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ABSTRACT

Free Space Optics for Next Generation Cellular Backhaul

Emna Zedini

The exponential increase in the number of mobile users, coupled with the strong

demand for high-speed data services results in a significant growth in the required cel-

lular backhaul capacity. Optimizing the cost efficiency while increasing the capacity

is becoming a key challenge to the cellular backhaul. It refers to connections between

base stations and mobile switching nodes over a variety of transport technologies such

as copper, optical fibers, and radio links. These traditional transmission technologies

are either expensive, or cannot provide high data rates. This work is focused on the

opportunities of free-space-optical (FSO) technology in next generation cellular back-

haul. FSO is a cost effective and wide bandwidth solution as compared with the tra-

ditional radio-frequency (RF) transmission. Moreover, due to its ease of deployment,

license-free operation, high transmission security, and insensitivity to interference,

FSO links are becoming an attractive solution for next generation cellular networks.

However, the widespread deployment of FSO links is hampered by the atmospheric

turbulence-induced fading, weather conditions, and pointing errors. Increasing the

reliability of FSO systems, while still exploiting their high data rate communications,

is a key requirement in the deployment of an FSO-based backhaul. Therefore, the aim

of this work is to provide different approaches to address these technical challenges. In

this context, investigation of hybrid automatic repeat request (HARQ) protocols from

an information-theoretic perspective is undertaken. Moreover, performance analysis

of asymmetric RF/FSO dual-hop systems is studied. In such system models, multi-

ple RF users can be multiplexed and sent over the FSO link. More specifically, the
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end-to-end performance metrics are presented in closed-form. This also has increased

the interest to study the performance of dual-hop mixed FSO/RF systems, where the

FSO link is used as a multicast channel that serves different RF users. Having such

interesting results motivates further the analysis of dual-hop FSO fixed-gain relaying

communication systems, and exact closed-form performance metrics are presented in

terms of the bivariate H-Fox function. This model is further enhanced through the

deployment of a multihop FSO relaying system as an efficient technique to mitigate

the turbulence-induced fading as well as pointing errors.
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Chapter 1

Introduction

1.1 Background

Cellular backhaul is recently gaining a growing interest for mobile operators deploying

high capacity technologies, as they look for cost-effective solutions. With the expo-

nential growth in the number of mobile users, coupled with the strong demand for

high throughput and high-speed data services, cellular backhaul is being considered

as the crucial link responsible for a reliable data transmission, and as a very damag-

ing bottleneck if it does not provide the required capacity. It refers to connections

between base stations and mobile switching nodes such as base station controller and

radio network controller over a variety of transport technologies [1, 2, 3, 4] [1]. As

the number of deployed base station sites increases, the number of backhaul connec-

tions will have to grow accordingly. The impact of the backhaul on the operating

expenses and the capital expenses is seriously considered by mobile operators. In cel-

lular wireless networks, backhaul is increasingly becoming the primary cost driver in

cellular wireless networks [1]. In particular, industry consensus indicates that cellular

backhaul contributes to 75% of the total network construction cost [1] with further

increases in next generation data traffic. As a consequence, reducing the cost while

increasing the capacity is a key challenge to the cellular backhaul.

Currently, cellular backhaul relies mostly on three transport technologies: copper

(about 90%), microwave radio links (about 6%), and optical fibers (about 4%) [3].

Leased T1/E1 copper lines are extensively used because they can save the mobile
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operator from managing its own infrastructure. However, leased lines suffer from low

data rate (T1 connections operate on 1.544 Mbits/s, and E1 links operate on 2.048

Mbits/s) and high cost (i.e. the price is increasing linearly with capacity) [3, 4, 5].

Optical fibers provide high capacity and reliability but need high initial investment

due to the implementation over difficult terrains or deep sea [6]. Recently, wireless

technologies for backhaul solutions have gained significant interest as an alternative

choice for the wired backhaul topology, especially in areas with harsh terrain to

install any wired link [7, 8]. Microwave radios and millimeter-wave radios can be

employed as wireless transport technologies. Implementing microwave links results

in radio interference and security issues with limited data rates. On the other hand,

millimiter-waves can support high data rates, but are unsuitable for long distance

backhaul networks, susceptible to weather conditions, and subject to licensing [1, 3].

In an attempt to solve the capacity crunch and improve the backhaul cost efficiency,

free-space optical (FSO) links are becoming an attractive low cost and high rate

transmission technology for the next generation cellular networks [2, 7].

FSO is a line-of-sight (LOS) technology that transmits data between a pair of laser-

photodetector transceivers over a distance of several kilometers. It is a wide band

solution allowing higher capacity and higher data rates relative to the traditional

radio-frequency (RF) transmission. The use of very narrow laser beams in FSO

allows high degrees of frequency reuse, high transmission security, and immunity to

electromagnetic interference [2, 4, 6]. Furthermore, FSO is operating at the unlicensed

Terahertz spectrum (above 300 Ghz), and therefore, does not require government

licensing for installation [6]. In addition to the cost saving over RF communications

due to licensing, FSO links can be easily installed in less than a day without the

substantial cost of digging up sidewalks to install fiber optic links. FSO technology is

also capable of providing high speed links with the flexibility of being wireless without

the costs of cabling or spectrum licensing. Ciaramella et al. succeeded to realize an
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FSO system with a capacity of 1.28 Tb/s over 210 m [10].

FSO technology has also attracted a lot of attention for a variety of high capacity

as well as high quality of service applications. These include metropolitan networks,

military applications, inter-satellite communications, high definition TV and medi-

cal image/video transmission, wireless video surveillance/monitoring, fiber back-up,

disaster recovery, and naval communications among others. For example, FSO con-

nections have been deployed by UK TV station BBC to transport high definition

video between temporary studio locations set up in South Africa during 2010 FIFA

World Cup. At present, FSO systems are designed and manufactured by several com-

panies like Canon (Japan), fSONA (Canada), Plaintree Systems (Canada), Cassidian

(Germany), Laser ITC (Russia), GeoDesy (Hungary), LightPointe Communications

(USA), Novasol (USA), Omnitek (Turkey), Northern Hi-Tec (UK), and Wireless Ex-

cellence (UK) [6].

With the number of base stations increasing exponentially to provide high data

rate services, FSO will be a viable solution to the backhaul capacity and efficiency

challenges. Due to their high data rates, ease of deployment, license-free operation,

cost effectiveness, high transmission security, and robustness to interference, FSO

links technologies are being considered as a good alternative to the traditional radio-

based wireless technologies as the backhaul solution for the next generation cellular

networks. However, there are some constraints for upgrading the backhaul with FSO

technology. These include the atmospheric turbulence-induced fading, the atmo-

spheric loss, and the misalignment loss. Inhomogeneities in the temperature and the

atmospheric pressure cause fluctuations in the refractive index along the transmission

path [11, 12]. The resulting atmospheric turbulence leads to fluctuations in both the

phase and the intensity of the received signal. This may lead to a severe performance

degradation, especially over a range of several kilometers [11, 13]. Several statisti-

cal channel models have been presented to describe the turbulence-induced fading in
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FSO systems, such as lognormal, and Gamma-Gamma. The lognormal distribution

is considered to be only accurate under weak turbulence conditions [11, 14]. Gamma-

Gamma distribution is the most widely accepted model under both small and large

scales atmospheric fluctuations [11, 15]. Moreover, the FSO transmission is sensi-

tive to weather conditions, such as rain, snow, aerosols, and particularly fog. This

dependence on the atmospheric conditions can significantly affect the reliability of

FSO systems. Furthermore, thermal expansion, wind loads, and small earthquakes

cause building sway that results in deviation of the beam from its original path. This

misalignment between the transmitter and the receiver is known as pointing error.

These pointing errors can effectively impact the quality of the FSO links [16, 17, 18].

1.2 Related and Previous Works

Increasing the reliability of FSO systems, while still exploiting their high data rate

communications in wide unlicensed bandwidths, is a key requirement in the deploy-

ment of an FSO-based backhaul. Numerous physical layer techniques have been ap-

plied to mitigate the effects of turbulence-induced fading in FSO communications.

These methods include spatial diversity, time-delayed diversity (TDD), Forward-

error-correction (FEC), aperture averaging, and adaptive transmission among others.

MultipleInput-MultipleOutput (MIMO) techniques have also been demonstrated to

be a possible solution to overcome the turbulence-induced fading effect [19]. An appro-

priate method to mitigate pointing error impairments is the use of spatially partially

coherent Gaussian beams [20]. Using quantum cascade lasers has been further pro-

posed in [21] to alleviate the effect of building sway. In addition to these techniques,

hybrid automatic repeat request (HARQ), being a packet-oriented feedback-based

data transmission technology, has the potential to further enhance the reliability of

FSO systems in fading channels [22, 23]. In the HARQ technique, the receiver re-

ports back the decoding status to the transmitter. In case of successful decoding, the
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receiver feedbacks an ACK to the transmitter and moves on to the next data packet.

On the other hand, in case of failure decoding, the receiver feedbacks a NACK and the

transmitter sends new parity bits that belong to the same data packet in the second

HARQ round. A combination of the replicas received during all rounds is performed

at the receiver to successfully decode the message. The same procedure is repeated

until a successful decoding or a maximum number of rounds is reached.

Hybrid RF/FSO systems have been also presented as an efficient solution to im-

prove the reliability of FSO links, and commercial hybrid RF/FSO products like

fSONA are currently available. This combination, motivated by the complementar-

ily nature of RF and FSO communications, both in capacity and coverage, provides

advantages over a single media. In fact, RF links are severely impacted by heavy

rain, whereas FSO links are significantly attenuated by thick fog [24]. The transmis-

sion of RF/FSO systems can be only affected if rain and fog occur simultaneously,

which can rarely happen. Under this scheme of operation, the RF link can serve as a

backup in case of the FSO channel outage. For example, the blockage of an optical

link running at tens of Gb/s may leave a backup RF channel running at hundreds

of kb/s [2]. Moreover, it has been demonstrated in [24] that the hybrid FSO/RF

operation scheme can extend the 99.999% availability link distance of an FSO-only

system. Moreover, the RF link can facilitate beam acquisition and tracking, and

serves as link control in HARQ scenarios [6]. Hybrid FSO/RF systems have also

been considered for mobile applications like robot remote control in complex environ-

ments [25]. With FSO/RF hybrid systems, complete communication interrupt may

not occur, and therefore, a large amount of research has been focused on identifying

the cooperation scheme between RF and FSO links that best improves the overall

system reliability and capacity.

Multihop relaying, where several intermediate terminals relay the signal from the

source terminal to the destination terminal [26], can be used over FSO links to mit-
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igate turbulence-induced fading and, hence, increasing the reliability of the FSO

link. It is an efficient technique to expand the coverage of wireless networks with

low power requirements and offer high data-rate at the end-to-end communication

[27, 28, 29, 30, 31, 32, 33]. Since the atmospheric turbulence fading variance is

distance dependent, short length FSO hops will result in a significant performance

improvement. It is further demonstrated in [34] that the minimum outage probabil-

ity is achieved when the relay nodes are placed equidistant along the path from the

source to the destination.

Recently, RF and FSO technologies have been deployed together in the so-called

mixed RF/FSO systems in an attempt to improve the reliability of FSO links and

to fill out the connectivity gap between the RF access network and the backbone

network. A lot of efforts have been made to study the end-to-end performance of

dual-hop RF/FSO systems under both heterodyne detection and IM/DD employing

DF or AF relaying [35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47]. Having such

interesting results motivates further the analysis of dual-hop FSO fixed-gain relaying

communication systems. In [48] closed-form bounds for the performance analysis

of dual-hop FSO system with channel-state information (CSI)-assisted amplify-and-

forward (AF) relay are presented. An experimental setup of an all-optical 10-Gbps

dual-hop FSO system using an AF relay has been presented in [49].

1.3 Objectives and Contribution

The main objective of this work is to provide viable solutions in order to ease the

cellular backhaul cost and capacity crunch through the deployment of FSO transmis-

sion technologies. In an attempt to facilitate the upgrade of the cellular backhaul

using the FSO technology, the contributions of this work compared to the existing

literature can be summarized as follows:

• We develop a novel unified expression for the distribution of a single FSO link
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modeled by the Gamma fading including pointing errors under both types of

detection techniques at the receiver side. In fact, the Gamma model was demon-

strated to be a good approximation of the Gamma-Gamma model through the

use of the moment matching method. Then, we use this unified statistical char-

acterization to undergo the closed-form performance analysis of the single FSO

link inclusive of the average bit-error-rate (BER) of a variety of binary modula-

tion schemes and the ergodic capacity, and successfully derive accurate simple

asymptotic results for these performance metrics at high power ranges. For

the ergodic capacity, novel asymptotic results at low and high power regimes

are obtained via an alternative moments-based approach. The obtained unified

turbulence model is further used to derive the HARQ with IR closed-form re-

sults. More specifically, we focus on the performance metrics such as the outage

probability, the average number of transmissions, and the average transmission

rate, in terms of the Meijer’s G function. Further, by applying the asymptotic

expansion of the Meijer’s G function, the obtained performance metrics are

given in simpler forms in terms of basic elementary functions. Additionally, we

analyze the performance of HARQ with CC and demonstrate that HARQ with

IR outperforms HARQ with CC scheme especially for large number of rounds.

• Relaying technique has gained an enormous interest due to its advantages in-

cluding not only wider and energy-efficient coverage but also increased capacity

in the wireless communication systems. Literature regarding the asymmetric

relay networks based on both RF as well as FSO characteristics was focused

on the assumption of a non line-of-sight (NLOS) Rayleigh fading in the RF

link, and as such did not cover the case when a line-of-sight (LOS) compo-

nent is present between the source and relay. Since the Rician and Nakagami-

m fading models are more appropriate for propagation environments in LOS

communications, we, for the first time, present and study the performance of
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asymmetric dual-hop relay transmission system with mixed Nakagami-m/FSO

links. More specifically, the FSO link is assumed to be operating over unified

Gamma-Gamma fading environment under the effect of pointing errors, and

the RF link over Nakagami-m fading that includes the Rayleigh fading as a

special case. In this context and in this performance analysis study, we con-

sider both fixed and variable relay schemes. Due to the difficulty in finding the

statistics of the asymmetric Nakagami-m/Gamma-Gamma dual-hop transmis-

sion systems, we utilize the finite series representation of the incomplete Gamma

function together with the binomial expansion to present a unified approach for

the derivation of the exact closed-form solutions for various performance metrics

of the asymmetric Nakagami-m/Gamma-Gamma dual-hop transmission system

including the higher-order amount of fading (AF), the outage probability, and

the average BER of a binary modulation schemes in terms of the Meijer’s G

function. Additionally, we derive the ergodic capacity in closed-form in terms

of the extended generalized bivariate Meijer’s G function (EGBMF). Further,

we present accurate asymptotic expressions at high power regime for these per-

formance metrics.

• We propose a new system model that includes a direct RF Nakagami-m link

alongside the Nakagami-m/Gama-Gamma dual-hop link. Hence, selection com-

bining (SC) and maximum ratio combining (MRC) diversity schemes are inves-

tigated. More specifically, for the SC method, we derive new unified closed-

form expressions for the cumulative distribution function, the probability den-

sity function, the moment generating function (MGF), the moments, the outage

probability, the average BER, and the ergodic capacity for end-to-end signal-to-

noise ratio (SNR). Additionally, using the MGF-based approach, the evaluation

of the outage probablity, the average BER, and the ergodic capacity for the

MRC diversity technique is performed based entirely on the knowledge of the
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MGF of the output SNR. By implementing SC or MRC diversity techniques,

we demonstrate a better system performance of the system relative to the tra-

ditional RF path only. Also, our analysis illustrates MRC as the optimum

diversity combining method.

• The closed-form performance analysis of a dual-hop FSO/RF system is pre-

sented. The novelty of the proposed system model comes from the fact that

to the best of the authors’ knowledge, this is the first closed-form performance

analysis of a dual-hop FSO/RF system, where the FSO link that is considered

to be very high in terms of bandwidth, is a multicast channel. The objective

of such a system model is to be able to serve multiple RF users with different

date rates. This being an initial study with such a system model, we analyse

the system for a single random user. Having such interesting results motivates

further the analysis of multiple users. In particular, the FSO link is assumed

to be operating over Gamma-Gamma fading including pointing errors under

both IM/DD and heterodyne detection, whereas the RF link experiences Gen-

eralized Nakagami-m fading which is used to characterize both multi-path and

shadow fading [50, 51]. We propose a novel mathematical framework to derive

exact closed-form performance metrics, while not making any assumptions in

our derivations, in terms of the bivariate H-Fox function. Moreover, our per-

formance study provides a generalized framework for several fading channels in

the RF link including Nakagami-m, Rayleigh, Exponential, Weibull, and Log-

normal distributions. In addition, we present asymptotic expressions for the

outage probability and the average bit-error rate (BER) at high SNR and we

derive the diversity gain under the assumption of fixed-gain relaying.

• Highly motivated by the closed-form results of dual-hop FSO/RF systems and

the experimental verification in [49], we derive exact closed-form analytical ex-
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pressions for the outage probability, the average BER of a variety of binary

modulation schemes, and the ergodic capacity of dual-hop FSO systems that

experience the Gamma-Gamma fading, which is the most suitable model to

characterize moderate to strong turbulence regimes [13], under the combined

effect of atmospheric turbulence and pointing errors using both heterodyne de-

tection and IM/DD. This represents the first exact closed-form performance

study of such systems using fixed gain relaying. The results show a significant

improvement in the performance of the dual-hop FSO system over the single

FSO link and are as such in a perfect agreement with what was observed ex-

perimentally in [49].

• Using the well-known inequality between harmonic and geometric means of

positive random variables, the end-to-end performance of multihop FSO sys-

tem using CSI-assisted and fixed-gain relays over Gamma-Gamma turbulence

including pointing errors under IM/DD as well as heterodyne techniques is an-

alyzed. For the capacity, novel asymptotic results at low and high average SNR

regimes are derived using the moments-based approach. Finally, the impact of

the atmospheric turbulence conditions, the pointing error, and the number of

hops on the overall performance is studied.

1.4 Report Outline

The rest of this report is organized as follows: Chapter 2 investigates the perfor-

mance analysis of HARQ with IR and with CC protocols over a point-to-point FSO

link. Chapter 3 presents the unified closed-form performance analysis of an asymmet-

ric LOS dual-hop Nakagami-m/Gamma-Gamma FSO transmission system for both

types of detection techniques (heterodyne detection and IM/DD). Chapter 4 studies

SC and MRC diversity combining schemes for a LOS dual-branch transmission sys-

tem composed of a direct Nakagami-m link and a dual-hop fixed gain relay system
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composed of both Nakagami-m and unified Gamma- Gamma fading environments.

In Chapter 5, we introduce a novel framework to study, for the first time, the per-

formance of dual-hop FSO/RF systems, where the FSO link serves as a multicast

channel. Motivated by the results presented in Chapter 5, we derive the closed-form

performance metrics for the dual-hop FSO/FSO system model in operation under

both IM/DD and heterodyne techniques in Chapter 6. The end-to-end performance

of a multihop FSO system with amplify-and-forward (AF) channel-state-information

(CSI)-assisted or fixed-gain relays using both IM/DD and heterodyne techniques over

Gamma- Gamma turbulence-induced fading with pointing error impairments is stud-

ied in Chapter 7. Finally, conclusions and future works are provided in Chapter

8.
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Chapter 2

Performance Analysis of Hybrid-ARQ with Incremental

Redundancy and with Code Combining over Free-Space

Optical Channels with Pointing Errors

2.1 Introduction

In this chapter, we investigate the performance of HARQ with IR and with CC from

an information theoretic perspective over a point-to-point FSO system. First, we

introduce new closed-form expressions for the probability density function, the cumu-

lative distribution function, the moment generating function, and the moments of an

FSO link modeled by the Gamma fading channel subject to pointing errors and using

IM/DD technique at the receiver. Based on these formulas, we derive exact results for

the average bit-error rate and the capacity in terms of Meijer’s G functions. Moreover,

we present asymptotic expressions by utilizing the Meijer’s G function expansion and

using the moments method too for the ergodic capacity approximations. Then, we

provide novel analytical expressions for the outage probability, the average number

of transmissions, and the average transmission rate for HARQ with IR, assuming a

maximum number of rounds for the HARQ protocol. Besides, we offer asymptotic

expressions for these results in terms of simple elementary functions. Additionally,

we compare the performance of HARQ with IR and HARQ with CC. Our analysis

demonstrates that HARQ with IR outperforms HARQ with CC.
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2.2 Channel and System Models

We consider a point-to-point FSO link using IM/DD detection of on-off keying (OOK)

signals as shown in Fig. 2.1. We assume a block-fading FSO channel wherein the fad-

ing is assumed constant for one HARQ round but changes independently for different

rounds. Data transmission is affected by path loss, pointing errors caused by the mis-

alignment between transmitter and receiver as a result of building sway phenomenon,

atmospheric turbulence, and additive white Gaussian noise (AWGN).

Figure 2.1: Point-to-point FSO link.

In this case, the received signal can be expressed as [52]

y = s x+ n = ηI x+ n, (2.1)

where s = ηI is the instantaneous intensity gain, η denotes the effective photo-current
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conversion ratio of the receiver, I stands for the receiver irradiance, x is the OOK

signal with values 0 or 1, and n refers to the AWGN sample with zero mean and

variance N0. The receiver irradiance I is defined as I = Il Ia Ip where Il symbolises

the path loss, Ip reflects the pointing error effect, and Ia denotes the atmospheric

turbulence fading. The path loss Il is deterministic and it is assumed to be equal to

1. In our analysis, the FSO channel turbulence-induced fading Ia is modeled by the

Gamma distribution as an approximation of the Gamma-Gamma PDF. It has been

shown in [53] that the Gamma distribution is a good approximation of the Gamma-

Gamma distribution through the use of the moment matching method. Therefore,

the PDF of Ia can be expressed as

fa(Ia) =
θ−k

Γ(k)
Ik−1
a exp(−Ia

θ
), Ia > 0, (2.2)

where Γ(·) is the standard Gamma function, θ and k are the scale and shift parameters

of the Gamma distribution derived from the scintillation parameters α and β of the

Gamma-Gamma distribution by matching the first two positive moments such that

k = αβ
1+α+β

and θ = 1
α

+ 1
β

+ 1
αβ

1. The terms α and β define the atmospheric turbulence

conditions and small values of these two parameters point to severe fading conditions

[17, 54]. Assuming a plane wave propagation with aperture averaging, α and β may

be derived according to [13, p.237].

Based on the study in [55], the pointing loss Ip is given by

Ip = A0 exp

(
−2 r2

w2
e

)
, (2.3)

where r is the radial displacement at the receiver, A0 = erf 2(v) is the fraction of the

1It is worthy to mention here that Log-normal distribution, which is considered to be only accurate
under weak turbulence channel conditions, can be approximated by a Gamma distribution whose
shift parameter k depends on the standard deviation of the Log-normal distribution σ, with σ2 =
ln(1 + k−1).
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collected power at r = 0 with v =
√

π
2
Ra
wb

, erf(·) stands for the error function, Ra

represents the radius of the receiver aperture, and we =
√√

π erf(v)w2
b

2 v e−v2 identifies the

equivalent beamwaist. Assuming that both horizontal and vertical sway of buildings

are independent and identically Gaussian distributed with variance σ2
s , the radial

displacement at the received is modeled by a Rayleigh distribution and therefore, the

PDF of Ip can be determined as

fp(Ip) =
ξ2

A2
0

Iξ
2−1
p , 0 ≤ Ip ≤ A0, (2.4)

where ξ = we
2σs

is the ratio between the equivalent beam radius at the receiver and the

pointing error displacement standard deviation (jitter) at the receiver [18, 16]. For

negligible pointing errors, ξ →∞.

The CDF of Ip is given as

Fp(x) =

∫ x

−∞
fp(t) dt =



0 if x < 0

xξ
2

Aξ
2

0

if 0 ≤ x < A0

1 if x ≥ A0

. (2.5)

In order to generate random samples from the pointing errors distribution, we use

the inverse function of its CDF

G(Ip) = F−1
p (Ip) = A0 I

1
ξ2

p , 0 ≤ Ip ≤ A0. (2.6)

If U(1), . . . , U(n) are random numbers in the interval [0,1] (uniform distribution) then

G(U(1)), . . . , G(U(n)) are random samples from the distribution with CDF Fp(x).

The PDF of the optical irradiance I = IaIp can be determined as

fI(I) =

∫
Ia

fI|Ia(I|Ia)fa(Ia) dIa, (2.7)
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with

fI|Ia(I|Ia) =
1

Ia
fp(

I

Ia
) =

ξ2

Aξ
2

0 Ia

(
I

Ia

)ξ2−1

, 0 ≤ I ≤ A0Ia. (2.8)

Consequently, (2.7) is derived as

fI(I) =
ξ2 θ−ξ

2
A−ξ

2

0

Γ (k)
Iξ

2−1 Γ

(
k − ξ2,

I

A0θ

)
, (2.9)

with Γ(·, ·) standing for the incomplete Gamma function [56, Eq.(06.06.02.0001.01)].

The electrical SNR can be presented as µ = η2EI [I]2/N0 = A2
0 k

2 θ2 η2 ξ4/[N0(1 +

ξ2)2]. Given that γ = η 2I2/N0, the resulting SNR is provided by γ = µ I2

k2θ2A2
0
( ξ

2+1
ξ2 )2

and the corresponding SNR PDF using this simple random variable transformation

can be determined as

fγ(γ) =
ξ4 kξ

2

2
√
γ
√
µΓ (k) (1 + ξ2)

(
ξ2

1 + ξ2

√
γ

µ

)ξ2−1

Γ

(
k − ξ2,

k ξ2

1 + ξ2

√
γ

µ

)
, (2.10)

where µ = Eγ[γ]EI [I]2/EI [I2] = k ξ2 (2+ξ2)
(k+1) (1+ξ2)2γ with γ the average SNR of (2.10).

2.3 Statistical Characteristics

2.3.1 Cumulative Distribution Function

The CDF of γ can be expressed as Fγ(γ) =
∫ γ

0
fγ(x) dx. Using [56, Eq.(06.06.21.0002.01)]

and some algebraic manipulations, the CDF is obtained as

Fγ(γ) =
1

Γ(k)


(

k ξ2

1 + ξ2

(
γ

µ

) 1
2

)ξ2

× Γ

(
k − ξ2,

k ξ2

1 + ξ2

(
γ

µ

) 1
2

)
+ Γ(k)− Γ

(
k,

k ξ2

1 + ξ2

(
γ

µ

) 1
2

)}
. (2.11)
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2.3.2 Moment Generating Function

It is well known that the MGF is defined as

Mγ(s) = E[e−γs] =

∫ ∞
0

e−γsfγ(γ) dγ. (2.12)

Utilizing [56, Eq.(01.03.26.0005.01)], we can rewrite e−γs as G1,0
0,0

[
γs
∣∣∣
0

]
, where G·,··,· (·)

is the Meijer’s G function. Also using [56, Eq.(06.06.26.0005.01)], Γ

(
k − ξ2, k ξ2

1+ξ2

(
γ
µ

) 1
2

)

can be transformed into G2,0
1,2

[
k ξ2

1+ξ2

(
γ
µ

) 1
2
∣∣∣ 1

0, k − ξ2

]
. Now applying [57, Eq.(21)], we

get after some algebraic manipulations the MGF of γ in terms of Meijer’s G function

as

Mγ(s) = A (s µ)−
ξ2

2 G4,1
3,4

 k2 ξ4

4µ (1 + ξ2)2 s

∣∣∣∣∣∣∣
κ1

κ2

 , (2.13)

where A = ξ2+2 ξ2kξ
2
2k−ξ

2− 3
2

(1+ξ2)ξ2Γ(k)(2π)
1
2

, κ1 = 1 − ξ2

2
, 1

2
, 1 comprises three terms, and κ2 =

0, 1
2
, k−ξ

2

2
, k−ξ

2+1
2

comprises four terms.

The arguments of the Meijer’s G function in (2.13) can be inverted using [58, Eq.(6.2.2)].

Then, by applying (A.1) form Appendix A, the asymptotic expression of the MGF

at high SNR can be derived as

Mγ(s) ≈
µ�1

A (s µ)−
ξ2

2

4∑
k=1

(
4µ (1 + ξ2)2 s

k2 ξ4

)−κ2,k

×
Γ(1 + κ2,k − κ1,1)

∏4
l=1;l 6=k Γ(κ2,l − κ2,k)∏3

l=1 Γ(κ1,l − κ2,k)
, (2.14)

where κi,j accounts for the jth term of κi. This asymptotic expression for the MGF

in (2.14) can be further simplified into only one dominant term, min(ξ2/2, k/2).



37

2.3.3 Average BER

The average BER for a variety of binary modulations is introduced as [59, Eq.(9)]

Pb =
1

2 Γ(p)

∫ ∞
0

Γ(p, q γ)fγ(γ) dγ, (2.15)

where p and q are parameters that change for different modulation schemes [60, 61].

Using [56, Eq.(01.03.26.0005.01)], Γ(p, q γ) can be written as G2,0
1,2

[
q γ
∣∣∣ 1

0, p

]
. Along

with this transformation, we apply [57, Eq.(21)] to obtain the BER as

Pb = A
(q µ)−

ξ2

2

2 Γ (p)
G4,2

4,5

 k2 ξ4

4µ (1 + ξ2)2 q

∣∣∣∣∣∣∣
κ3

κ4

 , (2.16)

where κ3 = 1− ξ2

2
, 1− ξ2

2
−p, 1

2
, 1 comprises four terms and κ4 = 0, 1

2
, k−ξ

2

2
, k−ξ

2+1
2

,− ξ2

2

comprises five terms. At high SNR and similar to the MGF, the asymptotic expansion

of the BER is presented as

Pb ≈
µ�1

A
(q µ)−

ξ2

2

2 Γ (p)

4∑
k=1

(
4µ (1 + ξ2)2 q

k2 ξ4

)−κ4,k

×
∏4

l=1;l 6=k Γ(κ4,l − k4,k)
∏2

l=1 Γ(1 + κ4,k − κ3,l)

Γ(1 + κ4,k − κ4,5)
∏4

l=1 Γ(κ3,l − κ4,k)
. (2.17)

Additionally, the BER can be expressed via only the dominant term(s). On the

other hand, using [62, Eq.(1)], the BER can be approximated at high SNR by Pb ≈

(Gc µ)−Gd where Gd refers to the diversity gain and equals to Gd=min(ξ2/2, k/2) and
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Gc defines the coding gain as

Gc =
4µ (1 + ξ2)2 q

k2 ξ4

(
A (q µ)−

ξ2

2

2 Γ (p)

×
∏4

l=1;l 6=k Γ(κ4,l − κ4,k)
∏2

l=1 Γ(1 + κ4,k − κ3,l)

Γ(1 + κ4,k − κ4,5)
∏4

l=1 Γ(κ3,l − κ4,k)

)− 1
κ4,k

. (2.18)

2.3.4 Moments

The moments are specified as

E[γn] =

∫ ∞
0

γnfγ(γ) dγ. (2.19)

Substituting (2.10) in (7.16) and applying [56, Eq.(06.06.21.0002.01)], the moments

reduce to the following simple expression

E[γn] =
ξ2 k−2n Γ(k + 2n)

(2n+ ξ2) Γ(k)

(
1 + ξ2

ξ2

)2n

µn. (2.20)

It is important to mention that the moments are exploited to derive the expressions

of the higher-order amount of fading as well as the asymptotic expressions of the

ergodic capacity at low and high SNR in the next sections.

2.3.5 Higher-Order Amount of Fading

For the instantaneous SNR γ, the nth order amount of fading is defined as [63]

AF (n)
γ =

E[γn]

E[γ]n
− 1. (2.21)

Substituting (2.20) in (3.20) yields

AF (n)
γ =

ξ2−2n (2 + ξ2)n Γ(k + 2n) Γ(k)n−1

(2n+ ξ2) Γ(k + 2)n
− 1. (2.22)
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2.3.6 Ergodic Capacity

The ergodic capacity is defined as

C = E[log2(1 + γ)] =

∫ ∞
0

log2(1 + γ) fγ(γ) dγ. (2.23)

Replacing fγ(γ) by its expression in (2.10), using [56, Eq.(01.04.26.0003.01)] to rep-

resent ln(1 + γ) as G1,2
2,2

[
γ
∣∣∣1, 1
1, 0

]
, and utilizing [57, Eq.(21)], we obtain the ergodic

capacity in terms of Meijer’s G function as

C =
A

ln(2)
G6,1

4,6

 k2 ξ4

4µ (1 + ξ2)2

∣∣∣∣∣∣∣
κ5

κ6

 , (2.24)

where κ5 = − ξ2

2
,− ξ2

2
+1, 1

2
, 1 comprises four terms and κ6 = 0, 1

2
, k−ξ

2

2
, k−ξ

2+1
2

,− ξ2

2
,− ξ2

2

comprises six terms.

Using the asymptotic expansion of the Meijer’s G function given in Appendix A, we

can approximate the ergodic capacity at high SNR as

C ≈
µ�1

A

ln(2)

6∑
k=1

(
4µ (1 + ξ2)2

k2 ξ4

)−κ6,k
∏6

l=1;l 6=k Γ(κ6,l − κ6,k) Γ(1 + κ6,k − κ5,1)∏4
l=1 Γ(κ5,l − κ6,k)

. (2.25)

The above asymptotic expression for the ergodic capacity is dominated by the sum-

mation of − ξ2

2
and − ξ2

2
+ ε where ε is a very small error added in order to satisfy the

conditions of (A.1).

Utilizing the moments is an another approach to asymptotically evaluate the ergodic

capacity at high SNR as [63, Eqs.(8) and (9)]

C ≈
µ�1

log(µ) + ζ =
∂

∂n
E[γn]

∣∣∣
n=0

, (2.26)
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where ζ = ∂
∂n
AF

(n)
γ

∣∣∣
n=0

.

The expression of the first derivative of the moments is given by

∂

∂n
E[γn] = −

k−2nµn
(

1+ξ2

ξ2

)2n
ξ2 Γ(k + 2n)

(2n+ ξ2)2 Γ(k)

[
2 + (2n+ ξ2)

×
(

2 ln(k)− ln(µ)− 2 ln

(
1 + ξ2

ξ2

))
− 2 (2n+ ξ2)ψ(k + 2n)

]
, (2.27)

where ψ(·) is the psi (digamma) function [64, Eq.(8.360.1)]. Setting n = 0 in (2.27),

the ergodic capacity at high SNR becomes

C ≈
µ�1

ln(µ) + 2

[
ψ(k)− ln(k)− 1

ξ2
+ ln

(
1 + ξ2

ξ2

)]
. (2.28)

At low SNR, the ergodic capacity is found to be approximated by the first moment.

Evaluating (2.20) at n = 1, we get the asymptotic expression of the ergodic capacity

at low SNR in terms of simple functions as

C ≈
µ�1

E[γ] =
ξ2 k−2 Γ(k + 2)

(2 + ξ2) Γ(k)

(
1 + ξ2

ξ2

)2

µ. (2.29)

2.4 Information Outage Probability

2.4.1 The HARQ with IR Scheme

The HARQ with IR communication protocol operates as follows. In the first HARQ

round, a few parity bits are transmitted with the information bits. In case of decoding

failure, new parity bits are sent by the transmitter. At the receiver, a combination

of the parity bits received during all HARQ rounds is performed leading to a higher

successful decoding probability. We assume a maximum number of HARQ rounds

M for the HARQ with IR protocol. It is important to note here that the number of

rounds is a function of the channel conditions (i.e. bad channel conditions require

more retransmissions, while few rounds are enough to successfully decode a given
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data packet in good channel conditions). The capacity of HARQ with IR after m

rounds in bits/symbol is specified as

CIR
m =

1

m

m∑
i=1

log2 (1 + γi) , (2.30)

where the random variables γi (i = 1, . . . ,M) are independent and identically dis-

tributed (i.i.d.) following the distribution in (2.10). For the HARQ with IR scheme,

the number of rounds M affects the transmission rate. Using the fact that b informa-

tion bits are sent using L symbols in each HARQ round, the transmission rate for the

first round is equal to R1 = b
L

in bits per channel use. After m rounds, the transmis-

sion rate becomes Rm = R1

m
. We indicate by Qn the number of HARQ rounds needed

for an error-free transmission of the nth data packet. For N different data packets,

the average transmission rate can be defined as

R =
N b

L
N∑
n=1

Qn

=
R1

1
N

N∑
n=1

Qn

=
R1

N
, (2.31)

with N as the average number of transmissions per data packet with a maximum

number M of rounds. The expression in (2.31) is valid for the case where there is

no delay constraint, i.e. M → ∞. However, for a finite value of M , the average

transmission rate can be determined as [65]

R =
R1

(
1− P IR,M

out (R1)
)

N
, (2.32)

where P IR,M
out (R1) stands for the outage probability of HARQ with IR after M rounds.

The communication system is in outage if the capacity CM is less than the rate RM .

Hence, an outage occurs if the accumulated mutual information after M rounds is

smaller than the transmission rate R1. The outage probability after M rounds reads
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as

P IR,M
out (R1) = P

{
M∑
m=1

log2(1 + γm) ≤ R1

}
. (2.33)

The average number of retransmissions N can be expressed as [66, 67]

N = 1 +
M−1∑
m=1

P IR,m
out (2.34)

Using the Minkowski inequality [68], we have

( M∏
i=1

γi

) 1
M

+ 1

M

≤
M∏
i=1

(1 + γi). (2.35)

Consequently,

P IR,M
out (R1) = P

{
M∑
m=1

log2(1 + γm) ≤ R1

}

≤ P

M log2

1 +

(
M∏
m=1

γm

) 1
M

 ≤ R1


≤ P

{
M∏
m=1

γm ≤
(

2
R1
M − 1

)M}
. (2.36)

The right hand side of (2.36) is an upper bound on the outage probability P IR,M
out,UB

derived in Appendix B as

P IR,M
out,UB =

((
k ξ2

1 + ξ2

)2
ξ2

µΓ (k)

)M
2(k− 7

2)M

(2π)
M
2

(
2
R1
M − 1

)M

×G4M,1
2M+1,4M+1

( k ξ2

1 + ξ2

)2M
2−2M

µM

(
2
R1
M − 1

)M ∣∣∣∣∣∣∣
Φ1

Φ2

 , (2.37)
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with Φ1 = 0,
(
ξ2−1

2
, ξ

2

2

)
M

comprises 2M+1 terms, Φ2 =
(
ξ2−2

2
, ξ

2−1
2

)
M
,
(
k−2

2
, k−1

2

)
M
,−1

comprises 4M + 1 terms, and (a)M , a, . . . , a︸ ︷︷ ︸
Mterms

. By utilizing [58, Eq.(6.2.2)] to invert

the argument in the Meijer’s G function in (2.37) and then applying (A.1) from Ap-

pendix A, the upper bound on the outage probability in (2.37) can be shown to be

given asymptotically, at high SNR, in a simpler form in terms of basic elementary

functions as

P IR,M
out,UB ≈µ�1

((
k ξ2

1 + ξ2

)2
ξ2

µΓ (k)

)M
2(k− 7

2)M

(2π)
M
2

(
2
R1
M − 1

)M

×
4M∑
i=1

( k ξ2

1 + ξ2

)−2M
22M µM(

2
R1
M − 1

)M

−Φ2,i

Γ(1 + Φ2,i)
∏4M
l=1;l 6=i Γ(Φ2,l − Φ2,i)

Γ(2 + Φ2,i)
∏2M+1
l=1 Γ(Φ1,l − Φ2,i)

,

(2.38)

with Φu,v referring to the vth-term of Φu.

The average number of transmissions reads as

N ≈ 1 +
M−1∑
m=1

((
k ξ2

1 + ξ2

)2
ξ2

µΓ (k)

)m
2(k− 7

2)m

(2π)
m
2

(
2
R1
m − 1

)m

×G4m,1
2m+1,4m+1

( k ξ2

1 + ξ2

)2m
2−2m

µm

(
2
R1
m − 1

)m ∣∣∣∣∣∣∣
Φ3

Φ4

 , (2.39)

where Φ3 = 0,
(
ξ2−1

2
, ξ

2

2

)
m

comprises 2m+1 terms, and Φ4 =
(
ξ2−2

2
, ξ

2−1
2

)
m
,
(
k−2

2
, k−1

2

)
m

,−1 comprises 4m+ 1 terms.

It is important to mention that the average number of transmissions of the HARQ

with IR scheme is a function of SNR. In contrast to systems that do not employ

HARQ, N remains constant and equals to N = M . Besides, one of the important

features of the HARQ technique is that it allows an adaptive coding. In fact, the

coding rate in systems without HARQ is fixed at the value of 1/M , while in the case

of HARQ, the decision to stop the retransmissions of a data packet is dictated by the

successful decoding at the receiver side.
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2.4.2 The HARQ with CC Scheme

Similar to HARQ with IR, HARQ with CC is a feedback-based data transmission tech-

nique with one major difference. When a NACK message is received, the transmitter

sends the same bits until reaching a maximum of M rounds or achieving successful

decoding. At the receiver side, maximal ratio combining (MRC) is performed to all

received packets at each HARQ round.

The capacity in bits/symbol of HARQ with CC after m rounds is obtained by accu-

mulating the SNR over m rounds and can be shown to be given by [69]

CCC
m =

1

m
log2

(
1 +

m∑
i=1

γi

)
, (2.40)

where γi follows the distribution in (2.10). An outage of the communication system is

encountered when the capacity CM falls below the rate R1. Alternatively, an outage

occurs if the total mutual information after M rounds is less than the rate R1.

We can define the outage probability of HARQ with CC after M rounds as

PCC,M
out (R1) = P

{
log2(1 +

M∑
m=1

γm) ≤ R1

}
= P

{
M∑
m=1

γm ≤ 2R1 − 1

}
. (2.41)

To get the outage probability expression, we need to derive an expression for the CDF

of the summation Z =
M∑
m=1

γm. Using the MGF property from [58], the MGF of Z

can be given as

MZ(s) =
M∏
m=1

Mγm(s) =

A (s µ)−
ξ2

2 G4,1
3,4

 k2 ξ4

4µ (1 + ξ2)2 s

∣∣∣∣∣∣∣
κ1

κ2



M

. (2.42)
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Then, setting s = jw in (2.42), we obtain the characteristic function as

φZ(w) =MZ(s)
∣∣∣
s=jw

=

A (jw µ)−
ξ2

2 G4,1
3,4

 k2 ξ4

4µ (1 + ξ2)2 jw

∣∣∣∣∣∣∣
κ1

κ2



M

. (2.43)

The PDF of Z is then the inverse Fourier transform of its characteristic function in

(2.43) specified as

fZ(z) =
1

2π

∫ +∞

−∞
φZ(w)eiwz dw. (2.44)

There is no closed-form expression for the inverse Fourier transform in (2.44), there-

fore we provide numerical inversion of the Fourier transform to get the PDF of the

summation of γm’s. As a consequence, we numerically evaluate the outage proba-

bility, the average number of transmissions and the average transmission rate of the

HARQ with CC scheme.

2.5 Numerical Results

In this section, the analytical expressions presented in the previous sections are eval-

uated numerically and illustrated. Weak (α = 2.902 and β = 2.51), moderate

(α = 2.296 and β = 1.822), and strong (α = 2.064 and β = 1.342) turbulent FSO

channel conditions are considered in our study [70, Table I].

The ergodic capacity performance is presented in Fig. 7.5. The effect of pointing

error is fixed at ξ = 1.2. We can see from Fig. 7.5 that the analytical results provide a

perfect match to the simulations results presented in this chapter. Moreover, Fig. 7.5

depicts the asymptotic results for the ergodic capacity using the asymptotic expansion

of the Meijer’s G function and the moments methods. It can be shown that at high

SNR, the asymptotic expression utilizing the Meijer’s G function expansion and all the

terms are considered in the summation in (2.25) converges quite slowly. Additionally,
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when we select the relevant two dominant terms of (2.25) derived via the Meijer’s G

function expansion, a faster convergence is clearly observed. Moreover, if we employ

the moments method presented in (2.28), we get very tight results at high SNR.

Also, a perfect match can be seen between the moments method (2.28) and the two

dominant terms of (2.25).
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α = 2.064 and β = 1.342 (Strong Turbulence)

Figure 2.2: Ergodic capacity results under strong turbulence conditions for strong
pointing error ξ = 1.2 along with the asymptotic results at high SNR regime.

Fig. 2.3 presents asymptotic results for the ergodic capacity in low SNR regime

under strong and weak turbulence conditions. It can be clearly observed that the

asymptotic results are not affected by varying the effect of the pointing error or the

atmosphere turbulence under the IM/DD technique.

In Fig. 2.4, we illustrate the simulation results of the ergodic capacity performance

for weak, moderate, and strong atmosphere turbulence conditions with strong point-

ing error (ξ = 1.2) over both the Gamma-Gamma and the approximating Gamma

atmospheric turbulence fading models. It can be seen that Gamma-Gamma and

Gamma models have almost the same capacity performance proving the tightness of

the approximation. Moreover, it can be shown that the performance deteriorates as

the atmospheric turbulence conditions get severe (i.e. the lower the values of α and
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β, the lower will be the ergodic capacity) and vice versa.
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Figure 2.3: Ergodic capacity results under weak and strong turbulence conditions for
strong pointing errors along with the asymptotic results in low SNR regime.
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Figure 2.4: Ergodic capacity results showing the performance of both Gamma-
Gamma and Gamma atmospheric turbulence fading channels under weak, moderate,
and strong turbulence conditions for strong pointing error ξ = 1.2.

In Fig. 2.5, we illustrate the average BER of coherent binary frequency shift

keying (CBFSK) modulation scheme where p = 0.5 and q = 0.5 are the parameters

of CBFSK, for various values of the pointing error, ξ = 1.2 and 6.7. As expected,
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the performance decreases as the atmospheric turbulence conditions get severe (i.e.

the higher the values of α and β, the lower will be the average BER). We can also

observe that as the effect of the pointing error decreases (ξ → ∞), the respective

performance gets better. Moreover, Fig. 2.5 presents the asymptotic results for the

BER at high SNR regime. It can be seen that utilizing all terms in the summation

of the asymptotic expression derived via the Meijer’s G function expansion in (2.17)

provides a tight bound to the exact BER performance. If the appropriate single

dominant term is selected based on the pointing error and the fading effects, a less

tight bound is obtained.
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Figure 2.5: Average BER of CBFSK binary modulation scheme under weak, moder-
ate, and strong turbulent FSO channels for varying effects of the pointing error.

Fig. 2.6 depicts the outage probability of HARQ with IR protocol for weak tur-

bulence conditions along with the asymptotic results in high SNR regime for various

effects of the pointing error (ξ = 1.2 and ξ = 6.7) and different values of M . We can

observe that as M increases the outage performance of HARQ with IR improves. For

instance, for an SNR of 20 dB, the outage probability decreases from 2.775.10−1 to

4.769.10−3 if we increase M from 1 to 3 for ξ = 6.7. This fact shows that HARQ pro-

vides a significant gain relatively to systems without HARQ (M = 1). Furthermore,
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the upper bound curve and the exact outage probability curve coincide for M = 1.

Additionally, it can be shown that at high SNR, the asymptotic expression utilizing

the Meijer’s G function expansion in (2.38) converges quite fast to the exact result

proving this asymptotic expression to be tight enough. Furthermore, the outage prob-

ability increases as the pointing error gets severe (i.e. the lower the values of ξ, the

higher will be the outage probability).
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Figure 2.6: Outage probability P IR,M
out of HARQ with IR with varying effects of the

pointing error under weak turbulence conditions along with the asymptotic results in
high SNR regime for R1 = 3 bps/Hz.

The system outage probabilities of the HARQ with IR and the HARQ with CC

schemes under weak turbulence conditions with strong pointing error (ξ = 1.2) are

presented in Fig. 2.7. From this figure, we can observe a perfect fitting between

numerical and simulation results for the HARQ with CC scheme. It has to be noted

as well that as M increases the outage performance of both HARQ schemes improves.

In addition, the simulation results of both HARQ with IR and with CC show that

the HARQ with IR technique outperforms the HARQ with CC technique. In fact,

for M = 4 and at an outage of 10−2, the HARQ with IR scheme achieves a 3 dB

gain compared to HARQ with CC. We notice that as M increases, HARQ with IR

technique becomes more advantageous. When M is small (M = 2), both HARQ with
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IR and HARQ with CC have almost the same outage performance.
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IR under strong turbulence conditions with strong pointing error ξ = 1.2 for R1 = 3
bps/Hz.

The average number of transmissions N versus SNR is illustrated in Fig. 2.8 for

M = 2, M = 4, and M = 10 for strong turbulence conditions along with strong

pointing error. As clearly seen in the figure, the numerical results and the simulation
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results for the HARQ with CC scheme coincide. Moreover, a perfect fitting can be

seen between HARQ with IR HARQ with CC for M = 2. As M increases, the average

number of transmissions N increases in both cases and it is larger for the HARQ with

CC scheme proving that HARQ with IR performs much better than HARQ with CC.

It can be seen as well that the average number of transmissions decreases with SNR

for both HARQ with IR and HARQ with CC schemes.

Fig. 2.9 shows the average transmission rate R versus SNR for M = 1, M = 2, and

M = 6 for both HARQ with IR and HARQ with CC schemes under strong turbulence

conditions along with strong pointing error for R1 = 5 bps/Hz. From this figure, we

observe that the two schemes provide the same communication rate for M = 1.

Moreover, it can be seen that as M increases the HARQ with IR scheme offers higher

rate than the HARQ with CC scheme. Additionally, the average transmission rate

increases as M increases for both HARQ schemes.
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Figure 2.9: Average transmission rate R of HARQ with CC and HARQ with IR under
strong turbulence conditions with strong pointing error ξ = 1.2 for R1 = 5 bps/Hz.

In Fig. 2.10, we illustrate the average transmission rate obtained using Monte

Carlo simulations for the HARQ with IR scheme over Gamma, Gamma-Gamma, and

Log-normal fading channels. As expected, the average transmission rate performance
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under Gamma-Gamma fading and Gamma fading is almost the same. Similarly,

a perfect fitting can be observed when we approximate the Log-normal fading by

the Gamma fading, thereby showing the accuracy of the approximations using the

moment (to approximate Gamma-Gamma) and the amount of fading (to approximate

Log-normal) matching methods.
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Figure 2.10: (a) Average transmission rate R of HARQ with IR showing the perfor-
mance of both Gamma and Gamma-Gamma turbulence fading channels for R1 = 5
bps/Hz. (b) Average transmission rate R of HARQ with IR showing the performance
of both Gamma and Log-normal turbulence fading channels for R1 = 5 bps/Hz.

2.6 Conclusion

In this chapter, we provided exact closed-form expressions for the PDF, the CDF,

the MGF, and the moments of a point-to-point FSO link modeled by the Gamma

fading, as an approximation of the Gamma-Gamma fading, under the effect of point-

ing errors. From these formulas, we derived new expressions for the higher-order AF,

the average BER, and the ergodic capacity. In addition, we introduced asymptotic

expressions at high SNR regime for the MGF, the average BER, and the ergodic

capacity utilizing the Meijer’s G function asymptotic expansion and by applying the

moments method for the ergodic capacity at low and high SNR regimes. We also

demonstrate the impact of atmospheric turbulence conditions and pointing errors on
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the system performance. Further, we have investigated the performance of HARQ

with IR and HARQ with CC schemes. We provided analytical expressions for the out-

age probability, the average number of transmissions, and the average transmission

rate for HARQ with IR. Numerical evaluation of these metrics were performed for

the HARQ with CC scheme. Besides, we have compared the performance of HARQ

with IR and HARQ with CC techniques in terms of outage probability, average num-

ber of transmissions, and average transmission rate. We found that HARQ with IR

outperforms HARQ with CC scheme especially for large number of HARQ rounds M .
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Chapter 3

Performance Analysis of Mixed Nakagami-m and

Gamma-Gamma Dual-Hop FSO Transmission Systems

3.1 Introduction

In this chapter, we carry out a unified performance analysis of a dual-hop relay

system over the asymmetric links composed of both RF and unified FSO links under

the effect of pointing errors. Both fixed and variable gain relay systems are studied.

The RF link is modeled by the Nakagami-m fading channel and the FSO link by the

Gamma-Gamma fading channel subject to both types of detection techniques (i.e.

IM/DD and heterodyne detection). In particular, we derive new unified closed-form

expressions for the cumulative distribution function, the probability density function,

the MGF, and the moments of the end-to-end SNR of these systems in terms of the

Meijer’s G function. Based on these formulas, we offer exact closed-form expressions

for the outage probability (OP), the higher-order amount of fading, and the average

bit-error rate BER of a variety of binary modulations in terms of the Meijer’s G

function. Further, an exact closed-form expression of the end-to-end ergodic capacity

is derived in terms of the bivariate G function. Additionally, by using the asymptotic

expansion of the Meijer’s G function at high SNR regime, we derive new asymptotic

results for the OP, the MGF, and the average BER in terms of simple elementary

functions.
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3.2 Asymmetric Nakagami-m/Unified FSO Relay Transmis-

sion Systems with Fixed Gain Relay

3.2.1 Channel and System Models

We consider an asymmetric dual-hop amplify-and-forward relaying system where the

source node S and the destination node D are communicating through an intermediate

relay node R as shown in Fig. 5.1. As can be seen from Fig. 5.1, multiple RF users can

be multiplexed (MUX) to combine and be sent over the FSO link that is considered

to be very high in terms of bandwidth (BW). This being an initial study with such

a channel model, we analyze the system for a single random user. The RF point-to-

point propagation link (i.e. S-R link) is assumed to follow a Nakagami-m distribution.

On the other hand, we assume the second FSO link (i.e. R-D link) experiences unified

Gamma-Gamma fading with pointing error impairments.

Figure 3.1: RF-FSO dual-hop system.

In the fixed gain relaying scheme, the end-to-end SNR can be expressed as [71]

γ =
γ1 γ2

γ2 + C
, (3.1)

where γ1 denotes the SNR of the RF S-R hop, γ2 represents the SNR of the FSO R-D
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hop, and C stands for a fixed relay gain [72, 71].

In this chapter, we assume that the RF S-R link experiences Nakagami-m fading

distribution with the probability density function (PDF) in [73]

fγ1(γ1) =
(m

Ω

)m γm−1
1

Γ(m)
exp

(
−m

Ω
γ1

)
, (3.2)

where m is the Nakagami-m fading parameter (m ≥ 1
2
), Γ(·) is the Gamma function as

defined in [64, Eq.(8.310)], and Ω represents the average fading power, i.e. Ω = Eγ1 [γ1]

with E[·] denoting the expectation operator. It is worthy to note that the PDF in

(3.2) includes the Rayleigh distribution (m = 1) as a special case.

The FSO R-D link is assumed to follow a unified Gamma Gamma fading distri-

bution with pointing error impairments for which the PDF of the SNR is given by

[74]

fγ2(γ2) =
ξ2

r γ2 Γ(α)Γ(β)
G3,0

1,3

hα β (γ2

µr

) 1
r

∣∣∣∣∣∣∣
ξ2 + 1

ξ2, α, β

 , (3.3)

where µr standing for the average electrical SNR. More specifically, for µr, when

r = 1, µ1 = µheterodyne = E[γ2] = γ2 and when r = 2, µ2 = µIM/DD = γ2 αβ ξ
2 (ξ2 +

2)/[(α + 1)(β + 1)(ξ2 + 1)2].

3.2.2 Statistical Characteristics

3.2.2.1 Cumulative Distribution Function

The CDF of γ is given by

Fγ(γ) = Pr

[
γ1 γ2

γ2 + C
< γ

]
, (3.4)
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which can be expressed as

Fγ(γ) =

∫ ∞
0

Pr

[
γ1 γ2

γ2 + C
< γ|γ2

]
fγ2(γ2) dγ2

= 1− ξ2

r Γ(α) Γ(β) Γ(m)

∫ ∞
0

1

γ2

Γ

(
m,

mγ (γ2 + C)

Ω γ2

)
G3,0

1,3

hα β (γ2

µr

) 1
r

∣∣∣∣∣∣∣
ξ2 + 1

ξ2, α, β

 dγ2.

(3.5)

To the best of the authors’ knowledge, the solution to the integral in (3.5) is not avail-

able in exact closed-form nor in terms of the extended generalized bivariate Meijer’s G

function (EGBMGF) because of the shift in the incomplete Gamma function. There-

fore, we utilize the finite series representation of the incomplete Gamma function in

[64, Eq.(8.352.7)] to rewrite Γ
(
m, mγ (γ2+C)

Ω γ2

)
as (m− 1)! exp(−mγ

Ω
) exp(−mC γ

Ω γ2
)∑m−1

k=0
1
k!

(
mγ
Ω

)k (
1 + C

γ2

)k
. Since the summation is upper limited by m, our results

are restricted to the case of Nakagami-m with integer values of m. Further using the

binomial expansion in [64, Eq.(1.111)],
(

1 + C
γ2

)k
can be expressed as

∑k
j=0

(
k
j

) (
C
γ2

)j
.

Therefore, the CDF in (3.5) can be determined as

Fγ(γ) = 1−
ξ2 (m− 1)! exp

(
−mγ

Ω

)
r Γ(α) Γ(β) Γ(m)

m−1∑
k=0

1

k!

(mγ
Ω

)k k∑
j=0

(
k

j

)
Cj

×
∫ ∞

0

γ−j−1
2 exp

(
−mγ C

Ω γ2

)
G3,0

1,3

hα β (γ2

µr

) 1
r

∣∣∣∣∣∣∣
ξ2 + 1

ξ2, α, β

 dγ2. (3.6)

Now, by using the Meijer’s G function representation of exp
(
−mγ C

Ω γ2

)
as G1,0

0,1

mγ C
Ω γ2

∣∣∣∣∣∣∣
−

0


[56, Eq.(01.03.26.0004.01)] and the identity [58, Eq.(6.2.2)] to invert the argument in

the Meijer’s G function as G1,0
0,1

mγ C
Ω γ2

∣∣∣∣∣∣∣
−

0

 = G0,1
1,0

 Ω γ2

mγ C

∣∣∣∣∣∣∣
1

−

, the CDF of γ can be
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shown to be given by

Fγ(γ) = 1−
ξ2 (m− 1)! exp

(
−mγ

Ω

)
r Γ(α) Γ(β) Γ(m)

m−1∑
k=0

1

k!

(mγ
Ω

)k k∑
j=0

(
k

j

)
Cj

×
∫ ∞

0

γ−j−1
2 G0,1

1,0

 Ω γ2

mγ C

∣∣∣∣∣∣∣
1

−

G3,0
1,3

hα β (γ2

µr

) 1
r

∣∣∣∣∣∣∣
ξ2 + 1

ξ2, α, β

 dγ2. (3.7)

Finally, along with the above modifications, we apply [75, Eq.(2.24.1.1)] and some

mathematical manipulations to get the CDF of γ as

Fγ(γ) =1− A exp
(
−mγ

Ω

)m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j
G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2

 ,
(3.8)

where A = rα+β−2 ξ2

(2π)r−1 Γ(α)Γ(β)
, B = (hαβ)r

r2r , κ1 = ξ2+1
r
, . . . , ξ

2+r
r

comprises r terms, and

κ2 = ξ2

r
, . . . , ξ

2+r−1
r

, α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
, j comprises 3r + 1 terms. For m = 1,

as a special case, the CDF in (3.8) is in agreement with the CDF of the hybrid

Rayleigh/FSO fixed gain dual hop transmission systems with pointing errors pre-

sented in [76, Eq.(2)]. The arguments of the Meijer’s G function in (3.8) can be

inverted using [58, Eq.(6.2.2)]. Then, by applying [74, Eq.(26)], the asymptotic ex-

pression of the CDF at high SNR can be derived in terms of basic elementary functions

as

Fγ(γ) ≈
µr�1

1− A exp
(
−mγ

Ω

)m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j
×

3r+1∑
i=1

(
Ωµr

BmC γ

)−κ2,i
∏3r+1

l=1;l 6=i Γ(κ2,l − κ2,i)∏r
l=1 Γ(κ1,l − κ2,i)

, (3.9)

where κu,v stands for the vth-term of κu. This asymptotic expression for the CDF

in (3.9) can be further expressed via only one dominant term, j, that represents the
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(3r + 1)th-term in κ2.

3.2.2.2 Probability Density Function

The PDF of γ can be obtained by differentiating (3.8) with respect to γ. Therefore,

by applying [56, Eq.(07.34.20.0001.01)], we get the derivative of G3r+1,0
r,3r+1

BmC γ
µr Ω

∣∣∣∣∣∣∣
κ1

κ2


with respect to γ as BmC

µr Ω
G3r+1,1
r+1,3r+2

BmC γ
µr Ω

∣∣∣∣∣∣∣
−1, κ1 − 1

κ2 − 1, 0

 that can be transformed into

1
γ

G3r+1,1
r+1,3r+2

BmC γ
µr Ω

∣∣∣∣∣∣∣
0, κ1

κ2, 1

 [56, Eq.(07.34.16.0001.01)]. Then, the PDF of γ can be

obtained in exact closed-form in terms of the Meijer’s G functions as

fγ(γ) = A exp
(
−mγ

Ω

){m
Ω

m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j
G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2


−

m−1∑
k=0

k∑
j=0

k − j
j! (k − j)!

m

Ω

(mγ

Ω

)k−j−1

G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2


−

m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j 1

γ
G3r+1,1
r+1,3r+2

BmC γ

µr Ω

∣∣∣∣∣∣∣
0, κ1

κ2, 1

}. (3.10)

The expression in (3.10) can be further simplified yielding

fγ(γ) =A exp
(
−mγ

Ω

)m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(mγ

Ω

)k−j

×

{(
m

Ω
− k − j

γ

)
G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2

 1

γ
G3r+1,1
r+1,3r+2

BmC γ

µr Ω

∣∣∣∣∣∣∣
0, κ1

κ2, 1

}.
(3.11)
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For m = 1, as a special case, the PDF in (3.11) is in a perfect agreement with the

PDF in [76, Eq.(3)].

3.2.2.3 Moment Generating Function

It is well known that the MGF is defined as Mγ(s) = E[e−γs]. Using integration by

parts, the MGF can be expressed in terms of the CDF as

Mγ(s) = s

∫ ∞
0

e−γsFγ(γ) dγ. (3.12)

Placing (3.8) into (6.12), the MGF of γ can be formulated as

Mγ(s) = s

∫ ∞
0

exp(−γ s)dγ − sA
m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

×
∫ ∞

0
γk−j exp

(
−
(
s+

m

Ω

)
γ
)

G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2

 dγ
= 1− sA

m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

∫ ∞
0

γk−j exp
(
−
(
s+

m

Ω

)
γ
)

G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2

 dγ.
(3.13)

Utilizing [56, Eq.(07.34.21.0088.01)] to solve the integral in (3.13), the MGF of γ can

be presented in closed-form in terms of the Meijer’s G function as

Mγ(s) =1− sA
m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
s+

m

Ω

)j−k−1

G3r+1,1
r+1,3r+1

 BmC

µr (Ω s+m)

∣∣∣∣∣∣∣
j − k, κ1

κ2

 .
(3.14)

When m = 1, as a special case, the MGF in (3.14) can be easily shown to be equal

to [76, Eq.(6)]. Similar to the CDF, the asymptotic expansion of the MGF at high
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SNR can be determined as

Mγ(s) ≈
µr�1

1− sA
m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
s+

m

Ω

)j−k−1

×
3r+1∑
i=1

(
µr(Ω s+m)

BmC

)−κ2,i
∏3r+1

l=1;l 6=i Γ(κ2,l − κ2,i)Γ(1 + κ2,i − j + k)∏r
l=1 Γ(κ1,l − κ2,i)

, (3.15)

and can be further expressed via only the dominant term, j, which is the (3r + 1)th-

term in κ2.

3.2.2.4 Moments

The moments are specified as E[γn] =
∫∞

0
γn fγ(γ) dγ. Let u = γn and v = Fγ(γ).

Using integration by parts, the moments can be expressed as

E[γn] = n

∫ ∞
0

γn−1 dγ −
∫ ∞

0

n γn−1 Fγ(γ) dγ = n

∫ ∞
0

γn−1 F c
γ (γ) dγ, (3.16)

where F c
γ (γ) = 1−Fγ(γ) is the the complementary CDF (CCDF). Substituting (3.8)

into (3.16), the moments can be rewritten as

E[γn] = nA
m−1∑
k=0

k∑
j=0

1

j! (k − j)!

(m
Ω

)k−j ∫ ∞
0

γk−j+n−1 exp
(
−mγ

Ω

)
G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2

 .
(3.17)

Applying the integral identity [56, Eq.(07.34.21.0088.01)], the moments reduce to

E[γn] =nA

(
Ω

m

)n m−1∑
k=0

k∑
j=0

1

j! (k − j)!
G3r+1,1
r+1,3r+1

B C

µr

∣∣∣∣∣∣∣
1− k + j − n, κ1

κ2

 . (3.18)

For m = 1, as a special case, the moments in (3.18) can be easily shown to agree with

[76, Eq.(8)]. It is important to mention that the moments are exploited to derive the

expressions of the higher-order amount of fading in the next section.
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3.2.3 Applications to the Performance of Asymmetric Nakagami-

m/Unified FSO Relay Transmission Systems with Fixed

Gain Relay

3.2.3.1 Outage Probability

The OP is an important measure for the performance of a wireless communication

system. An outage of the communication system is encountered when the instanta-

neous output SNR γ falls below a predetermined threshold γth. Setting γ = γth in

(3.8), we obtain the OP as

Pout(γth) = Fγ(γth). (3.19)

3.2.3.2 Higher-Order Amount of Fading

For the instantaneous SNR γ, the nth-order amount of fading is defined as [63]

AF (n)
γ =

E[γn]

E[γ]n
− 1. (3.20)

Substituting (3.18) in (3.20) yields to the nth-order AF.

3.2.3.3 Average BER

The average BER for a variety of binary modulations is introduced as [59, Eq.(12)]

Pb =
qp

2 Γ(p)

∫ ∞
0

exp(−q γ) γp−1 Fγ(γ) dγ, (3.21)
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where p and q are parameters that change for different modulation schemes [61].

Substituting (3.8) into (3.21), the average BER can be expressed as

Pb =
qp

2 Γ(p)
I1 −

Aqp

2 Γ(p)

m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

I2, (3.22)

with I1 =
∫∞

0
γp−1 exp(−q γ) dγ = q−p Γ(p), and I2 can be derived utilizing [56,

Eq.(07.34.21.0088.01)] as

I2 =

∫ ∞
0

γp+k−j−1 exp
(
−
(
q +

m

Ω

)
γ
)

G3r+1,0
r,3r+1

BmC γ

µr Ω

∣∣∣∣∣∣∣
κ1

κ2

 dγ

=
(
q +

m

Ω

)j−k−p
G3r+1,1
r+1,3r+1

 BmC

µr(qΩ +m)

∣∣∣∣∣∣∣
1− p− k + j, κ1

κ2

 . (3.23)

Finally, we obtain the BER as

Pb =
1

2
− Aqp

2 Γ(p)

m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
q +

m

Ω

)j−k−p
G3r+1,1
r+1,3r+1

 BmC

µr(qΩ +m)

∣∣∣∣∣∣∣
1− p− k + j, κ1

κ2

 .
(3.24)

For m = 1, as a special case, we get the BER of the mixed Rayleigh-FSO fixed gain

dual hop transmission systems with pointing errors given in [76, Eq.(11)]. At high

SNR and similar to the CDF, the BER can be expressed asymptotically as

Pb ≈
µr�1

1

2
− Aqp

2 Γ(p)

m−1∑
k=0

k∑
j=0

(
m
Ω

)k−j
j! (k − j)!

(
q +

m

Ω

)j−k−p
×

3r+1∑
i=1

(
µr(qΩ +m)

BmC

)−κ2,i
∏3r+1

l=1;l 6=i Γ(κ2,l − κ2,i)Γ(κ2,i + p+ k − j)∏r
l=1 Γ(κ1,l − κ2,i)

, (3.25)

and can be further expressed via only the dominant term j.
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3.2.3.4 Ergodic Capacity

The ergodic capacity defined as C = E[log2(1 + c γ)], where c = 1 for heterodyne

detection and c = e/(2 π) for IM/DD [77, Eq.(26)], [78, Eq.(7.43)], can be written in

terms of the CCDF of γ as [79, Eq.(15)]

C = 1/ ln(2)

∫ ∞
0

F c
γ (γ)/(1 + c γ) dγ. (3.26)

Using [80] to represent (1 + c γ)−1 as G1,1
1,1

c γ

∣∣∣∣∣∣∣
0

0

, and utilizing the integral identity

[59, Eq.(20)], we obtain the ergodic capacity in terms of the EGBMGF as

C =
A

ln(2)

Ω

m

m−1∑
k=0

k∑
j=0

1

j! (k − j)!
G1,0:1,1:3r+1,0

1,0:1,1:r,3r+1

k − j + 1

∣∣∣∣∣ 0

0

∣∣∣∣∣ κ1

κ2

∣∣∣∣∣ Ω
m
, BC
cµr

 . (3.27)

An efficient MATHEMATICA implementation of the EGBMGF is given in [59, Table

II]. It is noteworthy that in the case of IM/DD technique, the ergodic capacity is

lower bounded by (3.27) whereas for the heterodyne detection technique, the formula

derived in (3.27) acts as an exact expression for the system ergodic capacity. For

m = 1, as a special case, the ergodic capacity in (3.27) is in agreement with [76,

Eq.(13)].
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3.3 Asymmetric Nakagami-m/Unified FSO Relay Transmis-

sion Systems with Variable Gain Relay

3.3.1 Channel and System Models

We employ the same model as is described in the previous section except that we are

considering variable gain relay. Hence, the end-to-end SNR can be given as

γ =
γ1 γ2

γ1 + γ2 + 1
. (3.28)

The closed-form analytical derivation of the SNR statistics in (5.7) is mathematically

intractable. Therefore, we approximate the end-to-end SNR γ as [81]

γ =
γ1 γ2

γ1 + γ2 + 1
∼= min(γ1, γ2). (3.29)

3.3.2 Statistical Characteristics

3.3.2.1 Cumulative Distribution Function

The CDF of γ = min(γ1, γ2) can be expressed as

Fγ(γ) = Pr(min(γ1, γ2) < γ), (3.30)

which can be rewritten as [82, Eq.(4)]

Fγ(γ) = Fγ1(γ1) + Fγ2(γ2)− Fγ1(γ1)Fγ2(γ2), (3.31)

where Fγ1(γ1) and Fγ2(γ2) are the CDFs of γ1 and γ2, respectively. We can express

the CDF of the RF S-R link Fγ1(γ1) as

Fγ1(γ1) =

∫ γ1

0

fγ1(t) dt = 1− 1

Γ(m)
Γ
(
m,

mγ1

Ω

)
. (3.32)
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The CDF of the FSO R-D link Fγ2(γ2) is given in [74, Eq.(5)] as

Fγ2(γ2) = AG3r,1
r+1,3r+1

B
µr
γ2

∣∣∣∣∣∣∣
1, κ1

κ2, 0

 . (3.33)

After some algebraic manipulations and simplifications, the CDF of γ can be found

as

Fγ(γ) = 1 +
Γ
(
m, mγ

Ω

)
Γ(m)

[
AG3r,1

r+1,3r+1

B γ

µr

∣∣∣∣∣∣∣
1, κ1

κ2, 0

− 1

]
. (3.34)

It is noteworthy that the above expression is valid for both integer and non integer

m’s. For m = 1, as a special case, we obtain the BER of the mixed Rayleigh-FSO

variable gain dual-hop transmission systems with pointing errors given in [38, Eq.(5)].

Moreover, the CDF can be expressed asymptotically by using the Meijer’s G function

expansion given in [74, Eq.(26)], at high SNR, as

Fγ(γ) ≈
µr�1

1 +
Γ
(
m, mγ

Ω

)
Γ(m)

{
A

3r∑
i=1

(
µr
B γ

)−κ2,i
∏3r

l=1;l 6=i Γ(κ2,l − κ2,i)

κ2,i

∏r
l=1 Γ(κ1,l − κ2,i)

− 1

}
. (3.35)

The asymptotic expression for the CDF in (3.35) is dominated by min(ξ2/r, α/r, β/r)

where ξ2/r accounts for the 1st-term, α/r stands for the (r + 1)th-term, and β/r

represents the (2r + 1)th-term in κ2.

3.3.2.2 Probability Density Function

Taking the derivative of Fγ(γ) with respect to γ, using [56, Eq.(07.34.20.0001.01)] to

get the derivative of G3r,1
r+1,3r+1

B γµr
∣∣∣∣∣∣∣
1, κ1

κ2, 0

 as B
µr

G3r,2
r+2,3r+2

B γµr
∣∣∣∣∣∣∣
−1, 0, κ1 − 1

κ2 − 1, 0,−1

, and using

[56, Eq.(06.06.20.0003.01)] to obtain the derivative of Γ
(
m, mγ

Ω

)
as−m

Ω
exp

(
−mγ

Ω

) (
mγ
Ω

)m−1
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then applying the product rule, the PDF can be expressed as

fγ(γ) =
m

Ω Γ(m)
exp

(
−mγ

Ω

) (mγ

Ω

)m−1

− mA

Ω Γ(m)
exp

(
−mγ

Ω

)(mγ

Ω

)m−1

×G3r,1
r+1,3r+1

B γ

µr

∣∣∣∣∣∣∣
1, κ1

κ2, 0

+
AB

µr Γ(m)
Γ
(
m,

mγ

Ω

)
G3r,2
r+2,3r+2

B γ

µr

∣∣∣∣∣∣∣
−1, 0, κ1 − 1

κ2 − 1, 0,−1

 .
(3.36)

By applying [56, Eq.(07.34.16.0001.01)], we can transform B
µr

G3r,2
r+2,3r+2

B γµr
∣∣∣∣∣∣∣
−1, 0, κ1 − 1

κ2 − 1, 0,−1


into 1

γ
G3r,2
r+2,3r+2

B γµr
∣∣∣∣∣∣∣
0, 1, κ1

κ2, 1, 0

. Eventually, the expression in (3.36) becomes

fγ(γ) =− γm−1

Γ(m)

(m
Ω

)m
exp

(
−mγ

Ω

){
− 1 + AG3r,1

r+1,3r+1

B γ

µr

∣∣∣∣∣∣∣
1, κ1

κ2, 0

}

+
A

Γ(m)

1

γ
Γ
(
m,

mγ

Ω

)
G3r,2
r+2,3r+2

B γ

µr

∣∣∣∣∣∣∣
0, 1, κ1

κ2, 1, 0

 . (3.37)

The expression in (3.37) can be applied for both integer and non integer values of m.

For m = 1, as a special case, the PDF in (3.37) is in agreement with [38, Eq.(6)].

3.3.2.3 Moment Generating Function

Substituting (3.34) in (6.12), the MGF of γ can be given by

Mγ(s) = s

∫ ∞
0

exp(−γ s) dγ − s

Γ(m)

∫ ∞
0

e−γs Γ
(
m,

mγ

Ω

)
dγ

+
sA

Γ(m)

∫ ∞
0

exp(−γ s) Γ
(
m,

mγ

Ω

)
G3r,1
r+1,3r+1

B γ

µr

∣∣∣∣∣∣∣
1, κ1

κ2, 0

 dγ. (3.38)
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Utilizing the identity [64, Eq.(6.451.2)] with the change of variable z = mγ
Ω

, we get∫∞
0

exp(−γ s) Γ
(
m, mγ

Ω

)
dγ = Γ(m)

s

[
1−

(
1 + sΩ

m

)−m]
. Then, exploiting

[56, Eq.(06.06.26.0005.01)] to represent Γ
(
m, mγ

Ω

)
as G2,0

1,2

mγ
Ω

∣∣∣∣∣∣∣
1

0,m

, and using [56,

Eq.(01.03.26.0004.01)] to rewrite exp(−γ s) as G0,1
1,0

γ s

∣∣∣∣∣∣∣
−

0

, the MGF in (3.38) can

be expressed as

Mγ(s) =

(
1 +

sΩ

m

)−m
+

sA

Γ(m)

∫ ∞
0

G1,0
0,1

γ s

∣∣∣∣∣∣∣
−

0

G2,0
1,2

m γ

Ω

∣∣∣∣∣∣∣
1

0,m

G3r,1
r+1,3r+1

B γ

µr

∣∣∣∣∣∣∣
1, κ1

κ2, 0

 dγ.

(3.39)

Finally, we apply the integral identity [83, Eq.(12)] to obtain the MGF of γ in terms

of the EGBMGF function as

Mγ(s) =

(
1 +

sΩ

m

)−m
+

sΩA

mΓ(m)
G2,0:1,0:3r,1

2,1:0,1:r+1,3r+1

1,m+ 1

2

∣∣∣∣∣ −0
∣∣∣∣∣ 1, κ1

κ2, 0

∣∣∣∣∣ sΩ
m
, BΩ
µrm

 .
(3.40)

Note that, the MGF in (3.40) is not restricted to integer values of m. Alternatively,

utilizing [64, Eq.(8.352.7)] by expressing Γ
(
m, mγ

Ω

)
as (m−1)! exp(−mγ

Ω
)
∑m−1

k=0
1
k!

(
mγ
Ω

)k
for positive integer m then using the integral identity [56, Eq.(07.34.21.0088.01)], we

obtain after further algebraic manipulations the MGF in exact closed-form result in

terms of the Meijer’s G function as

Mγ(s) =

(
1 +

sΩ

m

)−m
+ sA

m−1∑
k=0

(
m
Ω

)k
k!

(
s+

m

Ω

)−k−1
G3r,2
r+2,3r+1

 B

µr (s+ m
Ω )

∣∣∣∣∣∣∣
−k, 1, κ1

κ2, 0

 .
(3.41)
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For m = 1, as a special case, the MGF in (3.40) and (3.41) provides a perfect match

to the MGF in [38, Eq.(8)]. Additionally, by exploiting the Meijer’s G expansion [74,

Eq.(26)] in (3.41), the asymptotic expression of the MGF can be given as

Mγ(s) ≈
µr�1

(
1 +

sΩ

m

)−m
+ sA

m−1∑
k=0

(
m
Ω

)k
k!

×
(
s+

m

Ω

)−k−1
3r∑
i=1

(
(s+ m

Ω )µr

B

)−κ2,i
∏3r
l=1;l 6=i Γ(κ2,l − κ2,i)

∏2
l=1 Γ(1 + κ2,i − κ1,l)

Γ(1 + κ2,i)
∏r
l=1 Γ(κ1,l − κ2,i)

,

(3.42)

and can be further expressed via only the dominant term, min(ξ2/r, α/r, β/r).

3.3.2.4 Moments

Placing (3.34) into (3.16), using [56, Eq.(06.06.26.0005.01)] to transform Γ
(
m, mγ

Ω

)
to

G2,0
1,2

m γ
Ω

∣∣∣∣∣∣∣
1

0,m

, and integrating utilizing [56, Eq.(07.34.21.0011.01)], the moments

can be determined as

E[γn] =
1

Γ(m)

(
Ω

m

)n{
Γ(m+ n)− nAG3r,3

r+3,3r+2

 B Ω

mµr

∣∣∣∣∣∣∣
1, 1− n, 1− n−m,κ1

κ2,−n, 0

}.
(3.43)

The closed-form expression given in (3.43) can be used with integer and non-integer

values of m. For m = 1, as a special case, we get the moments in [38, Eq.(10)].
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3.3.3 Applications to the Performance of Asymmetric Nakagami-

m/Unified FSO Relay Transmission Systems with Vari-

able Gain Relay

3.3.3.1 Outage Probability

Similar to the OP of the fixed gain relay system derived earlier, the OP of the variable

relay scheme can be derived from (3.34).

3.3.3.2 Higher-Order Amount of Fading

Substituting (3.43) into (3.20), we can derive the expression of the nth-order amount

of fading.

3.3.3.3 Average BER

Utilizing (3.21) by placing (3.34) into it, using the integral identity [64, Eq.(7.813.1)],

representing the exponential and the incomplete Gamma functions through Meijer’s

G functions, and applying the integral identity [83, Eq.(12)], the BER can be shown

to be given in terms of both the EGBMGF and the Meijer’s G functions as

Pb =
1

2
− 1

2 Γ(p) Γ(m)
G2,1

2,2

 m

qΩ

∣∣∣∣∣∣∣
1− p, 1

0,m

+
qp ΩA

2mΓ(p) Γ(m)

(µr
B

)p−1

×G2,0:1,0:3r,1
2,1:0,1:r+1,3r+1

1,m+ 1

2

∣∣∣∣∣−0
∣∣∣∣∣ p, κ1 + p− 1

κ2 + p− 1, p− 1

∣∣∣∣∣ qΩ
m
, BΩ
µrm

 . (3.44)

Note that the average BER given in (3.44) is valid for any arbitrary m (i.e integer and

non integer). Similar to the MGF, writing Γ
(
m, mγ

Ω

)
as (m−1)! exp(−mγ

Ω
)
∑m−1

k=0
1
k!

(
mγ
Ω

)k
for positive integer m then using [64, Eq.(7.813.1)], we can get the average BER of a

variety of binary modulations in exact closed-form in terms of Meijer’s G functions
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only as

Pb =
1

2
− 1

2 Γ(p)Γ(m)
G2,1

2,2

 m

qΩ

∣∣∣∣∣∣∣
1− p, 1

0,m

+
qpA

2 Γ(p)

×
m−1∑
k=0

(
m
Ω

)k
k!

(
q +

m

Ω

)−k−p
G3r,2
r+2,3r+1

 B

µr(q + m
Ω

)

∣∣∣∣∣∣∣
1− p− k, 1, κ1

κ2, 0

 . (3.45)

For m = 1, as a special case, the BER in (3.45) coincide with the BER of the mixed

RF/FSO variable gain dual-hop system in [38, Eq.(15)]. Moreover, we can derive an

asymptotic expression for the BER at high SNR as

Pb ≈
µr�1

1

2
− 1

2 Γ(p)Γ(m)
G2,1

2,2

 m

qΩ

∣∣∣∣∣∣∣
1− p, 1

0,m

+
qpA

2 Γ(p)

×
m−1∑
k=0

(
m
Ω

)k
k!

(
q +

m

Ω

)−k−p 3r∑
i=1

(
(q + m

Ω )µr

B

)−κ2,i
∏3r
l=1;l 6=i Γ(κ2,l − κ2,i)

∏2
l=1 Γ(1 + κ2,i − κ1,l)

Γ(1 + κ2,i)
∏r
l=1 Γ(κ1,l − κ2,i)

.

(3.46)

3.3.3.4 Ergodic Capacity

Similar to the previous section, on substituting (3.34) into (3.26), exploiting the

identity in [80] to transform (1 + c γ)−1 into G1,1
1,1

c γ

∣∣∣∣∣∣∣
0

0

, rewriting Γ
(
m, mγ

Ω

)
as

G2,0
1,2

m γ
Ω

∣∣∣∣∣∣∣
1

0,m

, then using the integral identities [83, Eq.(12)] and [56, Eq.(07.34.21.0011.01)],

the ergodic capacity can be derived in terms of the EGBMGF as

C =
1

Γ(m) ln(2)

G3,1
2,3

m
Ω

∣∣∣∣∣∣∣
0, 1

0,m, 0

− ΩA

m
G2,0:1,1:3r,1

2,1:1,1:r+1,3r+1

 1,m+ 1

2

∣∣∣∣∣ 0

0

∣∣∣∣∣ 1, κ1

κ2, 0

∣∣∣∣∣ Ω
m ,

BΩ
mcµr


 .

(3.47)
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Similarly, the ergodic capacity expression derived in (3.47) can be utilized with both

integer and non integer m’s. It is noted that for m = 1, as a special case, the ergodic

capacity in (3.47) simplifies to [38, Eq.(17)].

3.4 Numerical Results

In this section, we present simulation and numerical results for different performance

metrics of asymmetric dual-hop Nakagami-m/unified FSO relay transmission systems

with fixed and variable gains at the relay, as an illustration of the analytical expres-

sions given in the previous sections. The FSO link (i.e. the R-D link) is modeled by a

unified Gamma-Gamma fading channel for weak (α = 2.902 and β = 2.51), moderate

(α = 2.296 and β = 1.822), and strong (α = 2.064 and β = 1.342) turbulent FSO

channel conditions [70, Table I].

3.4.1 Constant Gain Relay Scenario

In this section, the average SNR between the relay and the destination (R-D link) is

set such that γ2 = 10 dB except for the figures showing the asymptotic results where

γ2 is varying. For the fixed gain scheme, the relay is set such as C = 1.

The outage probability performance for both heterodyne and IM/DD detection

techniques versus the normalized average fading power of the RF link (i.e S-R link) is

presented in Fig. 3.2. The effect of pointing error is fixed at ξ = 1.1. We can see from

Fig. 3.2 that the analytical results provide a perfect match to the simulation results

presented in this chapter. It can also be observed that heterodyne detection technique

(r = 1), despite of its complexity, provides better performance than the IM/DD

technique (r = 2). Moreover, it can be shown that the performance deteriorates as

the atmospheric turbulence conditions get severe (i.e. the higher the values of α and

β, the lower will be the OP) and vice versa.

In Fig. 3.3, we illustrate the OP under IM/DD technique with varying effects of
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the pointing error (ξ = 1 and 6.7). As expected, the OP increases as the pointing error

gets severe (i.e. the lower the values of ξ, the higher will be the OP). Additionally,

it can be observed that for lower effect of the atmospheric turbulence, the respective

performance gets better.
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Figure 3.2: OP showing the performance of both the detection techniques for strong
pointing error ξ = 1.1 for the fixed gain relay scheme.
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Figure 3.3: OP showing the performance of IM/DD technique under strong, moderate,
and weak turbulent FSO channels for the fixed gain relay scheme.
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Fig. 3.4 demonstrates the average BER performance for differential binary phase

shift keying (DBPSK) binary modulation scheme where p = 1 and q = 1 are the

parameters of DBPSK, for both types of detection techniques (i.e. IM/DD and het-

erodyne detection) with fixed effect of the pointing error (ξ = 1.1). As clearly seen

in the figure, the analytical results and the simulation results coincide. We can also

see from this figure that the heterodyne detection technique outperforms the IM/DD

technique. Moreover, it can be observed that the performance improves as the effect

of the atmospheric turbulence drops.
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Figure 3.4: Average BER of DBPSK modulation scheme under strong, moderate,
and weak turbulent FSO channels for strong pointing error ξ = 1.1 for the fixed gain
relay scheme.

Fig. 3.5 depicts the average BER for DBPSK binary modulation scheme under

IM/DD technique for varying effects of the pointing error (ξ = 1 and 6.7). Expect-

edly, as the effect of the pointing error decreases (ξ → ∞), the respective system

performance gets better.

Fig. 3.6 presents the average BER for DBPSK binary modulation scheme under

both heterodyne and IM/DD technique techniques for strong pointing error along

with the asymptotic results at high SNR. It can be observed that at high SNR, the
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asymptotic expression utilizing the Meijer’s G function expansion and considering all

the terms in the summation in (3.25) converges to the exact result at high power

regime of the FSO link proving the tightness of this asymptotic approximation. Ad-

ditionally, when we select the relevant single dominant term of (3.25) derived via the

Meijer’s G function expansion in terms of simpler functions, a slower convergence is

clearly observed, especially for the heterodyne detection technique.
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Figure 3.5: Average BER of DBPSK binary modulation scheme under strong, mod-
erate, and weak turbulent FSO channels with varying effects of the pointing error for
the fixed gain relay scheme.

In Fig. 3.7, the ergodic capacity under both heterodyne and IM/DD detection

techniques for varying effects of the pointing error (ξ = 1 and 6.7) for strong turbu-

lence conditions is presented. It can be observed that heterodyne detection performs

much better than the IM/DD technique. Additionally, it can be shown that as the

pointing error gets severe, the ergodic capacity decreases (i.e. the higher values of ξ,

the higher will be the ergodic capacity).
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Figure 3.6: Average BER of DBPSK binary modulation scheme under strong turbu-
lence conditions for strong pointing error ξ = 1.1 along with the asymptotic results
at high SNR regime for Ω = 20 dB for the fixed gain relay scheme.
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Figure 3.7: Ergodic capacity results showing the performance of both heterodyne and
IM/DD techniques under strong turbulence conditions for varying pointing errors for
the fixed gain relay scheme.

3.4.2 Variable Gain Relay Scenario

In this section, the average SNR between the relay and the destination (R-D link) is

set such as γ2 = 30 dB except for the figures showing the asymptotic results where
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γ2 is varying.
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Figure 3.8: OP showing the performance of both the detection techniques under
strong, moderate, and weak turbulent FSO channels for strong pointing error ξ = 1.1
for the variable gain relay scheme.

Fig. 3.8 presents the outage probability performance for both heterodyne and

IM/DD detection techniques versus the normalized average fading power of the RF

link (i.e S-R link). The effect of pointing error is set such that ξ = 1.1. According to

the figure, it is clearly seen that the analytical results are in a perfect agreement with

the simulation results. It can also be seen that the heterodyne detection technique

performs better than the IM/DD technique. Moreover, it can be observed that as

the atmospheric turbulence conditions get severe, the OP increases. Finally, it can

be clearly observed from Fig. 3.8 that when the average fading power Ω of the RF

link (S-R link) becomes equal to the average SNR γ2 of the FSO link (R-D link) (i.e.

Ω = γ2 = 30 dB), a negligible effect is observed in the outage probability (almost

the same) since the overall system outage probability is dominated by the weak link,

which is the FSO R-D link in this case. The explanation to this behaviour can be

given by equation (5.19) as follows. By using this approximation, the link with the

lowest SNR will be dominant and the other term has a minimal effect on the overall
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system performance.
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Figure 3.9: OP showing the performance of IM/DD technique under under strong,
moderate, and weak turbulent FSO channels with varying effects of the pointing error
for the variable gain relay scheme.

In Fig. 3.9, the OP for varying effects of the pointing error (ξ = 1 and 6.7) under

IM/DD technique is presented. We can observe that the performance improves for

lower effect of the pointing error (i.e. higher value of ξ, ξ →∞) and vice versa. More-

over, it can be seen that the OP increases as the atmospheric turbulence conditions

get severe. Also, similar results on the average BER can be observed in Fig. 3.10 and

Fig. 3.11 as were seen above in Fig. 3.8 and Fig. 3.9 for the OP case.

Fig. 3.12 depicts the average BER for DBPSK binary modulation scheme under

IM/DD technique for varying effects of the pointing error (ξ = 1 and 6.7) along with

the asymptotic results at high SNR regime. It can be shown that at high SNR, the

asymptotic expression utilizing the Meijer’s G function expansion and considering

all the terms in the summation in (3.46) converges quite fast to the exact result

proving this asymptotic expression to be tight enough. Moreover, if we select the

appropriate single dominant term based on the effects of the pointing error and the

fading parameters (i.e. α and β), we get also a convergence to the exact result though
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Figure 3.10: Average BER of DBPSK binary modulation scheme under strong, mod-
erate, and weak turbulent FSO channels for strong pointing error ξ = 1.1 for the
variable gain relay scheme.
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Figure 3.11: Average BER of DBPSK binary modulation scheme showing the per-
formance of IM/DD technique under strong, moderate, and weak turbulent FSO
channels with varying effects of pointing error for the variable gain relay scheme.

relatively slower.

In Fig. 3.13, the ergodic capacity under both heterodyne and IM/DD detection

techniques for varying effects of the pointing error (ξ = 1 and 6.7) for strong and
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Figure 3.12: Average BER of DBPSK binary modulation scheme showing the perfor-
mance of IM/DD technique under strong turbulent FSO channels with varying effects
of the pointing error along with the asymptotic results in high SNR regime for Ω = 20
dB for the variable gain relay scheme.
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Figure 3.13: Ergodic capacity results showing the performance of both heterodyne
and IM/DD techniques under strong turbulence conditions for varying pointing errors
for the variable gain relay scheme.

moderate turbulence conditions is depicted. As expected, it can be seen that het-

erodyne technique performs better than the IM/DD technique. Also, as the pointing
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error gets severe and/or the atmospheric turbulence conditions get severe, the ergodic

capacity starts dropping.

3.5 Conclusion

In this chapter, we, for the first time, provided unified exact closed-form expressions

for the PDF, the CDF, the MGF, and the moments of a dual-hop fixed and variable

gain relay systems over the asymmetric links composed of both Nakagami-m and uni-

fied Gamma-Gamma fading environments. From these formulas, we derived unified

expressions for the higher-order AF, the average BER, and the ergodic capacity. In

addition, we introduced asymptotic expressions at high SNR regime for the CDF,

the MGF, the OP, and the average BER utilizing the Meijer’s G function asymp-

totic expansion. We also demonstrated that the system performance degrades as the

pointing error effect and/or the atmospheric turbulent conditions become severe.
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Chapter 4

Performance of Hybrid Line of Sight RF and RF-FSO Fixed

Gain Dual-Hop Transmission Systems

4.1 Introduction

In this chapter, we carry out a unified performance analysis of a dual-branch trans-

mission system composed of a direct RF link and a dual-hop fixed gain relay over the

asymmetric links composed of both RF and unified FSO under the effect of pointing

errors. RF links are modeled by the Nakagami-m fading channel and the FSO link by

the Gamma-Gamma fading channel subject to both types of detection techniques. SC

and MRC diversity schemes are investigated. More specifically, for the SC method,

we derive new unified closed-form expressions for the CDF, the PDF, the MGF, the

moments, the OP, the average BER of a variety of binary modulations, and the er-

godic capacity for end-to-end SNR. Additionally, using the MGF-based approach, the

evaluation of the OP, the average BER, and the ergodic capacity for the MRC diver-

sity technique can be performed based entirely on the knowledge of the MGF of the

output SNR without ever having to compute its statistics (i.e. PDF and CDF). By

implementing SC or MRC diversity techniques, we demonstrate a better performance

of our system relative to the traditional RF path only. Also, our analysis illustrates

MRC as the optimum combing method. All the analytical results are verified via

computer-based Monte-Carlo simulations.
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4.2 Channel and System Models

We consider a dual-branch transmission system composed of a direct Nakagami-m link

and a dual-hop fixed gain relay system composed of both Nakagami-m and unified

Gamma-Gamma fading environments under the effect of pointing errors that was

employed in the previous chapter, where the source node S and the destination node

D are communicating through an intermediate relay node R. In the fixed gain relaying

scheme, the end-to-end SNR can be expressed as γSRD = γSR γRD
γRD+C , where γSR denotes

the SNR of the S-R hop, γRD represents the SNR of the R-D hop, and C stands for

a fixed relay gain [72]. The SNR of the direct S-D link is referred as γSD.

In this chapter, we assume that the RF links experience Nakagami-m fading dis-

tribution with the PDF in [73]

fγ(γ) =
(m

Ω

)m γm−1

Γ(m)
exp

(
−m

Ω
γ
)
, (4.1)

where m is the Nakagami-m fading parameter (m ≥ 1
2
), Γ(·) is the Gamma function,

and Ω represents the average fading power, i.e. Ω = Eγ[γ] with E[·] denoting the

expectation operator. It is important to mention that the PDF in (4.1) includes the

Rayleigh distribution (m = 1) as a special case. We define by mSD and mSR the

fading parameters for the S-D and the S-R links, respectively, and by ΩSD and ΩSR

the average fading powers for the S-D and the S-R links, respectively.

The FSO R-D link is assumed to follow a unified Gamma Gamma fading distri-

bution with pointing error impairments for which the PDF of the SNR is given by

[74, Eq.(4)]

fγRD(γ) =
ξ2

r γ Γ(α)Γ(β)
G3,0

1,3

hαβ ( γ

µr

) 1
r

∣∣∣∣∣∣∣
ξ2 + 1

ξ2, α, β

 , (4.2)
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where r specifies the detection technique type (i.e. r = 1 represents heterodyne

detection and r = 2 represents IM/DD), h = ξ2

ξ2+1
, ξ denotes the ratio between the

equivalent beam radius at the receiver and the pointing error displacement standard

deviation (jitter) at the receiver [16], α and β are the fading parameters related to

the atmospheric turbulence conditions [84], G·,··,· (·) is the Meijer’s G function, and

µr standing for the electrical SNR. More specifically, for µr, when r = 1, µ1 =

µheterodyne = E[γRD] = γRD and when r = 2, µ2 = µIM/DD = γRD αβ ξ
2 (ξ2 + 2)/[(α+

1)(β + 1)(ξ2 + 1)2].

4.3 RF and RF-FSO with Diversity Combining

4.3.1 Selection Combining (SC)

SC is the simplest diversity combining method where the branch with the highest SNR

value is selected. Therefore, the output SNR γSC is given by γSC = max(γSD, γSRD).

4.3.1.1 Cumulative Distribution Function

The CDF of γSC is given by FγSC (γ) = Pr(max(γSD, γSRD) ≤ γ) = FγSD
(γ) FγSRD

(γ).

The CDF of γSD is specified as FγSD(γ) = 1 − 1
Γ(mSD)

Γ
(
mSD,

mSD γ
ΩSD

)
. Using the

results of the previous chapter, FγSRD(γ) can be expressed as

FγSRD(γ) = 1− A exp

(
−mSR γ

ΩSR

)mSR−1∑
k=0

k∑
j=0

1

j! (k − j)!

×
(
mSR γ

ΩSR

)k−j
G3r+1,0
r,3r+1

BmSR C γ

µr ΩSR

∣∣∣∣∣∣∣
κ1

κ2

 , (4.3)

where A = rα+β−2 ξ2

(2π)r−1 Γ(α)Γ(β)
, B = (hαβ)r

r2r , κ1 = ξ2+1
r
, . . . , ξ

2+r
r

, and κ2 = ξ2

r
, . . . , ξ

2+r−1
r

,

α
r
, . . . , α+r−1

r
, β
r
, . . . , β+r−1

r
, j. After some algebraic manipulations, the CDF of γSC

can be shown to be determined as
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FγSC (γ) =

1−
Γ
(
mSD,

mSD γ
ΩSD

)
Γ(mSD)

(1− A exp

(
−mSR γ

ΩSR

))

×
mSR−1∑
k=0

k∑
j=0

1

j!(k − j)!

(
mSR γ

ΩSR

)k−j
G3r+1,0
r,3r+1

BmSR C γ

µr ΩSR

∣∣∣∣∣∣∣
κ1

κ2

 . (4.4)

Note that above expression can be applied for both integer and non integer values

of mSD. Additionally, for mSD = 1 and mSR = 1, the CDF in (4.4) is in a perfect

agreement with the CDF of the hybrid Rayleigh and Rayleigh-FSO dual-hop systems

with pointing errors presented in [76, Eq.(14)].

4.3.1.2 Probability Density Function

The PDF of γSC can be obtained by differentiating (4.4) with respect to γ. There-

fore, utilizing the product rule then applying [56, Eq.(07.34.20.0001.01)], we get after

some algebraic manipulations the PDF in exact closed-form as shown in (4.5). The

expression given in (4.5) can be used with any arbitrary mSD.

fγSC (γ) =
mSD

ΩSD Γ(mSD)
exp

(
−
mSD γ

ΩSD

)(
mSD γ

ΩSD

)mSD−1

+
A

γ
exp

(
−
mSR γ

ΩSR

)1−
Γ
(
mSD,

mSD γ
ΩSD

)
Γ(mSD)


×
mSR−1∑
k=0

k∑
j=0

1

j!(k − j)!

(
mSR γ

ΩSR

)k−j
G3r+1,1
r+1,3r+2

BmSR C γ
µr ΩSR

∣∣∣∣∣∣0, κ1

κ2, 1

+A
mSR

ΩSR
exp

(
−
mSR γ

ΩSR

)1−
Γ
(
mSD,

mSD γ
ΩSD

)
Γ(mSD)


×
mSR−1∑
k=0

k∑
j=0

1

j!(k − j)!

(
mSR γ

ΩSR

)k−j
G3r+1,0
r,3r+1

BmSR C γ
µr ΩSR

∣∣∣∣∣∣κ1

κ2

(1−
(k − j)ΩSR
mSR γ

)
−A

mSD

ΩSD Γ(mSD)

(
mSD γ

ΩSD

)mSD−1

× exp

(
−
(
mSR

ΩSR
+
mSD

ΩSD

)
γ

)mSR−1∑
k=0

k∑
j=0

1

j!(k − j)!

(
mSR γ

ΩSR

)k−j
G3r+1,0
r,3r+1

BmSR C γ
µr ΩSR

∣∣∣∣∣∣κ1

κ2

 (4.5)

Also, for mSD = 1 and mSR = 1, as a special case, the PDF in (4.5) matches the

PDF in [76, Eq.(15)].
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4.3.1.3 Moment Generating Function

It is well known that the MGF is defined asMγSC (s) = E[e−s γSC ]. Using integration by

parts, the MGF can be written in terms of the CDF asMγSC (s) = s
∫∞

0 e−γsFγSC (γ) dγ.

Placing (4.4) into this integral, exploiting the integral identities [64, Eq.(6.451.2)]

and [64, Eq.(7.813.1)], utilizing the identity [56, Eq.(06.06.26.0005.01)] to repre-

sent Γ
(
mSD,

mSD γ
ΩSD

)
as G2,0

1,2

mSD γΩSD

∣∣∣∣∣∣∣
1

0,mSD

, and applying the integral identity [59,

Eq.(20)], the MGF of γSC can be presented after some algebraic manipulations in

terms of both the Meijer’s G function and the extended generalized bivariate Meijer’s

G function (EGBMGF) in (4.6).

MγSC (s) =

(
1 +

ΩSD s

mSD

)−mSD
− sA

mSR−1∑
k=0

k∑
j=0

(
mSR
ΩSR

)k−j
j! (k − j)!

(
s+

mSR

ΩSR

)j−k−1

×

G3r+1,1
r+1,3r+1

 BmSR C

µr(ΩSR s+mSR)

∣∣∣∣∣∣∣
j − k, κ1

κ2

− 1

Γ(mSD)

× G1,0:2,0:3r+1,0
1,0:1,2:r,3r+1

k − j + 1

∣∣∣∣∣ 1

0,mSD

∣∣∣∣∣ κ1

κ2

∣∣∣∣∣ mSD

ΩSD

(
s+

mSR
ΩSR

) , BmSR C
µr(ΩSR s+mSR)


 . (4.6)

An efficient MATHEMATICA implementation of the EGBMGF is given in [59, Table

II]. Note that, the MGF in (4.6) is valid for both integer and non integer mSD’s. Alter-

natively, utilizing the finite series representation of the incomplete Gamma function in

[64, Eq.(8.352.7)], we can rewrite Γ
(
mSD,

mSD γ
ΩSD

)
as (mSD−1)! exp(−mSD γ

ΩSD
)
∑mSD−1

l=0
1
l!(

mSD γ
ΩSD

)l
then using the identity [64, Eq.(7.813.1)], we obtain after some algebraic

manipulations the MGF in exact closed-form result in terms of the Meijer’s G func-

tion as shown in (4.7). When mSD = 1 and mSR = 1, the MGF expressions in (4.6)

and (4.7) can be demonstrated to be equal to [76, Eq.(16)].
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MγSC (s) =

(
1 +

ΩSD s

mSD

)−mSD
− sA

mSR−1∑
k=0

k∑
j=0

(
mSR
ΩSR

)k−j
j! (k − j)!

(
s+

mSR

ΩSR

)j−k−1

×G3r+1,1
r+1,3r+1

 BmSR C

µr(ΩSR s+mSR)

∣∣∣∣∣∣∣
j − k, κ1

κ2

+ sA

mSR−1∑
k=0

k∑
j=0

mSD−1∑
l=0

(
mSR
ΩSR

)k−j
j! (k − j)! l!

(
mSD

ΩSD

)l

×
(
s+

mSR

ΩSR
+
mSD

ΩSD

)j−k−l−1

G3r+1,1
r+1,3r+1

 BmSR C

µr ΩSR

(
s+ mSR

ΩSR
+ mSD

ΩSD

)
∣∣∣∣∣∣∣
j − k − l, κ1

κ2

 (4.7)

4.3.1.4 Moments

The moments specified as E[γnSC ] can be derived in terms of the complementary CDF

(CCDF) F cγSC (γ) = 1−FγSC (γ), via integration by parts, as E[γnSC ] = n
∫∞

0 γn−1 F cγSC (γ) dγ.

Substituting FγSC (γ) by its expression in (4.4), applying the integral identities [56,

Eq.(06.06.21.0002.01)] and [64, Eq.(7.813.1)], utilizing [56, Eq.(06.06.26.0005.01)] to

transform the incomplete Gamma function into its correspondent Meijer’s G function,

and using the identity [59, Eq.(20)], the moments can be determined as

E[γnSC ] =

(
ΩSD

mSD

)n
Γ(mSD + n)

Γ(mSD)
+ nA

(
ΩSR

mSR

)n mSR−1∑
k=0

k∑
j=0

× 1

j! (k − j)!

(
G3r+1,1
r+1,3r+1

B C

µr

∣∣∣∣∣∣∣
1− n− k + j, κ1

κ2

− 1

Γ(mSD)

×G1,0:2,0:3r+1,0
1,0:1,2:r,3r+1

n+ k − j

∣∣∣∣∣ 1

0,mSD

∣∣∣∣∣ κ1

κ2

∣∣∣∣∣mSD ΩSR
mSR ΩSD

, BC
µr

). (4.8)

The closed-form expression given in (4.8) is not limited to integer values of mSD only.

Similar to the MGF, by exploiting the finite series representation of Γ
(
mSD,

mSD γ
ΩSD

)
for

positive integer mSD, and integrating using [64, Eq.(7.813.1)], we obtain the moments
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in exact closed-form in terms of Meijer’s G functions only as

E[γnSC ] =

(
ΩSD

mSD

)n
Γ(mSD + n)

Γ(mSD)
+ nA

(
ΩSR

mSR

)n mSR−1∑
k=0

k∑
j=0

× 1

j! (k − j)!
G3r+1,1
r+1,3r+1

B C

µr

∣∣∣∣∣∣∣
1− n− k + j, κ1

κ2

− nAmSR−1∑
k=0

×
k∑
j=0

mSD−1∑
l=0

(
mSR
ΩSR

)k−j
j! (k − j)! l!

(
mSD

ΩSD

)l(
mSR

ΩSR

+
mSD

ΩSD

)j−k−l−n

×G3r+1,1
r+1,3r+1

 BmSR C

µr ΩSR

(
mSR
ΩSR

+ mSD
ΩSD

)
∣∣∣∣∣∣∣
1− n− k + j − l, κ1

κ2

 . (4.9)

For mSD = 1 and mSR = 1, as a special case, the moments in (4.8) and (4.9) can be

easily shown to agree with [76, Eq.(17)].

4.3.1.5 Outage Probability

The OP is an important measure for the performance of a wireless communication

system. An outage of the communication system is encountered when the instanta-

neous output SNR γSC falls below a predetermined threshold γth. Setting γSC = γth

in (4.4), we obtain the OP as Pout(γth) = FγSC (γth).

4.3.1.6 Higher-Order Amount of Fading

For the instantaneous SNR γSC , the nth-order amount of fading is defined as [63]

AF
(n)
γSC =

E[γnSC ]

E[γSC ]n
− 1. Substituting (4.8) for any value of mSD or (4.9) for integer

values of mSD in the given expression yields to the nth-order AF.

4.3.1.7 Average BER

The average BER for a variety of binary modulations is introduced as Pb = qp

2 Γ(p)∫∞
0 exp(−q γ) γp−1 FγSC (γ) dγ, where p and q are parameters that change for differ-
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ent modulation schemes. Substituting FγSC (γ) by its expression in (4.4), integrating

using [64, Eq.(7.813.1)], representing the incomplete Gamma function through the

Meijer’s G function, exploiting [64, Eq.(7.813.1)], and applying the integral identity

[59, Eq.(20)], the BER can be shown to be given in terms of both the EGBMGF and

the Meijer’s G functions as shown in (4.10). It is important to mention that the BER

in (4.10) can be utilized with both integer and non integer values of mSD.

Pb =
1

2
− 1

2 Γ(p)Γ(mSD)
G2,1

2,2

 mSD

qΩSD

∣∣∣∣∣∣∣
1− p, 1

0,mSD

− Aqp

2 Γ(p)

mSR−1∑
k=0

k∑
j=0

(
mSR
ΩSR

)k−j
j! (k − j)!

(
q +

mSR

ΩSR

)j−p−k

×

− 1

Γ(mSD)
G1,0:2,0:3r+1,0

1,0:1,2:r,3r+1

p+ k − j

∣∣∣∣∣ 1

0,mSD

∣∣∣∣∣ κ1

κ2

∣∣∣∣∣ mSD

ΩSD

(
q+

mSR
ΩSR

) , BmSR C
µr(qΩSR+mSR)


+ G3r+1,1

r+1,3r+1

 BmSR C

µr(qΩSR +mSR)

∣∣∣∣∣∣∣
1− p− k + j, κ1

κ2


 (4.10)

Similar to the MGF, exploiting the finite series representation of Γ
(
mSD,

mSD γ
ΩSD

)
then

using the integral identity [64, Eq.(7.813.1)], we can get the average BER of a variety

of binary modulations in exact closed-form in terms of Meijer’s G functions only as

presented in (4.11). For mSD = 1 and mSR = 1, as a special case, the BER in (4.10)

and (4.11) reduce to the BER of a dual-branch SC diversity system with a direct RF

link and an asymmetric relay link given in [76, Eq.(18)].
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Pb =
1

2
− 1

2 Γ(p)Γ(mSD)
G2,1

2,2

 mSD

qΩSD

∣∣∣∣∣∣∣
1− p, 1

0,mSD

− Aqp

2 Γ(p)

mSR−1∑
k=0

k∑
j=0

(
mSR
ΩSR

)k−j
j! (k − j)!

×


(
q +

mSR

ΩSR

)j−p−k
G3r+1,1
r+1,3r+1

 BmSR C

µr(qΩSR +mSR)

∣∣∣∣∣∣∣
1− p− k + j, κ1

κ2

− mSD−1∑
l=0

(
mSD
ΩSD

)l
l!

×
(
q +

mSR

ΩSR
+
mSD

ΩSD

)j−k−l−p
G3r+1,1
r+1,3r+1

 BmSR C

µr ΩSR

(
q + mSR

ΩSR
+ mSD

ΩSD

)
∣∣∣∣∣∣∣
1− p− k + j − l, κ1

κ2




(4.11)

4.3.1.8 Ergodic Capacity

The ergodic capacity defined as C = E[log2(1 + γSC)] can be written in terms of the

CCDF of γsc as C = 1/ ln(2)
∫∞

0 F cγsc(γ)/(1 + γ) dγ. Using [80] to represent (1 + γ)−1 as

G1,1
1,1

[
γ
∣∣∣0
0

]
, utilizing the finite series representation of Γ

(
mSD,

mSD γ
ΩSD

)
, and applying the

integral identities [56, Eq.(06.06.26.0005.01)] and [59, Eq.(20)], the ergodic capacity

can be derived in terms of EGBMGF functions as shown in (4.12). For mSD = 1 and

mSR = 1, as a special case, the ergodic capacity in (4.12) reduces to [76, Eq.(19)].



91

C =
1

ln(2) Γ(mSD)
G3,1

2,3

mSD

ΩSD

∣∣∣∣∣∣∣
0, 1

0,mSD, 0

+
A

ln(2)

ΩSR

mSR

mSR−1∑
k=0

k∑
j=0

1

j! (k − j)!

×G1,0:1,1:3r+1,0
1,0:1,1:r,3r+1

k − j + 1

∣∣∣∣∣ 0

0

∣∣∣∣∣ κ1

κ2

∣∣∣∣∣ ΩSR
mSR

, BCµr


− A

ln(2)

mSR−1∑
k=0

k∑
j=0

mSD−1∑
l=0

(
mSR
ΩSR

)k−j
j! (k − j)! l!

(
mSD

ΩSD

)l (mSR

ΩSR
+
mSD

ΩSD

)−1−k+j−l

×G1,0:1,1:3r+1,0
1,0:1,1:r,3r+1

k − j + l + 1

∣∣∣∣∣ 0

0

∣∣∣∣∣ κ1

κ2

∣∣∣∣∣ (mSRΩSR
+ mSD

ΩSD

)−1
, BmSR Cµr ΩSR

(
mSR
ΩSR

+ mSD
ΩSD

)−1


(4.12)

4.3.2 Maximal Ratio Combining (MRC)

For the specific case of MRC, the output SNR, γMRC , can be determined as a sum of

the individual branch SNRs as γMRC = γSD + γSRD.

4.3.2.1 Outage Probability

Using the MGF-based approach, the OP can be obtained from the inverse Laplace

transform of the ratio
MγMRC

(s)

s evaluated at γMRC = γth as [73, Eq.(1.6)]

Pout =
1

2 π j

∫ σ+j∞

σ−j∞

MγMRC
(s)

s
exp(s γth) ds, (4.13)

where σ is selected in the region of convergence of the integral in the complex

s plane, and MγMRC (s) denotes the MGF of the received SNR that can be ex-

pressed as the product of the MGFs associated with each sub-channel asMγMRC (s) =

MγSD(s)MγSRD(s), where MγSD(s) is the MGF of the Nakagami-m fading, that is,
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MγSD(s) =
(

1 + ΩSD s
mSD

)−mSD
, and MγSRD(s) has the expression as

MγSRD(s) = 1− sA
mSR−1∑
k=0

k∑
j=0

(
mSR
ΩSR

)k−j
j! (k − j)!

(
s+

mSR

ΩSR

)j−k−1

×G3r+1,1
r+1,3r+1

 BmSR C

µr (ΩSR s+mSR)

∣∣∣∣∣∣∣
j − k, κ1

κ2

 . (4.14)

Therefore, the MGF of γMRC reads as

MγMRC
(s) =

(
1 +

sΩSD

mSD

)−mSD 1− sA
mSR−1∑
k=0

k∑
j=0

(
mSR
ΩSR

)k−j
j! (k − j)!

×
(
s+

mSR

ΩSR

)j−k−1

G3r+1,1
r+1,3r+1

 BmSR C

µr(ΩSR s+mSR)

∣∣∣∣∣∣∣
j − k, κ1

κ2


 (4.15)

It is worthy to note that the MGF in (4.15) is not restricted to integer values of mSD.

4.3.2.2 Average BER

Utilizing the same approach for the OP, we can get the average BER in the form of

an integral with finite limits involving the MGF of the output SNR as [73, Eq.(9.11)]

Pb =
1

π

∫ π
2

0

MγMRC

(
g

sin2 φ

)
dφ, (4.16)

where g is a modulation-dependent parameter such that g = 1 for binary phase-shift-

keying (BPSK), g = 1
2

for orthogonal binary frequency-shift-keying (BFSK), and

g = 0.725 for BFSK with minimum correlation [73].
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4.3.2.3 Ergodic Capacity

The ergodic capacity can be written in terms of the MGF MγMRC
(·) of the received

SNR γMRC as in [85, Eq.(7)], C = 1
ln(2)

∫∞
0
Ei(−s)M(1)

γMRC (s) ds, where Ei(·) denotes

the exponential integral function defined in [86, Eq.(5.1.2)]. Taking the first derivative

of MγMRC
(s) with respect to s yields to the expression in (4.17).

M(1)
γMRC

(s) =

(
1 +

ΩSD s

mSD

)−mSD  −ΩSD(
1 + ΩSD s

mSD

) −AmSR−1∑
k=0

k∑
j=0

(
mSR
ΩSR

)k−j
j! (k − j)!

(
s+

mSR

ΩSR

)j−k−1

×


1− sΩSD(

1 + ΩSD s
mSD

) s (j − k − 1)(
s+ mSR

ΩSR

)
G3r+1,1

r+1,3r+1

 BmSR C

µr(ΩSR s+mSR)

∣∣∣∣∣∣∣
j − k, κ1

κ2


+

s µr ΩSR

BmSR C
G3r+2,1
r+2,3r+2

 BmSR C

µr(ΩSR s+mSR)

∣∣∣∣∣∣∣
1− k + j, 1, 1 + κ1

2, 1 + κ2



 . (4.17)

4.4 Numerical Results

In this section, we present simulation and numerical results as an illustration of the

analytical expressions given in the previous sections. The FSO link is modeled by

the Gamma-Gamma fading channel for weak (α = 2.902 and β = 2.51), moderate

(α = 2.296 and β = 1.822), and strong (α = 2.064 and β = 1.342) turbulent FSO

channel conditions. In this section, the average SNR between the relay and the

destination is set such that γRD = 20 dB, and the average fading powers for the RF

links are related such that ΩSR = ΩSD + 6 dB. For the fixed gain scheme, the relay is

set such as C = 1.1.

The outage probability performance for the IM/DD technique versus the normal-

ized average fading power of the direct RF link (i.e S-D link) under weak and strong

turbulence conditions is presented in Fig. 4.1. The effect of pointing error is fixed
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Figure 4.1: Outage probability comparing the performance of a Nakagami-m fading
scheme, and both SC and MRC combining schemes for IM/DD technique over fixed
gain relay under weak and strong turbulent FSO channels for strong pointing error
ξ = 1.1 with mSR = 3 and mSD = 2.5.

at ξ = 1.1. We can see from Fig. 4.1 that the analytical results provide a perfect

match to the simulation results presented in this chapter. It can also be observed

that as the atmospheric turbulence conditions get severe, the respective performance

declines (i.e. the higher the values of α and β, the lower will be the OP). Additionally,

results for the OP performance of SC and MRC receivers are plotted along with the

OP of the simple Nakagami-m fading of the direct RF S-D link. It is obvious that

MRC performs much better than SC, which was expected since MRC is the optimum

combining technique. However, this performance improvement is provided at the cost

of complexity since MRC requires both branches, in contrast with SC that selects the

branch with the highest SNR value. For comparison, we also show in Fig. 4.1 the OP

of the traditional RF link. Expectedly, our proposed diverse system, employing SC

or MRC at the receiver, ameliorates the system performance, and outperforms the

simple RF path only.
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Fig. 4.2 depicts the average BER performance for binary phase shift keying (BPSK)

modulation scheme represented by p = 0.5 and q = 1, for the IM/DD technique with

varying effects of the pointing error (ξ = 1 and ξ = 6.7) under strong turbulent

FSO channels. As clearly seen in the figure, the analytical results and the simulation

results are in a perfect agreement. We can also observe from this figure that as the

effect of the pointing error decreases, the respective system performance gets better

(i.e. the higher values of ξ, ξ → ∞, the lower will be the average BER). Moreover,

it can be observed that MRC combining scheme performs much better than SC com-

bining scheme, and both diversity schemes provide better performance relative to the

traditional Nakagami-m RF link.
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Figure 4.2: Average BER of BPSK scheme comparing the performance of a Nakagami-
m fading scheme, and both SC and MRC combining schemes for IM/DD technique
over fixed gain relay with mSR = 3 and mSD = 2.

In Fig. 4.3, the ergodic capacity under both IM/DD (r = 2) and heterodyne (r =

1) detection techniques for strong turbulence conditions with strong pointing error

(ξ = 1.1) is presented. It can be shown that heterodyne detection technique performs
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much better than the IM/DD technique which comes at the expense of complexity

in implementing coherent receivers relative to IM/DD systems. Besides, Fig. 4.3

illustrates MRC as the optimum diversity technique. Moreover, Fig. 4.3 demonstrates

a better performance of our diverse system relative to the simple traditional RF path

only.
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Figure 4.3: Ergodic capacity results comparing the performance of a Nakagami-m
fading scheme, and both SC and MRC combining schemes for both heterodyne and
IM/DD techniques over fixed gain relay under strong FSO channels for strong pointing
error ξ = 1.1 with mSR = 3 and mSD = 2.

4.5 Conclusion

In this chapter, SC and MRC combining techniques were studied for a LOS dual-

branch transmission system composed of a direct Nakagami-m link and a dual-hop

fixed gain relay system composed of both Nakagami-m and unified Gamma-Gamma

fading environments. For the SC scheme, we have presented novel expressions for the

PDF, the CDF, the MGF, the moments, the average BER, and the ergodic capac-
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ity. MGF-based approach was used to evaluate the OP, the BER, and the ergodic

capacity for the MRC technique. We demonstrated a better system performance

by implementing SC or MRC techniques relative to the traditional RF path only.

Moreover, our analysis illustrated MRC as the optimum combining method. We also

investigated the effect of atmospheric turbulence conditions and pointing errors on

the system performance.



98

Chapter 5

On the Performance Analysis of Dual-Hop Mixed FSO/RF

Systems

5.1 Introduction

This chapter presents novel results for the performance analysis of dual-hop FSO/RF

transmission systems where the FSO link is modeled by the Gamma-Gamma distri-

bution with pointing error impairments and under both heterodyne detection and

IM/DD, and the RF link experiences the Generalized Nakagami-m fading. Using

amplify-and-forward fixed-gain relaying as well as CSI-assisted relaying, we derive

closed-form expressions for the outage probability, the average BER, and the ergodic

capacity in terms of the bivariate H-Fox function. For a special case, we obtain simpli-

fied results for Nakagami-m fading channels in the RF link. Further, new asymptotic

results for the outage probability and the average BER at high SNR regime are pre-

sented in terms of simple functions.

5.2 Channel and System Models

We consider a dual-hop FSO/RF transmission system composed of both Gamma-

Gamma with pointing errors and Generalized Nakagami-m fading environments under

both types of detection techniques (i.e. IM/DD and heterodyne detection), where the

source node S and the destination node D are communicating through an intermediate

relay node R as shown in Fig. 5.1

The FSO (S-R) link is assumed to follow a Gamma-Gamma fading distribution
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Figure 5.1: Dual-hop FSO/RF system.

with pointing error impairments under both detection techniques for which the PDF

of the SNR, γ1, is given by [42, Eq.(3)]

fγ1(γ) =
ξ2

r Γ(α)Γ(β) γ
G3,0

1,3

hα β ( γ

µr

) 1
r

∣∣∣∣∣∣∣
ξ2 + 1

ξ2, α, β

 , (5.1)

where µr refers to the the electrical SNR of the FSO hop. In particular, for r = 1,

µ1 = µheterodyne = E[γ1] = γ1 and for r = 2, µ2 = µIM/DD = γ1 αβ ξ
2 (ξ2 + 2)/[(α +

1)(β + 1)(ξ2 + 1)2], with α and β the fading parameters related to the atmospheric

turbulence conditions [84]. More specifically, assuming a plane wave propagation in

the absence of inner scale, α and β can be determined from the Rytov variance as [15]

α =

[
exp

(
0.49σ2

R(
1+1.11σ

12/5
R

)7/6

)
− 1

]−1

and β =

[
exp

(
0.51σ2

R(
1+0.69σ

12/5
R

)5/6

)
− 1

]−1

, where σ2
R =

1.23C2
n

(
2π
λ

) 7
6 L

11
6 is the Rytov variance, C2

n denotes the refractive-index structure

parameter, λ is the wavelength, and L represents the propagation distance.

By substituting (5.1) into Fγ1(γ) =
∫ γ

0
fγ1(x) dx and utilizing [64, Eq.(9.301)], the
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cumulative distribution function (CDF) of γ1 can be written as

Fγ1(γ) =
ξ2

Γ(α)Γ(β)
G3,1

2,4

αβh( γ

µr

) 1
r

∣∣∣∣∣∣∣
1, ξ2 + 1

ξ2, α, β, 0

 . (5.2)

The RF (R-D) link experiences the Generalized Nakagami-m fading for which the

instantaneous SNR, γ2, follows a generalized Gamma probability density function

(PDF) given by

fγ2(γ) =
p

Γ(m)

(
d

γ2

)mp

γmp−1 e

(
− d
γ2

)p
γp
, (5.3)

where m is fading figure (m ≥ 1
2
), p represents the shaping parameter (p > 0), γ2 is

the average SNR, and d = Γ(m+1/p)/Γ(m). It may be useful to notice that the PDF

in (5.3) includes Nakagami-m (p = 1), Gamma (p = 1/2), Rayleigh (m = 1, p = 1),

exponential (m = 1, p = 1/2), Half-Normal (m = 1/2, p = 1), and Weibull (m = 1) as

special cases and lognormal (m→∞, p→ 0) as a limiting case. Using [87, Eq.(2.9.4),

Eq.(2.1.5), and Eq.(2.1.4)], the PDF of the Generalized Gamma distribution can be

represented in terms of the Meijer’s G function as

fγ2(γ) =
p

Γ(m) γ
G1,0

0,1

( d

γ2

)p
γp

∣∣∣∣∣∣∣
−

m

 . (5.4)

The CDF of the Generalized Gamma distribution can be obtained using [75, Eq.(8.4.16/2)]

as

Fγ2(γ) = 1− 1

Γ(m)
G2,0

1,2

( d

γ2

)p
γp

∣∣∣∣∣∣∣
1

m, 0

 . (5.5)

In the fixed-gain relaying scheme, the end-to-end SNR can be expressed under the
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assumption of negligible saturation as [44, Eq.(1)] 1

γ =
γ1 γ2

γ2 + C
, (5.6)

where C stands for a fixed relay gain. The end-to-end SNR when CSI-assisted relaying

scheme is considered can be derived as [44, Eq.(28)]

γ =
γ1 γ2

γ1 + γ2 + 1
. (5.7)

5.3 END-to-End SNR Statistics

5.3.1 Fixed-gain Relaying

5.3.1.1 Cumulative Distribution Function (CDF)

The CDF of the end-to-end SNR of dual-hop FSO/RF systems using fixed-gain relays

under both heterodyne detection and IM/DD is given in terms of the H-Fox function

of two variables [88], known also as the bivariate H-Fox function whose MATLAB

implementation is outlined in [89] as

Fγ(γ) = 1− p ξ2

r Γ(m)Γ(α)Γ(β)
H0,1:2,0:0,3

1,0:0,2:3,2


(1,p, 1

r
)

−
−

(m,1)(0,p)

(1−ξ2,1)(1−α,1)(1−β,1)

(−ξ2,1)(0, 1
r

)

∣∣∣∣∣∣∣∣
(
Cd

γ2

)p
,

(
µr
γ

) 1
r

αβh

 .
(5.8)

Proof. See Appendix C.

It is worth to mention that in the special case of heterodyne detection and

Nakagami-m fading in the RF link, i.e., r = 1 and p = 1, the unified expression

given by (5.8) becomes the CDF of mixed Gamma-Gamma/Nakagami-m coopera-

tive systems using heterodyne detection given in terms of the extended generalized

1For tractability, we neglect the saturation effect of the relay amplifier.
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bivariate Meijer’s G function with the help of [87, Eq.(2.9.1)]

Fγ(γ) = 1− ξ2

Γ(m)Γ(α)Γ(β)
G1,0:2,0:0,3

1,0:0,2:3,2

0

∣∣∣∣∣ −m, 0
∣∣∣∣∣ 1− ξ2, 1− α, 1− β

−ξ2, 0

∣∣∣∣∣mC
γ2
, γ1

αβ h γ

 ,
(5.9)

in agrement with [90, Eq.(7)]

Additionally, by using [88, Eq.(2.3)], [87, Eq.(1.5.10)], and [87, Eq.(1.8.5)], the

expression in (5.8) can be asymptotically expressed at high SNR of the FSO link

after some algebraic manipulations in terms of simple functions as

Fγ(γ) ≈
µr�1

ξ2

Γ(α)Γ(β)Γ(m)

4∑
i=1

Ui µ−θir , (5.10)

where θi =
{
mp, ξ

2

r
, α
r
, β
r

}

U1 =
Γ(α−mr p)Γ(β −mr p)

Γ(ξ2 −mr p)

(
γ C d (αβh)r

γ2

)mp

(5.11)

U2 = Γ(α− ξ2)Γ(β − ξ2)
(
γ

1
rαβh

)ξ2


Γ
(
m− ξ2

p r

)
ξ2

(
Cd

γ2

) ξ2

r

−

H2,1
1,2

Cdγ2

∣∣∣∣∣∣∣
(

1 + ξ2

r
, 1
)

(0, 1), (m, 1
p


r Γ
(

1− ξ2

r

)


(5.12)
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U3 =
Γ(β − α)

ξ2 − α

(
γ

1
rαβh

)α


Γ
(
m− α

p r

)
α

(
Cd

γ2

)α
r

−

H2,1
1,2

Cdγ2

∣∣∣∣∣∣∣
(
1 + α

r
, 1
)

(0, 1), (m, 1
p


r Γ
(
1− α

r

)

(5.13)

U4 =
Γ(α− β)

ξ2 − β

(
γ

1
rαβh

)β


Γ
(
m− β

p r

)
β

(
Cd

γ2

)β
r

−

H2,1
1,2

Cdγ2

∣∣∣∣∣∣∣
(
1 + β

r
, 1
)

(0, 1), (m, 1
p


r Γ
(
1− β

r

)

(5.14)

5.3.1.2 Probability Density Function (PDF)

The PDF of γ may be obtained by taking the derivative of (5.8) as

fγ(γ) =
p ξ2

r Γ(m)Γ(α)Γ(β) γ
H0,1:2,0:0,3

1,0:0,2:3,2


(1,p, 1

r
)

−
−

(m,1)(0,p)

(1−ξ2,1)(1−α,1)(1−β,1)

(−ξ2,1)(1, 1
r

)

∣∣∣∣∣∣∣∣
(
Cd

γ2

)p
,

(
µr
γ

) 1
r

αβh

 . (5.15)

Proof. See Appendix D.

For r = 1 and p = 1, as a special case, the PDF expression in (5.15) reduces to the

PDF of dual-hop FSO/RF systems where the FSO link is operating under heterodyne

detection and the RF link experiences Nakagami-m fading obtained in [90, Eq.(8)] by

means of using [87, Eq.(2.9.1)] as

fγ(γ) =
ξ2

Γ(m)Γ(α)Γ(β)γ
G1,0:2,0:0,3

1,0:0,2:3,2

0

∣∣∣∣∣ −m, 0
∣∣∣∣∣ 1− ξ2, 1− α, 1− β

−ξ2, 1

∣∣∣∣∣mC
γ2
, γ1

αβ h γ

 . (5.16)
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5.3.1.3 Moments

The nth moments of γ defined as E[γn] =
∫∞

0
γn fγ(γ) dγ, can be shown to be given

by

E[γn] =
ξ2 Γ(rn+ α) Γ(rn+ β)µnr

Γ(m)Γ(α)Γ(β)Γ(n)(rn+ ξ2)(αβh)rn
H2,1

1,2

Cd
γ2

∣∣∣∣∣∣∣
(1− n, 1)

(m, 1
p
), (0, 1)

 . (5.17)

Proof. See Appendix E.

Note that an efficient MATHEMATICA implementation for evaluating the H-Fox

function H·,··,· (·) is presented in [91]. Furthermore, in the special case of a dual-hop

Gamma-Gamma/Nakagami-m FSO system operating under heterodyne detection,

(5.17) simplifies to [90, Eq.(10)] as

E[γn] =
ξ2 Γ(n+ α) Γ(n+ β) γn1

Γ(m)Γ(α)Γ(β)Γ(n)(n+ ξ2)(αβh)n
G2,1

1,2

mC
γ2

∣∣∣∣∣∣∣
1− n

m, 0

 . (5.18)

5.3.2 CSI-Assisted Relaying

The closed-form analytical derivation of the SNR statistics in (5.7) is mathematically

intractable. Therefore, we utilize an upper bound on the end-to-end SNR given by

[44, Eq.(28)]

γub =
γ1 γ2

γ1 + γ2 + 1
∼= min(γ1, γ2). (5.19)

The CDF of γub = min(γ1, γ2) can be expressed as

Fγub
(γ) = Pr(min(γ1, γ2) < γ), (5.20)
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which can be rewritten as [44, Eq.(29)]

Fγub
(γ) = Fγ1(γ1) + Fγ2(γ2)− Fγ1(γ1)Fγ2(γ2), (5.21)

where Fγ1(γ1) and Fγ2(γ2) are the CDFs of γ1 and γ2, respectively. Substituting (5.2)

and (5.5) in (5.21), the CDF of dual-hop FSO/RF systems employing CSI-assisted

relay can be obtained after some manipulations as

Fγub
(γ) = 1− 1

Γ(m)
G2,0

1,2

( d

γ2

)p
γp

∣∣∣∣∣∣∣
1

m, 0


×

1− ξ2

Γ(α)Γ(β)
G3,1

2,4

αβh( γ

µr

) 1
r

∣∣∣∣∣∣∣
1, ξ2 + 1

ξ2, α, β, 0


 . (5.22)

5.4 Performance Metrics of fixed-gain Relaying

5.4.1 Outage Probability

An outage of the communication system is encountered when the end-to-end SNR

γ falls below a certain specified threshold γth. Setting γ = γth in (5.8), the outage

probability is straightforwardly obtained as

Pout(γth) = Fγ(γth). (5.23)

5.4.2 Average Bit-Error Rate

The average BER of a variety of binary modulation schemes may be written as [92,

Eq.(12)]

P b =
1

2Γ(a)

∫ ∞
0

Γ(a, bγ)fγ(γ) dγ, (5.24)
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and can be represented in terms of the CDF of γ as

P b =
ba

2Γ(a)

∫ ∞
0

γa−1e−bγFγ(γ) dγ, (5.25)

where a and b represent different binary modulations schemes. For instance, a = 1/2

and b = 1 are for coherent binary phase shift keying (CBPSK), a = 1/2 and b = 1/2

are for coherent binary frequency shift keying (CBFSK), a = 1 and b = 1/2 are for

non-coherent BFSK (NCFSK), and a = 1 and b = 1 for differential BPSK (DBPSK).

Furthermore, the average BER of a mixed Gamma-Gamma/Generalized Nakagami-

m FSO transmission system operating under both IM/DD and heterodyne detection

with pointing errors taken into account in given as

P b =
1

2
− p ξ2

2 r Γ(a)Γ(m)Γ(α)Γ(β)
H0,1:2,0:1,3

1,0:0,2:3,3


(1,p, 1

r
)

−
−

(m,1)(0,p)

(1−ξ2,1)(1−α,1)(1−β,1)

(a, 1
r

)(−ξ2,1)(0, 1
r

)

∣∣∣∣∣∣∣∣
(
Cd

γ2

)p
,
(b µr)

1
r

αβh

 .
(5.26)

Proof. See Appendix F.

It should be mentioned that, substituting p = 1 and r = 1 into (5.26) yields

[90, Eq.(13)] for dual-hop FSO/RF systems where the RF link and the FSO link

respectively experience Nakagami-m and Gamma-Gamma fading under heterodyne

detection given as

P b =
1

2
− ξ2

2Γ(m)Γ(α)Γ(β)Γ(a)
G1,0:2,0:1,3

1,0:0,2:3,3

0

∣∣∣∣∣ −m, 0
∣∣∣∣∣ 1− ξ2, 1− α, 1− β

a,−ξ2, 0

∣∣∣∣∣mC
γ2
, γ1 b
α β h

 .
(5.27)

At high SNR, asymptotic results for the average BER in (5.26) can be derived by

means of using [88, Eq.(2.3)], and [87, Eqs.(1.5.10) and (1.8.5)] with some algebraic
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manipulations as,

P b ≈
µr�1

ξ2

2 Γ(α)Γ(β)Γ(m)Γ(a)

4∑
i=1

κi (b µr)
−θi Γ(a+ θi). (5.28)

Furthermore, the diversity gain can be shown to be equal to

Gd = min

(
mp,

ξ2

r
,
α

r
,
β

r

)
. (5.29)

The instantaneous BER for M-PSK modulation scheme can be written as [45,

Eq.(27)]

Pe,MPSK '
2

max(log2M, 2)

max(M4 ,1)∑
j=1

Q(aj
√

2γ), (5.30)

where Q(·) is the Gaussian Q function and aj = sin
(

(2j−1)π
M

)
.

For M-QAM modulation scheme, the instantaneous BER is given by [45, Eq.(32)]

Pe,MQAM '
4

log2M

(
1− 1√

M

) √
M
2∑
j=1

Q(bj
√
γ), (5.31)

where bj = (2j − 1)
√

3
M−1

. The average BERs for M-PSK and M-QAM modulations

can simply be obtained by averaging (5.30) and (5.31), respectively, over the PDF of

the SNR, fγ(γ).

Theorem 1. Define for x > 0, I(x) =
∫∞

0
Q(x
√
γ)fγ(γ) dγ, then I(x) can be easily

obtained by setting a = 1
2

and b = x2

2
in (5.24), yielding

I(x) =
1

2
− p ξ2

2 r
√
π Γ(m)Γ(α)Γ(β)

H0,1:2,0:1,3
1,0:0,2:3,3


(1,p, 1

r
)

−
−

(m,1)(0,p)

(1−ξ2,1)(1−α,1)(1−β,1)

( 1
2
, 1
r

)(−ξ2,1)(0, 1
r

)

∣∣∣∣∣∣∣∣
(
Cd

γ2

)p
,

(
x2µr

2

) 1
r

αβh

 .
(5.32)
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Consequently, by using (5.32), the average BERs of dual-hop mixed FSO/RF systems

for M-PSK and M-QAM modulation schemes can be derived as

P e,MPSK =
2

max(log2M, 2)

max(M4 ,1)∑
j=1

I(
√

2aj). (5.33)

P e,MQAM =
4

log2M

(
1− 1√

M

) √
M
2∑
j=1

I(bj). (5.34)

5.4.3 Ergodic Capacity

The ergodic capacity of mixed FSO/RF communication systems can be bounded by

[93, Eq.(26)], [94, Eq.(7.43)]

C , E[ln(1 + c γ)] =

∫ ∞
0

ln(1 + c γ)fγ(γ) dγ, (5.35)

where it is useful to mention that c = e/(2π) signifies IM/DD (i.e. r = 2) and c = 1

signifies heterodyne detection (i.e. r = 1). Moreover, the expression in (5.35) is exact

for the case of r = 1 while it is a lower-bound for r = 2, and can be derived in

closed-form in terms of the bivariate H-Fox function as

C =
p ξ2

r Γ(m)Γ(α)Γ(β)
H0,1:2,0:1,4

1,0:0,2:4,3


(1,p, 1

r
)

−
−

(m,1)(0,p)

(1−ξ2,1)(1−α,1)(1−β,1)(1, 1
r

)

(1, 1
r

)(−ξ2,1)(0, 1
r

)

∣∣∣∣∣∣∣∣
(
Cd

γ2

)p
,
(c µr)

1
r

αβh

 . (5.36)

Proof. See Appendix G.

In the special case when p = 1 and r = 1, (5.36) reduces to the ergodic capacity of a

dual-hop Gamma-Gamma/Nakagami-m FSO transmission system under heterodyne
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detection given in [90, Eq.(15)] by

C =
ξ2

Γ(m)Γ(α)Γ(β)
G1,0:2,0:1,4

1,0:0,2:4,3

0

∣∣∣∣∣ −m, 0
∣∣∣∣∣ 1− ξ2, 1− α, 1− β, 1

1,−ξ2, 0

∣∣∣∣∣mC
γ2
, γ1

αβ h

 . (5.37)

5.5 Performance Metrics of CSI-Assisted Relaying

5.5.1 Outage Probability

Using CSI-assisted relays, the outage probability can be lower bounded using (5.22)

as

P lb
out = Fγub

(γth). (5.38)

5.5.2 Average BER

Substituting (5.22) into (5.24), using [75, Eq.(2.25.1/1)] and [88, Eq.(2.3)] with some

algebraic manipulations, a lower bound on the average BER can be obtained in closed-

form as

P
lb

b =
1

2
− 1

2Γ(a)Γ(m)
H2,1

2,2

( d

b γ2

)p ∣∣∣∣∣∣∣
(1− a, p)(1, 1)

(m, 1), (0, 1)


+

p ξ2

2 Γ(a)Γ(m)Γ(α)Γ(β)
H0,1:2,0:3,1

1,0:1,2:2,4

 (1−a;p, 1
r

)−
(1,1)

(m,1)(0,1)

(1,1)(1+ξ2,1)

(ξ2,1)(α,1)(β,1)(0,1)

∣∣∣∣∣∣∣
(

d

b γ2

)p
,
αβh

(b µr)
1
r

 . (5.39)

5.5.3 Ergodic Capacity

By rewriting (5.35) in terms of the complementary CDF, F c
γ (γ) = 1 − Fγ(γ), repre-

senting (1 + c γ)−1 in terms of the H-Fox function as H1,1
1,1

c γ
∣∣∣∣∣∣∣
(0, 1)

(0, 1)

 then applying

[75, Eq.(2.25.1/1)] along with [88, Eq.(2.3)], we get an upper bound on the ergodic
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capacity when CSI-assisted relays are employed as

C
ub

=
1

Γ(m)
H3,1

2,3

( d

c γ2

)p ∣∣∣∣∣∣∣
(0, p)(1, 1)

(m, 1)(0, 1)(0, p)



− ξ2

pΓ(m)Γ(α)Γ(β)
H0,2:1,1:3,1

2,1:1,1:2,4


(1−m; 1

p
, 1
p r

)(1; 1
p
, 1
p r

)

(0; 1
p
, 1
p r

)

(1,1)
(1,1)

(1,1)(1+ξ2,1)

(ξ2,1)(α,1)(β,1)(0,1)

∣∣∣∣∣∣∣∣∣
c γ2

d
, αβh

(
γ2

d µr

) 1
r

 . (5.40)

5.6 Numerical Results

In this section, we illustrate the mathematical formalism presented above and prove its

correctness by means of Monte-Carlo simulations using the system settings presented

in Table I, which are employed in various FSO communication systems [95, 96, 45].

Specifically, we present the dual-hop system performance metrics for moderate and

strong turbulence conditions as shown in Table II. Without loss of generality, we use

the following values that represent strong and negligible pointing errors ξ = 1.1 and

ξ → ∞, respectively. Also, The average fading power of the RF link is fixed at 10

dB. A fixed relay gain C = 1.7 is considered.

Table 5.1: System Settings

Parameter Value

Receiver Diameter 20 cm

Link distance (L) 1 km

Wavelength (λ) 1550 nm

Transmit divergence at 1/e 1 mrad

Equivalent beam radius (wzeq) 100 cm

Jitter angle 0.1 mrad

Jitter standard deviation (σs) 10 cm

Table 5.2: Scintillation Parameters

Turbulence C2
n α β

Moderate 3× 10−14m
−2
3 5.42 3.8

Strong 1× 10−13m
−2
3 4 1.71

Fig. 5.2 shows the outage probability performance of dual-hop FSO/RF systems

using fixed-gain relaying versus the normalized average SNR of the FSO (S-R) link for
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Figure 5.2: Outage probability of a dual-hop FSO/RF fixed-gain relay system for
strong and negligible pointing errors under different turbulence conditions using
IM/DD with p = 1.15 and m = 2.5.

strong (ξ = 1.1) and negligible (ξ → ∞) pointing errors under strong and moderate

turbulence conditions, with a fading figure m = 2.5 and a shape parameter p = 1.15.

The FSO link is operating under IM/DD technique (i.e. r = 2). Clearly, we observe

from Fig. 5.2 that the analytical results provide a perfect match to the MATLAB

simulated results proving the accuracy of our derivation. Moreover, as expected, the

smaller the value of ξ (i.e. the larger the value of the jitter), the stronger is the

effect of the pointing error and therefore, the higher is the outage probability. For

instance, at SNR=25 dB for the moderate turbulence regime, Pout = 2.67 × 10−3

for negligible pointing errors (ξ → ∞) and it increases to 5.15 × 10−2 for ξ → 0.

Furthermore, severe turbulence conditions lead to an outage performance degradation.

For example, at SNR=25 dB for negligible pointing errors, Pout = 4.32× 10−2 under

strong turbulence conditions and it drops to 2.67× 10−3 under moderate turbulence

regime. Under strong pointing errors and strong turbulence, the degradation in the
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outage performance is the greatest and this can be explained by the fact that the

irradiance of the FSO link is the product of the turbulence-induced fading and the

pointing error effect. Also, it can be seen that the effect of the pointing error on the

system performance is more significant when the FSO link operates under moderate

turbulence regime compared to the strong turbulence case. It can also be observed

that, the asymptotic expression derived in (5.10) gives tight asymptotic results in the

high SNR regime.
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Figure 5.3: Average BER of a dual-hop FSO/RF fixed-gain system using DBPSK for
IM/DD and heterodyne techniques for no pointing errors with p = 1.5.

In Fig. 5.3, the average BER of dual-hop FSO/RF systems using fixed-gain relay-

ing under IM/DD (i.e. r = 2) technique as well as heterodyne (i.e. r = 1) technique

for DBPSK modulation scheme is presented over moderate and strong turbulence

conditions for negligible pointing errors and different values of the fading figure, m.

We can observe from Fig. 5.3 that implementing heterodyne detection for the FSO

link reduces the average BER. For example, at SNR=25 dB, when the FSO link ex-

periences strong turbulence for m = 1, the average BER is P b = 2.39 × 10−2 when
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IM/DD technique is used and degrades to 5.57× 10−4 when the FSO link is operat-

ing over heterodyne technique. This performance improvement is due the fact that

heterodyne technique can better overcome the turbulence effects [97] which comes

at the expense of complexity in implementing coherent receivers relative to IM/DD

systems. Expectedly, the more severe are the turbulence conditions, the higher is the

degradation in the average BER performance for both types of detection techniques.

It can also be shown from Fig. 5.3 that severe fading in the RF link (m = 1) di-

minishes the system performance and this degradation is greater when the FSO link

undergoes moderate turbulence. The asymptotic results for the average BER at high

SNR of the FSO link derived in (5.28) are also included in Fig. 5.3 and they match

the exact results.
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Figure 5.4: Average BER for different modulation schemes of a dual-hop FSO/RF
system using fixed-gain relaying and IM/DD technique under moderate turbulence
conditions and different pointing errors with p = 1.5 and m = 3.

The analytical accuracy of (5.33) and (5.34) are checked by simulations for various

modulation techniques including 16-PSK, 16-QAM, QPSK, and CBPSK for dual-hop

FSO/RF systems in operation under IM/DD technique for strong and negligible point-
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ing errors and over moderate turbulence in Fig. 5.4. Obviously, it can be seen from

this figure that CBPSK performs much better than the other modulation techniques.

Also, 16-QAM outperforms 16-PSK, as expected. It can also be noticed from Fig. 5.4

that the effect of the pointing error on the average BER is more intense for lower

modulations schemes such as CBPSK.
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Figure 5.5: Average BER of a dual-hop FSO/RF system using CSI-assisted relaying
for moderate and strong turbulence conditions under IM/DD detection with p = 1.75,
ξ = 1.1, and m = 3.25.

Fig. 5.5 demonstrates the average BER performance of dual-hop FSO/RF systems

employing CSI-assisted relay for NCFSK, DBPSK, and CBPSK binary modulation

schemes under moderate and strong turbulence regimes with fixed effect of the point-

ing error (ξ = 1.1). According to Fig. 5.5, it is clearly seen that the analytical results

are in a perfect agreement with the simulation results. Moreover, it can be observed

that under severe turbulence conditions the average BER performance is highly de-

graded. Furthermore, it can be inferred from Fig. 5.5 that as the SNR of the FSO

link increases, a negligible effect on the BER is observed and the performance remains

almost the same since the weaker link acts as the dominant link, which is the RF link
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in this case. This can be simply explained by (5.19).

In Fig. 5.6, the ergodic capacity when fixed-gain relaying is used under both

heterodyne and IM/DD detection techniques for varying effects of the pointing error

for moderate turbulence conditions is presented. It can be observed that heterodyne

detection performs much better than the IM/DD technique. For instance, at SNR=20

dB and strong pointing error (ξ = 1.1), implementing heterodyne technique results in

69.25% improvement compared to the IM/DD technique. In addition, it can be shown

that as the pointing error gets severe, the ergodic capacity decreases (i.e. the higher

values of ξ, the higher will be the ergodic capacity). For example, at SNR=20 dB,

the ergodic capacity using IM/DD is reduced by 21.74% when the FSO/RF system

is under strong pointing errors compared to the no pointing errors case.
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Figure 5.6: Ergodic capacity of a dual-hop FSO/RF system using fixed-gain relay-
ing for varying effect of the pointing error under moderate turbulence under both
heterodyne and IM/DD techniques for p = 1.5 and m = 3.75.

In Fig. 5.7, the ergodic capacity when CSI-assisted relaying is employed in op-

eration under IM/DD technique in the presence of moderate turbulence conditions
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for different fading figures as well as pointing errors is depicted. The average fading

power of the RF link is set to 20 dB. As expected, it can be seen that the stronger the

effect of fading and pointing error, the lower is the ergodic capacity of the system.
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Figure 5.7: Ergodic capacity in the case of CSI-assisted relaying for moderate turbu-
lence under IM/DD for p = 1.5.

Fig. 5.8 presents the simulation results for the average BER for CBPSK modu-

lation technique of a single FSO link with a length of 2 km, dual-hop FSO/FSO,

and dual-hop FSO/RF links in operation under moderate turbulence and no pointing

errors. Fixed-gain relaying is used for the dual-hop systems and the single link is

divided into two 1 km long links. In the presence of moderate turbulence, the fading

parameters of the single FSO link can be calculated as α = 4 and β = 1.65. A

significant improvement in the average BER performance can be observed when two

links are cascaded in series relative to the single FSO link. This result is in perfect

agreement with what was observed experimentally in [49]. It can also be seen that

the FSO/RF system outperforms the dual-hop FSO/FSO system, as expected, since

the FSO link is impaired by the turbulence-induced fading as well as pointing errors,
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leading to a performance degradation.
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Figure 5.8: Simulated average BER of single FSO link, dual-hop FSO, and dual-hop
FSO/RF links using IM/DD with a total length of 2 km under no pointing errors
with p = 2.5 and m = 3.

5.7 Conclusion

Novel closed-form performance metrics have been presented for dual-hop FSO/RF

systems using both heterodyne detection and direct detection techniques where the

FSO link and the RF link experience Gamma-Gamma with pointing errors taken into

account and Generalized Nakagami-m fading, respectively. The end-to-end perfor-

mance of mixed Gamma-Gamma/Nakagami-m systems can be obtained as a special

case of our results. In particular, we derived closed-form expressions for the outage

probability, the average BER, and the ergodic capacity in terms of the bivariate H-

Fox function for both fixed-gain and CSI-assisted relays. In the case of fixed-gain

relaying, asymptotic results at high SNR are presented for the obtained performance

metrics and the diversity gain is provided. We compared the system performance un-



118

der different turbulence conditions, pointing errors, and fading figures of the RF link.

As expected, the overall system performance improves in the case of weak tubulence

conditions, negligible pointing errors, and with an increase of the fading figure.
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Chapter 6

Dual-Hop FSO Transmission Systems over Gamma-Gamma

Turbulence with Pointing Errors

6.1 Introduction

In this chapter, we analyze the end-to-end performance of dual-hop FSO fixed gain

relaying systems under heterodyne detection and intensity modulation with direct

detection techniques in the presence of atmospheric turbulence as well as pointing

errors. In particular, we derive the CDF of the end-to-end SNR in exact closed-

form in terms of the bivariate Fox’s H function. Capitalizing on this CDF expression,

novel closed-form expressions for the outage probability, the average BER for different

modulation schemes, and the ergodic capacity of dual-hop FSO transmission systems

are presented. Moreover, we present very tight asymptotic results for the outage

probability and the average BER at high SNR regime in terms of simple elementary

functions and we derive the diversity order of the considered system. By using dual-

hop FSO relaying, we demonstrate a better system performance as compared to the

single FSO link. Numerical and Monte-Carlo simulation results are provided to verify

the accuracy of the newly proposed results, and a perfect agreement is observed.

6.2 Channel and System Models

We consider a dual-hop optical communication system where the source terminal

S is communicating with the destination terminal D through a half-duplex relay

terminal R. The two FSO hops (i.e. S-R and R-D) are assumed to be subject to
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independent but not necessarily identically distributed Gamma-Gamma fading that

accounts for pointing errors and both types of detection techniques (i.e. IM/DD as

well as heterodyne detection). In this chapter, we assume a high-energy FSO system

whose performance is limited by shot noise as well as thermal noise. In this case,

the noise can be modeled to high accuracy as zero mean, signal independent additive

white Gaussian noise (AWGN) (a widely accepted assumption in many reported works

in the literature [98, 99, 100, 23]).

The overall instantaneous SNR of a dual-hop FSO system employing AF equipped

with fixed gain relay under the assumption of negligible saturation can be written as

[71] 1

γ =
γ1 γ2

γ2 + C
, (6.1)

where C is a constant inversely proportional to the squared relay’s gain [71], and γi

represents the instantaneous SNR of the ith hop for i ∈ (1, 2) with the PDF given in

[44, Eq.(3)] as

fγi(γi) =
ξ2
i

ri Γ(αi) Γ(βi) γi
G3,0

1,3

αi βi hi( γi
µri

) 1
ri

∣∣∣∣∣∣∣
ξ2
i + 1

ξ2
i , αi, βi

 , (6.2)

where hi =
ξ2
i

ξ2
i+1

, ri is the parameter that represents the type of detection being

used (i.e. ri = 1 is associated with heterodyne detection and ri = 2 associated with

IM/DD), ξi denotes the ratio between the equivalent beam radius at the receiver and

the pointing error displacement standard deviation (jitter) at the receiver given as

ξi =
wzeq,i

2σs,i
, with σ2

s,i is the jitter variance at the receiver and wzeq ,i is the equivalent

beam radius at the receiver [95], G·,··,· (·) is the Meijer’s G function, and µri refers to

1For tractability, we neglect the saturation effect of the relay amplifier.
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the average electrical SNR of the ith hop. In particular, for ri = 1,

µ1i = µheterodynei = E[γi] = γi, (6.3)

and for ri = 2,

µ2i = µIM/DDi
=

αi βi ξ
2
i (ξ2

i + 2)

(αi + 1)(βi + 1)(ξ2
i + 1)2

γi, (6.4)

with αi and βi the fading parameters related to the atmospheric turbulence conditions

[101]. More specifically, assuming a plane wave propagation in the absence of inner

scale, αi and βi can be determined from the Rytov variance as [101]

αi =

exp

 0.49σ2
R,i(

1 + 1.11σ
12/5
R,i

)7/6

− 1


−1

(6.5)

βi =

exp

 0.51σ2
R,i(

1 + 0.69σ
12/5
R,i

)5/6

− 1


−1

, (6.6)

where σ2
R,i = 1.23C2

n,i

(
2π
λi

) 7
6
L

11
6
i is the Rytov variance, C2

n,i denotes the refractive-

index structure parameter, λi is the wavelength, and Li represents the propagation

distance of the ith hop for i ∈ (1, 2). Moreover, by using [75, Eq.(2.24.2/3)] then [87,

Eq.(2.4.5)], we can obtain the CDF of γi as

Fγi(γi) = 1− ξ2
i

Γ(αi) Γ(βi)
G4,0

2,4

αi βi hi( γi
µri

) 1
ri

∣∣∣∣∣∣∣
1, ξ2

i + 1

0, ξ2
i , αi, βi

 . (6.7)
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6.3 End-to-End SNR Statistics

6.3.1 Cumulative Distribution Function

6.3.1.1 Exact Analysis

The CDF of the overall SNR, γ, for a dual-hop FSO system under both types of

detection techniques (i.e. heterodyne detection as well as IM/DD) with pointing

errors taken into account can be given in exact closed form as

Fγ(γ) = 1− ξ2
1 ξ

2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

× H0,1:4,0:0,3
1,0:1,4:3,2



(1, 1
r2
, 1
r1

)

−

(1 + ξ2
2 , 1)

(ξ2
2 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

(1− ξ2
1 , 1)(1− α1, 1)(1− β1, 1)

(−ξ2
1 , 1)(0, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α2β2h2

(
C

µr2

) 1
r2

,

(
µr1
γ

) 1
r1

α1β1h1


, (6.8)

where H.,.:.,.:.,.
.,.:.,.:.,.(·, ·) is the bivariate Fox’s H function, known also as the Fox’s H function

of two variables [88] whose MATLAB implementation is presented in [89].

Proof. See Appendix H.

It is worthy to mention that for the special case where the two FSO hops operate

under heterodyne detection, i.e. r1 = 1 and r2 = 1, the unified expression given

by (6.8) can be simplified in terms of the extended generalized bivariate Meijer’s G
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function, G.,.:.,.:.,.
.,.:.,.:.,. with the help of [87, Eq.(2.9.1)] as

FH
γ (γ) = 1− ξ2

1 ξ
2
2

Γ(α1)Γ(α2)Γ(β1)Γ(β2)

×G0,1:4,0:0,3
1,0:1,4:3,2

1

−

∣∣∣∣∣ 1 + ξ2
2

ξ2
2 , α2, β2, 0

∣∣∣∣∣ 1− ξ2
1 , 1− α1, 1− β1

−ξ2
1 , 0

∣∣∣∣∣α2β2h2C
µr2

,
µr1

α1β1h1γ

 . (6.9)

Note that an efficient MATHEMATICA implementation for G.,.:.,.:.,.
.,.:.,.:.,.(·, ·) is presented

in [92, Table II].

6.3.1.2 High SNR Analysis

The exact expression of the CDF in (6.8) is derived in terms of the bivariate Fox’s

H function which is a quite complex function and is not a standard built-in function

in most of the well-known mathematical software packages such as MATLAB and

MATHEMATICA, and as such it reveals limited physical insights. Therefore, we

present an asymptotic analysis of the CDF in the high SNR regime. In particular,

a very tight asymptotic result for the CDF in (6.8) can be obtained by using [88,
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Eq.(1.1)] and [87, Eq.(1.8.4)] with some algebraic manipulations as shown by (6.10).

Fγ(γ) ≈
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µr1µr2

)α2
r2

+
ξ2

1ξ
2
2Γ(α1 − β2

r1
r2

)Γ(β1 − β2
r1
r2

)Γ(α2 − β2)

(ξ2
1 − β2

r1
r2

)(ξ2
2 − β2)Γ(α1)Γ(α2)Γ(β1)Γ(1 + β2)

(
(α1β1h1)r1 (α2β2h2)r2

Cγ

µr1µr2

)β2
r2

.

(6.10)

It should be noted here that the CDF expression given in (6.10) includes only

summations of basic elementary functions, as compared to the exact CDF expression

derived in terms of the bivariate Fox’s H function in (6.8). This result, being much

more analytically tractable, is very accurate and converges perfectly to the exact

result at high SNR. Interestingly enough, with the help of this simple result, one

may easily derive the diversity order of the dual-hop FSO system in the presence

of pointing errors for both heterodyne and IM/DD detection techniques. As can be

seen from (6.10), the diversity order of the considered system is a function of the

type of receiver detection being used in each hop (i.e. r1 and r2), the two FSO hop’s

turbulence parameters (i.e. α1, β1, α2, and β2), and the pointing errors (i.e. ξ1 and

ξ2).
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Proof. See Appendix I.

It is important to note that this expression is very useful to obtain asymptotic

results for the MGF and the average BER at high SNR range as will be shown in the

next sections.

6.3.2 Probability Density Function

Differentiating (6.8) with respect to γ results in the exact closed-form expression of

the PDF of γ in terms of the bivariate Fox’s H function, that is,

fγ(γ) =
ξ2

1 ξ
2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2) γ

× H0,1:4,0:0,3
1,0:1,4:3,2



(1, 1
r2
, 1
r1

)

−

(1 + ξ2
2 , 1)

(ξ2
2 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

(1− ξ2
1 , 1)(1− α1, 1)(1− β1, 1)

(−ξ2
1 , 1)(1, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α2β2h2

(
C

µr2

) 1
r2

,

(
µr1
γ

) 1
r1

α1β1h1


. (6.11)

Proof. See Appendix J.

6.3.3 Moment Generating Function

6.3.3.1 Exact Analysis

The MGF, defined as Mγ(s) = E[e−γs], can be expressed in terms of the CDF by

using integration by parts as [36]

Mγ(s) = s

∫ ∞
0

e−γsFγ(γ) dγ. (6.12)
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Substituting the CDF expression derived in Appendix H into (6.12), and applying

[64, Eq.(3.381/4)] then [88, Eq.(1.1)], the MGF of γ can be given in terms of the

bivariate Fox’s H function by

Mγ(s) = 1− ξ2
1 ξ

2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

× H0,1:4,0:1,3
1,0:1,4:3,3



(1, 1
r2
, 1
r1

)

−

(1 + ξ2
2 , 1)

(ξ2
2 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

(1− ξ2
1 , 1)(1− α1, 1)(1− β1, 1)

(1, 1
r1

)(−ξ2
1 , 1)(0, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α2β2h2

(
C

µr2

) 1
r2

,
(sµr1)

1
r1

α1β1h1


, (6.13)

When r1 = 1 and r2 = 2, (6.13) becomes the MGF of dual-hop FSO systems using

the heterodyne detection technique and can be represented in terms of the bivariate

Meijer’s G function as

MH
γ (s) = 1− ξ2

1 ξ
2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

×G0,1:4,0:1,3
1,0:1,4:3,3

1

−

∣∣∣∣∣ 1 + ξ2
2

ξ2
2 , α2, β2, 0

∣∣∣∣∣ 1− ξ2
1 , 1− α1, 1− β1

1,−ξ2
1 , 0

∣∣∣∣∣α2β2h2C
µr2

,
s µr1

α1β1h1γ

 . (6.14)

6.3.3.2 High SNR Analysis

By substituting (6.10) into (6.12) then applying the integral identity [64, Eq.(3.381/4)],

the MGF in (6.13) can be asymptotically expressed at high SNR in terms of basic
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elementary functions as shown by (6.15).

Mγ(s) ≈
µr1 ,µr2�1

Γ(α1 − ξ2
1)Γ(β1 − ξ2

1)Γ
(

1 +
ξ2
1

r1

)
Γ(α1)Γ(β1)

(
(α1β1h1)r1

sµr1

) ξ21
r1

+
ξ2

1Γ(β1 − α1)Γ
(

1 + α1

r1

)
(ξ2

1 − α1)Γ(1 + α1)Γ(β1)

(
(α1β1h1)r1

sµr1

)α1
r1

+
ξ2

1Γ(α1 − β1)Γ
(

1 + β1

r1

)
(ξ2

1 − β1)Γ(α1)Γ(1 + β1)

(
(α1β1h1)r1

sµr1

)β1
r1

+
ξ2

2Γ(α1 − ξ2
1)Γ(β1 − ξ2

1)Γ(α2 − ξ2
1
r2
r1

)Γ(β2 − ξ2
1
r2
r1

)Γ
(

1 +
ξ2
1

r1

)
2(ξ2

2 − ξ2
1
r2
r1

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)

(
C (α1β1h1)r1 (α2β2h2)r2

sµr1µr2

) ξ21
r1

+
ξ2

1ξ
2
2Γ(β1 − α1)Γ(α2 − α1

r2
r1

)Γ(β2 − α1
r2
r1

)Γ
(

1 + α1

r1

)
2(ξ2

1 − α1)(ξ2
2 − α1

r2
r1

)Γ(1 + α1)Γ(α2)Γ(β1)Γ(β2)

(
C (α1β1h1)r1 (α2β2h2)r2

sµr1µr2

)α1
r1

+
ξ2

1ξ
2
2Γ(α1 − β1)Γ(α2 − β1

r2
r1

)Γ(β2 − β1
r2
r1

)Γ
(

1 + β1

r1

)
2(ξ2

1 − β1)(ξ2
2 − β1

r2
r1

)Γ(α1)Γ(α2)Γ(1 + β1)Γ(β2)

(
C (α1β1h1)r1 (α2β2h2)r2

sµr1µr2

)β1
r1

+
ξ2

1Γ(α1 − ξ2
2
r1
r2

)Γ(β1 − ξ2
2
r1
r2

)Γ(α2 − ξ2
2)Γ(β2 − ξ2

2)Γ
(

1 +
ξ2
2

r2

)
(ξ2

1 − ξ2
2
r1
r2

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)

(
C (α1β1h1)r1 (α2β2h2)r2

sµr1µr2

) ξ22
r2

+
ξ2

1ξ
2
2Γ(α1 − α2

r1
r2

)Γ(β1 − α2
r1
r2

)Γ(β2 − α2)Γ
(

1 + α2

r2

)
(ξ2

1 − α2
r1
r2

)(ξ2
2 − α2)Γ(α1)Γ(1 + α2)Γ(β1)Γ(β2)

(
C (α1β1h1)r1 (α2β2h2)r2

sµr1µr2

)α2
r2

+
ξ2

1ξ
2
2Γ(α1 − β2

r1
r2

)Γ(β1 − β2
r1
r2

)Γ(α2 − β2)Γ
(

1 + β2

r2

)
(ξ2

1 − β2
r1
r2

)(ξ2
2 − β2)Γ(α1)Γ(α2)Γ(β1)Γ(1 + β2)

(
C (α1β1h1)r1 (α2β2h2)r2

sµr1µr2

)β2
r2

.

(6.15)

It is important to note here that the asymptotic result for the MGF in (6.15)

is easily tractable and particularly useful to evaluate the average symbol error rate

(SER) of M-PSK and M-QAM by applying the MGF-based approach. By utilizing

this method, the SER can be calculated based entirely on knowledge of the MGF of

the end-to-end SNR without ever having to compute its PDF and CDF [73].

6.3.4 Moments

The nth moments of the end-to-end SNR of a dual-hop FSO system using both types

of detection techniques, defined as E[γn] =
∫∞

0
γn fγ(γ) dγ, can be shown to be given



128

in terms of the Fox’s H function by

E[γn] =
ξ2

1 ξ
2
2 Γ(r1n+ α1) Γ(r1n+ β1)µnr1

Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(n)(r1n+ ξ2
1)(α1β1h1)r1n

× H4,1
2,4

C (α2β2h2)r2

µr2

∣∣∣∣∣∣∣
(1− n, 1)(1 + ξ2

2 , r2)

(ξ2
2 , r2)(α2, r2)(β2, r2)(0, 1)

 . (6.16)

Proof. See Appendix K.

Note that an efficient MATHEMATICA implementation for evaluating the Fox’s

H function H·,··,· (·) is presented in [91]. Furthermore, in the special case of a dual-hop

FSO system operating under heterodyne detection (i.e. r1 = 1 and r2 = 1), (6.16)

simplifies to

EH [γn] =
ξ2

1 ξ
2
2 Γ(n+ α1) Γ(n+ β1)µnr1

Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(n)(n+ ξ2
1)(α1β1h1)n

G4,1
2,4

Cα2β2h2

µr2

∣∣∣∣∣∣∣
1− n, 1 + ξ2

2

ξ2
2 , α2, β2, 0

 .
(6.17)

It is worthy to mention that the moments expressions in (6.16) and (6.17) are useful

to obtain closed-form expressions for the nth-order amount of fading given as [63]

AF (n)
γ =

E[γn]

E[γ]n
− 1. (6.18)

6.4 End-to-End Performance Metrics

6.4.1 Outage Probability

The outage probability is a standard performance metric of an FSO communication

system. It is defined as the probability that the end-to-end SNR, γ, falls below

a certain specified threshold, γth. An exact closed-form expression for the outage

probability of dual-hop fixed gain relaying FSO systems in operation under both
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heterodyne detection as well as IM/DD with pointing error impairments can be easily

obtained from (6.8), that is, Pout = Fγ(γth).

6.4.2 Average Bit-Error Rate

6.4.2.1 Exact Analysis

A unified expression for the average BER can be given in a compact form as

Pe =
δ

2Γ(p)

n∑
k=1

∫ ∞
0

Γ(p, qk γ)fγ(γ) dγ, (6.19)

where n, δ, p, and qk vary depending on the type of detection (heterodyne technique or

IM/DD) and modulation being assumed. It is worth accentuating that this expression

is general enough to be used for both heterodyne and IM/DD techniques and can be

applicable to different modulation schemes. Prior to presenting the unified BER

closed-form results, we shall introduce Theorem 2 as follows

Theorem 2. Let a, b ∈ R∗+. Define I(a, b) as I(a, b) = 1
2Γ(a)

∫∞
0

Γ(a, b γ)fγ(γ) dγ,

then I(a, b) can be expressed in closed-form in terms of the bivariate Fox’s H function

as

I(a, b) =
1

2
− ξ2

1 ξ
2
2

2r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(a)

× H0,1:4,0:1,3
1,0:1,4:3,3



(1, 1
r2
, 1
r1

)

−

(1 + ξ2
2 , 1)

(ξ2
2 , 1)(α2, 1)(β2, 1)(0, 1

r2
)

(1− ξ2
1 , 1)(1− α1, 1)(1− β1, 1)

(a, 1
r1

)(−ξ2
1 , 1)(0, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

α2β2h2

(
C

µr2

) 1
r2

,
(b µr1)

1
r1

α1β1h1


. (6.20)
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Table I: Parameters for Different Modulations a

Modulation Scheme δ p qk n Detection Type
OOK 1 1/2 1/2 1 IM/DD

BPSK 1 1/2 1 1 Heterodyne

M-PSK 2
max(log2M,2) 1/2 sin2

(
(2k−1)π

M

)
max

(
M
4 , 1

)
Heterodyne

M-QAM 4
log2M

(
1− 1√

M

)
1/2 3(2k−1)2

2(M−1)

√
M
2 Heterodyne

aIn case of OOK modulation, the parameters δ, p , qk , and n are determined via [102, Eq.(26)]
and in case of M-PSK and M-QAM modulation schemes, these parameters may be determined
utilizing [103, Eqs.(30) and (31)].

Proof. See Appendix L.

Based on Theorem 2, we get a general expression of the average BER for OOK,

M-QAM, and M-PSK modulations as follows

Pe = δ
n∑
k=1

I(p, qk), (6.21)

where n, δ, p, qk are summarized in Table I.

6.4.2.2 High SNR Analysis

The average BER expression in (6.19) can be rewritten in terms of the CDF of γ by

using integration by parts as

P e =
δqpk

2Γ(p)

n∑
k=1

∫ ∞
0

γp−1e−qkγFγ(γ) dγ. (6.22)

Utilizing (6.22) together with (6.10), we obtain a very tight asymptotic expression of

the average BER at high SNR in terms of simple elementary functions as shown in

(6.23).
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Pe ≈
µr1 ,µr2�1

δΓ(α1 − ξ21)Γ(β1 − ξ21)Γ(
ξ21
r1

+ p)

2Γ(α1)Γ(β1)Γ(p)

n∑
k=1

(
(α1β1h1)

r1

qk µr1

) ξ21
r1

+
δξ21Γ(β1 − α1)Γ(α1

r1
+ p)

2(ξ21 − α1)Γ(1 + α1)Γ(β1)Γ(p)
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(
(α1β1h1)

r1

qk µr1

)α1
r1

+
δξ21Γ(α1 − β1)Γ(β1

r1
+ p)

2(ξ21 − β1)Γ(α1)Γ(1 + β1)Γ(p)

n∑
k=1

(
(α1β1h1)

r1

qk µr1

) β1
r1

+
δξ22Γ(α1 − ξ21)Γ(β1 − ξ21)Γ(α2 − ξ21 r2r1 )Γ(β2 − ξ21 r2r1 )Γ(

ξ21
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(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

) ξ21
r1

+
δξ21ξ

2
2Γ(β1 − α1)Γ(α2 − α1

r2
r1
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r2
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qk µr1µr2
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δξ21ξ

2
2Γ(α1 − β1)Γ(α2 − β1 r2r1 )Γ(β2 − β1 r2r1 )Γ(β1

r1
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4(ξ21 − β1)(ξ22 − β1 r2r1 )Γ(α1)Γ(α2)Γ(1 + β1)Γ(β2)Γ(p)
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(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

) β1
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+
δξ21Γ(α1 − ξ22 r1r2 )Γ(β1 − ξ22 r1r2 )Γ(α2 − ξ22)Γ(β2 − ξ22)Γ(

ξ22
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k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

) ξ22
r2

+
δξ21ξ

2
2Γ(α1 − α2

r1
r2

)Γ(β1 − α2
r1
r2

)Γ(β2 − α2)Γ(α2

r2
+ p)

2(ξ21 − α2
r1
r2

)(ξ22 − α2)Γ(α1)Γ(1 + α2)Γ(β1)Γ(β2)Γ(p)

n∑
k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

)α2
r2

+
δξ21ξ

2
2Γ(α1 − β2 r1r2 )Γ(β1 − β2 r1r2 )Γ(α2 − β2)Γ(β2

r2
+ p)

2(ξ21 − β2 r1r2 )(ξ22 − β2)Γ(α1)Γ(α2)Γ(β1)Γ(1 + β2)Γ(p)

n∑
k=1
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C (α1β1h1)

r1 (α2β2h2)
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qkµr1µr2

) β2
r2

.

(6.23)

Furthermore, the diversity order of the dual-hop FSO system can be given by

Gd = min

(
ξ2

1

r1

,
α1

r1

,
β1

r1

,
ξ2

2

r2

,
α2

r2

,
β2

r2

)
. (6.24)

6.4.3 Ergodic Capacity

The ergodic capacity of dual-hop FSO communication systems in operation under

both heterodyne technique and IM/DD can be given by [93, Eq.(26)], [94, Eq.(7.43)],

[104, Eq.(15)],

C ,
1

2
E[ln(1 + c γ)] =

1

2

∫ ∞
0

ln(1 + c γ)fγ(γ) dγ, (6.25)

where the factor 1
2

is used because the relay terminal R is assumed to be operating

in half-duplex mode, and c is a constant such that c = e/(2π) for IM/DD technique
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(i.e. ri = 2) and c = 1 for heterodyne technique (i.e. ri = 1) for i ∈ (1, 2). Note that

the expression in (6.25) is exact for ri = 1 while it is a lower-bound for ri = 2, and

can be derived in closed-form in terms of the bivariate Fox’s H function as

C =
ξ2

1 ξ
2
2

2 r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

× H0,1:4,0:1,4
1,0:1,4:4,3


(1, 1

r2
, 1
r1

)

−
(1+ξ2

2 ,1)

(ξ2
2 ,1)(α2,1)(β2,1)(0, 1

r2
)

(1−ξ2
1 ,1)(1−α1,1)(1−β1,1)(1, 1

r1
)

(1, 1
r1

)(−ξ2
1 ,1)(0, 1

r1
)

∣∣∣∣∣∣∣∣∣∣
α2β2h2

(
C

µr2

) 1
r2

,
(c µr1)

1
r1

α1β1h1

 . (6.26)

Proof. See Appendix M.

In the special case when the two FSO links use the heterodyne detection technique

(i.e. r1 = 1 and r2 = 1), the ergodic capacity in (6.26) further simplifies to

C
H

=
ξ2

1 ξ
2
2

2 r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

×G0,1:4,0:1,4
1,0:1,4:4,3

1

−

∣∣∣∣∣ 1 + ξ2
2

ξ2
2 , α2, β2, 0

∣∣∣∣∣ 1− ξ2
1 , 1− α1, 1− β1, 1

1,−ξ2
1 , 0

∣∣∣∣∣α2β2h2C
µr2

,
c µr1
α1β1h1

 . (6.27)

6.5 Numerical Results

In this section, we provide some numerical results to illustrate the mathematical

formalism presented above and prove its correctness by means of Monte Carlo simu-

lations. Without loss of generality, we assume equal average SNRs of both the links,

γ1 = γ2 = γ with turbulence parameters for S-R and R-D FSO links α1 = α2 = α

and β1 = β2 = β and pointing errors ξ1 = ξ2 = ξ, except for Fig. 6.3 and Fig. 6.5.

The wavelength is assumed to be λ = 1550 nm. A fixed relay gain C = 1.1 is consid-

ered. Moderate turbulence is characterized by C2
n = 3 × 10−14m

−2
3 , whereas strong

turbulence is associated with C2
n = 1× 10−13m

−2
3 [101].
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Fig. 6.1 demonstrates the impact of the pointing error on the outage probability

of a dual-hop FSO link with LS−R = LR−D = 1000 m under moderate turbulence

with turbulence parameters α = 5.42 and β = 3.79 calculated from (6.5) and (6.6),

respectively. Results for a single 2000 m long FSO link with turbulence parameters

obtained from (6.5) and (6.6) as α = 4 and β = 1.65, are also included for comparison

purposes (we divide the single link into two 1000 m long links). The exact closed-

form expression for the outage probability of a single FSO link under both heterodyne

detection and IM/DD is given in [105, Eq.(5)]. Clearly, we observe from Fig. 6.1 that
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Figure 6.1: Outage probability of single FSO and dual-hop FSO links for various
values of ξ under moderate (C2

n = 3×10−14m−
2
3 ) turbulence conditions using IM/DD

technique with a total length of 2000 m.

the analytical results provide a perfect match to the MATLAB simulated results

proving the accuracy of our derivation. As expected, it can also be observed from

this figure that for both dual-hop FSO and single FSO links, the outage probability

performance degrades in the case of strong pointing errors. Furthermore, it can be

seen that connecting two FSO links in series can significantly mitigate the pointing

error impairments and as such improve the system performance, compared to the
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single FSO link. This result is in a perfect agreement with what was experimentally

demonstrated in [49]. For example, at SNR=20 dB, for ξ = 6.7, the outage probability

of the single FSO link is Pout = 8.551300× 10−2 and it decreases to 1.07390010−2 in

the case of the dual-hop FSO links.
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Figure 6.2: Outage probability of a dual-hop FSO system for negligible pointing errors
(ξ1 = ξ2 = 6.7) with strong (C2

n = 1×10−13m−
2
3 ) and moderate (C2

n = 3×10−14m−
2
3 )

turbulence conditions.

Fig. 6.2 depicts the outage probability performance of a dual-hop FSO system

in the presence of moderate (α = 5.42, β = 3.79) and strong (α = 4, β = 1.71)

turbulence conditions under both IM/DD and heterodyne detection for negligible

effect of the pointing error (ξ = 6.7). We observe that for a given type of detection,

Pout increases with an increase in the turbulence severity leading to a performance

deterioration. It can also be shown that implementing heterodyne detection results in

a considerable improvement in the dual-hop system performance compared to IM/DD,

as expected. In fact, despite its complexity, heterodyne detection has been proposed

as an alternative type of detection in FSO communication systems being able to better

overcome the turbulence effects, relative to IM/DD technique [97]. For example, in
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the case of moderate turbulence, to achieve an outage probability of 10−3, an SNR

of 13 dB is required for the heterodyne detection technique while this increases to 26

dB when using the IM/DD technique.
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Figure 6.3: Outage probability of a dual-hop FSO system using IM/DD technique for
varying pointing errors along with the asymptotic results at high SNR.

The outage performance of the considered dual-hop system in operation under

IM/DD technique (i.e. r1 = 2 and r2 = 2) for different pointing errors is illustrated

in Fig. 6.3. The first FSO link undergoes strong turbulence and the second link

undergoes moderate turbulence. It can be observed from Fig. 6.3 that the smaller

the value of the pointing error parameter (i.e. the larger the value of the jitter), the

stronger is the impact of the pointing error and therefore, the higher is the outage

probability of the dual-hop FSO system. For example, at SNR=35 dB, the outage

probability Pout = 6.47 × 10−3 for ξ = (2.1, 6.7) and it increases to 2.72 × 10−2 and

1.29× 10−1 when ξ = (1.12, 1.45) and ξ = (0.76, 0.93), respectively. The asymptotic

results of the outage probability at high SNR values obtained by using (6.10) are

also shown in Fig. 6.3. As clearly seen from this figure, the asymptotic results of

the outage probability are in a perfect match with the analytical results in the high
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SNR regime. This observation justifies the accuracy and the tightness of the derived

asymptotic expression in (6.10).
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Figure 6.4: Average BER for 64-QAM, 16-QAM, and 16-PSK and OOK modulation
schemes of single FSO and dual-hop FSO links under strong turbulence conditions
with negligible pointing errors for a total length of 2000 m.

In Fig. 6.4, the average BER for 64-QAM, 16-QAM, 16-PSK, and OOK modula-

tion schemes of a dual-hop FSO system derived in (6.21) is plotted versus the average

SNR, under strong turbulence conditions and negligible pointing errors. Moreover,

this figure includes the average BER results for a single FSO link that experiences

the Gamma-Gamma fading with pointing errors taken into account. Expectedly, it

can be observed from Fig. 6.4 that the dual-hop FSO system offers better perfor-

mance in terms of turbulence-induced fading mitigation for all types of modulation

schemes, as compared with the single FSO link. This result, being experimentally

verified in [49], emphasizes the effectiveness of the dual-hop FSO system in improving

the performance of FSO links. For example, at BER=10−3, using dual-hop relaying

results in a SNR gain of approximately 10 dB for OOK, and 5 dB for 64-QAM, 16-

QAM, and 16-PSK modulation schemes. Furthermore, it can be inferred from Fig. 6.4

that heterodyne systems using M-QAM or M-PSK modulations perform much better
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than IM/DD systems with OOK modulation. This performance enhancement is due

the fact that heterodyne technique can better overcome the turbulence effects which

comes at the expense of complexity in implementing coherent receivers relative to the

IM/DD technique. It can also be noticed from Fig. 6.4 that 16-QAM outperforms

16-PSK, as expected.

Fig. 6.5 presents the average BER of dual-hop FSO IM/DD systems with OOK

as well as dual-hop FSO heterodyne systems using different modulation schemes for

strong pointing error ξ = (1.12, 1.45). The first and the second FSO links are assumed

to operate under strong and moderate turbulence conditions, respectively. It can be

observed from Fig. 6.5 that the asymptotic expression of the average BER at high SNR

given in (6.23) matches exactly the analytical expression derived in (6.21) proving the

accuracy of the proposed asymptotic results at high SNR regime.
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Figure 6.5: Average BER for different modulation schemes of a dual-hop FSO system
along with the asymptotic results at high SNR.

The ergodic capacity for both dual-hop FSO and single FSO links in operation

under heterodyne detection as well as IM/DD is presented in Fig. 6.6. We can see

from this figure that the analytical results of the ergodic capacity given by (6.26) for
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the dual-hop system and [105, Eq.(13)] for the single FSO link are in a good match

with the simulated results. One of the most important outcomes of Fig. 6.6 is the

capacity gain achieved by cascading two FSO links in series. For example, at SNR=30

dB, the capacity improves by 1.48% and 3.51% for IM/DD technique and heterodyne

detection technique, respectively. Expectedly, it can be seen from this figure that

heterodyne detection outperforms the IM/DD technique for both dual-hop and single

FSO links.
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Figure 6.6: Ergodic Capacity of single FSO and dual-hop FSO links under moderate
turbulence conditions using both heterodyne detection and IM/DD with negligible
pointing errors for a total propagation distance of 2000 m.

The ergodic capacity of the dual-hop FSO system in operation under IM/DD

technique is presented in Fig. 6.7 for strong and moderate turbulence conditions with

different pointing errors. It can be seen from this figure that as the effect of the

turbulence and pointing error increases, the ergodic capacity degrades. Interestingly,

it can observed that the effect of the turbulence conditions on the system capacity

is more intense when the FSO link undergoes negligible pointing errors (ξ → ∞)

as compared to the scenario when the FSO system is under severe pointing errors

(ξ → 0).
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Figure 6.7: Ergodic Capacity of a dual-hop FSO system using IM/DD technique
under moderate and strong turbulence conditions for varying pointing errors.

6.6 Conclusion

In this chapter, we have investigated analytically for the first time the outage per-

formance, the average BER, and the ergodic capacity of a dual-hop FSO system

using AF fixed gain relaying in operation under both heterodyne detection as well as

IM/DD including pointing error effects. In addition, tight asymptotic results for the

outage probability and the average BER at high SNR have been derived in terms of

simple functions. We demonstrated that the dual-hop FSO system outperforms the

single FSO link and is capable of mitigating turbulence-induced fading and pointing

errors. The effect of atmospheric turbulence and pointing errors on the dual-hop FSO

link performance has also been studied and, as expected, severe pointing errors and

strong turbulence can severely degrade the overall system performance of both single

FSO and dual-hop FSO links.
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Chapter 7

Multihop Relaying over FSO Systems with Pointing Errors

7.1 Introduction

In this chapter, the end-to-end performance of a multihop free-space optical system

with amplify-and-forward channel-state-information-assisted or fixed-gain relays us-

ing both intensity modulation with direct detection and heterodyne techniques over

Gamma-Gamma turbulence fading with pointing error impairments is studied. In

the case of multihop FSO systems using the heterodyne detection technique, novel

closed-form results for the MGF, the CDF, and the PDF of the end-to-end SNR are

derived in terms of the Meijer’s G function. Based on these formulas, closed-form

bounds for the outage probability, the average BER of a variety of binary modula-

tion schemes, the moments, and the ergodic capacity are presented. Furthermore,

by using the asymptotic expansion of the Meijer’s G function, accurate asymptotic

expressions at high average SNR are introduced for the outage probability, the av-

erage BER and the ergodic capacity in terms of simple elementary functions. For

the capacity, novel asymptotic results at low and high average SNR regimes are also

derived via an alternative moments-based approach. For multihop FSO systems with

IM/DD technique, novel closed-form results for the PDF and the CDF of the overall

SNR are derived in terms of the Foxs H function. Based on these formulas, closed

form bounds for the outage probability, the average BER of onoff keying modulation

scheme, the moments, and the ergodic capacity are presented. Furthermore, using the

moments-based approach, tight asymptotic approximations at high- and low-average
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SNR regimes are derived for the ergodic capacity in terms of simple elementary func-

tions. The obtained results indicate that the overall system performance degrades

with an increase of the number of hops. The effects of the atmospheric turbulence

conditions and the pointing error are also quantified.

7.2 Multihop relaying over IM/DD FSO Systems

7.2.1 Statistical Background

In this section, we derive exact closed-form expression for the PDF of the product of

rational powers of N independent, but not necessarily identically distributed (i.n.i.d.),

Gamma-Gamma with pointing errors RVs.

Theorem 3 (PDF of the product of rational powers of Gamma-Gamma with point-

ing errors RVs). Let Y ,
∏N

i=1 γ
li/k
i , where l1, l2, . . . , lN , k are positive integers, and γi

is a RV following the Gamma-Gamma model with pointing error impairments, with

the PDF given by [16, Eq. (20)],[106, Eq. (1)]

fγi(γ) =
ξ2
i

2 Γ(αi) Γ(βi) γ
G3,0

1,3

αi βi hi( γ
µi

) 1
2

∣∣∣∣∣∣∣
ξ2
i + 1

ξ2
i , αi, βi

 , (7.1)

where ξi =
wzeq,i

2σs,i
, with σ2

s,i is the jitter variance at the receiver and wzeq ,i is the

equivalent beam radius at the receiver [95, 96], hi =
ξ2
i

ξ2+1
, µi stands for the electrical

SNR and is related to the average SNR γi such that µi = γi αi βi ξ
2
i (ξ2

i + 2)/[(αi +

1)(βi + 1)(ξ2
i + 1)2], and αi and βi can be given by [11, 70]

αi =

exp

 0.49σ2
R,i(

1 + 0.18 d2
i + 0.56σ

12/5
R,i

)7/6

− 1


−1

(7.2)
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βi =

exp

 0.51σ2
R,i

(
1 + 0.69σ

12/5
R,i

)−5/6

(
1 + 0.9 d2

i + 0.62 d2
i σ

12/5
R,i

)5/6

− 1


−1

(7.3)

where σ2
R,i = 0.5C2

n k
7/6
w L

11/6
i denotes the Rytov variance, and d2

i = kwD
2
a/(4Li),

where Da is the diameter of the receiver aperture, kw = 2 π/λw is the optical wave

number, λw is the wavelength, Li is the propagation distance, and C2
n refers to the

index of refraction structure parameter varying from 10−17 m−2/3 for weak turbulence

to 10−13 m−2/3 for strong turbulence. Then the PDF of the RV Y can be derived in

closed-form in terms of the Fox’s H function as

fY (y) =
k y−1

∏N
i=1 ξ

2
i∏N

i=1 Γ(αi)Γ(βi)
H3N,0
N,3N

yk N∏
i=1

(
(αiβihi)

2

µi

)li ∣∣∣∣∣∣∣
ζ1

ζ2

 , (7.4)

with ζ1 = (ξ2
1+1, 2l1), . . . , (ξ2

N+1, 2lN) and ζ2 = (ξ2
1 , 2l1), (α1, 2l1), (β1, 2l1), . . . , (ξ2

N , 2lN)

, (αN , 2lN), (βN , 2lN).

Proof. See Appendix N.

It is worth to mention that an efficient MATHEMATICA implementation for

evaluating the Fox’s H function is presented in [91].

7.2.2 Statistical characteristics of the end-to-end SNR

7.2.2.1 System and Channel Models

We consider an N -hop FSO wireless communication system which operates over inde-

pendent and not identically distributed Gamma-Gamma fading channels with point-

ing error impairments under IM/DD with on-off keying (OOK).

The source terminal S communicates with the destination terminal D through

N − 1 intermediate terminals R1, R2, . . . , RN−1 which relay the information signal

only from one hop to the next, acting as non-regenerative relays as shown in Fig. 7.1

All relay terminals simultaneously receive and transmit in the same frequency band,
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Figure 7.1: N -hop FSO transmission system.

and no latency is incurred in the whole chain of transmission. In this case, the received

signal at the first intermediate relay, R1, can be expressed as

y1 = s1 x+ n1 = ηI1 x+ n1, (7.5)

where s1 = ηI1 is the instantaneous intensity gain of the first hop, η denotes the

effective photo-current conversion ratio of the receiver, I1 stands for the first hop

irradiance, x is the OOK signal with values 0 or 1, and n1 refers to the AWGN at the

input of R1 with zero mean and variance N0,1. The signal y1 is then multiplied by the
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gain g1 of the first intermediate node R1 and retransmitted to the second intermediate

node R2, where the received signal can be determined as

y2 = g1 s2(s1 x+ n1) + n2 = g1 ηI2(ηI1 x+ n1) + n2, (7.6)

where I2 is the irradiance at the second hop, and n2 is the AWGN at the input of R2.

Then, the received signal at the destination terminal D can be written as

yN =
N∏
i=1

gi−1si x+
N∑
i=1

ni

N∏
k=i+1

gk−1sk, g0 = 1. (7.7)

Therefore, the end-to-end SNR can be given as [107]

γend =

[
N∏
i=1

g2
i−1 s

2
i

]/[
N∑
i=1

N0,i

(
N∏

k=i+1

g2
k−1 s

2
k

)]
. (7.8)

7.2.2.2 CSI-Assisted Relays

One choice for the relay gain was proposed in [107] as g2
i , 1/s2

i , where the relay

just amplifies the incoming signal with the inverse of the channel intensity gain of

the previous hop, regardless of the noise of that hop. As mentioned in [107], such a

relay technique serves as a benchmark for all practical multihop systems employing

non-regenerative relays. The end-to-end SNR γend can be thus derived from Eq. (7.8)

as

γend ,

(
N∑
i=1

1

γi

)−1

, (7.9)

where γi = η2 I2
i /N0,i is the instantaneous SNR for the ith hop following the Gamma-

Gamma model with pointing error impairments, with the PDF given by (7.1). It

is noteworthy to mention that the derived equivalent SNR in Eq. (7.9) is not easily

tractable due to the difficulty in finding its statistics. However, an upper bound for
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the end-to-end SNR γend can be derived by using the well-known inequality between

harmonic and geometric means for γ1, γ2, . . . , γN given by [108]

HN 6 GN , (7.10)

where HN , N
(∑N

i=1 1/γi

)−1

and GN ,
∏N

i=1 γ
1/N
i are the harmonic and geometric

means, respectively. Therefore, an upper bound for the end-to-end SNR for an N -hop

FSO system with CSI-assisted relays can be obtained as [108, Eq. (14)]

γend 6 γub =
1

N

N∏
i=1

γ
1/N
i . (7.11)

The form of γub is mathematically more tractable than that in (7.9) and can be

efficiently used to study several end-to-end performance metrics of the multihop FSO

system. Using (7.4) by setting li = 1 and k = N into it, the PDF of the end-to-end

SNR γub can be determined in closed-form as

fγub
(γ) =

Nγ−1
∏N

i=1 ξ
2
i∏N

i=1 Γ(αi)Γ(βi)
H3N,0
N,3N

γNNN

N∏
i=1

(αiβihi)
2

µi

∣∣∣∣∣∣∣
κ1

κ2

 , (7.12)

where κ1 = (ξ2
1+1, 2), . . . , (ξ2

N+1, 2) and κ2 = (ξ2
1 , 2), (α1, 2), (β1, 2), . . . , (ξ2

N , 2), (αN , 2)

, (βN , 2). Then, utilizing [75, Eq. (2.25.2/2)], the CDF of γub can be obtained as

Fγub
(γ) =

N
∏N

i=1 ξ
2
i∏N

i=1 Γ(αi)Γ(βi)
H3N,1
N+1,3N+1

γNNN

N∏
i=1

(αiβihi)
2

µi

∣∣∣∣∣∣∣
(1, N), κ1

κ2, (0, N)

 . (7.13)

By exploiting the well-known inequality for positive RVs, an upper bound for the nth

order moment of γub can be expressed as

E[γnend] 6 E[γnub], (7.14)
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where E[·] denotes the expectation operator. Since the RVs γi are independent, the

above equation can be written as

E[γnend] 6 E[γnub] = N−nE

[
N∏
i=1

γ
n/N
i

]
= N−n

N∏
i=1

E
[
γ
n/N
i

]
. (7.15)

For Gamma-Gamma fading channels with pointing error impairments, the moments

E[γni ] are specified as

E[γni ] =

∫ ∞
0

γni fγi(γi) dγi. (7.16)

Substituting (7.1) in (7.16), using the RV transformation z =
√
γi, and applying [64,

Eq. (7.811.4)], the moments of γi reduce to the following simple expression

E[γni ] =
ξ2
i Γ(2n+ αi) Γ(2n+ βi)

Γ(αi)Γ(βi)(2n+ ξ2
i )

[
(αi βi hi)

2

µi

]−n
. (7.17)

Using (7.15) and (7.17), the moments of γub can be obtained in closed-form as

E[γnub] =
1

Nn

N∏
i=1

ξ2
i Γ(2n

N
+ αi)Γ(2n

N
+ βi)

Γ(αi)Γ(βi)(
2n
N

+ ξ2
i )

[
(αiβihi)

2

µi

]− n
N

. (7.18)

Note that, the expression in (7.18) is useful to derive tight asymptotic approximations

of the ergodic capacity at the low and high average SNR regimes, as will be shown in

the next section.

7.2.2.3 Fixed-Gain Relays

The fixed-gain relays offer simplicity and ease of deployment at the expense of perfor-

mance, comparing to the CSI-assisted relays [107]. Non-regenerative relays introduce

fixed gains to the received signal given by g2
i = 1/(CiN0,i), where Ci is a positive

constant (C0 = 1). Using the same approach as in [107], the overall SNR at the
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destination can then be written as [109]

γ′end =

(
N∑
i=1

i∏
j=1

Cj−1

γj

)−1

. (7.19)

Utilizing Eq. (7.10), an upper bound for the end-to-end SNR when fixed-gain relays

are employed, can be obtained as

γ′end 6 γ′ub =
1

N

N∏
i=1

C
− (N−i)

N
i γ

N+1−i
N

i . (7.20)

Substituting li = N + 1 − i and k = N into (7.4) and performing some algebraic

manipulations, the PDF of γ′ub can be derived in closed form as

fγ′ub
(γ) =

N γ−1
∏N

i=1 ξ
2
i∏N

i=1 Γ(αi)Γ(βi)

× H3N,0
N,3N

γNNN

N∏
i=1

CN−i
i

[
(αiβihi)

2

µi

]N+1−i
∣∣∣∣∣∣∣
J1

J2

 , (7.21)

where J1 = (ξ2
1 + 1, 2N), . . . , (ξ2

N + 1, 2) and J2 = (ξ2
1 , 2N), (α1, 2N), (β1, 2N), . . . ,

(ξ2
N , 2), (αN , 2), (βN , 2). Therefore, the CDF of γ′ub may be obtained by applying [75,

Eq. (2.25.2/2)] with some algebraic manipulations as

Fγ′ub
(γ) =

N
∏N

i=1 ξ
2
i∏N

i=1 Γ(αi)Γ(βi)

× H3N,1
N+1,3N+1

γNNN

N∏
i=1

CN−i
i

[
(αiβihi)

2

µi

]N+1−i
∣∣∣∣∣∣∣
(1, N), J1

J2, (0, N)

 . (7.22)
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Following the same approach as in the CSI-assisted relays case along with (7.17), we

get the moments of γub′ in closed-form in terms of simple functions as

E[γ′nub] = Rn
N

N∏
i=1

ξ2
i Γ
(

2(N+1−i)n
N

+ αi

)
Γ
(

2(N+1−i)n
N

+ βi

)
Γ(αi)Γ(βi)

(
2(N+1−i)n

N
+ ξ2

i

) [
(αiβihi)

2

µi

]− (N+1−i)n
N

,

(7.23)

where RN = 1
N

∏N
i=1C

− (N−i)
N

i .

7.2.3 Performance Metrics

Based on the derived expressions in the previous section, we introduce closed-form

bounds for the outage probability, the average BER of OOK, and the ergodic capacity

for both CSI-assisted and fixed-gain relays.

7.2.3.1 Outage Probability

The outage probability is defined as the probability that the output SNR falls below

a predetermined protection ratio γth. Using (7.11), (7.13), (7.20), and (7.22), lower

bounds for the outage probability can be obtained in closed-form such as Pout >

Fγub
(γth) when CSI-assisted relays are used, and P ′out > Fγ′ub

(γth) when fixed-gain

relays are employed, respectively.

7.2.3.2 Average BER

The average BER of IM/DD with OOK can be expressed as P (e) = P (0)P (e|0) +

P (1)P (e|1), where P (0) and P (1) refer to the probabilities of transmitting 0 and 1

bits, respectively and P (e|0), P (e|1) denote the conditional error probabilities when

the bits 0 and 1 are transmitted, respectively. Assuming that P (0) = P (1) = 1
2

and P (e|0) = P (e|1), the conditional irradiance I error probability can be given by
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[110, 17]

P (e|I) = P (e|0, I) = P (e|1, I) = Q

(
η I√
2N0

)
, (7.24)

where Q(·) is the Gaussian Q function defined as Q(x) = (1/
√

2π)
∫∞
x

exp(−t2/2) dt

and can be written in terms of the complementary error function such that erfc(x) =

2Q(
√

2x). By averaging (7.24) over the irradiance I, the average BER P (e) can be

obtained as

P (e) =

∫ ∞
0

P (e|I) fI(I) dI. (7.25)

Using the relation between I and the instantaneous end-to-end SNR γend, i.e. γend =

η2 I2/N0, the average BER can be formulated in terms of the SNR as

P (e) =
1

2

∫ ∞
0

erfc

(√
γ

2

)
fγend

(γ) dγ. (7.26)

CSI-Assisted Relays: Substituting (7.12) into (7.26), representing erfc(·) through the

Fox’s H function erfc
(√

γ/2
)

= 1/
√
πH2,0

1,2

γ
4

∣∣∣∣∣∣ (1, 1)

(0, 1), (1
2 , 1)

[75, Eqs. (8.4.14/2) and

(8.3.2/21)], and integrating using [75, Eq. (2.22.1/1)], a lower bound for the average

BER of CSI-assisted relays over Gamma-Gamma fading channels with pointing errors

can be shown to be given in closed-form in terms of the Fox’s H function as

Pγub
(e) =

N
∏N

i=1 ξ
2
i

2
√
π
∏N

i=1 Γ(αi)Γ(βi)

× H3N,2
N+2,3N+1

(4N)N
N∏
i=1

(αiβihi)
2

µi

∣∣∣∣∣∣∣
(1, N), (1

2
, N), κ1

κ2, (0, N)

 . (7.27)

Fixed-Gain Relays: For a multihop FSO system equipped with fixed-gain relays, a

lower bound on the average BER can be found by substituting (7.21) in (7.26) and
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using [75, Eq. (2.25.1/1)], yielding

Pγ′ub
(e) =

N
∏N

i=1 ξ
2
i

2
√
π
∏N

i=1 Γ(αi)Γ(βi)

× H3N,2
N+2,3N+1

(4N)N
N∏
i=1

CN−i
i

[
(αiβihi)

2

µi

]N+1−i
∣∣∣∣∣∣∣
a1, J1

J2, a2

 , (7.28)

where a1 = (1, N), (1
2
, N) and a2 = (0, N).

7.2.3.3 Ergodic capacity

The ergodic capacity for FSO systems with IM/DD can be bounded by

C , E[ln(1 + c γend)], (7.29)

where c is a constant equal to c = e/(2 π) [77, Eq. (26)], [78, Eq. (7.43)]. Since

γend ≤ γub and γ′end ≤ γ′ub, ln(1 + γend) ≤ ln(1 + γub) and ln(1 + γ′end) ≤ ln(1 + γ′ub),

and therefore, upper bounds for the ergodic capacity of both CSI-assisted and fixed-

gain relays can be derived.

CSI-Assisted Relays: Substituting (7.12) into (7.29), utilizing the Fox’s H func-

tion representation of ln(1 + c γ) as H1,2
2,2

c γ
∣∣∣∣∣∣∣
(1, 1), (1, 1)

(1, 1), (0, 1)

 [75, Eqs. (8.4.6/5) and

(8.3.2/21)], then integrating using [75, Eq. (2.25.1/1)], the ergodic capacity of an N -

hop FSO with IM/DD system employing CSI-assisted relays can be upper bounded

as

Cγub
=

N
∏N

i=1 ξ
2
i∏N

i=1 Γ(αi)Γ(βi)

× H3N+2,1
N+2,3N+2

(N
c

)N N∏
i=1

(αiβihi)
2

µi

∣∣∣∣∣∣∣
(0, N), (1, N), κ1

κ2, (0, N), (0, N)

 . (7.30)
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An asymptotic approximation of the ergodic capacity in (7.30) at high average SNR

can be obtained from the first derivative of the nth order moment of γub [63, Eqs. (8)

and (9)] as

Cγub
≈ log(c) +

∂

∂n
E[γnub]

∣∣∣
n=0

. (7.31)

By substituting Eq. (7.18) into Eq. (7.31) and after some algebraic manipulations,

the ergodic capacity can be asymptotically approximated at high average SNR as

Cγub
≈

µi�1
log(c)− log(N) +

1

N
log

(
N∏
i=1

µi

)

+
2

N

N∑
i=1

[
ψ(αi) + ψ(βi)− log(αiβihi)−

1

ξ2
i

]
, (7.32)

where ψ(·) is the psi (digamma) function [64, Eq. (8.360.1)]. At low average SNR,

the ergodic capacity is found to be approximated by the first moment. Evaluating

(7.18) at n = 1, we get the asymptotic approximation of the ergodic capacity at low

average SNR in terms of simple functions as

Cγub
≈

µi�1
cE[γub]

=
c

N

N∏
i=1

ξ2
i Γ( 2

N
+ αi) Γ( 2

N
+ βi)

Γ(αi)Γ(βi)(
2
N

+ ξ2
i )

[
(αi βi hi)

2

µi

]− 1
N

. (7.33)

Fixed-Gain Relays: For the case of fixed-gain relays, an upper bound for the ergodic

capacity can be found after performing some algebraic manipulations using (7.21)
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and [75, Eq. (2.25.1/1)] as

Cγ′ub
=

N
∏N

i=1 ξ
2
i∏N

i=1 Γ(αi)Γ(βi)

× H3N+2,1
N+2,3N+2

(N
c

)N N∏
i=1

CN−i
i

[
(αiβihi)

2

µi

]N+1−i
∣∣∣∣∣∣∣
b1, J1

J2, b2

 , (7.34)

where b1 = (0, N), (1, N) and b2 = (0, N), (0, N). At high average SNR, after perform-

ing some algebraic manipulations using (7.23), we get an accurate simple closed-form

approximation of the ergodic capacity as

Cγ′ub
≈

µi�1
log(cRN) + log

(
N∏
i=1

µ
N+1−i
N

i

)

+
2

N

N∑
i=1

(N + 1− i)
[
ψ(αi) + ψ(βi)− log(αiβihi)−

1

ξ2
i

]
. (7.35)

Furthermore, the ergodic capacity of a multihop FSO system using fixed-gain re-

lays can be approximated in the low SNR regime in closed-form in terms of simple

elementary functions by

Cγ′ub
≈

µi�1
cRN

N∏
i=1

ξ2
i Γ
(

2(N+1−i)
N

+ αi

)
Γ
(

2(N+1−i)
N

+ βi

)
Γ(αi)Γ(βi)

(
2(N+1−i)

N
+ ξ2

i

) [
(αiβihi)

2

µi

]− (N+1−i)
N

.

(7.36)

7.3 Multihop relaying over Heterodyne FSO Systems

7.3.1 System and Channel Model

We consider the same multihop system model employed in the previous section. Under

the assumption of the heterodyne detection mode, the instantaneous SNR for the ith

hop follows the Gamma-Gamma fading model including pointing error impairments
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with the PDF given by [18]

fγi(γ) =
ξ2
i

γ Γ(αi) Γ(βi)
G3,0

1,3

 αi βi ξ
2
i γ

(1 + ξ2
i )µi

∣∣∣∣∣∣∣
ξ2
i + 1

ξ2
i , αi, βi

 , (7.37)

where µi refers to the average SNR. It is noteworthy to mention that the equivalent

SNRs in (7.9) and (7.19) are not easily tractable due to the difficulty in finding their

statistics. However, upper bounds for the end-to-end SNRs γend and γ′end can be

derived by using the inequality between harmonic and geometric mean of positive

RVs as γend 6 γub = 1
N

∏N
i=1 γ

1/N
i and γ′end 6 γ′ub = 1

N

∏N
i=1C

− (N−i)
N

i γ
N+1−i
N

i [32],

respectively.

Using [32, Eqs.(19) and (21)], the PDFs of γub and γ′ub can be determined in closed-

form by

fγub
(γ) =

N γ−1
∏N

i=1 ξ
2
i∏N

i=1 Γ(αi)Γ(βi)
G3N,0
N,3N

NNγN
N∏
i=1

αi βi ξ
2
i

(1 + ξ2
i )µi

∣∣∣∣∣∣∣
κ1

κ2

 , (7.38)

where κ1 = 1 + ξ2
N , . . . , 1 + ξ2

1 and κ2 = ξ2
1 , α1, β1, . . . , ξ

2
N , αN , βN , and

fγ′ub
(γ) =

N γ−1
∏N

i=1 ξ
2
i (N + 1− i)αi+βi−2

(2 π)
N(N−1)

2

∏N
i=1 Γ(αi)Γ(βi)

×G3ν,0
ν,3ν

NNγN
N∏
i=1

CN−i
i

[
αi βi ξ

2
i

µi(1 + ξ2
i )(N + 1− i)2

]N+1−i

∣∣∣∣∣∣∣
J1

J2

 , (7.39)

where J1 = ∆(1, 1 + ξ2
N), . . . ,∆(N, 1 + ξ2

1), J2 = ∆(N, ξ2
1),∆(N,α1),∆(N, β1), . . .

,∆(1, ξ2
N),∆(1, αN),∆(1, βN), ∆(k, u) = u/k, (u+1)/k, . . . , (u+k−1)/k, ν = N(N+1)

2
,

and µi is the average SNR of the ith hop.
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7.3.2 Performance Metrics

7.3.2.1 Moments

Using the well-known inequality for positive RVs, upper bounds for the nth order

moment of γub and γ′ub, respectively can be expressed as E[γnend] 6 E[γnub] and

E[γ′nend] 6 E[γ′nub] where E[·] denotes the expectation operator. Since the RVs γi

are independent, the above equations can be reformulated as

E[γnend] 6 E[γnub] =
1

Nn
E

[
N∏
i=1

γ
n/N
i

]
=

1

Nn

N∏
i=1

E
[
γ
n/N
i

]
. (7.40)

E[γ′nend] 6 E[γ′nub] = RN

N∏
i=1

E
[
γ

(N+1−i)n/N
i

]
, (7.41)

where RN = 1
N

∏N
i=1C

− (N−i)
N

i . For Gamma-Gamma fading channels with pointing

error impairments operating under heterodyne detection, the moments E[γni ] can be

obtained using [56, Eq.(07.34.21.0009.01)] in a closed-form as

E[γni ] =
ξ2
i Γ(n+ αi) Γ(n+ βi)

Γ(αi)Γ(βi)(n+ ξ2
i )

[
(1 + ξ2

i )µi
αi βi ξ2

i

]n
. (7.42)

Using (7.40) and (7.41), we obtain the moments of γub and γub′ as

E[γnub] =
1

Nn

N∏
i=1

ξ2
i Γ( n

N
+ αi)Γ( n

N
+ βi)

Γ(αi)Γ(βi)(
n
N

+ ξ2
i )

[
(1 + ξ2

i )µi
αi βi ξ2

i

] n
N

. (7.43)

E[γ′nub] = Rn
N

N∏
i=1

ξ2
i Γ
(

(N+1−i)n
N

+ αi

)
Γ
(

(N+1−i)n
N

+ βi

)
Γ(αi)Γ(βi)

(
(N+1−i)n

N
+ ξ2

i

) [
(1 + ξ2

i )µi
αi βi ξ2

i

] (N+1−i)n
N

.

(7.44)
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The reason for including the moments is that they are useful in deriving closed-form

expressions for the amount of fading performance metric [63], and asymptotic results

for the ergodic capacity at high and low SNR ranges, as will be shown in the next

section.

7.3.2.2 Average BER

The average BER for a variety of binary modulation schemes can be written as [59]

Pe =
1

2 Γ(p)

∫ ∞
0

Γ(p, q γ) fγub(γ) dγ, (7.45)

where Γ(·, ·) is the complementary incomplete Gamma function [56, Eq.(06.06.02.0001.01)],

and the parameters p and q account for different binary modulation schemes [36, Ta-

ble I]. Using (7.38) and (7.39) together with (7.24), transforming Γ(·, ·) to the Meijer’s

G function [56, Eq.(06.06.26.0005.01)], and applying [75, Eq.(2.24.1.1)] in (7.45) leads

to the following closed-form lower bounds for the average BER of the N -hop FSO

system equipped with CSI-assisted and fixed gain relays

Pe,γub
=

Np− 1
2

∏N
i=1 ξ

2
i

2 Γ(p) (2π)
N−1

2

∏N
i=1 Γ(αi)Γ(βi)

G3N,N+1
2N+1,3N+1

(N2

q

)N N∏
i=1

αiβi ξ
2
i

(1 + ξ2
i )µi

∣∣∣∣∣∣∣
κ3

κ2, 0

 ,
(7.46)

Pe,γ′ub
=
Np− 1

2

∏N
i=1 ξ

2
i (N + 1− i)αi+βi−2

2 Γ(p) (2π)
N2−1

2

∏N
i=1 Γ(αi)Γ(βi)

×G3ν,N+1

(N+1)(N
2

+1),3ν+1

(N2

q

)N N∏
i=1

CN−i
i

[
αi βi ξ

2
i

(1 + ξ2
i )(N + 1− i)2 µi

]N+1−i

∣∣∣∣∣∣∣
J3

J2, 0

 ,
(7.47)
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where κ3 = 1,∆(N, 1 − p), κ1 and J3 = 1,∆(N, 1 − p),J1. At high average SNR

regimes, the average BER expressions in (7.46) and (7.47) can be approximated ac-

curately in terms of elementary functions by using the Meijer’s G function expansion

as

Pe,γub
≈

µi�1

Np− 1
2

∏N
i=1 ξ

2
i

2 Γ(p) (2π)
N−1

2

∏N
i=1 Γ(αi)Γ(βi)

×
3N∑
k=1

[( q

N2

)N N∏
i=1

(1 + ξ2
i )µi

αi βi ξ2
i

]−κ2,k ∏3N
l=1;l 6=k Γ(κ2,l − κ2,k)

∏N+1
l=1 Γ(1 + κ2,k − κ3,l)

Γ(1 + κ2,k)
∏2N+1

l=N+2 Γ(κ3,l − κ2,k)
,

(7.48)

Pe,γ′ub
≈

µi�1

Np− 1
2

∏N
i=1 ξ

2
i (N + 1− i)αi+βi−2

2 Γ(p)(2π)
N2−1

2

∏N
i=1 Γ(αi)Γ(βi)

×
3ν∑
k=1

[( q

N2

)N N∏
i=1

Ci−N
i

[
(1 + ξ2

i )(N + 1− i)2 µi
αi βi ξ2

i

]N+1−i
]−J2,k

×
∏3ν

l=1;l 6=k Γ(J2,l − J2,k)
∏N+1

l=1 Γ(1 + J2,k − J3,l)

Γ(1 + J2,k)
∏(N+1)(N

2
+1)

l=N+2 Γ(J3,l − J2,k)
, (7.49)

where κi,j accounts for the jth term of κi, and Ji,j represents the jth term of Ji.

In addition, the average BER in (7.48) and (7.49) can be further expressed via only

the dominant terms d = min(αi, βi, ξ
2
i ) and d′ = min(αi/N, βi/N, ξ

2
i /N), respec-

tively. Furthermore, utilizing [62, Eq.(1)], the average BERs can be approximated

as Pe,γub
≈ (Gc µ)−Gd and Pe,γ′ub

≈ (G′c µ)−G
′
d , respectively. For the same average SNR

per hop (µi = µ), the diversity orders of a multihop FSO system in operation under

the heterodyne detection technique using CSI-assisted and fixed-gain relays can be

obtained as Gd = Nd and G′d = N (N+1) d′

2
, respectively. Moreover, the coding gains
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can be easily derived as

Gc =

[( q

N2

)N N∏
i=1

(1 + ξ2
i )

αi βi ξ2
i

] 1
N
[

Np− 1
2

∏N
i=1 ξ

2
i

2 Γ(p) (2π)
N−1

2

∏N
i=1 Γ(αi)Γ(βi)

×
∏3N

l=1;l 6=k Γ(κ2,l − κ2,k)
∏N+1

l=1 Γ(1 + κ2,k − κ3,l)

Γ(1 + κ2,k)
∏2N+1

l=N+2 Γ(κ3,l − κ2,k)

] −1
N d

. (7.50)

G′c =

[( q

N2

)N N∏
i=1

Ci−Ni

[
(1 + ξ2

i )(N + 1− i)2

αi βi ξ2
i

]N+1−i] 2
N(N+1)

×

Np− 1
2
∏N
i=1 ξ

2
i (N + 1− i)αi+βi−2

2 Γ(p)(2π)
N2−1

2
∏N
i=1 Γ(αi)Γ(βi)

∏3ν
l=1;l 6=k Γ(J2,l − J2,k)

∏N+1
l=1 Γ(1 + J2,k − J3,l)

Γ(1 + J2,k)
∏(N+1)(N

2
+1)

l=N+2 Γ(J3,l − J2,k)

 −2
N(N+1) d′

.

(7.51)

7.3.2.3 Ergodic Capacity

The ergodic capacity of an N -hop heterodyne FSO system employing CSI-assisted

and fixed-gain relays can be upper bounded as

Cγub
=

∏N
i=1 ξ

2
i

ln(2) (2π)N−1
∏N

i=1 Γ(αi)Γ(βi)
G4N+1,N

2N+1,4N+1

NN

N∏
i=1

αi βi ξ
2
i

(1 + ξ2
i )µi

∣∣∣∣∣∣∣
κ4

κ5

 , (7.52)

Cγ′ub
=

∏N
i=1 ξ

2
i (N + 1− i)αi+βi−2

ln(2) (2π)(N−1)(N
2

+1)
∏N

i=1 Γ(αi)Γ(βi)

×Gϑ,N

(N+1)(N
2

+1),ϑ

NN

N∏
i=1

CN−i
i

[
αi βi ξ

2
i

(1 + ξ2
i )(N + 1− i)2µi

]N+1−i

∣∣∣∣∣∣∣
J4

J5

 , (7.53)

where κ4 = ∆(N, 0), 1, κ1, κ5 = κ2,∆(N, 0), 0, ϑ = (N+1)
(

3N
2

+ 1
)
, J4 = ∆(N, 0), 1,J1,

and J5 = J2,∆(N, 0), 0.

At high SNR, the ergodic capacity in (7.52) and (7.53) can be asymptotically approx-
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imated in terms of simple elementary functions as

Cγub
≈

µi�1

∏N
i=1 ξ

2
i

ln(2) (2π)N−1
∏N

i=1 Γ(αi)Γ(βi)

×
4N+1∑
k=1

[
N−N

N∏
i=1

(1 + ξ2
i )µi

αi βi ξ2
i

]−κ5,k ∏4N+1
l=1;l 6=k Γ(κ5,l − κ5,k)

∏N
l=1 Γ(1 + κ5,k − κ4,l)∏2N+1

l=N+1 Γ(κ4,l − κ5,k)
.

(7.54)

Cγ′ub
≈

µi�1

∏N
i=1 ξ

2
i (N + 1− i)αi+βi−2

ln(2) (2π)(N−1)(N
2

+1)
∏N

i=1 Γ(αi)Γ(βi)

×
ϑ∑
k=1

[
N−N

N∏
i=1

Ci−N
i

[
(1 + ξ2

i )(N + 1− i)2µi
αi βi ξ2

i

]N+1−i
]−J5,k

×
∏ϑ

l=1;l 6=k Γ(J5,l − J5,k)
∏N

l=1 Γ(1 + J5,k − J4,l)∏(N+1)(N
2

+1)

l=N+1 Γ(J4,l − J5,k)
. (7.55)

Alternatively, simple asymptotic expressions for the ergodic capacity in (7.52) and

(7.53) in the high SNR region may also be obtained from the first derivative of the

nth order moment of γub and γub′ [63, Eqs.(8) and (9)] as

Cγub
≈ ∂

∂n
E[γnub]

∣∣∣
n=0

≈
µi�1
− log(N) + log
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N∏
i=1

µ
1
N
i

)

+
1

N

N∑
i=1

[
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(
αi βi ξ

2
i

1 + ξ2
i

)
− 1

ξ2
i

]
, (7.56)

Cγ′ub
≈ ∂

∂n
E[γ′nub]

∣∣∣
n=0
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µi�1

log(RN) + log
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i=1

µ
N+1−i
N

i

)

+
1

N

N∑
i=1

(N + 1− i)
[
ψ(αi) + ψ(βi)− log

(
αi βi ξ

2
i

1 + ξ2
i

)
− 1

ξ2
i

]
, (7.57)
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where ψ(·) is the psi (digamma) function [56, Eq.(06.14.27.0001.01)]. Furthermore,

the ergodic capacity of a multihop FSO system using CSI-assisted and fixed-gain

relays can be approximated by the first moment in the low SNR regime in terms of

simple elementary functions by

Cγub
≈E[γub] ≈

µi�1

1

N

N∏
i=1

ξ2
i Γ( 1

N
+ αi) Γ( 1

N
+ βi)

Γ(αi)Γ(βi)(
1
N

+ ξ2
i )

[
(1 + ξ2

i )µi
αi βi ξ2

i

] 1
N

. (7.58)

Cγ′ub
≈E[γ′ub] ≈

µi�1
RN
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i=1

ξ2
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N

+ αi
)

Γ
(
N+1−i
N

+ βi
)
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(
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N

+ ξ2
i

) [
(1 + ξ2

i )µi
αi βi ξ2

i

] (N+1−i)
N

.

(7.59)

7.4 Numerical Results and Discussion

Assuming equal average SNRs per hop for all hops γi = γ, we illustrate the perfor-

mance of multihop FSO systems using both types of detection techniques under the

effects of pointing error and atmospheric turbulence. Weak (α = 2.902 and β = 2.51),

moderate (α = 2.296 and β = 1.822), and strong (α = 2.064 and β = 1.342) turbu-

lence conditions are considered in our study [70, Table I].

7.4.1 Multihop FSO Systems under IM/DD Technique

In Fig. 7.2, the end-to-end outage probability of a multihop FSO system using CSI-

assisted relays is plotted as a function of the inverse normalized outage threshold,

γ/γth, under weak turbulent conditions with strong pointing error ξ = 1.1. Monte-

Carlo Simulations for both lower bounds and exact results, based on (7.11) and (7.9)

respectively, of the outage probability are also presented. A perfect match between

analytical and simulation results of the lower bounds can be seen from Fig. 7.2. It

can also be observed that the outage performance degrades as the number of hops
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Figure 7.2: Outage probability for a multihop FSO system using CSI-assisted relays
with IM/DD under weak (α = 2.902 and β = 2.51) turbulent conditions with strong
pointing error (ξ = 1.1).

increases (i.e. the higher the values of N , the higher will be the outage probability).

Moreover, it can be shown that the lower the values of γ/γth, the tighter the bounds

are.

Fig. 7.3 depicts the end-to-end outage probability for the case of CSI-assisted re-

lays as a function of γ/γth for different numbers of hops N and for varying effects of

the pointing error (ξ = 2.1, 1, 6.7, 1.1). We consider that the refractive index is set

such that C2
n = 5× 10−14 m−2/3, the wavelength is equal λw = 1550 nm, the aperture

diameter for the receiver is Da = 0.01 m, and the distance between successive hops is

Li = 3000+500(i−1) (m), i = 1, . . . , N , resulting in different values of the fading pa-

rameters ((α = (2.076, 2.075, 2.126, 2.208) and (β = 1.596, 1.478, 1.410, 1.370)). As

clearly seen from the figure, our mathematical results are also verified when different

αi, βi, and ξi are used for non-equidistant relays.

In Fig. 7.4, lower bounds on the end-to-end average BER of OOK are presented
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Figure 7.3: Outage probability for a multihop FSO system using CSI-assisted re-
lays with IM/DD for C2

n = 5 × 10−14 m−2/3, Li = 3000 + 500(i − 1), and (ξ =
2.1, 1, 6.7, 1.1).

versus the average SNR per hop under strong, moderate, and weak turbulence con-

ditions for N = 1 and N = 3. As clearly seen in the figure, the analytical and the

simulation results for the lower bounds on the average BER are in a perfect agreement.

We can also see from this figure that lower values of N yield the best performance

in terms of the average BER. Moreover, it can be observed that the average BER

increases as the atmospheric turbulence conditions get severe.

Fig. 7.5 shows the ergodic capacity for strong turbulence conditions with strong

pointing error ξ = 1.1 using N = 2, N = 3, and N = 4. As expected, increasing

the number of hops decreases the ergodic capacity. Additionally, Fig. 7.5 indicates

the tightness of the bound for lower values of N even at high average SNR regime.

Moreover, this figure shows the high accuracy of the asymptotic results based on the

moments method derived in (7.32) at high average SNR values. As illustrated in

Fig. 7.5, the analytical results for the bound on the ergodic capacity have also been
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Figure 7.4: Average BER of OOK for a multihop FSO system using CSI-assisted
relays with IM/DD for N = 1 and N = 3 under weak (α = 2.902 and β = 2.51),
moderate (α = 2.296 and β = 1.822), and strong (α = 2.064 and β = 1.342) turbu-
lence conditions for ξ = 6.7.

verified by means of computer simulations.

The outage probability of a multihop FSO system employing fixed-gain relays

is plotted in Fig. 7.6 for strong turbulence conditions under strong pointing error

effects for several values of N . Monte-Carlo simulations for the exact results are also

illustrated in the same figure showing the tightness and the accuracy of the bounds

especially at low SNRs. Furthermore, it is observed that the outage probability

degrades with an increase of the number of hops N and shows a similar behaviour

with the multihop FSO system with CSI-assisted relays.

In Fig. 7.7, the average BER of IM/DD with OOK for a multihop FSO system

equipped with fixed-gain relays is illustrated for N = 4. The obtained results indicate

that the average BER performance deteriorates as the atmospheric turbulence con-

ditions become severe. Equivalent results obtained via Monte-Carlo simulations are

also included showing a perfect agreement with the analytical results. Moreover, as
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Figure 7.5: Ergodic capacity for a multihop FSO system using CSI-assisted relays
with IM/DD under strong turbulence (α = 2.064 and β = 1.342) with strong pointing
error (ξ = 1.1).

seen in this figure, when the effect of the pointing error decreases (ξ →∞), then the

average BER decreases leading to a system performance improvement, as expected.

Fig. 7.8 presents the ergodic capacity of a 4-hop FSO system with fixed-gain

relays under strong turbulence conditions for various pointing errors (ξ = 1.1 and

ξ = 6.7). As can be observed from this figure, the bounds are more tight for low

values of γ. However, the bounds lose tightness as γ increases. The accuracy of

the asymptotic results at high average SNR ranges obtained via the moments-based

approach by (7.35) is evident, especially at high average SNR values. Moreover, as it

was expected, the ergodic capacity increases with the decrease of the pointing error

effect.
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Figure 7.6: Outage probability for a multihop FSO system using fixed-gain relays
with IM/DD under strong turbulence with strong pointing error (ξ = 1).
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Figure 7.8: Ergodic Capacity for a 4-hop FSO system using fixed-gain relays with
IM/DD for strong turbulence (α,β)= (2.064,1.342).
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Figure 7.7: Average BER of OOK for a multihop FSO system using fixed-gain relays
with IM/DD for N = 4 under weak (α = 2.902 and β = 2.51) and moderate (α =
2.296 and β = 1.822) turbulence conditions for varying effects of the pointing error.

7.4.2 Multihop FSO Systems under Heterodyne Technique

In Fig. 7.9, lower bounds for the average BER of BFSK (p = 1/2 and q = 1/2), BPSK

(p = 1/2 and q = 1), and DPSK (p = 1 and q = 1) binary modulation schemes of a

multihop FSO system (N = 3) using CSI-assisted relays along with their asymptotic

results at high SNR are plotted as a function of the average SNR per hop under strong

turbulence conditions. As expected, it can be shown that the average BER improves

as the pointing error effect gets negligible (ξ →∞). Monte-Carlo simulations are also

provided and a perfect match with the analytical results is observed. Additionally, it

can be seen that at high SNR, the asymptotic results converge to the exact results

proving the tightness and the accuracy of this asymptotic approximation. It can

be also seen from this figure that BPSK performs better than the other modulation

schemes. Moreover, DPSK and BFSK have the same performance at lower SNR,

whereas as the SNR increases DPSK outperforms BFSK.
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Figure 7.9: Average BER of BFSK, BPSK, and DBSK modulations for a multihop
heterodyne FSO system using CSI-assisted relays under strong turbulence for N = 3.
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Figure 7.10: Ergodic capacity for a multihop heterodyne FSO system using CSI-
assisted relays under strong turbulence with strong pointing error (ξ = 1.1).
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Fig. 7.10 depicts the ergodic capacity of a multihop heterodyne FSO system using

CSI-assisted relays for strong turbulence conditions with strong pointing error (ξ =

1.1) for N = 2 and N = 4. As illustrated in Fig. 7.10, the analytical results for

the upper bound on the ergodic capacity obtained in (7.52) have been verified by

means of computer simulations and a perfect agreement is observed. Moreover, the

exact ergodic capacity results obtained via Monte-Carlo simulations based on (7.9)

are also included to prove the tightness of the obtained bound. In addition, Fig. 7.10

indicates that the lower the values of N , the tighter the upper bounds are even at high

average SNR. Also, we can see from Fig. 7.10 that the ergodic capacity degrades as

the number of hop N increases. Finally, the high accuracy of the asymptotic analysis

via the Meijer’s G function expansion in (7.54) or via the moments-based approach

in (7.56) at high SNRs is clearly observed.

Fig. 7.11 presents tight asymptotic results for the upper bound on the ergodic

capacity in the low SNR regime obtained in (7.58).

−20 −15 −10 −5 0

10−2

10−1

N = 2

N = 4

Average SNR per Hop (dB) γ

E
rg

o
d

ic
C

ap
ac

it
y

(N
at

s/
S

ec
/H

z) Weak Turbulence

Strong Turbulence

Asymptotic Result

Figure 7.11: Ergodic capacity for a multihop heterodyne FSO system using CSI-
assisted relays under weak and strong turbulence conditions for strong pointing error
(ξ = 1.2) along with the asymptotic results in the low SNR regime.
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In Fig. 7.12, the average BER of DPSK modulation scheme for a 3-hop heterodyne

FSO system equipped with fixed-gain relays is demonstrated with varying effects

of the pointing error, ξ = 1 and 6.7, for strong, moderate, and weak turbulence

conditions. Expectedly, as the pointing error gets severe (ξ → 0) and/or as the

atmospheric turbulence conditions get severe, the average BER increases (i.e. the

higher the values of α snd β, and/or ξ, the lower will be the average BER). It can

be also seen that the asymptotic expression at high SNR obtained via the Meijer’s

G function expansion in (7.49) (utilizing all the terms in the summation) matches

the exact results perfectly proving the tightness of this asymptotic approximation.

Moreover, the asymptotic result based on the appropriate dominant term converges

to the exact result though relatively slower.
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Figure 7.12: Average BER of DPSK modulation scheme for a multihop FSO system
using fixed-gain relays with heterodyne detection for N = 3 under weak , moderate ,
and strong turbulence conditions for varying effects of the pointing error along with
the asymptotic results in the high SNR regime.
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7.5 Conclusion

We have studied the performance of a multihop FSO system under both IM/DD

as well as heterodyne techniques using AF CSI-assisted and fixed-gain relays over

Gamma-Gamma fading channels under the effect of pointing errors. We have derived

closed-form expressions for the outage probability, the average BER, and the ergodic

capacity for different turbulent conditions and various values of the pointing error.

Furthermore, new asymptotic results were presented for the average BER, and the

ergodic capacity at high SNR by applying the asymptotic expansion of the Meijer’s

G function. Moreover, using the moments-based approach, new accurate asymptotic

results for the ergodic capacity are obtained in the low and high SNR regimes. Over-

all, the performance degrades as the pointing error effect and/or the atmospheric

turbulence conditions become severe and with an increase in the number of hops.
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Chapter 8

Concluding Remarks

8.1 Summary

In this report, we introduced a novel unified expression for the distribution of a single

FSO link modeled by the Gamma fading including pointing errors under both types of

detection techniques at the receiver side. In fact, the Gamma model was demonstrated

to be a good approximation of the Gamma-Gamma model through the use of the

moment matching method. Then, we used this unified statistical characterization to

undergo the closed-form performance analysis of the single FSO link inclusive of the

average BER of a variety of binary modulation schemes and the ergodic capacity, and

successfully derived accurate simple asymptotic results for these performance metrics

at high power ranges. For the ergodic capacity, novel asymptotic results at low and

high power regimes were obtained via an alternative moments-based approach.

The obtained unified turbulence model was further used to derive the HARQ

with IR closed-form results. More specifically, we focused on the performance metrics

such as the outage probability, the average number of transmissions, and the average

transmission rate, in terms of the Meijer’s G function. Further, by applying the

asymptotic expansion of the Meijer’s G function, the obtained performance metrics

were given in simpler forms in terms of basic elementary functions. Additionally, we

analyzed the performance of HARQ with CC and demonstrated that HARQ with IR

outperforms HARQ with CC scheme especially for large number of rounds.

Due to the difficulty in finding the statistics of the asymmetric Nakagami-m/Gamma-
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Gamma dual-hop transmission systems, we utilized the finite series representation of

the incomplete Gamma function together with the binomial expansion to present a

unified approach for the derivation of the exact closed-form solutions for various per-

formance metrics of the asymmetric Nakagami-m/Gamma-Gamma dual-hop trans-

mission system including the higher-order amount of fading, the outage probability,

and the average BER of a binary modulation schemes in terms of the Meijers G func-

tion. Additionally, we derived the ergodic capacity in closed-form in terms of the

extended generalized bivariate Meijer’s G function. Further, we presented accurate

asymptotic expressions at high power regime for these performance metrics.

We also proposed a new system model that includes a direct RF Nakagami-m link

alongside the Nakagami-m/Gama-Gamma dual-hop link. Hence, SC and MRC diver-

sity schemes were investigated. More specifically, for the SC method, we derived new

unified closed-form expressions for the CDF, the PDF, the MGF, the moments, the

outage probability, the average BER, and the ergodic capacity for end-to-end SNR.

Additionally, using the MGF-based approach, the evaluation of the outage proba-

bility, the average BER, and the ergodic capacity for the MRC diversity technique

was performed based entirely on the knowledge of the MGF of the output SNR. By

implementing SC or MRC diversity techniques, we demonstrated a better system per-

formance of the system relative to the traditional RF path only. Also, our analysis

illustrated MRC as the optimum diversity combining method.

Moreover, using the well-known inequality between harmonic and geometric means

of positive random variables, the end-to-end performance of multihop FSO system

using CSI-assisted and fixed-gain relays over Gamma-Gamma turbulence including

pointing errors under both IM/DD and heterodyne techniques was analyzed. For the

capacity, novel asymptotic results at low and high average SNR regimes were derived

using the moments-based approach. Finally, the impact of the atmospheric turbulence

conditions, the pointing error, and the number of hops on the overall performance
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was studied.

RF/FSO dual-hop systems have been widely considered in the literature. However,

to the best of authors’ knowledge, we, for the first time, studied the performance of

dual-hop FSO/RF systems, due to their critical importance in real-world applications.

We derived the end-to-end outage probability, the average BER, and the ergodic

capacity in closed-from.

This model has been further enhanced through the deployment of an FSO link in

the second hop, leading to a dual-hop FSO system. We provided a novel analytical

framework to characterize the end-to-end performance of this optical communications

system. A significant improvement in the performance is demonstrated by connecting

two FSO links in series over the single FSO link. This conclusion is as such in a perfect

agreement with what was observed experimentally in the literature.

8.2 Future Research Work

The work presented in this thesis can be extended in the following directions. The

turbulence-induced fading in underwater wireless optical channels (UWOC) will be

characterized, based on experimental data. An ample amount of work has been car-

ried out to model the turbulence in terrestrial free-space optical (FSO) channels,

however turbulence in underwater optical links is relatively less explored as its char-

acterization is more challenging. Fluctuations in the temperature and the salinity

of the underwater environment result in the variation of the refractive index along

the propagation path, leading to large fluctuations in the intensity of the received

signal. This turbulence, known also as scintillation, can significantly degrade the per-

formance of UWOC and as such need to be statistically modeled as in the case of FSO

communication. The is a lot of work being done to provide an accurate description of

absorption and scattering effects in UWOC channels, however the study of underwa-

ter turbulence is commonly ignored and most studies of UWOC directly applied or
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modified the classical atmospheric optical turbulence models, such as the lognormal

distribution, as the underwater optical turbulence models. For this, there is a need for

further investigation of new statistical models to better characterize the turbulence-

induced fading in UWOC. In this context, we will focus on our future research work

on the channel modeling in the underwater environment based on measurements. We

will propose the mixture Exponential-Gamma distribution as an accurate model for

the underwater optical turbulence. We will use the expectation maximization (EM)

algorithm to obtain the maximum likelihood parameter estimation of the new dis-

tribution. It is expected that the proposed model will provide a perfect fit to the

measured data under all the channel conditions. Moreover, it will be used to derive

exact closed-form and mathematically tractable results for the channel statistics as

well as the performance metrics such as the outage probability, the average BER, and

the ergodic capacity.
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APPENDICES

A Asymptotic Expansion of the Meijer’s G Function

For small value of x the asymptotic expansion of the Meijer’s G function can be

expressed using [111, Eq.(1.4.13)] and limz→0+ cFd[e; f ; z] = 1 [112] as

lim
x→0+

Gm,n
p,q

x
∣∣∣∣∣∣∣
a1, . . . , an, . . . , ap

b1, . . . , bm, . . . , bq

 =
n∑
k=1

xak−1

×
∏n

l=1;=;l 6=k Γ (ak − al)
∏m

l=1 Γ (1 + bl − ak)∏p
l=n+1 Γ (1 + al − ak)

∏q
l=m+1 Γ (ak − bl)

, (A.1)

with ak − al 6= 0,±1,±2, . . . ; (k, l = 1, . . . , n; k 6= l) and ak − bl 6= 1, 2, 3, . . . ; (k =

1, . . . , n; l = 1, . . . ,m).
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B PDF and CDF of the Product of γi

In this appendix, we derive an expression for the PDF and the CDF of the product

W =
M∏
i=1

γi, where γi is a random variable whose PDF is given by (2.10). Using the

Mellin transform property from [58], we can express the Mellin transform of W as

Ms(fW (x)) =
M∏
i=1

Ms(fγi(x)). (B.1)

The Mellin transform of γi is defined as

Ms(fγi(x)) =

∫ ∞
0

xs−1fγi(x)dx. (B.2)

Substituting fγi(x) by its expression in (2.10) and utilizing [56, Eq.(06.06.21.0002.01)],

we obtain after some algebraic manipulations

Ms(fγi(x)) =
ξ2d2 (1−s)

Γ (k)

Γ (k − 2 + 2 s) Γ (ξ2 − 2 + 2 s)

Γ (ξ2 − 2 + 2 s+ 1)
, (B.3)

where d = k ξ2

(1+ξ2)µ
1
2

. It follows that the Mellin transform of W can be written as

Ms(fW (x)) =
M∏
i=1

Ms(fγi(x)) =

(
ξ2d2

Γ (k)

)M (
d2
)−M s Γ (k − 2 + 2 s)M Γ (ξ2 − 2 + 2 s)

M

Γ (ξ2 − 2 + 2 s+ 1)M
.

(B.4)



187

The PDF fW (x) of W is then determined by using the inverse Mellin transform in

terms of the Meijer’s G function as follows

fW (x) = M−1
s {Ms(fW (v))} =

1

j2π

∫
C

Ms(fW (v))x−s ds

=
1

2

((
k ξ2

1 + ξ2

)2
ξ2

µΓ (k)

)M

G2M,0
M,2M

( k ξ2

1 + ξ2

)M (
1

µ

)M
2

x
1
2

∣∣∣∣∣∣∣
(ξ2 − 1)M

(ξ2 − 2)M , (k − 2)M

 ,
(B.5)

where G·,··,· (·) stands for the Meijer’s G function defined in [64, Eq.(9.301)], while the

notation (a)M , a, . . . , a︸ ︷︷ ︸
Mterms

. The CDF FW (x) of W can be deduced from the PDF fW (x)

as FW (x) =
x∫
0

fW (t) dt. Utilizing the integral identity [56, Eq.(07.34.21.0084.01)]

along with some mathematical manipulations, we get the CDF of W in exact closed-

form in terms of the Meijer’s G function as

FW (x) =

((
k ξ2

1 + ξ2

)2
ξ2

µΓ (k)

)M
2(k− 7

2
)M

(2π)
M
2

x

×G4M,1
2M+1,4M+1

( k ξ2

1 + ξ2

)2M (
1

µ

)M
2−2M x

∣∣∣∣∣∣∣
Φ1

Φ2

 , (B.6)

where Φ1 = 0,
(
ξ2−1

2
, ξ

2

2

)
M

comprises 2M + 1 terms, and Φ2 =
(
ξ2−2

2
, ξ

2−1
2

)
M
,(

k−2
2
, . . . , k−1

2

)
M
,−1 comprises 4M + 1 terms.
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C CDF of the End-to-End SNR

In this appendix, we derive the CDF of the end-to-end SNR γ starting with

Fγ(γ) = Pr

[
γ1 γ2

γ2 + C
< γ

]
, (C.1)

which can be expressed as

Fγ(γ) =

∫ ∞
0

Pr

[
γ1 γ2

γ2 + C
< γ|γ2

]
fγ2(γ2) dγ2

=

∫ ∞
0

Fγ1

(
γ

(
1 +

C

γ2

))
fγ2(γ2) dγ2

=

∫ ∞
x=0

∫ γ

t=0

fγ1(t)fγ2(x) dt dx

+

∫ ∞
x=0

∫ γ+Cγ
x

t=γ

fγ1(t)fγ2(x) dt dx. (C.2)

Integrating over the same area and interchanging the integrals yields

Fγ(γ) =

∫ γ

t=0

∫ ∞
x=0

fγ2(x)fγ1(t) dx dt

+

∫ ∞
t=γ

∫ Cγ
t−γ

x=0

fγ2(x)fγ1(t) dx dt

= Fγ1(γ) +

∫ ∞
γ

Fγ2

(
Cγ

t− γ

)
fγ1(t) dt. (C.3)
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Substituting (5.5) in (C.3) we obtain

Fγ(γ) = 1− ξ2

rΓ(m)Γ(α)Γ(β)

×
∫ ∞
γ

1

t
G2,0

1,2

(C dγ
γ2

)p
1

(t− γ)p

∣∣∣∣∣∣∣
1

m, 0


×G3,0

1,3

αβh
µ

1
r
r

t
1
r

∣∣∣∣∣∣∣
ξ2 + 1

ξ2, α, β

 dt. (C.4)

Using the change of variable x = t − γ and the primary definition of the Meijer’s G

function in [64, Eq.(9.301)], the CDf can be written as

Fγ(γ) = 1− ξ2

rΓ(m)Γ(α)Γ(β)

1

(2πi)2

∫
C1

∫
C2

Γ(m− s)Γ(−s)
Γ(1− s)

× Γ(ξ2 − t)Γ(α− t)Γ(β − t)
Γ(ξ2 + 1− t)

(
C dγ

γ2

)ps(
αβh

µ
1
r
r

)t

×
∫ ∞

0

x−ps(x+ γ)
t
r
−1dx ds dt, (C.5)

where C1 and C2 are the s-plane and the t-plane contours, respectively. Utilizing

the integral identity [64, Eq.(3.194/3)] with [64, Eq.(8.384/1)],
∫∞

0
x−ps(x+ γ)

t
r
−1dx

simplifies to
Γ(1−ps)Γ(ps− t

r
)

Γ(1− t
r

)
γ
t
r
−ps, and (C.5) becomes

Fγ(γ) = 1− ξ2

rΓ(m)Γ(α)Γ(β)

1

(2πi)2

∫
C1

∫
C2

Γ

(
ps+

t

r

)

× Γ(m− s)Γ(−s)Γ(1− ps)
Γ(1− s)

Γ(ξ2 + t)Γ(α + t)Γ(β + t)

Γ(ξ2 + 1 + t)Γ(1 + t
r
)

×
(
C d

γ2

)ps(
1

αβh

(
µr
γ

) 1
r

)t

ds dt. (C.6)

Finally, by utilizing the relations Γ(1− s) = −sΓ(−s) and Γ(1− ps) = (−ps) Γ(−ps)

then [88, Eq.(1.1)], we obtain the desired CDF expression given in (5.8).
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D PDF of the End-to-End SNR

Taking the derivative of (C.6) with respect to γ yileds

fγ(γ) =
−p ξ2

rΓ(m)Γ(α)Γ(β)

1

(2πi)2

∫
C1

∫
C2

Γ

(
ps+

t

r

)

× Γ(m− s)Γ(−ps)Γ(ξ2 + t)Γ(α + t)Γ(β + t)

Γ(ξ2 + 1 + t) Γ(1 + t
r
)

×
(
C d

γ2

)ps(
µ

1
r
r

αβh

)t

dγ−
t
r

dγ
ds dt. (D.1)

Using Γ(1 + t
r
) = t

r
Γ( t

r
) with some algebraic manipulations, (D.1) becomes

fγ(γ) =
p ξ2

rΓ(m)Γ(α)Γ(β)γ

1

(2πi)2

∫
C1

∫
C2

Γ

(
ps+

t

r

)

× Γ(m− s)Γ(−ps)Γ(ξ2 + t)Γ(α + t)Γ(β + t)

Γ(ξ2 + 1 + t) Γ( t
r
)

×
(
C d

γ2

)ps(
1

αβh

(
µr
γ

) 1
r

)t

ds dt. (D.2)

Applying [88, Eq.(1.1)], we get the desired PDF expression given by (5.15).
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E Moments

Substituting (5.15) into the definition of the moments then utilizing [88, Eq.(2.3)] to

write the the bivariate H-Fox function in terms of an integral involving the product

of three H-Fox functions, the moments can be written as

E[γn] =
ξ2

r Γ(m)Γ(α)Γ(β)

∫ ∞
0

1

x
H1,0

0,1

x
∣∣∣∣∣∣∣
−

(0, 1)


× H2,0

0,2

Cd
γ2

x

∣∣∣∣∣∣∣
−

(m, 1
p
), (0, 1)

∫ ∞
0

γn−1

× H0,3
3,2


(
µr
γ
x
) 1
r

αβh

∣∣∣∣∣∣∣
(1− ξ2, 1)(1− α, 1)(1− β, 1)

(−ξ2, 1)(1, 1
r
)

 dγ dx. (E.1)

Using [113, Eq.(1.59)] then [113, Eq.(1.58)] along with the Mellin transform of the

H-Fox function given by [113, Eq.(2.8)], (E.1) simplifies to

E[γn] =
ξ2 Γ(rn+ α)Γ(rn+ β)µnr

Γ(m)Γ(α)Γ(β)Γ(n)(rn+ ξ2)

×
∫ ∞

0

xn−1H1,0
0,1

x
∣∣∣∣∣∣∣
−

(0, 1)

H2,0
0,2

Cd
γ2

x

∣∣∣∣∣∣∣
−

(m, 1
p
), (0, 1)

 dx. (E.2)

Finally, employing [87, Eq.(2.8.4)] together with [87, Eq.(2.1.5)], the moments can

easily simplify into (5.17) by means of some algebraic manipulations.
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F Average Bit-Error Rate

Substituting (C.6) into (5.24), the average BER may be written as

P b =
1

2
− p ξ2 ba

2 r Γ(m)Γ(α)Γ(β)Γ(a)

1

(2πi)2

∫
C1

∫
C2

Γ

(
ps+

t

r

)

× Γ(m− s)Γ(−ps)Γ(ξ2 + t)Γ(α + t)Γ(β + t)

Γ(ξ2 + 1 + t) Γ(1 + t
r
)

×
(
C d

γ2

)ps(
µ

1
r
r

αβh

)t ∫ ∞
0

γa−
t
r
−1 e−bγ dγ ds dt. (F.1)

Using [64, Eq.(3.381/4)] along with [88, Eq.(1.1)], we get the desired BER expression

in (5.26).
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G Ergodic Capacity

Utilizing (5.35) by placing (D.2) into it, the ergodic capacity can be expressed as

C =
p ξ2

r Γ(m)Γ(α)Γ(β)

1

(2πi)2

∫
C1

∫
C2

Γ

(
ps+

t

r

)

× Γ(m− s)Γ(−ps)Γ(ξ2 + t)Γ(α + t)Γ(β + t)

Γ(ξ2 + 1 + t) Γ(1 + t
r
)

×
(
C d

γ2

)ps(
µ

1
r
r

αβh

)t ∫ ∞
0

γ−
t
r
−1 ln(1 + c γ) dγ ds dt. (G.1)

Now, using [64, Eq.(4.293/10)] and [88, Eq.(1.1)], the ergodic capacity can be obtained

in closed-form as in (6.26).
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H CDF of the End-to-End SNR

In this appendix, we derive the CDF of the end-to-end SNR γ starting with

Fγ(γ) = Pr

[
γ1 γ2

γ2 + C
< γ

]
, (H.1)

which can be expressed as

Fγ(γ) =

∫ ∞
0

Pr

[
γ1 γ2

γ2 + C
< γ|γ2

]
fγ2(γ2) dγ2

=

∫ ∞
0

Fγ1

(
γ

(
1 +

C

γ2

))
fγ2(γ2) dγ2

=

∫ ∞
x=0

∫ γ

t=0

fγ1(t)fγ2(x) dt dx+

∫ ∞
x=0

∫ γ+Cγ
x

t=γ

fγ1(t)fγ2(x) dt dx. (H.2)

Integrating over the same area and interchanging the integrals yields

Fγ(γ) =

∫ γ

t=0

∫ ∞
x=0

fγ2(x)fγ1(t) dx dt+

∫ ∞
t=γ

∫ Cγ
t−γ

x=0

fγ2(x)fγ1(t) dx dt

= Fγ1(γ) +

∫ ∞
γ

Fγ2

(
Cγ

t− γ

)
fγ1(t) dt. (H.3)

Substituting (7.1) and (6.7) in (H.3) we obtain

Fγ(γ) = 1− ξ2
1 ξ

2
2

r1 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

×
∫ ∞
γ

1

t
G4,0

2,4

α2β2h2

µ
1
r2
r2

(
Cγ

t− γ

) 1
r2

∣∣∣∣∣∣∣
1, ξ2

2 + 1

0, ξ2
2 , α2, β2

G3,0
1,3

α1β1h1

µ
1
r1
r1

t
1
r1

∣∣∣∣∣∣∣
ξ2

1 + 1

ξ2
1 , α1, β1

 dt.
(H.4)
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Using the change of variable x = t − γ and the primary definition of the Meijer’s G

function in [64, Eq.(9.301)] with the integral identity [64, Eq.(3.194/3)], the CDF can

be written as

Fγ(γ) = 1− ξ2
1 ξ

2
2

r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2

+
t

r1

)

×
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ2
1 + 1 + t)Γ(1 + t

r1
)

(H.5)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s(
1

α1β1h1

(
µr1
γ

) 1
r1

)t

ds dt, (H.6)

where C1 and C2 are the s-plane and the t-plane contours, respectively. Now, by

utilizing [88, Eq.(1.1)], we obtain the CDF expression of the end-to-end SNR given

in (6.8).
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I High SNR Analysis

Using (H.5) and [88, Eq.(1.1)], the CDF can be written as

Fγ(γ) ≈ 1− ξ2
1ξ

2
2

2r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

2πi

∫
L1

Γ(ξ2
2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s

r2
)

Γ(1 + ξ2
2 − s)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s

H4,0
2,4

[
α1β1h1

(
γ

µr1

) 1
r1

∣∣∣∣∣ (1 + ξ2
1 , 1), (1, 1

r1
)

( s
r2
, 1
r1

), (ξ2
1 , 1), (α1, 1), (β1, 1)

]
ds

− ξ2
1ξ

2
2

2r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

2πi

∫
L2

Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(1 + ξ2
1 + t)Γ(1 + t

r1
)


(
µr1
γ

) 1
r1

α1β1h1


t

× H4,1
2,4

[
α2β2h2

(
C

µr2

) 1
r2

∣∣∣∣∣ (1− t
r1
, 1
r2

), (1 + ξ2
2 , 1)

(ξ2
2 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

]
dt. (I.1)

For high values of µr1 and µr2 the Fox’s H functions in (I.1) can be approximated

using the identity [87, Eq. (1.8.4)] as

H4,0
2,4

[
α1β1h1

(
γ

µr1

) 1
r1

∣∣∣∣∣ (1 + ξ2
1 , 1), (1, 1

r1
)

( s
r2
, 1
r1

), (ξ2
1 , 1), (α1, 1), (β1, 1)

]

≈
µr1�1

r1

Γ(ξ2
1 − s r1r2 )Γ(α1 − s r1r2 )Γ(β1 − s r1r2 )

Γ(1 + ξ2
1 − s r1r2 )Γ(1− s

r2
)

(
(α1β1h1)r1

γ

µr1

) s
r2

+ Γ(
s

r2

− ξ2
1

r1

)
Γ(α1 − ξ2

1)Γ(β1 − ξ2
1)

Γ(1− ξ2
1

r1
)

(
(α1β1h1)r1

γ

µr1

) ξ21
r1

+
Γ( s

r2
− α1

r1
)Γ(β1 − α1)

(ξ2
1 − α1)Γ(1− α1

r1
)

(
(α1β1h1)r1

γ

µr1

)α1
r1

+
Γ( s

r2
− β1

r1
)Γ(α1 − β1)

(ξ2
1 − β1)Γ(1− β1

r1
)

(
(α1β1h1)r1

γ

µr1

)β1
r1

,

(I.2)
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and

H4,1
2,4

[
α2β2h2

(
C

µr2

) 1
r2

∣∣∣∣∣ (1− t
r1
, 1
r2

), (1 + ξ2
2 , 1)

(ξ2
2 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

]
≈

µr2�1

r2

ξ2
2

Γ(α2)Γ(β2)Γ(
t

r1

)

+ Γ(
t

r1

+
ξ2

2

r2

)Γ(α2 − ξ2
2)Γ(β2 − ξ2

2)Γ(−ξ
2
2

r2

)

(
(α2β2h2)r2

C

µr2

) ξ22
r2

+ Γ(
t

r1

+
α2

r2

)
Γ(β2 − α2)Γ(−α2

r2
)

(ξ2
2 − α2)

(
(α2β2h2)r2

C

µr2

)α2
r2

+ Γ(
t

r1

+
β2

r2

)
Γ(α2 − β2)Γ(−β2

r2
)

(ξ2
2 − β2)

(
(α2β2h2)r2

C

µr2

)β2
r2

(I.3)

Substituting (I.2) and (I.3) into (I.1) with some algebraic manipulations, we get the

asymptotic expression of the CDF in the high SNR regime in (6.10).
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J Probability Density Function

Taking the derivative of (H.5) with respect to γ yileds

fγ(γ) = − ξ2
1 ξ

2
2

r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2

+
t

r1

)

×
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ2
1 + 1 + t)Γ(1 + t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s
 µ

1
r1
r1

α1β1h1

t

dγ
− t
r1

dγ
ds dt. (J.1)

Using Γ(1 + t
r1

) = t
r1

Γ( t
r1

) with some algebraic manipulations, (J.1) becomes

fγ(γ) =
ξ2

1 ξ
2
2

r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)γ

1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2

+
t

r1

)

×
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ2
1 + 1 + t)Γ( t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s(
1

α1β1h1

(
µr1
γ

) 1
r1

)t

ds dt, (J.2)

Applying [88, Eq.(1.1)], we get the desired PDF expression given by (7.12).
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K Moments

The moments can be written as

E[γn] =
ξ2

1 ξ
2
2

r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)

×
∫ ∞

0

1

x
H1,0

0,1

x
∣∣∣∣∣∣∣
−

(0, 1)

H4,0
1,4

α2β2h2

(
Cx

µr2

) 1
r2

∣∣∣∣∣∣∣
(1 + ξ2

2 , 1)

(ξ2
2 , 1)(α2, 1)(β2, 1)(0, 1

r2
)


×
∫ ∞

0

γn−1H0,3
3,2


(
µr1
γ
x
) 1
r1

α1β1h1

∣∣∣∣∣∣∣
(1− ξ2

1 , 1)(1− α1, 1)(1− β1, 1)

(−ξ2
1 , 1)(1, 1

r1
)

 dγ dx, (K.1)

by means of substituting (7.12) into the definition of the moments then applying

[88, Eq.(2.3)] to represent the the bivariate H-Fox function in terms of an integral

involving the product of three H-Fox functions. Using [113, Eq.(1.59)] along with the

Mellin transform of the H-Fox function given by [113, Eq.(2.8)], (K.1) reduces to

E[γn] =
ξ2

1 ξ
2
2 Γ(r1n+ α1) Γ(r1n+ β1)µnr1

Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(n)(r1n+ ξ2
1)(α1β1h1)r1n

×
∫ ∞

0

xn−1H1,0
0,1

x
∣∣∣∣∣∣∣
−

(0, 1)

H4,0
1,4

α2β2h2

(
Cx

µr2

) 1
r2

∣∣∣∣∣∣∣
(1 + ξ2

2 , 1)

(ξ2
2 , 1)(α2, 1)(β2, 1)(0, 1

r2
)

 dx.

(K.2)

Finally, employing [87, Eq.(2.8.4)] together with [113, Eq.(1.59)], the moments can

easily simplify into (6.16) by means of some algebraic manipulations.
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L Average Bit-Error Rate

Substituting (H.5) into the definition of I(a, b) and then utilizing [64, Eq.(3.381/4)],

I(a, b) may be written as

I(a, b) =
1

2
− ξ2

1 ξ
2
2

2r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

(2πi)2

×
∫
C1

∫
C2

Γ

(
s

r2

+
t

r1

)
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

×
Γ(ξ2

1 + t)Γ(α1 + t)Γ(β1 + t)Γ(a− t
r1

)

Γ(ξ2
1 + 1 + t)Γ(1 + t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s(
1

α1β1h1

(bµr1)
1
r1

)t
ds dt. (L.1)

Using [88, Eq.(1.1)] results in the closed-form expression of I(a, b) given in (6.20).
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M Ergodic Capacity

By substituting (J.2) into (6.25), the ergodic capacity can be written as

C =
p ξ2

r Γ(m)Γ(α)Γ(β)

1

(2πi)2

∫
C1

∫
C2

Γ

(
ps+

t

r

)

× Γ(m− s)Γ(−ps)Γ(ξ2 + t)Γ(α + t)Γ(β + t)

Γ(ξ2 + 1 + t) Γ(1 + t
r
)

×
(
C d

γ2

)ps(
µ

1
r
r

αβh

)t ∫ ∞
0

γ−
t
r
−1 ln(1 + c γ) dγ ds dt. (M.1)

Now, using [64, Eq.(4.293/10)] and [88, Eq.(1.1)], the ergodic capacity can be obtained

in closed-form as in (6.26).
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N Proof of Theorem 3

In this appendix, we derive the PDF of Y , N−1
∏N

i=1 γ
li/k
i , where γi is a RV whose

PDF is given by (7.1). In order to obtain the PDF expression of Y , we first represent

the PDF fγi(γ) of the Gamma-Gamma distribution with pointing error impairments

in terms of the Fox’s H function by means of some algebraic manipulations utilizing

[87, Eq. (2.1.4)] and [87, Eq. (2.1.5)] together as

fγi(γ) =
ξ2
i (αiβihi)

2

Γ(αi) Γ(βi)µi

× H3,0
1,3

(αiβihi)
2 γ

µi

∣∣∣∣∣∣∣
(ξ2
i − 1, 2)

(ξ2
i − 2, 2), (αi − 2, 2), (βi − 2, 2)

 , (N.1)

where H·,··,· (·) is the Fox’s H function [75, Eq. (8.3.1/1)]. Then, applying Theorem 4.2

from [114] and after performing some algebraic manipulations, the PDF of rational

powers of Gamma-Gamma with pointing errors RVs, Y1 = γ
li/k
i , can be obtained in

terms of the Fox’s H function as

fY1(y) =
ξ2
i

Γ(αi) Γ(βi)

(
(αiβihi)

2

µi

) li
k

× H3,0
1,3

((αiβihi)
2

µi

) li
k

y

∣∣∣∣∣∣∣
%1

%2

 , (N.2)

where %1 =
(
ξ2
i + 1− 2li

k
, 2li
k

)
and %2 =

(
ξ2
i − 2li

k
, 2li
k

)
,
(
αi − 2li

k
, 2li
k

)
,
(
βi − 2li

k
, 2li
k

)
.

Now, using Theorem 4.1 from [114] with some algebraic manipulations by means of

employing [87, Eq. (2.1.4)] and [87, Eq. (2.1.5)] yields the desired PDF expression of

Y given in terms of the Fox’s H function in (7.4).
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