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This thesis describes a geometric approach to integrable systems. In the first part we
describe the geometry of Drinfeld—Sokolov integrable hierarchies including the corresponding
tau-functions. Motivated by a relation between Drinfeld-Sokolov hierarchies and certain
physical partition functions, we define a dispersionless limit of Drinfeld—Sokolov systems.
We introduce a class of solutions which we call string solutions and prove that the tau-
functions of string solutions satisfy Virasoro constraints generalizing those familiar from two-
dimensional quantum gravity. In the second part we explain how procedures of Hamiltonian
and quasi-Hamiltonian reductions in symplectic geometry arise naturally in the context of
shifted symplectic structures. All constructions that appear in quasi-Hamiltonian reduction
have a natural interpretation in terms of the classical Chern-Simons theory that we explain.

As an application, we construct a prequantization of character stacks purely locally.
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Chapter 1

Introduction

This thesis is divided into two main parts: the first one is concerned with integrable
systems of Drinfeld—-Sokolov type while the second part describes a new approach to Hamil-

tonian and quasi-Hamiltonian using derived symplectic geometry.

1.1 Drinfeld—Sokolov hierarchies

Drinfeld-Sokolov hierarchies are generalizations of the so-called Korteweg—de Vries
(KdV) hierarchy — that is, a family of nonlinear PDEs — to an arbitrary semisimple Lie group
G. For example, the first nontrivial equation of the G = SLy hierarchy is the well-known

KdV equation

dup = Ugpe + OUU,

for a function u(t,x). The whole KdV hierarchy can be conveniently rephrased in terms
of the Schrodinger operator L = 92 + u(x) known as the Lax operator in this case. One
can similarly obtain the Gelfand-Dikii, or the nKdV hierarchies, by considering an n-th
order differential operator L = 9" + u,_2(2)07 % + ... + ug(x). Drinfeld and Sokolov’s idea
[ ] was to replace the differential operator L by a special connection known as a G-oper.
Thus, the phase space of Drinfeld-Sokolov hierarchies is the moduli space of G-opers on

the formal disk, and one recovers the original nKdV phase space when G = SL,,. We will



follow a description of generalized Drinfeld-Sokolov hierarchies due to Ben-Zvi and Frenkel
[ |, which starts with a data of a smooth projective curve X, a semisimple group G
and a maximal torus A C LG of the loop group called a Heisenberg subgroup. The phase
space of these hierarchies is the moduli space of affine opers on the formal disk. Considering
X = P! and A the principal Heisenberg subgroup one recovers the original Drinfeld-Sokolov

phase space.

Alternatively, we can also generalize the picture from a different point of view. Using
the inverse scattering method one can replace the “coordinate” w(z) on the phase space
of the KdV hierarchy by the spectral properties of the corresponding Schrodinger operator
L. In the situation we are considering here we get a rank 2 vector bundle on A!, whose
fiber at A € A' is the eigenspace Ker(L — \). This vector bundle can be extended to the
whole P! in a canonical way; moreover, the extension carries an extra structure near infinity:
the vector bundle comes as a pushforward from the trivial line bundle on a fully-ramified
spectral cover Spec k[[A"'/2]] — Spec k[[A"!]]. This picture has an extension to generalized
Drinfeld-Sokolov hierarchies by considering the moduli space (known as the abelianized
Grassmannian) of G-bundles on X together with a reduction to the Heisenberg subgroup
A near a marked point. Ben-Zvi and Frenkel defined a natural isomorphism between the
oper description of the Drinfeld-Sokolov hierarchy and the spectral description via bundles
on curves. The spectral description of integrable hierarchies has an attractive quality that
the time evolution is linearized: namely, the Drinfeld-Sokolov flows simply change the data

of a reduction near the marked point.

The abelianized Grassmannian is a scheme of infinite type, so to get a handle on this

space we would like to be able to describe certain special points. These points also admit an



interesting geometric description we are about to describe.

While studying Gelfand—Dikii hierarchies, Krichever considered special Lax operators
L, such that there is another differential operator M, which commutes with L and has a
coprime order. He called these Lax operators algebro-geometric, since they can be recovered
from the data of the spectral curve Spec k[L, M] together with a line bundle over it, whose
fiber over (A, ut) is the joint eigenspace Ker(L — A) N Ker(M — p). The reader is referred to

[ | for a gentle introduction to the classical approach to these solutions.

Instead, we will follow a more general approach to algebro-geometric solutions of
generalized Drinfeld—Sokolov hierarchies outlined in | |. They are described in terms
of abstract Higgs bundles of Donagi, such that the cameral cover near the marked point
on X is identified with that of the Heisenberg subgroup A. The orbits of Drinfeld—Sokolov
flows are finite-dimensional and can be identified with torsors over Picard and Prym varieties
associated to the cameral covers. Informally, one can say that algebro-geometric solutions
admit a sufficiently big stabilizer under the Drinfeld—Sokolov flows. Essentially, the only

known solutions of Drinfeld—Sokolov hierarchies are algebro-geometric.

1.1.1 String solutions

In addition to algebro-geometric solutions we have the so-called string solutions, the

simplest of which is u(z,t) = —% in the KdV case. The corresponding Lax operators L
admit a differential operator P, such that [P, L] = 1 (the string equation). The famous con-
jecture of Witten, proved by Kontsevich, states that the partition function of 2d quantum
gravity (Gromov—Witten potential of a point) satisfies Virasoro constraints and the equa-

tions of the KdV hierarchy. In fact, this partition function is the tau-function associated to



the solution written above. More generally, partition functions of certain Landau-Ginzburg
models parametrized by the ADE groups are known to be string solutions of the correspond-
ing Drinfeld-Sokolov hierarchies | |. Recently this has been extended to include non
simply-laced groups; in this case one considers orbifold theories of the ADE Landau-Ginzburg

theories.

In this paper we generalize the notion of string solutions from nKdV hierarchies
to generalized Drinfeld—Sokolov hierarchies for arbitrary base curves and arbitrary Heisen-
bergs. Just as algebro-geometric solutions had a sufficiently big stabilizer under the Drinfeld—
Sokolov flows, we define a bigger Lie algebra action on the phase space for varying curves;
the string solutions then possess a big stabilizer under the action of the latter Lie algebra.
The goal of the paper is to understand what kind of geometry is behind these solutions
and to prove the Virasoro constraints (certain second-order differential equations) on the

tau-functions of string solutions.

1.1.2 Dispersionless limit

One can consider the KdV equation with a parameter \:

Ay = Ny + 6utsy.

Similarly, the 7-function will be a function of A. The introduction of this parameter
is very natural from the point of view of the Gromov-Witten potential: the parameter A
appears there as the genus-counting parameter:

T(A) = exp (Z Fg)\29_2> :

g=0



The term u,,, is responsible for a non-linear dispersion relation for the wave solutions
of KdV, so the limit A — 0 is known as the dispersionless limit. In this paper we define the
phase spaces in the dispersionless limit. Note, that one cannot just take the limit A — 0
of the phase spaces as the flows become trivial in this limit and one instead has to take a

first-order approximation in .

We show that an open dense subspace of the phase space of the principal disper-
sionless Drinfeld-Sokolov hierarchy is isomorphic to Map(Spec k[[t]], /). We thus make
a connection with Dubrovin’s theory of integrable hierarchies of hydrodynamic type, where
the phase space is Map(Spec k[[t]], F') for some Frobenius manifold F'. In a future work we

plan to make this connection precise by identifying the Poisson structures and the flows on

both sides.

1.2 Derived symplectic geometry

Let us recall the definition of the Hitchin integrable system. Given a smooth projec-
tive curve X, let Higgsq,, (X) be the moduli space of GL,-Higgs bundles; that is, vec-
tor bundles £ — X together with a Higgs field ¢ € T'(X,End E ® Kx). Note, that
Higgsqy, (X) has a natural symplectic structure since it is isomorphic to the cotangent
bundle T*Bungy,, (X) of the moduli space of bundles. The Hitchin base Hitchgy, (X) is
defined to be Y7 T(X, K§"); this is simply an affine space.

We have the Hitchin morphism xx : Higgsq, (X) — Hitchgr, (X) which sends the
matrix ¢ to its characteristic polynomial. Hitchin observed that yx is a proper Lagrangian

fibration thus making Higgs; (X)) into an integrable system. One can generalize this picture

to arbitrary reductive groups G, so that yx : Higgs,(X) — Hitchg(X) is an integrable



system.

Observe that one can write Higgs.(X) as the space of G,,-equivariant maps
Higgs(X) = Mapg, (T°X ™, 9/G),

where T* X is the cotangent bundle minus the zero section. Similarly, the Hitchin base
Hitche(X) can be written as Mapg, (77X, h/W). The Hitchin morphism xx is induced
from the “characteristic polynomial” morphism x : g/G — h/W. One is thus led to wonder
whether the map x makes g/G into an integrable system in a certain sense. One could then
try to deduce properties of the Hitchin system from the corresponding properties of a simpler

integrable system on g/G.

It turns out that g/G is not symplectic, but it has what is known as a 1-shifted
symplectic structure | | that we now explain. Using this definition, x becomes a

Lagrangian morphism thus making g/G into an integrable system.

1.2.1 Shifted symplectic structures

Recall that a symplectic structure on a space X is an isomorphism wy : Tx — Lx
from the tangent bundle to the cotangent bundle satisfying a certain integrability condition,
that can be expressed by saying that the underlying two-form wyx is closed. Working in
derived algebraic geometry the tangent and cotangent bundles Tx,Lx are now complexes
of vector bundles. Therefore, one can consider shifted symplectic structures. An n-shifted
symplectic structure is a quasi-isomorphism wy : Tx — Lx([n], such that the underlying
two-form (which has degree n) is closed. We give a precise definition in the main body of

the dissertation.



Like in ordinary symplectic geometry, one can introduce the notion of isotropic and
Lagrangian morphisms L — X. Note, that we no longer have to assume that L. — X is an
embedding. We say that f : L — X is isotropic if we are given a null-homotopy of f*wx.
The morphism is Lagrangian if this null-homotopy satisfies a non-degeneracy condition. If
we restrict our attention to ordinary symplectic manifolds, these notions become the classical

notions of isotropic and Lagrangian submanifolds.

One way to get new symplectic spaces out of old ones is to consider intersections of
Lagrangians: given two Lagrangians L;, Ly — X in an n-shifted symplectic stack X, their
derived intersection Ly X x Lo carries a natural (n — 1)-shifted symplectic structure. We give

a generalization of this theorem to Lagrangian correspondences, see Theorem 3.1.2.

1.2.2 Hamiltonian and quasi-Hamiltonian reductions

In classical symplectic geometry there is another way to obtain new symplectic man-
ifolds from symplectic manifolds with a G-action via a procedure of Hamiltonian reduction.
Let (M,w) be a symplectic manifold with a G-action preserving the symplectic form and a
moment map p : M — g*, which is a G-equivariant morphism satisfying the moment map

equation.

A classic theorem of Marsden and Weinstein states that the reduced space
Mieq := M_l(o)/G

is again a symplectic manifold. Let us show that it can be phrased as an intersection of

Lagrangians. We can rewrite

]\Lﬂedg (M X;pt)/GgM/G Xg*/Gpt/G.



Since g*/G = T*[1]BG is a shifted cotangent bundle, it has a natural 1-shifted sym-
plectic structure. Given any G-equivariant map p : M — g* we prove that the quotient
M/G — g*/G is Lagrangian iff M has a G-invariant symplectic structure and p satisfies the
moment map equation. In other words, given a Hamiltonian space M, the reduced space
M, .q is an intersection of two Lagrangians M /G and pt /G inside of a 1-shifted symplec-
tic stack g*/G, hence is symplectic. We thus recover the Marsden-Weinstein theorem in a

completely new way | I, [ .

There is a variant of Hamiltonian reduction known as the quasi-Hamiltonian reduction
due to Alekseev, Malkin and Meinrenken | ]. It replaces moment maps p: M — g*
into the dual Lie algebra by moment maps p : M — G into the group GG. There are two
immediate complications. First, the two-form on M is no longer symplectic: it is neither
closed nor non-degenerate. Moreover, the moment map equation has to be modified a bit to

include the data of a nondegenerate pairing on g.

One can write down a natural 1-shifted symplectic structure on G/G similar to one
on g*/G and then wonder what kind of structure one should put on M for p: M/G — G/G
to be Lagrangian. It turns out that in this way one recovers the quasi-Hamiltonian moment
map equation of Alekseev, Malkin and Meinrenken (a similar result was previously obtained

by Calaque [ D

1.2.3 AKSZ field theory

The symplectic structure on g* /G was fairly natural as it was the symplectic structure
on the cotangent bundle T*[1]BG. We explain that, similarly, the symplectic structure

on G/G is natural in the sense that it is a symplectic structure on the mapping space



Map(Sg, BG) = G/G.

Given a compact oriented manifold M of dimension d and an n-shifted symplec-
tic stack X, the AKSZ construction produces an (n — d)-shifted symplectic structure on
the mapping stack Map(Mp, X). For instance, one can show that the space of 2-shifted
symplectic structures on the classifying stack BG is isomorphic to the space of G-invariant
non-degenerate quadratic forms on g. Therefore, given such a form, we have a 1-shifted
symplectic structure on Map(Sg, BG). One of our main results is the computation of this
symplectic structure. Namely, it coincides with the 1-shifted symplectic structure on G/G

that appear in quasi-Hamiltonian reduction.

Let us explain the relevance of this result. Given an n-shifted symplectic stack X,
Calaque defined an (n + 1)-dimensional topological field theory M — Map(Mp, X) taking
value in the category of Lagrangian correspondences. That is, to a point we attach the
n-shifted symplectic stack X. To a closed 1-manifold M we attach the (n — 1)-shifted
symplectic stack Map(Mp, X). To a d-dimensional cobordism M from N; to Ny we attach

Map(Mp, X), a Lagrangian correspondence from Map((N;y)g, X) to Map((N2)g, X).

For the 2-shifted symplectic stack X = BG we get a 3-dimensional topological field
theory, which is just the classical Chern—Simons theory. To the circle S it associates G/G,
while to a surface it associates the character stack, the phase space of the Chern—Simons

theory.

Let us interpret the story of quasi-Hamitlonian reduction in terms of the classical

Chern—Simons theory. Let ¥ be a compact oriented surface obtained by gluing a disk into a



non-compact surface '

Y=Y Ug D.

We get
Map(Xp, BG) = Map (X, BG) xg/c pt /G.

In other words, Map(Xp, BG), the character stack of a surface, is presented as a quasi-
Hamiltonian reduction. This recovers a result of Alekseev, Malkin and Meinrenken on sym-

plectic structures on character varieties.

More generally, one can interpret a quasi-Hamiltonian space as a defect in this field
theory with boundary the circle S'. Then the quasi-Hamiltonian reduction corresponds to
gluing in a disk. Given two such defects, i.e. two quasi-Hamiltonian spaces, we can glue in
a pair of pants. In other words, given two Lagrangians in G/G, we can perform an integral

transform along the correspondence
G/GxG/G+ (GxG)G— G/G

given by the pair of pants. In this way we obtain a new Lagrangian in G/G, i.e. another
quasi-Hamiltonian space. We prove that this procedure coincides with the fusion of quasi-

Hamiltonian spaces that appears in the quasi-Hamiltonian literature.

1.2.4 Prequantization

Given a symplectic manifold (X, wx), a prequantization of X is a choice of a line
bundle with a connection whose curvature coincides with the symplectic form wy. One
is often interested in prequantizations of symplectic manifolds as it is the first step in the

procedure of geometric quantization.

10



As it is well-known, character stacks do not admit prequantization in general: for
instance, for the torus the G'Li-character variety is GL; x GL; with the symplectic structure
dgr logz A dgr logy. This space does not admit nontrivial line bundles, so the curvature
of any connection is exact. However, dgr logx A dggr logy represents a nontrivial de Rham

cohomology, so the space does not admit a prequantization.

Thus we are led to a modified notion of a prequantization as a lift of an element
wx € I'(X,0%) to an element wy € T'(X, A) for some abelian group A with a map to 2%,

For instance, for A = (O* — Q')[1] one recovers the usual notion of prequantization.

Having made this definition, one can immediately generalize it to symplectic struc-
tures of nonzero degrees by shifting the complex A. We show that the universal prequanti-
zation of BG is given by a certain Ky-gerbe. Similarly, the universal prequantization of G/G

compatible with the procedure of fusion is a certain Ko-torsor on G/G.

Furthermore, we show that given the Ks-prequantization of BG one can construct a
ICo-prequantization of the character stack. That is, we construct a class wx € Ko(Map(Mp, BG)),
the second algebraic K-theory, which maps to the symplectic structure on the character stack
under the differential symbol. This is done by prequantizing the whole Chern—Simons theory
and running the machine of cobordism hypothesis, which allows us to integrate the prequan-
tization of BG to a prequantization of character stacks. Working complex-analytically, we
show that applying the Beilinson regulator one obtains a line bundle with a connection, i.e.

an analytic prequantization of the character stack.

11



1.3 Organization

The structure of the dissertation is as follows. We have divided the thesis into two

main chapters which can be read independently.

1.3.1 Chapter 2

In section 2.1 we review background material on Heisenberg subgroups and abstract
Higgs bundles. We then proceed to define the phase space of generalized Drinfeld-Sokolov
hierarchies together with Drinfeld—Sokolov flows for a fixed curve X and in moduli. A
geometric definition of tau-functions for generalized Drinfeld—Sokolov hierarchies was missing
in the literature, so we give their brief description in 77 relating, in particular, to a more
algebraic definition in the case X = P! that can be found in | |. Note, that in this

paper we only consider a linear action of the Virasoro algebra on the tau-function.

In section 2.3 we define the dispersionless phase space and show how it arises in the
limit A — 0 of the original Drinfeld-Sokolov phase space. In subsection 2.4.1 we discuss
algebro-geometric solutions for generalized Drinfeld—Sokolov hierarchies in a way that will
be easily generalized to string solutions. We also discuss the linear differential equations the

algebro-geometric tau-functions satisfy.

The first main contribution of this dissertation is subsection 2.4.2. We define string
solutions as points having a big stabilizer under the Heisenberg-Virasoro Lie algebra acting on
the phase space. We then give a geometric description of string solutions (Theorem 2.4.4)
as spectral bundles with a connection, which has a standard structure near the marked
point. Generalizing a theorem of F. Plaza Martin | , Theorem 3.1] from the case

of nKdV hierarchies to generalized Drinfeld—Sokolov hierarchies, we prove that algebro-

12



geometric and string conditions are mutually exclusive if the base curve X has genus 0
(Theorem 2.4.5). To obtain Virasoro constraints on string tau-functions, we first define
the Sugawara embedding for arbitrary Heisenbergs. Using the Sugawara currents we define
an action of the negative part of the Virasoro algebra I'(X\oo,Tx) on the space of tau-
functions. When G is simply-laced, the space of tau-functions is one-dimensional. Moreover,
all finite-dimensional representations of the negative part of the Virasoro algebra in this case
are trivial since it is simple, thus we get Virasoro constraints, i.e. second-order differential
equations on string tau-functions. This is the content of Theorem 2.4.10. Note, that we prove
the Virasoro constraints in the greatest possible generality: for all simply-laced groups, all

Heisenbergs and all curves.

1.3.2 Chapter 3

In section 3.1 we define the notion of shifted symplectic structures and Lagrangian
morphisms. We show that one can compose Lagrangian correspondences using pullbacks,
which gives rise to the composition in the category LagrCorr,. section 3.2 is devoted to
explicit calculations showing how ordinary symplectic reduction and quasi-Hamiltonian re-
duction fit into the framework of shifted symplectic structures. In section 3.3 we give in-
terpretations of the constructions in quasi-Hamiltonian reduction in terms of the AKSZ

topological field theory.

The second main contribution of this dissertation is section 3.4. It is devoted to
computations of the AKSZ symplectic forms on character stacks and their interpretation in
terms of a multiplicative Q*“-torsor on G coming from the Q?“-gerbe on BG. Finally, sec-

tion 3.5 is devoted to the theory of prequantizations. We start with a basic case of universal

13



central extensions of Lie algebras. We show that there is a universal L., extension of an L
algebra by its complex of Chevalley-Eilenberg chains shifted by —2. In particular, it gives
a central extension of sl,, by the first cyclic homology. We conclude with the construction
of the universal central extension in the group case and the construction of the canonical
element of Ko(Locgr, (M)), the second K-group of the GL,-character variety of a surface
M.

14



Chapter 2

Drinfeld—Sokolov hierarchies

2.1 Loop groups and principal bundles on curves
2.1.1 Principal bundles

2.1.1.1 Basic definitions

Recall that a G-torsor on X is a morphism P — X together with a right action of
G on P, such that for some étale cover U — X the pullback is isomorphic to G' compatibly

with the action map.

Clearly, given any sheaf of groups G over X, we can define a notion of a G-torsor on

Let BG be the classifying stack of G, i.e. the stack whose S-points parametrize

G-torsors on S. Its tangent complex is Tpe = g[1] thought of as a G-representation.

2.1.1.2 Connections

Let G be an affine reductive group and p : P — X a G-torsor on X. We have an

exact sequence
Tp/x — Tp — pTk,

15



where we can identify Tp/x = g ® Op using the right action. Pushing forward to X and

taking G-invariants, we get a sequence

(p*TP/X)G — (p.Tp)¢ — Tx,

which we rename as

adP — Ap — Tk,

which is known as the Atiyah sequence (the sheaf Ap is known as the Atiyah bundle). For

a vector bundle Ap is the bundle of differential operators on P of order at most 1.

Definition. A connection V on P is a splitting Tx — Ap of the Atiyah sequence.

We can modify the definition a bit to arrive at a notion of a A-connection. Let

Py Ap — Tx be the pushforward morphism.

Definition. A A-connection V on P is a map V : Ty — Ap, such that p, oV = X -idyp,.

Clearly, for A # 0 the ratio V /A defines an ordinary connection, while for A = 0 one

simply gets a section of Q! ® ad P.

2.1.1.3 Reductions

Let K C G be a subgroup and P a G-bundle on a space X.

Definition. A K-bundle Pk is a K-reduction of P if we are given an isomorphism P = Pg X G

of G-bundles.

Let V be a connection on P. We say that the reduction Pk is flat if the connection

V is induced from a connection on Py.

16



We can measure the failure of V to preserve Pk using the notion of relative position.

Let O C g/t be a K-orbit.
Definition. The reduction Pk has relative position O with respect to V if
V(U) —VK(’U) c0O X P C g/{? X i P

for any vector field v € Ty and a connection Vg on Pk.

Clearly, this notion makes sense only if the orbit O is G,,-invariant. For orbits O
which are not G,,-invariant, we will say that Pk has relative position O with respect to V,

if the condition is satisfied for the vector field v.

2.1.1.4 Atiyah morphism

Given an exact sequence

adP—>AP —>Tx,

we can rotate it to obtain the sequence

Ap — Tx % ad P[1].

The same sequence can also be obtained from the following construction. Let f : X — BG

be the classifying map of the bundle P. Then we get a short exact sequence

Tx/pg — Tx — ["Tpa.

One has Tpe = g[1] as G-representations, so f*Tpq is simply ad P[1]. In other words,

the exact sequence associated to the relative tangent bundle of X — BG is the same as the

17



rotated Atiyah sequence. The role of the Atiyah morphism at : Ty — ad P[1] is played by

the pushforward map Tx — f*Tzg.
Let us explicitly describe the morphism at : Tx — ad P[1]. First, recall that the data
of a sequence

adP#APp%*TX

is the null-homotopy p.i ~ 0. In other words, it is a map h : ad P — Tx[—1], such that

dh 4+ hd = p,i. The sequence is ezxact if the morphism
h:adP — Ap @Tx[—l]

defined by h(a) = (i(a), h(a)) is a quasi-isomorphism. Note, that the complex on the right

is the cone of p,.

To compute at : Tx — ad P[l], resolve all bundles, so that there is a splitting
s : Tx — Ap (as graded vector spaces, not as complexes). For instance, one can use the
Cech resolution using the trivializing cover of P. Alternatively, for complex manifolds one
could instead use the Dolbeault resolution. Then (ds(v),v) is a closed element of Ap®Tx[—1]

for every v € Tx. Then one can define at(v) = A (ds(v),v).

Using the morphism at, one can say that the closed elements of Ap are the same as

elements v € Ty, g € ad P, such that dv = 0 and dg = at(v).

Proposition 2.1.1. A connection V on a principal G-bundle P — X is the same as the

data of elements g, € ad P for every closed element v € Tx satisfying dg = at(v).

18



2.1.1.5 Drinfeld-Simpson theorem

Let Bung(X) be the moduli stack of G-bundles on a projective curve X. It is well-
known that it is an Artin stack locally of finite type. We recall a theorem due to Drinfeld

and Simpson that gives a concrete, albeit infinite-type, presentation of this stack.

Let D be a disk and D* a punctured disk. Non-canonically we can identify

D = Speckl[[z]], D> = Speck((z)).

We define the loop group LG and its positive part LGy C LG to be

LG := Map(D*,G), LG, :=Map(D,G).

One can show that LG is representable by an ind-scheme, while LG is representable

by a scheme of infinite type.

Given a curve X together with a smooth point x € X we denote by

LG_ = Map(X\z, G)

the negative part of the loop group.

Theorem 2.1.2 (Drinfeld-Simpson). Suppose G is a semisimple group. Then we have an

isomorphism Bung(X) =2 LG_\LG/LG,.

More explicitly, Drinfeld and Simpson show that any G-bundle on an affine curve, such
as X\z, is trivial, so a G-bundle is simply given by a transition function on the punctured

disk around z.
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2.1.2 Heisenberg subgroups
2.1.2.1 General definitions

Let G again be a connected reductive group over k. Recall that since k is algebraically
closed, any two maximal tori are conjugate. This implies that the variety of all maximal
tori in G is isomorphic to G/N(H) for any maximal torus H. We denote by H the universal

abelian group scheme over G/N(H).

Definition. A Heisenberg subgroup A C LG is a maximal torus in LG.

The loop group LG is an algebraic group over k((t)), which is no longer algebraically
closed: for instance, the polynomial z? — ¢ does not have any roots in k((¢)). Therefore, not
any two Heisenbergs are LG-conjugate. However, we can use the fact that LG — Spec k((t))
is obtained as a base change from G — Spec k to understand the maximal tori better. Indeed,

a Heisenberg A is then the same as a map
Cy:D* — G/N(H).

Then Heisenberg A thought of as a group scheme over D* is obtained as a pullback A = C} H.

The scheme G/N(H) is not complete, so we do not expect the map C4 to extend to

a map from the disk D. However, there is a canonical completion G/N(H) D G/N(H). A

—_—

maximal torus is a centralizer of a regular semisimple element. We denote by G/N(H) the

variety of all centralizers of regular elements. Let H be the universal abelian group scheme

e~

over G/N(H).

e~

Proposition 2.1.3 (Donagi-Gaitsgory | ). The variety G/N(H) of regular centralizers

of G is complete.
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By the valuative criterion of properness, a map D* — G/N(H) uniquely extends to

amap D — G/N(H). Note, however, that this statement is not true in families.

Let A C LG be a Heisenberg with a classifying map Cy : D* — G/N(H). Then

the unique extension C4, : D — G/N(H) classifies the subgroup Ay = AN LGy, ie.
AL =C4H.

Recall that the Weyl group W is defined to be W = N(H)/H. We have a W-
torsor G/H — G/N(H) over the variety of maximal tori. It extends to a ramified W-cover
é?ﬁ — G//]\7(/H) over the variety of regular centralizers. The space G/H parametrizes

maximal tori H' C G together with an isomorphism H’ = H given by conjugation.

2.1.2.2 Example

Let G = SL, with the maximal torus

x 0
p-{(2 )i,
Its normalizer N(H) consists of matrices in H and matrices of the form
0 x
-zt 0 )

The space G/H is naturally embedded into P! x P! via the map

a b

< . d)'—>([a.c],[b.d]).

This allows one to identify

G/H = (P' x PYH)\A,

21



where A C P! x P! is the diagonal. The left action of G on G/H becomes the diagonal

action of G on P! x P! via fractional linear transformations.

Similarly, we can embed G/N(H) into P? via
@ 0Ny lab: (ad+ be) - od]
. d ab: (a c) : cd).
This allows one to identify
G/N(H) = P*\Q,

where @ is the quadric given in homogeneous coordinates [zy : 21 : 2] by 22 — 4292 = 0.
The left action of G on G/N(H) is given by the action of G = SLs on the projectivization

of its 3-dimensional irreducible representation.

Given an element

(¢ 7)eamn

the corresponding maximal torus is
adr —bex™  ab(x™! — )
cd(x — 274 adx™ — bex

Note, that G/H — G/N(H) coincides with the symmetric square morphism

xGGm}.

P! x P! — Sym?*(P') = P?

given by

([zo : 1], [yo = 1)) = [zoyo : (Toyr + 2110) : w191

It is a ramified double cover with () the ramification locus.
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Now let’s describe the compactifications G/N(H) and 57?[ . Every regular non-

semisimple element can be conjugated to

Its centralizer is

Therefore, we get a family
1 —apary ay
e G,
{ ( —aly 1+ apary y
of regular centralizers parameterized by [ag : a;] € P* = Q, which are not maximal tori.

Let us explain how a family of maximal tori degenerates to a regular centralizer once

we approach the divisor ). Consider the family of maximal tori given by

e+2) 22 —e¢,.—1 z -

ety — 2=y

2 2e €

{ ( 4/\%—62( N e e ) x € Gm} ;
de xr x 2e x 2e X
where \, € are parameters.
. -1_ . . . .
Let us substitute y = £—=. We have a unique solution = = xz(y,¢) satisfying

€

z(y,0) = 1 once we work with formal ¢, i.e. over k((¢)). Then the maximal torus becomes

z4z~!
(G

For ¢ — 0 we obtain the family

1=y oy
{< —\2y 1“@/)‘%0'“}

of regular centralizers.
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2.1.2.3 Higgs bundles and spectral curves

We refer the reader to | | for a comprehensive treatment of abstract Higgs bun-

dles, here we will only sketch the necessary basic facts.

Definition. A reqular Higgs bundle (P,o) on X is a G-torsor P — X together with a

G-equivariant map o : P — G/N(H).

In other words, a regular Higgs bundle is a subbundle ¢ C ad P of regular centralizers.
Given a Higgs field o, ¢ = (6*H)/G is the corresponding subbundle of regular centralizers

on X.

Remark. If we are given a Higgs field ¢ € I'(X,ad P ® QL) which is regular at every point,
we can form a subbundle ¢ C ad P consisting of centralizers of ¢ in ad P at every point. In

the case G = GL,, the subbundle ¢ encodes eigenspaces of the Higgs field ¢.

For a Higgs field 0 we can define a ramified W-cover X[o| of X called the cameral

—_—~—

cover in the following way. If we pull back the ramified W-cover 5/\[/{ — G/N(H) to P

along o, we obtain a G-equivariant W-cover, which descends to X.

We call a Higgs field o unramified if the corresponding W-cover X|[o] is unram-
ified. Equivalently, a Higgs field ¢ : P — G/N(H) is unramified if it factors through

—_——

G/N(H) C G/N(H).
2.1.2.4 Torsors over Heisenbergs
A Heisenberg A is given by the classifying map
Cy:D* — G/N(H),
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which is the same as an unramified Higgs field on the trivial bundle G over the punctured

disk D*. In particular, to a Heisenberg we can associate a cameral cover D*[A].

Let E be an A-torsor on D*. Then the induced G-bundle F x 4 LG over D* carries

a subbundle of regular centralizers ad £/ C ad P. In fact, we have the following theorem:
Proposition 2.1.4. Let P be a G-bundle on D*. The following three categories are equiv-

alent:

1. The category of reductions of P to A.

2. The category of unramified Higgs fields o on P together with an isomorphism of cameral

covers D*[o] =2 D*[A].

3. The category of reductions Py of P to N(H) together with an isomorphism of the
induced W-torsors Py X niy W = D*[A].

2.1.2.5 Monodromy of Heisenbergs

Recall that the set of Heisenbergs is isomorphic to the space of maps Map(D*, G/N(H)).
Therefore, the set of LG = Map(D*, G)-conjugacy classes of Heisenbergs is isomorphic to
Map(D*, BN(H)), i.e. the set of N(H)-bundles on D*.

From the exact sequence
l1-H—->NH) -W-—=1

one obtains an Map(D*, BH)-principal bundle Map(D*, BN(H)) — Map(D*, BW). From
Noether’s version of Hilbert’s theorem 90, one concludes that every H-bundle on the punc-

tured disk D* is trivial. We obtain the following proposition ([ , Lemma 2]):
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Proposition 2.1.5. The set of LG-conjugacy classes of Heisenbergs is in bijection with the
set of W-bundles on D*.

Now, the set of W-bundles on D* is isomorphic to
Hom(my (D*), W) /W = Hom(Z,W)/W = W/W,

the set of conjugacy classes in W. For a Heisenberg A, we call the corresponding conjugacy

class [w] € W/W the monodromy of the Heisenberg A.

The simplest example of a Heisenberg is the homogeneous Heisenberg LH. Its mon-

odromy is trivial.

A general Heisenberg A has fibers non-canonically isomorphic to H. To make them
canonically isomorphic to H, consider the pullback p* A of the Heisenberg to its cameral cover
p : D*[A] — D*. Recall that the universal cameral cover G/H — G/N(H) parametrizes
maximal tori H' together with an isomorphism H’ = H. Therefore, the pullback of the
universal group scheme H to GG/H is isomorphic to the constant group scheme with a fiber
H. We conclude that

p*A= LH.

In particular, we can identify

A% Mapyy (D*[A], H).

If [w] is the conjugacy class of the monodromy in the Weyl group, then the cameral
cover D*[A] splits as a disjoint union of A : 1 fully-ramified covers of D*, where h is the

order of w. In particular, we can construct a Heisenberg from w in the following way. Let
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t be a formal coordinate. Then the action of w extends from h to h((¢)) by the following

formula:

w.(at™) = (w.a)e™ ™M™ a € b.

The Heisenberg a is then obtained as the subspace w-fixed vectors in h((t)).

Let F — D* be an A-torsor. One can view it as a bundle with a varying structure
group non-canonically isomorphic to a fixed maximal torus H. As before, the pullback E[A]

of E to its own cameral cover D*[E] = D*[A] is naturally an H-bundle.

Being a pullback to the W-cover, the underlying space E[A] is W-equivariant. How-
ever, the H-torsor structure is only N (H)-shifted W-equivariant | ]. Concretely, this

means that

w.(hr) = (whw ') (w.z), weW,he H,x € E[A].
2.1.2.6 Atiyah bundle for Heisenbergs

Given an A-torsor E over D*, we can define the bundle of vertical fields ad F as
(Txy x)?. As A is non-constant group scheme over X, one can’t define the Atiyah bundle in

the same way.

Recall that an A-torsor E is the same as an N(H)-torsor Ey )y with an identification
of the cameral covers. Since the quotient N(H)/H = W is discrete, we have an identification
ad E = ad En(g). Hence we can define the Atiyah bundle for E to be simply the Atiyah

bundle for N(H):
AE = AEN(H

)
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We get the Atiyah sequence

0—=>adFE — Ag — Tpx — 0.

It induces a canonical connection on ad E in the following way. Given a vector field

v € Tpx, consider an arbitrary lift © € Ag. We define the connection to be
V(=) = [0, -]
It is independent of the lift since the Lie algebra ad F is abelian.
Therefore, we get an action of the Witt algebra I'(D*,Tpx) on the Heisenberg

a = T'(D*,ad E). Let z be a coordinate on D*. Then the action of the vector field Ly = z-2

gives a grading on a.

Definition. A conjugacy class [w] € W/W is called elliptic if the action of w on the Lie

algebra of the torus b has no fixed points.

An important class of Heisenbergs are those having an elliptic monodromy. An im-

portant property of such Heisenbergs is given by the following proposition.

Proposition 2.1.6. The degree 0 subspace of a Heisenberg a is coincides with the space of

w-fized vectors in b, where w is the monodromy of the Heisenbery.

Proof. Suppose Vv = 0 for some v € a = Mapy, (D*[A],h). The tangent bundle to D*[A]

is trivial, so the map v is annihilated by any vector field.

Therefore, v is a locally-constant map D*[A] — h. Moreover, the image is fixed by
the monodromy. We see that the degree 0 subspace of the Heisenberg coincides with the

space of fixed vectors by the monodromy of A, which concludes the proof of the theorem. [J
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Corollary 2.1.7. The degree 0 subspace of a Heisenberg a is trivial iff its monodromy is

elliptic.

Here is another version of the same property.

Proposition 2.1.8. The intersection g N a is trivial if the monodromy of the Heisenberg A

15 elliptic.

2.1.2.7 Examples of elliptic conjugacy classes

In type A an elliptic conjugacy class is the conjugacy class of Coxeter elements.
Indeed, suppose W = S,,. Then its conjugacy classes are parametrized by partitions of n.
The Cartan subalgebra h C k™ is the subset of vectors (z1,...,x,), such that ) .a; = 0.
Suppose n = nq + ... +ng. If k£ > 1, then the corresponding elements have fixed vectors. For
instance, for n = 4 the element (12)(34) fixes the vector (z,z, —z, —x). Therefore, an elliptic

conjugacy class is the conjugacy class of n-cycles, whose elements are Coxeter elements.

All other types have elliptic conjugacy classes which do not contain Coxeter elements.

Let us illustrate this in three examples.

Consider the root system of type By = (5. It has simple roots «, 3, such that
|18]]> = 2||a|]?. We will use the standard normalization where ||3]|> = 2 (8 is the longest

root). Then we have a- f = —1.

The Coxeter element is given by the product ¢ = s,s5, where s; is the reflection along
root ¢. It has order 4 equal to the Coxeter number. We have another element w = sgsgy24
(note that 54 2« is the highest root). Since 5 and 3+ 2« are orthogonal, the corresponding

reflections commute, hence w has order 2. w is clearly elliptic as can be seen by decomposing
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Figure 2.1: The C5 root system

any vector into a linear combination of 8 and g + 2a. w is not conjugate to the Coxeter

element ¢ since they have different orders.

Now consider the root system of type Go. It has simple roots a, 3 with ||8]|? = 3||a||? = 2.

The scalar product between the simple roots is a - § = —1.

B 8+ 2a

Figure 2.2: The G5 root system

The Coxeter element is given by the product ¢ = s,53 and it has order 6. Again we

have an elliptic element w = sgsgy2, Of order 2.
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Finally, consider the root system of type D, with Dynkin diagram

Figure 2.3: The D4 Dynkin diagram

If we normalize all roots to have length v/2, the scalar products between them are as

follows:

a-d0=p0-0=v-0=-1

a-f=a-y=0-7=0.

The Coxeter element ¢ = s,535,55 has order 6. The highest root is a + 3 + v + 29,
which is orthogonal to o, § and 7. Therefore, the element w = 5,535,54+84y+25 has order 2

and is elliptic.

2.1.2.8 Examples of Heisenbergs

1. A = LH, the homogeneous Heisenberg. Its monodromy is trivial and V = d, so the
grading is the homogeneous one. That is, elements of the form xt" € a for x € g have

degree n.

2. Choose Chevalley generators e, ..., €,, fi, ... fn, N1, ..., by of g. If @ € Y is the maximal
root, then eg = fy ® 2, fo = g ® 271 and {e;, fi, h;}1, are the Chevalley generators of
Lg.
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Let p_1 = >~ fi € Lg. It is a regular semisimple element of Lg. The principal
Heisenberg A by definition is the centralizer of p_; in LG. Its monodromy is the

Coxeter element, whose order is h¢,,, the Coxeter number.

The principal gradation on Lg is given by assigning degree 1/hco, to €;, degree 0 to h;
and degree —1/hco, to fi. For example, p_; € a has degree —1/h¢,, and multiplication

by z increases the degree by 1.

One has an explicit action of the Witt algebra given by

where ¢; are solutions to Y, ¢jai; = 1/hcos for {a;;} the Cartan matrix and heoy

j=1
the Coxeter number.

The monodromy of the cameral cover is a Coxeter element, so the Heisenberg has
no degree 0 vectors. Indeed, suppose that p € a is an element of degree 0. Then

n . .
p=>_j_, cjh; for some numbers ¢;. Since p centralizes p_i,

n

— Z cjaz-jfi + ZCje(hj>€g =0.
7=1

i=1,5=1

Since g is semisimple, the Cartan matrix a,; is nondegenerate. So, ¢; = 0, i.e. p = 0.

2.1.3 Borel-Weil theorem for loop groups

In this section £ will denote the basic ample line bundle on Bung(X). Let p € h* be

the half-sum of positive roots and kY the dual Coxeter number.

We consider the following two Grassmannians

Gryx(A) = LG_\LG/A,, Grx=LG_\LG.
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These will be phase spaces of Drinfeld-Sokolov hierarchies as explained in the next section.

Recall a Borel-Weil theorem for loop groups | , Theorem 4]:

Theorem 2.1.9 (Teleman). There is an isomorphism of g-representations
GrX, @L ) @ I'(Bung(X), L ® V),

where L(X) is a level 1 irreducible highest-weight representation with highest weight A € b*,
V) is the evaluation bundle corresponding to the g-representation with highest weight A and
the summation goes over the weights A, such that A\ + p is inside the positive alcove at level

1+ hY.

From now on we assume that G is simply-laced. Let a; € h* be the simple roots of

g. Then X + p is in the positive alcove if

(O, N +p) <1+h",

(Oéz,)\+p) > 0.

Since (0, p) = hY — 1 and (a4, p) = 1, we see that the inequalities can be rewritten in

the form

0,0 <1

(Cti, )\) Z 0.

In other words, A is an integral dominant weight at level 1. We see that F((/ﬁ x, L) contains

only level 1 highest-weight representations with integral dominant highest weights.
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At ig finite-

Kac and Peterson | , p- 288] prove that the space of invariants L(\)
dimensional for every integral dominant weight A\ at level 1. Finally, since X is projective,

the spaces of conformal blocks I'(Bung (X)), £ ® V) are finite-dimensional.

Consider the space I'(Grx(A), £), which we will call the space of tau-functions (see

next section). It can be written as

I(Grx(A), £) 2 T(Gry, £)* = P LN @ T(Bung(X), £ @ V).
A

There are finitely-many summands on the right-hand side and each of them is finite-

dimensional. Therefore, we conclude:

Proposition 2.1.10. Let G be a simply-laced group and L the basic ample line bundle on
Bung(X). Then the space of tau-functions I'(Grx (A), L) is finite-dimensional.

2.1.3.1 Counter-example

Let us show that the conditions of the theorem (G being simply-laced and £ having

level 1) are necessary.

Consider A = LH, the homogeneous Heisenberg. The space I'(Grx(A), £) has two
actions of the Virasoro algebra. One of them comes from the Sugawara construction L for
H; it is an action of central charge cy = rk(g). The other one comes from the Sugawara
construction LS for G it is an action of central charge

. ~dim(g)k  rk(g)(h + 1)k
TR+ RY T k+nv

The action of both LH and LY on Lk is the same. Therefore, LE? = L& — L1
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commutes with Lh. Moreover, the elements L¢# define a Virasoro algebra of central charge

rk(g)(h + 1)k kh — hY
CGH = Cq — CH = %hv) —rk(g) = rk(g)m.

Therefore, we obtain an action of the Virasoro algebra of central charge cqy on
['(Grx(A), L).

Proposition 2.1.11. A representation of the Virasoro algebra is finite-dimensional only if

it has central charge 0.

Proof. The commutation relation for the Virasoro algebra is

3

(L, L] = (0 — 1) Ly + 1; n

Op,—mC-
In particular, we have

[Lla L—l] = 2L0

C
(Lo, Loo] = 4Lo + 3.

Suppose V' is a representation of the Virasoro algebra of dimension d.

Taking traces of both sides, we obtain

0= 2tr(L0)
d
0 = 4tr(Lo) + %
Therefore, tr(Ly) = 0 and ¢ = 0. O

We see that I'(Grx (A), £) is infinite-dimensional unless cgy = 0, i.e. kh = hY. From
a list of Coxeter numbers for simple groups one can easily see that kh = h" only if the group

is simply-laced (hY = h) and the level k is 1.
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2.1.3.2 Example

In this section G is still a simply-laced group. We have

I'(Bung(X), £L® Vy) = (I'(LG/LG,, L) @ Vi) e~

(L(0)* ® Vy)ke-,

where L(0) = I'(LG /LG, £)* is the irreducible level 1 representation with the zero highest
weight [ , Proposition 2.11]. We can write L(0) as a quotient of the vacuum Verma

module V/(0)

Decompose

Then the vacuum module is

V(0) = Ind™®

Ly ®k

(kvo) = U(z ' g[z])vo.

1

Let X = P!'. Consider the evaluation module V, at the origin z~! = 0 and pick

an element s € I'(Bung(X), L ® V)). We can split Lg_ = g @ 2 'g[z7!]. The Lie algebra
2~ 1g[z!] annihilates V, so from the invariance of s under 27 'g[z~!] we see that s € L(0)*®@V)
is uniquely determined by its value s(vg) € V). The invariance of s under g is equivalent to

the statement that s(vg) is g-invariant. But V), is irreducible, hence s # 0 only if V) =k, i.e.

A=0.

We see that I'(Bung(P'), £ ® V) = 0 unless A = 0. Therefore, the space of tau-
functions is

I'(Grx(A), £) = L(0)* @ I'(Bung(P?), £) = L(0)*+.
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Kac and Peterson computed the dimension of L(0)4+ in terms of the so-called defect

of the monodromy of the Heisenberg A. Let us briefly recall what it is.

Let @ C b* be the root lattice (where b is a Q-vector space). We normalize the inner
product, so that the length of every root is v/2. Then the inner product is even on (. For
an element w € W define the set M, C g* to consist of those elements o € g*, such that

a—w(a)is in Q.
We define a bilinear form

W My x My, — Q/JZ

la, B) = (a, 8 —w(f)).

The form v is antisymmetric. To show that it is enough to show that ¥ (a, ) = 0.
Indeed,

lo = w(@)[]* = (o, a = w(a)) = (w(e), 0 — w(@)) = (o, @ = w(a)) + (@, a — w(a)).

In the last equality we used the fact that the inner product is W-invariant. Since a € M,,,,
we have o —w(a) € @ where the inner product is even. Therefore, (o, a —w(«)) is an integer

and hence ¥ (o, o) = 0.

Let M) C M, be the radical of ¢, i.e. the subgroup of elements «, such that
(o, B) = 0 for all B € M,,. The quotient M, /M is a finite abelian group with a nonde-

generate bilinear form, hence its order is a square c2, where ¢, is the defect of w.

Proposition 2.1.12 (Kac-Peterson). The space L(0)*+ of A, -invariants has dimension

equal to ¢, the defect of the monodromy of the Heisenberg A.
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For example, if A is the homogeneous Heisenberg LH, w = 1. Therefore, M, = b*
and ¢ = 1. Hence ¢, = 1.
For an elliptic element w one can compute the defect using the formula

o det(l —w)

“wT T detA

where A is the Cartan matrix. For instance, for w being the Coxeter element, det(1—w) = det A,
SO ¢, = 1.

On the other hand, we have exhibited an elliptic element w € W for the Dy root

system of order 2. Its eigenvalues must all be —1. Hence

det(1—w) = [J(1 - ) =2~

i
Therefore, the defect ¢,, = 2. Moreover, one can extract from | | that for Eg one has

elliptic elements with defect equal to any of
1,2,3,4,5,6,8,9, 16.

Finally, in type A defects of all Heisenbergs are ¢, = 1.

We deduce that the space of tau-functions I'(Grx (A), £) in genus 0 is one-dimensional

for the principal and homogeneous Heisenbergs.

2.2 Drinfeld—Sokolov hierarchies

2.2.1 Principal case

In this section we define the phase space of a Drinfeld—Sokolov hierarchy for A being

the principal Heisenberg. In this case the phase space has an explicit parametrization in
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terms of differential operators (for G = SL,,) or opers (general GG). Phase spaces for more

general Heisenbergs will be defined in the next section.

2.2.1.1 Opers

Let us split a simple Lie algebra g according to the action of the Cartan subalgebra:

020 P o Poa=honon.

acd acd

Let x : n — k be a Lie algebra character. That is, it is a map so that x([n,n]) = 0.
In particular, it induces a map y : n/[n,n] — k. The action of h on the quotient n/[n,n] is

decomposed into lines g, parametrized by simple roots a € A.

Definition. A character x : n — k is nondegenerate if x : n/[n,n] — k is nonzero on each

line g, for a € A.

Now suppose we have a G-invariant identification g = g* given by a bilinear symmetric

form (—,—) on g. Then we can identify

n* =g/b.

Let us see which elements of g/b correspond to characters n — k under the identifi-

~Y

cation g = g*. For p € g/b = n* to be a character, we must have
(P, [z, 9]) =0, z,yen

Since the pairing is G-invariant, we must have [z, p] € b for all x € n. If we identify

g/b = n_ then p must have components in g_, only if a is a simple root. Similarly, the
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character corresponding to p is nondegenerate if elements in g_, are nonzero for all simple

roots o« € A.

[

Proposition 2.2.1. Under the identification n* = g/b = n_, nondegenerate characters

correspond to principal nilpotent elements.

Given a principal nilpotent element p € g/b, let O C g/b be its B-orbit.

Remark. The orbit O is independent of the choice of the principal nilpotent element. For

instance, for sl,, it consists of matrices of the form

* ok x
+ % % ,
0 + =

where * is an arbitrary entry and + is any nonzero entry.
Definition. An oper on a curve X is a G-bundle Pz on X with a B-reduction Py and a

connection V on Pg, such that Pg has relative position O with respect to V.

We denote by Opg(X) the moduli space of G-opers on X.

2.2.1.2 Poisson structure

The space of opers on the formal disk X = D* has a Poisson structure, which can

be explicitly described using Poisson reduction.

Let g be the affine Lie algebra corresponding to g and g* its dual space. We denote

by g3 the hyperplane of functionals g — k& whose value on the central charge ¢ is .

Lemma 2.2.2. The space g5 can be identified with the space of A-connections on the trivial

bundle in a way compatible with the Poisson structures and the LG-action.
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The moment map for the coadjoint action of LG on g is given by the composite

pgy =g — Lg".

We will consider the restriction of the Hamiltonian LG-action to an LN-action with

the moment map py : g* — Lg* — Ln* and similarly for the L B-moment map pp.

Counsider the Poisson reduction

61 //xLN = py' (x)/LN.

We have an isomorphism uy'(x)/LN 2 u5'(O)/LB.

The space pg'(O) parametrizes the following data:

e A (GG-bundle P — D* with a connection V

e A trivial B-reduction Pg — D* in relative position O with respect to V.

Modding out by LB corresponds to forgetting the trivialization of the B-reduction,

so we reach the following conclusion:

Theorem 2.2.3. The Poisson reduction g;// LN is isomorphic to the space of G-opers on
the formal disk.

This construction shows that the space of G-opers has a natural Poisson structure.
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2.2.1.3 The case G = SL,

When G = GL,,, we can reformulate the definition of opers using vector bundles:
Definition. A GL,-oper on a curve X is a rank n vector bundle £ — X with a connection
V and a complete flag 0 C Fy C Fy C ... C B, = F, satisfying

1. V(E;) CE @0

2. V: Ei/Ei—l — Ei—l—l/Ei & Q! is an iSOIIlOI‘phiSIIl.

Now let’s describe explicitly S L,-opers. Consider a second order differential operator

L = 07 + u(t). This is a self-adjoint operator with respect to the inner product

(.9) = [ defn0

with the principal symbol 1.

The differential equation Ly = 0 can be rewritten in a matrix form as follows:

(5 )(0)
The connection matrix is upper triangular up to an element
0 O
=(40)

We see that to any such second-order differential operator one can associate a PG Lo-oper.

Given any differential operator L : £; — L5 between two line bundles £; and L5 over
X, we define the adjoint operator LT : £ ® Q! — £3 ® Q! to be the unique such differential

operator satisfying

<L81, 82> = <81, LT82>, Vs1 € L1,89 € ﬁ; ® Ql,
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where the equality is understood as taking place in Q'/d®. One can show that L' and L

have the same order.

Recall that to a differential operator L : £; — L5 we can associate its principal
symbol (L) € Lo ® L5 ® K~™. One has the following description of PG Ls-opers | :

Section 2.6.1] on a curve.

Theorem 2.2.4. PG Lsy-opers on a curve X are in a 1-1 correspondence with second-order
self-adjoint differential operators L : K~'/? — K32 with principal symbol 1 for any choice
of K1/2.

To describe SL,-opers, we first need the following definition.

Definition. An n-th order differential operator L : £ — £*® Q! is said to have subprincipal
symbol 0 if L — (—1)"LT has order less than n — 1.

Note, that for n = 2 an operator L is self-adjoint iff it has subprincipal symbol 0.

Theorem 2.2.5. SL,-opers on a curve X are in a 1-1 correspondence with line bundles
L, such that £ = K~"""V/2 and n-th order differential operators L : L — £ @ K™ with

principal symbol 1 and subprincipal symbol 0.

Note, that the only difference between S Ly-opers and PG Ly-opers is that in the S1Ls

case the choice of the square root K1/ is an additional datum.

For other matrix groups opers can also be identified with differential operators of a
certain form. Thus, the notion of a G-oper is a natural generalization of differential operators

to more general groups.
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2.2.1.4 Affine opers

Just like opers generalize differential equations of the form Li) = 0. We will also be
interested in the eigenvalue problems of the form (L—z71)y = 0. In that case a generalization
is known as an affine oper. The reader is referred to | | for an introduction and proofs

of the theorems.

Recall that LG™ C LG, is the Iwahori subgroup. We also denote by
LG_ = Map(k[z7Y], G)

the negative part of the loop group. Given a principal nilpotent element p € n_ we let
p—1 = p+ fo, a regular semisimple element. Its LGT-orbit in Lg/Lg" is denoted by Ogys.
Note, that O,¢ is no longer G,,-invariant, so it makes no sense to require relative position

of a reduction with respect to a connection.

Definition. An affine oper on the formal disk D is an LG-bundle Prg — X together with
a connection V, a flat LG _-reduction Py and an LG -reduction P+ in relative position

Oaff with respect to V8/8t~

An LG-bundle on D with a reduction to LG and LG_ is the same as a G-bundle on
P! x D with a reduction to the Borel subgroup B C G along oo x D. Then an affine oper

is a connection along the D direction with a certain asymptotic condition near oo x D.

Let AOp. (D) be the moduli space of affine G-opers. We say that an affine oper is

generic if the corresponding G-bundle on P! x D is trivializable.

We have the following theorem relating generic affine opers and ordinary opers | ,

Proposition 7.2.5].
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Theorem 2.2.6. There is a natural inclusion Opg(D) C AOpq(D), which is an isomor-

phism onto the subspace of generic affine opers.

2.2.1.5 Tautological relative position

Recall that the centralizer of p_; in LG is the so-called principal Heisenberg A. Let
A_1 C A be the formal group integrating the one-dimensional Lie algebra spanned by p_;.

A, the positive part of A, is defined as LG, N A.

Let X be a curve with a smooth point co € X. Let D, be the completion of X along
oo and X° = X — oo the complement. Denote by M (X, p_1) the space parametrizing the

following data:

e A G-bundle P —+ X x A_;.

e A reduction P4, of the LG -bundle P|p_xa , = A_1 to A.

e A relative connection V on P along the A_; factor regular away from oo x A_;. We
require that the reduction P4, has a tautological relative position with respect to V.
That is, for an invariant vector field v € a C T4_, the reduction P4, has a relative

position v € a/a; C Lg/a, with respect to V,.

One can induce an A, -bundle to an LGt D A, -bundle; one can check that it gives

amap Mg(P!,p_1) = AOps(A4_1) | , Proposition 7.3.10].

Theorem 2.2.7. The map Ma(P',p_1) = AOpg(A_1) is an isomorphism.
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2.2.1.6 Lie algebra equivariance

Consider two spaces X and Y with an action of a Lie algebra g. That is, we have

morphisms of Lie algebras ax : g — I'(X, Tx) and ay : g — ['(Y, Ty ).

Definition. The datum for a morphism f : X — Y to be g-equivariant is a null-homotopy

of the morphism g — I'(X, f*Ty) given by v — ay (v) — fiax(v).

For instance, when X and Y are schemes, the tangent complex is concentrated in
non-negative degrees, so in this case equivariance is a condition on a morphism. We will

denote by Map,(X,Y’) the space of g-equivariant morphisms from X to Y.

Recall the definition of the Grassmannian Gry(A) parametrizing G-bundles on X

with a reduction to A, near the marked point. The tangent complex to Grx(A) is given by

TGrX(A) ZTq® <a+ S¥ Lg_) ® OLg[l]

with a differential given by the difference of inclusions a, C Lg and Lg_ C Lg.

Let a_; be the Lie algebra spanned by p_; and A_; the corresponding formal group.
We would like to describe the stack Map,  (A-_i, Grx(A)).

The stack Map,  (A_;, Grx(A)) parametrizes LG-bundles Prg — A_; together with
reductions Prg ,Pa, — A_; to LG_ and A.. Given a map f € Map(A_;,Grx(A)), the
pushforward f, : T4_, — Tary(a) is given by the difference of the Atiyah maps for LG_ and
A, . The datum of a_j-equivariance is a collection of two elements hyg_ € I'(A_1,ad Prg_)

and hy, € I'(A_y,ad Py, ) satisfying the following relations taking place in ad Prg, ad Prg_
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and ad P4, respectively:

p1=ha, —hrg_
ata, (p-1) = dha,

atrg_ (p-1) = dhrg_.

Here the element p_; is thought of as a section of ad P using the embedding
D1 X4, PA+ CaXxXa, PA+ C ad Prg.
We can rewrite these relations as

atre (p-1) = dhrg_

ata, (p—1) = d(hra_ + p-1)-

Using Proposition 2.1.1 we see that this is the same as a connection V on P, such

that the reduction Prq_ is flat, while P4, is in tautological relative position.

We summarize this discussion in the following theorem.

Theorem 2.2.8. We have an isomorphism of stacks Map, (A_1,Grx(A)) = Mq(X,p_1).

Similarly to the definition of a_;-equivariance, we have a definition of A_;-equivariance

of morphisms. Since A_; is a formal group, we also have

Mapail(A_l, Grx(A)) = MapAil(A_l, Grx(A)) = Grx(A).

We conclude:
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Corollary 2.2.9. We have an isomorphism of stacks Ma(X,p-1) = Grx(A).

An alternative proof of the corollary are given in [ , Proposition 2.3.10].

The considerations of this subsection can be summarized in the following diagram:

MG<P17p—1)

T T

Ope(A_1)—= AOpu(A_,) Grp: (A)

2.2.2 General phase space
The input data for a generalized Drinfeld-Sokolov hierarchy consists of:
e A projective curve X with a smooth point z € X.
e A reductive group G.

e A choice of a Heisenberg subgroup A C LG.

We define the phase space of the Drinfeld—Sokolov hierarchy to be M (X, p_1) = Grx(A),
where A it the centralizer of p_;. For X = P! we have an open dense subspace Gr’ (4) C Grx(A)

consisting of trivializable G-bundles. For semisimple groups one can present the big cell as

Gro(A) = G\LG, /A, .

The space Map(A_1, Grx(A)) carries an action of Map(A_;, A) given by the right A-
action on Grx (A). This action preserves the a_j-equivariance data if the map f € Map(A_;, A)

is constant, i.e. we simply have an action of A on the phase space. The corresponding vector
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fields constitute what’s known as the Drinfeld-Sokolov flows. Clearly, the action factors

through the quotient A — A/A..

We can also define a version of the Drinfeld—Sokolov phase space for varying curves.
The Drinfeld—Sokolov Grassmannian é\rg is the moduli stack whose S-points parametrize

the following data:

A family of genus g smooth projective curves X — S together with a marked point
oo : S — X. We denote by Xy = X\oo the affine part and X, the spectrum of the

completed local ring at infinity.

A local coordinate z : Xoo — D x S.

e A G-torsor P — X together with a reduction of P|y_ to an z*A_ -torsor £ — X.

A trivialization F = Z*AL.

To not obscure the notation, the local coordinate z will be implicit from now on.

Note, that a trivialization of £ induces a trivialization of P|x_, hence the Grassman-

nian é\rg is independent of the choice of a Heisenberg.

Let Gry(A) be the moduli space obtained from (/}\rg by forgetting the trivialization of
E. We have the maps
(/}\rg — Gry(A4) — /\//\lg,l,

where ./(/l\g,l is the moduli space of genus g curves with a marked point together with a
choice of a local coordinate. We denote by Gry and Gry (A) the fibers of (/}\rg — ./(/1\971 and

Gry(A) — /T/l\gJ respectively over a curve X € /T/l\g,l.
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For G semisimple one can explicitly realize Gr x and Grx(A) as the spaces of cosets
Gry = LG_\LG, Gryx(A)=LG_\LG/A,.

Remark. If two Heisenbergs A and A’ are LG -conjugate, the corresponding Drinfeld—
Sokolov phase spaces are canonically isomorphic and the isomorphism intertwines the flows.
However, as noted in | ], there are continuous families of LG, -conjugacy classes of

Heisenbergs in the same LG-conjugacy class.

2.2.2.1 Examples

All known examples of Drinfeld—Sokolov hierarchies start with a genus 0 curve, so let
X = P!. In this case we have an open dense subset Gr(A4) € Gryx(A) known as the big

cell consisting of trivializable G-torsors P.

We have the following standard choices of Heisenbergs:

1. A = LH is the homogeneous Heisenberg. For G = SLy one gets the non-linear

Schrodinger hierarchy.

2. A is the principal Heisenberg. Then the big cell Gr% (A) parametrizes G-opers on the
disk and we recover the original description of Drinfeld and Sokolov. For example, the
case G = SLy corresponds to the KAV hierarchy and G = SL,, to its generalizations
known as Gelfand-Dikii or nKdV hierarchies.

The reader is referred to | | for explicit coordinates on Drinfeld-Sokolov phase

spaces.
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2.2.3 Phase space for G = GL,
Let us describe explicitly the phase space for the following triple:
e The curve X = P!
e The group G = GL,

e The Heisenberg A is the principal one

Let us start with an explicit description of the Heisenberg A. Recall that it is defined

to be the centralizer of
pP-1= Z Ji-
i=0
One can show that the Heisenberg a is spanned by p*, and p¥, where
p1 = Z €i.
i=0
Let’s prove it for n = 2. We have
0 2zt
P=r=1{1 0o )
The commutator between x € Lgl, and p_; is
a b 0 27! [ b—cz! (a—d)!
c d/)’\1 0 - d—a cz ' —b )

Therefore, we must have



So, the centralizer of p_; consists of elements a + ¢p_;, where a,b € k((z)). Note,

that we have p?, = 27!, hence we obtain the claim.
For SL, the principal Heisenberg a is spanned by p*, and p% for k not divisible by n.

Let’s identify the Heisenberg as a = k((t)) and ay = k[[t]], where ¢" = z. The trivial

rank n bundle on the disk £[[z]]®" has an action of the Heisenberg if we identify

Recall that the Grassmannian Gr x parametrizes rank n bundles on X = P! together
with a trivialization on the disk D. Therefore, it can be parametrized by a k[z~!]-module

W together with an identification W ®yp,-17 k((2)) = k((2))®"™.

The cohomology of the bundle can be computed by the complex
0— W@ k[[2]]"" — k((2))®" — 0,
which has to be perfect. In other words, the map
W C k()" = k((2))*" /k[[=]]*"

must be Fredholm. Its index coincides with the Euler characteristic of the corresponding

bundle.

To recapitulate, the Grassmannian Gry parametrizes subspaces W C k((t)), such

that

1. t7"W Cc W.
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2. The composition
W C k(1) — k((2))/k[[t]

is Fredholm.

Note, that the second condition implies the isomorphism W ®y,-1k((2)) = k((2))".

It is a standard computation that the tangent bundle TW@X is isomorphic to
k((t))/W. An action of f(t) € a = k((t)) on the Grassmannian, i.e. the map a — Ty Gry,
is given by the composite

FOW C k() = k((£))/W.

The connected components of Grx (A) are parametrized by the degree of the bundle;
alternatively, one can parametrize them by the Euler characteristic due to the Riemann-Roch
theorem:

X(V) =deg(V) +n(l — g) = deg(V) + n.

The component of the GL,, Grassmannian that corresponds to the SL,, Grassmannian

has deg(V') = 0. This is equivalent to saying that the index of the Fredholm operator

W C k(1)) — k((0)/F[[1]

The big cell Gr%(A) € Grx(A) is an open dense subset of the SL, Grassmannian

which consists of trivializable bundles. In terms of subspaces, this means the kernel K of
W — k((2))%"/k[[2]]®™ has dimension n and k((2))K = k((z))®". Here is an easier way to

describe the big cell.
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0
The big cell Gry consists of subspaces W C k((¢)), such that

W s k(1) — tﬁg&g]

is an isomorphism.

Proposition 2.2.10. For G = SL,, a point W € Grx(A) is fized by the action of p_1 € a

only if W is in the big cell.

Proof. Suppose a point W € Grx(A) is fixed by p_;. Then there is a power series f(z) € k[[z]],

such that

(=714 f2))W C W

Let’s denote p(z) = z=! + f(z2) and we denote the map W — k((¢t))/t"k[[t]] by =.
GlIven an element f(2) € k((2)) of the form f(z) =a_,z7™" + a_p127 "™ + ... with a_,, we

say that f has order n.

Since the kernel of 7 is finite-dimensional, there is an element w of the maximal order.
Let Wy be the span of p™w for all n. Suppose Wy C W and consider an element v € W\ W,
Then p™v do not lie in W, and have the same degree as some elements in W,. We obtain

that the cokernel of W — k((¢))/k[[t]] is infinite in this case. Hence, W, = W.

If deg w < n, the kernel of 7 is trivial, so the index of 7 is negative, which contradicts
the fact that W corresponds to an SL,-bundle. Therefore, degw > n. Since the index of 7

is zero we conclude that 7 is an isomorphism, i.e. W is in the big cell. O
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2.2.4 Line bundles
2.2.4.1

Let (,) be a G-invariant bilinear form on g taking even values on the coroots. It

defines a central extension

1—>Gm%EZ¥—>LG—>1.
On the level of Lie algebras, one has [//B = Lg @ k as vector spaces together with the Lie

bracket
[(a, ), (b, 5)] = [a,b] + Res,—o{a, db).

In particular, we see that the central extension is trivial when restricted to LG _, i.e.

we have an embedding LG_ C LG. Therefore, we get a line bundle

LG_\LG — LG_\LG.

Since the central extension restricted to LG, is also split, thus defined line bun-
dle is LG -equivariant, i.e. it descends to a line bundle £ on the moduli space of bun-
dles Bung(X) = LG_\LG/LG,. Similarly, it descends to the abelianized Grassmannian
Grx(A).

Let us also explain how to extend this line bundle to Gry(A). The following construc-
tion can be found in [BI, Section 5]. The bilinear form (, ) defines an element wyx € H?(BG, K,),
where Ky is the sheafification of the K-theory sheaf. The line bundle £ on Bung(X) is ob-

tained by an integral transform of wg along the correspondence

Bung(X) x X

Bung(X) BG
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The pullback ev*wk defines a Ko-gerbe on Bung(X) x X, which can then be pushed

forward to a G,-torsor on Bung(X). The corresponding pushforward
H?(Bung(X) x X,K,) — H'(Bung(X), 0*)
is the pushforward in the Chow groups. Such a pushforward can also be done in families,

which gives the line bundle £ on Gr,(A).

Remark. In types A and C the line bundle £ can be obtained as the determinant line bundle

of a fundamental representation.

2.2.5 Lie algebra actions

Recall the definition of the Atiyah bundle Ag of an A-torsor E — D*. The Atiyah
sequence

0—sadE —-Ag —Tp —0
is non-canonically split, so we have an identification A := I'(D*, Ag) = I'(D*,Tpx) X a.

There is an action of the Lie algebra A on the Grassmannian é\rg given by deforming
both the curve X and the bundle E. Note, that the action of A does not descend to the

Grassmannian Gry(A) since A and a; do not commute.

The subalgebra A" = I'(D*,ad E) = a of vertical vector fields acts along the fibers
of (/}\rg — ./T/l\gi, i.e. it preserves (/}\rX. Moreover, the action descends to the abelianized

Grassmannian Grx (A).

This action of A° generates the Drinfeld-Sokolov flows, while A represents the so-

called Orlov-Shulman extended symmetries.
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As line bundles £ on (/}\rg correspond to central extensions of LG, the action of A° 2 a
lifts canonically to the line bundle by restricting the central extension to the Heisenberg.

Similarly, we have a central extension ﬁ, which lifts the action of A to the line bundle.

2.2.6 Tau-function

The Lie algebra A exponentiates to an ind-group K = Aut(D*) x A. Similarly, there

is a central extension & which lifts the action of K to the line bundle £ on é\rg.

Consider the action and projection maps

~ —

(/}\rg x K = Gr,.
P

Then the action of K on £ can be expressed as the data of an isomorphism p*L = a* L.

Fix a nonzero section o € I'(Gr,(A), L) = I’(é\rrg, L£)4+. Then one defines a rational

function on (/}\rg x K called the extended tau-function T as

*

_ _bo
T=—
a*o
Explicitly, one has
_ o(g~'P)
P = ———
7—( 79) gfla(P)

Thus, it measures the failure of the section o to be K-invariant. Since o is Al-

invariant, the extended tau-function is a function on é\rg x K JAL.

Fixing a point P € (/}\rg we define the tau-function of P as the restriction of the

extended tau-function 7 to the slice { P} X A /A, . Tt is a rational function on A JAL.
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Although A is abelian, its central extension A is not. Its failure is measured by the
commutator pairing ¢ : A x A — G,, given by arbitrarily lifting the elements of A to the

central extension and computing the commutator.

For example, suppose a € A,. Then

_olglaP) _ao(g”'P)

Tar(9) = g to(aP) - g tao(P) =cla,g™)

ac(g~1P)
ag~to(P)

= c(a,g7")7p(9).

In particular, the tau-function is not well-defined as a function on Gry(A) and is

instead a section of an associated line bundle to é\rg — Gr,(A).

There is an equivalent, more algebraic, way to write down the tau-function. Fix a
point P € Gr x and pull back the line bundle £ to the orbit A of the Drinfeld-Sokolov flows.
o defines a section of £; in particular, it gives a connection d log o with regular singularities

at the zeros of o.

We define a meromorphic 1-form dlog7 on A by
dlog T[a] = dlogolal — v,,

where a € @ and v, € A, is the vector field exhibiting the action of Aon L.

The connection dlog o splits the sequence
0=-0—=A;—=T;—=0

whenever o does not vanish, which happens generically when X has genus 0. Then dlog 7[a]
is simply the image of —wv, under the splitting A, — . This is the definition of tau-

functions, which can be found in | ]
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2.3 Dispersionless limit
2.3.1 Dispersion in the KdV equation

Consider the KdV equation and replace all times ¢, by At,. For instance, the first

KdV equation becomes
Ay = NUypy + 6ul,.

Let us look for solutions of the form u(x,t) = f(z + vt) with s = z + vt. Then the

KdV equation becomes

4Uf/ _ >\2f”/+6ff/.

Integrating with respect to s, we get

dof = Nf"+3f*+cy.

Multiplying this equation by f’ and integrating again, we get

)\2f/2
2Uf2 = T+f3+C18+CQ. (21)

Assuming A # 0 and ¢; = 0 we get the Weierstrass differential equation, whose

solution is the Weierstrass p-function. For instance, for ¢ = 0 the solution is

2v
cosh? (VTE(QU + Ut)>

u(z,t) =
On the other hand, in the limit A — 0, known as the dispersionless limit, the equation
(2.1) becomes algebraic. In other words, in the dispersionless limit the integrable system

greatly simplifies.
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2.3.2 Dispersionless Drinfeld—Sokolov hierarchies

One can obtain the dependence on A of the KdV equation by replacing the Sturm—
Liouville operator L = 92 +u(t) by L = A\29? +u(t). In the interpretation of Sturm-Liouville
operators as opers, the parameter A\ appears if we instead consider A-opers: these are G-
bundles with a A-connection V and a B-reduction in a certain relative position with respect
to V. Let us denote the space of A\ G-opers by Opg\;(D). One similarly introduces the
space of affine A G-opers by replacing connections by A-connections; this space is denoted

by AOpg(D).

Finally, the space Mq(X,p_1) = Map,  (A_1,Grx(A)) also admits a A-version.

Definition. The datum for a morphism f : X — Y to be A g-equivariant is a null-homotopy

of the morphism g — I'(X, f*Ty) given by v +— ay(v) — Af.ax(v).

We denote by Mapg‘(X ,Y') the space of A g-equivariant morphisms X — Y. Note,
that for A = 0 we recover the mapping space Map(X,Y?) from X to the stack of g-fixed

points in Y. As before, we have the following maps:

Opg(A_l) C AOpg(A_l) g Mév(Pl,p_1>.

However, M (X,p_;) is isomorphic to Gry(A) only if A # 0. In other words, we do

not have a spectral description of the integrable hierarchy in the dispersionless limit.

2.3.2.1 Dispersionless phase spaces

In the limit A — 0 the a-action on M(X,p_;) becomes trivial. Therefore, we have

to consider the first-order jet of flows at A = 0 to get an interesting family of flows.
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We define the dispersionless Drinfeld-Sokolov phase space /\;I%(X ,p—1) to be the

moduli space parametrizing the following data:

e An LG-bundle Prg — A_; together with reductions Prg_ and P4,

e A Higgs field ¢ € T'(A_j,ad P ® Q'), such that P4, has a tautological relative

position with respect to ¢

e A connection V on Ppq, such that the reductions Pr;_ and P4, are both flat.

The condition of tautological relative position is understood in the following way:
the Higgs field ¢I'(A_1,ad Pre ® Q') can be projected to I'(A_y, ad Prg/ad P4, @ Q'). An
element v € a_; gives rise to a vector field v € T4_,. The reduction P4, has tautological
relative position with respect to ¢ if v x4, P4, C ad Prq /ad Py . coincides with the image

of ¢(v) in ad Pre/ad Py, .

Note, that the space MY (X, p_;) parametrizes the same data as M%(X,p_l) except
the connection. Thus, we have a map M%(X,p_;) — M%(X,p_1) given by forgetting the

connection.

2.3.2.2 Zero-curvature representation

The Drinfeld-Sokolov phase space Grx(A) can be presented in many ways as the

space of equivariant morphisms: for any subgroup K of A we have

Grx(A) = Map, (K, Grx(A)).

The space Map, (K, Grx(A)) parametrizes the following data:
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e An LG-bundle Prg — K together with reductions Pre_ and Py,

e A flat connection V on Ppq, such that Prg_ is a flat reduction while P4, has tauto-

logical relative position with respect to V.

Once one constructs such a connection, the action of K on Gryx(A) is simply the
translation on the base. In the literature this is known as the zero-curvature presentation of

an integrable hierarchy.

Motivated by this and the semiclassical definition of the dispersionless phase space,

the zero-curvature representation in the dispersionless limit consists of the following data:

e An LG-bundle Prg — K together with reductions Prg_ and Py,

e An integrable Higgs field ¢ on Pprq, such that Prg_ is a flat reduction while P4, has

tautological relative position with respect to ¢

e A flat connection V on Ppg, such that both Prg_ and P4, are flat reductions. More-

over, the Higgs field ¢ is flat with respect to V.

Using the connection V we can trivialize all bundles. Therefore, the zero-curvature
representation consists of writing down a Higgs field ¢ € I'(K, Q) ® ad Pr¢ satisfying the

following two equations:

dNp =0
dp = 0.

62



2.3.2.3 Dispersionless opers

Recall that in the case X = P! we have the big cell Gr%(A) C Grx(A). Therefore,
we can define an open dense subset M%""(X,p_;) € M%(X,p_;) whose underlying G-

bundles on P! are trivializable.

Note, that Proposition 2.2.10 implies that for G = SL,, and A the principal Heisen-

berg, the inclusion M%™(X,p_1) € M%(X,p_,) is an isomorphism.

We have a forgetful map /\;loc(X ,p-1) = MY(X,p_1). Tt is clearly surjective since we
always have a flat connection on the formal disk. The fiber over a tuple (Prq, Pra_, Pa,, ®)
consists of Higgs fields ¢ € I'(A_1, ad PLa®Q'), such that both reductions Pr;_ and Pa, are
flat with respect to 9. If the triple (Pr¢, Pra_, Pa, ) is classified by amap f : A_; = Gryx(A4),
then using the description of the tangent complex of Grx(A) we can think of ¢ as an element

of H1(A_4, S Tarx(a))-

For generic elements of the dispersionless phase space the map f maps into the big
cell Gr%(A) = G\LG/A,. Therefore, to show that ¢ is necessarily trivial we just have to
show that the tangent complex of Gr% (A) has no cohomology in degree —1. Indeed, suppose
A has an elliptic monodromy. Then we have to show that none of the LG -conjugates of
a, intersect g. Since the monodromy does not change under LG, -conjugacy, it follows from
Proposition 2.1.8 that this is indeed true. Therefore, we conclude that the forgetful map

MLU(X,p_1) = ML(X,p_1) is an isomorphism over the big cell.

For A the principal Heisenberg, we have an identification between the big cell of
M (X, p_1) and the space of dispersionless opers Opg(A_;). Finally, one has the character-

istic polynomial map x : Opg(A_1) — Mapg(A_1,h/W) given by taking the characteristic
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polynomial of the Higgs field. Here Mapy(A_1,h/W) is the space of maps A_; — h/W
twisted by the canonical bundle of A_;: let K° be the total space of the canonical bundle

of A_; minus the zero section; then Map,(A_1,h/W) is the space of G,,-equivariant maps

K° —H/W.

Proposition 2.3.1 (Kostant, Beilinson-Drinfeld). The map
X Opg; (A1) = Mapy (A1, b/W)

s an isomorphism.

Corollary 2.3.2. Assume X = P! and A is the principal Heisenberg. Then an open dense
subset of the phase space of the dispersionless Drinfeld—Sokolov hierarchy M%(Pl,p,l) is

isomorphic to Mapy (A_1,h/W). For G = SL, this is the full phase space.

This corollary gives a relation between our definition of the dispersionless phase space
and Dubrovin’s definition of an integrable hierarchy on the mapping space Map(D, F') into
a Frobenius manifold F. The Frobenius manifold structure on h/W is discussed in | ,

Lecture 4].

2.4 W-constraints
2.4.1 Algebro-geometric solutions

2.4.1.1 Geometric descrpition

We have an action of A/A, on Grx(A) on the right. A point P € Grx(A) is algebro-

geometric if its stabilizer is big enough. Let us make it precise.
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Proposition 2.4.1. The stabilizer of the a/a,-action on Grx(A) is isomorphic to

0
Asta

, 22 anT(Xy,ad P).
Proof. We have Grx(A)/(A/A;) = LG_\LG/A. Its tangent complex is

I'(Xo,ad P) & a — [(D*,ad P).

The stabilizer of the a/a -action is the cohomology of the tangent complex in degree

—1, which is isomorphic to A% ;. O

A%, has a natural structure of a torsion-free finitely-generated O(Xy)-module. If X

is smooth, A% _, is in fact projective. So, we can localize A% , to a vector bundle ¢ on Xj.

We have an inclusion

Ay ®0(x0) O(D™) = a

of projective O(D*)-modules. The module a has rank rk G, so the rank of A%, is at most

rk G.

Definition. A point P € Grx(A) is algebro-geometric if the stabilizer A% _, has rank rk G.

In this case the map A%, ®o(x,) O(D*) — a is an isomorphism of O(D*)-modules.
In particular, we can extend c to a vector bundle on X by gluing ad £ on D, where F is the

A -torsor, to ¢ on Xj.

Proposition 2.4.2. Let P € Grx(A) be a point. The following conditions are equivalent:

1. P is algebro-geometric.
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2. The map A%, ®o(x,) O(D*) — a is an isomorphism.

3. The subbundle ad E C ad P of reqular centralizers on D extends to a regular Higgs
field on X.

Proof. The equivalence of the first two conditions is clear. Now suppose ¢ C ad P is a

subbundle of regular centralizers extending ad £ on D. Then

['(Xy,d) CanT(Xp,ad P) = A% ,.

In particular,

d|x, Cec.

Since the rank of ¢ is rk G, the rank of ¢ is at least rk G. Hence it it exactly rk G,

i.e. the point is algebro-geometric. O]

We see that algebro-geometric points in Gry(A) can be reconstructed from the fol-

lowing data:

e A G-torsor P — X.
e A regular Higgs field ¢ C ad P.

e An isomorphism of cameral covers D|c|] = D[A].

Consider two points P, P» € Grx(A) which differ by an action of A/A.. The corre-
sponding Higgs fields cp, and cp, are isomorphic away from infinity, so we have an isomor-

phism of cameral covers Xy[cp,| = Xo[cp,]. Assume the complements of Xy[cp] in X|cp]
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consist of smooth points. Since both X[cp,] and X|cp,] are projective curves, this gives
an isomorphism X[cp| = Xlcp,|. Using the results of | | we see that an algebro-
geometric orbit of A is a torsor over the corresponding Prym variety. In particular, it is

finite-dimensional.
2.4.1.2 Tau-function

Consider the diagram

0 0
0—-> Agtab\ A° Try(a) —=0
h A Ag
Oacry(4) Ocry ()
0 0

where the middle column is a pullback of the rightmost column along A° — T, (a).-
There is a unique lift A% , — A°, such that the composite AL — A° — A, is zero.

Let v € A%, (P) be any vector stabilizing a point P € Grx(A). Since A%, — Ay is

the zero map, v preserves the fiber of £ at P. Therefore, the tau-function

o(g~"'P)

TP(Q) = g_T(P)
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obeys a first-order differential equation
VTp = 0

for any v € A% ,(P). This simply means that the tau-function descends to a well-defined

function on the orbit.

2.4.1.3 Differential side

Recall that an algebro-geometric points P € Grx(A) possess unique extensions of
the abstract Higgs field of A on the disk D to the whole curve X, i.e. we have a bundle
of regular centralizers ¢ C ad P. Suppose, moreover, that we picked a concrete Higgs field

¢ € T(X,ad P ® Q') such that its bundle of centralizers coincides with c.

Under the isomorphism Gryx(A) = Mg(X,p_1), the algebro-geometric points have
the following description. Recall that M (X,p_1) parametrizes a G-bundle on X x A_;
with an A,-reduction on D x A_; and a connection V along the A_;-factor with a certain

asymptotic condition (expressed as a relative position condition) near the marked point.

Proposition 2.4.3. Algebro-geometric points (P,V) € Mg(X,p_1) correspond to those
connections V, which extend as an integrable Higgs field ¢ satisfying the following condition:
the centralizer of ¢ in ad P on the formal disk D coincides with the abstract Higgs field
ad £ C ad P.

2.4.2 String solutions

2.4.2.1 Geometric description

Algebro-geometric points were characterized by the property that enough elements

of the Heisenberg a stabilize a point. Similarly, one can consider the action of the Virasoro-
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Heisenberg algebra A, which can be thought of as the algebra of first-order differential

operators with coefficients in a.

Just as A%, = A°NT(Xy,ad P), we also have A% = ANT(Xy, Ap). In fact, we

have the following diagram:

0—>F(X0,adP) —>F(X0,.AP) —>F(X0,Tx) —0

| | |

0 Agtab Astab I (XO ) TX)

Note, that there is no reason to expect in general that the map A, — ['(Xo, Tx) is

surjective.

Definition. A point P € é\rx is string if the map Agqp — ['(Xo, Tx) is surjective.

Note, that in the string case the sequence of Lie algebras
0— ALy — Agay = I'(Xo, Tx) = 0
is non-canonically split since T’y is locally-free.
Let us pick a splitting I'(Xy, Tx) — A% and consider the composite

['(Xo, Tx) = Astap — I'(Xo, Ap).

By definition, this means that P carries a connection on the affine part X,. Moreover,
the connection on D* preserves the Heisenberg in the sense that for any vectors v € Thx

and a € a we have [V,,a] € a. We get the following statement:

Theorem 2.4.4. A point P € (/}\rX 1s string iff the torsor P has a connection V on the

affine part Xo, such that V.p,s, induces the canonical grading on the Heisenberg a.
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Proof. Suppose that we have a connection V, such that V5,9, induces the canonical grading.
Since the module of vector fields is free over O(D*), we see that the whole action of the
Witt algebra on the Heisenberg a coincides with the canonical action. We want to prove

that it implies that the image of V lands I'(D*, Ag) C I'(D*, Ap).

Pick a splitting s : ['(D*,Tx) — I'(D*, Ag). Since V gives the canonical action of
the Witt algebra on the Heisenberg, the difference V, — s, is an element g(v) of I'(D*, ad P)
for any v € I'(D*, Tx). Moreover, as both V and s preserve the Heisenberg, g(v) commutes

with a. But then g(v) € a and hence V lands in I'(D*, Ag).

We see that there is a map I'(Xo, Tx) — I'(D*, Ag) NI'(Xy, Ap) and hence the point

is string. n

We get the following geometric structure on string solutions:

e A G-torsor P — X together with an A_-reduction &' — D.
e A subbundle ¢ C ad P|x, of abelian Lie algebras, such that ¢|px C ad E|px.

e A connection V on the affine part Xy which preserves ¢ and gives the canonical gra-

dation on the Heisenberg I'(D*,ad F).

As before, ¢ is the localization of A%, ,.

If the genus of X is zero, we can try to exploit the action of sl = I'(X,Tx) on c.

Theorem 2.4.5. Suppose X has genus 0 and the Heisenberg A has elliptic monodromy.

Then string points have ¢ = 0.
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Proof. Let v € I'(X,Tx) be a regular vector field with a zero of order 2 at co. In local

coordinates v = 22(%. The corresponding derivation of I'(D*, Ox) has order 1. Therefore,

V., also has order 1 on the Heisenberg a.
Take a nonzero element ¢ € A% ,. V, raises its order, so for some n we have
(Vy)"e € T'(D,ad E). On the other hand,

['(D,ad E)NT'(Xy,ad P) C I'(X,ad P)

is finite-dimensional, so, possibly increasing n, we can assume that (V,)"e = 0. Let n be
the minimal such exponent, so that s = (V,)" 'e # 0. Then s is annihilated by V, i.e. it is
a flat section. But it cannot happen by assumption on the Heisenberg and Corollary 2.1.7.

Therefore, A2, , = 0. O

In particular, since ¢ = 0, we see that string points cannot be algebro-geometric.

A similar statement was obtained previously by F. Plaza Martin | , Theorem

3.1] when G = SL,, and A is the principal Heisenberg.

2.4.2.2 Sugawara construction for twisted Heisenbergs
Any vector a € A, annihilates the extended tau-function
at =0

since it preserves the section o. However, unless a € A2, ;. such a constraint does not make

sense on the ordinary tau-function since it has components in the Virasoro direction.

To get rid of these components, we would like to know how the tau-function changes
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under the Virasoro action. In this section we define an embedding of the Virasoro algebra

into the universal enveloping algebra of a Heisenberg called the Sugawara construction.

Recall from subsection 2.1.2 that a Heisenberg a can be obtained as the subspace of

s-invariants in h((t)), where s acts on h((t)) by

s.(at™) = (s.a)e™™M™ g e b.

Similarly, one can obtain the central extension @ as the subspace of s-invariants in

—

H((t)), where s acts trivially on the central element.
Consider a decomposition
h—1
m=0
into eigenspaces of s, where s acts on b, by exp(2wim/h). We denote the dimension

da = dim [)a mod h-

Since s is orthogonal with respect to the inner product (,) on b, the spaces b,, and
Ba—_m are naturally paired. Let {a’ }; be a basis of t™h,, and let {a’, }; be the dual basis of
.

Let us define the universal enveloping algebra Uy (a) as the quotient U(a)/(K —k-1),

where K is the central element of @. We can similarly define the universal enveloping algebras
U.(Vir) and Uy .(Vir x @).

The Sugawara currents we are about to define will involve infinite expressions in the
elements a’,, so they belong to a completion of the universal enveloping algebra Uy, (@) in the

“positive” direction:

Uk(a) = ILH Uk(a)/<anUk(a>>>

n
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o~

= t""a, . Similarly, we can define a completion ﬁkﬁ(\/ir X a).

where we denote a,

Proposition 2.4.6. The elements of Uy(d)

1 i i 1 i 7 1
Ly = h Y ol t kh Zahn/2“hn/2 ~Onoggs > dilh=1)

a<nh/2,i 0<lI<h

obey the Virasoro commutation relations

dim b
[L1€7 Lfn] = (n - m)Lerm - 5n,fmT(n3 - n)

Proof. Let us assume that h, n and m are all odd for simplicity. Moreover, assume m > 0.

Other cases are treated similarly. We denote C = {(a’, a’).

Then we get

ORI A ED SR 1 A

a<hn/2,0<hm/2,ij

=k Z aznfaa/jgafsaﬂ_hm&j + aia]ﬂ(hn — )0hn—a.phmC"
a757i7j

+ @506 (W1 — Q) Ohn—a,—0ij + Gppy g0y o000, 3CY

=k ahn—aahm+aa60‘<*hm/2 + aaahn—‘rhm—a(hn - Q)5a>hn+hm/2
a<hn/2,i

+ aﬁzm—&-hn—aafx(hn - a)5a<hn+hm/2 + aﬁzm+aa§zn—aa5a>fhm/2
We see that one may combine the terms to get

k Ahp—aChm+a® + ahm—i—hn—aa'oc(hn - OZ).
a<hn/2,i
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Let’s shift the index of summation in the first term:

k Z a;.“m-i-hm—aa?x(a - hm) + k Z a;'lm-&-hn—aai(hn - Oé)'
a<hn/2+hm,i a<hn/2,i
We want to make both sum to go up to a = h(n + m)/2, so split off the necessary

part in the first sum:

k Z a;‘erhmfaai(a - hm) +k Z a;‘erhmfaai(a - hm)
a<h(n+m)/2,i h(n+m)/2<a<hn/2+hm,i
+ k Z a;1m+hnfaa’i(hn - Oé).
a<hn/2,i

The extra piece of the sum combines with the last term to finally give

EoY Ghgnmealu(hn = hm) £k iy 2@ (0 —m) /2

a<h(n+m)/2,i i

—k*0p Z ala — hm).

O<a<hm/2i

The first two terms combine into (kh)?(n — m)L%,

(for n # —m), while the last

sum 1is

S = Z ala — hm)d,.

0<a<hm/2

Since d, depends on a only modulo h, let us substitute & = hb + [. Then we get

S= > 4 > (hb+D)(hb—hm+1)

—h/2<l<h/2  —l/h<b<m/2—1/h
= > 4 > h2b? + 1(1 — hm) + 2hbl — h*mb
—h/2<l<h/2  —l/h<b<m/2—1/h
= > dil—hm)+ > d > B+~ hm)+ 2hbl — B*mb
0<I<h/2 —h/2<i<h/2  0<b<m/2—l/h
= > dil—mm)+ > d pr =1 +I(l—h )m_1+m2_1h(2l—h )
= 1 m 1 24 m m B 3 m
0<i<h/2 —h/2<I<h/2
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Since d; = d_;, only even powers of [ survive in the last sum. Moreover, >, d; = dim b.

Therefore, we get
m? —1
12

S=m Y di(l—h)—h*dimb m.

0<I<h/2

The second term gives the usual Virasoro cocycle, while the first term can be absorbed

into a redefinition of Lj. O

Remark. Note the unusual ordering in the Sugawara currents. We use this particular ordering
as we will be interested in representations like O(A/A, ), which are not highest-weight, but
instead dual to the highest-weight ones (namely, the vacuum representation Ua/Ua, ). This

is also reflected in the minus sign in front of the central charge.

Remark. The Sugawara operators do not change if we multiply the bilinear form (,) on § by

a number.

We get an embedding of the Virasoro algebra into U x(@). Now we want to see that the

action of this copy of Virasoro coincides with the canonical Virasoro action on the Heisenberg.

Proposition 2.4.7. The Sugawara currents L2 of Proposition 2.4.6 have the following com-

mutation relations with elements of a:
S i @ g
[L'rwaa] = _Eaa—&—hn'

Proof. For simplicity, we again assume that both A and n are odd. Then the commutator is

i 1 j 7
[L;j, ao‘] - E Z [aglnfﬁa]ﬁ’ aa]
B<nh/2,5
1 o

= E Z (hn - 5)6hn75,7a0] @JB + a%n—ﬁﬂdﬁ,*aé‘i]’
B<nh/2,j
@

= _Eaa—i-hn'
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2.4.2.3

Let L, € Vir be the standard generators of the Virasoro algebra.

propositions give an embedding
S : Uy (Vir) = Upo(Vir x @)

given by

S(L,) =1L, — L%,

n

Indeed,

[S(Ln)7 S(Lm)] = [Lnu Lm] + [L;z’ Lf@] - [Lm Lf@] - [Lgv Lm]

- [Ln’ Lm] - [Lgv Lfn]
¢+ dimb

= (n—m)S(Ly+m) + On,—m 1

Therefore, the central charge is

d =c+dimb.

Furthermore, the image of S commutes with Uy (a) C ﬁk,c(Vir X ).

2.4.2.4 Virasoro constraints

(n® —n).

The last two

Any vector v € I'(Xy, Tx) acts by endomorphisms on F((/}\rx, L) and hence we have

an action of S(v).
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Since the operators S(v) commute with A, the action preserves the subspace of
invariants I'(Grx (A), L) C F(é\rx, L). In other words, we have an action of I'( Xy, Tx) on

the space of tau-functions I'(Grx (A), £).

We have the following lemma | , Lemma 2.5.1]:

Lemma 2.4.8 (Beilinson-Feigin-Mazur). The Lie algebra I'(Xo, Tx) of vector fields on a
curve is simple. In particular, since it is infinite-dimensional, it has no nontrivial finite-

dimensional representations.

Combining this lemma with Proposition 2.1.10 we get the following proposition:

Proposition 2.4.9. Any vector field v € T'(Xo, Tx) preserves the section o:

This implies that the tau-function

_olg'P)
TP(Q) - gilO'(P)
is invariant under the Sugawara currents on the right. But since g € A and the Sugawara

currents commute with A, it is also invariant under the Sugawara currents on the left.

Suppose a € A,. Then 7p(ag) = c(a,g)7p(g). Therefore, A, actson7p(-g) € O(A/AL)
via multiplication by a function in O(A/A.). In contrast, elements of A/A, act by trans-
lations. Infinitesimally, it means that a/a, acts on 7p(-g) by vector fields, i.e. first-order

differential operators.

Denote the projection p : Agap — T'(Xo, Tx). Combining the invariance of the tau-

function under the Sugawara currents and vectors a € Agq, we get
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Theorem 2.4.10. For any vector a € A, we have a second-order differential equation on

the tau-function:

(@ = 5(p(a)))T = 0.

These are the famous Virasoro constrains of two-dimensional quantum gravity [

1 on P! vanishing to the first order at oo. Let

For example, pick a global coordinate z~
{t: }oas0i € O(A/A}) be the time coordinates, so that a’, acts by 9/dt" , for a < 0, and it

acts by (—ka)t!, for a > 0.
Suppose p(g) = 22% for some g € Agqp. Let’s consider the case h = 2. Then the
operator

1 'L 7
S<Zza/az>_g:Ll—Lf—g:§Z(a—i—Q 2+°‘8t2+ Zt Zgi,a%

a>0,1
is known as the string operator, where g; , are some coefficients involved in the definition of
g. Similarly,

1 9]
1 S _ -1
S(20/0z) —z~g=Lo— Ly — 2 9=73 E ata6t1+1% (8756) —I———E Gially_o,

Oc>z

which is related to the dilaton operator.

2.4.2.5 Differential side

Suppose that P € Gry(A) is a string point. Then there is a connection Vging on
P — X, which preserves the reduction to A near infinity. Hence, the oper connection Ve,
is flat with respect to Vi ing, i.€. together they form an absolute flat connection on XoxA_;.

Combining this with Theorem 2.4.4 we get a converse statement.
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Theorem 2.4.11. An affine oper (P, P, V) is string iff the relative oper connection V gpe;

on Xo X A_q extends to an absolute flat connection preserving the A-reduction near infinity.
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Chapter 3

Derived symplectic geometry

3.1 Derived symplectic geometry

3.1.1 Symplectic structures
Let us remind basic notions of differential forms in derived algebraic geometry |

Let X = Spec A be a derived affine scheme for A € cdga=" a non-positively graded
commutative differential graded algebra. Recall that we have the cotangent complex Ly,
which is an A-module, and the complex of differential forms Q(X) := Sym,(L4[1]). It has
a G, action given by scaling the cotangent complex and we denote by Q7(X)[p| the weight

p piece. Define the complex QP(X,n) of p-forms of degree n to be QP(X)[n].

The space H*(QP(X,n)) of p-forms of degree n is an algebraic analog of the space

HP"(X) of (p,n)-forms in complex analytic geometry.
The de Rham differential is a morphism dgg : Q(X) — Q(X) of degree —1 and weight
1, which squares to zero. We define the complex of closed forms to be
Q(X) = (Symy(La[1]) @ kl[u]], d + udar),

where d is the differential on Q(X) and u has degree 2 and weight —1. Let QP<(X)[p] be
the weight p piece of Q%(X). The complex QP (X, n) of closed p-forms of degree n is the
weight p piece of Q¢(X)[n — p]. We have a map QP<(X,n) — QF(X,n) given by evaluation

at u=0.
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Geometrically, closed forms can be interpreted as S'-equivariant functions on the free
loop space | |, [ ]. This explains the action of k[[u]] = O(BS!) on the complex of

closed forms.

Explicitly, an element w € H(QP (X, n)) is a collection of differential forms w; for
1 =20,1,..., such that w; has weight p + ¢ and degree n — 2¢ and the following equations are

satisfied:
dwo =0

dw,-+1 + ddROJi =0.

In other words, w;;; expresses closedness of the form w;.

Both prestacks QP(—,n) and QP<!(—, n) satisfy étale descent, so we can define the

complexes of forms for a general derived stack as mapping stacks
Qp(Xv TL) = MapdSt (X7 Qp(_v TL)), QPVCZ (Xa n) = MapdSt(X7 QpVCl(_a n))
For an Artin stack the complex of p-forms QP(X,n) is the space of sections

(X, n) = I(X, Symp, (Lx[1])[n — p]).

A two-form w € Q*(X,n) defines a morphism Tx — Lx/[n].

Definition. A two-form w € Q*(X,n) is nondegenerate if Tx — Lx[n] is an isomorphism.

We denote A" (X,n) C |Q%*(X,n)| the subspace of nondegenerate forms, where

|Q?(X,n)| is the simplicial set corresponding to the complex Q?(X, n) under the Dold-Kan
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correspondence (as the complex 92%(X, n) is not connective in general, we consider its trunca-

tion 7<¢). We define the space Symp(X, n) of n-shifted symplectic forms to be the pullback

Symp(Xa TL) — A (Xv n)

| |

|Q27Cl(Xa n)l - |Q2(X7 TL)|

3.1.1.1 Example

The main example of a symplectic stack relevant for this paper is the classifying
stack X = BG of an affine algebraic group G. See | , Section 3.4] for a definition of
G-torsors over derived affine schemes. The category of quasi-coherent sheaves QC(BG) is
naturally identified with the category of comodules over O(G). The cotangent complex of
BG is Lpg = g*[—1] € QC(BG), where g* is the coadjoint representation of G. If G is
reductive, the functor of G-invariants is exact, so Q*(BG) is concentrated in degree 2 and
we have H'(Q2(BG, 2)) = Sym?(g*)“. One similarly has H°(Q>“(BG,2)) = Sym*(g*)“ since
dar = 0. A class w € Sym*(g*)¢ is nondegenerate if the induced G-equivariant map g — g*

is an isomorphism.

3.1.2 Lagrangian structures

An n-shifted symplectic form w € Symp(X,n) can be viewed as an element of
H"(X, /\2 Lx). For example, 1-shifted symplectic structures can be thought of as defin-
ing torsors over /\2 Lx together with a trivialization of its de Rham differential and higher
closedness conditions (which are void if Ly is concentrated in nonnegative degrees). We will

take up this point of view in the future sections.
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Let (X,w) be an n-shifted symplectic stack with w € Q%¢(X,n).
Definition. An isotropic structure on f: L — X is a homotopy from f*w to 0 in Q> (L, n).

In other words, it is an element h € Q*(L,n — 1), such that (d + udgr)h = f*w.

Explicitly, we have a collection of differential forms h; satisfying the conditions

dhy = f*wo

dhiy1 + darhi = ffwis.

The form hg defines a map T, — LLy[n — 1], which is not a chain map in general since

hg is not closed. Consider instead the relative tangent bundle
Ty = f"Tx[-1] & Ty,

with the differential given by the map T, — f*Tyx. We have a chain map T; — Lj[n — 1]

defined to be f*wy on the first summand and Ay on the second summand.

Definition. An isotropic structure f: L — X is Lagrangian if Ty — Lg[n — 1] is an

isomorphism.

Here is a way to unpack this definition (see | ). An isotropic structure on

f: L — X is a commutativity data of the diagram

Ty, 0

|

f*TX —>LL[7’L]
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The isotropic structure is Lagrangian if the diagram is a pullback. In other words,
Tp — f*Tx — Lr[n]
is an exact sequence.

Theorem 3.1.1 (] ). Let (X,w) be an n-shifted symplectic stack together with two
Lagrangians Ly — X and Ly — X. Then theiwr intersection Ly X x Lo carries a natural

(n — 1)-shifted symplectic structure.

Let us prove a generalization of this theorem, which can also be found in [

Theorem 4.4]. Let X and Y be n-shifted symplectic stacks.

Definition. A Lagrangian correspondence is a correspondence

L

/N

X Y

together with a Lagrangian structure on the map L — X x Y.

Here Y is Y with the opposite symplectic structure.

The following theorem allows us to compose Lagrangian correspondences, which will

be used in section 3.3 to describe the AKSZ topological field theory.

Theorem 3.1.2. Let (X,wx), (Y,wy) and (Z,wyz) be n-shifted symplectic stacks and

Ly Lo
5NN
X Y A
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are Lagrangian correspondences. Then the pullback Ly Xy Lo is a Lagrangian correspondence

between Z and X.

Proof. Suppose that the Lagrangian structures on L; and L. are given by the forms h; and

hy respectively, i.e.

p}wx — (p%/)*wy = (d + UddR)hl, (p%/)*wy — p}wz = (d + UddR)hQ.

Denote L = Ly Xy Ly and let 7;: L — L; be the projections.
Then
WTp}WX — ﬁ(pb*cw + W;(p%/)*(JJY — W;p*ZO.)Z = (d + UddR)’iTThl + (d + UddR)W;hg.
Therefore,
Tipxwx — Mopywz = (d + udar) (7R + 73h2),
i.e. mihy + mihy defines an isotropic structure on L — X x Z. Let us check that it is in fact
Lagrangian.

Ly - X xY and Ly, — Y x Z are Lagrangian, so we have the following pullback

squares
T, 1) T,, T
pxTx & (py)* Ty — L, [n] Py )* Ty @ py Tz — Ly, [n]

Pulling them back to L and adding together we get a pullback square

WTTLl @WSTLQ 0

| |

mipx Tx @ 71 (py ) Ty @ 75 (p3 ) Ty @ m5p5 Tz — willyp, [n] @ w5, [n]
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We can split off two summands of 7} (p},)*Ty into the diagonal and antidiagonal parts

obtaining the pullback of the form

T, ® ¢*Tz & mip; Ty [—1] 0

| |

mipxTx ® myp5 Ty miLg, [n] ®© m5L,[n] © mipi Ty [1]

with the obvious differentials in the top-left and bottom-right corners. Finally, using the
identification in the bottom-right corner Ty 2 Ly [n| given by the symplectic form wy we

get a pullback

Ty, 0

|

mipxTx © mpy Ty —Li[n]

In other words, L — X x Z is Lagrangian as claimed. O

In the case X = Z = pt Theorem 3.1.2 reduces to Theorem 3.1.1. Indeed, a La-

grangian L — pt is the same as an (n — 1)-shifted symplectic stack.

More generally, suppose f: X — Y is a symplectic morphism. Then the graph
r f= X Xy Y - X x ?

carries an isotropic structure. We say that the morphism f is nondegenerate if its graph is
Lagrangian. In this case we can pullback Lagrangians: let Ly — Y be a Lagrangian and
L, =T'4. Then the theorem gives a natural Lagrangian structure on the pullback Ly xy X.
One can view Theorem 3.1.2 for Z being a point as a way to perform integral transforms for

Lagrangians.
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3.2 Symplectic reduction

In this and future sections G will denote a reductive group of finite type over k.

3.2.1 General definition

The general procedure for a symplectic reduction starts with a 1-shifted symplectic
stack X together with a choice of a Lagrangian . — X. Then the data of a symplectic

reduction consists of:

1. A stack M with a G-action.

2. A moment map p: M/G — X together with a Lagrangian structure.

The isotropic conditions dhg = f*wq, dhi+darho = f*wq, ... will be called the moment
map equations. We will see that these equations coincide with the usual moment map

equations familiar from the theory of symplectic reduction.

By definition the reduced space is M /G x x L. Theorem 3.1.1 gives a natural symplectic

structure on the reduced space.

3.2.2 Ordinary Hamiltonian reduction

Let X = g*/G. The category of quasi-coherent sheaves QC(X) is the category of

G-equivariant sheaves on g*. The tangent complex Tx € QC(X) is
Tx =g ®; Op[1] ® g" @k O,
with the differential given by the coadjoint action.
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On g* we have a canonical “Maurer—Cartan” form wy € Q!(g*) ®;. g* given by the
identity map T,g* = g* — g*. It defines a two-form wy € Q2(g*/G, 1) of degree 1. It is
closed: (d + udgr)wo = 0, where dgrwy = 0 follows from the fact that wy does not depend
on the point z € g* and dwy = 0 follows from the equivariance of wy with respect to the

coadjoint action.

It gives a morphism wy: Tx — Lx[1]

9 Ok Og* — g ® Og*
g @k Ogr —g" @ Oy

which is clearly an isomorphism.

We have g*/G = T*[1]BG. Therefore, the symplectic structure can alternatively
be defined using a canonical one-form 6 of degree 1. It is given by the identity function

id € Oy ®; g*. Then wy = dgrd.

An isotropic structure on M /G — X is a closed two-form h of degree 0 on M, which

is G-equivariant. Moreover, the condition dhy = f*wy is equivalent to

—tawyho = dp(v)

for v € g and a: g — T'(M, Ty) the action map. Lagrangian condition translates into the
fact that hg has to be nondegenerate.
For example, the map L = pt /G — g*/G induced from the inclusion of the origin is

Lagrangian.
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3.2.2.1 Example

Let M be a stack with a G action. We define a moment map p: T*M — g* as follows.

The action map a: g — I'(M, Ty,) gives an element of

9" @k [(M, Ty) C g" @ D'(M, Symg,, Tar) = D(T"M, g* @k Or<pr).

Recall that the canonical one-form 6 on T*M is defined to be the composite
Tremr — p"Tar = Orenr,
where p: T*M — M is the projection and p*Ty; — Orps«ys is adjoint to
Ty — p«Orpepr = Symg,, Tay.

Observe that

We define hy = dgrf. The moment map equation follows from the following calcula-

tion:
—tla(w)dard = dartew)f = daru(v),

where we used G-invariance of 6 in the second equality.

The moment map equation follows by observing that

10 = p(v)

for v € g.

The symplectic reduction

T*M/G X4 pt /G

is isomorphic to T*(M/G).
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3.2.3 Quasi-Hamiltonian reduction

Consider the right action of G on itself by conjugation: a +— g~ 'ag =: Ady(a) and let
X = G/G. The tangent complex is

9@, Oc = Tg
in degrees —1 and 0 with the differential g — I'(G, Tg) given by the adjoint action
L

z € g ol — 2k,

where 2% and 2% are vector fields generating the left and right actions of G on itself. The
cotangent complex is

Lo — ¢" ®r O¢

in degrees 0 and 1 with the differential d given by

(do)(x) = —t(er—or)¢

for ¢ € Lg. At any point a € G we have z* = Ad 2.

Recall the left and right Maurer-Cartan forms 6,0 € Q'(G) ®; g defined by
Ll = (a € G (Ly1)wvy), 0 =(a€G— (Ry1),v,)
for a vector field v € I'(G, T¢). For any point a € G we have
0 = Ad,#0.
The contraction of the Maurer—Cartan forms with the invariant vector fields are as follows:
Latyl = Ade(T), Lipryt) = L(xL)g =z, L(xR)g = Ad,-:(x).
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Furthermore, we have the Maurer-Cartan equations

1 — 1
dqrf + 5[9, 0] =0, darb — 5[9, 9] = 0.
The sheaf of two-forms on G/G is

2
/\]LG ® Lg ®% g°[~1] ® Og @ Sym?(g*)[—2].

Let (—,—): g ®, g — k be a G-invariant nondegenerate symmetric bilinear form. Then we

can define a two-form wy of degree 1 by

wo(y) = —5(0+0,y) (3.1)

for any y € g.

Lemma 3.2.1. wy s d-closed.

Proof. 1f we view dwy as an element of g* ®; g*, we have to prove that it is antisymmetric.

1 _
d(x)o(x, y) = é(L(zR—J:L)Q + L(JJR—xL)ev y)
= 2~ Ady(2) + Adyr(a) — )
1 1
= E(Ada_l (1‘), y) - 5(1’, Ada—1 (y))

]

Although wyq is not dgr-closed, it is homotopically dgr-closed: there is a differential

form wy, such that dqrwy + dwy = 0. Indeed, define a three-form w; of degree 0 by

1
wi = 7(6,16,9). (3.2)
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Lemma 3.2.2. The equation dgqrwo + dwy; = 0 is satisfied.

Proof. For x € g we must prove

1 —
_ddR§(0 +0, JZ) — UgR_gL)W1 = 0.

Let us split

1 1 - - =
W1 = 2_4(67 [07 0]) + 2_4<67 [97 9])
Then we have to prove
1 1, - - 1 1 —
Z([Q, 0], x) — Z([H, 0], x) — g(b(xa,mL)H, 10,0]) — g(L(mR,xL)Q, [0,0]) = 0.

This is equivalent to

2([0,0],z) — 2([0, 0], ) — (x — Adu(2),[0,0]) — (Ady—1(z) — 2,1[0,6]) = 0.
The claim follows from the invariance of the bilinear form under conjugation. O
Lemma 3.2.3. The form w, is dgr-closed.

Proof. From the Maurer—Cartan equation we see that [0, 0] is dqr-closed. Then
duneon = = (dar, [0, 0]) = — ([0, danf], 8) = — (dar[0. 6, 8) = 0
drW1 = 12 dRY, |V, - 12 y UdRY | - 12 dR|[Y» Y], — Y%

where we used invariance of the bilinear form in the second equality. O

The previous three lemmas prove that wy + uw; is a closed two-form. To see that it

is symplectic, we have to check that it is nondegenerate.
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Lemma 3.2.4. The two-form wy: Taja — Leaja[l] is nondegenerate.

Proof. wy gives the following chain map:

g ®k O¢ TLG
Lea 9" @ O,

where the vertical maps are dual to each other. As the vertical maps are morphisms of
vector bundles of the same rank, we just have to check that one of them (say, the left one)

is injective on cohomology.

Consider a point a € G and a closed degree 0 element v € g of T¢/[—1]. Closedness

of v is equivalent to the equation Ad,-1v = v.

Its image under wy is

——(0+06,v).

If this form is zero, its contraction with every vector field of the form x% is zero as

well. That is,

1
—§(Ada(x) +x,v) =0.
However,

—%(Ada(x) +z,v) = —%(x,Ada—l(v) +v) = —(z,0).

It is zero for all z € g if and only if v = 0, i.e. the left vertical map is injective. [
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Consider a G-equivariant map p: M — G of right G-spaces. It induces an isotropic

map M /G — G/G if we are given a two-form hg of degree 0 on M /G, such that

pwwo = dhg, p*wi = darho.

Substituting the expressions for wy and w; we get

1 —

La(v)hO = §M*<0 + 07 U)
1
darho = E,u*<97 [97 9])

These are precisely the moment map equations for the quasi-Hamiltonian reduction. One
sees that the equations coincide with | , Definition 2.2] up to a sign in the second
equation since | ] consider left G-actions. In the future we will call Lagrangians

X — G/G quasi-Hamiltonian spaces.

3.2.3.1 Example

This example is due to Alekseev, Malkin and Meinrenken [ , Section 9].

Let M be a closed oriented surface together with a point o € M. Let Locg (M) be
the moduli space of local systems on M also known as the character stack. The moment
map

p: Locg(M\z) - G/G

is given by the monodromy around the puncture x. This gives Locg(M\x) the structure
of a quasi-Hamiltonian space. The symplectic reduction of Locg(M\z) is Locg(M), which

inherits a symplectic form.
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For instance, let M = T? be the 2-torus. More general character varieties can be

obtained by fusion (see the next section). We have a moment map
w:GxG—dGd
given by the commutator a,b — aba='b~!. The two-form hg on G x G is given by
L R R
hO = §(p107p20) + §(p297p10) + E(m 072 m 0)7 (33)
where m: G x G — G is the multiplication, p;: G x G — G are the projection and

i: G x G = G — @ is the inversion on each factor.

The geometric meaning of the form hy will be explained in section 3.4.

3.3 AKSZ topological field theory

3.3.1 Lagrangian correspondences

Consider the symmetric monoidal 1-category LagrCorr, whose objects are (n — 1)-
shifted symplectic stacks and morphisms X — Y are Lagrangian correspondences X <— L — Y.
Theorem 3.1.2 defines a composition on this category. To make the composition well-defined,
we consider Lagrangian correspondences only up to an isomorphism. Let us spell out the

notion of isomorphisms explicitly.

Two Lagrangians f;: L; — X x Y are isomorphic if we have an isomorphism of stacks

g: L1 — Ly together with a commutative diagram

L —LxxY

| A

L,
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We have a loop at the origin in Q*<(Ly,n) given by
0~ fiwx = fiwy ~g"filwx —g" fiwy ~ 0

which we require to be contractible.

The symmetric monoidal structure on LagrCorr,, is given by the Cartesian product

of symplectic stacks.

Recall also the symmetric monoidal 1-category of cobordisms Cob;" whose objects

are closed oriented (n — 1)-manifolds and morphisms are oriented cobordisms between them.

Given a topological space M we can assign to it a constant stack Mp. Let us recall

the following two theorems (| , Theorem 2.5] and | , Section 3.1.2]).

Theorem 3.3.1. Let M be a closed oriented (n—1)-manifold and X an m-shifted symplectic
stack. Then the derived mapping stack Map g, (Mg, X) carries a natural (m —n + 1)-shifted

symplectic structure.
Theorem 3.3.2. Let M be a compact oriented n-manifold. Then the restriction map
Mapys (Mg, X) — Mapyg ((0M)p, X)

carries a natural Lagrangian structure.

One can recover the previous theorem since OM = & and Lagrangian maps from the
stack Mapyg, (Mg, X) into the point equipped with a unique (m — n + 1)-shifted symplectic

structure are the same as (m — n)-shifted symplectic structures on Mapyg, (Mg, X).
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Following | | we define the AKSZ topological field theory Zx : Cob; — LagrCorr,,_, .,

whose value on any manifold M is given by the derived mapping stack
Zx (M) = Mapgg (Mg, X).
See loc. cit for more details.

3.3.2 Classical Chern—Simons theory

We would like to interpret objects appearing in [ | from the point of view of

the AKSZ topological field theory.

The classifying stack BG carries a 2-shifted symplectic structure constructed from a

nondegenerate G-invariant quadratic form ¢ € Sym?(g*)“. The field theory
Zpa: Coby” — LagrCorr,

is the classical Chern—Simons theory truncated to dimensions 1 and 2. Let’s consider some

simple cobordisms.

o M =S Zps(S') = G/G and it carries a 1-shifted symplectic structure.
e M is the disk. Then Zgg(M) = pt /G which carries a Lagrangian map pt /G — G/G.
e M = S x I viewed as a cobordism from pt to S* LI S*. We call
D(G) = Zpg(S' x I) = G/G
the double of G. The map G/G — G /G x G/G given by a + (a,a ') is Lagrangian.
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Figure 3.1: The double D(G).
e M is a pair of pants viewed as a cobordism from S* LI .St to S'. Then
Zpa(M) = (G x G)/G.
The AKSZ field theory then gives a Lagrangian correspondence

(G xG)/G

ST

G/G G/G x GG

Figure 3.2: Fusion

For example, for any Lagrangian L — G/G x G /G we get a Lagrangian
L X(Gx@)/G (G/G X G/G) — G/G
which is called the internal fusion of L.
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e M is a 2-torus with a disk removed. We can view M as a composition of the cylinder

with a pair of pants, so Zpg(M) is the fusion of the double D(G). Explicitly,
Zpa(M) = (G x G)/G

with a Lagrangian morphism Zgg(M) — G/G given by (a,b) — aba™'b7!.

(=2 - G

Figure 3.3: Punctured torus as a fusion of D(G)

e M is a closed oriented surface of genus g. We can split it as a composition of M with

a disk removed M’ and a disk. This allows us to compute
ZBg(M) = Zgg(M,) Xg/G pt /G

In other words, the character variety of M with its symplectic structure obtained by

the AKSZ construction can be also obtained from a quasi-Hamiltonian reduction of

Zpa(M') = (G x ... x G)/G.

2g times
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3.4 Multiplicative torsor on the group
3.4.1 Multiplicative structures

3.4.1.1

In this section we will show that there is a multiplicative Q*“-torsor on G, which

gives rise to the 1-shifted symplectic form on G/G described previously.

Let A be a natural system of sheaves of abelian groups on stacks. That is, it is a
collection of sheaves Ax for every stack X together with compatible maps f~'Ay — Ax for
every morphism f: X — Y. Given an Ay-torsor 7 on Y, we define the pullback A-torsor
f*T to be

FT=[f7'T Xp-14, Ax.

Definition. A multiplicative A-torsor T on G is an A-torsor T together with the data of

an isomorphism

b m T =T xapiT = TRT

satisfying the following pentagon diagram expressing associativity:

miam*T - mism*T
m12¢j lm33¢
mi,(TXT) mis (T XT)

THRTXT

The maps mys,mo3: G X G X G — G x G are multiplications of the first two and the

last two factors respectively.
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Let BG be the classifying stack of a group G and let the simplicial scheme B*G be
the nerve of the map pt — G classifying the trivial torsor. The simplicial scheme B*G is G™

in degree n with the degeneracy maps coming from the multiplication of adjacent elements.

Suppose that all A-gerbes on a point admit a trivialization. Then a multiplicative

torsor is just an element of

Tot D(B*G, A[2).

Indeed, an element 7 € TotI'(B*G, A[2]) is an A-gerbe on a point which we assume to be
trivial together with an isomorphism between two pullbacks G = pt given by an A-torsor
7 on G. Finally, we have a trivialization of p5T x4 m*T ' x4 piT on G x G, i.e. an

identification m*T = p5T x 4 p;T satisfying the associativity condition written above.

More generally, given a complex of sheaves of abelian groups A, we define a multi-

plicative torsor over A to be an element of Tot I'(B*G, A[2]).

By the universal property of totalization we have a natural map
['(BG, A[2]) — TotT'(B*G, A[2]).

If A satisfies descent with respect to the smooth topology, this map is an isomorphism.

Hence, in this case a multiplicative A-torsor on G is the same as an A-gerbe on BG.

Given a multiplicative torsor over A, we can descend it to an A-torsor on the adjoint
quotient G/G. Indeed, let f: G — G X G be the map that sends g to (g7, g). Then fm is

the constant map that sends g — e. Therefore, we have a trivialization
* * ¢ *
A= f*m*T =2 f(TXT).
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Consider the composite Ad: G x G PG GGG given by

-1

a, g (g, a,9) — g 'ag.

Then the pullback of 7 along Ad is isomorphic to 7 X A.

A section s € H(G,T) is G-invariant, i.e. is a pullback of a section over G/G, if
Ad*s € H°(G x G, Ad*T) coincides with pis € H*(G x G, T X A) under the isomorphism
AT =TXA.

3.4.1.2 Multiplicative torsors over A = ()2

As G is affine, T'(B*G,Q?[2]) is concentrated in degree 2. Therefore, an element
T € H(Tot T'(B*G, Q%2])) boils down to a two-form ¢ € Q?(G x G) satisfying the associa-
tivity condition

Moz} + Pa3d = MisP + P12 @ (3.4)
Let us fix this form to be

6= 5010, 530) (35

To check associativity, let us write down the pullbacks of the Maurer—Cartan forms

under multiplication:
m*0 = Adypi0 + pif, m*0 = pi0 + Ad,1p30,

where a and b are coordinates on the two factors of G. Hence, the associativity condition

becomes

(916, p30 + Adp1p30) + (050, p30) = (Adypi0 + P30, pi6) + (p76, p50).
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3.4.1.3

Finally, let us work out what it means for a section s € H(G,T) = H°(G, Q?) to be

invariant under conjugation. As before, denote by f: G — G x G the map g — (g7, ¢) and

-1

pe X fi3: G X G — G X G x G the map (a,g) — (g7 ', a,g). The section s is G-invariant if

Ad™s — fiymisd — f13p120 + fiaP13¢ = pis.

The term fj3p};¢ vanishes, since it is equal to 3(p30,p30) = 0. The other two terms

containing ¢ are
1 * * * *7) 1 * * *x7) 1 *7) * *x7) 1 *x7) k)
§f13(Adgp19 +p20ap39) + §f13(p19ap20) = 5(—Adap29 +p19,p29) - 5(?2972919)
]' * *7 *7) . %7)
= 5(])19 — Adgp30 + p197p29)-
Therefore, a section s is G-invariant if

* * 1 * *7) *x7) k1)
Ad*s = pjs — §(p19 — Ad.pi0 + pi0, p50). (3.6)

Picking out different components of this equation, we get the following consequences:
1. Restricting to G x {¢g} C G x G, we get
Adgs = s,
i.e. the form s has to be invariant under the adjoint action.

2. Contracting the equation with a vector field v* generating a left action on the second

factor of G and then restricting it to the first factor of G, we get

1
LyR_yL)S = 5(0 +6,v). (3.7)
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3. Finally, contracting the equation with v’ and w” along the second G factor, we get
1 1 1
L(wP—wl)b(pR—yL)S = é(Ada(v),w) — é(Ada(w),v) = §(Ada71(w) — Ad,(w),v),
which follows from equation (3.7) since ¢,z _y2y(6 + 0) = Ady-1 (w) — Ady(w).

On G/G we can write the equation (3.7) as
1
ds(x) = —5(0 +0,2) = wy(x).

In other words, s is a section of the Q%-torsor with class wy € H'(G/G, Q?).

3.4.2 Relation to the AKSZ construction

The aim of this section is to compute the 1-shifted symplectic form on G/G via the

AKSZ construction and compare it to the form wqy + uw; defined previously.

3.4.2.1

Let us describe the isomorphism I'(BG, 2") — Tot I'(B*G, 2"). This can be thought

of as the Dolbeault version of the Chern-Weil homomorphism Sym”(g*)¢ — H""(B*G).

Consider a G-torsor f: P — X. On the one hand, the complex of one-forms on X
fits into an exact sequence

FQx = Qp — Qpx.

Moreover, using the G-action on P we can identify Q}, x = 0" ®u Op. Therefore, global

one-forms on X are represented by the complex
DX, Q1) = (Q1(P)Y — (g" @ O(P))%).
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The differential Q'(P)% — (g* @ O(P))Y is w — (v = —t4mw), where v € g and a(v) is

the vector field generating the right action of G on P.

On the other hand, we can compute the complex of global one-forms on X using the

descent along P — X. Let P* be the Cech nerve of P — X. We will use isomorphisms
Prl=PxyPxx.xxP2PxGx..xG

given by
(p17p27 ) = (p17p;1p27 7p771£1pn)
We have a quasi-isomorphism I'(X,Q') = TotT'(P*,Q'), which has the following
description. We have the evaluation morphisms ev,: P" x A" — X. Given a one-form
w e (X, 0, we get one-forms w,, € T'(P™, Q') given by (ev:w)[A"]. The forms w, are not

closed since A™ has a boundary, but together they combine into a closed element wgy+w; + ...

of Tot T(P*, Q).
This gives a presentation of the complex of global one-forms as

DX, 0N = (QYP) - QAP xG) = QP xGxG)—..)

The differential Q' (P) — QY(Px Q) is w — a*w—piw and Q' (PxG) — Q' (PxGxQ)
is w = a*w — m3sw + plw, where a: P x G — P is the action map, p;; are the projection

maps and m: G X G — G the multiplication.

Descent gives a canonical chain map

0—=QY(P)" —(g" ® O(P))°

| |

0——QY(P) MPxG)——=Q(PxGxG)—..

[aw]
(a]
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The map Q'(P)¥ — Q(P) is the standard inclusion. Let us work out the map
(9" @ O(P)Y — QY(P x Q).

Note, that a form w € Q'(P) is G-invariant if a(g)*w = w for every g € G.

The composite Q1(P)¢ — QY P) - QY (P x G)isw — a*w—pjw. Let g: P — Px G
be the slice (p, g). Then g*(a*w —pijw) = a(g)*w—w = 0. In other words, the form a*w — pjw
has components only in the G direction. For v € g let v” be the vector field on P x G

generating the left translation on the G factor. Then
Lyr (AW — Piw) = 1,207 W = La()W,

where we used G-invariance of w in the last equality. Let >, e’ ® e; € g* ®j g be the image
of the identity morphism under End(g) = g* ®; g. Since tq(w is constant on the G factor,

we get

a'w—piw = Z La(enw - €' (p30).

)

Therefore, we are forced to let (g* @, O(P))¢ — QP x G) be t — —t(p30) for every

t € (g" @ O(P))°.
Finally, we have to check that —t(p5f) is a cocycle for every t. Indeed, its differential
1s
=D _(a" = miy + pia)t(0) = —a"t() + H(p30 + Ady,p30) — t(p30) = 0.

We can repeat the process for forms of higher degree, we will just write down the
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resulting differentials for n = 2. The chain map

0 —=Q*(P)% — (g" @ Q(P))? — (Sym®(g") @1 O(P))¢ —=0

| | |

0——Q*(P) 0%(P x G) (P xGxGQG)

has the following components

e The map Q2(P)¢ — Q2(P) is the standard inclusion.

e The map (g* ®; Q'(P))¢ — Q*(P x G) is given by

te S e A0 - LS e e € (530) A e (53), (3.8)

2
]
where t € (g* ®; QY(P))Y.
e The map (Sym?(g*) @ O(P))¢ — Q?(P x G x G) is
1 *7) * 1)
(_7 _) = —5(]920, Adg1p30)a
where (—, —) is the symmetric bilinear form associated to the quadratic form on Lie

algebra ¢(—) € Sym?(g*) ®; O(P); in particular, we have (v,v) = 2¢(v) for v € g.

Let us apply the considerations above to the universal G-torsor pt — BG. Then we
see that the form

1 * *7)
¢ = —5(p36,p30) € V(G x G)

representing a degree 2 two-form on BG in the Cech description comes from the quadratic

form v — (v,v)/2 on g.
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3.4.2.2

Given the explicit description of the isomorphism I'(BG, Q?) = Tot I'(B°G, ?), let

us now compute the integral transform of the symplectic structure on BG along

G/G x St
/ K
G/G BG.
We can think of the map ev as the self-homotopy & of the map G/G — BG classifying

the G-torsor G — G/G. The self-homotopy h induces a chain map h: Q*(BG, 2) — Q*(G/G, 1),

which coincides with p.ev*.

If we write S' = BZ, then a map G/G x S* — BG is the same as a G-torsor P on
G /G together with an automorphism P — P of G-torsors on G/G. To describe the torsor

with the automorphism corresponding to the map ew, first we have to better understand the

isomorphism G/G = LBG.

For an derived affine scheme S, £LBG(S) is the simplicial set of G-torsors P — S
together with an automorphism a: P — P. Similarly, G/G(S) is the simplicial set of
G-torsors P — S together with a G-equivariant map P — (. Given an automorphism
a: P — P, the isomorphism £BG = G/G sends it to the map p € P — p~ta(p). From
this description we see that the G-torsor on G/G corresponding to ev is the projection
map G — G /G, where G = QBG is identified with the stack of pointed G-torsors with an

automorphism. The automorphism




sends the pointed torsor (P,p) with a map a: P — G to (P,pa(p)) with the same map
f. Since a(pa(p)) = a(p)~ta(p)a(p) = a(p), the map is the identity on G. The data of
the homotopy commutativity captures the automorphism of the torsor P that sends the
basepoint p to f(p). More explicitly, the self-homotopy of G — G/G is an element h(g),

such that h(g) 'gh(g) = g. In our case, h(g) is simply g.

Now we write down the map ev on the level of Cech nerves A® for G — G/G and B*G
for pt — BG. It will consist of a map f: A* — B*G and a self-homotopy h. The map f in
low degrees looks as follows: f0: A% =~ G — pt = B°G'is trivial; f!: A 2 GxG — G =BG
is the projection to the second factor.

Recall that a self-homotopy of a map f: A* — B*G between two simplicial sets is a
collection of maps h': A" — B""G for 0 < i < n satisfying certain relations with respect

to boundary and degeneracy maps | , Lemma I11.2.13]. In our case we get the relations

pohy = f!
prhy = hopy
pihy = f*

p2hi = hoa.

==X ExE—=GExG—=G

% h§
£ 001 o
_—

GxG G

pt
From the explicit description of the map ev: G/G x S' — BG, we see that the map

h{ is the identity map G — G. Since both G/G and BG are homotopy 1-types, one expects
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that the homotopy, i.e. the maps h!, is uniquely determined by the map hJ. It turns out to

be indeed the case.

The equation pohl = f! implies that h}(a, g) = (?,g). Similarly, p1h = h)p; implies
that hi(a,g) = (a, g).

The equation p;hi = f! implies that hi(a,g) = (g,7). Finally, poh] = hja implies
that hi(a,g) = (9,97 ag).
The self-homotopy h: f = f induces a self-homotopy h: f* = f* between the com-

plexes of differential forms:

0—=0(G)—= (G xG) —= (G xGExG)—

\\

00— Q%

0?(G x Q)

Explicitly, we have

1

70 * 7 * *
h=(ho)"s h = (k)" — (M),
We are ready to compute the image of ¢ under h: Q*(BG,2) — Q*(G/G,1). It is

1 o .
(hy) o — (hy)*¢ = —5 (P10, p20) + 5 (P30, Ad"0).

We can decompose Ad* = fiymiym*, where fi3: GXG — GxGxGis (a,9) — (97, a,9).

Let us compute Ad*é step by step:
m*0 = pi0 + Ad,1p30
miom*0 = pi0 + Ad,-1p30 + Ady-1,-1p30

fismiom*0 = —p5f + Adgpi6 + Ad,-1,p30.
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Therefore,

, ) _ _
() = =5 (P10, 230) + 5 (P30, —p30 + Adypif + Ady-1gp}0)

5(
1 _
=—?ﬁ9+ﬁ9+Adlm9ﬁﬁ

- _5(1)19 + p16 — Adap30, p30).

This is exactly the form appearing in equation (3.6).

So far we have computed the image of ¢ in Q*(G/G, 1) using the Cech presentation.
Now we show that the Cech cocycle comes from the degree 1 two-form wy under the map

(3.8). Indeed, the image of wy under (3.8) is

- = Z 0+ 0, e;) A pie’ Z LeR_eJL 0,e;) - (p30) A el (p30)
1 * 1 * J(m*f
§(p10 + 50, p30) + 2 Z(Adafl(ej) — Ad,(ej), ps0) A€ (ps0)

J
1 * * 1 *7) o *k7)
== (P10 + 110, p30) + 5 (Adap3f, p30).

All the calculations in this section are summarized in the following theorem.

Theorem 3.4.1. The integral transform of the quadratic form q € Sym?(g*)¢ = Q?(BG, 2)

under

G/G x S

ST
G/G BG

18 equal to

1 —
Wo = _5(0 + 07 _> < QQ(G/G7 1)
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3.4.3 Multiplicative torsors over A = Q¢

Since G is affine, the fibers of the forgetful map
{multiplicative Q*“-torsors 7} — {multiplicative Q*torsors 7}

consist of multiplicative sections of the induced 3-torsor dqr7. Explicitly, these are 3-forms
s, such that

m*s + dqrd = pis + pss.

Lemma 3.4.2. The three-form wy = £(0,[0,0]) is a multiplicative section of the multiplica-

tive Q2-torsor defined by the two-form —ao.

Proof. Recall that m*6 = Adh;1p*{0 + p30. Therefore,

1
miw; = E(m*&, [m*6, m*0))
1

D (Adh2—1p>{9 + p30, [Adhglpie + 30, Adh2_1p“{6 + p30]).

We also have

1 _ 1 _
dar¢® = —§(piddR9,p§9) + §(PTQ7P§ddR9)

1 * *7) 1 * *[N
- A_L(pl[e’ 9]7]72&) + Z(pleap2[97 ])

There are eight terms in m*w;. Two of them are just pjw; + piw;. Another six terms

break into two triples:

1 * * * 1 * * *
15 (Ady;1p10, [p20, p20]) + 5 (a0, [Ady 1010, p2d])
1 * * * 1 * *7) k)

E(pQHa [p207 Adhglple]) = Z(plea [p207p2 ])
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and similarly for the other triple. We see that these six terms cancel with the terms in

dar 9. L

To summarize, we have constructed a multiplicative torsor over 2>¢ on G, such that

the induced Q> torsor on G/G is represented by the differential forms (wp,w;).

Note, that w; is uniquely determined by wg. Indeed, difference between any two
choices of w; defines a multiplicative 23-torsor on G. However, the space of multiplicative

Q3-torsors on G is Q3(BG, 2), which is contractible.

Theorem 3.4.3. The integral transform of the quadratic form q € Sym?(g*)¢ = Q><(BG, 2)

under
G/G x St
PN
G/G BG
18 equal to
o + uen = —%(e FB,-) 4 2(0,10.6) € 0%(G/G, 1)
3.4.4 Fusion

A geometric way to think of the isomorphism m*7T = T X 7T is as the data of an

isotropic correspondence

(G x G)/G

T

G/G G/G x GG
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In other words, (m,p1,p2): (G x G)/G — G/G x G/G x G/G is isotropic, where the
homotopy is given by —¢, a two-form on (G x GG)/G. This is exactly the correspondence
given in the classical Chern—Simons theory by a pair of pants. This is not a coincidence.
Indeed, in subsection 3.4.2 we computed the pullback of ¢ € Sym?(g*)¢ = Q%(BG, 2) under
evy: B2G x A? — BG, where B2G = G x G. We obtained

¢ = (evyq)[A%].
Consider the pair (A2, po U p; U ps), where p; are the vertices of A%. Then
B*G = Map,(A?, BG),

where p; are sent to the basepoint of BG.

However, we can also consider a “framed” pair of pants (M, N) relative to the sub-
space N as illustrated in the picture. Then the space of pointed maps Map, (M, BG) = GxG
is isomorphic to Map, (A% BG). Indeed, both spaces M/N and A?/(py U py U py) are home-

omorphic.

b1

Po D2 M

A2

Figure 3.4: A framed 2-simplex and a framed pair of pants

Corollary 3.4.4. (m,p1,p2): G/G + (G x G)/G — G/G x G/G is a Lagrangian corre-

spondence with the isotropic structure —o.
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Suppose it = (pi1, pt2): M — GxG is a G x G-equivariant map. Then ji: M — GxG 3 G

is G-equivariant for the diagonal action of G.

If M/(GxG) — G/GxG/G is Lagrangian, we have a section w € H'(M, u*(TXT)).
Using the multiplicative structure on 7 we get a section @ € H°(M, u*m*T); in fact, since

T is trivial, we can write it as
~ * 1 * E)
W=w—po=w+t 5(#197,“29)-

We see that M /G with the moment map coming from the product ji /o is the internal
fusion of M /(G x G).

3.4.5 Punctured torus

3.4.5.1

If

1> H—>G—G—1

is a central extension of G by H, we can canonically lift commutators aba='b~! to the central
extension: pick any lifts @, b of @ and b. Then aba b~ is a lift of aba—'b~1. It is easy to see

that the lift of the commutator does not depend on the individual lifts.

One can formulate the same result in the language of multiplicative torsors. Consider
G x G with the moment map pu: G x G — G given by the commutator. Let us use the
notation f(g) = (¢,¢97") and f(a,b) = (a,b,a™*,b~"). Then the canonical section of u*7T

over G x G obtained as (ab)(a~'b7") is
ho = = [ migmigd — [ mispied — [ piad + 01176+ 070,
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For our choice of the multiplicative structure f*¢ = 0. So, we get

o = 5((@h)°0, (a5 8) + (a0, (071)B) + 560, 5°D).

2
We can simplify it further using (a=')*¢ = —a*0; we obtain
1 * o) 1 *7) Lk 1 * —11—1\*xp
ho = 5(& 0,0%0) + 5((1 0,b"0) + 5((&1)) 0,(a”"b"7)"0). (3.9)
3.4.5.2

Let us now compute the Lagrangian structure hg on the character stack of the punc-

tured torus in the AKSZ formalism.

First, we can represent the double D(G) as a capped pair of pants:

So, we can compute the Lagrangian structure on D(G) by representing it as

G/G = (G x G)/G xgcpt |G.

Let f: G — G x G be g — (g,97"), then the G-equivariant form on G that equips

G /G with a Lagrangian structure is
* *1 * *7) 1
f (b = _f 5(]91(9,]729) = 5(97 9) =0.

This is not surprising since the double D(G) comes from the cylinder representing

the diagonal Lagrangian G/G — G /G x G/G, where the Lagrangian structure is trivial.

116



To compute the Lagrangian structure on the character stack of the punctured torus

(G x G)/@G, let us represent it as a fusion of the double D(G):

b ab ab
g it -t

This gives a pullback diagram

(G x G)/G—>(G x G)/G
G/G—q/ax GG,
where the maps are
fi(a,b) = (ab,a'b71)
g1(a,b) =
f2(a) = (a,a™")
g2(a,b) = (a,b).

Note, that the diagram has a nontrivial homotopy commutativity data
h:(GxG))GxI—G/GxG/G

given by the path (ab,b~'a™') ~ (ab,a='b~'). On the level of differential forms, i induces a

homotopy h: gifi = figs, i.e. we have
dh+hd = g; fy — 5.
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Consider the chain complex g{QZG/G ® fo%GXG)/G @ fl*g;QQG/GXQ/G[H with the differ-

ential
Fr959% jaxaalll = 9196 @ [i%exec
given by

v = (f37, —957)-

The Lagrangian structure on (G X G)/G is given by the image of (0, —¢, piwo + piwo)

under the map

QTQ%:/G @ fl*Q?GXG)/G D ffg;QQG/G’xG/G[l] — Q?GXG)/G

given by

(a.8,7) = gia+ fi8—hr.

To compute h: Q*(G/G x G/G,1) — Q*((G x G)/G,0), we will use the Cech presen-
tation of differential forms on G/G x G/G:

a

G xG

GxGxE

p

h
...—>G><G><G><G$G><G

The groupoid maps for (G x G)/G are

a(g,a,b) = (g "ag, g~ "bg)

p(g,a,b) = (a,b).
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The groupoid maps for G/G x G /G are

a(g1, g2, a,b) = (g7 "ag1, g5 'bga)

p(917927aab) = (a7 b)

The homotopy h is given by

h(a,b) = (e, b~ " ab, b~ ta™t).
The Lagrangian structure on the double D(G) is thus given by the two-form
1 * (% *7) 1 * *7) *7) k1) 1- * *7) *7) k1)
ho = §f1 (10, p30) + §h(p39 + p36 + Adapi, pi0) + §h(p49 + pi0 — Adyp30, p50).
The second summand is zero since h(pif) = 0. We get

1 — 1 5
ho = ()"0, (ab™)"B) + 5((ab)"0 + (ab)'T — Adyor 10, 1°0)

_ 1 _ _ _
_ %((ab)*&, (a707)0) + 5 (Adya™0 + %0 + a0 + Ady-1b0 — Ady-1670,5°0)
1 1

= ()0, (@YD) + (0, 5) + 4 (a7, 5°0),

which coincides with the previously obtained form hg (3.9).
3.5 Prequantization

3.5.1 General definition
3.5.1.1

Classically, a prequantization consists of lifting the symplectic form w € H°(X, Q<)

to a line bundle with a connection L € HY(X,0* — Q') whose curvature is w. That is, a
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prequantization is a lift

3.5.1.2 Example

We will be interested in constructing prequantizations of character stacks, so consider
the simplest case of a GL; character stack of a torus Locgz, (T'). Removing a disk from the

torus and gluing it back in, we obtain a presentation

LOCGL1 (T) = (GLl X GLl)/GLl XGLl/GLl pt /GL1

I

((GLl X GLl) XGLy pt)/GLl

~ (GL; x GLy) x (RGL; x BGLy).
In other words, the character stack Locgyr, (7)) is isomorphic to a product of the
character variety of the torus GL; x GL; and the character stack of the sphere
Locgr, (S?) =2 QGL, x BGL;.
Moreover, the symplectic structure is simply the product symplectic structure.

The symplectic structure on the character variety GL; x GL; can be read off from the
formula (3.9). If we denote the coordinates on GL; x GL; by (a,b), the symplectic structure
is

w = dloga N dlogb.

Every line bundle on GL; x GL; is trivializable, so the curvature of a line bundle

with a connection is necessarily exact. But w is not exact, so it cannot be prequantized.
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Alternatively, one can observe that the weight of w in the mixed Hodge structure on the

character variety is 4, while Chern classes of line bundles have weight 2.

This should be contrasted with the analytic case, where the character variety GL; xG L
is isomorphic to the moduli space of holomorphic line bundles with a connection Picb(T) as
a complex manifold once we choose a complex structure on 7'. The space Picb(T), a twisted
cotangent bundle to Pic(7T'), admits a prequantization, but the prequantum line bundle is

not algebraic when pulled back to GL; x GL;.

3.5.1.3

Therefore, we will consider a more general notion of prequantization applicable in the

algebraic situation.

An immediate generalization of the notion of a prequantization is to a sheaf of com-
plexes F' together with a map F — Q%*<(—). One can also consider a sheaf of infinite
loop spaces F' together with a map F' — |A%>“(—)|. A prequantization is then a lift of the

symplectic form w € Q> (X) to an element @ € H°(X, F).

We can mimic the procedure of symplectic reduction to descend prequantizations.
Suppose X is a stack with an F-torsor 7 — X. We fix a trivialization of the torsor 7 on

pt /G — X.

The data of reduction of prequantizations consists of:

1. A stack M with a G-action.
2. A moment map pu: M/G — X together with a section w € H*(M/G, u*T).
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Like before, the reduced space is defined to be M//G := M /G x x pt /G. Comparing

two trivializations of the torsor T, we get an element w € HY(M//G, F).

The 1-shifted symplectic structures on g/G and G/G come from A L-central exten-
sions of g and G respectively. In the following sections we will compute the universal such

extensions hence universal prequantizations.

3.5.2 Central extensions of Lie algebras

Let V be a vector space over k. Recall that the reduced symmetric coalgebra SV is a
cocommutative non-counital coalgebra cofreely cogenerated by V', i.e. the right adjoint to the
forgetful functor from such coalgebras (which are conilpotent) to vector spaces. Explicitly,

it is the subcoalgebra of the reduced tensor coalgebra
TV = @y VO

given by symmetric tensors. Over a field of characteristic zero we can identify it with the
reduced symmetric algebra.

Let g be a Z-graded vector space.
Definition. An L., algebra structure on g is the data of a differential on the Chevalley-
Eilenberg complex S(g[1]).

Such a differential is uniquely determined by a map S(g[1]) — g[2], whose components
we will write as 1,: S (g[1]) — g[2].

An L., morphism f: g — € between two L, algebras is a morphism of dg coalgebras
f:S(g[1]) — S(¢[1]). Tt is uniquely determined by maps f,: S (g[1]) — €[1] subject to the

condition that the induced map on symmetric coalgebras commutes with the differentials.
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Let H be a complex. We can consider it as a trivial L., algebra with the maps [, = 0

for n > 2.

Definition. A split central extension of g by H is the data of an L., algebra structure on
g = g ® H, such that the natural maps H — g and g — g are morphisms of L., algebras.

Moreover, H C g has to be central.

Remark. We only require the central extension to be split as an extension of graded vector

spaces, it is not split as an extension of L., algebras in general.

Remark. The condition H C g is central is equivalent to saying that the operations [, (z1, ..., x,)

in g vanish as soon as one of z; € H and n > 2.

Any split central extension is uniquely determined by the maps h,: S (g)[1] — H[2].

Let us see what kind of conditions they satisfy. The Chevalley-Eilenberg complex of g is

S(a[1]) = S(H[1]) ® S(g[1]) @ S(a[1]) @k S(H[L]).
Since H — @ is an L., morphism, the differential on S(H[1]) is just the one coming
from H. The differential on the last summand will be uniquely determined by the differential

on 5(g[1])-

Since § — g is an Lo, morphism, the differential S(g[1]) is just the Chevalley-Eilenberg
differential coming from the L., structure on g. Therefore, the data of a split central ex-
tension is equivalent to a degree 1 morphism of dg coalgebras S(g[1]) — S($[1]), which is

equivalent to a morphism of chain complexes S(g[1]) — H|[2].

Finally, maps S(g[1]) — H|[2] are the same as Lo, morphisms f: g — H[1]. We will

call the corresponding split central extension g the homotopy fiber of f.
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Theorem 3.5.1. The operation of taking homotopy fibers establishes an equivalence between

the category of Lo, morphisms g — H[1] and the category of split central extensions.

Clearly, an initial object in this category is H = S(g[1])[~2] with the identity map

S(g[l]) — H.

From the previous theorem we conclude:

Theorem 3.5.2. There is a universal split central extension of Lo algebras

g=9®S(g1)[-2
given by the homotopy fiber of the identity map.
Remark. There is a universal central extension of curved L., algebras if one replaces the

reduced symmetric coalgebra by the full symmetric coalgebra.

Remark. If we start with a connective L., algebra g, the universal central extension g is
connective iff g is perfect. We will encounter a similar issue in the next section when we

consider central extensions of groups.

3.5.2.1 Example

Let g = gl,.. Then the Chevalley-Eilenberg complex S(gl[1]) is quasiisomorphic to

the reduced symmetric coalgebra on the cyclic homology S(HC[1]).

For example, consider sl C gl. The degree 0 part of the universal central extension

1s an extension

0 — HC, —>5A[oo—>sloo—>0.
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In particular, the de Rham differential gives a morphism of complexes
dar: HC[—1] — Q“[-2] — Q%
where the latter map is the projection to the weight 2 piece. Therefore, we can view this

central extension as a prequantization of the associated symplectic structure.

Given a representation of a semisimple Lie algebra g, we can pullback the universal

central extension of sl,, to obtain a connective central extension of g.

3.5.3 Central extensions of groups
We would like to repeat the considerations of the previous section for the group G.

Consider the following three categories:

1. The category of 1-connected infinite loop spaces X together with a map BG — X.

Morphisms are maps of pointed spaces X; — X5 commuting with the maps from BG.
2. The category of connected infinite loop spaces Y together with an E; map G — Y.

3. The category of central extensions of GG, i.e. multiplicative torsors over infinite loop

spaces on G.

These three are equivalent. Indeed, 1-connected spaces are equivalent to connected
[E1-spaces, which gives an equivalence of the first two categories. Similarly, an [E; morphism

G — Y =2 BQY is the same as a multiplicative QY -torsor on G.

For applications we have in mind, we have to relax the connectivity assumption.

Therefore, we will consider the following two categories instead:
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1. The category of connected infinite loop spaces X together with a map BG — X.

2. The category of infinite loop spaces Y together with an E; map G — Y.

Given an E; map G — Y, there are two ways to produce a central extension of
G. Picking a base point in Y and considering the homotopy fiber of G — Y we obtain
an QY -torsor G — G, but this map is not surjective in general. Instead, we get an exact
sequence

15QY -G =G = m(Y) =1

Alternatively, consider the free loop space LY, which inherits an E; structure from
Y. We also have a different E; structure on LY — Y coming from the composition of loops.
Combining these two structures, one can say that Ly is a multiplicative torsor over itself.

Pulling it back to G gives a different central extension of G.

Consider the case G = GL. Every infinite loop space is simple (i.e. the action of m
on the higher homotopy groups is trivial) and it has abelian fundamental group. Therefore,

any map BGL — X uniquely factors as
BGL — BGLT — X,

where BGL™ is the plus construction. It can be written in terms of the K-theory space
K = BGL' x Z as BGLt = BQK. In particular, it implies that BGL™ is an infinite loop

space, hence it is an initial object in the first category.

Taking the homotopy fiber, we obtain an extension of G'L:
150K - GL—GL > K, — 1.
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Restricting to the subgroup of elementary matrices E, we get an honest central ex-
tension

150K FE— E—1,

whose sheafification gives a central extension SL of SL. In particular, once we choose a

representation of a semisimple group G, we obtain an Q2K-central extension of G.

The Chern character is a map
Q°K — %)) = [Q[-2]|,

whose weight 2 part gives the Q*“-torsor we described in section 3.4. In this equation we
use {2 for both the based loop space and the complex of differential forms; we hope it does
not cause too much confusion.

3.5.4 Application of reduction of prequantizations

In this section we will construct a Ks-class on the character varieties of compact
surfaces in two ways: by repeating the AKSZ construction for the natural Xs-gerbe on BG

and by a reduction of prequantizations.

3.5.4.1 Integrating the K, class

Let Ko, a sheaf of abelian groups, be the sheafification of the functor
K; = m(K): cdga=® — Ab.

Note, that Iy is homotopy invariant: if X is a contractible topological space and Y any

stack, then HY(Xp x Y, Ky) = HO(Y, Ky).
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We have a map BSL, — BSL — B?Q?K — B2K,, where BSL — B2?Q2%K is the

central extension we have constructed in the previous section.

Let M be a compact oriented manifold and consider the character stack Locgy,, (M).

We have a diagram

LOCSLH(M) X MB

T

LOCSLn(M) BSLn—>-B2,C2,
which gives an element of I'(Locgy, (M) x Mg, Ks[2]). Pick a cover of M by contractible

open sets and let U® be the Cech nerve of the cover. We have

colimU*® = M.

Then I'(Locgy, (M) x Mg, K3) can be computed as
['(Locsy, (M) x Mg, Ks) = I'(Locgsy, (M) x colim Ug, Ks)
= lim I'(Locgy, (M) x Ug, K2)
= lim I'(Locsy, (M), o)

>~ C*(M,Z) ®z T'(Locs, (M), ICy).

We used descent for Iy in the second line and homotopy invariance in the third line.
Therefore, using the integration map along M, we get a map

[I'(Locgy, (M) x Mg, Ko) — I'(Locgy, (M), Ko)[— dim M].
In particular, if M is a compact oriented surface, we get a Ko-class on the character

stack of M. A similar construction of the same ICs-class on a character variety is described

in the work of Fock and Goncharov | , Section 15].
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3.5.4.2 Prequantization of character stacks via field theories

In this section we construct a prequantization of the symplectic form on the character
stack using the machinery of topological field theories. The author learned the idea to

prequantize field theories from the paper | .

Our main tool is the cobordism hypothesis | , Theorem 1.2.16]. Given a symmet-

ric monoidal (oo, n)-category C the functor Z +— Z(pt) gives an equivalence of co-groupoids
Fun®(Bord/",C) — (C7%)~

between the category of symmetric monoidal functors Z and the groupoid of fully-dualizable

objects in C.

We will be interested in the case when C is the (0o, n)-category Corr g of correspon-

dences of underived stacks together with a map to the presheaf of spaces K. That is,

e Objects of Corr/k are stacks X with a map of presheaves X — K.

e A morphism between X and Y is a correspondence

/ C\
Y\ /X
K
where the map X — K is inverse to that for X. For instance, if the map X — K arises

from a virtual vector bundle Ey — E4, then its inverse arises from the virtual vector

bundle E1 — Eo.
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Higher morphisms are similarly correspondences between correspondences. To make
Corr/k into an (oo, n)-category we only consider invertible k-correspondences whenever

k > n. The monoidal structure is given by the Cartesian product of stacks.

Consider the symmetric monoidal (oo, n — 1)-category Homcor . (Pt, pt) of endomor-

phisms of the unit object in Corr/k. Its objects are correspondences

/ C\
pt pt
K
Equivalently, its objects are stacks C' with a map to the based loop space QK. Therefore,

Homcorr (pt, pt) = Corr /ok.

We will be interested in 2-dimensional field theories, but let’s begin with an easy case
n = 1. Any object X € Corr/xk is 1-dualizable. Indeed, define its dual to be X € Corrx,
the same stack as X, but with the inverse map to K. Then the evaluation map is the

COI’I’GSpODdeHCG

and the coevaluation map is the correspondence
X
% \
X xX pt

130



Now we have to check that the snake diagrams commute. We just check one of them,

the commutativity of the other diagram is proved analogously.

Consider a pair of correspondences

X x X X x X
X X xXxX X
Their composite is
X
T
X x X X x X
X X xXxX X

which is the identity morphism from X to X as required.

Let us specialize to the case X = BG = BGL, with the map to K given by the
universal bundle. Then we obtain a 1-dimensional framed (equivalently, oriented) field theory
Z%. To understand this field theory, consider a forgetful functor Corr/x — Corr, which

forgets the data of the map to K. We have a commutative diagram

Fun®(Bord]", Corr k) —> (COH%)N

| |

Fun®(Bord!", Corr) —=— (Corr/?)~

~—_ @
Here the splitting (Corr/®)~ — Fun®(Bord]", Corr) is given by assigning to X the

field theory Zx, which to a manifold M assigns to mapping stack Map(Mpg, X). Therefore,
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Z¥(M) is again the mapping stack Map(Mg, X) together with a map to K. This is exactly

how one we will integrate maps into K using topological field theories.

We get that Z% is the following field theory:

e To a point it assigns BG with a map to K given by the universal bundle.

e To the circle S it assigns the adjoint quotient G/G with a map to QK, i.e. it gives a
class in K;(G/G), the first algebraic K-theory group. We will discuss shadows of this

K-theoretic class in the next subsection.

Having warmed up with the 1-dimensional field theories, let us go on an discuss
2-dimensional field theories. Recall | , Proposition 4.2.3] that a 1-dualizable object

X € Corrg is 2-dualizable iff its evaluation map admits right and left adjoints.

We define the right and left adjoints ev¥ and Yev of the evaluation to be the coeval-
uation morphism
X
PN
X xX pt
To show that they are indeed adjoints, we have to exhibit the maps u" : ids, y — ev¥oev

and v¥ : evoevY — idy (and similarly for the left adjoint) satisfying two snake diagrams.

The composite ev o evV is the free loop space £LX with a map to QK. We let v be

the morphism X — LX.
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The composite ev¥ o ev is the correspondence

X xX
XxX XxX
A mapidy, 5 —— ev'oev is then the same as a map into (X x X)X x» x x5 (X X X).
The latter space is the space of four points (z, y, z, w) on X together with paths w ~ z, y ~ w,
x ~ z and z ~ y. But this is again the free loop space LX and we let u" be the inclusion of

constant loops X — LX. We skip the check that the relevant diagrams commute.

Recall that the Serre morphism S : X — X is defined to be the composite

XX x X x X 5 x
Since we defined ev¥ to be the coevaluation, the Serre morphism S is just the identity.
In other words, instead of a framed 2d field theory, we automatically get an oriented field
theory. This field theory, however, does not descend to an unoriented field theory: this would
force twice the universal bundle on BG to be trivial in K-theory. This is not the case as can

be seen on the level of dimensions.

Thus Z&, extends to an oriented 2d field theory. In particular, to a closed oriented
surface ¥ it assigns the character stack Locg(X) with a map to Q2K i.e. it gives a class in

Ky (Locg (X)) that we will call w.

3.5.4.3 Beilinson regulator

In this section we discuss how the class wk gives rise to a prequantization of the

analytification of the character stack Locgr, (M) in the ordinary sense, i.e. a line bundle
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with a holomorphic connection whose curvature is the symplectic structure on Locgyr, (M).

Recall that to X a complex manifold one can attach the Deligne-Beilinson cohomol-
ogy groups HE(X, Z(p)) of degree m and weight p. For instance, H2,(X, Z(2)) parametrizes

line bundles with holomorphic connections.

One has the curvature map
curv: H2(X, Z(p)) — QP4 X, m — p).

For instance, for m = p = 2 we simply associate the curvature of the corresponding holo-

morphic connection.

Beilinson | | defined a refinement of the Chern character
ch: Ki(X) = @, X, p— i)
to the Deligne—Beilinson cohomology

K;(X) = @ P (X, p — )

& HE (X, Z(p)),

where 7: K;(X) — @,HZ (X, Z(p)) is the so-called Beilinson regulator map.

Using the machinery of topological field theories we have been able to integrate the
universal bundle on BG to a class in K;(G/G) and a class in Ky(Locg (X)) for every closed

oriented surface Y.

The Beilinson regulator gives maps K,(G/G) — H5(G/G,Z(1)) = H(G/G, 0*) and
Ki(G/G) — HL(G/G,Z(2)). The first map is simply the determinant map G/G — G,,.
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The second map gives a gerbe on G/G with a connective structure, which is descended from

the so-called basic gerbe on the group G.

On the level of surfaces we have the Beilinson regulator map
Ky (Locg(X)) — H3)(Loca(X), Z(2)).

The latter group is identified with the group of holomorphic line bundles with a connec-
tion. Moreover, its curvature coincides with the AKSZ symplectic structure on Locg(2).

Therefore, this is a prequantization of the character stack, albeit an analytic one.
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