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ABSTRACT

Nonlinear Mechanics of MEMS Rectangular Microplates under

Electrostatic Actuation

Shahid Saghir

The first objective of the dissertation is to develop a suitable reduced order model capable
of investigating the nonlinear mechanical behavior of von-Karman plates under
electrostatic actuation. The second objective is to investigate the nonlinear static and

dynamic behavior of rectangular microplates under small and large actuating forces.

In the first part, we present and compare various approaches to develop reduced order
models for the nonlinear von-Karman rectangular microplates actuated by nonlinear
electrostatic forces. The reduced-order models aim to investigate the static and dynamic
behavior of the plate under small and large actuation forces. A fully clamped microplate
is considered. Different types of basis functions are used in conjunction with the Galerkin
method to discretize the governing equations. First we investigate the convergence with
the number of modes retained in the model. Then for validation purpose, a comparison of
the static results is made with the results calculated by a nonlinear finite element model.
The linear eigenvalue problem for the plate under the electrostatic force is solved for a

wide range of voltages up to pull-in.

In the second part, we present an investigation of the static and dynamic behavior of a

fully clamped microplate. We investigate the effect of different non-dimensional design



parameters on the static response. The forced-vibration response of the plate is then
investigated when the plate is excited by a harmonic AC load superimposed to a DC load.
The dynamic behavior is examined near the primary and secondary (superharmonic and
subharmonic) resonances. The microplate shows a strong hardening behavior due to the
cubic nonlinearity of midplane stretching. However, the behavior switches to softening as
the DC load is increased. Next, near-square plates are studied to understand the effect of

geometric imperfections of microplates.

In the final part of the dissertation, we investigate the mechanical behavior of initially
curved microplates. Microplates often experience an initial curvature imperfection, due to
the micro fabrication process, which affects significantly their mechanical behavior. In
this case a clamped-free-clamped-free microplate is considered. We validate the reduced
order model by comparing the calculated static behavior and the fundamental natural
frequency with those computed by a finite element model. As case studies, we consider
two commonly encountered profiles of the initial curvature imperfection and study their

effects on both the static and dynamic responses of the microplates.

Next, an initially curved microplate made of silicon nitride is studied. The static
behaviour of the microplate is investigated when applying a DC voltage. Then, the
dynamic behaviour of the microplate is examined under the application of a harmonic AC
voltage, superimposed to a DC voltage. Simulation results calculated by the reduced
order model are compared with experimental data for model validation purpose, which

show good agreement.
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Chapter 1

Introduction

1.1.  Introduction and Background

Micro-Electro-Mechanical Systems (MEMS) devices are prevalent in many fields from
biomedical engineering [1-3] to automotive engineering [4, 5] and aerospace engineering
to communications systems [6]. They have received a lot of attention during the last two
decades due to their small size, low power consumption, and low cost due to batch

fabrication with the existing micro fabrication techniques [7].

MEMS devices are usually actuated by electrostatic, piezoelectric, electrothermal or
electromagnetic methods, with the electrostatic is considered most commonly used
actuation method [8, 9]. Electrostatic actuation is realized by a parallel plate capacitor;
where a flexible structure is suspended over a stationary electrode, which makes the other
side of the parallel plate capacitor. The flexible structure is often an elastic microbeam or
a microplate, which is made of a conductive material or coated with a conductive

material to render conductive properties. It deflects towards stationary electrode under the
application of an external voltage load due to the electrostatic force, which is balanced by
the elastic resistance of the structure. By increasing the applied voltage, the electrostatic
force increases and thus the deflection of the suspended structure also increases. But there

is a limit to the applied voltage beyond which the elastic resistive forces of the structure
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are unable to balance the external electrostatic load, and the flexible structure becomes
unstable and collapses on the stationary electrode. This instability is called pull-in
instability and the limiting voltage is called pull-in voltage [10, 11]. In some cases this
phenomenon limits the operation of the MEMS devices while in others it is desirable, for

example in RF switches.

MEMS devices are commonly made up of electrically actuated flexible microbeams and
microplates [8, 12-24]. These are used in various applications, such as micropumps in
micro fluidics, biomedical and cooling applications [15-17, 25-27] , microphones [19-
21], pressure sensors [28, 29], mass sensors [22, 23] , and resonators [24, 30] to realize
sensors and microswitches [31, 32]. These underlying structures often undergo curvature

imperfections during the micro fabrication process due to residual stresses.

Accurate modeling and simulation of the mechanical behavior of such structures under
the applied nonlinear electrostatic force is required to predict the response prior to the
experimental testing and actual use of the device. Accurate models can guide the design
engineer through the design process; reducing the design time on one hand and on the
other hand can help to improve the existing devices. Nevertheless modeling of MEMS
devices is not a trivial task. It poses several challenges, such as inherent nonlinearities
and microscale instabilities. Nonlinearities include geometric nonlinearities, the nonlinear

electrostatic force, and squeeze film damping [7].

It is common to study the mechanical behavior of MEMS using linear theory [13, 33, 34];
which is applicable only for small deflections. Since in MEMS, structures often undergo

large deflection, linear theory becomes inaccurate. Common modeling approaches
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include lumped mass models and the Finite Element Method (FEM) [12, 35-37]. Lumped
mass models give rough estimate of the response only. FEM based software tools are
accurate but computationally expensive, especially when it comes to study the nonlinear
dynamic behavior. Differential quadrature method (DQM) have been utilized to solve the
governing differential equations [32, 38, 39]. On the other hand Reduced Order Models
(ROM) based on the Galerkin approach have gained popularity during the last decades
because of their accuracy and low computational cost [11, 40-43]. They have the

capability to reveal the effect of different design parameters very conveniently.

1.2. Literature Review

In this section, we summarize the main contributions to the modeling and simulation of
mechanical behavior of electrostatically actuated structures, mainly rectangular

microplates. Further we also discuss the various modeling and solutions methods.

1.2.1. Flat Plates

Most of the MEMS modeling works can be categorized into two classes. In the first class,
the underlying structures are assumed to behave linearly, and hence a linear plate or beam
theory are used to model them [13, 27, 33, 34, 44-46]. In the second class, the geometric
nonlinearity is accounted for via nonlinear plate theories, such as von-Karman or Mindlin
theories [12, 40, 47-49]. Recently, the modified couple stress theory has been used to

model the size dependent behavior of microplates [50, 51].
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Among the previous works on microplates, Machauf et al. [13] studied the characteristics
of an electrostatically actuated micropump. They used the linear plate theory to model the
mechanical motion of the pump diaphragm. A ROM was used to predict the performance
of the pump. Chao and co-workers [33] used the linear plate theory to model the fully
clamped thin plate under electrostatic pressure. They employed a reduced order model to
develop an analytical expression for the pull in voltage of the flexible thin plate in the
applications of microphones and switches. Nayfeh and Younis [34] used the linear plate
theory to model squeeze film damping in microplates. A compressible Reynolds’s
equation was used to model the squeeze film damping effect. A combination of
perturbation and FEM was used to solve for the structural mode shapes, the pressure
distribution, the natural frequencies, and the quality factors. Theoretically calculated
quality factors were found in good agreement with the experimental data. Bertarelli et al.
[27] investigated a circular diaphragm micropump under electric actuation using a linear
plate theory and a FE model. They analyzed the behavior of the micropump under quasi
static and dynamic electric loading. Ahmad and Pratap [44] investigated the static
response of a clamped circular plate under electrostatic load using the Galerkin method.
Porfiri [45] investigated the small vibrations of a parallel array of identical microplates
deflected under electric loading. Porfiri [45] showed that the vibrational properties can
be tuned by properly selecting the DC voltage across the adjacent microplates. Srinivas
[46] investigated the static and dynamic pull-in of simply supported microplates using a

closed form solution and compared the results with those of a Galerkin approximation.

Ng et al. [12] performed dynamic analysis of microplates under electrostatic forces. They

used the BEM to solve the Laplace equation for the electric potential to calculate the
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charge density and the corresponding electric force. The first order shear deformation
theory (FSDT) was used to model the plate motion and FEM was utilized to discretize the
governing equations. Mukherjee et al. [52] and Telukunta et al. [37] used a fully
Lagrangian approach to analyze the coupled electro-mechanical field of a MEMS
microplate. They employed FEM for the analysis of the mechanical deformations in the

plate and the BEM to obtain the electric field exterior to the plate.

Vogl and Nayfeh [47] presented an analytical ROM based on the Galerkin method for
fully clamped electrostatically actuated circular plates. The model accounted for the
geometric nonlinearity and residual stresses. Faris et al [25] presented a model for a
micropump based on electrostatically actuated annular plates. The model predicts the
deflection accurately for any voltage up to the pull-in voltage. Mohammadi et al. [39]
investigated the pull-in instability of electrostatically actuated circular microplates. They
used the strain gradient elasticity theory to account for the size effects. A generalized
differential quadrature method (GDQ) was used to solve the governing differential
equations. Zhao et al. [40] presented a ROM model based on the Galerkin method for
electrostatically actuated rectangular microplates. The model accounts for the
nonlinearities due to electric force and midplane stretching through the von-Karman
strains. They investigated the static deflection under the applied DC voltage. Natural
frequencies and mode shapes were calculated around the deflected position. Zand and
Ahmadian [35, 53] investigated the pull-in and vibrational behavior of single and
multilayer microplates under electric actuation and squeeze film damping. They used a
combination of FEM and finite difference method (FDM) to solve the system of

equations.
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Fu and Zhang [54] investigated the active control of the nonlinear static and dynamic
responses of piezoelectric viscoelastic microplates actuated electrically. They employed
the nonlinear von-Karman equations of the plate and used the Galerkin method to
discretize the equations. Karimzade et al. [55] studied the nonlinear pull-in instability of a
fully clamped microplate with movable base. They solved the governing equation using

the extended Kantorovich method and the Galerkin approximation technique.

In recent years, the modified couple stress theory has attracted several researchers for
nonlinear analysis of micro structures [50, 51, 56-58]. Gholipour et al. [51] investigated
the in-plane and out-of-plane size dependent nonlinear dynamics of microplates resting
on elastic foundation. Farokhi and Ghayesh [56] investigated the dynamic behavior of

geometrically imperfect microplates.

1.2.2. Initially Curved Plates

Initially deflected microstructures have been investigated extensively in the literature for
structures other than microplates, mainly microbeams and micro arches. For instance
Vangbo [59] investigated theoretically the snap-through of a doubly clamped beam.
Ouakad and Younis [60] studied the dynamic behavior of clamped- clamped micro
arches under electric actuation. Krylov et al. [61] presented the theoretical and
experimental investigation of the pull-in behavior of an initially curved doubly clamped
microbeam actuated by a distributed electrostatic force. Ruzziconi et al. [62] investigated
the dynamic behavior of an imperfect clamped-clamped microbeam subjected to

electrostatic and electrodynamic actuation.
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Numerous works have been reported on the studies of initially imperfect plates at the
large scale. Celep [63, 64] made the first attempt to investigate the dynamic behavior of
imperfect plates. They conducted a free vibration analysis of such plates with various
boundary conditions. They concluded that the static and dynamic behaviors of the plates
are very much dependent on the size of the initial imperfection. Yamaki et al. [65, 66]
presented theoretical analyses and experimental results for the nonlinear vibrations of a
fully clamped rectangular plate with initial deflection and initial edge displacement. The
dynamic analog of Marguerre equations [65, 66] was used and the steady state solutions
were captured by applying the Galerkin method and the harmonic balance method. Marin
et al. [67] investigated the nonlinear response of simply supported initially deformed
plates under harmonically varying in-plane edge loading. Lin and Chen [68] investigated
the large amplitude vibrations of simply supported, initially imperfect, transversely
isotropic, and moderately thick plates. They used the assumed mode shapes as basis
function with the Galerkin procedure to discretize the governing equations and the
Runge-Kutta method for solving the discretized system of equations. They concluded that
the vibration frequencies are very much dependent on the initial imperfection of the plate
and the large amplitude behavior may change drastically from hardening to softening
depending on the initial imperfection. Ostiguy et al. [69] studied the effect of geometric
imperfections on the dynamic response of simply supported plates subjected to periodic
in-plane forces. Liu and Yeh [70] studied the nonlinear flexural vibrations of an initially
imperfect, orthotropic, and moderately thick plates with various edge conditions. They
found that the fundamental natural frequencies are significantly influenced by the initial

imperfection. Alijani and Amabili [71] investigated the large amplitude vibration of
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completely free imperfect rectangular plates. They used the nonlinear higher-order shear
deformation theory for the analysis of the plate response to transverse harmonic
excitation near the fundamental mode vibration. Chen et al. [72, 73] derived the
governing equation for initially imperfect isotropic plates under arbitrary initial stresses
using the modified von-Karman strains. The Galerkin procedure is used for the
discretization of the nonlinear governing equations and the Runge-Kutta method is used
for solving the discretized system of nonlinear ordinary differential equations to obtain
nonlinear and linear vibration frequencies. Huang [74] studied the large amplitude
vibrations of imperfect plates using the Lindstedt's perturbation technique and the Runge-

Kutta method.
1.2.3. Solutions Methods

The solution methods reported in literature include Finite Element Method (FEM) [12,
35-37], Boundary Element Method (BEM), Differential Quadrature Method (DQM) [32,
38, 39], and Runge Kutta method. FEM based software tools are computationally
expensive and may not be suitable for complicated nonlinear dynamic analysis. Reduced
order models on the other hand, based on the Galerkin method, are computationally
efficient and are capable to perform parametric studies to reveal the effect of different
design parameters [11, 40, 47]. Also they can be implemented in sophisticated nonlinear

dynamics tools, such as shooting [75, 76].

1.3.  Dissertation Objectives

The objectives of the dissertation are:
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To investigate the various approaches to develop a reduced order model based on
the Galerkin procedure capable to investigate the static and dynamic behavior of
von-Karman rectangular plates under small and large electrostatic forces. Also we
will study the accuracy of the reduced order models by comparing the static and
natural frequency results with the similar results calculated by finite element

models.

To investigate the nonlinear mechanics of von-Karman microplates under
electrostatic actuation. We will study the dynamic response by exciting the
microplates near the primary and secondary resonances; super-harmonic and sub-
harmonic by generating the frequency response curves. We will also study the
dynamic behavior of an imperfect square microplate. Such an imperfection comes
practically when fabricating a square plate, which then due to unavoidable

fabrication imperfections, will come as a near square plate.

To develop the reduced order model for initially curved microplates. It is common
for the microplate to undergo initial curvature imperfection due to residual
stresses caused by the micro fabrication process. Such plates are essentially
different from perfectly flat plates and cannot be modeled using flat plates’

models.

To simulate the mechanical behavior of initially curved microplates under
electrostatic actuation. We will study the effect of various initial curvature

profiles on the static and dynamic behavior of such plates.
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e To conduct experiments to measure the static and dynamic responses of an
initially curved silicon nitride microplate. We will validate the simulation results

by the experimentally measured data.

1.4. Dissertation Contributions

The contributions of the dissertations are:

e Various approaches to develop a reduced order model based on the Galerkin
method are presented for von-Karman plates. The accuracy of the reduced order
models is studied by comparing the static and natural frequency results with

results calculated by finite element models.

e The static and dynamic behaviors of a fully clamped microplate under small and

large electrostatic actuation have been investigated and presented.

e The dynamic behavior of an imperfect square plate is presented.

e A dynamic analogue of von-Karman equations for initially curved plates is

presented.

e The static and dynamic behavior of initially curved microplates under electrostatic
actuation has been investigated and presented. Effects of two commonly

encountered initial curvature profiles on mechanical behavior are also presented.

e Reduced order model has been validated by comparing the simulation results with

experimentally measured data.
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1.5.  Dissertation Organization

In Chapterl, general introduction, background, and organization of the dissertation are
described. In Chapter 2, we present derivation of the dynamic analogue of the von-
Karman equations governing the motion of thin plates using the Hamiltonian principle.

The equations account for the midplane stretching and electrostatic forcing nonlinearities.

In Chapter 3, we present various approaches to develop reduced order models for the
von-Karman equations to investigate the static and the dynamic behavior when actuated
electrostatically. The convergence of the static results with the number of transversal
modes retained in the model is presented. We also compare the static results and Eigen
value results calculated by these reduced order models with similar results computed by a
finite element model implemented in COMSOL Multiphysics, a commercial software.

This comparison reveals the accuracy of the models.

In Chapter 4, we present the simulations results for the static and dynamic behavior of a
fully clamped microplate when actuated electrostatically. Effect of various non-
dimensional design parameters on the static response is presented. Dynamic behavior of
the microplate is investigated in the neighborhood of primary resonance by generating
frequency response curves. Moreover, cases of dynamic behavior near secondary
resonances are also presented. Two case studies of dynamic responses near the super-
harmonic resonance of order three and a subharmonic resonance of order one half are

presented. We also present the dynamic response of an imperfect square microplate.
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In Chapter 5, we present the modeling and simulation of the mechanical behavior of
initially curved microplates under electrostatic actuation. We consider two commonly
encountered profiles of initial curvature imperfection. To validate the model, we compare
the natural frequency and static deflection under electrostatic load calculated by the
reduced order model with similar results calculated by a finite element model
implemented in COMSOL Multiphysics. An investigation of the effect of the curvature

profile on the static and dynamic behavior is also presented.

In Chapter 6, we present the experimentally measured static and dynamic responses of a
microplate made of Silicone Nitride. The plate is found to be initially curved by an
optical interferometry profiler. Simulation results based on the model presented in
Chapter 5 are compared with the experimentally measured static and dynamic response
data for model validation purpose. In Chapter 7, a summary of the dissertation is
presented along with the main conclusions and recommendations for future work

directions.
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Chapter 2

Nonlinear von-Karman Analysis of Thin Plates

In this chapter, we derive a dynamic analogue of the nonlinear von-Karman equations
and boundary conditions governing the motion of thin isotropic plates, when actuated by
an electrostatic force (Figure 2.1). We limit our consideration to flat and initially curved
rectangular plates. To derive the equations, we use a combination of Kirchhoff hypothesis
and the von-Karman strains. The assumptions of Kirchhoff hypothesis are as follows [77-

79]:

(1) The deflection of the midplane is small compared with the thickness of the plate.
The slope of the deflected surface is therefore very small and the square of the

slope is a negligible quantity in comparison with unity.
(2) The middle plane remains unstrained and neutral during bending.

(3) The straight lines, initially normal to the midplane, remain straight and normal to
the middle surface during the deformation and the length of such elements is not

altered. This means that the vertical shear strains ¢,,, ¢,, and the normal strain ¢,

are negligible and can be omitted.

(4) The stress normal to the midplane, o, is small compared with the other stress

components and may be neglected in the stress—strain relations.
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When the transverse deflection of the midplane is large compared with the thickness of
the plate, as in the case of thin von-Karman plates, assumptions (1) and (2) are no longer

applicable because the midplane is stretched.

2.1.  Thin Flat Plates

y
- o Stationary Electrode

- /1? Microplate X
840 b

Figure 2.1: A schematic diagram of an electrostatically actuated thin microplate.

In this section, we consider a flat rectangular thin microplate in the domain
O<x<aand0<y<hb, asshown in Figure 2.1. The plate has a constant thickness h and a
reference, xyz Cartesian coordinate system, xy-plane being the middle plane of the plate
and the z axis being normal to that plane and is directed downwards. We denote the
displacement components of a point in the middle plane by u, v.and w along x, y and z
direction, respectively. Displacements of an arbitrary point are denoted by o,vandw, and

are given by

U:u—z@, vzv—z@, W=Ww (2.1)
OX
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The von-Karman nonlinear strains are given by

o°w o*w o*w
Eu=8TI—7 =8 _ZW’ & =012 —22@
and g5 =6y;=6,=0 (2.2)

where e, e, and y,, are middle plane strain components and are given as

e_a_ug(a_wjz
oax 2lox ) ]

du_ v awaw

=—+—+ . (2.3)
oy OX OX oy

Y12

In the absence of body forces, the extended Hamiltonian principle can be written as

(8T =80 + oW, + oW, it =0 (2.4)

4

where SW, denotes the variation of non-conservative energy Wnc , which is problem

dependent. Non-conservative damping force can be inserted into the equations of motion
after the variational principle has been invoked [80]. Variations of kinetic energy T, strain

energy U and electrostatic potential energy We are given as

ST =—| [ pD.5DdAdz (2.5)
zZA
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ouU = I J‘(O'ué}ell + 05,065, + 0330645 + 01,06, + 01,0615 + 0,306, ) dAdz  (2.6)
z A

SwdA 2.7)

where pis the mass density, D denotes the displacement vector of an arbitrary point of

differential plate element under observation, A denotes the undeformed area of the

reference plane, o; and ¢; are the Jaumann stresses and the strains, respectively, d is the

parallel plate capacitor gap, ¢ is the dielectric constant of the plate material and V (t)is the

applied voltage.
The displacement vector D is given by
D =10i +Vj+ Wk (2.8)

where i, j and k are the unit vectors along the x,y and z axis, respectively. Substituting

equation (2.1) into (2.8) and taking time derivative twice and spatial variation, we obtain
B = (ti— 2w, )i +(V - 2w, ) j+ Wk (2.9)
5D =(Su—25W, )i+ (v —25wW, ) j+ Swk . (2.10)

Substituting equations (2.9) and (2.10) into equation (2.5) and integrating over the

thickness fromz=-h/2toz=h/2yields

5T =—j(|OU— LW, ) S + (100 — 1w, ) 8V + 1Wow+ (1,0, — 1,0) Sw, +(1,W, — 1,V)Sw,dA (2.11)

A

where
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{Io 11} = [ p{Lz,2°}dz (2.12)

z

and we note that I, = 0due to homogeneous assumption. By performing partial integration

and dropping the terms involving |, equation (2.11) can be written as

ST == [ 118U + 106V + { 10— 1, — 1,W,, } SwdA

A

e _ (2.13)
[ 1,0, 1.7 swdy - | Izwy]izz Swdx
y y
Substituting equations (2.2) and (2.3) into equation (2.6) yields
oy, (SU, +W,6W, — Z6W,, )+ 0, (8, +W,6W, — Z6W.
su=[[ u( )+ om (O + wow, ) dAdz (2.14)
2 A 00, 5uy +0V, + W W, +W, W, — 225wxy)

Now integrating equation (2.14) over the plate thickness fromz=-h/2toz=h/2, we get

_ [Nl(éuX +W,OW, )+ Ny, (U, + 6V, + W, 5w, +W, 5w, )] A (2.15)
2| +N, (v, +w,ow, ) = M,Sw,, — M, oW, —2M,5w,
where the stress resultants Ni and moments M; are defined as
Nl, N,, le .! 0'11,0'22,0'12
Ml,MZ,M12 .[Z 0'11,0'22,0'12 dz. (2.16)

z

By performing partial integration, equation (2.15) can be written as
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= I[N + Ny, )8u+ (N, + Ny, )8V

{M M, +2M12Xy+(N1WX+N12Wy)X+(N2Wy+N12WX)y}5W}dA

1xx
+I[N15u + N0V + (Mlx +2Np,, + Nw, + lewy)Sw— Mléwx];ody (2.17)
y
=0

+'[[N125u TN OV + (sz + 2Ny, + N,w, + N12Wx)5w— M25wy]z:bdx

(x.y)=(0,0).(ab)
_ZM125W](x,y):(a,o),(o,b) dx

Substituting equations (2.7), (2.13) and (2.17) into equation (2.4), the three equations of
motion obtained from the integrand of the area integral by setting each of the coefficients

of su,sv and swequal to zero are

Ny + Ny, = 1o (2.18)
Ny, + Ny, = 15V (2.19)
2
My + My, +2Myy +(Nw, + lewy)x +(N,w, + lewx)y +28(;/—Et\)7v)2 = 1gW — 1,V — 1,V

(2.20)

Equation (2.18) and (2.19) describe the inplane motion of the plate and, 1 tand1are

inplane inertia terms. Equation (2.20) describes the out-of-plane motion and three terms

on the right hand side, being the inertia terms. First I ,w is the transverse inertia term,

while 1w, and 1,w, are rotatory inertia terms. The integrand of the line integral serves to

establish the boundary conditions as follows:

Along x=0 and x=a
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ou=0 or N, =0

ov=0 or N,, =0

ow=0 or M, +2My,, + NowW, ++Npw, ++1,W, =0

ow, =0 or M, =0 . (2.21)
Along y=0 and x=b

Su=0 or N, =0

Sv=0 or N, =0

ow=0 or M,, +2My,, + NW, ++N,w, ++1,W, =0

ow, =0 or M, =0 . (2.22)
At (x,y)= (0,0), (a,b), (a,0), (0,b)

sw=0 or M, =0 . (2.23)

The stress-strain relations for an isotropic material taking the plane stress assumption for

the thin plates under consideration are

oy £ 1 v 0 &n
On (=1 7| Y 1 0 Ex (2.24)
Oy, 0 0 (1-v)/2||&,
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Substituting equations (2.24), (2.2) and (2.3) into equation (2.16) and performing the

integration, we get the expressions for stress resultants Ni and moments M; as

Nl: Ehz[@-i_i[@j +U{@+l(@j J]-FN; (225)
1-v°| ox 2\ ox oy 2\0oy
N, = Eh{u(a_uﬁ(@j}@ﬁ(a_"’nuug (2.26)
1-v ox 2\ ox oy 2\0oy
12~ Eh {a_u @ 6'\_Na_w]"’\lliz (2-27)
2(1+v)| oy ox ox oy
M, =-0| Z¥su2n (229)
OX oy” |
M, =—D{062—V2v+82—\2v (2.29)
ox° oy |
M,, =~D(1—) W (2.30)
12 — axay ’

In the relations (2.25) to (2.30) v and E are the Poisson’s ratio and Young’s modulus of

3

elasticity, respectively, D is the flexural rigidity of the plate expressed asﬁhz) and
-V

the terms with superscript i stand for the inplane applied edge loads. By substituting

equations (2.25)-(2.30) into the equations of motion (2.18)-(2.20), ignoring the inplane

and rotatory inertia terms since they have negligible effect on the transverse motion, and
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inserting a non-conservative damping force term f, into equation (2.20), the governing

equations can be written as

ilZJ+£(1+u) o +1(1_U)il:+(@62_\;\lj+l(l+u)[a\_N 82W]+1(1—u)[@62—\2’j:0 (2.31)
o 2 oxoy 2 o |\ ox o) 2 oy oxdy ) 2 ox oy

v 1 u 1 ov (owd*w) 1 owd*w ) 1 oW O*w
ov. 2 1Y z GNOW ) ) ) 2.32
+2(1+u) +=(1-v) { J+2(l+u)(6x " }+2(1 u)( ] 0 ( )

2 2t A2 2
oy oxoy 2 OX oy oy oy ox
Ev4w+p(l_vz)5zw+(l_vz) _(1—02) eV (1)? +(1—02) Ni62W+2Ni 327W+Ni62W
12 Eh  ot? Eh ¢ Eh 2(d-w) Eh tox? Poxoy G oyl

(2.33)

2
au(®w  o*w) ov( o*w o*w) 1(ew)(e*w  o*w) 1(éew o’w  *w
t—| =t |t —| v+ = |+ 2| — s to— [+=| — | | o= +—=
x| ox ) oyl o T ay? ) 2lax ) Lax ay? ) 2l oy x oy
o’w(ou ov  owow
+1-0)—| —+—+——
oxoy\ oy o©Ox ox oy

4 4 4
where v*is the bi-harmonic operator expressed asvV* = 6_4 + 2% + 6—4 . The applied
xt T oxoy? oy

voltage V (t) is either a DC voltagev, for static analysis or an AC voltage v,

superimposed tov, , i.e.V (t) =V, +V,.Sin(Qt) , where Q is the actuating frequency. The
non-conservative damping force f, is expressed as c%, where c is the viscous damping

coefficient.

2.2. Initially Curved Imperfect Plates

In this section, we consider an initially curved rectangular plate having an initial

curvature imperfection w,(x,y) and in the domain 0<x<aand 0<y<b, as shown in

Figure 2.2.
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Fixed constraint

Vit) z d Flexible Plate
Stationary Electrode
a
Cross-Sectional View ¥y Top View

Figure 2.2: A schematic diagram of an electrically actuated initially curved clamped-free-

clamped-free microplate.

We use the modified von-Karman strains for an initially curved plate along with the
Kirchhoff hypothesis to derive the governing equations of motion. We denote the
displacement components of a point in the middle plane by u, v.and w along x, y and z
direction, respectively. Displacements of an arbitrary point are denoted by a,vandw, and

are given by

UT=u—z— , V:v—za—w, W=Ww (2.34)
oy

The modified von-Karman nonlinear strains for an initially curved plate are given by

&, = —282—W &,, =€ _262_W &, = —Zzaz—w
11 =€ PV A ayz v €1 = )10 oyox
and Ei3 =Epy =653 =0 (2.35)

where e, e, and y,, are the middle plane strain components and are expressed as
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au 1(8Wj2 ow ow,
=—4+=| — | +——
ox 2\ oX OX OX

v 1[6\/\/)2 aw ow,

92=_+__ Tt
oy 2\oy) oy oy

y, =M N OWOW Wy OW  OW Oy (2.36)
oy Ox Oxoy Ox oy Ox oy

In this case variation of the strain energy, by substituting equations (2.35) and (2.36) into

equation (2.6), is given as

dAdz .

z A

SU - “[an (Su, +W,SW, + W, SW, — Z5WXX)+622(5Vy + W, 0W, + W, 6W, —ZOW,, )}

+0,, 5uy +0V, + W, W, + W, W, + Wy, SW, + Wy, OW, —2ZOW, )
(2.37)

Now integrating equation (2.37) over the plate thickness fromz=-h/2toz=h/2, we get

A

J N, (8u, +W,SW, + Wy, SW, )+ Ny, (5uy + 6V, + W, SW, +W,SW, + W, SW, + W0y5WX)
oU = A
+N, (v, + W, W, + Wy, SW, ) — M, W, — M,Sw,, —2M,,5w,

(2.38)

where the stress resultants Ni and moments M; are defined as in (2.16). By performing

partial integration, equation (2.38) can be written as
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U =~[[(Ny, + Npy, J8u+(Ny, + Ny, )ov

A

M

Ixx

+ My, +2My, +(N,w, + lewy)x +(Now, + lewx)y
ow |dA
+(NyW,, + NlZWOV)x + (N Wy, + lewOX)y

+I[N15u + N0V + (M1X + 2Ny, + Nyw, + Npw, + Nyw, + lewoy)éw— Mléwx]xi:dy
y

y=b
+I[N125u + N25v+(M2y + 2Ny, + Now, + Npw, + Nowg, + N12W0x)5W— |\/|25Wy] de

y=

(x.y)=(0.0).(ab)
_ZM125W](x,y):(a,0),(o,b) dx
(2.39)

Substituting equations (2.7), (2.13) and (2.40) into equation (2.4), the three equations of

motion obtained from the integrand of the area integral by setting each of the coefficients

of su, sv and swequal to zero are

Ny + Ny, = Il (2.40)

1x

+ Ny, =1V (2.41)

2y

My + My, +2Myy +(Nw, + NlZWy)x +(N,w, + lewx)y +
eV (1)’ I . (2.42)
(N1W0x + lewoy)X +(N2wOy + leWOX)y +W = W —1,W, —1,W,,

Equations (2.40) and (2.41) describe the inplane motion and equation (2.42) describes the
out-of-plane motion. The integrand of the line integral serves to establish the boundary

conditions.

Substituting equation (2.24), (2.35) and (2.36) into equation (2.16) and performing the

integration, we get the expressions for stress resultants Ni and moments M; as
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leE—“zla—“ﬁ[@j LU [8“ 1[5‘”] a”‘“”ﬂm; (2.43)
1-0f|ox 2\ax) ax ox oy 2lay) oy oy
- Eh{uﬂa_u(a_wj ;MNJ mz[@] MW} N (249)
1-v ox 2\ ox ox ox | oy 2\ oy oy oy
__Eh v owow owow awaw] (2.45)
2(1+v) oy 6x OX &y OX o0y OX oy
M, = —DFZ‘QV ¥ uaz—ﬂ (2.46)
OX oy
M, = —D{u ow, az‘f} (2.47)
ox* oy
M,, =—D(1-0) Y (2.48)
12 axay '

By substituting equations (2.43)-(2.48) into the equations of motion (2.40)-(2.42),
ignoring the inplane and rotatory inertia terms since they have negligible effect on

transverse motion, and inserting a non-conservative damping force term f, into equation

(2.48), the governing equations can be written as follows:

ou 1 v 1

— +=(l+o)=—+=Z(1-v)—+ ———+—

ox: 2 oxoy 2 oy ox Ox*  ox ox? ax ox?
2 2 2

+3(1+ )(8w8w oWy O°w ow 0°w, J 1(1_)

2 Oy oxdy oy oxdy oy oxdy | 2

2 (Mazw awﬁzw ow o°w, j
(2.49)

Xy X oy ox oy

[awazw awazw ow o°w, j



ov 1
W+E(1+ v)

+—(1+v
2

h? p(1-

—Viw+

o’u
+_
oxoy 2
1 ( )| W ow o°w aw 62
oX axay

Uz) o*w

2
1(1 oV

_U) aXZ

X axay

@)

[6w82w awazw w 8w, ]
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Ny Ny

awaz

o 6x6y] 5(1—0)(

(10" vy

.

oy

12 Eh

ou( o°w
+=| =—+v
ox | ox?
1(%)2[62W
+=|— || = +v
OX OX
55
oy oy
ou( o*w, o2
+— S to—s
x| ox? oy
1[6\/\/)2{82%
+=| = 2 +v
OX OX

(55

oy oy

o°w
ox?

62W0
x

GZWJ
= |+
oy

Ea

Al
oy
o°w

ik

o°w

t=7
oy

W, ) ov( o*w,
+a V>3

o%w,
oy*
o*w,

Eh ¢

o°w  &*w
+
ox*  oy?
OW OW,
X X

OX oy 5x6y oX oy 6x6y oX oy axayJ

(aw ow,
+ N
OX OX

oo

o°'w
4
ox?

az
+ ayz

) o*w,
ox?

Eh

)2

°j+(1—u)(

W aw %W,
ox oy oxdy

azw)
U? +

2 (d-w)’

w

@ 0?
OX ) OXoy

(3

owow W ow, ow o'w aw dwy *w
+(1-v)

auav
ayax

w, ) 1
+o Y +5

aw ow o*w,

%)

ow

oy

ow o° w+aw o’w
oy ox?

a (5

ox?

o’w

P +2N), ——

o°w 62Wj

V—5+—
x| oyt

62
6x6y

o*w,
aXZ

I

6W6W %W,

o%w,

ayz

oxX oy éxay ox oy axayj

ow o°
+_
oy ox?

)

ow

oxoy

+ N}

WO]ZO

o’w

8y2

(2.50)

(2.51)

The associated boundary conditions for the case of a clamped-free-clamped-free plate

(Figure 2.2) are

Clamped edges at x=0 and x=a

Free edges at y=0 and y=b

w=0

2|2

(2.52)

(2.53)

(2.54)

(2.55)
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ou 1|(ow
+o—+=|| —
16)4 2{[@

ou oV Owow
—+—+——=0
oy OX OX oy

o*w

(2.56)

(2.57)

(2.58)

(2.59)
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Chapter 3
Approaches for Reduced Order Modeling of

Electrically Actuated von-Karman Microplates

In this chapter, we present and compare various approaches to develop reduced order
models for the nonlinear von-Karman rectangular microplates actuated by nonlinear
electrostatic forces. The reduced-order models aim to investigate the static and dynamic
behavior of the plate under small and large actuation forces. A fully clamped microplate
is considered. Different types of basis functions are used in conjunction with the Galerkin
method to discretize the governing equations. First we investigate the convergence with
the number of modes retained in the model. Then for validation purpose, a comparison of
the static results is made with the results calculated by a nonlinear finite element model.
The linear eigenvalue problem for the plate under the electrostatic force is solved for a
wide range of voltages up to pull-in. Results among the various reduced-order modes are
compared and are also validated by comparing to results of the finite-element model.
Further, the reduced order models are employed to capture the forced dynamic response
of the microplate under small and large vibration amplitudes. Comparison of the different

approaches also is made for this case.
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3.1. Introduction

We consider a fully clamped planar microplate as shown in Figure 3.1. The model
accounts for the geometric nonlinearity as well as the nonlinearity due to the electrostatic
force. Different types of basis functions are used in conjunction with the Galerkin method

to discretize the governing equations.

Fixed constraint

Flexible plate
- <
Stationary Electrode

Cross-Sectional View

V(t)

Fully clamped flexible

plate

h: plate thickness

d: gap between the capacitor plates

a, b: length and width of the plate, respectively
V(t): applied voltage

y Top View

Figure 3.1: A schematic diagram of an electrically actuated fully clamped microplate.

3.2.  Problem Formulation

We adopt the dynamic version of the von-Karman equations (2.31)-(2.33) to describe the

plate motion. Associated boundary conditions for a fully clamped plate (Figure 3.1) are

Clamped edges at x=0 and x=a



45

u=0 (3.1)
v=0 (3.2)
w=0 (3.3)
ow
av_ 3.4
OX 0 34)
Clamped edges at y=0 and y=b
u=0 (3.5)
v=0 (3.6)
w=0 (3.7)
ow
—=0 (3.8)
oy
For convenience, we introduce the non-dimensional variables (denoted by hats);
o= g=Y @ W g A e 1 3.9
X a ] y b ] W d ] u d2 ] \' d2 ) t T ( " )

Substituting equation (3.9) into equations (2.31)-(2.33) and dropping the hats we get the

following equations:

@+(1+u) oV +(1—u)@+a_waz_w+(1+u)@ o*w +(1—U)a_vv62_w_
oxE 2a oxoy  2a OyF x oxX*  2a° dyoxdy  2a° ox oy

(3.10)
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a_zv+(1+u)a ol +(1—U)aza_2v+l@62_w+(l+u)a@ o*w +(1—u)@62_w
oy* 2 oxoy 2 X adyoy 2 oxoxoy 2 oy ox’

=0 (3.11)

:az

o'w 2 o'w 18w w aw V(1) w2 Qw1 dw
+c§ +3a? N

—t———t—F—F+ +— —
xt a’ ooyt ot oyt ot? (1-w)’ o2 g 2 axay a® ? oyt
,loufé®w v &Pw) 1ov 62 1 6w 16u ov)l o°w (3.12)
2o —| S+ — [+ —— —+—— |+(1-0)| = —+— | = —
ox\ ox° a° oy a oy 8X a® oy a oy OX )a oxoy
: 1(awj W, v az awY( 2w 1w\ (1-v)(owaow d*w
+12« — | | O—F+— "=t =
x) o oy ' al oy’ a® | ox oy oxdy

The parameters appearing in equations (3.10)-(3.12) are

whereT is the characteristic time expressed as T = P ;

The boundary conditions for the non-dimensional equations are:

Clamped edges at x=0 and x=1

u=0 (3.14)
v=0 (3.15)
w=0 (3.16)
ow

&zo (3.17)

Clamped edges at y=0 and y=1
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u=0 (3.18)
v=0 (3.19)
w=0 (3.20)
ow

av_ 3.21
Ay 0 (3.21)

For the purpose of solving for the eigenvalues of the plate, we linearize the non-
dimensional governing equations (3.10)-(3.12) around the deflected position due to the
DC electrostatic load. Towards this, we express the microplate response as the sum of the

static componentsw, , u,and v,and the dynamic componentsw, , u, and v,

W=WS +Wd (322)
u=u, +U, (323)
V:Vs +Vd (3.24)

Now, by plugging equations (3.22)-(3.24) into equations (3.10)-(3.12), cancelling the

equilibrium terms and retaining only linear terms inu, , v, and w, , we obtain

u, (1+v) o, (1-v)du, ow, o°w, ow, o°w, (1+v)(ow, o°w, ow, o°w,
+ + +— +— + — +—
X' 2a oxoy 2a® oyF  ox X ox ox* 2a’ \ dy oxoy oy Oxdy

+(1—0) ow, 0°w, +%azws
2% | ox oy*  ox oy

j (3.25)
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o, |, (1+v)a o'y, (1-v)a® o, 1(ow, d*w, ow, o*w, | (L+v)a(ow, ow, ow, o°w,

— + +— = — + +—

ay 2 oxoy 2 & alody oy oy oy 2 | ox oxoy  ox Oxoy
- : )(aw 82Wd+8wd aZWS]zo

oy oy ox (3.26)
4 4 4 Vv (t) e . 0 . 0
o' af axloy oy’ ot (1-w,) x a Xy a 2
ou (o*wy, v d*w, ) Ouy(d*w, v dw,
2 Tt |t 2 v
x| ox* & oy ox\ ox°  a” oy
2 2
i )10/ 20, 12
a oy OX a® oy
1 1azwd o) L%, D |10,
4 aaxay ay OX aaxay
2 L ow, [ o*w, iﬁws
az 2 6)( 6X az ayz
2 2
+12af{+ 12 o, aWd i2 Uavgs iza 2
2a° oy a X o oy (3.27)
(- )GWBWBWd (1u aw, ow, o*w, (1 (A-v)( ow, ow, o*w,
o \ox oy ady) o [ ox oy axdy) o | ox oy oxdy

Equations (3.25)-(3.27) are the linearized governing equations of a microplate initially
deflected by an electrostatic DC load. These equations are not suitable for analyzing large
amplitude vibration of the plates; and hence will be only used to determine the
eigenvalues under the action of the electrostatic forces. The forced vibration analysis will

be based on the full nonlinear equations (3.10)-(3.12).

3.3. Reduced Order Models

In this section we discuss the various approaches to develop the reduced order model for

the governing equations.
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3.3.1. Model |

In the first approach we develop a semi-reduced order model (semi-ROM) of the
governing equations (3.10)-(3.12). The governing equation of the out-of-plane motion,
equation (3.12), is reduced into a finite-degree-of-freedom system using the Galerkin

method. We use the product of beam mode shapes along x and y as basis functions in the

Galerkin procedure. Hence, we express the out-of-plane deflectionw as
w=> g )" (xy) (3.28)
i=1

where ¢ (x, y) are the basis functions constructed by taking product of the clamped-
clamped beam modes; jth mode along x and kth mode along y axis, j,k=135...,

and g, (t) are the unknown time dependent coefficients. We multiply equation (3.12) by

(1—w)2 to incorporate the electric force term exactly and simplify dealing with the
electrostatic force term. Substituting equation (3.28) into equation (3.12), multiplying

by #* (x,y) and integrating over the plate domain we obtain a discretized form of the out-
of-plane equation of motion. The result is a system of nonlinear ordinary differential
equations (ODEs) in the time dependent coefficients g.(t), coupled with the in-plane

partial differential equations (3.10) and (3.11).

This semi-ROM is solved iteratively using a combination of the Runge Kutta method
along with the method of lines. The numerical method of lines is a technique for solving

partial differential equations by discretizing in all but one dimension and then integrating
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the semi-discrete problem as a system of ODEs or DAEs [81]. The solution method of
model I is outlined in the following:
1. Firstwe put u=0 andv=0 into the system of discretized ODEs, apply the direct
voltage V,. and solve for the out-of-plane deflectionw.
2. Next plug the deflection w into equations (3.10) and (3.11) and solve them foru
andv .
3. Next the solution foru andv is substituted into the system of ODEs to solve for

the deflectionw under an applied voltageV,, .

4. Repeat the procedure until a converged solution for w is obtained.

This model can work well for static simulations. However, it is not convenient for

dynamic analysis due to its iterative nature.
3.3.2. Model Il

In the second approach we develop a full ROM of the governing equations (3.10)-(3.12).
The difference between this model and model I is that we discretize all three equations of
motion using beam mode shapes. The Galerkin procedure for the out-of-plane motion,
equation (3.12), is the same as described in model I. To discretize equations (3.10) and

(3.11) of the in-plane motion, we express the in-plane displacementsu and v as
u=q,(t)¢" (x.y) (3.29)

v=0,{)4" (xy) (3.30)
where ¢*'(x, y) and ¢"? (x, y) are the shape-functions constructed by multiplying mode

shapes of a clamped-clamped beam; where the first superscript refers to the mode along
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the x axis and the second superscript refers to the mode along the y axis, g, (t) and g, (t)
are the corresponding time dependent coefficients. Substituting equations (3.29) and
(3.30) into equations (3.10) and (3.11), respectively, multiplying by ¢**(x, y) and ¢"* (x, y) ,
respectively, and integrating over the plate domain we get a set of algebraic equations in
the time dependent coefficients q,(t) and g, (t) . This set of algebraic equations combined
with the system of nonlinear ODEs produced in model I constitute the full ROM of the
governing equations. Numerical integration of the system of differential algebraic
equations (DAES) can be performed using the Runge Kutta method to obtain a solution
for the time dependent coefficients g, (t) , q,(t) andq,(t), which are substituted back into

equations (3.28)-( 3.30) to getw, uandv.

3.3.3. Model 111

In the third model, we use the mode shapes of the plate calculated using a FEM analysis
as the basis functions in the Galerkin procedure. We use the commercial software
COMSOL [82] to obtain the mode shapes of the plate. Accordingly, we express the

displacement variablesw, uandv as

W=, (x) (331)
u=a, 0w, (x.) (332)
v=6,0v,(xY) (339)

where ¢ (X, y) are out-of-plane mode shapes of the plate while y,(x,y) and w,(x,y) are the

in-plane mode shapes and g; (t) , g, (t) and g, (t) are the corresponding unknown time
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dependent coefficients. Equation (3.12) is multiplied by (1—w)2 to treat the electric force
term in its exact form. Substituting equations (3.31)-(3.33) into equations (3.10)-(3.12),
multiplying equation (3.12) by ¢ (x, y) and equations (3.10) and (3.11) by

v, (X, y)andy, (X, ), respectively, and integrating over the domain we get the reduced

order model of the governing equations. The reduced order model comprises of a system
of differential algebraic equations (DAES) in the unknown time dependent coefficients
q;(t), g,(t) andq,(t), which as before can be solved forq,(t), q,(t) andq,(t) using the

Runge Kutta method.
3.3.4. Model IV

This model is similar to model 111; the deflection and in-plane displacement variablesw,

uandv are expressed as in equations (3.31)-(3.33). In this model ¢ (X, y) are the same
out-of-plane mode shapes of the plate, obtained using FEM, whiley (x, y) andy, (X, Y)

are the shape functions for the in-plane displacementsu andv . Here, we do not use
regular mode shapes for the in-plane displacement. Instead, we make use of the fact that
the in-plane inertia is negligible, and hence, obtain instead, in-plane shape functions from
FEM assuming the plate is deflected by a uniform transverse pressure. Both mode shapes
¢ (x, y) and shape functionsy, (x, y) andy, (X, y) are obtained using the FEM Software
COMSOL. A mesh convergence test is run to choose a suitable mesh. Results of the

mesh convergence test and the mode shapes of the plate along with the in-plane

displacement shape functions are given in the Appendix. Other than the basis functions,
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the Galerkin procedure is the same as in model 111 and the resulting ROM consists of

DAEs as well.

3.3.5. Model V

This approach follows the method outlined in [83]. In this approach, the out-of-plane
deflection wis expressed as in equation (3.31). Substituting equation (3.31) into equations

(3.10) and (3.11) we obtain the following equations:

Fu (+0) o +(1_f)@+2qkq. Ha@az?_i_(l+l;)a¢k o j+(1_l:)[%aijﬂ:0 (3.34)
x 2a oy 2a° ¥ 5 x X 2a° oy axoy) 2a° | ox oy
572\2/+(1+U)a 22U +(1—U)a2572\2,+z kq,{[laqjkaij+(l+u)a%aZﬁj*'(l_U)[Maij Hzo (335)
oy 2 oxoy 2 X 5 a oy oy 2 X oxoy 2 oy ox

Equations (3.34) and (3.35) are nonhomogeneous coupled linear PDEs inuandv . Since
these equations are linear in u and v, the principle of superposition can be used to

determine the solution foruandyv in the form [83]

u :quChUH (3-36)
kI

V= quchvkl (3-37)
K.l

where the superscript kI denotes the in-plane displacementsu® andv caused by the

loads f," and f defined as

o :[% 4, (1+0) 26, & ]+(1—‘;)[% aijj (3.39)
x o 207 oy oxdy ) 2a° | ox oy

f :[3%8%3  (+v)aog 0% j+(1—v)(%52¢jJ (3.39)
o oy oy 2 oxoxdy) 2 oy ox
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Equation (3.12) is multiplied by (1—w)2 to treat the electric force term exactly with no

approximation. Now by substituting equations (3.31), (3.36), and (3.37) into equation
(3.12), multiplying by ¢ (x, y) and integrating over the plate domain we get the reduced
order model for the governing equations. The reduced order model consists of a system
of nonlinear coupled ODEs in ¢, (t) . This system of ODEs is solved for g, (t) numerically

using the Runge Kutta method and is substituted back into equation (3.31), (3.36), and

(3.37) to obtain w, uandyv, respectively.

3.4.  Static Analysis

To calculate the static deflection of the microplate under a DC load, V (t) is replaced

byv, . We then drop the time derivatives in all the models and the time dependent
unknown coefficient g (t) in the semi-ROM, and q,(t) ,q,(t)andq,(t) in all the other
models are written as constant coefficients g, , q, andq,. This results in a system of
nonlinear algebraic equations, which is numerically solved for g, in case of the semi-ROM
and q,,q, andq, in all the other models. Then equation (3.28) or equation (3.31) is used

to find the transverse deflection.

First we study the convergence of the static results with the number of transverse modes,

¢ (x,y) retained in the reduced order model when « =1and ¢, =1. Figure 3.2 shows the
stable solutions, the non-dimensional deflectionW_ at the center of the plate against

various values of ,V,.*. These convergence static results are based on non-dimensional

parameters and hence are not specific to any plate of a particular geometry or material.
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A summary of the convergence results for all the approaches is given in Table 3.1. Figure
3.2 indicates a classical behavior of electrostatically actuated microstructures, where the
deflection slopes approaches infinity at the pull-in voltage, where the structure collapses
to the substrate [7]. As clear from the figure and the table, Models I and Il require in total

six transversal mode shapes for convergence, while models 111-V require four.

Table 3.1: Summary of convergence studies, number of transverse modes required for

convergence and the value of the non-dimensional parameter «,V,* at the pull-in

instability.

Model No. No. of modes for convergence | Voltage parameter oV, >
Model 1 6 188

Model II 6 191

Model I11 4 186

Model IV 4 194

Model V 4 192

3.5. Model Validation

For validation purpose, the static response calculated by the reduced order models is
compared with the results obtained from a FE model implemented in COMSOL [82]. The
Electro-mechanics module of COMSOL was used to model the electrically actuated
microplate. A mapped mesh with fifty divisions along each edge was used. The

geometric and material parameters used are; a=b=300um,h=2um, d =2um,

E =153GPa and v =0.23. Since this is a geometrically nonlinear problem, geometric

nonlinearity is activated before performing the analysis. Figure 3.3 shows the maximum
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deflectionW,_,, at the center of the microplate againstV,, up to the pull-in instability. The

figure shows excellent agreement between the results calculated by the ROMs and the FE
model except for model 111. Model I11 predicts the pull-in of the microplate at a lower
voltage. This means that it does not account for the cubic nonlinearity accurately and
only captures the effect of midplane stretching partially. In other words, we can remark
that the shape functions used to represent the in-plane displacements are not accurate
enough to capture the full effect of midplane stretching. All the other models accurately

predict the static response of the microplate.

Although accurate, models I and Il require more computational effort as compared with
models IV and V. Nevertheless they use easy-to-handle analytical functions as basis
function in the discretization procedure. Model V calculates exact solution for the in-
plane displacementu andv, hence requires more computational effort to integrate over
the plate domain as compared with model 1V, which approximates the solution through

equations (3.32) and (3.33).

Reduced order models are known to be computationally efficient as compared with the
full order finite element models. To highlight the advantage of using reduced order
models over finite element model, we compare the time taken to solve the system when a
DC voltage, V,, =60V was applied. Results for this comparison are given in Table 3.2.
One can note that the time taken by full order FE model is much higher than the reduced

order model because it solves thousands of equations one for each degree of freedom

[43].



57

0.5 1-Mode
0.4
§O.3~
=02/
0.1
0.0
0 50 100 150 200
aZVdCZ
(@)
0.6- 0.6-
0.5 0.51 1-Mode \
0.4+ 0.41
£0.3 £0.3]
0.2 0.2
0.1 0.1
0.0 0.0
0 50 100 150 200 250 0 50 100 150 200 250
azvdcz ‘)‘z\/cjc2
(b) (c)
06 0.6-
0.5
0.4
£0.3
0.2
0.1
0.0
0 50 100 150 200 250 0 50 100 150 200
OtZVdC2 azvdcz
(d) (e)

Figure 3.2: Convergence of the static results with the number of transversal mode shapes
retained in the reduced order models. Variation of the maximum non-dimensional

deflectionW,,, at the center of the microplate with the electrostatic voltage parameter
aV,*whena =1, and ¢, =1: (a) model I, (b) model II, (c ) model 111, (d) model IV, (e)
model V.
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Figure 3.3: A comparison of the maximum deflection W__, at the center of the plate,

calculated by the reduced order models with the results obtained from FE model
implemented in COMSOL for various values ofV,, , until the pull-in instability: (a) model

I, (b) model 11, (c ) model I, (d) model IV, () model V.
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Table 3.2: A comparison of the time taken by the FE model implemented in COMSOL

and the reduced order models to solve the system under an electrostatic DC voltage.

Model Time taken (Seconds)
FE model 125
Model II 0.140
Model I11 0.046
Model IV 0.046
Model V 0.031

3.6.  Dynamic Analysis

First we present the Eigen frequency analysis of the microplate when deflected under the

DC voltageV,. . The approaches presented in models 11-V are used in conjunction with

equations (3.25)-(3.27) to calculate the linear natural frequency of the microplate at
different levels of initial deflection w, under the electrostatic voltageV,. , until the pull-in

instability. The results are compared in Figure 3.4 with the natural frequencies calculated
by the FE model implemented in COMSOL. Model I is not included in the analysis due
to its iterative nature. Results calculated by the ROMs show good agreement with the
ones calculated by FEM model except for model 111, which shows significant deviation.
This result agrees with the static results and confirms the remark that model 111 does not
account accurately for the cubic nonlinearity due to midplane stretching and that the
shape functions used to represent the in-plane displacements are not accurate enough to

capture the full effect of midplane stretching.
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Figure 3.4: The non-dimensional fundamental natural frequency (A = waz\/g) of a

square microplate for different levels of V,. until pull-in (stars). Comparison with the

results computed by the FE model implemented in COMSOL (diamonds): (a) model II,
(b) model 111, (c ) model 1V, (d) model V.

Models I1, 1V and V accurately predict the non-dimensional natural frequencies of the
microplate. Although accurate, model Il entails more computational effort as compared
with models IV and V, since it requires more modes for convergence. However it
employs easy-to-use analytical functions as basis functions in the Galerkin discretization

procedure. Model 1V approximates the solution for the in-plane displacementsu andv
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through equations (3.32) and (3.33) while model V calculates exact solution, hence
requires more computational effort to integrate over the plate domain. Nonetheless model
V is easily adaptable to the microplates with other boundary conditions e.g. clamped-
free-clamped-free (CFCF). Moreover one can note that the natural frequency decreases
with the increase of the applied DC voltage and drops rapidly near the pull-in instability,
finally falling to zero at the pull-in instability. This is due to the softening nature of the
electrostatic force, here by softening we mean that the natural frequency decreases with
increase of the electrostatic load. The decrease in the natural frequency of the plate with
the increase in the DC load means that its elastic restoring force is weakening, and hence

reaches eventually to zero when the natural frequency vanishes.

Next we present the dynamic response of the microplate calculated by models 11-V, when
actuated with small and large electrostatic forces. Frequency response curves are
generated by actuating the microplate by a harmonic load of amplitudeV, superimposed
toV,, load, i.e., V(t) =V, +V,Sin(Qt). The Runge Kutta method is used to perform long
time numerical integration to solve the system of governing equations to obtain a stable
steady solution. A stable steady solution is captured such that the transient response is not

contributing to the solution. We fix the non-dimensional parameters as =1, ¢, =1, and

a, =1, and assume that the in-plane external forces are zeroi.e.N, =N, =N =0. To

get a linear response, we actuate the microplate at a small load of V,, =1V and a harmonic
load of V. =0.01V . For the large vibration response we use V,. =1V while V,_ is kept the

same. Figure 3.5 shows a comparison of the dynamic responses calculated by models 11-
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V using frequency response curves for the small and large amplitude vibrations of the

microplate.
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Figure 3.5: Frequency response curves near the non-dimensional fundamental natural
frequency, maximum non-dimensional deflectionW_, (%%) of the microplate against

actuating frequency Q. Response is captured atV,. =1V and (a) V,, =0.01V , (b) V. =1V,

whena =1, ¢, =1, a, =1and a quality factor Q =1000.
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All the models show good agreement when actuated at small electrostatic loads (Figure
3.5A). All the models show the linear response very close to each other, model 11 shows a
slight difference of less than 1% from other models. This small difference from other
models appears due to the different kind of shape functions used in this model, which

seems not of good accuracy.

Model 111 shows a significant deviation from the other models (Figure 3.5B), which show
excellent agreement when actuated at large electrostatic loads. This agrees with the static
and natural frequency results and ratifies the remark that model 111 does not account
accurately for the cubic nonlinearity. For small actuating forces (Figure 3.5a), all the
models show a resonance near the fundamental natural frequency of the plate. The
geometric nonlinearity is not activated, and in this regime, the linear plate theory can be
used. When large electrostatic loads are used to actuate the large amplitude vibrations of
the plate (Figure 3.5b), the geometric nonlinearity due to midplane stretching is activated.
The plate shows strong hardening behavior due to the geometric nonlinearity, where the
nonlinear resonances appear at higher frequencies. All the models capture the nonlinear
hardening responses of the plate accurately except model I11, which fails to capture the
nonlinearity accurately. In this regime, the linear plate theory fails and only a model that

accounts for the geometric nonlinearity can capture the plate response accurately.

Although it sounds appropriate to use any of the models I, IV and V for the investigation
of large amplitude vibrations of microplates, we believe that model V is the most
accurate one since it calculates the exact solution for midplane stretching while for all the

other models we approximate the in-plane displacements using some kind of shape



64

functions. Moreover it can be used with confidence for microplates with other boundary
conditions for example a clamped-free-clamped-free (CFCF) microplate. For such a case
the other models may not be used with the same shape functions. So model V is more
rigorous and versatile and can be used for a microplate with any kind of boundary

conditions.
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Chapter 4
An Investigation of the Static and Dynamic
Behavior of Electrically Actuated Rectangular

Microplates

In this chapter, we present an investigation of the static and dynamic behavior of the
nonlinear von-Karman plates when actuated by the nonlinear electrostatic forces. The
investigation is based on a reduced order model developed using the Galerkin method,
which rely on mode shapes and in-plane shape functions extracted using a finite element
method. In this study, a fully clamped microplate is considered. We investigate the static
behavior and the effect of different non-dimensional design parameters. The static results
are validated by comparison with the results calculated by a finite element model. The
forced-vibration response of the plate is then investigated when the plate is excited by a
harmonic AC load superimposed to a DC load. The dynamic behavior is examined near
the primary and secondary (superharmonic and subharmonic) resonances. The microplate
shows a strong hardening behavior due to the cubic nonlinearity of midplane stretching.
However, the behavior switches to softening as the DC load is increased. Finally, near-
square plates are studied to understand the effect of geometric imperfections of

microplates.
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4.1. Introduction

In Chapter 3 we have investigated various approaches to develop reduced order model. In
this chapter we study the static and dynamic behavior of fully clamped rectangular plates
under electrostatic actuation. We use the reduced order model 1V presented in Chapter 3
for this investigation. The reduced order model is based on the von-Karman equations of
the plate, in which all three equations of the plate motion are discretized using the
Galerkin method. For validation purpose, we compare the static results computed by the
reduced order model with the results calculated using the FEM software COMSOL [82].
Further the reduced order model is employed to investigate the nonlinear, large amplitude
vibration behavior of the plates. Understanding the nonlinear behavior of microplates
when actuated by large electrostatic loading or when undergoing large motion is
fundamental to the development of the next generation microplates-based MEMS

devices.

We use the problem formulation and reduced order model 1V presented in Chapter 3. The
reduced order model is based on the dynamic analogue of nonlinear von-Karman

equations of thin plate.

The reduced order model, which consist of DAES is solved for the unknown time

dependent coefficients g (t), q, (t)and g, (t) . Toward this, we solve equations (3.10) and
(3.11) for q,(t) and q,(t) interms of g, (t) and then substitute the results into equation

(3.12). This equation is then integrated in time using Runge Kutta. These coefficients are

substituted back into equations (3.31)-(3.33) to get the displacementsw,u andv .
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4.2.  Static Analysis

Convergence study of the static results with the number of transverse modes, ¢ (x,Y)

retained in the reduced order model was performed in Chapter 3 and it was found that
four transverse modes are sufficient to get reasonably accurate result. Moreover the

model was also validated by comparing results with the results obtained by FE model.

0.6+ o=1.2

a=20 o=2 o=L5 o=1.1

Jo=1

0 50 100 150 200
2
azva‘c
Figure 4.1: Variation of the maximum non-dimensional deflectionw,_, at the center of

the microplate with the electrostatic voltage parameter a,V,.” until pull-in for various

values of aspect ratio « when ¢ =1.

Here we investigate the effect of different non-dimensional parameters on the static

response of the plate. Figure 4.1 shows the maximum non-dimensional

deflectionw__ againsta,V, > for various values of the aspect ratio « with fixed value
of ¢, =1. By increasing « , the maximum deflection almost remains constant, but the
voltage instability threshold (pull-in) decreases and saturates near a,V,.> =75 as the aspect

ratio o approaches oo . Figure 4.2 shows the variation of W, with «,V,.> until pull-in
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occurs for various values of o, whilea =1 (square plate). We notice that the maximum
non-dimensional deflectionW, _ as well as the voltage parameter oV, > are reduced
for o, <1, while for ¢, >1 both quantities increase and W_, seems to stabilize near 0.7

ata, 23.

0 1000 2000 3000
aV.?
2" dc
Figure 4.2: Variation of the non-dimensional deflectionw__  at the center of the
microplate with the electrostatic voltage parameter .V, until pull-in for various values

of ¢, when « =1.
4.3.  Dynamic Analysis

In this section we investigate the dynamic response of the square microplate at primary,
super-harmonic of order three, and sub-harmonic of order two resonances of the
fundamental mode. We analyze the dynamics of the microplate by generating frequency
response curves. The Runge Kutta method is used to perform long time numerical

integration to solve the system of DAESs. The stable steady-state solution is captured after
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making sure that the transient response is no longer contributing to the response. Figure
4.3 shows the time history of the dynamic response of the microplate when actuated at a
DC voltageV,, =3V and an AC voltageV, =0.1V and Q=35.1. Figure 4.3a depicts the
diminishing transient response, while Figure 4.3b shows the stable steady-state response.

We use steady-state responses similar to Figure 4.3b to construct the frequency response

curves.
0050 0,03
0.04 ]
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Figure 4.3: Time history response of the microplate. (a) Transient response. (b) Steady

state response.

4.3.1. Primary Resonance

To investigate the dynamic response at primary resonance, we fix a =1, o, =1,a, =1and

A

assume that the in-plane external forces are zero i.e. N, =N, =N, =0 . With the above
parameters the static pull-in voltage for the microplate is near 14 Volts. We investigate
the nonlinear dynamic behavior of the microplate near primary resonance at a small
harmonic AC voltage, V,. superimposed to a DC voltage,V,_, i.e., V(t) =V, +V,Sin(Qt) .

Figure 4.4 shows the nonlinear response of the microplate when actuated at V,, =3V for
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various values of V.. near primary resonance, which for the linear plate is near 36. The

quality factor is fixed atQ = 250, which is related to the damping coefficient by c = %

[84]. Our choice of a constant value of Q means that we assumed negligible effect of
squeeze-film damping, which is reasonable assumption assuming that the microplate is
placed inside a vacuum chamber and is operated at reduced pressure. Otherwise,
squeeze-film damping can have strong effect on the dynamics of microplates and needs

to be modeled using Reynolds equation and a structural-fluidic model [7, 48].

Figure 4.4 shows the maximum non-dimensional deflectionW,,, at the center of the

microplate against the non-dimensional frequency.

0.45+
—_—V_=0.1V (F)
0401 —.v -03v(F P
0.35{ = V.=05V(F) /
V_=0.1V (B) ’

030 e %

> .

80.25 V.05V P

= 0.20 v

0.15-
0.10] < S
0.051 -
0.00

350 355 360 365 37.0

()
Figure 4.4: Maximum non-dimensional deflection W__, at the center of the microplate
against the actuating frequency Q when actuated atV,. =3V and various values ofV,,
while quality factorQ=250; (F) forward frequency sweep, ( B ) backward frequency

sweep.
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The microplate exhibits strong hardening effect due to the cubic nonlinearity, which
comes into play due to midplane stretching. The hysteresis in the curves is captured by
performing forward and backward frequency sweeps. Nonlinear resonance peaks occur

near Q=36.15 for V,. =0.1V while it isat Q=36.6forV,, =0.3Vand Q=36.9forV,. =0.5V.

Further we notice that there exist multiple stable solutions over some range of frequency
and amplitude jumps from higher to lower or lower to higher values depending on the

type of frequency sweep.

Figure 4.5 shows the frequency response curves of the microplate when actuated at

V,. =7V for various values of V, with a quality factor Q =250. An overlap of stable
solutions exists when actuated at V.. =0.2V contrary to the responses at V,, = 0.4V and

V,. =0.6V, respectively.

0.7
0.6
0.5

204
03
0.2
0.1

Figure 4.5: Maximum non-dimensional deflection W, at the center of the microplate
against the actuating frequency Q when actuated atV,. =7V and various values ofV,,

while quality factor Q =250.
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A gap between the two stable solutions starts to emerge in the case of V. =0.4V by the

forward and backward frequency sweeps. This gap might indicate that the microplate
becomes unstable at that actuating voltage and pulls on the stationary electrode. This kind
of instability is called dynamic pull-in instability, which usually occurs at a lower DC
load superimposed to a small harmonic load [7, 24, 84, 85]. Another possibility exists,

especially in the case of V, =0.4V, that this gap is created due to the numerical

divergence of the time integration scheme, due to its inability to find suitable initial
conditions that lead to a stable periodic orbit. In other words, this might indicate highly
fractal behavior, which usually gets stronger as the system approaches the dynamic pull-
in regime [85] .To confirm if this divergence is due to fractal behavior or due to pull-in
exactly, one should resort to other numerical techniques to find periodic motions, such as
shooting and finite difference methods as well as basin of attraction analysis [7, 84]. The

response on the other hand for the case of V., =0.6V is most likely an indication of a
pull-in band, since as reported in [84], further increase in V,, widens the pull-in band gap

between the stable solutions and makes the upper stable branches terminated at lower

values [84].

4.3.2. Secondary Resonances

Due to the cubic nonlinearity from midplane stretching and quadratic nonlinearity of the
electrostatic force, the plate is expected to exhibit several secondary resonances [7, 86].
These include super harmonic resonances near one-third and one-half the fundamental
natural frequency as well as subharmonic resonances near twice and three times the

fundamental natural frequency. As case studies, in this paper, we investigate the dynamic
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response of the microplate near the super-harmonic resonance of order three and then
near the subharmonic resonance of order half. We use the non-dimensional parameters of

Section 4.4.1.

A. Super-harmonic Resonance at%

The generated frequency response curves reveal some interesting phenomena in this case.

First, Figure 4.6 shows the response atV,. =9V for various values of V. .

0.8-
0.7
0.6-

20.51
0.4-
0.3-
0.2-

Figure 4.6: Frequency response curves near super-harmonic resonance, % of the

fundamental natural frequency. Maximum non-dimensional deflection W___ at the center
of the microplate against the actuating frequency Q when actuated atV,, =9V and various

values ofV,. while quality factorQ =250.
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The response atV,, =2.1V shows a clear hardening behavior. Now increasing the AC
voltage toV,, =2.3VandV,, = 2.4V, the microplate becomes unstable and jumps to another

stable state with higher amplitude of vibration nearW_, =0.77.

This behavior is contrary to the one near primary resonance where the microplate jumps
onto the stationary electrode as dynamic pull-in. This can be due to the fact that the
response is in the verge of shifting from hardening to softening effect. This is clarified in

Figure 4.7, which shows the frequency responses atV,. =10V for variousV,_ . Figure 4.6

and Figure 4.7 depict the transition from hardening to softening behavior.

106 107 10.8 109 11.0 11.1
Q0

Figure 4.7: Frequency response curves near super-harmonic resonance, % of the

fundamental natural frequency. Maximum non-dimensional deflection W, at the center
of the microplate against the actuating frequency Q when actuated atV,, =10V and various

values ofV,. while quality factorQ =250.
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This is expected with the increase of the DC voltage, which tends to change the effective
nonlinearity of the system. Essentially, the effective nonlinearity is dominated by the
midplane stretching (positive cubic in nature) for low value of DC voltage, and thus the
plate exhibits hardening behavior. On the other hand, the electrostatic nonlinearities
(quadratic in nature) dominate the overall nonlinearities leading to softening behavior at
higher values of DC voltage [7, 87]. This observed behavior is expected also for the
primary resonance case. Next, we investigate the amplitude jumps in Figure 4.6 by

plotting phase portraits of the response near terminal points of the lower and upper stable

atv,, =2.3VandV, =24V, respectively.

branches. Figure 4.8 and 4.9 show the periodic orbits of the stable branches
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Figure 4.8: Phase portraits for the lower and upper stable branches of the Figure 4.6

forv,_ =23V ; (a) Q=1112, (b) Q=11.176 , (c) Q=11.178 , (d) Q=11.194.
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Figure 4.8 shows that the orbit size increases as the actuation frequency increases until

the maximum value of deflection amplitude W_, ~0.6 is reached near the terminal point

of the lower stable branch at 2 =11.176. Beyond this point, we note that the plate jumps

to a higher amplitude of vibration, W ~0.8 at (2=11.178. The plate jumps back to a
lower amplitude of vibration, W, ~0.27 at2=11.194 . A similar response is depicted in

Figure 4.9 for a higher AC load.
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Figure 4.9: Phase portraits for the lower and upper stable branches of the Figure 4.6

forv,_ =24V ; (a) Q=11.12, (b) Q=11.138 , (c) Q=11.14 , (d) Q=11.204.
A Sub-harmonic Resonance at2w,

In this section we investigate the dynamic response of the plate near sub-harmonic

resonance of order one half. Figure 4.10a shows, as expected, a hardening response. This
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hardening behavior shifts to softening behavior by further increasing the DC voltage.
During this transition, Figure 4.10b, an upper discrete dynamical solution is created of
relatively large amplitude (near W__ =0.8), similar to the observed behavior in Figure 4.6.
Figure 4.10c shows softening behavior at a higher value of DC voltage. The upper stable
branch in the case of softening behavior stays high with significantly large amplitude as

compared with lower branches for a considerably large band of actuation frequency.

4.3.3. Dynamic Behavior of Imperfect Square Plates

Next, we investigate the dynamic behavior of imperfect square plates near the second
symmetric-symmetric mode, which corresponds to symmetric-symmetric degenerate
modes of square plates [88-91]. By imperfect square microplate we mean that « is close
to 1. Such an imperfection comes practically when fabricating a square plate, which then
due to unavoidable fabrication imperfections, will come as a near square plate. We
actuate the microplate at small DC and AC voltages. Non-dimensional parameters remain
the same as in Section 4.3.1 excepta , which we change slightly to introduce the
imperfection. A square microplate exhibits degenerate mode due to the symmetrical
geometry. Figure 4.11a shows the response of a perfect square plate, i.e., « =1while
Figures 4.11b-d show the responses when « is slightly varied («=0.999, «=0.995,

and ¢ =0.99).

It is shown that slightly varying the value of & breaks the geometrical symmetry and
hence the degenerate modes become distinct modes of vibration at distinct frequencies.

As a consequence two corresponding resonances appear very close to each other.
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Figure 4.10: Frequency response curves near sub-harmonic resonance near 2w, .
Maximum non-dimensional deflection W_, at the center of the microplate against the

actuating frequency Q for a quality factor Q = 250.

These neighboring resonances are of interest, for instance, for mass sensing MEMS
applications. It is noticed that for very small imperfections the amplitude of the new
resonance is very small. By further increasing the imperfection, the amplitudes of both

resonances become the same but are smaller than the one with the ideal square plate. This
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IS because we are reducing width of plate (b) while keeping the length (a) constant, to
get imperfections, which in return causes higher stiffness of the microplate and hence

lower the amplitude of vibration.
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Figure 4.11: Dynamic behavior of an imperfect square plate near the second symmetric-

symmetric mode of vibration when actuated atV, =1V, V,. =0.3V with a quality

factor Q =1000.
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Chapter 5
Initially Curved Micro-plates under Electrostatic

Actuation

In this chapter, we investigate the mechanical behavior of initially curved microplates
under electrostatic actuation. It is common for microplates to undergo an initial curvature
imperfection, due to the micro fabrication process, which affects significantly their
mechanical behavior. Here, we develop a reduced order model based on the Galerkin
procedure to simulate the static and dynamic behavior of the microplate. We investigate
the convergence of static results with the number of modes retained in the reduced order
model. We validate the reduced order model by comparing the calculated static behavior
and the fundamental natural frequency with those computed by a finite element model.
The static behaviour of the microplate is investigated when applying a DC voltage. Then,
the dynamic behaviour of the microplate is examined under the application of a harmonic
AC voltage superimposed to a DC voltage. As case studies, we consider two different
profiles of the initial curvature imperfection and study their effects on both the static and

dynamic responses of the microplates.
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5.1. Introduction

MEMS devices are commonly made up of microbeams and microplates [8, 12-24]. These
are used in various applications, such as micropumps in micro fluidics, biomedical and
cooling applications [15-17, 25-27] , microphones [19-21], mass sensors [22, 23] and
resonators [24, 30] to realize sensors and microswitches [31, 32]. These underlying
structures undergo imperfections during the micro fabrication process due to residual
stresses. To model such structures, accurate models are needed, which properly account

for this initial imperfection.

We investigate next the effect of initial curvature profile on the static and dynamic
behavior of the plate. Towards this, we consider two commonly encountered profiles of
initial curvature and compare their effects on static behavior, eigen frequencies and
dynamic behavior. Also we compare the results obtained from reduced order model with

the results from a FE model for some cases to validate the model.

5.2.  Problem Formulation

In this chapter, we consider a clamped-free-clamped-free (CFCF) rectangular microplate
having an initial curvature imperfectionw,(x, y) and in the domain 0<x<a and
0<y<bh,asshown in Figure 2.2. The problem was formulated in Chapter 2, where the

governing equations (2.49)-(2.51) were derived using the modified von-Karman strains.

The associated boundary conditions are given in equations (2.52)-(2.59).

For convenience, we introduce the non-dimensional variables (denoted by hats)
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(5.1)

Substituting equation (5.1) into equations (2.49)-(2.51) and dropping the hats, for

convenience, we get the following equations:
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(5.4)

The associated boundary conditions for the non-dimensional equations are



83

Clamped edges at x=0 and x=1

u=0 (5.5)
v=0 (5.6)
w=0 (5.7)
ow
—=0 5.8
P~ (5.8)
Free edges at y=0 and y=1
2 2
@mﬁ_uﬁmj auf 2 ]_o 59
oy x 2| aloy ox
%+a%+%\:’%:0 (5.10)
2 2
Zy—"zvmzuz%v -0 (5.11)
o*w o*w
ﬁﬁ‘az(z_l))ayaxz :0 (512)

The parameters appearing in equations (5.2)-(5.12) are

6(1—0° . ¢a’ o (1-0%)
) O(O:%, C(lzg, 0!22%8#, C=—= and N;:( E )N; (513)
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5.3. Reduced Order Model

This approach follows the method outlined in [11, 43, 83] . In this approach, the out-of-

plane deflection w is expressed as

w=§qi 4 (x.y) (5.14)

where ¢ (X, y) are the out-of-plane mode shapes of the plate and g, (t) are the

corresponding unknown time dependent coefficients. Substituting equation (5.14) into

equations (5.2) and (5.3), we obtain the following equations:

@+(1+u) o*v (1 v) az Z ik (1+u)@¢k o4 (1—u) %az_ﬁ
X 2a axay 2a? G | ox 20 oy oxdy ) 2a° | ox oy?
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=0

Equations (5.15) and (5.16) are nonhomogeneous coupled linear PDEs inu andV . Since
these equations are linear, the principle of superposition can be used to determine the

solution foru andv in the form [83]
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K K

V= ququl + quvk (5.18)
kI k

where the superscript kKl denotes the in-plane displacementsu® andv* caused by the

loads f and f,' defined as
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and similarly superscriptk denotes the in-plane displacements u* and v* caused by the

loads f* and f," defined as
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Equation (5.4) is multiplied by(l—w)2 to treat the electric force term exactly with no
approximation. Now by substituting equations (5.14), (5.17) and (5.18) into equation
(5.4), multiplying by & (x, y) and integrating over the plate domain we get the reduced
order model for the governing equations. The reduced order model consists of a system
of nonlinear coupled ODEs in g (t) . This system of ODEs is solved for g, (t) numerically

using the Runge Kutta method and is substituted back into equation (5.14), (5.17), and

(5.18) to obtain w,u, and v respectively.
5.4. Results

In the following, we study the effect of the initial curvature on the static and dynamic
behavior. The effect of initial curvature on fundamental natural frequency is also
investigated. Toward this, we consider two profiles of initial curvature commonly

encountered in micro fabricated structures:

Wy =Wy ey {1— Cos® (7Z'X)} (5.23)

Wy, =W, [{1-(:052(7zx)} Sin(r y)] (5.24)

where w

0max

Is the maximum curvature at the center of the microplate. Profile w,

assumes variation in shape along the x axis only (cylindrical bending shape) while profile

W,, assumes variation in shape along both x and y axis.
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5.4.1. Static Results

First, we investigate the convergence of the static solution with the number of transversal
modes of vibration retained in the reduced order model. We assume that no in-plane
external forces are applied to the microplate, i.e., N! = N!, = N} =0. To calculate the
static deflection of the microplate under a DC load, the time derivatives are dropped in

the reduced order model, V (t) is replaced withV,,, and the time dependent unknown

"
coefficients g, (t) are replaced with constant coefficients g, . This results in a system of
nonlinear algebraic equations, which is numerically solved for g, . Then equation (5.14) is
used to find the non-dimensional transversal deflection. The static response is calculated
using various values of voltage parameter oV, > until the pull-in instability (which occurs

when the electrostatic force overcomes the mechanical force from the structure [7] ).
Figure 5.1 shows the stable branch of the static response at the centre of the microplate

against voltage until pull-in.

One can note that the deflection curve is limited by the pull-in instability, where the slope
of the curve approaches infinity. As noted, three modes are sufficient to get a reasonably
accurate solution. The convergence study is based on non-dimensional parameters, and

hence is not specific to any plate of a particular geometry or material.

Next, we investigate the effect of the initial curvature profiles on the static response of

the microplate. The length and width of the microplate are a=250,m and b=125.m,
respectively. The thickness of the microplate is h =1.75.mand the capacitor gap is

d =2.5um. The material parameters used in this investigation are E =160GPa,v =0.25
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and p = 2500Kg/m*. The static response is calculated using various values of DC voltage
V. until the pull-in for various values of initial curvature imperfections. Figure 5.2

shows the variation of pull-in voltage threshold V, with the initial imperfection w,

c—pull

for the considered profiles w,, and w,,.

o o ©
w > u

W, (a/2,b/2)
o

o
-

Figure 5.1: Convergence of the static response with the number of transverse modes

retained in the reduced order model. Variation of the maximum non-dimensional

deflection W__ at the center of the plate with the electrostatic voltage parameter

aN, whena =1 andeg, =1.

For validation purpose, similar results calculated by a finite element (FE) model
implemented in COMSOL Multiphysics [82] are also shown for profile w,, . The
Electromechanics module of COMSOL was used to model the electrically actuated
microplate. A mapped mesh with 50 elements along the length and 25 along the width of

the microplate was used. The geometric and material parameters used for the FE model
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are the same as mentioned in this section. Since this is a geometrically nonlinear problem,
the geometric nonlinearity is activated before performing the analysis. The results
calculated by the reduced order model show good agreement, particularly for small
values of imperfection. As the initial imperfection increases, the reduced order model
results show deviation from the FE model results. This can be attributed to the use of
mode shapes of a linear flat plate as basis functions in the reduced order model. To
improve the accuracy for large curvatures, one may need to use mode shapes of a

similarly curved plate or some other adequate basis functions.

" —o=P1 (Reduced Order Model)
4 . == P1 (Finite Element Model)
90 \%‘ =o= P2 (Reduced Order Model)
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Figure 5.2: Variation of the DC voltage V_,, at pull-in with the initial imperfection

pull

calculated by the reduced order model for curvature profiles w,, and w,,. Results

calculated by the FE model are also compared with the results of the reduced order model

for profile w, .

One can note that although both profiles affect the pull-in voltage, w,, shows a

significantly large influence as compared to the effect of w,,. Moreover for profile w,,,
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the pull-in voltage reduces even when it is curved away from the other stationary

electrode while for w,, the pull-in voltage varies almost linearly.

5.4.2. Dynamic Results

In this section, first we investigate the effect of the initial curvature profile on the free
vibration of the microplate without application of any electrostatic load. Towards this, we
drop the nonlinear terms in the reduced order model to solve the linear eigenvalue
problem to get the natural frequency. Figure 5.3 shows the variation of non-dimensional

natural frequency against the initial curvature w,__ . We note that the natural frequency
rises significantly with the increase of initial curvature of profile w,, but for curvature of
profile w,,, it only rises slightly and then starts decreasing. It signifies that both profiles

have significantly different effect on the natural frequency of the microplate. Lin and
Chen [68] and Liu and Yeh [70] have remarked that fundamental natural frequencies are

significantly influenced by the initial curvature.

For validation purpose, the natural frequency results calculated by the FE model
implemented in COMSOL Multiphysics [82] are also shown for profile w,, in Figure

5.3a, which show excellent agreement with the results calculated by the reduced order

model, thereby validating the current model.
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Figure 5.3: Variation of the non-dimensional fundamental natural frequency

max *

w,,, = wa’ \/% with the initial imperfection w, Results calculated by the FE model

are also compared with the results of the reduced order model for profile w, .

Next, we investigate the effect of the initial curvature on the forced dynamic responses of
the microplate. The dynamic behavior of the microplate is examined by generating
frequency response curves in the neighborhood of the primary resonance under the
application of a harmonic AC voltage superimposed to a DC voltage, i.e.,

V(1) =V, +V,Sin(Qt). The Runge Kutta method is used to perform long time numerical
integration to solve the system of ODEs. The stable steady-state solution is captured after

making sure that the transient response is no longer contributing to the response.

First, we study the effect of the initial curvature on the linear response of the microplate.

A small AC voltageV,, =1V is superimposed to a small DC voltageV,. =1V to capture

the linear response. Figure 5.4 shows the frequency response curves of the microplate
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with curvature profiles w,, andw,, for various values of initial curvature w;_, . One can

max *

note that for the profile w,, the resonance frequency increases with increasing the initial

curvature and forw,,, =0.4, resonance frequency has increased about 22%. For w,, , the

02
resonance frequency rises slightly with the initial curvature but then drops below the

resonance of a flat plat.
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Figure 5.4: Frequency response curves showing the linear responses of the microplate for

various values of initial curvature imperfection for profile w,, and w,, when the microplate

is actuated by a V,, =1V superimposed to a V,, =1V, and a quality factor Q =1000.

Next, we examine the effect of the initial curvature on the nonlinear large amplitude
vibrations of the microplate. To capture the nonlinear large amplitude vibrations, we

apply a harmonic AC voltageV,, =5V superimposed to a DC voltageV,, =5V . Figures

5.5 and 5.6 show the frequency response curves for various values of initial curvature

imperfectionw, . for profiles w,, and w,,.
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Figure 5.5: Variation of the maximum non-dimensional deflection W, at the center of

the plate with the actuation frequency Q for various values of initial curvature

imperfection for profile w,, whenV, =5V, V, =5V, and quality factor Q =1000.

0.4+

Figure 5.6: Variation of the maximum non-dimensional deflection W__ at the center of
the plate with the actuation frequency Q2 for various values of initial curvature

imperfection for profile w,, whenV,, =5V ,V, =5V, and quality factor Q =1000.
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The dynamic response of the flat microplate is a hardening behavior, which is then

softened with the increase of initial imperfection for both considered profiles that

ultimately converts to softening behavior for certain value of initial imperfection. Similar

softening effect due to the initial curvature for completely free plates was reported by

Alijani and Amabili [71] for large amplitude vibration. Lin and Chen [68] has also

remarked about the conversion of hardening behavior to softening one depending on

initial curvature.

We also investigate the transition of hardening behavior of the microplate to the softening

behavior with the DC voltage load. We apply a small V,, =1V superimposed toV, and

capture the frequency response curves for various values of DC voltage. Figure 5.7 shows

that the nonlinear dynamic response of the microplate converts to softening

whenV,, =55V is applied for both profiles atw,,, =0.2.
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Figure 5.7: Frequency response curves depicting the transition from hardening to

softening response of the microplate with increasing V,, withV,, =1.
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Chapter 6
Initially Curved Microplates under Electrostatic
Actuation: Experimental Case Study and Model

Validation

We adopt the dynamic analog of the von-Karman governing equations of imperfect plates
to model and simulate the nonlinear mechanical behavior of an initially curved
microplate made of silicon nitride. The static behaviour of the microplate is investigated
when applying a DC voltage, Vqc. Then, the dynamic behaviour of the microplate is
examined under the application of a harmonic AC voltage, Vac, superimposed to Vic.

Simulation results show good agreement with the experimentally measured responses.

6.1. Introduction

In this chapter we investigate the nonlinear mechanical behavior of an initially deflected
CFCF microplate experimentally. Such microplates are fabricated with the same
procedure as in clamped-clamped microbeams. However, they offer the advantage of
bigger surface area, for instance, which is of an advantage for surface functionalization in
mass sensing applications. Also they offer larger flow rates in micropumping

applications.
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A silicon nitride microplate is fabricated using the micro-fabrication process detailed in
[92]. The fabrication has been done by Dr. Mohammed L. Bellaredj at the KAUST
Advanced Nano Fabrication (ANIC) laboratory. These microplates have acquired initial
curvature during fabrication process due to residual stresses. These have been tested in
collaboration with Dr. M. L. Bellaredj and Dr. A. Ramini. Both the static and dynamic
analysis are performed and results are compared with the simulation results for the model

validation purpose.

6.2. Experiment

First, we used optical interferometry profiler to characterize the dimensions and geometry
of the microplate without any electrostatic load. We found that the microplate has an

initial deflection due to residual stresses caused by the micro fabrication process (Figure

6.1). The maximum initial deflection w, at the center of the microplate is recorded to be
W, = 0.47um. The length and width of the microplate are a =250umand b =125.m,
respectively. The thickness of the microplate is h =1.75,mand the gap d is found to

bed =2.25,.m.

Since the silicon nitride (SisNa) is a dielectric material with a dielectric constant

£« = 1, @ conductive layer of gold is applied on top of the microplate. The equivalent

rSiNx
capacitor gap is thus the air gap plus the contribution from the silicon nitride microplate.

Equivalent capacitor gap d,, for the parallel plate capacitor is calculated by using the

formulad,, =d +-swe [93] and is found to be d,, = 2.464,m.

grSiNx
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Figure 6.1: (a) Optical microscope view of the fabricated microplate, (b) deflection

profile along the length of the microplate, and (c) deflection profile along the width of the

microplate.
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Figure 6.2 shows the used experimental setup. It consists of a Micro System Analyzer
[94] which is a laser Doppler vibrometer, a vacuum chamber; which houses the

microplate, a vacuum pump to reduce the pressure, and a data acquisition system DAQ.

T—_—__——— ) S |
1=MSA 500
2=Vacuum Chamber |
3=0FV-500 vibrometer controller ‘
“- —4=Computer ‘
~ 5=Decoder
- 6=DAQ
l ™= 7=0scilloscope
8=Amplifier
= 9=High vacuum Pump

Figure 6.2: Experimental setup showing the Micro-System Analyzer MSA-500, a vacuum

chamber, a vacuum pump and data acquisition system DAQ.

To measure the static response of the plate under electrostatic loads, we apply a DC

loadV,, and capture the deflection at the center of the microplate using also the optical
interferometry profiler. Figure 6.3 shows the maximum deflectionsW,_,, measured at the
center of the microplate againstV,, until the plate pulls onto the stationary electrode. The

measured pull-in voltageV , is found near 75V.
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Figure 6.3: The maximum deflection W_, measured at the center of the microplate

against V. until pull-in, at a 3.3 mTorr chamber pressure.

To investigate the dynamic response, first we actuated the microplate by applying a white
noise signal to identify the linear resonance frequencies. Figure 6.4 shows the velocity
responses of the microplate to a white noise signal. The figure shows a primary resonance

somewhere near 250 kHz along with some higher mode resonances.

Amplitude (mm/s)

0 500 1000 1500 2000
Frequency (KHz)

Figure 6.4: The velocity response of the microplate to the white noise actuation signal at

Vac=5V, Vac=10V and 3.3 mTorr chamber pressure.
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Figure 6.5: Frequency response plots in the neighborhood of the fundamental natural
frequency of the microplate at various combinations of applied loads at a 3.3 mTorr

chamber pressure.

Next, to find the forced response, a harmonic load of amplitude V,. superimposed to V,

C

was applied to the microplate, i.e., V (t) =V, +V,.Sin(Qt). We performed frequency

sweeps in the neighborhood of the fundamental natural frequency at various applied

voltages. First we applied small voltages to capture the linear response. We could capture

a nearly linear response at V,. =1V and V., =1V (Figure 6.5a). The fundamental natural

frequency of the microplate f is found to be around 246.3 KHz. Afterwards nonlinear
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responses at various higher voltages were captured (Figure 6.5b-c). The microplate shows
the nonlinear hardening response due to midplane stretching. Nevertheless the hardening
response has been weakened due to the initial imperfection. This weakening effect will be
further explained in the next section when we compare the theoretical results of a flat
plate with the experimental results of the initially deflected microplate. Figure 6.5d shows
a strange behavior near QQ = 250KHz , where the maximum deflection seems to be
reduced slightly. This can be because of the laser beam getting somewhat away from the

center of the microplate and hence recording a lower deflection.

6.3. Theory

In this section we present the theoretical static and dynamic results calculated by reduced
order model of Chapter 5 and compare with the experimentally measured data for model

validation. We use the plate parameters found by experiment along with the material

parameters E =160GPa, v =0.25 and p = 2500Kg/m®. The initial imperfection profile
of the microplate is approximated by the functionw, = Z[{l—Cos“(;zx)} Sin(z y)],

where y is the parameter that controls the maximum initial deflection at the center of the

microplate. Figure 6.6 shows plots of the assumed profile of initial curvature

imperfection along the length and the width of the plate respectively.

To calculate the static deflection of the microplate under a DC load, we drop the time
derivatives in the reduced order model; and the time dependent unknown coefficients

g, (t) are replaced with constant coefficients g, , and Vv (t) is replaced with V.. This
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results in a system of nonlinear algebraic equations, which is numerically solved for g, .

Then equation (5.14) is used to find the transversal deflection.
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Figure 6.6: Plots of the assumed profile passing through the center of the microplate, (a)

along the length of the microplate, (b) along the width of the microplate.

The static response is calculated using various values of DC voltageV,. until the pull-in.

The results are compared with the static responses measured experimentally in Figure
6.7. The results show excellent agreement with the experimentally measured data thus

validating the reduced order model.

The dynamic response of the microplate is calculated by applying aV,. superimposed
toV,, ,i.e., V() =V, +V,Sin(Qt). The quality factor Q is approximated from the
experimental frequency response atV,. =1V andV, =1V (Figure 6.5a) and is found to be

around 785. This value is used in the simulations.
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Figure 6.7: The maximum deflectionw,, at the center of the microplate against V,, until

the pull-in; calculated by the reduced order model accounting for initial curvature and
measured experimentally. Results calculated by reduced order model for the flat plat are

also shown for comparison.

An in-plane tensile force N,, =0.7N/m was applied to match the experimentally
measured fundamental natural frequency. The initial imperfection parameter y is set such

that the maximum initial imperfection at the center of the microplate is

W,

bmax = 0-4718um . Figure 6.8 shows the comparison of the dynamic responses
calculated by the reduced order model with the experimentally measured results in the
neighborhood of the fundamental natural frequency at various combinations of applied

voltages. We note the results calculated by reduced order model show good agreement

with the experimentally measured response.
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Figure 6.8: Comparison of the dynamic responses in the neighborhood of the
fundamental natural frequency, calculated by the reduced order model ‘+’ with the

experimentally measured results ‘*’ at various combinations of applied voltages.

Next, we compare the dynamic response of a flat plate with the experimentally measured
response of the initially deflected microplate. Towards this we set the initial
imperfectionw, =0, and capture the frequency response curve near the fundamental
natural frequency. Figure 6.9 shows that the flat plate exhibits stronger hardening

nonlinear response as compared to the experimentally measured response of the



105

fabricated microplate. Figure 6.9 reveals that the reduced order model without taking into
account the effects of initial imperfection produces erroneous results. This is because the
initial imperfection introduces softening effects due to the quadratic nonlinearity, which
weakens the hardening behavior. Similar softening effect due to initial curvature
imperfection was also captured experimentally by Alijani and Amabili [71] for
completely free rectangular plates for large amplitude vibrations. Lin and Chen [68]
remarked that large amplitude behavior may change drastically from hardening to
softening depending on initial imperfection. Ostiguy et al. [69] stated that a plate with

initial imperfection may exhibit a soft spring behavior.

0.14
0.12
£0.10
20.08
£0.06
= 0.04
0.02
0.00

- .

240 245 250 255
Q (KHz)

(a) Vdczlv, Vac:].v (b) VdC:5V, Vac:5V

Figure 6.9: Comparison of the simulated dynamic response of a flat microplate ‘+’ with
the experimentally measured response of the microplate ‘*’, which has initial curvature

imperfection.
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Chapter 7

Summary, Conclusions, and Future Work

In this chapter we summarize the dissertation and present the main conclusions and

recommendations for the future works.

7.1.  Summary and Conclusions

7.1.1. Approaches for Reduced Order Modeling of Electrically

Actuated von-Karman Microplates

We presented various approaches to develop a reduced order model for the nonlinear
von-Karman microplates actuated electrically to study the static and dynamic behavior.
We used different types of basis functions in conjunction with the Galerkin method to

discretize the governing equations.

First the convergence of static response was investigated with the number of modes used
in the ROM for the different approaches. Then for validation purpose we compared the
static response calculated by the models under investigation with the results calculated by
FE model implemented in COMSOL. The comparison has indicated that all the models
show an excellent agreement with the FE model results except model 111, which was
shown to represent poorly the cubic nonlinearity due to midplane stretching due to the

used shape functions. Eigen frequency analysis was performed using the approaches
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presented in the models 11-V, in conjunction with linearized equations for initially

deflected microplate under DC loadV,, .

Eigen frequency results calculated by the current models are compared with the FE
results, which show an excellent agreement except model I11. This agrees with the static
results and confirms the remark that model 111 does not account accurately for the cubic
nonlinearity and that the shape functions used to represent the in-plane displacements are

not accurate enough to capture the full effect of midplane stretching.

Next we compared the dynamic response through frequency response curves at a small
and large harmonic exciting force for the models 11-V, since model | is not suitable for
dynamic studies due to its iterative nature it’s excluded from the dynamic analysis. We
noted that for linear vibrations analysis all the models show an excellent agreement
except model I, which show a slight difference from the other models. For the large
nonlinear vibrations, model 111 deviate from the other models, which was also the case in
the static and Eigen frequency analysis and ratifies the remark that model 111 does not
account accurately for the cubic nonlinearity. Models 11, IV and V show very good

agreement at large amplitude vibrations.

As a conclusion, although it sounds appropriate to use any of them for investigation of
large amplitude vibrations of microplates, we believe that model V is the most accurate
one since it calculates the exact solution for midplane stretching while for all the other
models we approximate the in-plane displacements using some kind of shape functions.
Moreover it can be used with confidence for microplates with other boundary conditions

for example a clamped-free-clamped-free (CFCF) microplate. For such a case the other
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models may not be used with the same shape functions. So we conclude that model V is
more rigorous and versatile and can be used for a microplate with any kind of boundary

condition.

7.1.2. An Investigation of the Static and Dynamic Behavior of

Electrically Actuated Rectangular Microplates

We used a reduced order model for the investigation of the static as well as the dynamic
behavior of electrically actuated rectangular microplates. First convergence of the static
results with the number of mode shapes retained in the ROM was studied. We found that
four modes are sufficient for convergence. We investigated the effect of different non-
dimensional parameters on the static behavior. Increasing the plate aspect ratio «

decreases the voltage parameter at pull-in while increasing the gap to thickness ratio o,

increases the voltage parameter.

The dynamic behavior of the microplate was investigated near primary and super-
harmonic resonances using long time numerical integration. We captured the stable
solutions using forward and backward frequency sweeps. The microplate actuated near
primary resonance shows a strong hardening behavior due to the cubic nonlinearity,
which comes into play due to midplane stretching. Increasing V,, further widens the gap
between the two stable solutions captured by forward and backward frequency sweeps

and pull-in instability occurs at a lower vibration amplitude. Interesting phenomena are

revealed when the microplate is actuated at% super-harmonic. We found when

increasing the applied DC load that there is a transition from hardening behavior to
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softening behavior. We also investigated the response of imperfect square microplates at
the second symmetric-symmetric mode. Breaking the geometrical symmetry by slightly
varying the value of & results in distinct neighboring resonances, which can be employed

for developing mass sensing MEMS devices.

7.1.3. Initially Curved Micro-plates under Electrostatic Actuation

We presented a reduced order model based on the Galerkin procedure for initially curved
rectangular plates under electrostatic actuation to simulate the static and dynamic
behavior. First, we performed a convergence study for the reduced order model and
found that three transversal modes retained in the model produce sufficiently accurate
results. Then, we investigated the effect of the curvature profile on the static behavior of
the microplate. We found that the considered profiles have significantly different effects
on the static behavior. For validation purpose, we compared the static results calculated
by reduced order model with the similar results calculated by a FE model and found a

good agreement.

Next, we investigated the free and forced dynamic responses of the microplate. We found
that the considered profiles have considerably different effects on the natural frequency
of the microplate. We also compared the natural frequency results calculated by the
model with the similar results obtained by a FE model implemented in COMSOL

Multiphysics, which show an excellent agreement thus validating the model.

Then, we investigated the effect of the curvature profile on the forced dynamic behavior

of the microplate. Large amplitude vibrations seem to show similar behavior, for which



110

the microplate shows a transition from hardening to softening at certain value of initial
curvature for both profiles. Transition from hardening to softening behavior at a higher

DC voltage was noted also in a similar manner for both profiles.

Thus, we conclude that the curvature profile has significant effect on the static and
dynamic behavior of the microplate. Eigen frequency may rise significantly or drop
depending on the curvature profile. Large amplitude vibration behavior of the microplates

converts from hardening to softening depending on the level of initial curvature.

7.1.4. Initially Curved Microplates under Electrostatic Actuation:

Experimental Case Study and Model Validation

We presented experimental investigations on initially curved SisNs microplates to
validate the reduced order model. We compared the results obtained by the reduced order
model with the experimentally measured data. The comparison showed excellent
agreement. Thus we conclude that the reduced order model based on the governing
equations presented in Chapter 2, which accounts for the effects of initial curvature
imperfection, is an accurate model. On the contrary, it was revealed in Figure 6.9 that the
reduced order model without taking into account the effects of initial curvature

imperfection produces erroneous results.

7.2.  Future Work Directions

The following is a list of recommendations for future work directions.
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The presented investigation of the mechanical behavior of fully clamped
rectangular microplates is conducted considering a constant quality factor. The
work should be extended to include squeeze film damping effects into the model

to simulate the behavior at various air pressure.

One interesting future research direction would be to extend the present work to
model the fluid-structure interaction in micropump applications like drug delivery

and manipulation in microfluidics.

It would be interesting to investigate the mechanics of structure of other
geometrical shapes for example circular and semicircular. Also present work,
which is limited to electrostatic actuation should be extended to other actuation

techniques, e.g., electromagnetic, electrothermal, and piezoelectric.

Presented models can be tweaked to model the Graphene structures. Graphene is
very promising to develop resonators having high quality factors to realize high

sensitivity sensing application for example mass/gas sensors.

The presented reduced order model can be used to implement more sophisticated
numerical techniques like shooting to simulate both stable and unstable branches

of response and to clearly identify the dynamic pull-in of the microplate.

The present work can be extended to design new microplate based MEMS

devices, such as micropumps and mass/gas sensors.
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e Work needs to be extended to model the MEMS devices operating in liquid

mediums.

e The present work can be extended to model and simulate the behavior of
electrostatically coupled microplates, where both sides of the parallel plate
capacitor are flexible plates undergoing deflection when an electrostatic load is

applied.
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APPENDIX

Mode Shapes and in-Plane Shape Functions

The COMSOL Multiphysics FEM software [82] has been used for the extraction of mode
shapes and the in-plane displacement shape functions. Towards this, we first performed a
mesh convergence test. The FEM model consists of a square plate of side length

100mand thickness of 2,m. Figure A-1 shows the convergence of the first natural

frequency with increasing the number of elements. We conclude from the figure that
using a mapped mesh with 100 elements along each side of the square microplate is a
reasonable compromise between accuracy and computational effort, since further

increase of accuracy comes at much higher computational cost.

In Figure A-2 are shown the in-plane shape functionsy, andy, . These shape functions

are extracted using the FEM software COMSOL [82]. A square microplate is deflected
by applying a uniform transverse pressure. Then the in-plane displacements

u(x,y)andv(x,y) are extracted when the deflection at the center of the plate is nearly

equal to half the thickness of the microplate. We normalize these displacements to use as

shape functions y, and y, to be used in the model IV. Next the eigenvalue problem of

the linear undamped square microplate was solved. The first six non-dimensional
frequencies 1 =wa’, /% of the symmetric-symmetric mode shapes are given in Table

A-1 and corresponding mode shapes are shown in Figure A-3.
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Figure A- 1: Mesh convergence study; convergence of the first natural frequency with
increasing the number of elements.

(a) (b)
Figure A- 2: In-plane displacement shape functions for model 1V, (a) v, (x,y), (b)

v, (% Y).
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Table A- 1: Frequency parameter A = a)az\/g for first six symmetric-symmetric mode

shapes of a square microplate calculated using the FEM software COMSOL.

Mode (¢, ) Non-dimensional frequency parameter, (1)
¢ 35.89
2 130.98
¢, 216.54
& 302.87
& 383.58
545.7

%
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Figure A- 3: The first six symmetric-symmetric transversal mode shapes of a square

microplate.



