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CHAPTER 1: INTRODUCTION 

Space-division multiplexing (SDM) has emerged as a next-generation technology to 

sustain the continuous traffic growth, in order to keep up with the future of Internet 

bandwidth requirement [1]. Among SDM technologies, SDM using few-mode fiber (FMF) 

transmission has been extensively explored [2-10]. Since the conventional multi-mode fiber 

(MMF) is not suitable for long distance SDM transmission because of its very large 

differential mode group delay (DMGD) and more than hundreds of spatial modes, the few-

mode fiber is developed with only the support of small number of spatial modes at relatively 

small DMGD [11].   

  In FMF transmission systems, each data channel is modulated onto individual spatial or 

polarization mode to increase the overall number of parallel channels, thus enabling higher 

transmission capacity. One of the fundamental challenges in FMF transmission systems is the 

random inter-modal crosstalk between any two spatial or polarization modes. Another 

significant challenge is the large accumulated DMGD, which can induce significant inter-

symbol interference (ISI) on each spatial mode signal in SDM systems.  

Many research articles have demonstrated that, with digital signal processing (DSP), the 

adaptive multi-input multi-output (MIMO) equalizer can dynamically compensate DMGD 

and untangle the spatial modes [12-14]. The large accumulated DMGD and a number of 

spatial channels need very complex DSP hardware for MIMO processing [15]. The number 

of single-input single-output (SISO) equalizers, which compose the MIMO equalizer, grows 

quadratically with the number of spatial channels, and the tap number of every SISO 

equalizer is linearly increased with the accumulated DMGD in FMF systems. 
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Among several adaptive MIMO equalization methods, least mean square (LMS) 

approach is considered as the most attractive one, for it is a good compromise among 

equalization performance, hardware complexity, and dynamic speed. The adaptive LMS 

based MIMO equalizer can be either implemented in the time domain (TD) or frequency 

domain (FD). By taking advantage of fast Fourier transform (FFT) and block-based 

equalization, the adaptive frequency domain method can achieve much lower hardware 

complexity in compensating the large accumulated DMGD in the FMF transmission systems 

[16-19]. Several experimental results have also confirmed better hardware efficiency of the 

frequency domain approach [19-21].   

As in the single-mode fiber transmission systems, chromatic dispersion (CD) is another 

linear impairment, which needs to be compensated before spatial de-multiplexing in FMF 

transmission systems. In conventional DSP, two-stage equalization architecture is usually used, 

which compensates the CD by a static FDE in the first stage and compensates DMGD by an 

adaptive frequency domain MIMO equalizer in the second stage. The conventional two-stage 

architecture is the most hardware efficient approach in normal single-mode fiber systems, 

which requires CD and polarization mode dispersion (PMD) compensation separately, because 

the PMD is much lower than CD. However, in FMF systems, the DMGD is usually larger than 

CD, such that the same adaptive MIMO equalizer used for DMGD compensation can also be 

used for CD compensation without increasing the filter tap length, thus eliminate the need for 

an independent CD compensation module. Such a single-stage adaptive equalizer could greatly 

reduce the DSP implementation complexity for FMF transmission systems, and can also enable 

the dynamic routing optical networks, in which the link CD is unknown [22, 23].  
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In addition to the hardware complexity, the convergence speed of adaptive MIMO 

equalizer is another key consideration, which may significantly impact the system efficiency. 

In FMF systems, the periodical training sequence is usually used for the channel estimation. 

Because the dynamic change of FMF channel, a decision-directed adaptive approach is 

switched on after initial channel estimation. With such equalizer architecture, slower 

convergence speed of the adaptive MIMO equalizer may require a longer training sequence 

in the system for its initial channel estimation, thus decreasing the overall system efficiency.  

In both TD-LMS and FD-LMS MIMO equalizers, the parameter of step size controls 

both equalization performance and convergence speed. In the conventional FD-LMS 

equalizer, a same step size are chosen for all frequency bins and it keeps constant during 

channel estimation. Generally, the larger step size can achieve faster convergence speed but 

also results in more residual penalty after equalization.  

To increase the convergence rate while keeping the same equalization performance, a 

signal power spectrum density (PSD) dependent method and a noise PSD directed method 

are proposed and compared [24, 25]. The signal PSD dependent method can effectively 

increase the convergence speed over the conventional adaptive FD-LMS method with 

negligible hardware complexity increase. The signal PSD dependent approach adopts 

variable step size overall frequency bins of FFT blocks inverse to its power level, which 

enables the estimation error of each frequency bin converges to zero. However, the PSD 

dependent method does not consider the system background noise, so it is only an optimum 

solution in noise-free channels. In the noise PSD directed adaptive FD-LMS algorithm, the 

frequency bin-wise step size of each FFT block is chosen to make posterior error of each 

frequency bin converge to the background noise in the FMF system with additive white 
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Gaussian noise (AWGN) channel, where the noise bins can be iteratively estimated with 

knowledge of input signal power spectrum, error vector spectrum and their cross-correlation 

spectrum.  

In the real optical systems, the finite linewidth of both transmitter laser and local oscillator 

(LO) will induce the phase noise, which needs to be estimated. In the single-mode fiber 

systems with QPSK modulation, the constant-modulus algorithm (CMA) is used for blind 

adaptive equalization, which does not require the phase estimation before adaptive equalization. 

However, in FMF systems with a larger number of channels and large accumulated DMGD, 

the training sequence will be used for adaptive channel estimation. In such equalizer 

architecture, the phase noise may significantly affect the feedback errors for adaptive equalizer 

updates. The proposed fast convergent algorithm uses the Mth power phase estimation in the 

feedback loop to mitigate the effect of phase noise on the performance of MIMO equalizer [26].  

In the presence of mode dependent gain (MDG) of FMF amplifiers and mode dependent 

loss (MDL) of FMF, the simulation results will show that the proposed method can keep the 

same convergence speed, while some channels with bigger loss may have more penalty after 

equalization. 

The rest of the dissertation is organized as follows: Chapter 2 will introduce the evolution 

of optical communication systems and architecture of few-mode fiber optical communication 

systems. Chapter 3 will show introduce and compare different SDM technologies. Chapter 4 

will talk about the FMF systems and the system impairments. Chapter 5 will introduce and 

compare the conventional MIMO equalization methods: adaptive TD-LMS and adaptive FD-

LMS MIMO equalization. Chapter 6 will present our proposed low hardware complexity 

single-stage MIMO equalizer. Chapter 7 will introduce our proposed two fast convergent step 
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size controlled FD-LMS algorithms. Chapter 8 will apply the proposed fast convergent method 

to increases the convergence rate of single-stage MIMO equalizer. Chapter 9 will conclude the 

dissertation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

CHAPTER 2: EVOLUTION OF OPTICAL COMMUNICATION SYSTEMS 

 

Figure. 1 shows the evolution of optical fiber communication systems driven by  

continuous technological breakthroughs, including the low-loss and dispersion-shifted single-

mode fiber, the Erbium Doped Fiber Amplifier (EDFA), the wavelength-division 

multiplexing (WDM), and the high spectral efficiency coding enabled by the coherent 

detection and DSP [1]. Every point of Figure 1 records the highest transmission capacity 

reported in the corresponding year Optical Communication Conference (OFC).  

As early as 1966, Charles Kao first demonstrated that the glass fiber can be used as a 

medium to transmit signals and predicted that the attenuation limit of glass fibers for 

transmission should be below 20 dB/km. After 4 years of his proposal, the fiber with 20 

dB/km was achieved by Kapron, etc. During the 1970s, the low-loss fibers were constantly

Figure 1. Evolution of optical communication technology 
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evolved and reported. For example, below 5 dB/km at 850 nm low loss fiber was reported in 

1973, and in 1979, the fiber with ultra-low loss of 0.2 dB/km at 1550nm was reported by T. 

Miya, etc., which is the standard attenuation of current deployed single mode fibers.  

In the 1980s, it was observed that the wavelength with lowest fiber attenuation is at 1550 

nm, but the lowest fiber CD is at 1310 nm. In order to achieve the lowest fiber loss and 

chromatic dispersion, the dispersion-shifted fiber (DSF) was developed. At that time, 

frequent optical to electrical conversion (O/E), electrical regeneration, and electrical to 

optical conversion (E/O) were highly needed to amplify the signals along fiber transmission. 

Until the late 1980s, the invention of advanced EDFA, another milestone of optical 

communication, help to realize the all-optical amplification, thus enabling longer 

transmission distance with lower system cost. 

 In the mid 1990s, the disruptive technology of WDM was introduced following the 

EDFA. The WDM technology can transmit multiple channels in one fiber, which revealed a 

larger fiber capacity than ever before. It also helped the service carrier with the simplest and 

most cost effective system upgrade by only adding new channels at fiber two ends. In the 

same period, the broadband EDFA was developed to support the amplification of WDM 

channels over transmission band.  Other optical components, like optical filter, wavelength 

multiplexer/de-multiplexer, etc., were extensively developed to provide necessary functions 

to the systems. Later on, dense wavelength division multiplexing with smaller channel 

spacing was seamlessly introduced after initial WDM to enlarge higher transmission 

capacity.  

From the mid 2000s, coherent detection started attracting attention as the way to sustain 

the exponential traffic growth following WDM technology because it allows the signals 
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modulated on both amplitude and phase of optical carriers. The coherent detection was first 

proposed as early as the 1970s to detect the optical signal. However, because intensity (ID) 

modulation was widely used and direct detection (DD) can simply detect the 1s or 0s bits, it 

did not attract any attention for its higher complexity. In the 1980s, coherent detection was 

re-investigated to achieve higher receiver sensitivity with local oscillator amplification, but 

the invention of EDFA quickly took over that role. Until recent years, coherent detection in 

combination with DSP served as the key technique to support higher transmission capacity of 

each WDM channel, as it allows high modulation formats, polarization multiplexing, and 

importantly enables electrical mitigation of signal distortion with cost effective DSP other 

than complex optical components. In coherent systems, the demodulated signals after 

coherent detection are re-sampled by high-speed analog-to-digital converter (ADC), and then 

several DSP functions are used to do carrier recovery and compensate the signal distortion, 

like polarization de-multiplexing, chromatic dispersion compensation, polarization mode 

dispersion compensation, and so on.   

In Figure 1, it predicts that that the maximum capacity of single-mode fiber systems 

should be no more than 100 Tb/s with transmission and amplification of signals over the full 

C+L bands at 10 bits/s/Hz spectral efficiency. So, it is extremely urgent for both academia 

and industries to find the next-generation technology to sustain the future bandwidth 

requirements as it exponentially grows. It is believed that exploitation of spatial dimension of 

optical fibers is the most promising way, which can also be learned from Figure 2 [27], 

which shows all the available multiplexing dimensions in optical fiber systems including 

frequency dimension, polarization dimension, amplitude dimension, phase dimension, and 

spatial dimension.  
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In DWDM systems, the frequency dimension is intensively taken advantage of to 

transmit signals over multiple wavelength channels. In high spectral efficiency coding, the 

polarization, amplitude and phase of optical carriers are used to enable a higher bit rate of 

each WDM channel. As in latest commercial optical systems, the polarization-division 

multiplexing (PDM) QPSK signals and PDM-16-QAM signals are already used for 100G and 

400G optical transmission. Although very high-level modulation formats, like 64-QAM, 128-

QAM, etc., can provide very high spectral efficiency, it has very low noise tolerance, thus 

considerably limiting the transmission distance. So, only the space dimension is not fully 

exploited. The figure shows three fiber types for SDM technology: bundled single-mode 

fiber, FMF and multi-core fiber (MCF).

 

Figure 2. Multiplex dimensions of optical communication systems 



 

CHAPTER 3: SDM OPTICAL COMMUNICATION SYSTEMS 

3.1 Architecture of SDM systems 

  

As early as 1970, the concept of SDM was proposed to transmit signals over multiple 

fiber cores, but the crosstalk between any two cores cannot be finely controlled. Until 

recently, as the predicted capacity crunch of single-mode fiber for rapidly growing traffic, 

SDM technology is re-considered as the promising way to sustain the bandwidth requirement 

in future decades. On one side, the manufactural progress of optical components, like 

specialized design of large DMGD or low crosstalk MMF, fine fabrication control of multi-

core or hollow-core fiber, and specialized mode generator and so on. On the other side, the 

development of coherent technology together with DSP enable to solve the unique crosstalk 

and distortions with MIMO processing. 

As shown in Figure 3, N optical channels are spatially multiplexed with Mode 

multiplexer (MUX) and transmitted through SDM fibers. After fiber transmission, the mode 

de-multiplexed (DEMUX) is used to separate the N spatial channels. Since most of MUX 

and DEMUX are still free space devices, they can induce significant power loss and mode 

Figure 3. Architecture of SDM systems 
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coupling. There have been proposed different types of SDM fibers including bundled SMF, 

FMF, and MCF. The inter-modal crosstalk and link modal dispersion varies by the fiber type. 

For the FMF systems, there is very large DMGD and strong mode coupling between spatial 

modes. After DEMUX, the signals on spatial channels are coherently detected, and a N×N 

MIMO DSP is used to mitigate the signals crosstalk and distortion, like CD and DMGD. In 

the SDM systems, optical add and drop multiplexer can be used to dynamically add or drop 

necessary spatial channels at each network node to support the all-optical dynamic routing 

networks. 

3.2 Comparison of Different SDM technologies 

Several SDM fibers have been developed to support SDM transmission in optical 

systems as shown in Figure 4 [1]. (a) shows the fiber bundle made up by physically 

independent parallel single-mode fibers. Although the bundle may achieve higher fibers 

densities than current fiber cables by advanced design of fiber cladding, it cannot actually 

decrease the cost-per-bit for the system capacity, and costs are linearly increased with the 

number of fibers in the bundle.  

(b) shows the multi-core fiber composed of independent single-mode cores in one fiber. 

The most challenging design of multi-core fiber is the control of crosstalk between any two 

cores. The core distance and core profile should be carefully designed to minimize the 

crosstalk. Ideally, the larger core distance, the less crosstalk occurs. However, growth of the 

number of cores or core distance increase the overall diameter of multi-core fiber, and the 

fiber is susceptible to fracture. Therefore, the overall capacity of multi-core fiber may be 

limited by the number of cores. Another challenge of multi-core fiber is the optical 
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integration. Because signals are transmitted through physically independent cores, it is 

difficult to share the pump power for different cores in multi-core fiber EDFA.  

(c) shows the multi-mode fibers (MMF), which can support transmission of multiple 

channels over multiple spatial modes. Because all signals are transmitted in the same 

physical area, there is inevitable inter-model crosstalk. The current commercial MMF 

supports hundreds of spatial modes, but there are extreme large DMGD in ns/km, which is 

not compensated with DSP in practice. To take advantage of MMF in SDM, FMF was 

developed with only a small number of spatial modes. For example, state-of-the-art FMF can 

maximally support 3 spatial modes, including LP01, LP11a, and LP11b. It has been prove that 

the MIMO DSP can be used to compensate the DMGD and inter-modal crosstalk in FMF 

systems. With progress of DSP in the future, it is believed that more spatial modes will be 

supported in FMF system. Also, many integrated optical components, like FMF EDFA, have 

been investigated to make it a stronger to candidate in SDM technology. It is predictable that, 

with the advantage of optical integration, the FMF system can achieve efficiency in both 

system cost and power consumption.  

(d) shows the coupled multi-core fiber with larger core density than (b), and has the 

same problem in optical integration. (e) shows the photonic band gap fiber with ultra-low 

loss. Although it does not support SDM transmission, work is undergoing to see its potential 

in SDM systems. Therefore, with potential of capacity scalability and nature of optical 

integration, SDM technology using FMF can be an auspicious way to sustain next capacity 

crunch.  
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Figure. 5 shows the normalized propagation constant as a function of normalized 

frequency V for different spatial modes in the step-index MMF [].  V is as follows:  

 V= knα·sqrt(2Δ)                                                    (3.1) 

where, k equals to 2pi/λ, λ is wavelength, n is the refractive index of the core and α is core 

diameter. Δ is the numeric aperture determined by the refractive index difference between 

core and cladding. The figure shows the cutoff frequency of several spatial modes. For 

example, the cutoff frequency for LP01 and LP11 modes are 0 and 2.405, respectively. When 

the fiber normalized frequency is greater than the cutoff frequency of certain modes, those 

modes can be transmitted. So, the normalized frequency of commonly used 3 spatial modes 

FMF (LP01, LP11a and LP11b ) should be located in the range between 2.405 and 3.832. From 

the equation (1), the fiber normalized frequency or supported spatial modes can be designed 

by choosing fiber refractive index and core diameter. 

Figure 4. SDM fibers or cables 
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Table 1 comprehensively compared three fiber or cable types for SDM transmission: 

bundled SMF, MCF, and FMF. Because the MMF needs to support numerous spatial modes, 

which requires larger fiber numerical aperture, it may have very low loss in fusion splicing, 

which can save more link budget on SDM transmission. Because all spatial modes share the 

same transmission media, there is inevitable inter-modal crosstalk between any two spatial or 

polarization modes. In addition, because the spatial modes are transmitted at different 

propagation constant, as shown in Figure 5, there is large accumulated DMGD. The DMGD 

together with mode coupling can induce the ISI on every spatial mode during transmission. 

Although the cores in MCF are physically independent, the power coupling between separate 

cores is inevitable. The MIMO processing in DSP is needed to combat the DMGD and mode 

coupling in MCF and FMF. Since the core of FMF has a larger area than the cores in MCF 

and bundled SMF, it can achieve lower nonlinear threshold, which is another benefit that 

Figure 5. Normalized propagation constants of spatial modes in MMF 
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Parameter Bundled SMF MCF FMF

Fiber loss Standard As low as SMF As low as SMF

Effective area Standard Small or Standard Large

Intra-mode 
nonlinearity

Standard Standard or high Low

Inter-mode 
nonlinearity

No Low Low to medium

Mode coupling 
crosstalk

No Medium Low to high, can be optimized

No. of amplifiers N N 1

No. of ROADM N N 1

Fusion splicing Easy Special splicer, 
Probably high loss

Easy, low loss

DSP complexity Low Low to medium Medium to high

Cost N*SMF 1*SMF 1*SMF

Application Interconnect & long 
reach

Interconnect & long 
reach

Long reach

makes FMF suitable for long-haul SDM transmission. The physically independent fiber cores 

of bundled SMF and MCF needs a number of ROADM and amplifier to service all cores in 

the transmission link, which not only increases the system cost, but also make the system 

upgrade harder. In the contrast, only one ROADM and amplifier can service all spatial 

modes, which means the system capacity can be easily upgraded without adding new 

amplifier or ROADM.   

 

 

 

 

  

Table 1 Comparison of different SDM technologies 
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CHAPTER 4: FEW-MODE FIBER OPTICAL COMMUNICATION SYSTEMS 

4.1 Architecture of FMF communication systems 

 

 

 

Figure 6 shows the concept of the M-mode FMF transmission system. The state-of-the-

art transponder can transmit polarization multiplexed high spectral efficiency modulation 

formats at 28GSymbol/s data rate, like PDM-QPSK, PDM-16-QAM and so on. Most of the 

current FMF transmission experiments are based 100 Gbit/s (28G or 32G symbol rate) PDM-

QPSK modulation format. The mode multiplexer is used to combine the spatial modes into 

the FMF, and the mode de-multiplexer is used to separate the spatial modes after 

transmission. Both mode MUX and DEMUX can induce large power loss as well as 

additional mode coupling.  Along the transmission, the few-mode fibers will induce CD (≈ 

20 ps/nm/km), large DMGD (up to 75 ps/km) and random inter-modal crosstalk. Few-mode 

optical amplifiers, like FMF EDFA, are used to compensate the fiber loss along transmission. 

Figure 6. Conceptual diagram of FMF transmission systems 
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Except for signals amplification, the FMF amplifiers also induce the amplified stimulated 

emission (ASE) noise, which will significantly degrade the optical signal-to-noise ratio 

(OSNR). The FMF amplifier may additionally induce MDG.  

After the receiver end, the M spatial mode signals are demodulated by mixing with the 

LO in M optical front ends, which are composed of 90-degree hybrids, photodiodes and 

Trans-impedance amplifiers. The finite linewidth of both transmitter and LO will induce the 

phase noise to demodulated signals, which has to be estimated. The ADC is used to re-

sample the analog signals at Nyquist sampling rate. In DSP, CD and DMGD can be 

compensated with frequency domain equalizers, phase noise can be estimated various phase 

estimation methods, and bit-error rate (BER) is finally estimated.  

4.2 FMF system model and impairments  

 The FMF transmission link can be described by the following model: 

 

 

Figure 7. FMF transmission link model 

 

where Y(w) is frequency domain output signals vector [Y1(w), Y2(w), … YM(w)]T, M is 

number of modes in FMF systems, and w is angular frequency. YM(w) represents the 

frequency domain output signal on mode #M. X(w) is the frequency domain M input signals 

H(w) P(w)

N(w)

X(w) Y(w)
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vector [X1(w), X2(w), … XM(w)]T, and XM(w) represents the frequency domain of input 

signal on mode #M. From the figure, the output Y(w) can be derived as follows: 

Y(w)= (H(w)· X(w)+ N(w))· P(w)                                      (4.1) 

H(w) is the frequency domain representation of transmission matrix. For M-mode FMF 

transmission system, the H(w) is as follows:  

 

where Hij(w) is the frequency domain impulse response, which characterizes the mode 

coupling effect of mode #j signal on mode #i signal. This individual frequency domain 

impulse response is determined by the link distortion, including CD, DMGD, MDL/MDG, 

and so on.  

N(w) is the frequency domain representation of ASE noise, which is induced by optical 

amplifiers in transmission link. The ASE noise is more like white Gaussian noise with flat 

power spectrum density. In the long haul system, because many optical amplifiers are used in 

the transmission link, the ASE noise mainly determines the system performance. P(w) is the 

frequency domain passband filter, which is used to suppress the out of band ASE added on 

the signal power spectrum. The bandwidth of P(w) should be equal or slightly larger than 

modulated signal bandwidth, in order to ensure no ISI is induced by narrow filtering.   

4.2.1 Chromatic dispersion 

The fiber chromatic dispersion is resulted from the intrinsic wavelength independent 

refractive index of used fiber. The CD induces the different transmission delay for the 

H(w)=

H11(w) …

… … …

H12(w) H1M(w)

HM1(w) …HM2(w) HMM(w)

H21(w) …H22(w) H2M(w)
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frequency components of modulated signals. The frequency domain expression of CD is as 

follows: 

HCD(w)=exp(-j/2·β2·Lfiber w
2)                                       (4.2) 

where β2 is fiber group velocity dispersion, which is usually equal to 20 ps/nm/km. Lfiber is 

the transmission link length.  

In amplitude modulated systems, the CD results in the signal pulse spreading, which 

make the direct detector hard to differentiate 0 or 1 bits. In phase modulated systems, the CD 

additionally results in the phase change of each symbol. In current systems, the link CD 

needs to be estimated first, and a fixed frequency domain equalizer, which has inverse 

equalization matrix of the CD, is used for its compensation.  

4.2.2 Differential mode group delay  

 

 

Figure 8. Concept of DMGD in few-mode fibers 

 

Figure 8 shows the concept of DMGD in a 3-mode FMF. The three modes are LP01, 

LP11a, and LP11b. Because of the mode dependent refractive index, 3 spatial modes have 

different transmission delay. Also, because all spatial modes are transmitted in the same 

physical area, there is inevitable inter-modal crosstalk. When the power of symbols is 

transferred from one mode to another mode until detection, it causes inter-modal crosstalk. 
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When the power of the symbol is transferred from one mode to another and transferred back, 

it causes ISI on that spatial channel. The inter-modal crosstalk and DMGD of a short length 

M-mode FMF can be described by the matrix HDMGD in Figure 9. 

 

 

Figure 9. Transfer function of DMGD and mode coupling of a short length FMF. 

 

where τi is the propagation delay on mode #i, and Cij is the coupling coefficient between 

mode #i and mode #j.   

The transfer function of DMGD and mode coupling of a long FMF can be described by 

the concatenation of multiple short length transfer functions as follows: 

HDMGD, total(w)= HDMGD, 1(w)· HDMGD, 2(w)··· HDMGD, N(w)                 (4.3) 

In FMF systems, the adaptive MIMO equalizer is used to compensate the DMGD and 

random mode coupling.  

HDMGD(w)=

C11
…

… … …

C12 C1M

CM1
…CM2 CMM

C21
…C22 C2M

…

…

exp(-jwτ1)

…

…

0 exp(-jwτ2)

exp(-jwτM)0 0

……

0

…

0

…

…
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4.2.3 ASE noise 

Figure 10. (Left) Signal constellation without ASE. (Right) Signal constellation with ASE 

 

The ASE noise comes from optical amplifiers in the transmission link. It can be modeled 

as white Gaussian noise, which has the flat power spectral density. In optical systems, optical 

signal to noise ratio is used to evaluate the relative intensity of ASE noise power over optical 

signal power. The ASE noise induces the scattered signal constellation, as shown in Figure 

10 [29]. 

4.2.4 Phase noise 

In optical communication systems, the finite linewidth of both transmitter laser and local 

oscillator can bring up the phase noise into optical signals. As described in [30], the phase 

noise can be considered as a wiener process as follows: 

θ(k)= θ(k-1)+υ(k)                                                          (4.4) 

where θ(k) is the phase noise term on the kth symbol. υ(k) is a zero-mean white Gaussian 

variable. Its variance is:  

σ(k)=2π·(ΔνTX+ ΔνLO)·T                                                 (4.5) 

where ΔνTX and ΔνLO are the transmitter and LO laser linewidth. T is the symbol interval.  

(a)  (b)  
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Since phase noise adds random phase shift to the phase modulated signal, the signal 

constellation will be scattered to form a ring, as shown in Figure 11 [29]. 

 

 

Figure 11. (Left) constellation without phase noise.  (Right) Constellation with phase noise 

4.3 Coherent detection with DSP  

In FMF transmission systems, coherent detection is used to demodulate spatial modes 

signals after transmission, and DSP will electrically compensate the CD, DMGD and phase 

noise. The architecture of coherent detection together with DSP for M-mode FMF 

transmission is shown in Figure 12.  

It can be seen that M modes transmission requires M coherent receivers. In the coherent 

receiver, each spatial mode signal is demodulated into I and Q components by beating with 

LO in 90 degree hybrid, as shown in the following equation (Mode #1 as an example): 

Ei1,1(t) =
1

2
(E1(t) + ELO(t))                                           (4.6) 

Ei1,2(t) =
1

2
(E1(t) − ELO(t))                                           (4.7) 

Eq1,1(t) =
1

2
(E1(t) + jELO(t))                                           (4.8) 

Eq1,2(t) =
1

2
(E1(t) − jELO(t))                                           (4.9) 

(a)  (b)  
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Figure 12. Coherent detection with DSP for M-mode FMF transmission 



 

CHAPTER 5: MIMO DIGITAL SIGNAL PROCESING IN FMF SYSTEMS 

5.1 Adaptive MIMO equalizer for DMGD compensation   

 

Figure 13. Architecture of the MIMO equalizer in 3-mode FMF systems 

 

It has been extensively proposed that adaptive MIMO equalizer can effectively 

compensate the large DMGD and random inter-modal crosstalk, thus de-multiplexing the 

signals on different spatial modes. Figure 13 shows the MIMO equalizer architecture for 3-

mode FMF systems as an example [31].In M-mode FMF systems, M2 SISO equalizers are 

required to build up a M×M MIMO equalizer, in which the required tap length or hardware 

complexity of every SISO equalizer is linearly dependent on the accumulated DMGD. To 

completely compensate the signal distortion, the MIMO equalizer matrix W should be 

ideally inverse to the channel matrix H. The MIMO equalizer can be implemented either in 

the time domain or in the frequency domain. However, many research articles have 

demonstrated that the frequency domain approach can achieve much lower hardware 

complexity than time domain approach while keeping the same equalization performance. 

Since the fiber channel is dynamically changing, certain length training sequences need to be
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periodically sent during system operation in order to accurately estimate the channel matrix. 

The length of training sequence is determined by the convergent rate of the MIMO equalizer. 

If the equalizer converges faster, fewer symbols in the training sequence are needed. 

However, if the equalizer converges slower, more symbols in the training sequence are 

required, which will decrease the overall system efficiency.  

 

 

 

Two adaptive MIMO equalization methods have been proposed for DMGD 

compensation in FMF systems. One is the recursive least square (RLS) method, which has a 

fast convergent rate by paying extremely high hardware complexity. The other method is the 

least mean square (LMS) approach, which is widely used in FMF systems, for it is a good 

compromise among convergence rate, hardware complexity, and equalization performance. 

The comparison between LMS and RLS in terms of complexity and convergence rate is 

shown in Figure 14 and Figure 15 [32]. As shown in Figures 14 and 15, to achieve the stable 

Figure 14. Convergent rate comparison of LMS and RLS 

algorithms 
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symbol error ratio of 1e-3 in a 6-mode transmission system, the RLS algorithm only needs 

ten times less training symbols than LMS algorithm by paying two times more hardware 

complexity. Compared with RLS algorithm, the frequency domain least mean square 

algorithm has much lower complexity. Especially for the long-haul transmission systems 

where the accumulated DMGD is pretty larger, the FD-LMS method can save much more 

hardware complexity than RLS algorithm.  

5.2 Time-domain least mean square algorithm based adaptive MIMO equalizer 

Figure 16 shows the architecture of adaptive TD-LMS equalization for mode #1 in an 

M-mode FMF system. Note that the equalizers for other M-1 output modes have the same 

architecture. After coherent detection and ADC re-sampling, each digital sequences x1(n), 

 

Figure 15. Hardware complexity comparison of RLS and 

LMS algorithms 
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X1(n) TDE     
h11(k) 

TDE     
h1M(k) 

Addition

Error estimation

y1(k)

e1(k)Gradient 
& constraint
estimation

TDE     
h12(k) 

…

X2(n)

XM(n)

…

d1(k)-y1(k)

x2(n), … xM(n) is sent to the equalizer for the adaptive DMGD compensation. The 

equalization of kth sample on mode #i is shown in (4.1).  

yi(k) = ∑ ∑ hij(i)N
i=0 xj(k − i)M

j=1 )                                              (4.1) 

 

where N is the number of filter taps, and i and j are mode index( 1,2,3…M). Since there are 

two samples for each symbol after ADC, only one sample is saved as for each output symbol 

after equalization.   

After equalization, every output sample is compared with the desired output, and the error 

result is fed into gradient and constraint estimation processing to update the equalizer tap 

coefficients, as shown in (4.2) and (4.3).  

Figure 16. Architecture of adaptive TD-LMS equalizer for 

mode #1 
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ei(k) = di(k) − yi(k)                                              (4.2) 

𝐡ij = 𝐡ij + μ ∙ ei(k) ∙ conj(𝐱j(k))                                    (4.3) 

where the µ is step size, which controls the convergence speed and equalization performance 

of the adaptive TD-LMS algorithm.  

5.3 Frequency-domain least mean square algorithm based adaptive MIMO equalizer 

Figure 17 shows the architecture of adaptive FD-LMS equalizer for mode #1 in an M-

mode FMF system. Note that the equalizers for other M-1 modes have the same architecture. 

After coherent detection and ADC resampling, serial to parallel (S/P) converters divide each 

data sequence x1(n), x2(n), … xM(n)  into even and odd sequences x1
e(n), x1

o(n), x2
e(n) 

,x2
o(n)… xM

e(n) ,xM
o(n). The sequence xj

p(n) is further divided into sequential block xj
p(k) 

with N samples length. j is mode index (1, 2, …M), and p indicates even or odd sequence. 

Suppose that 50% overlap length in overlap-save method is used, N/2 samples of kth block is 

overlapped with (k-1)th block. FFT transform matrix then convert each block xj
p(k) to the 

frequency domain Xj
p(k) as shown in (4.4).  

             
p p

(k) diag{ [ (k)]}
j j

X F x                                                (4.4) 

where diag[] is the diagonal matrix operator, and F denotes a discrete Fourier transform 

(DFT) matrix. Xj
p(k) is a NxN matrix with its diagonal elements equivalent to the frequency 

bins of input block xj
p(k). 

Frequency domain equalization is realized by the multiplication between 𝐗j
p(k) and 

corresponding equalizer 𝐇i,j
p(k) and the additions of the multiplication results as shown in 

(4.5). i and j are both mode index (1, 2, …M).  𝐇i,j
p(k) is an Nx1 vector, with its elements 

equivalent to the coefficients of the equalizer for output mode i with input mode j.  



 

29 

 

S/PX1(n)

FFT

FFT

FDE     
H11

e(k) 

FDE     
H11

o(k) 

FDE     
H1M

e(k) 

FDE     
H1M

o(k) 

Addition IFFT & 
save last 
N/2 bit

Error estimation

y1(k)

e1(k)

FFT[0N/2, e1(k)]

Gradient 
& constraint
estimation

Y1(k)

E1(k)

X1
e (k)

X1
o (k)

FDE     
H12

e(k) 

FDE     
H12

o(k) 

…
S/PX2(n)

FFT

FFT
X2

o (k)

X2
e (k)

S/PXM(n)

FFT

FFT
XM

o (k)

XM
e (k)

……
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𝐘i(k) = ∑ (𝐗j
e(k)M

j=1 ∙ 𝐇i,j
e(k) + 𝐗j

o(k) ∙ 𝐇i,j
o(k))                                   (4.5) 

  𝐲i(k) = 𝐊𝐅−𝟏𝐘i(k)                 (4.6) 

                   𝐞i(k) = 𝐝i(k) − 𝐲i(k)                                            (4.7) 

 

 

 

After equalization, block 𝐘i(k) is converted to time domain block 𝐲i(k) as shown in (4.6). F-1 

is the inverse DFT (IDFT) matrix, and K is a constraint matrix [0N/2 IN/2]. In the time domain 

block, only the last N/2 samples are saved.  

The output block 𝐲i(k) is used for posterior error estimation in feedback loop, as shown 

in (4.7), where di (k) is the desired output of kth block on mode i. 

In the gradient constraint and estimation algorithm, time domain posterior error block 

Figure 17. Concept of adaptive FD-LMS equalizer for mode #1 in FMF systems 
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𝐞i(k) is firstly prefixed with N/2 zeros and is converted to the frequency domain 𝐄i(k) for 

updating the FDE as shown in (4.8) and (4.9). 

𝐄i(k) = 𝐅𝐊𝐓𝐞i(k)                                                           (4.8) 

𝐇i,j
p(k + 1) = 𝐇i,j

p(k) + 2𝐅𝐆𝐅−𝟏 · 𝐔ij
p(k)· [𝐗j

p
(k)]𝐓 ∙ 𝐄i(k)          (4.9) 

G=IN-Q, and Q is a constraint matrix [0N/2, 0N/2; 0N/2, IN/2]. The matrix G and Q are used 

for saving only the first and last half of each block respectively. According to [33], FGF-1 

and FQF-1  approximately equal to 1/2·IN. Uij
p(k) is the step size matrix for the equalizer 

𝐇i,j
p(k) and equals to diag{µij,0

p(k), µij,1
p(k),…, µij,N-1

p(k)}. The step size is a key parameter 

in determining both equalization performance and convergence speed of the adaptive FD-

LMS algorithm. In the conventional adaptive FD-LMS algorithm [18], all elements of Uij
p(k) 

are set to the same value µ. 

5.4 Comparison between adaptive TD-LMS and adaptive FD-LMS algorithms  

 

 

Figure 18. Hardware complexity comparison for DMGD compensation 
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Figure 18 shows the required complex multiplications at different required tap number 

or FFT size for DMGD compensation in a 2-mode system. It can be seen that when the tap 

number or FFT size is very small, the adaptive TD-LMS requires less complex 

multiplications than adaptive FD-LMS. However, adaptive FD-LMS requires much less 

complex multiplications than TD-LMS when the required tap number or FFT size is larger.   

Figure 19 shows the DMGD compensation of both TD-LMS and FD-LMS. In the 

simulation, 2200 ps DMGD is induced and 256 taps TD-LMS and 256 FFT size FD-LMS 

methods are compared in compensating DMGD. It can be seen that both FD-LMS and TD-

LMS with a sufficient number of taps (or FFT size) can completely compensate the channel 

induced DMGD. 

 

 

 

Figure 19: Performance comparison for DMGD compensation 



 

CHAPTER 6: SINGLE-STAGE MIMO EQUALIZER IN FMF SYSTEMS 

6.1 Principle of single-stage MIMO equalizer  

 

Figure 20. Comparison of proposed single-stage equalizer and  

conventional two-stage equalizer 

 

In FMF transmission system, except for DMGD, CD is another linear distortion that 

needs to be compensated in DSP. In conventional single-mode fiber transmission systems, 

because CD is much larger than PMD, a separate CD compensation equalizer is needed 

before using an MIMO equalizer for PMD compensation. The same equalization architecture 

is simply immigrated to FMF transmission systems, in which a two-stage equalization 

method is used to compensate the CD by a static FDE in the first stage and compensate 

DMGD by adaptive FD-LMS in the second stage, as shown in Figure 20. However, because 

the accumulated DMGD is usually much larger than CD in FMF systems, which means the 

equalizer length of adaptive FD-LMS is greater than that of static FDE in FMF systems, such 

that the same adaptive FD-LMS equalizer used for DMGD compensation can also be used 

for CD compensation without increasing the adaptive equalizer length. Such a single-stage
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equalizer can eliminate the need for an independent CD compensation module, thus can 

reduce hardware complexity of DSP in FMF transmission systems.   

6.2 Single-stage MIMO equalizer architecture 

 

Figure 21 shows the concept of adaptive MIMO equalizer for 2-mode FMF transmission 

systems, which is similar to Figure 17.  

6.3 Simulation setup 

An 112 Gbit/s two-mode transmission system is simulated as shown in Figure 22, where 

each mode carries a 56 Gbit/s QPSK signal. The FMF model in the simulation is similar to the 

one in [34]. In the simulation, DMGD is 0.076 ps/m between two modes, and CD and CD 

slope are 20 ps/nm·km and 0.065 ps/nm2·km respectively [11]. 100 times mode couplings with 

-25 dB each is simulated. The optical noise is added after the FMF transmission and an optical 

filter is used to suppress the noise before coherent detection. The fiber loss is assumed to be 

 

Figure 21. Architecture of the adaptive FD-LMS equalizer in 2-mode systems 
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completely compensated by the FMF EDFA, and therefore is not included in this simulation. 

Before MIMO processing, the two electrical signals are re-sampled at two samples per symbol. 

We also compare the performance and complexity of our proposed method with the 

conventional two-stage method, in which the first stage is a static frequency-domain CD 

compensator and the second stage is the FD-LMS MIMO equalizer. After MIMO processing, 

the BER and Q value are estimated for each mode. 

 

6.4 Simulation results 

Figure 23 shows the equalization results of both single-stage method and two-stage 

methods. It can be seen that the proposed single-stage method can completely compensate the 

fiber induced CD and DMGD simultaneously at both 1000 km and 420 km transmission. 

  

 

 

Figure 22. Simulation setup for the 112 Gbit/s two-mode coherent transmission system 
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Figure 24 shows the required complex multiplications per output symbol of single-stage 

method and two-stage method at different transmission distance. At the same transmission 

distance, both methods use the same FFT size for DMGD compensation, while the FFT size of  

 

Figure 23. Compensation performance comparison between single-stage method 

and two-stage method at difference transmission distances. 

Figure 24. Required complex multiplications per output symbol of single-

stage and two-stage methods at different transmission distance 
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static FDE in two-stage method is determined by the fiber induced CD. Note that, due to the 

fast computation speed of the classic radix-2 FFT algorithm, which requires Nlog2(N)/2 

complex multiplications for N points FFT [35], 2n FFT size is used for both static FDE in first 

stage of single-stage method and adaptive FD-LMS of both two methods. Suppose NDMGD FFT 

size is needed for DMGD compensation, adaptive FD-LMS algorithm consumes 12log2NDMGD 

+32 per output symbol after equalization. If the compensating fiber induced CD requires NCD 

FFT size in first stage FDE, the two-stage method needs consume additional log2NCD +2 

complex multiplication per output symbol. Figure 4 shows that, for transmission distance from 

50km up to 1000km, the single-stage method always consumes less complex multiplications 

than the conventional two-stage method. For example, to compensate 1000 km and 420 km 

induced CD and DMGD,  both single-stage and two-stage methods need 8192, 2048 FFT size 

in adaptive FD-LMS algorithm respectively, while the two-stage method also need additional 

512, 256 FFT size in the first-stage static FDE for CD compensation. So, the two-stage method 

consumes 199 and 174 complex multiplications per output symbol at 1000km and 420km 

transmission, while the proposed single-stage method consumes only 188 and 164 complex 

multiplications per output symbol at the same transmission distance. 

Figure 25 shows the step size of adaptive FD-LMS algorithm in single-stage and two-stage 

methods versus transmission distance. The OSNR is set to 14 dB. For 1000 km and 720 km 

transmission, 8192 and 4096 FFT size are used in adaptive FD-LMS respectively, and 512 FFT 

size is used for the first-stage FDE of the two-stage method. Figure 25 shows that, for the same 

transmission distance, the maximum step sizes to achieve the same Q value after equalization 

are identical for both methods. To achieve <0.3dB Q-penalty in 1000 km and 720 km 

transmission, the maximum step sizes are 1.5e-5 and 3e-5, respectively.  
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Figure 25.  Step size of adaptive FD-LMS vs Q value after equalization using 

both single-stage method and two-stage method in two different distance           

Figure 26. Required number of blocks for convergence of adaptive FD-LMS in both 

single-stage and two-stage methods for 1000 km transmission 
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Figure 26 shows the required number of blocks for convergence of FD-LMS in both 

single-stage and two-stage methods to achieve <0.3 dB Q-penalty. The step sizes are 1.5e-5 and 

3e-5 for 1000 km and 720 km transmission, respectively. It can be seen that the mean square 

error (MSE) of the proposed single-stage method is larger than two-stage method at the initial 

convergence. The reason for this is that the prior FDE CD compensation of two-stage method 

decreases the initial MSE. So, the single-stage method may have less convergence speed than 

the conventional two-stage method. However, if we set the initial frequency response of 

adaptive FD-LMS to already known frequency response of channel CD, the single-stage 

method can probably achieve the same convergence speed as the two-stage method. 

Furthermore, our single-stage adaptive equalization method eliminates the need for CD 

estimation that is required for conventional two-stage method, i.e. our method allows automatic 

CD compensation without any knowledge about the actual CD values. This could be a 

significant advantage for a dynamic optical network where the optical link length and therefore 

CD does not remain a constant. 

 



 

CHAPTER 7: FAST CONVERGENT FREQUENCY-DOMAIN LEAST MEAN 

SQUARE ALGORITHMS 

7.1 Fast convergent step size control methods 

Figure 27 shows the architecture of the fast convergent adaptive FD-LMS algorithm 

with phase estimation in an M-mode FMF systems. As shown in Figure 27, after coherent 

detection, the analog signals on different spatial modes are firstly re-sampled at two samples 

per symbol. S/P converters then divide each data sequence x1(n), x2(n), ... xM(n)  into even 

and odd sequences x1
e(n), x1

o(n), x2
e(n) ,x2

o(n),... xM
e(n) ,xM

o(n). The sequence xj
p(n) is 

further divided into sequential block xj
p(k), where N/2 samples of the kth block are 

overlapped with the (k-1)th block. Here, j is mode index (1, 2,...M), and p indicates even or 

Figure 27 Architecture of M×M adaptive FD-LMS equalizer with phase estimation 
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odd sequence. Each block xj
p(k) is then converted to frequency domain Xj

p(k) with FFT as 

shown in (7.1). 

p p
(k) diag{ [ (k)]}

j j
X F x                                                    (7.1) 

where diag{} is the diagonal matrix operator, and F denotes a DFT matrix. 𝐗j
p(k) is an N×N 

matrix with its diagonal elements equivalent to the frequency bins of input block 𝐱j
p(k).  

As shown in (7.2), frequency domain equalization is realized by the multiplication 

between 𝐗j
p(k) and the corresponding equalizer 𝐇i,j

p(k), and then the additions of the 

multiplication results. Here, i and j are both mode indices (1, 2,...M).   

𝐘i(k) = ∑ (𝐗j
e(k)M

j=1 ∙ 𝐇i,j
e(k) + 𝐗j

o(k) ∙ 𝐇i,j
o(k))                            (7.2) 

After equalization, block 𝐘i(k) on mode i is converted to time domain block 𝐳i(k) as 

shown in (7.3), which is used for the next stage Mth carrier phase estimation (CPE) [13]. 

Here, F-1 is the inverse IDFT matrix, and K is a constraint matrix [0N/2 IN/2].  

As shown in (7.4), the equalizer’s final output block 𝐲i(k) is used for the prior error 

estimation in the feedback loop, where di (k) is the desired output of the kth block on mode i, 

and φi(k) is the estimated phase noise of block 𝐳i(k). 

     𝐳i(k) = 𝐊𝐅−𝟏𝐘i(k)               (7.3) 

                   𝐞i(k) = (𝐝i(k) − 𝐲i(k)) ∙ exp (j ∙ 𝛗i(k))                  (7.4) 

In the gradient and constraint estimation, the time domain prior error block 𝐞i(k) is 

firstly prefixed with N/2 zeros and converted to the frequency domain 𝐄i(k) for updating the 

FDE, as shown in (7.5) and (7.6). 

𝐄i(k) = 𝐅𝐊𝐓𝐞i(k) = {𝐅𝐊𝐓𝐝i(k) − 𝐅𝐐𝐅−𝟏[∑ (𝐗j
e(k)M

j=1 ∙ 𝐇i,j
e(k) + 𝐗j

o(k) ∙

𝐇i,j
o(k))]}exp (j ∙ 𝛗i(k))                                                                                       (7.5) 
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𝐇i,j
p(k + 1) = 𝐇i,j

p(k) + 2𝐅𝐆𝐅−𝟏 · 𝐔ij
p(k)· [𝐗j

p
(k)]𝐓 ∙ 𝐄i(k)  (7. 6) 

Here, G=IN-Q, and Q is a constraint matrix [0N/2, 0N/2; 0N/2, IN/2]. The matrices Q and G 

are used for saving the first and the second half of each block, respectively. FGF-1 and FQF-1 

approximately equal 1/2·IN, and Uij
p(k) is the step size matrix for the equalizer 𝐇i,j

p(k) which 

equals to diag{µij,0
p(k), µij,1

p(k),…, µij,N-1
p(k)}. This step size matrix determines both 

equalization performance and convergence speed of the adaptive FD-LMS algorithm. In the 

conventional adaptive FD-LMS algorithm, all elements of Uij
p(k) are set as the same value µ.  

In [33], it is proposed that, in SISO systems, one way to find the optimal bin-wise step size 

for the adaptive FD-LMS algorithm is to cancel the posterior error of each frequency bin. In 

M×M MIMO systems, the posterior error of the kth equalized block on mode i is defined in 

(7.7). 

 𝐩i(k) = 𝐝i(k) − 𝐊𝐅−𝟏 · { ∑ (𝐗j
e(k)M

j=1 ∙ 𝐇i,j
e(k + 1)+𝐗j

o(k) ∙ 𝐇i,j
o(k + 1))}        (7.7) 

By combining (7.6) and (7.7), we could derive that  

 𝐩i(k) = 𝐝i(k) − 𝐊𝐅−𝟏 · { ∑ (𝐗j
e(k)M

j=1 ∙ (𝐇i,j
e(k) + 2𝐅𝐆−𝟏𝐅 · 𝐔ij

e(k)· [𝐗j
e
(k)]𝐓 ∙

  𝐄i(k))+𝐗j
o(k)(𝐇i,j

o(k) + 2𝐅𝐆−𝟏𝐅 · 𝐔ij
o(k)· [𝐗j

o
(k)]𝐓 ∙ 𝐄i(k))}                                     (7.8) 

From above equation, we could further derive that 

 𝐩i(k) = 𝐝i(k) − 𝐲i(k) − 𝐊𝐅−𝟏 · { 2𝐅𝐆−𝟏𝐅·𝐄i(k)· ∑ (𝐔ij
e(k)·𝐗j

e(k)·[𝐗j
e(k)]T +𝐌

𝐣=𝟏

𝐔ij
o(k)·𝐗j

o(k)·[𝐗j
o(k)]T)}                                                                                                  (7.9) 

(7.9) can be further derived as: 

 𝐩i(k) = 𝐞i(k) − { 2𝐊𝐅−𝟏𝐅𝐆−𝟏𝐅·𝐄i(k)· ∑ (𝐔ij
e(k)·𝐗j

e(k)·[𝐗j
e(k)]T +𝐌

𝐣=𝟏

𝐔ij
o(k)·𝐗j

o(k)·[𝐗j
o(k)]T)}                                                                                                  (7.10) 

The frequency domain of posterior error 𝐩i(k) is  
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 𝐏i(k) = 𝐅𝐊𝐓𝐩i(k)                                                 (7.11) 

Then, 

 𝐏i(k) = 𝐅𝐊𝐓𝐞i(k) − { 2𝐅𝐊𝐓𝐊𝐅−𝟏𝐅𝐆−𝟏𝐅·𝐄i(k)· 

∑ (𝐔ij
e(k)·𝐗j

e(k)·[𝐗j
e(k)]T + 𝐔ij

o(k)·𝐗j
o(k)·[𝐗j

o(k)]T)𝐌
𝐣=𝟏 }                                     (7.12) 

Further, according to (7.5),  

𝐅𝐊𝐓𝐊𝐅−𝟏 = 𝐅𝐐−𝟏𝐅 ≈
1

2
𝐈N                                          (7.13) 

And 

𝐅𝐆−𝟏𝐅 ≈
1

2
𝐈N                                                        (7.14) 

The frequency domain representation of posterior error is:  

 𝐏i(k) = 𝐄i(k){1 −  
1

2
IN· ∑ (𝐔ij

e(k)·𝐗j
e(k)·[𝐗j

e(k)]T + 𝐔ij
o(k)·𝐗j

o(k)·[𝐗j
o(k)]T)𝐌

𝐣=𝟏 } 

(7.15) 

The mth frequency bin of Pi(k) is:  

    

Pi,m (k) = {1-
1

2
(mij,m
e

(k)X j,m
e
(k)[X j,m

e
(k)]
H

j=1

M

å

+mij,m
o

(k)X j,m
o
(k)[X j,m

o
(k)]
H
)}Ei,m (k)

                              (7.16) 

After the convergence of the FDE, the DMGD induced distortion is completely 

compensated, and laser phase noise is effectively estimated by the CPE algorithm. The 

posterior error and prior error of each output block should both be equivalent to the 

background noise, as shown in (7.17).  

Sp,j,m
p
(k)= Se,j,m

p
(k)=Sν,j,m

p
(k)                                                (7.17) 

where Sp,j,m
p
(k) is the mth bin of the PSD of posterior error block p (even/odd) on mode j; 

Se,j,m
p
(k) is the mth bin of the PSD of prior error block p on mode j; and Sν,j,m

p
(k) is the mth 
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bin of the PSD of AWGN block p on mode j. 

By taking the mean square of both sides of (7.16) and suppose that every input block is 

mutually independent, we can derive that: 

M
P

p, j,m

1 1e e o o
S (k) 1 (k)S (k) (k)S (k)) S (k)

ji, m x, i, m ji, m x, i, m e, i, mi 1 2 2
(    


         (7.18) 

By combining (7.17) and (7.18), and considering that all the equalizers converge at the 

same rate, the step size  μij,m
p(k) can be derived as: 

μij,m
p(k) =

α

S𝑥,j,m
p(k)

(1 − √
S𝑣,j,m

p(k)

S𝑒,i,m(k)
)                                      (7.19) 

From (7.19), the controlled step size depends on the estimation of s𝑣,j,m
p(k). 

7.1.1 Signal PSD dependent FD-LMS algorithm 

From (7.19), if the background noise is negligible, it can be simplified to (7.20). In 

(7.20), the step size control is only determined by the power of each frequency of the FFT 

block. For the frequency bin with larger power, a smaller step size is adopted; for the 

frequency bin with less power, a larger step size is adopted.  

Here, α is the adaptation rate, which determines both the convergence speed and 

equalization performance of the signal PSD dependent algorithm.  

      μij,m
p(k) =

α

Sx,j,m
p(k)

         (7.20) 

7.1.2 Noise PSD directed FD-LMS algorithm 

 In systems with AWGN channels, the prior error estimation 𝐞i(k) is made up by two 

terms: the residual estimated error 𝐫i(k) and the channel background noise 𝛖i(k), as shown in 

(7.21). Since 𝐫i(k) is linearly dependent on 𝐱i
p(k) and independent of 𝛖i(k), the PSD of 

𝐫i(k) can be estimated by (7.22), which is similar to [35] and [36]. 
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𝐞i(k) = 𝐫i(k) + 𝛖i(k)                                                   (7.21) 

      S𝑟,i,m(k) = S𝑒,j,m(k)𝐶𝑥𝑒,𝑖𝑗,𝑚
𝑝(𝑘)                                          (7.22) 

where 𝐶𝑥𝑒,𝑖𝑗,𝑚
𝑝(𝑘) is the magnitude squared coherence (MSC) function between the input 

block 𝐗j
p(k) and the prior error block 𝐄i(k), where the s𝑒𝑥,ij,m

p(k) is the cross-spectrum 

density between 𝐗j
p(k) and 𝐄i(k). 

𝐶𝑥𝑒,𝑖𝑗,𝑚
𝑝(𝑘) =

|S𝑒𝑥,ij,m
p(k)|

2

S𝑥,i,m
p(k)S𝑒,j,m(k)

                                              (7.23) 

Since the MSC function measures the linear relationship between 𝐞j(k) and 𝐱i
p(k), and 

𝐫i(k) is linearly dependent on 𝐱i
p(k), we can estimate PSD of 𝛖i(k) as shown in (7.24). 

 S𝑣,j,m
p(k) = S𝑒,j,m(k)(1 − 𝐶𝑥𝑒,𝑖𝑗,𝑚

𝑝(𝑘))                                    (7.24) 

By substituting (7.23) and (7.24) into (7.20), μij,m
p(k) can be estimated by: 

  μij,m
p(k) =

α

Sx,j,m
p(k)

(1 − √1 −
|Sex,ij,m

p(k)|
2

Sx,j,m
p(k)Se,i,m(k)

)                         (7.25) 

From (7.25), the estimation of  μij,m
p(k) relies on the estimation of Sx,j,m

p(k), Se,i,m(k), 

and Sex,ij,m
p(k). Since 𝐗j

p(k) and 𝐄i(k) are already known, we can simply estimate 

Sx,j,m
p(k), Se,i,m(k), and Sex,ij,m

p(k) by the recursively smoothing method as shown from 

(7.26) to (7.28), where λ is the forgetting factor. 

𝐒x,j
p(k) = λ𝐒x,j

p(k − 1) + (1 − λ)|𝐗j
p(k)|

2
                            (7.26) 

𝐒e,i(k) = λ𝐒e,i(k − 1) + (1 − λ)|𝐄i(k)|2                             (7.27) 

𝐒ex,ij
p(k) = λ𝐒ex,ij

p(k − 1) + (1 − λ)𝐗∗
j
p(k)𝐄i(k)                   (7.28) 

According to (7.20) and (7.25), the step size of noise PSD directed method starts from a 

large value, which makes the faster convergence rate possible; the step size eventually 

converges to zero, which leads to stable equalization performance with the minimum mean 
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square error (MSE). Equation (7.20) also shows that, when s𝑣,i,m
p(k) equals zero in systems 

with noise-free channels, the equation becomes the same as (7.7) in the PSD dependent 

adaptive FD-LMS algorithm.   

7.2  Complexity analysis of adaptive noise PSD directed FD-LMS algorithm 

In ASIC design, complex multipliers are one of the most resource consuming arithmetic 

logic in terms of power consumption, area, and cost. Therefore, hardware complexity of the 

adaptive FD-LMS algorithm can be evaluated by their required number of complex 

multiplications. 

In the M×M adaptive FD-LMS algorithm with block length of 2N, for N equalized 

output symbols on each of the M modes, the conventional method, the signal PSD dependent 

method, and the noise PSD directed method all require 4M· (M+1) FFT/IFFT processes. In 

these FFT/IFFT processes, the frequency domain conversion of input blocks requires 2M 

FFT, the time domain conversion of output blocks consumes M FFT, and frequency domain 

conversion of prior error blocks needs M FFT. Besides, the gradient and constraint 

estimation for updating the equalizer needs 4M2 FFT. Suppose that radix-2 FFT algorithm is 

used, 4M·(M+1) FFT totally consume 4M·(M+1) ·N· log22N complex multiplications for 

each output symbol.  

Apart from FFT, to obtain N output symbols on each of M modes, every adaptive 

method also requires 2M2·2N complex multiplications between 2N length input frequency 

domain blocks and 2M2 corresponding equalizers. It also needs 2M2·2N complex 

multiplications between M prior error blocks and the conjugate transpose of 2M input 

frequency domain blocks. 

Besides the 8M2N complex multiplications above, the signal PSD dependent method 
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also requires additional complex multiplications in signal PSD estimation and the update of 

FDE coefficients. The signal PSD estimation requires 2MN complex multiplications between 

each input frequency domain block and its conjugate transpose. The update of equalizer’s 

coefficients needs 2M2·2N complex multiplications between 2M step size diagonal matrices 

and M gradient estimation blocks.  

Besides the 8M2N complex multiplications, the noise PSD directed algorithm also needs 

2MN complex multiplications between each frequency domain input block and its conjugate 

transpose in signal PSD estimation. It also needs 2MN complex multiplications in the PSD 

estimation of M prior error blocks and 2M2·2N complex multiplications between prior error 

blocks and conjugate transpose of input frequency domain blocks in cross-correlation 

estimation of error blocks. The algorithm also additionally needs 2M2·2N divisions and 

2M2·2N square roots. Since the division and square root circuits can be built up with 

multipliers without lookup tables and other combinational logic [37], we consider these two 

types of arithmetic logic have the same hardware complexity as complex multipliers for 

simplicity. So, the noise PSD directed algorithm additionally needs 4MN+ 12M2N complex 

multiplications in total. 

According to the above analysis, to obtain N output symbols on each of the M modes, 

the conventional adaptive FD-LMS algorithm requires 4M·(M+1)·N·log22N+8M2N complex 

multiplications; the signal PSD dependent method requires 

4M·(M+1)·N·log22N+12M2N+2MN complex multiplications; the noise PSD directed method 

requires 4M·(M+1)·N·log22N+20M2N+4MN complex multiplications.  

For each output symbol per mode, the required numbers of complex multiplications for 

the conventional adaptive FD-LMS algorithm, the signal PSD dependent FD-LMS algorithm, 
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and the noise PSD directed FD-LMS algorithm are 4M·(M+1)·log22N+8M2, 

4M·(M+1)·log22N+12M2+2M, and 4M·(M+1)·log22N+ 20M2+4M respectively. 

Specifically, in 6×6 MIMO systems, for each output symbol per mode, the required 

numbers of complex multiplications for the conventional adaptive FD-LMS algorithm, the 

signal PSD dependent FD-LMS algorithm, and the noise PSD directed FD-LMS algorithm 

are 168·log22N+288, 168·log22N+444, and 168·log22N+744, respectively. 

7.3 Simulation setup 

 

 

  A polarization multiplexed three spatial modes (LP01, LP11a, LP11b) transmission system 

is simulated. The 223-1 PRBS data sequences are modulated onto each mode in QPSK format 

at 56 Gbit/s data rate. A mode multiplexer is used to combine the three spatial modes, and a 

Figure 28. Simulation setup of a six-mode transmission system with 56-Gbit/s 

QPSK modulated on each mode 
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mode de-multiplexer is used to separate the modes after transmission. -22 dB mode coupling 

between LP01 and LP11 modes is assumed at both the mode multiplexer and de-multiplexer 

[19]. The 6×6 FMF model is similar to the one in [34]. The DMGD is 35 ps/km, and random 

mode coupling is -34 dB/km with the coupling length of 10 km. The distributed peak-to-peak 

MDL between LP01 group modes and LP11 group modes is added after every 80 km 

transmission. The linewidth of transmitter laser and local oscillator is set to 100 kHz [19]. 

The fiber loss and chromatic dispersion (CD) are assumed to be completely compensated by 

the few-mode optical amplifiers and CD compensation modules. The optical noise is added 

after the FMF transmission, and a Gaussian filter with 33 GHz bandwidth is used to suppress 

the out-of-band noise before coherent detection.  

In DSP, the signal is firstly demodulated by mixing with the local oscillator in optical 

front end, and then analog-to-digital converter (ADC) re-samples the demodulated signal at 

two samples per symbol. The conventional adaptive FD-LMS algorithm in [18], the signal 

PSD dependent adaptive FD-LMS algorithm and the noise PSD directed adaptive FD-LMS 

algorithm are used for DMGD compensation independently for their convergence speed 

comparison. The CPE is used together with the adaptive FD-LMS algorithm for the phase 

recovery of the equalized output blocks. After CPE, the BER and Q factor are calculated. 

7.4 Simulation results 

Table 2 Computational complexity comparison of conventional FD-LMS, signal PSD 

dependent, noise PSD directed algorithms at different transmission distance 

Transmission 

distance 

Conventional 

algorithm [18] 

PSD dependent 

algorithm  

Noise PSD directed 

algorithm 

1000 km 2304 2460 2760 

2000 km 2472 2628 2928 

3000 km 2640 2796 3096 
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Table 2 shows the complexity comparison of three algorithms in terms of needed 

complex multiplications for each output symbol per mode in six-mode FMF systems. For 

1000 km, 2000 km and 3000 km transmission distances, the FD-LMS algorithm requires 

2048, 4096 and 8192 FFT sizes for DMGD compensation respectively. It can be seen that, at 

the 3000 km transmission distance, the noise PSD directed algorithm requires 17.2% and 

10.7% more complex multiplications than conventional algorithm and PSD dependent 

algorithm. If the transmission distance or DMGD is further increased, the growth of 

hardware complexity of noise PSD directed method gradually decreases and becomes 

negligible. 

 

 

 

In order to fairly compare the convergence speed between the conventional adaptive FD-

LMS algorithm and the noise PSD directed algorithm, the optimum step size of the 

Figure 29. Optimum step size for conventional adaptive FD-LMS algorithm 
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conventional approach is firstly acquired as shown in Figure 29. Although this optimal value 

is obtained based on the x-polarization of LP01 mode, other modes have the same results. The 

FMF transmission distance is set to 3000 km and OSNR is 14 dB. It can be seen that, when 

the step size is increased from 0.001 to 0.002, the conventional FD-LMS algorithm 

converges faster with few MSE degradation. However, when the step size is further increased 

to 0.003, the equalizer converges to a higher MSE. So, 0.002 is the optimal step size for the 

conventional method in compensating the DMGD in the 3000 km transmission at 14 dB 

OSNR. 

 

 

 

Figure 30 shows the equalization performance of the noise PSD directed method on all 6 

modes in a 3000 km transmission at 14 dB OSNR. It can be seen that all 6 modes converge to 

the same MSE at the same convergence rate.  

Figure 30. Equalization of signal on all 6 modes with noise PSD 

directed method 
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Figure 31 shows the convergence speed comparison of three adaptive FD-LMS 

algorithms in the 3000 km transmission. OSNR is set to 14 dB. The step size and adaptation 

rate of the three algorithms are set to the optimal values. From the figure, it can be seen that, 

to achieve -10 dB normalized MSE (NMSE) (9.5 dB Q-value), the noise PSD directed 

algorithm only requires 30 blocks while the signal PSD dependent algorithm and the 

conventional algorithm require 47 and 58 blocks, respectively. The convergence speed is 

improved by 36.1% and 48.3% respectively. The required large number of blocks not only 

affects the overall system efficiency by inducing longer overheads, but also may induce 

additional penalty in systems with the fast-changing channels. Since 30 and 58 FFT blocks 

are required by the noise PSD dependent method and the conventional method for equalizer 

convergence and the block length is 8192 samples with 50% overlap, the two algorithms take 

4.4 us and 8.5 us to converge respectively. So, the noise PSD dependent method only 

Figure 31. Convergence speed comparison of three adaptive FD-LMS 

algorithms (mode: LP01 X-polarization) 
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requires half of the time for convergence than the conventional algorithm, thus making it 

more suitable for the FMF systems with the fast-changing channels.   

Figure 32 shows the convergence speed comparison between the noise PSD directed 

algorithm and the signal PSD dependent algorithm at different OSNR levels. The 

transmission distance is 3000 km, and the FFT size of 8192 is used for DMGD 

compensation. It can be seen that, when the OSNR is increased from 14 to 22 dB, the 

improvement of convergence speed is significantly decreased. The result is in accordance 

with (13), which shows that the noise PSD algorithm has the same convergence speed and 

equalization performance as the signal PSD dependent approach in the systems with noise-

free channels. 

 

 

 

 

 

 

 

 

 

 

 

Figure 33 shows the convergence speed comparison in terms of convergence required 

number of symbols. The transmission distances are 1000, 2000, and 3000 km, respectively. 

Figure 32. Convergence speed comparison of  noise PSD directed algorithm and 

signal PSD dependent algorithm at different signal OSNR 
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The step size and adaptation rate of three algorithms are optimal. The Y-axis is the minimum 

number of symbols needed to achieve -10 dB NMSE. It can be seen that the system with a 

longer transmission distance requires a larger number of symbols for the adaptive equalizer 

convergence. Furthermore, the convergence speed improvement of the noise PSD directed 

algorithm over other two algorithms is further enhanced in long-haul transmission systems 

with longer transmission distance. The reason is that, when a larger FFT size is used for 

DMGD compensation in the systems with longer distance, more frequency bins of the 

background noise are induced, but the background noise effect can be efficiently mitigated 

with our new algorithm. 

   

 

 

Figure 34 shows the effect of MDL on the noise PSD directed algorithm. The transmission 

distance is 3000 km, and OSNR is 14 dB. The figure shows that large MDL can induce 

Figure 33. Convergence required number of symbol comparison of 

three algorithms at different transmission distance 
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significant degradation in equalization performance. It can be seen that the MDL results in 

more Q penalty on LP11a and LP11b modes than LP01 mode. The reason is that the mode 

coupling between LP01 and LP11 modes is relatively weak. So, LP11 group modes suffer more 

loss than LP01 group modes. If there is strong mode coupling between two mode groups, the 

equivalent MDL induced the penalty is expected to all spatial modes. The figure also shows 

that, when the MDL/80 km is increased from 0 to 0.4 dB, the average Q is decreased by 2.2 

dB.  

 

 

 

Figure 35 shows the convergence speed enhancement of the noise PSD directed method 

over the other two methods at different MDL per 80 km. The transmission distance is 3000 

km and the OSNR is set to 14 dB. It can be seen that, when the MDL/80 km is increased 

from 0 to 0.4 dB, the noise PSD directed method can keep similar convergence speed 

Figure 34. Impact of non-unitary transmission matrix on noise PSD dependent 

algorithm 
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enhancement, which saves 36% and 48% convergence required number of blocks over the 

signal PSD dependent method and the conventional method, respectively.    

 

 

Figure 35. Convergence speed enhancement rate of noise PSD directed 

method over the other two methods at different MDL 
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CHAPTER 8: FAST CONVERGENT SINGLE STAGE ADAPTIVE FD-LMS 

ALGORITHM 

8.1 Architecture of fast-convergent single stage equalizer 

The architecture of fast convergent single stage equalizer is the same as Figure 27.  

8.2 Simulation setup 

 

Figure 36 shows the simulation setup of an 112 Gbit/s 2-mode transmission system. -8 dB 

strong mode coupling is induced at both mode multiplexer and de-multiplexer. FMF model is the 

same as the one in [35], with 35 ps/km DMGD, 20 ps/km CD and -30 dB random mode coupling. 

Fiber loss is supposed to be compensated with a few-mode amplifier. AWGN is added after FMF 

transmission, and an optical filter is used to suppress out-of-band noise. In coherent receiver, the 

signal is firstly re-sample at 2 samples/symbol with analog to digital converter (ADC). The single-

stage adaptive FDE using either noise directed FD-LMS algorithm or conventional FD-LMS 

algorithm is compared for simultaneous CD and DMGD compensation. Bit error rate (BER) and 

Q-value are estimated after signal equalization. 

 

 

 

Figure 36. Simulation setup of 112 Gbit/s 2-mode transmission system 

with single-stage equalizer 
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8.3 Simulation results 

Table 3 shows the required number of complex multiplications of both the conventional 

FD-LMS algorithm and the noise power directed FD-LMS algorithm for accumulated 

DMGD and CD compensation at different transmission distance. In a 2x2 adaptive FD-LMS 

algorithm, supposing that minimum FFT size required in adaptive equalization is N and 

radix-2 FFT algorithm is used, conventional algorithm consumes 12log2N+32 per output 

symbol on each mode, while noise power directed algorithm consumes 12log2N+88 complex 

multiplications per output symbol. For 750 km, 1500 km, 3000 km, the required FFT size are 

2048, 4096 and 8192, respectively. It can be seen that the noise power directed algorithm 

need 38% more complex multiplications than conventional FD-LMS algorithm at 3000 km 

transmission.  

Table 3. Computational complexity (number of complex multiplications) 

 

Figure 37 shows equalization performance of two adaptive algorithms at different OSNR 

with 3000 km transmission. It can be seen that both the adaptive noise power algorithm and the 

conventional algorithm can completely compensate DMGD and CD in FMF. 

Figure 38 shows the convergence speed comparison of the noise directed FD-LMS algorithm 

and the conventional FD-LMS algorithm for compensation 3000 km FMF induced DMGD and 

CD. At 14 dB OSNR, conventional algorithm requires 51 FFT blocks for convergence to -10 dB 

Transmission 
distance

Conventional 
algorithm

Noise power 
directed algorithm

750 km 164 236

1500 km 176 248

3000 km 188 260
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normalized mean square error (NMSE) (10 dB Q-value), while the noise power direct algorithm 

only requires 25 FFT blocks. At 18 dB OSNR, the conventional method requires 61 FFT block to 

achieve -13.5 dB NMSE, while the noise power directed method requires only 30 FFT blocks. So, 

the noise directed algorithm can achieve 51% faster convergence than conventional algorithm.  

 

 

 

 

 

 

 

 

 

 

 

 

-16

-14

-12

-10

-8

-6

-4

-2

0

0 10 20 30 40 50 60 70

noise power directed adaptive FD -LMS algorithm @14dB OSNR
conventional adaptive FD -LMS algorithm @14dB OSNR
noise power directed adaptive FD-LMS algorithm @18dB OSNR
conventional adaptive FD -LMS algorithm @18dB OSNR

Number of FFT blocks

N
M

SE
 (d

B
)

Figure 37. BER vs. OSNR for single-stage adaptive equalizer using noise power direct 

FD-LMS algorithm and convention FD-LMS algorithm 

Figure 38. Convergence speed comparison of two single-stage adaptive algorithm at 

different OSNR setting 
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Figure 39 shows that the convergence speed increasing of the noise power directed 

algorithm over the conventional algorithm is further enhanced in long-haul transmission 

system with longer distance. The reason for this is that, when larger FFT size required for 

single-stage equalization in the system with longer distance, more number of frequency bins 

of background noise are induced, whose effect can be efficiently mitigated with our new 

algorithm. 

 

Figure 39. Convergence required number of symbols of two algorithms at different 

transmission distance 



 

 

CHAPTER 9: CONCLUSION 

Space-division-multiplexing (SDM) has been emerging as the next generation 

technology for cost-effective growth in capacity to keep up with the capacity demand of 

future Internet. In an SDM system, each independent data channel can be carried by an 

orthogonal spatial dimension. Several SDM technologies have been proposed and 

experimentally investigated including bundled SMF, MCF, and FMF. Compared with other 

technologies, FMF transmission can outperform in terms of fiber cost, leverage of photonic 

integration device, easy fusion splicing and low nonlinear limit.  

However, because of the mode dependent refractive index, a large DMGD can be 

induced in FMF transmission. Also, because all spatial modes are transmitted in the same 

physical area, there is inevitable inter-modal crosstalk. When the power of symbols is 

transferred from one mode to another mode until detection, it causes inter-modal crosstalk. 

When the power of the symbol is transferred from one mode to another and transferred back, 

it causes ISI on that spatial channel.  

An adaptive MIMO equalizer has been proposed and demonstrated to compensate the 

DMGD and untangle the crosstalk between the spatial modes using DSP. In M-mode FMF 

systems, M2 SISO equalizers are required to build up a M×M MIMO equalizer, in which the 

required tap length of every SISO equalizer is linearly dependent on the accumulated 

DMGD. Two adaptive MIMO equalization methods have been proposed for DMGD 

compensation in FMF systems. RLS method and LMS approach. Compared with RLS 

approach, LMS algorithm is widely used for it is a good compromise among convergence 

rate, hardware complexity and equalization performance.
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The Adaptive LMS algorithm can either implement in the time domain or in the 

frequency domain. My results showed that the adaptive FD-LMS algorithm can achieve 

much lower hardware complexity than TD-LMS algorithm while keeping the same 

equalization performance.   

Except for hardware complexity, the convergence rate of the adaptive equalizer is 

another important concern. Since the fiber channel is dynamically changing, certain length 

training sequence needs to be periodically sent during system operation in order to accurately 

estimate the channel matrix, the length of training sequence is determined by the convergent 

rate of the MIMO equalizer. If the equalizer converges faster, fewer symbols in the training 

sequence are needed. However, if the equalizer converges slower, more symbols in the 

training sequence are required, which will decrease the overall system efficiency. 

9.1 Single-stage adaptive MIMO equalizer 

In FMF transmission system, except for DMGD, CD is another linear distortion that 

needs to be compensated in DSP. In conventional fiber transmission systems, a two-stage 

equalization method is used to compensate the CD by a static FDE in the first stage and 

compensate DMGD by adaptive FD-LMS in the second stage. However, since the 

accumulated DMGD is usually much larger than CD in FMF systems, the same adaptive FD-

LMS equalizer used for DMGD compensation can also be used for CD compensation 

without increasing the adaptive equalizer length. Such single-stage equalizer can eliminate 

the need for an independent CD compensation module, thus can reduce hardware complexity 

of DSP in FMF transmission systems.   

  My simulation results showed that the proposed single-stage method can completely 

compensate the fiber induced CD and DMGD simultaneously while achieving lower hardware 
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complexity without needs for separate CD compensation module. However, with the 

conventional adaptive FD-LMS algorithm, the single-stage method may converge slower than 

the conventional two-stage method. The reason is that the MSE of the proposed single-stage 

method is larger than two-stage method at the initial convergence, and prior FDE CD 

compensation of two-stage method decreases the initial MSE.  

9.2 Fast-convergent adaptive FD-LMS MIMO equalizer 

Two adaptive FDE algorithms were proposed to increase the convergence rate of the 

conventional adaptive FD-LMS algorithm. One is PSD dependent FD-LMS algorithm, the 

other one is noise PSD directed FD-LMS algorithm. The simulation results showed that the 

PSD dependent method is the optimal solution in the system with high OSNR channels, where 

the frequency bin-wise step size is adopted to make equalization errors converge to zero.  The 

noise PSD directed method can achieve faster convergence speed in the system with low 

OSNR channels, where the step size of each frequency bin render the equalization error 

converge to background noise.  

The results showed that, in a six-mode 3000 km transmission system with 14 dB OSNR 

and 35 ps/km DMGD, the noise PSD directed algorithm can increase convergence speed by 

48.3% and 36.1% compared with the conventional FD-LMS algorithm and the signal PSD 

dependent FD-LMS algorithm with 17.2% and 10.7% hardware complexity growth 

respectively. The simulation results also show that the higher improvement of convergence 

speed can be achieved in the systems with longer transmission distance or larger DMGD. 

The proposed algorithm was evaluated at different system MDL. The results showed that, 

when the MDL per 80 km is increased from 0 to 0.4 dB, the average Q value of all six modes 
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is decreased by 2.2 dB, while keeping the similar convergence enhancement over other two 

methods. 

Because the uncompensated CD before adaptive MIMO equalizer will decrease its 

convergence speed, the proposed fast convergent adaptive FD-LMS method is applied to 

improve the convergence rate of single-stage equalizer.  The results showed that the noise 

PSD directed method can significantly increase the convergence rate of single-stage 

equalizer. In a 3000 km two-mode transmission system with 35 ps/km DMGD, 20 ps/km/nm 

CD and 14 dB OSNR, the noise power directed algorithm can converge 51% faster than the 

conventional adaptive FD-LMS algorithm. 
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ABSTRACT 

Space-division multiplexing (SDM) has been extensively proposed to overcome the next 

capacity crunch with ever-increasing data and video traffic. Among several SDM 

approaches, mode-division-multiplexing (MDM) in few-mode fiber (FMF) is the most 

auspicious technology. One key challenge in FMF transmission systems is random mode 

coupling among different fiber modes, which can cause severe inter-modal crosstalk. 

Moreover, large accumulated differential mode group delay (DMGD) can induce significant 

inter-symbol interference (ISI).  

The approach of adaptive multi-input multi-output (MIMO) digital signal processing 

(DSP) has been proposed and demonstrated to untangle the crosstalk between the spatial 

modes and compensate the DMGD. In FMF systems, compared with time-domain adaptive 

MIMO signal processing, the implementation of frequency domain method achieves much 

lower hardware complexity. In this dissertation, a single-stage adaptive MIMO equalizer is 

proposed to compensate both DMGD and chromatic dispersion (CD) simultaneously in order 

to further reduce the hardware complexity. 

Except for hardware complexity, the convergence rate of adaptive MIMO equalizer is 

another essential concern. The adaptive MIMO equalizer with slower convergence speed 
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requires longer training symbols, thus decreasing the system overall efficiency. In the 

dissertation, two advanced step size control methods are presented to increase the 

convergence rate of the conventional FD-LMS algorithm. The first approach is the signal 

power spectral density (PSD) dependent method, which adopts the step size for each 

frequency bin inverse to its power level in order to converge the estimated equalization error 

to zero, thus it is the optimal solution in the systems with noise-free channel. The other 

method is the noise PSD directed method, which adopts the frequency bin-wise step size to 

render the estimated error converge to the channel background noise, thus it is the optimum 

solution in the systems with additive white Gaussian noise channel. 
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