditions) of Section

function y=Ml(a,b,d,n)

%Matrix M1 for even with period pi (nu=2)
M=zeros (n,n);

for i=1:n

M(i,i)=r(i);

for i=2:n
M(i,i—-1)=Ql(a,b,d,i—2);

end

for i=3:n
M(i,i-2)=Q2(a,b,d,i—3);

end

for i=1:n—-1

M(l ) 1+1):Q1(avb7d7_1)7

end

for i=1:n-2
M(i,i4+2)=Q2(a,b,d,—1—1);

end

M(2,2)=r(2)+Q2(a,b,d, —1);
M(1,2)=(sqrt(2))*Ql(a,b,d,—1);



176

M(1,3)=(sqrt(2))*Q2(a,b,d,—2);
(sqrt (2))+*Ql(a,b,d,0);

(sqrt (2))*Q2(a,b,d,0);

M(2,1)

M(3,1)

y=M;

end

Infinite matrix M, (Even with semi-period 7 boundary conditions) of Section

function y=M2(a,b,d,n)
Y%matrix M2 for Ince’s equation (s=2) even with semi period pi
M=zeros (n,n);

for i=2:n

end

M(1,1)=1+Qdl(a,b,d,0);

for i=3:n
M(i,i—1)=Qdl(a,b,d,i—1);

end

M(2,1)=Qd1(a,b,d,1)+Qd2(a,b,d,0);

for i=3:n
M(i,i-2)=Qd2(a,b,d,i—2);

end

for i=2:n-1
M(i,i+1)=Qdl(a,b,d,—i);

end

M(1,2)=Qd1(a,b,d,~1)+Qd2(a,b,d, ~1);
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for i=1:n-2
M(i,i+2)=Qd2(a,b,d,—i—1);

end

y=M;

end

Infinite matrix M3 (Odd with semi- period m boundary conditions) of Section

function y=M3(a,b,d,n)

% Matrix M2 for Ince’s equation (s=2) even with semi period pi

Mezeros (n,n);

for i=2:n
M(i,i)=rd(i);

end

M(1,1)=1-Qd1(a,b,d,0);

for i=3:n
M(i,i-1)=Qdl(a,b,d,i—1);

end

M(2,1)=Qdl(a,b,d,1)—Qd2(a,b,d,0);

for i=3:n
M(i,i-2)=Qd2(a,b,d,i—2);

end

for i=2:n-1
M(i,i+1)=Qdl(a,b,d,—i);

end
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M(1,2)=Qdl(a,b,d,—1)-Qd2(a,b,d,—1);

for i=1:n-2
M(i,i+2)=Qd2(a,b,d,—i—1);

end

y=M;

end

Infinite matrix M, (Odd with period 7 boundary conditions) of Section

function y = M4(a,b,d,n)

% Matrix M4 odd with period pi (s=2) Ince equation
M=M1(a,b,d,n+1);

N=zeros(n,n);

for i=1l:n

for j=1:n

N(i,j)=M(i+1,j+1);

end

end

y=N;
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