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Abstract

Recent advances in the development of intense short pulse lasers are
significant. It is available now to access laser with intensity ~ 102!
W /cm? by focusing a petawatt class laser, at which intensity hot dense
plasmas with relativistic electrons, energy greater than 100 MeV, are
produced. High energy x-rays, so called y-rays, are emitted strongly

from such plasmas via Bremsstrahlung.

In a few years the laser intensity is expected to exceed 1022
W /cm?. In such extreme intense laser-matter interaction, the radiative
damping is significant, namely, electrons accelerated by the laser fields
lose their energies and emit y-rays. So that we will see intense ~-ray
flash from the laser produced plasmas via two competing processes,
Bremsstrahlung and radiative damping. However It is not clearly un-
derstood which process is dominant at what laser or what target con-
ditions. My research is focus on making the radiation models to un-
derstand the y-ray emissions and studying the extremely intense laser-
matter interaction to optimize the v-ray emissions under the given laser

and target conditions.
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ii
Since these relativistic plasmas are non-thermal and non-equilibriated,

it is necessary to develop a kinetic plasma code with the radiation
physics. We had developed a collisional particle-in-cell code, PICLS,
coupled to a radiation transport module to consider the y-ray emis-
sions. The emissivities of y-rays had been derived for the relativistic
Bremsstrahlung and the radiative damping. In the radiative damping,
especially, not only the first order damping term, but up to 4-th order
damping terms had been derived from the Lorentz-Dirac equation for
the first time. Especially, the 2nd term is found to be important since it
is a damping term of the Lorentz force, indicating the particle acceler-
ation including ions would be much less efficient than that what we ex-

pected when the laser intensity become greater than 10* W /cm?.

The laser energy dependence of the y-ray energy and the in-
tensity dependence of the angular distribution of ~-rays are studied.
By solving the emission and transport of y-ray it was found that the
radiative damping is not significant until the laser intensity exceeds
102 W/cm?. While the Bremsstrahlung is dominant 7-rays emission
process, which can also boost by changing the target with higher Z
material or increasing the mass (volume) of the target. As an applica-
tion of «-ray production, the pair creation, forming a pair plasma, is

attractive. The number of positrons via pair creation from the Bethe-



iii
Heitler process is also computed in the code. The optimal parameters

of laser and target to increase y-ray yields as well as positrons yields

are identified.
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Chapter 1 Introduction

1.1 Progress of Laser Technology.

Lasers (an acronym of Light Amplification by Stimulated Emission of
Radiation) emit amplified electromagnetic radiation with a monochro-
matic frequency. The range of that radiation from the long infrared
region up through the visible region and extending to the ultraviolet
and even to the X-ray region. There is a specific mechanism for laser
amplification. After the invention of laser light in about 1960, inten-
sity of lasers has been increasing day by day. Figure 1.1 represents the
laser intensity versus the year [2]. There is a steep slope in intensities
that occured during the 1960s. This period corresponded to the dis-
covery of most nonlinear optical effects due to the bound electron. The
rapid evolution in intensity was due to the introduction of Q-switching
and mode locking. Q-switching is the technique by which a laser can
be made to produce a pulsed output beam. Mode-locking is the tech-
nique in optics by which laser light can be made to produce pulses of
light with a short duration(nano-second). During 1980s the chirped

pulse amplification(CPA) technique had been introduced. Pulse dura-



tions have come down from a picosecond (1071%s) to few femtoseconds
(107%s); whereas focused intensities have increased by six orders of
magnitudes. The CPA technique became capable of delivering inten-
sities almost 10° — 10° times higher than those available before the
CPA technique. Plasma with very hot electrons is produced by the
field. Electrons in plasma are accelerate and their energies become rel-
ativistic when the laser intensity is greater than 10 W/cm? Such
relativistic electrons produce potentially radiation as well as electron
positron pairs, so called the positron-electron era. Now the highest laser
intensity achieved is ~ 1022 W /cm?. ELI and ILE Apollon projects are
still working to increase laser intensity. Hopefully, In a few years, laser
intensity will exceed 102 W /cm?, thus the strong relativistic plasma,

will be formed.

1.2 Physics in Intense Laser Produced Dense Plasma

The interaction of high power laser radiation with matter results in
the production of plasmas with extremely hot electrons (>100 MeV
) as shown in figure 1.2 , where the quantum effects are important.
Self consistent electric fields confine these electrons in the target in
picoseconds time scale. Then the atomic processes such as collision,

ionization and the radiation effects, i.e. Bremsstrahlung become very
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Figure 1.1: Progress of laser technology [2].

crucial. When relativistic electrons interact with the matter, electron-
positron pairs are also produced which is known as pair production.
Intense laser produced high energy density plasma are not equilibrated,
the electrons excite plasma waves via kinetic instabilities so that the
atomic processes, plasma instabilities, and radiations are competing to
thermalize the plasma. In laser-plasma interaction, laser-plasma has a
tremendous potential as a primary sources of photons, electrons and
ions which can be used for other purposes [3]. They have the prop-
erties of compactness, high brightness, low emittance, short duration
and so on. Applications of short-pulse laser-matter interactions include

particle accelerators, fast ion sources, soft and hard x-ray sources, elec-



tron microscope, lithography, biomedical imaging [3]. It is crucial to
understand the physics in the laser-plasma interaction to realize the

applications mentioned above.

Intense lase

Figure 1.2: Laser plasma interaction.

1.3 Synchrotron radiation

In the development of particle accelerators there has been different
types of accelerators developed. One of the most important particle
accelerators is the synchrotron. It runs charged particles in a confined,
near-circular path by means of magnetic fields. When charged par-
ticles are accelerated in a curved path or orbit by a magnetic field,
they emit radiation which is known as synchrotron radiation. In this
radiation, the accelerated charged particles emit electro-magnetic radi-

ation. When a fast-moving charge, for example an electron, propagates



through magnetic field in space, the synchrotron radiation occurs nat-

urally i.e. neutron star [4].

In the magnetic field, the electron’s orbit is bent by the v x B
force. The force is always perpendicular to the velocity, that is why the
electron circles. Radiation is produced along the curved path contin-
uously. The emission power depends on the strength of the magnetic

field and the particle velocity.

In theoretical point of view, for a charge e with momentum P
(here P = ymV, m as mass, V as velocity) the acceleration by a

magnetic field B is given by the Lorentz force Fy, [5]

FL = e(E+ Vx B). (1.1)

1

is the velocity of the particle and c is the speed of light. The normalized

Where relativistic factors 8 and v are § = = and v = Here, v
amplitude of the electric field, a , is given by a = eFE/mcwy
Where, F is the peak laser amplitude of electric field wy is the laser

frequency. The normalized amplitude of magnetic field, b , is given
by

b = eBg/mch = u)co/u}() = u_JC()
Where, w,g is the cyclotron frequency. @y is the normalized cyclotron

frequency and By is the peak laser amplitude of magnetic field.



1.4 Types of transitions in radiation transfer.

When super intense laser is incident on a solid target, very hot plasma
with temperature ~ KeV is produced. Plasmas are the fourth state
of matter which are made up of highly energetic electrons, ions, atoms
etc. When highly energetic charged particles interact with each other,
radiations are produced. The radiations are produced from different
processes dynamically. As the particles involved must loose energy and
release photons to uphold energy conservation. In essence sources of
radiation are categorized into three generic processes: bound-bound,
free-bound and free-free transitions [6, 7, 8, 27]. For a given temper-
ature and density, each species will contribute many different energy
levels according to their own ionization levels. The higher the temper-
ature, the greater the average ionization will be for each species. This
provides a rich energy structure for electrons to perform energy transi-
tions. As the electron kinetic energy can be very high in plasmas, free
electrons may collide at great velocities with bound electrons. These
collisions cause changes in the energy of the electrons that are bound to
the ions involved. Then, they become excited and pushed to a higher
energy level. Usually, these excited states are unstable. After a period
of time, electrons will relax back to a lower energy level and emit a

photon. This is known as bound-bound type of transition since both



the initial and final state of electrons bound on an unoccupied orbital
state. The number of possible transitions that can occur in this case
can be quite large due to the large number of energy levels available.
The second source of radiation is from free bound transitions. Plasmas
can be divided into positively charged ions and negatively charged elec-
trons. As the temperature of plasma increases, electrons begin to be
freed from their bound states. The higher the temperature, the greater
the free electron population. In plasmas, electrons and ions are con-
tinuously interacting with each other. So, it is possible for electrons to
be recaptured by ions. This process is called recombination. In this
type of transitions, two cases are possible. A free electron may directly
decay to a bound state in a one step process. The other process is
through a two steps dielectronic recombination. The third category of
transition is free-free transition. This emission of energy comes from
the acceleration or deceleration of charged particles when subjected to
an external force. In this instance, the external force that is being ap-
plied is emanating from all the surrounding ions and electrons which
are generating strong electric and magnetic fields. Bremsstrahlung and
radiation reaction (radiative damping) include in this type of transition.

In this process, electron loses energy by emitting radiation.



1.5 Bremsstrahlung

Bremsstrahlung is the electromagnetic radiation produced by the accel-
eration or deceleration of a charged particle, such as an electron when
deflected (scattered) by another charged particle such as an atomic nu-
cleus. The moving electron loses kinetic energy and emit photons due
to the acceleration of electron. In the low density steady-state plas-
mas, free-free or Bremsstrahlung radiation becomes a dominant mech-
anism of emission at high temperatures. Current driven plasmas are
already a significant source of Bremsstrahlung as the energy deposition
is high in such devices. The other side of high energy density physics
showcasing extreme temperatures is in the area of ultra-fast ultra-short
laser-matter interactions. With current lasers capable of delivering of
the order of 10?2 W/cm? of intense laser light and with more powerful
laser on the horizon, extreme temperatures are encountered in such in-
teractions and it has been predicted that Bremsstrahlung radiation will
be the dominant cooling mechanism at these intensities. In chapter 3,
we discuss more about Bremsstrahlung radiation generated by intense

laser produced energetic electrons.



1.6 Radiative damping

Every charged particle emits radiation when it is accelerated. Espe-
cially, electrons emit radiation most strongly during acceleration due
to the small charge/mass ratio, and then the electron loses some of
its energy. This is known as radiative damping. Laser intensity is pre-
dicted exceed to 10*2 W /cm? in a few years. In this irradiance, electrons
can theoretically reach the strong relativistic energy regime, where then
radiation damping is also very important in laser plasma interaction.
A plasma can be divided into two types; underdense plasma and over-
dense plasma. Radiation damping is less efficient in overdense plasmas
because the laser field usually is not strong enough for radiation to
dominate the particle motion . While in the underdense plasma, the
radiation damping is important because the laser field is strong enough
for radiation to dominate the particle motion. A free electron accel-
erated by a plane wave does not radiate. So, the radiation damping
effect is very small in a simple plane wave [12]. But the radiation
damping effect is not small for Gaussian pulse or other types of pulses.
In chapter 4, we discuss the effect of radiation damping in laser plasma

interaction.
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1.7 Laser Plasma Interaction

Plasma is the fourth state of matter. Plasma is an ionized gas. Heating
a gas may ionize its molecules or atoms, thus turning it into a plasma,
which contains electrons or ions. Ionization can be induced by other
means, such as strong electromagnetic field applied with a laser. Plas-
mas are the most common state of matter in the universe. They are
even common here on earth. Essentially, the sun, like most stars, is a

great big ball of plasma.

When laser light is incident into the plasma, laser energy is ab-
sorbed near the critical surface. It means that a large fraction of laser
energy is absorbed in the preformed plasma in front of the overdense
plasma. Specially electrons in the plasma absorb most of that energy.
Electrons which interact with a laser field and gain energy directly are
called hot electrons. The field strength is so strong that the motion
of the electrons becomes relativistic when the laser intensity is greater
than 10'® W/cm?. This phenomenon particularly makes the J x B ab-
sorption mechanism to be dominant in the case of normal incidence of
laser light on a steep density plasma [13]. The electron motion is very
important because it creates the various nonlinear processes occuring

inside the plasma such as high electric and magnetic field generation
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[14], ion acceleration [15],[16],[17].

At 1-2ns ahead of the main pulse of the laser light with an inten-
sity above 10'2 W /cm? | there is a prepulse by set up or naturally. The
prepulse is intense enough to ablate the irradiating surface. Therefore,
the low density plasma is created at the interaction surface. The den-

sity scale length of this finite length plasma in front of solid is given by

1]

dx
L, =n— 1.2
e (1.2)

The main pulse interacts with the preformed plasma . This laser light
propagates in the preplasma and stops at the density where the plasma
frequency is equal to the laser frequency. Then the laser is damped
over a distance called the skin depth [3] l5 = ¢/w, where w, is plasma

frequency and is given by,

4men,
Wy = o (1.3)
The dispersion relation is given by [18§]
W2
ke= /2 —w? where v = /1 + p,./m2c? (1.4)
Y

where wp and wy, are laser and plasma frequency. The case is non
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relativistic when the intensity of laser is less than or equal to 10'®
W /cm?, and in this case v+ = 1 . Above this intensity, the case is
relativistic and v is greater than 1. When w,. = wy laser light reflect
for non relativistic case and this density is known as critical density
which is given by [18]

1.1 x 10%
Ner = V5 — cm™? (1.5)
1

Here )\, is the wavelength in micron unit.

For a relativistic case v > 1 laser light can propagate even further into
the overdense plasma due to the fact that electron mass increases in
the plasma frequency equation (1.4) as their motion become relativis-

tic.

1.7.1 Relativistic J x B Heating

For the relativistic case, J x B heating mechanism is very important
for electron motion. It is caused by the electrostatic field driven by
the oscillating component of the ponderomotive force of the laser light
[19]. For an intense relativistic flux (I > 10" W/cm?) of laser light,
the magnetic component of Lorentz force is very strong and can excite
longitudinal oscillations. Ponderomotive force is exerted by the laser

light to the plasma. In such a case, many plasma electrons are heated
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by the oscillating component of the ponderomotive force [19]. The
equation of motion of the electrons near the vacuum plasma interface

with velocity v and momentum p is given by [19]

(;—IZ—I— V-Vp:—e[E+V>;B] (1.6)
Where E is the electric field and B is the magnetic field.
Longitudinal component of this momentum is described as [19]
% = eV —moc’V(y — 1) (1.7)

The first term of the above equation is the electrostatic force
driven by the charge separation on the surface, and the second term is

the ponderomotive force, which is defined as [19]

f = —moc?V(y —1) (1.8)

Ponderomotive force is the negative gradient of the ponderomo-
tive potential. The force tends to push electrons away from regions of
locally higher intensity. Therefore, electrons will drift away from the

center of focused laser beam.

The oscillatory energy of the electron is then given by [19]

en = —moci(y —1) (1.9)
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where 7 is the relativistic gamma factor in the laser field,

CL2
7 =1+, (1.10)

and ag is normalized laser amplitude.

1.7.2 Inverse Bremsstrahlung

The inverse Bremsstrahlung process is the main absorption mechanism
of laser energy in underdense plasma for the laser intensity below 10!
W /cm?. In this process an electron absorbs energy from the laser beam
during a collision with an ion or atomic nucleus. According to the Dirac
theory of the electron, both positive - energy and negative - energy
electrons may exist. We estimate the opacity of inverse Bremsstrahlung
for which it becomes significant. The opacity of inverse Bremsstrahlung

is [10, 11]

1 1
(kpTe)'? (hv)®

k, = 2.42 x 107% Z*n;n, (1.11)

where opacity, k,, is in 1/cm , number densities of electron(ion), ng ,
are in 1/cm?, photon energy, hv, is in €V, and the electron temperature,
kg1, is also in eV. From Eq. 1.11 we know that in intense laser matter

interaction with kg7, ~ 1000 eV, n, ~ 10?' 1/cm3, n; ~ 10% 1/cm?
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and hv ~ 10° eV, opacity of inverse Bremsstrahlung is 3217.96 x 10~

1/em which is negligible.

In the next section, we discuss about particle in cell simulation
and radiation transport model. Bremsstrahlung and pair production
are analyzed in chapter 3. In chapter 4, we discuss about radiative

damping. Chapter 5 contains the discussion and summary.
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Chapter 2 Numerical Modeling

2.1 Particle-in-Cell simulation

Particle in cell code is very powerful tool to model the interaction of
charged particles with surrounding electrostatic and magnetic fields.
It depends upon Maxwell’s equations and the Lorentz force. Charged
particles in the plasma are represented in PIC simulations as macro-
particles. Number of particles in a real plasma is on the order of Avo-
gadros number (6.02 x 10%*). Due to a limitation of computer memory,
the number of particles we can deal is an order of 10! as the maxi-
mum. In a plasma, particles interact both with each other and with an
external electric and magnetic fields. So, it is very expensive to solve
Maxwell equation directly between each pair of particles computation-
ally. To solve Maxwell’s equations numerically, spatial resolution of the
solution to Maxwell’s equations must be finite [20]. The simulation re-
gion is divided into a grid of cells. These elements are interchangeably
referred to as ‘cell’, ‘mesh’ and ‘grid’. At each cell vertex, the densi-
ties and currents from macro-particle masses and motions are evaluated

alongside Maxwell’s equations. Thus macro-particles in a Particle-in-



17

Cell simulation interact indirectly via the fields calculated on grids,
rather than through direct electrodynamic particle-particle interactions
[20]. Kinetic processes in plasmas are well suited to Particle-in-Cell

simulations.

In a plasma, Debye length is the measure of a charge carrier’s
net electrostatic effect in solution, and how far those electrostatic effects
persist. Debye sphere is a volume whose radius is the Debye length and

outside of which charges are electrically screened. Debye length is

)\D — Uthermal (2 ) 1 )
Wp

Therefore macro-particle interactions only need to be evaluated

within a local region, the collision-less plasma skin depth, -~. This
p

allows macro-particles to contribute to currents and densities at grid

vertices only in the nearby regions.

A collision model using equally weighted particles was first de-
scribed by Shanny et al. [21]. This was extended to exactly conserve
non-relativistic momentum and energy in multi-component plasmas by
Takizuka and Abe [22]. A relativistic correction was subsequently in-
troduced by Sentoku [23]. Monte-Carlo techniques were introduced
by Miller and Combi [24]and extended to unequal particle weights by

Nanbu and Yonemura [25].
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The collision frequency depends on the relative velocity of the
pairing particles and collisions of the same species and interspecies
could be considered. The extended model is different in the way that
exchange of energy and momentum in the fully relativistic mechan-
ics. The relativistic extension is essential to study the laser isochoric
heating, where the laser produced relativistic electrons are colliding the

target plasmas.

In PIC codes, the meshes of thousands to millions of interacting
plasma electrons and ions are followed in time as the particles move
in electromagnetic fields calculated self-consistently from the charge
and current densities created by these same plasma particles. In the
simplest kinetic description of a plasma one usually start with single-
particle velocity distribution function f(r,v), which evolves according

to Vlasov Equation (Elliot, 1993) [26]

5f o 6f v 5f
ngv (5_X+q(E+EXB) %—O (2.2)

The distribution function f(r,v) is 6-dimensional, so the general solu-
tion is intractable for most practical purposes. PIC code is simpler and

based on the following facts

e Distribution function is represented by finite-sized particle each
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carrying charge ¢; and mass m,.

e These finite sized particle called super particle or macro particle is

treated as real particle
e The size of cell is ~ Debye length.

e The coulomb field from other particle (outside the cell) is shielded

but the collective effects remain.

Precisely saying that first step in PIC simulation is defining grids and
distributing the particles all over the grids, Fig-2.1, and the number
of particles in each cell are decided by the density of material which is

being irradiated.

The particles are moved individually in Lagrangian fashion according

to Lorentz equation:

%(WV) =
y = (1 - Z—j) o (2:3)

Here laser light which is a linearly polarized electromagnetic wave,
shown in Fig-2.2, having electromagnetic and electrostatic component
propagting along x; no variation in y or z. The Maxwell quations for

the transverse fields
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Figure 2.1: Mathematical grid set into the plasma region, charged particle q at(x,y) is
counted in terms of p at the nearby grids and in terms of J at the faces between these

points

%—?:cVXB—J (2.4)
%—]? = —cVxE (2.5)

By adding and substracting these equations, for E,, B;, and J,, we

obtain the following convection eqaution,

0 0 1

for the left and right going field quantities,

F*=_(E,+B,) (2.7)

1
2
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Figure 2.2: Location of the particle and field quantities for linearly polarized 1-D electro-

magnetic code

the transverse can be recovered from F'* by

E,=Ft 4+ F~ (2.8)

B,=F*—F~ (2.9)

Eg-(2.6) can be solved very easily when ¢- At = Az by discretizing the
following way (At is small time step and Az is small distance)

FE(t+ At,x £ cAt) — F* (t,x)
At

1 [ At At
=37 [t+7,xic7] (2.10)

Where in is an appropriately-averaged current, space- and time-centered
and can be obtained by mapping the local particle positions and ve-
locities onto a grid. Following are the velocity and position differential

equations;
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Figure 2.3: Time stepping for 1-D electromagnetic program. Particles are advanced by

leap-frog method shown by curved lines.

The current densities J, and J are computed from velocities vyH/ ’

assigned to the grid by linear weighting to positions z” and z"*! re-
spectively. This says that fields at j F 1 propogate to j affected by the

source term as shown in Fig-2.3;

ni1/21
(Jy yrtl/2 = Zqivi+l/2§ [S(Xjurjo — /) + S(Xjsap — 2f)] (2.13)

The field at grid j, time n + 1, is;
At n n
(F)™ = (Ff)" = () + ) (2.14)

JFL y /jF1 y/j

Each simulation cycle increments a time step counter, moving
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the simulation clock forward by one time step (At).

Integrate kinetic equations Coulomb collisions
> - S PO
L—g(E. +——xB) lonizations
d 7" mey,
dx, P,
dr my,
~ _\
. At
Interpolate fields at particle positions Accumulate density and current i
(E,B)j -+ (E,B]I (X, Vji — (p_ J]] ...... r

Solve Maxwell equations on grid

LE | odm,
-

e
1B
——=-VxE
c dat

Figure 2.4: General PIC solver overview

The scheme depicted in Fig. 2.4 is an iterative process which

follows the procedure,

1. Integrate macro-particle kinetic equations from relativistically cor-

rected Newtonian mechanics

2. Accumulate(Collect) densities and currents at grid points using

interpolation from macro-particle positions

3. Randomize and collide macro-particles with neighbors in the same

cell

4. Evaluate ionization conditions and distribute any ionization prod-

uct macro-particles
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5. Solve Maxwell equations on grid using directionally split represen-

tation by shifting fields and accumulating currents

6. Interpolate fields at macro-particle positions using field solutions

from grid

7. Increment simulation time and repeat

2.2 Discussion and conclusion of Particle-in-Cell simulation

The Particle-in-Cell simulation model of plasma simulation is well es-
tablished, with continuous innovation pushing the model into new ar-
eas. As a kinetic solver, it directly evaluates the field-particle interac-
tions, providing insight into electromagnetic instabilities and the effect
of their growth on the larger scale physics of laser produced plasma

experiments.

The PICLS implementation provides an advanced solver for many

simulation aspects

e Directional splitting of Maxwell’s equations provides a simple copy-
and-accumulate scheme which cleanly decouples dimensions in up

to 3D simulations.

e Particle motions are relativistically accurate.
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e Monte Carlo collisions are relativistically accurate and provide ex-

act energy conservation.

e High density plasmas are collisionally simulated without prohibitive

computation requirements.

PICLS [50] resolves the relevant physics of particles and electro-
magnetic fields required to accurately model laser plasma interactions,

energy transport, and collisional heating.

2.3 Radiation Transport Code

Laser interacting with high-7Z target materials generate hot, dense, ra-
diating plasmas for which radiation effects could be very important,
becoming one of the dominating energy-exchange mechanisms. In or-
der to evaluate the effect of radiation on the laser-produced plasma
development, a radiation transport model is developed. The following
radiation transport equation is integrated over the photon energy and
for each angle [27],

1
(gt 109 ) 10000 = 0. 0008) = X )1 v
C

(2.15)
where I(r,Q, v, t) is the intensity [erg/cm?/Hz/srad], Q is the solid an-

gle, n(r,Q,v,t) is the emissivity [efr’g/cm?’/s/Hz/smd] and x(r, Q, v, 1)
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is the opacity [1/cm].

In general, emissivity and opacity have three contributions: bound-
bound or line transitions, bound-free associated with ionization /recombination,

free-free associated with transitions between continuum states.

Radiation energy is divided into groups of finite energy width
i.e. the X-ray photons are grouped in non-uniform energy bins in the
1-10,000 eV range, which are adaptively selected to capture the emis-
sion lines in the spectrum. The transport equation is integrated over
the energy width for each group, then solved to obtain the radiation
intensity for each group, I, . Discrete ordinate method is applied for
the angular variables (polar angle 6 and ¢ ) [30]. The transport equa-
tion is solved for each discrete direction (m,n) to obtain the radiation
intensity in that direction, I,,,,. The constrained interpolation (CIP)
scheme having 3rd order spatial accuracy is applied for advection term
[31, 32, 33]. Because of explicit method, this scheme is suitable for
MPI (massive parallel computing). Emissivity /opacity database is pre-
pared for specified temperature, density and photon energy by using
FLYCHEK code before starting the simulation[34]. The PICLS code
simulates the plasma evolution and provides the average electron den-
sity n. and bulk plasma temperature T, to the RT(Radiation Transport)

code which then calculates the emissivity and opacity by interpolating
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the database values.

2.4 Emissivities of vy-rays

We would like to determine the the emissivity of Bremsstrahlung and
radiative damping in intense laser-matter interaction. From chapter 1,
we know that in intense laser matter interaction opacity is negligible.
So, we use the optically thin approximation. Then, radiation transport

equation can be written as

10
Emissivity of the Bremsstrahlung radiation is

OXR
n(w)za—ﬁw-ne-ni-c-ﬁw (2.17)
where, n.(;) is number density of electron(ion). ?‘Tﬁ, cross-section of

relativistic Bremsstrahlung, is (for details see chapter 3)

Emissivity of the radiative damping is
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n(w) =dI - n, (2.19)

where, dI , the differential intensity of emitted radiation, is (for details

see chapter 4)

1
dl = ( Plst + Pgnd)F< fiw > dhw. (220)

huw c ﬁwc

Where P4 and Ps,q are the power radiated by 1st and 2nd order damp-

ing respectively.

The frequency w is normalized by the maximum frequency w,

that electron can emit [65].

We = ——7 (2.21)

B is the magnetic field and

F(r,x) = 3/%(8&r)! [/ Ks3(r)dr' + ey *Kos(ry) | . (2.22)

N T T xr) K5/3 and Ky/3 are modified second order Bessel func-

The ~-ray emissivities are implemented in the radiation trans-

port calculation. Using PICLS with the radiation transport module we
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can study the ~v-ray emission process during the intense laser matter

interaction.

2.5 Discussion and conclusion of radiation transport code

Laser interactions with high-Z target materials generate hot, dense, ra-
diating plasmas for which radiation effects could be very important,
becoming one of the dominating energy-exchange mechanisms. In or-
der to evaluate the effect of radiation on the laser-produced plasma
development, a radiation transport model coupled with a particle-in-
cell code, PICLS were developed. We have implemented an attenuation
operator solver short-characteristics numerical scheme in order to solve
the steady-state radiation transport equation. In solving the equation
of radiation transport we used a database of emissivities and opacities
as functions of photon frequency, computed by the 0-D code FLYCHK
for chosen densities and temperatures. we use Constrained interpola-
tion profile (CIP) scheme for advection, Multi-group method for photon
energies and Sy method for direction. The ~-ray emissivities are imple-
mented in the radiation transport calculation. Using PICLS with the
radiation transport module we can study the ~-ray emission process
during the intense laser matter interaction. This is done to transport

energy inside the target as well as outside the target.
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Chapter 3 Bremsstrahlung and Pair

Production

3.1 Introduction

The generation of y-ray/hard x-ray radiation from intense laser pro-
duced plasmas has been reported [35, 36, 37]. The observed pho-
ton energies are over 100 MeV. These ~-ray are emitted due to the
bremsstrahlung of electrons accelerated by an intense laser on the sur-
face. For normal incidence, electrons are accelerated along the target
normal direction by the ponderomotive force [38]. The maximum en-
ergy of these electrons are observed to be higher than 500 MeV in the
experiment [38]. The hot electron velocity distributions are usually non-
isotropic and non-Maxwellian [67]. To evaluate the y-ray emission from
laser produced plasmas, we determined electron distributions in laser
plasmas by electromagnetic particle-in-cell (PIC) simulations. For this
purpose, the radiation cross-section for the relativistic Bremsstrahlung
and that of Bethe-Heitler pair production are implemented in the ra-
diation transport code coupled with PICLS. The particle simulations

have been used to analyze the generation of fast electron by intense
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lasers [38, 39, 40]. The high initial temperature is not appropriate for
describing finite resistivity effects on return currents, which is impor-
tant in the laser-solid interaction [41]. We set the initial plasma tem-
perature to be several hundred eV. The average collision frequency of
electron-ion scattering at this temperature is comparable to the plasma
frequency in the solid density plasmas. In this chapter, we investigate
the y-ray emission, and simulate the laser plasma interaction from laser
intensity 10® W/cm? to 102 W/cm? using a radiation transport code
coupled with PICLS, which includes the collisional effects on electron
transport and absorption where the relativistic binary collision and ion-
ization model is used. This PICLS code is able to simulate the heat
transport and the laser absorption for intense laser plasma correctly
and effectively. We introduce the relativistic bremsstrahlung model as

follows.

3.2 Theory

3.2.1 Bremsstrahlung

The elastic scattering cross section of a charged particle by a static

Coulomb field is given by the Rutherford formula [42]:
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do, 272\ ° 1
— = . I (3.1)
ds2 pv (2sin@’/2)

where d€)' is the solid angle, 6" is the scattering angle of the particle,
p = vBmc is the momentum and v = (¢ is the velocity of electron. In
a Coulomb collision with momentum transfer () the incident particle is
accelerated and emits radiation. The differential radiation cross section

is defined as [42],

d’x _ dl(w,Q) doy

dwdQ ~ dw  dQ (@), (32)

where, dI(w,Q)/dw is the energy radiated per unit frequency interval
in a collision with momentum transfer Q. The radiation cross section

integrated over momentum transfer is

dn 16 2% (¢ N1 / S dQ (3.3)
dv 3 ¢ me? 2 Jo,.. @ '
or
xr _ 16 Z7¢ € (e , (3.4)
dw 3 ¢ me? ) (32 Qmin

The limits obtained from conservation of energy for relativistic

particle must be modified. The changes are of two sorts. The first is
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that the maximum effective Q value is no longer determined by kine-

matics. For larger Q the radiated intensity is logarithmic in Q. So, the

Qmaw 18

Qmaz = 2mc (35)

The second modification is that the photon’s momentum can

no longer be ignored in determining the minimum momentum transfer.

So, the Qi is

Qmin = (36)

Where E and E’ are the electron’s energy before and after colli-

sion.

Substituting the values of Q4. and Qin Eq. (3.4), we get

d 16 722 2 2 N'EE
Axr _ 16 e( € >ln< )7 (3.7)

dw 3 ¢ mc? mc2hw

The radiation emitted in the collision of an electron of charge e,
energy FE and mass m with the Coulomb field of a fixed point charge

Ze in terms of the radiation cross-section per unit frequency for the
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relativistic Bremsstrahlung is (quantum formula) [42]

dyr 16 Z2¢2 [ ¢\’ e 3w’ \ [ [ 2EE 1
- = P n - @@ -
dw 3 ¢ mc? E AE? mec?hw 2

(3.8)

where ¢ is the speed of light, Aw is the energy of photon, E’ is the
electron energy after the collision, £ = F — hw, and Z is the atomic

number of the target.

The doubly differential radiation cross section for energy radiated per

unit frequency interval and per unit solid angle is [42]

Pxr [ 3 5 (1+9'0Y)] dxr
dwdS, or | (1+~262)4] dw ’

(3.9)

where 7 is the relativistic Lorentz factor and € is the polar angle from
the electron moving direction. Eq. (3.9) is plotted in Figure 3.1 with
different energies of electrons. In intense laser matter interaction radi-
ations are more collimated in the propagation direction of electron. so,

0 can be neglected.

Emissivity of the Bremsstrahlung radiation is

n(w):?(—mR-ne-ni-c-ﬁw (3.10)

where, n.(;) is number density of electron(ion). dxr/0hw is calculated
from Eq. (3.9). This emissivity is implemented in radiation transport

code.
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Figure 3.1: Angular distribution of radiation cross-section.

3.2.2 Pair Production

Pair production is the creation of an elementary particle and its an-
tiparticle for example an electron and positron. There are mainly three
processes to create pairs from the hot electrons. one is called the trident
process, [43]

e+ 27 —e +2 + 7, (3.11)
and the other is called the Bethe-Heitler process, [43]
e +Z—=vy+e + 2, (3.12)

Y+Z —et+e +Z (3.13)
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Another process of pair production is the multiphoton Breit-Wheeler

process, [44, 45, 46, 47]

e +my — e+, (3.14)

Y+ ny — et +e, (3.15)

where, v; is a laser photon and ~; is the y-ray photon emission from
electron. n and m are the numbers of photons. This multiphoton
Breit-Wheeler process could be dominant when laser intensity is above
10 W /cm?. Below this intensities and thick target the Bethe-Heitler
process is the dominant process because in thick target there are more

collisions between electron and target and emitted photon and tar-

get.
The Bethe-Heitler pair-production cross section is [48]
692 + 468n + 761* + 108n* 692 + 360n + 692
KM = g - K(n) — ——E(n)
27(1+n) 27(1+n)
(L—n) [T K /” ¢ [¢ K(¢)
—4 —2d¢ -4 —=d¢ 3.16
Al e i) 1ol B
where,
k—2
= - 3.17
n= Gy (3.17)

¢ = Z° x 5.794662 x 10~ cm?. (3.18)



37

K(n) or K(¢) and E(n) are complete elliptic integrals of the first and
second kinds, respectively. The series expansion of above equation is

[49]

o (k—2\" 1 23
KBH _ i 1 - a2
11, 29 ,
— —p + k<4 3.19

and

28 218 [/2)? 7 2
BH . “ . 3
K>" = gb[—g In 2k -+ (k) [61n 2k 5+ 31n 2k

) 4
—1n22k—i7721n2k—|—2§(3)+7r—]— 2
3 6 k

| 4o > 4, (3.20)

where,
B 2k — 4
O k2R

(3.21)

(0. 9]

1
B3)=>_ —5 = 1.2020569, (3.22)
n=1

and k is photon energy in units of the electron rest mass energy.

We know the local y-rays distribution (photon energy and num-
ber of photons) in the radiation transport calculation. so, we can com-
pute the pair productions during the simulation. Number of pairs (np)

in the calculation is
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Figure 3.2: (color) Bethe-Heitler cross section of pair production.

np =K .n;.c-dt (3.23)

where, dt is the time step.

3.3 Simulation of super intense laser-matter interaction

We have implemented Eq. (3.8) and Eq. (3.9) in the radiation transport
code in order to study the transport of y-ray photon from Bremsstrahlung
in intense laser - matter interaction from I = 10 W/cm? to I =
102 W/em? (if I < 10 W/cm? the electron is non-relativistic). The

numerical code used is the one- & two-dimensional (PIC) code PICLS[50],
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which features binary collisions between charged particles and ioniza-
tion processes in gaseous and solid density plasmas. The target is mod-
eled as a 44um thick copper slab with uniform density. A few micron
thick preplasma is placed in front of the target. Input laser energy is
fixed by changing duration, spot size and intensity of laser light. The
ion density is set to 50n., here n, = 10*! cm™3 is the critical density
for a laser wavelength 1ym. The mass (fully ionized charge) of Cu is
64 M, (29), where M, is the proton mass. Then the mass density of the
target becomes p = 5.3 g/cm?, close to the mass density of solid copper.
Initially we set the ion charge state Z = 3, and electron density is set to
neutralize ion charges. The ionization models include field driven ion-
ization in low density plasmas under strong fields and impact ionization
which solves for the collisional cross section in dense plasmas [51]. The
electron density increases dynamically during laser irradiation via ion-
ization processes. The ionization energies are subtracted from the hot
electrons when they ionize atoms via collisions with bound electrons.
Initially particles are at rest, with initial plasma temperature set to
zero. Our spatial (temporal) resolution is 1/50 of the wavelength (laser
oscillation period 7). The simulation also accounts for the energy loss
by emission of soft x-ray radiation from free-bound transition, though it

is only a minor effect (less than 0.3% of the laser energy) under current
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extreme laser intensities.

The target is attached to the transverse boundaries, and an ab-
sorbing boundary condition is used for particles — i.e. no hot electrons
are reflected back inside the target — to represent the large transverse
volume of target. The laser pulse is irradiating from the left boundary
onto the target surface. The pulse profile is Gaussian distribution both

temporally and radially.

Photon spectrum with different intensities is compared in the
Figure 3.3 . As intensity increases, photon energy also increases. High
energy tails of photon spectrum at different intensities are clearly seen
in the figure. When laser intensity is greater than 10*! W/cm? high
energy tail of photon spectrum is also greater than 100 MeV. These

results are suitable for pair production.

In Figure 3.4, we show a 2D simulation using a laser pulse with
an intensity I = 10 W/cm?, a 660 fs pulse duration, and a 8v/10 pm
spot where (a) is the instantaneous magnetic fields [MG] at 1637 fs (b)
is the electron energy density in logarithmic scale at 1637 fs and (c) is
the y-rays energy density in logarithmic scale at 726 fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can

see the energy density range of y-rays as well angular distribution of
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Figure 3.3: (color) 2D-PICLS results; comparison of photon spectrum by Bremsstrahlung

from laser intensity 108 W/cm? to 102 W/cm? of ultra-fast heated copper thick target

radiation. Most of the ~v-rays are scattered hemispherically in forward

direction.

In Figure 3.5, we show a 2D simulation using a laser pulse with
an intensity I = 5x 10" W/cm?, a 660 fs pulse duration, and a 8v/2 ym
spot where (a) is the instantaneous magnetic fields [MG] at 1637 fs (b)
is the electron energy density in logarithmic scale at 1637 fs and (c) is
the ~-rays energy density in logarithmic scale at 660fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can

see the energy density range of v-rays as well angular distribution of
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Figure 3.4: (color) 2D-PICLS results at laser intensity 10'® W/cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale|, (c)

~-ray energy density, logarithmic scale]
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radiation. Most of the ~v-rays are scattered hemispherically in forward

direction.

-3.0 2.0 5.0 11.¢

726 fs

100

80

60

40

20

Figure 3.5: (color) 2D-PICLS results at laser intensity 5 x 10'® W /cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale], (c)

v-ray energy density, logarithmic scale]

In Figure 3.6, we show a 2D simulation using a laser pulse with
an intensity I = 10 W/cm?, a 660 fs pulse duration, and a 8 ym spot
where (a) is the instantaneous magnetic fields [MG]| at 1637fs (b) is

the electron energy density in logarithmic scale at 1637fs and (c) is
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the v-ray electron density in logarithmic scale at 396 fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can
see the energy density range of y-ray as well angular distribution of
radiation. Most of the ~v-rays are scattered hemispherically in forward

direction.
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Figure 3.6: (color) 2D-PICLS results at laser intensity 10 W/cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale|, (c)

v-ray energy density, logarithmic scale]
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In Figure 3.7, we show a 2D simulation using a laser pulse with
an intensity I = 5 x 10 W/cm?, a 130 fs pulse duration, and a 8 um
spot where (a) is the instantaneous magnetic fields [MG] at 1637 fs (b)
is the electron energy density in logarithmic scale at 1637 fs and (c) is
the y-rays energy density in logarithmic scale at 238fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can
see the energy density range of v-rays as well angular distribution of
radiation. Most of the ~v-rays are scattered hemispherically in forward

direction.

In Figure 3.8, we show a 2D simulation using a laser pulse with
an intensity I = 102 W/cm?, a 66 fs pulse duration, and a 8 um spot
where (a) is the instantaneous magnetic fields [MG] at 393fs (b) is
the electron energy density in logarithmic scale at 393fs and (c) is
the ~-ray electron density in logarithmic scale at 188fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can
see the energy density range of v-ray as well angular distribution of
radiation. Most of the ~v-rays are scattered hemispherically in forward

direction.

In Figure 3.9, we show a 2D simulation using a laser pulse with
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Figure 3.7: (color) 2D-PICLS results at laser intensity 5 x 10 W /cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale|, (c)

v-ray energy density, logarithmic scale]
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Figure 3.8: (color) 2D-PICLS results at laser intensity 102° W/cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale|, (c)

~-ray energy density, logarithmic scale]
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an intensity I = 102 W/cm?, a 66 fs pulse duration, and a 8v/10 pm
spot where (a) is the instantaneous magnetic fields [MG]| at 393 fs (b)
is the electron energy density in logarithmic scale at 393 fs and (c) is
the v-ray electron density in logarithmic scale at 182fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can
see the energy density range of y-ray as well angular distribution of
radiation. Most of the ~v-rays are scattered hemispherically in forward

direction.

In Figure 3.10, we show a 2D simulation using a laser pulse with
an intensity / = 102 W/em?, a 6fs pulse duration, and a 8v/10 pm
spot where (a) is the instantaneous magnetic fields [MG] at 393 fs (b)
is the electron energy density in logarithmic scale at 393 fs and (c) is
the y-rays energy density in logarithmic scale at 182fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can
see the energy density range of v-rays as well angular distribution of
radiation. Most of the y-rays are scattered hemispherically in forward
direction. Most of the v-rays are scattered hemispherically in forward

direction.

In Figure 3.11, we show a 2D simulation using a laser pulse with
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Figure 3.9: (color) 2D-PICLS results at laser intensity 102! W/cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale|, (c)

~-ray energy density, logarithmic scale]
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Figure 3.10: (color) 2D-PICLS results at laser intensity 10?2 W/cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale|, (c)

~-ray energy density, logarithmic scale]
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an intensity I = 102 W/cm?, a 6fs pulse duration, and a 8/100 pm
spot where (a) is the instantaneous magnetic fields [MG] at 393 fs (b)
is the electron energy density in logarithmic scale at 393 fs and (c) is
the ~-rays energy density in logarithmic scale at 182fs. In (a) strong
dipole magnetic fields appear inside the target. In (b) we can see the
distribution of energy of electrons inside the target and in (c) we can
see the energy density range of v-rays as well angular distribution of
radiation. Most of the ~v-rays are scattered hemispherically in forward

direction.

Low energy photon spectrum(from 10 KeV to 100 KeV) with
laser intensities 108 W /cm? and 10 W/cm? are shown in Figure 3.12.
As intensity increases, photon energy also increases. High energy tails
of photon spectrum at different intensities are clearly seen in the fig-

ure.

In Figure 3.13 we compare y-ray energy density at 10'® W /cm?
and 101 W/cm? for low energy photon. As laser intensity increase from
1018 W/cm? to 10 W/ecm? photon spectrum is increased by 102 order
of magnitude. By comparing Figure 3.13, Figure 3.4(c) and Figure
3.6(c) we conclude that high energy photons are co-moving with the fast
moving electrons and keep intensifying while the low energy photons

are escape out.
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Figure 3.11: (color) 2D-PICLS results at laser intensity 10?3 W/cm? of (a) instantaneous
magnetic fields [MG], (b) electron energy density [MeV-n./100n. logarithmic scale|, (c)

~-ray energy density, logarithmic scale]
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Figure 3.12: (color) 2D-PICLS results; comparison of low energy photon spectrum by
Bremsstrahlung at laser intensities 10'® W/cm? and 10'® W /cm? of ultra-fast heated copper

thick target

The plot of radiation efficiency(percentage) versus laser inten-
sity via Bremsstrahlung is shown in Figure 3.14. From laser intensity
10 W /cm? to 102 W/cm? radiation efficiency is proportional to inten-
sity of the laser which is consistent with Figure 11 of [67]. This scal-
ing decreases from laser intensity 10* W/cm? to 10% W /cm? because
there is less absorption(Figure 4.25) as well as high energy electrons

are damped by radiative damping.

The plot of number of pairs per Joule versus laser intensity is
shown in Figure 3.14. From laser intensity 10® W/cm? to 10 W/cm?

number of pairs per joule is proportional to I'® which is consistent with
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Figure 3.13: (color) 2D-PICLS results; (a) y-ray
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Figure 3.14: (color) 2D-PICLS results; Bremsstrahlung in intensity vs percentage radiation

efficiency graph of ultra-fast heated copper thick target.

Figure 10 of [67]. From laser intensity 10 W/cm? to 10%* W/cm? num-
ber of pairs per joule is proportional to 773333, At higher intensity, the
scale is dropping from the I because there is less absorption(Figure

4.25) as well as high energy electrons are damped by radiative damp-

ing.
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Figure 3.15: (color) 2D-PICLS results; variation of number of pairs per Joule with intensities

via Bremsstrahlung of ultra-fast heated copper thick target.

3.4 Discussion and Conclusion of Bremsstrahlung and Pair

Production

In conclusion, We have implemented the radiation cross-section of rel-
ativistic Bremsstrahlung and that of Bethe-Heitler pair production to
simulate v-ray production and their transport in ultrafast heated high
Z matter by an intense short pulse laser. ~-rays are produced due to
the Bremsstrahlung of electrons accelerated by the intense laser on the
surface. We discuss the laser energy dependence of the emission energy

and the intensity dependence of the angular distribution of y-rays. By



o7

solving the transport of y-rays we find that high energy photons emit-
ted by relativistic electrons are co-moving with the electrons and they
are intensified continuously. As a result the vy-rays have the signature
of the fast electrons temporal and spatial distribution. In terms of
angular distribution of ~-rays, most of the y-rays are scattered hemi-
spherically in forward direction. We found that from the lower intensity
simulations that Bremsstrahlung ~-ray emissions are increase continu-
ously. However at I > 10 W /cm?, Bremsstrahlung emissions start
to saturate. From laser intensity 108 W/cm? to 10** W/cm? radiation
efficiency is proportional to intensity of the laser. From laser intensity
10 W /cm? to 102 W/cm? number of pairs per joule is proportional to
I'5. From laser intensity 10* W/cm? to 10 W/cm? number of pairs

per joule is proportional to 793333,
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Chapter 4 Radiative Damping

4.1 Introduction

With the advent of high-powered, short pulse lasers, it becomes possible
to extend laser intensities to 1021 W /cm?. By applying a micro-focusing
device such as the recently developed elliptical plasma mirror, it is
possible to focus the beam to a micron-scale spot, thus enhancing the
intensity more than an order of magnitude [52]. In a few years, the
intensity on target will exceed 102 W /cm?, and electrons accelerated by
such an intense laser field will reach energies beyond 100 MeV and start
to strongly emit radiation. Then the radiation loss from an accelerated
electron will no longer be negligible and will affect its motion, so-called

radiative damping.

In order to study the effects of the radiative damping, a code
was developed to solve a set of equations describing the evolution of
a strong electromagnetic wave interacting with a single electron. Usu-
ally the equation of motion of an electron including radiative damp-
ing under the influence of electromagnetic fields is derived from the

Lorentz-Abraham-Dirac (LAD) equation treating the damping as a
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perturbation [53]. First order correction of the Lorentz-Abraham-Dirac
(LAD) equation is known as Landau-Lifshitz (LL) equation. Until now,
only the first order damping equation of the LAD equation has been
used [12, 54, 55, 56, 57, 58]. The second order terms are thought to be
small in comparison with the first order terms, and also deriving the
second-order terms is challenging. For single particle calculation, in
Ref. [59] the LAD equation was numerically solved for the stationary
solution and in Ref. [60] it was numerically solved backward in time. In
both references [59] and [60] it is found that there is the small deviations
in LAD and LL equations in classical regime for single particle. How-
ever, since small deviation might be enhanced by collective effects in
laser plasma interactions, the LL equation alone might not be sufficient
to describe the motion of particles in a classical regime. Therefore, we
have derived up to the fourth order terms, which are the largest con-
tribution in each order, and have tested them by implementing up to

the 2nd order term in a laser-plasma simulation code.

We have decided to use the LAD equation to study radiative
damping. The LAD equation is based on classical electrodynamics, and
its applicability to the extreme intense laser-matter interaction regime
should be checked. The same discussion using the condition of the

Schwinger parameter is in Ref. [59]. Quantum effects become important
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for an electron accelerated to the relativistic energies within a length
of the Compton wavelength \c = h/mc, where m is the electron mass.
So the critical electric field for quantum electrodynamics is called the

Schwinger field Fg and is given by

Eq = . 4.1
S eh (4.1)

Laser light with this electric field Eg has an intensity I ~ 10* W /cm?.
The dimensionless parameter x is defined as y = E/FEg. As a simple
estimate, we can say that if y < 1, classical electrodynamics is applica-
ble. In order to discuss the dimensionless parameter y for an electron
moving with relativistic velocity in strong electromagnetic waves, it is

convenient to rewrite it in terms of the Lorentz and gauge invariant

parameter,
[(Fikuk)Q]l/Q
= . 4.2
X o (4.2)
Y 0 —-E, —E, —L,
Where, u' = and F* = i
I 8.y | I E. -B, B, 0 |

Eq. (4.2) is rewritten in terms of the electric and magnetic fields
and electron momentum P as

KmmE+PxBF—G%EﬂU{

4.3
mcEg (43)

X:
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From this equation, the dimensionless parameter is then estimated as
x = (1 — B))E/Es for the electron in a plane electromagnetic wave,
here /3 is the velocity along the wave propagation [58, 59]. This means
X is getting close to unity when I ~ 10**W/cm? with (1 — §)) >
300. In a relativistic laser-plasma interaction, electrons are mainly
accelerated in the laser propagation direction, namely, 1 — 3 < 1, so
that the threshold ~ should be much greater than 300 for an intensity
of 10* W /cm?. We are now focusing on laser-matter interactions below
this intensity where the classical approach is assumed to be valid. In the
regime [ > 102 W /em? where the classical approach is not applicable
anymore, the non-perturbative generalizations of the LAD equation

that account for quantum effects has been proposed by Sokolov et al.

[65].

In the next section, we derive the full set of damping terms

up to 4th order, and apply them to particle-in-cell simulations in Sec.

4.3.

4.2 Derivation of radiative damping terms

The radiative damping effect is ascribed to the physics of relativistic

electron beams. It is usually negligible in overdense plasmas where
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the laser fields are usually weak, while in underdense plasmas it is im-
portant because electrons are directly accelerated by the strong fields.
The amount of energy emitted as radiation is negligible in the nonrel-
ativisitic regime (I < 10 W/cm?), but not in the strong relativistic
regime (I > 10 W/cm?). Relativistically, the equation of motion of
the radiating electron is written in a four-dimensional form [53],

du’ e . .
=— F* Z 44
mc P . ur + g, ( )

where m(e) is electron mass (charge), ¢ is the speed of light, ds is the
line element in four-dimensional space (ds = cdt/7), u' is the i-th
component of the four velocity, F* is the electromagnetic field tensor,
and ¢’ is the damping term given by

; 2¢* [ d*u' ;o dPuy
= — — u'u
9 3c | ds? ds?

(4.5)

This equation describes the damping of a relativistic electron interact-
ing with an electromagnetic field. To solve the equation of motion,
we can re-express the damping term in terms of the fields. This can
be done through a perturbation expansion of the equation of motion.
If the damping term ¢' in Eq. (4.4) is a small perturbation, then the

zeroth order acceleration can be written as [60]

du’ e ,
= Fik 4.6
() . (4.6

o 2
0 mc
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where the RHS is the Lorentz force. The subscript 0 represents the

zeroth order term. Then, Eq. (4.4) and Eq. (4.6) can be written as,

du’ du’ 2e* |
— — 4.7
<ds>1 <ds )0+ 3mez L (4.7)

: d*u’ [ dPuy,
1= — : 4.8
i= (), ()]

The subscript 1 represents the first order term. In the same way we

and

can write the second order equation as

du’ du’ 2% .
— — g5 4.9
(ds )2 (ds>1+ 3me2 2 (4.9)

. Pl [ Py
L= —u ) 4.10
% [( ds? )1 “ ( d32>1] ( )

The subscript 2 represents the second order term. By repeating the

and

same operations, we can obtain the higher order terms. The equation

of motion including the damping terms is

dvy e - 2¢?
= E B i
dt mc( A x )+izzl<3mc2>g

where 7 is the relativistic Lorentz factor and (3 is the normalized veloc-

(4.11)

ity. See the appendix for more details.

Following are the steps to derive the damping terms up to the
4th order. Differentiating Eq. (4.6) with respect to s and inserting the

values in Eq. (4.8) , we have the 1st-order term g; by re-expressing the
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four dimensional form with the fields as

mc? Ot

+<mi2 )2(;[(5- E)E+ (E + 8 x B) x B

_< e2)2V2Cﬁ[(E+5><B){‘)—(B'E)2]. (4.12)

mc

g = (— >7<2+V~V)(E+,3><B)

Similarly, inserting g1 in Eq. (4.7), differentiating it with respect
to s and substituting the values in Eq. (4.10), we have the 2nd-order

term gy in terms of the fields as [62]

2

2¢2 10
g2 = ( S ) () 7 (?ﬁWz) (E+8xB)
2

10

e [(ﬁ-E)——(E—ﬁxB)—(E+ﬁXB)'V(E—ﬁxB)]

me cOot
+ <mi2> ’}/C[(ﬁ'E)%%(E—l—ﬁXB)—(E—ﬁXB)'V(E—f—BXB)]
+ (m‘; )3 2¢( B® — E* )(E + 8 x B)

e \2 4 0
t () 1B (BB xB) = (8-B) (5 +v-V) (E+HxB)
~ 2(=5) (B4 B x B~ (8- EVIE+BxB)
b 2(5) B E) - B (B4 BxB) (5 +v V) (B+BxB)
+ 2(=5) e [(B 48 x B + (8-EY] (B~ B xB)

- (—e)gv%ﬁ? [(E+pxB)’—(8-E)’] (E+ 8 xB)].

mc?
In Eq. (4.13), the higher order term is smaller than the previous order

term by a factor of the classical electron radius r, = e*/mc* ~ 10713

(4.13)
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such that the 2nd-order term was previously thought to be negligible

in comparison with the 1st-order term.

The magnitude of each damping term has been verified in both
the 1st and 2nd-order equations for a particle interacting with a micron
wavelength laser. In the 1st-order terms, a group of terms with a factor
of % (third group in Eq.(4.12)) is the largest, and acts like friction
on the electron motion. While in the 2nd-order terms, a group of
terms with a factor of 4* (last group in Eq.(4.13)) has the largest
contribution in damping the Lorentz force. Hereafter, we only use
the third group of the 1st-order terms and the last group of the 2nd-
order terms for laser-plasma interaction simulations. Note here that
the terms with time derivative (1st term in gy and gs ) would be large
for a particle motion interacting with x-ray which has extremely high
frequency. Nevertheless, for laser-plasma interactions involving infra-

red lasers, they are totally negligible.

Because the equations are already pretty complicated, we only
take into account the largest damping terms of the four dimensional
form (see Appendix A) to get the 3rd order and 4th order terms which
corresponds to the last terms of Eq. (4.13) with v* dependence. Then

the 3rd order and 4th order terms are obtained as
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gy — _< 22 >2[< e >476626[(E+,3XB)2—(,3-E)2]2
Bl (4.14)

and

3mc? mc?

g1 = _< T )3[( ) e [(B 4B xB) — (8-E

(E+ 8 x B)]. (4.15)

We estimate the laser intensity for which radiative damping be-
comes significant in comparison with the Lorentz force. In the order of
magnitude estimation, the Lorentz force fy is approximately eF, using

the normalized vector potential ay = eE/mcwy,
fo = mewoay. (4.16)

The third group of 1st-order terms f; is approximately

2e2wiyal
ﬁ:_7%14 (4.17)
then the last group of the 2nd-order terms f5 is estimated as
464&}3”)/4&3
fo = W, (4.18)

Similarly, 3nd-order terms f3 and 4th-order terms f; are written as

866(,0%’76@61
27Tm?2c8

fy = (4.19)
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16e3wiyag
81m3ctl

fi=

(4.20)

where wy is the laser frequency. The ratio of the 1st-order term and the

Lorentz force is then

27wy’
i 2reweyiao 1.18 x 107 %+2qy . (4.21)

Jo 3c
If v increases linearly with the laser amplitude (v = ag) under the
plane wave assumption, f;/fy reaches unity when ay ~ 400, which
corresponds to I ~ 10% W/em?. If v = a3/2 (J x B acceleration),
then f1/fo ~ 1 when I ~ 10> W/cm?. For laser-plasma interactions, ~
scales in the intermediate regime between these two cases. Therefore,

the radiative damping starts at I ~ 10> W /cm?,

Generally, the ratio of the adjacent higher order terms can be

generalized as

) 2 e 2
Jort _ 2007700y gg 1075200 i = 0.1,2,3, (4.22)

fi 3c

Note here that although this gives the critical laser intensity
above which the damping terms are no longer negligible, these are just
simple scalings. For the actual interaction, f; will never be greater than
fo, and f5 will never overcome f; since electrons keep losing energy via

radiative damping before they reach these limits.
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4.3 Simulation of super intense laser-matter interaction

We have implemented the 1st-order term (3rd group in Eq. (4.12)) and
the 2nd-order damping term (last group in Eq. (4.13)) in the Particle-
in-Cell (PIC) code in order to study radiation effects in the super in-
tense laser - matter interaction for extreme intensity, I > 102 W /cm?.
The numerical code used is the one- & two-dimensional (PIC) code
PICLS [50], which features binary collisions between charged particles
and ionization processes in gaseous and solid density plasmas [63]. We
have implemented the friction force (1st-order) and the damping of the
Lorentz force (2nd-order) equations within the leap-frog scheme (time
centered scheme) to integrate the kinetic equation. The friction (1st
order) is taken into account at the centered time, and damping of the
Lorentz force (2nd order) is simply done by reducing the Lorentz force

by a factor calculated by the equation.

The target is modeled as a 5um thick copper slab with uniform
density. A few micron thick preplasma is placed in front of the target.
The ion density is set to 50n., here n, = 10?! cm ™3 is the critical density
for a laser wavelength 1ym. The mass (fully ionized charge) of Cu is
64 M, (29), where M, is the proton mass. Then the mass density of the

target is set to p = 5.3 g/cm?, close to the mass density of solid copper.
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Initially we set the ion charge state Z = 3, and electron density is
set to neutralize ion charges. We placed a 5pum preplasma in front
of the target with an exponential profile of a 2 ym scale length and a
50 n. peak density for electrons when the preplasma gets fully ionized.
In total, 340200 particles are used for a fully ionized target of which
189000 make up the preplasma. This results in a cell density of 9 ions

and 261 electrons per cell.

The ionization models include field driven ionization in low den-
sity plasmas under strong fields and impact ionization which solves for
the collisional cross section in dense plasmas [51]. The electron density
increases dynamically during laser irradiation via ionization processes.
The ionization energies are subtracted from the hot electrons when they
ionize atoms via collisions with bound electrons. Initially particles are
at rest, with initial plasma temperature set to zero. Our spatial (tem-
poral) resolution is 1/140 of the wavelength (laser oscillation period 7).
The simulation also accounts for the energy loss by emission of soft
x-ray radiation from free-bound transition, though it is only a minor
effect (less than 0.3% of the laser energy) under the current simulation

condition.

First, 1D simulations were performed to see the effect of ra-

diative damping by the 1st order term alone and then by the 1st +
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2nd order terms where we specifically looked at electron and ion phase
space, energy spectrum and energy density. The laser intensity is var-
ied from 10" to 10?* W/cm? while keeping the pulse duration constant

at 100 fs, namely, the laser energy increases with intensity.

Figure 4.1 shows the phase plot and energy spectrum of electrons
with and without radiative damping at 181.5 fs when the pulse peak hits
the target with an intensity of I = 10?* W /cm?. Strong damping of high
energy electrons (p,/m.c > 1000) in the phase plots are observed at
this time. The 2nd order damping term also has a small contribution to
the overall damping which can be seen in the electron energy spectrum

plot (blue-line).
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Figure 4.1: 1D-PIC result with I = 10** W/cm?: (a) Distribution of electrons in phase space
with no radiative damping (Red) and with 1st + 2nd order radiative damping (blue) at t
= 181.5 fs when the pulse peak hit the target (b) Comparison of electron energy spectrum

among three cases at the same time.
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Figure 4.2 shows the phase plot and energy spectrum of electrons
with and without radiative damping at 214.5 fs when the pulse starts
to be reflected. Strong damping of high energy electrons, especially
those that are accelerated backward by the reflected pulse (|p,/mec| >
1000), are observed in the phase plots at this time. The 2nd order
damping term has a significant impact on radiative damping as seen in
the electron energy spectrum plot. At this time the laser pulse starts
to be reflected and electrons co-moving with the pulse can interact in
longer time with fields, since then we can see the 2nd-order damping

effect more significantly.
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Figure 4.2: 1D-PIC result with I = 10%* W/cm?: (a) Distribution of electrons in phase
space with no radiative damping (Red) and with 1st 4+ 2nd order radiative damping (blue)
at t = 214.5 fs when the pulse starts to be reflected (b) Comparison of electron energy

spectrum among three cases at the same time.

Figure 4.3 (a) shows the phase plot of ions of the same laser
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intensity at the same time with figure 4.1. The interface speed, which
is determined by the photon pressure, is clearly seen to be slower in the
case with 2nd-order damping compared to the one with the Ist-order
term alone. As we discussed in the previous section, the 2nd order term
reduces the Lorentz force, including the J x B force, so that the effective
photon pressure decreases at the absorption point. This reduction of
the ponderomotive force also affects the target heating or energy stored
inside the target as seen in figure 4.3 (b). This result indicates that
the 2nd-order term is important in the discussion of ion acceleration or
the collisionless shock formation by the photon pressure with the laser

intensity > 10%* W /cm?.
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Figure 4.3: 1D-PIC result with I = 10> W/cm?: (a) Longitudinal phase of ions at t =
181.5 fs when the pulse peak hits the target. (b) Electron energy density [MeV-n./800n,]

distribution observed at t = 214.5 fs when the pulse starts to be reflected.

Figure 4.4 shows the plot of laser intensity versus radiation ef-
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Figure 4.4: Laser intensity versus radiation efficiency.

ficiency, normalized energy by the incident laser energy. Radiation
efficiency means conversion efficiency of laser light to radiated light.
The radiation efficiency increases as I'° in the range of laser intensities
I =10Y"2W/cm? while it increases as I in the range of laser intensi-
ties I > 10?! W/cm?. Lasers with intensities below 102° W /cm? interact
with the pre-plasma, so that they have a higher scaling than that of the
higher intensity pulses. When I > 10** W/cm?, the laser pulse begins
to interact directly with the solid surface. As a result, the hot electron
energy scaling against the laser intensity drops due to the interaction
at the sharp interface with electron densities reaching n, > 1000n, in

the current setup [64].

The radiation power via radiative damping is compared with ra-
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diations via Bremsstrahlung in the 1D simulations. A Bremsstrahlung
model is used in the PICLS code which is solving the relativistic Bremsstrahlung
equation by the Monte-Carlo method [67], and was recently modified
for inline calculations by taking out the emission energy from electrons.
The results are plotted in Fig.4.5. We found that from the lower in-
tensity simulations that Bremsstrahlung hard x-ray emissions are dom-
inant. However at I > 1022 W/cm?, Bremsstrahlung emissions start to
saturate and the radiative damping becomes a dominant source of hard
x-rays. This is because of electrons in the high energy tail with large ~
factors will be damped by radiative damping and thus cannot increase
the Bremsstrahlung radiation emissions which scale as v*. Transition
intensity (The laser intensity at which radiative damping is equal to
Bremsstrahlung) of radiative damping and Bremsstrahlung is also de-
creases when we lower the Z of the target because if we lower the Z of

the target, Bremsstrahlung is decreasing.

These results have a strong impact on pair production by laser-
matter interaction at these extreme intensities (> 10%> W /cm?) since we
have a large energy conversion to hard x-rays via the radiative damp-
ing processes, which can boost pair production via the Bethe-Heitler

process [54, 68].

In order to check the classical limit, we calculate the xy param-



75

0.1 ‘ ‘ —
1st+2nd damping ——

Bremsstrahlung
0.01 ¢ /
0.001 ¢

9
3
2 00001 |
=
[NN]

1e-05

1e-06 |

‘Ie_07 L L L L

1le+19  Te+20 1le+21 le+22 Te+23 le+24

| W/cm?

Figure 4.5: Comparison of radiation efficiencies between via the radiative damping and via

the Bremsstrahlung by changing the laser intensity.

eter. Figure 4.6(a) shows the y for each electrons at I = 10% W /cm?
when the pulse peak hits the target. In figure 4.6(b) we also plot the
number of electrons having xy > 1 divided by the total number of elec-
trons in the preplasma (number of electrons interacting with the laser
light) by changing the laser intensity. From these graphs less than
0.015% electrons have y greater than 1 at intensity 10%* W /cm?. So,
the intensity 102 W /cm? starts to show the quantum effects, but they

are still mostly in the classical regime.

We have also performed a 2D simulation using a laser pulse with
an intensity I = 10 W /cm?, a 100 fs pulse duration, and a 3 um spot
in order to see the multidimensional effects of extreme intensity interac-

tions. The simulation parameters are basically the same as for 1D, and
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Figure 4.6: (a) Plot of y versus position at I = 10?3 W/cm? when the pulse peak hit the
target (b) Plot of number of electrons having x > 1 divided by the total no of electrons in

preplasma versus laser intensity when the pulse peak hit the target.

both collision and ionization models were applied. We have included
radiative damping up to the 2nd order term. The target, a copper slab
with 5 ym thickness, as we used in the 1D simulations, is attached to
the transverse boundaries. We apply an absorbing boundary condition
for both particles and fields to simulate the large transverse volume
of real targets. A pre-plasma with the same condition as in the 1D
simulations is placed in front of the target. The temporal laser pulse
profile is a Gaussian distribution. The pulse is irradiated from the left

boundary and is focused on the target surface in a 3 ym spot.

Figure 4.7 shows snapshots at 250 fs when the irradiation is al-
most over. The surface magnetic field can be seen propagating laterally

at nearly the speed of light. An extremely strong magnetic dipole with

le+24
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Figure 4.7: (color) 2D-PICLS results at 250 fs of (a) instantaneous magnetic fields [Giga-
gauss], (b) electron energy density [MeV-n./100n. logarithmic scale], (c) electron density

[ne/ne, logarithmic cale], (d) average ionization degree Z of Cu
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field strength ~5 Gigagauss also appears inside the target, as seen in
Fig.4.7(a). Under such a strong magnetic field, the electron cyclotron
frequency cloud exceeds 100wy, where wy is the laser frequency. Be-
cause of the relativistic electron motion when v > 100, the effective
cyclotron frequency will be closer to wy. The simulation should also
have sufficient resolution to track these cyclotron orbits. The current
simulation resolution is 7/50, which is fine enough to resolve the correct
motion of electrons in such a strong magnetic field. Interestingly, this
strong dipole magnetic field pushes the plasma, as seen in Fig.4.7(c)
and (d), but also traps extremely hot electrons inside the magnetic
bubble, Fig.4.7(b). The synchrotron radiation becomes significant in

these regions.

Note here that the global trends of these results are basically
the same and do not change much by omitting radiative damping in
the simulation. The differences appear more clearly in plots of the
electron energy spectra, as can be seen in Fig.4.8. Strong damping of
high energy electrons (> 1 GeV) is observed at the time when the pulse
peak hits the target surface (150fs), which is consistent with the 1D

result.
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Figure 4.8: (color) 2D-PICLS results at 150fs: Comparison of electron energy spectrum

with and without damping.

4.4 Radiation power equation and angular distribution.

The radiation power equation for the specific photon energy is de-
rived to calculate the emissivity in the radiation transport calculation.
The angular distribution is also given. The emission power equation
is derived by integrating the momentum equation, so that the equa-
tion should be consistent with the momentum calculation. We will
benchmark the new equation in a single particle simulation in the next

section.

4.4.1 Theory

We have derived the power radiated by 1st and 2nd order damping.
Damping force multiplied by the velocity of light is the radiation power.

In section 4.2, we derived damping force up to 4th order. So, Total
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power radiated by the 1st order damping is

3m2c3

2¢t
Pro = (gop ) 1B+ X B - (8-BF]. (123
Total power radiated by the 2nd order damping is

Ppy — ( 2 )( ¢ )f*c% (B+B8xB)*—(8-E)

3mc? m2cd

(E+ 8 xB)|. (4.24)

The ratio of the power radiated by 2nd order damping and that of 1st

order damping is

= 1.18 x 107842ay, (4.25)

which is same as the ratio of the adjacent higher order terms of the

momentum equation.

The differential cross-section of the emission power is then summarized

as with the spectrum and angular direction of the emission,

dl Pe w 1
— Q- =)F|— ) — (P Pona). (4.2
dwd 5( pe) ( wc) wc( 1st + Pana) . (4.26)

The angular distribution of the high energy ~- ray has a narrow peak
in the direction of the electron momentum and can be approximated
by the d-function. The function F represents the frequency spectrum

as

F(r) = 3%@8n)"r / N Ks3(r")dr, (4.27)
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where, r (r = w/w,) is the normalized frequency by the maximum
frequency w. which is given as

3eB
=228 4.28
We =5 (4.28)

K3/3 is a modified second order Bessel function. This frequency spec-
trum is applicable to synchrotron radiation as well as radiative damping

in laser matter interaction.

When the wavelength of an electron is less than the compton
wavelength(Ac = h/mc), quantum electrodynamics (QED) effect be-
comes important. The physical meaning of QED effect is that an elec-
tron can not emit more than its own energy. In QED regime, x could
be closer or greater than unity, and which likely occurs with intensity
of the laser greater than 10** W/cm?.The frequency spectrum in QED

regime is [65, 69, 44, 70, 71].

F(r,x) = 35/2(87r)_17‘ [/ K5/3(7“')d7“' + TTXX2K2/3(7"X) . (4.29)

where, 7, = (1+X7") and Ky3 is also a modified second order Bessel
function. The second term in the above equations intend to cut off the

high energy tail of the spectrum.

The integral of the spectral function is normalized by unity,

/ F(r)dr = 1. (4.30)
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Therefore, if we integrate Eq. (4.29) with respect to frequency
and solid angle, we will get the total power radiated by 1st order and

2nd order damping.

4.5 Benchmark the emission power equation of radiative damp-

ing against the momentum damping

In this section we test the emission power equation of the radiative
damping by comparing its result with the one by the momentum damp-
ing. Momentum damping means momentum of the electron is damped
directly by 1st order and 2nd order damping terms, the emission power
equation describes the energy loss in the damping process. As a test
we calculate a single particle motion in an intense short laser pulse. We

chose a Gaussian laser pulse with the form [60]

E(xz,t) = yEyh(¢) cos(2m(wt — kx)), (4.31)

B(z,t) = 2Byh(¢) cos(2m(wt — kx)), (4.32)

where the temporal phase ¢ = wy(t—x/c), and the pulse profile function
1s

h(9) = expl—(—2—)?) (4.33)

woAT
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where A7 is the pulse width, wy is the laser frequency and k = w/c is

the wave number.
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Figure 4.9: Numerical Experiment: Simulation of Single Particle Orbit-Radiative damping.

Figure 4.9 shows the initial setup of the simulation. In this
figure, an intense laser pulse is propagating from left to right and a
high energy electron of which energy is 150 MeV, is propagating from
right to left. They interact with each other in the interaction region
and the electron will lose its energy by the radiative damping via the

intense laser fields.

In this simulation, the laser pulse of irradiance varies from 10%

W/cm? to 102 W/ecm?. The Wavelength of the laser is 1 um. The

pulse width of the laser is 20 fs.

Figure 4.10 to 4.13 compare the trace of the electron’s trajectory
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in the normalized energy(v)-time plane for a case of the momentum
damping and cases of the emission power calculation without QED and

with QED (Quantum) effects.
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Figure 4.10: The trace of the electron motion in the energy(+y)-time(normalized by laser
time period) plane for a case of the momentum damping and cases of the emission power
calculation without QED and with QED (Quantum) effects at 102 W/cm?. Red is a case
of the momentum damping, blue is a case of emission power calculation without QED effect

and green is that with QED effect

Figure 4.10 and figure 4.11 show the results of the cases at laser
intensity 102 W/cm? and 10! W/cm?, respectively. At these intensities
there is no significant difference among the three cases, so that the all
curves are almost identical. The damped energy increases apparently

by increasing the laser intensity.

Figure 4.12 and figure 4.13 show the results with the higher
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Figure 4.11: The trace of the electron motion in the energy(y)-time(normalized by laser
time period) plane for a case of the momentum damping and cases of the emission power
calculation without QED and with QED (Quantum) effects at 102! W/cm?. Red is a case
of the momentum damping, blue is a case of emission power calculation without QED effect

and green is that with QED effect
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Figure 4.12: The trace of the electron motion in the energy(y)-time(normalized by laser
time period) plane for a case of the momentum damping and cases of the emission power
calculation without QED and with QED (Quantum) effects at 5 x 1022 W/cm?. Red is a
case of the momentum damping, blue is a case of emission power calculation without QED

effect and green is that with QED effect
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laser intensities, 5 x 10?2 W/cm? and 10?3 W /cm? respectively. At these
intensities the case of emission power calculation with the QED effect is
slightly differed than the other two without the QED effect. Note here
that the two cases having no QED effect, but damped by the different
ways, momentum or power, have the similar results, which confirms our

power loss equation is consistent with the momentum calculation.

800

Momentum——
Power -
With QED eff------ b

700

600

500

400

Energy

300

200

100

0 Il Il A\.. - Il Il

Time

Figure 4.13: The trace of the electron motion in the energy(y)-time(normalized by laser
time period) plane for a case of the momentum damping and cases of the emission power
calculation without QED and with QED (Quantum) effects at 1023 W /cm?. Red is a case of
the momentum damping, green is a case of emission power calculation without QED effect

and blue is that with QED effect

Figure 4.14 is the total power versus photon energy curves at
different intensities of laser light. As intensity increases, total power
with respect to photon energy also increases as expected from the de-

pendence of the damping, proportional to £? ~ I.
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Figure 4.14: Total power of photon versus photon energy graph at different intensities of

laser light.

4.5.1 Simulation of super intense laser-matter interaction

The numerical code used to study the extremely increase laser matter
interaction is the one- & two-dimensional particle -in-cell (PIC) code
PICLS [50], which features binary collisions between charged particles
and ionization processes in gaseous and solid density plasmas. We had
derived the radiative damping terms including the higher orders and
implemented in PICLS. In order to evaluate the effect of radiation on
the laser-produced plasma development, a radiation transport model
coupled with a particle-in-cell code was developed. Pair production
model for bremsstrahlung is also include in radiation transport code.
The target is modeled as a 44um thick copper slab with uniform density.

A few micron thick preplasma is placed in front of the target. The
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ion density is set to 50n., here n, = 10*' cm™3 is the critical density
for a laser wavelength 1um. The mass (fully ionized charge) of Cu is
64 M, (29), where M, is the proton mass. Then the mass density of the
target becomes p = 5.3 g/cm?, close to the mass density of solid copper.
Initially we set the ion charge state Z = 3, and electron density is set
to neutralize ion charges. We placed a 4 ym preplasma in front of the
target with an exponential profile of a 2 um scale length and a 50n,..

peak density for electrons when the preplasma gets fully ionized.

The ionization models include field driven ionization in low den-
sity plasmas under strong fields and impact ionization which solves for
the collisional cross section in dense plasmas [51]. The electron density
increases dynamically during laser irradiation via ionization processes.
The ionization energies are subtracted from the hot electrons when they
ionize atoms via collisions with bound electrons. Initially particles are
at rest, with initial plasma temperature set to zero. Our spatial (tem-
poral) resolution is 1/50 of the wavelength (laser oscillation period 7).
The simulation also accounts for the energy loss by emission of soft
x-ray radiation from free-bound transition, though it is only a minor
effect (less than 0.3% of the laser energy) under the current simulation

condition.

In the following, the simulation results by changing the laser
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intensity, spot size and duration, while the laser energy is about con-
stant to see the optimal condition of the ~-ray production from the
given laser energy. In Figure 4.15, we show a 2D simulation using a
laser pulse with an intensity I = 102! W/cm?, a 66 fs pulse duration,
and a 8/1/10 um spot where Figure 4.15(a) is the instantaneous mag-
netic fields [Megagauss| at 393 fs Figure 4.15(b) is the electron energy
density in logarithmic scale at 393fs and Figure 4.15(c) is the hard
x-ray electron density in logarithmic scale at 132 fs. The laser pulse is
irradiating from the left boundary onto the target surface. In Figure
4.15(a) strong dipole magnetic fields appear inside the target. In Figure
4.15(b) extremely energetic electrons are distributed inside the target
in the form of energy density in logarithmic scale. In Figure 4.15(c)
v — rays are transport both forward and backward direction in terms

of energy density in logarithmic scale.

In Figure 4.16, we show a 2D simulation using a laser pulse with
an intensity I = 1022 W/cm?, a 6fs pulse duration, and a 8/4/10 ym
spot where Figure 4.16(a) is the instantaneous magnetic fields [Mega-
gauss| at 393 fs Figure 4.16(b) is the electron energy density in logarith-
mic scale at 393 fs and Figure 4.16(c) is the hard x-ray electron density
in logarithmic scale at 132fs. The laser pulse is irradiating from the

left boundary onto the target surface. In Figure 4.16(a) strong dipole
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Figure 4.15: (color) 2D-PICLS results at laser intensity 102! W/cm? of (a) instantaneous
magnetic fields [Megagauss|, (b) electron energy density [MeV-n./100n, logarithmic scale],

(c) hard x-ray electron density, logarithmic scale]
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magnetic fields appear inside the target. In Figure 4.16(b) extremely
energetic electrons are distributed inside the target in the form of en-
ergy density in logarithmic scale. In Figure 4.16(c) y-rays are transport
both forward and backward direction in terms of energy density in log-

arithmic scale.
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Figure 4.16: (color) 2D-PICLS results at laser intensity 1022 W/cm? of (a) instantaneous
magnetic fields [Megagauss|, (b) electron energy density [MeV-n./100n, logarithmic scale],

(c) hard x-ray electron density, logarithmic scale]

In Figure 4.17, we show a 2D simulation using a laser pulse with
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an intensity I = 10 W /cm?, a 6 fs pulse duration, and a 0.8 um spot.
The target is attached to the transverse boundaries, and an absorbing
boundary condition is used for particles — i.e. no hot electrons are
reflected back inside the target — to represent the large transverse
volume of target. The laser pulse is irradiating from the left boundary
onto the target surface. The pulse profile is a Gaussian distribution
both temporally and radially. The surface magnetic field can be seen
propagating laterally at nearly the speed of light, and also extremely
strong dipole magnetic fields appearing inside the target, as seen in
Fig.4.17(a). Under such strong magnetic fields the electron cyclotron
frequency exceeds 100wy, where wy is the laser frequency. Because of
the relativistic electron motion when v > 100, the effective cyclotron
frequency will be closer to wy, but the frequency will remain very high.
The simulation should also have the resolution to track these cyclotron
orbits. The current simulation resolution is 7/50, which is sufficient
to resolve the correct motion of electrons in the strong magnetic field.
Interestingly, this strong magnetic buble push the plasma but they also
trap extremely hot electrons inside the dipole magnetic fields as shown
in above figure. The synchrotron radiation becomes significant in these

regions.

The radiation efficiency via radiative damping is compared with
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Figure 4.17: (color) 2D-PICLS results at laser intensity 10?3 W/cm? of (a) instantaneous
magnetic fields [Megagauss|, (b) electron energy density [MeV-n./100n, logarithmic scale],

(c) hard x-ray electron density, logarithmic scale]
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radiations via Bremsstrahlung in the 2D simulations. The results are
plotted in Figure 4.18. It was found that when laser intensity is lower
than 102 W/cm? hard x-rays via Bremsstrahlung are dominant. How-
ever at I > 1022 W /cm?, Bremsstrahlung starts to saturate and the
radiative damping could become a major source of hard x-rays. This
is because of electrons in the high energy tail with large v factors
were damped by radiative damping and thus cannot contribute to the
Bremsstrahlung which scale as v*. The transition intensity is defined
as the intensity at which Bremsstrahlung and the emission in radia-
tive damping becomes the same. Above that the transition intensity
radiative damping is higher than Bremsstrahlung. Note here that the
radiative damping does not depend on the target material, e.g, charge
state or the target thickness, while Bremsstrahlung does. The transi-
tion intensity could be multiplied by changing target condition. Hav-
ing a lower Z material, a lower density or a smaller target, emission
via Bremsstrahlung could be lower, resulting the transition intensity

becomes lower.

These results have a strong impact on pair production by laser-
matter interaction at these extreme intensities (> 10?2 W /cm?) since we
have a large energy conversion to hard x-rays via the radiative damping

processes, which can boost pair production via the Bethe-Heitler pro-
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Figure 4.18: (color) 2D-PICLS results; comparing Bremsstrahlung and radiative damping

in intensity vs percentage radiation efficiency graph of ultra-fast heated copper thick target.

cess [54, 68]. So, we also study and compare number of pairs produced
by Bremsstrahlung and by radiative damping with different intensi-
ties by Bethe-Heitler process of ultra-fast heated copper thick target
in figure 4.19. We found that from the lower intensity simulations
that number of pairs per unit energy(joule) from Bremsstrahlung are
dominant. However at I > 10% W /cm?, number of pairs per unit en-
ergy(joule) from Bremsstrahlung start to saturate and the number of

pairs per unit energy(joule) from radiative damping are dominant.

Figure 4.20 shows the phase plot of electrons when the pulse

peak hits the target with the radiative damping at an intensity of (a)
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Figure 4.19: (color) 2D-PICLS results; comparing Bremsstrahlung and radiative damping

in intensity vs no. of pairs per unit energy(joule) graph of ultra-fast heated copper thick

target.
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I =102 "W/cm? (b) I = 10** W /cm?, (c) I = 10* W/cm?. 2w bunched

groups of hot electrons by JxB are shown in this diagram. The oscilla-

tion is proportional to normalized laser amplitude.
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pulse peak hit the target at (a) I = 102! W/cm?, (b) I = 10*2 W /cm?, (¢) I = 102 W/cm?:

as energy spectrum of electron. The electron spectrum is over plotted
for each laser intensities ranging from 10% W/cm? to 102 W/cm? as

shown in figure 4.21. As laser intensity increases, electron’s energy as

The plot of electron energy versus number of electrons is known

25



99

well as number of electrons also increases. High energy tails of electron
at intensity 102 W /cm? is almost 1300MeV, that of electron at intensity
10?2 W /cm? is almost 350 MeV, that of electron at intensity 10* W /cm?

is almost 100 MeV, that of electron at intensity 102 W /cm? is less than

50 MeV.
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Figure 4.21: (color) 2D-PICLS results; comparing spectrum of electron with different in-

tensities in ultra-fast heated copper thick target.

The photon spectrum with different intensities is compared in
the figure 4.22. As intensity increases, photon energy also increases.
High energy tail of photon spectrum at intensity 10*' W/cm? is close to
5 MeV. High energy tail of photon spectrum at intensity 10?> W /cm?
is close to 200Mev. High energy tail of photon spectrum at intensity

10 W /cm? is almost 1GeV. These high energy ~-rays are suitable for
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pair production.
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Figure 4.22: (color) 2D-PICLS results; comparing photon spectrum with different intensities

of ultra-fast heated copper thick target.

Figure 4.23 shows the time history of radiation in ultra-fast
heated copper thick target at intensities (a) 10°> W/cm? and (b) 10?3 W /cm?,
Red line represents Bremsstrahlung and green line represents radiative
damping. Bremsstrahlung is continuously increasing due to the reason
that hot electrons continuously interact with ions even after the pulse
starts to be reflected but radiative damping first increases due to strong
laser fields when the main pulse hits the target. Radiative damping also
increases when high energy electrons are accelerated backward by the

reflected pulse.Then, radiative damping becomes constant.

Figure 4.24 shows the average ionization degree at different laser
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Figure 4.23: (color) 2D-PICLS results; time history of radiation in ultra-fast heated copper

thick target at intensities (a) 1022 W/cm? and (b) 102 W /cm?2. Unit of time is [fs]

intensities. From the figure of average ionization degree we can conclude

that ionization degree increases with increase in laser intensity.

4.5.2 Absorption

When laser light is incident on the target, laser light is absorbed by
the target. There are different mechanism responsible for laser light
absorption. Target (type of material, density and thickness) and laser
parameters determine which mechanism will dominate. Laser light is
mainly absorbed by collisional absorption for low intensities such as 102

W/cm? to 101" W/ecm? [66]. For an intense laser pulse other mecha-
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Figure 4.24: (color) 2D-PICLS results; comparing average ionization degree at (a) laser
intensity 1022 W/cm?, (b) laser intensity 10?2 W/cm?, (c) laser intensity 102! W/cm? in

ultra-fast heated copper thick target.
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nisms (J x B Heating) dominate over collisional absorption. Collisional
absorption contributes very little into total absorption of laser light for

ultra intense laser plasma interaction.
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Figure 4.25: (color) 2D-PICLS results; comparing normalized absorption with different

intensities in ultra-fast heated copper thick target.

Figure (4.25) shows the plot of laser intensity versus normalized
absorption. This figure shows that laser energy absorption depends on
intensity. Almost 13% of laser energy is absorbed by the plasma at laser
intensities 101® W /cm?. Almost 27% of laser energy is absorbed by the
plasma at laser intensities 101 W /cm?. Almost 30% of laser energy is
absorbed by the plasma at laser intensities 102 W/cm?. Almost 26% of

laser energy is absorbed by the plasma at laser intensities 10** W /cm?.
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Almost 17% of laser energy is absorbed by the plasma at laser intensity
10%2 W/cm?. Here we see that laser energy absorption is higher at low
intensities such as 10!, 10? W /cm? than that of high intensities such
as 10?! and 10?2, The reason is that when the intensity is extremely
high, a laser pulse directly interacts with solid density target. The laser
pulse blow off the low density preplasma due to extremely high photon
pressure. So, the absorption is saturated in the very high intensity

regime.

4.6 Discussion and conclusion of Radiative damping

In conclusion, we have derived up to the 4th order radiative damp-
ing terms from the Lorentz-Abraham-Dirac equation by expanding the
radiation terms. The second order term is found to be the damping
term of the Lorentz force while the first order term represents friction
in the equation of motion for the laser-matter interaction. Implement-
ing the 2nd-order damping in PIC scheme is straightforward, by just
reducing the Lorentz force by the factor given in Eq. (4.13). It was
found that the lst-order damping term is reasonable up to the inten-
sity 10?22 W/cm?, however the 2nd-order term becomes non-negligible
and efficiently damps higher energy electrons beyond that intensity in

underdense plasmas. Because the second order term restricts electron
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acceleration during the laser interaction, electrons are prevented from
over-accelerating. The ion acceleration or the collision less shock forma-
tion via photon pressure at the absorption point will be overestimated
at I > 10%W /cm? without the 2nd-order term, since it reduces the
ponderomotive force. The radiation efficiency was found to increase
nonlinearly for I < 10??W/cm? and appears to increase as I in the
range of laser intensities I > 102 W/cm?. Radiative damping becomes
highly significant when I > 1022 W /cm? while Bremsstrahlung emis-
sions will saturate, thus radiative damping will be a dominant source

of hard x-rays in these extreme intensity regimes.

We have also derived power radiated by 1st and 2nd order ra-
diative damping terms including angular distribution of photons and
implemented PIC code as well as radiation transport code. In an-
gular distribution, photons are scattered both in forward direction as
well as backward direction. Radiative damping does not depend on
the target material, e.g. charge state or the target thickness, while
Bremsstrahlung does. The transition intensity could be multiplied by
changing target condition. Having a lower Z material, a lower den-
sity or a smaller target, emission via Bremsstrahlung could be lower,
resulting the transition intensity becomes lower. These results have a

strong impact on pair production by laser- matter interaction at these
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extreme intensities (> 10**W /cm?) since we have a large energy conver-
sion to hard x-rays via the radiative damping as well as Bremsstrahlung
processes, which can boost pair production via the Bethe-Heitler pro-

Cess.
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Chapter 5 Summary and Discussion

In extreme intense laser-matter interaction, the radiative damping is
supposedly significant, namely, electrons accelerated by the laser fields
lose their energies and emit y-rays. So that we will see intense ~y-ray
flash from the laser produced plasmas via two competing processes,
Bremsstrahlung an radiative damping. However It is not clearly un-
derstood which process is dominant at what laser or what target con-
ditions. My research is focusing on making the radiation models to un-
derstand the y-ray emissions and studying the extremely intense laser-
matter interaction to optimize the vy-ray emissions under the given laser

and target conditions.

Since these relativistic plasmas are non-thermal and non-equilibriated,
it is necessary to develop a kinetic plasma code with the radiation
physics. We had developed a collisional particle-in-cell code, PICLS,
which coupled to a radiation transport module to consider the v-ray
emissions. The emissivities of ~v-rays had been derived for the rela-
tivistic Bremsstrahlung and the radiative damping. In the radiative

damping, especially, not only the first order damping term, but up
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to 4-th order damping terms had been derived from he Lorentz-Dirac
equation as the first time. Especially, the 2nd term is found to be
important since it is a damping term of the Lorentz force, indicating
the particle acceleration including ions would be much less efficient

than what we expected when the laser intensity become greater than

102 W /cm?.

The laser energy dependence of the y-ray energy and the in-
tensity dependence of the angular distribution of ~-rays are studied.
By solving the emission and transport of v-ray it was found that the
radiative damping is not significant until the laser intensity exceeds
10%* W /cm?. While the Bremsstrahlung is dominant as y-rays emission
process, which can also boost by changing the target with higher Z
material or increasing the mass (volume) of the target. As an applica-
tion of v-ray production, the pair creation, forming a pair plasma, is
attractive. The number of positrons via pair creation from the Bethe-
Heitler process is also computed in the code. The optimal parameters

of laser and target to increase y-ray yields and positron yields are iden-

tified.

In chapter 2, we discussed about particle-in-cell simulation and
radiation transport model. The PICLS implementation provides an

advanced solver for many simulation aspects of directional splitting
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of Maxwells equations provides a simple copy and accumulate scheme
which cleanly decouples dimensions in up to 3D simulations. Parti-
cle motions are relativistically accurate. Monte Carlo collisions are
relativistically accurate and provide exact energy conservation. High
density plasmas are collisionally simulated without prohibitive compu-
tation requirements. In order to evaluate the effect of radiation on the
laser-produced plasma development, radiation transport model coupled
with a particle-in-cell code, PICLS were developed. An attenuation
operator solver short-characteristics numerical scheme had been imple-
mented in order to solve the steady-state radiation transport equation
. Constrained interpolation profile (CIP) scheme for advection, Multi-
group method for photon energies and SN method for direction were

used.

In chapter 3, we have implemented the radiation cross-section
of relativistic Bremsstrahlung to simulate ~-ray production and their
transport in ultrafast heated high Z matter by an intense short pulse
laser. v-rays are produced due to the Bremsstrahlung of electrons ac-
celerated by the intense laser on the surface. By solving the transport
of y-rays we find that high energy photons emitted by relativistic elec-
trons are co-moving with the electrons and they are intensified contin-

uously. As a result the v-rays have the signature of the fast electrons
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temporal and spatial distribution. In terms of angular distribution of
~v-rays, most of the y-rays are scattered hemispherically in forward di-

rection.

In chapter 4, we have derived up to the 4th order radiative damp-
ing terms from the Lorentz-Abraham-Dirac equation by expanding the
radiation terms. The second order term is found to be the damping
term of the Lorentz force while the first order term represents fric-
tion in the equation of motion for the laser-matter interaction. It was
found that the 1st-order damping term is reasonable up to the inten-
sity 102 W /cm?, however the 2nd-order term becomes non-negligible
and efficiently damps higher energy electrons beyond that intensity in
underdense plasmas. The ion acceleration via photon pressure at the
absorption point will be overestimated at I > 10**W /cm? without the
2nd-order term, since it reduces the ponderomotive force. The radiation
efficiency was found to increase nonlinearly for I < 10?*W /cm? and ap-
pears to increase as I in the range of laser intensities I > 10** W /cm?.
Radiative damping becomes highly significant when I > 10> W /cm?
while Bremsstrahlung emissions will saturate, thus radiative damping
will be a dominant source of hard x-rays at I > 10 W/cm? We

have also derived power radiated by 1st and 2nd order radiative damp-

ing terms including angular distribution of photons and implemented
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PIC code as well as radiation transport code. In angular distribution,
photons are scattered both in forward direction as well as backward
direction. Radiative damping does not depend on the target material,
e.g. charge state or the target thickness, while Bremsstrahlung does.
The transition intensity could be multiplied by changing target condi-
tion. Having a lower 7Z material, a lower density or a smaller target,
emission via Bremsstrahlung could be lower, resulting the transition

intensity becomes lower.

These results have a strong impact on pair production by laser-
matter interaction at these extreme intensities (> 10> W/cm?) since we
have a large energy conversion to hard x-rays via the radiative damping
as well as Bremsstrahlung processes, which can boost pair production

via the Bethe-Heitler process.

When we remove the pre-plasma, the main pulse of the laser

directly interacts with the solid target and there is less absorption.

Comparing numbers and energy distribution of pair productions
by trident, Bethe-Heitler and multiphoton Breit-Wheeler processes in

ultra-intense laser matter interaction is the future work.
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APPENDIX A

In chapter 4, explicit expressions for the spatial part of the
damping force for both 1st and 2nd order are written directly from
the equation of motion of the radiating electron in four-dimensional
form. But for the benefit of the reader, it is better to expand the
full derivations of the spatial part of the damping force. So, in this
appendix, equations (4.12) and (4.13) are derived by taking equations
(4.4) and (4.5).

The i-th component of the four velocity ' is

gl
Bary
Gy
B2y

. . . . . 1
Where, relativistic factors 8 and v are § = < and v = S

Here, v is the velocity of the particle and c is the speed of light.

The electromagnetic field tensor F* is

0 —-E, —E, —E,
E, 0 -B. B,

E, B. 0 -B,

E. -B, B, 0

In the general rule of tensors, raising or lowering a space index
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changes the sign of the component, while raising or lowering the time

index does not.

w; and Fj, are the covariant forms of tensors ' and F'*

respectively.

Fy = (E,B)and F* = (—FE,B), E is the electric field and

B is the magnetic field.

There are several ways to solve equations (4.4) and (4.5) which
lead to the description of the damping of a relativistic electron interact-
ing with an electromagnetic fields. One of the methods is to re-express
the damping term in terms of the fields which can be done through a
perturbation expansion. Let us suppose that the damping term ¢’ is
a small perturbation, then the zeroth order term of the acceleration is

equation (4.6). Then equation(4.4) becomes
du’ du’ 2e* |
= — A-1
<ds)1 (ds )0+ 3mez ! (A-1)

; d*u’ o [ dPuy,
i=l@) e (@)) e

Here the subscript 0 and 1 refer to the zeroth and first order terms

where

respectively.
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Again, the zeroth order acceleration is

du’ e ,
= F* A-
( ds ) Uk (A-3)

o 2
0 mc

The spatial part of the product of F™* and wy is
F*y, = 4(E + 8 x B) (A-4)
Differentiating equation (A-3) with respect to s, we then get

d*u’ e OF* e’ ;
( 732 ) = R ukul + o Fkalul . (A—5)
0

Substituting the value of ( gzé‘i)o from equation (A-5) into equation

(A-2) and keeping in mind that the product of the tensor gf;"c which

is antisymmetric in the indices i, k, and the symmetric tensor u‘u” is

exactly zero. So,

e OF* e’ , e? :
9] = ] upu! + F* o _T( leul) (kauk) u'

m2ct m2ct

(A-6)

The explicit expression for the spatial part of equation (A-6) is

equation (4.12). Similarly, we can derive the second order damping
du’ du’ 2e? .

= — 05 A-7

(ds )2 (ds)lJr 3me2 (A-7)

=), - o () A

term,

where
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Differentiating equation (A-1) with respect to s by taking only

the first order term, we then get

d?u’ 26 | e O*F* 1
= R
ds® ], 3mc? me® oxlorl "

() e o + () G !
Y o L () e,

— < mec2 >2 %inm WE Pt — ( m; )3 F* B F™ g’
— < m; >2 %ZZZ uut  Fuu® — ( m€c2 )3 Fpn F™ Fypu™uf
B < m(; >3 From F™ F ™ upuu® | (A=9)

Substituting the value of ( gz3i> from equation (A-9) into equa-
1

tion (A-8) and keeping in mind that the product of the tensor % which

is antisymmetric in the indices i, k, and the symmetric tensor u‘u* is

also exactly zero. So,
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i 2¢? e O Fk L
- UpU' U
92 3mc? me® 0gloxl "
e 2 aFZk l . e 2 ank l l
+( mc? ) ol " Femu™ + ( mc? ) ol " Fiau
2 0F, o 3
mc? gxl me2
2 OF,,
_ ( 62 ) 5 kl uluk leu u ( 5 ) Fk‘mF F umulu
me X mc
2 JFm! |
- ( mec2 ) Ok U uk kaulu ( — > kaleFzmumukul
3 . 2 an'k: '
_( o ) Fn ™ F _< = ) Ol u'u® Fruluy
mc e .
3 , 5 | | |
_ ( mec2 ) FkiF”‘?szu’uluk + ( mi2 ) (FZkUk)(Fkluk)(F“Ui)uiuZ
¢ ’ F F F kN, i,k
+( e ) (F™up) (Fu) (Fyu® yu'u
e\’ N N ik
(=) Fad)(F ) (B yu'u | (A~ 10)

Expressing the equation (A-10) in terms of space components
only leads to some groups of terms canceling out. The remaining group
of terms result in equation (4.13). To derive the 3rd order terms, we

only used the last terms in equation (A-10).





