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Chapter 1

Introduction

This thesis consists of four main parts:

(A) A variant of the Beurling-Selberg problem,
(B) An extremal problem for convex bodies,
(C) Uniform dilations in higher himensions, and

(D) Separated nets arising from linear toral flows.

The common theme between these works is the study and use of functions
which, in a precise sense, contain only low frequency waves. Such functions
are known as band-limited functions, or entire functions of exponential type.
In parts (A) and (B) we introduce new kinds of approximation problems and
report some first steps towards their resolution. Parts (C) and (D) are papers
in which well known constructions in trigonometric approximation are used
to obtain effective estimates in dynamical systems. (C) is joint work with Lé
Thai Hoang, and (D) is joint work with Alan Haynes and Barak Weiss. These

parts are self contained and contain their own introductions.



1.1 Selberg’s Functions and Modifications

In the 1970’s A. Selberg constructed two functions C(¢) and ¢(t) with

the following properties
(i) C(t) and ¢(t) are integrable,
(ii) c(t) < Xpap(t) < C(t) for every t € R,

(i) C(€) = é(&) =0 if |¢] > 6, and

@) e ~xunh it = [ {xunlt) = (0} dt =571

He went on to show that the integrals appearing in (iv) are minimized among
all functions satisfying conditions (i)-(iii) if, and only if, §(b — a) is an integer.
The case when 0(b — a) is not an integer has been carried out in recent work
of Friedrich Littmann [49].

Properties (i) and (iii) guarantee that C(z) is actually (almost everywhere)
the restriction to the real axis of an entire function. Indeed, by the Fourier

inversion formula, the function

2o [ C@etie

is equal to C'(t) for real ¢, where e(t) = e*™*. Tt follows from Morera’s theorem
and Fubini’s theorem that the above function is in fact entire. By an abuse of

notation, let C'(z) denote the extension of C(t) to C.

Theorem 2.2. Suppose §(b—a) < 1. Then C(z) is zero free in a ball of radius
(1006)~t centered at (b+ a)/2.



In applications one may wish to take the parameter § to be quite small,
or even to take it to zero. E. Bombieri has asked [private communication]
if given a fixed « in the upper half plane, how to construct an analgoue of
C(z) which in addition to (i)-(iii) above, also vanishes at a. In view of the
above theorem, if § is sufficiently small, then the condition that C'(a) =0 is a

non-trivial one.

Problem 2.1. Let x(t) denote the characteristic function of the interval |a, b],

0 >0, and a € C be in the upper half plane. Define

e}

pla,b;a,d) = inf/ F(t)dt — (b—a) (2.0.1)

—00
where the infimum is taken over entire functions F': C — C with the following

properties:
(i) F(t) is integrable on the real axis,
(ii) F(t) > x(t) for each real t,

(iii) F(€) =0 if|¢] > 6, and

(iv) F(a)=0.

Determine the value of p(a,b;«,d) and if possible give a formula for an ex-

tremal.

This question forms the basis of our investigation in Chapter 1. We are
able to show

pla,b;a,6) =61 as §— oo



and

§ 2 < pla,b;a,8) <63 as §—0

where the implied constants depend on a, b, and «. Our methods allow us to
explicitly produce such modifications of Selberg’s functions and to even create
majorants which vanish at any finite number of points off of the real axis. This
work is detailed in Chapter 1. ! Our construction is based upon the following

extremal problem which we solve.

Theorem 2.4. Let 6 > 0, o € %, and f € C. If F(z) is a real entire
function of exponential type at most 2wd that is non-negative on the real axis
and F(a) = 3, then

|BlK(a,a) —0Re(B) _ 1 [
K(o,a)? — 62 SE/

where K(w, z) is defined by (2.1.4). There is equality in (2.3.1) if and only if
F(z) =U(2)U*(z) where

F(z)dz. (2.3.1)

—00

U(z) = MK(o, 2) + oK (@, 2),

and A1 and Ay can be given explicitly.

1.2 An Extremal Problem for Convex Bodies and the
Fourier Transform

A convex body K is a compact, convex, symmetric subset of RY with

non-empty interior. Convex bodies arise naturally as the unit balls of norms

'Littmann and Spanier have recently communicated to me that they have solved a similar
problem for the signum function, when « is purely imaginary.



on RY, and any convex body is the unit ball of some norm on R¥. In this
paper we study an extremal problem at the interface of Fourier analysis and
the geometry of convex bodies. For an integrable function F(x) the Fourier

transform F'(£) is defined by

P(e) = [ el-x ©F(x)dx
RN
where e(f) = > We are interested in the following problem.

Problem 3.1. Given a convex body K define

n(K) = inf /RN F(x)dx (3.1.1)

where the infimum is taken over non-zero integrable functions F'(x) which

satisfy
(i) F(x) >0 for each x € R,
(ii) F(0) > 1, and
(ili) F(&)=0if & ¢ K.
Determine the value of n(K).
It is easy to show that
1 < voly(K)n(K) <2V (3.1.2)

where voly(K) is the Lebesgue measure on RY. The rightmost inequality is

obtained by considering the function

]{/ el

2

F(x) = (3.1.2)




and the left most inequality follows from some basic Fourier analysis.
To each convex body K there is an associated convex body K*, called

the dual body or polar body of K, defined by
K*={¢eR":x-£<1 foreachx € K}. (3.1.3)

We will call K* the dual body of K. The following is the main result of chapter
3.

Theorem 3.1. Let K be a symmetric body and let n(K) be defined by (3.1.1).

Then
aK) _ wB) 2
voly(K*) — voly(B)  voly(B)?

where B is the unit ball of RY and K* is the dual body of K defined by (3.1.3).

(3.1.4)

An immediate consequence of Theorem 3.1 and (3.1.2) is the following classical

inequality of Santalo.

Corollary (Santalé’s inequality). Let K be a convex body in RN, K* be its
dual body. Then
2
voly (K Jvoly (K*) < (VolN(B)>

where B is the unit ball of R .

Let F'(x) satisfy conditions (i)-(iii) in Problem 3.1, let A be a unimodu-

lar lattice and A* be its dual lattice. Then by the Poisson summation formula?

2Poisson summation holds pointwise for F(x) because it is non-negative and the series
converges absolutely.



we have

1< Z F(u Z F(v (0)#interior(K) N A

ueA* veA

which implies n(K)~! < #interior(K) N A. Combining this with (3.1.2) gives

the following form of Minkowski’s convex body theorem.

Corollary 3.1 (Minkowski’s convex body theorem). Let K be a convex body

in and A be a unimodular lattice in RY. Then

VOIN(K)

SN < n(K)™! < #interior(K) N A.

Indeed the admissible function (3.1.2) constructed to achieve the upper
bound 2V /voly (K) for n(K) is essentially the function used by Siegel [66] in
his proof of the convex body theorem. It would be interesting to know if there
is a convex body K for which n(K) < 2V /voly(K). If there is such a body,
then the above inequality is a strengthening of Minkowski’s theorem.

If Q = [—1,1]Y and A = Z%, then #interior(Q)NA = 27 Vvoly(K) = 1.
By Corollary 3.1 it follows that 7(Q) = 1 = 2V /voly(Q) and in this case (3.1.2)
is just the suitably normalized Fejér kernel for RY. The solution to Problem
3.1 when K = B is more difficult and is the focus of Section 3.3. Although it
is not stated explicitly, the solution to Problem 3.1 in this case is implicit in

the work of Holt and Vaaler [39].

Lemma 3.1. Let B be the N—dimensional Euclidean unit ball. Then
2N

n(B) = voln(B)



We finally remark that if 7" is a non-singular linear transformation on
RY, then a simple change of variables shows that |det(T)|n(TK) = n(K).
From our previous remarks it follows that

H(K):#(K)

whenever K is an ellipsoid or a parallelotope. Similarly this show that the
inequality appearing in Theorem 3.1 is equality when K is an ellipsoid. In

view of these observations, Vaaler and I have formulated the following:

Conjecture 3.1. For any convex body K in RV,
2N

i) = o (3.1.5)

This conjecture, if true, would imply that every convex body has an
associated extremal function F'(z) which factors as a square, i.e. there exist
entire functions U(z) and V(z) such that F(z) = U(z)U*(z) + V(z) where
JV(t)dt = 0. The failure of the conjecture would be striking and lead to
further questions: what is the mechanism which allows the mass to escape?. 1t
would also imply that for some K, one cannot find extremals for n(K’) which
factor. We note that if K is a parallelotope, then it is easy to obtain such a

factorization using known interpolation formulas.

We also investigate the following problem (the reader may wish to set

v = (N —2)/2 upon the first reading which simplifies the expressions):



Problem 3.2. Let v > —1, K be a convex body and S be the boundary of a

star body in R, and define
(K, S) = inf/ F(x) x> Ndx (3.1.6)
RN

where the infimum is taken over all integrable functions F : RY — R which

satisfy
(i) F(x) >0 for every x € R,
(ii) F(x) > 1 for every x € S, and
(iii) F(¢&)=0if & ¢ K.
Determine the value of yu, (K, S).

The quantity u, (771 B, SV 1) is related to oy (¢,7~1) from the paper

[39] of Holt and Vaaler by
o (r 7 B SNT) < HM (& m!) <wnoqu (6771,

Lemma 3.2. Let §,x,£ > 0, v > —1, and B be the Euclidean unit ball. Then

MV(5Ba fSN71> = K2y+2ﬂv(6ﬁB7 55718]\771) (317)
and
ety 1 GG
/’I’V(ﬂ- Bags )_ (WN—luu(é-,ﬂ_l) 2CL)N_]_§2V+1 ) (318)

where J,(£) is the Bessel function and u, (&, 7 ') is defined by

_ E4(8)* + §Jv11(8)* — (v + 1), (§) 41 (§)
- 2&21/—&-1 :

u, (6,7 )7 (3.1.9)



We conjecture that p, (771 B, £SV71) < aN (¢, 71). This has recently

been shown in the case v = —1/2 by Littmann [49].

1.3 Notation

We let Z,Q,R,C denote the set of integers, rational numbers, real
numbers and complex numbers respectively. n,m, N, M typically represent
integers, x, y real numbers, and w, z denote complex numbers. If N is a positive
integer we let x,y, € usually denote vectors in RY. We let % denote the open
upper half plane of C, i.e. Z = {z € C:1Im(z) > 0} where Im(z) and Re(z)
denote the real and imaginary parts of z € C. B,.(x) = {y eERN: x—y| < 7’}
denotes the open ball of radius r in RY. If A is a measurable subset of RY we
let |A] or voly(A) denote the Lebesgue measure of A. A function ' : CVN — C

is an entire function if it is entire in each coordinate separately. If F(z) is an

entire function, the complex conjugate [™*(z) of F'(z) defined by F*(z) = F(z)

is also an entire function.

10



Chapter 2

A variant of the Beurling-Selberg Problem

The goal of this chapter is to gain some non-trivial solutions to the

following variant of the Beurling-Selberg problem:

Problem 2.1. Let x(t) denote the characteristic function of the interval [a, b],

0 >0, and a € C be in the upper half plane. Define

o0

pla,b;a,d) = inf/ F(t)dt — (b—a) (2.0.1)

where the infimum is taken over entire functions F : C — C with the following

properties:
(i) F(t) is integrable on the real axis,
(i1) F(t) > x(t) for each real t,

(iii) F(&) =0 if|¢| > 8, and

(iv) F(a)=0.

Determine the value of p(a,b;«,d) and if possible give a formula for an ex-

tremal.

11



2.1 Background and Notation

In this chapter z,y will always be real numbers and z = x + iy will
be complex. Re(z) and Im(z) will denote the real and complex parts of z,
Z the complex conjugate of z, if F'(z) is an entire function then its complex
conjugate is given by F*(z) = %,  the open upper half plane of C, and
a will always be an element of 7. If F': R — R is integrable, we define the

Fourier transform F(€) of F(z) by

F(e) = / " (et Fo)de

o0

where e(t) = e*™*. We extend the Fourier transform in the usual way to L2
and when it is convenient we will use the alternate notation .% (F')(&) to denote
the Fourier transform of F(x).

Suppose that F/(€) = 0 whenever |¢| > § for some § > 0. Then F(x)

can be recovered from F(€) by

Flz) = / e(w€) F(€)de. (2.1.1)

-5
for a.e. x € R. Using this representation we can easily show that F'(x) has an

analytic continuation to C as an entire function. Suppose v is a simple closed

curve in C, then by Fubini’s theorem?!

[y/_(;e(Zg)F(g)dgdZ = /_i/ye(z{)dz F(¢)de = 0.

Since v was arbitrary, it follows from Morera’s theorem that, except possibly

on a set of measure zero, F'(x) has an extension to C as an entire function.

1F(€) is continuous because we have assumed F(z) is integrable.

12



By an abuse of notation, let F'(z) denote this extension. It follows easily from
(2.1.1) that
|F(2)] <. e®motol (2.1.2)

for each € > 0. An entire function F'(z) which satisfies the growth estimate
(2.1.2) is said to be of exponential type at most 2w5. We have demonstrated
that any integrable function F(z) whose Fourier transform F (&) is supported
in [—0,d] extends to an entire function of exponential type at most 27wd. To
complete this picture we recall the following classical theorem of Paley and

Wiener [71].

Theorem 2.1 (Paley-Wiener). If F(z) is an entire function of exponential
type 2m0 that is square-integrable on the real axis, then ﬁ(ﬁ) =0 if || > 0.
Conversely, any function F(x) that is square-integrable on R and that satisfies
F(&) =0 if |€] > 6 is a.e. equal to the restriction to the real axis of an entire

function of exponential type 276.

Let
H; = {F € LAR) : F(6) =0 if |¢|> 5/2}

and identify elements of this space with their extensions to entire functions. Hgs
is a Hilbert space with respect to the L? inner product (-,-) with the property
that

|F(w)] < CullFl2

for every FF € Hs and w € C. That is, point evaluation is continuous. It

follows from the Riesz representation theorem that evaluation at the point w

13



is given by the inner product with an element of the space
F(w) = (F, K(w,") (2.1.3)

for every F' € Hy and w € C where

sino(z — )

K(waz) = (2.1.4)

(2 — W)
Throughout our investigation there are many instances where we require an

entire function F'(z) to be real valued and non-negative on the real axis. We

conclude this section with the following factorization lemma for such functions

in H(;.

Lemma 2.1. Suppose F(z) is not identically zero, real valued and non-negative
on the real azis, and that F(z) € Hg for some 6 > 0. Then there exists an
entire function U(z) € Hyjo such that U(z) is zero-free in % and F(z) =
U(z)U*(z).

Proof. Let {w, : n =1,2...} be the zeros of F(z), listed with appropriate mul-
tiplicity, in the upper half plane and let

N

By(2) =[] —1 - ZZ_:

We define a sequence of entire functions Fi(z) by Fn(z) = By(2)F(z). Each
of the functions Fix(z) is in Hs by the Paley-Wiener theorem. Since || F|| =
|Fiv|| for each N, it follows that a subsequence of Fy converges weakly to

some G(z) in Hs. Since the space is a reproducing kernel space, it follows

14



that Fy(z) — G(z) pointwise for a subsequence. Since |By(z)| > 1if z € %
with equality when z is real, it follows that G(z) is zero free in % and that
|G(t)| = |F(t)| for real t. This shows that F(2)? = F(2)F*(z) = G(2)G*(z).
In particular the non-real zeros of G(z) occur with even multiplicity.

Since F(z) is real valued and non-negative on R, the zeros of G(z)
occur with even multiplicity and so there is an entire function U(z) for which
G(z) = U(2)%. Then F(2)? = {U(2)U*(2)}" and since F(z) is real valued and
non-negative on R it follows that F(z) = U(z)U*(2). O

2.2 Selberg’s Functions - Not yet modified

Let x(x) denote the characteristic function of the interval [—r,r| and
9 > 0. In the late 1970’s Selberg [63, 72] constructed two real entire functions

C(z) and ¢(z) of exponential type 27 which satisfy
c(x) < x(x) < C(z) for each z € R,
and

/_OO {C(z) — x(x)}dx = /_OO {x(z) — clz)}dz = 1.

In this section we study the behavior of Selberg’s functions in a disc of radius

~ §~1. Our first result is about a zero-free region of C(z).

Theorem 2.2. Suppose 2rd < 1. Then C(z) # 0 whenever |z| < 61,

It will follow from the proof below that the expression |z| < 6! can
be replaced by |z] < (1008)~*. In the proof of Theorem 2.2 we will invoke the

following propositions. The following can be found in [10, p. 83].

15



Proposition 2.1. If f(2) is a real entire function of exponential type at most

26 that is bounded on the real axis, then
|f(x+iy)| < fl]loe cosh2moy (2.2.1)

for all real numbers x and y, where || f|lco = SUP_oocpeno |f(2)].

Proposition 2.2. If F'(z) is a real entire function of exponential type at most
2md that is integrable and nonnegative on the real axis, then for any p > 1
[e] 1/p 00
{ / |F(x)|pdx} < 5 / F(a)da. (2.2.2)

Proof. Indeed if F(z) satisfies the condition of the theorem, then by Proposi-
tions 2.1 there exists an entire function U(z) of exponential type at most 7

such that F(z) = U(2)U*(z). It is obvious that

/00 |F(z)[Pde < sup |F(t)]P* /OO F(z)dz. (2.2.3)

—c0 —oo<t<oo 00

And by the Cauchy-Schwarz inequality

sup |F(t)| = sup [U@)]* < |UILK(t.t) = 8] F|l:.

—oo<t<oo —oo<t<oo
[
Proof of Theorem 2.2. Suppose C(w) = 0. We will show that |w| > §'.
By the mean value theorem and the fact that C'(0) > 1 we have
— 1
IC" (bw)| = [€(w) = C(0)| (2.2.4)

w—=0 7 vl

16



for some 0 < b < 1. We provide an upper bound for |C’(bw)| in the following
way. By writing ||Cl|s = lim, . ||C||, we find from Proposition 2.2 that

|Cllo < 8(2r +671). Therefore Bernstein’s inequality and Lemma 2.1 yield
|C’(rw)| < 276% cosh(27m0Im(w))(2r + 571). (2.2.5)

Combining (2.2.4) and (2.2.5) yields

<
R 27d|w| cosh(2m0Im(w))

But since 2ré < 1 it follows that 1/2 < 27d|w|cosh(27mdIm(w)). This clearly

implies that |w| > §!. O

It is therefore unnatural for extremal majorants of x(¢) to vanish in a
disc around the center of mass of x(t).

We will now consider how well Selberg type functions, which have the
property that they vanishing at a prescribed point in the upper half plane,
can approximate x(t). If § is small enough, then we know this condition is
unnatural and Selberg’s function is not admissible. Recall p(a, b; o, 0) is the

quantity defined in Problem 2.1.

Theorem 2.3. p(a,b;a,8) >up0 02 as 6 — 0.

Proof. Assume that a = —b = r. Following the proof of Theorem 2.2 we find

that

1 _ |fsle) ~ f(0)

ol |

< 276? cosh(2m8Im(a)) {2r + p(8)} . (2.2.6)

17



But since cosh(27dIm(«)) ~ 1 when § < 1 we have
6§ <ar 1+ p(0) (2.2.7)

when § < 1. O]

In view of these results, another natural question is to ask of the local

behavior of C'(«) as § — 0.

Proposition 2.3. For each a € %, |C(a)| — Re(C()) Kapa 0 as 0 — 0.

Proof. By following the above proofs we have
|C(a) — C(0)] < 2r6°|a| cosh(2mdIm(a)) {b—a+ 0"} < 6. (2.2.8)

But upon writing |C(a) — C(0)] = {[Re(C(a)) — C(0)> + [Im(C(a))]}""?,
we find that [Re(C(a)) — C(0)] < 6. By the triangle inequality we have
Im(C(a))| = |C(a) — Re(C())| < §. Again by the triangle inequality we
have |C(a)] < [Re(C(a))|+|Im(C(a))]. So |C(a)|~Re(C(a) < [Im(C(a))| <
J. O

2.3 Functions which Interpolate off the Real Axis

Theorem 2.4. Let § > 0, a« € %, and f € C. If F(z) is a real entire
function of exponential type at most 21§ that is non-negative on the real azis

and F(a) = 3, then

LR SR

K(a, )2 — o2 <g5 [ Fla)d (2.3.1)

—00
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where K(w, z) is defined by (2.1.4). There is equality in (2.3.1) if and only if
F(z) =U(2)U*(z) where

U(z) = MK(a, z) + oK (@, 2),

and A1 and Ay are given by

:ﬁK(a,oz)—(S and )\2:[((05704)_55

A K(a,a)? — 62 K(a,a)? — 6%

(2.3.2)

The proof of this theorem is based on the principal from Hilbert space:

Theorem 2.5. Let H be a complex vector space with inner product (-,-), B €

C, u,v € H be linearly independent, n = ||ul|||v]], and v = (u,v). If

(h,u) (h,v) = 3 (2.3.3)
then
~R
[l > 2%. (2.3.4)

If h satisfies (2.3.3), then h achieves equality in (2.3.4) if and only if
wh = /\111 + )\QV (235)

for some |w| =1, where

n— Py

_ B — v
n?—v*

n? — |v|?

)\1 and >\2 =

and v =v/|v|.

19



Proof. By scaling considerations it suffices to prove the claim when |§]| =
|lul| = ||v|]|=1and v = 7.
For any ¢; and ¢

|h — (ciu+ cv)|)* > 0. (2.3.6)
Expanding this out gives
2Re{ (h, c1u + e5v) } et + eov? < |2 (2.3.7)

Equality occurs in (2.3.7) if and only if h = cju + c;v. We let h satisfy

(h,u) (h,v) = 3 and set

= Bov
Y-
and
_1-pv
=T 5
It can be checked that
et + v = # — 9Re(cy). (2.3.9)

Scaling h by a suitable constant of absolute value 1 we find that
(h,u) =g/r and (h,v)=r

for some r > 0. Thus

2Re{ (h,ciu+ cov) } =2 {Re(?@ + Re(cz)r}
Seeing that Re(c18) = Re(cy), we have
(% +r— 1) 2Re(cz) < ||h]* (2.3.9)
This completes the proof. ]
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Proof of Theorem 2.4. Suppose the integral of F'(x) is finite. Then by Lemma
2.1 there is a function U(z) € Hs/, such that F(z) = U(z)U*(2). In view of

(2.1.3), the condition that F'(«) = 8 can be rewritten as

<U7 1_1> <Uv V> =

where u = K(a,z) and v = K(@, z). We notice that u and v are linearly

independent because the determinant of their inner-product matrix is given

by
Ko, )% — 6% = sinh 2mdIm(a) 52 =0
’ 27Im (o) '
The result now follows from Lemma 2.5. O

It may be useful to have knowledge of the Fourier transform of the

extremal function F(z) coming from Corollary 2.4.

Theorem 2.6. Let K(w, z) be given by (2.1.4), F denote the Fourier trans-
form, and

Gow(t) = F(K(a, ) K (w,))(t). (2.3.10)

Then
sin {m(w —a)(6 — [t])+}

Gocw 1) = —mit(w+a)
W) =e (@ - a)

Let F(z) is the extremal function identified in Lemma 2.4, then
F(F) (1) = (MF+ )Gt (i ae(—a)+ A Rae (@) (=), (2:3.11)

where Ay and Ao are given by (2.3.2), and (x)+ = max {0, z}.

21



Proof. If a < b and ¢ € C, Then

b .
/ 627ris§d8 _ Sln(ﬂf(b — (I,)) eﬂi(b—&—a)f'
a S
Now if £ € C and 0 > 0, then

/OO sin (4 — ’t|)+6m’t§

N s5/2.6/2(8)X[=5/2.6/2 (t — s)ds = €

This is seen by observing that

X[=6/2,6/2)(8)X[=s/2.5/2)(t = 8) = X[=5/2.6/2n[t—s/2.t+5/2)(5)

Hence

(o2
/ 2™ Js ift>0
t—6/2

/ e (s 2.6/2) (S)X[=5/2,5/2 (t — 8)ds =

00 t+6/2 ‘
/ 2 ds  ift <0
—8/2

\

But when ¢t > 0

/ T st gy STEO 1) e

t—58/2 s
and when t < 0
/t+6/2 Joise g _ sinw&(§ — |t|>emt5.

—5/2 €
Finally if |t| < §, then
/ e—QWistKa(S>Kw(s)d8 _ 6—27riwt / 627ri(5—5)sx[_6/275/2} (S)X[—(S/Q,(S/Q] (t _ S)dS

—00 o0

sinm(w —@)(d — [t|)

6—2mwt emt(w—a)

(W —a)
_ mit@+a) sin (w0 —a)(0 — |t])
(W — @) '
The rest of the proof is straightforward. ]
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If we let F(z;, ) be the unique function determined in Theorem 2.4,
then F'(z; «, ) converges uniformly to zero on R rapidly when § goes to infinity.

Notice that K (o, @) = § and K(a, ) = sinh 2rdIm(«)/27Im(a). Let

5] (a, ) — 6Re(5)

u(a, B,8) =2 ORI (2.3.12)
Proposition 2.4. Then for all real x
|F(z;, 8)] < du(a, B,0). (2.3.13)
In particular,
|F(z; 0, B)| Kap de™2mm(@)0, (2.3.14)
Proof. By the Cauchy-Schwarz inequality we have
|[F(z; 0, 8)] = [U(x; 0, B)° < 8IU( 0, B[ = du(er, B,0).
But since K(a, @) = ¢ we have
u(ar, ,0) = On5(K(a,0)™") = O (e~ 2, (2.3.15)
O

2.4 Modifications of Selberg’s Functions

In this section we show how to modify Selberg’s functions so that they
vanish at a prescribed point in the upperhalf plane. Let 6 > 0 and F(z;a, 3)

be the extremal function described in Corollary 2.4. Notice that we have
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supressed the dependence of F'(z;«, ) on §.

Given N points ay, ...,any € % represented by a define

N

Ga(z) =[] 01+ F(z/N; /N, -1)). (2.4.1)

n=1
It is easy to see that G_(z) is an entire function of exponential type 27d such
that G (z) > 1 on the real axis and G_(«a,) = 0 for each n = 1,..., N. Now

observe that the following modification of Selberg’s majorant
Cua(2) = C(2)G,(2) (2.4.2)

has exponential type 470, Co(z) > C(x) for all real x, and Cq(av,) = 0 for
eachn=1,...,N.

Proposition 2.5.

/ Colr) — x(z)dr < 52N 1 as6 — 0,

e}

and

/ Co(z) — x(2)dr < 67! asd — oo,

—00

where the implied constants depends on a,b, and a.

Proof.
/w@@m:: " C@)de (2.4.3)

4323/ C(z)F(z/N; o4 /N, 1) -+ F(x/N; oy /N, —1)da

k
< b—a+5 " +Cle > [TIF@E/N;ai /N, =1k

i1 <--<ip 0=1
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Proposition 2.2 gives

25171/[@‘

|F(e/Niow/N, =Dl = NY|F (@05, =Dl < N

and

[Clle < 6(b—a)+1

which combined with (2.4.4) gives

- k
1
< b — -1 _ kck—1
/_ Co(z)dz <b—a+6 4+ N(@(b—a)+1) E 270 | |

i< <ig i Klawar) =0

(2.4.4)

and by writing

2 I —2
K(ap, ap) =6+ Z mlm(a))™" g2t

2n — 2
we find that
/_Oo Co(x)dz <b—a+d"+ No (0(b—a)+ )E min {1, 27Im(a, )}

This plainly shows that

/ Colr) — x(z)dr < 5271 asd — 0

[e.o]

where the implied constant depends on a,b, and «. The last estimate holds

by combining (2.4.4) with the estimate K (ay, o) > >0 for large 6. [

2.5 Concluding Remarks (and generalizations)

2.5.1 Minimization in a de Branges space

In this section we show how Corollary 2.4 can be generalized so that

the minimization occurs in a fairly general de Branges space. A Hilbert space
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H which is nontrivial and whose elements are entire functions is called a de
Branges space if (i) F(z) € H and w is a non-real zero of F(z), then (z —
W)F(z)/(z —w) € H and has the same norm as F\(z), (ii) F(z) € H implies
F*(z) € H and has the same norm as F(z), and (iii) for every w € C, then
functional F' +— F(w) is continuous. It is a fundamental theorem of de Branges
[23] that to each space H one can find an entire function E(z) satisfying the

elementary inequality
|E(Z)| < |E(z)] foreach z € % (2.5.1)

such that the Hilbert space whose elements come from H but whose inner

product is given by

(F.6), = [ FOGO s

o0

with induced norm || - ||z, is isometric to H. Condition (iii) implies that a
de Branges space is a reproducing kernel Hilbert space. We will let Kg(w, 2)
denote the corresponding reproducing kernel.

Conversely, given an entire function which satisfies (2.5.1), there exists
a de Branges space Hp which consists of entire functions F'(z) which satisfy
(i) |F|lg < oo, and (ii) F(z)/E(z) and F*(z)/E(z) are of bounded type and
non-positive mean type in 7. A function g(z) which is analytic in % is said
to be of bounded type in % if it can be expressed as the quotient of bounded
analytic functions in %. The mean type of a function g(z) of bounded type in

9/ is the number

v(g) = limsupy " log|g(iy)|

Y—00
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if g(z) is not identically zero, and —oo if ¢ = 0. We can now formulate a

generalization of Corollary 2.4 for de Branges spaces.

Corollary 2.1. Let « € %, p € C, and E(z) be an entire function that
satisfies (2.5.1) and that is of bounded type in % . Assume in addition that
Kg(a, z) and Kg(@, z) are linearly independent. If F(z) is an entire function

of exponential type at most 27(E) satisfying

1. F(z) >0 for real x, and

51Ks(a,0) - Re(BKp(a.@) _ 1 [*
</

Kp(a,a)? — [Kp(a,a)P F(2)| B(x)| ™ dz. (2.5.2)

o0

Equality occurs in (2.5.2) if and only if F(z) = U(z)U*(2), where
U(z) = MKg(a, 2) + M Kg(@, 2). (2.5.3)

The coefficients \1 and Ay are given by

_ ’)/BKE«X?OC) — ’KE(CY,@)‘
Kp(a,a)? — [Kp(a,@)|?

Kg(a,a) — BKg(a, @)

M Ko(o,a) — [Kp(o,a)f

and Ay =

Where v = Kg(a,a)|Kg(a, a@)| .

Proof. 1f we can write F(z) = U(z)U*(z) for some U(z) € Hg then the result
follows from Theorem 2.5 by taking u = Kg(«,z) and v = Kg(@, z). That
F(z) = U(2)U*(2) for some U(z) € Hp follows exactly from the proof of
Theorem 15 of [39]. O
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The condition that Kg(«, z) and Kg(@, z) are linearly independent is
necessary because of examples such as F(z) = z + 4. Notice that A(z) =
(1/2)(E(z) + E*(2)) = z and B(z) = (i/2)(E(2) — E*(z)) = —1. The function

K(w, z) is given by

Ko BOAW —ARBE] _ =7 _

(z — @) :7r(z—@):7T

It follows that K(«, z) = K(f, z) for every a, 8 € C. But E(z) has bounded

type and mean type 0 in %, and
|E(x —iy)| = |z +i(1 —y)| <[z +i(1+y)| = [E(x +iy)|

when y > 0. In fact Hg = C as Hilbert spaces.
The condition that Kg(«, z) and Kg(@, z) are linearly independent is
superfluous for a large class of F(z), particularly if F(z) has positive mean

type then Kg(«,z) and Kg(@, z) are linearly independent for all « € % .

Lemma 2.2. Let E(z) be an entire function that is of bounded type in %
and |E*(2)| < |E(z)| for every z € % . Then given o« € %, the functions
Kg(a, z) and Kg(a, z) are linearly independent in Hg if either of the following

conditions hold:
1. E(z) has positive mean type, v(E) > 0;
2. E(z) has more than one non-real zero.

Proof. We will begin by showing that it suffices to prove the lemma when

E(z) has no real zeros. Suppose E(z) has real zeros, then E(z) can be written
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as E(z) = FEy(2)S(z) where S(z) = S*(z) and Ey(z) has no real zeros. But
since |E*(z)| < |E(2)| for all z € % it follows that S(z) has only real zeros
and that |Ej(z)| < |Eo(2)| for all z € %. Following problem 44 from [23]
we find that F(z) — F(z)S(z) is a linear isometry from Hp, onto Hg. Now
we will show that if there does not exist a nonzero constant ¢ € C such that
Fy(a) = cFy(@) for all Fy € Hg,, then there does not exist a non-zero constant
¢ € C such that F(a) = ¢F(@) for all F' € Hg. Suppose there does not exist
a non-zero constant ¢ € C such that Fy(a) = cF(@) for all Fy € Hg,. But
F(z) = Fy(2)S(z) is in Hg for every Fy € Hg,. Suppose, by way of contra-
diction, that there was a non-zero constant ¢ € C such that F(a) = cF (@)
for every F' € Hg. Then Fy(a)S(a) = cFy(a)S(@) for every Fy € Hg,. But
seeing that S(a) = S*(a) # 0, the number ¢ = ¢S(a)/S(«) is non-zero, and
Fo(a) = ¢Fy(a) for all Fy € H(E)y), a contradiction. Therefore it suffices to

prove the lemma when F(z) has no real zeros.

(1) Suppose v(E) = 76 > 0. Let us first deal with the case when F(z)
has no zeros. Then up to scaling E(z) = e~"™* by Nevanlinna’s factorization
or the product representation for Pélya class. The reproducing kernel for Hg

is then given by

sin7o(z — )

K(w,z) = (2.5.4)

m(z — W)

And K(a, 2) and K (@, 2) are linearly independent in Hg if and only if K (a, )?—
|K (o, @)|* # 0. But

K(a,0)? — |K (o, @) = {Smh 2ndlm(a) }2 _ 5

27Im (o)
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So the condition that K («, a)?—| K (a, @)|* # 0 is equivalent to sinh 2wdIm () #

2m6Im(«v), which is true when Im(a) > 0.

Now suppose that E(z) has one zero w in the open lower half plane. Then up
to scaling E(z) = e (2 — w). The function G(z) = 1 is then in Hp since
v(1/E) = 0 —v(F) < 0 and |t — w|™2 is integrable. Similarly the function
H(z) = e7™* is in Hp. Now suppose, by way of contradiction, that there is
a non-zero constant ¢ € C such that F(a) = cF(a) for all FF € Hg. Then
¢ = 1since 1 = G(a) = cG(a@) = ¢. But |H(«)| # |H(@)]| so it is impossible

for H(a) = H(@), a contradiction.

(2) Now we need not suppose that v(E) > 0. Let us first treat the case
when F(z) has N > 1 zeros wy, ...,wy all of which are in the open lower half
plane. By a similar argument as above, the function G(z) =1 is in Hg. And
the function L(z) = z is also in Hg since v(z/FE) = v(z)—v(E) =0—v(F) <0
and t2|t —w |72 -+ - |t —wy]? is integrable. Now suppose by way of contradiction
that there exists a non-zero constant ¢ € C such that F(«) = c¢F(@) for all
F € Hg. Then ¢ = 1 since G € Hg, and L(a) = cL(@) implies o = @, a

contradiction.
Now suppose E(z) has infinitely many zeros wy,ws, ... in the lower half plane,

ordered in such a way that |wg| < |wgs1|. The condition |E*(z)| < |E(z)]| for

all z € % guarantees that E(z) # 0 and so |wg| — oo as k — oo. For each
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positive integer k let Fy(z) = F(2)(z —wi) ™. Observe that v(Fy/E) = 0 and
v(Fy/E) = v(E*)—v(E). But seeing that |E*(iy)| < |E(iy)| for y > 0 we find
that v(E£*) < v(F) from which it follows that v(F}/FE) < 0. It is now clear
that Fj(2) is in Hg for all k.

Suppose, by way of contradiction, that there exists a non-zero constant

¢ € C such that F(«a) = cF(@) for all F(z) in Hg. If E(@) # 0 we have

Fi(a) = E(a)(a—w)™

= cE@)(a—wy) ™

= CFk (a)
which implies
cE (@) a—uw
Ea) @—w

Taking limits as k — oo gives |cE(@)| = |E(a)| which implies |¢| > 1. But
seeing that Fy(z) is in Hg we have Ff(a) = cFy (@) = cFi(a) = ceFy(a)
which implies |¢| = 1, a contradiction.

Now suppose F(@) = 0 and recall that E(a) # 0. Then Fi(@) # 0
for sufficiently large k& but Fj(a) = 0 for all k. Therefore there cannot exist a

non-zero constant ¢ € C such that Fj(a) = cFi(@) for all k.
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2.5.2 'Trigonometric Polynomials

Let N > 1 and &y C C|z] be the complex vector space of polynomials

of degree at most N. Define an inner product (-,-) on &y by

(.a) = [ 0)a@o(6) (255)

where S = {z € C: |z| = 1} and o is the Haar probability measure on S.

Let || - || be the norm induced by (-,-) and e(t) = e*™*.

Proposition 2.6. The polynomials 1, z,2%,....,2N form an orthonormal basis

for Px and the space Py is complete with respect to || - ||.

Proof. These polynomials clearly span &y, so we only need to show that they

are orthonormal. Observe
(2", 2" = / 0"0" do (6)
Sl
1
_ / e((n — m)t)dt
0
)1 ifn=m
o ifn#£m.
Let py, po, ... is a Cauchy sequence in &y. Then there exist complex numbers

an, for k=1,2,... and n = 0,1, ..., N such that

pe(2) = ago + agaz+ -+ ak,NzN.

N

1% = E |ag.n — are|* which implies a;,, ag,, ... is a Cauchy

Clearly ||pr — pe

n=0
sequence for each n = 1,..., N. Completeness follows from the completeness

of C. O
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Lemma 2.3. The space (P, (-,-)) is a reproducing kernel Hilbert space with
reproducing kernel K : C x C — C given by
N
=> 2w (2.5.6)
n=0
Furthermore, if o # 0, the functions z — K(o,z) and z — K(1/a,z) are

linearly independent if and only if o & S*.

Proof. The form of the reproducing kernel is a standard fact, but we note that
it doesn’t depend on the choice of orthonormal basis. We need only verify the
latter statement. The functions in question are linearly independent if and
only if

K(o,a)K(1/a,1/a) — |K(1/a,a)* # 0. (2.5.7)

But K(a, a) Z|a|” (,1/a) = N+1and K(1/a,1/a) = Z|oz| ". So

(2.5.7) can be rewrltten as
N N
{Z w} {Z ya|—n} —(N+1)2#0. (2.5.8)
n=0 n=0
But by the arithmetic-geometric mean inequality we have

N N /(N+1) N 1/(N+1)
(N+1)~ {Z |oz|”} {Zmrn} > {H |a|"} {H |a|_m} 1
n=0 n=0 m=0

(2.5.9)
and equality holds if and only if |a|™ = |a|™ for n,m = 1,2, ..., N which implies
la] = 1. O
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To state the next theorem, we will intoduce the notation [w; M] where

weCand M € Z" by

wi M) =) Jw|™ (2.5.10)

Corollary 2.2. Suppose a # 0, a ¢ S*', 3 € C, and N > 1. If F(z2) is a

Laurent polynomaial of degree at most N,

1. F(0) >0 for € S', and

[Bllos NJV2[a™"s NJY2 — (N + D)Re(B) _ 1
[e; Nfa=!; N] — (N +1)? =3 /51 F(0)do(9)- (2.5.11)

FEquality occurs above if and only if F(z) = p(z)p*(2), where

p(z) = MK (a, 2) + MoK (1/@, 2). (2.5.12)

The coefficients \y and Ay can be explicitly computed in terms of K, o, B and
N.

Proof. Let p*(z) = p(1/Z). Then by Fejer's theorem F(z) = p(z)p*(z) for
some p € Zy. The Corollary is proved upon appealing to Theorem 2.5 when
H= Zy. [
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2.5.3 Another Uncertainty type principle

Corollary 2.3. Let G be a locally compact Abelian group with Haar measure
W and G be its unitary dual with measure v. Select the measures in such a way
that makes the scaling constant in the Fourier inversion formula equal to 1. If

U is a Borel subset of G and V is a Borel subset of G, both of finite measure,

then let
o) = [ [ X@avtdnto) (25.13)
Then given 8 € C, if f € LX(G, ) satisfies
| 1@inta) [ foavt 5. (25.14)
then » »
Ml 2 PO RApO VI 5

Proof. We wish to apply Theorem 2.5 when H = L?(G,u). We let u = Ay

and v = Ay, where

1 ifac A
A —
ala) { 0 otherwise.

The Fourier transform of Ay is given by

Avlg) = / x(9)Av () dv(y)

G

= /Vx(g)dV(X)-
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Hence

(Bv, Av) gy = /G Au(9)Av(g)dulg)

_ //X(g)dl/(X)dM(g)
uJv
(U, V)

Now if (f, Ay) (f, AV> = [, then there is a |w| = 1 such that

(wf,Av) <Wf> Av> = B.

And [lwf[| = [If]-
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Chapter 3

Extremal Problems for Convex Bodies and the
Fourier Transform

3.2 Preliminaries

To each convex body K we associate the dual norm (extended to CV)

by
|zl = sup{lz-y|:y € K}. (3.2.1)
This norm on R¥ is also called the support function of K. The dual norm will

be important to us in two ways. (1) For growth estimates for certain entire

functions, and (2) the following volume formula for K™*.

Proposition 3.1. Let K be a symmetric body and K* be its dual body. Then

voly (K*) = % /SN_1 { Hel”} }N do(6) (3.2.2)

where do is the usual surface measure on the unit sphere S¥=1 in RV,

Proof. For @ € SV=! let
p(@) =sup{r>0:7r0 € K*}.
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By writing the volume of K™ in spherical coordinates we have

voly(K*) = / - / " N rdo(e)
S MR OB

It is not difficult to check that p(@) = 1/||@||%, see [62, Theorem 1.7.6]. O

An integrable function F(x) will be called admissible if F'(x) satisfies
conditions (i)-(iii) in Problem 3.1. F(x) will be called extremal if it is admis-
sible and its integral is equal to n(K’). Suppose F'(x) is an admissible function

for Problem 3.1. The function

z /K e(z- &) F(£)de (3.2.3)

is equal to F'(x) for almost every x in RY and for each closed curve 7 in C we

have for each £ =1,..., N

/ / €)dedz, = / / €)dz F(&)de =0

where we have used Fubini’s theorem to interchange the order of integration.
Since the curve v was arbitrary (3.2.3) defines an entire function by Morera’s
theorem. Consequentially, except for possibly on a set of measure zero, F'(x) is
the restriction to RY of an entire function. We will always identify admissible
functions with their extensions to entire functions. The representation (3.2.3)

shows that admissible functions satisfy the following growth estimate in CV

|F(z)] <. e 0Folzli (3.2.4)
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for each € > 0. In the single variable case, entire functions which satisfy an
estimate of the same type as (3.2.4) are called entire functions of exponential

type. An entire function F'(z) is said to be of exponential type 277 > 0 if
‘F(Z)‘ <, e27r7—(1—&-e)|z\

for each € > 0. The Paley-Wiener theorem gives two equivalent ways of looking
at entire functions of exponential type which are square-integrable on the real

axis.

3.3 Discussion and Proof that n(B) = 2" /voly(B)

As the title suggests, our main goal of this section is to prove

n(B) = #@

where B is the Euclidean unit ball in RY. This result is implicit in the work
Holt and Vaaler [39]. And since the proof of this result does not require the
full force of the Holt-Vaaler machinery we will provide a self contained proof
here.

Suppose F'(z) is an admissible function for this problem. By averaging

over SO(N) we find that

/RN F(z)dx = /RN /SO(N) F(gx)du(g)dx

where p is the normalized Haar measure on SO(N), and that the function

X F(gx)du(g)
SO(N)
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is admissible. In view of this observation we can safely limit our search to
extremal functions which are radial. We will see momentarily that the extremal
function we find can be factored as F(z) = U(z)U*(z) where U(z) is square
integrable and radial on RY and U(€) is supported in /2B. This allows us to

recast the extremal problem as a minimization problem in the Hilbert space
H= {U(X) e L*(RY) : U(x) is continuous and supp(U(€)) C 1/2B} :

H is a Hilbert space with respect to the L-inner product (-, -) with the prop-

erty that for every z € CY and f € H

f(z) = ([, K(z,)) (3.3.1)

where
K(w,z)= / e(—(z—w)-&)d¢. (3.3.2)
1/2B
We identify the elements of H with their entire extensions to CV. Let H;
be the N = 1 case of H. Functions in H; which are real-valued and non-
negative on the real axis enjoy a factorization akin to that for non-negative
trigonometric polynomials given by the Fejér-Riesz theorem . The following is

an extension of Lemma 2.1.

Proposition 3.2. Suppose F(z) € Hy is real valued and non-negative on the

real axis and that F(z) is not identically zero. Then there exists an entire
function U(z) € Hy such that U(z) is zero-free in % and F(z) = U(2)U*(2).

If F(z) is also even, then F(z) admits the factorization
F(z) = 2*Q(2)V (2)V*(2)
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where k is the multiplicity of the possible zero at z = 0, Q(z) has only purely

imaginary zeros, and V(z) is even.

Proof. By Lemma 2.1 we have the factorization F(z) = U(2)U*(z2).
If F(2) is even write U(z) = 2*p(2)R(2)R*(—z) where R(z) contains
the zeros of U(z) which have strictly positive real part, p(z) contains only

purely imaginary zeros, and k is the multiplicity of the zero at 0. Let V(2) =
R(z)R(~2) and Q(z) = p(:)p" (2). m

We now introduce a notation for restrictions and extensions for dealing
with radial functions. If G(z) is a radial function, that is the restriction of
G(z) to RY is radial, we let g(z) denote its restriction to a line, say one of the
coordinate axes. Similarly if g(z) is an even entire function, we may extend
g(2) to a radial function G(z) on CV by

> a0
G(z) = Z g<2£§?) {F+-+ ZJQV}E
=0

Let F(z) be an admissible function for our problem and assume that F'(z) is
radial. Then the corresponding restriction f(z) is an even function in Hy that
is real-valued and non-negative on the real axis. Therefore f(z) admits the

representation

where ¢(z) and v(z) are even entire functions and ¢(z) has only purely imag-

inary zeros. We choose the functions in such a way that [v(0)]*> = ¢(0) = 1.

41



Seeing that ¢(z) and v(z) are even, we extend them to CV to obtain the

following factorization for F'(z)

The integral of F'(x) now has the form

/RN F(x)dx = - Q(x)|V (x)[*dx

But if F(x) is extremal, then ¢(z) is zero free. Suppose, by way of contradic-

tion, that ¢(z) has a zero at say iy for y > 0. Then

)= (1+5)

Y

for some even entire function §(z) such that ¢g(0) = 1, and ¢(z) > 0 for real z.
In particular, §(z) < ¢(z) for all non-zero real numbers z. This plainly shows
that the admissible function F(z) = Q(z)V (z)V*(z) has smaller L'-norm than

F(z). Therefore we may assume
F(z) = V(2)V"(2)
where V(x) € H. But by the Cauchy-Schwarz inequality and (3.3.1)
1 < F(0) = [V(0)]* < K(0,0)[V]]3 = voly (1/2B)|[V|I2 (3.3.3)

where equality occurs if and only if F/(0) =1 and V(z) is a scalar multiple of

K(0,z). But
VIE= [ Feodx
RN
Therefore
2N
B p—
nB) = B



3.4 Proof of Theorem 3.1

Let F(x) be an admissible function for Problem 3.1. We may assume
that F'(x) is even, because 1/2(F(x)+ F(—x)) is admissible and it has the same

integral as F'(x). For each @ € SV~ the function
2z F(20)

is entire of exponential type at most 27||@|% by (3.2.4). Let F(z;6) be the

radial extension of this function. Observe

F(x)dx = ) OOF(re)|r|N—1drda(0)
o = [,

- L /S N,l /R F(x;0)dxdo(6)
> | leliByiz)

“ s fo fn} @ 0w

where wy_; is the surface area of SV~!, and we have used Lemma 3.1 in the

last line. But by Proposition 3.1

L) o = vt

Seeing that wy_1 = Nvoly(B) it follows that

% - ]éNl {W}Ndaw). (3.4.2)

By substituting (3.4.2) into (3.4.1), we obtain the desired result.
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3.5 Discussion and Proof of Lemma 3.2

Throughout this section suppose a priori that F : RY — R is admissible

and extremal for Lemma 3.2. Let
H, — {U(x) e L2(RY: |x||?+* Ndx) : U(€)=0if & & (1/2@3} .

By our previous discussion we may assume F' is radial. Positivity and ex-

tremality give that there exists a radial entire function U(z) in H,, such that
|U(x)] > 1 whenever x€ S and F(z)=U(z)U"(z).

Now for each v > —1 there is an entire function E,(z), the de Branges structure

function, associated to a de Branges homogeneous space .7 (£, ) which has the

¢, /_OO [FOP[* dt = /oo ‘Ef(z)

[e.9] —00

for each f € #(E,) where ¢, = 7272 7'T'(v + 1) 2. Tt follows from the work

property that
2

dt

of Holt and Vaaler that z — U(z0) is in S#(E,) for any 8 € SV~!. We will

call such a selection U(z). Therefore

(B = [ PG (35.1)
]RN
_ ‘*’f;—l/ U(8) 22 dt (3.5.2)
WN_ | U(t) 2
= 2]11/ 'E((t)) dt (3.5.3)
WN—
= 5 U, (35.4)
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where [|-|| s, is the de Branges space norm and we will let(-, -) , is the associated

inner product. Evidently U(z) satisfies the following relations
(U Ko (=€), | 21 and [(U, Ku(& ), | 21

where K, (w, z) is the reproducing kernel for 7 (E,).

The crucial inequality giving extremality in the previous discussion is
the use of the Cauchy-Schwarz inequality in (3.3.3) in conjunction with the
reproducing property. In this section we will need the following 2 point version

of this inequality:

Lemma 3.3. Let (H, (-,-)) be a complez inner product space, and let hy, hy €

H be linearly independent and satisfy
[ha|l = |lhof| and  (hi,hy) = (ha, hy).

If h € H satisfies
|(h,h;) | >1 fori=1,2,

then

1 1
< 5Ihf*
[ [[[[ha[| + | {hy, ho) | = 2

We will use the following elementary proposition to establish this lemma:

Proposition 3.3. Suppose y1,y2 € H are linearly independent and ||y,| =
lly2ll- Then

min {[lsg + sogll? 51 = 1, Jsal 2 1} = 2l llllgall — 21 (92, 92) |- (3.5.5)
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Proof. We may assume without loss of generality that ||y;|| = ||yz|| = 1 and

that y; and gy, are not orthogonal. Then
[s1y1 + s2ya|” = [s1]> + |s2|” + 2pRe(s153)

where p = (y1,72). We may also assume s, = 1 and write s; = re? where
r>1.

5191 + soya2||* = 72 + 2prcosf + 1.

But 72 +2prcos+1 > r* —2|p|r+1 so we choose 6 such that cos§ = —sgn(p).
But the minimum of the function r — r? — 2|p|r + 1 occurs at r = |p| < 1 and

so we must take » = 1 and so

[s1y1 + s2y2||* > 2 — 2| (y1, v2) |

and equality is achieved if s; = —sgn(p) and sg = 1. ]

Proof. (of Lemma 3.3) By a basic projection argument, we see that if h is

extremal, then there are complex numbers A; and Ay such that
h = A\jh; + Agho.
There are also complex numbers s, s, with |s;| > 1 and |se| > 1 that satisfy
(h,h;) =51 (h hy) = ss.

Notice that the choices of A1, Ay and s1, So are in a one-to-one correspondence.

This is best seen by considering the following linear system.

S1 = <h, h1> = )\1 + )\2 <h1, hg)

sy = (hyho) =X (hy,ho) + Ao
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which we rewrite in matrix form

() - (i T) (i) (3.5.6)

where v = (h;,hy). The matrix G = (i II) is the Gram matrix for h,
and hy, and since h; and hy are linearly independent it follows that G is

nonsingular. Therefore

Ay 1 1 —v\ (s
M- D) e
This now allows us to write h is terms of s; and s»

1
h—

1 =2

<(31 — sov)hy + (89 — VSl)h2>. (3.5.8)

We would now like to apply Proposition 3.3 to (3.5.8). We set y; =
h; — vhy and yo = hy — vh;. But v # 1 since ||h;|| = ||hs|| = 1 and h; and hy

are linearly independent. So y; and y, are linearly independent and

lyall® = llwell* = A=) A+ ), (pge) =v(v = 1)(v+1).

Therefore by Proposition 3.3 and (3.5.8) we have for ||h;|| = ||hs|| =1

Il = 2(1 —v)(1 + u()l—_2y!2u>(2v - +1)] _ 2(11_—V!Z\) (3.5.9)

and by scaling we have for ||h;|| = ||hy]|

2
[[hy[[|ha|| + | (hy, hy) |
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Now the proof of Theorem 3.2 is nearly complete. We take h; =
K,(—=¢&,2) and hy = K, (&, 2) in the lemma to obtain

uy(ﬂle,ﬁSNfl) = WN-1 {HKV<£7 )H]2EV + | <KV<€7 ')7 Ku(_€7 )) ‘}_1

Cy

_ “Z—l{fg4§,£)+wfﬂx—€yﬁﬂ}_l

v

But

Ky, (=¢,§) =

T(v+1)2(£/2) J,(€) Jusa(€)
€

Jv(§) Jv41 ()

QCV€2V+1

where A,(z) and B,(z) are defined in Vaaler and Holt. But ¢, K,(£,§) =
u, (&, 7 1)~ as defined in Vaaler and Holt by

fju(£)2 + gJqul(g)Q — (2V + ]‘>JV(€)JI/+1(§)

ul/(ga’fr—l)_l = 2€2V+1

So
5']1/(5)2 + €JV+1(€)2 — (21/ + 1)J1/<£>J1/+1(€)

20V52V+1

K,(&,€) =

This shows that

1

wn1uy(§,7T1)

+ Ju(&)Jqul(f)

Qw1 E2vH1

)1.

[LV(W_IB, gsN_l) = <
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3.6 Concluding Remarks

Remark 3.1. Bourgain and Milman [12] have shown that there is an absolute
constant ¢ > 0 such that ¢Nvoly(B)? < voly(K)voly(K*). This in conjunction

with (3.1.2) implies that

7N2NV01N(K*)

n(K)<c ol (B

Conversely, the existence of an absolute constant in the above inequality would
imply Bourgain and Milman’s reverse Santalo inequality above. In view of this
observation we pose the following problem which is equivalent to the reverse

Santal6 inequality.

Problem 3.3. Show that there exists an absolute constant C > 0 such that

[ et eie

using Fourier analysis.

2
1 (K*)
dx < ON YOV )
X< O ol (B))?

It has been brought to my attention that Nazarov has shown this in
[56] using results at the intersection of Fourier analysis and several complex

variables. Our arguments and ideas are very similar to those of Nazaraov.

Remark 3.2. Problem 3.1 can be regarded as the simplest problem in a larger
program aimed at tackling the Beurling-Selberg problem in several variables
with fairly general Fourier support. Indeed this is the author’s motivation for

studying Problem 3.1.
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Remark 3.3. In the previous section, regarding the 2 point lemma. If H = PW
of type md, and ti,ty are distinct real numbers, hy = K(t1,2z) and hy, =
K(tQ,Z), then ||th2 = ||h2H2 = 6 and <h1,h2> = (7T|t1 — tQD_l Sil’l’ﬂ'(;’tl — t2|

A:%/_OOF(t)dt:{éJr

o0

In this case

Sil’l’ﬂ'(5|t1 — t2|

}_1 (3.6.1)

7T|t1 —t2|

where F'(t) is the extremal majorant of type 274 of the characteristic function
|t — 1o

of the points ¢; and 5. If §|t; — t5| = L € Z then A = 7

Remark 3.4. Tt is natural to recast Problem 3.1 for a more generic set in place
of K. For instance one could select K to be a set of positive and finite Lebesgue
measure, a compact set, a star body, etc. Regardless of the choice of set, we
remark that one may as well choose the set to be symmetric since F'(x) being
real valued implies that F'(¢) = 0 if and only if /(=€) = 0, and so the support

of (&) for any real valued function F(x) is naturally symmetric.
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Chapter 4

Uniform Dilations in Higher Dimensions

This chapter is a joint paper written with Thai Hoang Lé [42].

4.1 Introduction

Let T = R/Z. A subset X C T is called e-dense in T if it intersects
every interval of length 2¢ in T. A dilation of X is a set of the form nX =
{nz :2z € X} C T. The following theorem of Glasner [31] is the basis for our

investigation.

Theorem I (Glasner). Let X be an infinite subset of T and € > 0, then there

exists a positive integer n such that the dilation nX s e-dense in T.

Theorem I can be made effective in the sense that every sufficiently large
subset X has an e-dense dilation of the form nX for some positive integer n,
and ‘sufficiently large’ can be quantified. The first result in this direction was
obtained by Berend and Peres in [9]. Given € > 0, let k(¢) be the minimal
integer k such that for any set X C T of cardinality at least k, some dilation

nX 1s e-dense in T. Berend and Peres showed that
¢/ < k(e) < (c1/e)?/ (4.1.1)
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where c, ¢, ¢y are absolute constants.

The question of determining the correct order of magnitude of k(e) was
further studied in depth by Alon and Peres [2], who gave the bound

k(e) <5 (l)m (4.1.2)

€

for any 6 > 0. This is almost best possible in view of (4.1.1). Actually, they

gave a more precise bound

1\ 2t eemero
| (4.1.3)

k(e) < (—

€

In [2], Alon and Peres provided two different approaches to this prob-
lem. On the one hand, the probabilistic approach gives more information
about the dilation, such as its discrepancy. On the other hand, the second
approach, using harmonic analysis, is particular suited when one is interested
in dilating the set X by a sequence of arithmetic nature, such as the primes

or the squares. They proved

Theorem II (Alon-Peres). (i) For any 6 > 0, every set X in T of cardi-
nality
1
k >5 62?’

has an e-dense dilation pX with p prime.

(i) Let f be a polynomial of degree L > 1 with integer coefficients and let

0 > 0. Then any set X in T of cardinality

1 2L+46
k >>5.f (E) ,
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has an e-dense dilation of the form f(n)X, for some n € Z.

It is shown in [55] that in part (ii) of the above theorem there is an

e-dense dilation of the form f(p)X where p is a prime number.

In this paper we investigate high dimensional analogues of Glasner’s
theorem and the above results of Alon and Peres using Alon-Peres’ harmonic
analysis approach. One problem that comes to mind is that of determining
the natural analogue of “dilating by n” in the one-dimensional case. Any
continuous endomorphism of T is represented this way, so we may regard
the dilation as the action by a continuous endomorphism. When considering
higher dimensional generalizations of the above theorems we need not restrict
ourselves from maps of a torus into itself. We will instead consider maps
between tori of possibly different dimension. A continuous homomorphism
between TV and T” is represented by left multiplication of an L x N matrix
with entries in Z. This will be our analogue of dilation. We say that a subset

of Tt is e-dense in TT if it intersects any box of side length 2e.

Our first theorem is a high dimensional analogue of Glasner’s theorem.

Theorem 4.1. For any € > 0 and any infinite subset X C TV there exists a

continuous homomorphism T : TN — T such that TX is e-dense in T*.

The proof of this result is similar to the proof of (4.1.2). Our main
investigation, however, is an analogue of the fact that if X C T is infinite,
then there is a dilation of the form f(n)X that is e-dense, where f(z) is a non-

constant polynomial with integral coefficients. Let us introduce the set-up to
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this problem and lay out some of the complications that arise when moving to
high dimensions. In this paper, a subtorus of T is defined to be a non-trivial

closed and connected Lie subgroup.

Let A(z) € Mpxn(Z[z]) be non-constant and let D be the positive
integer representing the largest of the degrees of the entries of A(xz). Then

there are Ay, ..., Ap € Mp«n(Z) such that
A(.CC) = A0+33A1 +‘|‘$DAD :A0+A*($)

where A, (x) is the non-constant part of A(x). We wish to consider dilations

of subsets X C T of the form A(n)X.

Simple examples show that, unlike Theorem 4.1, there are configura-
tions of A(z) and X for which A(n)X is never e-dense in the full torus. Take,
for instance, A(n) = (8 2) and X to live in a proper subtorus, then A(n)X
is also in the same subtorus, for every n. Furthermore, if we take X to be in a
translate of a subtorus, then A(n)X is also in a translate of a subtorus (where
the translate depends of n). So the best one can hope for in this situation is
to achieve an e-dense dilation in a translate of a subtorus. Before stating our
results, we give some examples to show that even this restriction is not always

achieved.

n 0
0 0
value of n such that A(n)X is 1/4-dense in a translate of a subtorus. Basically,

Example 4.1. If A(n) = ( ) and X = {(0,x) : |z| < 1/4}, then there is no

this is because the matrix A, is degenerate in a sense so that A(n)X doesn’t

“move X around.”
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Example 4.2. If A(n) = (g n31) and X = {(1/4,1/§) : j = 1,2,...},

then clearly A(n)X is not 1/4-dense in any translate of the diagonal. On the
other hand, one can show that for any n, for any subtorus HT of T? that
is different from the diagonal, A(n)X is not e-dense in any translate of T
(since the set of dot products of elements of A(n)X with (—=1 1) has only
one accumulation point). The reason of such a failure can be attributed to the

lack of a compromise between the constant part and the non-constant part of

A.

Our main result says that the only obstructions to e-dense dilations are

the ones described in Examples 4.1 and 4.2.

Theorem 4.2. Let A(z) € My (Z[x]). The following are equivalent:

1. For any infinite subset X C TN there exists a subtorus T = T (X, A) of
T such that for any € > 0 there exists an integer n such that A(n)X =

{A(n)x :x € X} is e-dense in a translate of T .

2. (a) The columns of A.(x) are Q-linearly independent, and

(b) If there are v € QL and w € QN satisfying
v-Agw=0  foreach d=1,...,D, (4.1.4)
then v - Agw = 0.

Remarks 4.1.
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e Theorem 4.2 shows one how to construct matrices A(n) such that the
conclusion (1) holds. The condition (2a) tells us how to choose the non-
constant part A,(n), and the condition (2b) tells us that the constant

part Ay has to behave accordingly.

e In the case N = L = 1, (2) is automatically satisfied if A is not constant,
which explains why in Theorem II (ii) we can take f to be any non-

constant polynomial.

e If we replace Q with C in (2b), then by Hilbert’s Nullstellensatz, it
would imply that Ag is a linear combination of Aq,..., Ap. It would be
interesting to construct examples of A satisfying (2b) without Ay being

a linear combination of Aq,..., Ap.

We also prove an effective form of this result. Define k(e; L, N, A) to be
the largest integer k such that there exist k distinct points X = {x3,...,x;} C
T such that A(n)X = {A(n)xy,..., A(n)x;} is not e-dense in any translate

of any subtorus for any n =1,2,3, ....

Theorem 4.3. Let A(x) be of degree at most D and satisfy (2a) and (2b)
from Theorem 4.2. Then there are constants ¢,(N, L, D) and co(N, L, D) such
that
1\ 2(V.L.D)
k(e; L, N,A) <y pp [|A]cOEP) (—> : (4.1.5)
€

where ||A.l||o is the max of the heights' of the entries of A..

'Recall that the height of a polynomial is the maximum of the absolute values of its
coefficients.
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Remark 4.1. Theorem 4.2 would be a mere consequence of Theorem 4.3, if
not for the fact that the subtorus 7 is independent of € in the conclusion of

Theorem 4.2.

The exponents ¢; and ¢y can be given explicitly. We do not try to
find the best possible exponents, since these are not known even in the case
N = L =1, though our values can certainly be improved. Finally, we remark
that it is straightforward to prove a version of Theorem 4.3 in the spirit of [55],
with bounds of the same quality, for dilations of the form A(p)X where p is
prime. Indeed, the proof would proceed exactly the same way, albeit with an
appropriate modification of Lemma 4.2. We leave the details to the interested

reader.

The paper is organized as follows. In Section 4.2 we gather some useful
facts that we need in our proofs, including Alon-Peres’ machinery. In Section
4.3 we prove Theorem 4.2, and in Section 4.4 we prove Theorem 4.3. In Section
4.5 we prove (a variant of) a quantitative version of Theorem 4.1. Finally, in

Section 4.6 we discuss some applications of our results.

Acknowledgements. We would like to thank Professor Noga Alon for a
discussion regarding Proposition 4.1 and Professor Jeffrey Vaaler for helpful

comments during our investigation and during the preparation of this paper.
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4.2 Notation and preliminaries
4.2.1 Notation

Throughout this paper, we will use Vinogradov’s symbols < and >>.
For two quantities A, B, we write A < B, or B > A if there is a positive
constant ¢ such that |A| < ¢B. If the constant ¢ depends on another quantity
t, then we indicate this dependence as A <; B. The numbers N, L, D are
fixed throughout this paper, so dependence on these quantities is implicitly

understood.

Given a vector v, we denote by ||v||o its usual sup norm. Given a
matrix A, let us denote by ||A||. the maximal of the absolute values of its
entries. Finally, for a matrix A(z) = Ag+xA; +-- -+ 2P Ap whose entries are
a polynomials in z, we define ||A |« = max{||A4lw :d=10,1,...,D}. While
we use the same symbol for slightly different objects, the use should be clear

from the context.
For z € R, we denote by ||z|| the distance from x to the nearest integer.
For x = (z1,...,7¢) € R’ let ||x|| = max;—1__¢||z;]|. In other words, |x||
denotes the distance from x to the nearest integer lattice point under || - | -
Throughout the paper, we always identify a point in a torus T* with
its unique representative in [0,1)*. This point of view is important, since it

enables us to define subtori in terms of equations.
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4.2.2 Preliminaries

Let {z1, ...,z } be a set of k distinct numbers in T. Define
hm = #1{(i,7) : 1 <4, <k and m(l'i—mj) €7} (4.2.1)

and H,, = hy + -+ + h,,. The quantities h;, H,, certainly depend on the
sequence {z1, ..., x }, but we always specify the sequence we are working with.
The numbers h,, and H,, appear in several of the arguments in [2] and they
will make an appearance in the proof of our main results. We will need the

following simple estimate:

Proposition 4.1. H,, < km?.

Proof. Observe that for fixed ¢ and m, there are at most m values of j such
that m(x; — z;) € Z. Thus for fixed i, the number of couples (j,m) such that
m(z; —x;) € Z is at most 14---+ M < M?. Summing this up over all i gives

the desired estimate. O]

Remark 4.2. Since we are not concerned with optimal exponents, this estimate
will suffice for our purposes, but we note that it is shown in [2] that the

(essentially sharp) bound H,, <, (mk)'™ holds for any v > 0.

Corollary 4.1. If so,s3,... 1S a sequence of positive integers such that S, =

So+ -+ sy, < Hy and S, < k?, then

Zsbbq/D <p kYD) (4.2.2)
b=2
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Proof. We follow the proof of a similar estimate in [2]. For b > vk use the

bound S, < k2 and if b < vk use S, < Hy, < kb? so we have by summation by

parts
> vk
Zsb<b71/l) _ (b+ 1)*1/D> < kafl/@D) + kZbeil/Dil.
b=2 P
But
vk
Zbl—l/D <5 1-1/(2D)
b=2

[

The following Lemma is a high dimensional analogue of an inequality
used in the several of the results in [2]. It may be regarded as a general

principle which connects the lack of e-denseness to exponential sums.

Proposition 4.2. Let A(1), A(2),... be a sequence of linear transformations
taking TV to T° and assume X = {x1,...,Xx} is a subset of TV of cardinality
k such that A(n)X is not e-dense in T° for any n € Z. Then for any e > 0

there is an integer 0 < M <, e such that

1 ko ok | R

2 .

By D0 D) Jim 53 em (A(T)(Xi - xj)) (4.2.3)

0<[[mloc<M =1 j=1 —

meZ¢

where ey (t) = exp(2mim - t).

Alon-Peres proved the one-dimensional version of Proposition 4.2 using
a classical result of Denjoy and Carleman, and obtained the same inequality

with M < (1/€)log®(1/¢). Their method can be extended in a straightforward
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manner to higher dimensions. As pointed out to us by Vaaler, one could as well
use the machinery developed by Barton-Montgomery-Vaaler [8] to improve this
to M < 1/e. We will follow the latter approach in our proof of Proposition 4.2
since it gives us a cleaner value for M, though this is inconsequential. Indeed,
even in the case N = L = 1, this improved value of M does not lead to any

improvement on Alon-Peres’ bound (4.1.3).

We first recall the following consequence of [8, Corollary 2]:

Lemma 4.1. Let 0 < e < 1/2. Let &,..., &, € RY be such that ||&,|| > € for

anyi=1,...,0. Then we have

DS

meZt
0<[mfloo<[£]

W

Proof of Lemma 4.2. For any r, since A(r)X is not e-dense in T*, there exists
a, € R such that |la, — A(r)x,|| > € for any i = 1,... k. Let M = [£]. By
Lemma 4.1, we have

k
35 2

meZ’
0<|ml|cc <M

> emlon — A(r)x;)

i=1

By Cauchy-Schwarz, we have

k
k* <y M* Z Zem(ar_A(T)Xz)
meZt i=1
0<|lm|loo <M

mezl  i=1 i=1
0<|/m|jec <M
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This is true for any r so by taking the average of the right hand side over

1 <r < R, we have
1 kbR
EEF T D B =D WM CXCIEEES)

Letting R — oo we have the desired inequality. [

We also recall the following classical estimate due to Hua [21, 57]:

Lemma 4.2 (Hua). Suppose f(z) = aqz® + - a1x + ag € Z[z] and q is a

positive integer such that ged(ay, ..., aq,q) = 1. Then

q

3 ezmisn/a

r=1

<y ql—l/d‘

4.3 The infinite version

Of the two implications, the implication (1) = (2) is the more difficult
so let us begin by quickly proving the implication (2) = (1). We will need
the following lemma in the proof of the necessity of (2b). The assertion of the
lemma is that by taking the dot product with a vector v, an e-dense subset of
a torus becomes an é-dense set in T where € is comparable to €, as long as v

is not orthogonal to the original torus.

Lemma 4.3. Let ¢ > 0, b € R, V a proper subspace of RY, v € ZX,v ¢ V*,
and

XcS={b+x+Z":xeV}cT"

If X is e-dense in S, then {v -x+Z :x € X} is L||v||e-dense in T.
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Proof. Let t € T. We want to find a x € X such that v - x is contained in an
interval of length 2L||v||€ in T centered at t. That is we wish to show the

existence of an x € X such that ||v-x —t|| < L||v] €.

Since v € V+ we may write t = v-a for some o € V. And since X is e-
dense in S there exists an x € XNS and a w € ZL such that ||x—a—w||s < e

But since v - w € Z we have
[v-x—t|=[v-x—a-w)[|<|v (x—a—-w)| < Llv[«e

]

Proof of necessity of (2a). Suppose, by way of contradiction, that the columns
of A,(x) are not Q—linearly independent. Then there is a nonzero m € Q¥
such that

A.m=0.

If
X={m/j:j=12..},

then A(n)X = AoX = {x; = Aym/j : j = 1,2, ...} which is not e-dense in a

translate of a subtorus for any sufficiently small € > 0. ]

Proof of necessity of (2b). Suppose that there are vectors v € Z* and w € ZV
such that

v-Agw=0 foreachd=1,....D
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but v-Agw =t # 0. In particularv #0andw # 0. Let X ={w/j:j=1,2,...} C

TN. Note that X is an infinite set. It then follows that

v-An)x; =t/7\ 0 foreachn=1,2,.. (4.3.1)

Suppose for a contradiction that there is a translate of a subtorus S
in TZ such that for any € > 0, there exists n such that A(n)X is dense in a
translate of S. Suppose S is given by S = {b +a+7Zac V} where V'
is a proper subspace of RY and b € R*. Let € > 0 be sufficiently small and
suppose there is a subset Y C X, an integer n such that A(n)Y is e-dense in

S. We have two possibilities:

o If v € V+ then v- A(n)y is a constant (namely v -b) for any y € Y,

which is not true in view of (4.3.1).

o If v ¢ V1, then by Lemma 4.3 we have v- A(n)Y is L||v|se-dense in T.

Again, in view of (4.3.1), this is impossible if € > 0 is sufficiently small.
[

In the remainder of the paper we will say the rank (corank) of A(z) is
the rank of the Z-module generated by the rows (columns) of A(x). First we
describe briefly the ideas of the proof of the implication (2) = (1). Observe
that we can’t expect A(n)X to be e-dense in the whole of T* since there may
be some linear dependencies between the rows of A. If A(n)X fails to be e-

dense in the “natural” subtorus defined by these linear dependencies for every
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n, then we use Proposition 4.2 to conclude that X has structure, in the sense
that it has an infinite intersection with a translate of a subtorus of TV. This
enables us to perform induction on N. Let us now introduce some preparatory

lemmas.

Lemma 4.4. Let A(x) € Mpun(Z[z]) satisfy condition (2b) from Theorem
4.2 and suppose A, (x) is of rank {. Then there exist matrices T € Mp.,(Q),
B(x) € Myx(Z|x]) such that

(1) A(x) = TB(x),
(i) B.(x) has full rank, and

(i11) There is a positive integer q such that qT is integral and ||qT || <o
1A%

Proof. Without loss of generality we may assume the first ¢ rows of A, (z) are
Q-linearly independent. Then there is an L x ¢ matrix T" with entries in Q
such that A, = TB, where B, = B.(x) € Myxn(Z[z]) is the block of the first
¢ rows of A,(z). We claim that condition (b) guarantees that Ay = T'By for
some ¢ X N integral matrix By. First we show ker (T%) C ker (Af).

Suppose v € ker(T"). Then Alv = BLT"v = 0, which implies v-A,w =
0 for any w € QY. But by condition (b) this implies that v - Agw = 0 for each
w € QY which implies A{v = 0. That is, v € ker(A}).

Therefore there exists By € Myxn(Q) such that Ay = T'By. But the

uppermost ¢ x ¢ block of T is the identity. Thus By is none other than the
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uppermost £ X N block of Ay, and consequently B is integral. Upon putting
B = B, + By, we have B is integral and A = T'B.

Let A be the L x DN matrix given by A = [A;--- Ap] and B be the
¢x DN matrix given by B = [By - -+ Bp|. Since Ay = T By foreachd =1, ..., D,
we have A = T'B. B must have rank /¢ since B, (x) does, so there is an invertible
¢ x ¢ minor B’ of B. Let A’ be the corresponding minor of A and observe we
have the equality A/(B')™ = T. Let ¢ = det B’ # 0 and C = ¢ }(B’)~! be

the adjugate of B’. We then have the inequality
19T lloo = ACllos <o 14| lIC o0 < 1 AL]I5

as required. Clearly we may assume ¢ to be positive. O

Our crucial tool is the following consequence of Proposition 4.2. We
regard it as some sort of inverse result since it tells about the structure of X
if dilations of X fail to be e-dense. In this respect our use of Proposition 4.2
is rather different from Alon-Peres. It is perhaps no surprise that our proof of

Proposition 4.3 involves Ramsey’s theorem.

Proposition 4.3. Suppose € > 0, X is an infinite subset of TV, and B(z) €
My n(Z]x)) such that B.(z) has full rank. If B(r)X is not e-dense in T* for
anyr € 7, then there exists a point yo € X, an integer J, and nonzerow € ZN

such that w - (y — yo) = J for infinitely many y € X.

Note that the last equation is an equality in R rather than in T, by our

identification of points in TV with their representatives in [0, 1)".
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Proof. We create a complete graph whose vertex set is X and whose edges
(x,y) are colored w € ZV (0 < [|[W]|oo < M/||B,]|oo) if W+ (x —y) € Z and?
colored w otherwise. By the infinite version of Ramsey’s theorem there exists
an infinite complete monochromatic subgraph whose vertex set is Y C X. We

now would like to show that this graph cannot be w-colored.

Suppose, by way of contradiction, that the graph is w—colored. For

any distinct xy,...,x; in Y and R > 0 we have, by Proposition 4.2:

k k R
1 1
o< S m =) em(Br)(xi — x;))
E£0<||mZoo§Mizl jzlPHOO R ’
meZ*¢
k 1 R D
= - lim — €m rdBd(xZ X ))
ZO<||£§MZZI JZIR%O R ; (% ’
mecZ*¢
k k 1 R D
SIEID SID 5 of E 31 DR
O<|lmlw< im1 j=1 T R—= \o
mecZ*¢
ek L& D
< 7ZZ}£&§26 (Z r'Bim - (x; —xj)> (4.3.2)
i=1 j=1 r=1 d=1

where m is the lattice point which maximizes the last sum. Let d be the
largest index such that Bim # 0. Then d > 0 because B (z) has Q-linearly
independent columns, which implies Bim is not zero for some d = 1,..., D.
For any i # j, since (x;,%;) is w-colored under our coloring and || Bim|| <
M/||B.||o, we have

Bim - (x; —x;) #0 (4.3.3)

2Observe we are allowing multiple colors per edge.

67



Therefore, if 7 # j, the polynomial
Q;;(r) =m - B.(r)(x; — x;) ZrdBém —X;)

has degree d. By Weyl’s equidistribution theorem and Hua’s bound (Lemma

4.2), we have:
R . . . .
. 1 0, if ®,; has at least one irrational coefficient
lim — Ze (®i(r)) = “1/d ~ 3-1/D  ; ’
R—oco R = <pb <b , i (I)ij<x) € Q[$],

where in the second case b = b(i,j) is the least positive integer such that
b(m - B.(z)(x; — x;)) € Z[z].

For each b > 1 we define

Sy = {(i,j) . 1<14,j <k, bisthe smallest positive integer

such that b(m - B, (z)(x; — x;)) € Z[a:}}

Let sy = #S, and S, = s9 + -+ - + 5. Let x; :Bgm-xi forany i =1,... k,
then the z; are distinct in T in view of (4.3.3). We notice that if (i,7) € S,
then b(x; — z;) € Z. Consequently, S, < H, where H, = hy + - - + hy, and hy,
is the quantity defined by (4.2.1) for the sequence xy,...,x;. We also have

the trivial bound S, < k? for any b, since for each couple (i, j) we associate at

most one b. Therefore

k? <p — (k‘—i-ZSbl/D)

Combining this with Corollary 4.1 we have

k? K p g K21/ ED) (4.3.4)

68



which is a contradiction.

Therefore there is an infinite complete monochromatic subgraph whose
color is w for some w € Z" and 0 < ||w| s < M/{||B.||. More specifically
we find that there is an infinite subset Y C X such that w - (y —y') € Z
for any y,y’ € Y. Now fix an element yy € Y. Upon noticing that the map
y — W-(y—yo) has a finite image (since y, yo € [0,1)") and Y is infinite, there

exists an integer J such that w - (y — yo) = J for infinitely many y € Y. O
We are now in a position to finish the proof of Theorem 4.2.

Proof of sufficiency of (2a) and (2b). First we will provide a proof when N =

1 and then proceed by induction on N.

Let X C T be an infinite subset, 0 < ¢ < L be the rank of A,(x), and
B(x) and T be given by Lemma 4.4. We claim that for any e > 0 there is an
integer n such that B(n)X is e-dense in T¢. Assume, by way of contradiction,
that there exists an €y > 0 such that B(n)X is not y-dense in T* for any n € Z.
By Proposition 4.3 there exists an integer m # 0, a point yy € X, an integer .J
such that m(y — yo) = J for infinitely many y € X. This is clearly impossible
(recall that this is an equality in R). Therefore for every ¢ > 0 there exists
an integer n such that B(n)X is e-dense in T*. Let T = Im(T)/Z" where
Im(T) C R is the image of T. Let ¢ be given by Lemma 4.4. Then ¢T is
integral and well-defined when considered as a map from T! to 7. Letting

X/q={x/q:x€[0,1)" and x € X} we find that A(n)X = (¢7)B(n)(X/q).
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Therefore for any € > 0 there exists an integer n such that A(n)X is e-dense
in 7.
Now we assume the theorem holds for each integer up to N —1. Again,

by Lemma 4.4 there exist an L x £ matrix T" with entries in QQ, an ¢ x N matrix

B = B(x) with entries in Z[z], a positive integer such that
A=TB
and the rows of B, are QQ-linearly independent. Define
X/q={x/q:x€[0,1)Y andx € X} .

and 7 = Im(T)/Z", so that ¢T is integral and well-defined as a map from

TN-! to 7. We have two possibilities:

(i) Either for every € > 0 there exists an integer n such that B(n)(X/q) is
e-dense in T¢. This implies that A(n)X = (¢T)B(n)(X/q) is é&-dense in

T C TE, where € < €|[qT |00

(i) Or there exists an ¢y > 0 such that B(n)(X/q) is not ep-dense in T* for

any n € Z .

If we are in the first case, then we are done. We suppose (ii), and rename X/q
as X. Proposition 4.3 tells us that there is a nonzero w € Z" and an infinite
subset Y C X such that y — w -y is constant on Y. We can assume w-y = 0

for each y € Y since this amounts to translating X by a fixed 8 € TV. Let
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the subtorus 7 of TV be defined by T = {t € [0,1)" : w -t = 0}. Then there

is an N x (N — 1) matrix H with full rank and integral entries such that
Im(H)/ZN =T (4.3.5)

Since the mapping t — Ht + Z~ € T is surjective, there is an infinite subset

7  TN=1! guch that HZ =Y.

Let C(z) = A(z)H, then Cis an ¢ x (N —1) matrix. Let us verify that
C satisfies conditions (2a) and (2b). Suppose there is q € QV~! such that
C.q =0. Then A,(x)Hq = 0. Since A satisfies (2a), it follows that Hq = 0.
Since H has a trivial kernel, this implies that q = 0 and C satisfies condition
(2a). To see that C satisfies condition (2b), let vectors v € Qf and w € QV~!
be such that v - C,(z)w = 0 identically. Upon setting w = Hw € QV, we
find that v- A, (z)Ww = 0 is the zero polynomial. Since A(x) satisfies condition

(2b), it follows that 0 = v - Agw =v - AgHw = v - C(0)w.

Let us now invoke the inductive hypothesis for C. It follows that there
is a subtorus 7 such that for every € > 0 there exists n such that C(n)Z is

e-dense in a translate of 7. But A(n)Y = C(n)Z, so we are done. O

Remarks 4.2. It may not be clear from the proof why conditions (2a), (2b)
are the correct ones. At first sight, it would seem that the only conditions we

need in order to make the proof work are the weaker ones:

e T # 0, which is equivalent to A # 0.

o Ker(T") C Ker(Af), which is equivalent to Ker(A%) C Ker(Af).
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But we want to maintain these requirements throughout our inductive pro-
cess. Recall that our matrix A is changed after each step, so keeping these

requirements at each step ultimately leads to conditions (2a) and (2b).

4.4 The finite version

In order to make the proof of Theorem 4.2 effective, we need to keep
track of all the quantities involved when we move from one dimension to the
next. The main obstacle in the proof of Theorem 4.3 is finding an effective
version of Proposition 4.3. One could use the finite version of Ramsey’s theo-
rem, but currently we don’t have a sensible bound for Ramsey numbers which
involve more than two colors. We can get past this, by noticing that the graph
we used in Proposition 4.3 is a very special graph. The following lemma is an

effective form of Proposition 4.3.

Proposition 4.4. Let B(z) € My ny(Z|x]) have full rank and let X = {x1,...,x;} C
TN be a set of k distinct points. If B(n)X is not e-dense in T° for any

n = 1,2, ... then there exists a subset Y C X, yo € X, we Z", and J € Z

such that
w-(y—yo)=J foreachy eV, (4.4.1)
[Wlloo <o |IBullooe™, and (4.4.2)
VAP |BL| L <enp Y] (4.4.3)

Note that again, (4.4.1) is an equality in R.
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Proof. By Proposition 4.2 we have a constant M <, ¢! such that

1
2 d
k* < = g E I%glgo— g e (E r*Bim - (x — y)> (4.4.4)
0<|m|cc<M x€X yeX r=
meZt

where e(t) = exp(2mit) and M <, ¢ 2. By an abuse of notation, let m € Z*
(with 0 < ||ml/.c < M) be the lattice point which maximizes the first sum.

Then

¢
k<, % Z Z w(x,y) (4.4.5)

xeX yeX

where w(x,y) is the weight given by

I%E;e<z r’Bim(x — )>‘

Let d be the largest integer such that Bim # 0, then d > 1 since B, has full

w(x,y) =

rank. We partition X into equivalence classes Ry, ..., Rs, with |R;| = ¢;, where

x~yif Bm-(x—y)€Z.

Define

i5(r) =m-B.(r)(x; —x;) = ) r'Bjm(x —y)

then ® has degree d. We use Weyl’s equidistribution theorem and Hua’s bound

to obtain
1 ifx~y
w(xi,x;) <40V ifx Ly and ;(z) € Qz] (4.4.6)
0 it ®;; has at least one irrational coefficient.

where in the second case b = b(i, ) is the smallest positive integer such that
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Let yi, ...,ys € T be given by y; = Bim - x; for some x; € R;. Then by
the way we define equivalence classes, ¥y, ..., ys are distinct in T. By substi-

tuting the bound (4.4.6) into (4.4.5), we have:

Z Z w(x;, X;)

=1 =1 j=1 x;€R; x;€R,;

S o0
i +c? E spb~ /4
i=1 b=2

IN IN
/~ ~/~
~ g ~IE
~— ~—
~ ~
w

Ko

+
»
»

where

sp = #{(i,j) : 1<i,j<s, bisthe smallest positive integer

such that b®;;(z) € Z[z|}

and ¢ = max{c,...,cs}. Clearly the sequence s, satisfies the conditions of

Corollary 4.1. Upon writing ¢; + - - - + ¢, = k and noticing s < k, we have

¢
£2 < (%) {kc+c232_1/(2D)} sy ¢202].2-1/(2D)

That is,

' k1/AP <y,p C.

Now let Y’ be equal to one of the equivalence classes Ry, ..., R, whose cardi-

nality is ¢, and w = Bfm. Then w-(x—y) € Z for each x,y € Y’. But seeing
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that |w - (x —y)| < N||W||, we are guaranteed the existence of an integer
|J| < N||wl||s and yo € Y’ such that w - (y — yo) = J for at least ¢/N||W||«

elements y of Y. But
[Wlloo <ne [BullooM < [IBilloce™

Combining this with the above we have the existence of a subset Y C Y/ C X
such that

€Z+1/{}1/4D ||B* H;ol <<£,N,D |Y‘

as desired. O]

We also need to estimate the entries of the matrix H introduced in

(4.3.5).

Lemma 4.5. Let w € ZN be nonzero and w+ = {V eRVN :v.-w= 0}. There

exists an (N —1)x N integral matriz H whose image is w* and || H||oo = ||W]|oo-

Proof. Since w = (wy, ..., wy) is nonzero we may assume without loss of gen-

erality that wy # 0. Let
vV, = wye; — wjey.
where (e1,...,ey) is the standard basis of RY. Then v; € w* because
VW =wne; W —wjey W =0.

Clearly vq,...,vy_1 are linearly independent and therefore form a basis for
wt. Letting H be the N x (N — 1) matrix whose columns are vi,...,vy_1

gives the result. ]
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We are now in a position to prove Theorem 4.3.

Proof of Theorem 4.3. Let us proceed by induction.

Base case: Let N = 1 and A(z) be an L x 1 matrix with entries in Z[x],
such that A.(x) has rank ¢, degree at most D, and such that A(z) satisfies
conditions (2a) and (2b) of Theorem 4.2. Let X = {z1,...,xx} be a set of
k distinct points in T such that there does not exist a subtorus 7 such that

A(n)X is not e-dense in a translate of 7 for any n =1,2,....

By Lemma 4.4, there exist an ¢ x N matrix B(z) whose rows are rows
of A(z), an L x ¢ matrix 7" with entries in Q such that B,.(x) has full rank
and A(x) = TB(x). Furthermore, there is a positive integer ¢ such that ¢7" is

integral and [|¢T'[|oo <¢ || A5 Define
X/q={x/q+Z :2€]0,1) and x € X}

then X/q also has cardinality k, and (¢7)B(n)(X/q) = A(n)X is not e-dense
in any translate of 7 = Im(7")/Z*. This implies that B(n)(X/q) is not ¢; dense
in T¢ for any n = 1,2,..., where €; >, ¢/||¢T||. Therefore by Proposition

4.4, there exists a subset Y C X/q, yo € T, integers J and w such that
w(y —yo) =J foreachy eV, (4.4.7)

VAR |BL I <o 1Y, (4.4.8)
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But (4.4.7) cannot happen for more than one value of y (recall that it’s an

equality in R), Combining this with (4.4.8), we have

1\ 4D(+) 1\ 4D(L+1)
k<op [B.J2P (—) < B (—) (4.4.9)

Recall that e; > €/[|qT|| > €||Alf > €| ALl|zL. We also trivially have

IBilloo < ||Ax|loo (since the rows of B are the rows of A by construction) so

1\ 4P(L+1)
) (4.4.10)

b A2 (2

which shows that k(e; L, 1, A) exists and can be bounded by the right hand

side.

Inductive step. Now we assume that for each C € My, (Z[z]) having de-
gree D and that satisfies conditions (2a) and (2b) of Theorem 4.2, there exist

constants ¢i(n, L, D) and cz(n, L, D) such that
1 ca2(n,L,D)
k(e; L,n, C) <n,rp [|[C.l|"P) <Z> : (4.4.11)

forn=1,2,... N — 1.

Let A(x) € Mpyxn(Z]x]) have degree at most D and satisfy conditions
(2a) and (2b) from Theorem 4.2. Suppose that X = {xi,...,xx} is a set of
k distinct points in TV such that there does not exist a subtorus 7 of T
such that A(n)X is e-dense in a translate of 7 for any n = 1,2,.... Suppose
A, (z) has rank £. Again, let B(z) € My (Z[z]), T € Mrx¢(Q) and g € Z be
given by Proposition 4.4, and let X/q = {x/q:x € [0,1)¥ and z € X}. As
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before we see that B(n)(X/q) cannot be € > ¢/||¢T||—dense in T* for any
n = 1,2,.... Therefore by Lemma 4.4 then there exists a subset Y C X/q,

yo € TN, J € Z and a w € Z" such that

w-(y—yo)=J foreachyeY, (4.4.12)
HEVED B, || <o [V, and (4.4.13)
0 < [[Wloo <N [|IBalloctr (4.4.14)

Clearly Y lies in a translate of the torus 7 = {x + ZV : x € [0,1)",x - w = 0} C
TV. By Lemma 4.5, there is a matrix H € Mpyx(v-1)(Z) of rank N — 1 such
that the range of H is w' and || H s = ||[W||oe. H is surjective as a map from
TN=! to T so there is a set Z of cardinality |Z| = |Y| points in TV ! such

that HZ =Y. By the definition of the function k(e; L, N, A), we have that

V| = |Z| < k(er; L,N — 1, AH). (4.4.15)

Note that the degree of AH is at most D, so by the inductive hypothesis

and (4.4.13) we have

(4.4.16)

1\ @(V-1.L.D)
AR BL L < (AR (1)

But
IAH)Jloo <o Aol H oo = [[Asllocl|Wlloo < [|As]locer

and ||By||co < [[As]|oo- Therefore,
1 )cl(N—l,L,D)—i—cz(N—l,L,D)+L+1

R P e
1
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Recalling that e; >n 1, €||qT|| > €] AL, we have

CQ(N,L,D)
E<np |ALJo0ED) (1)

: (4.4.17)

where
es(N, L, D) = 4D<cl(N “1,L,D) + (N —1,L,D) + L + 1)

and

(N, L, D) = Les(N, L, D) + 4D<1 te(N-1,L, D))

This shows that k(e; L, N, A) exists, and establishes a bound of the desired
form for k(e; L,n, A). O

Remark 4.3. As we noted in the introduction, we do not attempt to find the
optimal values of the exponents ¢; and ¢, and the values that we achieve can
be improved. We found in the base step that ¢, (1, L, D) = 4D(L(L + 1) + 1)
and c2(1,L,D) = 4D(L + 1). It is not difficult to show that ¢;(N, L, D) <
(CD)NLN*L and ¢y(N, L, D) < (CDL)N for N, D,L > 1, and C is a positive
constant with C' < 20. It would be interesting to know the true order of
magnitude for the optimal exponents, even for fixed values of N, L, and D.
When N > L and X = XY where X,, is the Farey sequence of order m = 2/,
no dilation nlPX, where P is projection onto the first L components, contains
a point in the cube (0, €)F. But #X = Q(e~2") which implies that the optimal
choice for co(N, L, 1) is at least 2N when N > L. This is how the lower bound

for k is obtained in [9] when N = L = 1 and it is nearly sharp in this case.
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4.5 The High Dimensional Glasner Theorem

In this section we prove a stronger result than Theorem 4.1. The proof
of Theorem 4.1 follows along the same lines of the proof of [2, Proposition
6.1]. Without any extra effort effort, we can add the extra requirement that
the entries of T' be relatively prime. This is reminiscent of Theorem II (i)

though perhaps any resemblance stops here. We have the following:

Theorem 4.4. For any ¢ > 0 and any subset X C TV of cardinality at least
k> e 3N there exists a matriz T € Mpwn(Z) with relatively prime entries

such that TX is e-dense in TF.

We note that the exponents we obtain can be easily improved, but we

opt for cruder bounds for the sake of brevity.

Proof. Let € > 0 and let X C T have cardinality & and let X; C T be
the projection of X onto the j coordinate axis for j = 1,2,...,N. The
projection homomorphism P; is represented by inner product with the vector

(0,...,1,...,0) where the 1 is in the j** entry. Clearly
N
E=#X <[] #X;. (4.5.1)
j=1

Consequently there is a projection X; for which #X; > kY. Let Y be a subset
of X such that its projection on the i** coordinate ¥; C T has cardinality at
least K = [k'"N]. Now if we can find a primitive vector e € Z% such that

aY; is e-dense in TY we are done once setting 7" equal to the composition of
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P; and the homomorphism induced by multiplication by a. We will show that

we can choose a to be of the following form

a=an)=(qgn,en+1,qn,...,qn)
where we choose ¢, = (M + 1)¢~! for n > 1 where M = [L/¢]. Note that « is
primitive since (n,gn + 1) = 1.

Suppose, by way of contradiction, that there is no n for which aY =

a(n)Y is e-dense in T, Then we have by Proposition 4.2

R
1
K<y 3 >3 lim —Ze<m~a(r)(:c—y)>. (4.5.2)
¢ 0<||m||co <M zEY; y€Y; —oo R r=1
mezZl

By abuse of notation, let m be the lattice point which maximizes the first

sum. Then

2 M* “

K< E_LZZ}%E};O_ZG(HI a(r)(r —y)).

zeY; yey; r=1

But
1 & 1 &
Yoo ) = g e (rtee Y
)1 y) Z meqe € Z
=1
0 otherwise.
Hence,

K*<p e 4 {(x,y):z,y € Y;, Qlx —y) € Z}
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L

where () = ngqg. Our choices of ¢y, ...,q; guarantee that () is non-zero.
=1

The right hand side of the above inequality can be trivially be bounded (by

the same reasoning as in Proposition 4.1) by
e HKQ < e KMY < 3K

Recalling K = [k'/N] gives

k <, ¢ 3N

4.6 Concluding Remarks

We conclude with a few remarks concerning our main results. For
example, it is obvious by Theorem 4.1 that if X C TV is an infinite subset
then the union UrTX over all T € My, n(Z) is dense in TZ. Moreover, if X
is invariant under the action of My x(Z), then X is dense in TE. Similarly, a

simple compactness argument implies the following corollary Theorem 4.2.

Corollary 4.2. Let A(x) € Mp«n(Z|x]) satisfy conditions (2a) and (2b) of
Theorem 4.2. If X C TV is an infinite subset, then the closure of U, A(n)X

contains a translate of a subtorus T .

In particular, if X is infinite and X C A(n)X for each n, then the
closure of X contains a translate of a subtorus 7.

It would be interesting to see what kind of generalizations can be
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made of Theorem 4.1. That is, what conditions on an infinite topologi-
cal group G; and a metric group G, guarantee that for any infinite subset
X C Gy, and € > 0, there exists a continuous homomorphism ¢ : G; — G,
such that ¢(X) is e-dense in G357 An interesting special case of this ques-
tion occurs when G is a compact (or locally compact) Abelian group and
Gy = U(1) = {2 € C: |z| =1}, the problem is to find a unitary character ¢
of G; which distributes a prescribed set of points evenly throughout U(1).

One necessary condition on G is that for each € > 0 there must exist
a characters ¢ for which ¢(G) is e-dense in U(1). Even though this condition
is inherently necessary, it cannot be dismissed as a triviality. For instance, if
G1 = F3° with the metric d(z,y) = >".°, mz;lyl', then the group of all (contin-
uous) characters of Gy is F§ = {x = (x1,22...) : x; # 0 for finitely many i}
via z(y) = (—1)*Y for all x € F§,y € F3° (note that the dot product is well
defined). But the image of the whole of G; under any x is the set {—1, 1} and
can’t be e-dense.

As noted in the introduction, Alon and Peres are able to estimate the
discrepancy of dilations of the form nX using the probabilistic method (see
Theorem 1.2 from [2]). It would be interesting to see an analogous result in
higher dimensions.

Baker [6] has proven a quantitative lemma about dilations of the form
nX where X C TV, though his hypotheses and conclusion differ from our

results. His proof makes use of Lemma 4.1 as well.
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Chapter 5

Equivalence Relations on Separated Nets
Arising from Linear Toral Flows

5.1 Introduction

A separated net in R? is a subset Y for which there are 0 < r < R such
that any two distinct points of Y are at least a distance r apart, and any ball
of radius R in R? contains a point of Y. Separated nets are sometimes referred
to as Delone sets. The simplest example of a separated net is a lattice in R?,
and it is natural to inquire to what extent a given separated net resembles a
lattice. To this end we define equivalence relations on separated nets: we say
that Y7, Y, are bi-Lipschitz equivalent, or BL, if there is a bijection f : Y] — Y5

which is bi-Lipschitz, i.e. for some C' > 0,

éum —yll <1/ (@) = FW) < Cllz—y]

for all x,y € Yi; we say they are bounded displacement, or BD, if there is a

bijection f :Y; — Y5 for which

Sup 1f(y) — yll < oo (5.1.1)

finally, we say they are bounded displacement after dilation, or BDD, if there is
a A > 0 such that Y; and A\Y; (the dilation of Y by a factor A) are BD. Clearly
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BD implies BDD, and it is not hard to show that for separated nets, BDD
implies BL. Moreover it follows from the Hall marriage lemma (see Proposition
5.1) that all lattices are in the same BDD (hence BL) class, and in the same
BD class if they have the same covolume. A fundamental result in this context
was the discovery in 1998 (by Burago-Kleiner [13] and McMullen [50]) that
there are separated nets which are not BL to a lattice. In fact their arguments

showed that there are uncountably many BL-inequivalent separated nets.

A simple way to construct separated nets is via an R%-action. Namely,
suppose X is a compact space, equipped with a continuous action of R?. We
denote the action by R x X > (v,z) — v.r € X. Now given x € X and a

subset S C X, we can define the ‘visit set’

def

Y =Ys, = {veR: vae S} (5.1.2)

It is quite easy (see §5.2.2) to impose conditions on S guaranteeing that Y is
a separated net for all z. For example, this will hold if X is a k-dimensional
manifold, S is a Poincaré section (i.e., an embedded submanifold of dimension
k — d everywhere transverse to orbits) and the R%-action is minimal (i.e. all

orbits are dense).

The net Y obviously depends on the dynamical system X chosen. We
will focus on what is perhaps the simplest nontrivial case, labelly when X =
Tk & RE /7ZF is the standard k-torus, and R* acts linearly. That is, denoting

7 : R¥ — T* the standard projection, and letting V = R? be a d-dimensional
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linear subspace of R¥, the action is given by
v.r(x) = 7(v + x). (5.1.3)

In this context we will say that Y is a toral dynamics separated net, with as-
sociated dimensions (d, k). We will say that a section S C T* is linear if it is
the image under 7 of a bounded subset of a (k — d)-dimensional plane trans-
verse to V. We remark that the toral dynamics separated nets are intimately
connected to the well-studied cut-and-project constructions of separated nets.
We briefly discuss this connection in §5.2.3, and refer the reader to [4, 5,52, 65]

for more information.

Note that the separated net Y depends nontrivially on the choices of
the subspace V, the section &, and the orbit V.xz. We will be interested in
typical toral dynamical nets; e.g. this might mean randomly choosing the
acting subspace V' in the relevant Grassmannian variety, and/or the section
S in a finite dimensional set of shapes such as parallelotopes, etc. We remark
(see §5.2.2) that different choices of = do not have a significant effect on the

properties of Y.

The constructions of [13,50] were rather indirect, and left open the
question of whether any of the nets constructed via toral dynamics is equivalent
(in the sense of either BL or BDD) to a lattice. In [14], Burago and Kleiner
addressed this issue, and showed that a typical toral dynamics separated net
with associated dimensions (2,3) is BL to a lattice. We analyze the situations

in arbitrary dimensions (d, k). Our first result shows that being BL to a lattice
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is quite common for toral dynamics nets:

Theorem 5.1. For a.e. d-dimensional subspace V. C R¥, for any x € T*,
and any linear section 8 which is k — d dimensionally open and bounded, and

satisfies dimy; OS < k — d, the corresponding separated net is BL to a lattice.

The assumptions on the section appearing in the statement are ex-
plained in §5.2.2. The notation dim,; signifies the upper Minkowski dimen-
sion, a notion we recall in §5.4. It would be interesting to know whether there

is a toral dynamics separated net which is not BL to a lattice.

Our second result deals with the equivalence relation BDD. Here the

situation is more delicate, and we have the following:

Theorem 5.2. Consider toral dynamics nets with associated dimensions (d, k).

1. If (k+1)/2 < d < k, then for almost every V, any x € T, and linear
section S which is k — d dimensionally open and bounded, and satisfies

dimy; 0S = k—d—1, the coresponding separated net is BDD to a lattice.

2. For any 2 < d < k, for almost every V, for any x € T* and any linear
section S which is a box with sides parallel to k — d of the coordinate

axes, the corresponding net is BDD to a lattice.

3. For almost every linear section S C B which is a parallelotope, there is
a residual set of subspaces V' for which the corresponding net is not BDD

to a lattice.
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Our strategy of proof is inspired by [14, 25, 68]. We use work of Burago-
Kleiner [14] and Laczkovich [43] to relate the notions of BL and BDD to rates
of convergence of some ergodic averages for our toral R%action. This rate of
convergence is studied via harmonic analysis on T*, and leads to the study
of Diophantine properties of the acting subspace V. The connection between
Diophantine properties of V' and rates of convergence of ergodic averages on
T* is standard and well-studied in the literature on discrepancy, see e.g. [28].
However none of the existing results in the literature supplied the estimates
we needed. Before stating our results in this direction, we introduce some

notation.

We will use boldface letters such as v, x to denote vectors in R¥, and
denote their inner product by v - x. Let V = span (vy,...,vy). For T' > 0 we

set
B {Z a;v; : max |a;| < T} . (5.1.4)
The notation |A| denotes the Lebesgue measure of a measurable set A in R¥

or T*. Given U C T*, T > 0 and x € R* we set

NT(U,X)‘Ef/B xu (m(x+1t)) dt.

The reader should note that this notation suppresses the dependence of Ny (U, x)
on the choice of the subspace V' as well as the basis vy, ..., v4. We will denote
by |/m|| the sup-norm of a vector m € R* and say that v is Diophantine if

there are positive constants c, s such that

lm - v| > _ , for all nonzero m € Z". (5.1.5)

[m|l*
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We will say that V' is Diophantine if it contains a Diophantine vector.

By an aligned boz in T* we mean the image, under 7, of a set of the
form [ay,b1] X - -+ X [ag, b] (a box with sides parallel to the coordinate axes),

where b; — a; < 1 for all i (so that 7 is injective on the box).

Theorem 5.3. Suppose V' is Diophantine. Then there are constants C' and

d > 0 such that for any x € R*, any T > 1, and any aligned box U C T,

Nr(U,x) — |U||Br|| < CT*°. (5.1.6)

We remark that under a stronger Diophantine assumption, which still
holds for almost every subspace V', conclusion (5.1.6) can be strengthened,

replacing 797% with (log T)k+24+°. See Proposition 5.10.

Given a basis T = (t1,...,t;) of R¥ we denote

demem( Ir m|> (5.1.7)

and say that vy, ..., v, are strongly Diophantine (with respect to T ) if for any

e > 0 there is C' > 0 such that for any M > 0,

d
1 3
> rrm) ] — < CM®. (5.1.8)
meZF~ {0} i=1 !
[m|| <M

We say that U C T* is a parallelotope aligned with T if there are positive
bi,..., by, and x € R* such that U = ﬂ(ﬁ + x), where

d
ﬁdéf {Z CLiti . VZ, a; € [O,bz]} 9

i=1

and 7 is injective on U +x. Let ei, ..., e be the standard basis for R*.
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Theorem 5.4. Suppose T = (vy,...,Vvy) is a basis for R¥ such that v; €
{e1,...,ex} for eachi=d+1,... k, and vy,...,vq is strongly Diophantine
with respect to T. Then for any 6 > 0 there is C > 0 such that for all x € T*,
and any U which is a parallelotope aligned with T, with sidelengths bounded

above by n, we have

Np(U,x) — |U||Br|| < C(1 +n)*T°. (5.1.9)

As above, we will show in Proposition 5.10 that there is a stronger
Diophantine hypothesis, which still holds for almost every V, under which 7?

in (5.1.9) can be replaced by (log T')*+2d+9,

Justifying the terminology, we will see in §5.7 that a subspace with a
strongly Diophantine basis is Diophantine. We will also see that almost every
choice of V' (respectively T') satisfies the Diophantine properties which are the
hypotheses of Theorem 5.3 (resp., Theorem 5.4). The conclusions of Theorems
5.1 and 5.2 hold for these choices.

Besides the cut-and-project method, another well-studied construction
of a separated net is the substitution system construction, and results analogous
to ours have appeared for separated nets arising via substitution systems in
recent work of Solomon [67, 68] and Aliste-Prieto, Coronel and Gambaudo [1].
Briefly, it was shown in these papers that all substitution system separated
nets are BL to lattices and many but not all are BDD to lattices. A particular

case of interest is the Penrose net obtained by placing one point in each tile
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of the Penrose aperiodic tiling of the plane. As shown by de Bruijn [24], the
Penrose net admits alternate descriptions via both the cut-and-project and
substitution system constructions. Using the latter approach, Solomon [68]

showed that that the Penrose net is BDD to a lattice.

5.1.1 Organization of the paper

In §5.2 we review basic material relating sections for minimal flows and
separated nets, and the relation to cut-and-project constructions. In §5.3 we
state the results of Burago-Kleiner and Laczkovich, and use these to connect
the properties of the separated net to quantitative equidistribution statements
for flows. In §5.4 we discuss Minkowski dimension and show how to approxi-
mate a section by aligned boxes if the Minkowski dimension of the boundary
is strictly smaller than d. The main result of §5.5 is Theorem 5.8, which
provides good approximations to the indicator function of parallelotopes in
T* by trigonometric polynomials. We believe this result will be helpful for
other problems in Diophantine approximation and ergodic theory of linear
toral flows. In §5.6 we deduce an Erdds-Turan type inequality from Theorem
5.8 and apply it to prove Theorems 5.3 and 5.4. In §5.7 we adapt arguments
of W. Schmidt to show that our Diophantine conditions are satisfied almost
surely, and deduce Theorem 5.1 and parts (1) and (2) of Theorem 5.2 in §5.8.
In §5.9 we prove Theorem 5.2(3).
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5.2 Basics
5.2.1 Bounded displacement

We first recall the following well-known facts.

Proposition 5.1. Any two lattices of the same covolume are BD to each other,
and any two lattices are BDD to each other. Moreover, if Y C R? is BDD to
a lattice, and T : RY — R? is a linear isomorphism, then T(Y) is also BDD

to a lattice.

Proof. Suppose L, and L, are lattices of the same covolume A, and define a
bipartite graph GG whose vertices are the points of LiULy, and x1 € L1, x5 € Lo
are joined by an edge if ||x1—x2|| < 11479, where r; is the diameter of a compact
fundamental domain for L;. To verify the conditions of the Hall marriage
lemma [35], let Dy be a fundamental domain for Ly, so that R? = | | . y+ Dy,

and let A C L, with N

# A. Let F denote the set of points in R? which are
within a distance r; from points of A. Then F' contains at least N copies of a
fundamental domain for L; so has volume at least N . Therefore F' intersects
at least N of the sets {y+ Dy : y € Lo}. By the definition of G, if F' intersects
y + Do then y is connected to an element of A by an edge. This implies that

the number of neighbors of A is at least N. By the marriage lemma there is a

perfect matching in (G, which gives our required bijection.

If the covolumes of L, Ly are not the same, first apply a homothety
to one of them to reduce to the previous case. Now suppose L is a lattice in

R% and ¢ : Y — L is a bijection moving points a uniformly bounded amount,
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then T'o ¢ o T7! is a bijection T(Y) — T(L) and it moves points a bounded

amount because 7' is Lipschitz. This proves the second assertion. [

5.2.2 Sections and minimal actions

A standard technique for studying flows was introduced by Poincaré.
Suppose X is a manifold with a flow, i.e. an action of R. Given an embedded
submanifold S transverse to the orbits, we can study the return map to S
along orbits, and in this way reduce the study of the R-action to the study of
a Z-action. We will be interested in a similar construction for the case of an
Ré-action, d > 1. Namely, given a space X equipped with an R%action, we
say that S C X is a good section if there are bounded neighborhoods U, Uy of

0 in R?, such that for any = € X:

(i) there is at most one u € U; such that u.z € S.

(ii) there is at least one u € Uy such that u.z € S.

These conditions immediately imply that the set Y = Y, of visit times
defined in (5.1.2) is a separated net; moreover the parameters r, R appearing
in the definition of a separated net may be taken to be the same for all z € X,

since they depend only on U, Uy respectively.

The action is called minimal if there are no proper invariant closed
subsets of X, or equivalently, if all orbits are dense. The following proposition

shows that good sections always exist for minimal actions on manifolds:
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Proposition 5.2. Suppose X is a compact k-dimensional manifold equipped
with a minimal R%-action, and suppose S C X is the image of an open bounded
O C R¥4 under a smooth injective map which is everywhere transverse to the

orbits and extends to the closure of O. Then S is a good section.

Proof. Since S is transverse to orbits, for every z € S there is a bounded
neighborhood U = U, of identity in R so that for u € U~ {0}, u.x ¢ S. Since
O is bounded, a compactness argument shows that U may be taken to be
independent of x, and we can take U; so that Uy —Uy = {x—y :x,y €U} C U,

which immediately implies (i). Let
o def
S={us:uelseS}.

Then S is open in X. By a standard fact from topological dynamics (see e.g.

[3]), the set of return times
{fueR: uzecS}

is syndetic, i.e. there is a bounded set K such that for any w € R¢, there is
k € K with (w + k).x € S. By minimality this implies that for any z € X
there is k € K such that k.x € S. Taking Us = K — U we obtain (ii). O

If X is not minimal, there will be some x and S for which Y is not

syndetic. However good sections exist for any action:

Proposition 5.3. For any action of R? on a compact manifold, there are good

sections.
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Proof. Fix a bounded symmetric neighborhood ¢/ of 0 in R?. We can assume
that U is sufficiently small, so that for each x € X there is an embedded

submanifold S, of dimension k — d such that the map
UxS, — X, (u,z) = ux

is a diffeomorphism onto a neighborhood O, of z. By compactness we can
choose y,...,x, so that the sets O; = O, are a cover of X. By a small
perturbation we can ensure that the closures of the §; = &, are disjoint. Let
S =, Sj, then it is clear by construction that (ii) holds for #; = U. Since

the S; are disjoint, a compactness argument shows (i). O

The following will be useful when we want to go from a section to a

smaller one.

Proposition 5.4. Suppose S is a section for an R? action on a space X, x €
X, and S = |J;_, S; is a partition into subsets. Suppose that fori=1,...,r,
each Y;déf Ys, » is BD to a fized lattice L. Then Ys, is BDD to a lattice.

Proof. Clearly Ys, = ||} Y, and by assumption, for each i there is a bijection
fi Y, = L moving points a bounded distance. Let L be a lattice containing
L as a subgroup of index r and let vy, ..., v, be coset representatives for L /L.

Then

fly) = fily) +v; foryey;

is the required bijection between Y and L. O
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Proposition 5.5. Suppose Si, B are two good sections for an R¥-action on a
space X . Let Uy, Us, Uy, U be the corresponding sets as in (i) and (ii), for S

and B respectively, and assume that
Uy — Uy C U. (5.2.1)

Then there is Sy C B, a good section for the action, such that for each v € X,

the nets Y; = Ys, » as in (5.1.2) (i = 1,2) are BD to each other.

Proof. For each z € X, let u, € Uj be such that u,.x € B. Let Sy det {ug.x :

x € &1 }. First note that S, is a good section: U C oty + {uy : © € 51} satisfies
(ii) for Ss. Since U] satisfies (i) for B, it also satisfies (i) for S,.

Let Y; = Ys,, (1 = 1,2). It remains to show that the Y; are BD. For
each u € Y} we have z = u.x € & so that F(u).x € Sy, where F(u) = u + u,
and u, € Uj. Clearly F' moves all points a bounded distance, and maps Y; to
Y3. We need to show that it is a bijection. If v’ € Y5 then v'.x = s5 € Ss,
which implies that there is s; € &; with so = ug,.s1. This implies that s; =
(W' — us,).x so that u' — us, € Y] satisfies F(u' — ug,) = v/ — ug, + us, = '

Thus F' is surjective. Now suppose uq, us € Y7 such that
u + uy = F(uy) = F(ug) = ug + uyy,

where z; = u;x € §;. Then by (5.2.1), ug —uy = u,, —u,, € Uy, so by (i) with

r = s1, we conclude that us = u;. O
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The nets Ys , depend on the choice of x and S. As Theorem 5.2 shows,
different choices of § will lead to very different separated nets. However, as the

following result shows, for much of our discussion the choice of x is immaterial.

Proposition 5.6. Suppose X is a minimal dynamical system and S is a good
section which is (k — d)-dimensionally open. If there is xo € X for which the
separated net Ys », is BD (resp. BDD, BL) to a lattice, then for every x € X,

the net Ys . is also BD (resp. BDD, BL) to a lattice.

Proof. We will prove the statement for the case of the BD equivalence relation,

leaving the other cases to the reader.

Write Yodéf Ys 4, and y &f Ys.. Let £ C R? be a lattice and let f :

Yy — L be a bijection satisfying

def
K= suplly — f(y)]l < cc.
yeyY

Let Q be a compact fundamental domain for the action of £ on RY, that is
for each 2 € R there are unique ¢ = ¢(z) € £, w = w(z) € Q with z = + w.
Let z € X and let u, € R? such that u,.zo — . Using the continuity of the
action on X, and the assumption that S is (k — d)-dimensionally open, it is
easy to see that the translated nets Y, — w, converge to Y in the following
sense. Let B(x,T) denote the Euclidean open ball of radius T" around z. For
any 1" > 0 for which there is no element of Y of norm 7', and any € > 0 there
is ng such that for any n > ng, there is a bijection between B(0,7) N'Y and

B(0,7) N (Yo — u,) moving points at most a distance .

97



Now for each k we take n = n(k) large enough so that for each y €
B(0,k) NY, there is x = x(y) € Yy — u, with ||y — z|| < 1. Define fy :
B(0,k)NY — L by

fe(y) = f(z(y) +un) — (un).

Then for each k > ko > 0, and each y € B(0,k)NY,

ly = fe@I < lly — 2 + [l2(y) + wn — f(2(y) + wa)[| + [Jtn — £(un)]|
<1+ K + diam(Q);
that is, points in B(0, ko) N'Y are moved a uniformly bounded distance by
the maps fr, k > ko. In particular the set of possible values of the maps
fr(y), k > ko is finite. Thus by a diagonalization procedure we may choose
a subset of the fy so that for each y € Y, fr(y) is eventually constant. We

denote this constant by f (y). Now it is easy to check that f is a bijection
satisfying (5.1.1). O

We now specialize to linear actions on tori. It is known that a linear
action of a d-dimensional subspace V' C R¥ on T* as in (5.1.3) is minimal if and
only if V' is totally irrational, i.e., not contained in a proper Q-linear subspace
of R¥. Suppose V is totally irrational and of dimension d, so that the action
of V on T* is minimal. Note that when using this action to define separated
nets via (5.1.2), one needs to fix an identification of V with R%; however, in
light of Proposition 5.1, for the questions we will be considering, this choice

will be immaterial.
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Let W be a subspace of dimension k& — d, such that R* = V @ W.
For any bounded open subset B’ in W, such that 7|z is injective, Bdﬁfw(B’)
is a good section, in view of Proposition 5.2. We do not assume that W is
totally irrational, so that m need not be globally injective on WW. We remind

the reader that such sections will be called linear sections.

When discussing sections, there is no loss of generality in considering

linear sections:

Corollary 5.1. Let V and W be as above, and assume W is totally irrational.
Then for any section S for the linear action of V on TF, there is a linear section

S c (W) such that for any x € T%, Ys, and Ys, are BDD.

Proof. Since W also acts minimally, for any € > 0, there is a sufficiently large
ball B’ € W such that B = 7(B’) is e-dense in T*. That is, we can make
the neighborhood U, appearing in (ii) as small as we wish. Thus, given any
section S for the action of V', we can make B’ large enough so that (5.2.1)

holds. So the claim follows from Proposition 5.5. [

When we say that the section S is k — d dimensionally open, bounded,
is a parallelotope, etc., we mean that S = 7(S’) where 8" C W has the corre-

sponding properties as a subset of W = RF~4,

5.2.3 Cut and project nets

Fix a direct sum decomposition R* = V @& W into V = R¢, W = R4—F,

Let my : R¥ — V and 7y : RF — W be the projections associated with this
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direct sum decomposition. Suppose L C RF is a lattice, and K C W is a
non-empty bounded open set. The cut-and-project construction associated to

this data is
N =N xvwE{zeV:3ye Ly =z mwy) € K}.

The set A is always a separated net in V = R? and under suitable assump-
tions, is aperiodic (e.g. is not a finite union of lattices). This is a particular
case of a family of more general constructions involving locally compact abelian

groups. We refer to [4,5,65] for more details.

Unsurprisingly, the construction above may be seen as a toral dynamics
separated net. Since we will not be using it, we leave the proof of the following

to the reader:

Proposition 5.7. Given L, R¥ = V & W and K C W as above, there is a
linear subspace V' C R¥, a section S C T*, and x € T*, such that NLK,V’W =

Ys.., where Ys, is as in (5.1.2) for the action (5.1.3).

5.3 Results of Burago-Kleiner and Laczkovich, and their
dynamical interpretation

Let Y be a separated net. The question of whether Y is BL or BDD
to a lattice is related to the number of points of Y in large sets in R%. More

precisely, fix a positive number A, which should be thought of as the asymptotic
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density of Y, and for £ C RY, define
discy (E,\) € |#Y N E — \E||,

where |E| denotes the d-dimensional Lebesgue measure of E (‘disc’ stands for
discrepancy). If Y is a lattice, and E is sufficiently regular (e.g. a large ball),
then one has precise estimates showing that discy (£, \) is small, relative to
the measure of F. In this section we present some results which show that for
arbitrary Y, bounds on discy (E, A) are sufficient to ensure that Y is BL or

BDD to a lattice.

For each p € N and A > 0, let

Dy(p. 1) sup =)

where the supremum is taken over all cubes B C R? of the form

B =laip, (a1 + 1)p] X -+ X [agp, (ag + 1)p], with ay,...,aq € Z.
Theorem 5.5 (Burago-Kleiner). If there is A\ > 0 for which

> Dy (2°,)) < 0 (5.3.1)
P

then'Y is BL to a lattice.

Proof. The theorem was proved in case d = 2 in [14], and in [1] for general

d. ]

Using this we state a dynamical sufficient condition guaranteeing that

a dynamical separated net is BL to a lattice. We will denote the Lebesgue
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measure of B C R? by | B| and write the Lebesgue measure element as dt. Let
Vi,..., Vg be a basis of R? and define By via (5.1.4). Note that |Br| = CT?

for some C' > 0. For W C X and = € X, denote

NT(I/V,I')déf/ xw(t.z) dt,
Br

where yyw is the indicator function of W. The asymptotic behavior of such
Birkhoff integrals as T — oo is a well-studied topic in ergodic theory. The
action of R% on X is said to be uniquely ergodic if there is a measure p on X

such that for any continuous function f on X, and any x € X,

fleyde—|Bal | fdu' — of|Ba).

Br
We now show that a related quantitative estimate implies that certain dynam-

ical nets are BL to a lattice.

Corollary 5.2. Suppose R? acts on X and S is a good section for the action.
Let U, be a neighborhood of identity in RY satisfying (i) of §5.2.2, and let

Wdﬁf{u.x:ueul,xES}CX. (5.3.2)
Suppose there are positive constants a,C, 6 such that for allx € X and T > 1,
Np(W,z) — a|Bp|| < C T, (5.3.3)

Then for any x € X, the net Ys . as in (5.1.2) is BL to a lattice.

Proof. Let x € X, Y =Ys, and let B =2+ Br C R9, i.e. B is a cube of side

length 27, with sides parallel to the coordinate hyperplanes, and center at z'.
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We want to bound # Y N B in terms of Np(W,2"). Let r denote the diameter
of Uy, and let b = |Uy]. If y € Y N B then y.ox € S and hence (y + u).x € W

for any u € U;. This implies that
Nrow(W,z) > (#Y N B)b.

Similarly, if xw (y.xz) = 1 then there is ¢’ € Y with ||y’ —y|| < r, which implies
that
Ny_(W,z) < (#Y N B)b.

Applying (5.3.3) we find that

C

a _ a C
g’BT—r\ - g(T—T)d "<#YNB< E|BT+r’ +

?<T + T)d_é.
So for any ¢’ < 0 there is Ty such that for T > T, setting A = a/b gives
diSCy(BT, /\) S Td_dl.

Since |By| = ¢TI for some ¢ > 0, we find that Dy (T, ) = O(T~%). From this
(5.3.1) follows. O

We now turn to analogous results for the relation BDD. Our results in
this regard rely on work of Laczkovich. We first introduce some notation. For
a measurable B C R?, we denote by |B| the Lebesgue measure of B, by 0 B
the boundary of B, and by |0 Bls_1 the (d — 1)-dimensional volume of 0 B.

By a unit cube (respectively, dyadic cube) we mean a cube of the form
[al,bl) X+ X [ak, bk),
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where for i = 1,..., k we have a; € Z and b; — a; = 1 (respectively, b; —a; = 27

for a non-negative integer j independent of 7).

Theorem 5.6 ([43], Theorem 1.1). For a separated net Y C R, and A > 0,

the following are equivalent:

1. Y is BD to a lattice of covolume \7*.
2. There is ¢ > 0 such that for every finite union of unit cubes C C R¢,

diSCy(C, )\) S C |8C\d_1.

3. There is ¢ > 0 such that for any measurable A,
discy (A,\) < ¢ |(0 A)(1)| ,

where (0 A)Y) denotes the set of points at distance 1 from the boundary
of A.

When applying this result, another result of Laczkovich is very useful.
For sets C,Q1,...,Q,, we say that C € S(Q1,...,Q,) if C can be presented
using @1, ..., Q, and the operations of disjoint union and set difference, with

each (); appearing at most once. Then we have:

Theorem 5.7 ([43], Theorem 1.3). There is a constant k, depending only on
d, such that if C is a finite union of unit cubes in R?, then there are dyadic
cubes Q1,...,Qn, such that C € S(Q1,...,Q,) and for each j,

0C|4 s

-0, i J
# {i : Q; has sidelength 2’} < k ST

(5.3.4)
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Corollary 5.3. Suppose R? acts on X and S is a good section for the action.
Let Uy be a neighborhood of identity in R? satisfying (i) of §5.2.2, and let W
be as in (5.3.2). Suppose there are positive constants a,C,d such that for all

reXandT > 1,
Np(W,z) — a|Brp|| < C T4 170, (5.3.5)
Then for any x € X, the net Ys, as in (5.1.2) is BDD to a lattice.

Proof. Let b = |U;| and let A = a/b. We verify condition (2) of Theorem 5.6.
Arguing as in the proof of Corollary 5.2, we deduce from (5.3.5) that there are
0 < ¢ <4, Ty and C’ such that for every cube @ of sidelength 7' > T in R,

discy (@, \) < C' T4 17, (5.3.6)

By enlarging C” we can assume (5.3.6) holds for every 7' > 1. Given a finite
union of unit cubes C, let @)y, ...,Q, be as in Theorem 5.7. Then we have:
discy (C,A) <)~ discy (@i, A)

i=1
(5.3.4),(5.3.6)

/ |3C|d_1 j(d—1—6")
C’iz 27 (d—1) 2

J
C'k
< —0Cl4—
> 1_2_5/| |d 1,

as required. O
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5.4 Minkowski dimension and approximation

Let A C R* be bounded and let r > 0. We denote by N(A,r) the

minimal number of balls of radius r needed to cover A, and

o log N (A,
dim,; A M im sup M.
r—0 —logr

Equivalently (see e.g. [30, Chap. 3]), for 7 > 0 let B be the collection of boxes
[a1, a1 + 7] X -+ X [ag, ar + ] where the a; are integer multiples of r, and let

S(A,r) denote the number of elements of B which intersect A. Then

1 A
dim;; A = lim sup AT 5 ’T).
r—0 —logr

From Theorem 5.3 we derive:

Corollary 5.4. Let vy,...,vy € R* be such that span (vy,...,vq) is Diophan-
tine, and suppose U is a bounded closed set in T*, such that dimy; OU < k.
Then there are constants C and & > 0 such that for any x € R* and any
T>1,

‘NT(U, x) — |U||BT|’ < o1,

Proof (assuming Theorem 5.3). Let K be a positive integer and for each m €
ZF let

o= [

Define A;, Ay C R¥ by

my my+ 1
K K )

A = U C(m) and A; = U C(m).

mezF mcZF
C(m)cU C(m)NU#D
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Clearly Np(Ap,x) < Np(U,x) < Nr(As,x), so that
‘NT(U, x) — |U||BT]’ < max ’NT(Ai,x) - ]U|]BT|‘. (5.4.1)
Now by the triangle inequality
‘NT(Al,x) _ \UHBT]‘ < ‘NT(Al,x) _ \Al\\BT]‘ + |BT]‘|A1| _ |U|‘. (5.4.2)

The number of m € Z* with C(m) C U is bounded above by a constant times

MP* so applying Theorem 5.3 to each of the aligned boxes C'(m) gives
NT(Al,X) — |A1||BT| S Cle_éoKk,

where ¢; and dp are positive constants that are independent of K. Now our
hypothesis on the dimension of the boundary guarantees that there is an ¢ > 0
such that the number of m € Z* for which C(m) intersects U is bounded
above by a constant times K*=¢. Each of these boxes has volume K% and

thus we have that

kas

= S0 TUK ¢,

Brl||Ai] = U]| < 2| B

with 0 < ¢y < ¢3 independent of K. Now we return to (5.4.2) and set K =

| T%/(++4) | to obtain the bound
Nr(A1,x) = |U||Br|| < aT"0K* + esTK ™ < (cq + ¢3)T% 00/ 049),

Setting C'=c¢; +¢3, 0 =

? f and applying the same argument to A, finishes
€
the proof via (5.4.1). O
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We now give a similar argument for bounded displacement.

Corollary 5.5. Suppose d > (k+1)/2 and T = (vi,...,Vg) is a basis of
R¥ satisfying the conditions of Theorem 5.4. Let S be a good section lying in
a translate of span(vyi1,...,Vy), which is closed in this affine subspace, and
satisfies dimy; OS = k —d — 1. Then we can choose U satisfying (i) of §5.2.2
so that, for the set W defined as in (5.3.2), there are constants C' and 6 > 0

such that for any x € R¥ and any T > 1,

Np(W,x) — |W||Br|| < CT 1.

Proof (assuming Theorem 5.4). Much of this proof is analogous to the previ-
ous one, so to simplify the exposition we omit some of the notational details.
We begin by covering the set S by (k — d)-dimensional boxes which are trans-
lates of aligned boxes in span(vy.y,...,vy) of sidelength n = 1/K, K > 1,.
As before we construct disjoint unions A;, Ay of such boxes with the property

that Ay C § C A,, and we have that
Nir(W.x) = [WI|Brl| < ma | Nn(4L,%) = W1 Byl ,
with
A s uelh, ze A

We choose U; to be any parallelotope in R? which satisfies (i) of §5.2.2, and
which has sides parallel to vy,...,v,. This is clearly possible since we can
always replace our original choice of this set by any sub-neighborhood of the

origin. With this choice of U; our sets A’ are unions of parallelotopes aligned
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with 7, with a uniform bound on their sidelengths. That is, parallelotopes to
which Theorem 5.4 applies. The number of parallelotopes in A} is bounded
above by a constant times K*~% so Theorem 5.4 tells us that for any d, > 0

there is a ¢; > 0 (which is independent of K) for which
Np(A5, %) = A1 Brl| < e TR

Our hypothesis that dimy; 0S = k — d — 1 leads to the inequality

Kk:—d—l CgTd
Kk—d - K )

(Bl 4] = W) < ez B

and using the triangle inequality as in (5.4.2) we have that

C3 Td

[Nr(AL, %) = W[ Bal| < e TR 2

Now using the hypothesis that d > (k+1)/2, we may assume that Jy has been
chosen small enough so that there is a § > §y with (1+6)(k—d) < (d—1—20).
Then setting K = | T | we have that

Np (A}, x) — [W||Bp|| < e,T41°,

Since the same analysis holds for A}, the proof is complete. ]

5.5 Trigonometric polynomials approximating aligned
parallelotopes

The proofs of Theorems 5.3 and 5.4 proceed with two major steps.
The first step to prove an Erdés-Turan type inequality for Birkhoff integrals,

and the second is to use Diophantine properties of the acting subspace to
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produce a further estimate on the error terms coming from the Erdds-Turan
type inequality. Our goal in this section is to build up the necessary machinery

to complete the first step.

Our approach to proving the Erdos-Turan type inequality requires ap-
proximations of the indicator function of an aligned parallelotope by trigono-
metric polynomials which majorize and minorize it. To obtain the quality of
estimates that we need, we require the trigonometric polynomials to be close
to the indicator function of the parallelotope in L'-norm and to have suitably
fast decay in their Fourier coefficients. The following theorem is the main

result of this section, the Fourier analysis notation will be explained shortly.

Theorem 5.8. Suppose that T = (ti,...,t;) is a basis for R¥ and that L is
the linear isomorphism mapping e; to t;. Suppose U C RF is a parallelotope,

aligned with T, given by U = LB for a box

k
B = [ [[~b:. 0]
(=1

such that w|y is injective. Let X3, : T¥ — R denote the indicator function of
7(U). Then for each M € N there are trigonometric polynomials oy (x) and
Yy (x) whose Fourier coefficients are supported in {m € Z* : |L'm| < M},

where L' denotes the transpose of L, and

pu(x) < xp(x) < Yu(x) (5.5.1)
for each x € T*. Moreover, there exists a constant C > 0, depending only on

k, such that

CH—1| det L|

max{wy — $u(0),dy(0) — yUy} < (5.5.2)
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and the Fourier coefficients of oy (x) and ¥y (x) satisfy

~

max {@U(m),wU(m)} < k2M+1(1 + 2b)F| det L|ry(m) (5.5.3)

for all nonzero m € Z*, where ry(m) is defined by (5.1.7) and b = m?x{bg}.

We note that some form of this result is alluded to in [37, Proof of
Theorem 5.25], and since we could not find a suitable reference we will give
the full details here. There are, however, known constructions which han-
dle the case when U is rectangular [8,22,28,36]. Our proof requires the well
known construction of Selberg regarding extremal approximations of the indi-
cator functions of intervals by integrable functions with compactly supported
Fourier transforms, which we will recall below. To move to several variables
we bootstrap from the single variable theory using another construction due to
Selberg, who never published his results. A similar construction can be found
in [22, 36].

Let e(x) o exp(2miz). We will use the same notation for the Fourier
transform of a function F' € L'(R") and for a function f : RY — R which is

periodic with respect to Z". That is

Ft) /RN F(x)e(—t-x)dx, t e RY; f(m)%¥ /[WV f(8)e(—m-0) d, m € Z~.

The reader should have no difficulty disambiguating these two uses.

If I C R is an interval, let x(¢) = x;(t) be its characteristic function.

The following lemma is due to Selberg.
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Lemma 5.5.1. For each positive integer M there exist integrable functions

Cr,cr : R — R such that

L. oer(t) < x(t) < Cy(t) for each t € R;

2. Cr(&) = ¢1(§) = 0 whenever €| > M,

1
1Cr = xllo®) = [Ix —crllow) = 77 And (5.5.4)

. 2
mo {|Cx©)] fr(@) } < min {14111 2
for each £ € R.
Proof. We will only verify the estimates on the Fourier coefficients appearing

in (4) above. The other properties are well known and can be found in [72] or

in [64]. From (5.5.4) we have

. ) 1
sup |C1(€) = %(©)| < 1Cr = Xl = 77
£€R
In particular for any fixed £ we have
) ) 1
Ci()] < Ik©)l + - (5.5.5)

For any 1 < || < M we have |x(£)] = |sin(m&|I|)/m€] < |m€]~, hence

2

RO+ 37 < el + €7 <
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therefore

]@@ﬂgéTbr1<M<A[

Recall that C;(€) = 0 if |¢€| > M so it remains to show |C;(€)| < 1+ |I] when
|€] < 1. But by (5.5.5) we have
sin(r¢] 1)

s

C1(&)] < sup

l€l<1

1
— < |I|+1.
‘+ 2 S 1] +
This concludes the proof for Cr, and the proof for ¢ is nearly identical. [

5.5.1 Majorizing and minorizing a rectangle in R*

From here on out we will use the notation C;(z) = Ci_s,s,(z). For

any M € N the indicator function yg of B C R” is clearly majorized by the

function
o
de
Gp(x)= [ Ciay). (5.5.6)
j=1
Minorizing y g requires a little more effort. For i = 1,2,... k define

k

.\ def
Lp(x;1) = ci(a) [ [Ci(x;),
j=1
J#i

and then set

We claim that

g5(x) < xB(x) for every x € R¥. (5.5.7)
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To establish this we use the following elementary inequality, which can be

proved by induction on k:

k k k
Forany B > 1,....60 21, Y [[8<1+Gk-D]]8; (5.5.8)
j=1

i=1 j=1
J#i

To verify the inequality (5.5.7), first suppose that x ¢ B. Then there
isan 1 <1 <k with |2;] > b;. Since Lp(x;i) < 0 and Lp(x;7) < Gp(x) for
all j # i, we have that

k
> Lp(x;4) < (k- 1)Gp(x),
i=1
which implies gp(x) < 0. On the other hand if x € B then we have that
¢j(z;) <1< Cjla;).

Then by (5.5.8) we have that

ZLB(X;Z') < Y TICi=) <1+ (k- 1)Gs(x),

i=1 j=1
J#i

and this together with the definition of gp establishes (5.5.7).

5.5.2 Proof of Theorem 5.8

Define

Gy (x) <

Gpo L7 (x) and Fy(x) o L7(x).
The results of §5.5.1 show that

Fu(x) < xv(x) < Yy(x) for all x € R¥
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For the majorants and minorants of xi, define
def def
pr(x)E Y Fylx+m) and Pp(x)= Y Gr(x+m).
mEZk meZk
These functions are Z* invariant, so we can view them as functions on T*, and

since 7|y is injective we have
o (x) < x5 (x) < Yp(x) forall x € T (5.5.9)

To determine the Fourier transform of ¢4 and .%;, observe that if f : R¥ — C

is an integrable function then f o L~! is also integrable and
foL-1(€) = | det L|f(L'€). (5.5.10)

Since Gp(€) = 0 and §p(€) = 0 when ||£| > M, both .Zy and % are sup-
ported on {& € R¥ : |L!€¢| < M}. Thus, by the Poisson summation formula
and a classical theorem of Pélya and Plancherel [58], we have the following

pointwise identities

Yux)= Y Gy(m)e(m-x) (5.5.11)
i
and
pu(x)= Y Fy(m)e(m-x). (5.5.12)
[Lfm| <M

We will need the following formulas for the Fourier coefficients of vy and ¢y :

k
Yu(m) = |det L| [ ] Ci(t; - m) (5.5.13)
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and

¢u(m) = |det L| | —(k —1) H@(ti .m) + Zéi(ti -m)[[C;(t; - m)

(5.5.14)
To see (5.5.13), first observe that ¢y (m) = %, (m) then by (5.5.10) and basic
properties of the Fourier transform we have that
Gy(m) =GpoL '(m) = |detL|Gp(L'm)
k
= |det L| [ [ Ci(t; - m).

i=1

The proof of (5.5.14) is similar. By (5.5.4) we see that

. 1 1
Now by using (5.5.13) and (5.5.14), together with (5.5.15) we find that
k
Yu(0) = |det LI T (2b; + M7
i=1
and
k k k
pu(0) = |detL| | —(k—1)JJ(@bi+M ")+ (2, — H 2b; + M
oy

= 25y - by| det L] + | det L|O(b*1/M).

The bounds (5.5.2) follow upon recalling that |U| = 2¥b; - - - by| det L|. For the
other Fourier coefficients we use (4) from Lemma 5.5.1 to obtain the inequal-

ities

[ (m)| =

1
Ci(t; m‘<2k(1—|—2b)|detL|Hmm{ —}

"t - m]|
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and

k k k

[n(m)] < |det L| | |(k—1) [ Calti-m)| + > |é;(t; - m)[[Ci(t; - m)
i=1 j=1 i=1
i#]

k
1
< 2°(2k — 1)(1 + 2b)*| det L| ] [ min {1, ﬁ} .
i - 1m
i=1
Combining these estimates with (5.5.9), (5.5.11), and (5.5.12) finishes our

proof. ]

5.6 An Erdos-Turan type inequality for Birkhoff inte-
grals

From Theorem 5.8 we deduce:

Theorem 5.9. For any positive integer k > 2 there is a constant C' > 0
such that the following holds. Suppose that d < k is a positive integer and that
V C R¥ is a subspace of dimension d spanned by {v.,...,vq}. Let L : R¥ — R*
be an affine isomorphism such that w is injective on the parallelotope U = LB
where B and b are as in Theorem 5.8. Let T denote the basis L(e;),i =
1,...,k, where L is the linear part of L. Then for any M € N and x € R* we

have

B
Nr(U,x) — |U||Br|| < C(1 + 2b)*| det L] %+ S rr(m)

mezZr~ {0}
| L) <M

/BTe(m-s) ds

(5.6.1)
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Proof. 1f E(y) = L(y) + yo, we may replace x with x — yo to assume that
L = L, so that Theorem 5.8 applies. For M > 1 we have from Theorem 5.8

C'vF=1|det L -
B U] < i) - 0] < ST S fm)e(m ),

meZF~ {0}
[L*m| <M

(5.6.2)
for some constant C’ which depends only on k. By integrating both sides of

(5.6.2) over By — x we find that

C'vF=1det L| |B
[det L | B|

Nr(U,x) — |U||Br| < i /B Z L@U(m)e(m - 8)ds

T mezZ+~{0}
1Lt ml|<M
C'v*|det L| |B "
< |det L[ | Br| 3 wU(m)"/ e(m - s) ds
M - By
mezZc~{0}
It <M
(5.5.3) B
< C(1+2b)¥|det L| |—MT’+ > rT(m)-/ e(m-s)ds| |,
mezZr~ {0} Br
IZtml| <M

where C' < max(C’, k2¥72). For a lower bound on N7 (U,x) — |U||Br| we use

o (x) < xG(x) in a similar way. O

Specializing to aligned boxes we obtain a generalization of the Erdds-

Turan inequality.

Corollary 5.6. Let the notation be as in Theorem 5.3. Suppose U C RF is an

aligned box. Then there is a positive constant C' (depending only on k) such
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that for any M € N and x € R* we have that

Br
No(w) - Bel[ <0 [P S )

mezZF~{0}
([l <M

/BTe(m-t)dt’ ,

(5.6.3)

where
b 1
r(m) = ] min (1, ﬁ) . (5.6.4)
m;
=1

Proof. In this case L is the identity matrix, so that B=U and b < 1/2. [

We will need the following estimate for the integrals appearing on the

right-hand-side of (5.6.1):

Proposition 5.8. There is a constant C' (depending only on d,k and the

choice of Lebesgue measure on V') such that

/BTe(m-s) ds

Proof. For a constant C; depending on the choice of Lebesgue measure on V,

lm - v;|

d
1
<c]] (5.6.5)
i=1

we have:

[ ettm v as

T sin(2r(m - v;)T)|
mlm - vy

/BTe<m-s>ds -

=1
d

Cy 1
<277 —.
- E lm - v
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Proof of Theorem 5.3. Let v be a Diophantine vector in the subspace spanned
by vi,...,vg, and write v = Z'j:l x;vi. Fix ¢,s as in (5.1.5), and let s' > s.
If m € Z* satisfies

!/
max [m - v;| < ||m]~*
1<i<d

then, for all but finitely many m,
d

m - v| < (ZI@I) |7 < ¢flm]*.
i=1

Thus for some ¢; > 0 we have

max |m - v;| > ¢||m|| =% for all m € Z*. (5.6.6)
1<i<d

We will apply Corollary 5.6 with

1

d
M = LTJ, Wherecszm.

(5.6.7)

Assume that the maximum in (5.6.6) is attained for i = 1. It follows

that for some ¢y, c3,co > 0,

/BTe(m-t)dt':@

[y (me (Zev)

d T
= [1| [ etomvor ai

i=1 1/ =T
< ¢, BCTm V)T o

7jm - vy
d-1  (5.6.6),(5.6.7) ,

<c3 d ey T2,

\m . Vl‘
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Therefore

Y r(m)

0<|[m[|<M

/ e(m - t) dt’ <IN r(m)
Br 0<||m||<M
(5.6.7)

It is clear that the constants c5, 0 do not depend on U or x. Thus the theorem

follows from Corollary 5.6. [

Remark 5.1. The proof shows that if V' is Diophantine with corresponding

d+1
d+s+1°

constant s, then ¢ can be taken to be any number smaller than

Proof of Theorem 5.4. For a fixed §, let ¢ = §/d and let C7,Cy, C3 be the
constants C' appearing in (5.1.8), (5.6.1) and (5.6.5) respectively. Let L :
R¥ — R* be the linear isomorphism mapping e; to v;, i = 1,..., k. Any U
which is a parallelotope aligned with 7 is of the form U = 7 o L(B), where L
is an affine isomorphism whose linear part is L and B = [[[—b;, b;] -

Let || - |l2 be the Euclidean norm on R*. If the largest side length of U is 7,
then

n = 2max b;||v;|2.

In particular 7 > 2bmin ||v;||2 where b = maxb;. There is a constant A, which

depends only on the vq,..., vy, such that

{meZ":|L'm|| <M} C{mecZ": |m| <M}
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Applying Proposition 5.8, we find that for any M > 0, the right hand side of
(5.6.1) is bounded above by

d
B 1
Cy| det L|(1 + n/ min ||v;]|2)" 1Br| ]\;| +C3 Z r7(m) H Im - v;|
mezZF~ {0} =1
lm|| <AM

Now taking M = \_T dj, and using our strongly Diophantine hypothesis, gives

the required bound, with

C = C1C5C5) det L|)\5/d max{1,1/ min ||Vi||2}k.

5.7 Diophantine approximation to subspaces

The main result of this section shows that the Diophantine properties
stated in the introduction hold almost surely. More precisely, properties of
d-tuples of vectors in R¥ hold almost everywhere with respect to Lebesgue
measure on x¢RF = Rk and properties of vector spaces hold almost every-

where with respect to the smooth measure class on the Grassmannian variety.

The fact that almost every vector is Diophantine is a standard exercise
using the Borel-Cantelli Lemma — or see [27] for a stronger statement. For the
extension to strongly Diophantine vectors, we employ some ideas of Schmidt
[61]):

Proposition 5.9. Almost every vy, ..., vq is strongly Diophantine with respect
to any basis T = (t1,...,ty) for R* having the property that for each i €

{d+1,...,k}, there is a j for which t; is a multiple of e;.
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Proof. Fix € > 0, let Ry,..., Ry be cubes in R* of sidelength 1, and for each
1 <i<dand m e Z"\ {0} let

I () % / dv
l R, M- v|(=logmin(1/2, m - v]))1+<

We estimate this integral by using the change of variables u = u(v), where
w=m-v, u;=v;forl<j<k, j#ui.

The Jacobian determinant of this transformation is 1/m,. If we write R; for
the image of R; in the u coordinate system then it is clear that for j # ¢ the
u; coordinates of two points in R; cannot differ by more than 1. Using this

fact we have

I, (m) < 2 /1/2 du; N 1 /””mi du; < log(m;)
(m) < — c
o mi Jo  wllogu|'ts  mi(log2)tte [y w o omy

where ¢; depends only on €. Thus we have

[Rl 'IRd(m)
> - Z <o
(logma) 2“ -+ (logmg)?te

mi1=1

with ¢, depending on € but not on m. On interchanging the orders of in-
tegration and summation this implies that for almost every (vi,...,v4) €

Ry X -+ X Ry,

def 1
Stvi,.. >y H|m v Tog )7+~ logmin(1L/2, Jm i) 1%

mi1=1 mg=11=1
(5.7.1)
is finite and independent of mgy1, mgio,...,m; € Z. Since the location
of the cubes Ry,..., Ry was arbitrary, S(vq,...,vy) < oo for almost every
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(Vi,...,vq) € (R¥)% By grouping together the choices for mg,1, ..., mg, we

obtain

Z TT(m)l_Il|m1VZ|

meZkF
o<ma,...mp<M

< C(log M) =4(log M)¥* P(M)S(vy, ..., Va), (5.7.2)

where

P(M)=]]  max M(—logmin(1/2,|m-vi|))1+5.

1<mq,...,mp<

i=1

In the inequality in (5.7.2) we are using the fact that for each i € {d+1, ...k},

the quantity t; - m is always a fixed multiple of m; for some j.

By a standard application of the Borel-Cantelli Lemma, for almost

every v € R¥ there is a constant ¢ = ¢(v) > 0 such that

m - v| > for all m € Z¥ with 0 < ||m|| < M.

M2k

Thus for almost every vi,..., v, and for any 6 > 0 we have that (5.7.2) is

bounded above by a constant times (log M )*+2d+9,

Finally we can estimate

Z T‘T(m)ljjli’mlvly

0<|[m[[<M

by partitioning the sum into 2* subsets of points m, according to which com-
ponents of m are 0. To each one of these subsets we may then apply the above

arguments to obtain the required bound. ]
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As a corollary of our proof, the conclusions of Theorems 5.3 and 5.4

can be considerably strengthened, as follows.

Proposition 5.10. For almost every vy, ...,vq, and any basis T as in Propo-

sition 5.9, for any d > 0 there is ¢ > 0 so that

Z r7(m) H 1 < ¢ (log M)F+2d+5. (5.7.3)

lm - v;|
0<jm||<M
Under this condition, the error terms on the right hand sides of (5.1.6) and
(5.1.9) can be replaced by C(log T)k+2d+9,

Proof. The bound (5.7.3) was already proved above. For the rest of the claim,
take M = T and use (5.7.3) and Proposition 5.8 in Theorem 5.9. O

To conclude this section we mention the following easy fact:

Proposition 5.11. Ifvq,..., vy are strongly Diophantine then each v; is Dio-

phantine.

Proof. Suppose that vq,..., vy are strongly Diophantine with respect to 7 =

(ti,...,tx),let s> k+d—1,and let : € {1,...,d}. Suppose by contradiction

that there are infinitely many vectors m € Z* so that |m - v;| < W If m

is one such vector then setting M = ||m|| and using Cauchy-Schwarz we find,
for each j # 1,

- v [ < Myl
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Noting that r7(m) > [, m gives

k
1 1 1
TT(m) Z M—k | | | | ”m”s Z CMS_k_d—H.
jm - v el L] M|v;|

i=1 j#i

This holds along a sequence of M — oo. However for some € > 0 this contra-

dicts (5.1.8). O

5.8 Proofs of Theorem 5.1 and 5.2(1),(2)

Proof of Theorem 5.1. Let V be a Diophantine subspace, and let vq,..., vy
be a basis for V. Let S be a linear section which is (k — d)-dimensionally
open and bounded, with dim; 0S < k — d, let U; be a closed ball around 0 in
V, satisfying (i) of §5.2.2, and define W via (5.3.2). Then W is bi-Lipschitz
equivalent to U x S and hence, by [30, Formulae 7.2 and 7.3], dimy; OW < k.
Thus the Theorem follows from Corollaries 5.2 and 5.4. [

Proof of Theorem 5.2(1). Let vq,..., vy satisfy the conclusion of Proposition
5.9, and for i =d+1,...,k, let v; € {e1,...,ex} such that T = (vy,..., V)
is a basis of R*. Also let V = span(vy,...,v4). We need to show that for any
linear section § in a space L transverse to V', such that dimo0S =k —d — 1,
and any x € T*, the corresponding is BDD to a lattice. To this end we will
apply Corollaries 5.3 and 5.5 . Let B be a ball in L such that 7 is injective on
B, and sets U; and U, satisfying conditions (i) and (ii) of §5.2.2 for B’. Also
let 19 span(vgy1,. .., Vg), and let B’ be a ball in L’ such that 7 is injective
on B’. Then B’ is a good section, let U{, U} be the corresponding sets as in

§5.2.2.
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Suppose first that B is small enough so that (5.2.1) holds. Then we
can assume with no loss of generality that S is contained in B’. This in turn
shows that the hypotheses of Corollaries 5.5 and 5.3 are satisfied, and Y is

BDD to a lattice.

Now suppose (5.2.1) does not hold. Then we can partition S into
smaller sets SU), ..., 8™ with equal volume and dim,; 0S® = k —d — 1, such
that the corrresponding sets Z/ll(i) satisfy (5.2.1). Now repeating the previous
argument separately to each S@, we see that the corrresponding net is BD to
a fixed lattice L. Note that the lattice is the same because each S; has the

same volume. Now the result follows via Proposition 5.4. ]

Proof of Theorem 5.2(2). Suppose S is a box with sides parallel to the coor-
dinate axes; that is, there is J C {1,...,k}, |J| = k — d, such that S is the
projection under 7 of an aligned box in the space V; o span(e; : j € J). As
above, we can use Proposition 5.4 to assume that 7 is injective on a subset
of V; covering §. According to Proposition 5.9, for almost every choice of
Vi,...,Vq, the space V = span(v;) is strongly Diophantine with respect to the
basis

TE{viti=1,....d}U{e;:j€ J}.

As in the preceding proof, choose a neighborhood U; of 0 in V satisfying
property (i) of §5.2.2 which is a box. Then the set W defined by (5.3.2) is a
parallelotope aligned with 7. According to Theorem 5.4, (5.3.5) holds, and

we can apply Corollary 5.3. [
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5.9 Irregularities of distribution

In this section we will fix 1 < d < k and let G denote the Grassmannian
variety of d-dimensional subspaces of R*. We denote by G(Q) the subset of
rational subspaces. We will fix a totally irrational £ — d dimensional subspace
W C R*, and let S be the image under 7 of a subset of W which is open and
bounded. There is a dense G subset of V' € G for which § is a good section for
the action of V on T*; indeed, by the discussion of §5.2.2, this holds whenever

V and W are transverse to each other and V' is totally irrational.

If @ € G(Q) then any orbit @).x is compact; further if @) is transverse
to W then Q.xN S is a finite set for every x € T*. We say that S and @ are

not correlated if there are x;,x, € T* such that

#(Qx1NS)=4# (Q.X1 ﬁg) #FH# (Qx2NS)=# (Q.x2 ﬂg) (5.9.1)

(here S denotes the closure of S). We say that S is typical if there is a dense

set of () € G for which § and () are not correlated.

It is not hard to find typical S:

Proposition 5.12. Letr = k—d and let W be a totally irrational r-dimensional
subspace of R¥. Let wq,...,w, be a basis for W and for a = (ay,...,a,) €

(0,1)",b = (by,...,b,) € (0,1)" let

P(a, b) déf']r ({zr:tzwz : tz € (CLZ‘7CLZ' —f—bz)}) .

Then the set of (a,b) for which P(a,b) is not correlated with any rational

subspace, and hence typical, is of full measure and residual in (0,1)%".
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Proof. 1t is enough to show that for a fixed @, the set of a, b for which P(a,b)
is correlated with @) has zero measure and is a submanifold of dimension less
than 27 in [0,1]?". To see this, define two functions F, F' on T, by

def

Fx)E# (QxnS), Fx)=# (QxnS).

We always have F(x) < F(x), and F(x) = F(x) unless Q.x intersects the
boundary of S. So if (5.9.1) fails then F'(x) always has the same value, for the

values of x for which Q. xN9S = 2.

Note that the values of F, F are constant along orbits of ). The space
of orbits for the (Q-action is itself a compact torus @’ of dimension r. Let
7'+ TF — Q' be the projection mapping a point to its orbit. The discussion in
the previous paragraph shows that the requirement that S and @) are correlated
is equivalent to the requirement that the interior of S projects onto a dense
open subset of )’ with fibers of constant cardinality. Clearly this property is
destroyed if we vary S slightly in the direction orthogonal to ). More precisely,
for any a and b, there is a small neighborhood ¢ such that which the set of
a’, b’ in U for which (5.9.1) fails is a proper submanifold of zero measure. This

proves the claim.

]

By similar arguments one can show that almost every ball, ellipsoid,

etc., is typical.

Proposition 5.13. If S is a bounded open set whose boundary is of zero

measure (w.r.t. the Lebesque measure on the subspace W), and S is typical,
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then there is a dense Gy subset of V' for which, for every x € TF, the separated

net Ys x is not BDD to a lattice.

Proof. Let Q1,Qs, ... be a list of rational subspaces in G(Q) such that S and
(Q); are not correlated for each i, and {@Q;} is a dense subset of G. For each i
let xgi), xg) be two points in T* for which (5.9.1) holds. Since the linear action
of subspaces on T* is the restriction of the continuous natural R*-action, for
any € > 0 and any 7" > 0 we can find a neighborhood of @); in G consisting
of subspaces V such that for any v € V with |[v]| < T, and any x € T*, the
distance in T* between v.x and v'.x is less than e, where v’ is the orthogonal
projection of v onto @);. We will fix below a sequence of bounded sets M; C @Q;
and denote by Mi(v) the preimage, under orthogonal projection V' — @), of

M;. Using our assumption on §, by perturbing Xgi), xg) slightly we can assume

) are not in &S when q € M;. Since § is relatively open in

that q.xgi) and q.xg
W, this implies that there is an open subset V; of G containing ();, such that

for every V € V; and for £ =1, 2,
# {q e M, : q.x;) € S} =# {v € MZ-(V) : U.Xéi) € S} . (5.9.2)

Then

J.= v

io i>ig

is clearly a dense Gy subset of G, and it remains to show that by a judicious
choice of the sequence M;, we can ensure that for any totally irrational V' €
U, for any x, and any positive A, ¢, the separated net Ysx does not satisfy

condition (3) of Theorem 5.6.
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For any i let C; be a parallelotope which is a fundamental domain for

the action of the lattice Q; N Z* on Q,. Specifically we let

d
def -
o i {Zajqj;vj, 0<a < qun},

j=1
where qi,...,qq are a basis of Q; N ZF. We claim that there are positive
constants ¢, ¢y, C' (depending on i) and sets M; which are finite unions of

translates of C;, of arbitrarily large diameter, such that:
|M;| > ¢; diam(M;)?; (5.9.3)

|(00M;)W| < C diam(M;)* (5.9.4)

(where, as before, (9M;)() is the set of points at distance 1 from dM;). Indeed,
we simply take M; to be dilations by an integer factor, of C; around its center.
Then each M; is homothetic to C; and (5.9.3) and (5.9.4) follow. Now let N;

be the number of copies of C; in M;. Then
#{ge M;:qx) e Sy =N;,-#{qe C;: qx) € S} = N; - # (Q.Xg@ N 3)

and

|M;| = N; - |Cil,

which implies via (5.9.3) and (5.9.4) that for some constant cs,
(OM;) D] < eaN} Y1

If we set

4 (Q.Xg‘> N s) _ (Q.x@ N 3) ‘
5 ,

def
C3 =
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then for any A, there is ¢ € {1,2} such that for x’ = xgi) we have

’#(Q.X/ N S) — )\‘CZH 2 Cs,

and hence

[#(Mix' N S) — AMi|| _ Ni|[#(Qx'NS) = AGil| e y1a
|(0M;)D)] N czNil_l/d T
So by choosing N; large enough we can ensure that for any A, and x’ one of

the Xéi), we have
[#(M;.x' 0 S) — N M|| > i|(0M;) V] (5.9.5)

Now fixing A and ¢ we choose i > ¢ and choose x" as above depending on A.
If V €V is totally irrational then for any x € T* there is a sequence v, € V
such that v,.x — x’. So we may replace x’ with x and M, with v,, + M; for
sufficiently large n, and (5.9.5) will continue to hold. In light of (5.9.2), if
Y is the net corresponding to V, § and x, and g vp, + M;, then we have
shown discy (E, ) > ¢[(0E)M|, and we have a contradiction to condition (3)

of Theorem 5.6. O

Proof of Theorem 5.2(3). Immediate from Propositions 5.12 and 5.13. O

132



Bibliography

José Aliste-Prieto, Daniel Coronel, and Jean-Marc Gambaudo. Linearly
repetitive Delone sets are rectifiable. Ann. Inst. H. Poincaré Anal. Non

Linéaire, 30(2):275-290, 2013.

N. Alon and Y. Peres. Uniform dilations. Geom. Funct. Anal., 2(1):1-
98, 1992.

Joseph Auslander. Minimal flows and their extensions, volume 153 of
North-Holland Mathematics Studies. North-Holland Publishing Co., Am-

sterdam, 1988. Notas de Matematica [Mathematical Notes], 122.

Michael Baake, Daniel Lenz, and Robert V. Moody. Characterization
of model sets by dynamical systems. FErgodic Theory Dynam. Systems,
27(2):341-382, 2007.

Michael Baake and Robert V. Moody, editors.  Directions in mathe-
matical quasicrystals, volume 13 of CRM Monograph Series. American

Mathematical Society, Providence, RI, 2000.

Roger C. Baker. Sequences that omit a box (modulo 1). Adv. Math.,
227(5):1757-1771, 2011.

W. Banaszczyk. New bounds in some transference theorems in the ge-

ometry of numbers. Math. Ann., 296(4):625-635, 1993.

133



8] Jeffrey T. Barton, Hugh L. Montgomery, and Jeffrey D. Vaaler. Note on
a Diophantine inequality in several variables. Proc. Amer. Math. Soc.,

129(2):337-345 (electronic), 2001.

[9] Daniel Berend and Yuval Peres. Asymptotically dense dilations of sets
on the circle. J. London Math. Soc. (2), 47(1):1-17, 1993.

[10] Ralph Philip Boas, Jr. Entire functions. Academic Press Inc., New York,
1954.

[11] E. Bombieri. A note on the large sieve. Acta Arith., 18:401-404, 1971.

[12] J. Bourgain and V. D. Milman. New volume ratio properties for convex

symmetric bodies in R". Invent. Math., 88(2):319-340, 1987.

[13] D. Burago and B. Kleiner. Separated nets in Euclidean space and Jaco-

bians of bi-Lipschitz maps. Geom. Funct. Anal., 8(2):273-282, 1998.

[14] D. Burago and B. Kleiner. Rectifying separated nets. Geom. Funct.
Anal., 12(1):80-92, 2002.

[15] Emanuel Carneiro and Vorrapan Chandee. Bounding ((s) in the critical

strip. J. Number Theory, 131(3):363-384, 2011.

[16] Emanuel Carneiro, Friedrich Littmann, and Jeffrey D. Vaaler. Gaussian

subordination for the Beurling-Selberg extremal problem. Trans. Amer.

Math. Soc., 365(7):3493-3534, 2013.

134



[17]

18]

[19]

[20]

[21]

22]

[25]

Emanuel Carneiro and Jeffrey D. Vaaler. Some extremal functions in

Fourier analysis. II. Trans. Amer. Math. Soc., 362(11):5803-5843, 2010.

Emanuel Carneiro and Jeffrey D. Vaaler. Some extremal functions in

Fourier analysis. 111. Constr. Approz., 31(2):259-288, 2010.

J. W. 8. Cassels. An introduction to the geometry of numbers. Classics
in Mathematics. Springer-Verlag, Berlin, 1997. Corrected reprint of the
1971 edition.

Vorrapan Chandee and K. Soundararajan. Bounding [((3 + it)| on the
Riemann hypothesis. Bull. Lond. Math. Soc., 43(2):243-250, 2011.

Jing Run Chen. On Professor Hua’s estimate of exponential sums. Sci.

Sinica, 20(6):711-719, 1977.

Todd Cochrane. Trigonometric approximation and uniform distribution

modulo one. Proc. Amer. Math. Soc., 103(3):695-702, 1988.

Louis de Branges. Hilbert spaces of entire functions. Prentice-Hall Inc.,

Englewood Cliffs, N.J., 1968.

N. G. de Bruijn. Algebraic theory of Penrose’s nonperiodic tilings of the
plane. I, II. Nederl. Akad. Wetensch. Indag. Math., 43(1):39-52, 53-66,
1981.

W. A. Deuber, M. Simonovits, and V. T. S6s. A note on paradoxical
metric spaces. Studia Sci. Math. Hungar., 30(1-2):17-23, 1995.

135



[26]

[27]

28]

[29]

H. Dickinson. The Hausdorff dimension of systems of simultaneously

small linear forms. Mathematika, 40(2):367-374, 1993.

M. M. Dodson and J. A. G. Vickers. Exceptional sets in Kolmogorov-
Arnol’d-Moser theory. J. Phys. A, 19(3):349-374, 1986.

Michael Drmota and Robert F. Tichy. Sequences, discrepancies and
applications, volume 1651 of Lecture Notes in Mathematics. Springer-

Verlag, Berlin, 1997.

Javier Duoandikoetxea. Fourier analysis, volume 29 of Graduate Studies
in Mathematics. American Mathematical Society, Providence, RI, 2001.
Translated and revised from the 1995 Spanish original by David Cruz-
Uribe.

Kenneth Falconer. Fractal geometry. John Wiley & Sons Inc., Hoboken,

NJ, second edition, 2003. Mathematical foundations and applications.

Shmuel Glasner. Almost periodic sets and measures on the torus. Israel

J. Math., 32(2-3):161-172, 1979.

D. A. Goldston and S. M. Gonek. A note on S(t) and the zeros of the
Riemann zeta-function. Bull. Lond. Math. Soc., 39(3):482-486, 2007.

Loukas Grafakos. Classical Fourier analysis, volume 249 of Graduate

Texts in Mathematics. Springer, New York, second edition, 2008.

136



[34]

[36]

[37]

M. Gromov. Asymptotic invariants of infinite groups. In Geometric
group theory, Vol. 2 (Sussex, 1991), London Math. Soc. Lecture Note
Ser.

Marshall Hall, Jr. Distinct representatives of subsets. Bull. Amer.

Math. Soc., 54:922-926, 1948.

Glyn Harman. Small fractional parts of additive forms. Philos. Trans.

Roy. Soc. London Ser. A, 345(1676):327-338, 1993.

Glyn Harman. Metric number theory, volume 18 of London Mathematical
Society Monographs. New Series. The Clarendon Press Oxford Univer-
sity Press, New York, 1998.

Alan Haynes, Michael Kelly, and Barak Weiss. Equivalence relations on

separated nets arising from linear toral flows. 11 2012.

Jeffrey J. Holt and Jeffrey D. Vaaler. The Beurling-Selberg extremal
functions for a ball in Euclidean space. Duke Math. J., 83(1):202-248,
1996.

Lars Hormander. The analysis of linear partial differential operators.
I, volume 256 of Grundlehren der Mathematischen Wissenschaften [Fun-
damental Principles of Mathematical Sciences/. Springer-Verlag, Berlin,

1983. Distribution theory and Fourier analysis.

137



[41]

[42]

[43]

[44]

[45]

[48]

[49]

Henryk Iwaniec and Emmanuel Kowalski. Analytic number theory, vol-
ume 53 of American Mathematical Society Colloquium Publications. Amer-

ican Mathematical Society, Providence, RI, 2004.

Michael Kelly and Thai Hoang Lé. Uniform dilations in higher dimen-
sions. Journal of the London Mathematical Society, 88(3):925-940, 2013.

Miklés Laczkovich. Uniformly spread discrete sets in R%.  J. London
Math. Soc. (2), 46(1):39-57, 1992.

C. G. Lekkerkerker. Geometry of numbers. Bibliotheca Mathematica,
Vol. VIII. Wolters-Noordhoff Publishing, Groningen, 1969.

Xian-Jin Li. On reproducing kernel Hilbert spaces of polynomials. Math.
Nachr., 185:115-148, 1997.

Xian-Jin Li. A note on the weighted Hilbert’s inequality. Proc. Amer.
Math. Soc., 133(4):1165-1173 (electronic), 2005.

Xian-Jin Li and Jeffrey D. Vaaler. Some trigonometric extremal func-
tions and the Erdés-Turdn type inequalities. Indiana Univ. Math. J.,
48(1):183-236, 1999.

Friedrich Littmann. One-sided approximation by entire functions. J.

Approz. Theory, 141(1):1-7, 2006.

Friedrich Littmann. Quadrature and extremal bandlimited functions.

SIAM J. Math. Anal., 45(2):732-747, 2013.

138



[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

C. T. McMullen. Lipschitz maps and nets in Euclidean space. Geom.
Funct. Anal., 8(2):304-314, 1998.

Mathieu Meyer and Alain Pajor. On Santald’s inequality. In Geometric
aspects of functional analysis (1987-88), volume 1376 of Lecture Notes in
Math., pages 261-263. Springer, Berlin, 1989.

Yves Meyer. Quasicrystals, Diophantine approximation and algebraic
numbers.  In Beyond quasicrystals (Les Houches, 1994), pages 3-16.

Springer, Berlin, 1995.

H.L. Montgomery and R.C. Vaughan. Multiplicative number theory I:
classical theory. Cambridge studies in advanced mathematics. Cam-

bridge University Press, 2007.

Hugh L. Montgomery. The analytic principle of the large sieve. Bull.
Amer. Math. Soc., 84(4):547-567, 1978.

R. Nair and S. L. Velani. Glasner sets and polynomials in primes. Proc.

Amer. Math. Soc., 126(10):2835-2840, 1998.

Fedor Nazarov. The Hormander Proof of the Bourgain-Milman Theorem.
In Bo’az Klartag, Shahar Mendelson, and Vitali D. Milman, editors, Ge-
ometric Aspects of Functional Analysis, volume 2050 of Lecture Notes in

Mathematics, pages 335-343. Springer Berlin Heidelberg, 2012.

V. I. Necaev. An estimate of the complete rational trigonometric sum.

Mat. Zametki, 17(6):839-849, 1975.

139



[58] M. Plancherel and G. Pélya. Fonctions entieres et intégrales de fourier

multiples. Comment. Math. Helv., 10(1):110-163, 1937.

[59] Marvin Rosenblum and James Rovnyak. Topics in Hardy classes and
univalent functions. Birkhauser Advanced Texts: Basler Lehrbiicher.
[Birkhduser Advanced Texts: Basel Textbooks|. Birkhduser Verlag, Basel,
1994.

[60] L. A. Santal6. An affine invariant for convex bodies of n-dimensional

space. Portugaliae Math., 8:155-161, 1949.

[61] Wolfgang M. Schmidt.  Metrical theorems on fractional parts of se-
quences. Trans. Amer. Math. Soc., 110:493-518, 1964.

[62] Rolf Schneider. Convex bodies: the Brunn-Minkowski theory, volume 44
of Encyclopedia of Mathematics and its Applications. Cambridge Univer-
sity Press, Cambridge, 1993.

[63] Atle Selberg. Collected papers. Vol. II. Springer-Verlag, Berlin, 1991.
With a foreword by K. Chandrasekharan.

[64] Atle Selberg. Collected papers. Vol. II. Springer-Verlag, Berlin, 1991.
With a foreword by K. Chandrasekharan.

[65] Marjorie Senechal. Quasicrystals and geometry. Cambridge University

Press, Cambridge, 1995.

140



[66]

[67]

[68]

[69]

[71]

Carl Ludwig Siegel. Lectures on the geometry of numbers. Springer-
Verlag, Berlin, 1989. Notes by B. Friedman, Rewritten by Komaravolu
Chandrasekharan with the assistance of Rudolf Suter, With a preface by
Chandrasekharan.

Y. Solomon. A Simple Condition for Bounded Displacement. ArXiv

e-prints, November 2011.

Yaar Solomon. Substitution tilings and separated nets with similarities

to the integer lattice. Israel J. Math., 181:445-460, 2011.

E. M. Stein. Functions of exponential type. Ann. of Math. (2), 65:582—
592, 1957.

Elias M. Stein. Singular integrals and differentiability properties of func-
tions. Princeton Mathematical Series, No. 30. Princeton University

Press, Princeton, N.J., 1970.

Elias M. Stein and Guido Weiss. Introduction to Fourier analysis on
Fuclidean spaces.  Princeton University Press, Princeton, N.J., 1971.

Princeton Mathematical Series, No. 32.

Jeffrey D. Vaaler. Some extremal functions in Fourier analysis. Bull.

Amer. Math. Soc. (N.S.), 12(2):183-216, 1985.

G. N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge

University Press, Cambridge, England, 1944.

141



Index

R actions, 89

Abstract, vi
Acknowledgments, v
Appendices, 141
associated dimensions, 91

BDD, 89

Bernstein’s inequality, 20

Beurling-Selberg problem, 55

bi-Lipschitz, 89

Bibliography, 150

BL, 89

bounded displacement after dilation,
89

bounded type, 29

Bourgain-Milman inequality, 54

Burago-Kleiner, 90

Cauchy-Schwarz inequality, 46
Convex body, 40
cut-and-project, 91

de Branges space, 28, 54
Dedication, iv
Diophantine subspace, 94
Diophantine vector, 94
dynamical system, 91

Fejér-Riesz theorem, 44
Grassmannian, 91
Hilbert space, 44

Laurent polynomial, 37

142

linear section, 91
Locally compact Abelian group, 4,
37

McMullen, 90

minimal action, 91

Minkowski dimension, 92

Minkowski’s convex body theorem,
40

Nevanlinna’s factorization, 32

Poélya class, 32
Paley-Wiener Theorem, 42
Poincar’e section, 91

reproducing kernel, 32, 36
Reproducing kernel space, 44

Santalé’s inequality, 40

section, 89

Selberg’s functions, 18, 26
separated net, 89

Siegel, 7

Star body, 40

strongly Diophantine vectors, 95

toral dynamics separated net, 91
trigonometric polynomial, 35, 44, 97

visit set, 90

Zero free region, 18



Vita

Michael Kelly was born in El Paso, TX in 1986. He moved to Austin
in 2005 to attend the University of Texas where he met Charlotte Souza, who
would become his wife. After completing a B.S. in mathematics in 2009 he
continued at the Univeristy of Texas as a graduate student. Michael and

Charlotte have a son, Owen, who was born in Austin in January 2014.

Permanent address: mkelly@math.utexas.edu

This dissertation was typeset with IATEX' by the author.

'IATEX is a document preparation system developed by Leslie Lamport as a special
version of Donald Knuth’s TEX Program.

143



