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1

C
h
a
p
te
r
1

B
a
ck

g
ro

u
n
d

A
n
im

p
ortan

t
fu
tu
re

electricalstorage
sy
stem

,
electro

ch
em

icalcap
acitors

(E
C
s)

h
ave

attracted
m
u
ch

atten
tion

in
recen

t
years.

[1
–
3
]
A
lth

ou
gh

storin
g
less

en
ergy

p
er

u
n
it
m
ass

th
an

L
i-ion

b
atteries,

E
C
s
can

b
e
rap

id
ly

ch
arged

an
d
d
isch

arged
,
m
ak

in
g

th
em

p
rom

isin
g
for

ap
p
lication

s
w
h
ich

n
eed

faster
an

d
h
igh

er-p
ow

er
en
ergy

tran
s-

fer.
[4
]
G
en
erally,

E
C
s
com

p
rise

electro
d
es

(e.g.
carb

on
,
m
etal-ox

id
es),

electroly
tes

(e.g.
H

2 S
O

4 (aq
)
or

organ
ic

electroly
te/p

rop
y
len

e
carb

on
ate)

an
d
sep

arator.
E
lec-

tro
ch
em

ical
d
ou

b
le

layer
cap

acitors
(E

D
L
C
s)

are
a
com

m
on

ty
p
e
of

E
C
s.

E
D
L
C
s

(also
called

su
p
ercap

acitors)
often

u
tilize

carb
on

-b
ased

active
m
aterials

as
electro

d
es

b
ecau

se
of

th
eir

large
su
rface

area
availab

le
for

ch
arge

storage.
A
m
on

g
th
em

,
carb

on

n
an

otu
b
e
(C

N
T
)
b
ased

E
D
L
C
s
h
ave

ach
ieved

h
igh

en
ergy

an
d
p
ow

er
d
en
sity

n
ot

on
ly

d
u
e
to

th
eir

h
igh

su
rface

area
b
u
t
also

th
eir

ex
cellen

t
con

d
u
ctiv

ity.
In
d
eed

,
C
N
T

m
aterials

are
p
oten

tial
can

d
id
ates

as
electro

d
es

for
a
n
ew

ty
p
e
of

su
p
ercap

acitors.
[5
–
9
]

R
ecen

tly
p
rop

osed
E
D
L
C
s
w
ith

electro
d
es

of
d
en
se,

vertically
align

ed
C
N
T

forests

(F
ig.

1.1)
m
oved

th
ese

stu
d
ies

fu
rth

er.
[1
0
]
A

grou
p
led

b
y
J
o
el

E
.
S
ch
in
d
all

at
M
IT

h
as

d
evelop

ed
com

m
ercialized

su
p
ercap

acitors
b
ased

on
ord

ered
array

s
of

C
N
T
s.

T
h
e
ab

ility
of

an
E
D
L
C

to
store

ch
arge

also
d
ep

en
d
s
on

th
e
ch
oice

of
elec-

troly
te

b
ecau

se
th
e
go

o
d
accessib

ility
of

th
e
electroly

te
ion

s
to

th
e
p
orou

s
su
rface-area

d
ep

en
d
s
on

th
e
size

m
atch

b
etw

een
p
ores

an
d
electroly

te
ion

.
[1
1
]
T
h
erefore,

it
is

im
-
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F
ig
u
re

1
.1
:

C
ro
ss

sectio
n

o
f

ca
rb
o
n

n
a
n
o
tu
b
e

(C
N
T
)

fo
rests,

a
d
a
p
ted

fro
m

h
ttp

:/
/
m
itei.m

it.ed
u
/
n
ew

s/
n
ovel-u

ltra
ca
p
a
cito

r.

p
ortan

t
to

ch
o
ose

an
electroly

te
th
at

is
com

p
atib

le
w
ith

C
N
T

forests.
A
s
a
p
op

u
lar

electroly
te

ch
oice,

th
e
solu

tion
of

tetraeth
y
lam

m
on

iu
m

tetrafl
u
orob

orate
in

p
rop

y
-

len
e
carb

on
ate

h
as

sh
ow

n
p
rom

isin
g
p
relim

in
ary

resu
lts

in
th
e
p
rop

osed
E
D
L
C
s
w
ith

electro
d
es

of
vertically

align
ed

C
N
T

forests.
[1
0
]

D
esp

ite
th
e
large

eff
ort

an
d
rap

id
p
rogress

on
d
evelop

in
g
C
N
T

forests-b
ased

E
D
L
C
s,

ou
r
fu
n
d
am

en
tal

u
n
d
erstan

d
in
g
of

th
e
u
n
d
erly

in
g
m
olecu

lar
m
ech

an
ism

re-

m
ain

s
in
com

p
lete.

[1
2
–
1
5
]
F
or

ex
am

p
le,

alth
ou

gh
m
olecu

le-sp
ecifi

c
ch
oices

for
th
e
elec-

troly
te

an
d
solven

t
are

im
p
ortan

t,
m
olecu

lar-scale
th
eories

to
gu

id
e
an

d
in
terp

ret

th
ose

ch
oices

are
lim

ited
.
[1
6
,1
7
]
E
x
am

p
les

in
clu

d
e
th
e
eff

ect
of

p
ore

size
on

solu
tion

access
an

d
on

th
e
cap

acitan
ce,

th
e
role

of
th
e
electroly

te,
an

d
m
olecu

lar
tim

e-scale

d
y
n
am

ical
p
ro
cesses

th
at

govern
th
e
fastest

resp
on

ses.
[1
3
]



3

F
ig
u
re

1
.2
:
p
ow

er
d
en
sity

a
g
a
in
st

en
erg

y
d
en
sity

fo
r
im

p
o
rta

n
t
en
erg

y
sto

ra
g
e
sy
s-

tem
s.

[1
8
]

1
.1

E
le
ctro

ch
e
m
ica

l
d
o
u
b
le
-la

y
e
r
ca

p
a
cito

rs

In
resp

on
se

to
ch
an

gin
g
glob

al
lan

d
scap

e,
th
e
in
d
u
strial

an
d
scien

tifi
c
com

m
u
-

n
ities

h
ave

b
ecom

e
m
ore

in
terested

in
th
e
su
stain

ab
le
an

d
ren

ew
ab

le
en
ergy

resou
rces,

as
w
ell

as
th
e
d
evelop

m
en
t
of

electric
veh

icles
or

h
y
b
rid

electric
veh

icles
w
ith

low
C
O

2

em
ission

s.
A
s
a
con

seq
u
en
ce,

h
igh

effi
cien

t
electrical

en
ergy

storage
d
ev
ices

an
d
h
ar-

vestin
g
ap

p
lication

s
are

req
u
ired

.
Im

p
ortan

t
en
ergy

storage
sy
stem

s
are

b
atteries,

fu
el

cells,
cap

acitors.
T
h
ey

are
u
su
ally

sh
ow

n
in

a
“R

agon
e
P
lot”

(F
ig.

1.2).
F
u
el

cells
an

d
b
atteries

are
classifi

ed
as

h
igh

en
ergy

d
en
sity

b
u
t
low

p
ow

er
d
en
sity.

C
ap

ac-

itors,
on

th
e
oth

er
h
an

d
,
are

classifi
ed

as
h
igh

p
ow

er
d
en
sity

an
d
low

en
ergy

d
en
sity.

In
recen

t
years,

electro
ch
em

ical
cap

acitors
h
ave

attracted
m
u
ch

atten
tion

m
ain

ly
b
e-

cau
se

th
ey

fi
ll
th
e
gap

b
etw

een
con

ven
tion

al
d
ielectric

cap
acitors

an
d
b
attery

/fu
el

cells.
E
sp
ecially,

th
ey

can
com

p
lem

en
t
b
atteries

w
h
en

h
igh

p
ow

er
d
elivery

or
u
p
take

is
n
eed

ed
.

T
h
e
cap

acitors
can

b
e
fu
rth

er
classifi

ed
as

electrostatic
cap

acitors,
electroly

tic
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cap
acitors

an
d
electro

ch
em

ical
cap

acitors.
T
h
e
fi
rst

tw
o
are

con
ven

tion
al

cap
acitors

w
h
ich

ty
p
ically

in
clu

d
e
tw

o
p
arallel

m
etallic

electro
d
es

sep
arated

b
y
a
d
ielectrics

or

con
d
u
ctive

electroly
te

salt.
E
lectro

ch
em

ical
d
ou

b
le-layer

cap
acitors,

p
art

of
electro-

ch
em

ical
cap

acitors,
are

also
called

u
ltra-cap

acitors,
or

su
p
er-cap

acitors.
G
en
erally,

E
D
L
C
s
con

sists
of

tw
o
electro

d
es,

an
electroly

te,
an

d
a
sep

arator
th
at

electrically

isolates
th
e
tw

o
electro

d
es.

T
h
e
m
ech

an
ism

of
d
ou

b
le-layer

cap
acitan

ce
can

b
e
d
escrib

ed
as

C
=

ε
r ε

0 A

d
or

C
/A

=
ε
r ε

0

d
,

(1.1)

w
ith

th
e
stored

electric
en
ergy,

E
=

12 C
V

2.
T
h
e
ε
r
is
th
e
solven

t
d
ielectric

con
stan

t,

ε
0
is

th
e
d
ielectric

con
stan

t
of

th
e
vacu

u
m
,
d
is

th
e
eff

ective
th
ick

n
ess

of
th
e
d
ou

b
le

layer
(ch

arge
sep

aration
d
istan

ce)
an

d
A

is
th
e
electro

d
e
su
rface

area.

T
h
e
m
ax

im
u
m

p
ow

er
P
m
a
x
for

a
cap

acitor
is
given

b
y
[1
9
,2
0
]

P
m
a
x
=

V
2

4×
E
S
R

,
(1.2)

w
ith

V
th
e
voltage,

E
S
R

is
k
n
ow

n
as

th
e
eq
u
ivalen

t
series

resistan
ce

w
h
ich

is
con

-

trib
u
ted

b
y
cu
rren

t
collectors,

electro
d
es,

an
d
electroly

te.

S
in
ce

th
e
d
ou

b
le-layer

ch
arge

storage
is
a
su
rface

p
ro
cess,

th
e
id
eal

electro
d
es

sh
ou

ld
h
ave

large
sp
ecifi

c
su
rface

area
(S
S
A
).

A
n
oth

er
key

factor
is

h
igh

electron
ic

con
d
u
ctiv

ity
(L
ow

E
S
R
).
T
h
e
p
ractical

can
d
id
ates

are
carb

on
m
aterials,

m
etal-ox

id
es,

con
d
u
ctin

g
p
oly

m
er,

h
y
b
rid

an
d
con

d
u
ctin

g
p
oly

m
ers.

A
m
on

g
th
em

,
activated

car-

b
on

s
are

th
e
m
ost

w
id
ely

u
sed

m
aterials

to
d
ay,

b
ecau

se
of

th
eir

h
igh

S
S
A
,
h
igh

con
d
u
ctiv

ity,
availab

ility,
relatively

low
cost.

B
u
t
activated

carb
on

s
su
ff
er

from
ir-

regu
lar

p
ore

size,
u
n
even

p
ath

,
im

p
u
rities

an
d
d
an

glin
g
b
on

d
s,

con
tact

resistan
ce

etc.
N
an

o-stru
ctu

red
m
aterials,

su
ch

as
carb

on
n
an

otu
b
e,

p
ossess

h
igh

S
S
A

an
d
h
igh
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con
d
u
ctiv

ity,
an

d
can

p
rov

id
e
sh
ort

tran
sp
ort/d

iff
u
sion

p
ath

len
gth

s
for

ion
s
an

d
elec-

tron
s,
lead

in
g
to

faster
k
in
etics,

m
ore

effi
cien

t
con

tact
of

electroly
te

ion
s,
an

d
resu

lts

in
h
igh

ch
arge/d

isch
arge

cap
acities

even
at

h
igh

cu
rren

t
d
en
sities

d
u
e
to

th
e
ord

ered

array
s
of

carb
on

n
an

otu
b
e.

T
h
e
electroly

tes
in

E
D
L
C
s
h
ave

eq
u
al

im
p
ortan

ce
to

electro
d
e
m
aterials.

E
n
-

ergy
d
en
sity

is
largely

d
ep

en
d
en
t
on

th
e
b
reak

d
ow

n
voltage

of
th
e
electroly

te.
E
S
R

is
stron

gly
d
ep

en
d
en
t
on

electroly
te

con
d
u
ctiv

ity.
P
ractically,

an
id
eal

electroly
te

in
E
D
L
C

sh
ou

ld
p
ro
cess

h
igh

b
reak

d
ow

n
voltage,

h
igh

con
d
u
ctiv

ity,
low

volatil-

ity,
low

tox
icity,

low
cost

as
w
ell

as
availab

ility
at

h
igh

p
u
rity.

C
u
rren

tly,
th
ere

are
th
ree

ty
p
es

of
electroly

tes
in

u
se

in
E
D
L
C
s:

organ
ic,

aq
u
eou

s
an

d
ion

ic
liq

u
id
s

(IL
s).

A
q
u
eou

s
electroly

te
(su

ch
as

H
2 S
O

4 ,
N
a
2 S
O

4 ,
K
O
H

an
d
N
H

4 C
l)

h
ave

h
igh

con
d
u
ctiv

ity
an

d
h
igh

ion
ic

con
cen

tration
w
h
ich

m
ean

s
h
igh

p
ow

er
d
en
sity,

b
u
t
su
f-

fer
low

b
reak

d
ow

n
voltage

(�
1V

)
w
h
ich

lim
it

b
oth

th
e
en
ergy

d
en
sity

an
d
p
ow

er

d
en
sity.

T
h
e
b
reak

d
ow

n
voltage

of
an

organ
ic

electroly
te

can
b
e
as

h
igh

as
�

3.0V

w
h
ich

largely
in
creases

th
e
p
ow

er
an

d
en
ergy

storage.
T
h
is

is
w
h
y
organ

ic
elec-

troly
tes

are
ch
osen

in
m
ost

com
m
ercial

d
ev
ices.

A
m
on

g
organ

ic
electroly

tes,
aceton

i-

trile
an

d
p
rop

y
len

e
carb

on
ate

(P
C
)
are

th
e
m
ost

com
m
on

ly
u
sed

solven
ts.

A
ceton

i-

trile
can

d
issolve

larger
am

ou
n
ts

of
salt

th
an

oth
er

solven
ts,

b
u
t
su
ff
ers

from
h
igh

volatility,
en
v
iron

m
en
tal

an
d
tox

icity
p
rob

lem
s.

P
C
-b
ased

electroly
tes

are
frien

d
ly

to
th
e
en
v
iron

m
en
t
an

d
can

off
er

a
w
id
e
electro

ch
em

ical
w
in
d
ow

,
a
w
id
e
ran

ge
of

op
eratin

g
tem

p
eratu

re,
as

w
ell

as
go

o
d
con

d
u
ctiv

ity.
B
esid

es,
organ

ic
salts

su
ch

as

tetra-eth
y
lam

m
on

iu
m

tetra-fl
u
orob

orate,
tetra-eth

y
lp
h
osp

h
on

iu
m

tetra-fl
u
orob

orate,

an
d
tri-eth

y
lm

eth
y
lam

m
on

iu
m

tetra-fl
u
orob

orate
(T

E
M
A
B
F
4 )

h
ave

also
b
een

u
sed

in
E
D
L
C

electroly
tes.

H
ow

ever,
th
e
en
ergy

storage
of

E
D
L
C
s
can

b
e
sign

ifi
can

tly

w
eaken

ed
b
y
ju
st

a
tin

y
am

ou
n
t
(>

10
p
p
m
)
of

w
ater.

[2
1
]
S
o
h
igh

-p
u
rity

of
organ

ic

electroly
te

is
a
key.
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Ion
ic
liq

u
id
s
are

p
rom

isin
g
electroly

te
in

th
e
fu
tu
re

b
ecau

se
of

its
h
igh

er
b
reak

-

d
ow

n
voltage∼

4.5V
.
[2
2
]
B
u
t
th
e
d
raw

b
ack

of
cu
rren

t
ion

ic
liq

u
id
s
as

th
e
electroly

te

are
ob

v
iou

s
su
ch

as
low

electroly
te

con
d
u
ctiv

ity
in

th
e
ran

ge
b
etw

een−
30 ◦

an
d
+
60 ◦,

w
h
ere

b
atteries

an
d
su
p
ercap

acitors
are

m
ain

ly
u
sed

.
[2
3
]

In
fact,

electro
d
es

an
d
electroly

tes
in

E
D
L
C
s
are

closely
asso

ciated
w
ith

each

oth
er.

T
h
e
m
ob

ility
of

ion
s
in

p
ores

an
d
th
e
ab

ility
of

ch
arge

storage
in

electro
d
es

are

greatly
d
ep

en
d
en
t
on

th
e
accessib

ility
of

th
e
ion

s
of

electroly
te

to
th
e
p
orou

s
su
rface-

area
of

electro
d
es.

If
th
e
sizes

of
p
ores

are
to
o
sm

all,
electroly

te
ion

s
w
ill

n
ot

p
ass

th
rou

gh
th
e
p
ores.

A
s
a
resu

lt,
th
e
actu

al
cap

acitan
ce

w
ill

b
e
m
u
ch

low
er.

T
h
u
s,
th
e

op
tim

al
d
istrib

u
tion

of
p
ore

size
d
ep

en
d
s
on

th
e
size

of
ion

s.
[2
,1
1
,2
4
]

T
h
e
im

p
ortan

ce
of

th
e
solven

t
w
as

also
th
e
su
b
ject

of
a
p
articu

larly
in
terestin

g

stu
d
y
[2
5
]
of

th
e
agin

g
b
eh
av
ior

of
E
D
L
C
s
b
ased

on
activated

carb
on

electro
d
es

b
ou

n
d

w
ith

p
oly

(tetrafl
u
oro

eth
y
len

e)
in

electroly
te

solu
tion

s
b
ased

on
aceton

itrile
(A

N
)
an

d

p
rop

y
len

e
carb

on
ate

(P
C
)
at

a
con

stan
t
elevated

cell
voltage

of
3.5V

.
S
ign

ifi
can

t
m
o
d
-

ifi
cation

s
of

th
e
electro

d
e
su
rface

w
ere

ob
served

an
d
p
rov

id
ed

clear
ev
id
en
ce

for
th
e

d
ep

osition
of

electroly
te

d
egrad

ation
p
ro
d
u
cts

on
th
e
electro

d
es.

It
w
as

fou
n
d
th
at

th
e
en
h
an

ced
agin

g
rate

of
sy
m
m
etric

E
D
L
C
s
in

eith
er

solven
t
at

elevated
voltages

is
d
om

in
ated

b
y
th
e
agin

g
of

a
sin

gle
electro

d
e,

an
d
th
at

th
e
p
olarity

of
th
is
lim

itin
g

electro
d
e
d
ep

en
d
s
d
irectly

on
th
e
solven

t.
C
learly,

several
b
asic

p
h
y
sical

ch
em

istry

issu
es

asso
ciated

w
ith

th
eir

fu
n
ction

an
d
th
e
role

of
th
e
solu

tion
h
ave

n
ot

b
een

ch
ar-

acterized
at

a
m
olecu

lar
level

th
at

w
ou

ld
b
e
relevan

t
to

th
e
d
esign

of
th
ese

sy
stem

s.

1
.1
.1

F
o
cu

se
s
fo
r

T
h
e
o
ry

&
M

o
d
e
lin

g
a
n
d

S
o
m
e

P
re
v
io
u
s

W
o
rk

T
h
eory

an
d
m
o
d
elin

g
of

E
D
L
C
s
got

a
b
ig

im
p
etu

s
b
y
th
e
an

n
ou

n
cem

en
t
of

“an

an
om

alou
s
in
crease

in
carb

on
cap

acitan
ce

at
p
ore

sizes
less

th
an

1
n
an

om
eter”

w
ith

carb
id
e-d

erived
am

orp
h
ou

s
carb

on
as

electro
d
e
m
aterial.

[2
6
]
Y
an

g,
et

al.,
[1
3
]
p
roved
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th
e
feasib

ility
of

m
olecu

lar-scale
com

p
u
tation

al
sim

u
lation

of
E
D
L
C
s
b
ased

on
C
N
T

forests,
an

d
ob

tain
ed

cap
acitan

ce
m
agn

itu
d
es

in
rem

arkab
ly

close
agreem

en
t
th
e
ex
-

p
erim

en
t.

[2
7
]
B
eyon

d
con

sen
su
s
on

reason
ab

le
m
agn

itu
d
es,

th
e
“an

om
alou

s
in
crease”

h
as

n
ot

b
een

u
n
iversally

ob
served

;
sp
ecifi

cally
[2
8
]
“T

h
e
stu

d
y
of

28
p
orou

s
carb

on
s

sh
ow

s
th
at

th
e
sp
ecifi

c
cap

acitan
ce

in
th
e
electroly

te
(C

2 H
5 )

4 N
B
F
4 /aceton

itrile
is

relatively
con

stan
t
b
etw

een
0.7

an
d
15

n
m

(0.094±
0.011

F
m

−
2).

T
h
e
in
crease

in

p
ores

b
elow

1
n
m

an
d
th
e
low

er
valu

es
b
etw

een
1
an

d
2
n
m

rep
orted

earlier
are

n
ot

ob
served

in
th
e
p
resen

t
w
ork

.”
T
h
ou

gh
28

d
iff
eren

t
p
orou

s
carb

on
s
w
ere

stu
d
ied

,
th
e

grou
p
origin

atin
g
th
e
“an

om
alou

s
in
crease”

an
n
ou

n
cem

en
t
su
ggests

[2
9
]th

at
th
ose

n
u
ll

ob
servation

s
are

d
u
e
to

“...com
p
arison

of
d
ata

ob
tain

ed
w
ith

variou
s
carb

on
s
w
ith

b
road

p
ore

size
d
istrib

u
tion

s
an

d
in

d
iff
eren

t
electroly

tes.”
T
h
e
origin

al
n
u
ll
claim

h
as

b
een

re-asserted
.
[3
0
]

T
h
ere

h
as

b
een

an
avalan

ch
e
of

resp
on

d
in
g
m
o
d
elin

g
w
ork

.
[3
1
–
5
4
]
O
f
cou

rse,

m
o
d
elin

g
calcu

lation
s
are

n
ot

ex
p
ected

to
p
rove

or
d
isp

rove
a
sp
ecifi

c
con

ten
tiou

s

ex
p
erim

en
tal

featu
re.

In
d
eed

,
th
e
availab

le
m
o
d
elin

g
calcu

lation
s
all

ad
op

t
sim

p
lifi

-

cation
s
th
at

th
em

selves
d
eserve

scru
tin

y
an

d
p
ro
of.

B
u
t
accu

m
u
latin

g
im

p
rovem

en
ts

of
th
e
sim

u
lation

an
d
th
eory

serve
to

d
evelop

a
b
etter

grou
n
d
ed

p
h
y
sical

u
n
d
erstan

d
-

in
g
th
at

can
lead

to
a
correct

assessm
en
t
an

d
in
tegration

of
th
e
variou

s
resu

lts.
T
h
e

“an
om

alou
s
in
crease”

issu
e
m
ay

b
e
a
can

d
id
ate

for
resolu

tion
in

th
at

in
crem

en
tal

fash
ion

.T
h
u
s,

th
eory

an
d

m
o
d
elin

g
n
eed

s
to

b
e
d
evelop

ed
an

d
im

p
roved

for
th
ese

ap
p
lication

s.
A
s
w
e
h
ave

d
iscu

ssed
elsew

h
ere

h
ere,

an
im

p
ortan

t
featu

re
of

E
D
L
C
s
is

th
eir

p
rom

p
t
resp

on
se.

T
h
is
su
ggests

th
at

th
eir

d
y
n
am

icalp
erform

an
ce

is
a
go

o
d
top

ic

for
fu
rth

er
stu

d
y,

in
clu

d
in
g
th
e
gen

eral
tran

sp
ort

ch
aracteristics

of
th
ese

solu
tion

s

b
u
t
also

th
e
d
y
n
am

ic
fi
llin

g
of

p
ore-sp

aces
in

E
D
L
C
s.

In
d
eed

,
p
reced

in
g
th
eory

an
d

m
o
d
elin

g
w
ork

h
as

m
an

ifestly
avoid

ed
stu

d
y
of

th
e
d
y
n
am

ics
relevan

t
to

th
e
fu
n
ction
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of
E
D
L
C
s.

F
or

ex
am

p
le,

w
id
e-sp

read
en
th
u
siasm

for
ion

ic
liq

u
id

fi
llin

g
solu

tion
s

ty
p
ically

overlo
ok

s
th
e
im

p
ortan

t
featu

re
th
at

ion
ic

liq
u
id
s
w
ill

alm
ost

su
rely

red
u
ce

th
e
con

d
u
ctiv

ity
of

th
e
solu

tion
.

1
.2

M
o
le
cu

la
r
th

e
o
ry

o
f
a
sso

cia
te
d

e
le
ctro

ly
te

so
-

lu
tio

n
s

1
.2
.1

M
cM

illa
n
-M

a
y
e
r
th

e
o
ry

T
h
e
m
o
d
erm

startin
g
p
oin

t
for

u
n
d
erstan

d
in
g
electroly

te
solu

tion
s
is
M
cM

illan
-

M
ayer

(M
M
)
th
eory,

d
evelop

ed
b
y
W

.
G
.
M
cM

illan
an

d
J
.
E
.
M
ayer

in
1945.

[5
5
,5
6
]M

M

th
eory

is
set

in
th
e
con

tex
t
of

th
e
classical

th
erm

o
d
y
n
am

ics.
A
n
electroly

te
solu

tion

is
ch
aracterized

b
y
th
e
state

(T
,
V
,
N
,
μ
0 ),

w
h
ere

T
is

th
e
tem

p
eratu

re
,
N

is
th
e

m
ole-n

u
m
b
er

of
solu

tes
an

d
V

is
th
e
volu

m
e,
μ
0
is
th
e
solven

t
ch
em

ical
p
oten

tial.
M
M

th
eory

su
p
p
orts

th
e
com

m
on

m
o
d
e
th
at

th
e
solven

t
is

treated
as

d
ielectric

m
ed
iu
m

in
w
h
ich

th
e
solu

tes
are

d
istrib

u
ted

.
T
h
en
,
an

electroly
te

solu
tion

is
treated

as
“an

im
p
erfect

gas
w
h
ere

th
e
vacu

u
m

h
as

b
een

rep
laced

b
y
a
solven

t”.
[5
7
]
In

a
m
olecu

-

lar
sim

u
lation

lan
gu

age,
th
e
solven

t
co
ord

in
ates

of
th
e
solu

tion
are

ex
clu

d
ed

from

th
e
m
olecu

lar
d
y
n
am

ics
(M

D
)
or

ab
in
itio

m
olecu

lar
d
y
n
am

ics
(A

IM
D
)
sim

u
lation

.

S
in
ce

th
e
solven

t
ch
em

ical
p
oten

tial
d
u
rin

g
th
e
ch
argin

g
p
ro
cess

is
con

sid
ered

to
b
e

con
stan

t,
M
M

th
eory

is
very

con
ven

ien
t
in

electroly
te

th
erm

o
d
y
n
am

ics.

M
M

th
eory

is
a
p
in
n
acle

of
coarse-grain

in
g
for

th
e
statistical

m
ech

an
ics

of
so-

lu
tion

s
an

d
ach

ieves
a
vast

con
cep

tu
al

sim
p
lifi

cation
for

th
e
th
eory

of
electroly

te
so-

lu
tion

s.
“P

rim
itive

m
o
d
el”

is
th
en

sy
n
on

y
m
ou

s
[5
6
,5
8
]
w
ith

“M
cM

illan
-M

ayer
m
o
d
el.”

F
or

p
rim

itive
m
o
d
els,

fu
rth

erm
ore,

an
en
orm

ou
s
literatu

re
of

sop
h
isticated

th
eory

is
availab

le.
[5
9
,6
0
]
F
or

ex
am

p
le,

D
eb
ye-H

ü
ckel

th
eory

[6
1
]
gave

accu
rate

p
red

iction
s
of

m
ean

activ
ity

co
effi

cien
ts

for
ion

s
in

d
ilu

te
solu

tion
.
It

m
igh

t
b
e
argu

ed
th
at

n
o
sac-
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rifi
ce

of
m
olecu

lar
realism

is
im

p
lied

b
y
th
e
M
cM

illan
-M

ayer
th
eory.

H
ow

ever,
th
at

th
eory

h
as

n
ot

b
een

u
sed

sp
ecifi

cally
to

con
stru

ct
a
p
rim

itive
m
o
d
el

for
a
sy
stem

of

ex
p
erim

en
tal

in
terest.

[6
2
]
In
d
eed

,
a
catalog

of
th
e
m
u
lti-b

o
d
y
p
oten

tials
im

p
lied

b
y
a

literal
M
cM

illan
-M

ayer
ap

p
roach

w
ou

ld
b
e
p
roh

ib
itive

b
y
itself.

[6
3
]

B
eyon

d
p
rim

itive
m
o
d
els,

th
e
realism

of
m
olecu

lar
m
o
d
els

th
at

are
stu

d
ied

varies
over

a
vast

ran
ge.

In
ju
d
gin

g
m
olecu

lar
realism

,
a
n
otab

le
ch
aracteristic

is

w
h
eth

er
th
e
m
o
d
el

p
erm

its
p
red

iction
of

th
e
resu

lts
of

stru
ctu

ral
ex
p
erim

en
ts

th
at

reason
ab

ly
m
igh

t
b
e
ex
p
ected

.
A
tom

ic
resolu

tion
m
o
d
els

are
ty
p
ically

req
u
ired

to

treat
X
-ray

an
d
n
eu
tron

scatterin
g
ex
p
erim

en
ts

on
solu

tion
s.

R
IS
M

th
eories

[6
4
]
an

d

m
olecu

lar
sim

u
lation

[6
5
,6
6
]
h
ave

b
een

ex
p
loited

for
th
ose

p
u
rp
oses.

If
ap

p
rox

im
ate

th
eories

or
m
eth

o
d
s
h
ave

su
ffi
cien

t
p
h
y
sical

clarity,
th
en

th
ey

off
er

th
e
ad

van
tage

of

testin
g
p
h
y
sical

id
eas

b
y
com

p
arison

w
ith

ex
p
erim

en
tal

resu
lts.

1
.2
.2

Q
u
a
si-C

h
e
m
ica

l
T
h
e
o
ry

R
ecen

t
d
evelop

m
en
ts

of
q
u
asi-ch

em
ical

th
eory

off
er

an
altern

ative
w
ay

to
th
e

th
eory

of
solu

tion
s
from

a
m
olecu

lar
scale.

[6
7
–
7
1
]
T
h
e
m
a
jor

targets
of

q
u
asi-ch

em
ical

th
eory

are
solvation

free
en
ergies

from
a
w
id
e
variety

of
sim

u
lation

record
s
ob

tain
ed

w
ith

tech
n
iq
u
es

su
ch

as
m
olecu

lar
d
y
n
am

ics
w
ith

an
em

p
irical

force
fi
eld

or
ab

in
itio

M
D
sim

u
lation

s.
A
m
ain

featu
re

of
th
e
th
eory

is
th
e
sep

aration
of

th
e
n
eigh

b
orh

o
o
d
of

th
e
solu

te
in
to

an
in
n
er

sh
ell

an
d
ou

ter
sh
ell.

T
h
is
sep

aration
allow

s
th
e
solvation

free

en
ergy

to
b
e
d
issected

in
to

sep
arate

con
trib

u
tion

s
w
ith

clear
p
h
y
sical

m
ean

in
gs:

sh
ort

ran
ge

ch
em

ical
an

d
p
ack

in
g
con

trib
u
tion

,
b
u
t
also

fu
rth

er
lon

g
ran

ge.
D
ep

en
d
in
g
on

th
e
availab

le
sim

u
lation

d
ata

som
e
of

th
ese

con
trib

u
tion

s
can

b
e
calcu

lated
sp
ecifi

cally

in
d
etail,

w
h
ile

oth
ers

can
b
e
h
an

d
led

w
ith

p
h
y
sically

m
otivated

ap
p
rox

im
ation

s.
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1
.3

M
o
le
cu

la
r
M

o
d
e
lin

g

M
olecu

lar
m
o
d
elin

g
fo
cu
ses

on
atom

istic
level

d
escrip

tion
of

m
olecu

lar
sy
s-

tem
s
th
rou

gh
a
large

variety
of

th
eoretical

m
eth

o
d
s
an

d
com

p
u
tation

al
tech

n
iq
u
es.

T
h
is

d
escrip

tion
p
rov

id
es

an
ap

p
licab

le
w
ay

to
com

p
u
te

th
e
m
acroscop

ic
b
eh
av
ior

from
m
icroscop

ic
in
teraction

s.
F
or

ex
am

p
le,

m
acroscop

ic
ob

servab
les

(e.g.
solvation

en
ergy

)
can

b
e
ob

tain
ed

from
th
e
average

of
ob

servab
les

over
selected

m
icroscop

ic

states.
W

ith
reason

ab
le

m
o
d
elin

g
on

a
m
icroscop

ic
level,

on
e
can

u
n
d
erstan

d
an

d

in
terp

ret
th
e
ex
p
erim

en
tal

resu
lts.

F
u
rth

erm
ore,

on
e
m
ay

b
e
ab

le
to

q
u
an

titatively

estim
ate

ex
p
erim

en
tal

resu
lts

an
d
in
terp

olate
or

ex
trap

olate
ex
p
erim

en
tal

d
ata

in
to

ex
p
erim

en
tally

in
accessib

le
region

s.

M
olecu

lar
m
o
d
elin

g
m
eth

o
d
s
are

u
su
ally

d
iv
id
ed

in
to

m
olecu

lar
d
y
n
am

ics

(M
D
),

M
on

te
C
arlo

(M
C
)
m
eth

o
d
s.

M
o
d
ern

m
eth

o
d
s
b
len

d
th
ese

tw
o
ap

p
roach

es

togeth
er

in
ap

p
rop

riate
w
ay
s.

[6
5
,6
6
]

T
h
ere

are
tw

o
m
ain

fam
ilies

of
M
D

m
eth

o
d
s,

w
h
ich

can
b
e
d
istin

gu
ish

ed
ac-

cord
in
g
to

th
e
m
o
d
el
(an

d
th
e
resu

ltin
g
m
ath

em
atical

form
alism

)
ch
osen

to
rep

resen
t

a
p
h
y
sical

sy
stem

.
In

th
e
‘classical’

m
ech

an
ics

ap
p
roach

to
M
D

sim
u
lation

s
m
olecu

les

are
treated

as
classical

ob
jects.

T
h
e
m
icroscop

ic
b
eh
av
iors

of
an

N
-p
article

sy
stem

are
ob

tain
ed

b
y
n
u
m
erically

solv
in
g
th
e
N
ew

ton
’s

eq
u
ation

s
of

m
otion

for
a
sy
stem

of
in
teractin

g
p
articles,

w
h
ere

forces
b
etw

een
th
e
p
articles

an
d
p
oten

tial
en
ergy

are

d
eterm

in
ed

b
y
em

p
irical

force
fi
eld

s.
In

th
e
‘q
u
an

tu
m
’
or

‘fi
rst-p

rin
cip

les’
M
D

sim
u
-

lation
s,
w
h
ich

started
in

th
e
1980s

w
ith

th
e
w
ork

of
C
ar

an
d
P
arin

ello,
th
e
q
u
an

tu
m

n
atu

re
of

th
e
ch
em

ical
b
on

d
is

accou
n
ted

for.
T
h
e
electron

d
en
sity

fu
n
ction

for
th
e

valen
ce

electron
s
th
at

d
eterm

in
e
b
on

d
in
g
in

th
e
sy
stem

is
com

p
u
ted

u
sin

g
q
u
an

tu
m

eq
u
ation

s,
w
h
ereas

th
e
d
y
n
am

ics
of

ion
s
(n
u
clei

w
ith

th
eir

in
n
er

electron
s)

is
fol-

low
ed

classically.
Q
u
an

tu
m

M
D

sim
u
lation

s
rep

resen
t
an

im
p
ortan

t
ad

van
ce

over
th
e

classical
ap

p
roach

sin
ce

th
en

d
o
n
ot

rely
on

p
reset

force
fi
eld

s
as

classical
M
D

d
o
es.
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H
ow

ever,
th
ey

req
u
ire

m
ore

com
p
u
tation

al
resou

rces.
A
t
p
resen

t
on

ly
th
e
classical

M
D

is
p
ractical

for
sim

u
lation

s
of

m
olecu

lar
sy
stem

s
com

p
risin

g
m
an

y
th
ou

san
d
s
of

atom
s
over

tim
e
scales

of
n
an

osecon
d
s.

In
b
oth

m
olecu

lar
d
y
n
am

ics
m
eth

o
d
s,

th
e
su
ccessive

con
fi
gu

ration
s
of

th
e

sy
stem

are
con

n
ected

in
tim

e
b
y

solv
in
g
N
ew

ton
ian

eq
u
ation

s
of

m
otion

an
d
/or

S
ch
röd

in
ger’s

eq
u
ation

,
i.e.,

th
e
state

of
th
e
sy
stem

at
fu
tu
re

tim
es

is
p
red

icted
from

its
cu
rren

t
state.

H
ow

ever,
in

M
C

m
eth

o
d
,
th
e
su
ccessive

con
fi
gu

ration
s
of

th
e
sy
s-

tem
is

a
ran

d
om

ly
gen

erated
con

fi
gu

ration
d
eterm

in
ed

b
y
a
sp
ecial

set
of

criteria

(G
en
erally,

th
e
con

fi
gu

ration
w
ith

low
er

p
oten

tial
en
ergy

is
p
referred

).
In

an
oth

er

w
ord

s,
th
e
cu
rren

t
state

of
sy
stem

d
ep

en
d
s
on

ly
u
p
on

its
im

m
ed
iate

p
red

ecessor.
M
C

m
eth

o
d
fu
n
d
am

en
tally

req
u
ires

a
d
escrip

tion
of

th
e
p
oten

tial
en
ergy

of
a
given

m
olec-

u
lar

con
fi
gu

ration
as

classical
M
D

m
eth

o
d
d
o
es,

b
u
t
calcu

lation
s
ach

ieve
th
at

in
a

vast
variety

of
w
ay
s.

1
.4

O
u
tlin

e

T
h
is

research
is

aim
ed

to
stu

d
y
th
e
electro

ch
em

ical
d
ou

b
le-layer

cap
acitors

b
ased

on
carb

on
n
an

otu
b
e
forests

in
th
e
m
olecu

lar
level.

T
h
is

req
u
ires

a
d
etailed

u
n
d
erstan

d
in
g
of

electroly
te

solu
tion

th
eories,

in
terfacial

b
eh
av
ior

of
solven

t,
an

d

ch
argin

g
an

d
d
isch

argin
g
p
ro
cesses.

D
evelop

ed
w
ith

ex
p
erim

en
tal

resu
lts,

w
e
attem

p
t

to
off

er
b
etter

u
n
d
erstan

d
in
g
on

th
e
m
olecu

lar
m
ech

an
ism

of
C
N
T
-b
ased

E
D
L
C
s
an

d

th
erefore

off
er

a
feasib

le
strategy

for
E
D
L
C

d
esign

.

T
h
ere

are
fou

r
m
a
jor

step
s
in

th
is

th
esis:

fi
rst,

w
e
w
ill

d
evelop

a
P
oisson

statistical
th
eory

to
treat

an
ion

-p
airin

g
m
o
d
el

an
d
test

it
for

T
E
A
B
F
4 /P

C
solu

tion
s

(F
ig:

1.3);
S
econ

d
ly,

sim
u
lation

s
of

solven
t
P
C
to

u
n
d
erstan

d
its

in
terfacial

p
rop

erties;

in
th
e
th
ird

p
art,

w
e
w
ill

ex
p
lore

th
e
m
olecu

lar
m
ech

an
ism

of
E
D
L
C
s
b
ased

on
C
N
T

forests,
in
clu

d
in
g
a
fu
ll
ch
arge

an
d
d
isch

arge
cy
cle;

last,
a
m
u
lti-scale

th
eory

w
ill
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F
ig
u
re

1
.3
:

p
ro
p
y
len

e
ca
rb
o
n
a
te

(P
C
)
en
a
n
tio

m
er

w
ith

ato
m

la
b
elin

g
u
sed

in
th
is

stu
d
y.

P
C

is
a
n
o
n
-rea

ctive,
low

-tox
icity,

a
p
ro
tic,

h
ig
h
ly

p
ola

r
d
ielectric

so
lven

t
w
id
ely

u
sed

in
n
o
n
a
q
u
eo
u
s
electro

ch
em

ica
l
sy
stem

s.
T
h
e
T
E
A
B
F
4
sa
lt

co
n
sists

o
f
ca
tio

n
(T

E
A

+
)
a
n
d
an

ion
(B

F
−4
)
a
s
electro

ly
te

fo
r
u
ltra

ca
p
a
cito

r.

b
e
p
rop

osed
to

in
volve

th
e
tim

e-an
d
-scale-lim

ited
A
IM

D
m
eth

o
d
s
in
to

ou
r
E
D
L
C
s

stu
d
ies.Ion

asso
ciation

is
on

e
im

p
ortan

t
su
b
ject

for
p
h
y
sical

u
n
d
erstan

d
in
g
of

elec-

troly
tes.

In
C
h
ap

ter
2,

a
P
oisson

statistical
ap

p
rox

im
ation

is
ob

tain
ed
,
gen

eralizin
g

th
e
w
ell

k
n
ow

n
F
u
oss

ion
-p
airin

g
m
o
d
el.

T
h
e
m
o
d
el

is
tested

u
sin

g
tw

o
d
istin

ct

sim
u
lation

d
ata

sets.
T
h
ese

sim
u
lation

s
treated

solu
tion

s
of

T
E
A
B
F
4 /P

C
,
on

e
at

atom
ic

resolu
tion

an
d
th
e
oth

er
on

th
e
b
asis

of
a
p
rim

itive
electroly

te
solu

tion
m
o
d
el

over
a
ran

ge
of

con
cen

tration
s.

T
h
is

stu
d
y
is

u
sefu

l
to

ch
aracterize

th
e
in
terion

ic

n
eigh

b
orsh

ip
.

In
C
h
ap

ter
3,

w
e
ex
h
au

stively
stu

d
ied

th
e
in
terfacial

b
eh
av
iors

of
solven

t
P
C
.

P
C
-grap

h
ite

con
tact

an
gle

w
as

evalu
ated

b
y
b
oth

M
D

sim
u
lation

an
d
ex
p
erim

en
ts.

A
greem

en
t
w
as

ach
ieved

b
y
ad

ju
stin

g
th
e
L
en
n
ard

-J
on

es
in
teraction

b
etw

een
P
C
an

d
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grap
h
ite

carb
on

atom
s.

S
im

u
lation

s
of

P
C
liq

u
id
-vap

or
in
terface

p
rov

id
es

th
e
su
rface

ten
sion

s,
m
olecu

lar
stru

ctu
res

on
th
e
in
terface

layer.
T
ogeth

er
w
ith

th
e
b
u
lk

liq
u
id

P
C

sim
u
lation

,
th
is

stu
d
y
serves

as
a
p
rep

aration
for

con
stru

ctin
g
a
feasib

le
sim

u
lation

m
o
d
el

of
C
N
T
-b
ased

E
D
L
C
s.

T
h
e
d
irect

sim
u
lation

s
of

fi
llin

g
of

E
D
L
C
s
b
ased

on
C
N
T

w
ill

b
e
rep

orted
in

C
h
ap

ter
4.

W
e
lo
oked

in
to

th
e
ch
argin

g
an

d
d
isch

argin
g
cy
cle,

con
sid

ered
th
e
p
os-

sib
ility

of
b
u
b
b
le

form
ation

an
d
an

aly
zin

g
th
e
rates

of
ch
argin

g
resp

on
se.

T
ran

sp
ort

b
eh
av
iors

for
ion

s
an

d
solven

t
w
ere

accessed
from

h
igh

resolu
tion

sim
u
lation

s.
T
h
e

m
em

ory
fu
n
ction

of
P
C

id
en
tifi

es
th
e
role

of
lon

g-ran
ged

in
teraction

eff
ects,

w
h
ich

h
ave

b
een

called
‘d
ielectric

friction
’
in

oth
er

settin
g.

C
on

sid
erin

g
P
C

m
olecu

les
are

n
ot

ion
s
an

d
th
e
in
terests

for
th
e
b
asic

th
eory

of
liq

u
id
s,

w
e
b
road

en
ou

r
m
em

ory

kern
el

stu
d
ies

to
th
ree

oth
er

p
op

u
lar

solven
ts,

eth
y
len

e
carb

on
ate,

aceton
itrile,

an
d

w
ater.

W
ith

th
e
in
terest

in
ch
em

ical
p
rop

erties
of

E
D
L
C
s,
th
e
fi
n
al

ch
ap

ter
d
iscu

sses

a
m
u
lti-scale

th
eory

to
ap

p
ly

A
IM

D
m
eth

o
d
s
to

electroly
te

solu
tion

s.
S
everal

th
eoret-

ical
sp
ecifi

cs,
M
cM

illan
-M

ayer
th
eory,

th
e
p
oten

tial
d
istrib

u
tion

ap
p
roach

,
an

d
q
u
asi-

ch
em

ical
th
eory,

are
d
evelop

ed
h
ere.

T
h
e
A
p
p
en
d
ix

A
gives

an
accessib

le
d
erivation

of
th
e
M
M

th
eory

resu
lts

u
sed

h
ere;

A
p
p
en
d
ices

B
an

d
C
p
resen

t
tech

n
ical

featu
res

of

th
e
p
oten

tial
d
istrib

u
tion

th
eory

an
d
q
u
asi-ch

em
ical

th
eory,

resp
ectively,

req
u
ired

in

th
e
m
ain

tex
t.

S
ec.

5.3
gives

a
d
em

on
stration

of
th
e
resu

lts
ob

tain
ed

for
th
e
p
rim

itive

electroly
te

solu
tion

m
o
d
el

(T
E
A
B
F
4 /P

C
).
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C
h
a
p
te
r
2

G
e
n
e
ra

liza
tio

n
s
o
f
th

e
F
u
o
ss

A
p
p
ro
x
im

a
tio

n
fo
r
Io
n

P
a
irin

g

2
.1

In
tro

d
u
ctio

n

A
sso

ciation
of

ion
ic

sp
ecies

in
electroly

tes
is

com
m
on

in
n
on

-aq
u
eou

s
solu

-

tion
s.

[7
2
]
A
s
an

ex
am

p
le,

th
e
con

cen
tration

of
satu

rated
tetra-eth

y
lam

m
on

iu
m

tetra-

fl
u
orob

orate
in

p
rop

y
len

e
carb

on
ate

u
n
d
er

stan
d
ard

con
d
ition

s
is
ab

ou
t
[7
3
]0.86

m
ol/d

m
3,

an
d
d
irect

n
u
m
erical

sim
u
lation

at
th
e
su
p
ersatu

rate
state

of
1
m
ol/d

m
3
(F

IG
.
2.1)

sh
ow

s
in
terestin

g
clu

sterin
g
eff

ects
(F

IG
.
2.2).

N
ote

(u
p
p
er

p
an

el)
th
at

th
e
aver-

age
B
-o
ccu

p
an

cy
of

a
n
atu

rally
d
efi
n
ed

N
-in

n
er

sh
ell

is
ab

ou
t
2,

an
d
th
at

is
clearly

tru
e
also

of
th
e
average

N
-o
ccu

p
an

cy
of

a
n
atu

rally
d
efi
n
ed

B
-in

n
er

sh
ell

is
ab

ou
t

2.
T
h
is

su
ggests

a
n
atu

ral
m
icrostru

ctu
ral

organ
ization

on
th
e
b
asis

of
form

ation
of

(cation
-an

ion
)
ch
ain

s.

Ion
clu

sterin
g
h
as

lon
g
b
een

an
essen

tial
in
gred

ien
t
of

ou
r
p
h
y
sical

u
n
d
erstan

d
-

in
g
of

electroly
te

solu
tion

s
at

elevated
con

cen
tration

s,
[7
2
,7
7
–
8
6
]
T
o
d
escrib

e
p
airin

g
of

a

cou
n
ter-ion

of
ty
p
e
γ
w
ith

a
co-ion

of
ty
p
e
α
,
w
e
fo
cu
s
on

th
e
rad

ial
d
istrib

u
tion

of
th
e

closest
γ
-ion

to
a
d
istin

gu
ish

ed
α
-ion

.
W
e
d
en
ote

th
at

n
orm

alized
rad

ial
d
istrib

u
tion
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F
ig
u
re

2
.1
:

S
n
a
p
sh
o
ts

fo
r
sim

u
la
tio

n
m
o
d
el

o
f
b
u
lk

tetra
-eth

y
la
m
m
o
n
iu
m

tetra
-

fl
u
o
ro
b
ora

te
in

p
ro
p
y
len

e
ca
rb
o
n
a
te.

S
im

u
la
tio

n
d
eta

ils
a
re

sp
ecifi

ed
in

S
ec:

2
.5
.1
.
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2 4 6 8 10 12

0
0.4

0.8
1.2

r
(n
m
)

g
N
B
(r)

g
(1
)

B|N
(r)

g
B
B
(r)

g
N
N
(r)

n
N
B
(r)

g
+−

(r)

g
(1
)

−|+
(r)

g−−
(r)

g
+
+
(r)

n
+−

(r)

2 4 6 8 10 12

0
0.4

0.8
1.2

r
(n
m
)

F
ig
u
re

2
.2
:
U
p
p
er-p

a
n
el:

Io
n
-io

n
ra
d
ia
l
d
istrib

u
tio

n
fu
n
ctio

n
s
fo
r
a
to
m
ica

lly
-d
eta

iled
sim

u
la
tio

n
[7
4
,7
5
]
o
f
tetra

-eth
y
la
m
m
o
n
iu
m

tetra
-fl
u
o
ro
b
ora

te
in

p
ro
p
y
len

e
ca
rb
o
n
a
te

(T
E
A
B
F
4 /
P
C
)
a
t
T

=
3
0
0
K
,
p
=

1
a
tm

,
a
n
d

th
e
slig

h
tly

su
p
ersa

tu
ra
ted

co
n
cen

-

tra
tio

n
o
f
1
m
ol/d

m
3.

g
(1
)

B|N
(r)

is
th
e
ra
d
ia
l
d
istrib

u
tio

n
of

th
e
n
ea
rest

B
-n
eig

h
b
o
r
o
f

a
n
N
-a
to
m
.
L
ow

er
p
a
n
el:

R
esu

lts
fo
r
a
co
rresp

o
n
d
in
g
p
rim

itive
m
o
d
el

w
ith

d
ielectric

co
n
sta

n
t
a
n
d
w
ith

io
n
ch
a
rg
es

an
d
sizes

m
a
tch

ed
to

th
e
T
E
A
B
F
4 /
P
C
ca
se

ab
ove.

S
p
ecif-

ica
lly

th
e
m
o
d
el

d
ielectric

co
n
sta

n
t
is
ε
=

6
0
,
a
n
d
d
+
+
=

0.6
6
6
8
n
m
,
d−−

=
0.6

5
4
3
n
m
,

d−
+

=
0
.4
5
n
m

a
re

d
ista

n
ces

o
f
clo

sest
a
p
p
ro
a
ch

fo
r
th
e
h
a
rd

sp
h
erica

l
io
n
s.

T
h
e

low
er

p
a
n
el

w
as

p
ro
d
u
ced

b
y
M
o
n
te

C
a
rlo

sim
u
la
tio

n
o
f
a
n
eu

tra
l
sy
stem

o
f
2×

500
h
a
rd

sp
h
erica

l
io
n
s
in

co
n
ven

tio
n
a
l
cu
b
ica

l
p
erio

d
ic

b
o
u
n
d
a
ry

co
n
d
itio

n
s
at

th
e
sa
m
e

tem
p
era

tu
re

a
n
d
co
n
cen

tra
tio

n
as

th
e
resu

lts
ab

ove,
u
tilizin

g
th
e
T
ow

h
ee

[7
6
]
p
a
cka

g
e

a
d
a
p
ted

to
th
e
p
resen

t
sy
stem

.
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as
g
(1
)

γ|α (r).
A

fam
ou

s
d
iscu

ssion
of

F
u
oss

[8
7
]
arrived

at
th
e
ap

p
rox

im
ation

ln
g
(1
)

γ|α (r)≈
β
q
2

εr
−

4π
ρ ∫

r

d
γ
α

e
β
q
2

ε
x
x
2d
x
,r≥

d
γ
α

(2.1)

for
a
p
rim

itive
m
o
d
el

of
1-1

electroly
te

as
in

F
ig.

2.2.
H
ere

q
is

th
e
m
agn

itu
d
e
of

th
e
form

al
ion

ic
ch
arges,

d
γ
α
is

th
e
d
istan

ce
of

closest
ap

p
roach

,
ε
is

th
e
solu

tion

d
ielectric

con
stan

t,
2ρ

is
n
u
m
b
er

d
en
sity

of
ion

s,
an

d
(k
β
) −

1
=

T
is
th
e
tem

p
eratu

re.

W
e
p
rop

ose
an

d
test

gen
eralization

s
of

E
q
.
(2.1)

in
th
e
follow

in
g.

S
everal

com
p
lication

s
of

th
e
d
istrib

u
tion

s
of

n
ear-n

eigh
b
or

ion
-p
air

d
istan

ces

m
otivate

th
e
gen

eralization
s
th
at

w
e
d
evelop

.
F
irst,

ion
-clu

sterin
g
can

b
e
p
articu

-

larly
sen

sitive
to

n
on

-ion
ic

in
teraction

s.
C
om

p
arison

(F
ig.

2.2)
of

atom
ically

-d
etailed

sim
u
lation

resu
lts

[7
4
,7
5
]
w
ith

th
ose

of
a
corresp

on
d
in
g
p
rim

itive
m
o
d
el

p
ackage

[7
6
]

straigh
tforw

ard
ly

ex
em

p
lifi

es
th
at

p
oin

t.
E
q
.
(2.1)

on
ly

treats
classic

ion
ic

in
ter-

action
s.

S
econ

d
,
even

for
p
rim

itive
m
o
d
els

th
e
F
u
oss

ap
p
rox

im
ation

can
b
e
u
n
satis-

factory
(F

ig.
2.3).

T
h
ird

,
n
earest-n

eigh
b
or

d
istrib

u
tion

s
gen

erally
d
ep

en
d
on

w
h
ich

ion
of

an
ion

-p
air

is
regard

ed
as

th
e
cen

tral
ion

(F
ig.

2.4).
T
h
e
d
istrib

u
tion

of
an

ion
s

n
earest

to
a
cation

is
d
iff
eren

t
from

th
e
d
istrib

u
tion

of
th
e
cation

s
n
earest

to
an

an
ion

,

g
(1
)

α|γ (r)�=
g
(1
)

γ|α (r).
T
h
e
ap

p
rox

im
ation

E
q
.
(2.1)

is
sy
m
m
etric

g
(1
)

α|γ (r)
=

g
(1
)

γ|α (r).

W
e
are

lead
th
en

to
gen

eralization
s
b
y
recallin

g
th
at

th
e
p
rob

ab
ility

th
at

a

b
all

of
rad

iu
s
r
cen

tered
on

an
α
-ion

is
em

pty
of

γ
-ion

s
can

b
e
ob

tain
ed

from

p
γ|α (n

=
0)

=
4π

ρ
γ

∞∫r

g
(1
)

γ|α (x
)x

2d
x
,

(2.2)

th
e
assessm

en
t
of

th
e
p
rob

ab
ility

th
at

th
e
n
earest

γ
-ion

is
fu
rth

er
aw

ay
th
an

r.
T
h
e

sim
p
le

estim
ate

p
γ|α (n

=
0)≈

ex
p
[−

〈n
(r)〉]

,
(2.3)
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M
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te
C
arlo

F
u
oss

ap
p
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im
ation

F
ig
u
re

2
.3
:

C
o
m
p
a
riso

n
o
f
th
e
F
u
o
ss

[7
8
]
a
p
p
rox

im
a
tio

n
ln

g
(1
)

B
(r)

=
q
2/(εrk

T
)−

4
π
ρ ∫

rd
+
−
e
q
2
/
(εx

k
T
)x

2d
x
fo
r
a
1
-1

electro
ly
te

w
ith

th
e
p
rim

itiv
e
m
o
d
el
resu

lts
of

F
IG

.
2
.2
.
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+
+

+-

-

-

F
ig
u
re

2
.4
:
A
n
ex
a
m
p
le

sh
ow

in
g
th
a
t
th
e
d
istrib

u
tio

n
of

an
io
n
s
n
ea
rest

to
a
ca
tio

n
is

g
en

era
lly

d
iff
eren

t
fro

m
th
e
d
istrib

u
tio

n
of

th
e
ca
tio

n
s
n
ea
rest

to
a
n
a
n
io
n
.
T
h
e
d
a
sh
ed

lin
es

in
d
ica

te
th
e
n
ea
rest

d
ista

n
ces

o
f
a
ca
tio

n
to

ea
ch

of
th
e
th
ree

an
io
n
s.

T
h
e
so
lid

lin
es

m
a
rk

th
e
n
ea
rest

d
ista

n
ces

o
f
a
an

io
n
to

ea
ch

o
f
th
e
th
ree

ca
tio

n
s.
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w
ith

〈n
(r)〉

=
4π

ρ
γ ∫

r0
g
γ
α (x

)x
2d
x
,
ρ
γ
b
ein

g
th
e
d
en
sity

of
γ
ion

s,
an

d
g
γ
α (x

)
th
e

con
ven

tion
al

rad
ial

d
istrib

u
tion

fu
n
ction

,
follow

s
from

th
e
assu

m
p
tion

of
th
e
P
oisson

d
istrib

u
tion

for
th
at

p
rob

ab
ility.

E
valu

atin
g
th
e
d
erivative

of
E
q
.
2.2

u
sin

g
E
q
.
2.3

gives

g
(1
)

γ|α (r)≈
g
α
γ (r)

ex
p [−

4π
ρ
γ ∫

r

0

g
γ
α (x

)x
2d
x ]

.
(2.4)

F
or

g
α
γ (r)

=
1
(n
o
correlation

s),
th
is
is
th
e
H
ertz

d
istrib

u
tion

th
at

is
correct

for
th
at

case.
[8
8
,8
9
]
W
e
recover

th
e
F
u
oss

ap
p
rox

im
ation

w
ith

ln
g
α
γ (r)≈

−
β
q
α q

γ /εr
=

β
q
2/εr

for
r
>

d
α
γ ,

an
d
zero

(0)
oth

erw
ise.

T
h
is

d
erivation

of
th
e
F
u
oss

ap
p
rox

im
ation

E
q
.
(2.1)

h
as

b
een

given
b
efore.

N
everth

eless,
th
e
su
ggested

ap
p
rox

im
ation

E
q
.
(2.4)

is
a
stan

d
ard

id
ea

in
th
e
con

tex
t
of

scaled
-p
article

th
eories

of
th
e
h
ard

-sp
h
ere

fl
u
id

[8
9
].

A
s
d
iscu

ssed
b
elow

,
th
e
P
oisson

resu
lt
E
q
.
2.3

follow
s
from

a
m
ax

im
u
m

en
trop

y

d
evelop

m
en
t
w
h
en

th
e
in
form

ation
su
p
p
lied

is
th
e
ex
p
ected

o
ccu

p
an

cy
of

th
e
in
n
er-

sh
ell

[9
0
–
9
2
]
T
h
at

in
form

ation
is

su
ffi
cien

t
if
th
e
o
ccu

p
an

cy
n
(r)

is
rarely

larger
th
an

on
e.

T
h
u
s,

in
con

trast
to

th
e
F
u
oss

ap
p
rox

im
ation

,
E
q
.
2.4

is
correct

for
sm

all
r

b
ecau

se
th
e
ex
p
ected

co
ord

in
ation

n
u
m
b
er

ten
d
s
to

zero
th
en
.
F
or

th
e
sam

e
reason

,

th
e
P
oisson

ap
p
rox

im
ation

E
q
.
2.3

is
correct

at
low

electroly
te

con
cen

tration
,
an

d
even

w
h
en

th
e
solven

t
is
treated

at
an

atom
ic
resolu

tion
.
F
u
rth

erm
ore,

it
is
n
atu

ral
to

gu
ess

cation
-an

ion
ch
ain

or
rin

g
stru

ctu
res

w
h
en

ion
ic

in
teraction

s
d
rive

w
ell

d
evelop

ed

clu
sterin

g.
F
ig.

2.2
sh
ow

s
a
m
ean

co
ord

in
ation

n
u
m
b
er

of
less

th
an

tw
o
for

cou
n
terion

n
eigh

b
ors

closer
th
an

ab
ou

t
0.5

n
m
,
an

d
su
p
p
orts

th
e
ch
ain

/rin
g
p
ictu

re
of

ch
ain

/rin
g

ion
clu

sters
form

ed
.
It

is
p
lau

sib
le,

th
erefore,

th
at

a
ch
oice

of
in
n
er-sh

ell
rad

ii
lead

in
g

to
sm

all
co
ord

in
ation

n
u
m
b
ers

sh
ou

ld
valid

ly
d
escrib

e
im

p
ortan

t
featu

res
of

w
ell-

d
evelop

ed
ion

-clu
sterin

g.

F
or

com
p
u
tation

alan
aly

sis
of

reactive
b
im

olecu
lar

en
cou

n
ters

in
solu

tion
,
id
en
-

tifi
cation

of
geom

etries
of

closest
m
olecu

lar
p
airs

is
critical.

[9
3
,9
4
]
B
ecau

se
it
is
correct
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for
low

r
in

an
y
case,

E
q
.
2.4

sh
ou

ld
b
e
regard

ed
as

th
e
gen

eral
resolu

tion
of

th
ose

q
u
estion

s.

W
h
en

co
ord

in
ation

n
u
m
b
ers

ex
ceed

on
e
w
ith

a
reason

ab
le

p
rob

ab
ility,

in
for-

m
ation

on
th
e
ex
p
ected

n
u
m
b
er

of
p
airs

of
cou

n
terion

s
in

th
e
in
n
er-sh

ell
sh
ou

ld

im
p
rove

a
m
ax

im
u
m

en
trop

y
m
o
d
el

of
th
ese

p
rob

ab
ilities.

[9
0
–
9
2
]
A

m
ax

im
u
m

en
trop

y

m
o
d
el

in
volv

in
g
p
air

in
form

ation
w
ou

ld
p
red

ict
th
e
g
(1
)

α|γ (r)�=
g
(1
)

γ|α (r)
asy

m
m
etry.

F
or

a
1-1

electroly
te,

th
e
gen

eralization
E
q
.
2.4

is
sy
m
m
etrical

in
accord

w
ith

th
e
F
u
oss

ap
p
rox

im
ation

.
T
h
e
ex
ten

t
to

w
h
ich

th
e
ob

served
asy

m
m
etry

is
sign

ifi
can

t
gives

an

in
d
ication

w
h
eth

er
th
e
P
oisson

ap
p
rox

im
ation

is
ad

eq
u
ate.

2
.2

R
e
su

lts
a
n
d

D
iscu

ssio
n

F
or

T
E
A
B
F
4 /P

C
,
com

p
arison

(F
ig.

2.5)
of

th
e
n
u
m
erical

d
ata

w
ith

th
e
ap

-

p
rox

im
ation

E
q
.
2.4

sh
ow

s
agreem

en
t
over

a
d
istan

ce
ran

ge
w
id
er

th
an

th
e
sizes

of
th
e

m
olecu

les
as

ju
d
ged

b
y
th
e
rad

ial
d
istrib

u
tion

s
(F

ig.
2.2).

T
h
ese

n
ear-n

eigh
b
or

d
istri-

b
u
tion

s
sh
ow

b
im

o
d
al

p
rob

ab
ility

d
en
sities

w
ith

m
ax

im
a
at

r≈
0.5

n
m

an
d
0.9

n
m
.

T
h
ese

corresp
on

d
,
resp

ectively,
to

a
con

tact
ion

p
air

an
d
to

a
solven

t-sep
arated

n
ear-

n
eigh

b
or

ion
-p
air.

T
h
u
s
th
e
P
oisson

ap
p
rox

im
ation

E
q
.
2.4

in
th
is

case
in
clu

d
es

a

solvation
stru

ctu
re

in
ch
aracterizin

g
in
ter-ion

ic
n
eigh

b
orsh

ip
.

A
p
lateau

b
etw

een
r≈

0.5
n
m

an
d
0.9

n
m

in
o
ccu

p
an

cy
p
rob

ab
ilities

(F
ig.

2.6)

in
d
icates

th
e
satu

ration
of

cou
n
terion

p
rob

ab
ility,

an
d
m
ark

s
th
e
in
tersh

ell
region

.

T
h
e
tw

o
sets

of
p
rob

ab
ilities

(F
ig.

2.6)
are

q
u
alitatively

sim
ilar,

rein
forcin

g
th
e
sy
m
-

m
etry

of
F
ig.

2.5.
A
t
th
e
d
istan

ce
r
in
d
icated

b
y
th
e
vertical

lin
e,

th
e
co
ord

in
ation

n
u
m
b
ers

n
=

1,
2
p
red

om
in
ate,

su
p
p
ortin

g
th
e
id
ea

of
th
e
form

ation
of

cation
-an

ion

ch
ain

an
d
rin

g
stru

ctu
res.

S
ize

d
istrib

u
tion

of
ob

served
ion

clu
sters

are
sh
ow

n
in

F
IG

.
2.8.

R
esu

lts
(F

ig.
2.7)

for
th
e
p
rim

itive
m
o
d
el
of

F
ig.

2.2
ex
am

in
e
th
e
su
ffi
cien

cy
of
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−
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−
2 0 2

0.4
0.8

1.2
r
(n
m
)

P
oisson

ln
g
(1
)

B|N
(r)

ln
g
(1
)

N|B
(r)

F
ig
u
re

2
.5
:
F
or

th
e
T
E
A
B
F
4 /
P
C

ca
se

of
F
ig
.
2.2

,
co
m
p
a
riso

n
of

th
e
n
u
m
erica

l
d
a
ta

w
ith

th
e
ap

p
rox

im
a
tio

n
E
q
.
(2
.4
).

T
h
e
lo
ca
l
m
a
x
im

u
m

a
t
r≈

0
.9

n
m

id
en
tifi

es
so
lv
en
t-

sep
a
ra
ted

n
ea
rest-n

eig
h
b
o
r
io
n
-p
a
irs.

In
th
is

ca
se,

a
sy
m
m
etry

of
th
e
tw

o
ob

serv
ed

n
ea
r-n

eig
h
b
o
r
d
istrib

u
tio

n
s
is

slig
h
t.

T
h
a
t
su
g
g
ests

th
a
t
m
o
re

ela
b
ora

te
m
a
x
im

u
m

en
tro

p
y
m
o
d
els

a
re

u
n
n
ecessa

ry,
an

d
in
d
eed

th
e
P
o
isso

n
ap

p
rox

im
a
tio

n
is

accu
ra
te.

T
h
e
em

b
ed

d
ed

m
o
lecu

la
r
g
ra
p
h
ic

sh
ow

s
o
n
e
of

th
e
so
lven

t-sep
a
ra
ted

n
ea
rest-n

eig
h
b
o
r

B
F
4 −

...P
C

...T
E
A

+
stru

ctu
res

o
b
serv

ed
.
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0.2

0.4

0.6

0.8 0.4
0.6

0.8
1.0

1.2
1.4

r
(n
m
)

p(n
=

0)

p(n
<

2) p(n
<

3)

B|N

0.2

0.4

0.6

0.8

1.00.4
0.6

0.8
1.0

1.2
1.4

r
(n
m
)

p(n
=

0)

p(n
<

2) p(n
<

3)

N|B

F
ig
u
re

2
.6
:
O
ccu

p
a
n
cy

p
ro
b
a
b
ilities

as
fu
n
ctio

n
s
of

th
e
o
b
servatio

n
sp
h
ere

ra
d
ii
r
fo
r

th
e
T
E
A
B
F
4 /
P
C

ca
se

o
f
F
ig
.
2.2

.
U
p
p
er

p
a
n
el:

p
ro
b
a
b
ilities

fo
r
o
ccu

p
a
n
cy

b
y
th
e

B
-a
to
m

o
f
th
e
B
F
4 −

a
n
io
n
of

th
e
in
n
er-sp

h
ere

o
f
th
e
N
-a
to
m

of
tetra

-eth
y
la
m
m
o
n
iu
m

ca
tio

n
(T

E
A

+
).

L
ow

er
p
a
n
el:

p
ro
b
a
b
ilities

fo
r
o
ccu

p
a
n
cy

b
y
th
e
N
-a
to
m

o
f
th
e
ca
tio

n
o
f
th
e
in
n
er-sp

h
ere

o
f
th
e
B
-a
to
m

of
th
e
a
n
io
n
.
T
h
e
cu
rves

low
est

in
ea
ch

p
a
n
el

a
re

sim
ila

r,
sh
ow

in
g
sy
m
m
etry

d
isp

lay
ed

a
lso

in
F
ig
.
2.5

.
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−
1 0 10.0

0.4
0.8

1.2
r
(n
m
)

ln
g
(1
)

−|+
(r)

F
ig
u
re

2
.7
:
D
a
sh
ed

cu
rves

a
re

M
o
n
te

C
a
rlo

resu
lts

fo
r
th
e
p
rim

itive
m
o
d
el

of
F
ig
.
2
.2

a
n
d

th
e

so
lid

lin
es

a
re

th
e

P
oisso

n
ap

p
rox

im
a
tio

n
,
E
q
.
(2
.4
).

F
ro
m

to
p

to
b
o
t-

to
m
,
th
e
d
istin

ct
ca
ses

co
rresp

on
d
to

co
n
cen

tra
tio

n
s
0
.0
1
,
0
.0
5
,
0
.1
0
,
0
.2
0
,
0
.4
0
,
a
n
d

0
.8
0
m
o
l/
d
m

3,
T

=
3
0
0
K

fo
r
ea
ch

ca
se.

F
or

th
e
h
ig
h
est

co
n
cen

tra
tio

n
,
th
e
sy
stem

size
is

2×
4
0
0
io
n
s.

F
o
r
a
ll
o
th
er

ca
ses,

th
e
sy
stem

size
is

2×
2
0
0
io
n
s.

A
t
th
e
low

est

co
n
cen

tra
tio

n
h
ere

th
e
d
istrib

u
tio

n
of

th
e
n
ea
rest

n
eig

h
b
o
r
g
(1
)

−|+
(r)

is
clo

se
to

th
e
fu
ll

ra
d
ia
l
d
istrib

u
tio

n
fu
n
ctio

n
g
+−

(r).
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−
6

−
4

−
2

lnXk

2
4

6
8

10
12

14
k

F
ig
u
re

2
.8
:
O
b
served

size
d
istrib

u
tio

n
fo
r
g
lo
b
a
l
clu

sters,
w
ith

λ
=

0.6
n
m

ad
o
p
ted

a
s

th
e
clu

sterin
g
ra
d
iu
s.

X
k
=

ρ
k /2ρ

w
ith

ρ
k
th
e
n
u
m
b
er

d
en

sity
o
f
k
-m

ers
a
n
d
ρ
th
e
sa
lt

n
u
m
b
er

d
en

sity
(co

n
cen

tra
tio

n
),
so

th
a
t ∑

k
k
X

k
=

1.
T
h
e
d
o
tes

are
fo
r
th
e
a
to
m
ica

lly
d
eta

iled
sim

u
la
tio

n
;
th
e
la
rg
est

clu
ster

ob
served

w
a
s
k
=

6
4
.
N
o
te

th
e
fra

ctio
n
o
f
free

io
n
s
o
b
ta
in
ed

h
ere

is
th
e
sa
m
e
as

th
a
t
in
ferred

fro
m

F
IG

.
2.6

.
T
h
e
cro

sses
a
re

fo
r
th
e

p
rim

itive
m
o
d
el

ca
lcu

la
tio

n
(F

IG
.
2
.2
,
low

er
p
a
n
el).

T
h
ere

th
e
la
rg
est

clu
ster

ob
served

w
a
s
k
=

1
5
.
N
o
te

th
a
t
th
e
fra

ctio
n
o
f
u
n
a
sso

cia
ted

io
n
s
(k

=
1)

is
sig

n
ifi
ca
n
tly

d
iff
eren

t
b
etw

een
th
e
tw

o
m
o
d
els.
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th
e
P
oisson

ap
p
rox

im
ation

over
a
b
road

er
con

cen
tration

ran
ge

for
su
ch

m
o
d
els.

T
h
e

n
earest-n

eigh
b
or

d
istrib

u
tion

s
are

u
n
im

o
d
al
in

th
is
case.

C
orrect

at
sm

all
r,
w
h
ere

th
e

p
rob

ab
ility

d
en
sities

are
h
igh

est
an

d
p
rop

erly
n
orm

alized
,
th
e
P
oisson

ap
p
rox

im
ation

E
q
.
2.4

is
accu

rate
over

th
e
w
h
ole

ran
ge

sh
ow

n
.

A
n
oth

er
ex
am

p
le
is
th
e
ion

ic
liq

u
id

[B
m
im

][B
F
4 ],

p
erform

ed
b
y
P
eix

i
Z
h
u
.
T
h
e

n
u
m
erical

d
ata

sh
ow

ed
th
e
ex
p
ected

asy
m
m
etry,

w
h
ich

can
b
e
treated

b
y
a
m
ax

im
u
m

en
trop

y
m
o
d
el

b
ased

on
th
e
ex
p
ected

n
u
m
b
er

of
p
airs

of
cou

n
ter

ion
s
o
ccu

p
y
in
g
th
e

in
n
er-sh

ell
of

th
e
cen

tral
ion

.

2
.3

M
a
x
im

u
m

E
n
tro

p
y
M

o
d
e
lin

g

T
h
e
P
oisson

d
istrib

u
tion

p̂
(n
)
=

〈n〉
n
ex
p −〈n〉/n

!
d
escrib

es
ran

d
om

o
ccu

p
an

cy

con
sisten

t
w
ith

th
e
in
form

ation
〈n〉

=
〈n
(r)〉.

C
on

sid
erin

g
th
e
relative

en
trop

y

η
({p

(n
)})

=
− ∑n≥

0

p
(n
)
ln
( p

(n
)

p̂
(n
) )

,
(2.5)

th
e
P
oisson

d
istrib

u
tion

is
th
e
m
ax

im
u
m

en
trop

y
d
istrib

u
tion

satisfy
in
g
th
e
sp
ecifi

c

ex
p
ected

o
ccu

p
an

cy.
If
w
e
h
ave

m
ore

in
form

ation
,
e.g.,

th
e
b
in
om

ial
m
om

en
ts

[9
0
–
9
2
]

〈(
nj )〉

= ∑n≥
0

p
(n
) (

n
!

(n−
j)!j! )

,
(2.6)

w
e
can

seek
th
e
d
istrib

u
tion

w
h
ich

m
ax

im
izes

η
({p

(n
)})

an
d
satisfi

es
th
e
b
road

er
set

of
in
form

ation
.

W
ith

th
e
b
in
om

ial
m
om

en
ts

(E
q
.
2.6),

th
e
P
oisson

d
istrib

u
tion

is
seen

to
b
e

correct
if
realized

valu
es

of
n
are

rarely
b
igger

th
an

on
e.

If
n
is

n
ever

2
or

larger,

b
in
om

ial
m
om

en
ts

j≥
2
van

ish
.
W

h
en

b
in
om

ial
m
om

en
ts

are
sm

all
for

j
as

large

as
2
th
at

is
con

sisten
t
w
ith

th
e
P
oisson

p
red

iction
th
at

th
ey

are
zero.

T
h
is
u
n
d
erlies

ou
r
ob

servation
ab

ove
th
e
th
e
P
oisson

m
o
d
el,

p
(0)≈

ex
p −〈n〉

of
E
q
.
2.3

is
correct

for



27

sm
all〈n〉.

B
eyon

d
th
e
m
ean

o
ccu

p
an

cy,
th
e
n
ex
t
levelof

in
form

ation
is
th
e
p
air-correlation

in
form

ation
〈n
(r)

(n
(r)−

1)
/2〉,

th
e
ex
p
ected

n
u
m
b
er

of
p
airs

of
cou

n
terion

s
in

th
e

in
d
icated

in
n
er-sh

ell.
M
ax

im
izin

g
for

th
e
case

th
at

p
air

in
form

ation
is

availab
le

in
-

d
u
ces

th
e
m
o
d
elp(n

)∝
ex
p
[−

λ
1 n−

λ
2 n
(n−

1)/2]/n
!,
w
h
ere

λ
1 ,
an

d
λ
2
are

L
agran

ge

m
u
ltip

liers
ad

ju
sted

to
rep

ro
d
u
ce

th
e
in
form

ation
〈n〉

an
d
〈n

(n−
1)

/2〉.
E
x
p
licitly

ad
d
ressin

g
th
e
n
orm

alization
of

th
ese

p
rob

ab
ilities

lead
s
to

p
(n
)
=

1n
! e

(−
λ
1
n−

λ
2
n
(n−

1
)/
2
)

1
+ ∑m

≥
1

1n
! e

(−
λ
1
m
−
λ
2
m
(m

−
1
)/
2
)
,

(2.7)

ln
p
(0)

=
−
ln [

1
+

∞∑n
=
1 (

1n
! )

e −
λ
1
n−

λ
2
n
(n−

1
)/
2 ]

.
(2.8)

p
(0)

in
volves

on
ly

th
e
d
en
om

in
ator

of
E
q
.
2.7,

w
h
ich

can
b
e
con

sid
ered

as
a
p
artition

fu
n
ction

su
m

over
o
ccu

p
an

cy
states

w
ith

n
-d
ep

en
d
en
t
in
teraction

s
an

d
in
teraction

stren
gth

s
ad

ju
sted

to
satisfy

th
e
availab

le
in
form

ation
.

2
.4

C
o
n
clu

sio
n
s

R
esu

lts
for

T
E
A
B
F
4 /P

C
(F

ig.
2.2)

id
en
tify

a
n
atu

ral
clu

sterin
g
rad

iu
s
w
h
ere

m
ean

co
ord

in
ation

n
u
m
b
ers

are
n
ear

tw
o.

T
h
is
su
ggests

arran
gem

en
ts

of
th
e
closest

n
eigh

b
ors

lead
in
g
to

a
stru

ctu
ral

m
otif

of
cation

-an
ion

ch
ain

s
an

d
rin

gs.
In

con
trast

to
th
e
atom

ically
d
etailed

T
E
A
B
F
4 /P

C
resu

lts,
a
corresp

on
d
in
g
p
rim

itive
m
o
d
el

(F
ig.

2.2)
d
o
es

n
ot

d
isp

lay
th
ose

clu
sterin

g
sign

atu
res

(F
ig.

2.7).
A

gen
eralization

(E
q
.
(2.4))

of
th
e
F
u
oss

ion
-p
arin

g
m
o
d
el

w
as

ob
tain

ed
b
y
recogn

izin
g
th
at

th
e
P
ois-

son
d
istrib

u
tion

is
correct

w
h
en

th
e
m
ean

co
ord

in
ation

n
u
m
b
ers

are
low

.
O
n
th
e
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b
asis

of
m
easu

rab
le

m
olecu

lar
d
istrib

u
tion

fu
n
ction

s,
th
is

gen
eralization

also
estab

-

lish
es

th
e
d
istrib

u
tion

of
m
olecu

lar
n
earest-n

eigh
b
ors

for
th
e
com

p
u
tation

al
an

aly
sis

of
b
im

olecu
lar

reactive
p
ro
cesses

in
solu

tion
.
T
h
is

P
oisson

-b
ased

m
o
d
el

is
accu

rate

for
th
e
T
E
A
B
F
4 /P

C
resu

lts,
b
oth

for
th
e
p
rim

itive
m
o
d
el
an

d
th
e
atom

ically
d
etailed

case.
F
or

T
E
A
B
F
4 /P

C
,
th
e
atom

ically
d
etailed

n
u
m
erical

resu
lts

an
d
th
e
statistical

m
o
d
el

id
en
tify

solven
t-separated

n
earest-n

eigh
b
or

ion
-p
airs.

D
istrib

u
tion

s
of

n
earest-

n
eigh

b
or

d
istan

ces
ty
p
ically

d
ep

en
d
on

w
h
ich

ion
of

a
p
air

is
taken

as
th
e
cen

tral
ion

,

i.e.,
th
e
d
istrib

u
tion

of
an

ion
s
n
earest

to
a
cation

is
d
iff
eren

t
from

th
e
d
istrib

u
tion

of

th
e
cation

s
n
earest

to
an

an
ion

.
T
h
e
P
oisson

-b
ased

m
o
d
el

is
n
ot

asy
m
m
etric

in
th
at

w
ay.

2
.5

M
e
th

o
d
s

2
.5
.1

M
o
le
cu

la
r
d
y
n
a
m
ics

sim
u
la
tio

n

T
h
e
sim

u
lation

s
w
ere

p
erform

ed
w
ith

A
M
B
E
R
9.

[9
5
]
P
artial

ch
arges

are
as-

sign
ed

to
atom

ic
sites

of
tetra-eth

y
lam

m
on

iu
m

(T
E
A

+
)
an

d
tetra-fl

u
orob

orate
(B

F
4 −
)

ion
s
from

L
u
zh
kov

,
et

al.
[9
6
]
an

d
A
n
d
rad

e,
et

al.
[9
7
],
resp

ectively.
A
ll
th
e
oth

er
p
a-

ram
eters

are
taken

from
gen

eral
A
M
B
E
R

force
fi
eld

(G
A
F
F
).

[9
8
]
T
ra
jectories

w
ere

con
stru

cted
w
ith

a
tim

e
step

of
2
fs,

u
sin

g
th
e
isoth

erm
al-isob

aric
(N

P
T
)
en
sem

-

b
le

w
ith

th
e
L
an

gev
in

th
erm

ostat.
T
em

p
eratu

re
an

d
p
ressu

re
w
ere

300K
an

d
1
atm

.

E
lectrostatic

in
teraction

s
w
ere

calcu
lated

u
sin

g
p
article

m
esh

E
w
ald

w
ith

a
grid

sp
ac-

in
g
of

1
Å
.
S
ep
arate

calcu
lation

s
on

h
om

ogen
eou

s
liq

u
id

p
rop

y
len

e
carb

on
ate

verifi
ed

th
at

th
is
m
o
d
el
gives

an
accu

rate
valu

e
for

th
e
lin

ear-resp
on

se
d
ielectric

con
stan

t
an

d

its
tem

p
eratu

re
d
ep

en
d
en
ce.

[9
9
]
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2
.5
.2

N
o
n
-a
d
d
itiv

e
p
rim

itiv
e
m
o
d
e
l

T
h
e
p
rim

itive
m
o
d
el

w
as

p
ro
d
u
ced

b
y
M
on

te
C
arlo

sim
u
lation

of
a
n
eu
tral

sy
stem

of
h
ard

sp
h
erical

ion
s
in

con
ven

tion
al

cu
b
ical

p
erio

d
ic
b
ou

n
d
ary

con
d
ition

s
at

T
=

300
K
,
p
=

1
atm

,
th
e
con

cen
tration

w
as

ran
ged

from
0.01

to
1
m
ol/d

m
3.

Ion

ch
arges

an
d
sizes

are
m
atch

ed
to

th
e
T
E
A
B
F
4 /P

C
M
D

sim
u
lation

.
S
p
ecifi

cally
th
e

m
o
d
el

d
ielectric

con
stan

t
is
ε
=

60,
an

d
d
+
+
=

0.6668
n
m
,
d−−

=
0.6543

n
m
,
d−

+
=

0.45
n
m

are
d
istan

ces
of

closest
ap

p
roach

for
th
e
h
ard

sp
h
erical

ion
s.

S
im

u
lation

u
tilized

th
e
T
ow

h
ee

[7
6
]
p
ackage

ad
ap

ted
to

th
e
p
resen

t
sy
stem

.
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C
h
a
p
te
r
3

In
te
rfa

cia
l
P
ro

p
e
rtie

s
o
f
P
C

3
.1

In
tro

d
u
ctio

n

U
n
iq
u
e
p
rop

erties
of

n
an

om
aterials,

an
d
sp
ecifi

cally
of

electro
ch
em

ical
d
ou

b
le-

layer
cap

acitors
(E

D
L
C
)
b
ased

on
carb

on
n
an

otu
b
e
(C

N
T
)
forests,

[1
]
arise

from
th
eir

large
su
rface

areas.
A
ccu

rate
d
escrip

tion
s
of

in
terfaces

is
an

im
p
ortan

t
ch
allen

ge
for

m
o
d
elin

g.
H
ere

w
e
con

sid
ered

p
rop

y
len

e
carb

on
ate

(P
C
:
F
IG

.
3.1)

as
a
solven

t
for

electro
ch
em

ical
d
ou

b
le-layer

cap
acitors,

rep
ortin

g
ex
p
erim

en
tal

an
d
m
olecu

lar
sim

u
-

lation
resu

lts
on

P
C

in
terfaces.

T
h
is
valid

ation
is
p
rep

aratory
to

d
irect

sim
u
lation

of

d
y
n
am

ical
fi
llin

g
an

d
p
erform

an
ce

of
C
N
T
-b
ased

E
D
L
C
s.

D
iff
eren

tial
fi
llin

g
of

a
ch
arged

n
an

otu
b
e
forest

from
a
b
u
lk

electroly
te

solu
tion

is
ex
p
ected

to
b
e
sen

sitive
to

th
e
b
alan

ce
of

attractive
in
term

olecu
lar

in
teraction

s.
A

p
ossib

le
con

cern
for

th
e
fi
rst

sim
u
lation

s
of

C
N
T
-b
ased

E
D
L
C
s
w
as

th
at

m
o
d
els

of

th
e
P
C

solven
t
h
ad

n
ot

b
een

p
aram

eterized
to

d
escrib

e
con

tact
w
ith

carb
on

elec-

tro
d
es.

[7
5
,1
0
0
]
A
n
in
itial

m
olecu

lar
d
y
n
am

ics
calcu

lation
sh
ow

ed
com

p
lete

sp
read

in
g

of
th
e
m
o
d
elled

liq
u
id

P
C

on
grap

h
ite,

[1
0
1
]
in

d
isagreem

en
t
w
ith

ex
p
erim

en
tal

ob
ser-

vation
of

a
P
C

d
rop

let
on

grap
h
ite

rep
orted

b
elow

.
T
h
at

ex
p
erien

ce
[1
0
2
]
su
ggested

th
e
ad

van
tage

of
stu

d
y
in
g
P
C

in
terfaces

in
valid

ation
of

sim
u
lation

m
o
d
els

for
elec-

tro
ch
em

ical
ap

p
lication

s.
T
h
e
p
resen

t
w
ork

ad
ju
sts

th
e
L
en
n
ard

-J
on

es
in
teraction

s
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F
ig
u
re

3
.1
:
P
ro
p
y
len

e
ca
rb
o
n
a
te

(P
C
)
en
a
n
tio

m
er

w
ith

ato
m

la
b
ellin

g
u
sed

in
th
is

ch
ap

ter.

w
ith

th
e
grap

h
itic

carb
on

to
agree

w
ith

th
e
ob

served
con

tact
an

gle.

P
rop

y
len

e
carb

on
ate

is
a
n
on

-reactive,
low

-tox
icity,

ap
rotic,

h
igh

ly
p
olar

d
i-

electric
solven

t
w
id
ely

u
sed

in
n
on

aq
u
eou

s
electro

ch
em

ical
sy
stem

s.
S
im

u
lation

of

in
terfaces

of
n
on

-aq
u
eou

s
solven

ts
for

electroly
tes,

aceton
itrile

[1
0
3
,1
0
4
]
an

d
p
rop

ion
i-

trile,
[1
0
5
]
h
ave

b
een

p
rev

iou
sly

carried
-ou

t.
H
elp

fu
l
m
olecu

lar
sim

u
lation

s
[7
5
,1
0
6
,1
0
7
]

of
th
e
u
n
iform

liq
u
id

p
rop

y
len

e
carb

on
ate

solven
t
are

also
availab

le.
A

variety
of

m
olecu

lar
d
y
n
am

ics
resu

lts
are

d
iscu

ssed
b
elow

.

3
.2

R
e
su

lts
a
n
d

D
iscu

ssio
n

3
.2
.1

D
ro

p
le
t-o

n
-g
ra

p
h
ite

co
n
ta
ct

a
n
g
le

T
h
e
ob

served
con

tact
an

gle
(F

IG
.
3.2)

is
acu

te.
T
h
is

in
d
icates

go
o
d
w
ettin

g

an
d
favorab

le
P
C
:grap

h
ite

in
teraction

s,
th
ou

gh
n
ot

th
e
com

p
lete

sp
read

in
g
th
at

w
as

ob
tain

ed
[1
0
1
]
from

sim
u
lation

w
ith

in
itial

m
o
d
els.

[7
5
,1
0
0
]
T
rial-an

d
-error

(S
ec.

3.4.1)

fou
n
d
a
sim

u
lation

con
tact

an
gle

of
ab

ou
t
31 ◦

w
ith

a
40%

low
erin

g
of

th
e
stren

gth

of
L
en
n
ard

-J
on

es
in
teraction

s
asso

ciated
w
ith

th
e
C

atom
s
of

th
e
grap

h
ite

su
b
strate

(F
IG

.
3.3).
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F
ig
u
re

3
.2
:
P
C

d
ro
p
let

on
gra

p
h
ite.

C
o
n
ta
ct

a
n
g
le

m
ea
su
rem

en
ts

of
5
μ
l
p
ro
p
y
len

e
ca
rb
o
n
a
te

d
ro
p
s
o
n
a
b
u
lk

p
y
ro
ly
tic

g
ra
p
h
ite

d
isc

(G
ra
d
e:

P
G
-S
N
,
G
ra
p
h
itesto

re.co
m
)

w
ere

p
erfo

rm
ed

u
n
d
er

am
b
ien

t
co
n
d
itio

n
s
u
sin

g
a
R
a
m
e-H

a
rt

co
n
ta
ct

a
n
g
le
g
o
n
io
m
eter.

T
h
e
g
ra
p
h
ite

d
isc

w
as

sh
ea
red

a
g
a
in
st

a
p
a
p
er

w
ip
e
(K

im
w
ip
e)

to
revea

l
a
fresh

su
rfa

ce.
T
h
e
su
rfa

ce
w
a
s
th
en

rin
sed

w
ith

w
ater

an
d
a
llow

ed
to

air
d
ry.

A
sta

tic
co
n
ta
ct

a
n
g
le

o
f
3
1
.4±

1
.6 ◦

w
a
s
ob

ta
in
ed

fro
m

3
tria

ls

1 2

z (nm)

0
1

2
3

4
5

r
(n
m
)

θ
=

31 ◦

F
ig
u
re

3
.3
:
S
ilh

o
u
ette

o
f
th
e
d
ro
p
let,

su
g
g
estin

g
an

A
ztex

p
y
ra
m
id
.
[1
0
8
,1
0
9
]
T

=
300K

(ch
eck

).
T
h
e
p
ro
ced

u
re

fo
r
o
b
ta
in
in
g
th
is

silh
o
u
ette

[1
1
0
]
is

d
eta

iled
in

th
e
M
eth

o
d
s.

T
h
e
su
g
g
ested

co
n
ta
ct

an
g
le

is
fo
u
n
d
b
y
fi
ttin

g
a
stra

ig
h
t
lin

e
to

th
e
reg

io
n
3
.0

n
m

<
r
<

4.2
n
m
.
T
h
e
sh
a
d
ed

reg
io
n
id
en
tifi

es
th
e
cy
lin

d
er

u
sed

to
in
vestig

a
te

th
e
lay

erin
g

o
f
th
e
m
ea
n
d
en

sity
in

F
ig
.
3
.4
.
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1 2

z (nm)

0.0
0.5

1.0
1.5

2.0
2.5

ρ
(z)/ρ

(n
m
)

C
1

C
4

F
ig
u
re

3
.4
:
T
h
e
d
en

sity,
rela

tive
to

th
e
b
u
lk

d
en

sity,
in

th
e
cen

tra
l
p
lu
g
o
f
m
a
teria

l
in
d
ica

ted
b
y
th
e
sh
a
d
ed

reg
io
n
o
f
F
ig
.
3.3

.
A
to
m

lay
ers

n
ea
rest

to
th
e
gra

p
h
ite

a
re

co
n
co
rd
a
n
t.

T
h
e
d
en
sity

oscilla
tio

n
s
of

C
1
an

d
C
4
a
to
m
s
co
n
fl
ict

a
t
la
rg
er

d
ista

n
ces

fro
m

th
e
g
ra
p
h
ite,

a
n
d
C
4
slig

h
tly

p
reva

ils
fu
rth

est
fro

m
th
e
gra

p
h
ite.

S
im

u
lation

s
of

w
ater

on
grap

h
ite

su
rfaces

sh
ow

th
at

ch
an

gin
g
th
e
n
u
m
b
er

of

w
ater

m
olecu

les
from

1000
to

over
17,000

h
as

on
ly

a
sm

all
eff

ect
on

th
e
con

tact
an

-

gle.
[1
1
0
]
A

d
rop

let
size

d
ep

en
d
en
ces

of
su
ch

resu
lts

are
often

ascrib
ed

to
a
lin

e-ten
sion

eff
ect.

T
h
e
fi
n
e
stru

ctu
re

ob
served

h
ere

in
th
e
th
ree-p

h
ase

con
tact

region
h
ere

w
ou

ld

m
ake

d
efi
n
ition

an
d
fu
rth

er
in
vestigation

of
a
trip

le
lin

e
com

p
licated

.
T
ogeth

er
w
ith

th
e
d
istin

ctly
n
on

-sp
h
erical

m
olecu

lar
sh
ap

e
an

d
p
ack

in
g
p
attern

(stu
d
ied

b
elow

),
in
-

terestin
g
stru

ctu
ral

tran
sition

s
of

P
C
m
olecu

les
n
ear

charged
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attractive
on

b
alan

ce.
T
h
e
n
otation〈...〉

in
d
icates

th
e
u
su
al

average
over

th
e
th
erm

al

m
otion

of
th
e
sy
stem

.
T
h
e
n
otation

〈〈...〉〉
0
in
d
icates

th
e
average

over
th
e
th
erm

al

m
otion

of
th
e
sy
stem

together
w
ith

an
ad

d
ition

alm
olecu

le
w
ith

n
o
in
teraction

b
etw

een

th
em

,
th
u
s
th
e
su
b
scrip

t
0.〈〈χ〉〉

0
is
th
en

th
e
p
rob

ab
ility

th
at

th
e
d
efi
n
ed

in
n
er-sh

ell

is
em

p
ty

in
th
e
case

th
at

in
teraction

s
b
etw

een
th
e
d
istin

gu
ish

ed
m
olecu

le
an

d
th
e

solu
tion

are
ab

sen
t.

T
h
at

con
trib

u
tion

th
u
s
gau

ges
th
e
free

en
ergy

cost
of

fi
n
d
in
g

sp
ace

for
p
osition

in
g
th
e
ad

d
ition

al
P
C

m
olecu

le
in

th
e
liq

u
id
.
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M
ore

b
road

ly,
th
ese

form
alities

follow
from

th
e
id
en
tity

[1
1
8
,1
2
2
]

〈e
β
εχ 〉

〈χ〉
=

e
β
μ
(e

x
) 〈〈χ〉〉

0

〈χ〉
,

(3.2)

w
h
ich

is
a
d
isgu

ised
ex
p
ression

of
th
e
ru
le

of
averages.

[1
2
5
?

]
T
h
is

b
road

er
ob

serva-

tion
E
q
.
(3.2),

m
igh

t
p
erm

it
d
esign

of
w
eigh

t
fu
n
ction

s
χ

for
im

p
roved

n
u
m
erical

p
erform

an
ce.

[1
1
8
]

P
(ε|χ

=
1)

th
at

ap
p
ears

in
E
q
.
(3.1)

is
th
e
p
rob

ab
ility

d
istrib

u
tion

of
th
e
b
in
d
-

in
g
en
ergies,

an
d
is
con

d
ition

al
on

an
em

p
ty

in
n
er-sh

ell.
T
h
at

con
d
ition

in
g
can

m
ake

P
(ε|χ

=
1)

sim
p
le

en
ou

gh
th
at

a
G
au

ssian
(or

n
orm

al)
ap

p
rox

im
ation

su
ffi
ces.

[1
2
1
?

]

T
h
e
ob

served
b
eh
av
ior

of
P
(ε)

(F
IG

.
3.12)

alread
y
su
ggests

th
at

p
ossib

ility.
A
ccep

t-

in
g
th
at

G
au

ssian
ap

p
rox

im
ation

β
μ
(ex

)≈
−
ln〈〈χ〉〉

0
+
β〈ε|χ

=
1〉

+
β
2 〈δε

2|χ
=

1 〉
/2

+
ln〈χ〉

.
(3.3)

F
or

con
cep

tu
al

clarity,
let

u
s
d
iscu

ss
h
ow

d
efi
n
ition

of
χ
m
igh

t
b
e
ap

p
roach

ed
.

χ
=
1
corresp

on
d
s
to

th
e
ab

sen
ce

of
van

d
er

W
aals

con
tact

of
th
e
d
istin

gu
ish

ed
P
C

m
olecu

le
w
ith

th
e
solu

tion
.
W
e
m
igh

t
ch
ose

to
d
efi
n
e
χ
b
y
assign

in
g
van

d
er

W
aals

rad
ii
for

all
atom

ty
p
es.

T
h
e
resu

lts
of

F
IG

S
.
9
an

d
10,

ch
aracterizin

g
close

atom
-

atom
p
air

d
istan

ces,
an

d
p
articu

larly
d
istan

ce
ord

ered
con

trib
u
tion

s
of

F
IG

.
10

w
ou

ld

b
e
d
irectly

relevan
t
for

th
at.

W
e
w
ou

ld
ad

ju
st

th
ose

rad
ii
assign

m
en
ts

to
realistically

large
valu

es,
w
h
ile

targetin
g
valu

es
of〈χ〉

n
ot

to
o
d
iff
eren

t
from

on
e.

W
ith

th
is
con

cep
tu
al

b
ack

grou
n
d
,
E
q
.
(3.3)

b
ecom

es

β
μ
(ex

)≈
−
ln〈〈χ〉〉

0
+
β〈ε〉

+
β
2 〈δε

2 〉
/2

.
(3.4)

T
h
is

resu
lt

is
in
terestin

g
for

several
reason

s.
T
h
ou

gh
it

is
su
ggestive

of
a
van

d
er
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−
10

−
8

−
6

−
4

−
2 0

lnP (δε/σ)

−
4

−
2

0
2

4

δε/σ

T
=

300K
ρ
=

7.28/n
m

3

−
12

−
10

−
8

−
6

−
4

−
2

lnP (δε/σ)

−
4

−
2

0
2

4

δε/σ

T
=

600K
ρ
=

5.54/n
m

3

F
ig
u
re

3
.1
2
:
B
in
d
in
g
en
erg

ies,
cen

tered
an

d
sca

led
δε

=
ε−

〈ε〉
a
n
d
σ
2
= 〈δε

2 〉,
a
re

a
p
p
rox

im
a
tely

n
o
rm

a
lly

d
istrib

u
ted

.
T
h
e
slig

h
t
su
p
er-g

a
u
ssia

n
b
eh
av
io
r
on

th
e
cru

cia
l

rig
h
t-sid

e
o
f
th
ese

p
lo
ts

is
th
e
sig

n
a
tu
re

of
rep

u
lsive

in
term

o
lecu

la
r
in
tera

ctio
n
s.
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W
aals

treatm
en
t,
it
is
n
ot

lim
ited

to
a
fi
rst-ord

er
m
ean

-fi
eld

con
trib

u
tion

,
an

d
ad

d
i-

tion
ally

th
e
assessm

en
t
of

attractive
in
teraction

is
m
ad

e
on

th
e
b
asis

of
ob

servation
s

for
th
e
case

th
at

th
ose

in
teraction

s
are

actu
ally

op
eratin

g.
N
everth

eless,
th
e
packin

g

con
trib

u
tion

−
ln〈〈χ〉〉

0
is
ty
p
ically

d
iffi

cu
lt
to

calcu
late

d
irectly.

T
o
q
u
an

titatively
ch
aracterize

th
e
eff

ort
to

ob
tain

th
at

p
ack

in
g
con

trib
u
tion

,

h
ere

w
e
fo
cu
s
on

gettin
g
an

estim
ate

on
th
e
b
asis

of
th
e
p
resen

t
m
eth

o
d
s.

W
ith

ob
servation

of
th
e
d
en
sity

of
th
e
vap

or
p
h
ase

(F
IG

.
3.13),

w
e
can

get
th
e
d
esired

free

en
ergy

on
th
e
satu

ration
cu
rve

[1
2
5
]

β
μ
(ex

)
liq

=
β
μ
(ex

)
v
a
p −

ln (
ρ
liq

ρ
v
a
p )

.
(3.5)

O
u
r
in
ten

tion
(tested

b
elow

)
is

to
assu

m
e
th
at

th
e
vap

or
p
h
ase

is
ap

p
rox

im
ately

id
eal,

β
μ
(ex

)
v
a
p

≈
0.

T
h
e
resu

lt
E
q
.
(3.5)

ap
p
lies

to
th
e
co
ex
istin

g
liq

u
id
.

F
or

th
e

th
erm

o
d
y
n
am

ic
states

of
T
A
B
L
E
3.2,

at
th
e
sam

e
tem

p
eratu

re
b
u
t
sligh

tly
d
iff
eren

t

p
ressu

res,
w
e
ap

p
ly

th
e
correction

β
μ
(ex

)
liq

≈
−
ln (

ρ
liq

ρ
v
a
p )

+
β (

∂
μ

∂
p )

T

Δ
p−

ln (
ρρ
liq )

.
(3.6)

O
f
cou

rse
β
(∂
μ
/∂

p)
T
Δ
p
=

β
Δ
p/ρ

liq ;
at

T
=
300K

(T
A
B
L
E

3.2)
th
is

term
is

ab
ou

t

0.003
an

d
w
e
n
eglect

it.
T
h
e
righ

tm
ost

term
of

E
q
.
(3.6)

ex
tracts

th
e
id
eal

con
trib

u
-

tion
to

th
e
ch
em

ical
p
oten

tial
ch
an

ge.
C
ollectin

g
all,

w
e
fi
n
d
th
at

−
ln〈〈χ〉〉

0 ≈
−
ln (

ρ

ρ
v
a
p )

−
β〈ε〉−

β
2 〈δε

2 〉
/2

,
(3.7)

ch
aracterizes

th
e
n
et

eff
ect

of
in
term

olecu
lar

ex
clu

d
ed

volu
m
es

w
h
en

th
e
vap

or
p
res-

su
re

is
low

.

E
x
cep

t
for

th
e
h
igh

est
tem

p
eratu

re
con

sid
ered

,
th
e
id
eal

estim
ate

of
th
e
vap

or
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p
ressu

re
is

low
an

d
close

to
th
e
ex
p
erim

en
tal

vap
or

p
ressu

re
(T

A
B
L
E

3.1),
so

th
e

assu
m
p
tion

of
id
eality

of
th
e
vap

or
is
accu

rate
th
en
.
A
t
T
=
600K

,
th
e
vap

or
p
ressu

re

is
su
b
stan

tial
b
u
t
th
e
id
eal

estim
ate

of
th
e
vap

or
p
ressu

re
is

still
w
ith

in
ab

ou
t
20%

of
th
e
ex
p
erim

en
tal

vap
or

p
ressu

re.

W
e
th
erefore

estim
ate

th
e
p
ack

in
g
con

trib
u
tion−

k
B
T
ln〈〈χ〉〉

0 ≈
15

kcal/m
ol

at
300K

,
an

d
14

kcal/m
ol

at
400K

.
T
h
u
s
volu

m
e
ex
clu

sion
eff

ects
con

trib
u
te

to
th
e

solvation
free

en
ergies

at
th
e
level

of
ab

ou
t
2/3rd

s
of

th
e
m
agn

itu
d
e
of

th
e
attractive

in
teraction

s
(T

A
B
L
E

3.2),
of

cou
rse

w
ith

op
p
osite

sign
,
w
h
en

th
e
vap

or
p
ressu

re
is

low
.
A
t
300K

,〈〈χ〉〉
0 ≈

1×
10 −

1
1.

A
ttractive

in
teraction

s
stab

ilize
th
e
liq

u
id

of
cou

rse.
van

d
er

W
aals

attrac-

tion
s
m
ake

a
larger

con
trib

u
tion

to
th
e
m
ean

b
in
d
in
g
en
ergies

(T
A
B
L
E
3.2)

th
an

d
o

electrostatic
in
teraction

s.
C
on

trariw
ise,

electrostatic
con

trib
u
tion

s
d
om

in
ate

van
d
er

W
aals

attraction
s
in

th
e
varian

ces
of

b
in
d
in
g
en
ergies.

If
electrostatic

in
teraction

s
are

con
sid

ered
solely,

th
en

at
th
e
low

est
tem

p
era-

tu
re

th
e
m
ean

an
d
varian

ce
electrostatic

con
trib

u
tion

s
are

rou
gh

ly
in

th
e
2:1

p
rop

or-

tion
th
at

is
a
sy
m
p
tom

of
satisfactory

G
au

ssian
m
o
d
els

of
solvation

.
If
th
e
d
istrib

u
-

tion
s
of

b
in
d
in
g
en
ergies

are
p
recisely

G
au

ssian
,
th
en

〈〈ε〉〉
0
=

〈ε〉
+
β 〈δε

2 〉
.

(3.8)

T
h
is
follow

s
from

th
e
gen

eral
req

u
irem

en
t
th
at

[1
2
5
]

P
(ε)

=
e −

(ε−
μ
e
x
)P

(0
)(ε)

(3.9)

w
h
ere

P
(0
)(ε)

is
th
e
d
istrib

u
tion

of
b
in
d
in
g
en
ergies

for
th
e
u
n
cou

p
led

case
asso

ci-

ated
w
ith

th
e
〈〈...〉〉

0
averagin

g.
S
ettin

g
〈〈ε〉〉

0
=

0
for

electrostatic
in
teraction

s,

th
en

th
e
2:1

p
rop

ortion
of

m
ean

an
d
varian

ce
con

trib
u
tion

s
is
clear

in
v
iew

of
th
e
1/2
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10 −
7

10 −
6

10 −
5

10 −
4

10 −
3

10 −
2

10 −
1

ρCoM (z) /ρCoM (0)

0
1

2
3

4
z
(n
m
)

600K
400K
300K

F
ig
u
re

3
.1
3
:

T
h
e
d
o
tted

resu
lts

w
ere

ob
ta
in
ed

b
y
th
e
W

H
A
M

m
eth

o
d
in

o
rd
er

to
estim

a
te

o
f
th
e
vap

o
r
d
en
sity

fo
r
th
e
T
=
3
0
0
K

ca
se

w
h
ere

th
a
t
va
lu
e
is
n
o
t
sa
tisfa

cto
rily

o
b
ta
in
ed

fro
m

o
b
serva

tio
n
o
f
th
e
p
h
y
sica

l
sim

u
la
tio

n
.

in
E
q
.
(3.4).

A
t
th
e
h
igh

est
tem

p
eratu

re
con

sid
ered

,
th
e
m
ean

an
d
varian

ce
con

tri-

b
u
tion

s
are

rou
gh

ly
eq
u
al,

so
G
au

ssian
m
o
d
els

of
solvation

are
n
ot

su
p
p
orted

th
en
.

T
h
e
accu

racy
of

th
e
in
feren

ce
of

th
e
p
ack

in
g
con

trib
u
tion

at
T
=
600K

is
th
erefore

less

con
v
in
cin

g
also.

3
.3

C
o
n
clu

sio
n
s

P
rop

y
len

e
carb

on
ate

(P
C
)
d
o
es

n
ot

sp
read

com
p
letely

on
grap

h
ite,

b
u
t
at

am
b
ien

t
con

d
ition

s
it

w
ets

w
ith

a
con

tact
an

gle
of

31 ◦.
M
olecu

lar
d
y
n
am

ics
sim

u
la-

tion
s
agree

w
ith

th
is
con

tact
an

gle
after

40%
red

u
ction

of
th
e
stren

gth
of

grap
h
ite-C

atom
L
en
n
ard

-J
on

es
in
teraction

s
w
ith

th
e
solven

t,
relative

to
th
e
m
o
d
els

u
sed

in
i-

tially.
[7
5
,1
0
0
]
T
h
e
sim

u
lation

of
a
n
an

o-scale
P
C

d
rop

let
on

grap
h
ite

d
isp

lay
s
a
p
ro-

n
ou

n
ced

layerin
g
ten

d
en
cy

an
d
an

A
ztex

pyram
id

stru
ctu

re
for

th
e
d
rop

let.
E
x
trap

-
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T
a
b
le

3
.2
:

B
u
lk

ca
lcu

la
tio

n
s
a
t
p
=

1
atm

,
N

=
6
0
0
.

E
n
erg

ies
are

in
k
ca
l/
m
o
l.

κ
T
=

β 〈δV
2 〉

/〈V〉.
E
x
p
erim

en
ta
l
va
lu
es

[1
2
6
,1
2
7
]
fo
r
κ
T
at

T
=

2
5
C

a
re

in
th
e
ra
n
g
e

0
.5
-0
.6

G
P
a −

1.
W

h
ere

n
o
t
in
d
ica

ted
ex
p
licitly,

estim
a
ted

sta
tistica

l
u
n
certa

in
ties

a
re

less
th
a
n
o
n
e
(1
)
in

th
e
lea

st
sig

n
ifi
ca
n
t
d
ig
it

given
.
T
h
e
th
erm

a
l
ex
p
a
n
sio

n
co
effi

cien
t

im
p
lied

b
y
th
ese

resu
lts

is
0.9

4×
10 −

3/
K

(ex
p
erim

en
ta
l
va
lu
e:

[1
2
8
]
0
.8
4
5×

10 −
3/
K
).

T
(K

)
ρ
(n
m

−
3)

〈ε〉
〈ε〉

+
β2 〈δε

2〉
κ
T
(G

P
a −

1)
ε/ε

0

270
7.5

-33.2
-24.4

0.3
82.9±

2.9
300

7.3
-32.0

-24.3
0.3

63.4±
2.2

320
7.2

-31.2
-23.6

0.4
59.1±

2.3
400

6.7
-28.4

-21.1
0.5

41.8±
1.7

600
5.5

-22.0
-15.3

1.9
19.7±

1.3

olation
of

th
e
com

p
u
ted

ten
sion

s
of

P
C

liq
u
id
-vap

or
in
terface

estim
ates

th
e
critical

tem
p
eratu

re
of

P
C

accu
rately

to
ab

ou
t
3%

.
P
C

m
olecu

les
lie

fl
at

on
th
e
P
C

liq
u
id
-

vap
or

su
rface,

an
d
ten

d
to

p
ro
ject

th
e
p
rop

y
l
carb

on
tow

ard
th
e
vap

or
p
h
ase.

C
lose

P
C

n
eigh

b
ors

stack
carb

on
ate

p
lan

es
w
ith

th
e
ou

ter
(O

1)
ox
y
gen

of
on

e
m
olecu

le

sn
u
ggled

in
to

th
e
p
ositively

ch
arged

p
rop

y
l
en
d
of

an
oth

er
m
olecu

le
so

th
at

n
eigh

-

b
orin

g
m
olecu

le
d
ip
ole

m
om

en
ts

are
ap

p
rox

im
ately

an
tip

arallel.
T
h
e
calcu

lated
th
er-

m
al

ex
p
an

sion
co
effi

cien
t
an

d
th
e
d
ielectric

con
stan

ts
for

liq
u
id

P
C

agree
w
ell

w
ith

ex
p
erim

en
t.

T
h
e
d
istrib

u
tion

of
P
C

m
olecu

le
b
in
d
in
g
en
ergies

is
closely

G
au

ssian
.

E
valu

ation
of

th
e
d
en
sity

of
th
e
co
ex
istin

g
vap

or
th
en

p
erm

its
estim

ation
of

th
e
ex
-

clu
d
ed

volu
m
e
con

trib
u
tion

to
th
e
P
C

ch
em

ical
p
oten

tial,
an

d
th
at

con
trib

u
tion

is

ab
ou

t
2/3rd

s
of

th
e
m
agn

itu
d
e
of

th
e
con

trib
u
tion

s
d
u
e
to

attractive
in
teraction

s,

w
ith

op
p
osite

sign
.

3
.4

M
e
th

o
d
s

T
h
e
G
R
O
M
A
C
S
p
ackage

[1
2
9
]
w
as

u
sed

in
all

sim
u
lation

s.
A
ll
th
e
sim

u
lation

s

w
ere

p
erform

ed
u
n
d
er

p
erio

d
ic

b
ou

n
d
ary

con
d
ition

s,
electrostatic

in
teraction

s
calcu

-

lated
b
y
th
e
p
article

m
esh

E
w
ald

m
eth

o
d
w
ith

a
grid

sp
acin

g
of

0.1
n
m
.

P
artial

ch
arges

of
P
C

are
th
ose

of
R
ef.

3.
cu
toff

at
0.9

n
m
,
an

d
th
e
tem

p
eratu

re
w
as

m
ain

-
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tain
ed

b
y
th
e
N
ose-H

o
over

th
erm

ostat.

F
or

b
u
lk

P
C
sy
stem

s,
con

stan
t
N
P
T
con

d
ition

s
w
ere

ad
op

ted
,
treatin

g
600

P
C

m
olecu

les
in
itially

p
osition

ed
u
n
iform

ly
in

a
(4.4

n
m
)
3
cu
b
ic
cell

u
tilizin

g
P
ack

m
ol.

[1
3
0
]

T
h
e
in
itial

con
fi
gu

ration
w
as

en
ergy

-m
in
im

ized
,
th
en

sim
u
lation

s
w
ere

carried
ou

t
at

T
=
270

K
,
...600

K
w
ith

p=
1
atm

,
w
ith

1
fs
in
tegration

tim
e
step

,
an

d
w
ere

ex
ten

d
ed

to
50

n
s
w
ith

fi
rst

10
n
s
d
iscard

ed
as

agin
g.

In
terfacial

ch
aracteristics

of
liq

u
id

P
C

w
ere

in
vestigated

b
y
m
olecu

lar
d
y
n
am

-

ics
of

tw
o-p

h
ase

(liq
u
id
-vap

or)
sy
stem

s
in

slab
geom

etry
(F

IG
.
3.5).

600
P
C
m
olecu

les

w
ere

p
osition

ed
in

a
5.3×

5.3×
10.3

n
m

3
cell,

T
=
300,

400,
an

d
600K

.
A
fter

m
in
i-

m
ization

,
th
ese

sy
stem

s
w
ere

aged
for

10
n
s
b
efore

a
10

n
s
p
ro
d
u
ction

eq
u
ilib

riu
m

tra
jectory

at
300

K
.
A
t
400

K
an

d
600

K
,
40

n
s
eq
u
ilib

riu
m

tra
jectories

w
ere

ob
tain

ed
.

T
h
e
in
terfacial

ten
sion

s
w
ere

assessed
(F

IG
.
3.6)

b
y
d
iff
eren

cin
g
in
terfacial

stresses
in

th
e
stan

d
ard

w
ay,

averagin
g
th
rou

gh
th
e
p
ro
d
u
ction

tra
jectories.

C
on

fi
gu

ration
s
w
ere

sam
p
led

from
each

tra
jectory

at
every

0.005
n
s
for

fu
r-

th
er

an
aly

sis.
T
h
e
electrostatic

con
trib

u
tion

s
to

th
e
b
in
d
in
g
en
ergies

(T
A
B
L
E

3.2)

w
ere

evalu
ated

w
ith

th
e
G
R
O
M
A
C
S
reaction

fi
eld

m
eth

o
d
.
T
h
ose

electrostatic
con

-

trib
u
tion

s
w
ere

ch
ecked

again
st

stan
d
ard

E
w
ald

evalu
ation

s
of

electrostatic
en
ergies,

an
d
th
e
d
iff
eren

ces
w
ere

ty
p
ically

ab
ou

t
0.1

kcal/m
ol.

T
h
e
d
iff
eren

ces
of

gen
eralized

reaction
fi
eld

altern
atives

from
th
e
oth

er
m
eth

o
d
s
w
ere

su
b
stan

tially
larger,

i.e.
1-2

kcal/m
ol.

E
x
p
erim

en
tal

ap
p
lication

s
alm

ost
alw

ay
s
in
volve

a
racem

ic
m
ix
tu
re

of
P
C
.

T
h
e
calcu

lation
s
h
ere

w
ere

for
th
e
p
u
re

liq
u
id

of
th
e
en
an

tiom
er

F
IG

.
3.1.

T
h
is

w
as

b
ecau

se
ex
ten

sive
in
itial

calcu
lation

s
m
ad

e
th
at

ch
oice,

[7
5
,1
0
0
]
an

d
n
o
resu

lts
h
ere

are
ex
p
ected

to
b
e
sen

sitive
to

th
at

d
istin

ction
.
E
x
p
licit

ch
eck

in
g
of

a
few

cases
in

T
A
B
L
E
3.1

an
d
T
A
B
L
E
3.2

con
fi
rm

th
at

n
o
resu

lts
are

ch
an

ged
sign

ifi
can

tly
for

th
e

racem
ic

m
ix
tu
re.

N
everth

eless,
w
e
ex
p
ect

su
b
seq

u
en
t
resu

lts
to

treat
th
e
racem

ic
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case.

3
.4
.1

P
C
/
g
ra

p
h
ite

sim
u
la
tio

n
s

T
h
e
P
C
/grap

h
ite

sim
u
lation

s
u
sed

600
P
C
m
olecu

les
an

d
th
ree

layers
of

grap
h
ite.

E
ach

layer
h
as

9122
atom

s,
in
clu

d
in
g
266

cap
p
in
g
h
y
d
rogen

atom
s
at

th
e
ed
ges,

to

m
ake

a
sq
u
are

su
rface

of
ab

ou
t
15.5

n
m

b
y
15.5

n
m
.
A

liq
u
id

p
h
ase

con
fi
gu

ration

of
th
e
P
C

m
olecu

les
w
as

p
laced

n
ear

th
e
grap

h
ite

su
rface

an
d
eq
u
ilib

rated
for

5
n
s.

A
ll
sim

u
lation

s
u
sed

con
stan

t
T
V
N

con
d
ition

s,
at

T
=
300

K
an

d
a
cu
b
ic

(15.5
n
m
)
3

volu
m
e.

T
o
test

h
ow

th
e
P
C
/grap

h
ite

in
teraction

s
in
fl
u
en
ce

in
terfacial

p
rop

erties,

a
series

of
sim

u
lation

s
w
ith

d
iff
eren

t
L
en
n
ard

-J
on

es
ε
L
J
valu

es
for

th
e
P
C
-grap

h
ite

in
teraction

s
w
ere

ob
tain

ed
,
b
y
scalin

g
ε
L
J
b
y
factors

(0.25,
0.4,

0.5,
0.55,

0.6,
0.75

an
d
1).

In
teraction

s
b
etw

een
all

P
C

atom
s
an

d
th
e
grap

h
ite

carb
on

atom
s
w
ere

all

scaled
.
E
ach

sy
stem

w
as

sim
u
lated

for
5
n
s.

F
or

th
e
op

tim
al

ε
L
J
scalin

g,
sim

u
lation

s

w
ere

carried
ou

t
for

10
n
s.

S
im

u
lation

s
w
ere

carried
ou

t
w
ith

an
d
w
ith

ou
t
con

strain
ts

on
th
e
grap

h
ite

su
rface

u
tilizin

g
a
h
arm

on
ic

restrain
t
w
ith

force
con

stan
t
of

1000

k
J
/(m

ol
n
m

2).
T
h
e
sim

u
lation

s
u
ses

a
cu
t-off

valu
e
for

eq
u
al

to
0.9

n
m
.
A
d
d
ition

al

sim
u
lation

s
w
ere

carried
-ou

t
w
ith

a
cu
t-off

valu
e
of

1.2
n
m
.
T
h
e
P
C
/grap

h
ite

con
tact

an
gle

w
as

fou
n
d
to

in
sen

sitive
to

th
e
cu
t-off

valu
e
or

th
e
u
se

of
restrain

ts
on

th
e

su
rface.

T
h
e
in
d
icated

40%
red

u
ction

in
th
e
stren

gth
of

grap
h
ite-C

L
en
n
ard

-J
on

es

in
teraction

s
m
ay

b
e
th
e
sim

p
lest

ad
ju
stm

en
t
th
at

b
rin

gs
th
e
sim

u
lation

resu
lts

in
to

con
sisten

cy
w
ith

th
e
con

tact
an

gle
ob

servation
.

3
.4
.2

D
ro

p
le
t
silh

o
u
e
tte

T
h
e
d
rop

let
silh

ou
ette

(F
IG

.
3.3)

w
as

ob
tain

ed
in

th
e
follow

in
g
w
ay
:
[1
1
0
]
O
n

th
e
b
asis

of
th
e
sim

u
lation

d
ata,

th
e
m
ass

d
en
sity

w
as

b
in
n
ed
.
A

tw
o
d
im

en
sion

al

grid
w
as

u
sed

in
cy
lin

d
rical

co
ord

in
ates

w
ith

z
p
erp

en
d
icu

lar
to

th
e
grap

h
ite

p
lan

e

an
d
r
th
e
rad

ial
co
ord

in
ate.

T
h
e
z
ax

is
con

tain
ed

th
e
cen

troid
of

th
e
d
rop

let.
T
h
e
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fu
n
ction

ρ
(r,z)

=
ρ
liq

2 {
1−

tan
h [

r−
r
0 (z)

d
(z) ]}

,
(3.10)

w
h
ich

ack
n
ow

led
ges

th
at

th
e
ρ
v
a
p
≈

0,
w
as

fi
t
to

th
e
b
in
n
ed

m
ass

d
en
sity.

T
h
u
s

th
e
w
id
th

of
th
e
in
terfacial

p
rofi

le,
d
(z),

an
d
th
e
p
osition

of
th
e
in
terface,

r
0 (z)

w
ere

ob
tain

ed
for

each
z
layer.

S
in
ce

th
e
d
en
sity

ex
h
ib
its

d
istin

ct
layerin

g
p
arallel

to
z

(F
IG

.
3.4),

th
is

p
ro
ced

u
re

is
p
articu

larly
eff

ective
w
h
ere

an
aly

sis
of

th
e
d
en
sity

in

con
stan

t-z
slices

is
n
atu

ral,
for

0
<

z
<

1.9
n
m
.

F
or

z
>

1.9
n
m
,
w
h
ere

th
e
0
<

r
<

2
n
m

p
ortion

of
th
e
fl
u
id

in
terface

is

rou
gh

ly
p
arallel

to
th
e
z=

con
stan

t
(grap

h
ite)

su
rface,

con
stan

t-r
slices

of
th
e
d
en
sity

w
ere

sim
ilarly

fi
t
to

th
e
fu
n
ction

ρ
(r,z)

=
ρ
liq

2 {
1−

tan
h [

z−
z
0 (r)

d
(r)

]}
.

(3.11)

In
v
iew

of
F
IG

.
3.4,

th
is
d
escrib

es
th
e
ou

ter
(largest

r)
b
eh
av
ior,

w
h
ere

th
e
d
en
sity

is

d
ecreasin

g
th
rou

gh
ρ
liq /2.

T
h
e
tw

o
ap

p
roach

es
give

th
e
sam

e
valu

es
n
ear

a
crossin

g

p
oin

t
r≈

2
n
m
.
C
om

b
in
g
th
ese

tw
o
fi
ts

gives
F
IG

.
3.3.

3
.4
.3

W
in
d
o
w
e
d

sa
m
p
lin

g
fo
r
ca

lcu
la
tio

n
s
o
f
co

e
x
istin

g
v
a
-

p
o
r
d
e
n
sitie

s

T
h
e
co
ex
istin

g
vap

or
d
en
sities

w
ere

evalu
ated

b
y
stratifi

cation
on

th
e
b
asis

of

th
e
W
eigh

ted
H
istogram

A
n
aly

sis
M
eth

o
d
(W

H
A
M
)
[1
3
1
,1
3
2
]
to

con
cen

trate
sam

p
lin

g

on
th
e
low

d
en
sities

of
th
e
vap

or
p
h
ase.

W
in
d
ow

ed
calcu

lation
s
w
ere

p
erform

ed
w
ith

600
P
C

m
olecu

les
at

tem
p
eratu

res
300K

an
d
400K

ad
op

tin
g
th
e
m
eth

o
d
s
d
escrib

ed

ab
ove.

In
itial

con
fi
gu

ration
for

each
w
in
d
ow

w
as

ob
tain

ed
b
y
p
u
llin

g
a
P
C

m
olecu

le

from
th
e
cen

ter
of

m
ass

of
th
e
slab

to
d
eep

in
to

vap
or

p
h
ase

at
con

stan
t
rate

of

0.01
n
m
/p

s.
In

th
e
300K

case,
15

w
in
d
ow

s,
sp
aced

b
y
0.1

n
m

in
b
u
lk

liq
u
id

p
h
ase
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an
d
0.05

n
m

n
ear

in
terface

an
d
vap

or
p
h
ase,

w
ere

treated
.
T
ra
jectories

of
5
n
s/w

in
d
ow

(after
1
n
s
of

m
in
im

ization
an

d
5
n
s
of

agin
g)

w
ere

u
sed

to
recon

stru
ct

d
en
sity

p
rofi

les.

F
or

th
e
400K

calcu
lation

,
41

w
in
d
ow

s
of

0.1
n
m

u
n
iform

sp
acin

g
w
ere

u
sed

.

T
h
e
h
arm

on
ic

p
oten

tial
en
ergy

U
=

k
(z−

z
0 )

2
w
in
d
ow

in
g
fu
n
ction

w
as

em
-

p
loyed

,
w
ith

z
is

th
e
in
stan

tan
eou

s
d
istan

ce
of

th
e
cen

ter
of

m
ass

of
th
e
p
u
lled

P
C

m
olecu

le
from

cen
ter

of
m
ass

of
th
e
slab

an
d
z
0 ,
th
e
d
esign

ated
m
in
im

u
m

of
U
,
id
en
ti-

fy
in
g
th
e
w
in
d
ow

p
osition

.
k
=
4000

k
J
/m

ol/n
m

2
(for

300K
)
an

d
k
=
6000

k
J
/m

ol/n
m

2

(for
400

K
).

3
.4
.4

L
iq
u
id

P
C

d
ie
le
ctric

co
n
sta

n
t

T
h
e
d
ielectric

con
stan

t
of

u
n
iform

P
C

liq
u
id

is
evalu

ated
follow

in
g
stan

d
ard

sim
u
lation

m
eth

o
d
s.

[7
5
,1
1
5
]
T
h
e
calcu

lation
treated

600
P
C

m
olecu

les
u
n
d
er

p
erio

d
ic

b
ou

n
d
ary

con
d
ition

s.
R
esu

ltin
g
valu

es
w
ere

averaged
from

th
e
40

n
s
p
ro
d
u
ction

tra
jectories

at
con

stan
t
p
ressu

re
of

1
atm

.
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C
h
a
p
te
r
4

D
ire

ct
D
y
n
a
m
ica

l
S
im

u
la
tio

n
o
f

F
illin

g
o
f
C
a
rb

o
n

N
a
n
o
tu

b
e
F
o
re
st

E
le
ctro

ch
e
m
ica

l
D
o
u
b
le
-la

y
e
r

C
a
p
a
cito

rs

4
.1

In
tro

d
u
ctio

n

C
om

p
ared

to
b
atteries,

cap
acitors

p
rov

id
e
h
igh

ch
arge/d

isch
arge

rates,
tem

-

p
eratu

re
in
sen

sitiv
ity,

an
d
lon

g
life-tim

es.
B
atteries

h
ave

h
igh

en
ergy

d
en
sities,

b
u
t

cap
acitors

h
ave

h
igh

er
p
ow

er
d
en
sities.

R
esearch

on
cap

acitor
m
aterials

em
p
h
asizes

im
p
rov

in
g
en
ergy

d
en
sities

w
h
ile

retain
in
g
go

o
d
p
ow

er
d
en
sities

of
cap

acitors.
F
orests

can
h
ave

h
igh

sp
ecifi

c
cap

acitan
ce

an
d
off

er
th
e
p
ossib

ility
of

n
an

o-scale
d
esign

.
T
h
e

feasib
ility

of
fu
lly

m
olecu

lar
sim

u
lation

of
electro

ch
em

ical
d
ou

b
le-layer

cap
acitors

b
ased

on
C
N
T

forests
h
as

recen
tly

b
een

d
em

on
strated

.
(F

ig.
4.1)

In
p
rev

iou
s
ch
ap

ter,
w
e
stu

d
ied

p
rop

y
len

e
carb

on
ate

as
a
solven

t
for

E
D
L
C
s,

rep
orted

ex
p
erim

en
tal

an
d
m
olecu

lar
sim

u
lation

resu
lts

on
P
C

in
terfaces.

P
C

w
ets

grap
h
ite

w
ith

a
con

tact
an

gle
of

31 ◦
at

am
b
ien

t
con

d
ition

s.
M
olecu

lar
d
y
n
am

ics
sim

u
-
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L
x

L
y

0.67nm

4.7nm

F
ig
u
re

4
.1
:
Illu

stra
tio

n
o
f
th
e
fi
lled

n
a
n
o
tu
b
e
fo
rest

trea
ted

b
y
sim

u
la
tio

n
w
ith

p
eri-

o
d
ic

b
o
u
n
d
a
ry

co
n
d
itio

n
s.

(L
eft)

T
h
e
n
a
n
o
tu
b
e
m
o
d
el.

(R
ig
h
t)

C
ro
ss-sectio

n
p
erp

en
-

d
icu

la
r
to

th
e
n
a
n
o
tu
b
es.

[1
0
0
]

lation
s
agree

w
ith

th
is
con

tact
an

gle
after

40%
red

u
ction

of
th
e
stren

gth
of

grap
h
ite-C

atom
L
en
n
ard

-J
on

es
in
teraction

s
w
ith

th
e
solven

t.
T
h
is

valid
ation

p
aves

th
e
w
ay

to

d
irect

sim
u
lation

of
d
y
n
am

ical
fi
llin

g
an

d
p
erform

an
ce

of
C
N
T
-b
ased

E
D
L
C
s.

H
ere,

w
e
p
resen

t
all-atom

m
olecu

lar
d
y
n
am

ics
sim

u
lation

s
of

electro
ch
em

i-

cal
d
ou

b
le-layer

cap
acitors

b
ased

on
C
N
T

forests
w
ith

P
C
:
T
E
A
B
F
4
solu

tion
s.

W
e

ex
p
licit

ch
aracterization

s
of

th
e
ch
argin

g
an

d
d
isch

argin
g
p
ro
cesses,

in
clu

d
in
g
elec-

troly
te

com
p
osition

in
th
e
p
ores,

th
e
rates
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ch
argin

g
resp
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an
d
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e
p
ossib

ility
of

b
u
b
b
le
form

ation
.
A
lso,

w
e
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er

th
e
k
in
etic

p
rop

erties
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to
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fi
n
em

en
t.

4
.2

R
e
su

lts
a
n
d

D
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ssio
n

4
.2
.1

P
rim

itiv
e
sim
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la
tio

n

P
rim
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sim

u
lation

w
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8
n
an

otu
b
es,
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p
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T
E
A
B
F
4
ion

s
an

d
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P
C

m
olecu

les
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carried
ou

t
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in
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th
e
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d
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en
d
en
ce
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sim

u
lation
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lts.
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Z
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u
)
B
u
b
b
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g
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ig.
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54

w
h
ich
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a
com

m
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con
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e
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g
p
ro
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em

ical
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an

d
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A
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d
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ce
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d
b
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th
e
m
id
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e
of
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u
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b
ox

w
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g
w
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e
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arge

d
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eren

ce
b
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e
u
p
p
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d
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b
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ob
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B
ased

on
th
is

p
rim
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b
y
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ig.
4.3).

U
n
d
er

ap
p
lied

ch
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b
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d
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b
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b
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b
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ro
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ra
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b
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b
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p
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b
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p
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p
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ra
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b
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b
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b
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b
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b
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n
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ra
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a
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a
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la
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n
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b
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b
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a
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p
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b
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=
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h
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p
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in
g
p
ro
-

cess
is

p
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p
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p
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4
.2
.3

T
h
e

ro
le

o
f
a
ttra

ctiv
e

in
te
ra

ctio
n
s
in

th
e

m
o
tio

n
s
o
f

m
o
le
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le
s
in

liq
u
id
s

W
ith

th
e
d
atab
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con
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cted

d
u
rin

g
ab

ove
sim

u
lation

s,
w
e
fo
cu
s
on

th
e
k
i-

n
etic

ch
aracteristics.

O
u
r
in
itial

step
,
in

th
is
section

,
is
to

d
istin

gu
ish

d
iff
erin

g
roles

of

rep
u
lsive

an
d
attractive

in
teraction

in
th
e
m
otion

s
of

m
olecu

les
in

eq
u
ilib

riu
m

liq
u
id
s.

A
b
asic

goal
of

th
e
m
olecu

lar
th
eory

of
liq

u
id
s
is

th
e
clear

d
iscrim

in
ation

of
eff

ects

of
in
term

olecu
lar

in
teraction

s
of

d
istin

ct
ty
p
es,

e.g.
ex
clu

d
ed

volu
m
e
in
teraction

s

an
d
lon

ger
ran

ged
attractive

in
teraction

s
[1
3
3
,1
3
4
].

T
h
at

d
iscrim

in
ation

lead
s
to

th
e

van
d
er

W
aals

p
ictu

re
of

liq
u
id
s
[1
3
3
,1
3
5
,1
3
6
]
in

th
e
eq
u
ilib

riu
m

th
eory

of
classical

fl
u
id
s.

T
h
ose

id
eas

are
clear

en
ou

gh
to

b
e
cap

tu
red

in
m
o
d
els

w
ith

van
d
er

W
aals

lim
its

th
at

are
su
scep

tib
le

to
rigorou

s
m
ath

em
atical

an
aly

sis
[1
3
7
].
U
ltim

ately,
th
e
gen

eral
th
eory

of
liq

u
id
s
is

th
en

fou
n
d
ed

on
th
e
com

p
osite

van
d
er

W
aals

p
ictu

re
w
h
ich

also
serves

to
ch
aracterize

n
on

-van
d
er

W
aals

cases,
su
ch
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w
ater,
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p
articu

lar
scru

tin
y
[1
2
1
].

H
ere

w
e
ob
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ob

servation
s
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d
istin

gu
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d
iff
erin

g
roles

of
rep

u
lsive

an
d
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in
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th
e
d
y
n
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m
olecu

les
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eq
u
ilib

riu
m

liq
u
id
s.

T
h
e
an

alogu
e
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th
e
van

d
er

W
aals

p
ictu

re
of

eq
u
ilb

riu
m

liq
u
id
s
for

tran
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ort

p
rop

erties
is

m
u
ch
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d
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.
T
h
at

is
p
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b
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se
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th
e
h
igh

er
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tran
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ort

p
h
en
om

en
a
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b
e
ad

d
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[1
3
8
].
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b
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se
th
e
m
ath

em
atical

van
d
er

W
aals

lim
it
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trib

u
tes

essen
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at
zeroth

ord
er
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th
e
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o
d
y
n
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ics,
w
h
ereas
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s
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van
d
er

W
aals
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tran
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p
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h
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n
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e

lead
in
g
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u
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ty
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h
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T
h
e
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in
g
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u
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t
van

ish
es

in
th
e
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N
everth
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ch
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e
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b
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d
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th
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60

0.00

0.02

0.04

0.06

0.08

0.10

0
1

2
3

4
5

t
(p
s)

2 ∫
t0 〈�v

(τ
)·�v

(0)〉
d
τ
(n
m

2/p
s)

〈
Δ
r
(t)

2 〉
(n
m

2)

F
ig
u
re

4
.5
:
D
a
sh
ed

cu
rve:

th
e
m
ea
n
-sq

u
a
re-d

isp
la
cem

en
t
of

th
e
cen

ter-o
f-m

a
ss

o
f
a

p
ro
p
y
len

e
ca
rb
o
n
a
te

m
o
lecu

le
in

liq
u
id

P
C
.
D

P
C
=

4.0×
10 −

6
cm

2/
s.

S
o
lid

cu
rve:

tim
e-

d
eriva

tiv
e
o
f
th
e
m
ea
n
-sq

u
a
re-d

isp
la
cem

en
t.

T
h
e
in
set

d
ep

icts
th
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p
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a
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b
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p
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=

3
0
0
K

m
a
in
ta
in
ed

b
y
N
o
se-H

o
ov
er

th
erm

o
sta

t.
T
h
e
sy
stem

o
f
n

=
1
0
0
0
P
C

m
o
lecu

les
w
a
s
a
g
ed

fo
r
1
0
n
s,

th
en

a
1
n
s
tra

jecto
ry

w
a
s
o
b
ta
in
ed
,
sav

in
g

co
n
fi
g
u
ra
tio

n
s
every

1
0
th

1
fs

tim
e
step

fo
r
an

a
ly
sis.



61

0 2 4 6

0
2

4
6

8
10

t/t
m
a
x

P
C

ρ
d
3
=

0.88

h
ard

sp
h
ere

∫
t/

tm
a
x

0
〈	v
(τ

)·	v
(0
)〉d

τ
∫
∞0
〈	v
(τ
)·	v

(0
)〉d

τ

F
ig
u
re

4
.6
:
N
o
rm

a
lized

tim
e-d

eriva
tiv

e
of

th
e
m
ea
n
-sq

u
a
re

d
isp

la
cem

en
t
of

a
m
o
lecu

le
cen

ter-o
f-m

a
ss.

T
h
e
b
lu
e
cu
rv
e
is

red
raw

n
fro

m
F
IG

.
4.5

,
w
ith

th
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p
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th
a
lp
y
o
f

a
ctiva

tio
n
(Δ

H
∗)

is
3.4

7
kca

l/
m
o
l.

N
u
m
erica

l
va
lu
es

are
g
iven

in
T
a
b
le

4
.2
.
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4
.3

C
o
n
clu

sio
n
s

H
ere

w
e
ch
aracterize

th
e
ch
argin

g
an

d
d
isch

argin
g
p
ro
cesses

for
E
D
L
C
s
b
y

d
irect

sim
u
latin

g
of

T
E
A
B
F
4 /P

C
solu

tion
fi
llin

g
of

C
N
T

forests.
R
ecen

t
stu

d
ies

of
in
terfacial

p
rop

erties
of

P
C

h
ave

laid
th
e
b
asis

for
th
is

sim
u
lation

m
o
d
el.

E
x
-

p
licatin

g
th
e
rates

of
ch
argin

g
resp

on
ses

an
d
th
e
k
in
etic

ch
aracteristics

asso
ciated

w
ith

th
e
con

fi
n
em

en
t
an

d
th
e
an

isotrop
ic

en
v
iron

m
en
t.

T
h
e
friction

kern
el

(m
em

ory

fu
n
ction

,
or

au
to
correlation

of
ran

d
om

forces)
γ
(t)

(E
q
.
(4.2))

is
ob

tain
ed

u
tilizin

g

lin
ear-eq

u
ation

solv
in
g
after

d
iscretization

,
or

sp
ecialized

F
ou

rier
tran

sform
m
eth

o
d
.

F
or

stron
gly

b
ou

n
d
liq

u
id
s,

th
e
m
em

ory
fu
n
ction

ex
h
ib
its

tw
o
d
istin

ct
relax

ation
s

w
ith

th
e
lon

ger
tim

e-scale
relax

ation
asso

ciated
w
ith

attractive
in
term

olecu
lar

forces.

D
ielectric

relax
ation

tim
e
for

P
C

is
47.5

p
s
w
h
ich

con
sisten

ts
to

th
e
ex
p
erim

en
tal

resu
lts

46
p
s
at

T
=

300K
.

4
.4

M
e
th

o
d
s

D
irect

sim
u
lation

s
of

fi
llin

g
C
N
T

forest
w
ith

T
E
A
B
F
4 /P

C
w
ere

carried
ou

t

b
y
G
R
O
M
A
C
S
p
ackages

in
an

isoth
erm

al-isob
aric

en
sem

b
le

(N
P
T
)
w
ith

p
erio

d
ical

b
ou

n
d
aries

at
T

=
300K

,
p
=

1
atm

.
T
em

p
eratu

re
w
as

m
ain

tain
ed

b
y
N
ose-H

o
over

th
erm

ostat.
S
y
stem

sizes
ran

ged
from

18,000
to

35,000
atom

s,
d
ep

en
d
in
g
on

th
e

in
terstitial

sp
ace

of
th
e
C
N
T
forest.

T
h
e
300-atom

carb
on

n
an

otu
b
es

are
cap

p
ed

w
ith

h
alf

of
a
b
u
ck
y
b
all,

C
3
6
0
in

total.
E
lectron

ic
stru

ctu
re

calcu
lation

s
w
ere

p
erform

ed

b
y
G
ary

H
off

m
an

w
ith

G
au

ssian
03

u
sin

g
th
e
P
B
E
d
en
sity

fu
n
ction

al
an

d
th
e
3-21G

sp
lit-valen

ce
b
asis

set.
[1
6
5
]
A
ll
th
e
oth

er
p
aram

eters
are

ad
op

ted
from

G
R
O
M
A
C
S

O
P
L
S
all-atom

force
fi
eld

.
F
or

each
ch
arge

level,
50n

s
p
ro
d
u
ction

eq
u
ilib

riu
m

ru
n

w
as

p
erform

ed
after

a
50n

s-agin
g
p
erio

d
.
A
ll
T
ra
jectories

w
ere

con
stru

cted
w
ith

a

tim
e
step

of
1
fs.

C
on

fi
gu

ration
s
w
ere

saved
every

5
p
s
for

fu
rth

er
an

aly
sis.

F
or

th
e
m
ean

sq
u
are

d
isp

lacem
en
t
an

d
velo

city
au

to
correlation

fu
n
ction

cal-
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cu
lation

s,
1
n
s
sim

u
lation

s
w
ere

p
erform

ed
w
ith

a
tim

e
step

1
fs.

T
ra
jectories

w
ere

saved
at

each
10

step
s.

B
u
lk

liq
u
id

sim
u
lation

d
etails

for
p
rop

y
len

e
carb

on
ate,

eth
y
len

e
carb

on
ate,

aceton
itrile,

w
ater

(T
IP

4P
-E
W

m
o
d
el)

are
p
rov

id
ed

in
th
e
cap

tion
s
of

F
ig:

4.5
an

d

F
ig:

4.7.D
ielectric

relax
ation

p
rop

erties
w
ere

calcu
lated

from
1
n
s
b
u
lk

liq
u
id

sim
u
la-

tion
s
w
ith

con
fi
gu

ration
s
saved

every
1
fs.
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C
h
a
p
te
r
5

M
u
lti-sca

le
T
h
e
o
ry

in
th

e

M
o
le
cu

la
r
S
im

u
la
tio

n
o
f

E
le
ctro

ly
te

S
o
lu
tio

n
s

5
.1

In
tro

d
u
ctio

n

T
h
is

ch
ap

ter
d
evelop

s
statistical

m
ech

an
ical

th
eory

w
ith

th
e
goal

of
treat-

in
g
electroly

te
solu

tion
s
at

ch
em

ical
resolu

tion
.
O
u
r
con

tex
t
is

cu
rren

t
research

on

electro
ch
em

ical
d
ou

b
le-layer

cap
acitors

(E
D
L
C
s)

b
ased

on
n
an

otu
b
e
forests.

[7
5
]
T
h
e

req
u
irem

en
t
of

ch
em

ical
resolu

tion
m
ean

s
th
at

electron
ic

stru
ctu

re
m
u
st

b
e
an

in
te-

gral
p
art

of
th
e
th
eory

con
sisten

t
w
ith

th
e
n
atu

ral
in
terest

in
ch
em

ical
featu

res
of

E
D
L
C
s.A
b
in
itio

m
olecu

lar
d
y
n
am

ics
(A

IM
D
),
th
ou

gh
n
ot

statistical
m
ech

an
ical

th
e-

ory,
is

availab
le

to
sim

u
late

electroly
te

solu
tion

s.
C
om

p
ared

to
classic

m
olecu

lar

sim
u
lation

s
w
ith

em
p
irical

m
o
d
el

force-fi
eld

s,
A
IM

D
calcu

lation
s
are

severely
lim

ited

in
sp
ace

an
d
tim

e
scales,

b
y
m
ore

th
an

an
ord

er-of-m
agn

itu
d
e
in

each
.
C
on

seq
u
en
tly,

ap
p
lication

of
A
IM

D
is

n
ot

feasib
le

for
E
D
L
C
s
at

scales
th
at

are
ex
p
erim

en
tally

in
-

terestin
g.

T
h
is
calls

for
fu
rth

er
th
eory

to
em

b
ed

A
IM

D
m
eth

o
d
s
in

stu
d
ies

of
E
D
C
L
s.



83

C
h
an

ge-of-scale
con

seq
u
en
ces

are
a
p
rim

itive
goal

of
fu
n
d
am

en
tal

statistical

m
ech

an
ical

th
eory.

T
h
at

b
asic

p
ersp

ective
is

ex
p
licit

in
th
e
classic

p
h
ase

tran
sition

literatu
re,

[1
6
6
]
an

d
it

h
as

lon
g
b
een

relevan
t
to

th
e
th
eory

of
electroly

te
solu

tion
s

sp
ecifi

cally.
[1
6
7
,1
6
8
]
T
h
is

p
ap

er
organ

izes
several

b
asic

resu
lts

of
th
e
statistical

m
e-

ch
an

ics
of

solu
tion

s
to

treat
electroly

te
solu

tion
s
w
h
ere

sp
ace

an
d
tim

e
scales

w
ill

oth
erw

ise
p
roh

ib
it

d
irect

A
IM

D
calcu

lation
s.

O
u
r
resu

lts
h
ere

su
ggest

a
role

for

A
IM

D
som

ew
h
at

an
alogou

s
to

su
b
-grid

m
o
d
elin

g
in

com
p
u
tation

al
fl
u
id

m
ech

an
ics.

N
everth

eless,
th
e
goals

of
th
e
statistical

th
erm

o
d
y
n
am

ics
of

com
p
lex

solu
tion

s
are

d
istin

ct,
an

d
w
e
d
o
n
ot

p
rop

ose
tran

sfer
of

resu
lts

h
ere

b
etw

een
th
ose

fi
eld

s.

λ
λ

F
ig
u
re

5
.1
:

E
va
lu
a
tio

n
o
f
th
e
ex
cess

ch
em

ica
l
p
oten

tia
l
of

a
d
istin

g
u
ish

ed
io
n
(red

d
isk

),
p
a
ttern

ed
a
cco

rd
in
g
to

Q
C
T
.
T
h
e
b
lu
e
an

d
g
reen

d
isk

s
are

o
th
er

io
n
s
in

th
e

sy
stem

,
a
n
d
th
e
so
lv
en
t
is
in

th
e
b
a
ck
g
ro
u
n
d
.
T
h
e
step

w
ise

co
n
trib

u
tio

n
s
a
re

“p
a
ck
in
g
,”

“
o
u
ter

sh
ell,”

a
n
d
“ch

em
ica

l”
co
n
trib

u
tio

n
s,
fro

m
left

to
rig

h
t.

S
ee

th
e
tex

t
an

d
E
q
.
5
.1
1

fo
r
fu
rth

er
d
iscu

ssio
n
.

O
u
r
d
evelop

m
en
t
h
ere

u
tilizes

several
th
eoretical

resu
lts

th
at

are
“...b

oth

d
iffi

cu
lt

an
d
stron

gly
estab

lish
ed

...”
[1
6
7
]
W
e
p
u
t
b
u
rd
en
som

e
tech

n
ical

resu
lts

in

ap
p
en
d
ices,

an
d
in

th
is
in
tro

d
u
ction

give
a
fu
ller

d
iscu

ssion
of

th
e
lin

e
of

reason
in
g.

T
h
e
in
itialstep

in
ou

r
d
evelop

m
en
t
is
th
e
M
cM

illan
-M

ayer
(M

M
)
th
eory

[1
6
7
,1
6
9
,1
7
0
]

in
tegratin

g
ou

t
of

solven
t
d
egrees

of
freed

om
.

M
M

th
eory

is
a
p
in
n
acle

of
coarse-

grain
in
g
for

th
e
statistical

m
ech

an
ics

of
solu

tion
s,

it
ach

ieves
a
vast

con
cep

tu
al

sim
-

p
lifi

cation
th
e
th
eory

of
electroly

te
solu

tion
s.

N
o
sacrifi

ce
of

m
olecu

lar
realism

is

im
p
lied

b
y
M
M

th
eory,

an
d
all

p
rim

itive
electroly

te
solu

tion
m
o
d
els

rest
on

it.
B
u
t

catalogin
g
th
e
m
u
lti-b

o
d
y
p
oten

tials
req

u
ired

for
a
literal

M
M

ap
p
lication

is
p
ro-
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h
ib
itive.

[1
7
1
]
T
h
erefore,

u
se

of
M
M

th
eory

to
con

stru
ct

a
sp
ecifi

c
p
rim

itive
m
o
d
el

for

a
sy
stem

of
ex
p
erim

en
tal

in
terest

h
as

b
een

lim
ited

.
[1
7
2
,1
7
3
]
In
d
eed

,
th
e
M
M

th
eory

is

n
ot

gen
erally

su
itab

le
for

sp
ecifi

c
m
olecu

lar-scale
im

p
lem

en
tation

.

T
o
ad

d
ress

th
is

w
e
ex
p
loit

qu
asi-chem

ical
theory

(Q
C
T
)
w
h
ich

is
form

ally

com
p
lete

in
its

m
o
d
ern

ex
p
ression

.
[1
1
7
,1
7
4
]
Q
C
T

evalu
ates

solvation
free

en
ergies

b
y

b
reak

in
g
th
em

in
to

con
trib

u
tion

s
w
ith

clear
p
h
y
sical

m
ean

in
gs.

O
n
e
con

trib
u
tion

is
a

packin
g
con

trib
u
tion

.
T
h
is
can

b
e
sim

p
le

in
th
e
an

ticip
ated

ap
p
lication

s
b
ecau

se
th
e

solven
t
is

n
ot

in
volved

sp
ecifi

cally,
an

d
th
e
ion

con
cen

tration
s
are

n
ot

p
roh

ib
itively

h
igh

.
A

secon
d
con

trib
u
tion

—
th
e
ou

ter
shell

con
trib

u
tion

—
treats

ion
-ion

in
ter-

action
s
at

lon
g-ran

ge
an

d
it
is
ex
p
ected

on
p
h
y
sical

grou
n
d
s
th
at

th
e
n
ecessary

M
M

in
teraction

s
sh
ou

ld
b
e
sim

p
le

th
en
.
T
h
at

ou
ter-sh

ell
con

trib
u
tion

is
stu

d
ied

b
elow

.

T
h
e
fi
n
al

con
trib

u
tion

—
th
e
chem

ical
con

trib
u
tion

—
treats

ion
-ion

in
n
er-

sh
ell

n
eigh

b
ors.

S
m
aller

sp
atial

scales
m
u
st

b
e
d
irectly

con
fron

ted
an

d
it
is
h
ere

th
at

th
e
su
b
-grid

A
IM

D
activ

ity
com

es
in
to

p
lay.

F
ig.

5.1
sh
ow

s
a
n
ow

-stan
d
ard

p
ictu

re

of
th
is
organ

ization
of

th
e
statistical

th
erm

o
d
y
n
am

ical
p
rob

lem
.

T
h
is

d
iscu

ssion
su
ggests

th
at

van
d
er

W
aals

th
eory

is
a
su
b
set

of
th
e
p
resen

t

Q
C
T

ap
p
roach

.
T
h
is

is
ad

van
tageou

s
b
ecau

se
van

d
er

W
aals

th
eory

is
th
e
b
asis

of
th
e
th
eory

of
liq

u
id
s
v
iew

ed
b
road

ly.
[1
3
3
,1
7
5
]
W

h
ile

p
ay
in
g
an

u
n
avoid

ab
le

p
rice

of
sign

ifi
can

t
com

p
u
tation

al
eff

ort,
Q
C
T

go
es

b
eyon

d
van

d
er

W
aals

th
eory

in
sev

-

eral
w
ay
s.

F
or

ex
am

p
le

h
ere,

w
h
ere

ion
-p
airin

g
is

an
essen

tial
p
art

of
th
e
p
h
y
sical

p
ictu

re,
asso

ciative
p
h
en
om

en
a
are

treated
fu
lly.

F
u
rth

erm
ore,

ou
r
Q
C
T

im
p
lem

en
-

tation
w
ou

ld
rou

tin
ely

treat
ou

ter-sh
ell

in
teraction

s
th
rou

gh
gau

ssian
ord

er
rath

er

th
an

th
e
m
ean

-fi
eld

ap
p
roach

of
classic

van
d
er

W
aals

th
eories.

T
h
is

is
essen

tial
in

th
e
p
resen

t
ap

p
lication

s
in

ord
er

to
cap

tu
re

th
e
p
h
y
sical

eff
ect

of
D
eb
ye

screen
in
g
of

ion
correlation

s.

It
is
an

in
terestin

g
p
h
y
sical

p
oin

t
th
at

th
e
id
en
tifi

cation
of

packin
g
an

d
chem

i-
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cal
con

trib
u
tion

s
h
ere

is
a
con

seq
u
en
ce

of
a
ch
oice

of
con

d
ition

in
g
even

t,
in

th
e
p
resen

t

d
evelop

m
en
t
th
e
em

p
tin

ess
of

th
e
in
n
er-sh

ell.
T
h
is
h
as

th
e
ad

van
tages

th
at

th
e
th
e-

ory
is

a
close

relative
of

van
d
er

W
aals

th
eory,

an
d
th
at

th
e
ou

ter-sh
ell

con
trib

u
tion

sh
ou

ld
b
e
p
articu

larly
sim

p
le
to

evalu
ate.

B
u
t
oth

er
ch
oices

of
con

d
ition

in
g
even

t
are

p
ossib

le
to
o.

[1
2
0
]
F
or

ex
am

p
le,

th
e
con

d
ition

in
g
even

t
m
igh

t
b
e
th
e
even

t
th
at

th
e
o
c-

cu
p
an

cy
of

th
e
in
n
er-sh

ell
is
th
e
valu

e
m
ost

p
rob

ab
ly

ob
served

.
T
h
is
h
as

th
e
in
tu
itive

attraction
of

b
ein

g
close

to
sim

p
le

ob
servation

s.
B
u
t
it

p
resen

ts
th
e
ch
allen

ge
th
at

th
e
evalu

ation
of

th
e
p
artition

fu
n
ction

for
th
at

case
m
igh

t
b
e
m
ore

d
iffi

cu
lt.

In
w
h
at

follow
s,
ou

r
p
rim

ary
em

p
h
asis

is
to

ch
aracterize

th
e
com

p
u
tation

al
eff

ort
to

evalu
ate

th
e
p
artition

fu
n
ction

asso
ciated

w
ith

ou
ter-shell

con
trib

u
tion

th
at

arises
w
ith

th
e

origin
al

su
ggestion

for
th
e
con

d
ition

in
g
even

t.

5
.2

B
a
sic

T
h
e
o
ry

R
e
q
u
ire

d

5
.2
.1

M
cM

illa
n
-M

a
y
e
r
th

e
o
re
m

T
h
e
osm

otic
p
ressu

re,
π
,
is
evalu

ated
as

th
e
p
artition

fu
n
ction

e
β
π
V
= ∑n

A ≥
0

Z
(n

A
;z

S ) (
z
A
n

A

n
A
! )

,
(5.1)

in
volv

in
g
on

ly
th
e
solu

te
sp
ecies

A
.
H
ere

V
is
th
e
volu

m
e,
k
B
T
=

β
−
1
th
e
tem

p
eratu

re,

an
d
th
e
activ

ity
of

th
e
solven

t
(sp

ecies
S
)
is
d
en
oted

b
y
z
S
=

e
β
μ
S.

E
q
.
5.1

in
volves

Z
(n

A
;z

S )
= [

lim
z

A →
0 (

ρ
A

z
A )

n
A ]∫

V

d
1
A
... ∫

V

d
n
A
e −

β
W

(1
A
...n

A
)
,

(5.2)
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w
ith

ρ
A
b
ein

g
th
e
d
en
sity

of
solu

tes,
an

d
w
ith

th
e
p
oten

tials-of-average-force
given

b
y

W
(1

A
...n

A
)
=

−
1β
ln
g
(1

A
...n

A
;z

S ,z
A
=
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p
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p
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e
o
re
m

(P
D
T
)

T
h
e
solu

te
ch
em

ical
p
oten

tial
m
ay

b
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=
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=

0)−
ln 〈〈

e −
β
Δ
W

(1
)

A 〉〉
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b
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=
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=
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b
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lon
ger

tim
e
scales.

T
h
e
th
eory

treats

com
p
osition

fl
u
ctu

ation
s
w
h
ich

w
ou

ld
b
e
accessed

b
y
larger-scale

calcu
lation

s,
an

d

also
lon

ger-ran
ged

in
teraction

s
an

d
correlation

s
th
at

are
of

sp
ecial

in
terest

for
elec-

troly
te

solu
tion

s.
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−
0.2

−
0.2

−
0.1

0.0

0.1

0.2

ln γ± =
(
βμ

(ex)
+ + βμ

(ex)
−

)
/2

−
1.6

−
1.2

−
0.8

−
0.4

0.0

−
β
q
2κ
/2ε

B
en
n
ett

G
au

ssian

F
ig
u
re

5
.1
0
:
N
o
co
n
d
itio

n
in
g
,
n
o
n
-Q

C
T
,
a
s
d
iscu

ssed
in

S
ec.

5
.3
.3
.1
.
T
h
e
so
lid

b
la
ck

lin
e
is

th
e
D
eb
ye-H

ü
ckel

lim
itin

g
law

.
T
h
e
p
oin

ts
co
rresp

o
n
d
to

c
=

{0
.0
1
,
0
.0
5
,
0
.1
,

0
.2
,
0
.4
,
0
.8}

m
o
l/
d
m

3
ca
ses

o
f
T
ab

le.
5
.1
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−
0.4

−
0.2

0.0

0.2

0.4

0.5
0.6

0.7
0.8

0.9
1.0

λ
(n
m
)

F
ig
u
re

5
.1
1
:

T
h
e
red

,
b
lu
e,

a
n
d

b
la
ck

cu
rves

a
re

th
e
p
a
ck
in
g
(a
rith

m
etic

avera
g
e

o
f−

ln〈〈χ〉〉
0
fo
r
th
e
tw

o
io
n

ty
p
es),

ch
em

ica
l
(a
rith

m
etic

avera
g
e
o
f
ln〈χ〉

fo
r
th
e

tw
o
io
n

ty
p
es),

a
n
d

n
et

co
n
trib

u
tio

n
s
(fo

llow
in
g
E
q
.
5.1

1
,
in
clu

d
in
g
th
e
ou

ter-sh
ell

co
n
trib

u
tio

n
,
fo
r
ln

γ±
),

resp
ectively,

fo
r
th
e
p
rim

itive
m
o
d
el

resu
lts.

[1
1
3
]
T
h
e
va
rio

u
s

cu
rves

co
rresp

o
n
d
to

c
=

{0
.0
1
,
0
.0
5
,
0
.1
,
0
.2
,
0
.4
,
0
.8}

m
o
l/
d
m

3
ca
ses

o
f
T
ab

le.
5
.1
.
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−
0.4

−
0.2

0.0

0.2

0.4

0.5
0.6

0.7
0.8

0.9
1.0

λ
(n
m
)

F
ig
u
re

5
.1
2
:

U
p
p
er

b
la
ck

cu
rves

a
re

th
e
resu

lts
fro

m
E
q
.
5
.1
8
.

S
im

ila
rly,

th
e
red

d
o
t-d

a
sh
ed

cu
rves

a
re

th
e
d
irect

n
u
m
erica

l
resu

lts
ob

ta
in
ed

b
y
tra

il
in
sertio

n
s.

T
h
e

low
er

b
la
ck

a
re

th
e
resu

lts
fro

m
E
q
.
5
.1
9
.
S
im

ila
rly,

th
e
b
lu
e
d
a
sh
ed

cu
rves

are
th
e

d
irect

n
u
m
erica

l
resu

lts
o
b
ta
in
ed

b
y
ob

servatio
n
s
of

th
e
io
n
s
p
resen

t
in

th
e
sim

u
la
tio

n
s.
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−
0.2

−
0.2

−
0.1

0.0

0.1

0.2

ln γ± =
(
βμ

(ex)
+ + βμ

(ex)
−

)
/2

−
1.6

−
1.2

−
0.8

−
0.4

0.0

−
β
q
2κ
/2ε

B
en
n
ett

G
au

ssian

F
ig
u
re

5
.1
3
:
Q
C
T
,
a
s
d
iscu

ssed
in

S
ec.

5
.2
.3
.
T
h
e
so
lid

b
la
ck

lin
e
is
th
e
D
eb
y
e-H

ü
ckel

lim
itin

g
law

.

T
h
e
q
u
asi-ch

em
ical

organ
ization

,
as

an
ex
ten

sion
of

van
d
er

W
aals

p
ictu

res,

b
reak

s-u
p

govern
in
g

free
en
ergies

in
to

p
h
y
sically

d
istin

ct
con

trib
u
tion

s:
packin

g,

ou
ter-shell,

an
d
chem

ical
con

trib
u
tion

s.
T
h
is
ch
ap

ter
ad

op
ted

a
p
rim

itive
m
o
d
el
su
g-

gested
b
y
ob

served
ion

-p
airin

g
in

tetra-eth
y
lam

m
on

iu
m

tetra-fl
u
orob

orate
d
issolved

in
p
rop

y
len

e
carb

on
ate,

th
en

stu
d
ied

sp
ecifi

cally
th
e
ou

ter-shell
con

trib
u
tion

s
th
at

ex
p
resses

electroly
te

screen
in
g.

G
au

ssian
statistical

m
o
d
els

are
sh
ow

n
to

b
e
eff

ective

as
p
h
y
sical

m
o
d
els

for
th
ese

ou
ter-shell

con
trib

u
tion

s,
an

d
th
ey

are
con

clu
sive

for
th
e

free
en
ergies

w
ith

in
th
e
q
u
asi-ch

em
ical

form
u
lation

(F
ig.

5.11
an

d
5.13).

In
fact,

w
ith

th
is

d
ata

set
th
e
gau

ssian
p
h
y
sical

ap
p
rox

im
ation

is
m
ore

effi
cien

t
in

p
rov

id
in
g
an

accu
rate

m
ean

activ
ity

co
effi

cien
t
th
an

is
th
e
B
en
n
ett

d
irect

evalu
ation

of
th
at

free

en
ergy

(F
ig.

5.10
an

d
5.13).
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5
.5

M
e
th

o
d
s

T
h
e
p
rim

itive
m
o
d
el
sim

u
lation

d
etails

are
p
rov

id
ed

in
T
ab

le.
5.1.

T
h
e
b
in
d
in
g

en
ergy

d
istrib

u
tion

an
d
free

en
ergy

calcu
lation

s
are

d
on

e
b
y
W
ei

Z
h
an

g.



107

C
h
a
p
te
r
6

A
p
p
e
n
d
ix

A
:
A
cce

ssib
le

d
e
riv

a
tio

n
o
f
th

e
M

cM
illa

n
-M

a
y
e
r
T
h
e
-

o
ry

In
th
e
an

aly
sis

of
th
e
M
M

th
eory,

th
e
form

u
lae

th
at

are
em

p
loyed

can
b
e

in
tim

id
atin

g
[1
7
9
–
1
8
1
]
at

several
stages

so
a
p
h
y
sically

clear
n
otation

h
elp

s.
W
e
con

sid
er

a
sy
stem

com
p
osed

of
solven

t
(S
)
an

d
solu

tes
(A

).
T
h
e
n
u
m
b
ers

of
th
ese

sp
ecies

w
ill

b
e
in
d
icated

b
y
n

S
an

d
n

A
,
th
e
b
old

-face
ty
p
ograp

h
y
in
d
icatin

g
th
at

each
of

th
ese

q
u
an

tities
can

b
e
m
u
lti-com

p
on

en
t,
i.e.,

n
A
=

{n
A

1 ,n
A

2 ,...},
an

d
sim

ilarly
for

solven
t
sp
ecies.

T
h
e
H
elm

h
oltz

free
en
ergy

A
(T

,V
,n

S ,n
A
)
th
en

lead
s
to

th
e
can

on
ical

p
artition

fu
n
ction

e −
β
A
(T

,V
,n

S
,n

A
)
=

Q
(n

S ,n
A
)
/
(n

S !n
A
!)

.
(6.1)

T
(tem

p
eratu

re)
an

d
V

(volu
m
e)

h
ave

th
eir

u
su
al

m
ean

in
gs,

an
d
w
e
w
ill

su
p
p
ress

th
at

n
otation

on
th
e
righ

t
of

6.1.
T
o
fu
rth

er
fi
x
th
e
n
otation

w
e
recall

[1
2
5
]
Q
(n

A
=

1)≡
V
q
(in

t)
A

/Λ
A
3
is
th
e
can

on
ical

en
sem

b
le
p
artition

fu
n
ction

for
a
sy
stem

com
p
risin

g

ex
actly

on
e
m
olecu

le
of

ty
p
e
A

in
a
volu

m
e
V

w
ith

Λ
A

is
th
e
th
erm

al
d
eB

roglie
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w
avelen

gth
.
T
h
e
factorial

n
otation

n
A
!
=

n
A

1 !n
A

2 !...
(6.2)

is
com

m
on

.
[1
2
5
,1
7
9
]
W

h
en

con
ven

ien
t,
w
e
w
ill

d
en
ote

n
=

{n
S ,n

A }
so

th
at

e −
β
A
(T

,V
,n

)
=

Q
(n

)
/n

!
.

(6.3)

T
h
e
gran

d
can

on
ical

p
artition

fu
n
ction

w
ill

b
e
cen

tral,

e
β
p
V
= ∑n

≥
0

Q
(n

) (
z
nn
! )

,
(6.4)

in
th
ese

term
s.

H
ere

w
e
ad

op
t
a
corresp

on
d
in
gly

sim
p
lifi

ed
n
otation

for
th
e
activ

i-

ties
[1
2
5
,1
7
9
]

z
n

=
ex
p {∑

X

β
μ
X
n
X }

(6.5)

w
ith

μ
X

th
e
ch
em

ical
p
oten

tial
of

sp
ecies

X
.
W
e
w
ill

com
p
are

th
e
p
ressu

re
of

th
e

solu
tion

w
ith

th
e
p
ressu

re
of

th
e
solven

t-on
ly

sy
stem

at
th
e
sam

e
activ

ity
z
S
=

e
β
μ
S:

e
β
(p−

π
)V

= ∑n
S ≥

0

Q
(n

S ,n
A
=

0) (
z
S n

S

n
S ! )

.
(6.6)

T
h
e
p
ressu

re
d
iff
eren

ce
π
is

th
e
osm

otic
p
ressu

re.
T
h
e
p
rob

ab
ility

for
ob

serv
in
g
n

S

in
th
e
solven

t-on
ly

sy
stem

is

P
(n

S ;z
A
=

0)
=

Q
(n

S ,n
A
=

0) (
z
S n

S

n
S ! )

e −
β
(p−

π
)V

.
(6.7)
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W
ith

th
ese

n
otation

s
w
e
w
rite

e
β
π
V
= ∑n

A ≥
0 (

z
A
n

A

n
A
! )∑n

S ≥
0 {

Q
(n

S ,n
A
)

Q
(n

S ,n
A
=

0) }
P
(n

S ;z
A
=

0)
= ∑n

A ≥
0

Z
(n

A
;z

S ) (
z
A
n

A

n
A
! )

.

(6.8)

T
h
e
im

p
ortan

t
p
oin

t
is
th
e
stru

ctu
ral

sim
ilarity

to
6.4.

O
u
r
task

is
to

an
aly

ze
th
e
M
M

con
fi
gu

ration
al

in
tegral

Z
(n

A
;z

S )
= ∑n

S ≥
0 {

Q
(n

S ,n
A
)

Q
(n

S ,n
A
=

0) }
P
(n

S ;z
A
=

0)
(6.9)

T
h
e
d
isp

layed
ratio

of
p
artition

fu
n
ction

s
is

d
istin

ctive.
F
or

th
e
case

n
A

=
1,

for

ex
am

p
le,

w
e
w
rite

∑n
S ≥

0 {
Q
(n

S ,n
A
=

1)

Q
(n

S ,n
A
=

0) }
P
(n

S ;z
A
=

0)
=

Q
(n

S
=

0,n
A
=

1) 〈〈
e −

β
Δ
U

(1
)

A 〉〉
0
,

(6.10)

w
h
ere

th
e
righ

t-m
ost

factor
is
to

b
e
evalu

ated
at

in
fi
n
ite

d
ilu

tion
of

th
e
solu

te,
z
A
=

0.

T
h
e
p
oten

tial
d
istrib

u
tion

d
evelop

m
en
t
estab

lish
es

th
at

righ
t-sid

e
to

b
e
[1
2
5
]

Q
(n

S
=

0,n
A
=

1) 〈〈
e −

β
Δ
U

(1
)

A 〉〉
0
=

lim
z
A →

0 (
n
A

z
A )

=
lim
z
A →

0 (
ρ
A

z
A )

V
.

(6.11)

T
o
w
rite

th
e
gen

eral
term

for
6.9,

w
e
w
ill

u
se

(
n

A

m
A )

to
d
en
ote

th
e
n
u
m
b
er

of
w
ay
s
of

selectin
g
th
e
m

A
solu

te
m
olecu

le
set

from
th
e

collection
n

A
.
F
or

ex
am

p
le,

if
on

ly
on

e
ty
p
e
of

solu
te

A
is
con

sid
ered

,
th
en

(
n

A

m
A )

=
n
A
!

m
A
!(n

A −
m

A
)!

=
n
m

A
A

m
A
!
,

(6.12)
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as
u
su
al,

w
ith

th
e
last

eq
u
ality

u
sin

g
th
e
‘n

A
-to-th

e-m
A
-fallin

g’
n
otation

.
[1
2
5
,1
8
2
]

F
or

m
ore

gen
eral

b
u
t
sp
ecifi

ed
m

A
,
w
e
rew

rite
6.9

∑n
S ≥

0 {
Q
(n

S ,m
A
)

Q
(n

S ,m
A
=

0) }
P
(n

S ;z
A
=

0)
=

Q
(n

S
=

0,m
A
) 〈〈

e −
β
Δ
U
( m

A
) 〉〉

0

(6.13)

an
d
again

,
after

h
av
in
g
set

m
A
,
th
is
is
to

b
e
evalu

ated
at

in
fi
n
ite

d
ilu

tion
.
H
ere

th
e

b
in
d
in
g
en
ergy

Δ
U

(m
A
)
=

U
(n

S ,m
A
)−

U
(n

S ,m
A
=

0)−
U
(n

S
=

0,m
A
)
,

(6.14)

is
asso

ciated
w
ith

th
e
collection

of
m

A
solu

te
m
olecu

les.
F
ollow

in
g
th
e
p
oten

tial

d
istrib

u
tion

th
eory

fu
rth

er
[1
2
5
]

Q
(n

S
=

0,m
A
) 〈〈

e −
β
Δ
U
( m

A
) 〉〉

0
= 〈(

n
A

m
A )〉

m
A
!

z
A
m

A
,

(6.15)

F
in
ally,〈(

n
A

m
A )〉

m
A
!
=

ρ
A
m

A ∫
V

d
1
A
... ∫

V

d
m

A
g
(m

A
)(1

A
...m

A
)
,

(6.16)

w
ith

g
(m

A
)(1

A
...m

A
)
d
en
otin

g
th
e
u
su
al

m
A
join

t
d
istrib

u
tion

fu
n
ction

.
H
ere

w
e

d
en
ote

solu
te

con
fi
gu

ration
al

co
ord

in
ates

as
(1

A
,...m

A
),

an
d
th
e
n
ecessary

in
tegra-

tion
s
b
y ∫

V
d
1
A
... ∫

V
d
m

A
.
T
h
is

p
ro
d
u
ces

th
e
factor

of
V

in
6.11.

S
in
ce

w
e
w
ish

to

sim
p
lify

6.13,
w
ith

z
A
=

0,
w
e
u
se

6.15
to

w
rite

Z
(n

A
;z

S )
= [

lim
z

A →
0 (

ρ
A

z
A )]

n
A ∫

V

d
1
A
... ∫

V

d
n
A
g
(n

A
)(1

A
...n

A
;z

A
=

0)
(6.17)
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T
h
e
p
refactor,

to
b
e
evalu

ated
at

in
fi
n
ite

d
ilu

tion
,
is
given

b
y

ρ
A

z
A

=
q
in
t

A

Λ
3A 〈〈

e −
β
Δ
U

(1
)

A 〉〉
0

(6.18)

in
th
e
p
oten

tial
d
istrib

u
tion

th
eorem

form
u
lation

.
[1
2
5
]

W
ith

th
is
su
ggestive

form
w
e
can

b
e
m
ore

sp
ecifi

c
ab

ou
t
th
e
can

on
ical

con
fi
g-

u
ration

al
in
tegrals

th
at

started
ou

r
d
iscu

ssion
,
sp
ecifi

cally

Q
(n

A
)
=

lim
z

S →
0
Z
(n

A
;z

S )
=

lim
z

S →
0 [

lim
z

A →
0 (

ρ
A

z
A )]

n
A ∫

V

d
1
A
... ∫

V

d
n
A
e −

β
W

(1
A
...n

A
)
.

(6.19)

T
h
e
m
u
ltip

liers
ap

p
earin

g
on

th
e
m
id
d
le

lin
e
su
p
p
ly

featu
res

of
th
e
k
in
etic

en
ergy

p
ortion

of
th
e
p
artition

fu
n
ction

,
sp
ecifi

c
to

th
e
im

p
lem

en
tation

for
th
e
p
articu

lar

case.
F
or

n
otation

al
sim

p
licity

w
e
w
ill

d
rop

th
e
sp
ecifi

c
id
en
tifi

cation
of

th
e
solven

t

activ
ity

in
th
e
form

u
lae

elsew
h
ere.

T
h
ese

form
u
lae,

p
articu

larly
6.19,

are
collected

in
th
e
su
m
m
ary

statem
en
t
of

M
M

th
eory

in
5.2.1,

an
d
p
articu

larly
w
ith

5.2.

B
:
P
o
te
n
tia

l
D
istrib

u
tio

n
T
h
e
o
ry

W
ith

th
e
M
M

b
ack

grou
n
d
,
w
e
evalu

ate
th
e
average

n
u
m
b
er

of
solu

te
A
m
olecu

les

as

〈n
A 〉

=
e −

β
π
V ∑n

A ≥
0

n
A
Z
(n

A
;z

S ) (
z
A
n

A

n
A
! )

.
(B

-1)

S
in
ce

th
e
su
m
m
an

d
factor

n
A
an

n
u
ls
th
e
n
A
=

0
term

,
th
is
resu

lt
p
resen

ts
an

ex
p
licit

lead
in
g
factor

of
z
A
.
D
eterm

in
ation

of
z
A
estab

lish
es

th
e
th
erm

o
d
y
n
am

ic
p
rop

erty

μ
A
.
T
h
erefore,

w
e
rew

rite
th
is
eq
u
ation

b
y
b
rin

gin
g
forw

ard
th
e
ex
p
licit

ex
tra

factor

of
z
A
as
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〈n
A 〉

=
e −

β
π
V
Z
(n

A
=

1;z
S )
z
A ∑n

A ≥
0 (

Z
(n

A
+
1;z

S )

Z
(n

A
=

1;z
S )
Z
(n

A
;z

S ) )
Z
(n

A
;z

S ) (
z
A
n

A

n
A
! )

.(B
-2)

or

〈n
A 〉

=
Z
(n

A
=

1;z
S )
z
A 〈〈

e −
β
Δ
W

(1
)

A 〉〉
0
.

(B
-3)

H
ere

Δ
W

(1
)

A
=

W
(n

A
+
1)−

W
(n

A
)−

W
(1)

,
(B

-4)

is
th
e
b
in
d
in
g
en
ergy

of
a
d
istin

gu
ish

ed
solu

te
(A

)
m
olecu

le
in

th
e
M
M

sy
stem

,
an

d

th
e
q
u
an

tity

Z
(n

A
=

1;z
S )

=
V
q
(in

t)
A

Λ
A
3 〈〈

e −
β
Δ
U

(1
)

A 〉〉
0

(B
-5)

in
volves

in
teraction

s
of

on
e
A

m
olecu

le
an

d
th
e
solven

t;
it

is
p
rop

ortion
al

to
th
e

sy
stem

volu
m
e.

C
:
Q
C
T

b
re
a
k
u
p

in
th

e
g
ra

n
d

ca
n
o
n
ica

l
e
n
se
m
b
le

H
ere

w
e
d
iscu

ss
tw

ists
asso

ciated
w
ith

th
e
con

sid
eration

of
P
D
T
d
evelop

m
en
ts

w
h
en

n
A
fl
u
ctu

ates.
W
e
b
egin

w
ith

th
e
ob

servation
from

B
-3

th
at

〈〈
e −

β
Δ
W

(1
)

A 〉〉
0 ∝

〈n
A 〉

.
(C

-1)
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T
h
en

con
sid

erin
g
th
e
ratio〈〈

e −
β
Δ
W

(1
)

A
F 〉〉

0
〈〈

e −
β
Δ
W

(1
)

A 〉〉
0

=
〈F

n
A 〉

〈n
A 〉

,
(C

-2)

y
ield

s
a
p
articu

larly
tran

sp
aren

t
resu

lt.
C
h
o
osin

g
F

=
e
β
Δ
W

(1
)

A
χ
A
,
w
e
ob

tain
an

an
alogu

e
of

E
q
5.8:

〈
e
β
Δ
W

(1
)

A
χ
A
n
A 〉

〈n
A 〉

=
〈〈χ

A 〉〉
0

〈〈
e −

β
Δ
W

(1
)

A 〉〉
0

.
(C

-3)

If
th
e
averages

are
can

on
ical

th
en

th
is

is
ju
st

E
q
5.8

again
,
b
u
t
C
-3

rem
ain

s
tru

e
if

n
A
fl
u
ctu

ates.

W
e
ex
p
ect

th
at

〈
e
β
Δ
W

(1
)

A
χ
A
n
A 〉

〈n
A 〉

∼ 〈
e
β
Δ
W

(1
)

A
χ
A 〉

+
O
(〈n

A 〉 −
1)

,
(C

-4)

so
in

th
e
th
erm

o
d
y
n
am

ic
lim

it
th
at

average
m
atch

es
th
e
sim

p
ler

can
on

ical
ex
p
ression

.

T
h
e
p
h
y
sical

reason
for

th
is
ex
p
ectation

is
th
at

w
e
can

w
rite

n
A
=

〈n
A 〉

+
δn

A
in

th
e

n
u
m
erator.

T
h
en

th
e
correlation

of
δn

A
w
ith

th
e
in
ten

sive
ch
aracteristic

of
th
at

n
u
m
erator

average
sh
ou

ld
y
ield

an
in
ten

sive
resu

lt.

A
ccep

tin
g
th
is

argu
m
en
t
for

th
e
m
om

en
t
an

d
retain

in
g
on

ly
th
e
d
om

in
an

t

con
trib

u
tion

in
C
-4,

w
e
recover

th
e
resu

lts
of

5.2.3
—

an
d
sp
ecifi

cally
th
e
im

p
ortan

t

resu
lt

5.11
—

b
u
t
con

sisten
tly

w
ith

th
e
gran

d
can

on
ical

en
sem

b
le

d
erivation

of
th
e

earlier
section

s.

T
o
m
ake

th
at

p
h
y
sical

v
iew

sp
ecifi

c,
w
e
in
tro

d
u
ce

th
e
ad

d
ition

al
n
otation

〈
e
β
Δ
W

(1
)

A
|n

A 〉



114

for
th
e
can

on
ical

en
sem

b
le

average
th
at

sp
ecifi

es
n
A
.
F
or

an
ticip

ated
δn

A
,
w
e
u
se

〈
e
β
Δ
W

(1
)χ

A |n
A 〉

≈ 〈
e
β
Δ
W

(1
)

A
χ
A |〈n

A 〉 〉
+
δn

A ⎛⎝
∂ 〈

e
β
Δ
W

(1
)

A
χ
A |〈n

A 〉 〉
∂〈n

A 〉

⎞⎠
.

(C
-5)

U
sed

in
th
e
left-sid

e
of

C
-4,

an
d
th
en

averagin
g
w
ith

resp
ect

to
n
A
o
ccu

p
an

cies,
th
is

y
ield

s

〈
e
β
Δ
W

(1
)

A
χ
A
n
A 〉

〈n
A 〉

≈ 〈
e
β
Δ
W

(1
)

A
χ
A |〈n

A 〉 〉
+

〈δn
A
2〉

〈n
A 〉 ⎛⎝

∂ 〈
e
β
Δ
W

(1
)

A
χ
A |〈n

A 〉 〉
∂〈n

A 〉

⎞⎠
,

(C
-6)

th
e
ex
p
ected

resu
lt.

S
in
ce

〈δn
A
2 〉

= (
∂〈n

A 〉
∂
β
μ
A )

T
,V
,μ

S

,

th
e
correction

in
d
eed

van
ish

es
in

th
e
th
erm

o
d
y
n
am

ic
lim

it.

D
:
In

te
rm

o
le
cu

la
r
ra

d
ia
l
d
istrib

u
tio

n
fu
n
ctio

n
s
b
e
-

tw
e
e
n

h
e
a
v
y
a
to

m
s
in

P
C
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r(nm
)

g(r)

0.5
1.0
1.5
2.0

0.4
0.6

0.8

C
1C
1

C
1C
1

C
1C
2

C
1C
2

0.4
0.6

0.8

C
1C
3

C
1C
3

C
1C
4

C
1C
4

C
1O
1

C
1O
1

C
1O
2

C
1O
2

C
1O
3

C
1O
3

0.5
1.0
1.5
2.0

C
2C
2

C
2C
2

0.5
1.0
1.5
2.0

C
2C
3

C
2C
3

C
2C
4

C
2C
4

C
2O
1

C
2O
1

C
2O
2

C
2O
2

C
2O
3

C
2O
3

C
3C
3

C
3C
3

C
3C
4

C
3C
4

0.5
1.0
1.5
2.0

C
3O
1

C
3O
1

0.5
1.0
1.5
2.0

C
3O
2

C
3O
2

C
3O
3

C
3O
3

C
4C
4

C
4C
4

C
4O
1

C
4O
1

C
4O
2

C
4O
2

C
4O
3

C
4O
3

O
1O
1

O
1O
1

0.5
1.0
1.5
2.0

O
1O
2

O
1O
2

0.5
1.0
1.5
2.0

O
1O
3

O
1O
3

0.4
0.6

0.8

O
2O
2

O
2O
2

O
2O
3

O
2O
3

0.4
0.6

0.8

O
3O
3

O
3O
3

F
ig
u
re

6
.1
:
R
a
d
ia
l
d
istrib

u
tio

n
fu
n
ctio

n
b
etw

een
h
eav

y
ato

m
s
in

P
C

a
t
3
0
0
K
.
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r(nm
)

g(r)

0.5
1.0
1.5
2.0

0.4
0.6

0.8

C
1C
1

C
1C
1

C
1C
2

C
1C
2

0.4
0.6

0.8

C
1C
3

C
1C
3

C
1C
4

C
1C
4

C
1O
1

C
1O
1

C
1O
2

C
1O
2

C
1O
3

C
1O
3

0.5
1.0
1.5
2.0

C
2C
2

C
2C
2

0.5
1.0
1.5
2.0

C
2C
3

C
2C
3

C
2C
4

C
2C
4

C
2O
1

C
2O
1

C
2O
2

C
2O
2

C
2O
3

C
2O
3

C
3C
3

C
3C
3

C
3C
4

C
3C
4

0.5
1.0
1.5
2.0

C
3O
1

C
3O
1

0.5
1.0
1.5
2.0

C
3O
2

C
3O
2

C
3O
3

C
3O
3

C
4C
4

C
4C
4

C
4O
1

C
4O
1

C
4O
2

C
4O
2

C
4O
3

C
4O
3

O
1O
1

O
1O
1

0.5
1.0
1.5
2.0

O
1O
2

O
1O
2

0.5
1.0
1.5
2.0

O
1O
3

O
1O
3

0.4
0.6

0.8

O
2O
2

O
2O
2

O
2O
3

O
2O
3

0.4
0.6

0.8

O
3O
3

O
3O
3

F
ig
u
re

6
.2
:
R
a
d
ia
l
d
istrib

u
tio

n
fu
n
ctio

n
b
etw

een
h
eav

y
ato

m
s
in

P
C

a
t
4
0
0
K
.
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r(nm
)

g(r)

0.5
1.0
1.5
2.0

0.4
0.6

0.8

C
1C
1

C
1C
1

C
1C
2

C
1C
2

0.4
0.6

0.8

C
1C
3

C
1C
3

C
1C
4

C
1C
4

C
1O
1

C
1O
1

C
1O
2

C
1O
2

C
1O
3

C
1O
3

0.5
1.0
1.5
2.0

C
2C
2

C
2C
2

0.5
1.0
1.5
2.0

C
2C
3

C
2C
3

C
2C
4

C
2C
4

C
2O
1

C
2O
1

C
2O
2

C
2O
2

C
2O
3

C
2O
3

C
3C
3

C
3C
3

C
3C
4

C
3C
4

0.5
1.0
1.5
2.0

C
3O
1

C
3O
1

0.5
1.0
1.5
2.0

C
3O
2

C
3O
2

C
3O
3

C
3O
3

C
4C
4

C
4C
4

C
4O
1

C
4O
1

C
4O
2

C
4O
2

C
4O
3

C
4O
3

O
1O
1

O
1O
1

0.5
1.0
1.5
2.0

O
1O
2

O
1O
2

0.5
1.0
1.5
2.0

O
1O
3

O
1O
3

0.4
0.6

0.8

O
2O
2

O
2O
2

O
2O
3

O
2O
3

0.4
0.6

0.8

O
3O
3

O
3O
3

F
ig
u
re

6
.3
:
R
a
d
ia
l
d
istrib

u
tio

n
fu
n
ctio

n
b
etw

een
h
eav

y
ato

m
s
in

P
C

a
t
6
0
0
K
.
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E
:
M

e
m
o
ry

k
e
rn

e
l
fro

m
g
e
n
e
ra

lize
d
L
a
n
g
e
v
in

e
q
u
a
-

tio
n

T
h
e
gen

eralized
L
an

gev
in

eq
u
ation

d
escrib

ed
th
e
m
otion

of
a
fl
u
id

p
article

itself
rath

er
th
an

a
B
row

n
ian

p
article

d
issolved

in
th
e
fl
u
id
.
[1
8
3
]
C
om

p
ared

to
th
e

sim
p
le

L
an

gev
in

eq
u
ation

,m
d
v
(t)

d
t

=
−
ξm

v
(t)

+
R
(t)

,
(C

-7)

th
e
gen

eralized
form

in
tro

d
u
ced

a
m
em

ory
fu
n
ction

,
γ
(t),

w
h
ich

im
p
lies

th
at

th
e

friction
al

force
actin

g
at

a
given

tim
e
refl

ects
th
e
p
erv

iou
s
h
istory

of
th
e
sy
stem

.
[1
8
4
]

m
d
v
(t)

d
t

=
−
m ∫

t

0

γ
(t−

τ
)v
(τ
)d
τ
+
R
(t)

,
(C

-8)

w
h
ere

m
is
th
e
m
ass

of
th
e
p
article,

R
(t)

is
th
e
ran

d
om

fl
u
ctu

atin
g
force,

arises
from

collision
s
w
ith

th
e
su
rrou

n
d
in
g
m
olecu

les.
T
h
e
ran

d
om

force
is
assu

m
ed

to

•
van

ish
in

th
e
m
ean

,〈R
(t)〉

=
0

•
b
e
u
n
correlated

w
ith

th
e
velo

city,〈R
(t)·v

(0)〉
=

0

•
h
ave

a
in
fi
n
itely

sh
ort

correlation
tim

e,〈R
(t
+
s)·R

(s)〉
=

2π
R

0 δ(t),
w
h
ere

R
0 ,

th
e
p
ow

er
sp
ectru

m
of

th
e
ran

d
om

force
is
a
con

stan
t.

A
n
d
th
e
relation

sh
ip

b
etw

een
m
em

ory
fu
n
ction

an
d
velo

city
au

to
correlation

fu
n
ction

is
arrived

[1
8
3
–
1
8
5
]
as

m
d
C
(t)

d
t

=
− ∫

t

0

γ
(t−

τ
)C

(τ
)d
τ
,

(C
-9)
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B
ased

on
E
q
.
C
-9,

w
e
h
ave

(
d
C
(t)

d
t

−
1m ∫

t

0

γ
(t−

τ
)C

(τ
)d
τ )

2

=
0
.

(C
-10)

W
e
ob

tain
γ
(t)

b
y
m
in
im

izin
g
th
e
left

sid
e
of

E
q
.
C
-10,

after
d
iscretization

.
L
et

γ
m
(t)

=
γ
(t)/m

,

γ
m
(Δ

t)
=
−

d
2C

(Δ
t)

d
t
2

−
Δ
t2 {

γ
m
(Δ

t) d
C
(0)

d
t

+
γ
m
(0) d

C
(Δ

t)

d
t

}
,

(C
-11a)

γ
m
(n
Δ
t)

=
−

d
2C

(Δ
t)

d
t
2

(C
-11b

)

−
Δ
t

n−
1

∑k
=
0

γ
m
(k
Δ
t) d

C
((n−

k
)Δ

t)

d
t

+
Δ
t2 {

γ
m
(n
Δ
t) d

C
(0)

d
t

+
γ
m
(0) d

C
(n
Δ
t)

d
t

}
.

W
ith

C
(0)

=
1
an

d
d
C
(0
)

d
t

=
0,

E
q
.
C
-11

can
b
e
sim

p
lifi

ed
to

γ
m
(Δ

t)
=

−
d
2C

(Δ
t)

d
t
2

−
γ
m
(0)Δ

t

2

d
C
(Δ

t)

d
t

,
(C

-12a)

γ
m
(n
Δ
t)

=
−
d
2C

(Δ
t)

d
t
2

−
Δ
t
n−

1
∑k
=
0

γ
m
(k
Δ
t) d

C
((n−

k
)Δ

t)

d
t

+
γ
m
(0)Δ

t

2

d
C
(n
Δ
t)

d
t

.

(C
-12b

)

W
e
also

u
tilized

a
sp
ecialized

F
ou

rier
tran

sform
m
eth

o
d
to

ex
tract

γ
(t)

from

C
(t)

on
th
e
b
asis

of
th
e
on

e-sid
ed

F
ou

rier
(L
ap

lace)
tran

sform
:

C̃
(z)

= ∫
∞0

e
iz
tC

(t)d
t
,

(C
-13)
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w
h
ere

z
=

ω
+
iε,

assu
m
in
g
z
is
a
real

n
u
m
b
er

an
d
in

th
e
u
p
p
er

h
alf

p
lan

e,
z
=

ω
>

0,

w
h
ich

follow
ed

b
y

C̃
(ω

)
= ∫

∞0

cos
ω
tC

(t)d
t
+
i ∫

∞0

sin
ω
tC

(t)d
t

(C
-14a)

=
C

′(ω
)
+
iC

′′(ω
)

(C
-14b

)

S
im

ilarly,

γ̃
m
(ω

)
=

γ̃ ′m
(ω

)
+
iγ̃ ′′m

(ω
)
.

(C
-15)

R
ecall

from
E
q
.
C
-9,

d
C
(t)

d
t

=
− ∫

t

0

γ
m
(t−

τ
)C

(τ
)d
τ
.

(C
-16)

T
h
e
on

e-sid
ed

F
ou

rier
tran

sform
of

b
oth

sid
es

of
E
q
.
C
-16

resu
lts

in

∫
∞0

e
iω

t d
C
(t)

d
t

d
t
=

−
C
(0)−

it ∫
∞0

e
iω

tC
(t)d

t
(C

-17a)

=
−
C
(0)−

itC̃
(ω

)
,

(C
-17b

)

an
d∫

∞0

e
iω

t (∫
t

0

γ
m
(t−

τ
)C

(τ
)d
τ )

d
t
= ∫

∞0

e
iω

τC
(τ
)d
τ ∫

∞τ

e
iω

(t−
τ
)γ

m
(t−

τ
)d
τ

(C
-18a)

=
C̃
(ω

)γ̃
m
(ω

)
.

(C
-18b

)
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W
e
com

b
in
ed

E
q
.
C
-17

an
d
E
q
.
C
-18,

th
en

su
b
stitu

ted
C̃
(ω

)
an

d
γ̃
m
(ω

)
w
ith

(C
′(ω

)+

iC
′′(ω

))
an

d
(γ̃ ′m

(ω
)
+
iγ̃ ′′m

(ω
)),

resp
ectively

(E
q
.C
-14,

C
-15):

C̃
(ω

)
=

−
iC

(0)

ω
−

iγ̃
m
(ω

)
=

C
′(ω

)
+
iC

′′(ω
)
=

C
(0)

γ ′m
(ω

)
+
i(ω

+
γ ′′m

(ω
))

,
(C

-19)

given
C
(0)

=
1
an
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solved

for
C

′(ω
)
an

d
C

′′(ω
),
w
e
reach

ed

C
′(ω

)
=

γ ′m
(ω

)

γ ′m
(ω

)
2
+
(ω

+
γ ′′m

(ω
))

2
(C

-20a)

C
′′(ω

)
=

−
(ω

+
γ ′′m

(ω
))

γ ′m
(ω

)
2
+
(ω

+
γ ′′m

(ω
))

2
,

(C
-20b

)

C
′′(ω

)

C
′(ω

)
=

−
(ω

+
γ ′′m

(ω
))

γ ′m
(ω

)
.

(C
-21)

C
′(ω

)
can

b
e
ex
p
ressed

as

C
′(ω

)
=

γ ′m
(ω

)

γ ′m
(ω

)
2
(1

+
(C

′′(ω
)/C

′(ω
))

2)
,

(C
-22)

th
at

p
ro
d
u
ced

γ ′m
(ω

)
=

C
′(ω

)

C
′(ω

)
2
+
C

′′(ω
)
2
.

(C
-23)



122

L
ist

o
f
R
e
fe
re
n
ce

s

[1]
A
.
C
.
D
illon

,
C
h
em

.
R
ev
.,
vol.

110,
p
p
.
6856–6872,

2010.

[2]
P
.
S
im

on
an

d
Y
.
G
ogotsi,

N
atu

re
M
ater.,

vol.
7,

p
.
845,

2008.

[3]
P
.
S
h
arm

a
an

d
T
.
S
.
B
h
atti,

E
n
ergy.

C
on

vers.
M
an

age.,
vol.

51,
p
.
2901,

2010.

[4]
M
.
C
arlen

an
d
R
.
K
tz,

E
lectro

ch
im

.
A
cta,

vol.
45,

p
.
2483,

2000.

[5]
C
.
N
iu
,
E
.
K
.
S
ich

el,
R
.
H
o
ch
,
D
.
M
oy,

an
d
H
.
T
en
n
en
t,

A
p
p
l.
P
h
y
s.

L
ett.,

vol.
70,

p
.
1480,

1997.

[6]
K
.
H
.
A
n
,
W

.
S
.
K
im

,
J
.
M
.
M
o
on

,
D
.
J
.
B
ae,

S
.
C
.
L
im

,
Y
.
S
.
L
ee,

an
d
Y
.
H
.

L
ee,

A
d
v
.
F
u
n
ct.

M
ater.,

vol.
11,

p
.
387,

2001.

[7]
B
.
J
.
Y
o
on

,
S
.
H
.
J
eon

g,
K
.
H
.
L
ee,

H
.
S
.
K
im

,
C
.
G
.
P
ark

,
an

d
J
.
H
.
H
an

,
C
h
em

.
P
h
y
s.
L
ett.,

vol.
388,

p
.
170,

2004.

[8]
D
.
C
h
u
n
sh
en
g,

Y
.
J
eff

,
an

d
P
.
N
in
g,

N
an

otech
n
ology,

vol.
16,

p
.
350,

2005.

[9]
A
.
K
u
m
ar,

V
.
L
.
P
u
sh
p
ara

j,
S
.
K
ar,

O
.
N
alam

asu
,
P
.
M
.
A
jayan

,
an

d
R
.
B
askaran

,
A
p
p
l.
P
h
y
s.
L
ett.,

vol.
89,

p
.
163120,

2006.

[10]
D
.
N
.
F
u
tab

a,
N
atu

re
M
ater.,

vol.
5,

p
.
987,

2006.

[11]
C
.
L
argeot,

C
.
P
ortet,

J
.
C
h
m
iola,

Y
.
T
ab

ern
a,

P
L
an

d
G
ogotsi,

an
d
P
.
S
im

on
,

J
.
A
m
.
C
h
em

.
S
o
c.,

vol.
130,

p
.
2730,

2008.

[12]
J
.
H
u
an

g,
B
.
G
.
S
u
m
p
ter,

an
d
V
.
M
eu
n
ier,

A
n
gew

.
C
h
em

.
In
t.
E
d
.,
vol.

47,
p
.

520,
2008.

[13]
L
.
Y
an

g,
B
.
H
.
F
ish

b
in
e,

A
.
M
igliori,

an
d
L
.
R
.
P
ratt,

J
.
A
m
.
C
h
em

.
S
o
c.,

vol.
131,

p
.
12373,

2009.

[14]
Y
.
S
h
im

an
d
H
.
J
.
K
im

,
A
C
S
N
an

o,
vol.

4,
p
.
2345,

2010.

[15]
G
.
F
en
g,

R
.
Q
iao,

J
.
H
u
an

g,
S
.
D
ai,

B
.
G
.
S
u
m
p
ter,

an
d
V
.
M
eu
n
ier,

P
h
y
s.

C
h
em

.
C
h
em

.
P
h
y
s.,

vol.
13,

p
p
.
1152–1161,

2010.

[16]
M
.
S
.
D
in
g
an

d
T
.
R
.
J
ow

,
E
lectro

ch
e.

S
o
c.,

vol.
151,

p
.
A
2007,

2004.



123

[17]
Z
.
B
.
Z
h
ou

,
H
.
M
atsu

m
oto,

an
d
K
.
T
atsu

m
i,
C
h
em

istry
-
A

E
u
rop

ean
J
ou

rn
al,

vol.
11,

p
.
752,

2005.

[18]
R
.
K
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ötz,

an
d
A
.
W
okau

n
,

C
arb

on
,
vol.

47,
p
p
.
38–52,

2009.

[28]
T
.
A
.
C
en
ten

o
an

d
F
.
S
to
eck

li,
E
lectro

ch
em

.
C
om

m
.,
vol.

16,
p
p
.
34–36,

2012.

[29]
P
.
S
im

on
an

d
Y
.
G
ogotsi,

A
ccts.

C
h
em

.
R
es.,

vol.
46,

p
p
.
1094–1103,

2013.

[30]
F
.
S
to
eck

li
an

d
T
.
A
.
C
en
ten

o,
J
.
M
at.

C
h
em

.
A
,
vol.

1,
p
p
.
6865–6873,

2013.

[31]
C
.
M
erlet,

M
.
S
alan

n
e,

B
.
R
oten

b
erg,

an
d
P
.
A
.
M
ad

d
en
,
J
.
P
h
y
s.

C
h
em

.
C
,

vol.
115,

p
p
.
16

613–16
618,

2011.

[32]
C
.
M
erlet,

B
.
R
oten

b
erg,

P
.
A
.
M
ad

d
en
,
P
.-L

.
T
ab

ern
a,

P
.
S
im

on
,
Y
.
G
ogotsi,

an
d
M
.
S
alan

n
e,

N
atu

re
M
aterials,

vol.
11,

p
p
.
306–310,

2012.

[33]
C
.
M
erlet,

M
.
S
alan

n
e,

B
.
R
oten

b
erg,

an
d
P
.
A
.
M
ad

d
en
,
E
lectro

ch
im

.
A
cta,

vol.
101,

p
p
.
262–271,

2013.

[34]
G
.
F
en
g
an

d
P
.
T
.
C
u
m
m
in
gs,

J
.
P
h
y
s.

C
h
em

.
L
etts.,

vol.
2,

p
p
.
2859–2864,

2011.



124

[35]
G
.
F
en
g,

S
.
L
i,
V
.
P
resser,

an
d
P
.
T
.
C
u
m
m
in
gs,

J
.
P
h
y
s.
C
h
em

.
L
etts.,

vol.
4,

p
p
.
3367–3376,

2013.

[36]
D
.
J
ian

g,
Z
.
J
in
,
an

d
J
.
W
u
,
N
an

o
L
etts.,

vol.
11,

p
p
.
5373–5377,

2011.

[37]
D
.
J
ian

g
an

d
J
.
W
u
,
J
.
P
h
y
s.
C
h
em

.
L
etts.,

vol.
4,

p
p
.
1260–1267,

2013.

[38]
D
.
J
ian

g,
Z
.
J
in
,
D
.
H
en
d
erson

,
an

d
J
.
W
u
,
J
.
P
h
y
s.

C
h
em

.
L
etts.,

vol.
3,

p
p
.

1727–1731,
2012.

[39]
P
.
W
u
,
J
.
H
u
an

g,
V
.
M
eu
n
ier,

B
.
G
.
S
u
m
p
ter,

an
d
R
.
Q
iao,

A
C
S
N
an

o,
vol.

5,
p
p
.
9044–9051,

2011.

[40]
N
.
N
.
R
a
jp
u
t,
J
.
M
on

k
,
R
.
S
in
gh

,
an

d
F
.
R
.
H
u
n
g,

J
.
P
h
y
s.
C
h
em

.
C
,
vol.

116,
p
p
.
5170–5182,

2012.

[41]
K
.
K
.
M
an

d
ad

ap
u
,
J
.
A
.
T
em

p
leton

,
an

d
J
.
W

.
L
ee,

J
.
C
h
em

.
P
h
y
s.,

vol.
139,

2013.

[42]
J
.
W

.
L
ee,

J
.
A
.
T
em

p
leton

,
K
.
K
.
M
an

d
ad

ap
u
,
an

d
J
.
A
.
Z
im

m
erm

an
,
J
.
C
h
em

.
T
h
eory

C
om

p
.,
vol.

9,
p
p
.
3051–3061,

2013.

[43]
J
.
W

.
L
ee,

R
.
H
.
N
ilson

,
J
.
A
.
T
em

p
leton

,
S
.
K
.
G
riffi

th
s,
A
.
K
u
n
g,

an
d
B
.
M
.

W
on

g,
J
.
C
h
em

.
T
h
eory

C
om

p
.,
vol.

8,
p
p
.
2012–2022,

2012.

[44]
J
.
A
.
T
em

p
leton

,
R
.
E
.
J
on

es,
J
.
W

.
L
ee,

J
.
A
.
Z
im

m
erm

an
,
an

d
B
.
M
.
W
on

g,
J
.
C
h
em

.
T
h
eory

C
om

p
.,
vol.

7,
p
p
.
1736–1749,

2011.

[45]
Z
.
W
an

g,
Y
.
Y
an

g,
D
.
L
.
O
lm

sted
,
M
.
A
sta,

an
d
B
.
B
.
L
aird

,
J
.
C
h
em

.
P
h
y
s.,

vol.
141,

p
.
184102,

2014.

[46]
H
.
W
an

g,
J
.
F
an

g,
an

d
L
.
P
ilon

,
E
lectro

ch
im

ica
A
cta,

vol.
109,

p
p
.
316–321,

2013.

[47]
H
.
W
an

g,
A
.
T
h
iele,

an
d
L
.
P
ilon

,
J
.
P
h
y
s.
C
h
em

.
C
,
vol.

117,
p
p
.
18

286–18
297,

2013.

[48]
H
.
W
an

g
an

d
L
.
P
ilon

,
J
.
P
ow

er
S
ou

rces,
vol.

221,
p
p
.
252–260,

2013.

[49]
H
.
W
an

g
an

d
L
.
P
ilon

,
E
lectro

ch
im

ica
A
cta,

vol.
76,

p
p
.
529–531,

2012.

[50]
H
.
W
an

g
an

d
L
.
P
ilon

,
E
lectro

ch
im

ica
A
cta,

vol.
64,

p
p
.
130–139,

2012.

[51]
H
.
W
an

g
an

d
L
.
P
ilon

,
E
lectro

ch
im

ica
A
cta,

vol.
63,

p
p
.
55–63,

2012.

[52]
H
.
W
an

g
an

d
L
.
P
ilon

,
J
.
P
h
y
s.
C
h
em

.
C
,
vol.

115,
p
p
.
16

711–16
719,

2011.



125

[53]
H
.
W
an

g,
J
.
V
argh

ese,
an

d
L
.
P
ilon

,
E
lectro

ch
im

ica
A
cta,

vol.
56,

p
p
.
6189–

6197,
2011.

[54]
J
.
V
argh

ese,
H
.
W
an

g,
an

d
L
.
P
ilon

,
J
.
E
lectro

ch
em

.
S
o
c.,

vol.
158,

p
p
.
A
1106–

A
1114,

2011.

[55]
W

.
G
.
M
cM

illan
an

d
J
.
E
.
M
ayer,

J
.
C
h
em

.
P
h
y
s.,

vol.
13,

p
.
276,

1945.

[56]
H
.
L
.
F
ried

m
an

an
d
W

.
D
.
T
.
D
ale,

M
o
d
ern

T
h
eoretical

C
h
em

istry,
vol.

5,
p
p
.

85–136,
1977.

[57]
J
.
P
.
S
im

on
in
,
J
.
C
h
em

.
S
o
c,

F
arad

ay
T
ran

s.,
vol.

92,
p
p
.
3519–3523,

1996.

[58]
H
.
L
.
F
ried

m
an

,
A
n
n
.
R
ev
.
P
h
y
s.
C
h
em

.,
vol.

32,
p
p
.
1798–204,

1981.

[59]
G
.
S
tell,

M
o
d
ern

T
h
eoretical

C
h
em

istry,
vol.

5,
p
p
.
47

–
84,

1977.

[60]
D
.
H
en
d
erson

,
M
.
H
olov

ko,
an

d
T
rok

h
y
m
ch
u
k
,
E
d
s.,

Ion
ic

soft
m
atter:

m
odern

tren
ds

in
theory

an
d
application

s,
2005.

[61]
P
.
D
eb
ye

an
d
E
.
H
ü
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