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Alternating minimization (AltMin) is a generic term for a widely pop-
ular approach in non-convex learning: often, it is possible to partition the
variables into two (or more) sets, so that the problem is convex/tractable in
one set if the other is held fixed (and vice versa). This allows for alternating
between optimally updating one set of variables, and then the other. AltMin
methods typically do not have associated global consistency guarantees; even
though they are empirically observed to perform better than methods (e.g.
based on convex optimization) that do have guarantees.

In this thesis, we obtain rigorous performance guarantees for AltMin in
three statistical learning settings: low rank matrix completion, phase retrieval
and learning sparsely-used dictionaries. The overarching theme behind our
results consists of two parts: (i) devising new initialization procedures (as
opposed to doing so randomly, as is typical), and (ii) establishing exponential
local convergence from this initialization. Our work shows that the pursuit
of statistical guarantees can yield algorithmic improvements (initialization in
our case) that perform better in practice.
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Chapter 1

Introduction

A general description of a learning problem is as follows: There is an
underlying model with unknown parameters. We obtain independent samples
distributed according to this model. The goal is to estimate the model from
those samples. The tremendous amount of increase in both amount and variety
of data available over the last decade has resulted in a huge amount of interest
in learning problems in the high dimensional regime. The high dimensional
regime refers to the scenario where the number of unknown parameters is much
larger than the number of samples available. However, in such cases, a variety
of assumptions on the unknown parameters such as sparsity, low-rank etc. arise
naturally. When posed as optimization problems, most of these assumptions
result in non-convex constraints. A major theme in machine learning over the
last decade has been the use of convex relaxations to provably solve such non-
convex learning problems. Lasso [19, [16] for compressed sensing, trace norm
minimization for matrix completion [15, 20} [76] and robust PCA [22], [14] are
some of the prototypical examples of this approach.

Any algorithm for such a high dimensional learning problem is evalu-
ated on two counts: statistical complexity (or sample complexity) and compu-
tational complexity. Statistical complexity refers to the number of examples
(or samples) required by an algorithm for consistent recovery of the model.
Computational complexity, on the other hand, refers to the time taken by
the algorithm. Though convex relaxation methods such as lasso, trace norm
minimization etc. are known to have good (in many cases optimal) statis-
tical complexity, their computational complexity is high and hence, they do
not scale well to large scale problems. Moreover, there are no known ways of
implementing most of these algorithms in a distributed fashion.

To overcome this problem, researchers have come up with efficient
heuristics that scale well to large problem sizes and have good performance



Algorithm 1 AltMinGeneral
input Function f(-,-)
1: Choose U°
2: fort«+ 1,---,T do
3. V'« argminy, f(U"H V)
4:  U' + argming f(U, V)
5: end for
output (U7, VT)

(i.e., statistical complexity) in practice. In spite of the success of such heuris-
tics on real world data, there have been very few theoretical guarantees for
such heuristics. The only exception is compressed sensing, for which a variety
of non-convex methods have been shown to work [83, [94], 34]. To summarize,
for many problems such as matrix sensing, matrix completion, robust PCA,
though there are heuristics that work quite well in practice, till date the only
methods with theoretical guarantees are the ones based on convex relaxation.

1.1 Alternating Minimization

In many non-convex inference problems, it turns out that it is possible
to partition the variables into two (or more) sets such that the problem is
convex in one set if we fix the other set. Alternating minimization is a heuristic
for such problems where we optimize one set of variables while holding the
other fixed and vice versa. Algorithm [I] gives the pseudocode of the algorithm.

AltMin is widely used and forms the basis of many popular algorithms:
k-means for learning mixtures of Gaussians [91], Netflix prize winning BellKor
algorithm [53] and so on. In spite of its empirical success, till date there are
very few results on its performance in any setting [4, [48].

1.2 Our Contributions

In this dissertation, we make progress in addressing the above issue:
i.e., we prove guarantees on the performance of alternating minimization for



three machine learning problems. Our results are as follows:

e Matrix completion using alternating minimization: In Chapter 2
we obtain statistical guarantees for alternating minimization as applied
to the matrix completion problem. The matrix completion problem is,
given partial entries of a matrix, to fill in the remaining ones under the
assumption that the matrix is low-rank. We show that if the underlying
matrix is incoherent and the samples are drawn uniformly at random
from among all the entries, then the statistical complexity of alternating
minimization is O (k"nlogn) where k is the rank of the underlying n x n
matrix. Further more, we show linear convergence of the estimate matrix
to the underlying matrix.

e Phase retrieval using alternating minimization: The phase re-
trieval problem is to recover a complex n-dimensional signal using lin-
ear magnitude measurements. In Chapter 3 we show that O (n log? n)
Gaussian magnitude measurements are sufficient to recover the underly-
ing signal using alternating minimization with high probability. Further
more, we show linear convergence of the estimate vector to the underly-
ing vector.

e Learning Sparsely Used Dictionaries: In Chapter [l we consider
the problem of learning sparsely used dictionaries, where, given exam-
ples (which are vectors in R%), we wish to find a set of dictionary el-
ements such that each example has a sparse representation as a linear
combination of very few dictionary elements. For the case of incoherent
dictionaries and sufficiently sparse representations, we present an ap-
proximate recovery algorithm and show that alternating minimization
followed by this approximate recovery step succeeds in recovering the
underlying dictionary if the number of examples is larger than O (r?).

The rest of the document is organized as follows: In Chapter 2l we
present our results on matrix completion using alternating minimization and
in Chapter 3l we present our results on phase retreival using alternating min-
imization. In Chapter 4, we present our results on the problem of learning
sparsely used dictionaries. We conclude in Chapter Bl Most of the technical
results are deferred to the appendices.



Chapter 2

Matrix Completion using Alternating
Minimization

2.1 Introduction

Finding a low-rank matrix to fit / approximate observations is a fun-
damental task in data analysis. In a slew of applications, a popular empirical
approach has been to represent the target rank & matrix X € R™ " in a bi-
linear form X = UV, where U € R™** and V € R™**. Typically, this is done
for two reasons:

(a) Size and computation: If the rank k of the target matrix (to be estimated)
is much smaller than m,n, then U,V are significantly smaller than X and
hence are more efficient to optimize for. This is crucial for several practical
applications, e.g., recommender systems where one routinely encounters ma-
trices with billions of entries.

(b) Modeling: In several applications, one would like to impose extra con-
straints on the target matrix, besides just low rank. Oftentimes, these con-
straints might be easier and more natural to impose on factors U, V. For
example, in Sparse PCA [90], one looks for a low-rank X that is the product
of sparse U and V.

Due to the above two reasons, in several applications, the target matrix
X is parameterized by X = UVT. For example, clustering [52], sparse PCA
[96] etc.

Using the bi-linear parametrization of the target matrix X, the task
of estimating X now reduces to finding U and V' that, for example, minimize

L An extended abstract of the results in this chapter appeared as [45]. The coauthors on
the paper had equal contributions in obtaining these results.



an error metric. The resulting problem is typically non-convex due to bi-
linearity. Correspondingly, a popular approach has been to use alternating
minimization: iteratively keep one of U,V fixed and optimize over the other,
then switch and repeat, see e.g. [54]. While the overall problem is non-convex,
each sub-problem is typically convex and can be solved efficiently.

Despite wide usage of bi-linear representation and alternating mini-
mization, there has been to date almost no theoretical understanding of when
such a formulation works. Motivated by this disconnect between theory and
practice in the estimation of low-rank matrices, in this chapter, we provide
one of the first guarantees for performance of alternating minimization, for
two low-rank matrix recovery problems: matrix completion, and matrix sens-
ing.

Matrix completion involves completing a low-rank matrix, by observing
only a few of its elements. Its recent popularity, and primary motivation,
comes from recommendation systems [54], where the task is to complete a
user-item ratings matrix using only a small number of ratings. As elaborated
in Section 2.3] alternating minimization becomes particularly appealing for
this problem as it provides a fast, distributed algorithm that can exploit both
sparsity of ratings as well as the low-rank bi-linear parametrization of X.

Matriz sensing refers to the problem of recovering a low-rank matrix
M € R™"™ from affine equations. That is, given d linear measurements b; =
tr(AT M) and measurement matrices A;’s, the goal is to recover back M. This
problem is particularly interesting in the case of d < mn and was first studied
in [77] and subsequently in [44] [56]. In fact, matrix completion is a special case
of this problem, where each observed entry in the matrix completion problem
represents one single-element measurement matrix A;.

Without any extra conditions, both matrix sensing and matrix comple-
tion are ill-posed problems, with potentially multiple low-rank solutions, and
are in general NP hard [66]. Current work on these problems thus impose some
extra conditions, which makes the problems both well defined, and amenable
to solution via the respective proposed algorithms [77, [I5]. In this chapter, we
show that under similar conditions to the ones used by the existing methods,
alternating minimization also guarantees recovery of the true matrix; we also
show that it requires only a small number of computationally cheap iterations



and hence, as observed empirically, is computationally much more efficient
than the existing methods.
Notations: We represent a matrix by capital letter (e.g. M) and a vector
by small letter (u). w; represents i-th element of v and U;; denotes (i, 7)-th
entry of U. U, represents i-th column of U and U® represents i-th row of U.
AT denotes matrix transpose of A. u = vec(U) represents vectorized U, i.e.,
w=[Ul U} ... UlJl. |ul, denotes L, norm of u, i.e., |[ull, = (33, [u]?)/7.
By default, ||u|| denotes Ly norm of u. ||A||r denotes Frobenius norm of A,
; [Jlvec(A)2. [|All2 = max, jz,=1 || Az||2 denotes spectral norm of A. tr(A)
denotes the trace (sum of diagonal elements) of square matrix A. Typically,
U, V represent factor matrices (i.c., U € R™* and V € R™*) and U, V
represent their orthonormal basis.

2.2 Related Work

Alternating Minimization: Alternating minimization and its vari-
ants have been applied to several low-rank matrix estimation problems. For
example, clustering [52], sparse PCA [96], non-negative matrix factorization
[51], signed network prediction [41] etc. There are three main reasons for such
wide applicability of this approach: a) low-memory footprint and fast itera-
tions, b) flexible modeling, ¢) amenable to parallelization. However, despite
such empirical success, this approach has largely been used as a heuristic and
has had no theoretical analysis other than the guarantees of convergence to
the local minima [93].

After this work was completed, we became aware of [49] which provides
an analysis of alternating minimization for matrix completion. Along with [49],
ours is the first analysis of this approach for the problem of matrix completion.
Moreover, ours is the first analysis of this approach for the problem of matrix
sensing. .

Matrix Completion: This is the problem of completing a low-rank matrix
from a few sampled entries. Candes and Recht [I5] provided the first results
on this problem, showing that under the random sampling and incoherence
conditions (detailed above), O(kn'?logn) samples allow for recovery via con-
vex trace-norm minimization; this was improved to O(knlogn) in [20]. For



large matrices, this approach is not very attractive due to the need to store
and update the entire matrix, and because iterative methods for trace norm
minimization require O(ﬁ) steps to achieve additive error of €. Moreover,
each such step needs to compute an SVD.

Another approach, in [50], involved taking a single SVD, followed by
gradient descent on a Grassmanian manifold. However, (a) this is more ex-
pensive than alternating minimization as it needs to compute gradient over
Grassmanian manifold which in general is a computationally intensive step,
and (b) the analysis of the algorithm only guarantees asymptotic convergence,
and in the worst case might take exponential time in the problem size.

The most closely related work to ours is [49], which provides guarantees
for alternating minimization for the case of matrix completion. [49] shows
that consistent recovery is possible if the sampling probability p scales as

A\ 8

Qlk (Z—1> 10% . Our result is worse than theirs in the dependence on k
k

while being better in the dependence on the condition number.

Recently, several other matrix completion type of problems have been
studied in the literature. For example, robust PCA [22] [14], spectral clustering
[46] etc. Here again, under additional assumptions, convex relaxation based
methods have rigorous analysis but alternating minimization based algorithms
continue to be algorithms of choice in practice.

Matrix Sensing: The general problem of matrix sensing was first proposed
by [(7]. They established recovery via trace norm minimization, assuming
the sensing operator satisfies “restricted isometry” conditions. Subsequently,
several other methods [44], [56] were proposed for this problem that also recovers
the underlying matrix with optimal number of measurements and can give an e-
additive approximation in time O(log(1/€). But, similar to matrix completion,
most of these methods require computing SVD of a large matrix at each step
and hence have poor scalability to large problems.

We show that AltMinSense and AltMin-Completion provide more scal-
able algorithms for their respective problems. We demonstrate that these
algorithms have geometric convergence to the optima, while each iteration is
relatively cheap. For this, we assume conditions similar to those required by
existing algorithms; albeit, with one drawback: number of samples required by



our analysis depend on the condition number of the underlying matrix M. For
the matrix sensing problem, we remove this requirement by using a stagewise
algorithm; we leave similar analysis for matrix completion as an open problem.

2.3 Our Results

In this section, we will first define the matrix sensing problem, and
present our results for it. Subsequently, we will do the same for matrix com-
pletion. The matrix sensing setting —i.e. recovery of any low-rank matrix from
linear measurements that satisfy matrix RIP — represents an easier analytical
setting than matrix completion, but still captures several key properties of the
problem that helps us in developing an analysis for matrix completion. We
note that for either problem, ours represent one of the first global optimal-
ity guarantees for alternating minimization based algorithms. Due to lack of
space, we do not present the proofs of these results in this document. Please
refer [45] for complete proofs of all the results in this chapter.

Matrix Sensing via Alternating Minimization

Given d linear measurements b; = (M, A;) = tr(AIM), 1 <i < d of an
unknown rank-k matrix M € R™*™ and the sensing matrices 4;,1 < i < d, the
goal in matrix sensing is to recover back M. In the following we collate these
coefficients, so that b € R? is the vector of b;’s, and A(-) : R™*" — d is the
corresponding linear map, with b = A(M). With this notation, the Low-Rank
Matrix Sensing problem is:

Find X € R™" st A(X) =0b, rank(X) <k. (LRMS)

As in the existing work [77] on this problem, we are interested in the under-
determined case, where d < mn. Note that this problem is a strict gener-
alization of the popular compressed sensing problem [18]; compressed sensing
represents the case when M is restricted to be a diagonal matrix.

For matrix sensing, alternating minimization approach involves rep-
resenting X as a product of two matrices U € R™* and V € R™* ie.,
X = UV'. If k is (much) smaller than m,n, these matrices will be (much)



smaller than X. With this bi-linear representation, alternating minimization
can be viewed as an approximate way to solve the following non-convex opti-
mization problem:

min AUVT) —b|3
i AV 3
As mentioned earlier, alternating minimization algorithm for matrix sensing
now alternately solves for U and V while fixing the other factor. See Algo-
rithm 2] for a pseudo-code of AltMinSense algorithm that we analyze.

We note two key properties of AltMinSense : a) Each minimization —
over U with V fixed, and vice versa — is a simple least-squares problem, which
can be solved in time O(dn?k* + n3k3)|§, b) We initialize U to be the top-k
left singular vectors of ). A;b; (step 2 of Algorithm [2)). This provides a good
initialization point for the sensing problem which is crucial; if the first iterate
U0 is orthogonal, or almost orthogonal, to the true U* subspace, AltMinSense
may never converge to the true space (this is easy to see in the simplest case,
when the map is identity, i.e. A(X) = X — in which case AltMinSense just

becomes the power method).

Algorithm 2 AltMinSense : Alternating minimization for matrix sensing
1: Input b, A
2: Initialize U to be the top-k left singular vectors of > Ab;
3 fort=0,---,T—1do R

4 Ve argming cgoxe AU V) — 0|3

5

6

7

U« arg mingegms AU (V)T — b2
- end for

. Return X = UT(VT)i

In general, since d < mn, problem (LRMS) is not well posed as there
can be multiple rank-% solutions that satisfy A(X) = b. However, inspired by
a similar condition in compressed sensing [18], Recht et al. [77] showed that if
the linear map A satisfies a (matriz) restricted isometry property (RIP), then
a trace-norm based convex relaxation of (LRMSI) leads to exact recovery. This
property is defined below.

2Throughout this chapter, we assume m < n.



Definition 2.3.1. [77] A linear operator A(-) : R™" — R? is said to satisfy
k-RIP, with 6, RIP constant, if for all X € R"™*" s.t. rank(X) < k, the
following holds:

(1= 80) [IX 117 < A3 < (1+6) [ X (1)

Several random matrix ensembles with sufficiently many measurements
(d) satisfy matrix RIP [77]. For example, if d = Q(é%kn logn) and each entry
of A; is sampled i.i.d. from a 0-mean sub-Gaussian &istribution then k-RIP is
satisfied with RIP constant dj,.

We now present our main result for AltMinSense.

Theorem 2.3.1. Let M = U*S*V*' be a rank-k matriz with non zero singular
values of > oy--- > ox. Also, let the linear measurement operator A(-) :

R™" — R? satisfy 2k-RIP with RIP constant dy, < % ﬁ. Then, in the
AltMinSense algorithm (Algorithm(2), for all T > 2log(||M||r/€), the iterates

UT and VT satisfy:

M =TT (V) |F <e

The above theorem establishes geometric convergence (in O(log(1/¢))
steps) of AltMinSense to the optimal solution of (LRMS)) under standard RIP
assumptions. This is in contrast to existing iterative methods for trace-norm
minimization all of which require at least O(LE) steps; interior point methods
for trace-norm minimization converge to the optimum in O(log(1/¢)) steps but
require storage of the full m x n matrix and require O(n®) time per step, which
makes it infeasible for even moderate sized problems.

Recently, several projected gradient based methods have been devel-
oped for matrix sensing [44], [56] that also guarantee convergence to the op-
timum in O(log(1/€)) steps. But each iteration in these algorithms requires
computation of the top k£ singular components of an m x n matrix, which is
typically significantly slower than solving a least squares problem (as required
by each iteration of AltMinSense).

Stagewise AltMinSense Algorithm: A drawback of our analysis* for Alt-

MinSense is the dependence of do, on the condition number (k = Z+) of M,
k
which implies that the number of measurements d required by AltMinSense

10



Algorithm 3 Stage-AltMin: Stagewise Alternating Minimization for Ma-
trix Sensing
: Input: b, A

—_

2: UT [, VT «

3 fori=1,--- ,kdo

4. UL, V2 = top i-singular vectors of
<[71T:i—1(‘711:;—1)T - %AT(Aa/jgi—l(‘?lE—l)T) - b)) ie., one step of SVP
[44]

5. for¢t=0,---,T—1do R

6 Af:i“ < arg Miny cgnxi |.A(U1t:iVi) — I3

T Uy < argming e AU (VT — 013

8 end for

9: end for

10: Output: X = l/lez(\A/sz)T

grows quadratically with . We address this issue by using a stagewise version
of AltMinSense (Algorithm [B]) for which we are able to obtain near optimal
measurement requirement.

The key idea behind our stagewise algorithm is that if one of the singu-
lar vectors of M is very dominant, then we can treat the underlying matrix as
a rank-1 matrix plus noise and approximately recover the top singular vector.
Once we remove this singular vector from the measurements, we will have a
relatively well-conditioned problem. Hence, at each stage of Algorithm B we
seek to remove the remaining most dominant singular vector of M. The main
result regarding the performance of Stage-AltMin is stated in the following
theorem.

Theorem 2.3.2. Let M = U*S*V*' be a rank-k incoherent matriz with non
zero singular values o} > 0% -+ > o, Also, let A(+) : R™"™ — R? be a linear
measurement operator that satisfies 2k-RIP with RIP constant dop < m.
Suppose, Stage-AltMin (Algorithm[3) is supplied inputs A, b = A(M). Then,
the i-th stage iterates UL, VL satisfy:

107 = T (V) < max(e, 16k(07,)°).
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where T = Q (log(||M||%/€)). That is, the T-th step iterates of the k-th stage,
satisfy: |M = Ul (Vi)' I3 < e

The above theorem guarantees exact recovery using O(k*nlogn) mea-
surements which is only O(k?®) worse than the information theoretic lower
bound. We also note that for simplicity of analysis, we did not optimize the
constant factors in .

Matrix Completion via Alternating Minimization

The matrix completion problem is the following: there is an unknown
rank-k matrix M € R"™ " of which we know a set Q2 C [m] x [n] of elements;
that is, we know the values of elements M;;, for (i,j) € Q. The task is to
recover M. Formally, the Low-Rank Matrix Completion problem is:

Find rank-£ matrix X s.t. Po(X) = Po(M), (LRMC)

where for any matrix S and a set of elements Q C [m] x [n] the matrix
Po(S) € R™™ is as defined below:

Sy if (i,7) € Q,
0 otherwise.

Po(S)i; = { (2)

We are again interested in the under-determined case; in fact, for a fixed rank
k, as few as O(nlogn) elements may be observed. This problem is a special
case of matrix sensing, with the measurement matrices A; = ejez being non-
zero only in single elements; however, such matrices do not satisfy matrix RIP
conditions like (). For example, consider a low-rank M = elei for which a
uniformly random € of size O(nlogn) will most likely miss the non-zero entry

of M.

Nevertheless, like matrix sensing, matrix completion has been shown
to be possible once additional conditions are applied to the low-rank matrix
M and the observation set €. Starting with the first work [15], the typical
assumption has been to have () generated uniformly at random, and M to
satisfy a particular incoherence property that, loosely speaking, makes it very

12



far from a sparse matrix. In this chapter, we show that once such assump-
tions are made, alternating minimization also succeeds. We now restate, and
subsequently use, this incoherence definition.

Definition 2.3.2. [I5] A matrix M € R™*" is incoherent with parameter p
if:

vk

m

vk

[u®]], < Vi€ [m], 3

09, < % v j e ) 3
where M = UXV7T is the SVD of M and u®, v1) denote the i*" row of U and
the 7' row of V respectively.

The alternating minimization algorithm can be viewed as an approxi-
mate way to solve the following non-convex problem:
. i 2
pomin POV = Po(M)]|r
Similar to AltMinSense, the altmin procedure proceeds by alternatively solving
for U and V. As noted earlier, this approach has been popular in practice and
has seen several variants and extensions being used in practice [95] 54] 53], 23].
However, for ease of analysis, our algorithm further modifies the standard
alternating minimization method. In particular, we introduce partitioning of
the observed set €, so that we use different partitions of €2 in each iteration. See
Algorithm [ for a pseudo-code of our variant of the alternating minimization
approach.

Our use of some technical lemmas from [50] renders all the constants
dependent on . In what follows, a constant by default is assumed to depend
on . We believe that our results hold even with out this assumption but

proving this seems to take a little more work. We now present our main result
for (LRMC):

Theorem 2.3.3. Let M = U*S*V*' € R™" (n > m) be a rank-k incoherent
matriz, i.e., both U* and V* are p-incoherent (see Definition[2.3.3). Also, let
each entry of M be observed uniformly and independently with probability,
(U—i)4 ptk"log nlog —kHAfHF

I

p>C

)

2
mo3,
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Algorithm 4 AltMinComplete: Alternating minimization for matrix com-
pletion
1: Input: observed set 2, values Py(M)
2: Partition € into 27+ 1 subsets g, - - - , Qo with each element of €2 belong-
ing to one of the €, with equal probability (sampling with replacement)
3: U0 = SVD(%PQO(M), k) i.e., top-k left singular vectors of %PQO(M)
4: Clipping step : Set all elements of U° that have magnitude greater than
%E to zero and orthonormalize the columns of U°
5. fort =0,---,T—1do R
: Vil arg Miny cpnxk ||PQt+1(UtV]L - M)H%
T

n O e agmingegna [[Pog,, (U (V94) = M)
8: end for A
9: Return X = UT(VT)T

where o, < g;“ and C > 0 is a global constant. Then w.h.p. for T =
C'log %, the outputs UT and VT of Algorithm [}, with input (2, Po(M))

(see Equation [2)) satisfy: HM — 0T (VT)T’

<e.
F

The above theorem implies that by observing

] =0 ((%)%Wz lognlog(k:HMHF/e)) random entries of an incoherent M,
AltMinComplete can recover M in O(log(1/€)) steps. In terms of sample com-
plexity (|€2]), our results show alternating minimization may require a bigger 2
than convex optimization, as our result has || depend on the condition num-
ber, required accuracy (€) and worse dependence on k than known bounds. In
contrast, trace-norm minimization based methods require O(knlogn) samples
only.

Empirically however, this is not seen to be the case — see Section 2.7

In terms of time complexity, we show that AltMinComplete needs time
O(|Q2k*log(1/€)). This is in contrast to popular trace-norm minimization
based methods that need O(1/4/€) steps [10] and total time complexity of
O(|Qn/+/€); note that the latter can be potentially quadratic in n. Further-
more, each step of such methods requires computation of the SVD of an m xn
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matrix. As mentioned earlier, interior point methods for trace-norm minimiza-
tion also converge in O(log(1/e)) steps but each iteration requires O(n®) steps
and need storage of the entire m x n matrix X.

2.4 Matrix Sensing

In this section, we study the matrix sensing problem (LRMS)) and prove
that if the measurement operator, A, satisfies RIP then AltMinSense (Algo-
rithm 2]) recovers the underlying low-rank matrix ezactly (see Theorem 2:3.7T]).

At a high level, we prove Theorem [2.3.T] by showing that the “distance”
between subspaces spanned by % (iterate at time t) and V* decreases expo-
nentially with ¢. This done based on the observation that once the (standard)
matrix RIP condition (Definition 2.3.1]) holds, alternating minimization can
be viewed, and analyzed, as a perturbed version of the power method.
This is easiest to see for the rank-1 case below; we detail this proof, and then
the more general rank-k case.

In this paper, we use the following definition of distance between sub-
spaces:

Definition 2.4.1. [38] Given two matrices U, W € R™*k | the (principal angle)
distance between the subspaces spanned by the columns of U and W is given
by:

i (0,77)

‘ij

— [lwt
= [wiv

2

where U and W are orthonormal bases of the spaces Span <[7 ) and Span (W),
respectively. Similarly, U, and W, are any orthonormal bases of the perpen-
dicular spaces Span (U )L and Span (W)L, respectively.

Note: (a) The distance depends only on the spaces spanned by the
columns of U, W, (b) if the ranks of U and W (i.e. the dimensions of their

spans) are not equal, then dist (U,W) =1, and (c) dist ((7,/1/[7) =0 if and
only if they span the same subspace of R™.
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We now present a theorem that bounds the distance between the sub-
spaces spanned by V! and V* and show that it decreases exponentially with
t.

Theorem 2.4.1. Let b = A(M) where M and A satisfy assumptions given
in Theorem [2.371. Then, the (t + 1)-th iterates U™, V1 of AltMinSense
satisfy:

dist <Vt+1 V*) % dist ((/jt,U*> ,
dist <Ut“ U*) <% dist (F/t*l,v*)

where dist (U, W) denotes the principal angle based distance (see Definition[2.4.1]).
Using Theorem .41l we are now ready to prove Theorem 2311

Proof Of Theorem [2.3.1. Assuming correctness of Theorem [2.4.1] Theorem 2.3.1]
follows by using the following set of inequalities:

I — BTN < ; A =TT (V)1
— 02k
G2
<7 _5 IAM (I = VEVED)IE,
2k
G 1+ dog ANCTAVE
< —Zurer (vl -vivhHnii,
1 — oy,
Gl <
¢ +62’“||M\|Fd st (VT V) £ e,

e

where V7 is an orthonormal basis of ‘A/T, (1 and (3 follow by RIP, (5 holds as
U7 is the least squares solution, (4 follows from the definition of dist(-,-) and
finally (5 follows from Theorem [24.1] and by setting 7" appropriately. O

To complete the proof of Theorem 2.3.1] we now need to prove The-
orem 241l In the next section, we illustrate the main ideas of the proof of
Theorem 2.4.1] by applying it to a rank-1 matrix i.e., when & = 1. We then
provide a proof of Theorem [2.4.1] for arbitrary % in Section 2.4.2
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2.4.1 Rank-1 Case

In this section, we provide a proof of Theorem [2.4.1] for the special
case of k = 1. That is, let M = u*o*(v*)" s.t. u* € R™, ||u*|]y = 1 and
v € R, ||[v*]]2 = 1. Also note that when u and @ are vectors, dist(u,w) =
1 — (u'w)?, where u = /||t and w = @/||W||2.

Consider the ¢t-th update step i 1n the AltMinSense procedure. As v'™! =
arg min Zle (ﬂﬁsz —0 u*TAZTv*> , setting the gradient of the above objec-
tive function to 0, we obtain:

<2Au TA*) @] 04 = (ZAut A >

where u! = /|||y Now, let B = 3¢, Ajul(ut)T Al and ' = 320, At (u*)T AL
Then,

a0 = o* B~tCv*,
— <u*,ut>a*v*—B*1 (<u*,ut>B—C’) O'*U*. (4)
. 7 (-
Powch/[cthod Erro;, Term

Note that the first term in the above expression is the power method iterate
(i.e., MTu'). The second term is an error term and the goal is to show that
it becomes smaller as u! gets closer to u*. Note that when u! = u*, the error
term is 0 irrespective of the measurement operator A.

Below, we provide a precise bound on the error term:

Lemma 2.4.2. Consider the error term defined in ({l) and let A satisfy 2-RIP
with constant 6o. Then,

302
1 — 34y

1B~ ((w",u)B = C) v|| < 1= (ut, u)?

See Appendix [A.2.1] for a detailed proof of the above lemma.
Using the above lemma, we now finish the proof of Theorem 2.4.T}
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Proof of Rank-1 case of Theorem[2..1. Let v'™ = o' /|[0*™||5. Now, using
@) and Lemma 242,

<Ut+1 U*> _ <®\t+17’]j*> _ <i)\t+1/0'*71)*>
’ [0+l [0+t /o

< (u”, u’) —3\2W
\/<<u*,ut) — Ooy/1 — <u*,ut>2>2 n gg (1 — (u*, ut)?)

Y

where 6y = 13%"’62. That is,

B0 =)
((uut) = G/T= (u uf))2 + G3(1 = (', u')?)

Hence, assuming (u*, u') > 50y, dist(v!+!,v*) < +dist(u’, u*). As dist(u", u*)
and dist(v'™!, v*) are decreasing with ¢ (from the above bound), we only need
to show that (u®,uf) > 58;. Recall that @0 is obtained by using one step of
SVP algorithm [44]. Hence, using Lemma 2.1 of [44] (see Lemma [A.1.T)):

dist? (0", v*) <

lo (7 = u® (™) )u)[|3 < 1M = @ @) |7 < 20| M ][

Therefore, (u®, u*) > /1 — 20, > 565 assuming &y < o5

2.4.2 Rank-k£ Case

In this section, we present the proof of Theorem 2.4.1] for arbitrary k,
i.e., when M is a rank-k matrix (with SVD U*S* (V*)1).

Similar to the analysis for the rank-1 case (Section 2:4.1]), we show that
even for arbitrary k, the updates of AltMinSense are essentially power-method

type updates but with a bounded error term whose magnitude decreases with
each iteration.

However, directly analyzing iterates of AltMinSense is a bit tedious
due to non-orthonormality of intermediate iterates U. Instead, for analysis
only we consider the iterates of a modified version of AltMinSense, where
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we explicitly orthonormalize each iterate using the QR—decompositionH. In
particular, suppose we replace steps 4 and 5 of AltMinSensewith the following

Ut = U'R:; (QR decomposition),
V! argmin [|A(U'VT) - b]]3,
v

Vil = VIR (QR decomposition)
0! « arg min IA@ (VT = b3 (5)

In our algorithm, in each iterate both U, V remain full-rank because dist (U, U*) <
1; with this, the following lemma implies that the spaces spanned by the it-
erates in our AltMinSense algorithm are exactly the same as the respective
ones by the iterates of the above modified version (and hence the distances
dist(U*, U*) and dist(V*, V*) are also the same for the two algorithms).

Lemma 2.4.3. Let Ut be the t™ iterate of our AltMinSense algorithm, and
Ut of the modified version stated above. Suppose also that both Ut,Ut are
full-rank, and span the same subspace. Then the same will be true for the
subsequent iterates for the two algorithms, i.e. Span(f/t“) = Spcm(vt“),
Span(U) = Span(U), and all matrices at iterate t + 1 will be full-rank.

The proof of the above lemma can be found in Appendix[A.2.2] In light
of this, we will now prove Theorem 2.4 with the new QR-based iterates ().

Lemma 2.4.4. Let Ut be the t-th step iterate of AltMinSense and let Ut, Vi
and VL be obtained by Update (Bl). Then,

‘715—',-1 _ V*Z*U*TUt - F 7 Vt—l—l _ ‘/}t—l-l(]_‘{(t—l-l))—l7 (6)
Power-method Error
Update Term

where F is an error matriz defined in &) and RV is a triangular matriz
obtained using QR-decomposition of Vi1,

3The QR decomposition factorizes a matrix into an orthonormal matrix (a basis of its
column space) and an upper triangular matrix; that is given S it computes S = SR where
S has orthonormal columns and R is upper triangular. If S is full-rank, so are S and R.
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See Appendix for a detailed proof of the above lemma.

Before we give an expression for the error matrix F, we define the

following notation. Let v* € R™ be given by: v* = vec(V*), ie., v* =
T
[UITUST . .v,ﬂ . Define B, C, D, S as follows:
[ Bu By, [ Cn Cik
B | o] z
| Br1 Bk, | Cr1 Crk
I D1y Dy, _O'T-ln 0n,
DE| ColLsE s (7)
| D - Dy 0, ... oflL

where , for 1 < p,q < k: By, o Zle Aiu;uflTA;r,
Cpy & S Aiu;u(’;TA;r, and, Dy, & (ul, u?)],,. Recall that, uj, is the p-th

P’ q
column of U* and u; is the g-th left singular vector of the underlying matrix
M = U**(V*)I. Finally F is obtained by “de-stacking” the vector

B~Y(BD — () Sv* i.e., the i*" column of F is given by:
(B~1(BD — C) Sv*)

ni+1
B~ (BD —C) Sv*) .
Fidzef ( ( | ) )m—‘r2 ’Fd:ef[Fl - Fk] (8)
(B_l (BD - C) SU*)niJrn

Note that the notation above should have been B!, C* and so on. We suppress
the dependence on ¢ for notational simplicity. Now, from Update (@), we have

Vi = PR (vt - F) ROV
Syrtytl =y PR T (9)
where V' is an orthonormal basis of Span (v}, v, - - - ,v,’;)L. Therefore,
dist(V*, V) = VIV = [VEEFRED Ty < RS 7ol S* RO

Now, we break down the proof of Theorem 2.4.1] into the following two steps:

e show that ||F(X*)7!|, is small (Lemma 2:4.5) and
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e show that [|S*R(+D7" |, is small(Lemma 2Z).

We will now state the two corresponding lemmas. Complete proofs
can be found in Appendix [A.2.2] The first lemma bounds the spectral norm of
F(x9)~L.

Lemma 2.4.5. Let linear measurement A satisfy RIP for all 2k-rank matrices
and let b = A(M) with M € R™ ™ being a rank-k matriz. Then, spectral norm
of error matriz F(3*)™" (see Equation[d) after t-th iteration update satisfy:

|F(Z9)7Y|, < (;_Z—kkdist([]t, U"). (10)
1 — 09

The following lemma bounds the spectral norm of $*RE+D ™

Lemma 2.4.6. Let linear measurement A satisfy RIP for all 2k-rank matrices
and let b= A(M) with M € R™™ being a rank-k matriz. Then,

1S (RED) 1, < oy /o | "
\/1 — diStz (Ut U*) (o7 /o})d2kdist(U,U*)

1—02,

With the above two lemmas, we now prove Theorem 2.4l

Proof Of Theorem [2.4.1. Using (@), (I0) and (IIJ), we obtain the following:

I

dist (V1+,v7) = |vzive

< |vi'pey e Re

<[Vl | FE) Y, (2RO

< (05 /0%)dark - dist (U, U*)
- (1 —dox) L ’

2

(12)

(05 /o )dakkdist (U ,U)
1—52k

where L = \/1 — dist (U, U*)* — . Also, note that UY is
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obtained using SVD of >, A;b;. Hence, using Lemma [AT.T] we have:
AUZVE = U S (V)13 < 46 AUE* (VN 3,
= UV — U S (V|5 < 4601 (1 + 3621) |2 ||,
= U (VT = U (VTR < 602|277,
= (@) U°U) = DU} < 601k (01)?,

N1
=dist(U°, U*) < \/60ak (%) < - (13)

. 2

Using ([I2) with dist (U°, U*) < 3 and 0y < W, we obtain: dist (V*, V*)
< idist (U*,U*). Similarly we can show that dist (U™, U*) < idist (V!, V™).

|

2.5 DMatrix Completion
In this section, we study the Matrix Completion problem (LRMC]) and

i
91

show that, assuming k and - are constant, AltMinComplete (Algorithm [
k

recovers the underlying matrix M using only O(nlogn) measurements (i.e.,
we prove Theorem 2.3.3)).

As mentioned, while observing elements in {2 constitutes a linear map,
matrix completion is different from matrix sensing because the map does not
satisfy RIP. The (now standard) approach is to assume incoherence of the true
matrix M, as done in Definition 2321 With this, and the random sampling
of €2, matrix completion exhibits similarities to matrix sensing. For our anal-
ysis, we can again use the fact that incoherence allows us to view alternating
minimization as a perturbed power method, whose error we can control.

However, there are important differences between the two problems,
which make the analysis of completion more complicated. Chief among them
is the fact that we need to establish the incoherence of each iterate. For the first
initialization U 0 this necessitates the “clipping” procedure (described in step
4 of the algorithm). For the subsequent steps, this requires the partitioning of
the observed 2 into 27" + 1 sets (as described in step 2 of the algorithm).

As in the case of matrix sensing, we prove our main result for ma-
trix completion (Theorem [23.3]) by first establishing a geometric decay of the
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distance between the subspaces spanned by U ¢ Vtand U *, V* respectively.

Theorem 2.5.1. Under the assumptions of Theorem[Z.3.3, the (t+1)% iterates
UL and VL satisfy the following property w.h.p.:

. 1 .
: t-‘rl * < —As t *

dist (V ,V ) < 4dlst (U ,U) and

dist ((7”1,U*> < %ldist (‘7”1,V*> . YV 1<t<T.

We use the above result along with incoherence of M to prove Theo-
rem 2.3.3] See Appendix [A.3 for a detailed proof.

Now, similar to the matrix sensing case, alternating minimization needs
an initial iterate that is close enough to U* and V*, from where it will then
converge. To this end, Steps 3 — 4 of Algorithm @l use SVD of Py (M) followed
by clipping to initialize U°. While the SVD step guarantees that U° is close
enough to U*, it might not remain incoherent. To maintain incoherence, we
introduce an extra clipping step which guarantees incoherence of U° while also
ensuring that U0 is close enough to U* (see Lemma 2.5.2))

Lemma 2.5.2. Let M,Q,p be as defined in Theorem [2.3.3. Also, let U° be
the initial iterate obtained by step 4 of Algorithm[4. Then, w.h.p. we have

o dist (U°,U*) < % and
o U° is incoherent with parameter 4u\k.

The above lemma guarantees a “good” starting point for alternating
minimization. Using this, we now present a proof of Theorem 2.5.1l Similar
to the sensing section, we first explain key ideas of our proof using rank-1
example. Then in Section[2.5.2] we extend our proof to general rank-k matrices.

2.5.1 Rank-1 Case

Consider the rank-1 matrix completion problem where M = o*u*(v*)T.

Now, the ¢-th step iterates v'+!

i)\t+1 = arg min E (MZ] — ﬂf@)z
Y en

of Algorithm [ are given by:
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Let u' =@'/||u’||2. Then, Vj:

@ Y @R =ot Y uui

i:(1,j) €Q i:(4,§) €Q
*
= ot = Ty > uluiy)
Zi:(i,j)eﬂ(ui) i:(1.7)€0
— o Yo — o ((uu*) Yo iyea(U)?VF = D4y eq Wi v}) (14)
=0 (u,u")v; S () .
i:(1,)€Q\ M
Hence,
@[]0t = (u u'o*v* —o* B! ((ut, u*)B — C’) v*, (15)
Power Method ErrorV Term

where B, C' € R™" are diagonal matrices, such that,

Zz(z )€Q<u§)2
Bjj= =", Cj=

» » (16)

Note the similarities between the update (IZ) and the rank-1 update () for
the sensing case. Here again, it is essentially a power-method update (first
term) along with a bounded error term (see Lemma [25.3)). Using this insight,
we now prove Theorem [2.5.T] for the special case of rank-1 matrices. Our proof
can be divided in three major steps:

e Base Case: Show that u® = u°/||u°||, is incoherent and have small dis-
tance to u* (see Lemma [2.5.2)).

e Induction Step (distance): Assuming u' = u'/||a'|]2 to be incoherent and
that u! has a small distance to u*, v'*! decreases distances to v* by at
least a constant factor.

e Induction Step (incoherence): Show incoherence of v**! while assuming
incoherence of u' (see Lemma [2.5.4))

We first prove the second step of our proof. To this end, we provide the

following lemma that bounds the error term. See Appendix [A.3.2] for a proof
of the below given lemma.
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Lemma 2.5.3. Let M, p, Q, u' be as defined in Theorem [2.3.3. Also, let u'
be a unit vector with incoherence parameter p, = %.Them w.p. at least

1— 25
0
1— 6,

| B~ ((u*,ut>B — C’) vy <

1 — (ut,u*)2.

Multiplying (I5) with v* and using Lemma 2.5.3] we get:

@t |2 (0, v*) > o (uf u*) — 20% 550/ 1 — (ut, u*)2, (17)

where 0y < % is a constant defined in the Theorem statement and is similar
to the RIP constant in Section 2.4

Similarly, by multiplying (I5]) with v, (where (v}, v*) = 0 and ||v* ||2 =
1) and using Lemma 2.5.3

[@ |2 (0 01 < 20%0,0/1 — (ut, ur)2.

Using the above two equations:

1— <Ut+1 U*>2 < 4(55(1 — <ut’u*>2) |
7 T ((ut ur) = 2094/1 — (ut, u*)2)? + (2094/1 — (ut, u*)?)?

Assuming, (v v*) > 66y,

1
dist (vt v*) = /1 — (vt )2 < Z\/l — (ut, u*)?.

Using same arguments, we can show that, dist(u'™! u*) < dist(v'!, v*)/4.
Hence, after O(log(1/¢)) iterations, dist(u’,u*) < € and dist(v'™,v*) < e.
This proves our second step.

We now provide the following lemma to prove the third step. We stress
that v'™! does not increase the incoherence parameter (11) when compared to
that of u’.

Lemma 2.5.4. Let M, p, Q be as defined in Theorem [2.3.3. Also, let u' be

a unit vector with incoherence parameter [y, = %. Then, w.p. at least

t+1

1— %, vt s also py incoherent.
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See Appendix [A.3.2] for a detailed proof of the lemma.

Finally, for the base case we need that u® is p; incoherent and also
(u®, u*) > 685. This follows directly by using Lemma and the fact that
9y < 1/12.

Note that, to obtain an error of €, AltMinComplete needs to run for
@) <log %) iterations. Also, we need to sample a fresh (2 at each iteration

of AltMinComplete. Hence, the total number of samples needed by AltMin-

Complete is O <log M) larger than the number of samples required per

€

step.

2.5.2 Rank-£ case

We now extend our proof of Theorem [Z.5.7] to matrices with arbitrary
rank. Here again, we show that the AltMinComplete algorithm reduces to
power method with bounded perturbation at each step.

Similar to the matrix sensing case, we analyze the following QR decom-
position based update instead of directly analyzing the updates of Algorithm [4}
U'= U'R!, (QR decomposition),
Vi = argmin || Po(U'VT) — Po(M)]|2,
%

i — R (QR decomposition)

U = argmin || Po(U (V) = Po(M)|[2. (18)
U
Here again, we would stress that the updates output exactly the same matrices
at the end of each iteration and we prefer QR-based updates due to notational
ease.

Now, as matrix completion is a special case of matrix sensing, Lemma[2.4.4]
characterizes the updates of the AltMinComplete algorithm (see Algorithm @]).
That is,

vt =yttt - F
—_—— ~~
Power-method Update  Error Term
Yt — ‘7t+1(R(t+1))717 (19)
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where F is the error matrix defined in (8) and R¢*Y is a upper-triangular
matrix obtained using QR-decomposition of V1. See ([7) for the definition of
B,C, D, and S.

Also, note that for the special case of matrix completion, B, Cpy, 1 <
p,q < k are diagonal matrices with

t t t *
E : Uzp Uzq ) E Uzp Uzq
z (4,7)€ z (4,5)€Q

We use this structure to further simplify the update equation. We first define
matrices B/, 07, DI € R¥>** 1 <4 < n:

1 , 4 1

B==3Y wH DDt i =2

i:(2,5)€Q p

> wHOwn,

i:(2,5)€Q

and D7 = (UYTU*. Using the above notation, (I9) decouples into n equations
of the form (1 < j <mn):

(VYD = (v (DI — (BI)"Y(BIDT — ¢9))(RU+D), (20)

where (V1)) and (V*)@) denote the j rows of V*! and V* respectively.

Using the above notation, we now provide a proof of Theorem 2.5.1] for
the general rank-k case.

Proof of Theorem [225.1. Multiplying the update equation (I9) on the left by
(VI)T, we get:
(VHIVHL = —(VHTF(RED)~1. That is,

dist(V*, Vi) = Vv e, = (vt PRED T,
< [FE) oIS RED .

Now, similar to the sensing case (see Section 2.4.2)) we break down our proof
into the following two steps:

e Bound || F(X*)7!|, (Lemma 2.5.6) and

e Bound HE*R(Hl)_lHQ, i.e., the minimum singular value of (£*)~" R¢-+1)

(Lemma Z5.7).
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Using Lemma 2.5.6 and Lemma 257, w.p. at least 1 — 1/n3,

dist(V*, V) < (S oS RED
(0% /o) k(Sar/ (1 — Gaz,)) - dist (U<t>, U”)
/1 —dist (U0, U%)? - (o /i kbardist (U0.U7)

1—62ap,

Now, using Lemma25.2 we get: dist(U*, U*) < dist(U°,U*) < L. By selecting
C(o})%k* logn
m(o})?

dop < ok e, p >

kot and using above two inequalities:

1
dist(V*H V) < Zdist(Ut, U*).

Furthermore, using Lemma [Z.5.5 we get that V#*! is ;41 incoherent. Hence, us-
ing similar arguments as above, we also get: dist(U™, U*) < (1) dist(V*, V*).
(|

We now provide lemmas required by our above given proof. See Ap-
pendix [A.3.3 for a detailed proof of each of the lemmas.

We first provide a lemma to bound incoherence of V!, assuming in-
coherence of U".

Lemma 2.5.5. Let M,Q,p be as defined in Theorem[2.3.3. Also, let U' be the

t-th step iterate obtained by ([IR). Let Ut be py = 160iuvk i coherent. Then,
k

*
1
g

w.p. at least 1 — 1/n?, iterate VI+Y is also y, incoherent.

We now bound the error term (F') in AltMin update (19).

Lemma 2.5.6. Let F' be the error matriz defined by [8) (also see ([I9)) and
let Ut be a py-incoherent orthonormal matrix obtained after (t — 1)™ update.
Also, let M, Q, and p satisfy assumptions of Theorem [2.3.3. Then, w.p. at
least 1 — 1/n3:

1 — dop

|F(Z9)7Y|, < dist(U*,U").

Next, we present a lemma to bound [|(R¢+D)=1],.
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Lemma 2.5.7. Let R*™Y be the lower-triangular matriz obtained by QR de-
composition of V' (see (I9)) and let U' be a py-incoherent orthonormal

matriz obtained after (t — 1)™ update. Also, let M and ) satisfy assumptions
of Theorem[2.3.3. Then,

||E*(R(t+1)>_1||2 < ot /ot o
\/ 1 —dist* (U®, U*) — (0% /o5 )darkdist (U, U*)

1—09y,

Proof. Lemma follows by exactly the same proof as that of Lemma [2.4.6] for
the matrix sensing case. O

2.6 Stagewise AltMin Algorithm
In Section 2.4] we showed that if d9, < ((gi then AltMinSense (Algo-

o})?%k
(o7)

(O'k)
random Gaussian measurements (assume m < n) are required to recover M.

4
rithm [2)) recovers the underlying matrix. This means that, d = k*nlogn

For matrices with large condition number (o] /o), this would be significantly
larger than the information theoretic bound of O(knlogn/k) measurements.

To alleviate this problem, we present a modified version of AltMinSense
called Stage-AltMin. Stage-AltMin proceeds in k stages where in the i-th
stage, a rank-7 problem is solved. The goal of the i-th stage is to recover top
i-singular vectors of M, up to O(o7}, ) error.

Specifically, we initialize the i-th stage of our algorithm using one step
of the SVP algorithm [44] (see Step Bl of Algorithm [3)). We then show that, if
0o < 10%& then Stage-AltMin (Steps Bl B of Algorithm [B]) decreases the error

| M — (Afﬂ(r/ﬂ)THF to O(o},,). Hence, after k steps, the error decreases to
O(of,4) = 0. Note that, U, € R™ represents the t-th step iterate (U) in
the i-th stage; V{, € R"* is also defined similarly.

Recall that, the main problem with our analysis of AltMinSense is

o*, )2
that if o; > 0,41 (for some i) then dg < % would need to be small.

However, in such a scenario, the i-th stage of Aléorithm can be thought of as
solving a noisy sensing problem where the goal is to recover M; U F (VT

using noisy measurements b = A(U;, 35, (V)T + N) where noise matrix N oo

29



S5 (Vin )t Here M; and N represent the top i singular components

H—l k i

and last k — ¢ singular components of M respectively. Hence, using noisy-
case type analysis (see Section [A.2.3)) we show that the error [|[M — UY(V)T||»
decreases to O(o7, ).

We now formally present the proof of our main result (see Theorem 2.3.2]).

Proof Of Theorem[2.3.2. We prove the theorem using mathematical induc-
tion.

Base Case: After the 0-th step, error is: || M||% < 2521 07 < kot. Hence,
base case holds.

Induction Step: Here, assuming that the error bound holds for (i — 1)-th
stage, we prove the error bound for the i-th stage.

Our proof proceeds in two steps. First, we show that the initial point
U1Z7 V1 of the i-th stage, obtained using Step B, has c(0})? + O (k(0},)?)
error, with ¢ < 1. In the second step, we show that using the initial points
U9., V2., the AltMin algorithm iterations in the i-th stage (Steps B, B) reduces
the error to max(e, 16ko? ;).

We formalize the above mentioned first step in Lemma [2.6.1] and then
prove the second step in Lemma 2.6.2 O

We now present two lemmas used by the above given proof. See Ap-
pendix [A.2.4] for a proof of each of the lemmas.

Lemma 2.6.1. Let assumptions of Theorem [2.3.2 be satisfied. Also, let [732-,
V2. be the output of Step [3 of Algorithm [[.  Then, assuming that |M —
Ulioi Vi | < 16k(07)?, we obtain:

D S

Jj=t+1

Lemma 2.6.2. Let assumptions of Theorem [2.3.2 be satisfied. Also, let ﬁlTZ,
VL be the T-th step iterates of the i-th stage of Algorithm[3. Then, assuming
that |M — U2, V2% < Z] 100 + 155 (07)?, we obtain:

[ - OLEE | < mane 16k(e,0
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where T = Q(log(||M||r/€)).

2.7 Numerical Experiments

Sample complexity Computational complexity

10 ‘ ‘ : ‘ :
3
;Qloooo _
(8]
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% 6000 o 4 |
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= -
2 400 * AltMin *AltMin B
2000 & Trace norm min. ‘ ‘ le
4 5 9 10 O 5 9 10

6 7 8 6 7 8
Rank of the matrix Rank of the matrix

(a) (b)

‘ -~-Random initialization
- SVD initialization

10°

# iterations
(c)

Figure 2.1: (a) Sample complexity and (b) computational complexity of Alt-
Min as compared to trace norm minimization [I5] on random low rank 225x225
matrices. Sample complexity denotes the number of observations needed for
exact recovery of the matrix and computational complexity denotes the time
taken by the algorithm. The plots were obtained after averaging over 10 trials.
Clearly, AltMin has lower sample and computational complexity as compared
to trace norm minimization. (c) denotes the error (on the observations) af-
ter each iteration of AltMin with random initialization and with our SVD
based initialization. We see that with random initialization, the error decays
very slowly initially but later on decays at a good rate, where as with SVD
initialization, the error decays at a good rate from the beginning.

We now present some numerical experiments to verify if our theoretical
results are tight. In particular, our results are weaker than those for convex
optimization and one concrete question is if alternating minimization does
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perform poorly in practice as compared to trace norm minimization algorithm.
Fig. 2Il(a) suggests that this is not the case and we believe further tightening
our bounds is possible.

We finally note that steps 3—4 of AltMinComplete initialize the AltMin
procedure in a principled manner. In contrast, empirically random initializa-
tion is quite popular. Even though random initialization works well in practice,
proving rigorous guarantees is hard since the initial decay in error does not
seem to have a good rate (see Fig. 2.1l(c)).

2.8 Summary and Discussion

Alternating minimization provides an empirically appealing and pop-
ular approach to solving several different low-rank matrix recovery problems.
The main motivation, and result, of this work was to provide the first the-
oretical guarantees on the global optimality of alternating minimization, for
matrix completion and the related problem of matrix sensing. We would like
to note the following aspects of our results and proofs:

e For both the problems, we show that alternating minimization recov-
ers the true matrix under similar problem conditions (RIP, incoherence)
to those used by existing algorithms (based on convex optimization or
iterated SVDs); computationally, our results show faster convergence
to the global optima, but with possibly higher statistical (i.e. sample)
complexity.

e We develop a new framework for analyzing alternating minimization for
low-rank problems. Key observation of our framework is that for some
problems (under standard problem conditions) alternating minimization
can be viewed as a perturbed version of the power method. In our
case, we can control the perturbation error based on the extent of RIP
/ incoherence demonstrated by the problem. This idea is likely to have
applications to other similar problems where trace-norm based convex
relaxation techniques have rigorous theoretical results but alternating
minimization has enjoyed more empirical success. For example, robust
PCA [22| [14], spectral clustering [46] etc.
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e Our analysis also sheds light on two key aspects of the alternating min-
imization approach:
Initialization: Due to its connection to power method, it is now easy
to see that for alternating minimization to succeed, the initial iterate
should not be orthogonal to the target vector. Our results indeed show
that alternating minimization succeeds if the initial iterate is not “al-
most orthogonal” to the target subspace. This suggests that, selecting
initial iterate smartly is preferable to random initialization.
Dependence on the condition number: Our results for the alternat-
ing minimization algorithm depend on the condition number. However,
using a stagewise adaptation of alternating minimization, we can remove
this dependence for the matrix sensing problem. This suggests that mod-
ifications of the basic alternating minimization algorithm may in fact
perform better than the original one, while retaining the computational
/ implementational simplicity of the underlying method.
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Chapter 3

Phase Retrieval using Alternating
Minimization

3.1 Introduction

In this chapter , we are interested in recovering a complex@ vector
x* € C" from magnitudes of its linear measurements. That is, for a; € C", if

Yi = |<ai71‘*>|a fori=1,...,m (1)

then the task is to recover z* using y and the measurement matrix A =
[a1 as ... (lm].

The above problem arises in many settings where it is harder / infea-
sible to record the phase of measurements, while recording the magnitudes is
significantly easier. This problem, known as phase retrieval, is encountered
in several applications in crystallography, optics, spectroscopy and tomogra-
phy [69, 42]. Moreover, the problem is broadly studied in the following two
settings:

(i) The measurements in ({l) correspond to the Fourier transform (the num-
ber of measurements here is equal to n) and there is some apriori infor-
mation about the signal.

(ii) The set of measurements y are overcomplete (i.e., m > n), while some
apriori information about the signal may or may not be available.

! An extended abstract of the results in this chapter appeared as [71]. The coauthors on
the paper had equal contributions in obtaining these results.
20ur results also cover the real case, i.e. where all quantities are real.
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In the first case, various types of apriori information about the underlying
signal such as positivity, magnitude information on the signal [31], sparsity
[80] and so on have been studied. In the second case, algorithms for vari-
ous measurement schemes such as Fourier oversampling [70], multiple random
illuminations [12, 90] and wavelet transform [24] have been suggested.

By and large, the most well known methods for solving this problem are
the error reduction algorithms due to Gerchberg and Saxton [37] and Fienup
[31], and variants thereof. These algorithms are alternating projection algo-
rithms that iterate between the unknown phases of the measurements and
the unknown underlying vector. Though the empirical performance of these
algorithms has been well studied [31], [61] 62]. and they are used in many ap-
plications [67, [68], there are not many theoretical guarantees regarding their
performance.

More recently, a line of work [21) (17, Q0] has approached this problem
from a different angle, based on the realization that recovering x* is equivalent
to recovering the rank-one matrix z*z*7, i.e., its outer product. Inspired by
the recent literature on trace norm relaxation of the rank constraint, they

design SDPs to solve this problem. Refer Section for more details.

In this work, we go back to the empirically more popular ideology of al-
ternating minimization; we develop a new alternating minimization algorithm,
for which we show that (a) empirically, it noticeably outperforms convex meth-
ods, and (b) analytically, a natural resampled version of this algorithm requires
O(nlog®n) iid. random Gaussian measurements to geometrically converge
to the true vector.

Our contribution:

e The iterative part of our algorithm is implicit in previous work [37], 311
90, 12]; the novelty in our algorithmic contribution is the initialization
step which makes it more likely for the iterative procedure to succeed.

e Our analytical contribution is the first theoretical guarantee regarding
the global convergence, and subsequent exact recovery of the signal, via
alternating minimization for phase retrieval.
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Besides being an empirically better algorithm for this problem, our
work is also interesting in a broader sense: there are many problems in ma-
chine learning, signal procesing and numerical linear algebra, where the natu-
ral formulation of a problem is non-convex; examples include rank constrained
problems, applications of EM algorithms etc., and alternating minimization
has good empirical performance. However, the methods with the best (or
only) analytical guarantees involve convex relaxations (e.g., by relaxing the
rank constraint and penalizing the trace norm). In most of these settings,
correctness of alternating minimization is an open question. We believe that
our results in this chapter are of interest, and may have implications, in this
larger context.

Due to lack of space, we only present the algorithm and main results in
this chapter. Refer [T1] for complete proofs of all the results in this chapter.

3.2 Related Work

Phase Retrieval via Non-Convex Procedures: Inspite of the huge
amount of work it has attracted, phase retrieval has been a long standing open
problem. Early work in this area focused on using holography to capture the
phase information along with magnitude measurements [33, 57]. However,
computational methods for reconstruction of the signal using only magnitude
measurements received a lot of attention due to their applicability in resolving
spurious noise, fringes, optical system aberrations and so on and difficulties in
the implementation of interferometer setups [26]. Though such methods have
been developed to solve this problem in various practical settings [25], B2, [67,
68], our theoretical understanding of this problem is still far from complete.
Many papers [9, 39, [78] have focused on determining conditions under which
(@) has a unique solution. However, the uniqueness results of these papers do
not resolve the algorithmic question of how to find the solution to ().

Since the seminal work of Gerchberg and Saxton [37] and Fienup [31],
many iterated projection algorithms have been developed targeted towards
various applications [I, 29l [6]. [70] first suggested the use of multiple mag-
nitude measurements to resolve the phase problem. This approach has been
successfully used in many practical applications - see [26] and references there
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in. Following the empirical success of these algorithms, researchers were able
to explain its success in some of the instances [92] [86] using Bregman’s theory
of iterated projections onto convex sets [8]. However, many instances, such as
the one we consider in this chapter, are out of reach of this theory since they
involve magnitude constraints which are non-convex. To the best of our knowl-
edge, there are no theoretical results on the convergence of these approaches
in a non-convex setting.

Phase Retrieval via Convex Relaxation: An interesting recent
approach for solving this problem formulates it as one of finding the rank-one
solution to a system of linear matrix equations. The papers [21], [I7] then take
the approach of relaxing the rank constraint by a trace norm penalty, making
the overall algorithm a convex program (called PhaseLift) over n X n matrices.
Another recent line of work [90] takes a similar but different approach : it uses
an SDP relaxation (called PhaseCut) that is inspired by the classical SDP
relaxation for the max-cut problem. To date, these convex methods are the
only ones with analytical guarantees on statistical performance [13,00] (i.e. the
number m of measurements required to recover z*) — under an i.i.d. random
Gaussian model on the measurement vectors a;. However, by “lifting” a vector
problem to a matrix one, these methods lead to a much larger representation
of the state space, and higher computational cost as a result.

Sparse Phase Retrieval: A special case of the phase retrieval prob-
lem which has received a lot of attention recently is when the underlying
signal z* is known to be sparse. Though this problem is closely related to
the compressed sensing problem, lack of phase information makes this harder.
However, the ¢; regularization approach of compressed sensing has been suc-
cessfully used in this setting as well. In particular, if z* is sparse, then the
corresponding lifted matrix z*z*” is also sparse. [80, [72], 60] use this obser-
vation to design ¢; regularized SDP algorithms for phase retrieval of sparse
vectors. For random Gaussian measurements, [60] shows that ¢; regularized
PhaseLift recovers z* correctly if the number of measurements is Q(k? logn).
By the results of [74], this result is tight up to logarithmic factors for ¢; and
trace norm regularized SDP relaxations. [43], [79] develop algorithms for phase
retrieval from Fourier magnitude measurements. However, achieving the opti-
mal sample complexity of O (k log %) is still open [28].
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Alternating Minimization (a.k.a. ALS): Alternating minimization
has been successfully applied to many applications in the low-rank matrix
setting. For example, clustering [52], sparse PCA [96], non-negative matrix
factorization [51], signed network prediction [41] etc. However, despite em-
pirical success, for most of the problems, there are no theoretical guarantees
regarding its convergence except to a local minimum. The only exceptions are
the results in [49] [45] which give provable guarantees for alternating minimiza-
tion for the problems of matrix sensing and matrix completion.

3.3 Notation

For every complex vector w € C", |w| € R” denotes its element-wise
magnitude vector. w’ and A7 denote the Hermitian transpose of the vector w
and the matrix A respectively. e, ey, etc. denote the canonical basis vectors
in C". Z denotes the complex conjugate of the complex number z. In this
chapter, we use the standard Gaussian (or normal) distribution over C". a
is said to be distributed according to this distribution if a = a; + tas, where
a; and ay are independent and are distributed according to N (0, ). We also

define Ph(2) & i for every z € €, and dist (wy, wo) o \/1 — %
2 2

for every wy,ws € C". inally, we use the shorthand wlog for without loss of
generality and whp for with high probability.

3.4 Algorithm

In this section, we present our alternating minimization based algorithm
for solving the phase retrieval problem. Let A € C"*™ be the measurement
matrix, with a; as its i"® column; similarly let y be the vector of recorded
magnitudes. Then,

y = |AT2*|.
Recall that, given y and A, the goal is to recover z*. If we had access to the
true phase ¢* of ATx* (i.e., ¢ = Ph({a;,z*))) and m > n, then our problem
reduces to one of solving a system of linear equations:

C*y — ATZE'*,
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Algorithm 5 AltMinPhase
input A, y, 1t
1: Initialize 2° < top singular vector of >, y2a;a;"
2: fort=0,---,tp—1do
3. C'"! <« Diag (Ph (A"2"))
40 24— argmin, g ||ATz — CT Yy,
5: end for
output z%

where C* & Diag(c*) is the diagonal matrix of phases. Of course we do not
know C*, hence one approach to recovering z* is to solve:

argmin ||ATz — Cy||, (2)
Cyx

where z € C" and C' € €™*"™ is a diagonal matrix with each diagonal entry of
magnitude 1. Note that the above problem is not convex since C' is restricted
to be a diagonal phase matrix and hence, one cannot use standard convex
optimization methods to solve it.

Instead, our algorithm uses the well-known alternating minimization:
alternatingly update x and C' so as to minimize (2). Note that given C,
the vector x can be obtained by solving the following least squares prob-
lem: min, ||ATx — Cyl|s. Since the number of measurements m is larger than
the dimensionality n and since each entry of A is sampled from independent
Gaussians, A is invertible with probability 1. Hence, the above least squares
problem has a unique solution. On the other hand, given x, the optimal C is
given by C' = Diag(ATz).

While the above algorithm is simple and intuitive, it is known that with
bad initial points, the solution might not converge to x*. In fact, this algo-
rithm with a uniformly random initial point has been empirically evaluated for
example in [90], where it performs worse than SDP based methods. Moreover,
since the underlying problem is non-convex, standard analysis techniques fail
to guarantee convergence to the global optimum, z*. Hence, the key chal-
lenges here are: a) a good initialization step for this method, b) establishing
this method’s convergence to x*.
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We address the first key challenge in our AltMinPhase algorithm (Al-
gorithm [B]) by initializing = as the largest singular vector of the matrix S =
% > yia;a;" . Theorem [B.5.1] shows that when A is sampled from standard
complex normal distribution, this initialization is accurate. In particular, if
m > Cynlog® n for large enough C; > 0, then whp we have ||2° —z*||], < 1/100
(or any other constant).

Theorem [3.5.2] addresses the second key challenge and shows that a
variant of AltMinPhase (see Algorithm [B)) actually converges to the global op-
timum z* at linear rate. See section[3.5]for a detailed analysis of our algorithm.

We would like to stress that not only does a natural variant of our
proposed algorithm have rigorous theoretical guarantees, it also is effective
practically as each of its iterations is fast, has a closed form solution and does
not require SVD computation. AltMinPhase has similar statistical complexity
to that of PhaseLift and PhaseCut while being much more efficient computa-
tionally. In particular, for accuracy €, we only need to solve each least squares
problem only up to accuracy O (€¢). Now, since the measurement matrix A is
sampled from Gaussian with m > Cn, it is well conditioned. Hence, using
conjugate gradient method, each such step takes O (mn log %) time. When
m = O (n) and we have geometric convergence, the total time taken by the
algorithm is O (n2 log? %) SDP based methods on the other hand require
Q(n3/\/€) time. Moreover, our initialization step increases the likelihood of
successful recovery as opposed to a random initialization (which has been con-
sidered so far in prior work). Refer Figure BI for an empirical validation of
these claims.

3.5 Our Results

In this section we describe the main contribution of this work: provable
statistical guarantees for the success of alternating minimization in solving
the phase recovery problem. To this end, we consider the setting where each
measurement vector a; is iid and is sampled from the standard complex normal
distribution. We would like to stress that all the existing guarantees for phase
recovery also use exactly the same setting [17, [13, 00]. Table Bl presents
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Figure 3.1: Sample and Time complexity of various methods for Gaussian
measurement matrices A. Figure B.dl(a) compares the number of measure-
ments required for successful recovery by various methods. We note that our
initialization improves sample complexity over that of random initialization
(AltMin (random init)) by a factor of 2. AltMinPhase requires similar num-
ber of measurements as PhaseLift and PhaseCut. Figure B.Il(b) compares the
running time of various algorithms on log-scale. Note that AltMinPhase is
almost two orders of magnitude faster than PhaseLift and PhaseCut.

a comparison of the theoretical guarantees of Algorithm [ as compared to
PhaseLift and PhaseCut.

Sample complexity | Comp. complexity
PhaseLift [13] O (n) O (n®/ée?)
PhaseCut [90] O (n) O (n*/+\/¢)

Table 3.1: Comparison of Algorithm [6] with PhaseLift and PhaseCut: Though
the theoretical sample complexity of Algorithm [0l is off by log factors from
that of PhaseLift and PhaseCut, it is O (n) better than them in computational
complexity. Note that, we can solve the least squares problem in each iteration
approximately by using conjugate gradient method which requires only O (mn)
time.

Our proof for convergence of alternating minimization can be broken
into two key results. We first show that if m > Cnlog®n, then whp the
initialization step used by AltMinPhase returns 2° which is at most a constant
distance away from z*. Furthermore, that constant can be controlled by using
more samples (see Theorem B.5.T]).
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We then show that if 2" is a fized vector such that dist (z*, 2*) < ¢ (small
enough) and A is sampled independently of z* with m > Cn (C' large enough)
then whp z'*! satisfies: dist (z'™,2*) < 3dist (2!, 2*) (see Theorem B.E5.2).
Note that our analysis critically requires x! to be “fixed” and be independent
of the sample matrix A. Hence, we cannot re-use the same A in each iteration;
instead, we need to resample A in every iteration. Using these results, we

prove the correctness of Algorithm [6] which is a natural resampled version of
AltMinPhase.

Algorithm 6 AltMinPhase with Resampling
input A, y, e
1: tg < clog%
2: Partition y and (the corresponding columns of) A into ty+ 1 equal disjoint
sets: (y0> AO)? (y17 Al)’ T (yto’ Ato)
3: 2% +— top singular vector of Y, (y?)2 a) (a?)T
4: fort=0,--- ,to— 1 do
C**1 < Diag <Ph ((AtH)T :zjt>>

(At+1)T T — Ct+1yt+1H

a

@

2« argmingcga
7: end for
output z%

2

We now present the two results mentioned above. In the following
theorems, wlog, we assume that ||z*||s = 1. Our first result guarantees a good
initial vector.

Theorem 3.5.1. There exists a constant Cy such that if m > %nlog?’ n, then
in Algorithm [8, with probability greater than 1 — 4/n?* we have:

[

2<C.

The second result proves geometric decay of error assuming a good
initialization.

Theorem 3.5.2. There exist constants ¢, ¢ and ¢ such that in iteration t of
Algorithm [6, if dist (z*,2*) < ¢ and the number of columns of A' is greater
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than E(log %) n then, with probability more than 1 —n, we have:

dist (ac”l,x*) < Z dist (xt,x*) , and th“ — ||, < ¢ dist (xt, x*) .

Proof. For simplicity of notation in the proof of the theorem, we will use A
for AL C for O x for at, ™ for '™, and y for y'™!. Now consider the
update in the (¢ + 1)™ iteration:

vt = argmin ||ATF — Cyl|, = (AAT) " ACy = (AAT) T ADATZ,  (3)

TER™

where D is a diagonal matrix with Dy df ppy (agT:c . aﬂx*). Now (3) can be

rewritten as:
vt = (AAT) T ADATy = o* + (AAT) T A(D — 1) ATa, (4)

that is, 1 can be viewed as a perturbation of z* and the goal is to bound the
error term (the second term above). We break the proof into two main steps:

1. 3 a constant ¢; such that [(z*,2T)| > 1 — ¢;dist (z, 2*), and

2. [(z,a™)| < 2dist (x, 2%), for all z s.t. zTz* = 0.

Assuming the above two bounds and choosing ¢ < we can prove the

theorem:

1
100c1

25/81) - di *
( 5/8 ) dlSt<‘T7'x ) < gdist(x’z*)Q’

dist (2%, 2%)" <
1S ($ » L ) (1 — codist (2, 2%))% — 16

proving the first part of the theorem. The second part follows from () and

by controlling (AAT)_l A(D—1)A"z* 0
2

Combining Theorems B.5.1] and B.5.2, we have the following theorem
establishing the correctness of Algorithm [Gl

Theorem 3.5.3. Suppose the measurement vectors in (Il) are independent
standard complexr normal vectors. For every n > 0, there exists a constant c
such that if m > cn (log3 n + log % log log %) then, with probability greater than
1 —n, Algorithm[@ outputs z* such that ||z — z*||, < e.

43



Algorithm 7 SparseAltMinPhase
input A,y k
1. S « top-k argmax;c, > ", |ai;y;| {Pick indices of k largest absolute
value inner product}
2: Apply Algorithm[6lon Ag, ys and output the resulting vector with elements
in S¢ set to zero.

Sample complexity Comp. complexity
Algorithm[@ | O (k (klogn +1log?1)) | O (k* (knlogn + log* 1))
(1-PhaseLift [60] O (k*logn) O (n®/e?)

Table 3.2: Comparison of Algorithm [ with ¢;-PhaseLift when z¥. =

Q <1 / \/E) Note that the complexity of Algorithm [7] is dominated by the
support finding step. If £ = O (1), Algorithm [7] runs in quasi-linear time.

3.6 Sparse Phase Retrieval

In this section, we consider the case where z* is known to be sparse,
with sparsity k. A natural and practical question to ask here is: can the
sample and computational complexity of the recovery algorithm be improved
when k£ < n.

Recently, [60] studied this problem for Gaussian A and showed that for
¢; regularized PhaseLift, m = O(k?logn) samples suffice for exact recovery of
z*. However, the computational complexity of this algorithm is still O(n?/€?).

In this section, we provide a simple extension of our AltMinPhase al-
gorithm that we call SparseAltMinPhase, for the case of sparse z*. The main
idea behind our algorithm is to first recover the support of z*. Then, the prob-
lem reduces to phase retrieval of a k-dimensional signal. We then solve the
reduced problem using Algorithm [6l The pseudocode for SparseAltMinPhase
is presented in Algorithm [7l Table provides a comparison of Algorithm [7l
with /;-regularized PhaseLift in terms of sample complexity as well as com-
putational complexity. The following lemma shows that if the number
of measurements is large enough, step 1 of SparseAltMinPhase recovers the
support of z* correctly.

Lemma 3.6.1. Suppose z* is k-sparse with support S and ||z*||, = 1. If a;
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are standard complex Gaussian random vectors and m > (—C)Allog%, then
wrnin

Algorithm [7 recovers S with probability greater than 1 — 0, where x%, . is the
minimum non-zero entry of r*.

The key step of our proof is to show that if j € supp(x*), then random
variable Z;; = . |a;;v;| has significantly higher mean than for the case when
j & supp(xz*). Now, by applying appropriate concentration bounds, we can en-

sure that minjeupp(z+) | Zij| > Max;¢supp(a+) | Zij| and hence our algorithm never
picks up an element outside the true support set supp(z*). See Appendix [B.2

for a detailed proof of the above lemma.

The correctness of Algorithm [[ now is a direct consequence of Lemma
B.6.1l and Theorem B.5.3] For the special case where each non-zero value in z*
is from {—\/LE, \/LE}’ we have the following corollary:

Corollary 3.6.2. Suppose x* is k-sparse with non-zero elements j:\/ig. If the

number of measurements m > c (k‘2 log % + k log? k + klog %), then Algorithm
[ will recover x* up to accuracy € with probability greater than 1 — 6.

3.7 Experiments

In this section, we present experimental evaluation of AltMinPhase
(Algorithm [B) and compare its performance with the SDP based methods
PhaseLift [17] and PhaseCut [90]. We also empirically demonstrate the ad-
vantage of our initialization procedure over random initialization (denoted by
AltMin (random init)), which has thus far been considered in the literature
[37, B1, 90, 12]. AltMin (random init) is the same as AltMinPhase except
that step 1 of Algorithm [l is replaced with:z° « Uniformly random vector
from the unit sphere.

In the noiseless setting, a trial is said to succeed if the output x satisfies
|z — 2*|], < 1072 For a given dimension, we do a linear search for smallest m
(number of samples) such that empirical success ratio over 20 runs is at least
0.8. We implemented our methods in Matlab, while we obtained the code for
PhaseLift and PhaseCut from the authors of [72] and [90] respectively.

We now present results from our experiments in three different settings.
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Independent Random Gaussian Measurements: Each measure-
ment vector a; is generated from the standard complex Gaussian distribution.
This measurement scheme was first suggested by [17] and till date, this is the
only scheme with theoretical guarantees.

Multiple Random Illumination Filters: We now present our re-
sults for the setting where the measurements are obtained using multiple il-
lumination filters; this setting was suggested by [12]. In particular, choose J
vectors 21, - 2() and compute the following discrete Fourier transforms:

7™ = DFT (2" - % 2™)

where -x denotes component-wise multiplication. Our measurements will then
be the magnitudes of components of the vectors zV,--- ,z/). The above
measurement scheme can be implemented by modulating the light beam or by
the use of masks; see [12] for more details.

For this setting, we conduct a similar set of experiments as the previous
setting. That is, we vary dimensionality of the true signal z(® (generated
from the Gaussian distribution)and then empirically determine measurement
and computational cost of each algorithm. Figures B2 (a) and (b) present
our experimental results for this measurement scheme. Here again, we make
similar observations as the last setting. That is, the measurement complexity
of AltMinPhase is similar to PhaseCut and PhaseLift, but AltMinPhase is
orders of magnitude faster than PhaseLift and PhaseCut. Note that Figure
is on a log-scale.

Noisy Phase Retrieval: Finally, we study our method in the follow-
ing noisy measurement scheme:

yi = [{a;, 2" +w;)| fori=1,...,m, (5)

where w; is the noise in the i-th measurement and is sampled from N(0, 02).
We fix n = 64 and m = 6n. We then vary the amount of noise added o and
measure the (5 error in recovery, i.e., ||z — x*||2, where x is the recovered vec-
tor. Figure B3(a) compares the performance of various methods with varying
amount of noise. We observe that our method outperforms PhaseLift and has
similar recovery error as PhaseCut.
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Figure 3.2: Sample and time complexity for successful recovery using random
Gaussian illumination filters. Similar to Figure Bl we observe that AltMin-
Phase has similar number of filters (J) as PhaseLift and PhaseCut, but is
computationally much more efficient. We also see that AltMinPhase performs
better than AltMin (randominit).

Geometric Decay: Finally, we provide empirical results verifying that
AltMinPhase reduces the error at a geometric rate as guaranteed by Theo-
rem but no faster. The measurement vectors were chosen to be standard
complex Gaussian with n = 64 and m = 6n. Figure B.3[(b) shows the plot of
empirical error vs the number of iterations.

3.8 Summary

In this chapter, we presented an improved version of the alternating
minimization procedure for the phase retrieval problem. We observe that
empirically, it has simiar sample complexity as SDP based methods but is
much more efficient than them. Analytically, we show that a natural resampled
version of this algorithm has close to optimal sample complexity. We also
extend our algorithm and results for the sparse phase retrieval problem.
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Figure 3.3: (a): Recovery error ||z — z*||y incurred by various methods with
increasing amount of noise (o). AltMinPhase and PhaseCut perform compa-
rably while PhaseLift incurs significantly larger error. (b): Plot of empirical
error ||y — |AT:c|H2 vs number of iterations for AltMinPhase. Each entry of
A is chosen to be standard complex Gaussian with n = 64 and m = 6n. We
can see that the error decreases geometrically suggesting that Theorem
is tight in some sense.
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Chapter 4

Learning Sparsely Used Dictionaries using
Alternating Minimization

4.1 Introduction
The problem of dictionary learning can be stated as follows: given
observations Y € R%*" the task is to decompose it as

Y = A*X*, A* € Rdxr’X* e R™*™, (1)

A* is referred to as the dictionary matrix and X* is the coefficient matrix. r
denotes the number of basis elements in this dictionary, and we consider the
overcomplete setting where r > d. Without further constraints, the solution
to (I) is not unique. A popular framework is to assume that the coefficient
matrix X* is sparse, and that each observation Y; € R? is a sparse combina-
tion of the dictionary elements (i.e. columns of the dictionary matrix). This
problem is known as sparse coding and it has been argued that sparse coding
can provide a succinct representation of the observed data, given only unla-
beled samples [73], 55]. Through this lens of unsupervised learning, dictionary
learning has recently received increased attention from the learning commu-
nity [65] 5], 64].

Although several methods exist for sparse coding, most of them lack
guarantees. [81] recently provided a method for guaranteed recovery when the
dictionary matrix A* € R%" is a basis. This implies that the number of dic-
tionary elements r < d, where d is the observed dimension. However, in most
settings, the dictionary is overcomplete (r > d) as overcomplete representa-
tions can provide greater flexibility in modeling as well as better robustness

! An extended abstract of the results in this chapter appeared as [2]. The coauthors on
the paper had equal contributions in obtaining these results.
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to noise [58, [7, 27]. In this paper, we establish ezact recovery of sparsely used
overcomplete dictionaries.

Summary of Results:  We present a method for dictionary learning that
consists of two phases. The initialization phase is a clustering-based pro-
cedure for recovering the dictionary to a rough accuracy. In particular, we
establish that the recovery error of the initialization procedure, in /5 distance
between true and recovered dictionary elements, is bounded by a small con-
stant (dependent only on s) as long as the sparsity satisfies s = O (d'/*, r'/4).
The number of samples needed for this initialization procedure scales as n =
O (r(logr + logd)).

Our second result concerns the convergence to the global optimum of
an alternating minimization scheme which outputs successively improved es-
timates of the coefficients and the dictionary through lasso and least-squares
respectively. Our result requires the procedure to be initialized with a dic-
tionary with an error of at most O (1/s?). Further when s = O (d"/°) and
number of samples satisfies n = O (7?), we establish linear rate of convergence
for the alternating minimization procedure to the true dictionary.

Combining the above two results, where we initialize the alternating
method using our proposed dictionary estimation procedure with the required
accuracy of O (1/s?), which entails s = O (d"/,7'/%), and sufficient number of
samples n = O (r?), we guarantee exact recovery of the true dictionary. We
believe that this is the first exact recovery result for dictionary learning in
the overcomplete setting. Note that our alternating minimization guarantees
are independent of the initialization procedure and it is entirely possible to
use other initialization procedures for the alternating minimization algorithm.
Indeed, the very recent and concurrent work of [3] can be seen as presenting
alternative initialization procedures for our alternating minimization step.

Finally, we present some numerical simulations confirming the linear
convergence of the alternating minimization procedure, and demonstrating
the extent of gains beyond the initialization step. We also empirically test
the recovery performance of the procedure, and find that it succeeds with
n = O (r) samples, hence suggesting room for tightening our analysis in future
work.

50



Related Work:  There have been many works on dictionary learning both
from a theoretical and empirical viewpoint. Hillar and Sommer [40] consider
conditions for identifiability of sparse coding. However, the number of samples
required to establish identifiability is exponential in r for the general case.
Most closely related to our work, [R1] provide exact recovery results for an ¢4
based method, but they focus on the undercomplete setting, where r» < d. We
consider the overcomplete setting where r > d.

There exist many heuristics for dictionary learning, which work well in
practice in many contexts, but lack theoretical guarantees. For instance, Lee
et. al. propose an iterative ¢; and ¢, optimization procedure [55] similar to the
the method of optimal directions [30]. Another popular method is the so-called
K-SVD, which iterates between estimation of X and given an estimate of X,
updates the dictionary estimate using a spectral procedure on the residual.
Other works establish local optimality of the true solution (A*, X*) for certain
non-convex programs [47, 36], but do not prescribe algorithms which can reach
the true solution (A*, X*). Recent works [87, [65] 63, 82] provide generalization
bounds for predictive sparse coding, without computational considerations.

Finally, our results are closely related to the very recent work of [3],
carried out independently and concurrently with our work. Their approximate
recovery work can be seen as providing a different initialization strategy for
alternating minimization procedure. However, the key distinction between
our alternating minimization procedure as compared to theirs is that we use
the same samples in each iteration while they require fresh samples for each
iteration of alternating minimization. This enables us to obtain exact recovery
of the dictionary once n = (r?), whereas the error in their method can not
be guaranteed to be below exp (—O (n/r?)). Our algorithm is also robust in
the sense that we do not expect to recover the complete support in the first
iteration — we gradually recover more and more elements of the support as our
dictionary estimate gets better.

The remainder of the paper is organized as follows. We present our
algorithms next, followed by our assumptions and the recovery results. We
provide proof sketches in Section 3 with details deferred to the supplement.
Simulation results are described in Section 4.
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4.2 Algorithm

Notation:  Let [n] := {1,2,...,n}. For a vector v or a matrix W, we will
use the shorthand Supp(v) and Supp(W) to denote the set of non-zero entries
of v and W respectively. Let ||w|| denote the ¢5 norm of vector w, and similarly
for a matrix W, ||IW]| denotes its spectral norm. For a matrix X, X’ X; and
X! denote the i** row, i** column and (i, 7)™ element of X respectively. For a
graph G = (V, E), let Ng(i) denote set of neighbors for node i in G.

4.2.1 Initial Estimate of Dictionary Matrix

The first step is to obtain an initial estimate A of the dictionary el-
ements, and is given in Algorithm [§l The estimate A is then employed in
alternating steps to estimate the coefficient matrix and re-estimate the dictio-
nary matrix respectively.

Given samples Y, we first construct the correlation graph Gor(,), Wwhere
the nodes are samples {Y1,Y5,...Y,} and an edge (Y;,Y;) € Geon(p) implies
that |(Y;,Y;)| > p, for some threshold p > 0 (Figure 1] shows an example
of a typical correlation graph under our assumptions). We then determine
a good subset of samples via a clustering procedure on the graph as follows:
we first randomly sample an edge (Y, Yj+) € Geom(p) and then consider the
intersection of the neighborhoods of Y« and Y-, denoted by S. We then
employ Uniquelntersection routine in Procedure[Il to determine if Sisa “good
set” for estimating a dictionary element. This is done by ensuring that the set
S has a sufficient number of edge@ in the correlation graph. For instance, the
procedure will return true when evaluated on the green edges labeled Good,
but false on the red edges labeled Bad. Once S is determined to be a good set,
we then proceed by estimating the matrix @ using samples in S and output
its top singular vector as the estimate of a dictionary element. The method is
repeated over all edges in the correlation graph to ensure that all the dictionary
elements get estimated with high probability.

2For convenience to avoid dependency issues, in Procedure [[, we partition S into sets
consisting of disjoint node pairs and determine if there are sufficient number of node pairs
which are neighbors.
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Good,

Figure 4.1: Sample correlation graph G, with nodes {Y;} and edge (Y;,Y;)
s.t. (Y3, Y5)| > p. Sy, Sy are the sets returned as true from Uniquelntersection
procedure. The edges labeled “good” above refers to good anchor pairs which
satisfy unique intersection in Algorithm Blwhile the bad anchor pair does not

satisfy the unique intersection. Good anchor pairs lead to formation of sets .51
and SQ.

At a high level, the above procedure aims to find large cliques in the
correlation graph. For instance, in Figure[4.I] the sets §1, §2 are the sets which
are returned as true by the Uniquelntersection Procedure and the algorithm [§]
computes SVD over the samples in such sets. Intuitively, when the correlation
graph has cliques with small amount of overlap, our method succeeds in finding
them, and then computes SVD over the samples in such sets. At a high level,
the above procedure aims to find large cliques in the correlation graph. For
instance, in Figure [4.] the sets §1, §2 are the sets which are returned as true
by the Uniquelntersection Procedure, when the node pairs labeled as “good”
in the figure are used as anchor samples Y;- and Yj-. On the other hand, note
that a bad anchor pair which sits at the overlap of multiple cliques is not
returned as true by the Uniquelntersection Procedure. Thus, this procedure
yields subsets of samples which correspond to large cliques in the correlation
graph. Once, such a subset is found, the algorithm [ computes SVD over
the samples in such sets. As our proofs will demonstrate, any such clique
§Z- involves samples that all contain a unique dictionary element in common,
which can then be recovered approximately by the subsequent SVD step.

4.2.2 Alternating Minimization

Once an initial estimate of the dictionary is obtained, we alternate
between two procedures, viz., a sparse recovery step for estimating the coef-
ficients given a dictionary, and a least squares step for a dictionary given the
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Algorithm 8 InitDictionaryLearn(Y, €gict, p): Initial step for estimating dic-

tionary elements.

Input: Samples Y = [Y]...]Y,]. Correlation threshold p. Desired separa-
tion parameter €4y between recovered dictionary elements.

Output: Initial Dictionary Estimate A.

Construct correlation graph Geom(p) s.t. (Y;,Y}) € Geomr(p) When |(Y;, V)| >

p.

Set A « ().

for each edge (Yi+,Yj+) € Geom(p) do
S A NGcorr(p) (}/Z*) N NGcorr(p) (Y‘;*)

if Uniquelntersection(§ , Georr(p)) then
@ — Zne? Y;Y," and @ < uy, where u; is top singular vector of @
if minye 5 ||a — b|| > 2€qgiet then
A+ Aua
end if
end if
end for
Return A

estimates of the coefficients (details are presented in Algorithm [2I).

The sparse recovery step of Algorithm 2] is based on ¢;-regularization,
followed by thresholding. The thresholding is required for us to guarantee that
the support set of our coefficient estimate X () is a subset of the true support
with high probability. Once we have an estimate of the coefficients, the dictio-
nary is re-estimated through least squares. The overall algorithmic scheme is
popular for dictionary learning, and there are a number of variants of the basic
method. For instance, the ¢;-regularized problem in step 3 can also be replaced
by other robust sparse recovery procedures such as OMP [84] or GraDeS [35].
More generally the exact lasso and least-squares steps may be replaced with
other optimization methods for computational efficiency, e.g. [47].
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Procedure 1 Uniquelntersection(S, G): Determine if samples in S have a
unique intersection.
Input: Set S with 2m vectors Yi,...Y5,, and graph G with Y;,...,Y5,, as
nodes.
Output: Indicator variable UNIQUE_INT
Partition S into sets Sy, ..., Sy, such that each |S;| = 2.
if Number of S; which are edges in G is greater than 6(171” then
UNIQUE_INT « 1
else
UNIQUE_INT <« 0
end if
Return UNIQUE_INT

4.3 Guarantees

In this section, we provide our exact recovery result and also clearly
specify all the required assumptions on A* and X*. We then provide guaran-
tees for each of the individual steps (initialization step and alternating mini-
mization steps) in Section and Section [1.3.3] respectively. We provide a
brief sketch of our proof for each of the steps in Section 4.3.41

4.3.1 Assumptions and exact recovery result

We start by formally describing the assumptions needed for the main
recovery result of this paper.

Assumptions on the dictionary:

(A1) Mutual Incoherence: Wlog, assume that all the elements are normal-
ized: ||Af]| = 1, for i € [r]. We assume pairwise incoherence condition
on the dictionary elements, for some constant 19 > 0, [(A}, A7)| < .

(A2) Bound on the Spectral Norm: The dictionary matrix has bounded
spectral norm, i.e., for some py > 0, we have ||A*[| < p1,/5.
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Algorithm 2 AltMinDict(Y, A(0),€q): Alternating minimization for dictio-
nary learning

Input: Samples Y, initial dictionary estimate A(0), accuracy sequence ¢;
and sparsity level s. Thresholding function 7,(a) = a if |a| > p and 0 o.w.
1: for iterations t =0,1,2,...,7 — 1 do

2:  for samplesi=1,2,...,n do
3 X(t+1), = argmingepr ||z,
such that, ||Y; — A(t)z||, < €.

4:  end for
5. Threshold: X (t+ 1) = Tgs, (X (t 4+ 1)).
6: Estimate A(t+1)=YX(t+1)"
o _AQHD),
7. Normalize: A(t+1), = TA T,
8: end for

Output: A(T)

Assumptions on the coefficients:

(B1) Non-zero Entries in Coefficient Matrix: We assume that the non-
zero entries of X* are drawn i.i.d. from a zero-mean unit-variance dis-
tribution, and satisfy the following a.s.: m < |X*;| < M,Vi,j.

(B2) Sparse Coefficient Matrix: The columns of coefficient matrix have s
non-zero entries which are selected uniformly at random from the set of
all s-sized subsets of [r|, i.e. |Supp(X[)| = s, Vi € [n].We require s to

satisfy
Y rmavA AV ym4/9
< _ JE— J— JE—
e PN (M) Cenpi?l? (M) ’

for universal constants c¢;, co > 0. Constants m, M are as specified above.

Assumption (A1) on normalization of dictionary elements is without
loss of generality since we can always rescale the dictionary elements and the
corresponding coefficients and obtain the same observations. However, the
incoherence assumption is crucial in establishing our guarantees. In partic-
ular, incoherence also leads to a bound on the restricted isometry property
(RIP) constant [75]; see Lemma[C.3.21in Appendix[C.2l The assumption (A2)
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provides a bound on the spectral norm of A*. Note that the incoherence
and spectral assumptions are satisfied with high probability (w.h.p.) when
the dictionary elements are randomly drawn from a mean-zero sub-gaussian
distribution.

Assumption (B1) imposes some natural constraints on lower and upper
bounds on the non-zero entries of X*. We use lower bound assumption on
X*(i,7) for simplicity of exposition, as explained in Section B34 we can
remove this assumption as the thresholding coefficient in Algorithm 2] decreases
with each iteration. Assumption(B2) on sparsity in the coefficient matrix is
crucial for identifiability of the dictionary learning problem.

We now give the main result of this paper.

Theorem 4.3.1 (Exact recovery). Suppose assumptions (Al) — (A2) and
(B1) — (B2) are satisfied. Then there exists a universal constant cs such that,

if
1. Sample Complexity: n > c3 max (r?log1,rM?slog %),

2. Choice of Parameters for Initial Dictionary Estimation: inputs
p and €giet to Algorithm[8 are chosen such that

1 s 325 M2 2
po L FHo andS_(ul I
2 Vd

3. Choice of Parameters for Alternating Minimization: Algorithm(2

uses a sequence of accuracy parameters ey = 1/2592s% and
2505041, 5
€41 = —\/El €t- (2)
then, the alternating minimization procedure (Algorithm [2) when seeded with

Algorithm [8, outputs A(t) at the t-th step (t > 1) that satisfies the following
with probability at least 1 — 26 — 2n?5:

I{ni{ll}HzAi(t) — A, £ V26, V1 <i <,
ze1—1,

where ¢, is as given in Assumption (AT). In particular, after T = O(log(%))
steps of Algorithm [2, we obtain:

min ||zA4;(t) — A7, <€, V1 <i<r Ve>0.
ze{—-1,1}
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Remarks: Note that we have a sign ambiguity in recovery of the dictionary
elements, since we can exchange the signs of the dictionary elements and the
coefficients to obtain the same observations.

Note that Theorem [£.3.1] guarantees that we can recover the dictionary
A* to an arbitrary precision € (based on the number of iterations 7" of Algo-
rithm 2] ), given n = O (r?) samples. We contrast this with the results of [3],
who also provide recovery guarantees to an arbitrary accuracy €, but only if
the number of samples is allowed to increase as O (r2 log %)

Establishing the above result requires two main ingredients, viz., guar-
anteeing an error bound for the initial dictionary estimation step, and proving
a local convergence result for the alternating minimization step, and obtain-
ing a bound on the basin of attraction for the solution consisting of the true
dictionary and coefficient matrices. Below, we provide these individual results
explicitly.

4.3.2 Guarantees for the Initialization Step

We now give the result for approximate recovery of the dictionary in
the initialization step.

Theorem 4.3.2 (Approximate recovery of dictionary). Suppose the output of
Algorithm[8 is A(0). Under assumptions (Al) — (A2) and (B1) — (B2), and if
1. Sample Complexity: n > c3 max (r?log +,rM?slog %),

2. Choice of Parameters for Initial Dictionary Estimation: inputs
p and egiet to Algorithm[8 are chosen such that

1 s? 32sM? 1
p:——w>0, and ;2 (—4—&4— + o +—)<e(2ﬁct<é—l.

2 Vd Vs d Vs

then, with probability greater than 1 — 2n%0, there exists a permutation matriz
P such that:

M2 2 3 1
€4 :=max min |zAF — (PA(0)); H2 < 325—— (L + Hi + 5 + —) .
i€lr] ze{-1,+1} m
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Remarks: We note that the error in Theorem does not go down
with the number of samples n, since it depends on geometric properties of the
dictionary, that are determined by the dimension dependent factors such as
s, r and d. However, the error probability does go down with the number of
samples, since the sample correlation graph becomes an increasingly accurate
representative of the population version.

For the approximate recovery of dictionary elements, it turns out that a
less stringent requirement on the sparsity level and the sample complexity suf-
fices. Specifically, we can replace assumption (B2) with the weaker condition

s < min (%, / %, 3/ 157’36) , which suffices for the error in Theorem [4.3.2]to be

0(1). The more stringent requirement on sparsity arises in Theorem .3 T] since
we need the error from Theorem 3.2 to be at most O (1/s?) for the subsequent
alternating minimization steps to succeed. The initialization step also has a
milder requirement on the number of samples, and does not need the condition
n = O (r*log(1/§)). Thus, we obtain a near linear sample complexity for our
initialization method.

4.3.3 Guarantees for Alternating Minimization

We now prove a local convergence result for alternating minimization.
We assume that we have access to a good initial estimate of the dictionary:

(C1) Initial dictionary with guaranteed error bound: We assume that
we have access to an initial dictionary estimate A(0) such that

1
0 rﬁ%ﬁﬁﬁg‘” i = AO)illy < 5555

Theorem 4.3.3 (Local linear convergence). Under assumptions (Al)-(A2),
(B1)-(B2) and (C1), if
1. Sample Complexity: n > c3 max (r?log 1,rM?*slog %),
2. Choice of Parameters for Alternating Minimization: Algorithm(2
uses a sequence of accuracy parameters ey = 1/2592s* and

250504, 83
€41 = Tmﬁt. (3)
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then, with probability at least 1 — 2§ the iterate A(t) of Algorithm [@ satisfies
the following for all t > 1:

zel{n—i{l,l}HZAi(t) —Afll, <e,1<i<r

Remarks: The consequences of Theorem [£.3.3] are powerful combined with
our Assumption (B2) and the recurrence [ (since (B2) ensures that ¢; forms
a decreasing sequence). In particular, it is implied that with high probability

we obtain,
i A(t), — A%, < [JA(0) — A*]|,27%

_min [[2A(t), = A%, < |4(0) = ',
Given the above bound, we need at most O (log, <) in order to ensure ||z A(T),—
A%, < e for all the dictionary elements ¢ = 1,2,...,7. In the convex opti-
mization parlance, the result demonstrates a local linear convergence of Al-
gorithm 2] to the globally optimal solution under an initialization condition.
Another way of interpreting our result is that the global optimum has a basin
of attraction of size O (1/s?) for our alternating minimization procedure under
these assumptions (since we require ¢y < O (1/s%)).

We note that Theorem H.3.3 does not crucially rely on initialization
specifically by the output of Algorithm 8, and admits any other initialization
satisfying Assumption (C1). In particular, some of the assumptions in (B1) —
(B2) are not essential for Theorem £33 but are only made for the overall
result of Theorem [2.3.T] Indeed, it suffices to have a sparsity level satisfying
5 < Llﬁ/g for a universal constant co > 0 (without any dependence on ).

cafty
The theorem also does not rely on lower bounded entries, and only needs

| X*||. < M. We also recall that the lasso step in Algorithm [2]can be replaced
with a different robust sparse recovery procedure, with qualitatively similar
results.

As remarked earlier, the recent work of [3] provides an alternative ini-
tialization strategy for our alternating minimization procedure. Indeed, un-
der our sample complexity assumption, their OVERLAPPING AVERAGE method
provides a solution with ¢y = O (s//r) assuming s = O (max(r2/5, \/E))
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4.3.4 Overview of Proof

In this section we outline the key steps in proving Theorems [4.3.2]
and .33 Given these theorems, Theorem [4.3.1] follows as an immediate
consequence.

Analysis of initial dictionary estimation: The core intuitions for this
step can be described in terms of the relationships between the two graphs,
viz., the coefficient bipartite graph B...g¢ and the sample correlation graph
Georr, shown in Figures and [LT] respectively. Beoe consists of dictionary
elements {A;} on one side and the samples {Y;} on the other. There is an
edge between Y; and A7 iff X *; # 0, and Ng(Y;) denotes the neighborhood of
Y; in the graph B oes.

Now given this bipartite graph Bcoe, for each dictionary element A7,
consider a set of sampled] which (pairwise) have only one dictionary element
A? in common, and denote such a set by C; i.e. € :={Yi, k€ S : Np(Ye)N
Np(Y)) = A?, Yk, € S}. Intuitively, the sets S constructed in Algorithm
are our proxies for C;. Indeed, the first part of the proof is to demonstrate
that for a random coefficient matrix X*, adequately large cliques C; exist in
the graph Beoeft-

Figure 4.2: Bipartite graph B mapping dictionary elements A7, ... A’ to sam-

ples Y1,...Y,. See text for definition of C;.
Our subsequent analysis is broadly divided into two parts, viz., estab-

lishing that (large) sets {C;} can be found efficiently, and that the dictionary
elements can be estimated accurately once such sets {C;} are found. We start

3Note that such a set need not be unique.
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with a proposition that demonstrates the correctness of Procedure [I at identi-
fying these cliques. We use the notation Unig-intersect(Y;,Y;) to denote that
Y; and Y} have exactly one dictionary element in common.

Proposition 4.3.4 (Correctness of Procedure[ll). Suppose (Y, Yj+) € Geor(p)-
Suppose that s* < /1536 and v < 1/64. Then Algorithm [8 returns the value
of Unig-intersect(Y, Yj«) correctly with probability at least 1 — 2 exp(—~*m).

Given a large sample of elements with a unique dictionary element (say
A?) in common (S in Algorithm B), we next show that the subsequent SVD
step recovers this dictionary element approximately. Intuitively this happens
since each sample Y; € S contains Aj with a coefficient at least m (in absolute
value). Hence the covariance matrix @ has a larger component along A} than
other dictionary elements, which leads to approximate recovery via the top
singular vector.

Proposition 4.3.5 (Accuracy of SVD). Consider anchor samples Y« and

Yj+ such that Unig-intersect(Y;«,Y;+) in Algorithm[8 is satisfied, and wlog, let
Np(Yi-) N Np(Y;<) = {A7}. Recall the definition of S in Algorithm [8, and

further define Q ==Y, s Y;Y;' and |§| = k. Ifa is the top singular vector of

@, then there exists a universal constant ¢ such that for any 0 < a < 1/20 we
have:

2 3

: ~ * M1 K1 S 2 a
min za— A2 <32s [ =+ L+ 2 4 a +>,
2e{—1,1} | illz (\/ds d r NG

with probability at least 1 — dexp (—ca?k).

Note the ambiguity in signs above, since SVD cannot recover the sign
of the top singular vector. With the above auxiliary results in place, the proof
of Theorem [£.3.2] follows with simple arguments.

Analysis of alternating minimization:  Given an approximate estimate
of the dictionary, we then establish a local convergence result for alternating
minimization.

For ease of notation, let us consider just one iteration of Algorithm
and denote X (t + 1) as X, A(t+ 1) as A and A(t) as A. Then we have the
least-squares update
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A—A =YX - A" = A X*XT — A XXt = A*\AXXT,

where AX = X* — X. This means that we can understand the error in
dictionary recovery by the error in the least squares operator AXX™'. In
particular, we can further expand the error in a column p as: A, — A%, =
A (AXXT)) + A*\p(AXX+)I\)p, where the notation \p represents the col-
lection of all indices apart from p. Hence we see two sources of error in our
dictionary estimate. The element (AX X™*)? causes the rescaling of A, relative
to A*,. However, this is a minor issue since the renormalization would correct

1t.

More serious is the contribution from the off-diagonal terms (A X X *)1\;,
which corrupt our estimate A, with other dictionary elements beyond A*,. In-
deed, a crucial argument in our proof is controlling the contribution of these
terms at an appropriately small level. In order to do that, we start by con-
trolling the magnitude of AX.

Lemma 4.3.6 (Error in sparse recovery). Let AX xf X(t) — X*. Assume
that 2ups/vVd < 0.1 and /56 < 0.1 Then, we have Supp(AX) C Supp(X*)
and the error bound ||AX|| < 9se.

This lemma is very uesful in our error analysis, since we establish that
any matrix W satisfying Supp(W) C Supp(X™*) has a good bound on its
spectral norm (even if the entries depend on A*, X*).

Lemma 4.3.7. With probability at least 1 —r exp (—%), for every rxn matriz

W s.t. Supp(W) € Supp(X*), we have W], < 2| W]|y/ 52

A particular consequence of this lemma is that it guarantees the in-
vertibility of the matrix XX, so that the pseudo-inverse X+ is well-defined
for subsequent least squares updates. Next, we present the most crucial step
which is controlling the off-diagonal terms (AX X +)1\’p.

Lemma 4.3.8 (Off-diagonal error bound). With probability at least 1—r exp (—%) —

7 exp (—%) —exp (—n/(3r?)), we have uniformly for every p € [r] and every

AX such that |AX],, < 5

288s ”

196852 | AX ||
< .

H (AXX*);” 2~ VT

o
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The lemma uses the earlier two lemmas along with some other auxilliary
results. Given these lemmas, the proof of the main theorem follows with some
algebra. Specifically, for any unit vector w such that w L A*,, we can bound
the normalized inner product (w, A,)/||Apl|, which suffices to obtain the result
of the theorem.

4.4 Experiments

Error vs Iteration (d=100, r=200, s=3) Error vs N (d=100, r=100, s=3, n=C s r log(r))
[@n=15srlogr

|n=2srlogr
9n=25srlogr
-+n=3srlogr
n=3.5srlogr

1075,\9\9_9_‘ 5
S

#*Initialization

©Alternating Minimization

3,

Error in A (log scale)

25 3
C (n=Csrlog(r))

i& 4
teration No.

(a) (b)
Figure 4.3: (a): Average error after each step alternating minimization step of
Algorithm [2 on log-scale. (b): Average error after the initialization procedure
(Algorithm ) and after 5 alternating minimization steps of Algorithm 2l (c):
Sample complexity requirement of the alternating minimization algorithm. For
ease of experiments, we initialize the dictionary using a random perturbation
of the true dictionary rather than using Algorithm [§] which should in fact give
better initial point with smaller error.

Alternating minimization/descent approaches have been widely used
for dictionary learning and several existing works show effectiveness of these
methods on real-world /synthetic datasets [0, 82]. Hence, instead of replicat-
ing those results, in this section we focus on illustrating the following three
key properties of our algorithms via experiments in a controlled setting: a)
Advantage of alternating minimization over one-shot initialization, b) linear
convergence of alternating minimization, ¢) sample complexity of alternating
minimization.

Data generation model: Each entry of the dictionary matrix A is
chosen i.i.d. from N(0, 1). Note that, random Gaussian matrices are known to
satisfy incoherence and the spectral norm bound [88]. The support of each col-
umn of X was chosen independently and uniformly from the set of all s-subsets
of [r]. Similarly, each non-zero element of X was chosen independently from
the uniform distribution on [—2, —1] U [1,2]. We use the GraDeS algorithm of
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[35] to solve the sparse recovery step, as it is faster than lasso. We measure

<Ai’A2<>2
TARTAT e
first two plots are for a typical run and the third plot averages over 10 runs.

The implementation is in Matlab.

error in the recovery of dictionary by error(A) = max; /1 —

Linear convergence: In the first set of experiments, we fixed d = 100,
r = 200 and measured error after each step of our algorithm for increasing val-
ues of n. Figure (a) plots error observed after each iteration of alternating
minimization; the first data point refers to the error incurred by the initial-
ization method. As expected due to Theorem 3.3 we observe a geometric
decay in the error.

One-shot vs iterative algorithm: It is conceivable that the initialization
procedure of Algorithm [§itself is sufficient to obtain an estimate of the dictio-
nary upto reasonable accuracy. Figure L3[(b) shows that this is not the case.
The figure plots the error in recovery vs the number of samples used for both
Algorithm [§land Algorithm 2l It is clear that the recovery error of the alternat-
ing minimization procedure is significantly smaller than that of the initializa-
tion procedure. For example, for n = 2.5srlogr with s = 3,r = 200,d = 100,
initialization incurs error of .56 while alternating minimization incurs error of
107%. Note however that the recovery accuracy of the initialization procedure
is non-trivial and also crucial to the success of alternating minimization- a
random vector in R? would give an error of 1 — % = 0.99, where as the error
after initialization procedure is ~ 0.55.

Sample complexity: Finally, we study sample complexity requirement of
the alternating minimization algorithm which is n = O (r?logr) according to
Theorem [1.3.3] assuming good enough initialization. Figure [L3|(c) suggests
that in fact only O (r) samples are sufficient for success of alternating min-
imization. The figure plots the probability of success with respect to I for
various values of r. A trial is said to succeed if at the end of 25 iterations, the
error is smaller than 1076, Since we focus only on the sample complexity of
alternating minimization, we use a faster initialization procedure: we initialize
the dictionary by randomly perturbing the true dictionary as A(0) = A* + Z,
where each element of Z is an N(0,0.5) random variable. Figure 3] (¢) shows
that the success probability transitions at nearly the same value for various
values of r, suggesting that the sample complexity of the alternating mini-
mization procedure in this regime of r = O (d) is just O(r).
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4.5 Discussion

In this paper we present an exact recovery result for learning incoher-
ent and overcomplete dictionaries with sparse coefficients. The first part of
our result uses a novel initialization procedure, which uses a clustering-style
algorithm to approximately recover the dictionary elements. The second step
of our approach is an alternating minimization procedure which is quite widely
used by practitioners for this problem already. We believe that our results are
an important and timely advance in the understanding of this problem. There
is an increasing interest on supervised and unsupervised feature learning meth-
ods in machine learning. However, we have an extremely rudimentary theoret-
ical understanding of these problems as compared to standard classification of
regression problems. A systematic understanding of dictionary learning and
related models (both supervised and unsupervised) can help bridge this gap.
Moreover, the applications of dictionary learning in other areas such as signal
processing and coding make these results of broader interest beyond machine
learning.

We believe that our work suggests several avenues for future research.
We focus on the unsupervised setting in this paper, but extensions to super-
vised setting would be interesting for future work. Our theory also suggests
room for strengthening the lasso step with further constraints on the global
structure of the iterates X (), which might lead to better recovery properties
with milder assumptions. Our simulations hint at the possibility of a better
sample complexity, at least in certain regimes of parameters. Understand-
ing these issues, as well as others such as noise robustness remain important
questions for further research in this area.
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Chapter 5

Conclusion

Alternating minimization algorithms are widely used for solving many
non-convex learning problems. Despite their good empirical performance,
there have been very few theoretical guarantees on their performance. In this
thesis, we present rigorous performance guarantees for alternating minimiza-
tion for three machine learning problems: matrix completion, phase retrieval
and learning sparsely used dictionaries.

Understanding why alternating minimization and other such heuristics
work so well in practice seems crucial to improving upon these methods as well
as in designing new methods with better performance. A crucial component
of our results for all the three problems is the designing of new initialization
algorithms from where alternating minimization is guaranteed to converge at a
good rate. For the phase retrieval problem, we indeed observe that principled
initialization improves sample complexity over random initialization (see Fig-
ures 3.1l and B.2)). It will be interesting to see if our initialization algorithms
improve the performance of alternating minimization in practice.

Alternating minimization is also closely related to Expectation Maxi-
mization (EM), which is the predominant method used in practice for many
statistical problems. Similar to alternating minimization, despite its huge em-
pirical success, there are very few results regarding its performance in any
setting. It will be interesting to see if our methods help shed light on the
performance of EM in any setting.

We believe that the ultimate goal of this line of research is to lever-
age our understanding of the performance of these methods to design faster
algorithms with good performance. For instance, the success of alternating
minimization methods naturally motivates the designing of gradient and prox-
imal gradient methods to solve these problems. We believe that successful
designing of such algorithms will have a big impact on many applications.
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Appendix A

Proofs for Matrix Completion using
Alternating Minimization

A.1 Preliminaries

Lemma A.1.1 (Lemma 2.1 of [44]). Let b = A(M) + e, where e is a bounded
error vector, M is a rank-k matriz and A is a linear measurement operator
that satisfies 2k-RIP with constant 8y, (assume Oo, < 1/3). Let X' be the
t + 1-th step iterate of SVP, then the following holds:

AT = BlI3 < A(M) = II3 + 202 A(X") — b5

In our analysis, we heavily use the following two results. The first result
is the well-known Bernstein’s inequality.

Lemma A.1.2. [Bernstein’s inequality] Let Xy, Xo, -+, X, be independent
random variables. Also, let | X;| < L € RY i w.p. 1. Then, we have the
following inequality:

]P)Ll ;E[X] >t] =7 p(Z?1Var(Xi)+Lt/3)' W)

The second result is a restatement of Theorem 3.1 from [50].

Theorem A.1.3. (Restatement of Theorem 3.1 from [50]) Suppose M is an
incoherent rank-k matriz and let p,Q be as in Theorem[2.3.3. Further, let M,
be the best rank-k approzimation of PQ M). Then, w. hp we have:

M = My, < C HMHF (2)
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Remark: Note that Theorem 3.1 from [50] holds only for T, (Po(M))
where T,. (Po(M)) is a trimmed version of Pqo(M) obtained by setting all rows
and columns of Py(M) with too many observed entries to zero. However,
using standard Chernoff bound we can argue that for our choice of p, none of

the rows and columns of Po(M) have too many observed entries and hence
T, (Pa(M)) = Po(M), whp.

A.2 Matrix Sensing

The following is an alternate characterization of RIP that we use heavily
in our proofs. At a conceptual level, it says that if A satisfies RIP, then it also
preserves inner-product between any two rank-k matrices (upto some additive
error).

Lemma A.2.1. Suppose A(-) satisfies 2k-RIP with constant dg,. Then, for
any Uy, Uy € R™F and Vi, Va € R™F we have the following:

(o (62) o (02)) - et <o ], o],

Proof. Consider the matrices X; def 0VE, X, def UVl and X = X; + Xo.

Since the rank of X is at most 2k, we obtain the following using the RIP of
A:

(1= 8) |0V + UV |2 < A2 < (1+6) |U VT + UV ||
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Concentrating on the second inequality, we obtain

ST (T (AT + Tr (ARV)))

i

< () (o

I + [02V2"

- T (VL) )

I

(C:1>) Z Tr (AzUl‘/lT) Tr (AZU2%T) — Tr (Ul‘/lT‘/QUQT)

)

<8 (I + 02V + T (0 TVRUf) )

ST (AU V) Te (ARVY) — Tr (U VT VRUY)

<5 (Jlo |+ oo

15 o o o)

I
(4)

where ((;) follows from the fact that X; and X, are rank-k matrices and
hence A(-) satisfies RIP w.r.t. those matrices and ((2) follows from the fact
that Tr (U1V'V2UT) < ||UWV/|| . ||U2VS'|| o Note that if we replace Uy Vi by
ALV and UV by $0,V5 in (@) for some non-zero A € R, the LHS of ()
does not change where as the RHS of () changes. Optimizing the RHS w.r.t.
A, we obtain

I

> T (AU Tr (AURV)) = Te (U UV VR) <36 ||U0 V| (| U2V

A similar argument proves the other side of the inequality. This proves the
lemma. 0

Proof of Lemma[2.4.4 We first show that the update (@) reduces to:

Z (iA U, ) (t+1) ; (il Aiul(f)ujAz) v, Vpe [k].  (5)

g=1

Let Err(V) & > (Tr (A;M) — Tr (AZ-U(t)VT))Z. Since VD minimizes E(V),



we have Vy E(V D) = 0,
V., Err(VHD) = 0

= Z (Z ((]t)TAl-u ZO'*U*TA U ) Aju, =0
=1

k
= Z Z Asuy, (U((]tJrl)TAiu((lt)) =
=1 =1 =1

k
2

S

Z Ajuy, <a;v;TAiuZ>
i=1
S

1 Aiup( *TAI T4 q>

k s
Tt 1
= Z Z Ajuy, (u((f) AiUC(ItJr )> =

=1 =1

k s k s
=Y (z ) =3 (ZA (& ) ;s
=1 =1

=1

=1 i=

Define
oI, ... 0, vt D
S=1: + |, =], ad =] :
0, oL, vy 6}&1&-‘:—1)
Then,
vgtﬂ B 'OSv*
= DSv* — B ' (BD - C) Sv*

where inverting B is valid since the minimum singular value of B is strictly
positive (please refer Lemma [A:2.2). Considering the p™ block of 7, we
obtain

i)\;f“) = <Z<Uz(>t)’ uZ}aévJ) —(B™'(BD-C) SU*)p

<Z o ;T> — (B1(BD=C)Sv"), .

This gives us the following equation for Ve

VD — v g u® — F where
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F =
[ (B~'(BD—-C)Sv*), (B™'(BD-C)Sv*), --- (B (BD-C)Sv*), ] )

Hence Proved. O

A.2.1 Rank-1 Matrix Sensing
Proof of Lemma [24.3. Using definition of the spectral norm:
1B7" ((w' ) B = C)v*[| < B2+ [lu™, u') B = Clla - v*[l2. - (6)
Consider B = Y, A;ul(u')T A, Now, smallest eigenvalue of B, i.e., Apin(B) is
given by:
Amin(B) = min z'Bz = min Z 2T A ( Ufr

ll=l=1 l=l=1

— min Tr(AZ-u z )TT(AiUtZT)y

llzll=1
7

= min (A(u'2"), A(u'z"))

llzll=1
Z 1- 3527 (7)

where the last inequality follows using Lemma [A.2.Tl Using (),
1
. 8
1 — 30, ®)
Now, consider G = (u*,u')B — C = Y, A; ((u*, u')ul(u") — ' (u*)") Al =
S Agut ((u*, uf)ut — u*)T Al Using definition of the spectral norm:

1B <

|G|l = max 2@y,
llzlI=1,]lyll=1

= max Z 2T A ((uf, u'yu! — u*)T Aly,

lzl1=1,llyl=1
2

= max  (A(u'zh), A (', utyut — u*) y1)),

llzll=1,llyll=1
< 309/ 1 — (ut, u*)?, (9)

where the last inequality follows by using Lemma [A-2.1] and the fact that
(ut, ((u*, ut)ut — u*)) = 0.
Lemma now follows using (@), (8)), (@). O
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A.2.2 Rank-k Matrix Sensing

Proof of Lemma[Z7.39. Since U' and U' have full rank and span the same
subspace, there exists a k x k, full rank matrix R such that U' = U'R =

U'R},R. We have:
~ 1
> HA (Ut (vt“) ) _b
2

|4 (@v) -9, = HA (Ut (v (R@R)T>T) —b

- -1
with equality holding in the last step for V = Vi*! ((RtUR)T> . The proof of
Theorem AT shows that V! is unique and has full rank (since dist <X7t“, V*)

2

N - -1
< 1). This means that V**! is also unique and is equal to V**! ((R@R}T> :

This shows that Span (\A/t“) = Span (‘N/Hl) and that both V*+! and Vt+!
have full rank. |

Lemma A.2.2. Let linear measurement A satisfy RIP for all 2k-rank matrices
and let b = A(M) with M € R™ ™ being a rank-k matriz. Let do be the RIP
constant for rank 2k-matrices. Then, we have the following bound on the
manimum singular value of B:

Tin(B) > 1 — 6. (10)

Proof. Select any w € R™ such that ||wl||, = 1. Let

i :
where each w, € R™. Also denote W & [wywy - - wy] € R™F e, w =

vec(W).

74



We have,

k
w!Bw = Z w;quwq = Z (ZA u, UU)

p,q=1 p,q=1

k
Z TAu( )TAqu

<Z wh Ayu ) (; ngiu;) = ilTr (AUW)?,

Now, using RIP (see Definition 2:3.1]) along with the above equation, we get:

HM& HM&.

d
wBw =" Tr (AUWH > (1—0) JUWH|L = (1 6w) W3
=1

= (1 = o) lw]* = (1 — d2x)-
Since w was arbitrary, this proves the lemma. |

Proof of Lemma [2.4.5 Note that,

1EE) ], < [[FE) e = 187 (BD - C) vl
< |[[B7, 1IBD = Ol [lv"]I,
\/_

<
R

~I(BD = O, (11)

where the last step follows from Lemma [A.2221 Now we need to bound
|(BD — C)||,. Choose any w,z € R™ such that ||w|l, = ||z, = 1. As in
Lemma [A.2.2] define the following components of w and z:

w1 21

Wa 22
w = ) and z =

Wy, 2k
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where each w,, z, € R” and W def [wiws « - - wg] and Z def (2129 -+ 2] € R™F,
We have,
k
w' (BD —C)z = Z w;; (BD —C),, 7%
pg=1
We calculate (BD — C),, as follows:
(BD -C), Z ByDy, —
(Z ula q n><n> - C1pq
(s i) -
=1 =1
d k d
= Z Azu;u;T Z ul(ub)T AT — Z A,u;(uZ)TAI
=1 =1 i=1
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So we have,

w' (BD — C) z
k
= wi AuurT (UHU')T = L) Alz,
p,q=1 =1
d k
=> > wiAudu;T (UNUN) = L) Alz,
i=1 p,q=1

I
M&

Tr (AU'WY) Tr (A; (U (UY)' = Lix,) U*ZT)

1

Te (U (U (U = L) UW'Z) + b1 | UW | (OO = L) U 2]

.
I

—

¢1)
<

(¢2)
2 bWl | 09 @ = B v 12121

(¢3)
< Gk - dist(U*,U),

where (¢;) follows from the fact that A satisfies 2k-RIP and Lemma [A.2.7]
(¢2) follows from the fact that (U'(U")" —IL,x,) U' = 0, ((3) follows from
the following: |[Wllr = [w|lz = 1, |[ZTZ||r < ||Z||%> = 1 and and finally :
IO U = Ten) Ul < VE [ (OO = Txn) U

Since w and z were arbitrary unit vectors, we can conclude that ||BD — C||,
< SopV'k - dist(U*,U*). Plugging this bound in (II)) proves the lemma. O
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Proof of Lemma [2.4.6. Note that || S*(R¢ED)7L||, < m Now,
O_min(R(t+1)> _ z,|1\£l||i2n:1 ||R(t+1)z||2 — zﬁff:l ||V(t+1)R(t+1)Z||27
= Z’ll‘il”iQIl:l |V*S* UTUD 2 — Fzl|,,
> min [VETUOz]; - | Fze,
> min [VETTU 2z~ | F,
> 04 0min(UTUD) — || F |2,
> o1 - U0} — o [ F(E)
= ofy/1 — dist(U*, U®)2 — o7 | ()" | (12)

Lemma now follows using above inequality with Lemma [2.4.5

A.2.3 Noisy Matrix Sensing

We now consider an extension of the matrix sensing problem where
measurements can be corrupted arbitrarily using a bounded noise. That is, we
observe b = A (M + N), where N is the noise matrix. For this noisy case as
well, we show that a.s.recovers M upto an additive approximation depending
on the Frobenius norm of N.

Theorem A.2.3. Let M and A(-) be as defined in Theorem [Z.31]. Suppose,
a.s.algorithm (Algorithm[3) is supplied inputs A, b = A(M + N), where N is
the noise matriz s.t. |N|, < s=05. Then, after T = 4log(2/¢) steps, iterates

100
UL, VT of a.s.satisfy:
~ 10|V ~ 10|V
dist (VT, V*) < M + ¢, dist (UT, U*> < M + e
Ok Ok

See Definition [2.4.1] for definition of dist (U, W).

Proof. At a high level, our proof for noisy case follows closely, the exact case
proof given in Section 2.4l That is, we show that the update of a.s.algorithm
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is similar to power-method type update but with two errors terms: one due to
incomplete measurements and another due to the noise matrix.

Similar to our proof for sensing problem (Section [24]), we analyze QR-
decomposition based updates. That is,

U =U 'Rt (QR decomposition),
V= arg min AUV — b2,

vl = Vt“RtJrl (QR decomposition)
Similar to Lemma 2.4.4] we can re-write the above given update equation as:

V= VU Ut = F+ VESY U)o -6,
Y = P (RED) -1 (13)

where, F' is the error matrix and is as defined in (§) and G is the error matrix
due to noise and is given by:

GE[(BH(BDY =) sVuN) oo (BTH(BDY = CN) sYoN), ], (14)

where B, C' and D defined in the previous section (See (7)) and C¥ and DV
are defined below:

cN ... oM py ... DN
oN & : - : DN : . :

(]ﬁ C’,ﬁ\ﬂn Dljc\i D]JCVm

with CN €5 Al () Al and DY € (ulf) uM),,,0. Also,

N N
o' I, ... 0, vy
SN — : : : N

0, ... 0]]\\;]” U]iv

Now, multiplying (I3]) with V", we get:

Vit = (v NeNp Nty — vt E - vty R T
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That is,

dist(V*, V) = [V TV,
< (VNS UNYTD |y + || Fly + [|Gll2) | (REFD) s,
< (o + |FE) =2 + 1G]2) (R,

o7 0ok . . _
< (o + E2 i vr) 4 o) IR )

where the last inequality follows using Lemma [2.4.5]

Now, we break down the proof in the following two steps:

e Bound |G|, (Lemma[A.2.4] analogous to Lemma 2.4.5))

e Bound |[(R*)~1||; (Lemma [A2.5 similar to Lemma 2.2.6))

Later in this section, we provide the above mentioned lemmas and their de-
tailed proof.

Now, by assumption, o < ||N||p < o}. Also, as g < 1/2, —— < 2.

7 1—02g

Finally, assume dist(V*, V) > max(10 - ‘%]f, 10¥0e) - Using these observa-
k 1

tions and lemmas [A2.4] [A12.5 along with (I5), we get:

dist (V. V) < 0.5dist(U*, U?)
’ ~ /1 —dist(U?, U*)2 — 0.5dist(U*, U?)

. (16)

As, U? is obtained using SVD of Y. A;b;. Hence, using Lemmal[A11] we have:

IA@PSVE — U (V)N < 0.5[IAN) |3 + doa AUE (V)N 3,
= [0SV = U S (V)% < INIIE + 4020 (1 + 0) [ 57
= () [(U°U°) = DU*[[F < IN|E + 402 (1 + )k (07)?,

= dist(U°, U*) < (U (U = DU*||% < NN + 6691k 91 2 <1
O RV
where last inequality follows using ”JZ¢ < 1/100.
k
Theorem now follows using above equation with (I]). O
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Lemma A.2.4. Let linear measurement A satisfy RIP for all 2k-rank matrices
and let b = A(M + N) with M € R™ ™ being a rank-k matriz and let N =
UNSN(VN)T. Let 8y, be the RIP constant for rank 2k-matrices. Then, we
have the following bound on ||G||,:

I, < 2000, )
Proof. Note that,
IGlls < [|G]lF = [|B~H(BDY — C¥) 5™ o™,
<[ B7H2[[(BDY = C™)S¥]la[|SY 0™
< 1:/;2 [(BDY — C™)S¥]., (18)

where the last inequality follows using Lemma[A.2.2land the fact that ||V ||z =
V. Now let w = [w] w} ... wi]t e R™ and z =[] 2] ... zI]l € R* be any
two arbitrary vectors such that ||w|, = ||z||, = 1. Then,

wl (BDN — CN) SN2

—ZZ TZAut N Ut (UHt —ann)AZaévzq

p=1 ¢=1 =1

d k n
= Z Z Zw;Aiu;uf]VT (Ut(Ut)T — ]Inxn) Azaévzq

i=1 p=1 ¢=1

d k n
Z ( w;Aiu;) <Z Uévngi (Ut(Ut)T - ]Ian) uév)
p=1

i=1 q=1

I
3
I

B

( Tr (AiUWT) Tr (AZ- (Ut(Ut)T — ]Inxn) u, o, zD) )

q=1 7
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Now, using RIP, we get:
w' (BDN — CN) z
< Zuéﬂ (UtUtJr — Han) UtWTaévzq
q=1

0ot [ U || (U0 = T ) w022,

F

<D onlWHRI U (U = Luxa)u llzlloy 242,

q=1

n n
<0 3 [lag'lly log'zall, = 0 300 Nzl
q=1 g=1

n

< | Szl | D022 < G [V
q=1

q=1
This finishes the proof. 0

Lemma A.2.5. Assuming conditions of Lemmal[A.2.4), we have the following
bound on the minimum singular value of R® :

Tuin (RUY) 2 0p/1 = dist (U, U*)? — o' — ||F [l — |Gl

Proof. Similar to the proof of Lemma 2.4.0] we have the following set of in-
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equalities:

O nin (R(t+1))

= min [|RV],
ll2]l,=1

= min HV(’»R(FA)ZH2

]l p=1

= min
ll2]l,=1

VU Ut + VSN (UN) IO, — Fr GZH
2

> min ‘ vty

lI=ll=1

= VYO, — 1Pl — 161,

Ustuty

> 0, min
l[=llp=1

> op\/1—||UstU|s = o = |Fl, — 1G],

= o1 = dist(U*, U)? = o7 — ||F|l, — |G,

= = IIFl, - G,

This proves the lemma. |

A.2.4 Stagewise Alternating Minimization for Matrix Sensing

Proof of Lemma[2.6.1. As the initial point of the i-th stage is obtained by one
step of SVP [44], using Lemma [A.1.7] we obtain:

2 i ~
< Z (U;)Q + 200k | M — UlT:i—lvlsTi—lu%V-

j=i+1

| - By

F

Now, by assumption over the (i — 1)-th stage error (this assumption follows
from the inductive hypothesis in proof of Theorem [2Z3.2]),

k
< > (o) + 200 16k(07).

j=it+1

—~ —~ 2
| =Ty

Lemma now follows by setting do5 < |

1
3200k °
Proof of Lemma [26.2. For our proof, we consider two cases: a) UZZ < 5VE,
b) 2 > 5vk.

i1
Tit1

83



Case (a): In this case, using monotonicity of the AltMin algorithm directly
gives error bound. That is,

1M = U (VD) 5 < 1M = ULV 7

25k,
(Ji+1)2'

< k(of,)* + 100

Case (b): At a high level, if UZZ > 5vk then U?, is “close” to U}, and hence
the error bound follows by using an analysis similar to the noisy case. Note
that o7, being small implies that the “noise” is small. See Lemma [A.2.6] for

a formal proof of this case. 0

Lemma A.2.6. Assume conditions given in Theorem are satisfied and
let 2 > 5vk. Also, let

Tit1

e b 1
| =T < 3 07+ g lon)®

=it
Then, UL, VL satisfy:

|M = OLVEI < max(e, 16k(07,,)%),

Proof. We first show that if o; and 0,4, have large gap then V ¢, the t*® iterate
of the i-th stage, U}, is close to Uf,. Let U\ be a basis of the subspace
orthogonal to U?,,.

1O (M = T V)2

= | (U)" M,
> | (U) U e = 11 (O U (Vi) Tl
1
> ot | (U) Urlls = 07y = o7 (| (U) Upills — —=). (19)

5vVk
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We also have:
-i- ~ o~ o~ ~
1(UD) (M = ULV < IIM — UL (Vi)'%

< 7 A (= 0L

2

2

(C1) 2

<

1 —5% HA <M UL(V) >

L6, o o
1M = U2, (V)M IE
1 — 0o

1+ 09 . L o
§1—52i<z( i)’ * 100 '>>

j=it+1

< 52 (Mo + o) (20

2

<

1 — dop 100

where ((;) follows from the fact that lines 5 — 8 of Algorithm [ never increases
H.A <M - Ufl(fffl)g H . Using (19), (20), and UZZ > 5k, we obtain the
2 it1

following bound:

e 1
| (U1 Uil < 5 ¥t 1)
Now, we consider the update equation for Vit

Vit = argAmin AUV — UiszL(Vl*z) Ui zj—lk;)T)H%
v

Note that, the update is same as noisy case with noise matrix

N =Uj 1625040 k(Viilzk)T from (I3):
VH_l = %*zziz(Ufz)TUltz F + V-‘rl kZH—l k( l:-lkr)TUltz - G7 (22)

where F' and G are given by (), (I4). Multiplying ([22) from the left by
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VI =1 - vV we obtain:

0= Vlﬂtjl = VI (Vlfizik:z‘(Uii)TUf:i —F+ ‘/ij—lzkzj—i-l:k( ;ii-l:k)TUf:i - G)
=VIVESL(UL)TUL = VI (F = Vi S (U0 UL, + G)

= |[VIVESLULUL| < 1Pl + || VIV S U UL + 16
= |[vivist|
1 * * *
< sy UFle + VIVt ) W, + 161
(23)

where the last inequality follows using the fact that o, (A)||Bllr < ||AB||F.
Using Lemma [A.2.4] and a modification of Lemma [Z4.5], we get:

Il < & ||UL U7,

o G < b | U0 1|, S SR,

(24)
Using 23), 24)), and the fact that o, (UL Ur,) = /1 — UL UL |12,
[vives:, <ﬁ-@wWsz +
1L V11 P \/g 1~ 11 P
Assuming HUIUl*:Z-E’{:i > 2«/2?:“1 o7, we obtain:
F
HWWZ% <%any. (25)
1 Y11 F— 3 1~ 11 P

Using similar analysis, we can show that,

* Yk 2 % YOk
HUIULZ'ELZ' F < g HVI‘/IzElz

F

So after T > 8log(ko}) iterations, we have:

k
2
TN

J=i+1
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Using the above inequality, we now bound the error after T > 8log(ko;)
iterations of the i-th stage:

M= TEEE| < st vt - LR+ o

For the first term, we have:

|

* * * T * * *
= HUMEM (Vlz)T - U1Tz (Usz) Uuzu (VM)T

‘ 2
F

+1 k21+1 k z+1 k H

~ ~ 2
Ut Vi)t = OLOVEYT|

T * * * -~ >
+UL (UL Ursr, (vt = U (V)
T * * * 2
= H (I - Usz (Usz) ) Ul:izlzi (V“)THF

T * * * 73 i 2
+ [ (W) Utz ) - DL

F
(¢1) Trrx vk 2 T t \T 7% * * T 2
S HU Ul'iEl'i + HUlZ (F_'_G_ (U]_’L) Ui-i-l k‘zz-‘rl k(‘/i-i-l:k‘) ) P
2

- HUTUME{Z +HF+G (UL) Uty aZhira Z-ilzk)THF

* * * 2
- HUT Uli¥i +3||FHF +3|G|E +3 U i (Vi)Y
(¢2) f % * T 2
< (1+363,) HU UrT +3 L+ 83 (| U7 St 1 (Vi) |
< 8k( H—l) ) <27)

where ((7) follows from (22]) and ((3) follows from (24)). Using (26]) and (27,

we obtain the following bound:
| = TE@) | < avhor, (28)

Hence Proved. O

A.3 Matrix Completion

Proof Of Theorem [2:3.3. Using Theorem 25.1], after O(log(1/¢)) iterations,
we get:
dist(U", U*) < ¢, dist(V'TH V*) <.
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Now, using (I9), the residual after ¢-th step is given by:
M —UY VY = (1 - Ut (UHhM — U'FT
That is,

IM U < I~ UM+ I
< VE|( = U US| + || F|| e
< \/Ecri‘dist(l/]\t,U*).

Now, using the fact that dist(U*, U*) < e and the above equation, we get:

~ ¢
IM — U VY| r < VEoie + |F|lr < Viore + oVEe < 205V ke,

where (7 follows by Lemma 2.5.6l and setting dox appropriately. Theorem 2.3.3]
now follows by setting ¢ = 2v/k|| M || re. O

A.3.1 Initialization

Proof Of LemmalZ5.3. From Lemma [A-3T1] we see that U° obtained after
step 3 of Algorithm M satisfies: dist (U°, U*) < 64+k' Lemma now follows by
using the above mentioned observation with Lemma [A.3.2) 0

We now provide the two results used in the above lemma.

Lemma A.3.1. After step 3 in Algorithm[4, whp we have:

1

dist (UO,U*) < @

Proof. From Theorem 3.1 in [50], we have the following result:

Lo\ 2
I =2ty < € (=) e
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Let UQSVT be the top k singular components of M;. We also have:
1M — M2 = |Urs (vt — vOsvi|:
= oz (vt = v© (UO) v (v

2
+UO (U (vt — U<0>2VTH
2

- (1 _y© (U(O))T) U (v
+U© ((1J<0>)T U (vt — 2\/*) Hz

(€1)
>

2

(1= 0O @O ) rrsr ey

ey

2

<Ui0)>T e ?

2

2
> (o})”
2

)

where ((;) follows from the fact that the column space of the first two terms
in the equation is Uio) where as the column space of the last two terms is U,
Using the above two inequalities, we get:

t o7 k 1
v | <o <
<L ., op mp = 10k
if p> % . Egigz for a large enough constant C". |
k

Lemma A.3.2. (Analysis of step 4 of Algorithm [§]) Suppose U* is inco-
herent with parameter v and U 1s an orthonormal column matriz such that
dist (U, U*) < @. Let U¢ be obtained from U by setting all entries greater

than %E to zero. Let U be an orthonormal basis of U¢. Then,

o dist ((7, U*) <1/2 and
e U is incoherent with parameter 4u\k.

Proof. Since dist (U, U*) < d, we have that for every 4, 3u; € Span(U*), |||, =
1 such that (u;, ;) > /1 — d?. Also, since @; € Span(U*), we have that 1, is
incoherent with parameter /L\/Ei

vk
S\/ﬁ'

[lly =1 and ],
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Let u$ be the vector obtained by setting all the elements of w; with magnitude

greater than %E to zero and let u$ oo u; —us. Now, note that if for element j

of u; we have ‘uf! > 2’%%, then, |(u$)) — ]| = < %E < ‘uf - 71{‘ Hence,

-~ J
u;

. o (¢1) 5 9 o 12 Lol
luf = tlly < llus = tally = (lwills + llaals = 2(us, @) * < v2d,
This also implies the following;:

luglly > lill, = vV2d =1~ V2d , and
~ 1
[uf|l, < /1= lluglls < \/2d(V2 - d) < 2vd, ford < 7

Let U¢ = UA* (QR decomposition). Then, for any uwy € Span(U7) we
have:

()T

= e

< [
2

Al

) IALL

< (@4 07,) 1Al < (@ + |07],) 1Al < (d+2vFd) 1Al
< 3Vkd ||All,.

< (Jowro], + Joares

We now bound ||A[|, as follows:
1 1 1 1 1
A 2 = = = S — S
T e e A

<4/3,

where we used the fact that d < ﬁ. So we have:

H(uj)T 6H2 < 3vkd - 4/3 = 4/kd.

This proves the first part of the lemma.

Incoherence of U follows using the following set of inequalities:

@) = Lt e < Y max el U°All < V2 a0l A < 44V

Vk Vk

O
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A.3.2 Rank-1 Matrix Completion
Proof Of Lemma[Z5.3. Using the definition of spectral norm,

1B~ ((u*, w') B — C) v*la < [|B7H|a[l({u", u') B — C)v*|l2.
As B is a diagonal matrix, ||B™'|2 = migr < 105
follows using Lemma [A.3.3l The lemma now follows using the above observa-
tion and Lemma [A3.4] 0

where the last inequality

Lemma A.3.3. Let M = o*u*(v")T, p, Q, u' be as defined in Lemma [Z.5.3.
Then, w.p. at least 1 — E)

‘Zi;(i,j)eﬂ(ug)Q . Z (4,7)€N U; Uy

p

1] < 52, (ut,u*> < 52.

p

Proof. Since the first part of the lemma is a direct consequence of the second
part, we will prove only the second part. Let ¢;; be a Bernoulli random variable
that indicates membership of index (i,7) € 2. That is, ;; = 1 w.p. p and 0
otherwise. Define Z; = 37, dijjuju;. Note that E[Z;] = (u',u*). Furthermore,
E[Z?] = (zlv — 1> So(ubur)? < % and max; [ufuf| < %% Using Bernstein’s

inequality, we get:

62mp/2
Pr(|Z; — (u',u*)| > ;) < ex ( —) 29
(12~ )| > 6 < exp -~ 202 29)
Using union bound (for all j) and for p > 901 bgn, w.p. 1—=5: Vj, (uf, u*)—d, <
ZJ < < , U >+ 52' u

Lemma A.3.4. Let M = o*u*(v*)T, p, Q, u' be as defined in Lemma [2.5.3.
Then, w.p. at least 1 — =,

(' u) B = O [ls < S2y/T = {u, wl)2.
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Proof. Let x € R™ be a unit vector. Then, Vz:

ot ((u*, u')B ijj w*,ut) (ul)? — ulu))

ngQ
(Cl

C,/ \/Zx \/Z ((ur, ut)(ul)? — ubuf)?,
(¢2) 1
< 1-)0—Vn“1 1— (a2, (30)

where C' > 0 is a global constant and (¢;) follows by using a modified version
of Lemma 6.1 by [50] (see Lemma [A.3.5]) and ({s) follows by using incoherence
of v* and u’. Lemma now follows by observing that max, ,|,—1 ' ((u*,u") B —

C)* = ||((u*, u!) B — C)v*||» and p > CW%”. 0

Proof of Lemma[2.57). Using (I5)) and using the fact that B, C are diagonal

matrices: .

* * * g * *
i?;“ =o*(u',u Ui — — ((ut,u )Bj; — C'jj) V3.
73
We bound the largest magnitude of elements in 7'+ as follows. For every
J € [n], we have:

*

o* (u', u*)v; :

- ((u',u") Bj; — Cj5) vj

< ortut I T () (148 + () + 82))

30*(1+62)/,L %
1—6 < 0l

<
- Vn T 2yn’
where (() follows from the fact that 1 — d, < B;; < 1+ J, and |C};| <
([{u', u*)| + d2) (please refer Lemma [A-3.3)).
Also, from (7)) we see that:

H@\t—&-lHQ > <@\t+1’v >

u*) — 207954/ 1 — (ut, u*)?
u*) —20"954/1 — (u0, u*)?

* /\ /\

(Cl)
>
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2.5.2). Using the above two inequalities, we obtain:

where (1) follows from the fact that dist (u”,u*) < 2 (please refer Lemma

ey I ()
=, = (g) Ve
This finishes the proof. |

Lemma A.3.5 (Modified version of Lemma 6.1 of [50]). Let Q be a set of in-
dices sampled uniformly at random from [m] x [n] with each element of [m] x [n]

sampled independently with probability p > %. Then, w.p. at least 1 — =,

Ve € Ry € R" s.t. 37, =0, we have: 3 _icqxiy; < Cv/v/mnpllxla]|yll2,
where C' > 0 is a global constant.

A.3.3 General Rank-k Matrix Completion
Proof of Lemma [2.53. From the decoupled update equation, (20)), we obtain:

(Vt+1)(] (R(t+1 )N (D — (B Y(BIDY — C’j))E*(V*)(j), 1<j<n.

We bound the two norm of the (V1)) as follows:

(v @,

01 *)
< 2 W (o), + ) - e

01 H VU H |1 B7D7||, + [|C7]]
S (R(t+ 2 (HDJH? Jmi:(Bj) 2)
(<<1) 01% <1+ (1+52k)+(1+52k)>
opy /1 dist? (U, ) - k0.0 o

40‘1% <16;g“) \/E

< : < :

op\/1 — dist? (U, Ur) — ZokgmU0.0) Vi
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where we used the following inequalities in ((;):

'k
\/ﬁ Y
Omin (RTTY) > o} \/ 1 — dist? (U®, U*) — 07 0kdist(UD, U*),  (32)

Omin (BJ) >1- 52k‘ and Omax (B]) <1+ 52](:7 (33)
O max (C’j) <1+ b9, and (34)

Tmax (D7) <1, (35)

vy, < (31)

where (BI) follows from the incoherence of V*, (B2) follows from from an
analysis similar to the proof of Lemma 246, (33) follows from (the proof of)
Lemmal[A.3.6] (B4) follows from Lemma[A.3.7 and finally (33]) follows from the
fact that DI = (U")' U* with U' and U* being orthonormal column matrices.
0

Proof of Lemma[2.5.0. Note that,

1EE) ], < [[FE) 7y = 1B (BD - C) vl
< |[B7Y|, I(BD = C)vl,

0.
< O

dist(U*, U™), (36)
— 02k

where the last inequality follows using Lemma [A.3.6] and Lemma[A3.8 O

We now bound ||B™!||z and ||C?]|, which is required by our bound for
F' as well as for our incoherence proof.

Lemma A.3.6. Let M,Q,p, and Ut be as defined in Theorem and
Lemma [Z508. Then, w.p. at least 1 — 25

1
1 — bop

I1B7Hs < (37)

Proof of Lemma[4.3.60. We have:

1 1
B, = —
H H2 O’mm<B) minm,Hznzl :ETBHT’
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where z € R™. Let # = vec(X), i.e., z, is the p-th column of X and 27 is the
j-th row of X. Now, Vz,

2B = Z(:Ej)TBj(xj) > MO min(B?).
J
Lemma would follow using the bound on ,,;,(B?),Vj that we show below.

Lower bound on 0,,;,(B?): Consider any w € R¥ such that |[w|, = 1. We
have:

. 1 . Z
Z:wTB]w:Z—)..Z (w, (U2 Z(S” (U@
i:(1,§) €Q
Note that, E[Z] = wTUUTw = whw = 1 and E[Z?] = lz< L(UHY <
% > oiw, (U H@0)2 = , where the second last inequality follows using inco-

herence of U*. S1m11arly, max; |(w, (UH)P)2] < %. Hence, using Bernstein’s
inequality:

1+ 09i/3 3k ™

That is, by using p as in the statement of the lemma with the above equation
and using union bound, we get (w.p. > 1 —1/n3): Vw,j w'Biw > 1 — §y.
That is, Vj, 0pmin(B7) > (1 — a.). O

Lemma A.3.7. Let M,Q,p, and Ut be as defined in Theorem and
LemmalZ5.0. Also, let C7 € R¥* be defined as: C7 = Il)Zi:(m)eﬂ([]t)(i)(U*)(i)T
Then, w.p. at least 1 — #

Pr(|Z — E[Z]| > d2r) < exp(—

19l < 1+ G, Vg (38)

Proof of Lemma[A.3.7. Let z € R* and y € R* be two arbitrary unit vectors.
Then,

POy =1 S @) O)0)O)
1:(4,7)EQ
That is, Z = 27Ciy = lz 8 (N (UHD)(yT(U*)D).  Note that, E[Z] =
PHUOUy, BIZ2) = L5 U)ORGHUNOR € Lt 00 = £E and
max; |(xT(U) @) (yT(U*)@)| < %k Lemma now follows using Bernstein’s in-
equality and using bound for p given in the lemma statement. 0
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Finally, we provide a lemma to bound the second part of the error term
(F).

Lemma A.3.8. Let M,Q,p, and U' be as defined in Theorem and
Lemma [2.5.0. Then, w.p. at least 1 — #

(BD — C)v*|ly < dopdist (V*H, V), (39)
"/1*
where v* = vec(V*), d.e. v* = | |,

Proof of Lemma[A.3.8 Let X € R™* and let z = vec(X) € R™ s.t. |z, =
1. Also, let z,, be the p-th column of X and 27 be the j-th column of X.

Let u' = (U")® and «*® = (U*)@). Also, let Hi = (B'D — (%), i.e

Ho= 2 S i) (00 — i (u Z i,

p i:(4,7)€Q z (4,7)€
where H/ € R¥*. Note that,
ZHJ = (UHtvtwhHtos — (uhHtur =o. (40)

Now, z1(BD—C)v* = 32, (/) (BID—=CI)(V)D) = 137 37 o 2pVio(H] )pg
Also, using (#0), V(p, q):
Z(H&])pq = 0.

i

Hence, applying Lemma [AZ3.5, we get w.p. at least 1 — -5

xT(BD—C)v*:Z( N (B D—C7)( Z Z j§)2\/Z(Hg)gq.

J
41)

Z(Hj)iq = Z(u;>2((ui)T(Ut)TU; ~U)° < mgX(u;)Q Z((ui)T(Ut)TU; - Us)°
= max(u (1= |UTU3) < 1kdist(Ut,U*)2. (42)
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Using ([T, (@2) and incoherence of V*, we get (w.p. 1 —1/n3), Vz:

2
#(BD - Oy <y %pdlst(w, U|zyll2 < Sadist (U, U),

pq

where we used the fact that _ |lz,l, < VE|z|, = vk in the last step.
Lemma now follows by observing max, ;=1 z'(BD — C)v* = ||(BD — C)v*||2.
0
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Appendix B

Proofs for Phase Retrieval using Alternating
Minimization

B.1 Proofs for Section [3.5l
B.1.1 Proof of the Initialization Step
Proof of Theorem [3.5.1. Recall that 2° is the top singular vector of S =

%Ze lasT2*|?apa,”. As ag are rotationally invariant random variables, wlog,

we can assume that z* = e; where e; is the first canonical basis vector.

Also note that E [[(a,e1)?aa”] = D, where D is a diagonal matrix with

D11 = Eaneonllal'] = 8 and Dy = Eane(0.1)6~ne 00 [Ja*[0]?] = 1,Vi > 1.
We break our proof of the theorem into two steps:

(1): Show that, with probability > 1 — -%: ||S — D, < ¢/4.

(2): Use (1) to prove the theorem.

Proof of Step (2): We have (2°, Sz°%) < c¢/4+3 ((SL’O)T 61)2 + 30 (%) =

c/4+ (2°,82°%) > 3 —c/4. Hence, (2°,e;)? > 1 —c¢/2. This yields ||2° — z*[|3 =

2—2(x0 e} <c.

Proof of Step (1): We now complete our proof by proving (1). To this end,

we use the following matrix concentration result from [85]:

Theorem B.1.1 (Theorem 1.5 of [85]). Consider a finite sequence X; of self-
adjoint independent random matrices with dimensions n X n. Assume that
E[X;] =0 and | X;||2 < R, Vi, almost surely. Let o* := || >, E[X;]||l2. Then the
following holds Vv > 0:

2.2

1 — —mcy
P — X;lla > <2 _ .
(”m; ”2‘”) - <02+Rmv/3)
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Note that Theorem [B.I.1lassumes max; |a1¢|?||as||* to be bounded, where
aye is the first component of a,. However, a, is a normal random variable and
hence can be unbounded. We address this issue by observing that probability
that Pr(||lac||* > 2n OR |ay,|* > 2logm) < 2exp(—n/2) + —. Hence, for large

enough n,¢ and m > ¢n, w.p. 1 — 2

m2)
ma ay|?] ar|[* < 4n log(m) 1)
Now, consider truncated random variable @, s.t. @, = a; if |ay|* <

2log(m)&||as||* < 2n and a; = 0 otherwise. Now, note that a, is symmet-
ric around origin and also E[a;a;] = 0,Vi # j. Also, E[|a;|?] < 1. Hence,
IE[[a1e|?|| || @) |2 < 4nlog(m). Now, applying Theorem B given above,
we get (w.p. >1—1/m?)

4nlog®?(m)

vm

Furthermore, a, = a, with probability larger than 1—%. Hence, w.p. > 1—%:

1 ~ 9~ ~ |9~ ~
— Q1e| GGy — Qo) QuQylll2 >
1= laul* Elfa[*aca)|l» <
?

4nlog®?(m)

vmo
Now, the remaining task is to show that |E[|a}[*G.ab] — El|a}[*aal]|s < <.
This follows easily by observing that E[a,a)] = 0 and by bounding E[|a;|?|a}|*—
la}|?|ai]? < 1/m by using a simple second and fourth moment calculations for

1S — EllagPaca]|l; <

the normal distribution.

B.1.2 Proof of per step reduction in error

In all the lemmas in this section, § is a small numerical constant (can
be taken to be 0.01).

Lemma B.1.2. Assume the hypothesis of Theorem[3.5.3 and let xt be as de-
fined in [B). Then, there exists an absolute numerical constant ¢ such that the

following holds (w.p. > 1—1): H (AAT)f1 A(D—1I)ATz , < cdist (z*,x) .
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Proof. Using (@) and the fact that ||z*||s = 1, and
o Tat =142 (AAT) A(D—1)A"z,

we have, [v*T2| > 1 — || (5% AAT) I|2 H\/%AH H\/;—m (D — 1) ATx*||,. Now,
using standard bounds on the singular values of Gaussian matrices [89] and
assuming m > clog =n, we have (w.p. > 1—7): | (QmAAT) la < 1/(1 —

2/V/2)? and || A, < 1 +2/V/Z. Note that both the quantities can be bounded
by constants that are close to 1 by selecting a large enough ¢. Also note that
5 AAT converges to I (the identity matrix), or equivalently L AA” converges
to 21 since the elements of A are standard normal complex random variables
and not standard normal real random variables.

The key challenge now is to bound ||(D — I) A7z ||2 by cy/mdist (z*, z")
for a global constant ¢ > 0. Note that since (4 is invariant with respect to
|z, we can assume that ||z*||, = 1. Note further that, since the distribution
of A is rotationally invariant and is independent of z* and z!, wlog, we can
assume that z* = e; and z' = ae; + V1 — a?ey, where oo = (2, x*).

0 =) 7l = 3 ol P (it + VT =) ) =1 =3
= =1

where U] is given by,

def

U = ((adu + ma@ au> (2)

Using Lemma [B.1.3] finishes the proof. |

The following lemma, Lemma [B.1.3] shows that if U, are as defined in
Lemma [B.1.2 then, the sum of Uy, 1 < ¢ < m concentrates well around E [U]
and also E [Uy] < ¢y/mdist (x*,2"). The proof of Lemma [B.I.3 requires careful
analysis as it provides tail bound and expectation bound of a random variable
that is a product of correlated sub-exponential complex random variables.

Lemma B.1.3. Assume the hypothesis of LemmalB.1.2. Let U, be as defined
in @) and let each ayy,ag,V1 < 1 < m be sampled from standard normal
distribution for complex numbers. Then, with probability greater than 1 — 7
we have: > ", Uy < *m(1 — a?), for a global constant ¢ > 0.
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Proof of Lemma[B1.3 We first estimate P [U; > t] so as to:

1. Calculate E [U;] and,

2. Show that U; is a subexponential random variable and use that fact to
derive concentration bounds.

Now, P[0 > 1] = [ play(s)P | Wi > ¥
2

Ph <<a6u + v 1-— a2621> all> — 1’ .

lau| = 8} ds, where,

def
W, =

t
IP{WZ>%

lay| = s}

t
Ph ((Oéall + vV 1— CYQEQZ) all> — 1‘ > i—
S

VI—aZa ;
Ph(l+¢) —1‘ LV
ady, s

V1—a?lay| eVt
> . lay| = s

a|ay]

I
=

\all\ = S:|

lay| = s]

Il
=

(€1)
<

P

—P [|CL21’ S L\ﬁ]

vV1—a2

(C<2) ) ca’t
e —
< exp )

where ((;) follows from Lemma [B.1.§ and ((y) follows from the fact that ay; is
a sub-gaussian random variable. So we have:

o co’t co’t o2
P[Ul>t]§/§ exp(l—l_QQ)ds :eXp(l_l—oﬂ)/éz se” 2ds

~ exp (1 - _Cta2) . (3)

Using this, we have the following bound on the expected value of U;:

E[Ul]:/OOO]P[UZ>t]dt§/OOOeXp(1_1_Cta2)dt§c(1—a2). (4)
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From (B)), we see that U, is a subexponential random variable with parameter
¢ (1 — a?). Using Proposition 5.16 from [89], we obtain:

m

> U -E[U)

> > gm (1 - oﬂ)]

2,2 (1 _ 2)2 2
< 2exp [ - min co*m? (1 — o) 7c<5m(1 a?)
1—a2) 1—a?

< 2exp( cd*m )

P

»-bld -

So, with probability greater than 1 — %, we have:

S - ),
This proves the lemma. O

Lemma B.1.4. Assume the hypothesis of Theorem and let x+ be as
defined in [B). Then, Vz s.t. (z,2%) = 0, the following holds (w.p. > 1—"1e™"):
[(z,a%)| < 2dist (a*, x).

Proof. Fix z such that (z,2*) = 0. Since the distribution of A is rotationally
invariant, wlog we can assume that: a) z* = ey, b) x = ae; +v/1 — a?ey where

acRand o >0and ¢) z = fBey +1/1 — |5|°es for some § € €. Note that we
first prove the lemma for a fized z and then using union bound, we obtain the
result Vz € C". We have:

[(z, 2] < 18] [{e2,a™) [ + /1 = B8] [(es, a7)]. (5)
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Now,
Je2"z"]

es” (AAT) N A(D — 1) ATe,

-1
< L ((LAAT> - 1) AD—1) A"

1
+ % |€2TA (D - I) AT€1|

2m 2m

1 1 -1 1
< | (") 1 AL D = DA+ 5 A D - D AT,
dc . 1
S%dlst(ilft,x)+%|62TA(D_I)AT€1|, (6)

where the last inequality follows from the proof of Lemma [B.1.2l Similarly,
[es" |

= |es” (AAT) " A(D — 1) ATey

1 1 -
< — T _ T _ . T
<5 |es ((QmAA > I)A(D I) A% e

1
+ % |€3TA (D — I) AT€1|

1 1 -1 1
= 2m (%AAT) ~ | A D = D ATeall + 5 esTAD = D ATl
de . . 1
S%dZSt(xt’x)+%|63TA(D—[)AT61|, (7)

Again, the last inequality follows from the proof of Lemma [B.1.2l The lemma
now follows by using (&), (@), (7) along with Lemmas [B.T.5 and [B-1.7 0

Lemma B.1.5. Assume the hypothesis of Theorem [3.5.2 and the notation
therein. Then,
100
les"A(D — 1) ATey| < 59 V1 -,

with probability greater than 1 — {ke™".
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Proof. We have:

€2TA (D — ]) AT61 = Zauagl <Ph ((Oz@u + V 1-— 042621> CL11> — 1)
=1
= Z lay| ay, <Ph (a lay| + V1 — oﬂa’%) — 1) ,
=1

where al, def ayPh (@y;) is identically distributed to ay and is independent of
|ay;|. Define the random variable U; as:

e 1— 2al
U= || ay (Ph <1+ Yot a2’> - 1) .

a|ay|

Similar to Lemma B.1.2] we will calculate P [U; > t] to show that U; is subex-
ponential and use it to derive concentration bounds. However, using the above
estimate to bound E [U;] will result in a weak bound that we will not be able
to use. Lemma bounds E [U;] using a different technique carefully.

=l ]
alay]
t cat
_p af2>L}<eX (1_—),
['21' vice S\ e

where the last step follows from the fact that a), is a subgaussian random vari-
able and hence |a};|” is a subexponential random variable. Using Proposition
5.16 from [89], we obtain:

zm:Ul —]E[Ul] > (5771\/1—042]

<9 o (e’m? (1= a?) comy1 - o?
< 2exp [ —min 0—aiim = i

< 2exp (—052m) < 177—0 exp (—n).

PWM>ﬂSPDmM%A

P

Using Lemma [B.1.6l we obtain:

ZUl < (1+d)mv1-—a?

=1

|€2TA (D - I) AT€1| =

with probability greater than 1 — {L exp(—n). This proves the lemma. O

104



Lemma B.1.6. Let w; and wy be two independent standard compler Gaus-
sian random variabled]. Let U = |wy | wa (Ph <1 + 1_“2“’7> - 1> . Fiz § > 0.

ojwi |
Then, there exists a constant v > 0 such that if V1 — a? <, then: E[U] <
(1+0)v1—a2

Proof. Let wy = |wo|e®. Then |w|,|wsy| and @ are all independent random
variables. @ is a uniform random variable over [—7, 7] and |w;| and |ws]| are
identically distributed with probability distribution function:

1'2
p(x) = zexp (—5) Liz>0}-

We have:

01l ) )

) /1 = o2 —1i0
:]E{|w1||w2|E{e’9 (Ph (1+ o Jwsl e )—1)”|w1|,|w2|}

a |w,|

Let 8 & Y1=2®lwal - e will first calculate E [€Ph (14 Be ) ||wr], [ws]-

alwi|
Note that the above expectation is taken only over the randomness in 6. For

simplicity of notation, we will drop the conditioning variables, and calculate
the above expectation in terms of 5.

1+ Bcosh —ifsind
[(1+ Bcosh)” + B2sin? 6]

cos® + B+ isinf

(1+52+250089)%‘

e”Ph (1 + Be ™) = (cos + isinb)

We will first calculate the imaginary part of the above expectation:

sin 6

(14 B2+ 2B cosh)

Im (E [¢“Ph (1+ Be )]) =E

[NIES

] =0, (8)

12 is standard complex Gaussian if z = 21 +iz9 where 2z; and 2, are independent standard

normal random variables.
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where the last step follows because we are taking the expectation of an odd
function. Focusing on the real part, we let:

F(B) = E

cosf + [
(1 —f-ﬁQ—f—QBCOS@)%
1 [7 cosf +

L - (1+ 82+ 26003«9)%

do.

Note that F(8) : R — R and F(0) = 0. We will show that there is a small
absolute numerical constant v (depending on d) such that:

0<B <= F@) < (5+)5, )

We show this by calculating F”(0) and using the continuity of F'(5) at 5 = 0.
We first calculate F'(/3) as follows:

—i/ﬂ 1 B (cos@ + 3) (8 + cosh)
21 Jow (14 62+ 28 cos0)*  (1+ 2 + 20 cosh)?
1 [ sin? 6

Pz - (1+p%+ 2,@0089)%

do

F'(B)

[N

do

From the above, we see that F(0) = £ and () then follows from the continuity
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of F'(B) at = 0. Getting back to the expected value of U, we have:

1 — a2 |wy]
E] = |E |w1||w2|F(—V)n —
Oé’w]_| { a|w1| }
1 —a?|w
iE |wluw2|F(V | 2')1 —
Oé’wl‘ { awl\ }
[ 1 — a2 |ws|
_ e |w1||w2|F(—V)n —
L Q |w1| { 1a|u)1|| 2| }
1—ao?w
‘| |w1||w2|F(—V'2’)ﬂ e
C]5|7~U1| { a\wl\ }

<€) /1 V1= a2
AL L 5VE | g =2l |
2 o |w|

= (% + 5) <1T_0‘2) E [|ws]’] + E

(1 4 20) (@)

alwy |

|wi| ’wz\]l{\/ﬁwb }] :

alwy |

|wi | ws] ]1{\/ﬁ|w2|>7}] ,

+E

w1 | |w,] ﬂ{m'“@'w}] ; (10)

alwy |

where ((7) follows from (@) and the fact that |F(8)] < 1 for every 8 and ((5)
follows from the fact that E [|z2|2] = 2. We will now bound the second term
in the above inequality. We start with the following integral:

/ sle”7ds = —/ sd <6_7>
t t
b 52 t2
=te 7 +/ e 2ds < (t+e)e <, (11)
t

where ¢ is some constant. The last step follows from standard bounds on the
tail probabilities of gaussian random variables. We now bound the second
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term of (I0) as follows:

o0 2 o0 52
E |wil [wa| Ty iz, = / e / s*e” 2 dsdt
{ “afwnl 2 } 0 —t
(Cl) o0 t2 at _ a2t2
< t?e” 7 | —— + e) e <(1=o) dt
/0 (\/ 1—a?

o at? 2

< 2 c(lfaz)

< /0 (—m + et ) e dt

o0 2 e} 2

o tT o tT
te c<1a2>dt+e/ t2e (=2 qt
0

“ ==,
c(1 a2)g <5\/1—a2
where ((7) follows from (II), (¢2) follows from the formulae for second and

third absolute moments of gaussian random variables and ((3) follows from
the fact that 1 — a? < §. Plugging the above inequality in (), we obtain:

(C2)

IE[U]| < (1 + 26) (17_0‘2) +0V1I—a? < (1+46)V1—- a2,

where we used the fact that o« > 1 — %. This proves the lemma. O

Lemma B.1.7. Assume the hypothesis of Theorem [3.5.2 and the notation
therein. Then,

|€3TA (D—1) AT61| <omv1—a?,
with probability greater than 1 — {ke™".

Proof. The proof of this lemma is very similar to that of Lemma [B We
have:

es” A(D ayaz ( ((O@u + ammam) au) — 1>

Z G1l|a31< (a|au|—|—a_’21\/1—a2> —1),
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where af, def a3 Ph (@y;) is identically distributed to az and is independent of
|ay;| and al;. Define the random variable U; as:

e al, 1_ 2
U, d:f |a11| agl Ph{1+ u —1].
a|ay]

Since a4, has mean zero and is independent of everything else, we have:
E[U)] =0.

Similar to Lemma [B.1.5] we will calculate P [U; > t] to show that U, is subex-
ponential and use it to derive concentration bounds.

V1 — a2 |ay| - t}

P|U)| > t] <P ||ay]|a
011> 6 < P laul o] 22

=P {|a’ ag| > cot ] <ex (1 cat )
Y e A Y e
where the last step follows from the fact that af, and aj, are independent

subgaussian random variables and hence |a}af,| is a subexponential random
variable. Using Proposition 5.16 from [89], we obtain:

S U - B > 57”@]
=1
oo () 200

< 2exp (—cd’m) < 177—0 exp (—n).

P

Hence, we have:

les" A(D — 1) ATey| = < omv1—a?

S
=1

with probability greater than 1 — {L exp(—n). This proves the lemma. O

Lemma B.1.8. For every w € &€, we have:

IPh(1+w) — 1] < 2|w|.
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Proof. The proof is straight forward:
Ph(l4+w) -1 <|Ph(l+w)—(1+w)|+|w=1—-|1+w|+w <2|uw|.

O

B.2 Proofs for Section

Proof of Lemma[3.6.1. For every j € [n] and ¢ € [m], consider the random

variable Z;; def la;;y:|. We have the following:

e if j €5, then

E[Z;] = <\/1 - (x;‘)z + 2} arcsin xj)

2
T
2 5 % 1 £\ 4 * * 1 *
= (1 G (a5)" - G (27)" + ("”j t3 (%)3))
2 1

> + = (‘T;knin)2 )

T 6
where the first step follows from Corollary 3.1 in [59] and the second step
follows from the Taylor series expansions of v/1 — 22 and arcsin(x),

o if j ¢S, then E[Z;] = E[|a;;|] E[lys|] = 2 and finally,

e for every j € [n], Z;; is a sub-exponential random variable with param-
eter ¢ = O(1) (since it is a product of two standard normal random
variables).

Using the hypothesis of the theorem about m, we have:

o foranyje S, P[LY" Z;— (24 % (xfmn)z) < 0] <exp(—c (z*,)" m) <

on~¢ and
o forany j & S,P[L3") Zij — (2 + 35 (2hin)?) > 0] < exp (—c(2h)'m) <
on~¢.

Applying a union bound to the above, we see that with probability greater
than 1 — ¢, there is a separation in the values of % Yo, Zj for j € S and
j ¢ S. This proves the theorem. O
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Appendix C

Proofs for Learning Sparsely used Dictionaries
using Alternating Minimization

C.1 Proofs of the main theorems

We first present the proof of Theorem [£.3.21 All the required lemmas
for the proof of this theorem can be found in Appendix [C.2l

Proof of Theorem 4.3.2k

Consider a particular iteration of Algorithm B Procedure [ returns
Uniqg-intersect(Y;, Y;«) with probability greater than 1 — 2exp(— ‘S ‘ /2).

If — Unig-intersect(Y;«,Y;+), then Algorithm [ proceeds to the next itera-
tion. Consider the case of Unig-intersect(Y;«,Y;+) and suppose Np(Y+) N
Np(Y;) = {A%}. Using Proposition 435, with probability greater than

, we have:

1 —dexp (—ca2

3
% 2
HAI—CLH2<32SM2<—d—+EI+—+Ck +%>

Using Lemma and Lemma | we see that ’g ‘ > 22 with probability

) Using a union bound over all the iterations (which

greater than 1 —exp (
are at most n?), the above claims hold for all iterations with probability greater

than 1 — n?dexp (M) 2n? exp <M> n® exp ( 167“)

Using Lemma and Lemma [C.2.1, with probability greater than
1 —rexp (52), for every l € [r], there are at least g* pairs (%, j*) such that
Np(Yi-) N Np(Yj+) = {A%} and (i*, 5*) € Geor(p) Lmes 9-11 of the algorithm
then ensure that there is a unique copy of the approxunatlon to A*; dictionary

element. Using a union bound now gives the result.
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We now prove our second main result - Theorem f.3.3l All the auxiliary
lemmas and definitions we make use of in the proof of this theorem can be
found in Appendix[C.3

In order to keep the notation less cumbersome, we will track the progress
made in one iteration of Algorithm 2l For any iteration ¢, we denote A(t) as
Aand A(t +1) as A. Similarly we denote X () and X (¢t + 1) as X and X
respectively. Then the goal will be to show that A is closer to A* than A.

In order to establish Theorem [£.3.3], it suffices to establish a recurrence
relation of the form

dist (A, A*) < c- dist <Z, A*> ,

for some ¢ < 1.

Proof of Theorem [4.3.3t As an induction hypothesis, we have dist <Av, A*)
< €. We will show that for every p € [r], we will have:

. . 23616411 5°
dist (Ap,A p) < TEt < €441- (1)

This suffices to prove the theorem by appealing to Lemma [C.3.1]

Now fix any w L A*, such that ||w||, = 1. We first provide a bound on
(w, A,). We have with high probability

(¢1)
(w, Ay = w A XX, < T, || (x|

(C<2) r  1968s> HAXHOO
> d \/F

1771241, 83
— Tﬂlet’ 2)

where ((;) follows from the fact that w'A*, = 0 and ((2) follows from As-
sumption (A2) and Lemma [£.3.8
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In order to bound dist (A, A*), it remains to show a lower bound on
| Al|,- This is again just algebraic given our main lemmas.

[4,ll, = [|[A*X* X T, ||, = [|[4" (X — AX) X+
@, - anxxt|,
> |47, — 4" (axX7),

ol olls

Y

2

where ((;) follows from the fact that XX+ = I. We decompose the second
term into diagonal and off-diagonal terms of AXX™, followed by triangle
inequality and obtain

4], > 1= || 4 (AXXT)) + A%, (X X))

2

L= A%, | (AX X))

wlly [ (2x X))

2

>1-1-[laxxT (xx7) (AxX*)Y”
P2
> 1= [ AX ], X7, || (xx7) ™ wll, |[(2XX) 7
. . . 2

It remains to control 7 and T at an appropriate level. We start from J;. Note
that [|AX||, is bounded by Lemmas F.3.6l and A.3.7], while HXTH2 is controlled
by LemmalC.3.0] (recall || AX]|| < 1/(64s)). Invoking LemmalC.3.6/to control

=
1 —rexp ( C") — rexp (—

, we obtain the following bound on T; with probability at least

i)

8
T, < 18¢s \/7 3s E —T = 4325%;.

The second term T5 is directly controlled by Lemma [4.3.8] yielding with prob-
ability at least

1= rexp (—C2) = rexp (—:9%) — exp (—ns?/(3r%))

r 1968s%¢,
d r

72§HJ1
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Putting all the terms together, we obtain that

14, > 1957 (48 " %) 0>’ 3)
Combining the bounds (2]) and (3]) yields the desired recursion (). Appealing
to Lemma along with our setting of ¢ (3) completes the proof of the
claim (). Finally note that the error probability in the theorem is obtained by
using the fact that M > 1, and that the failure probability is purely incurred
from the structure of the non-zero entries of X*, so that it is incurred only
once and not at each round. This avoids the need of a union bound over all
the rounds, yielding the result. O

C.2 Proofs for initialization

In this section we will present the proof of Theorem [4.3.2] which is
our main result for Algorithm [§l We will start by presenting a host of useful
lemmas, and sketch out how they fit together to yield the main results before
moving on to the proofs.

C.2.1 Correlation graph properties

In this section we will present some useful properties of the correla-
tion graph Geom(,) described in Section A.3.4. Recall that Geom(p), Where the
nodes are samples {Y7,Y5,...Y,} and an edge (Y;,Y)) € Geon(p) implies that
|(Y;,Y;)| > p, for some p > 0. This is employed by Algorithm [§ as a proxy for
identifying samples which have common dictionary elements. We now make
this connection concrete in the next few lemmas. For this we also recall our
notation Np(y) which is the neighborhood of a sample y in the coefficient
bipartite graph (see Figure [4.2]), that is, the set of dictionary elements that
combine to yield y.

Lemma C.2.1 (Correlation graph). Under the incoherence assumption (Al)
and the threshold p in the hypothesis of Theorem [{.3.3, the following is true
for the edges in the correlation graph Geor(p):
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‘NB(Y]C) M NB<Y2)’ =1= (Yk,YE) € GCOrr(p)u Vi € [7’], (4)
(YleE) € Gcorr(p) = |NB(Yk) N NB(K)‘ > 17 (5)

forallk,le{1,2,,....,n},k #1.

Lemma suggests that nodes which intersect in exactly one dictio-
nary element are special, in that they are guaranteed to have an edge between
them in Geor(p). Our next lemma works towards establishing something even
stronger. We will next establish that there are large cliques in the correla-
tion graph where any two samples in the clique intersect in the same unique
dictionary element. In order to state the lemma, we need some additional
notation.

For each dictionary element A*;, consider a set of sample {Yy,k € S},
for some S C {1,2,...,n}, such that they only have A*; in common, and
denote such a set by C; i.e.

Lemma implies that in the correlation graph, the set of nodes in C;
form a clique (not necessarily maximal), for each ¢ € {1,2,...,r}, as shown in
Figure Il The above implication can be exploited for recovery of dictionary
elements: if we find the set C;, then we can hope to recover the element A*;,
since that is the only element in common to the samples in C;.

For ease of stating the next lemma, we further define two shorthand
notations.

Unig-intersect(Y;, Y;) := {(Y:,Y;) € Geon(py and |Np(Y;) N Np(Y;)| =1},
(7)

INote that such a set need not be unique.
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Intuitively, the samples satisfying Unig-intersect(Y;, Y;) are guaranteed to have
an edge between them by Lemma [C.2. 1l In order to guarantee large cliques,
we will also need to measure the number of triangles in Georr(p)-

In order to do this, given anchor samples Y;« and Y+ have a unique
intersection, we now bound the probability that a randomly chosen sample Y,
among the neighborhood set of Y« and Yj- in the correlation graph also has a
unique intersection. Now define unique intersection event for a new sample Y;
with respect to anchor samples Y;- and Y}« as follows

Unig-intersect(Y;; Y+, Y« ) := {Np(Y;) N Np(Yi-) = Np(Y;) "N Np(Y;«) = {A%:}},
(8)
where {A*,} = Np(Y;+) N Np(Yj+) is the unique intersection of the anchor
samples Y« and Yj«. In other words, Unig-intersect(Y;; Y;«,Y;+) indicates the
event that the pairwise intersections of the new sample Y; with each of the
anchors Y- and Y} is unique and equal to the unique intersection of Y;+ and

Y-
Lemma C.2.2 (Formation of clique under good anchor samples).

P [Uniq—intersect(Y;; Yir,Y;+) { Unig-intersect(Y;«, Yj+), and
(}/Z'7 }/;:*)7 (3/27 Yj*) S Gcorr(p)]

Lemma is crucial for our algorithm. It guarantees that given a
pair of good anchor elements—one satisfying unique intersection property—a
large fraction of their neighbors also contain this common dictionary element.
Some further arguments can then be made to establish that a large fraction
of the neighbors of Y;« and Y}« also have edges amongst themselves and hence
form cliques as defined in Equation [6
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C.2.2 Correctness of Procedure [

A key component in our analysis is the correctness of Procedure [Il As
we saw in the previous lemmas, it is crucial for a chosen pair of anchor elements
to have a unique intersection in order to use them for identifying large cliques
C; in Geom(p). Procedure [ plays a crucial role by providing a verifiable test
for whether a pair of anchor elements have a unique intersection or not. Our
next two lemmas help us establish that this test is sound with high probability.
We first show that two neighbors of a bad anchor pair do not have an edge
amongst them with high probability.

Denote the event

A(Y;7 Y;-, Yk) = {(Y;> Y})a (Y;7 Yk’)v (Y;a Yk) S GCOYT(P)}’
i.e., the samples Y}, Y;, Y} form a triangle in the correlation graph.

Lemma C.2.3 (Detection of bad anchor samples). For randomly chosen sam-
ples Y3, Y

P [(Y;,Y)) ¢ Geonn(p) | AY:, Vi, Yj-), A(Y;, Vi, Yj+), - Unig-intersect (Y-, Y+ )]
1
> E
Intuitively, this means that the number of sets S; which will be edges
in Georr(p) is rather small for an anchor pair with multiple dictionary elements
in common. In order for correctness of the procedure, we will in fact need this

number to be substantially smaller than that for a good anchor pair. This is
indeed the case as we next establish.

Lemma C.2.4 (Detection of good anchor samples). For randomly chosen
samples Y;, Y

P [(Y;u Y}) ¢ Gcorr(p) ‘ A(lfw Yi ) Y}*)? A<Y37 Yi- ) }/j*)a Uniq—intersect(Y,-* ) Y}*)]
243

o

<

Combining the above two lemmas, the correctness of Procedure [Il nat-
urally follows. In particular, we note that the above two lemmas prove Propo-

sition [A.3.41
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Proposition [4.3.4 (Correctness of Procedure(I]). Suppose (Yi+, Yj+) € Geon(p)
Suppose that s3> < r/1536 and v < 1/64. Then Algorithm § returns the
value of Unig-intersect(Yj«,Yj~) correctly with probability greater than 1 —

2 exp(—v*m).

C.2.3 Estimation of the Dictionary Elements via SVD

In this section we will put all the pieces together and establish Theo-
rem [£.3.2 We start by establishing that given a pair of good anchor elements,
the SVD step in Algorithm [8 approximately recovers the unique dictionary
element in the intersection of the two anchors. In this context, we recall
Proposition

Proposition [4.3.5] (Accuracy of SVD). Consider anchor samples Y;« and Yj»
such that Unig-intersect(Y;-, Y;+) is satisfied, and wlog, let N (Y )NNp(Yj+) =
{A*1}. Recall the definition of S (I6), and further define Q := > YiY; T and
\:9\ | = m. If @ is the top singular vector of @, then there exists a universal
constant ¢ such that we have:

n |7 — 2A |2 < 32502 (2 1 —
zer{n—lﬂl}na < 1”2 S (\/d_+ d + +a +\/§

with probability greater than 1 — dexp (—ca?m) for o < 1/20.

The key missing piece from using Proposition [4.3.5] to prove Theo-
rem [£.3.2is the dependence on the random quantity |.S| in the error probability
in Proposition [£3.5l The following lemma bounds the size of this set.

Lemma C.2.5. In each iteration of Algorithm|8, the size of the set S satisfies:

with probability greater than 1 — exp (Igf
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C.2.4 Proofs of correlation graph properties
We start by proving Lemmas and in Section [C.2.71
Proof of Lemma

We first prove ([) via contradiction. Suppose N (Y;) "N (V) =0, we
then have

[(YVe, Vi) = ) XX (A% A7) <) XX (A%, A%
4,J %)
j j 5% 1o
< : : *i X AN < 2
< [N(Yi)|- [ Np(Y7)] %%’X kX z‘ I?QXKA i A ]>’ > \/E M

For (@), let {A*;+} = Np(Yy) NNp(Y))

(Ye, Yo)l =1 ) XX (A", A7)

1]
> XX (A%, A%y = Y XX (AT AT
i#]
5% 1o
>1-— M?,
B Vd
using the above analysis. The claims now follow from the setting of p. U

We next establish Lemma [C.2.2]
Proof of Lemma Define the event

A= {INp(Y:) "\ Np(¥i-)| = 1} N {| Np(¥:) " Np(Y}-)

> 1),

From Lemma [C.2.7] we have that

P [Unig-intersect(Y;; Y+, Y;+) | Unig-intersect (Y-, Y}+), and
(}/;7 YZ*)? (}/Za Y;*) € GCO”(P)]
> P [Unig-intersect(Y;; Yi+, Y;+) | Unig-intersect(Y, Yj-), A

In order to lower bound P [Unig-intersect(Y;; Y+, Yj+) ’ Unig-intersect(Y;+, Yj+), AJ,
we instead upper bound the probability of the complementary event
P [—' Unig-intersect(Y; Yix, Yj+) ’ Unig-intersect(Y;-, Y}*),A}
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In order to do so, we first bound the following

P [A‘ Unig-intersect(Y;-, Y;+)] >

S |l»w

, (9)

since A holds when the unique element in Np(Y;+) N Np(Yj+) is chosen and its
probability is s/r. We also have

(s = 1°(2)

.
since for = Unig-intersect(Y;; Y+, Yj«) to hold, we need to choose at least one
of the s — 1 elements in Np(Y;+)/ Np(Yj+), and similarly one from the s — 1
elements of Np(Y;«)/ Np(Y;«). The rest of the s — 2 elements can be picked
arbitrarily from the r — 3 dictionary atoms that remain after excluding the
two already picked and the unique intersection Ng(Yj«) N Np(Y;+).

P [—' Unig-intersect(Y;; Y+, Y+) NA | Unig-intersect(Y;-, Y})] <

It is easy to check that

(s =12(3) (s = 1(r —s)s(s — 1)

(Z) r(r—1)(r—2)

<

N

(10)

ﬁlm
N

Taking the ratio of the two bounds in (@) and (I0) completes the proof. [

C.2.5 Proofs of Lemmas and

We now prove the two lemmas that are crucial to establishing the cor-
rectness of Procedure [II

Proof of Lemma Let A; and A, denote the following events:

A ={|Np(Y;) N Np(Y;)| > (Y;) N Np(Yj)| >
N{INp(Y;) " Np(Yi)| = 1} N {|Np(Y;) N Np(Yj-)[ 2

Az :={|Np(Y;) N Np(Yi)| = (Y;) N Np(Yj)| = 1}
N{INs(Y;) N Np(Yi)| = 1} N {[Np(Y;) "1 Np(Yj)| =1} (11)
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In words, both Y; and Y} have at least dictionary element in common with
each of Y;+ and Y}« under the event A;, while the number of common elements
is exactly one under the event A,. We have

P [(Y;> YJ) §§ Gcorr(p) | A(Yza Y;'*> Y}*)’ A(YJ’ Yi*’ Y;*)? - Uniq—interseCt(Y;* ) Y}*)]

(a)
=P [(}/;7}6) ¢ C"Ycorr(p) | ‘AlaA(Ku}i*a}/}*)vA(}/}vifi*a}/}*)v

= Unig-intersect (Y-, Yj+)]
=P |:<Y;a Y;) §§ Gcorr(p)7 A<Y;7 Y;*; ij*) ‘ Al; A(K? Y%*a Y}*)a A(Y;a Y;l*a ij*))
— Unig-intersect(Y;+, Y;+)]
> P [(Y;a Y}) ¢ Gcorr(p)u A(Y;, Yis, }/J*)7 A(Ym Y, Y}*) | ‘A17
= Unig-intersect(Y;+, Y+ ), (Yir, Yj+) € Geon(p)]

(b)
Z P [(K7 }/}) ¢ Gcorr(p);-AZ | 'Ala - Uniq—intersect(Yi*, }/}*)7 (E*?S/j*) € Gcorr(p)}

(©)
> P{Np(Y;) " Np(Y;) =0} NAs | Ay, - Unig-intersect (Y, Yj+),

(}/;*7 Y;*) € Gcorr(p)] ) (12)

where the inequalities (a), (b) and (c¢) follow from Lemma [C.2.T We will now
work on lower bounding this resulting probability.

We first lower bound the numerator in writing the above conditional
probability as the ratio of a joint to marginal probability. We begin by noting
that

P{Np(Y;) "1 Np(Y;) =0} N Ay N Ay | = Unig-intersect(Yi, Yj+),
(Yie, Yj) € Geomp))]

=P[{Np(Y;) N Np(Y;) = 0} N Ay | = Unig-intersect (Y« Yj«),
(Y3, Yj+) € Georr(p)]

Let us define m = | Np(Y;«) UNp(Yj+)| € [s5,25] and | = | Np(Y;+) N
Np(Y)| > jg The event in the probability above, that is Ay holds while Y;

2the intersection is at least 1 by Lemma [C2.T]
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and Y; do not share a dictionary element, can be arranged by choosing two of
the [ elements, and assigning a unique element to each Y; and Y;. Similarly
the remaining elements can be chosen outside Np(Y;+) U Np(Y;«) in a non-
overlapping manner: for Y; assign s — 1 elements among r — m elements, and
then for Y assign from remaining » — m — s + 1 elements. This logic yields
the following lower bound on the probability

P{Np(Y;) " Np(Y;) =0} N Az | = Unig-intersect(Y;s, Yj)]
I\ (r—m\ (r—m—s+1 I\ (r—2s\ (r—3s+1
20T 2 02 ()
N (o)’ - (1)’
where the second inequality uses m < 2s. Now with some straightforward
algebra, we can further lower bound this expression as

)

PH{Np(Y;) " Np(Y;) = 0} N Ay | = Unig-intersect (Y« Yj+)]
2071 2 . s—1 _ s—1
Zs(l 1) (1_33 3) (1_23 1)
r2 r—s r—s

2(71 _ 1\2 s s
Zs(lzl) (1_ 3s ) (1_ 2s ) |
r r—s r—s

Now we invoke Lemma to further lower bound the RHS and obtain

P{Ng(Y;) " Np(Y;) = 0} N Ay | = Unig-intersect(Y;, Yj+)]

s2(1—1)? 3s? 25? s2(1—1)2 10s?
> ——F—exp| — exp | — > l——
72 r—s r—s 72 r—s

- s2(1 — 1)2’
- 2r2

where the final inequality holds since s? < r/40.

In order to lower bound the conditional probability in Equation [I2] we
need to further upper bound the marginal probability in the denominator. To
this end, we observe that we have to upper bound P [A; |~ Unig-intersect(Y;«, Y;«)].
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Now conditioned on — Unig-intersect(Y;«,Y;-), for each Y; and Y;, A; can
be satisfied in two ways: choose at least one element from [ elements in
Np(Yi-) N Np(Yj+) or choose at least two elements from m — [ elements in
Np(Y;+) UNp(Y;+). Making this precise, we obtain

P[A; | = Unig-intersect(Y;«, ;)] < (l?s + %)
ls | s*m =D\’
< (v o)

Is | (25— 27\°
= (r + (r—1)2 )

20252
)

< , (since 4s5® < r —1)

The result follows by using the fact that [ > 2. O

The proof of Lemma [C.2.4] is similar, but involves controlling slightly
different events.

Proof of Lemma

We will establish the lemma by lower bounding the probability of the
complementary event. We recall the events A; and A, defined in Equation [I]
in the proof of Lemma [C2.3. We can mimick the initial arguments in the
proof of Lemma to conclude that

P [(Y; Y;) € Gcorr(p) ‘ A(K) Y;*a Y;*)? A<Y}7 Y:i*a Yv]*)? Uniq—intersect(l/g* ) Y}")]
> P [Uniqg-intersect(Y;, Y;) N As | Ay, Unig-intersect(Y;«, Yj+)] ,

and we provide a lower bound for this. Once again, we express the conditional
probability as the ratio of a joint to a marginal and then lower bound the
numerator and upper bound the denominator. In the numerator, we have the
event

We have
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P [Unig-intersect(Y;, Y;) N As NA; | Unig-intersect(Y;«, Yj)]
= PP [Unig-intersect(Y;, Y;) N As | Unig-intersect(Y;«, Yj)]

The event Unig-intersect(Y;, Y;)NAs is guaranteed to occur if we choose
Y; and Y; so that they have the only element in Nz (Y;«) N Np(Yj+) in common.
This yields the lower bound

P [Unig-intersect(Y;, Y;) N Az N Ay | Unig-intersect(Yj«, Yj+)]

(A

SG

It is easy to further conclude that

[P [Unig-intersect(Y;, Y;) N As N Ay | Unig-intersect(Y;«, Yj)]

52 3s—3 \¢V 25 —2 \**
> (12272 122
r? r—s—+1 r—s+1

82

= exp(—5(s — 1)?/(r — s + 1))

52 1052 52 2052
> (1 > (1- ,
r2 r—3s 72 r

where we again invoked Lemma as well as the fact that s < r/2. As
for the marginal probability in the denominator, we need to upper bound

>

+

(25 — 1>2(2_§)>2
()

(e <2 ()
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since for each Y; and Y}, A; can be satisfied in two ways: choose the unique
element from Np(Y;«) N Np(Yj-) or choose at least two elements from 2s — 1
elements in Np(Y;-) UNp(Yj-).

Using the above two inequalities, we have:

P [(Ylv Y;) € Georr(p) | A(Y;, Vi, Y;*>7 A<Y37 Yi-, Y}*)a Unig-intersect (Yj-, Y}*)]

1 — 20s®
>t
(1+ %)

It is easy to verify that 1/(1+2)? <1 -z for 0 < 2 < (v/2 - 1)/2. Since
s3 <r/5, we obtain

P [(Y:,Y]) € Geonp) | A(Y;, Yir, Yje), A(Y;, Y+, Y+ ), Unig-intersect (Y-, Y;+)]

2 3
() ()
T r

C.2.6 Proof of Proposition 4.3.4

Let us start with the case when Unig-intersect(Y;«,Yj-) = 1. For any
pair (Y;,Y;) where ¥; and Y; are taken from Ng_, (Yir) " Ng,, ., (Yj+), let
E;; be the random variable which is 1 if (Y;,Y}) € Geor(p). Then Lemma[C.2.4]
guarantees P(E;; = 1) > 1 — 24s%/r. Let

S=A{(,7) + (Yi,Y]) € Geon(p), and Y, Y; € Np(Vix) N Np(Yj)}.

The size of the set constructed in Algorithm [lis equal to Z( E;;. Recalling

that |S| = m, Hoeffding’s inequality guarantees that with probability at least

1 — 2exp(—2m~?)
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Combining with the lower bound on P(E;; = 1), we obtain that with proba-
bility at least 1 — 2 exp(—2m~?),

3
) EmZm(L—Mi)—nw. (13)
r

(i,5)es
Using v < 1/64, we see that this quantity is at least 62m /64 under the condi-

tions of the lemma, which means that Algorithm [I] returns 1.

Now let us consider the case when Unig-intersect(Y;«, Y;-) = 0. Defining
E;; the same way as above, we see that by LemmalC.2.3] P(E;; = 1) < 15/16.
Then, a similar application of Hoeffding’s inequality yields this time

m
. By < 76 T (14)
(1,5)€S

which is at most 61m /64 for v < 1/64. Hence Algorithm [ returns 0 in this
case.

C.2.7 Proof of Proposition [4.3.5]

We now prove Proposition [4.3.5l We need a couple of auxilliary results
for the proof. We first restate a theorem from [88], which we will heavily use
in the sequel.

Theorem C.2.6 (Restatement of Theorem 5.44 from [88]). Consider a d x
n matrix W where each column W; of W is an independent random vector
with covariance matriz . Suppose further that |W;ll, < /u a.s. for all i.
Then for any t > 0, the following inequality holds with probability at least

1 —dexp (—ct?):
u
< max (HZH;/2 J, (52) where § = t\/%.

Here ¢ > 0 is an absolute numerical constant. In particular, this inequality
yields:

lWWT—Z
n

2

1
Wy, < 125 v+ tv/u.
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In order to bound the errors made in Algorithm [§, we need some addi-
tional notation and auxilliary results. For now, let us consider a fixed pair of
anchor samples Y« and Y- such that Unig-intersect(Y;-,Y}«) is satisfied, and
wlog, let Np(Y;+) N Np(Yj-) = {A*1}. We define the following sets of interest

§ - Ncorr(lfi*) N Ncorr(}/j*)v
S ={Y; € 5:Np(Y;) N Np(Ysr) = Np(Y;) N Np(Y;-) = {A*1}}, and  (15)
S=23\5. (16)

For the purposes of understanding the errors in Algorithm [§] it would
be helpful to decompose each vector Y; € S as

V=Y — X*1 A, (17)

and accordingly define Yy to be the d x |S| matrix of all such vectors in S.
Intuitively, if all the vectors ¢ were 0, then Algorithm [§ can recover A*; via
SVD in a relatively straightforward manner. We start by controlling the norm
of the vectors Y; and }U/;

Lemma C.2.7. Given assumptions (B1) and (B2), we have for all i =
1,2,...,n

IVill, < V25 and |¥;

< 2M+/s.
2

Proof:

The proof is relatively straightforward consequence of our model and
the assumptions. The model allows us to write
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2 * * * *
Vil =(Y.Y)= > = XTXHA, A
A*p, A*eNp(Y;)
< Y eI, A
A*p, A*eNpB(Y;)
*P 2 * (12 * * * *
= ) (XA + > | XX (AT, ATg) ]
A*peNp(Y;) A*p#A*qeNE(YS)

< M? s+32&)
<o (s+sl

2
<2 (s+ 1) <3
2 2

Finally, by triangle inequality we further have that ‘ < ||Yill,+ M.
2

g

Given this result, we would next like to control the amount of contribu-
tion the Y; directions can have in the SVD step of Algorithm 8 Our next result
shows that while these vectors are not zero, their random support along with
the incoherence of our dictionary elements ensures that these vectors are not
strongly aligned with any one direction. We do so by bounding the spectral
norm of the matrix Y/S.

Lemma C.2.8. With the vectors Y; defined in Equation [I7, we have the fol-
lowing bound with probability greater than 1 — dexp (—ca?|S]) for any a > 0

% H1
YH < M+/5]9 (—+2a),
HSQ 1] \/8

where ¢ 1s a universal constant.

Proof:

In order to prove the lemma, we first calculate the spectral norm of the
covariance matrix of Y; and then use Theorem [C.2.6l Note that from Lemma
[C2.7 we have ‘?; < 2M./s. We first bound the spectral norm of the

2
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covariance matrix of Y; € S i.e., we bound HE (Y/Z?;T) H . In order to do this,
2

we first fix w € R4 and calculate:

we [557)w = [(wr5)] <& [(wrax) ] £ [ (x)].

where we use the notation z := A* w and X; is the same as X*; but with X*!
set to 0. We further simplify the above as

. 2
WIE [}U/ZY/ZT] w<E (Z szf>

p=1

T N 2 T N o
—F z§< f) +E| Y zpquin‘I]
p=l1 pAq=1
' o 2 T o o
<3 2E {(Xf) ] + 3 Izl [E [Xfxg]
p=1 p#q=1
- M?s
< 2 0

where the last inequality uses the fact that the values of E[X*! X*!] = 0, since
they are independent and zero mean.

Then we can further simplify the upper bound to obtain

M?s 1211 © M?s pir _ piM>s
2

r = r 4 d ’

w'E [}ZYQT] w <

where (¢) follows from Assumption (A3), since

2
HiT
Wy <A/ —.
‘2 || ||2— d

=

l2ll, = |4 Tw|| < [larT
2 2

| wll, = |44
2
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Recalling that w was an arbitrary unit vector, this immediately yields
a spectral norm bound on the expected covariance

piM?s
d

e [ ]], <
2

We are now in a position to apply Theorem [C.2.6] with the matrix
W = Y of size d x |S|, where u = 2M+/s and t = a+/|S] for some a > 0.
Doing so yields the inequality

e

2
<M ( % V151 + av/[9] -2@)

12
< My/s|S] j+20¢ ,

with probability greater than 1 — dexp (—ca?|S]). O

Finally we are in a position to establish a bound on the accuracy of the
SVD step in Algorithm R Having bounded the contribution from from the
directions apart from A*; in the previous lemma, we will now lower bound the
contribution of the A*; direction, which will ensure that the largest singular
vector is close to A*;.

Proof of Proposition Recall the definitions of the sets S and S (I6).
In order for a vector Y; to end up in S , the event in Lemma has to fail.
Hence, if we define E; to be the random variable which is 1 if Y; € S , then we
have from Hoeffding’s inequality

m “ m
=1

with probability at least 1 — §/2. From Lemma [C.2.2] we further know that
P[E; = 1] < s*/r so that

~ 3
‘S‘ S%—i—am, (18)
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with probability at least 1 — exp(—2a?m). As a consequence, the size of S is
at least

IS| > m(1 — s*/r —a) > 9Im/10 (19)
for v < 1/20 by our assumption that s* < r/384.

In order to understand the singular vector a, we now write the matrix
(@ as the sum of two matrices ) and @) as follows:

Q\ = Q + @7 Where?
Q=) Yy and Q=3 Y.

Y;eS yieg

Recalling our earlier notation Y; (I7), we expand M as follows:

M=) vy/
Y;eS
_ Z (X*Zl>2 A*lA*1T+ Z X*zl (A*I?Z'T—i_?iA*lT) + Z ?ZS;;T
Yieg :Y; €S :Y; €S

We wish to show that A*; is close to the top singular vector of @ In or-
der to show this, we bound the spectral norms of the following matrices:

> ivies X+ <A*1Y/iT + Y/;;A*1T>, > ivies VYT and Q.
Using Lemma [C. 2.8 we first obtain:
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> XA < sl %], 1,
©:Y;ES 2 2
< M?\/5|9] (\/‘;wz ) VIS]
= s8] (s 22 (20)
Vs | s
S v = [vevd]| < 2nsgs (%+4a2). (21)
2
;€S

Finally, we have the following bound on the spectral norm of M:

’ 2

Using (20), (1) and (22), we now prove the statement of the lemma.
Let |(A*1,@)| = 6. On one hand, we have:

Svy| < ‘5‘ Y|l < ]§] 202, (22)

Y;eS 9

-~

alQa
2
<6’ )% 2 L yge, YT Vv HN
<0 (X)) +M D XA, +ZYZYZ + ||,
v;eS Y;€S 2 :Y;€S 9
2 ~
§‘92Z(X*3)2+M2 (23|S| (—+—)+28|S|< 1 4042)-1—’5 23)
v;eS Vds /s

Y

<|9| QQZYGS—(*IV_Fg M? £+ﬂ+ +&+ S_3_|_a
- 5] \Va T d Vi \r

where the last step uses the bounds (I8) and ([I9). On the other hand,
we have
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7@, = |,
> 3 ()

v;eS
_am2 o Z XAyl - vivr| - H@
, 2
z:Yl-ES 2 ’LY;;ES 2
2
> X+ ? <2s|5’]< a>—23|5| (&—1—4&2)—’5 28)
Y%( ) - =t :

Yves (X o 1 s° -
> Znes N Y 8sM 71 =
_|S|[ 9] 8s <\/£+d+ +f+< +a))

Using the above two inequalities, we obtain

2 3
o (g4 4) 10 (o 5)
21 6s \/%—l—d—l—r 63a+\/5
- 2
ZY,G§(X*11)
[S]

3
>1—M2(163(£+ﬂ+ )—163(a2+i)>
o Vds d Vs

Now we observe that since ||A*]|, = ||al|, = 1, we have

la— A% fl; = 2(1 - 6) < 2(1 - 6°),

for 0 < # < 1, which completes the proof.

C.2.8 Bounding the size of S

So far, we have established that the sub-procedure in Algorithm [ cor-
rectly detects good anchor pairs with high probability. Conditioned on this,
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Proposition [4.3.5] shows that we can recover the dictionary element in this in-
tersection to a bounded error with high probability. In this section, we prove
Lemma[C.2.5l Before moving to its proof, we have the following useful lemma.

Lemma C.2.9 (Number of good anchor pairs). Suppose we have n examples.
Then, we have:

P{Une H(i.) : Na(¥) NNa(¥) = {41} > £} > 1 —rexp ( 625)

Proof: Fix [ € [r]. Define the set S C [n] as follows:

S:={i: A" eNpY))}.

S

Since for every i € [n], the probability of i € S is 7, using standard Chernoff
bounds, we see that:

P [|S| < Z—ﬂ < exp (_8—7;8) : (23)

Consider any two examples Y;,Y; € S. Then,

2

P[Np(Y;) N Np(Y;) = {A*}] > 1— 7

Dividing the set S into @ disjoint pairs and using Chernoff bounds, we see
that

P [H(5.9): Nal¥) N s (35) = vmnwﬁ%}<mp'_0;f>w

con(ZE).

Using (23)) and (24]), we have:

P [116.3): Xa(0) A Na(Y) = (41 > ) 21— exp (G )
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Using a union bound over different dictionary elements, we have:

—ns

P [ DN NN (V) = (A"} > V1€ 1] 21— rexp (6T) |

U

Proof of Lemma Since (Yi+, Yj+) € Geor(p), from Lemma [C.2.T] we
know that Np (Vi) "1 Np(Y;) # 0. Wlog let A*; € Np(Yi«) N Np(Yj+). Since
each sample Y; has probability of at least

r—2s+1 . s s 2
f(si)zf r—3s Zf' 1— 25 Zf' 1— 25 Zi7
r (’“_) r r—s r r—s r r—s 2r

s—1

of satisfying Ng(Y;) "1 Np(Y;+) = Np(¥;) N Np(Y;«) = {A*1}, using Chernoff

bounds, we have:
- ns} < —ns
— e .
4rl = P 167

Using Lemma [C.2. 1] now finishes the proof. U

P []z : Uniqg-intersect (Y}, Yi+) & Uniq-intersect (Y, Yj+)

Lemma C.2.10. Forr >2,¢>0, let0<x <r/(2c+1). Then (1 —czx/(r —
7)) > exp(—ca?/(r —z)) > 1 — 22

r—x

Proof:

We start by observing that z/(r — z) is an increasing function of z for
x < r,so that x <r/(2c+ 1) implies that cx/(r — z) < 1/2. Additionally, we
have the following fact for any 8 > 0

2

1—0§e_9§1—0+%. (25)

The first inequality is a consequence of the convexity of e~? while the second
one follows since the second derivative of e~? is at most 1 when 6 > 0. Since
we have x/(r —x) < 1/2, it is easy to see that

CT 21_2 CT 19 c"r

1— )
r—ux r—ux (r —x)?

135



Now applying the inequalities (25]) with 6 = 2cz/(r — x), we obtain

(1‘ —w) - (1‘2rc—xa: ”(rc—xlﬂ)m
> (exp(=2z/(r — 2)))" = exp(~2c2?/(r — )

2ca?

v

1

r—ax’
where the second inequality follows from again using (25]), this time with

0 = 2cx?/(r — x). O

C.3 Proofs for alternating minimization

In this section, we will present our proof for the results on alternating
minimization. We present the proofs for Theorem 3.3 and the other main
lemmas in Section [C3.1l In Section [C.3.2] we present the auxiliary lemmas
and their proofs.

C.3.1 Proofs of main lemmas

In this section we will present the proof of the main lemmas used to
prove Theorem[4.3.3] The proofs of some auxilliary lemmas and more technical
arguments will be deferred to the next section.

We recall from Appendix [C.I] the following notational simplification:
for any iteration ¢, we denote A(t) as A and A(t+1) as A. Similarly we denote
X(t) and X(t+1) as X and X respectively. Then the goal is to show that A
is closer to A* than A. For the purposes of our analysis, we will find it more
convenient to directly work with dot products instead of fo-distances (and
hence avoid sign ambiguities). With this motivation, we define the following
notion of distance between two vectors.

Definition C.3.1. For any two vectors z,w € R? we define the distance
between them as follows:
def (v, 2) (v, w)

dist (z,w) = sup ———— = sup :
’ otw [0l 120, iz lloll lwlly
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This definition of distance suffices for our purposes due to the following
simple lemma

Lemma C.3.1. For any two unit vectors u,v € R?, we have

min ||zu — ||, < vV2dist (u,v) .
e{-1,1}

Proof:  The proof is rather straightforward. Suppose that (u,v) > 0 so that
the minimum happens at z = 1. The other case is identical. We can easily
rewrite

lu = oll3 = (2 = 2(u,0)) < 2(1 = (u,0)?),

where the final inequality follows since 0 < (u,v) < 1. Writing u = (u, v)v+v,,
where (v, ,v) = 0, we see that

1= [Jull; = (w,0)* + Joo ||* = (u,v)* + dist (u,v)”.
Substituting this into our earlier bound completes the proof. O
The distance is naturally extended to matrices for our purposes by
applying it columnwise.

Definition C.3.2. For any two d xr matrices Z and W, we define the distance
between them as follows:
dist (Z,W) Y sup dist (Z,,W,) .

pE[r]

Note that the normalization in the definition of dist (z,w) ensures that
we can apply the distance directly to the result of the least-squares step with-
out worrying about the effects of normalization. This allows us to work with
the closed-form expression for A

A=YXT = A" X"XT. (26)

We first recall Lemmas B.3.6] 3.7 and F.3.8 from Section A.3.4]
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Lemma (Error in sparse recovery). Let AX “Ix (t) — X*. Assume
that 2;@9/\/3 < 0.1 and /s¢; < 0.1 Then, we have:
1. Supp(AX) C Supp(X*).
2. |AX|| < 9s-dist (At — 1), A*) < 9se;.
Lemma shows that if the initial estimate of A* is good enough,

then the error in the recovered coefficients from the sparse recovery step are
small and have structured sparsity.

Lemma [4.3.7 For every r x n matrix W s.t. Supp(W) C Supp(X*), we have

(w.p. > 1—rexp(—<2)):
s2n
W, < 2[W ey / =~

Lemma E.3.7 shows that all matrices with structured sparsity have
bounded spectral norm.

Lemma H.3.8 (Off-diagonal error bound). Suppose |AX]| < 5. Then

with probability at least 1 — rexp (—<2) — rexp (—52%) — exp (—ns?/(3r?)),

we have uniformly for every p € [r],

_ 196852 |AX]),
2~ T '

Lemma 3.8 shows that the off-diagonal norm of each column of the
matrix X*X* is quite small.

p

[(axxs)y

_ H(X*XJF)\p

2

We now prove Lemma M.3.6] which follows from the robustness prop-
erties of lasso. We first need an auxilliary result on the RIP constant of the
matrix A*.

Lemma C.3.2. The 2s-RIP constant of A*, 095 satisfies dos < 2\%.
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Proof:  Consider a 2s-sparse unit vector w € R” with Supp(w) = S. We
have:

2
| Aw||* = (ngfl*> =D WA+ Y wpw (AT, A
J

jes JIES,jAL
>1— > |ww] (A%, A%)]
JlES,jAL
>1- Z |ijl’ \/—
leSj;Al
>1— 2 wlf}
\/— 1
2
>1- Mo | =1 - ZH

Vd vd -

Similarly, we have:

2,u08

Vd '

This proves the lemma. U

|A*w|]* < 1+

Proof of Lemma [4.3.6k In order to establish the lemma, we use a result of
Candes regarding the lasso estimator with deterministic noise for the recovery
procedure:

T; = arg m'ﬁonHl such that, |[Y; — Az, <e. (27)
TeR”

Theorem C.3.3 (Theorem 1.2 from [I1]). Suppose Y; = Ax; + z;, where x; is
s-sparse and ||zi||, < e. Assume further that 0y, < v/2 — 1. Then the solution
to Equation (Z0) obeys the following, for a universal constant C1,

|Zi — 2ill, < Che

In particular, Cy = 8.5 suffices for dos < 0.2.

In order to apply the theorem, we need to demonstrate that the RIP
condition holds on A. Consider any 2s-sparse subset S of [r]. We have:
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~ ~ (€1)
TuinA5) 2 Oin(A5) = 45 = Asll, =1 - L2

~ ~ (C2)
Onax(As) < Oman(A3) + A5 — Asl, < 1+ 25%3
where (; and (; follow from Lemma [C.3.2 Recalling the assumption ,/se; <
0.1, we see that the maximum and minimum singular values of A s are at least
6/7 and at most 8/7 respectively. Appealing to Theorem [C.3.3] we see that
this guarantees ||AX;||, < 9se;. Since this is also an infinity norm error bound,
we obtain the second part of the lemma. The proof of the first part is further
implied by the choice of our threshold at a level of 9se;, which ensures that
any non-zero element in X has |X *; > 0 (since we would have |X;| < 9se;
by our infinity norm bound otherwise. O

—A*—ZH d,
45— 4], an

A*—ZH
+H o Sllp>

We now move on to the proof of Lemma[£3.7] which is a surprising but
rather straight forward consequence of random matrix concentration theory.

Proof of Lemma [4.3.7: Since the support of W is a subset of the support
of X*, WP = 6"W?. Now,

W2 = max Z WPy = max Z SPWPuivP

wofull2=1,[lv[[;=1 w,v||ull2=1,||v][;=1

<Wileo - max -3 oPuie?,
ip

wvfull2=1,[]v|[;=1

where the inequality holds since the maximum inner product over the all pairs
(u,v) from the unit sphere is larger than that over pairs with uv? > 0 for
all 4,p. Note that the last expression is equal to |[W|_u"S(X*)v, where we
overload the notation S(X™*) to also be the matrix with the non-zero pattern
of the matrix X*. It suffices to control the operator norm of this matrix
for proving the lemma. This can indeed be done by applying Lemmas
and with 4 = M =1 and o = 0. Doing so, yields with probability at
least > 1 —rexp (—%)

140



s2n
1l < 217 oy =7

which completes the proof. O

We now finally prove Lemma 4.3.8 which is our main lemma on the
structure of X*X ™. Specifically, the lemma will show how to control the off-
diagonal elements of this matrix carefully.

Proof of Lemma [4.3.8: For simplicity, we will prove the statement for
p=1. We first relate X*X* to AXX™.

(X)) = (X = x) X))
= —(axx))
_ —<AXXT(XXT)_1>\1,

1

where the first step follows from the fact that XX+ = I. This proves
the first part of the lemma. We now expand the above as follows:

\1

1

(axx7 (XXT)_1>11 = (A)(XT)F(()()(T)”)1 +(axxT) ) ((xxT) ™

1 1

Using triangle inequality, we have:

.= (),

T T2

<
2

(axxT(xx7)™")

H (AXXT)YH%

J/

\1

1

+ H (AXXT))

((xx1)™)

g

~
T3 T,

2 2

(28)

We now bound each of the above four quantities. We can easily bound
T, via a spectral norm bound on (XX T)_1. Doing so, we obtain with proba-

bility at least 1 —r eXp(_C;i\iIgs)
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(¢1) 8r
< —,
2 ns

T, = ‘((XXT)IX (29)

<Joor”

where (¢;) follows from LemmalC.3.51 To bound T, we use Lemmal[C.3.9]

and obtain with probability at least 1 — rexp (—%) — rexp (—fj}z)

—exp (—ns?/(3r?))

6(|AX] sn
< —_—

2 r2

T, = |(axxT)) , (30)

where we recall the assumption |[AX]|| < 1/(64s). We now bound T3 as
follows

(X0

Ts = || (axxT))) u

\1

=[x

2 2

(¢1)
2 aaxl sy f% 20+ 1K )sy
6[|AX 2
T

where (¢;) follows from Lemmas [£.3.7] and [C.3.6 (since Supp(AX) C
Supp(X) U Supp(X*) = Supp(X™)). Finally, to bound T}, we start by noting
the following block decomposition of the matrix X X '

xxHT o xrxn!

T _
XX = [ X\leT X\I(X\I)T

Given this block-structure, we can now invoke Lemma [C.3.10 (Schur comple-
ment lemma) to obtain

(@000, =y

where,
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\1

B <(XXT)_1>\ . (32)
1
Using Lemma and Equation B8 we have with probability at least
1 —rexp (—%) — rexp (—T(]’;’[Z) —exp (—ns?/(3r%))
1\ M 1 T 8r 55%n
H ((exD) ™) < 1Bl X )| < =l 2
\1|9 )Xl(Xl) ‘ 2 SN r2

- % M, (33)

Using the expression (B2]) and the lower bound on g, (X) from LemmalC.3.6]

we also have the following bound for ||M ||, with probability at least

1 —rexp (—%) — rexp (—TCT"Q),

\1

\1

121, = | ((xx) )

Plugging the above into (33)), gives us:

< ey

\1
\1

_ 405 8 _820yF

, T ns T on

J(exxry7)

(34)

Combining (29)), (30), (31)) and (B4]), we obtain with probability at least
1—rexp (—<2) —rexp (—5%) — exp (—ns?/(3r?)),

< A8AX] s | 1920 AX]|, s
27 VT VG

_ 19685 |AX]|

< VR

H (XX”)\p

p
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C.3.2 Main Technical Lemmas

In this section, we state and prove the main technical lemmas used in
our results.

C.3.2.1 Assumptions

We first recall some notation and define additional shorthands before
proving the lemmas. Denote X*? = 6*M? V1 < p < n, V1 < i < r where
07 = 1 if p € Supp(X;) and 0 otherwise and M/ are i.i.d. random variables
with E [M?] = p and E[(M?)?] = 02 4+ p?. Assumptions (C3) — (C4) give us:

1. p? +0?=1, and

2. |[M!| < M as.

C.3.2.2 Proofs of Technical Lemmas

We prove all of our technical lemmas under the assumption that X* is

sampled as described in Section [C.3.2.1l
Lemma C.3.4. We have:

»E [X*iX*iT} _ (; . %) T+ %11?

Proof:

Note that, 67,1 < p < r all have same distribution. Hence, by sym-

metry and linearity of expectation, E[0f] = iE [22:1 53] = 2. Similarly,

E[(0)?] = LB [0, (00)2] = & Also, E[(Sp (60)2] = E |5, 000¢] =

rE[(67)2] + (r* — r)E[6767). Hence, E[d767] = 2=,

Now, recall that X*¥ = 6’ M?. Now, we first consider diagonal terms
of X

S =E (X)) =E[@)]E[M)] = (2 +0) =~ (35)

p



Similarly, using independence of X*? and X*/, off-diagonal terms of ¥ are

p’
given by:
PS4 y2 q s(s —1) 2
EZZE[5i5i]E[M¢]E[M¢]:—1)N- (36)

Lemma now follows by using (35]) and (36]). O

In particular, two consequences of the lemma which will be particularly
useful are about the extreme singular values of .. Recalling that 2s < r and
p? < 1 by assumption, we obtain

2 2
ouin(D) 2 o and o() < = (37)

For convenience of the reader, we again recall Theorem [C.2.6

Theorem (Restatement of Theorem 5.44 from [88]). Consider a r x
n matrix W where each column w; of W is an independent random vector
with covariance matrix ¥. Suppose further that |lw;ll, < /u a.s. for all .
Then for any ¢ > 0, the following inequality holds with probability at least

1 —rexp (—ct?):
1/2 2 _ u
<max (|| X]|y"v,v*) where y=1t4/—.
n

Here ¢ > 0 is an absolute numerical constant. In particular, this inequality

1
“wWwt - %,
n

2

yields:
W, < 1213 Vo + tv/u

We need the following results on concentration of empirical covariance
matrices.

Lemma C.3.5. There exists a universal constant C' such that w.p. > 1 —

rexp(—%jﬁs), we have:
1 * 3k | 2 82
“xrx Ty gmax(\@(s,cs)—.
n ) r
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Cn
rM?2

% /ns2 " Ins
HX H2 S 2 7 cmd Umjn<X ) Z 4_7“
Proof:

Note that, || X/]l2 < v/sM. Also, [|X][; < 2 S(ST__ll)”Q < % Using
Theorem with t = 0,/-2%, we obtain:

In particular, w.p. > 1 —rexp(—-%), we have the bounds

1 52
“x*x T3 < max (\/55, 52) s
n 5 r
w.p. greater than 1 — rexp (—%). In order to obtain the second part, we

apply the first part of the lemma with § = 1/4v/2 as well as Lemma [C.3.4
to bound the largest and smallest singular values of X X' /n. Taking square
roots completes the proof.

0

Using the convergence of the covariance matrix of the sparsity pattern,
we obtain the following uniform convergence bound.

In particular the following consequence of the above lemma would be
particularly useful in our proofs, where we apply the lemma to matrices of the
form AX = X — X*.

_Cn

Lemma C.3.6. W.p. > 1 — rexp (—7) — rexp( TMQ), for every r x n
matriz X s.t. Supp(X) C Supp(X*), we have:

. n
Xl <2 (41X = X0 5y /2

Cn

Proof:

Let X = X* + Ex» where Supp(Ex-) C Supp(X*). Hence, || X||, <
| X*]|,+]| X — X*[|,. Lemma follows directly using LemmalC.3.5 and Lemmal3.7]
U

A useful version of the above lemma is when applied to matrices of the
form XX 7. We will need control over the upper and lower singular values of
such matrices for our proofs, which we next provide.
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Lemma C.3.7. W.p. > 1 —rexp (—%) — rexp (—7%2)), for every r x n
matriz X s.t. Supp(X) C Supp(X™*), we have:

s*n

[xxT =T <4 (X = o 1X - XU - EE
2 r

Further assuming || X — X*||_ < 1/(64s), we have with the same prob-
ability

T (XXT) > g.

Proof:
Let X = X* 4 Ex-. Note that Supp(Fx+) C Supp(X*). Now,

IXXT = X* Xy < | Exella(|Ex="ll2 + 2] X7[J2).

By Lemma B3, [|Ex-|l, < 2s,/%||Ex-||,, with probability at least > 1 —
rexp (—%). Combining this with the bound on ||X*||, from Lemma
completes the proof. The second statement now follows by combining the

result with our earlier lower bound on the minimum singular value of X* in
Lemma [C.3.5 O

A particular consequence of this lemma which will be useful is a lower
bound on the diagonal entries of the matrix XX . Indeed, we see that un-
der the assumption || X — X*||_ < 1/(64s), with probability at least 1 —

rexp (—%) — rexp (—34”2) we have the lower bound uniformly for all p =
1,2,...,r

xrxr’ > 22 38

> (38)

We finally have the following concentration lemma.

Lemma C.3.8. Let 67 be as defined in Section [C.3.2.1. Then, w.p. > 1 —
exp (—%nsQ/ﬂ) :
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130 008 < (14 0)58, Vp # ¢,
2. (1=0)7 <3 00 < (1+0)5 Vo,
3. (1—08) <0 0P (MF)” < (1+6)2, Vp, and

=1 "1

4o i O IMF| < (1+0)E, Vp.

Proof:

Recall from the proof of Lemma that, E[0}] = 2 and E[0}0]] =
fgij; ,Vp # q. Also, these random variables are independent for each i. Using

Chernoff bound, we get (w.p. > 1 — exp(—%ns?/r?)):

n 2

s - s s
— <« P < Z Py1 < - .
(1 5)nT < ;1 < (1 +5)nr, E 0Por < (1+d)n Vp # q

: r2’
=1

The third part follows similarly using Chernoff bound. The fourth part follows
from Chernoff bound as well after noting that

E(M)) < (E|(MPP])" =1,
where the first step follows from Jensen’s inequality. O

Lemma C.3.9. W.p. >1—rexp (—<2) —rexp (—5£%) — exp (—ns?/(3r?)),
for every r x n matriz X s.t. Supp(X) C Supp(X™*), we have the following

bounds uniformly for allp=1,2,....r

1| (axxm)y

S (L4 [AX])) WA=, and
2 ||xvxn)T|| <+ 1ax].) L
2

3
r2

where AX def X — X*.
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Proof: Since X has the same sparsity pattern as X*, we can rewrite it as
XP = 0P X?. We start by proving the first part of the lemma.

Proof of Part 1: Wlog, we will prove the statement for p = 1. Let D
denote the n x n diagonal matrix with

pio{ L XA,
©7 1 0, otherwise.

Using this notation, we have (AX X T) (AX DX T) So, we have:

[(axxm)y| =] @axpxm))|
< |[@xD)| (X7, 1,
< |[(axp)| ||(x7) + +(ax7), |
Y ‘(AXD | <\/%+||AX\| 23")

where ((;) follows from Lemma [C3.8 In order to control H(AXD)\1 , We
observe that it is a matrix with a random number of columns selected bif the
matrix D. In particular, conditioned on {i : D! = 1}, the support of X *Z\l is
independent over s — 1 sparse vectors (and the support of AX is a subset of

the support of X*). Hence we can easily see that

P [H(AXD)“

2>tﬂ—<|{2 Di=1}| <

> t} <P M(AXD)\1 25”}

+[|{i: D=1} < 5ol D=1} 2 27

The first probability can be controlled by appealing to Lemma [£.3.7] while the
second one is bounded through Lemma above. Doing so, we obtain with
probability at least 1 — rexp (—<%) — exp (—ns?/(3r?))
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28_n)

|axp)| <z2)ax].s (—

This proves part 1.

Proof of Part 2: The proof of this is similar to that of part 1. Wlog,
assume p = 1. We have:

| x| =[xy

2 2

< x| 1),

g(XDWhJNLHMXM) %-

For the first term above, we have:

Jeenrt], < ooy

2+WAXDW

2

The second term in this decomposition was controlled above and the
second one can be similarly bounded. Doing so, we obtain with probability at

least 1 — rexp (—<2) — rexp (—:5%) — exp (—ns?/(3r?))

2sn
<251+ 18X S5

WXDW

This proves the lemma. U
Lemma C.3.10. We have the following formula for matrix inversion:

A B]' [A'+A'BMCA' —A'BM
cC D| = —MCA™ M ’

where M def

matriz.

(D —C’A‘lB)_1 is the Schur complement of D in the above
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