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Abstract

The present thesis is split in two parts. The first deals with the focusing Non-
linear Schrodinger Equation in one dimension with pure-power nonlinearity
near cubic. We consider the spectrum of the linearized operator about the
soliton solution. When the nonlinearity is exactly cubic, the linearized oper-
ator has resonances at the edges of the essential spectrum. We establish the
degenerate bifurcation of these resonances to eigenvalues as the nonlinearity
deviates from cubic. The leading-order expression for these eigenvalues is
consistent with previous numerical computations.

The second considers the perturbed energy critical focusing Nonlinear
Schrodinger Equation in three dimensions. We construct solitary wave solu-
tions for focusing subcritical perturbations as well as defocusing supercritical
perturbations. The construction relies on the resolvent expansion, which is
singular due to the presence of a resonance. Specializing to pure power fo-
cusing subcritical perturbations we demonstrate, via variational arguments,
and for a certain range of powers, the existence of a ground state soliton,
which is then shown to be the previously constructed solution. Finally,
we present a dynamical theorem which characterizes the fate of radially-
symmetric solutions whose initial data are below the action of the ground
state. Such solutions will either scatter or blow-up in finite time depending
on the sign of a certain function of their initial data.
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Lay Summary

We conduct a mathematically motivated study to understand qualitative
aspects of the nonlinear Schrédinger equation. For this summary, however,
we imagine our equation as describing the positions of many cold quantum
particles in a cloud. A group of particles may cluster together and persist
in this configuration for all time; this structure being called a soliton. One
aspect we are interested in is the stability of the soliton. It may be stable - a
small disruption of the system will be weathered and the soliton will remain,
or unstable - a perturbation will cause the particles to break up, destroying
the soliton. The soliton also impacts the overall dynamics of the equation.
If the particles do not have enough mass or energy to form a soliton, they
spread out and scatter. On the other hand, with too much mass or energy,
they may blow-up, coming together to form a singularity.
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Preface

A version of Chapter 2| has been published in [19]. I conducted much of the
analysis, all of the numerics, and wrote most of the manuscript.

A version of Chapter [3| has, at the time of this writing, been submitted
for publication to an academic journal. The preprint is available here [20].
I conducted much of the analysis and wrote most of the manuscript.
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Chapter 1

Introduction

1.1 The Nonlinear Schrodinger Equation

The nonlinear Schrédinger equation (NLS) is the partial differential equation
(PDE)

i0pu = —Au =+ |ulPu. (1.1)

It attracts interest from both pure and applied mathematicians, with ap-
plications including quantum mechanics, water waves, and optics [35], [74].
Before discussing the applications we establish some terminology and no-
tation. Here u = u(z,t) is a complex-valued function, x is often thought
of a spacial variable (in n real dimensions, z € R™), and ¢ is typically the
temporal variable (t € R). The operator 0; is the partial derivative in time
and A = 8%1 +...+ 8§n is the laplacian. We have chosen the pure power
nonlinearity, 4|u|P~u, with power p € (1,00), but could also replace this
nonlinearity with a more complicated function of u. The nonlinearity with
the negative sign, —|u[P~!u, will be referred to as the focusing or attractive
case while the positive, +|u[P~1u, is the defocusing or repulsive nonlinearity.
In applications the most common nonlinearities are the cubic (p = 3) and
the quintic (p = 5). Also common is the cubic-quintic nonlinearity: the sum
or difference of cubic and quintic terms.

Let us now briefly describe some of the contexts in which the NLS can
be applied. Firstly, in quantum physics the nonlinear Schrédinger equation,
and the closely related Gross-Pitaevskii equation (which is NLS subject to
an external potential), describes the so called Bose-Einstein condensate. A
Bose-Einstein condensate is a cloud of cold bosonic particles all of which are
in their lowest energy configuration. In this way, the mass of particles can be
described by one wave function; that is u(x,t). In this context the absolute
value |u(z,t)|? describes the probability density to find particles within the
cloud at point z in space, and at time t. The inter-particle forces may be
either attractive or repulsive, which, corresponds to focusing or defocusing
nonlinearities, respectively. See [74] or the review [14] for more information.



1.2. Conserved Quantities, Scaling, and Criticality

The NLS has also applications in water waves, a pursuit that dates back
to [91]. For a thorough description see, for example, Chapter 11 of [74]
(and references therein). The water-wave problem concerns the dynamics
of a wave train propagating at the surface of a liquid. In deep water, the
solution u(z,t) to the 1D cubic (p = 3) NLS describes an envelope which
captures the behaviour of a wave which is modulated only in the direction
in which it propagates.

In nonlinear optics, the function u describes a wave propagating in a
weakly nonlinear dielectric (see again [74], Chapter 1). In this case A is the
Laplacian transverse to the propagation and the time variable ¢ is replaced
by the spacial variable along the direction of propagation. For example in
3D where x = (z1, x2, z3) the NLS may take the form

iOpu = — (07, 4+ 02,)u £ |ul’u

where 3 is in the direction of propagation.

On the pure mathematical side, the NLS is interesting as a general model
of dispersive and nonlinear wave phenomena. The nonlinear Schrédinger
equation provides an arena to develop techniques which can be applied to
other nonlinear dispersive equations. The NLS is often technically simpler
than other equations [15], such as the Korteweg-de Vries equation (KdV),
the nonlinear wave equation (NLW), Zakharov system, Boussinesq equation,
and various other water-wave models.

1.2 Conserved Quantities, Scaling, and Criticality

The facts we review here are standard and can be found in, for example, the
books [15, 35, 74, 77].
The NLS (1.1) has the following conserved quantities

1 1 1
M(u) = Z/n lul? de, &(u) = /Rn §|Vu|2 + mwp“ dx (1.2)

often called mass and energy, respectively. These quantities are conserved
in time, that is: M(u(z,t)) = M(u(x,0)) and E(u(z,t)) = E(u(z,0)) for
sufficiently smooth solutions.

The scaling

w(a, t) = uM(x, t) = APy (A A28 (1.3)

preserves the equation. That is if u(z,t) is a solution to (1.1) then u*(z,t)
is also a solution.



1.3. Scattering and Blow-Up

When the power p and dimension n are chosen according to the following

relation
p=241
n

our scaling also preserves the mass, that is M (u(-,t)) = M (u(-, \™%t)).
Such an equation is called mass critical. For example, in one dimension
(n = 1) the quintic (p = 5) NLS is mass critical. For values of p < 4/n + 1
we call the equation mass sub-critical and for p > 4/n + 1 we say mass
super-critical.

Similarly, if

p=1+ i, n>3
n—2

then preserves the energy, so £(u?(+,t)) = £(u(-, \"2t)). We call this
equation an energy critical equation. For example, in three dimensions
(n = 3) the quintic (p = 5) NLS is energy critical. Again we refer to
p < 1+4/(n—2) as energy sub-critical and p > 1+ 4/(n — 2) as energy
super-critical. Note that for dimensions one and two all equations with
p < 0o are energy sub-critical.

1.3 Scattering and Blow-Up

The overall dynamics of the equation are affected by the power p’s relation
to the mass and energy critical values. By overall dynamics we mean the
long time behaviour of the solution subject to an initial condition, ie. the
Cauchy problem

(1.4)
u(z,0) = up(z)

We seek theorems which characterize the solution’s eventual behaviour for

a large class of initial conditions wuyg.

One possibility is that the solution will scatter (Chapter 7 of [15], Chap-
ter 3.3 of [74]). This means that the solution u(x,t) will eventually look like
a solution to the linear Schrodinger equation. That is, after sufficient time,
all nonlinear behaviour has disappeared and only linear behaviour remains.

Solutions to the linear Schrodinger equation (Chapter 2 of [15], Chapter
3.1 of [74])

{i@tu = —Au 4 |ulP~tu

{i@tu = —Au

u(z,0) = ug



1.3. Scattering and Blow-Up

evolve in a predictable way. The mass, or L? norm, is preserved while the
L norm (supremum) decays according to

i, )| oo my S 872 |fuol| 1 (- (1.5)

The above norms are defined as

[w(z, )| oo (mn) = Sup u(z, )] and u(z, )]l L2 rn) =/ lu(z,t)] dz
TeR™ n
and when we write f(t) < g(t) we mean that there is a constant C, inde-
pendent of ¢, such that f(t) < Cg(t).

We may think of the linear Schrodinger equation as modeling a free
quantum particle. The particle has a tendency to “spread out” due to
momentum uncertainty, even if it is well localized to start.

A scattering theorem will then have the following form: for all ug € X
(or some subset of X) we have

|lu(z,t) — wnllx — 0, as t— oo.

Here wy;, is a solution to the linear Schrodinger equation (chosen according
to the particular wp), X is an appropriate function space, and || - ||x is a
norm on this space.

Scattering is, to some extent, expected in the defocusing (repulsive) case.
We think about the Laplacian as being a force for dispersion, as evidenced
by the behaviour of the linear Schrodinger equation, and we think of the
defocusing nonlinearity as a repellent to the gathering of mass. We single
out the result [38], a scattering theorem in the energy space X = H' for
defocusing NLS with power p between mass critical and energy critical,

4 4
1+—<p<l4+——,
n n—2

in dimensions n > 3. The space H' consists of functions u whose H' norm,
e, )3y = a0 gy + e, ) o

:/ lu(z, £)? d:c—i—/ V(e )2 dz,
n Rn

is finite.

For the focusing equation, with n > 3, X = H', 1 +4/n <p < 1+
4/(n — 2), we have the scattering theory [73]. The key difference now in
the focusing case is the assumption that the energy (H') norm of the initial

4



1.4. Solitary Waves and Stability

condition, ug, be small. Here we see that if we do not have enough mass or
energy to begin with, the force of dispersion will win out over the focusing
nonlinearity’s tendency to attract mass together.

In the focusing equation, however, there are other possible fates for so-
lutions besides scattering. If too much mass is assembled, the attractive
nonlinearity may cause the solution to break down in finite time; that is,
some norm of the solution will blow-up. For example, (Chapter 5 of [74])
consider the focusing NLS with p > 1 + 4/n. There exist initial conditions
in ug € H' such that there exists a time ¢, < oo such that

Jm [ Vu(z, ]| 2 = oo.

Important for the discussion of mass super-critical and energy sub-critical
equations above, scattering in the defocusing case and blow-up in the focus-
ing case, is the local existence theory. The H' local theory ensures an initial
data ug € H' will generate a solution u(z,t) with continuous in time H'
norm up to some time 7. Here T' is a non-increasing function of ||ug||g1.
Repeatedly applying the local theory together with an a priori H' bound
(such as in the defocusing case) then yields global existence, ie. the solution
exists for all time (the maximal time of existence Tinax = 00). In the absence
of an a priori H! bound (focusing case) it’s possible that the maximal time
of existence for our initial data is finite. Indeed, the local theory provides the
following blow-up criterion: if Tnax < oo then lim; . |ju(-, t)[|g1 = oo.

The energy critical case, p = 1 + 4/(n — 2), is more challenging since
the blow-up criterion generated by the corresponding local theory is more
complicated. Nevertheless, in the defocusing energy critical case the global
existence and scattering theory is more or less complete. First we have
scattering theorems [10] [11] in dimensions n = 2,3, also [40] in dimension
n = 3, and then [76] in dimensions n > 5, all where the initial data ug was
assumed to be radial. The radial assumption was removed in [21] for n = 3
and later in [67] for n = 4 and finally in [83] for n > 5. Scattering in the
defocusing energy super-critical case remains a substantial open problem.

We discuss scattering and blow-up for the focusing energy critical equa-
tion (a study which was initiated in [54]) in Section and Chapter

1.4 Solitary Waves and Stability
In the focusing NLS,

i0pu = —Au — |ulP~u,



1.4. Solitary Waves and Stability

the dispersive force of the Laplacian may be balanced by the attractive
nonlinearity leading to solutions that neither scatter nor blow-up. Our NLS
may admit solutions of the form

u(z,t) = e“tQ(z) (1.6)

often called solitary wave solutions or solitons. We think of solitary waves
as bound states or equilibrium solutions: the time dependence is confined
to the phase and the absolute value, |u|, is preserved. We further classify
solitons as ground states if they minimize the action

Sy =E+wM

among all non-zero solutions of the form (1.6]).
The time independent function @Q(z) is the solitary wave profile, which,
satisfies the following elliptic partial differential equation

—AQ — QPP 'Q +wQ =0. (1.7)

The above elliptic equation is well studied, with results going back
to [72] and [9]. Much of the present thesis concerns solitary waves. In
particular, their existence, stability, and impact on the overall dynamics of
the equation.

Ground state solitary waves are stable for mass sub-critical powers of p
[16] and unstable for mass critical [88] and mass super-critical powers [7]. We
call solitary waves (orbitally) stable if initial conditions close to the soliton
produce solutions which remain close to the soliton (modulo symmetries of
spatial translation and phase rotation) for all time. More precisely, let ¢(x)
be the spatial profile of the ground state, ug(x) € H' an initial condition,
and u(z,t) the solution generated by the initial condition. We say ™y
is (orbitally) stable if for every ¢ > 0 there exits a d(¢) > 0 such that if
|6 — uollzn < 3(c) then

sup inf inf |ju(-,t) — e?p(- — y)||m < e.
teR 0ER yeR™
Otheriwise, we say a soliton is unstable. In fact, both [88] and [7] demon-
strate that some initial condition close to the soliton blows up in finite time.
To study stability one can employ variational methods, as in [16], [88], [7]
or else study the linearized operator around the soliton (see [39], [41], [89]).
Understanding the spectrum of the linearized operator is often necessary to
establish asymptotic stability results such as those obtained in [6, 13, 22,

6



1.5. Resonance

23, 26, 36, 65, 68]. A soliton is asymptotically stable if initial conditions
close to the soliton produce solutions which converge to a (nearby) soliton
as t — oo. The study we initiate in Section and Chapter |2 concerns the
linearized operator about 1D solitons.

1.5 Resonance

By resonance, or resonance eigenvalue, we mean a ‘would be’ eigenvalue,
usually at the edge of the continuous spectrum. The resonance is not a true
eigenvalue because its resonance eigenfunction does not have sufficient decay
to be square integrable. The appearance of a resonance, in the linearized
operator about a soliton for example, is a non-generic occurrence. While it
is non-generic, however, it does appear in a few key equations; in particular
those NLS that we study in Chapter |2 and Chapter[3. Such a resonance may
complicate analysis, for example by making singular the resolvent expansion
and slowing the time-decay of perturbations to a soliton.
For example, let us consider the linear Schrodinger operator

H:=-A+V (1.8)

in n dimensions where V' = V(z) is a potential. We may have a resonance
eigenvalue A with resonance eigenfunction £ such that

HE = \¢

but & ¢ L2(R™).

In 3D we require the resonance & be in L3 (R3), the weak L3 space.
Therefore, £ may decay like 1/|x| at infinity. The original paper [47] com-
putes several terms in the resolvent expansion in the presence of a resonance
in 3D. The resolvent is singular as A\ — 0 and takes the following form (as-
suming we have no edge-eigenvalue):

(H+ X)) '=0 <i> (1.9)

as an operator on suitable spaces. Moreover, the time-decay estimate (1.5)
is retarded and decays in time like t~1/2 instead of +3/2. A restated version
of these results are crucial in the analysis of Chapter

In 1D a resonance & may not decay at all. If HE = A and § ¢ LP
for any p < oo but £ € L™ then we regard ¢ as a resonance. The more
recent work [48] provides a unified approach to resolvent expansions across

7



1.6. The 1D Linearized NLS

all dimensions, and so in 1D in particular, which, we rely on in Chapter [2|
The resolvent expansion itself in 1D appears similar to ((1.9).

Interestingly, resonances in the Schrodinger operator only appear in di-
mensions 1-4 [46-48] not in dimensions n > 5 [45].

1.6 The 1D Linearized NLS
Consider now the following focusing NLS in 1 space dimension
10 = —0%u — |ulP~ . (NLS,)

Chapter 2| deals with the above equation and so we supply here some back-
ground, motivation, and connection to previous works.

The above (NLS),) is known to exhibit solitary waves. Indeed, since we
are in 1D the solitons are available in the following explicit form

u(x,t) = Qp(:c)e“

Qg_l(x) = (p—;—l) sech? <p; 1:1:) .

One naturally asks about the stability of these waves, which leads immedi-
ately to an investigation of the spectrum of the linearized operator governing
the dynamics close to the solitary wave solution.

The linearized operator is obtained by considering a perturbation of the
solitary wave,

where

u(z,t) = (Qp(x) + h(w, 1))e",

and neglecting all but the leading order in the resulting system. After we
complexify, ie. letting h = (h E)T, we obtain the linear system

iOh = Lyh
where
_H? 1 _
L, - 1 0 0:+1 2O 1 /p+1 p-1 QrL
0 -1 0 —-0;+1 2\p—1 p+1) P

is the linearized operator. See section Systematic spectral analysis of
the linearized operator has a long history (eg. [39, 89], and for more recent
studies [17, 30, 85, 86]).



1.6. The 1D Linearized NLS

The principle motivation for Chapter |2/ comes from [17] where resonance
eigenvalues (with explicit resonance eigenfunctions) were observed to sit at
the edges (or thresholds) of the spectrum for the 1D linearized NLS problem
with focusing cubic nonlinearity. Numerically, it was observed that the same
problem with power nonlinearity close to p = 3 (on both sides) has a true
eigenvalue close to the threshold. We establish analytically the observed
qualitative behaviour. Stated roughly, the main result of Chapter |2 is:

for p = 3, p # 3, the linearization of the 1D (NLS,) about its soliton has
purely imaginary eigenvalues, bifurcating from resonances at the edges of the

essential spectrum of linearized (NLS3), whose distance from the thresholds
is of order (p — 3)%.

The exact statement is given as Theorem in Section and includes
the precise leading order behaviour of the eigenvalues.

The eigenvalues obtained here, being on the imaginary axis, correspond
to stable behaviour at the linear level. A further motivation for obtaining
detailed information about the spectra of linearized operators is that such
information is a key ingredient in studying the asymptotic stability of solitary
waves: see [6, 13, 22, 23, 26, 36, 65, 68] for some results of this type. Such
results typically assume the absence of threshold eigenvalues or resonances.
The presence of a resonance is an exceptional case which complicates the
stability analysis by retarding the time-decay of perturbations. Nevertheless,
the asymptotic stability of solitons in the 1D cubic focusing NLS was recently
proved in [29]. The proof relies on integrable systems technology and so is
only available for the cubic equation. The solitons are known to be stable in
the (weaker) orbital sense for all p < 5 (the so-called mass subcritical range)
while for p > 5 they are unstable [41, 90], but the question of asymptotic
stability for p < 5 and p # 3 seems to be open. The existence (and location)
of eigenvalues on the imaginary axis, which is shown here, should play a role
in any attempt on this problem.

The generic bifurcation of resonances and eigenvalues from the edge of
the essential spectrum was studied by [28] and [84] in three dimensions.
Edge bifurcations have also been studied in one dimensional systems using
the Evans function in [52] and [53] as well as in the earlier works [50], [51]
and [64]. We do not follow that route, but rather adopt the approach of
[28, 84] (going back also to [48], and in turn to the classical work [47]),
using a Birman-Schwinger formulation, resolvent expansion, and Lyapunov-
Schmidt reduction.

Our work is distinct from [28, 84] due to the unique challenges of working



1.7. A Perturbation of the 3D Energy Critical NLS

in one dimension, in particular the strong singularity of the free resolvent
at zero energy, which among other things increases by one the dimension
of the range of the projection involved in the Lyapunov-Schmidt reduction
procedure.

Moreover, our work is distinct from all of [28, 52, 53, 84] in that we study
the particular (and as it turns out non-generic) resonance and perturbation
corresponding to the near-cubic pure-power NLS problem. Generically, a
resonance is associated with the birth or death of an eigenvalue, and such is
the picture obtained in [28, 52, 53, 84]: an eigenvalue approaches the essen-
tial spectrum, becomes a resonance on the threshold and then disappears.
In our setting, the eigenvalue approaches the essential spectrum, sits on the
threshold as a resonance, then returns as an eigenvalue. The bifurcation
is degenerate in the sense that the expansion of the eigenvalue begins at
higher order, and the analysis we develop to locate this eigenvalue is thus
considerably more delicate.

1.7 A Perturbation of the 3D Energy Critical
NLS

In Chapter [3| we consider Nonlinear Schrodinger equations in three space
dimensions, of the form

10 = —Au — |u|*u — eg(|ul?)u, (1.10)

where ¢ is a small, real parameter. Equation is a perturbed version
of the focusing energy critical NLS. This section is devoted to introducing
the above equation, providing some background on the unperturbed critical
equation, and stating the main theorems of Chapter 3|

The mass and energy of (1.10)) are

1 1 1 €
Mey =5 [ s et = [ {GV0R - Gl - 560} o

where G’ = g. We are particularly interested in the existence (and dynamical
implications) of solitary wave solutions of the form

u(x,t) = Q(:c)em

of (1.10). We will consider only real-valued solitary wave profiles, Q(z) € R,
for which the corresponding stationary problem is

—AQ - Q° —ef(@Q)+wQ =0,  f(Q) =9(Q)Q. (1.11)

10



1.7. A Perturbation of the 3D Energy Critical NLS

Since the perturbed solitary wave equation (1.11)) is the Euler-Lagrange
equation for the action

Sewlu) i=E(u) + wM(u) ,

the standard Pohozaev relations [34] give necessary conditions for existence
of finite-action solutions of (1.11)):

0=K:(u) := jpSE’w(Tuu)
pn=1

= [ivar- [@+ [ (sr@ - Jar@n)

0=k = gSealsu| = [ (3r@ - 30r@) v [ @
(1.12)

3 1
(Tyu)(x) := p2u(pz),  (Syu)(z) = p2u(pr)
are thgz scaling operators preserving, respectively, the L? norm and the LS
(and H') norm, and F' = f (so F(Q) = 1G(Q?)).
The corresponding unperturbed (¢ = 0) problem, the 3D quintic equa-
tion
10 = —Au — |ultu, (1.13)
is energy critical ie. the scaling
u(z, t) — ux(z,t) == N 2u(dz, A%)

which preserves (1.13), also leaves invariant its energy

o) = [ {5IV0P— Gl } dn Ealuste) = Eaful o),

One implication of energy criticality is that (1.13)) fails to admit solitary
waves with w # 0 — as can be seen from (1.12) — but instead admits the
Aubin-Talenti static solution

|/

—1/2
3> , AW 4+ W? =0, (1.14)

W) = (1+

whose slow spatial decay means it fails to lie in L?(R?), though it does fall
in the energy space

W LAR?), WeH' (R ={ue LR | |lull g = ||Vul 2 < oo}.

11



1.7. A Perturbation of the 3D Energy Critical NLS

By scaling invariance, W, := S,W = pPW (), for p > 0, also sat-
isfy (1.14)), as do their negatives and spatial translates =W, (- +a) (a € R3).
These functions (and their multiples) are well-known to be the only functions
realizing the best constant appearing in the Sobolev inequality [4, 75]

3 WG
/ "LL|6 S Cg </ ‘VU|2> y Cg = ng 3 = 1 3
R? R? (ps IVWE)™ - (fos W)

where the last equality used [ |[VW|? = [W5 (as follows from (1.12)). A
closely related statement is that W, together with its scalings, negatives and
spatial translates, are the only minimizers of the energy under the Pohozaev

constraint with e =w = 0:
min{&(u) | 0 # u € HY(R?), Ko(u) = 0} = E(W) = Eo(£W,(- + a)),

Kow) = [ {19 = ul’}.

(1.15)

It follows that for solutions of lying energetically ‘below’ W, &y (u) <
Eo(W), the sets where Ko(u) > 0 and where Ko(u) < 0 are invariant
for (1.13). The celebrated result [54] showed that radially symmetric so-
lutions in the first set scatter to 0, while those in the second set become
singular in finite time (in dimensions 3, 4, 5). In this way, W plays a central
role in classifying solutions of (1.13)), and it is natural to think of W (to-
gether with its scalings and spatial translates) as the ground states of .
The assumption in [54] that solutions be radially symmetric was removed in
[57] for dimensions n > 5 and then for n = 4 in [32]. Removing the radial
symmetry assumption appears still open for n = 3. A characterization of
the dynamics for initial data at the threshold & (ug) = & (W) appears in
[33], and a classification of global dynamics based on initial data slightly
above the ground state is given in [60].

Just as the main interest in studying is in exploring the implica-
tions of critical scaling, the main interest in studying and here
is the effect of perturbing the critical scaling, in particular: the emergence of
ground state solitary waves from the static solution W, the resulting energy
landscape, and its implications for the dynamics.

A natural analogue for of the ground state variational problem
is

min{S. ., (u) | v € H'\ {0}, Kc(u) = 0}. (1.16)
For a study of similar minimization problems see [7] and [8] as well as [3],
which treats a large class of critical problems and establishes the existence

12



1.7. A Perturbation of the 3D Energy Critical NLS

of ground state solutions. In space dimensions 4 and 5, [1, 2] showed the
existence of minimizers for (the analogue of) (1.16), hence of ground state
solitary waves, for each w > 0 and £g(|u|?)u sufficiently small and subcritical;
moreover, a blow-up/scattering dichotomy ‘below’ the ground states in the
spirit of [54] holds. Our intention is to establish the existence of ground
states, and the blow-up/scattering dichotomy, in the 3-dimensional setting.
In dimension 3, the question of the existence of minimizers for is more
subtle, and we proceed via a perturbative construction, rather than a direct
variational method.

A key role in the analysis is played by the linearization of around
W, in particular the linearized operator

H:=-A+V:=—-A—-5W% (1.17)

which as a consequence of scaling invariance has the following resonance:
d 1 9,3
HAW =0, AW := d—SMW\,Fo =3 +z-V|W ¢ L°(R°). (1.18)
1

Indeed AW = W3 — W decays like |z| !, and so
W, AW e L"(R* N HYR?), 3<r < .

Our first goal is to find solutions to (1.11) where w = w(e) > 0 is small
and Q(z) € R is a perturbation of W in some appropriate sense. One
obstacle is that W ¢ L? is a slowly decaying function, whereas solutions
of satisfy Q € L?, and indeed are exponentially decaying.

Assumption 1.7.1. Take f: R — R € C! such that f(0) =0 and
[F(IS s+ JsfP2
with 2 < p1 < pa < 0o. Further assume that
(AW, f(W)) <0.

Theorem 1.7.2. There exists €y > 0 such that for each 0 < ¢ < €, there

is w = w(e) > 0, and smooth, real-valued, radially symmetric Q@ = Q. €
HY(R3) satisfying (1.11) with

w=we?+ o (1.19)

Q) = W(z) + n(z) (1.20

13



1.7. A Perturbation of the 3D Energy Critical NLS

where

o — <_<AVZ{T{(W)>>2’

O = O(e%+%1) for any 6 < min(1,p1 —2), ||nllzr < §1_3/r forall3 <r < oo,
and ||n]l g1 < el2. In particular, Q — W in L" N H' as e — 0.

Remark 1.7.3. We have a further decomposition of n but the leading order
term depends on whether we measure it in L" with r = co or 3 < r < oo.

See Lemmas|3.1.9 and|3.1.10.

Remark 1.7.4. Note that allowable f include f(Q) = |QP7'Q with 2 <
p < 5, the subcritical, pure-power, focusing nonlinearities, as well as f(Q) =
—|QIP~1Q with 5 < p < oo, the supercritical, pure power, defocusing nonlin-
earities. Observe

(AW, WP) = / (;Wp“ + WP (x - V)W>

1 1
= [ (zwrtl 4 =z v)yWwrt!
/(2 +p+1@ ) >

1 3
= -2 ywett
/(2 p+1>

which is negative when 2 < p < 5 and positive when p > 5.

Remark 1.7.5. Since Q. — W in L" for r € (3,00|, the Pohozaev iden-
tity (1.12), together with the divergence theorem, implies that for any such
family of solutions, a necessary condition is

ww.so)) = [ (Gwrav) ~sran) = iy [ (Se-r@0)-3r@0)
<0.

Remark 1.7.6. Note that Q € L' N H' (3 < r < 00) satisfying l} lies
automatically in L? (and hence H'): by the Pohozaev relations (1.12):

0= [Ivar- [@ -« [r@e+w [ (1.21)

The first two integrals are then finite. We can also bound the third

‘/f(@)@’ < [ir@ual s [1ar+ [1ar < s

14



1.7. A Perturbation of the 3D Energy Critical NLS

since po +1 > p1 +1 > 3. In this way fQ2 must be finite. Moreover,
since Q € L" with r > 6, a standard elliptic regularity argument implies

that Q is in fact a smooth function. Therefore it suffices to find a solution
QeL NnH.

The paper [31] considers an elliptic problem similar to (1.11)):
SAQ Q- QM- AQT=0

with 1 < ¢ < 3, A > 0 large and fixed, and p < 5 but p — 5. They demon-
strate the existence of three positive solutions, one of which approaches W
as p — 5. The follow up [18] established a similar result with p — 5
but p > 5 and 3 < ¢ < 5. While [31] and [18] are perturbative in nature,
their method of construction differs from ours.

The proof of Theorem is presented in Section As the state-
ment suggests, the argument is perturbative — the solitary wave profiles @
are constructed as small (in L") corrections to W. The set-up is given in
Section [3.1.1l The equation for the correction 7 involves the resolvent of
the linearized operator H. A Lyapunov-Schmidt-type procedure is used to
recover uniform boundedness of this resolvent in the presence of the reso-
nance AW — see Section for the relevant estimates — and to determine
the frequency w, see Section Finally, the correction n is determined
by a fixed point argument in Section [3.1.4]

The next question is if the solution @) is a ground state in a suitable
sense. For this question, we will specialize to pure, subcritical powers f(Q) =
|QIP~1Q, 3 < p < 5, for which the ‘ground state’ variational problem (1.16])
reads

min{S. ., (u) | v € H'(R®)\ {0}, Kc(u) = 0},

1 1 1 1 1
S&w(u) = §Hvu||%2 - 6““”%6 - mdw ZZ;-I + §°J||UH%27 (
3(p

B 1) p+1
2(p+ 1)€||u”Lp+1‘

1.22)

Ke(u) = [Vullz: = [lullzs —

Theorem 1.7.7. Let f(Q) = |QP~1Q with 3 < p < 5. There exists gy such
that for each 0 < & < g9 and w = w(e) > 0 furnished by Theorem
the solitary wave profile Q- constructed in Theorem is a minimizer
of problem . Moreover, Q. is the unique positive, radially-symmetric
MInIMmizer.

Remark 1.7.8. It follows from Theorem[1.7.7 that the solitary wave profiles
are positive: Q-(x) > 0.
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1.7. A Perturbation of the 3D Energy Critical NLS

Remark 1.7.9. (see Corollary . By scaling, for each € > 0 there is
an interval [w,00) 3 w(e), such that for w € [w, 00),

o= (). ((5)7).

where 0 < & < gq satisfies (w(&)/w) = (/e)* 7P solves the corresponding
minimization problem (1.22). Here the function Q: is the solution con-

structed by Theorem with € and w(é).

The proof of Theorem is presented in Section It is somewhat
indirect. We first use the QQ = Q. constructed in Theorem [1.7.2] simply as
test functions to verify

Sa,w(s) (Qs) < 80(W)

and so confirm, by standard methods, that the variational problems
indeed admit minimizers. By exploiting the unperturbed variational prob-
lem ([1.15), we show these minimizers approach (up to rescaling) W as e — 0.
Then the local uniqueness provided by the fixed-point argument from The-
orem |1.7.2 implies that the minimizers agree with Q..

Finally, as in [1, 2], we use the variational problem to character-
ize the dynamics of radially-symmetric solutions of the perturbed critical
Nonlinear Schrodinger equation

{ i0u = —Au — |u|*u — elulP~u (1.23)

u(z,0) = ug(z) € HY(R3)

‘below the ground state’, in the spirit of [54]. By standard local existence
theory (details in Section , the Cauchy problem admits a unique
solution u € C([0, Tynaz); H'(R?)) on a maximal time interval, and a central
question is whether the solution blows-up in finite time (Tpae < 00) or is
global (Tnae = 00), and if global, how it behaves as t — oo. We have:

Theorem 1.7.10. Let 3 < p < 5 and 0 < ¢ < &g, let ug € HY(R3) be
radially-symmetric, and satisfy

Ss,w(s) (UO) < Ss,w(s) (Qs)a

and let u be the corresponding solution to (2.1)):
1. If K. (up) > 0, u is global, and scatters to 0 as t — 0o;

2. if K.(up) <0, u blows-up in finite time .

16



1.7. A Perturbation of the 3D Energy Critical NLS

Note that the conclusion is sharp in the sense that ). itself is a global
but non-scattering solution. Below the action of the ground state the sets
where K. (u) > 0 and K.(u) < 0 are invariant under the equation (1.10).
Despite the fact that K. (ug) > 0 gives an a priori bound on the H' norm
of the solution, the local existence theory is insufficient (since we have the
energy critical power) to give global existence/scattering, and so we employ
concentration compactness machinery.

The blow-up argument is classical, while the proof of the scattering result
rests on that of [54] for the unperturbed problem, with adaptations to handle
the scaling-breaking perturbation coming from [1, 2] (higher-dimensional
case) and [56] (defocusing case). This is given in Section

17



Chapter 2

A Degenerate Edge
Bifurcation in the 1D
Linearized NLS

In this chapter, we state and prove the theorem alluded to in Section |1.6.
The problem is set up in Section [2.1. In Section [2.2| we collect some results
about the relevant operators that are necessary for the bifurcation analy-
sis. Section [2.3| is devoted to the statement and proof of the main result
of this chapter: Theorem [2.3.1. The positivity of a certain (explicit) coef-
ficient, which is crucial to the proof, is verified numerically; details of this
computation are given in Section |2.4.

2.1 Setup of the Birman-Schwinger Problem
We consider the focusing, pure power (NLS) in one space dimension:

10 = —9%u — |uP~ . (2.1)

Here u = u(z,t) : Rx R — C with 1 < p < co. The NLS (2.1) admits
solutions of the form

ul@, ) = Qylr)e 2.2
where Qp(z) > 0 satisfies
-Qp — QY +Q,=0. (2.3)

In one dimension the explicit solutions
“1,h (PF1 o (p—1
Qb (z) = <2) sech <2x> (2.4)

of (2.3) for each p € (1,00) are classically known to be the unique H'
solutions of (2.3) up to spatial translation and phase rotation (see e.g. [15]).

18



2.1. Setup of the Birman-Schwinger Problem

In what follows we study the linearized NLS problem. That is, linearize
(2.1) about the solitary wave solutions (2.2) by considering solutions of the
form

u(z,t) = (Qp(z) + h(z,t)) e
Then h solves, to leading order (i.e. neglecting terms nonlinear in h)
i0th = (=02 + 1)h — Q2 "h — (p — 1)QY'Re(h).
We write the above as a matrix equation

oh = JHR

. Re(h) -1 . 0 —1

"= (Im<h>> T <1 0 )

. 92 o p—1

H = ( az + 1 pr ) 0 _1) .
0 -0;+1—-Qp

with

The above JH is the linearized operator as it appears in [17]. We now
consider the system rotated

i0h = iJHh

and find U unitary so that, UiJ HU* = o3H , where o3 is one of the Pauli
matrices and with H self-adjoint:

(10 o L1
2=\ -1)° 2\ —i)

(=041 0 Lip+1 p—1\ p1 . 7 )
H‘( 0 —6§+1>_2<p—1 pi1) @ THZVE

In this way we are consistent with the formulation of [28, 84]. We can also
arrive at this system, i@t}_i = 03Hl_i, by letting h= (h E)T from the start.
Thus we are interested in the spectrum of

‘Cp = JgH
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2.1. Setup of the Birman-Schwinger Problem

and so in what follows we consider the eigenvalue problem
Lyu = zu, z € C, u € L*(R,C?). (2.5)
That the essential spectrum of £, is
Oess(Lyp) = (—o0, —1] U [1, 00)

and 0 is an eigenvalue of £, are standard facts [17].
When p = 3 we have the following resonance at the threshold z =1 [17]

_ N2 h2
T

L3ug = uy, ug € L, ug ¢ L1, for g < oo. (2.7)

in the sense that

Our main interest is how this resonance bifurcates when p # 3 but |p — 3| is
small. We now seek an eigenvalue of (2.5) in the following form

z=1-a? a>0. (2.8)

We note that the spectrum of £,, for the soliton (2.4) may only be located on
the Real or Imaginary axes [17], and so any eigenvalues in the neighbourhood
of z = 1 must be real. There is also a resonance at z = —1 which we do not
mention further; symmetry of the spectrum of £, ensures the two resonances
bifurcate in the same way.

We now recast the problem in accordance with the Birman-Schwinger

formulation (pp. 85 of [43]), as in [28, 84]. For (2.8), becomes
(03H — 1+ o®)u = o3V Py,
The constant-coefficient operator on the left is now invertible so we can write
u=(o3H — 1+ a?) LoV Py = ROV Py,
After noting that V(®) is positive we set
w = Vol/?u, Vo = V=3
and apply Vol/ % to arrive at the problem

w=-Keyw, Kup=-VJ/?ROy@y 12 (2.9)
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2.1. Setup of the Birman-Schwinger Problem

with

(a) _ (—8% + 042)_1 0
R\Y = ( 0 (_a% L9 062)71 . (2.10)

We now seek solutions (a, w) of (2.9) which correspond to eigenvalues 1 —
and eigenfunctions Vo_l/ 2w of 1' The decay of the potential V(®) and
1

hence V;? now allows us to work in the space L? = L*(R, C?), whose standard
inner product we denote by (-, ).
The resolvent R(® has integral kernel

i@fa‘xfy‘ 0
R(a) (.’L’, y) = 0 1 *\/mkf*y‘
2v2—a? €
for o > 0. We expand R(® as

1
R = ~R-1+Ro+aR +0oRp. (2.11)

These operators have the following integral kernels

1 0 _|$;y| 0
R_i(z,y) = <5 0) Ro(z,y) = 0 o V2lz—y|

2v2
|9C*y|2 0

and for o > 0 the remainder term Rp is continuous in « and uniformly
bounded as an operator from a weighted L? space (with sufficiently strong
polynomial weight) to its dual. Moreover, since the entries of the full integral
kernel R (z,y) are bounded functions of |z — y|, we see that the entries of

Rafe.9) = 3 (RO@0) = (GRo1(0) + Raley) + afs(z.9)

grow at most quadratically in |x — y| as |z — y| — co. We also expand the
potential V) in ¢ where £ := p — 3

VP =Vo+eVi+e2Vo+ Vg,  e=p-3 (2.12)
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2.2. The Perturbed and Unperturbed Operators

vz _ 1 V3+1 V3-1 0
0 T V3-1 Vv3+1)7%¥

Here we have expanded
Qv (x) = Q3(2) + equ(2) + £2qa(z) + 2 qr(x)
and the computation gives

1
Q%(x) = 2sech? z, q1(z) = sech? z (2 — 2x tanh ac)

1
@(x) == (2332 tanh? z sech® z — z% sech® 2 — z tanh z sech® z) .
2

By Taylor’s theorem, the remainder term ggr(x) satisfies an estimate of the
form |qr(z)| < C(1 + |z|?) sech?(x/2) for some constant C' which is uniform
in z and € € (—1,1). We will henceforth write

Q for Q3 and K, for Kq .

2.2 The Perturbed and Unperturbed Operators

We study (2.9), that is:
(Ko + 1w =0. (2.13)

Using the expansions (2.11)) and (2.12)) for R(® and V(?) we make the fol-

lowing expansion

Ko = é (K_10+eK_11 + 2K _15 + 2 Kp)
+ Koo + eKo1 + e Koz + € Kpy (2.14)
+ aKig+ aeKps
+ a2KR4
where Ky is uniformly bounded and continuous in a > 0 and ¢ in a neigh-
bourhood of 0, as an operator on L?*(R,C?).

Before stating the main theorem we assemble some necessary facts about
the above operators.
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Lemma 2.2.1. Each operator appearing in the expansion (2.14) for K, .
is a Hilbert-Schmidt (so in particular bounded and compact) operator from
L?(R,C?) to itself.

Proof. This is a straightforward consequence of the spatial decay of the
weights which surround the resolvent. The facts that ||V0_1/ 2” < Cel*l and
that [|[Vy/?|| < Ce~lel, while each of [[Vp|l, [VAll, [[Va]l and |[Vi|| can be
bounded by Ce=31#1/2 (say if we restrict to || < %) imply easily that these
operators all have square integrable integral kernels. ]

Remark 2.2.2. The same decay estimates for the potentials used in the
proof of Lemma show that for e > 0 and w € L? solving the corre-
sponding eigenfunction of U= ‘/071/210 lies in L? and so the eigenvalue
2z = 1—a? is in fact a true eigenvalue. Indeedw € L? —> V(p)V(fl/Zw € L?
and so u = —R(O‘)V(p)V(flﬂw € L2, since the free resolvent R(%) preserves
L? fora >0 .

We will also need the projections P and P which are defined as follows:
for f € L? let

(v fHu 21
Pr=fpit v ()

as well as the complementary P := 1 — P. A direct computation shows that
for any f € L? we have

K_1of =—4PF. (2.15)

Note that all operators in the expansion containing R_; return outputs in
the direction of v.

Lemma 2.2.3. The operator P(Kgy + 1)P has a one dimensional kernel
spanned by

wo 1= Vol/ 2u0
as an operator from Ran(P) to Ran(P).
Proof. First note that by (2.7)

~Voug = o3uy — Huo, [—Vouol; = [uo]] (2.16)
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from which it follows that
Pwy =0, ie. wy€ Ran(P).

Then a direct computation using (2.16]), the expansion (2.14), the expression
for Ry, and integration by parts, shows that

(KOO + l)wo = 2v

and so indeed P(Kqo + 1)Pwg = 0.

Theorem 5.2 in [48] shows that the kernel of the analogous scalar operator
can be at most one dimensional. We will use this argument, adapted to the
vector structure, to show that any two non-zero elements of the kernel must
be multiples of each other. Take w € L? with (w,v) = 0 and P(Kgg+1)w =
0. That is (Koo + 1)w = cv for some constant c¢. This means

—V01/2R0V0V0_1/2w +w= (:Vol/2 < (1] ) )

Let w = Vbl/ %4 where u = ( Zl ) We then obtain, after rearranging and
2

expanding

( w1 ) _ c— 35 Ja o = ylQ%(y) 2ui(y) + ua(y)) dy
ug )\ 5 Jrexp (—V2lz —yl) Q) (ua(y) + 2u2(y))dy |-

We now rearrange the first component. Expand

1

-3 /:O(y — 2)Q*(y) (2u1(y) + ua(y))dy

and rewrite the first term as

-5 [ P+ w)dy+

5 | 1@ @0 )+ ww)dy

_ g /;o Q2(y)(2u1 (y) + ua(y))dy + b — % /OO yQ*(y) (2u1(y) + ua(y))dy

T
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2.2. The Perturbed and Unperturbed Operators

where
b= /R Y@ () 2ur(y) + ua(y))dy

and where we used [; 2Q%u; + Q%uz = 0 since (w,v) = 0. So putting
everything back together we see

( u1 ) _ ctb+ [z —y)Q(y) Qualy) + uz(y)) dy 2.17)
us )~ \ vz Jeexp (= V2lz —yl) @) (wa(y) + 2ua(y))dy |

We claim that as x — oo
ul . c+b
u9 0 '

|- 0@0) Cuw +uw) dy‘

Observe

< [y al@2) () + us(w)ldy

xT

< / QP W) 201 (1) + s ()l dy

xT

— 0

as © — 0o. Here we have used the fact that w € L? implies Q|2u; +us| € L?
and that |y|Q € L2. As well, in the second component

/R V2T Q2 (1) (uy () + 2us(y))dy
—e V2 /_gC eﬁyQ2(y)(u1(y) + 2ua(y))dy

1 eV2e /Oo e VHQ2(y) (ur(y) + 2ua(y))dy
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2.2. The Perturbed and Unperturbed Operators

and

[ B 0) + 20
<o [ PR ) + 2ualy)dy
<o ([ ) 1/2 ([ @whw +2u0)Pw)

x 1/2
< Ce V2 (/ 62\/§y€2ydy>

1/2
< Ce V2 <e_2\/§me_2x) <Ce™® =0, z— o

1/2

where we again used Q|u1 + 2uz| € L?. Similarly,

oV / e VIQ (y) (un () + 2uz(y))dy| - 0

as x — oo which addresses the claim.

Next we claim that if c4+b = 0 in then u = 0. To address the
claim we first note that if c4+ b = 0 then u = 0 for all x > X for some X,
by estimates similar to those just done. Finally, we appeal to ODE theory.
Differentiating in x twice returns the system

uf = —2Q%u; — Q%uy (2.18)
uly — 2ug = —Q%uy — 2Q%us. (2.19)

Any solution u to the above with v = 0 for all large enough x must be
identically zero.

With the claim in hand we finish the argument. Given two non-zero
elements of the kernel, say u and @ with limits as z — oo (written as above)
c+band é+b respectively, the combination

N c+b_
u=u———=1a
c+b
satisfies (2.17) but with u*(z) — 0 as  — oo, and so u* = 0. Therefore, u
and @ are linearly dependent, as required. O
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Note that Ky, and hence F(K{)O + 1)?, is self-adjoint. Indeed

Koo — —VOUQROVOVJUZ
_ _VO—1/2VOROVO1/2
= (Kopo)™.

As we have seen above in Lemma thanks to the decay of the poten-
tial, PKyoP is a compact operator. Therefore, the simple eigenvalue —1 of
PKyyP is isolated and so

(P(Koo+1)P)~" : {v, wo}™ — {v, wo}* (2.20)

exists and is bounded.
With the above preliminary facts assembled, we proceed to the bifurca-
tion analysis.

2.3 Bifurcation Analysis

This section is devoted to the proof of the main result of Chapter

Theorem 2.3.1. There exists €9 > 0 such that for —eg < ¢ < gg the
eigenvalue problem (2.13)) has a solution (a,w) of the form

w = wy + ew; + 2wy + W
. ? (2.21)
a=c"ay +«

where ay > 0, wo, wy, wa are known (given below), and |&| < C|e|® and
|||z < Cle|? for some C > 0.

Remark 2.3.2. This theorem confirms the behaviour observed numerically
in [17]: for p # 3 but close to 3, the linearized operator JH (which is uni-
tarily equivalent to iLy,) has true, purely imaginary eigenvalues in the gap
between the branches of essential spectrum, which approach the thresholds
-1/2 . 9 .
as p — 3. Note Remark to see that u =V, '“w is a true L eigen-
function of . In addition, the eigenfunction approaches the resonance
eigenfunction in some weighted L? space. Furthermore, we have found that
a?, the distance of the eigenvalues from the thresholds, is to leading order
proportional to (p — 3)*. Finally, note that o = €2 + O(3) with g > 0
gives o > 0 for both ¢ > 0 and € < 0, ensuring the eigenvalues appear on
both sides of p = 3.
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The quantities in (2.21) are defined as follows:

1/2
wO::VO/uo

1
Pw1 = ZK_HwO

_ _ L1 _
Pwq := —(P(KOO + 1)P) <4PK00K11’LUO + PKOle)

Pwy := (K_11w1 + K_1owgp + ag(Koo + 1)w0)

_ _ 11— 1
Pwy = —(P(Koo + 1)P) <4PK00K11'(U1 + ZPKOOKwaO

o — _ _ _
+ fPKoo(Koo + 1)wo + PKorwi + PKoawo + a2PK10w0>

a9 =
— 3 {wo, Koo K_11w1) — 3 {wo, Koo K_12wo) — (wo, Korw1) — (wo, Kozwo)
(wo, K1owo) + {(wo, Koo(Koo + 1)wo)

Remark 2.3.3. A numerical computation shows
ag &~ 2.52/8 > 0.

Since the positivity of as is crucial to the main result, details of this com-
putation are described in Section |2.4).

Note that the functions on which P(Kyy + 1)P is being inverted in the
expressions for Pw; and Pwy are orthogonal to both wg and v, and so these
quantities are well-defined by . The projections to v are zero by the
presence of P. As for the projections to wp, the identity

1
(wo, 1 oo K—11wo + Kojwo) =0 (2.22)

has been verified analytically. It is because of this identity that the O(¢)
term is absent in the expansion of « in (2.21)). The fact that

1 1 o
0 = (wo, ZKOOKfllwl + ZKOOKflﬂUO + ZQKOO(KOO + Dwo + Kprwy

+ Kopowo + asKiowp)

comes from our definition of «s.
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2.3. Bifurcation Analysis

The above definitions, along with (2.15)), imply the relationships below

0=K_j0wo (2.23)
0=K_jqwo + K_jows (2.24)
0= K_jowz + K_11w1 + K_1pwo + a2 (Koo + 1)wy (2.25)
0 = P(Koo + 1)w; + PKojwo (2.26)
0 = P(Koo + 1)ws + PKojw; + PKoawo + aa PK1pwy (2.27)

which we will use in what follows.

Using the expression for « in (3.1.1), our expansion (2.14) for K, . now
takes the form

1
Koe = o (K—lo +eK 11 +e?K 19+ €3Km)

+ Koo + eKo1 + €2 Kog + €3 Ko
+ (a2e® + @) K10 + (a2e® + &)eKps + (e + &)* Kpa

1 _ _
= E (K_l() +eK_11+ EZK_lz + EaKRl) + Koo+ K1 +aKs

where K is a bounded (uniformly in ¢) operator depending on ¢ but not &,
while K5 is a bounded (uniformly in ¢ and &) operator depending on both
€ and a.

Further decomposing

0= Bv+ W, (W,v)y =0

we aim to show existence of a solution with the remainder terms &, 5 and
W small. We do so via a Lyapunov-Schmidt reduction.
First substitute 1) to () and apply the projection P to obtain

Koo+ 1w

Ko+ 1) (wo + ewy + 2wz + v+ W)

(Koo + 1)wo + eP(Koo + 1)w; + ePKoiw

+ P (Koo + 1w + 2 PKojwy + e2PKoywo + 2as PKgwy

+ P(Koo + 1)(Bv + W) + a@PKjowo + P (eK1 + aKa) (Bv+ W)

+ &3P (K rowo + Koowi + Kgywa + eKoows + K pawy + €2KR2w2)

+ (a262 +a)PKip(swy + 62w2) + (a252 + a)e PKr3(wo + cwy + 52w2)

+ (a2€2 + d)QFKR4(w0 + cwy + €2w2).
(2.28)

29



2.3. Bifurcation Analysis

Making some cancellations coming from Lemma and
leads to
—P(Ko + 1)PW =
BPKyv + aPKigwg + P (5?1 + dfg) (Bv+ W)
+ &3P (K pawo + Koowi + Ko1ws + eKoows + K powy + €2 K pows)
+ (a252 + &) PK1o(swy + 52w2) + (0@62 + a)e PK p3(wo + cwy + £2w2)
+ (age? + @)*PK py(wo + ewy + %wy)
= F(W;e, &, B).

According to (2.20)), inversion of P(Kgy + 1)P on F requires the solv-
ability condition

1

RF=0, Pyi=——
[[woll3

(wo, ywo, Po:=1- Py (2.29)

which we solve together with the fixed point problem
W = (—P(Koo + 1)P) " PoF(W;e, 6, ) = G(W;e, &, f) (2.30)

in order to solve (2.28]).

Write
F =P (BKoov + aKiowo + (K1 + aKs) (Bv+ W) + &3 f1 + edfo + a°hi)

where f; and fo denote functions depending on (and L? bounded uniformly
in) € but not &, while k1 denotes an L? function depending on (and uniformly
L? bounded in) both ¢ and é&.

Lemma 2.3.4. For any M > 0 there exists eg > 0 and R > 0 such that for
all —ep < e < g¢ and for all & and B with |a| < M|e|® and || < M|e|® there
exists a unique solution W € L?> N {v, wo}t of (2.30) satisfying |W |2 <
R|e|.

Proof. We prove this by means of Banach Fixed Point Theorem. We must
show that G(W) maps the closed ball of radius R|e|? into itself and that
G(W) is a contraction mapping. Taking W € L? orthogonal to v and wq such
that ||W]|z2 < Rlel® and given M > 0 where |&| < M|e[® and |3] < M|e|?,
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2.3. Bifurcation Analysis

we have, using the boundedness of (—F(Koo + 1)?)_1 Py,

1G]] 2

< C|B|||PKoov + P (5?1 + 64?2) v|| 2 + Cla||| P (Kiowo + € f2 + &hq) || 2
+ C||P (eK1 4 aK2) Wiz + [e*C|[Pfi] 12

< CMlel> + CM[el* + Cle||[W (|2 + Cla|[W] 2 + Cle/?

< Cle]® + CRJe|*

< Rlel’

for some appropriately chosen R with |¢| small enough. Here C' is a positive,
finite constant whose value changes at each appearance. Next consider

1G(W1) — G(W2)][ 2
< O|P (eK1 + aKa) |22 [[Wh — Wa| 2
< Clell|P Killpoo 2 W = Wall 2 + Cla|[|[P Kol g2 2 [[Wr — Wal| 2
< Clel[|[Wh — Wa[z2 < &[|[Wi — Wal[2

with 0 < k < 1 by taking |¢| sufficiently small. Hence G(W) is a contraction,
and we obtain the desired result. O

Lemma provides W as a function of & and 3, which we may then
substitute into (2.29) to get

0 = (wp, F)
= B(wo, Koov) + a{wg, Kiowo) + B{wo, K1v) + aB{wo, Kav)
+ e3(wo, f1) + e@(wo, fa) + &*(wo, h1) + e(wo, K1 W) + a{wo, KoW)
=: B(wo, Koov) + &{wo, Kiowo) + F1 (2.31)
which is the first of two equations relating & and S.
The second equation is the complementary one to : substitute
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2.3. Bifurcation Analysis

(2.21) to (2.13) but this time multiply by « and take projection P to see

0=aP(Kye+ 1w
= K_jowo + e(K_11wo + K_1pw1)
+ &2 (K_1gwy + K_11w; + K_1pwp) + €2 (Koo + 1wy
+ &3 (K_11w2 + K_19w;1 + Kpjwo + eK_19wz + e Kgiwy + 2 Kr1ws)
+ BK _10v + K_1gW + e(K_11 + eK_19 + 2 Kp1)(Bv + W)
+ a(Kog + Dwp + e3a2P(Koo + 1)(w1 + ews) + eaP (Ko + 1) (wy + cws)
+e?agP(Koo + 1)(Bv + W) + &P (Koo + 1)(Bv + W)
+ aP(eKo + 2 Koo + €3 Kpo + aK19 + acKps + a2KR4)
X (wg 4+ ewy + 2wy + Bu + w).
(2.32)

After using known information about wg,w;,ws, s coming from (2.23),

(2.24), (2.25)) and noting that K_1oW = —4PW = 0 from (2.15]) we have

0= BK_19v + &(Koo + 1)wo
+ 3 (K_1ywe + K 19wy + Kpiwo + eK_19ws + e Kpiwy + e2Kriws)
+e(K_11 +eK 19+ 2Kg1)(Bv + W)
+ 3 P(Koo + 1) (w1 + ews) + eaP (Koo + 1) (w1 + ews)
+ %y P(Koo + 1) (Bv + W) + aP(Koo + 1)(Bv + W)
+ aP(eKo + Koo+ 2 Kpo + aKig + aeKps + a2KR4)
X (wo + ewy + 2wy + Bu + w).

Written more compactly, this is

0 =BK_10v + &(Koo + 1)wo
+ &8 f1+eKs(Bv+ W) + aefs + aKa(Bv+ W) + &hy

where K3 is a bounded (uniformly in €) operator containing ¢ but not &,
while K4 is a bounded (uniformly in ¢ and &) operator containing both &
and &. Functions f; and f5 depend on € (and are uniformly L?-bounded)
but not &, while the function hy depends on both ¢ and & (and is uniformly
L?-bounded). To make the relationship between & and 3 more explicit we
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2.3. Bifurcation Analysis

take inner product with v

0= B(v, K_1gv) + (v, (Koo 4+ 1)wo) + (v, f1)
+e(v, K3(Bv + W) + ae(v, f5) + alv, Ka(Bo + W) + @*(v, ha)
=: B(v, K_10v) + & (v, (Koo + 1)wo) + Fa. (2.33)

- Q
= (5)
and rewrite (2.31) and (2.33) in the following way

A= (i Py i) ()= (7)

which we recast as a fixed point problem

Now let

(=A" (2) —: F(a, B;¢). (2.34)

We have computed

0 16
A= <16 —32)
so in particular, A is invertible. We wish to show there is a solution (&, f3)

of (2.34) of the appropriate size. We establish this fact in the following
Lemmas. Lemmas [2.3.5/ and are accessory to Lemma [2.3.7.

Lemma 2.3.5. The operators and functions Ko, K4 and hy, ha are contin-
uous n a > 0.

Proof. The operators and function in question are compositions of continu-
ous functions of &. O

Lemma 2.3.6. The W given by Lemma is continuous in 5f0r suffi-

ciently small |e|.

Proof. Let (a1, 1) give rise to Wy and let (ae, 52) give rise to W via Lemma
Take |&; —ae2| < 0 and |B1 — 2| < §. We show that |[WW; —Wa||r2 < C6

33



2.3. Bifurcation Analysis

for some constant C' > 0. Observing K» depends on &, we see
W1 — Walp2 =
| (P(Koo+ D)P) " Poll 2oy | F(Wh,Grie) = F(Wa, Gai )l
< CH(ﬁl — B2) Koov + (a1 — G2) K1owo + &(B1 — B2) K1v
+eK 1 (W1 — Wa) + @181 Ka(an1)v — aeBaKa(az)v + a1 Ka(ay) Wi

— dgfg(dg)Wg + 8(&1 — dg)fg + d%hl (6[1) — a2h1(a2)

L2
<Cé+ C|€H|Wl — W2HL2
+ la1 K2(an ) (Wi — Wa) + (@ Ka(dn) — aa Ko (o)) Wal| 2
< Co+ Cle|||[Wy — Wa| 2
noting that |&1| < M|e|®. Rearranging the above gives
||W1 — W2||L2 <C§
for small enough |e]. O

Lemma 2.3.7. There exists eg > 0 such that for all —eqg < & < gq the
equation (2.34) has a fized point with |al,|3| < M|e|> for some M > 0.

Proof. We prove this by means of the Brouwer Fixed Point Theorem. We
show that F maps a closed square into itself and that F is a continu-
ous function. Take |al,|3| < M|e|® and and so by Lemma [2.3.4 n we have
[Wllz2 < |e|>R for some R > 0. Consider now

1A= 1A

< [la7 (\EIWHWOKW)! + 618 |(wo, Kav)| + [l {wo, f1)]

+ lell@l|(wo, f2)] + [@|* (w0, ha)| + [e] [ {wo, K1 W) + |07H<wovK2W>!>

< OM|e* + OM?[g|® + Cle]® + CM|e|* + CM?|e|® + CRJe|*
< Cle]> + CMle|* < Mlel?
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2.3. Bifurcation Analysis

and

1A= 172

< [la7 (Iel?’l(v, f)l + lell{v, K3(Bv + W))| + |allel/(v, fs)|

+ 16| (v, Ka(Bv + W))| + |07|2|<v7h2)|>

< Clel® + CMle|* + CR|e|* + CM|e|* + CM?|e|® + CMR|e|® + CM?|e|®
< Cle]> + CM|e|* < Mle|?
for some choice of M > 0 and sufficiently small || > 0. Here C > 0 is a
constant that is different at each instant. So F' maps the closed square to
itself.

It is left to show that F'is continuous. Given n > 0 take |6y — G| <
and |81 — B2] < 0. Let (a1, f1) give rise to Wi and let (ag, 52) give rise to
Wy via Lemma [2.3.4. We will also use Lemma and Lemma 2.3.6l Now
consider

|F1(an, Br) — Fi(ae, B2)
= |e(B1 — B2){wo, K1v) + @181 (wo, K2(G1)v) — dof2(wo, Ko2(d2)v)
+ e(@1 — an) (wo, fa) + & (wo, hi(@n)) — a3 (wo, hn(G2))
+ e(wo, K1(Wy — Wa)) + du (wo, Ka(é1)Wh) — aa(wo, Ka(az)Wa)
< Cé+ Cllhi(ar) — hi(a2)| 12
+ Cl[Wi = Wa 2 + O Ka(an) — Ka(G2)l| g2 12

U
<05 < —1—
IA=Iv2

for small enough §. Similarly we can show

| Fa(an, B1) — Fo(ae, B2)| < C6 < HA_?H\@

for 4 small enough. Putting everything together gives |ﬁ(51) - ﬁ(é)\ <n
as required. Hence F' is continuous. ]

So finally we have solved both (2.28) and (2.32), and hence (2.13)), and
so have proved Theorem
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2.4 Comments on the Computations

Analytical and numerical computations were used in the above to compute
inner products such as the ones appearing in the definition of ap . It
was critical to establish that as > 0 since the expansion of the resolvent
R(@) requires a > 0. Inner products containing wg but not w; can
be written as an explicit single integral and then evaluated analytically or
numerically with good accuracy. For example

(wo, Koowo) + i(wo, KooK _12wp)
5 [l = 4l(1@*@) - 30"(2))
2 Jeo
x (Q*(W)a1(y) — a1(y) +3Q* (W) q2(y) — 4a2(y) — %Qz(y))dydﬂf
1 e~ V2lz—yl 2(2) — 30%(x
w5 (20*() - 3@ (=)
x (Q*(W)a1(y) — a1(y) +3Q* (W) a2 (y) — 22(y) — %QQ(y))dydaf
—— [ @W@0a) - ) + 3 W) - dnl) - Fe0)d

— /R QW) (Q*War(y) — a1(y) +3Q°(Y) a2 (y) — 2¢2(y) — %Cf(y))dy
~ — 2.9369

where
1
e = / Q’q1 — q1 +3Q% — 4ga.
R

To reduce the double integral to a single integral we recall some facts about
the integral kernels. Let

o) = =5 [ b=l (1Q%(@) ~ 3Q" () da.
Then h solves the equation
W' = —4Q* +3Q".
Notice that —4Q? +3Q* = —2Q%u; — Q?us where u; and us are the compo-

nents of the resonance ug (2.6). Observing the equation (2.18)) we see that
h =u; +c=2— Q%+ c for some constant c. We can directly compute
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h(0) = —2 to find ¢ = —2 and so h = —Q?. A similar argument involving
(2.19)) gives

RS R P 2) — 3042 dr — ws(v) — —
5 [0} @) - 304 @) de = ) = ~Q3().

Many of the inner products can be computed analytically. These include
the identity (2.22), the entires in the matrix A in and the denomi-
nator appearing in the expression for ag. As an example we evaluate the
denominator of as:

1
(wo, K1owo) + Z<w0’ Koo(Koo + 1)wo)

N _/Rz (3Q%(z) — 4Q%(w ))( i (3Q(y) — 4Q()) dyda

+5 [, (1 @) = 3Q"@)le ~ Qs

1
4\f R2

o

where the first integral is zero by a direct computation and the remaining
double integrals are converted to single integrals as above.

Computing inner products containing w; is harder. We have an explicit
expression for Pw; but lack an explicit expression for Pw;. Therefore we
approximate Pw; by numerically inverting P(Koo + 1)P in

(4Q%(x) — 3Q"(x)) e~ V2o~ ¥Q2 (y) dyda

_ _ 1_ _
P(Ky + 1)Pw; = — (4PK00K_11U)0 + PK01w0> =:g.

Note that (g,v) = (g, w0> = 0. We represent P(Koo + 1)P as a matrix with
respect to a basis {¢;} 2 j=1- The basis is formed by taking terms from the
typical Fourier basis and projecting out the components of each function
in the direction of v and wgy. Some basis functions were removed to ensure
linear independence of the basis. Let Pw; = Zjvzl aj¢j. Then

=7

where Bj i = (¢, (Koo + 1)¢x) and b; = (¢;,9). So we can solve for @ by
inverting the matrix B. Once we have an approximation for Pw; we can
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Components of Puy

Figure 2.1: The two components of Pw; computed numerically with 32
basis terms.

compute P(Kq + 1)Pw; directly to observe agreement with the function g.
With this agreement we are confident in our numerical algorithm and that
our numerical approximation for Pw; is accurate. In Figure we show
the two components of Pw; as computed numerically. Figure shows the
components of the function g with the computed P(Kgo + 1)Pw; on top.

With an approximation for Pw; in hand we can combine it with our
explicit expression for Pw; and compute inner products containing w; in
the same way as the previous inner product containing wg. In this way we
establish that as > 0. We list computed values for the numerator of as
against the number of basis terms used in Table [2.1]
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A Consistency Check

Figure 2.2: The two components of function g with the computed P(Kqg+
1)Pw; on top. Again 32 basis terms were used in this computation. At this
scale the difference can only be seen around zero and at the endpoints.

Number of Basis Terms 8agy
20 2.4992
24 2.5137
28 2.5189
30 2.5201
32 2.5207

Table 2.1: Numerical values for 8as for the number of basis terms used in
the computation.
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Chapter 3

Perturbations of the 3D
Energy Critical NLS

In this chapter we prove Theorems|1.7.2,|1.7.7, and|1.7.10. The construction
of the solitary wave profiles appears in Section |3.1], variational arguments
which establish the solitary waves as ground states appear in Section |3.2,
and the dynamical (scattering/blow-up) theory appears in Section 3.3

3.1 Construction of Solitary Wave Profiles

This section is devoted to the proof of Theorem [1.7.2, constructing solitary
wave profiles for the perturbed NLS via perturbation from the unperturbed
static solution W.

3.1.1 Mathematical Setup
Let A2 = w with A > 0. Now substitute (1.20) to (1.11) to see

(A =5W*+ A% = —=\°W + e f(W) + N(n)
where
N(n) = (W +n)° = W° = 5W +e (f(W +n) — fF(W))
collects the higher order terms. We can rewrite the above as
(H+X)yy=F, H=-A+V, V=-5Ww* (3.1)

where

F=F(e\n) = =AW +ef(W) + N().

To understand the resolvent (H + A?)~! for small ), we follow [47]. Use the
resolvent identity to write

(H + X271 = (14 Ro(=X*)V) 1 Ro(—)\?)
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3.1.  Construction of Solitary Wave Profiles

where
Ro(¢Q) = (-A-¢)!

is the free resolvent, and apply Lemma 4.3 of [47] to obtain the expansion

(1+ Ro(=X*)V) ™! = =< (Vp, v+ 0(1) (3-2)

1
A

where v is the normalized resonance eigenfunction (1.18)):

1
) = —AW(x), /V = V4.
wie) = AW @), [ ve=

The above expansion is understood in [47] in weighted Sobolev spaces. We
choose instead to work in higher LP spaces. Precise statements are found in

the following Section [3.1.2}
To eliminate the singular behaviour as A — 0 we require

0 = (Ro(=M\) V4, Fle, A\, n)). (3.3)

Satisfying this condition determines A = A(e,n). This is done in Section
With this condition met, we can invert (3.1) to see

n= (H + )‘2)_1}— = (H + )‘2(‘5’77))_1}—(5’ )‘(6777)777) = 9(77’5)7 (3'4)

which can be solved for n via a fixed point argument. This is done in

Section [3.1.41

3.1.2 Resolvent Estimates

We collect here some estimates that are necessary for the proof of Theorem
1.7.2

In order to apply Lemma 4.3 of [47] and so to use the expansion
in what follows (Lemmas 3.1.1] and [3.1.4) we must have that the operator
H has no zero eigenvalue. However, it is true that H(0W/0xz;) = 0 for
each j = 1,2, 3. To this end, we restrict ourselves to considering only radial
functions. In this way H has no zero eigenvalues and only the one resonance,
AW (see [33]).

The free resolvent operator Ro(—A?) for A > 0 has integral kernel

e_/\|x|

Ro(=2*)(x) = G (3.5)
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3.1.  Construction of Solitary Wave Profiles

An application of Young’s inequality/generalized Young’s inequality gives
the bounds

I1Ro(=M2)||pamsrr SAWa1/M=2 0 1 <g<r<oo
RO _)\2 ; ; SJ )\3(1/q—1/1")—27 1< q << oo 3.7
Ly —L

with 3(1/q — 1/r) < 2, as well as
[Ro(=A?)[|zarr S 1 (3.8)

where 1 < ¢ < 3/2 and 3(1/q—1/r) =2 (so 3 <r < 00). We will also need
the additional bound

1Ro(=2*)1 4

<
L3-AL3*t Lo ~ 1,

(3.9)

where the 4+/— means the bound holds for any exponent greater/less than
3/2, to replace the fact that we do not have (3.8) for r = co and g = 3/2.
Observe also that Ry(0) = Gg has integral kernel

1

B 4 |x|

Go(z)

and is formally (—A)~!,

We need also some facts about the operator (1 + Ro(—A?)V)~!. The
idea is that we can think of the full resolvent (1 + Ro(—\2)V)tRo(—\?)
as behaving like the free resolvent Ro(—A?) providing we have a suitable
orthogonality condition. Otherwise we lose a power of A due to the non-
invertibility of (1 4+ GoV): indeed,

P €ker(1+ GoV), Vipeker((1+GoV) =1+VGy). (3.10)

First we recall some results of [47]:

Lemma 3.1.1. (Lemmas 2.2 and 4.3 from [47]) Let s satisfy 3/2 < s < 5/2
and denote B = B(H',, H',) where H'_ is the weighted Sobolev space with
norm

lall g, = 1L+ [2) > P .
Then for ¢ with Im¢ > 0 we have the expansions

14+ Ro(Q)V =14 GoV +i¢2GLV + o(¢H?)
(1+ Ro(Q)V) ™" = —i¢V2(-,Vh)ip + CF + o(1)
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3.1.  Construction of Solitary Wave Profiles

in B with |¢| — 0. Here C} is an explicit operator and Gy and Gy are
convolution with the kernels

1 1

Go(l‘) = Gl(.%') = E

dr|z|’

Remark 3.1.2. The expansion is also valid in B(L?,,L? ) where L* is
the weighted L? space with norm

lall 2, = 111+ )~ ull 2.

Remark 3.1.3. Since our potential only has decay |V (z)| < (z)™* our

~

expansion has one less term than in [47] and we use 3/2 < s < 5/2 rather
than 5/2 < s < 7/2.

The following is a reformulation of Lemma but using higher LP
spaces rather than weighted spaces. This reformulation was also used in
[44].

Lemma 3.1.4. Take 3 <r < oo and A > 0 small. Then
(1 + Ro(=A\)V) " fllzr S *HfHLr
If we also have (V, f) =0 then
I(1+ Ro(=2X)V) ' fllzr S 1 fllzr

and
(1 + Ro(=A)V) " f = QL+ GoV) ' Pf]|1r
5{ illo:({/gf:f - }HfHLT (3.11)
where
Q:_m( Y, Q=1-Q

Proof. We start with the identity

= (14 Ro(-=N)V) 71 f = f = Ro(—=N)V(1L+ Ro(-=\)V)'f
= f—Ro(-\*)Vyg
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3.1.  Construction of Solitary Wave Profiles

SO

lgllzr S I fler + I1Ro(=A*)V gl -

We treat the above second term in two cases. For 3 < r < oo let 1/q =

1/r+2/3 and use (3.8) and for r = oo use (3.9)

\%4 , 3<r<oo
IRl 5 { V90 _
| 9HL3/2*QL3/2+= r=00

_ V@ lemlgllzz,, 3 <r<oo
~ V@2l e npetlgllzz,, T=00

<
< lgllzz,-

Here we used that |V(x)| < (x)~%, and with 1/¢ = 1/m + 1/2 we have
(4 —2)m > 3. Finally we appeal to Lemma and use the fact that
L™ C L%, to see

_ 1 1
1Ro(=X*)Vgllrr S 11+ Ro(=M)WV) " fllpe, S S1FN2, S I ler

where we can remove the factor of 1/\ if our orthogonality condition is
satisfied.

In light of ,
1+GyV:L'NnVt = L' n(Vy)*
is bijective, and so we treat the operator (14 GoV)~! as acting
(1+GoV) L L' n(Vyp)t - L' NV,

which is the meaning of the expression Q(1+GoV)~1 P involving the projec-
tions P and Q. That the range should be taken to be V' is a consequence

of estimate (3.14) below.
To prove (3.11)), expand

Ro(—=X\?) = Go — AG1 + AR,

~ 1 1
R = 55 (Ro(~X*) = Go+AG1) = 5 (

e Al — 1 4 Nz
*
A \|z|
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3.1.  Construction of Solitary Wave Profiles

and consider f € (Vi) N L" with 3 < r < co. We first establish the
estimates

TIPSR SN
10g<1/A), q:l
A, 3<r<oo

!<V,(1+Ro(—A2>v)‘1f>§{ Mog(1/\), 1=

For the purpose of these estimates we may make the following replacements:
Vi = (2)75, V = (z)~*, and R(z) — min(|z|,1/\). To establish (3.13) we
must therefore estimate

(@)™ [ minlyl, 10— ) dy

and we proceed in two parts:

e Take |y| < 2|z|. Then

z)~4 min — )7
() /qulx (Il 1/0)(y — 2) >y

, h:= VRV, (3.13)

o Pl 30

< ()~ min(jz], 1/) / (v — z)dy
< ()~ min(jz], 1/)
and

() ~* min(|z], 1/A)]|%4

1 l/)\ 1 fe’e)
5/ rq+2dr+/ 7'_3q+2d7“+/ r4at2qy
0 1 AJia

L, ¢>1 4(g—1)
< q
~”{1og<1/x>, q-l}“

< 1, g>1
~ log(l/)‘)v g=1

e Take |y| > 2|z|. Then

z) min(|y|, 1/\){y — x)°d < (x 4 °d
(z) /|y>2x| (Iyl, 1/2){y ) dy S (z) /’Z/‘<y> Y
and
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3.1.  Construction of Solitary Wave Profiles

With (3.13) established we now prove (3.14). Let g = (1+Ro(=A2)V)~1f

and observe

0=<(Ve, f)

(Vap, (1 + Ro(—NH)V)g)
(1+ VRo(=A*))(V), 9)

(1+V(Go— A\G1 + N\2R))(V), g)

(=VGy + A\VR)(VY), g)
1

Var
noting that (1 + VGo)(Ve) = 0. Now

_1
B
_ 1
D)
_1
D)
_1
D)

(V.g) + Ah, g)

1, 3<r<o
< , << ’ r
Vg0 < Al llgll o € A{ s/, o }ufu

applying (3.13).
With (3.14) in place we finish the argument. For f € L™ N (V)L we

write
g=1+Ro(=M)V)'f and go=(1+GoV) 'f.
We have
0= (1+ Ro(=A*)V)g — (14 GoV)go
and so
(1+GoV)(g —g0) = —RVyg

where R = Ro(=X2?) — Go. The above also implies RVg L V1. We invert
to see

g—go=—(14GoV) 'RVg + o)
noting that ¢ € ker(1 + GoV'). Take now inner product with V' to see

(V) = (V,g)
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3.1.  Construction of Solitary Wave Profiles

and so
A, 3<r<oo
< < ’ ”

observing 1) It remains to estimate (1 + GOV)_lf%Vg. We note that

R =Alzl _ 1
e
R=|—F7-—"7-
( An|z] ) i
and so for estimates we may replace R(z) with min(X,1/|z|). There follows

by Young’s inequality

I(1+ GoV) 'RV gL S IRV gllLr
< Il min(\, 1/|2)l| [V gl
< | min(A, 1/|2])l|z+llg]l e
SN £l

And so after putting everything together we obtain (3.11)). O

We end this section by recording pointwise estimates of the nonlinear
terms

N(n) = (W +n)°> = W?> = s5W'n+e(f(W+n)— f(W)).

Bound the first three terms as follows:
(W +m)° =W —5Wy| S W% + |nl°.

For the other term we use the Fundamental Theorem of Calculus and As-

sumption to see

1
0 ) - gov) = [ &sf(W+577)d5'

1
/0 F/(W + 6n)nds

Snl sup (IW +onfP =t + [W + on|P2 1)
0<o<1

S Il (WP o W )
< Il (WP 4 W) e+ [
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3.1.  Construction of Solitary Wave Profiles

and so together we have
IN(IS WP + n° +eln] (WP + WP 4 efnlPr +efnfP2. (3.15)
Similarly

FOWV +m1) — (W + 1)
Sl = ma| (WP Pt 4 o~ WP [ P2 4 o2

and so

IN(m) = Nn2)| S Im = m2l(fme] + [n2)W? + |y — n2| (I * + |m2|*)
+ e|m — 2] (I/Vpl_1 + sz—l)

+elm =l (In [P 7"+ [P P2 a2
(3.16)

3.1.3 Solving for the Frequency

We are now in a position to construct solutions to (1.11) and so prove
Theorem [1.7.2, The proof proceeds in two steps. In the present section, we
will solve for A in for a given small 7. Then in the following Section ,
we will treat A as a function of 7 and solve (3.4). Both steps involve fixed
point arguments.

We begin by computing the inner product . Write

0= (Ro(=A)Ve), F) = (Ro(=A*)Vep, =N°W + e f (W) + N(n))
so that

A= MRo(=AN)Vip, W) = e(Ro(=A*)Vap, f(W)) + (Ro(—A*)V, N(n)).
(3.17)

It is our intention to find a solution A of (3.17) of the appropriate size. This
is done in Lemma but we first make some estimates on the leading
order inner products appearing above.

Lemma 3.1.5. We have the estimates

(Ro(=N)Vb, f(W)) = = (&, f(W)) + O\ (3.18)
MRo(=A2)Vp, W) = 2v/371 + O(\) (3.19)

where 81 is defined in the statement of Theorem [1.7.5.
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3.1.  Construction of Solitary Wave Profiles

Proof. Firstly

(Ro(=N)Va, f(W)) = (GoVp, f(W) + ((Ro(=A*) = Ro(0)Vp, f(W))
First note that since Hy = 0 we have Vi) = —(—A) so

(GoVip, f(W)) = (—(=A)"H(=Ap), f(W)) = — (b, fF(W)).

Note that this inner product is finite. For the other term use the resolvent
identity Ro(—A?) — Ro(0) = —A2Ro(—A2)Ry(0) to see

((Ro(=X%) = Ro(0))Ve, f(W)) = A*(Ro(=X\*)¢, f(W)).
Observe now that

N2 [(Ro(=N2), f(W))] < N[ Ro (=) e [LF (W)l e

where 1/r 4+ 1/r* = 1. Choose an 7* > 1 with 3/p; < r* < 3/2. In this way
f(W) € L™ observing Assumption We now apply (3.7) with ¢ = 3
noting that 3 < r < co. Hence
N |(Ro(=A%), fOW))] £ X2 - AT || o [| F (W) e
< )\173/7“'

If p1 > 3 we can take r as large as we like. Otherwise we must take 3 < r <
3/(3—p1) and so 1 —3/r can be made close to p; —2 (from below). We now

see (3.18).

Next on to (3.19). Note that this computation is taken from [44]. First
we isolate the troublesome part of W and write

W:§+V~V.

|z

There is no problem with the second term since W e L%/5 and Vi e L/5
so we can use (3.8)) with ¢ = 6/5 and r = 6 to see

A(Ro(=A*)V o, W)| S M[Ro(=A*)V | 1o | W | o5
S AV poss [[W oss (3.20)
<A (3.21)

Set g := Vi and concentrate on

WA i) = 3 (e )
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3.1.  Construction of Solitary Wave Profiles

where we work on the Fourier Transform side, using Plancherel’s theorem.

So
Vo (e i)
_ \/E)\ §(0) <|£|21A2 |51,z> + \/EA <§|(§|)2_+QA(?’ |£1|2>

where the first term is the lseading order. We invert the Fourier Transform
and note that §(0) = (2m)72 [ g to see

\/§A9<0)<!£\21+A2’151\2> :“3</9>A<Z7:|;|916>
:x/§/g:2\/§-

We now must bound the remainder term. It is easy for the high frequencies

9 90 4 - ¢
PNV oo < L <1
foos TP £ ey S Mol [ et S ol 5

For the low frequencies note that since |x|g € L! we have that V§ is contin-
uous and bounded. In light of this set

h(§) := ¢(§) (9(§) —9(0) = Vg(0) - €)

where ¢ is a smooth, compactly supported cutoff function with ¢ = 1 on
|€] < 1. Now since

§
S e =
/,agl ePqeE e =0

we have

96— 30) he)
/mgl EP(EE + 2% = /|§ €l + 2%

and so bound this integral instead. If we recall the form of g we see |g| <
(z)~5 and so (1+|z|!T%)g € L! for some a > 0. Therefore (1+|z|'T*)h € L*
and noting also that VA(0) = 0 we see |VA(£)| < min(1, [£|*). The Mean
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3.1.  Construction of Solitary Wave Profiles

Value Theorem along with h(0) = 0 then gives |h(¢)| < min(1, [¢[*T9). With
this bound established we consider two regions of the integral

he) €
/ elox m?(\azw RS / €< 6 |§r2+v>

N S
/<<1 HGE

and

Ol . e
/Asslg (e + e = A<lel<1 [EP(E2 + A7) 3

a—1
gAa/ |C|2 d¢ <A A<,
1<i¢l<iya (€12 +1

Putting everything together gives (3.19). O
With the above estimates in hand we turn our attention to solving (3.17)).

Lemma 3.1.6. For any R > 0 there exists g = €o(R) > 0 such that for
0 < e <egg and given a fized n € L>™ with ||n|r~ < Re the equation (3.17)
has a unique solution X = \(e,n) satisfying eX(M) /2 < X < 3eAM) /2 where

N — AW (W)

. .22
— >0 (3.22)

Moreover, we have the expansion
A= Vet X A=0(H), (3.23)

Remark 3.1.7. Writing the resolvent as (3.5), and thus the subsequent
estimates ( ’ -, require A > 0 and so it is essential that we have es-
tablished V) > 0. This is the source of the sign condition in Assumption

[1.7.1

Proof. We first estimate the remainder term. Take eA() /2 < X < 3eA(1)/2
and n with ||n]|z~ < Re. We establish the estimate

[(Ro(=A?)Vp, N(n))| S '+ (3.24)

We deal with each term in (3.15). Take j = 1,2. We frequently apply (3.6]),

(3.8) and Holder:
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3.1.  Construction of Solitary Wave Profiles

o [(Ro(—=N)V, W*n?)| S [[Ro(=A) V| 16| W3n?|| Lo/
S IV pors |70 W3] Lors
<é?

o [(Ro(—=N)V,n°)| < [[Ro(=A2)V|| 1|7 | e

SA2 VY| Il 3 e

Sél

o c[(Ro(=A)V, 1P7)| < el Ro(=A) V| ot [P || £
S AVl
5 £ - gpj_2

The term that remains requires two cases. First take p; > 3 then

e[ (Ro(=N)Vep, gWP )| < el Ro(=A) Vbl o [l WP = | e

S ellVapllzallnlpee [ WP | e

<é?
where we have used (3.8) for some r* < 3/2 and r > 3. Now if instead
2 < pj <3 weuse (3.6) with r* = (3/(p; —1))T so1—1/r = ((p; —1)/3)~
and

e {(Ro(=A) Vo, qWPi )| S €| Ro(=A )V | o [nWPs 4| e
S N YD V|| |l oo WP e

rs e €(pj_2)_

and so we establish (3.24)).
With the estimates (3.18), (3.19), (3.24) in hand we show that a solution

to (3.17)) of the desired size exists. For this write (3.17) as a fixed point
problem

_ e(Bo(=A)V, f(W)) + (Ro(=A*)Ve), N(m))

A=HO): MRo(=A2)Vp, W)

(3.25)
with the intention of applying Banach Fixed Point Theorem. We show that
for a fixed n with ||z~ < e the function H maps the interval eA()/2 <
A < 3eA()/2 to itself and that # is a contraction.

First note that — (¢, f(W)) > 0 by Assumption and so after ob-
serving (3.18), (3.19), (3.24) we see that H(\) > 0. Furthermore for € small
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3.1.  Construction of Solitary Wave Profiles

enough we have that eA(M /2 < #()\) < 3¢eA( /2 and so H maps this interval
to itself.
We next show that H is a contraction. Take 5)\(1)/2 <AL < 35)\(1)/2

and again keep 7 fixed with ||n||fe < Re. Write
a(X) +b(\)
A)=—"—"""

so that

|axl[c2 — c1] + |a1 — as||ex| + [bulle2 — ea] + |b1 — baf|ey|
|c1es]

S lar — az| + [by — ba| +€fer — e

[H(A1) — H(A2)| <

using (3.18)), (3.19)), (3.24). We treat each piece in turn.
First

a1 — az| = e[{((Ro(=A]) — Ro(—A3)) Vb, fF(W))|
= £[AT = A3|[(Ro(=AT) Ro(=A3) V), F(W))|

by the resolvent identity. Continuing we see
a1 — az| S €%[A1 = Aol Ro(=AD) Ro(=A) V|| o | f (W) v

where 1/r 4+ 1/r* = 1. Note that by Assumption we have f(W) € L™
for some 1 < r* < 3/2s0 3 <r < oco. Applying now (3.8) we get

a1 — aa| S %A1 — Xaf[[Ro(=A3) V)| Lo
with 3(1/¢—1/r) =2so0 1 < ¢ < 3/2. Now apply the bound (3.6])

lar — az| S €%\ — M N2 V|
< 53(1*1/q)‘)\1 — X\

and note that 3(1 —1/q) > 0.
Next consider

[b1 = ba| = [(Ro(=A})Vo, N(1)) — (Ro(=A3)Vh, N(m))].
Proceeding as in the previous argument and using (3.6) we see

b1 — ba| S elA1 — Xo| [ Ro(—=AT) Ro(—=A3) V| - [|N ()| 1=
S elAr = A AT Ro(=A) VY| o [N ()] e
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3.1.  Construction of Solitary Wave Profiles

for 1/r +1/r* = 1. We can estimate this term (using different r and r*
for different portions of N(n)) using the computations leading to (3.24)) to
achieve

b1 — b1 S et e TN — Ag| = %A — Ag.
Lastly consider
eler — ca| = e[ A(Ro(=AD)Vp, W) — Ag(Ro(—A3)Vp, W)

Again we write W = v/3/|z| + W where W € L5/5. The second term is easy.
We compute
e (Bo(=AD) VY, W) = Ao (Ro(= AV, W)
S el = Xl [(Ro(=AD) VY, W) + %A1 = Dol (Ro(=AT) Ro(=A3) Vs, W)
S elhn = el + NPT Aol V [ s
S €ld = Ao
where we have used (3.21) once and (3.6) twice. For the harder term we

follow the computations which establish :3.19; and so work on the Fourier
Transform side

eEM(Ro(—=AD) Vi, 1/|z]) — eda(Ro(—A3) Ve, 1/|x])
B oo 1 G
‘C”1<|5|2 A2’|£|2> Ao <rs|2 v £|2>
:C€A1< §(6) — 4(0) 1>_ch2< §(6) — 4(0) 1>

FEESVIMTEE GEESUITE
a9 —a0) 1 >
= Celh A2>< EESyIGE

. . 1 1 1
o <(g(§) ~80) (|s|2 2R A%) |s\>

where we have used the fact that

A1< 9(0) 1>:A2< 9(0) 1>.
€17 + A3 €17 €12+ 237 €12

Continuing as in the computations used to establish (3.19)) , we bound

9 —5(0) 1
— A2 Seld—A
o "< GRSV
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3.1.  Construction of Solitary Wave Profiles

and
X <(§(£) - 9(0)) <|£‘21+A§ - |§y21+A3> |€1!2>‘
S eda(A1+ A2)[A = Ao / €1(1€12 + )\CS(EIQ +A3)
S eld = A / IC1(C + 1)?&!2 +A3/A9)

Seldr — Mgl
In this way we finally have
gler — co| <elA — Agl.
So, putting everything together we see that by taking ¢ sufficiently small,
[H (A1) = H(X2)| < KlA = Ao

for some 0 < kK < 1, and hence H is a contraction. Therefore has a
unique fixed point of the desired size.

To find the leading order A(M) let A take the form in , substitute
to (3.17) use estimates (3.18)), (3.19), (3.24) and ignore higher order terms.
An inspection of the higher order terms gives the order of . O

In this way we now think of A as a function of . We will also need the
following Lipshitz condition for what follows in Lemma |3.1.9.

Lemma 3.1.8. The \ generated via Lemma |3.1.6 is Lipshitz continuous in
n in the sense that

A1 — Al S e%lm — ma| e

Proof. Take m; and 1 with ||n1||ze, ||72]z~ < Re. Let n; and 12 give rise to
A1 and Ag respectively through Lemma |3.1.6 Consider now the difference

e(Ro(=A)) Ve, f(W)) + (Ro(=AD)Ve, N(m1))
A (Ro(=AD)Vy, W)
_ e(Ro(=M) Ve, fF(W)) + (Ro(=A3)VY), N(12)) ‘
A2 (Ro(=A3)Vep, W)
a(A1) +b(A1,m)  a(X2) + b(Aa,12)

c(M) c(A2)

A1 = Ao| =
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3.1.  Construction of Solitary Wave Profiles

observing (3.25). Now we estimate
b(A1,m) — b(A1, m2) _

(A1) (A1) c(A2)
<CURo(=M)V, N(n1) = N(m))| + KA1 — Ao

AL — | < a(A1) +0(A1,m2)  a(X2) +b(A2,7m2)

for some 0 < K < 1. The second term has been estimated using the com-
putations of Lemma and taking e small enough. Now we estimate
the first. Observing the terms in (3.16)) we use the same procedure that

established (3.24)) to obtain

[(Ro(=A))V, N(m) = N(n2))| S ™ [l — ma| .

So together we now see
(1= #)| A1 = Aa| S %[l — 2| Lo

which gives the desired result. O

3.1.4 Solving for the Correction
We next solve (3.4), given that (3.3) holds. Recall the formulation of (3.4)

as the fixed-point equation

n=G(n.e)=(H+\)"'F
where in light of Lemma 3.1.6, we take A = A(e,n) and F = F(e, A(e,7n),n)
so that (3.3) holds.

Lemma 3.1.9. There exists Ry > 0 such that for any R > Ry, there is
g1 = ¢e1(R) > 0 such that for each 0 < e < €1, there exists a unique solution
n € L to (3.4) with ||n||r < Re. Moreover, we have the expansion

n=eQ(l+GyV)'P <G0f(W) - A<1>\/§ARO(—A2)|xr1) + Opeo (11)

where P and Q are given in (3.12).

Proof. We proceed by means of Banach Fixed Point Theorem. We show
that G(n) maps a ball to itself and is a contraction. In this way we establish

a solution to n = G(n,&,\(e,n)) in (3.4).
Let R > 0 (to be chosen) and take ¢ < £9(R) as in Lemma 3.1.6. In this
way given n € L with ||n||z~ < Re we can generate

A= Xe,n) = AYe +o(e).
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3.1.  Construction of Solitary Wave Profiles

We aim to take € smaller still in order to run fixed point in the L* ball of
radius Re.
Consider

1G] Lo = [I(1 + Ro(=A*)V) ™ Ro(=A?)F ||
S | Ro(=A?)Fl|
in light of Lemma and since we have chosen A to satisfy (3.3). Contin-
uing with
IG]|z S [[Ro(=A%) (=N°W + e f(W) + N (1)) ||

we treat each term separately. For the first term it is sufficient to replace
W with 1/|z| (otherwise we simply apply (3.9))

1

|| Lo

Ayl
<A )\/e dy
lyl |z =yl

M| Ro(= X)W || < M||ARo(=A?%)

~

Lo

—lz 1
e

§A/ dz
Al e
—lzl 1

<Al s — (Azx)
ERETAS

Now for the second term use (3.9)
el Ro(=A)fF(W)lpee S el F W)l o pssot S e
And for the higher order terms we employ (3.6) and (3.9))
o [Ro(=N)W’n?)|lLoe S IW2HP|l fsjo s/t
SIW2 1 2= agaret Il
< R%:?
o [Ro(=2)n°|[Lee S A% e S A2 )7 S ROEP
o cl|Ro(=A*)nP|[poe S eXT2 0P || 1o
Se Ml

Dj P —1
5 RPi &Pi
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for 5 = 1,2. The remaining remainder term again requires two cases. For
p; > 3 we use (3.9) to see

3 HRO(_AQ) (anj—l)HLoo S EHnVVPj_l||LZ5/2—|=1L3/2+
Sellnllze ”ij71||L3/2*mL3/z+
< Re?

and for 2 < p; <3 we apply (3.6)
e[[Ro(=A%) (WP 1) || oo < APl oo WE|

5 R51+(Pj_2)

1,3/ (Pj -t

Collecting the above yields

|G| < Ce (1 + R%¢ + RPe® + RP1eP'™2 | RP2eP22 | Re 4 Rg(pl_g)_)

(3.26)
and so taking Ry = 2C, R > Ry, and then ¢ small enough so that Re +
Rie? 4 Rp1—1gm=2 4 Rra—1gp2=2 4 o 4 o(11-2)- < >, We arrive at
1G]z~ < Re.

Hence G maps the ball of radius Re in L* to itself.

Now we show that G is a contraction. Take 7; and 72 and let them give
rise to A1 and Ay respectively. Again ||n;||r~ < Re and denote F(n;) by F;,
j =1,2. Consider

”9(77175) - g(7727€)HL°°
= [[(1 4+ Ro(=AD)V) ' Ro(=A))F1 — (1 + Ro(—A3)V) ' Ro(—A3) Fol| 1=
<1+ Ro(=AD)V) ™! (Ro(=A])Fi = Ro(=A3)F2) || o=
+ (1 + Ro(—>\2)V)71 — (14 Ro(=23)V) 1) Ro(=A3) Fa Lo
< [|[Ro(—=A3)F1 — Ro(— )‘2)~7:2||L°°
+ [ (14 Ro(=ADV)™H = (1 + Ro(=A3)V) ™) Ro(—A3) Fa|

< [|Ro(=A7) (Fu ]:2) Izoe + || (Ro(=A7) — Ro(—A3)) Fallze
+ [ (14 Ro(=AD)V) ™! = (1 + Ro(=A3)V) ") Ro(—A3) Fal |z
= I+ II+1II

where we have applied Lemma observing the orthogonality condition.
We treat each part in turn.
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3.1.  Construction of Solitary Wave Profiles

Start with I. This computation is similar to those previous. We also

apply Lemma [3.1.8}
1Ro(=A1) (F1 = F2) [|Loe = [[Ro(=AT) (A3 = AW + N (1) — N(n2)) || o
S IA = Dol + €% Im = 2|
S [ = n2[ L.
Part 1II is also similar to previous computations:
| (Ro(=A1) — Ro(=A3)) Fallzee = AT — A3l[|Ro(—A7) Ro(—A3) Fa o
S A+ AelAn = A2 A% Ro(=23) Pl poe
Sele ™ glh — g
S A=A
< %l = 2| .
Part III is the hardest. First we find a common denominator
(14 Ro(=A)V) ™" = (L+ Ro(=33)V) !
= (14 Ro(=A)V) (1 + Ro(=A3)V)(1 + Ro(=23)V) "
— (14 Ro(=A1)V) M1+ Ro(=A1)V)(1 + Ro(=A) V)~
= (14 Ro(=2)V) ™" (Ro(=A3)V = Ro(=A1)V) (1 + Ro(=23)V) ™"
so that
(14 Ro(=ADV) ™! = (L + Ro(=A3)V) ") Ro(=A3) 2 =
(14 Ro(=AD) V) (Ro(=A3)V — Ro(=A1)V)(1 + Ro(=A3)V) ™' Ro(—23)Fa
= (L4 Ro(=AD)V) ™" (Ro(=A3)V = Ro(=A))V) G(n2)-
Now
LI = [[(1+ Ro(=AD)V) ™" (Ro(=A3)V — Ro(=A)V) G(m2)l|
and here we just suffer the loss of one A\ (Lemma to achieve
LS AT (Ro(=2A3)V = Ro(=A1)V) G(112) | L=
ST = Al Ro(=23) Ro(=A1)V G (o) o=
A2 Ml = Ml [ Ro(-ADVG () 12
St e e = M AT VG () e

~

Se e = MV lIG () o
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3.1.  Construction of Solitary Wave Profiles

and using Lemma and (3.26)) we see
IS A= Xe| S el — mal|ze.

Hence, by taking € smaller still if needed, we have

1G(m,€) = G2, €)l|Lee < &l — ml| L

for some 0 < K < 1 and so G is a contraction. Therefore, invoking the
Banach fixed-point theorem, we have established the existence of a unique

n, with ||n||ze= < Re, satisfying (3.4).
To see the leading order observe the order of the terms appearing in the
previous computations as well as the following. First if p; > 3 then
ell (Ro(=A?) = Go) f(W)llz=e S €A Ro(=A*)Go f(W)]| =
S e AT Gof (W)l s+
SeX [IFW) v

~

627

~

and if instead 2 < p; < 3 then take 3/¢ = (p1 — 2)~ and
ell (Ro(=A%) = Go) f(W)l|ze S eX*||Ro(=A*)Gof (W)|
SN A2 Gof (W) 1o
S XYL oy

< glHP-2)"

The lemma is now proved. O

With the existence of 7 established we can improve the space in which
n lives.

Lemma 3.1.10. The n established in Lemma is in L' N H' for any
3 < r <oo. The function n also enjoys the bounds

Il S &=

Inll g1 S €'/

for all 3 < r < oco. Furthermore we have the expansion

n=Q(1+ GoV) "PRo(=N*)(=\*V3|z| ™) + 7
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3.1.  Construction of Solitary Wave Profiles

with
I7llr S
max{{ el if2<p <3andr=3/(p —2) }’€p1—2+1—3/r762(1—3/r)}
g, else

for 3 <r < oo and where P and Q are given in (3.12).

Proof. The computations which produce (3.26]) are sufficient to establish the
result with r = co. Take 3 < r < co and consider:

9]l S A Ro(=A*)W |- + €l Ro(=X*) f (W)l + [[Ro(=A*)N (n) | -
For the first term use (3.7)
N[ Ro(= X)W |pr S A2 - NUBUD 2 |y S 307

to see the leading order contribution.

While the second term contributed to the leading order in Lemma |3.1.9
it is inferior to the first term when measured in L". We do however need
several cases. Suppose that 3 < p; < 5 or r > 3/(p1 — 2) and apply
with 1/¢g=1/r+2/3

ellRo(=A) fF(W)llzr S el fW)ze S e

Note that under these conditions f(W) € L9. Now suppose that 2 < p; < 3
and r = 3/(p1 — 2) and apply (3.6) with ¢ = (3/p1)*

el Ro(—A?) f(W)|Lr S eX¥/ar=2/972) f(W)|| o S '
And if 2 < p; <3 and 3 <r < 3/(p1 — 2) apply (3.7) with ¢ =3/p1
el Ro(=A*) f(W)|or S eX?P/371022 f(W)|| g S 73/ mHP12,

And thirdly the remaining terms. First use (3.8) where 1/¢ =1/r+2/3
to see

IR (=22 )W) |[Lr SIW2illza S IW P gaselnlloe [l S ellmllzr
and now use (3.6) with 1/¢ = 1/r to obtain

1Ro(=X*)n° e £ X727 S A2l Il T S €2 lmllr
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3.1.  Construction of Solitary Wave Profiles

and similarly for j = 1,2

el Ro(=22)P[| e S e 20 o S e il Inllr S €72l e
noting that ps — 2 > p; — 2 > 0. For the last remainder term we have two
cases. If p; > 3 then use with 1/¢=1/r+2/3
el[Ro(=X%) (nWPi 1) [|r S ellpWPs ™ pa S ellnllor WP e S ellnl e

~

If instead 2 < p; < 3 then we need (3.7) with 1/¢g = (p; — 1)/3 so that
el Ro(=2%) (nWP 1) ||r < eX® Va2 lqwei=ty
S NI g oo [ WP g
< 5pj_261_3/r
So together we have
Inllzr < Ce' =" + kil -

where k may be chosen sufficiently small to yield the desired L" bound for
3 < r < co. An inspection of the higher order terms gives the size of 7.
We also must note Lemma There are several competing terms which
determine the size of 77 depending on p; and 7.

On to the H' norm. We need the identity

n=(1+ Ro(= \)V) 1Ry (=N F
= Ro(—=\)F — Ro(=2\)V (1 4+ Ro(=X>)V) 1Ry (=N F
= Ro(=A?)F — Ro(—A})V
so we have two parts
1l g < 1Ro(—=A*)Fll g1 + [ Ro(=A*)Vl 1.
For the first
[Ro(—=A*)Fll 1 S NI Ro(=A)W | g1 + el Ro(=A) fF (W + )l g

~

+ [|Ro (=A%) (W3n* + W2nP + Wi +1°) ||

and
N Ro(=A)W || 1 S N[ Ro(—X*) VW || 2

SN NP2V a0

S 61/2

62



3.1.  Construction of Solitary Wave Profiles

and

el Ro(=A2) F(W + )l 1 S el Ro(=A2) (W + ) (VW + V)| 2
SN2 P (W + ) VW
+ e I F (W + )Vl Los-
SV W+ ) o VW oot
+ e 171V + )l o V7l 2
< Y2+ klnll g

with s small and

[Ro (=A%) (W3 + W2 + Wt +1°) || i
S Ro(=A*)n(VW f1 + Vnfo)|| 12

where f; and fo are in L? so

| Ro(=2%) (Wn* + W2n* + Wi +1°) | 1
SAT2 Il (VW 2l fallz2 + IVl 2]l f2 22)
S+ klnll g

For the second

= [[(\9(A\2)) * (V)| .-
LQ

e—)\|:r;\
1Ro(=X*)Vp]l g1 = H (VM> * (V)

where g € LZ,/ % So using weak Young’s we obtain

1Ro(=X*)Vpll g S Mgl a2 |V nll ors
SN2V gspallnll o

S lnlls
< el

So putting everything together gives
Inlln < € (42 + kil )

which gives the desired bound by taking x sufficiently small.
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3.1.  Construction of Solitary Wave Profiles

Combining Lemmas [3.1.6, [3.1.9] [3.1.10| and Remark completes the
proof of Theorem [1.7.2]

At this point we demonstrate the following monotonicity result which
will be used in Section [3.2.

Lemma 3.1.11. Suppose that f(W) = WP with 3 < p < 5. Take 1 and e
with 0 < g1 < €9 < g9. Let €1 give rise to A1 and m1 and let 2 give rise to
A2 and nz via Theorem[1.7.3. We have

[(A2 = A1) = A (g2 —e1)| S o(1)]e2 — eul. (3.27)
Proof. We first establish the estimate
Do — M| < ()\(1) v 0(1)> les — &1 (3.28)
We write, as in Lemma and Lemma |3.1.8

CL(SQ, )\2) + b(&g, )\2,772) B a(el, )\1) -+ b(él, )\1,?71)
c(A2) c(A1)
0(62, )\2) — a(el, )\2) + b(é‘g, Aa, 772) - b(81, Aa, 7’]2)
c(A2)
a(€1,)\2)+b(81,)\277]2) a(51,>\1)+b(517)\1,771)

Ay — Ap =

c(A2) (A1)

The second line, containing only €1 and not €2, has been dealt with in the
proof of Lemma |3.1.8] and so there follows

a(EQ’ )\2) — a(€17 )\2) + b(527 )\27772) - b(gl, )\2, 772)
c(A2)
+o(1)||m2 — mi|pee + o(1)[A2 — A1

< e — 21 (AW + 0(1)) + 0(1) 2 = mu 1= + 0(1)|Az = Aul.

A2 — A1] <

For the n’s we estimate
2 = mllzee S o(L)l[n2 — mullzee + A2 = M| + |2 — €
appealing to Lemma So putting everything together we have
Ao =Ml < (AD +0(1)) ez — &
establishing (3.28).
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3.2. Variational Characterization

Now we proceed to the more refined (3.27). Observing the computations

leading to (3.28) we have
)\2) —a(el )\2)
Mo — A1 — (29 — e)AD)] < |22 !
A2 = A1 — (2 —e)AV] < 02)

+o(1)||n2 — m|lpe + o(1)| A2 — A1l

— (62 — 81))\(1)

By (3.28) the last two terms are of the correct size and so we focus on the
first. We have
a(sg, )\2) — CL(El, )\2)
C()\Q)

— (62 — 61))\(1)

(Ro(~ A2V, WP)
(2 ~e1) <A2<Ro<—2A%>vw, W) Am) ‘

= 0(1)‘62 — 81‘

noting (3.18) and (3.19). And so, putting everything together we achieve

‘)\2 — )\1 — (62 — 61))\(1)| SJ 0(1)‘62 — 81‘
as desired. O

3.2 Variational Characterization

It is not clear from the construction that the solution @) is in any sense a
ground state solution. It is also not clear that the solution is positive. In
this section we first establish the existence of a ground state solution; one
that minimizes the action subject to a constraint. We then demonstrate
that this minimizer must be our constructed solution. In this way we prove
Theorem [1.7.7

In this section we restrict our nonlinearity and take only f(Q) = |Q|P~'Q
with 3 < p < 5. Then the action is

€
p+1

1 1 1 w
Sew(w) = SIVullze = gllulzs - lullZis + 5 llulZa- (3.29)

We are interested in the constrained minimization problem

Me o i= inf{S.,(u) | u € HY(R?)\ {0}, Kc(u) = 0} (3.30)
where
_d _ 2 6 3(p—1) p+1
Ke(u) = dMSS,W(TMU) et = HVUHL2 ||U”L6 2p + 1)5”UHL1)+1

65



3.2. Variational Characterization

and (Tyu)(z) = p®/?u(uz) is the L? scaling operator. Note that for Q. =
W + n as constructed in Theorem we have K.(Q.) = 0 since any
solution to will satisfy IC.(Q) = 0.

Before addressing the minimization problem we investigate the impli-
cations of our generated solution (. with specified € and corresponding
w = w(e). In particular there is a scaling that generates for us additional
solutions to the equation

—AQ - Q% —£|QPF'Q+w@Q =0 (3.31)
with 3 < p < 5.

Remark 3.2.1. For any 0 < & < &g, we have solutions to (3.31) given by
Q" = Qe

with & = p®=P/2& and w = pPw(é). So for any e > 0, we obtain the family

of solutions
2

[ n=(3)"" ez}

€

o= (5)7 0 < [(2) oo )

c 2(3—p)

4
since as €10, (£)F 7P w(é) ~ & 5» — o0.

with

We now address the minimization problem by first addressing the exis-
tence of a minimizer.

Lemma 3.2.2. Take 3 < p < 5. Let Q = Q- solving (3.31) with w = w(e)
be as constructed in Theorem [1.7.2. There exists g > 0 such that for 0 <
e < gg we have

1
Seawe)(Qe) < 3IWlls = So0(W).
It follows, see Proposition 2.1 of [1], which is in turn based on the ear-

lier [12], that the variational problem (3.30) with w = w(e) admits a non-
negative, radially-symmetric minimizer, which moreover solves (13.31)).
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3.2. Variational Characterization

Proof. We compute directly, ignoring higher order contributions. Using

(1.21) we write the action as
p—
5:0Q) = 3 [ @+ 507 / Q!

23/( n)° + (Tl) /IW%—UIijl

Rearranging we have

Sew(@) — ;/WG = 2/W577 + 25);11)5/1/1/”1 + 0(?)

where the higher order terms are controlled for 3 < p < 5:
o Wl S ”W4HL1H77HL°° Se?

o [In°llz S Inll%e <
o c|[WPnllps < ellWPllpilinflcoe < €

1
o el Selnlfpn Ser

We now compute

z/mﬁnzzgviuy+x%4(dV%-VWﬁ+Nm»>
=2(W®, (14 Ro(=N)V) 'PRy(—A?) (eW? — X>W + N(n)))

where we have inserted the definition of 7 from and so identify the two
leading order terms. There is no problem to also insert the projection P
from since we have the orthogonality condition by the way we
defined ¢, A, 7.

We approximate in turn writing only Ry for Ro(—A?). In what follows
we use the operators (1 +VGo)~! and (1 +V Rg)~!. The former as acts on
the spaces

(1+VGy) L L'n(AW)t = Lt n)*t

and the later has the expansion

(1+VRo)™' = (AW, )VAW + O(1)

>/\>—‘

67



3.2. Variational Characterization

in L'. We record here also the adjoint of P:

. (AW, )

pP*=1-p* P = SVAW.

JV(Aw)
To estimate the first term write

2e(W?>, (1 + RyV) *PRyWP) = 2¢((1 + VRy) " *W?>, PRyWP)
=2¢((1 4+ VGo)'W® PRoWP) + O(c?).

The error is controlled with a resolvent identity:

e|((1+VRy)™ = (1+VGo) ™) W5, PRyW?)|
— ¢ [{(1+ VRo) "'V (Go — Ro)(1+ VGo)~'W?, PRyW?)|
=e[(P*(1+ VRo)'V(Go — Ro) (-W?°/4+ VAW/2) , RyW?)]|
Se||P(1+VRo)'V(Go — Ro) (—W°/4+ VAW/2) ||, [RoW?|| oo
Se|lVR (=W 4+ VAW/2)|| 1 WPl o2 npa/e+
< el

82

N 2

where we have substituted Go — Ry = AGy + R, note that Gy(—W?°/4 +
VAW/2) = 0 since (=W?>/4 +VAW/2) L 1, and have computed

|[VR(-W°/4+VAW)2)||,, < /<x)—1dx/x<’iz’><x —y)Pdy S\

Continuing, we have
2e(W?, (1 + RoV) PPRyW?P) = 2¢(P*(1 4+ VGo) 'W? RyW?P) + O(£?)
= — e[, Rgl¥?) + O(?)
_ —%6(R0W5, WP + O(e2)
= —%E(GOWE’,VW’) + 0(e?)
—%s(VV, WP + O(?)
= —;6/Wp+1 + 0(?)
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3.2. Variational Characterization

where the other error term is bounded:
e [{(Ro — Go)W®°, WP)| < eX* |[(RoGoW®, WP)| < eX* [(RoW, WP)| < &°

observing the computations that produce (3.19).

For the second term we proceed in a similar manner
_ 1 _
—2X2(W, (14 RyV) *PRyW) = 5A2<W5, RoW) 4+ 0(?")
1 _
= 2>\\/§/W5+O(52 )

=67\ +O(* )
= —e(AW,WP) + 0(s*")

3 1 _
_ v = p+1 2
—5( 7 2>/W +0(” )

again referring to (3.19) and also Remark The error term coming from
the difference of the resolvents is similar. Note

NJ(((1+VRo) ™" = (14 VGo) ™) WP, PRoW))|
< A2 P*(1+ VRo) 'V (Go — Ro) (~W°/4 + VAW/2)|| .1 | RoW | e
SN[ RoW || e
ST W
< A2

~

N

g2,

The term coming from N (n) is controlled similarly, and so, all together
we have

8‘5’“(Q)_;/W6:(£1_;_;+2@+1) /Wp+1+0( )
/Wp+1+0( 0

2p—|—1

which is negative for 3 < p < 5 and € > 0 and small. We note that when
p = 3, this leading order term vanishes. ]

Lemma 3.2.3. Take 3 < p < 5. Denote by V = V_ a non-negative, radially-
symmetric minimizer for (3.30) with w = w(e) (as established in Lemma
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3.2. Variational Characterization

. Then for any e; — 0, V¢, is a minimizing sequence for the (unper-
turbed) variational problem

So,0(W) = min{Sp o(u) | u € H! \ {0}, Ko(u) =0} (3.32)
in the sense that

Ko(Vz;) — 0, lim sup So,0(Vz;) < So,0(W).

e—0

Proof. Since

and by Lemma |3.2.2

1 1 1 2
SO,O(W) > Mg w(e) = Se,w(e)(v) = SO,O(V) - D+ 1 /Vp+ + 2W/V

(3.33)
the lemma will be implied by the claim:

a/vp“ —0 ase—0. (3.34)
To address the claim, first introduce the functional

e w(u) == Sep(u) — fK

— [ 1vu+ / uff +

and observe that since (V) =0,

1
+2W/|U’2

Is,w(s) (V) = Sa,w(v) < SO,O(W)

and so the following quantities are all bounded uniformly in e:

/va?, /Vﬁ, g/vp“, w/V2 <1

By interpolation

5 2 2
/ VP < [V P2 v R

(5-p)/4
< ewGP/4 <w/V2> .
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3.2. Variational Characterization

So holds, provided that e%/(5~?) « w. Since w ~ €2, this indeed holds
for 3 < p < 5.

With the claim in hand we can finish the argument. The fact that
Ko(V') — 0 now follows from K.(V) = 0. Also, from Lemma we know
that for ¢ > 0

_ € Pl <
SoalV) =~ / VP < 8 (V) < Soo(W)
and so limsup,_,qSo,0(V) < Spo(W). O

Lemma 3.2.4. For a sequence ;5 | 0, let V. = V_, be corresponding non-
negative, radially-symmetric minimizers of (3.30) with w = w(e;). There is
a subsequence €, and a scaling p = py, such that along the subsequence,

VE =3 PV () = oW
in H' with v =1.

Proof. The result with v = 1 or v = 0 follows from the bubble decomposition
of Gérard [37] (see eg. the notes of Killip and Visan [58], in particular The-
orem 4.7 and the proof of Theorem 4.4). Therefore we need only eliminate
the possibility that v = 0.

If v =0 then [|VV.|? — 0 (along the given subsequence). Then by the
Sobolev inequality,

0= KLV = (1+ o) [ IV = FET e [von,

[Ivviese [vem.

However, we have already seen

(5—p)/4 3(p—1)/4
/ IVV2 e / VP S ewm BRI/ (w / VS) ( / rvval2>

via interpolation and so

(7-3p)/4 (5—-p)/4
(/ \V‘/;P) < ew /4 (w/Vf) -0

as above. Note that (7 — 3p)/4 = —3(p — 7/3)/4 < 0. Hence v = 0 is
impossible and so we conclude that v = 1. The result follows. O

and so
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3.2. Variational Characterization

Remark 3.2.5. This lemma implies in particular that for V. =V_, w = w(e),

S0,0(V) = So0(V#) = So0(W), and so by (3.33) and (3.34),

w/V2 — 0.

Remark 3.2.6. Note that V* is a minimizer of the minimization problem

(3.30), and a solution to (3.31), with ¢ and w replaced with

~ 5-p ~ 2
E=pu 2 ¢, w0 = pw.

Under this scaling the following properties are preserved:

P 2 _4 ~
gd—P = ptedhr K U = w

5/(V“)p+1 :s/vp+1 -0
@/(V“)2:w/V2 — 0.

E—0, w—0,

2

S

Moreover,

the latter since otherwise |[V#| 12 — 0 along some subsequence, contradicting
VH = W & L? in H', and then the former by the first relation above.

Lemma 3.2.7. Let
VE—W+d, il =0, -0
be a sequence as provided by Lemma|3.2.4. There is a further scaling
v=vs=1+0(1)

so that

(VY =WV + 7" =W +19
retains ||7|| ;1 — 0, but also satisfies the orthogonality condition

0 = (Ro(=w)Vp, F(&,@,1)) (3.35)

with the corresponding é = VP28 and & = 12w.
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3.2. Variational Characterization

Proof. We may rewrite the above inner-product as

(Ro(— )V, F(2,0,7)) = \_/‘;’m, (H + &) Ro(—2)W*AW)

and observe from the resonance equation (|1.18))
5Ro(—0)WAAW = AW — ORo(—&)AW
and so
(H 4 &)Ro(—0)WAIAW = (A + & — 5WH R (—0)WAAW
= (1 = 5WARy(—Q))WAAW = QW Ro(—0)AW
so the desired orthogonality condition reads
1
Vo

Now since AW = %W“] u=1, by Taylor expansion

0= —=(n, (H 4+ Q)Ro(—0)W*AW) = VO(WY — W + i1, W*Ro(—)AW).

IW? =W = (v = AW ||s < (v = 1)?,

and using (3.7)
- . 1
W R (—=@)AW]| ¢ < [[Ro(—@)AW ||z S Nk
we arrive at
0= (v = 1) (VEAW, W Ry(-&)AW)) + O((v = 1)) + O | o)
Computations exactly as for (3.19) lead to

6371
5

VO(AW, WARy(—@)AW) = +0(Va),

and so the desired orthogonality condition reads
0=(r—1)(1+0(1)) +O((v —1)*) + O([|7"|| .s)

which can therefore be solved for v = 1+ o(1) using ||7”||Ls = o(1). O
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3.2. Variational Characterization

The functions
We:= (V)Y =W +1q

produced by Lemma solve the minimization problem (3.30), and the
PDE (3.31), with £ and w replaced (respectively) by € — 0 and @. Since
vz =1+ o(1), the properties

4

E57 KW — 0, é/W§+l—>0, d)/Wé?—>O

persist.
It remains to show that that V: agrees with Q; constructed in Theo-

rem [I.7.2l First:

Lemma 3.2.8. For 3 <r < 00, and € sufficiently small,

. . ~1-2
Al Se+vVa 7.
Proof. Since Wk is a solution of (1.11)), the remainder 7 must satisfy (3.4).
So
[l = (H + @)~ (oW + &f (W) + N(#)) || -
. ~1-2 NN
SE+VD T+ |Ro(—0)N ()|

using (3.35) and after observing the computations of Lemma [3.1.9. We now

establish the required bounds on the remainder, beginning with 3 < r < oc.

Let ¢ € (1, %) satisfy % — % = %:

AN A —1 A ~ —1 A ~ —1 ~ All A
o [|Ro(~@)eWP1q|lLr S WP illze S EIWI™ g IAllr S EllAllr

AN A~ PR s BTN Ap—11 ~
o | Ro(-@)eif e S o il o S o(Dlalls Il
S o(1)]

o [|Ro(=@)7° - S 1llze S il gsllallze < o(1)llillzr

where in the second inequality we used & > é%/(5=P). Combining, we have
achieved

) . -1-3 .
il S é+ Ve ™+ o)l

and so obtain the desired estimate for 3 < r < oco. It remains to deal with
r = 0o. The first three estimates proceed similarly, while the last one uses
the now-established L" estimate:

74



3.2. Variational Characterization

p—1 p—1
* VRl S Wl e
SEWIG g lilze S il
il BTN
o ||Ro(~@)éiP|| o < E0T 1971 e, S o(lnlZs Al 2o
S o)l
342 ~ ~
o IRo(=&) Wil S IW*HN g g S I W il Il 2o
< 0(1)||77HL°<>
o [|Ro(=@)’llzee SIA°N 53—, 3+ S Ml po-rpoe Il

S E+ O ) il S o)l

which, combined, establish the desired estimate with r = co. Strictly speak-
ing, these are a priori estimates, since we do not know 1 € L" for » > 6 to
begin with. However, the typical argument of performing the estimates on
a series of smooth functions that approximate n remedies this after passing
to the limit. O

Lemma 3.2.9. Write & = A2, For ¢ sufficiently small, ||fi||r~ < &, and
A=A, n) as given in Lemma . Moreover, We =W + 71 = Q¢.

Proof. From the orthogonality equation ,
0= (Ro(—=A*)Vep, =X*W + EWP + N(5))
= 3 MRy (=N Vi, WY + E(Ro(— NV, WP) + (Ro(—A2) Ve, N (7).
Now re-using estimates and , as well as
o [(Ro(=N )V, W*?)| S | Ro (=N ) V| o [W2HP | o/
SVl goss 1llZoe WP poss S Il 7o

[(Ro(=A) Vb, )| < [[Ro(=A*) V|17 g

[ ]
SVl glilge < llall7e
o [(Ro(=N)V,éiP)| < & Ro(=A* )Vl sl 5
SVl glil” s, <& lal”s,
o [(Ro(=A\)Vip, eWP 10| S €| Ro(=A*) V|| o WP~ 1| g

<
SVl WP s lo < Ellillze.
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3.2. Variational Characterization

combined with Lemma [3.2.8] yields
A= 2081+ 0A\7) = 0(A2 + &2 + &h2)
from which follows
A= AMa«g
and then by Lemma |3.2.8 again,
Al 677, 3<r< oo

It now follows from Lemma that A = A(£,7) for & small enough.
Finally, the uniqueness of the fixed-point in the L°°-ball of radius Ré

from Lemma implies that Wz = g, where Q: is the solution con-

structed in Theorem [1.7.2l O

We have so far established that, up to subsequence, and rescaling, a
sequence of minimizers V., eventually coincides with a solution (). as con-
structed in Theorem |1.7.2 f;/21/'€j (&-) = Qe (here &§; = vjpu;). It remains
to remove the scaling {; and establish that &; = ¢;:

Lemma 3.2.10. Suppose V(z) = fféQé(a:/ﬁ) solves (3.31) with w = w(e)
(as given in Theorem , where é = 0P, § = 2w, and & = w(é).
Then £ =1 and é =¢, and so V = Q..
Proof. By assumption @ = £2w(g) = w(é), so
R R e\ 4/(5-p)
wiE) =), 8= (3)

).
9 W)

This relation is satisfied if £ = ¢ (£ = 1), and our goal is to show it is not
satisfied for any other value of £. Thus we will be done if we can show
that €. is monotone in £. Take 1 and g9 with 0 < g1 < g9 < gg. Let
a=4/(5—p) > 2 and assume that 0 < 9 —e; < 1. Denoting w(e;) = A?,
we estimate:
e (Qe(e2) — Qeler)) = 3N — 7N

=&y (N2 = A) A2+ M) + AT (657 —e7%)

~ 51_0‘)\(1)(52 —e1)- 22(Mgy

)

mep *AV)P(e2 —e1) (2 - a)
<0
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3.2. Variational Characterization

where we have used Lemma With the monotonicity argument complete
we conclude that e = € and £ = 1 so there follows V = @).. O

The remaining lemma completes the proof of Theorem [1.7.7;

Lemma 3.2.11. There is €g > 0 such that for 0 < e < ep andw = w(e), the

solution Q. of (3.31) constructed in Theorem s the unique positive,
radially symmetric solution of the minimization problem (3.30).

Proof. This is the culmination of the previous series of Lemmas. We know
that minimizers V = V. exist by Lemma Arguing by contradiction, if
the statement is false, there is a sequence V., €; — 0, of such minimizers,
for which V., # Qc;. We apply Lemmas [3.2.3} 3.2.4, [3.2.7, [3.2.8| and [3.2.10|
in succession to this sequence, to conclude that along a subsequence, V.,
and @, eventually agree, a contradiction. O

Finally, for a given e, we establish a range of w for which a minimizer
exists and is, up to scaling, a constructed solution. This addresses Remark
1790

Corollary 3.2.12. Fiz ¢ > 0 and take w € [w,00) where
w= 54/(5_p)554/(5_p)w(60) <wl(e).
The minimization problem (3.30) with & and w has a solution Q given by

Q(z) = n'*Qs(px)

where Qz is a constructed solution with 0 < & < eg and corresponding w(é).
The scaling factor, u, satisfies the relationships

e=eulB P2 = w(E)ul
Proof. Fix € > 0. Take any 0 < £ < gy and corresponding constructed w(£)
and constructed solution Q. Then, for scaling y = (£/¢)%/5~P) the function

Q(z) = p?Q:(ux)

is a solution to the elliptic problem with e and w = w(é)u?. Recall
from Lemma that w(é)u? is monotone in €. Taking & | 0 yields
w — 00. Setting € = ¢ yields w = w.

In other words if we fix ¢ and w € [w,o0) from the start we determine
an € and p that generate the desired (). We claim that the function Q(x)
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3.3.  Dynamics Below the Ground States

is a minimizer of the problem with € and w. Suppose not. That
is, suppose there exists a function 0 # v € H' with K.(v) = 0 such that
Sew(v) < Se0(Q). Set w(z) = p~/?v(u~'z) and note that 0 = K(v) =
Kz(w). We now see

Sé,w(é) (w) = Ss,w(v) < Sa,w(Q) = Sé,w(é)(@é)

which contradicts the fact that )z is a minimizer of the problem (3.30]) with
¢ and w(é). Therefore, Q(x) is a minimizer of (3.30) with ¢ and w, which
concludes the proof. ]

3.3 Dynamics Below the Ground States

In this final section we establish Theorem the scattering/blow-up
dichotomy for the perturbed critical NLS (2.1)).

We begin by summarizing the local existence theory for (2.1). This is
based on the classical Strichartz estimates for the solutions of the homoge-
neous linear Schrodinger equation

i = —Au, uli—o=¢ € L*(R?) = u(z,t) =e'®¢ € C(R, L*(R?))

and the inhomogeneous linear Schrodinger equation (with zero initial data)

t
0w = —Au+ f(x,t), uli=0=0 = u(x,t)= —2‘/ A1 s)ds
0

< Clflineys

S(I)
(3.36)
where we have introduced certain Lebesgue norms for space-time functions
f(z,t) on a time interval t € I C R:

. t .
165 < Cllélzaqes), H /0 DA £ 5)ds

Hf”Lng(I) = H||f('7t)HL(I(R3)‘ (1)’

HfHS(I) = ||f||L§°L3(1)mLng(1)a HfHN(I) = ||f||L%L%(I)+L?L§(I)’
together with the integral (Duhamel) reformulation of the Cauchy prob-
lem (2.1)):
u(z,t) = ePug + z/ e =92 (Ju|u + elulP~ u)ds
0
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3.3.  Dynamics Below the Ground States

which in particular gives the sense in which we consider u(z,t) to be a
solution of (2.1). This lemma summarizing the local theory is standard
(see, for example [15, 56]):

Lemma 3.3.1. Let 3 <p <5, ¢ > 0. Given ug € H'(R?), there is a unique
solution u € C((—Trmin, Trnaz); HL(R?)) of (2.1) on a mazimal time interval
Imaz = (—Tmin, Trnaz) 2 0. Moreover:

1. space-time norms: u,Vu € S(I) for each compact time interval I C

Imaz;

2. blow-up criterion: if Tpaz < 00, then |lul|p10p10(0,7,,,,)) = 0© (with
similar statement for Tpin);

3. scattering: if Tmaz = 00 and |lul| 1010
(forward in time) to 0 in H':

0,00)) < OO, then u scatlers

J ¢ € HY(R?) s.t. |Ju(-,t) — ey | g = 0 as t — oo
(with similar statement for Tin );

4. small data scattering: for ||ug|| g sufficiently small, Lnae = R, H’U,HL%OL}UO(R) <
IVuo|lr2, and u scatters (in both time directions).

Remark 3.3.2. The appearance here of the LI°LL? space-time norm is nat-
ural in light of the Strichartz estimates (3.36). Indeed, interpolation between
L¥L2 and L?LY shows that

. 2 3 3
A
[r ¢HL;L;(R) S ollzz, - + 4 =5 2<r<o

(such an exponent pair (r,q) is called admissible), so then if V¢ € L?, by a
Sobolev inequality,

it A it A
le* 2]l 0 < (Ve ¢HL§% € L’

since (r =10,q = 33) is admissible.

The next lemma is a standard extension of the local theory called a
perturbation or stability result, which shows that any ‘approximate solution’
has an actual solution remaining close to it. In our setting (see [56, 78]):

79



3.3.  Dynamics Below the Ground States

Lemma 3.3.3. Let @ : R? x I — C be defined on time interval 0 € I C R
with

HﬂHLtOOH;(I)nLgOL;O(I) <M,
and suppose ug € H'(R?) satisfies ||uo||2 < M. There exists g = 6o(M) >
0 such that if for any 0 < 6 < 0y, @ is an approzimate solution of (2.1)) in
the sense

IVel s o <6 e=idatAat|al'a+elal e

10
o Lo (I)
with initial data close to ug in the sense
IV (a(-,0) = uo) [|r2 <6,
then the solution w of (2.1) with initial data ug has Lpey D I, and

IV (u—1) gy < C(M)6.

10 10

Remark 3.3.4. The space-time norm Ve € L,” Ly in which the error is
10

10 10
measured is natural in light of the Strichartz estimates (3.36), since L,” Ly’
10 10

is the dual space of L> L , and (13—0, 1—30) is an admissible exponent pair.
Given a local existence theory as above, an obvious next problem is to de-
termine if the solutions from particular initial data ug are global (Inee = R),
or exhibit finite-time blow-up (Tiner < oo and/or T, < 00). Theo-
rem [1.7.10] solves this problem for radially-symmetric initial data lying ‘be-

low the ground state’ level of the action: for any ¢ > 0, w > 0, set
Me g = inf{S. ., (u) | u € H'(R?)\ {0}, K.(u) = 0} (3.37)

(see (1.22)) for expressions for the functionals S, and k), and note that
for e < 1 and w = w(e), by Theorem we have mg ,, = Sc,(Q:). From
here on, we fix a choice of

e>0, w>0, pe(3,5)
(though some results discussed below extend to p € (%, 5)):

Theorem 3.3.5. Let ug € H'(R3) be radially-symmetric and satisfy
Sa,w(uo) < Mg w,

and let w be the corresponding solution to (2.1)):
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3.3.  Dynamics Below the Ground States

1. If Kc(up) > 0, u is global, and scatters to 0 as t — +oo;
2. if Ke(uo) < 0, u blows-up in finite time (in both time directions).

Remark 3.3.6. The argument which gives the finite-time blow-up (the sec-
ond statement) is classical, going back to |61, 62]. It rests on the following
ingredients: conservation of mass and energy imply S, (u) = S u(uo) <
Mew, S0 that the condition K.(u) < 0 is preserved (by definition of mey,); a
spatially cut-off version of the formal variance identity for (NLS)

d? 1

o s [t orar =4 [r savna=xm: @

dt

and exploitation of radial symmetry to control the errors introduced by the
cut-off. In fact, a complete argument in exactly our setting is given as the
proof of Theorem 1.3 in [1] (it is stated there for dimensions > 4 but in fact
the proof covers dimension 3 as well). So we will focus here only on the
proof of the first (scattering) statement.

The concentration-compactness approach of Kenig-Merle [54] to proving
the scattering statement is by now standard. In particular, [2] provides a
complete proof for the analogous problem in dimensions > 5. In fact, the
proof there is more complicated for two reasons: there is no radial symmetry
restriction; and in dimension n, the corresponding nonlinearity includes the
term |u[P~'u with p > 1+ 2 loses smoothness, creating extra technical dif-
ficulties. We will therefore provide just a sketch of the (simpler) argument
for our case, closely following [56], where this approach is implemented for
the defocusing quintic NLS perturbed by a cubic term, and taking the ad-
ditional variational arguments we need here from [1, 2], highlighting points
where modifications are needed.

In the next lemma we recall some standard variational estimates for
functions with action below the ground state level m. .. The idea goes back
to [63], but proofs in this setting are found in [1, 2]. Recall the ‘unperturbed’
ground state level is attained by the Aubin-Talenti function W:

moo = go(W) = inf{&)(u) ‘ u € Hl(RS) \ {0}, ]Co(u) = 0},

and introduce the auxilliary functional

2

Zo(u) :SE’W(U)_WKE(U)
_ p—% ul? 5—p ul6 }w ul?
S 2(p—1) |V’+6(p—1)/‘|+2 /H
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3.3.  Dynamics Below the Ground States

which is useful since all its terms are positive, and note
Ke(u) >0 = ulip S Tu(u) < Sewlu). (3.39)
Define, for 0 < m* < me, the set
A = {u € H'(R?) | S. (u) <m*, K.(u) > 0}
and note that it is is preserved by :
uy € A = u(-,t) € Apyx for all t € Lya,.

Indeed, by conservation of mass and energy S; . (u(-,t)) = Sz w(ug) < m*.
Moreover if for some tg € L, Ke(u(-,tg)) < 0, then by H! continuity
of u(-,t) and of K., we must have K.(u(-,¢1)) = 0 for some t; € I,
contradicting m* < m. .

Lemma 3.3.7. 1. m.,, < moyp, and (3.37)) admits a minimizer if me o, <
moo;

2. we have
Me o = inf{Z,(uv) | u € H'(R®)\ {0}, Kc(u) < 0}, (3.40)

and a minimizer for this problem is a minimizer for (3.37), and vice
versa;

3. gwen 0 < m* < mey, there is k(m*) > 0 such that
u€ Ay = Ko(u) > w(m*) > 0. (3.41)

After the local theory, and in particular the perturbation Lemma [3.3.3],
the key analytical ingredient is a profile decomposition, introduced into the
analysis of critical nonlinear dispersive PDE by [5, 55]. This version, taken
from [56] (and simplified to the radially-symmetric setting), can be thought
of as making precise the lack of compactness in the Strichartz estimates for
H'(R®) data, when the data is bounded in H*(R?):

Lemma 3.3.8. (/56], Theorem 7.5) Let {fn,}>°, be a sequence of radially
symmetric functions, bounded in H'(R3). Possibly passing to a subsequence,
there is J* € {0,1,2,...} U {oc} such that for each finite 1 < j < J* there
exist (radially symmetric) ‘profiles’ ¢/ € H'\ {0}, ‘scales” {\),}o2, € (0,1],
and ‘times’ {t%}ff’:l C R satisfying, as n — oo,

M =1 or N, —0, tl =0 or t), — +oo.
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3.3.  Dynamics Below the Ground States

If N, =1 then additionally ¢’ € L2(R3). For some 0 < 0 < 1, define

e“%Aqu (z) Mo=1

0 im0 (£) 0

() =

where P>y denotes a standard smooth Fourier multiplier operator (Littlewood-
Paley projector) which removes the Fourier frequencies < N. Then for each
finite 1 < J < J* we have the decomposition

J
fn:ZQng_‘_wr{

j=1
with:

e small remainder: lim limsup HeitAwiHLmLm(R) =0
J=J* nooco t e

n

J .
e decoupling: for each J, liﬁ\m [M(fn) — S M(¢h) — M(wl)| = o0,
and the same statement for the functionals &, K, Sy and I,,;

. . )\j Ak ‘tj ()\j )2_tk ()\k)2|
e orthogonality: lim {—" S Aol - ndfns |
g y n—oo LR T X, + ALk

= oo for j # k.

The global existence and scattering statement 1 of Theorem [1.7.10] is
established by a contradiction argument. For 0 < m < mg,, set

7(m) = sup {HunL%OL%O(,m) | Sewlug) < m, Ke(ug) > o}

where the supremum is taken over all radially-symmetric solutions of
whose data ug satisfies the given conditions. It follows from the local theory
above that 7 is non-decreasing, continuous function of m into [0, cc], and
that 7(m) < oo for sufficiently small m (by part 4 of Lemma [3.3.1). By
parts 2-3 of Lemma [3.3.1} if 7(m) < oo for all m < me,, the first statement
of Theorem follows. So we suppose this is not the case, and that in
fact
m* :=sup{m |0 <m < mey, 7(M) <00} < Mgy,

By continuity, 7(m*) = oo, and so there exists a sequence u,(z,t) of global,
radially-symmetric solutions of satisfying

Sewlun) <m*,  Kel(un(-0)) >0, (3.42)
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and

i {lun [ 1o 100,00y = ML [|un[ g0 110((—o0,0)) = 00 (3.43)

(the last condition can be arranged by time shifting, if needed). The idea
is to pass to a limit in this sequence in order to obtain a solution sitting at
the threshold action m*.

Lemma 3.3.9. There is a subsequence (still labelled u,) such that u,(z,0)
converges in H'(R?).

Proof. This is essentially Proposition 9.1 of [56], with slight modifications
to incorporate the variational structure. We give a brief sketch. The se-
quence uy,(-,0) is bounded in H' by , so we may apply the profile
decomposition Lemma [3.3.8: up to subsequence,

J
un(-,0) =Y ¢l +w;.
j=1

If we can show there is only one profile (J* = 1), that AL = 1, t, = 0,
and that wl — 0 in H', we have proved the lemma. By (3.42) and the
decoupling,

2 2

m* — ———k(m") > Ss,w(un('>0)) - m/@;(un(-,()))

J
7=1

and since Z,, is non-negative, we have, for n large enough, Z,(¢) < m*
for each j and Z,,(w;) < m*. Since m* < me,,, it follows from that
K.(¢) > 0 and K (w?) > 0, so also S ,(¢%) > 0 and S. ,(w)) > 0. Hence
if there is more than one profile, by the decoupling

J
m* > Se,w(un('a 0)) = Z«%w(%) + Ss,w(wr{) +o(1),
j=1

we have, for each j, and n large enough, for some 1 > 0,

Sew(dh) <m* —n, K(é2) > 0. (3.44)

Following [56], we introduce nonlinear profiles vl associated to each ¢%.
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3.3.  Dynamics Below the Ground States

First, suppose Mo=1.Ift) = 0, then v% = 7 is defined to be the solution
to with initial data ¢/. If ¢}, — 400, v/ is defined to be the solution
scattering (in H') to ¢/ as t — oo, and v}(z,t) := v/ (t + #3,). In both
cases, it follows from that vy, is a global solution, with ||v3|| LIoLo®) <
T(m* —n) <oo. '

For the case A}, — 0, we simply let v, be the solution of with initial
data ¢7,. As in [56] Proposition 8.3, vy, is approximated by the solution 3,
of the unperturbed critical NLS (since the profile is concentrating,
the sub-critical perturbation ‘scales away’) with data ¢7, (or by a scattering
procedure in case t] — +00). The key additional point here is that by ,

and since m* < mg,, <m0, it follows that for n large enough

50(’1)%) < m* < mo,0, IC()(’U%) > 0,
and so by [54], @, is a global solution of (1.13), with H&%HL%OLP(R) <
C(m*) < oco. It then follows from Lemma that the same is true of
J
Vp,.
These nonlinear profiles are used to construct what are shown in [56] to
be increasingly accurate (for sufficiently large J and n) approximate solu-

tions in the sense of Lemma |3.3.3

J
ul (z,t) == Zv%(m,t) + B!
j=1

which are moreover global with uniform space-time bounds. This contra-
dicts (3.43).

Hence there is only one profile: J* = 1, and the decoupling also implies
|lwl|lz1 — 0. Finally, the possibilities t, — 400 or AL — 0 are excluded
just as in [56], completing the argument. O

Given this lemma, let ug € H'(R?) be the H! limit of (a subsequence) of
un(z,0), and let u(z, t) be the corresponding solution of (2.1)) on its maximal
existence interval I,q; 2 0. We see S; (u) = Sz (ug) < m*. Whether u is

global or not, it follows from Lemma 3.3.1] (part 2), (3.43)) and Lemma3.3.3)
that

Hu”L%OL;:O(Imam) =00, hence also S, (u) =m".
It follows also that

{u(-,t) | t € Iae} is a pre-compact set in H'(R3).
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To see this, let {t,}2% 1 C Inae, and note that since

HU||L,}0L;0((—Tm,-n,tn]) = ||U”Lt10L;0([tn,TmM)) = 00,

and so (the proof of ) Lemma|3.3.9|applied to the sequence u(z, t—t,) implies
that {u(x,t,)} has a convergent subsequence in H®.

The final step is to show that this ‘would-be’ solution u with these special
properties, sometimes called a critical element cannot exist. For this, first
note that u must be global: I,,,, = R. This is because if, say, Tia: < 00,
then for any t, — Thez—, u(-,t,) — g € H'(R?) (up to subsequence)
in H', by the pre-compactness. Then by comparing u with the solution @
of with initial data ug at ¢ = t,, using Lemma , we conclude that
u exists for times beyond 1744, & contradiction.

Finally, the possible existence of (the now global) solution u is ruled out
via a suitably cut-off version of the virial identity (3.38)), using (3.41)), and
the compactness to control the errors introduced by the cut-off, exactly as
in [56] (Proposition 10, and what follows it). [J
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Chapter 4

Directions for Future Study

We collect here some suggestions (and speculations) for future problems
relating to the results of Chapters [2 and

4.1 Improvements and Extensions of the Current
Work

As mentioned in Section the asymptotic stability for the 1D mass sub-
critical (p # 3) NLS is still open. This problem presents serious challenges.
A successful attempt on this problem may involve detailed knowledge of the
spectrum of the linearized operator as obtained in Chapter

The results of Chapter 3 apply only to dimension 3. The works [,
2] addressed the dynamics (scattering/blow-up) for the perturbed energy
critical NLS (below the threshold) in dimensions n > 4. Nevertheless it
would be interesting to see if the construction of Section 3.1/ can be achieved
in 4D. One would need to redo the resolvent estimates in Section using
[46] in place of [47], as well as perform many of the computations in 4D since
we have used the particular 3D free resolvent expansion and particular
3D Young’s inequality , and so on. If the same methods produce
constructed solutions in 4D it’s possible we could complete the analysis of
Sections [3.2] and to achieve a dynamical theorem. While this theorem
already exists [1, 2] some comparison may be interesting.

In dimensions n > 5 the linearized operator no longer has a reso-
nance (as a resonance appearing in dimensions 5D and higher is impossible
[45]) but does have an edge-eigenvalue. Replacing the role of [47] with [45]
we may be able to use our methods to achieve the results of Chapter [3| in
5D and higher.

One important case we are missing from Sections 3.2 and [3.3) is the case
when p = 3. Of course, the cubic-quintic NLS is important for applications
and seems as well to present interesting mathematical difficulties. While
we are able to construct solitary wave solutions in Section we cannot
demonstrate these solutions to be ground states in Section 3.2l In Lemma
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4.2. Small Solutions to the Gross-Pitaevskii Equation

the leading order in the computation of S; ,(Q) is zero when p = 3 and
the next to leading order is difficult to resolve. If we were able to at least
demonstrate the existence of a ground state we could run the arguments of
Section to achieve our dynamical theorem for p = 3. (although a ground
state in this case may simply not exist). Supposing that a ground state
solution does exist for p = 3 we would still have difficulty to demonstrate
our constructed solutions as the ground state (it also simply may not be) as
the series of Lemmas [3.2.3] [3.2.4] 3.2.7, [3.2.8 and [3.2.10] in Section all
require 3 < p < 5. One could look for additional boundary case arguments
to add or else try to demonstrate that our constructed solution is not a
ground state.

4.2 Small Solutions to the Gross-Pitaevskii
Equation

A distinct but related problem is to consider solutions to the Gross-Pitaevskii
equation (the nonlinear Schrédinger equation with a potential)

O = (~A+ V) £ [pP~ 1y (4.1)

with small initial data ¢ (z,0) = 19 € H' in n dimensions. Function V()
is a potential which we can think of as a Schwartz (fast decaying) function.
The power p should be taken mass super-critical but energy sub-critical to
ensure solutions do not blow-up in finite time. Global well-posedness is a
result of conservation of mass and energy and the smallness of initial data
(see [15] Chapter 6). We think mainly about H'! results but there are also
results where further localizing assumptions (¢9 € L) on the initial data
are made such as [66] [69] [70] [87].

The simplest result is when —A 4V has no bound states nor a resonance.
In this case all solutions of will scatter; a result due to [49] and [73].
The result with a single simple bound state was obtained for a class of
nonlinearities in [42] in 3D. This result was extended to 1D with supercritical
power nonlinearity in [59]. In this situation the bound state of —A + V
generates nonlinear bound states of . These nonlinear bound states
give rise to stable solitary waves. Both [42] and [59] establish that any small
solution can be decomposed into a piece approaching a nonlinear bound
state and a piece that scatters. The state of the art is [27] where they treat
the 3D cubic defocusing equation with many simple eigenvalues. There are
some conditions on the relative values of the eigenvalues but the treatable
cases are quite generic. While the result obtained is analogous to [42] and
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[59] the methods used in this paper differ from [42] and [59]. The paper
[27] uses instead variational methods. By means of a Birkhoff normal forms
argument they find an effective Hamiltonian which gives rise to a nonlinear
Fermi Golden Rule. The connection between the Hamiltonian structure and
a Fermi Golden Rule was originally introduced in [24]. See also [25] for the
intuition behind the argument. For us the special case of two eigenvalues in
[27] will be most relevant. There are also some other results for two bound
states [71] [79] [80] [81] [82] which impose stronger restrictions on the initial
data and placement of the eigenvalues.

Our questions revolve around the case when operator —A + V has a
resonance. That is when (—A + V)¢, = 0 for some ¢1 ¢ L? but ¢; € L9 for
some 2 < g < oo where g depends on the dimension n. For the statement of
questions bellow we also assume that —A + V' also has a simple bound state,
that is (—A + V)gg = eppp with ey < 0. We could, however, ask analogous
questions if —A + V has no bound state and just the resonance or if instead
of a resonance we have a simple threshold eigenvalue.

Firstly, we may suspect that ¢; will generate nonlinear bound states.
When H := —A + V has a bound sate the nonlinear problem admits
a family of nonlinear bound states Qo[z] parametrized by z = (Qo, ¢9) with
eigenvalue Ey = Ep[|z|]. This follows from standard bifurcation theory (see
the Appendix of [42]). The existence of nonlinear bound states coming
from the resonance eigenfunction does not follow immediately from the true
eigenvalue result. If for example we write

Q1(z) = z¢1(x) + q(x) (4.2)

then to have Q1 € L? we cannot have ¢ € L?. The Birman-Schwinger
trick used in Chapter [2| does not work due to the presence of the nonlinear
term in but we can instead proceed as in Chapter A formal and
preliminary computation suggests that generically in the defocusing case the
resonance will not yield nonlinear bound states while in the focusing case we
will have nonlinear bound states with corresponding eigenvalues close to the
threshold. The idea is to follow the analysis of Section and substitute
to the nonlinear eigenvalue equation

(H+X)Q1 £ |i["'Q1=0
and write the resulting equation as a fixed point problem for ¢

g=(H+ M)y
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Here f = f(\, z,q). From [47] and [48] we have the resolvent expansion

( + 37 = LRV o1, Jon

where Ro(\) = (—A + A\2)~1 is the free resolvent. The idea now is to solve

0= (Ro(A)Vr1, [f)
g=(H+N)f

for A = A(z) via fixed point arguments where ¢ is in a higher LP space.
Adjustments of the fixed point arguments of Section may prove fruitful
in this setting.

Secondly, we may consider the asymptotic stability of the ground state
family e~#0Q,. One approach would be to proceed as in [42] but with
weaker decay estimates. Taking the power in the nonlinearity higher may
help in this direction. An alternative, and perhaps more favourable, ap-
proach to this problem would be to understand the spectrum of the linearized
operator around Qg in the presence of the resonance ¢;. We comment on
this direction. Since we are interested in the stability of the family of ground
state solitary waves we consider a solution to of the form

P(a,t) = e PN Qo(x) + £(, 1))

where ¢ is a small perturbation of Qy. Since Qg is the ground state we
can take it positive and real. Substituting the above to (4.1) and removing
known information about Qg yields

i0,6 = (H — Eo)¢ £ (p — 1)Q) 'Re€ + Q4 '¢ + N ()

where N () is nonlinear in £&. The above with N removed is the linearized
equation. We complexify by letting

e~ )

i0€ = LE

to see

where

H-mriqrt s
‘:< FEEQp —(H—Eoip?@fsl))'
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The unperturbed Ly for z = 0 then has a resonance at the threshold. Indeed

Lo = (H 6 v (HO— €o)>

has essential spectrum (—oo, eg] U [—eg, 00), a double eigenvalue at 0 and a
resonance on each threshold. The question is then about the spectrum of L.
The full operator in question has essential spectrum (—oo, Eg|U[—Ep, 00) as
well as the double eigenvalue at 0 but the fate of the resonance has yet to be
seen. Again, a formal preliminary computation suggests that generically in
the focusing case we have a true eigenvalue close to the threshold and that
in the defocusing case the resonance disappears. In 3D we may be able to
apply [28] which treats general perturbations of the linearized operator. In
1D the experience gained from Chapter [2/ may be of use. Once the spectrum
of the operator £ is understood we may be able to proceed as in [79-82] to
obtain asymptotic stability results for the ground state as well as the excited
state, in any case where it may exist. A difficulty in this series of papers
was the eigenvalues of H being close together or, after complexification, £
having eigenvalues close to zero. For us any non-zero eigenvalues of £ will
be close to the threshold and so far from zero.

Finally, we may wish to understand the long time behaviour of all small
solutions of . That is obtain an asymptotic stability and completeness
theorem in the spirit of [42], [59], [27]. This is the most substantial and
challenging question present. The goal is to prove a theorem resembling the
following. For any small solution v of we have the unique decomposi-
tion

Y(t) = Qolz0(t)] + Q1lz1(t)] +n(?)

in the presence of nonlinear bound states connected to the resonance or

PY(t) = Qolzo0(t)] + n(t)

in the absence of nonlinear bound states connected to the resonance. In the
above z; and 1 must also enjoy some smallness properties. Additionally the
zj should converge in some sense as t — oo where only one z; converges to
a nonzero value. The function 7 should scatter and converges to a solution
of the free linear Schrédinger equation. While we would like to, after under-
standing the existence on nonlinear bound states and the linearized operator,
proceed as in [42], [5Y], [27] we draw attention to the fact that eigenvalues
arbitrarily close to the threshold will adversely affect the necessary decay
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4.2. Small Solutions to the Gross-Pitaevskii Equation

estimates. The convergence of ¢ (if at all) to a nonlinear bound state will be
slow and achieving such an asymptotic stability and completeness theorem
(if true) may be beyond current mathematical technology.
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